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I 

Assessment of Punching Capacity of RC Bridge Deck Slab in Kiruna 

Finite element modelling of RC slab 

Master’s thesis in the Master’s Programme Structural Engineering and Building Per-

formance Design 

MARCO KOBLER 

Department of Civil and Environmental Engineering 

Division of Structural Engineering 

Concrete Structures 
Chalmers University of Technology 

 

 

ABSTRACT 

Subject of this master´s thesis was a 55-year old pre-stressed concrete bridge in 
Kiruna. The five-span girder bridge with a length of 121 m contained three main 
beams which were cast together with the bridge deck slab. In order to assess the 
shear and punching resistance of the slab, it was loaded to failure by two concen-
trated load plates, which simulate vehicle wheels. Based on these testing results, 
with a recently developed method, the assessment of the punching capacity shall 
be improved. 

The aim of this master´s thesis was to calibrate more accurate predictions of the 
response and capacity of bridge deck slabs subjected to concentrated loads. There-
fore, the load-carrying capacity of the bridge deck slab was estimated according to 
a multi-level assessment strategy developed by Plos et al. (2015). The strategy is 
based on the principle of successively improved evaluation in structural assess-
ment. On initial level, the aim is to obtain fast results, mostly based on standards. 
If safety cannot be assured, more advanced analysis methods have to be per-
formed. Thus, Level II & III assessments are performed with 3D finite element 
models. Especially non-linear analysis takes into account the structural response 
of reinforced concrete in a realistic way. On each level, the failure modes for 
punching, one-way shear and flexural resistance were estimated. 

It was shown that simplified methods underestimate structural supply because 
they do not account additional mechanism. Thus, the application of non-linear FE 
models is crucial in order to achieve more accurate predictions due to additional 
material information. The results show that more advanced methods yield to 
higher, yet conservative, predictions of the capacity. 

Regarding parameter study it could be concluded that a variation of the effective 
depth did not have a big influence on the punching capacity. On the other hand, by 
analysing the influence of boundary conditions, it was shown that in the current 
situation a fully fixed slab delivered an approximately 50 % higher load carrying 
capacity. 

 

Keywords: Punching shear capacity, finite element methods, bridge deck slab, 
multi-level assessment, full-scale test 
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Notations 
 

Roman upper case letters 

𝐴𝑐  Cross sectional area of concrete 

𝐴𝑠  Cross sectional area of steel reinforcement 

𝐶𝑅𝑑,𝑐  Coefficient including concrete partial safety factor 

𝐸𝑐𝑚  Young modulus of concrete 

𝐸𝑠  Young modulus of steel reinforcement 

𝐿𝑥, 𝐿𝑦  Length of the span / Length of the yield line 

𝑄  Applied Load 

𝑉𝐸𝑑  Design shear force value 

𝑉𝑝𝑒𝑟𝑝,𝑑,𝑚𝑎𝑥 Maximum shear force per unit length perpendicular to the basic control 

perimeter 

𝑉𝑅𝑑,𝑐  Design shear resistance 

 

Roman lower case letters 

𝑏0  Shear-resisting control perimeter 

𝑏1  Basic control perimeter 

𝑏𝑤  Slab width of the cross section 

𝑐  Cover of reinforcement 

𝑑  Effective depth of the slab 

𝑑𝑔  Maximum size of the aggregate 

𝑑𝑔0  Reference size equal to 16 mm 

𝑑𝑣  Shear-resisting effective depth of the slab 

𝑓𝑐𝑘  Characteristic concrete compressive strength 

𝑓𝑐𝑚  Average concrete compressive strength 

𝑓𝑠𝑚  Average steel yield strength 

𝑓𝑦𝑑  Design yield strength of steel 

𝑓𝑦𝑘  Characteristic yield strength of steel 

𝑘  Factor to account for size effects 

𝑘𝑑𝑔  Factor depending on the maximum size of the aggregate 

𝑘𝑒  Coefficient of eccentricity 

𝑘𝑣  Coefficient for determining the one-way shear resistance 

𝑘𝜓  Coefficient of rotations 
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𝑚𝐸𝑑  Average bending moment acting in the support strip 

𝑚𝑅𝑑  Moment resistance per meter 

𝑟𝑠 Distance from the loading area to the position where the radial 
bending moment is zero 

𝑢  Control perimeter 

𝑣𝑅𝑑,𝑐  Shear resistance 

𝑣𝑚𝑖𝑛  Minimal shear resistance 

𝑧  Distance between top and bottom reinforcement 

 

Greek letters 

𝛽  Reducing factor for loads close to the point loads 

𝛾𝑐  Partial safety factor for concrete 

𝛿  Vertical displacement due to applied load 

𝜃  Rotation of the yield line 

𝜈  Poisson´s ratio 

𝜌  Reinforcement ratio 

𝜌𝑐  Mass density of concrete 

𝜌𝑠  Mass density of the reinforcement 

𝜎𝑐𝑝  Concrete pre-stressing stress 

𝜓  Rotation of slab outside the loading points 
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1 Introduction 
 

1.1 Background 

Bridges are an important part of our infrastructure and are essential for the trans-
portation of goods and people. Thereby they are delivered a heavy wear due to 
continuously increasing traffic loads as well as nature´s influence. Thus, either by 
constructing or by maintenance it is essential to know the behaviour of the bridge 
in a high grade of accuracy. In particular for existing bridges strengthening or even 
replacement is connected with spending a massive amount of money. Thus, to 
avoid these interventions, more accurate models for assessment of existing 
bridges have to be calibrated. Since bridge deck slabs are often critical for load 
carrying capacity, this thesis focuses on this member. 

By testing a 55-year old pre-stressed reinforced concrete bridge to failure, the 
punching shear resistance of the deck slab was tested. Based on this outcome, the 
capacity of the bridge deck slab should be estimated with different methods at dif-
ferent levels of accuracy. Therefore, a multi-level assessment strategy developed 
by Plos et al. (2015) was applied. Finally, a parameter study was performed to as-
sess the influence of several important parameters on the calculated punching ca-
pacity. 

In this master´s thesis the influence of the boundary conditions was analysed more 
in detail. In particular the differences which result by assuming a simply sup-
ported slab or in contrast a fully fixed slab. 

 

1.2 Aim 

The aim of this master's thesis was to assess the punching capacity of existing 
bridge deck slabs with appropriate finite element (FE) models and consequently 
to be able to provide more accurate predictions. In addition, hand-calculations 
were compared with linear and finally non-linear analyses. 

The objectives are summarized below: 

 Comparison between analytical calculations, numerical analyses and test 
results according to a multi-level structural assessment strategy. 

 Understanding of the influence of different parameters, such as boundary 
conditions, effective depth and control perimeter. 

 Developing a suggestion for improved analytical and FE-method for engi-
neering practice. 

 Providing more accurate predictions of the response and punching 
capacity of bridge deck slabs. 
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1.3 Method 

The analyses were done based on the scheme for multi-level assessment of rein-
forced concrete bridge deck slabs (Plos et al., 2015). This allows structural anal-
yses on different levels of detailing. For Level I assessment simplified analyses 
methods as Eurocode 2 (EN 1992-1-1, 2004) or Model Code (CEB-FIP, 2013) were 
used. More accurate predictions were achieved with FE-software DIANA. Linear 
(Level II) and finally non-linear (Level III) calculations leaded to an enhanced as-
sessment. The grade of accuracy could have been increased with Level IV and 
Level V analyses methods; these however were not part of this thesis. Neverthe-
less, in most cases the punching resistance of existing bridge deck slabs is much 
higher than the calculated results. Concerning to this fact a suggestion for im-
proved analysis method should be developed. This could be reached for instance 
by varying the boundary conditions, the effective depth or by replacing the basic 
control perimeter by the shear-resisting perimeter according to Model code (CEB-
FIP, 2013). 

 

1.4 Limitations of the project 

In contrast to the full-scale failure test which was performed, in the FE analysis 
only the exposed part of the bridge was investigated. For the residual part of the 
bridge appropriate boundary conditions were chosen. Furthermore, in this thesis 
according to the multi-level assessment strategy only Level I to III analyses had 
been performed. This means that more detailed continuum elements, such as solid 
elements were not applied. Instead 2D shell elements were used, which are not 
able to describe out-of-plane shear, punching or anchorage failure (Plos et al., 
2015). Thus, the critical shear crack theory of Muttoni had been applied in order 
to determine the punching capacity. Regarding this theory only slabs without 
transversal reinforcement had been analysed. 

In addition, when creating a non-linear FE model many structural parameters 
such as element type, boundary conditions or material model had to be chosen. All 
of these input parameters were connected to uncertainties which ultimately may 
affect the result. Also for the computation process, parameters such as mesh den-
sity, element interpolation function or integration schemes may have an influence 
on the result, none of which were studied in this work. 
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2 Literature Study 

Full-scale tests are seldom performed due to high costs and lack of test objects. 
Thus, most experiments are carried out in experiment halls. Therefore, only a lim-
ited part of the whole structure can be rebuilt and consequently it is necessary to 
specify several simplifications. 
 

2.1 Kiruna Bridge 

The Kiruna Bridge, constructed in 1959, was located in northern Sweden and was 
closed due to seismic activities based on underground mining. As a result the 
bridge became an object for experimental studies. To assess the load-carrying ca-
pacity both non-destructive and destructive test procedures were performed. The 
focus of this study lied on a full-scale failure test of the bridge slab. 
 

2.1.1 Situation 

Three longitudinal girders connected by the bridge deck slab and cross beams 
built the superstructure. For the punching test the second span with a total length 
of 20.5 m was investigated. As shown in Bagge (2014), two load plates 
350 mm x 600 mm spaced 2.0 m apart were applied. Linked with a force con-
trolled hydraulic jack the load was raised up to failure. 

 

 

Figure 1: Bridge deck slab including loading points and location of cross sections (blue 
marked); all dimensions are in mm. 
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Figure 2: Cross section I including further loading point; all dimensions are in mm. 

 

 
Figure 3: Cross section II including closer loading point; all dimensions are in mm. 

 
 

 
Figure 4: Bottom reinforcement ratio 0.55 % (left) and top reinforcement ratio 0.84 % 

(right); all dimensions are in mm. 
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2.1.2 Material properties 

Material parameters were determined through tests. Table 1 shows an overview 
of the measured in-situ material properties (Bagge et al., 2015). These are mean 
values excluding partial safety factors. 
 

Table 1: Measured in-situ material parameters. 

Concrete 

Concrete compressive strength 𝑓𝑐𝑚 = 62.2 𝑀𝑃𝑎 

Concrete tensile strength 𝑓𝑐𝑡𝑚 = 4.2 𝑀𝑃𝑎 

Young modulus of concrete 𝐸𝑐𝑚 = 38.1 𝐺𝑃𝑎 

Mass density 𝜌𝑐 = 2500 𝑘𝑔 𝑚3⁄  

Poisson´s ratio concrete 𝜈𝑐 = 0.2 

Reinforcement 

Yield strength transverse direction 𝑓𝑠𝑚,𝑡 = 584 𝑀𝑃𝑎 

Yield strength longitudinal direction 𝑓𝑠𝑚,𝑙 = 667 𝑀𝑃𝑎 

Young modulus of steel reinforcement 𝐸𝑠 = 200 𝐺𝑃𝑎 

Mass density 𝜌𝑠 = 7850 𝑘𝑔 𝑚3⁄  

Poisson´s ratio steel 𝜈𝑠 = 0.3 

 

Material properties used in standards are given at the design level. However, for 
calibrating models which should describe the reality as realistic as possible mate-
rial properties excluding partial safety factors are more useful. Therefore, the 
equations proposed in standards were calculated deducting partial safety factors 
and by replacing the characteristic in-situ concrete strength by the corresponding 
average value. 

 

2.1.3 Testing results 

A comparison between test results and analytical analysis based on Eurocode 2 
(EN 1992-1-1, 2004) had been carried out in Bagge et al. (2015). All in all, the ex-
perimental outcome was much higher compared to the analytical analysis. 
Whereas in the full-scale test a total punching capacity of 3320 kN (1660 kN for 
each loading plate) was measured, simplified calculations based on Eurocode 2 
(EN 1992-1-1, 2004) resulted in a punching capacity of 840 kN (excluding partial 
safety factors) per loading plate. Thus, within the scope of this thesis more ad-
vanced methods were applied. Especially non-linear finite element analyses were 
performed to estimate the punching capacity in a higher grade of accuracy. 
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Figure 5: Bottom view of the slab showing the location of the loading points. 

 

   

Figure 6: Devices installed above the slab: Closer loading area and stiff steel beam which 
connected the two loading plates (left) and hydraulic jack (right). 

 

 

Figure 7: Bottom view of the slab showing punching failure occurred at the further load-
ing plate.  
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2.2 Multi-level assessment strategy 

In Plos et al. (2015) a multi-level assessment scheme for reinforced concrete 
bridge deck slabs is proposed. Thereby starting with simplified calculations, the 
grade of complexity as well as the grade of accuracy is raised. However, according 
to Plos et al. (2015) in all levels the recommendations are believed to be conserva-
tive. 
 

 

Figure 8: Scheme for multi-level assessment of reinforced concrete bridge deck slabs (Plos 
et al., 2015). 

 

Within the scope of this thesis Level I - III analyses had been carried out. While 
Level I & II assume a linear material behaviour, Level III is based on non-linearity. 

On initial level, the aim is to obtain fast results, mostly based on standards. There-
fore, the structure's properties as well as the modelling according to drawings. If 
safety cannot be assured more specific information is necessary, e.g. by doing ma-
terial tests, carrying out an inspection or by performing more advanced analysis 
methods (Plos et al., 2015). Level II & III assessments are performed with 3D finite 
element models, using shell elements. Especially non-linear analyses take into ac-
count the structural response of reinforced concrete in a realistic way. Thus, con-
crete cracking, reinforcement yielding but also the influence of the interaction be-
tween concrete and reinforcement is included. 

More advanced methods at Level IV & V can be performed with solid elements, 
with an improved understanding of the structure presupposes. 

 

  



CHALMERS Civil and Environmental Engineering, Master’s Thesis BOMX02-16-95 8 

2.2.1 Punching assessment 

In order to obtain the punching capacity there exist several levels of accuracy. 
Whereas in Eurocode 2 (EN 1992-1-1, 2004) only one formula is given, in Model 
code (CEB-FIP, 2013) in total eight combinations exist, differing in the grade of 
complexity. This follows, since in Model code (CEB-FIP, 2013) the rotation 𝜓 as 
well as the control perimeter 𝑏 can be specified. Table 2 shows all combinations, 
starting with simplified Level I calculations up to non-linear analyses. 

For Level III analyses, instead of using the rotation 𝜓𝐼𝑉 and the control perimeter, 
the critical shear crack theory of Muttoni (Chapter 2.3) was applied. 
 

