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Abstract 

As the number of applications for fiber-reinforced polymers (FRP) is growing, the 

importance of understanding the failure behavior of this material is rising. This is 

merely conceivable by developing precise computational material models, which saves 

time, material, and energy. In general, the polymer matrix is the constitute with the 

lowest strength against failure in a FRP; hence the matrix requires additional attention 

especially under transverse compression where it is considered as the principal load 

carrying component of the FRP. In the present work, a comparative study on the 

modeling of matrix cracking in FRP laminates under transverse compression is carried 

out. To do so, an eXtended Finite Element Method (XFEM) approach is developed for 

discrete crack modeling, and the conventionally used smeared crack approach is applied 

via an existing Abaqus/Explicit implementation for continuum crack modeling. The 

comparison of the results illustrates that despite different kinematics behind the models, 

they both successfully predict a near identical material degradation and energy 

dissipation in the material response, but with differing predictions when considering 

frictional tractions and the predicted maximum stress levels.  XFEM is established to 

be mesh-objective and the smeared crack method predicts the material response 

optimally when the mesh discretization is one element per ply with reduced integration 

excluding non-linear geometry effects. Moreover, the wedge effect described by 

geometrical deformation is distinctly represented as cracks are studied explicitly in 

XFEM, which provides the possibility of further study for inter-laminar effects such as 

delamination, crack propagation and crack migration. 
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1 Introduction 

 

1.1 Background 

Energy consumption and environmental effects are becoming more important among 

all industries. One way of saving energy and lowering emissions is to reduce the 

structural weight in transportation, and this is applicable by utilizing lightweight high-

performance materials while still providing enough strength for the structure. Fiber-

reinforced polymers (FRP) are one of the materials to fulfill this purpose best due to 

their high strength to weight ratio and directional material properties, which can be 

optimized depending on the loading conditions. These materials are generally 

characterized by merging separate constituent materials with significantly different 

physical properties that together produce a material with superior properties.  

The major application of composites is focused on military and commercial aircrafts 

where weight reduction and lowering maintenance cost become even more important. 

Furthermore, benefits such as weight and assembling cost reduction due to need of 

fewer joints and connecting components, higher fatigue and corrosion resistance in 

comparison with metals, especially aluminum, has turned composite materials into a 

reliable substitute. [1] In automotive industry, the first application of composites was 

in race-cars. Gradually, the application of composites has been developed and expanded 

to other vehicles due to their low weight and high performance, which has enabled 

designers to lower the fuel consumption and design more creative exterior and interior 

segments. Recently, composites have also been introduced as crash protecting 

components in cars, and this emphasizes the importance of composite structural 

integrity and the understanding of laminate failures. In the marine industry reducing 

carbon footprint and lowering the center of gravity of the vessels by reducing structural 

weight above the water line are of the main concerns for naval architects. For smaller 

vessels such as sport and fishing boats and military applications, composites are also 

used as hull material to fulfill the requirements of the