Table 2: Assessment levels listed in left column as well as associated approximation for 
the rotation perimeter 𝜓 (middle column) and for the control perimeter (right 
column) based on Model code (CEB-FIP, 2013). 

Level Rotation ψ Control perimeter b 

III 
IV b0 

IV b1 

II 

III b0 

III b1 

II b0 

II b1 

I b0 

I I b1 

 
 

Rotation 𝝍 around the supported area based on Model code (CEB-FIP, 2013) 

Level I approximation: 𝜓𝐼 = 1.5
𝑟𝑠

𝑑

𝑓𝑦𝑑

𝐸𝑠
 

Level II approximation: 𝜓𝐼𝐼 = 1.5
𝑟𝑠

𝑑

𝑓𝑦𝑑

𝐸𝑠
(

𝑚𝐸𝑑

𝑚𝑅𝑑
)

1.5

 

Level III approximation: 𝜓𝐼𝐼𝐼 = 1.2
𝑟𝑠

𝑑

𝑓𝑦𝑑

𝐸𝑠
(

𝑚𝐸𝑑

𝑚𝑅𝑑
)

1.5

 (uncracked FEM) 

Level IV approximation: 𝜓𝐼𝑉 is calculated on the basis of a non-linear analysis 

 

Control perimeter 𝒃  based on Model code (CEB-FIP, 2013) 

Basic control perimeter:   𝑏1 

Shear-resisting control perimeter:  𝑏0 =
𝑉𝐸𝑑

𝑉𝑝𝑒𝑟𝑝,𝑑,𝑚𝑎𝑥
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2.2.2 One-way shear assessment 

Since the two loading plates were placed close to the outside girder, the main part 
of the resulting shear force was carried by this support. For this phenomenon, 
called one-way shear, along a critical section the whole shear force has to be ab-
sorbed. In order to get the effective width at the critical section in Model code 
(CEB-FIP, 2013) it is proposed to take a distribution angle of 60° if the slab is as-
sumed to be simply supported. In Eurocode 2 (EN 1992-1-1, 2004) on the other 
hand, there is neither the distribution angle nor the location of the critical section 
defined. Thus, a distribution angle of 45° was assumed and the width of the critical 
section was determined by the head of the support. 

For Level II analysis more specific calculations based on the Swedish recommen-
dation in Pacoste et al. (2012) were performed to obtain the critical section and 
the effective width. Further, a random load was applied on the linear FE model in 
order to get the average shear distribution along the critical width. Due to linear 
material properties in Level II analysis and on the basis of the maximum shear 
force from Level I assessment, the maximal one-way shear resistance could be de-
termined. 

For Level III calculations there exists no known method which yields more accu-
rate results than Level II analysis. 
 

2.2.3 Flexure assessment 

In order to determine the flexural resistance, for Level I analysis the yield-line 
method was used. In accordance to determine the maximal loading capacity the 
energy conservation principle was applied. 

For Level II analysis, similar to one-way shear, the critical section as well as the 
critical width were provided according to Pacoste et al. (2012). With the outputted 
average moment distribution along the critical section and the maximal flexural 
resistance from Level I, the bending resistance from Level II could be gained. 
Therefore also the linear material behaviour was used. 

For Level III assessment, the flexural resistance was equal to the maximum load 
which was added in the FE model just before failure occurred. This was possible 
since with shell elements bending failure can be reflected (Plos et al., 2015). 
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2.3 Critical shear crack theory (CSCT) 

Flat slabs and especially slabs without transverse reinforcement are prevalent be-
cause of their simplicity as well as for their low construction costs. On the other 
hand, they are also very critical particularly for punching failure and that is why 
they are often the object for experiments (Muttoni, 2008). The most common the-
ory for evaluating the punching shear resistance of flat slabs without reinforce-
ment was developed by Aurelio Muttoni, a Swiss civil engineer. On the basis of the 
opening of a critical shear crack, it analyses the rotation of the slab around a sup-
ported area due to an applied load. This method, called critical shear crack theory 
(CSCT), served as basis for several design codes, such as Model code. 

The application of this method was published in 2008 in Muttoni (2008). The main 
content is summarized in this chapter. 
 

   

Figure 9: Rotation of a slab, adopted from Model code (CEB-FIP, 2013). 

 

The effective punching capacity results at the point where the load-rotation curve 
of the slab crosses the failure criterion curve (Point A in Figure 10). Thus, to obtain 
the exact punching resistance equation (1) and (2) have to be set equally. 
 

 
Failure criterion:              

𝑉𝑅

𝑏0𝑑√𝑓𝑐
=

3 4⁄

1+15
𝜓𝑑

𝑑𝑔0+𝑑𝑔

 (1) 
 

 

 
Load-rotation curve:       𝜓 = 1.5

𝑟𝑠

𝑑

𝑓𝑦

𝐸𝑠
(

𝑉

𝑉𝑓𝑙𝑒𝑥
)

1.5

 (2) 
 

 

  

Figure 10: Approach to determine the punching strength of the slab, adopted from Muttoni 
(2008). 
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Both, equation (1) and (2) can be found in a slightly rearranged form in Model 
code (CEB-FIP, 2013). Whereas equation (1) expresses the design shear re-
sistance, equation (2) describes the rotation. 
 

Table 3: Comparison between Muttoni and Model code (CEB-FIP, 2013). 

Muttoni (2008) Model code (2010) 

𝑉𝑅

𝑏0𝑑√𝑓𝑐

=
3 4⁄

1 + 15
𝜓𝑑

𝑑𝑔0+𝑑𝑔

        (1) 

𝑉𝑅𝑑,𝑐 = 𝑘𝜓

√𝑓𝑐𝑘

𝛾𝑐
𝑏0𝑑𝑣 

𝑘𝜓 =
1

1.5 + 0.9𝑘𝑑𝑔𝜓𝑑
 

𝑘𝑑𝑔 =
32

𝑑𝑔0 + 𝑑𝑔

 

𝜓 = 1.5
𝑟𝑠

𝑑

𝑓𝑦

𝐸𝑠
(

𝑉

𝑉𝑓𝑙𝑒𝑥
)

1.5

         (2) 

𝑉𝑓𝑙𝑒𝑥 ≅ 8 𝑚𝑅𝑑                   

𝜓𝐼𝐼 = 1.5
𝑟𝑠

𝑑

𝑓𝑦

𝐸𝑠
(

𝑚𝐸𝑑

𝑚𝑅𝑑
)

1.5

 

𝑚𝐸𝑑 = 𝑉𝐸𝑑 (
1

8
+ 𝑓𝑐𝑡(𝑒𝑢,𝑖)) 

 
 

Therefore; 

 Since the rotation is slenderness-dependant, it is inversely proportional to the 
thickness of the slab. This conclusion follows after introducing equation (2) 
into equation (1), the slab thickness 𝑑 cancels on the right-hand side of the 
equation. 

 According to Muttoni (2008) the punching shear strength of a slab is depend-
ing more on the span of the slab than on the thickness. 

 The amount of shear that can be transferred across the critical shear crack 
depends on the roughness of the crack. Therefore the nominal crack width 𝜓𝑑 
is divided by a function considering the aggregate size. 

 The width of the critical crack can be assumed to be proportional to the prod-
uct 𝜓𝑑 (Muttoni, 2008). 

 The thicker a slab is, the more it loses its ductility and acts more brittle. Thus, 
according to Muttoni (2008), for thick slabs the only way to get ductility is to 
place punching reinforcement. 
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3 Multi-level Structural Analysis 

Figure 11 shows the methods which were applied in this master´s thesis for the 
multi-level assessment strategy. Starting with simplified calculations in Level I 
(Chapter 3.1), in Level II linear structural analyses (Chapter 3.2) and finally in 
Level III non-linear FE analyses (Chapter 3.3) were performed. Thereby, punch-
ing, one-way shear and bending were assessed. 
 

 

Figure 11: Overview of the applied methods in this master´s thesis. 

 

Introductory remarks and assumptions: 

 Since the two loading points were placed in different distances from the sup-
port, in the further report they are named as “closer load” meaning the load 
closer to the support and “further load” for the one which is located further 
from the support. 

 All calculations had been performed without safety factors. Thus, the equa-
tions from standards were applied after deducting partial safety factors. In 
this way it was possible to compare the results from numerical analyses with 
hand-calculations and test results. 

 Since the reinforcement and the effective cover were not clearly defined, for 
the effective depth always the approximation 𝑑 ≈ 0.85 𝑡 was used. 

 For boundary conditions in longitudinal direction it was assumed that the 
edges were fully fixed since the slab continues over several spans. On the 
other hand, in transversal direction three longitudinal girders represented the 
supports. Thus for the boundary in the middle it was assumed that the slab 
was fixed, since bending moments used to be equally between a fixed one span 
beam and the support in the middle of a two-span-beam. On the other hand, 
as shown in Chapter 2.1.1, a massive cantilever followed next to the outside 
girder. Simply calculations delivered though, that the own weight of this can-
tilever came to less than 10 kN⁄m, why it could be neglected compared to a 
final test load of 1660 kN. 
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Figure 12: Assumed boundary conditions of the slab. 

 

 

3.1 Level I: Hand-calculations 

In a first step simplified analyses had been carried out according to Eurocode 2 
(EN 1992-1-1, 2004) and Model code (CEB-FIP, 2013).  
 

3.1.1 Punching shear resistance 

 

    

Figure 13: Cross section showing location of the added load (left) and the thickness of the 
slab below the loading point (right); all dimensions are in mm. 

 

The thickness of the slab below the loading plates followed to 𝑡 = 262 mm and the 
effective depth was assumed to be 𝑑 ≅ 0.85 𝑡 = 223 mm. 
 

3.1.1.1 Eurocode 2 

Generally, the punching shear resistance is calculated as the shear force per 
square meter along a control perimeter times the effective depth. 
 

 𝑉𝑅𝑑,𝑐 = 𝑣𝑅𝑑,𝑐 𝑢 𝑑 (3)  
 

The shear capacity will be determined for a specified control perimeter 𝑢 at a dis-
tance of twice the effective depth from the cross section (2𝑑), see Figure 14. 
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Figure 14: Control perimeter according to Eurocode 2 (EN 1992-1-1, 2004). 
 

For load areas of 600 mm x 350 mm and an average effective depth of 223 mm, a 
decisive control perimeter of 4.51 m resulted. Since there was no compressive 
stress in concrete due to axial load or pre-stressing, the equation for the punching 
shear resistance of slabs without shear reinforcement was applied. 
 

 𝑣𝑅𝑑,𝑐 = 0.18 𝑘 (100𝜌𝑙𝑓𝑐𝑚)1 3⁄  (4)  

 

Where 𝑘 is a factor dependent on the effective depth of the slab, 𝜌𝑙  denotes the 
reinforcement ratio and 𝑓𝑐𝑚 the average concrete compressive strength. 

A minimum shear strength depending on the effective depth as well as the com-
pressive strength of concrete is given in equation (5). 
 

 𝑣𝑚𝑖𝑛 = 0.035 𝑘
3

2⁄ 𝑓𝑐𝑚

1
2⁄  (5)  

 

Finally, an average punching capacity of 754 kN for the closer and 772 kN for the 
further load resulted. More detailed calculations can be found in Appendix B1. 

 

3.1.1.2 Model code 

The punching shear resistance is calculated as the shear per square meter along a 
control perimeter times the effective depth. 
 

 𝑉𝑅𝑑,𝑐 = 𝑣𝑅𝑑,𝑐 𝑏1 𝑑𝑣 (6)  
 

The basic control perimeter 𝑏1 is measured in a distance of 𝑑𝑣 2⁄  from the sup-
ported area and resulted to 2.60 m. 
 

   

Figure 15: Control perimeter according to Model code (CEB-FIP, 2013). 
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The punching shear resistance of slabs bases without shear reinforcement is cal-
culated as shown in equations (7) to (9) and has to be done for each direction sep-
arately. 
 

 𝑣𝑅𝑐,𝑐 = 𝑘𝜓√𝑓𝑐𝑚 (7)  
 

 
𝑘𝜓 =

1

1.5 + 0.9𝑘𝑑𝑔𝜓 𝑑
 (8) 

 

 

 
𝜓𝐼 = 1.5

𝑟𝑠

𝑑

𝑓𝑦𝑑

𝐸𝑠
 (9) 

 

 

The parameter 𝑘𝜓 is a function of plate rotation, member size and maximum grain. 

The maximum size of aggregate particles was assumed to be 16 mm and conse-
quently 𝑘𝑑𝑔 resulted to 1.0. 
 

  

Figure 16: Length of the spans (closer load). 

 

In Model code (CEB-FIP, 2013) it is proposed that the distance from the loading 
area to the position where the radial bending moment is zero may be assumed as 
𝑟𝑠 = 0.22 𝐿. However, it is also mentioned that this assumption is only valid for reg-
ular slabs where the ratio of the spans 𝐿𝑥 𝐿𝑦⁄  is in between 0.5 and 2.0. Although 

in the present case this condition was not fulfilled, calculations were performed, 
see also Appendix B2. 

Thereby a punching capacity of 812 kN resulted. 
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3.1.2 One-way shear resistance 

3.1.2.1 Eurocode 2 

For members not requiring design shear reinforcement, the value for the shear 
resistance follows out of equation (10). 
 

 𝑉𝑅𝑐,𝑐 = 𝑣𝑅𝑑,𝑐 𝑏𝑤 𝑑 (10)  
 

Since there is no recommendation in Eurocode 2 (EN 1992-1-1, 2004) for deter-
mining the distribution width 𝑏𝑤 due to a point load, for Level I calculation it was 
assumed that the distribution width formed an angle of 45° with the applied point 
load. 
 

   

Figure 17: Width of the critical section by the head of the support. 

 

The one-way shear resistance was gained according to Eurocode 2 (EN 1992-1-1, 
2004) as shown in equation (11). 
 

 𝑣𝑅𝑑,𝑐 = 0.18 𝑘 (100 𝜌𝑙𝑓𝑐𝑚)1 3⁄  (11)  

 

The equation looks exactly equal to equation (4), which was used to determine the 
punching shear resistance, but with the difference that the reinforcement ratio 
takes only the tensile reinforcement of the shear direction into account. 

In summary, one-way shear resistance followed to 477 kN for the further load and 
to 439 kN for the closer load. 

For detailed calculations, see Appendix B3. 

 

3.1.2.2 Model code 

For members not requiring design shear reinforcement, the value for the shear 
resistance follows out of equations (12) to (14). 
 

 𝑉𝑅𝑐,𝑐 = 𝑣𝑅𝑑,𝑐 𝑏𝑤 𝑧 (12)  
 

 𝑣𝑅𝑑,𝑐 = 𝑘𝑣√𝑓𝑐𝑚 (13)  

 

 
𝑘𝑣 =

180

1000 + 1.25𝑧
 

(14)  
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The critical width was calculated according to Model code (CEB-FIP, 2013) and 
was taken at the lesser of the distances equal to 𝑑 and 𝑎𝑣 2⁄  from the face of the 
support. If assuming a clamped slab the load distribution angle should be taken as 
𝛼 = 60° according to Model code (CEB-FIP, 2013). 

 

 

Figure 18: Locations of the critical sections and critical widths according to Model code 
(CEB-FIP, 2013), for a simply supported slab. 

 

Finally, one-way shear resistance resulted to 513 kN for the closer load and to 
572 kN for the further load. 

For detailed calculations, see Appendix B4. 
 

 

3.1.3 Flexural resistance 

In addition to punching and one-way shear, the flexural resistance was calculated 
according to the yield line method. 

Figure 19 shows a possible yield line pattern. 

 

  

Figure 19: Yield line pattern for the bridge deck slab; all dimensions are in mm.  
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In accordance to determine the maximal loading capacity, the energy conservation 
principle was applied. 
 

 𝑄 ∙ 𝛿 = 𝑚𝑅𝑑 ∙ 𝐿 ∙ 𝜃 (15)  
 

Where: 𝑄 Applied load 

  𝛿 Vertical displacement due to applied load 

  𝑚𝑅𝑑 Moment resistance per meter of the yield line 

  𝐿 Length of yield line 

  𝜃 Rotation of the yield line 
 

The bending resistance per meter was calculated as shown in equation (16). 
 

 
𝑚𝑅𝑑 = 𝑎𝑠 𝑓𝑠𝑚 𝑧 = 𝑎𝑠 𝑓𝑠𝑚 (𝑑 −

𝑎𝑠𝑓𝑠𝑚

2𝑏𝑓𝑐𝑚
) (16) 

 

 

Finally, a load carrying capacity of 875 kN per loading plate resulted. 

Detailed calculations concerning the reinforcement and the moment resistance 
can be found in Appendix B5. 

 

3.1.4 Results and discussion 

In Table 4 all results based on Level I analysis are summarized. 
 

Table 4: Summary of results of Level I analysis. 

Punching One-way Flexure 

Method Capacity Method Capacity Method Capacity 

EC 
754 kN (CL) 

EC 
439 kN (CL) 

Yield line 875 kN 
772 kN (FL) 477 kN (FL) 

MC 812 kN MC 
513 kN (CL) 

572 kN (FL) 

* CL = Closer loading point / FL = Further loading point 
 

Based on above results, the slab would have collapsed due to one-way shear fail-
ure. To that it must be mentioned that for one-way shear calculations a simply 
supported slab was assumed. Since the top reinforcement layer continued over 
the support, actually, the slab was more than just simply supported. Thus, the cal-
culated punching values from Table 4 may be raised. 

It can be noticed that both Model code (CEB-FIP, 2013) and Eurocode 2 (EN 1992-
1-1, 2004) delivered similar, yet conservative, values for punching and one-way 
shear.  
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3.2 Level II: Linear analyses 

Numerical analyses became a more and more important tool for structural design 
and assessment of reinforced concrete structures. Thus, the usage of 3D finite el-
ement analyses has increased substantially in the last few years. Depending on the 
accuracy of the model linear or non-linear analyses can be performed. Linear anal-
yses do not take either the non-linearity influence of the material into account nor 
the concrete cracking and reinforcement yielding. 

In this study finite element software TNO Diana, Version 9.6 was used for compu-
ting and post-processing and Midas FX+, Version 3.1.0 for pre-processing. 
 

3.2.1 Input parameters 

3.2.1.1 Element type 

Depending on what type of results should be analysed the appropriate element 
type has to be chosen. Since the aim of this project was to evaluate the punching 
capacity for Level III assessment based on the critical shear crack theory, 2D 
curved shell elements were applied. These elements actually cannot describe out-
of-plane shear, punching or anchorage failures (Plos et al., 2015). For Level II cal-
culations local resistance models on higher levels of approximation according to 
Model code (CEB-FIP, 2013) were applied. 

For each element in the mid-thickness of each layer four nodes were defined. Fur-
thermore, in every element five degrees of freedom have been defined, this means 
three translations and two rotations. 
 

    

Figure 20: Curved shell element adopted from DIANA User´s Manual (2014). 

 

3.2.1.2 Material models 

For linear analyses a linear relationship between stress and strain is assumed. 
Therefore, isotropic models for steel and concrete were applied. Thus, the mate-
rial properties that were used for linear analyses are Young modulus of concrete, 
Poisson´s ratio as well as mass density of concrete. The material parameters which 
were used for FE performance are listed in Table 1. 
 

3.2.1.3 Boundary conditions 

For linear FE analyses the boundary conditions as shown in Figure 12 were ap-
plied. This means simply supported at the outside girder and fully fixed along the 
other three borders. 
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3.2.1.4 Mesh density 

In finite element analyses mesh size is a crucial factor since the quality of a model 
depends on it. Thus, FE models with fine mesh (small element size) yields highly 
accurate results but may take longer computing time as well as more efforts for 
meshing are required. On the other hand, FE calculations with coarse mesh (large 
element size) may lead to less accurate results but smaller computing time. 

The present bridge deck slab was meshed with quadrilateral curved shell ele-
ments of size 50 mm x 50 mm. This high mesh density was chosen in order to 
model the loading area which was close to the side girder as precisely as possible. 
 

3.2.1.5 Integration schemes 

For describing the slab, in plane a 2x2 Gauss integration scheme was used. In the 
thickness direction, for linear FE analyses the software automatically divides the 
slab into three layers. 

 

3.2.2 FE-Modelling 

The slab was modelled as shown in Figure 21 and Figure 22. Thereby, the slab part 
with varying thickness was modelled as segments, with each segment having its 
own thickness. 
 

 

Figure 21: FE Model including loading points and boundary conditions. 

 

 

Figure 22: Cross section of the shell elements showing segments with varying thickness. 
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3.2.3 Punching shear resistance 

3.2.3.1 Eurocode 2 

According to Eurocode 2 (EN 1992-1-1, 2004) there exists no advanced approxi-
mation in order to calculate the punching shear resistance. Thus, the resistance 
remained the same as for Level I assessment. 
 

3.2.3.2 Model code 

In Model code (CEB-FIP, 2013), as mentioned in Chapter 2.2.1, several levels of 
accuracy may be applied, since the control perimeter 𝑏 as well as the rotation pe-
rimeter 𝜓 can be refined. 

The rotation factor is calculated at level II approximation as listed in equa-
tion (17). 
 

 
𝜓𝐼𝐼 = 1.5

𝑟𝑠

𝑑

𝑓𝑦𝑑

𝐸𝑠
(

𝑚𝐸𝑑

𝑚𝑅𝑑
)

1.5

 (17) 
 

 

According to Model code (CEB-FIP, 2013) the average bending moment acting in 
the support strip (𝑚𝐸𝑑) can be approximated for each reinforcement direction and 
support type. Since the load can be transported in all four directions, an inner col-
umn was assumed. Based on this assumption the average bending resistance may 
be determined according to equation (18). The flexural strength per unit length in 
the support strip was calculated as shown in equation (19). 
 

 
𝑚𝐸𝑑 = 𝑉𝐸𝑑 ∙ (

1

8
+

|𝑒𝑢,𝑖|

𝑏𝑠
) (18) 

 

 

 
𝑚𝑅𝑑 = 𝑎𝑠 𝑓𝑠𝑚 𝑧 = 𝑎𝑠 𝑓𝑠𝑚 (𝑑 −

𝑎𝑠𝑓𝑠𝑚

2𝑏𝑓𝑐𝑚
) (19) 

 

 

For simplified calculations, the factor refers to the eccentricity was not taken into 
account. Consequently, the average bending moment per unit length was assumed 
to be 𝑚𝐸𝑑 = 𝑉𝑑 8⁄ . Since 𝑉𝐸𝑑 in equation (18) represents the load which is added 
before punching failure occurs, it will be an iterative approach to provide the ro-
tation factor 𝜓𝐼𝐼 . For the first approximation the calculated load 𝑉𝐸𝑑  = 812 kN 
from Level I analysis was used. 

Additionally, level III approximation for the rotation factor exists, which are rec-
ommended especially for irregular slabs or for slabs where the ratio of span 
lengths 𝐿𝑥 𝐿𝑦⁄  is not between 0.5 and 2.0. According to Model code (CEB-FIP, 

2013) the approximation may be used preferably for uncracked linear elastic 
model. 
 

 
𝜓𝐼𝐼𝐼 = 1.2

𝑟𝑠

𝑑

𝑓𝑦𝑑

𝐸𝑠
(

𝑚𝐸𝑑

𝑚𝑅𝑑
)

1.5

 (20) 
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Results gained with the basic control perimeter 𝒃𝟏 

By using rotation factor 𝜓𝐼𝐼 the punching capacity followed to 233 kN. For rotation 
factor approximation level III (𝜓𝐼𝐼𝐼) a punching capacity of 286 kN resulted. 

Detailed calculations based on 𝑏1 can be found in Appendix C1. 

 

Results gained with the shear-resisting control perimeter 𝒃𝟎 

Instead of calculating with the basic control perimeter 𝑏1, the shear-resisting con-
trol perimeter 𝑏0 can be used. 

The punching shear resistance is calculated similarly to equation (6). 
 

 𝑉𝑅𝑑,𝑐 = 𝑣𝑅𝑑,𝑐 𝑏0 𝑑 (21)  
 

The shear-resisting control perimeter 𝑏0 is determined according to Model code 
(CEB-FIP, 2013) as shown in equation (22). 
 

 
𝑏0 =

𝑉𝐸𝑑

𝑉𝑝𝑒𝑟𝑝,𝑑,𝑚𝑎𝑥
 (22) 

 

 

Thereby 𝑉𝐸𝑑  expresses the design shear force value and 𝑉𝑝𝑒𝑟𝑝,𝑑,𝑚𝑎𝑥  the maximal 

shear force per unit length perpendicular to the basic control perimeter. 
 

 

Figure 23: Shear force per unit length (vd) and maximum value perpendicular to the basic 
control perimeter according to Model code (CEB-FIP, 2013). 

 

For determining the maximal shear force along the control perimeter, the shear 
distribution was extracted out of the linear FE model, see Figure 24. Besides, the 
irregularities along the support can be neglected since they do not affect the result. 
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Figure 24: Shear distribution 𝑞𝑦𝑧 around loading point (closer load). 

 

Since the loading plate was located very close to the support, the shear distribu-
tion was very unsymmetrical. This came, since the applied load was absorbed 
mainly from the closest support. Hence an unusual high value for the maximal 
shear force per unit length perpendicular to the basic control perimeter resulted. 
On the other hand, the shear value along the control perimeter in the middle of the 
plate became an even negative value. 

Figure 25 shows the shear distribution along the control perimeter with a maxi-
mal shear force of 𝑉𝑝𝑒𝑟𝑝,𝑑,𝑚𝑎𝑥 = 414 kN due to an added load of 𝑉𝐸𝑑 = 500 kN. Fi-

nally, the shear-resisting control perimeter 𝑏0 followed to 1.21 m. 
 

    

Figure 25:  Shear distribution along control perimeter. 

 

Even though the shear-resisting control perimeter was unrealistically low, calcu-
lations had been done according to Model code (CEB-FIP, 2013). Finally, punching 
capacities of 377 kN, 108 kN and 133 kN resulted for approximation levels 𝜓𝐼 to 
𝜓𝐼𝐼𝐼 . 

Detailed calculations can be found in Appendix C2. 
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3.2.4 One-way shear resistance 

For Level II assessment the effective width was calculated with a more advanced 
method based on a Swedish recommendation for finite element analysis (Pacoste 
et al., 2012). The method is explained and simultaneously applied in the current 
chapter. 
 
Location of critical section and effective width according to the Swedish rec-
ommendation (Pacoste et al., 2012) 
 

In a first step the distribution width was calculated according to the Swedish rec-
ommendation (Pacoste et al., 2012). It states that for a group of forces situated in 
the same row, the critical cross section for shear forces is always placed at a dis-
tance 𝑦𝑐𝑠 = (𝑐 + 𝑑) 2⁄  from the center of the loading points. 
 

  

Figure 26: Location of the critical cross section and width of the section as recommended 
in the Swedish recommendation (Pacoste et al., 2012). 

 

In order to get the effective depth at the critical section 𝑑 as well as the location of 
this section, which depends on the effective depth, two equations had to be com-
bined. Thus, the effective depth was determined by solving the following system 
of equations for 𝑑. The length of the loading point was 𝑐 = 350 mm. 
 

 
𝑑 = 223 +

246 − 223

330
∙ (

𝑐 + 𝑑

2
) (23) 

 

 

  

Figure 27: Approach to determine the effective depth at the critical cross section. 
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It resulted an effective depth of 244 mm at the critical cross section in a distance 
of (𝑐 + 𝑑)/2 = 297 mm from the center of the load. 
 

In conclusion, the width of the critical section is calculated as the minimum of two 
terms, see equation (24). 
 

 𝑤 = min(7𝑑 + 𝑏 + 𝑡; 10𝑑 + 1.3𝑦𝑐𝑠) (24)  
 

Where 𝑏 expresses the width of the loading area and 𝑡 the thickness of the surfac-
ing, which was assumed to be zero. Finally, for the cross section a width of 2.31 m 
resulted for one loading point. Since the widths of the loading plates overlapped 
in the middle, in total a width of 4.31 m resulted in a distance of 297 mm from the 
center of the load. 
 

  

Figure 28: Location of the critical section and effective width. 

 

Calculating one-way shear resistance by using linear material behaviour of 
Level II assessment 
 

In the further course, linear material behaviour was used to determine the one-
way shear resistance. Since in Level II assessment the load-shear relationship is 
linear, see Figure 29, a random load could be applied in the FE modelling in order 
to get the corresponding average shear value along the critical section. Including 
the calculated shear force from Level I assessment, the one-way shear resistance 
from Level II analysis could be determined. 
 
 

   

Figure 29: Linear relationship between capacity and shear resistance. 
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 𝑉𝑑

𝑣𝑑
=

𝑉𝑅𝑑

𝑣𝑅𝑑
     →      𝑉𝑅𝑑 =

𝑉𝑑

𝑣𝑑
𝑣𝑅𝑑  (25) 

 

 

Where: 𝑉𝑅𝑑 Maximal one-way shear resistance 

  𝑉𝑑 Random load applied at FE modelling 

  𝑣𝑑  Average value of the shear forces along the width due to 𝑉𝑑 

  𝑣𝑅𝑑  Average shear force resistance from Level I calculation 

 

With an added load of 𝑉𝑑 = 500 kN per loading plate, an average shear force re-
sistance along the critical width of 𝑣𝑑  = 168 kN/m resulted. Figure 30 shows the 
shear distribution along the critical section (blue line) and the average shear re-
sistance along the critical width of 4.31 m (red line). The maximal peak came from 
the load which was placed closer to the support. 
 

 

Figure 30: Shear force distribution along critical cross section (blue line) and distribution 
width with average shear force value (red line). 

 

The average shear force resistance based on Model code (CEB-FIP, 2013) in Level I 
assessment followed to 513 kN ⁄ 2.080 m = 247 kN/m and consequently a one-
way shear resistance of 𝑉𝑅𝑑 = 735 kN resulted for Level II assessment. 
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3.2.5 Flexural resistance 

For Level II flexure assessment also the Swedish recommendation (Pacoste et al., 
2012) was used. The distribution width for moments is identical to the distribu-
tion width for shear forces (Chapter 3.2.4) and accounted for 4.31 m. 

The linear behaviour of Level II assessment was used in order to get the maximal 
flexural resistance. 
 

 𝑉𝑑

𝑚𝑑
=

𝑉𝑅𝑑

𝑚𝑅𝑑
     →      𝑉𝑅𝑑 =

𝑉𝑑

𝑚𝑑
𝑚𝑅𝑑 (26) 

 

 

Where: 𝑉𝑅𝑑 Maximal one-way shear resistance 

  𝑉𝑑 Random load applied at FE modelling 

  𝑚𝑑  Average value of bending forces along the width due to 𝑉𝑑 

  𝑚𝑅𝑑 Average flexure resistance from Level I calculation 

 

Along the critical section an average flexural resistance of 𝑚𝑑  = 20.2 kNm resulted 
due to a load of 𝑉𝑑 = 500 kN per loading plate. The maximal peak represents the 
load which was placed further to the support. 
 

 

Figure 31: Moment distribution along critical cross section (blue line) and distribution 
width with average bending value (red line). 

 

The resistance of the top reinforcement layer along the section was calculated to 
𝑚𝑅𝑑 = 37.7 kNm (Appendix B5). 

The flexural resistance followed to 𝑉𝑅𝑑 = 933 kN. 
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3.2.6 Results and discussion 

The results from Level II assessment are summarized in Table 5. 

Table 5: Summary of results of Level II analysis. 

Punching One-way Flexure 

Method Capacity Method Capacity Method Capacity 

MC (𝑏1) 
233 kN (𝜓𝐼𝐼) 

Linearity 
properties 

735 kN 
Linearity 

properties 
933 kN 

286 kN (𝜓𝐼𝐼𝐼) 

MC (𝑏0) 

377 kN (𝜓𝐼) 

108 kN (𝜓𝐼𝐼) 

133 kN (𝜓𝐼𝐼𝐼) 

 

By considering the punching results, it is obvious that all values are very conserva-
tive. In order to explain these low values, there are two main reasons which have 
to be mentioned. First of all, by comparing the results gained with rotation perim-
eter 𝜓𝐼 , with results provided with rotation perimeter 𝜓𝐼𝐼 or 𝜓𝐼𝐼𝐼 , the differences 
are distinctive. The reason for this must lay in the bending moment redistribution 
which is considered additionally for 𝜓𝐼𝐼  and 𝜓𝐼𝐼𝐼 , see equations (17) and (20). 
Thereby, either the average moment per unit length 𝑚𝐸𝑑  was calculated to opti-
mistic or else the average flexural strength per unit length 𝑚𝑅𝑑 was assumed to be 
underestimated. Since for the impact already a low value 𝑉𝐸𝑑  = 812 kN from 
Level I assessment was applied, the problem must come from the considered 
bending resistance of the slab. The main reason for this was found in the arrange-
ment of the reinforcement, see also Figure 4. Since the loading areas were placed 
very close to the support, the main reinforcement layer was located at the top of 
the slab. On the other hand, the bottom reinforcement layer comprised only 
∅10@270 (𝑚𝑅𝑑  = 37.7 kN) in x-direction and ∅10@250 (𝑚𝑅𝑑  = 46.4 kN) in y-di-
rection, which corresponded to the minimum reinforcement. For the even lower 
values gained with the shear-resisting control perimeter 𝑏0 , the one-way shear 
distribution, as shown in Figure 24, was responsible. Hence a calculated shear-
resisting control perimeter 𝑏0 = 1208 mm was less than half of the basic control 
perimeter 𝑏1 = 2601 mm. 

One-way shear resistance was calculated by using linear material behaviour. 
Thereby, the maximal shear force according to Level I assessment and the shear 
distribution, which was extracted along the effective width 𝑤 , was considered. 
Compared to Level I assessment a higher, yet conservative, value was evaluated. 

For calculating the flexural resistance also the linear behaviour was taken into ac-
count. Finally a similar result was occurred as in Level I analysis. 
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3.3 Level III: Non-linear analyses 

In contrast to linear analyses, for non-linear assessments the loads are applied 
gradually on the model until failure of the structure is reached. Thus, non-linear 
analyses are the perfect tool to get more realistic results. According to Broo et al. 
(2008) there are two main reasons for the higher capacities evaluated with non-
linear finite element programs. First, by analysing in three dimensions the load 
distribution is more appropriate and second, in numerical analyses the fracture 
energy due to concrete cracking is also included. However, it is important to have 
a good understanding of all input parameters since this is the basis to achieve most 
accurate results. 

 

3.3.1 Input parameters 
 

3.3.1.1 Element type 

As used for linear analyses also for non-linear assessments 2D curved shell ele-
ments (Figure 20) were applied. Since shell elements do not describe out-of-plane 
shear or punching, these failure modes have to be checked by the critical shear 
crack theory of Muttoni (Chapter 2.3). 
 

3.3.1.2 Concrete 

To describe non-linear behaviour of concrete in a realistic way stress-strain 
curves according to Hordijk for tension and Thorenfeldt for compression were 
used. Since both approaches are based on total strains and the concrete cracking, 
the strategy is called total strain crack theory. 

        

Figure 32: Material models for concrete: Hordijk in tension (left) and Thorenfeldt in com-
pression (right), adopted from DIANA User´s Manual (2014). 

 
The crack distance was calculated to be 219 mm based on Eurocode 2 (EN 1992-
1-1, 2004). Detailed calculations can be found in Appendix E1. Thereby, the rotat-
ing crack model was used. This means according to DIANA User´s Manual (2014) 
that the crack direction is always perpendicular to the principal stress direction 
and no shear crack along the crack occurs. The fracture energy was determined to 
be 154 N/m according to Model code (CEB-FIP, 2013), see also Appendix E2. The 
cracking model used in the FE modelling is called smeared crack approach. It was 
assumed that a new crack is smeared over a region. The length of this cracked re-
gion is called crack band width (Hakimi, 2012). 
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3.3.1.3 Reinforcement 

According to the multi-level assessment strategy, for Level III assessment it is as-
sumed that the reinforcement is fully embedded in the concrete, i.e. it has perfect 
bond to the concrete. According to Plos et al. (2015) for modelling embedded re-
inforcement, plane shaped reinforcement grids are the preferably tool. Thus, for 
both directions the volume of the reinforcement layer was determined to be equal 
to the volume of the reinforcement bars. The level of the reinforcement layers was 
determined under assumption that the effective depth issued from 𝑑 = 0.85 𝑡, see 
Figure 33. 
 

   

Figure 33: Level of reinforcement layers in elements with varied thickness. 

 

3.3.1.4 Boundary conditions 

In order to get appropriate results it was important to choose right boundary con-
ditions. In many case studies it is difficult to find the right boundary conditions 
since in reality often an intermediate rigidity between fully fixed and simply sup-
ported may be appropriate. 
 

3.3.1.5 Mesh density 

The present bridge deck slab was meshed with mainly quadrilateral curved shell 
elements of size 50mm x 50mm. This high mesh density was chosen in order to 
model the loading area, which is close to the side girder, as precisely as possible. 
 

3.3.1.6 Interpolation function and integration schemes 

Since geometry of the investigated slab was not very ordinary, for the mesh 
scheme quadrangular and triangular elements were needed. Thus, in the plane a 
2x2 Gauss integration scheme was used for quadrilateral elements and a three 
point Gauss integration scheme for triangular elements. Over the height of the el-
ements, i.e. in the thickness direction a nine point Simpson integration scheme 
was applied. 
 

3.3.1.7 Iteration method & convergence criteria 

With the iteration method the computing time can be limited (Broo et al., 2008). 
For all analyses, Newton-Raphson iteration method with a tangential convergence 
criteria of 0.01 was used. According to DIANA User´s Manual (2014) the regular 
Newton-Raphson iteration is based on the tangential stiffness of the structure and 
provides a final result within only a few iterations. For the convergence criteria, 
the energy norm ratio was used. According to DIANA User´s Manual (2014) this 
criteria bases on the internal energy, which is expressed as the area under the 
load-displacement curve.   
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3.3.2 FE Analysis 

3.3.2.1 Load method 

As mentioned in the introduction, the main difference of a non-linear analysis 
compared to a linear analysis is that loads are applied gradually on the model. As 
showed in a previous master´s thesis (Hakimi, 2012), the load stepping process 
can be done with three different methods, called load-controlled, displacement-
controlled and arc-length incrementation. In the following master´s thesis the 
load- and displacement-controlled methods were applied. 
 

Load-controlled method 

In the load-controlled method, while increasing the load, the program searches for 
a displacement field that corresponds to the applied load (Hakimi, 2012). 
 

  

Figure 34: FE model showing loads which are added based on the load-controlled method. 

 

Displacement-controlled method 

In contrast to applying load forces, in the displacement-controlled method in-
creasingly displacement is added. Due to displacement of a set of nodes, the equi-
librium is found by searching for the corresponding forces. 

 

 

Figure 35: Applying the vertical load in total 32 points (16 per loading area) on the slab, 
using statically determined arrangement of stiff beams. Illustration adopted 
from Broo et al. (2008). 
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Figure 36: FE model showing loads which are added based on the displacement-controlled 
method. 

 

As a condition in order to get rational results, for horizontal beams the bending 
stiffness and for vertical links the axial stiffness were determined to be infinite. 
The selected degrees of freedom for the horizontal connections can be viewed in 
Figure 37. Further, it was important that the displacement force was added in the 
middle of the horizontal beams because only in this way the displacement was 
transferred correctly to the bottom links. 
 

  

Figure 37: Detailed part of the displacement model including boundary conditions (red = 
translation, blue = rotation). 

 
3.3.2.2 Results of analyses and comparison to the experiment 

In order to assess the suitability of the FE model the load-rotation curve was ana-
lysed and compared with test measurements, see Figure 38. In this way the stiff-
ness of the model could be evaluated. 
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Figure 38: Load-displacement curves for a simply supported slab. 

 

By analysing Figure 38, it can be stated that the curves from the non-linear FE 
analysis increase faster. This means that the stiffness of the FE model is minimally 
stiffer compared to the reality. However this small difference may also have other 
reasons, such as measurement inaccuracies. In conclusion it can be summarized 
that the chosen material properties as well as the assumption of a simply sup-
ported slab describe the real behaviour of the slab very accurate. 

Furthermore, to ensure that cracks happened in the right place, the strain based 
crack pattern was examined, see Figure 39. 

 

Figure 39: Strain based crack pattern before failure occurred. 

 

The red marked regions show where the reinforcement started yielding. The ini-
tial yield stress was set to 610 MPa in the non-linear FE analysis. 

Since shell elements cannot describe punching shear failure, only the in-plane 
crack pattern depending on the bending moments can be outputted. Thus it must 
be mentioned, that the showed crack pattern does not represent the reality accu-
rate. However, the locations and also the pattern of the reinforcement yielding 
were plotted correctly. 
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3.3.3 Punching shear resistance 

For Level III assessment, the critical shear crack theory by Muttoni was applied. 
As explained in Chapter 2.3, the total punching capacity results at the intersection 
of the failure curve and the load-rotation curve (point A in Figure 40). 

 

    

Figure 40: Approach to determine the punching capacity based on the CSCT. 

 

Table 6: Input parameters for calculating the punching capacity according to the CSCT. 

Input parameters for CSCT 

Load-controlled 𝑉 =  0, 40, 80, 120, 160, … [kN] 

Displacement-controlled 𝑑 =  0.1, 0.2, 0.3, 0.4, 0.5, … [mm]→ 𝑉 = … 

Muttoni: Failure criterion 𝜓𝐹𝑎𝑖𝑙𝑢𝑟𝑒 = (
3 4⁄ 𝑏 𝑑 √𝑓𝑐𝑚

𝑉
− 1)

𝑑𝑔0 + 𝑑𝑔

15 𝑑
 

FEM: Load–rotation curve 𝜓𝐿𝑜𝑎𝑑−𝑅𝑜𝑡. =
𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 (𝑉)

𝐿𝑒𝑛𝑔𝑡ℎ
 

 

Since in the current case study the two loading plates were not placed in the same 
distance from the support, the displacement below the plates was not equal. Con-
sequently, two load–rotation curves had to be determined. 

The parameters which were applied for the CSCT are summarised in Table 7. 
 

Table 7: Basic perimeters which were used for the CSCT. 

Basic perimeters 

Control perimeter 𝑏 2601 mm 

Effective depth 𝑑 223 mm 

Average concrete compressive strength 𝑓𝑐𝑚 62.2 MPa 

Reference size equal to 16 mm 𝑑𝑔0 16 mm 

Maximum size of the aggregate 𝑑𝑔 16 mm 
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In order to get the values of rotation 𝜓, for both loading plates the difference in 
rotation at point 𝑃1 and 𝑃2 was calculated. 
 

   

Figure 41: Approach to determine the rotation angle of the slab ψ. 

 
After performing the non-linear analysis, the load-rotation curves could be drawn 
as shown in Figure 42 based on the load-controlled method and in Figure 43 based 
on the displacement-controlled method. 
 

 

Figure 42: Punching capacity calculated based on the load-controlled method for simply 
supported slab. 

 

 

Figure 43: Punching capacity calculated based on the displacement-controlled method for 
simply supported slab. 
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At the cross sections of the two curves a punching capacity of 1617 kN for the 
closer load and a capacity of 1672 kN for the further load resulted due to the load-
controlled method. 

Analyses based on the displacement-controlled method delivered punching ca-
pacities of 1658 kN and 1711 kN for the closer and the further load, respectively. 

 

3.3.4 One-way shear resistance 

For Level III one-way shear calculation there exists no known method which 
yields more accurate results than Level II analysis. 

 

3.3.5 Flexural resistance 

The flexural resistance was determined by analysing the load-displacement rela-
tionship. Since shell elements are not designed to describe shear failure, non-lin-
ear FE analyses interrupt when the flexural resistance is reached. Figure 44 and 
Figure 45 show the load–displacement curves as well as the measured test results. 
 

 

Figure 44: Load-displacement curves for simply supported slab based on the load-con-
trolled method. 

 

Figure 45: Load-displacement curves for simply supported slab based on the displacement-
controlled method. 
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The flexural resistance followed to 3720 kN based on the load-controlled method 
and to 4420 kN based on the displacement-controlled method. These loads repre-
sented the total applied load, which means the load for both loading plates. 

 

3.3.6 Results & discussion 

Table 8 shows the results from Level III assessment. 
 

Table 8: Summary of results of Level III analysis by assuming a simply supported slab. 

Punching One-way Flexure 

Method Capacity Method Capacity Method Capacity 

CSCT 

(LM) 

1617 kN (CL) 

- - 

Non-lin. FE 

(LM) 
1860 kN 

1672 kN (FL) 

CSCT 

(DM) 

1658 kN (CL) Non-lin. FE 

(DM) 
2210 kN 

1711 kN (FL) 

* CL = Closer loading point / FL = Further loading point 

   LM = Load-controlled method / DM = Displacement-controlled method 
 

It can be stated that for both loading points the punching capacity was similar to 
test results, where failure occurred by an added load of 1660 kN. The difference 
between the two applied load methods was minimal according to the punching 
capacity, but bigger regarding the flexural resistance. 

Furthermore, it can be stated that the critical shear crack model represented the 
punching capacity correctly, also if loads were placed close to the support. 
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3.4 Results and discussion 
 

In this chapter all results gained according to the multi-level assessment strategy 
are summarised and discussed. 
 

3.4.1 Punching shear resistance 

 

 

Figure 46: Summary for punching capacities for Level I – III. 

 

The punching results for Level I and III assessments were as expected. On the 
other hand, for Level II assessment the results gained with an advanced rotation 
perimeter 𝜓 and with the shear-resisting perimeter 𝑏𝑜 did not lead to accurate re-
sults. 

As shown in Chapter 3.2.3.2, by replacing the basic control perimeter 𝑏1 with the 
shear-resisting perimeter 𝑏0 , the results became even worse. The reason was 
found in the unsymmetrical shear distribution around the loading area. Since the 
loading plates were located close to the support, the shear distribution resulted 
very unsymmetrical, see Figure 24. Thus the load was transported mainly in one-
way, i.e. to the closer support. Hence an unusual high value for the maximal shear 
force per unit length perpendicular to the basic control perimeter resulted and 
consequently an unrealistic low value for the shear-resisting perimeter. 

Responsible for the lower values obtained with an advanced rotation perimeter 𝜓, 
was the low reinforcement ratio below the loading plates. Thus a low bending re-
sistance for the slab resulted and consequently a minimal load carrying capacity. 
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3.4.2 One-way shear resistance 
 

 
Figure 47: Summary for one-way shear capacities for Level I & II. 

 

Considering Level I results, it can be stated that Eurocode 2 (EN 1992-1-1, 2004) 
delivered more conservative results compared to Model code (CEB-FIP, 2013). 
Furthermore, it can be concluded that the closer a load was placed to the support, 
the smaller one-way shear resistance came to. This is logical since the critical 
width became smaller and as a result the shear force could not be smeared over a 
wide length. 

For Level II one-way shear assessment an improved validation was achieved in 
comparison to Level I assessment. Thus it can be summarized that the application 
of the Swedish recommendation (Pacoste et al., 2012) was useful to obtain the lo-
cation of the critical section as well as the width of it. In addition with the gained 
one-way shear resistance from Level I and also based on the linear material be-
haviour of Level II assessment, an advanced validation of the one-way shear ca-
pacity could be achieved. 
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3.4.3 Flexural resistance 

 

 

Figure 48: Summary for flexure capacities for Level I – III. 

 

The flexure assessment showed a successively improved evaluation in structural 
assessment. 

The application of the yield line method in Level I delivered a conservative value, 
since it was assumed that the slab was simply supported. In reality for bending 
along the outside girder, energy will be transformed according to the applied en-
ergy conservation principle. Thus the underestimation for the flexural resistance 
would not be as immense. 

Level II flexure assessment, based on linear material behaviour and on the average 
moment distribution along the critical section, delivered advanced results, com-
pared to Level I analysis. However, the results were very conservative. Thus the 
application of the Swedish recommendation (Pacoste et al., 2012) has to be con-
sidered carefully. Since the critical section was determined to be next to the sup-
port, see Figure 28, the moment distribution got minimal values for a simply sup-
ported slab. 

Level III assessment delivered an overestimated value compared to the test re-
sults. However, since flexure was not expected to be the decisive failure mode, this 
value was reasonable. 
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4 Parameter Study 

In the following chapter the influence of certain parameters was analysed. 
Thereby a main focus lied on the influence of boundary conditions on the result. 
In order to assess this influence, in Chapter 4.1 all calculations according to the 
multi-level assessment strategy had been performed again. In contrast to the pre-
vious chapters, a fully fixed slab was assumed. 

In a second parameter study in Chapter 4.2 the influence of the effective depth on 
the punching capacity was analysed. Thereby only Level III punching assessment 
according to the critical shear crack theory was performed. 
 

4.1 Influence of boundary conditions 

In this chapter, in contrast to the previous part of this thesis, it was assumed that 
the slab was fully fixed at the outside girder, see Figure 49. 

The parameters used for calculations in this chapter are listed in Table 7. 

      
Figure 49: Fully fixed slab along all borders. 

 

4.1.1 Level I 
 

4.1.1.1 Punching resistance 

Neither in Model code (CEB-FIP, 2013) nor in Eurocode 2 (EN 1992-1-1, 2004) the 
boundary conditions are considered regarding the punching capacity. Thus the re-
sults were equal to the values gained by assuming a simply supported slab. 
 

4.1.1.2 One-way shear resistance 

If assuming a clamped slab the load distribution angle should be taken as 𝛼 = 45° 
according to Model code (CEB-FIP, 2013). 

 

Figure 50: Critical width according to Model code (CEB-FIP, 2013) for a clamped slab. 
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Furthermore, if assuming a fully anchored reinforcement at the support, in both 
Model code (CEB-FIP, 2013) and Eurocode 2 (EN 1992-1-1, 2004), the loads 
within a distance of 0.5 𝑑 < 𝑎𝑣 ≤ 2 𝑑 may be reduced. 

Finally, based on Eurocode 2 (EN 1992-1-1, 2004) for the closer load a punching 
capacity of 1392 kN resulted and for the further load a capacity of 796 kN. 

According to Model code (CEB-FIP, 2013) the punching capacities followed to 
717 kN and 632 kN for the closer and further load, respectively. 

Detailed calculations can be found in Appendix D1 and Appendix D2. 

 

4.1.1.3 Flexural resistance 

  
Figure 51: Yield line pattern by assuming a fully fixed slab. 
 

The flexural resistance resulted to 2239 kN per loading plate by assuming a fully 
fixed slab. The derivation can be found in Appendix D3. 
 

4.1.1.4 Results & discussion 
 

Table 9: Level I results by assuming a fully fixed slab. 

Punching One-way Flexure 

Method Capacity Method Capacity Method Capacity 

EC 
754 kN (CL) 

EC 
1392 kN (CL) 

Yield line 2239 kN 
772 kN (FL) 796 kN (FL) 

MC 812 kN MC 
717 kN (CL) 

632 kN (FL) 

* CL = Closer loading point / FL = Further loading point 
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Figure 52: Comparison between fully fixed and simply supported slab for Level I assess-

ment. 

When comparing the results between a simply supported slab with a fully fixed 
slab, it is obvious that for punching the influence of boundary conditions was not 
considered. For one-way shear and flexure on the other hand, there resulted a big 
difference between these two assumptions. 

Comparing the one-way resistance gained from a fully fixed slab with results ob-
tained by assuming a simply supported slab, the difference in the results was very 
high. This came since by assuming a fully fixed slab in both Model code (CEB-FIP, 
2013) and Eurocode 2 (EN 1992-1-1, 2004), the loads within a distance of 
0.5 𝑑 < 𝑎𝑣 ≤ 2 𝑑 may be reduced. In the current situation for the closer load in a 
distance of 𝑎𝑣 = 155 mm from the support, based on Eurocode 2 (EN 1992-1-1, 
2004) the one-way shear resistance could be increased from 439 kN to 1392 kN. 
In Model code (CEB-FIP, 2013) on the other hand, the load could also be increased 
but only from 513 kN to 717 kN. In fact, in Model code (CEB-FIP, 2013) more ad-
vanced approximations exist. This means that for clamped slabs for instance, the 
load within a distance less than twice the effective depth may be reduced, but not 
more than to the half load (𝛽 ≥ 0.5) . Further a distribution angle of 𝛼 = 45° 
should be used for clamped slabs instead of an angle of 𝛼 = 60° for simply sup-
ported slabs. Last but not least, the location of the control section is defined in 
Model code (CEB-FIP, 2013) to be in somewhere between the support and the 
loads. On the other hand in Eurocode 2 (EN 1992-1-1, 2004) nothing about the 
distribution angle as well as the location of the critical section is written. 

Furthermore, it could be seen that by assuming a simply supported slab failure 
occurred at the closer load whereas by assuming a fully fixed slab it occurred at 
the further load. This may be connected with measurement inaccuracies. 

For the flexural resistance it can be stated that for loads which act close to the 
support, boundary conditions have a big influence. This was because the angle be-
tween the loading point and the support reached in x-direction a high value (Fig-
ure 51) and that was why by applying the energy conservation principle a high 
value resulted for the forming yielding joint at the support.  
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4.1.2 Level II 
 

4.1.2.1 Punching resistance 

For Level II punching assessment, as mentioned in Chapter 3.2.3.2, the basic con-
trol perimeter 𝑏1 may be replaced by the shear-resisting control perimeter 𝑏0 and 
also the rotation factor 𝜓 may be improved. 

Since the rotation factors 𝜓𝐼𝐼 and 𝜓𝐼𝐼𝐼 compared to 𝜓𝐼 only considers the bending 
resistance in addition, these parameters were the same as for a simply supported 
slab. 

But on the other hand, the shear distribution around the loading plate and conse-
quently the shear-resisting control perimeter varied. Figure 53 shows the shear 
distribution along the control perimeter with a maximal shear force of 
𝑉𝑝𝑒𝑟𝑝,𝑑,𝑚𝑎𝑥 = 601 kN due to an added load of 𝑉𝐸𝑑 = 500 kN. Finally, the shear-re-

sisting control perimeter 𝑏0 followed to 0.83 m. 
 

   

Figure 53: Shear distribution along control perimeter for a fully fixed slab. 

 

As a result, based on the shear-resisting control perimeter 𝑏0, punching capacities 
resulted to 260 kN, 75 kN and 91 kN by applying rotation factors 𝜓𝐼 to 𝜓𝐼𝐼𝐼 . 

 

4.1.2.2 One-way shear resistance 

In order to get the Level II one-way shear resistance, the analysis had been per-
formed identically to Chapter 3.2.4. With an added load of 𝑉𝑑 = 500 kN per loading 
plate, an average shear force resistance along the critical width of 𝑣𝑑  = 229 kN/m 
resulted by assuming a fully fixed slab. Figure 54 shows the shear distribution 
along the critical section (blue line) and the average shear resistance along the 
critical width of 4.31 m (red line). The maximal peak comes from the load which 
was placed closer to the support. 

 

-800

-600

-400

-200

0

200

0 10 20 30 40

Sh
ea

r 
fo

rc
es

 [
k

N
/m

]

Elements [-]

Shear distribution along control 
perimeter



 
 
 

CHALMERS Civil and Environmental Engineering, Master’s Thesis BOMX02-16-95 45 

 

Figure 54: Shear force distribution along critical cross section (blue line) and distribution 
width with average value (red line). 

 

The average shear force resistance based on Model code (CEB-FIP, 2013) in Level I 
assessment followed to 632 kN ⁄ 1.595 m = 396 kN/m and consequently, out of 
equation (25), a one-way shear resistance of 𝑉𝑅𝑑  = 865 kN resulted for Level II 
one-way shear assessment. 

 

4.1.2.3 Flexural resistance 

For a fully fixed slab the application of the Swedish recommendation (Pacoste et 
al., 2012) delivered no valid flexure result, since in the current situation the critical 
section lied just next to the support, see Figure 28. Thus the bending value was 
negative along the critical section, see Figure 55, and that is why also a calculated 
flexural resistance according to equation (26) had been resulted in an unrealistic 
value. 
 

 

Figure 55: Moment distribution along critical cross section (blue line) and distribution 
width with average value (red line). 
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4.1.2.4 Results & discussion 

 

Table 10: Summary of results of Level II analysis. 

Punching One-way Flexure 

Method Capacity Method Capacity Method Capacity 

MC (𝑏1) 
233 kN (𝜓𝐼𝐼) 

Linearity 
properties 

865 kN 
Linearity 

properties 
- 

286 kN (𝜓𝐼𝐼𝐼) 

MC (𝑏0) 

260 kN (𝜓𝐼) 

75 kN (𝜓𝐼𝐼) 

91 kN (𝜓𝐼𝐼𝐼) 

 

 

 
Figure 56: Comparison between fully fixed and simply supported slab for Level II assess-

ment. 

 

For the punching assessment it can be stated that the shear-resisting control pe-
rimeter 𝑏0 got an even lower value, if a fully fixed slab was assumed. This came 
since a fully fixed support can absorb even more shear force than a simple support. 
Consequently the maximal shear force per unit length perpendicular to the basic 
control perimeter (𝑉𝑝𝑒𝑟𝑝,𝑑,𝑚𝑎𝑥) got higher and the shear-resisting control perime-

ter 𝑏0 got lower, according to equation (22). 

For the one-way shear resistance according to equation (25), also a higher average 
shear force along the control perimeter leaded to a higher one-way shear re-
sistance. 

For the flexural resistance, as explained in Chapter 4.1.2.3, for a fully fixed slab no 
realistic value resulted based on the Swedish recommendation (Pacoste et al., 
2012). 
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4.1.3 Level III 
 

4.1.3.1 Punching resistance 

For Level III punching assessment the critical shear crack theory was applied 
(Chapter 3.3.3). The parameters used for a fully supported slab were the same as 
for the simply supported slab and are listed in Table 7. 
 

 

Figure 57: Punching capacity for fully fixed slab calculated based on the load-controlled 
method. 

 

 

Figure 58: Punching capacity for fully fixed slab calculated based on the displacement-con-
trolled method. 

 

Analyses based on the load-controlled method provided for a fully fixed slab a 
punching capacity of 2482 kN for the closer load and a capacity of 2388 kN for the 
further load. 

Analyses performed with the displacement-controlled method delivered punch-
ing capacities of 2548 kN for the closer and 2445 kN for the further load, respec-
tively. 
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4.1.3.2 Flexural resistance 

For determining the flexural resistance, the load-displacement curves were ana-
lysed until failure occurred. This was possible, since shell elements reflect only 
bending failure. 
 

 

Figure 59: Load-displacement curves for fully fixed slab based on the load-controlled 
method. 

 

 

Figure 60: Load-displacement curves for fully fixed slab based on the displacement-con-
trolled method. 

 

The flexural resistance was reached by an added load of 5120 kN according to the 
load-controlled method and by an added load of 6010 kN according to the dis-
placement-controlled method. These loads represented the total applied load, 
which means the load for both loading plates. 
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4.1.3.3 Results & discussion 

 

Table 11: Summary of results of Level II analysis. 

Punching One-way Flexure 

Method Capacity Method Capacity Method Capacity 

CSCT 

(LM) 

2482 kN (CL) 

- - 

Non-lin. FE 

(LM) 
2560 kN 

2388 kN (FL 

CSCT 

(DM) 

2548 kN (CL) Non-lin. FE 

(DM) 
3005 kN 

2445 kN (FL) 

* CL = Closer loading point / FL = Further loading point 

   LM = Load-controlled method / DM = Displacement-controlled method 

 

 

 
Figure 61: Comparison between fully fixed and simply supported slab for Level III assess-

ment. 

 

It can be stated that an assumption of a fully fixed slab delivered about 50 % 
higher values for the punching resistance compared to a simply supported slab. 

Furthermore, by comparing the punching results gained with the two different 
boundary conditions, it can be stated that for a fully fixed slab the further load was 
decisive, whereas for a simply supported slab it was the closer load. 

For the flexural resistance the displacement-controlled method delivered more 
conservative values as the load-controlled method. However, both values were 
higher than the punching resistance. 
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4.2 Influence of effective depth 

Since the thickness of the slab varied below the loading point, also the thickness 
along the control perimeter changed. As for punching, actually, the effective depth 
along the critical section should be considered, it was interesting to evaluate the 
influence of the effective depth on the punching capacity. Therefore, the punching 
resistance was calculated for effective depths of 𝑑  = 203 mm, 𝑑  = 223 mm and 
𝑑 = 243 mm. As seen in Figure 62, these heights represented the effective depths 
along the left side of the control perimeter, in the middle and along the right side 
of the control perimeter. 
 

   

Figure 62: Effective depth below the middle of the loading point as well as below the bor-
ders of the control perimeter. 

 

In this chapter only Level III punching assessment according to the critical shear 
crack theory was performed. Thereby, the two boundary conditions simply sup-
ported as well as fully fixed were investigated. 

 

4.2.1 Punching capacity 

Figure 63 and Figure 64 show the application of the critical shear crack theory for 
a simply supported slab and for a fully fixed slab, respectively. Non-linear FE anal-
yses were performed based on the load-controlled method. 
 

 

Figure 63: Influence of effective depth on the punching capacity for simply supported slab. 
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Figure 64: Influence of effective depth on the punching capacity for fully fixed slab. 

 
The gained results are summarised and discussed in Chapter 4.2.2. 

 

4.2.2 Results & discussion 
 

 

Figure 65: Influence of the effective depth on the punching capacity. 

 

In general, it can be noted that the punching capacity increased by raising the ef-
fective depth. This was as expected, since with an increased effective depth the 
area is increased which can absorb the added shear force. 

Comparing the results for a fully fixed slab with a simply supported slab, it can be 
noticed that a variation of the effective depth had a bigger influence for a fully fixed 
slab. But in conclusion, the difference in the punching capacity was very small by 
varying the effective depth.  
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5 Conclusions 

Based on performed studies the following conclusions can be drawn: 

 First of all it can be concluded that the multi-level assessment strategy pro-
vided successively improved evaluation in structural assessment. Never-
theless there was an exception for the Level II punching resistance which 
delivered less accurate results than Level I assessment. 

 For the underestimation of the punching capacity at Level II there might be 
two reasons. First, the low reinforcement ratio below the loading points 
provided a small bending resistance of the slab and finally a small value for 
the punching resistance. Second, due to the predominate shear distribution 
to the outside girder, an immense value for the maximal shear along the 
control perimeter resulted and consequently an unrealistic small value for 
the shear-resisting perimeter 𝑏0. 

 The shear-resisting control perimeter 𝑏0 did not provide accurate results if 
the concentrated load was placed close to the support. As mentioned above, 
this was caused due to an unsymmetrical shear distribution around the 
loads. 

 For simple hand-calculations regarding shear assessment Model code 
(CEB-FIP, 2013) delivered more advanced assumptions than Eurocode 2 
(EN 1992-1-1, 2004). Especially by taking a control perimeter in a distance 
of twice the effective depth into account, in Eurocode 2 (EN 1992-1-1, 
2004) reinforcement was considered which actually cannot absorb the 
loads. Furthermore, for one-way shear calculations, in Eurocode 2 
(EN 1992-1-1, 2004) the distribution angle as well as the location of the 
critical section were not defined. 

 For Level II assessment based on the Swedish recommendation (Pacoste et 
al., 2012), its application was only available if moment distribution did not 
vary immense between the point of load and the critical section. As seen 
for a fully fixed slab the moment distribution changed from negative values 
at the support to positive values below the load. In this case instead of a 
positive moment value a negative value was considered and that was why 
no right results were gained. 

 The application of shell elements for the FE analysis in combination with 
the critical shear crack theory delivered accurate results. However, espe-
cially if loads were placed close to the support, the gained results have to 
be evaluated critically. An appropriate choice of boundary conditions was 
crucial. 

 A parameter study showed that the effective depth did not have a big influ-
ence on the punching capacity. Thus for future investigations it will be a 
reasonable assumption to use the average effective depth below the centre 
of the load. 
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 By analysing the influence of boundary conditions, it was shown that a fully 
fixed slab delivered an approximately 50 % higher load carrying capacity. 
Thus it could be stated that boundary conditions have the biggest influence 
on the punching capacity if loads were placed close to the support. This in-
fluence was even more pronounced, the closer the load was placed to the 
support. 

 By analysing the two loading points separately, it was shown that by as-
suming a simply supported slab punching failure occurred at the closer 
load, but by assuming a fully fixed slab it occurred at the further load. How-
ever, the failure happened below the further load in the test. The reason for 
this may be found in measurement inaccuracies since for both loading 
plates the calculated load carrying capacities varied minimally. 
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6 Future study 

In a next step based on the multi-level assessment strategy, Level IV and V assess-
ments are suggested to be performed. These analyses should be done with 3D con-
tinuum elements which can reflect shear type failures including punching (Plos et 
al., 2015). In addition for Level V assessment, the bond-slip behaviour of the inter-
face between the reinforcement and the concrete will be also included (Plos et al., 
2015). 

For future studies regarding the Kiruna Bridge, it is suggested to investigate why 
in the test punching failure occurred at the further loading point; whereas based 
on the FE analysis it was expected to take place at the closer load. Since for assum-
ing a fully fixed slab the decisive load had been also the further one, may the rea-
son lay in the boundary conditions. Or perhaps there are other mechanisms which 
were not considered within this thesis? 

An interesting point may also be the investigation and description of the mutual 
influence of the two loading plates. Since the distance between their centres was 
2.0 m, it could be assumed that punching failure occurred either below the closer 
load or the further load. On the other hand, in a previous master´s thesis (Ashraf 
& Hasan, 2015) the two loading plates were placed in a distance of 0.9 m between 
their centres and punching occurred over the whole area including the two load-
ing points plus the area in between. In conclusion, it would be interesting to eval-
uate in which case failure occurs only below one loading point and in which case 
punching failure occurs simultaneously over the whole area. Thus for a further 
study the distance between the centre of the two loads may be varied but also the 
dimensions of the loading plates. 

Furthermore, it should be analysed in which way the mutual influence of the two 
loading plates can be considered. A certain consideration followed already since 
for the FE analysis the influence of both loads was considered but since shell ele-
ments cannot describe out of plane shear, it should be assessed if this considera-
tion was enough. 

Altogether it can be noticed that the CSCT represents a useful tool to determine 
the punching capacity in an accurate way. Nevertheless further studies, in partic-
ular full-scale tests, are suggested to be performed in order to verify the applica-
tion of the CSCT. 
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Appendix A – Reinforcement Ratio 

A1) Reinforcement ratio of the slab 

 

 

Figure 66: Bottom reinforcement layer (left) and top reinforcement layer (right). 

 

Average thickness for a span of 5000 mm:   𝑡 = 236 𝑚𝑚 

 

y-Direction 
 

Bottom: 𝐴𝑠 = 24 ∙ 𝜋 ∙ 52 = 1´885 𝑚𝑚2 

   𝐴𝑐 = 5000 ∙ 236 = 1´180´000 𝑚𝑚2 

   𝜌𝑦,𝑏 =
𝐴𝑠

𝐴𝑐
=

1´885

1´180´000
= 0.160 % 

 

Top:  𝑎𝑠 =
𝜋∙52

0.3
+

𝜋∙82

0.3
= 932 𝑚𝑚2

𝑚⁄  

   𝑎𝑐 = 1000 ∙ 236 = 236´000 𝑚𝑚2

𝑚⁄  

   𝜌𝑦,𝑡 =
𝑎𝑠

𝑎𝑐
=

932

236´000
= 0.395 % 

 

Total y-Direction: 𝜌𝑦 = 𝜌𝑦,𝑏 + 𝜌𝑦,𝑡 = 0.56 % 
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x-Direction 
 

Bottom: 𝐴𝑠 =
𝜋∙52

0.27
(1668 + 1328) +

𝜋∙82

0.36
(3908 + 2760) = 4´595´615 𝑚𝑚3 

   𝐴𝑐 = 5000 ∙ 1000 ∙ 236 = 1´180´000´000 𝑚𝑚3 

   𝜌𝑥,𝑏 =
𝐴𝑠

𝐴𝑐
=

4´595´615

1´180´000´000
= 0.389 % 

 

Top:  𝐴𝑠 =
𝜋∙52

0.22
(2750 + 2795) +

𝜋∙82

0.44
(1779 + 1817 + 1311 + 1978) = 5´125´615 𝑚𝑚3 

   𝐴𝑐 = 5000 ∙ 1000 ∙ 236 = 1´180´000´000 𝑚𝑚3 

   𝜌𝑥,𝑡 =
𝐴𝑠

𝐴𝑐
=

5´125´615

1´180´000´000
= 0.434 % 

 

Total x-Direction: 𝜌𝑥 = 𝜌𝑥,𝑏 + 𝜌𝑥,𝑡 = 0.82 % 

 

 

Table 12: Summary reinforcement ratios. 

y-Direction (bottom + top reinforcement) 𝜌𝑦 = 0.56 % 

x-Direction (bottom + top reinforcement) 𝜌𝑥 = 0.82 % 

Total bottom reinforcement 𝜌𝑏 = 0.55 % 

Total top reinforcement 𝜌𝑡 = 0.84 % 
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A2) Bottom reinforcement ratio inside control perimeter 

 

Figure 67: Bottom reinforcement inside control perimeter. 

 

For the calculation in x-direction only the reinforcement was counted which ex-
tends over the whole distance. 
 

Average thickness at the loading plate: 𝑡 = 262 𝑚𝑚 
 

y-Direction 

𝑎𝑠 =
𝜋 ∙ 52

0.25
= 314 𝑚𝑚2

𝑚⁄  

𝑎𝑐 = 262 ∙ 1000 = 262´000 𝑚𝑚2

𝑚⁄  

𝜌𝑦 =
𝑎𝑠

𝑎𝑐
=

314

262´000
= 0.120 % 

 

x-Direction 

𝑎𝑠 =
𝜋 ∙ 52

0.27
= 291 𝑚𝑚2

𝑚⁄  

𝑎𝑐 = 262 ∙ 1000 = 262´000 𝑚𝑚2

𝑚⁄  

𝜌𝑥 =
𝑎𝑠

𝑎𝑐
=

291

262´000
= 0.111 % 

 

𝜌𝑙 = √𝜌𝑦 ∙ 𝜌𝑥 = 0.115 % 
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A3) Top reinforcement ratio along critical section 

 

 
Figure 68: Top reinforcement along critical section. 

 
Thickness along critical section Level I:  𝑡𝐼 = 291 𝑚𝑚 (𝑡𝐼 = 300 𝑚𝑚) 
 

Thickness along critical section Level II:  𝑡𝐼𝐼 = 286 𝑚𝑚 
 
x-Direction 
 

Level I: 

𝑎𝑠 =
𝜋 ∙ 52

0.22
+ 2

𝜋 ∙ 82

0.44
= 1271 𝑚𝑚2

𝑚⁄  

𝑎𝑐,𝐼 = 291 ∙ 1000 = 291´000 𝑚𝑚2

𝑚⁄  

𝜌𝑙,𝐼 =
𝑎𝑠

𝑎𝑐,𝐼
=

1´271

291´000
= 0.437 % 

 

Level II: 

𝑎𝑠 =
𝜋 ∙ 52

0.22
+ 2

𝜋 ∙ 82

0.44
= 1271 𝑚𝑚2

𝑚⁄  

𝑎𝑐,𝐼𝐼 = 286 ∙ 1000 = 286´000 𝑚𝑚2

𝑚⁄  

𝜌𝑙,𝐼𝐼 =
𝑎𝑠

𝑎𝑐,𝐼𝐼
=

1´271

286´000
= 0.444 % 
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Appendix B – Level I calculations 

B1) Punching based on Eurocode 2 (EN 1992-1-1, 2004) 

Punching capacity: 
 

𝑉𝑅𝑑,𝑐 = 𝑣𝑅𝑑,𝑐 𝑢 𝑑 

 
Where: 𝑑 ≈ 0.85 ∙ 𝑡 = 0.85 ∙ 262 = 223 𝑚𝑚 
  𝑢1 = 4510 𝑚𝑚         𝑢2 = 4614 𝑚𝑚   (Figure 14) 
  𝑣𝑅𝑑,𝑐 = 0.75 𝑀𝑃𝑎  (*) 

 
Closer Load: 𝑽𝑹𝒅,𝒄,𝟏 = 𝑣𝑅𝑑,𝑐 𝑢1 𝑑 = 0.75 ∙ 4510 ∙ 223 = 𝟕𝟓𝟒 𝒌𝑵 decisive! 
 

Further Load:𝑽𝑹𝒅,𝒄,𝟐 = 𝑣𝑅𝑑,𝑐 𝑢2 𝑑 = 0.75 ∙ 4614 ∙ 223 = 𝟕𝟕𝟐 𝒌𝑵 

 

 
(*) Punching shear resistance of slabs without shear reinforcement 
 

Design value (Eurocode 2) 
 

𝑣𝑅𝑐,𝑐 = 𝐶𝑅𝑑,𝑐 𝑘 (100 𝜌𝑙𝑓𝑐𝑘)1 3⁄ + 𝑘1𝜎𝑐𝑝 ≥ (𝑣𝑚𝑖𝑛 + 𝑘1𝜎𝑐𝑝)  EC2, (6.47) 
 

𝑣𝑚𝑖𝑛 = 0.035 𝑘
3

2⁄ 𝑓𝑐𝑘

1
2⁄       EC2, (6.3N) 

 
Average value: 
 

𝑣𝑅𝑐,𝑐 = 0.18 𝑘 (100 𝜌𝑙𝑓𝑐𝑚)1 3⁄ + 𝑘1𝜎𝑐𝑝 
 

𝑣𝑚𝑖𝑛 = 0.035 𝑘
3

2⁄ 𝑓𝑐𝑚

1
2⁄  

 

Where: 𝑘 = 1 + √
200

𝑑
= 1 + √

200

223
= 1.95 ≤ 2,0    o.k. 

  𝜌𝑙 = 0.12 % ≤ 2 %     (Appendix A2) 
  𝑓𝑐𝑚 = 62.2 𝑀𝑃𝑎 
  𝜎𝑐𝑝 = 0 

 
𝑣𝑅𝑐,𝑐 = 𝐶𝑅𝑑,𝑐 𝑘 (100 𝜌𝑙𝑓𝑐𝑚)1 3⁄ = 0.18 ∙ 1.95 ∙ (100 ∙ 0.0012 ∙ 62.2)1 3⁄ = 0.69 𝑀𝑃𝑎 
 

𝑣𝑚𝑖𝑛 = 0.035 𝑘
3

2⁄ 𝑓𝑐𝑚

1
2⁄ = 0.035 ∙ 1.95

3
2⁄ ∙ 62.2

1
2⁄ = 0.75 𝑀𝑃𝑎 
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B2) Punching based on Model Code (CEB-FIP, 2013) 

Punching capacity: 
 

𝑉𝑅𝑑,𝑐 = 𝑣𝑅𝑑,𝑐 𝑏1 𝑑𝑣 

 
Punching shear resistance of slabs without shear reinforcement 
 

Design: 𝑣𝑅𝑐,𝑐 = 𝑘𝜓
√𝑓𝑐𝑘

𝛾𝑐
     MC (7.3-61) 

 

Average: 𝑣𝑅𝑐,𝑐 = 𝑘𝜓√𝑓𝑐𝑚 

 

𝑘𝜓 =
1

1.5+0.9𝑘𝑑𝑔𝜓 𝑑
= 0.274 < 0.6     MC (7.3-63) 

 

Level I approximation for rotation:  𝜓𝐼 = 1.5
𝑟𝑠

𝑑

𝑓𝑠𝑚

𝐸𝑠
 

 
 
Input perimeter:  𝑏1 = 2601 𝑚𝑚 

    𝑑 = 223 𝑚𝑚 

    𝑓𝑐𝑚 = 62.2 𝑀𝑃𝑎 

    𝑘𝑑𝑔 = 1 

    𝑓𝑠𝑚,𝑡 = 584 𝑀𝑃𝑎 

    𝑓𝑠𝑚,𝑙 = 667 𝑀𝑃𝑎 

    𝐸𝑠 = 200 𝐺𝑃𝑎 

 

Table 13: Punching capacity based on Model code with rotation factor 𝜓𝐼. 
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B3) One-way shear based on Eurocode 2 (EN 1992-1-1, 2004) 

Shear resistance for members not requiring design shear reinforcement: 
 

𝑉𝑅𝑑,𝑐 = 𝑣𝑅𝑑,𝑐 𝑏𝑤 𝑑 

 
Where: 𝑑 ≈ 0.85 ∙ 𝑡 = 0.85 ∙ 289 = 246 𝑚𝑚 
  𝑏𝑤,1 = 1731 𝑚𝑚         𝑏𝑤,2 = 1883 𝑚𝑚  (Figure 17) 

  𝑣𝑅𝑑 = 1.03 𝑀𝑃𝑎 
 
Closer Load: 𝑽𝑹𝒅,𝒄,𝟏 = 𝑣𝑅𝑑  𝑏𝑤,1 𝑑 = 1.03 ∙ 1731 ∙ 246 = 𝟒𝟑𝟗 𝒌𝑵       decisive! 
 

Further Load: 𝑽𝑹𝒅,𝒄,𝟐 = 𝑣𝑅𝑑  𝑏𝑤,2 𝑑 = 1.03 ∙ 1883 ∙ 246 = 𝟒𝟕𝟕 𝒌𝑵 

 

 
(*) Shear resistance of members which do not requiring shear resistance 
 
Design value: 
 

𝑣𝑅𝑑,𝑐 = 𝐶𝑅𝑑,𝑐 𝑘 (100 𝜌𝑙𝑓𝑐𝑘)1 3⁄ + 𝑘1𝜎𝑐𝑝    EC2, (6.2.a) 

 

𝑣𝑅𝑑,𝑐,𝑚𝑖𝑛 = 𝑣𝑚𝑖𝑛 + 𝑘1𝜎𝑐𝑝      EC2, (6.2.b) 

 
Average value: 
 

𝑣𝑅𝑐,𝑐 = 0.18 𝑘 (100 𝜌𝑙𝑓𝑐𝑚)1 3⁄ + 𝑘1𝜎𝑐𝑝 
 

𝑣𝑅𝑑,𝑐,𝑚𝑖𝑛 = 0.035 𝑘
3

2⁄ 𝑓𝑐𝑚

1
2⁄ + 𝑘1𝜎𝑐𝑝 

 

Where: 𝑘 = 1 + √
200

𝑑
= 1 + √

200

246
= 1.90 ≤ 2,0    o.k. 

  𝜌𝑙 = 0.44 % ≤ 2 %    o.k.    (Appendix A3) 
  𝑓𝑐𝑚 = 62.2 𝑀𝑃𝑎 
  𝜎𝑐𝑝 = 0 

 

𝑣𝑅𝑐,𝑐 = 0.18 𝑘 (100 𝜌𝑙𝑓𝑐𝑚)1 3⁄ = 0.18 ∙ 1.90 ∙ (100 ∙ 0.0044 ∙ 62.2)1 3⁄ = 1.03 𝑀𝑃𝑎 

𝑣𝑅𝑑,𝑐,𝑚𝑖𝑛 = 0.035 𝑘
3

2⁄ 𝑓𝑐𝑚

1
2⁄ = 0.035 ∙ 1.90

3
2⁄ ∙ 62.2

1
2⁄ = 0.72 𝑀𝑃𝑎 
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B4) One-way shear based on Model code (CEB-FIP, 2013) 

Shear resistance for members not requiring design shear reinforcement: 
 

𝑉𝑅𝑑,𝑐 = 𝑣𝑅𝑑,𝑐 𝑏𝑤 𝑧 

 
Where: 𝑧 ≈ 0.80 ∙ 𝑡 = 0.80 ∙ 280 = 224 𝑚𝑚 
  𝑏𝑤,1 = 2080 𝑚𝑚         𝑏𝑤,2 = 2323 𝑚𝑚  (Figure 18) 

  𝑣𝑅𝑑 = 1.10 𝑀𝑃𝑎 
 
Closer Load: 𝑽𝑹𝒅,𝒄,𝟏 = 𝑣𝑅𝑑  𝑏𝑤,1 𝑧 = 1.10 ∙ 2080 ∙ 224 = 𝟓𝟏𝟑 𝒌𝑵         decisive! 
 

Further Load: 𝑽𝑹𝒅,𝒄,𝟐 = 𝑣𝑅𝑑  𝑏𝑤,2 𝑧 = 1.10 ∙ 2323 ∙ 224 = 𝟓𝟕𝟐 𝒌𝑵 

 

 
(*) Shear resistance of slab without shear reinforcement 
 
Design value: 
 

𝑣𝑅𝑑,𝑐 = 𝑘𝑣
√𝑓𝑐𝑘

𝛾𝑐
       MC (7.3-17) 

 
Average value: 
 

𝑣𝑅𝑑,𝑐 = 𝑘𝑣√𝑓𝑐𝑚 

 

Where: 𝑘𝑣 =
180

1000+1.25𝑧
=

180

1000+1.25∙224
= 0.14 

 

  𝑓𝑐𝑚 = 62.2 𝑀𝑃𝑎 
 

𝑣𝑅𝑑,𝑐 = 𝑘𝑣√𝑓𝑐𝑚 = 0.14 √62.2 = 1.10 𝑀𝑃𝑎 
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B5) Flexural resistance 

 
Figure 69: Yield line pattern. 

 

Energy conservation principle: 
 

𝑄 ∙ 𝛿 = 𝑚𝑅𝑑 ∙ 𝐿 ∙ 𝜃 
 

Where: 𝑄 ∙ 𝛿 = 2 ∙ 𝑄 
 

  𝑚𝑅𝑑 ∙ 𝜃 ∙ 𝐿 = 𝑚𝑅𝑑,𝑥 ∙ 𝜃𝑥 ∙ 𝐿𝑦 + 𝑚𝑅𝑑,𝑦 ∙ 𝜃𝑦 ∙ 𝐿𝑥        ∥  𝑚𝑅𝑑 → Table 14 

 
x-Direction: 

𝑚𝑅𝑑,𝑥 ∙ 𝜃𝑥 ∙ 𝐿𝑦 = (37.7 ∙ (1
0.40⁄ + 1

4.495⁄ ) + 183.4 ∙ 1
4.495⁄ ) 6.029 = 865 𝑘𝑁 

 

y-Direction: 
𝑚𝑅𝑑,𝑦 ∙ 𝜃𝑦 ∙ 𝐿𝑥 = (135.5 ∙ 1

2.016⁄ + 46.4 ∙ 1
2.016⁄ + 46.4 ∙ 1

2.014⁄ + 135.5 ∙ 1
2.014⁄ ) 4.895

= 884 𝑘𝑁 

 
2 ∙ 𝑄 = 𝑄 ∙ 𝛿 = 𝑚𝑅𝑑 ∙ 𝜃 ∙ 𝐿 = 1749 𝑘𝑁 
 
Per loading plate:  𝑽𝑹𝒅 = 𝟖𝟕𝟓 𝒌𝑵 
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Table 14: Flexural resistance at yield joints by assuming a fully fixed support. 

 
 
 

 

Figure 70: Bottom reinforcement ratio 0.55 % (left) and top reinforcement ratio 0.84 % 
(right). 

  

Flexural Resistance

Reinforcement

Sector Layer ⌀ [mm] gap [mm] as [mm2] d [mm] fsm,t [MPa] b [mm] fcm [MPa] mRd [kNm/m]

x-Direction: 1 top 10 220 357

16 440 457

16 440 457

1271 250 584 1000 62.2 181.1

2 bottom 10 270 291 223 584 1000 62.2 37.7

3 top 10 220 357

16 440 457

16 440 457

1271 253 584 1000 62.2 183.4

Reinforcement

Sector Layer ⌀ [mm] gap [mm] as [mm2] d fsm,l [MPa] b [mm] fcm [MPa] mRd [kNm/m]

y-Direction: 4 top 10 300 262

16 300 670

932 223 667 1000 62.2 135.5

5 bottom 10 250 314 223 667 1000 62.2 46.4

6 top 10 300 262

16 300 670

932 223 667 1000 62.2 135.5
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Appendix C – Level II calculations 

C1) Punching based on Model code (b1) (CEB-FIP, 2013) 

Punching capacity: 
 

𝑉𝑅𝑑,𝑐 = 𝑣𝑅𝑑,𝑐 𝑏1 𝑑𝑣 

 
Punching shear resistance of slabs without shear reinforcement 
 

Design: 𝑣𝑅𝑐,𝑐 = 𝑘𝜓
√𝑓𝑐𝑘

𝛾𝑐
     MC (7.3-61) 

 

Average: 𝑣𝑅𝑐,𝑐 = 𝑘𝜓√𝑓𝑐𝑚 

 

𝑘𝜓 =
1

1.5+0.9𝑘𝑑𝑔𝜓 𝑑
= 0.274 < 0.6     MC (7.3-63) 

 

Level II approximation for rotation:  𝜓𝐼𝐼 = 1.5
𝑟𝑠

𝑑

𝑓𝑠𝑚

𝐸𝑠
(

𝑚𝐸𝑑

𝑚𝑅𝑑
)

1.5

 

 

Level III approximation for rotation:  𝜓𝐼𝐼𝐼 = 1.2
𝑟𝑠

𝑑

𝑓𝑠𝑚

𝐸𝑠
(

𝑚𝐸𝑑

𝑚𝑅𝑑
)

1.5

 

 
Input perimeter:  𝑏1 = 2601 𝑚𝑚 

    𝑑 = 223 𝑚𝑚 

    𝑓𝑐𝑚 = 62.2 𝑀𝑃𝑎 

    𝑘𝑑𝑔 = 1 

    𝑓𝑠𝑚,𝑡 = 584 𝑀𝑃𝑎 

    𝑓𝑠𝑚,𝑡 = 667 𝑀𝑃𝑎 

    𝐸𝑠 = 200 𝐺𝑃𝑎 

    𝑚𝐸𝑑 ≅ 𝑉𝑑 8⁄ = 812 8⁄ = 101.5 𝑘𝑁 

    𝑚𝑅𝑑,𝑥 = 37.7 𝑘𝑁 

    𝑚𝑅𝑑,𝑦 = 46.4 𝑘𝑁 

 

 

Figure 71: Bending resistance below loading plates. 
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Table 15: Punching capacity based on Model code with 𝑏1 and rotation factor 𝜓𝐼𝐼 . 

 

 

Table 16: Punching capacity based on Model code with 𝑏1 and rotation factor 𝜓𝐼𝐼𝐼 . 
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C2) Punching based on Model code (b0) (CEB-FIP, 2013) 

Punching capacity: 
 

𝑉𝑅𝑑,𝑐 = 𝑣𝑅𝑑,𝑐 𝑏0 𝑑𝑣 

 
Punching shear resistance of slabs without shear reinforcement 
 

Design: 𝑣𝑅𝑐,𝑐 = 𝑘𝜓
√𝑓𝑐𝑘

𝛾𝑐
     MC (7.3-61) 

 

Average: 𝑣𝑅𝑐,𝑐 = 𝑘𝜓√𝑓𝑐𝑚 

 

𝑘𝜓 =
1

1.5+0.9𝑘𝑑𝑔𝜓 𝑑
= 0.274 < 0.6     MC (7.3-63) 

 

Level I approximation for rotation:   𝜓𝐼 = 1.5
𝑟𝑠

𝑑

𝑓𝑠𝑚

𝐸𝑠
 

 

Level II approximation for rotation:  𝜓𝐼𝐼 = 1.5
𝑟𝑠

𝑑

𝑓𝑠𝑚

𝐸𝑠
(

𝑚𝐸𝑑

𝑚𝑅𝑑
)

1.5

 

 

Level III approximation for rotation:  𝜓𝐼𝐼𝐼 = 1.2
𝑟𝑠

𝑑

𝑓𝑠𝑚

𝐸𝑠
(

𝑚𝐸𝑑

𝑚𝑅𝑑
)

1.5

 

 
Input perimeter:  𝑏0 = 1208 𝑚𝑚 

    𝑑 = 223 𝑚𝑚 

    𝑓𝑐𝑚 = 62.2 𝑀𝑃𝑎 

    𝑘𝑑𝑔 = 1 

    𝑓𝑠𝑚,𝑡 = 584 𝑀𝑃𝑎 

    𝑓𝑠𝑚,𝑡 = 667 𝑀𝑃𝑎 

    𝐸𝑠 = 200 𝐺𝑃𝑎 

    𝑚𝐸𝑑 ≅ 𝑉𝑑 8⁄ = 812 8⁄ = 101.5 𝑘𝑁 

    𝑚𝑅𝑑,𝑥 = 37.7 𝑘𝑁 

    𝑚𝑅𝑑,𝑦 = 46.4 𝑘𝑁 

 

 

Figure 72: Bending resistance below loading plates. 



 
 
 

CHALMERS Civil and Environmental Engineering, Master’s Thesis BOMX02-16-95 69 

 

Table 17: Punching capacity based on Model code with 𝑏0 and rotation factor 𝜓𝐼. 

 

 
Table 18: Punching capacity based on Model code with 𝑏0 and rotation factor 𝜓𝐼𝐼 . 
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Table 19: Punching capacity based on Model code with 𝑏0 and rotation factor 𝜓𝐼𝐼𝐼 . 
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C3)  Critical section of the slab according to Swedish recommendation 

(Pacoste et al., 2012) 

Distance to critical section of the slab: 
 

𝑦𝑐𝑠 =
𝑐 + 𝑑

2
 

 
Where: 𝑐 = 350 
  𝑑 = 244 
 

𝑦𝑐𝑠 =
𝑐 + 𝑑

2
=

350 + 244

2
= 297 𝑚𝑚 

 
Width of the critical section: 
 

𝑤 = min(7𝑑 + 𝑏 + 𝑡; 10𝑑 + 1.3𝑦𝑐𝑠)  for 𝑦 = 𝑦𝑚𝑎𝑥 

 
𝑤1 = 7𝑑 + 𝑏 + 𝑡 = 7 ∙ 244 + 600 + 0 = 2308 𝑚𝑚  decisive! 
 

𝑤2 = 10𝑑 + 1.3𝑦𝑐𝑠 = 10 ∙ 244 + 1.3 ∙ 297 = 2826 𝑚𝑚 

 
 𝒘 = 𝟐𝟑𝟎𝟖 𝒎𝒎 
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Appendix D – Parameter study - BC 

D1) One-way shear based on Eurocode 2 (EN 1992-1-1, 2004) 

Shear resistance for members not requiring design shear reinforcement: 
 

𝑉𝑅𝑑,𝑐 = 𝑣𝑅𝑑,𝑐 𝑏𝑤 𝑑 

 
Where: 𝑑 ≈ 0.85 ∙ 𝑡 = 0.85 ∙ 289 = 246 𝑚𝑚 
  𝑏𝑤,1 = 1731 𝑚𝑚         𝑏𝑤,2 = 1883 𝑚𝑚  (Figure 17) 
  𝑣𝑅𝑑,1 = 3.27 𝑀𝑃𝑎       𝑣𝑅𝑑,2 = 1.72 𝑀𝑃𝑎 (*) 

 
Closer Load: 𝑽𝑹𝒅,𝒄,𝟏 = 𝑣𝑅𝑑,1 𝑏𝑤,1 𝑑 = 3.27 ∙ 1731 ∙ 246 = 𝟏𝟑𝟗𝟐 𝒌𝑵 
 

Further Load: 𝑽𝑹𝒅,𝒄,𝟐 = 𝑣𝑅𝑑,2 𝑏𝑤,2 𝑑 = 1.72 ∙ 1883 ∙ 246 = 𝟕𝟗𝟔 𝒌𝑵       decisive! 
 

 
(*) Shear resistance of members which do not requiring shear resistance 
 
Design value: 
 

𝑣𝑅𝑑,𝑐 = 𝐶𝑅𝑑,𝑐 𝑘 (100 𝜌𝑙𝑓𝑐𝑘)1 3⁄ + 𝑘1𝜎𝑐𝑝    EC2, (6.2.a) 

 

𝑣𝑅𝑑,𝑐,𝑚𝑖𝑛 = 𝑣𝑚𝑖𝑛 + 𝑘1𝜎𝑐𝑝      EC2, (6.2.b) 

 
Average value: 
 

𝑣𝑅𝑐,𝑐 = 0.18 𝑘 (100 𝜌𝑙𝑓𝑐𝑚)1 3⁄ + 𝑘1𝜎𝑐𝑝 
 

𝑣𝑅𝑑,𝑐,𝑚𝑖𝑛 = 0.035 𝑘
3

2⁄ 𝑓𝑐𝑚

1
2⁄ + 𝑘1𝜎𝑐𝑝 

 

Where: 𝑘 = 1 + √
200

𝑑
= 1 + √

200

246
= 1.90 ≤ 2,0    o.k. 

  𝜌𝑙 = 0.44 % ≤ 2 %    o.k.    (Appendix A3) 
  𝑓𝑐𝑚 = 62.2 𝑀𝑃𝑎 
  𝜎𝑐𝑝 = 0 

 
𝑣𝑅𝑐,𝑐 = 0.18 𝑘 (100 𝜌𝑙𝑓𝑐𝑚)1 3⁄ = 0.18 ∙ 1.90 ∙ (100 ∙ 0.0044 ∙ 62.2)1 3⁄ = 1.03 𝑀𝑃𝑎 

𝑣𝑅𝑑,𝑐,𝑚𝑖𝑛 = 0.035 𝑘
3

2⁄ 𝑓𝑐𝑚

1
2⁄ = 0.035 ∙ 1.90

3
2⁄ ∙ 62.2

1
2⁄ = 0.72 𝑀𝑃𝑎 

 
Assuming that the longitudinal reinforcement is fully anchored at the support, a 
load within a distance of 0.5𝑑 < 𝑎𝑣 ≤ 2𝑑 may be reduced: 
 

𝛽 = 𝑎𝑣 (2𝑑)⁄         EC, 6.2.2 (6) 
 

Closer Load: 
𝛽1 = 𝑎𝑣,1 (2𝑑)⁄ = 155 (2 ∙ 246)⁄ = 0.315 

𝑣𝑅𝑑,1 = 𝑣𝑅𝑑,𝑐,𝑎𝑙𝑡 𝛽⁄ = 1.03 0.315⁄ = 3.27 𝑀𝑃𝑎 
 

Further Load: 
𝛽2 = 𝑎𝑣,2 (2𝑑)⁄ = 295 (2 ∙ 246)⁄ = 0.600 
𝑣𝑅𝑑,2 = 𝑣𝑅𝑑,𝑐,𝑎𝑙𝑡 𝛽⁄ = 1.03 0.600⁄ = 1.72 𝑀𝑃𝑎  
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D2) One-way shear based on Model code (CEB-FIP, 2013) 

Shear resistance for members not requiring design shear reinforcement: 
 

𝑉𝑅𝑑,𝑐 = 𝑣𝑅𝑑,𝑐 𝑏𝑤 𝑧 

 
Where: 𝑧 ≈ 0.80 ∙ 𝑡 = 0.80 ∙ 280 = 224 𝑚𝑚 
  𝑏𝑤,1 = 1455 𝑚𝑚         𝑏𝑤,2 = 1595 𝑚𝑚  (Figure 50) 
  𝑣𝑅𝑑,1 = 2.20 𝑀𝑃𝑎       𝑣𝑅𝑑,2 = 1.77 𝑀𝑃𝑎 (*) 

 
Closer Load: 𝑽𝑹𝒅,𝒄,𝟏 = 𝑣𝑅𝑑,1 𝑏𝑤 𝑧 = 2.20 ∙ 1455 ∙ 224 = 𝟕𝟏𝟕 𝒌𝑵 
 

Further Load: 𝑽𝑹𝒅,𝒄,𝟐 = 𝑣𝑅𝑑,2 𝑏𝑤 𝑧 = 1.77 ∙ 1595 ∙ 224 = 𝟔𝟑𝟐 𝒌𝑵         decisive! 

 

 
(*) Shear resistance of slab without shear reinforcement 
 
Design value: 
 

𝑣𝑅𝑑,𝑐 = 𝑘𝑣
√𝑓𝑐𝑘

𝛾𝑐
       MC (7.3-17) 

 
Average value: 
 

𝑣𝑅𝑑,𝑐 = 𝑘𝑣√𝑓𝑐𝑚 

 

Where: 𝑘𝑣 =
180

1000+1.25𝑧
=

180

1000+1.25∙224
= 0.14 

 

  𝑓𝑐𝑚 = 62.2 𝑀𝑃𝑎 
 

𝑣𝑅𝑑,𝑐 = 𝑘𝑣√𝑓𝑐𝑚 = 0.14 √62.2 = 1.10 𝑀𝑃𝑎 

 
According to (7.3-13) may loads within a distance of 0.5𝑑 < 𝑎𝑣 ≤ 2𝑑 from the face 
of the support be reduced: 
 

𝛽 = 𝑎𝑣 (2𝑑)⁄         MC (7.3-13) 
 

Closer Load: 
𝑎𝑣 = 155 < 𝑑 = 238 →  𝛽1 = 0.5 
𝑣𝑅𝑑,1 = 𝑣𝑅𝑑,𝑐,𝑎𝑙𝑡 𝛽1⁄ = 1.10 0.5⁄ = 2.20 𝑀𝑃𝑎 
 

Further Load: 
𝛽2 = 𝑎𝑣,2 (2𝑑)⁄ = 295 (2 ∙ 238)⁄ = 0.620 
𝑣𝑅𝑑,2 = 𝑣𝑅𝑑,𝑐,𝑎𝑙𝑡 𝛽2⁄ = 1.10 0.620⁄ = 1.77 𝑀𝑃𝑎 
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D3) Flexural resistance 

 

 

Figure 73: Yield line pattern for fully fixed slab. 

 

Energy conservation principle: 
 

𝑄 ∙ 𝛿 = 𝑚𝑅𝑑 ∙ 𝐿 ∙ 𝜃 
 

Where: 𝑄 ∙ 𝛿 = 2 ∙ 𝑄 
 

  𝑚𝑅𝑑 ∙ 𝜃 ∙ 𝐿 = 𝑚𝑅𝑑,𝑥 ∙ 𝜃𝑥 ∙ 𝐿𝑦 + 𝑚𝑅𝑑,𝑦 ∙ 𝜃𝑦 ∙ 𝐿𝑥        ∥  𝑚𝑅𝑑 → Table 14 

 
x-Direction: 

𝑚𝑅𝑑,𝑥 ∙ 𝜃𝑥 ∙ 𝐿𝑦 = (181.1 ∙ 1
0.40⁄ + 37.7 ∙ (1

0.40⁄ + 1
4.495⁄ ) + 183.4 ∙ 1

4.495⁄ ) 6.029 = 3594 𝑘𝑁 
 

y-Direction: 
𝑚𝑅𝑑,𝑦 ∙ 𝜃𝑦 ∙ 𝐿𝑥 = (135.5 ∙ 1

2.016⁄ + 46.4 ∙ 1
2.016⁄ + 46.4 ∙ 1

2.014⁄ + 135.5 ∙ 1
2.014⁄ ) 4.895

= 884 𝑘𝑁 

 
2 ∙ 𝑄 = 𝑄 ∙ 𝛿 = 𝑚𝑅𝑑 ∙ 𝜃 ∙ 𝐿 = 4478 𝑘𝑁 
 
Per loading plate:  𝑽𝑹𝒅 = 𝟐𝟐𝟑𝟗 𝒌𝑵 
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Table 20: Flexural resistance at yield joints by assuming a fully fixed support. 

 
 

 

Figure 74: Bottom reinforcement ratio 0.55 % (left) and top reinforcement ratio 0.84 % 
(right). 

 
 
  

Flexural Resistance

Reinforcement

Sector Layer ⌀ [mm] gap [mm] as [mm2] d [mm] fsm,t [MPa] b [mm] fcm [MPa] mRd [kNm/m]

x-Direction: 1 top 10 220 357

16 440 457

16 440 457

1271 250 584 1000 62.2 181.1

2 bottom 10 270 291 223 584 1000 62.2 37.7

3 top 10 220 357

16 440 457

16 440 457

1271 253 584 1000 62.2 183.4

Reinforcement

Sector Layer ⌀ [mm] gap [mm] as [mm2] d fsm,l [MPa] b [mm] fcm [MPa] mRd [kNm/m]

y-Direction: 4 top 10 300 262

16 300 670

932 223 667 1000 62.2 135.5

5 bottom 10 250 314 223 667 1000 62.2 46.4

6 top 10 300 262

16 300 670

932 223 667 1000 62.2 135.5
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Appendix E – Concrete Properties 

E1) Mean crack distance based on Eurocode 2 (EN 1992-1-1, 2004) 

Maximum final crack spacing: 
 

𝑠𝑟,𝑚𝑎𝑥 = 𝑘3𝑐 + 𝑘1𝑘2𝑘4
∅

𝜌
      EC (7.11) 

 
Where: 𝑐 = 30 𝑚𝑚 
  ∅ ≈ 13 𝑚𝑚 
  𝜌𝑥 = 0.0082 ;   𝜌𝑦 = 0.0056 *   Appendix A 

  𝑘1 = 0.8 
  𝑘2 = 0.5 
  𝑘3 = 3.4    (𝑟𝑒𝑐𝑜𝑚𝑚𝑒𝑛𝑑𝑎𝑡𝑖𝑜𝑛) 
  𝑘4 = 0.425    (𝑟𝑒𝑐𝑜𝑚𝑚𝑒𝑛𝑑𝑎𝑡𝑖𝑜𝑛) 
 
 

𝑠𝑟,𝑚𝑎𝑥,𝑥 = 3.4 ∙ 30 + 0.8 ∙ 0.5 ∙ 0.425
13

0.0082
= 372 𝑚𝑚 

 

𝑠𝑟,𝑚𝑎𝑥,𝑦 = 3.4 ∙ 30 + 0.8 ∙ 0.5 ∙ 0.425
13

0.0056
= 497 𝑚𝑚 

 

𝑠𝑟,𝑚𝑎𝑥 =
1

cos (𝜃)

𝑠𝑟,𝑚𝑎𝑥,𝑥
+

sin (𝜃)

𝑠𝑟,𝑚𝑎𝑥,𝑦

=
1

cos (0)

372
+

sin (0)

497

= 372 𝑚𝑚 

 

𝑠𝑟,𝑚𝑒𝑎𝑛 =
𝑠𝑟,𝑚𝑎𝑥

1.7
= 219 𝑚𝑚   (1.7 recommended factor) 

 

 
* Bottom and top reinforcement considered. If considering only the tensile rein-
forcement (top reinforcement at the loading area) the value is almost identical 
since the bottom and top reinforcement ratios are similar. 
 
 
 

E2) Fracture Energy based on Model code (CEB-FIP, 2013) 

𝐺𝐹 = 73𝑓𝑐𝑚
0.18 = 73 ∙ 62.20.18 = 154 𝑀𝑃𝑎    MC (5.1-9) 

 
Where: 𝑓𝑐𝑚 = 62.2 𝑀𝑃𝑎 
 
 
 


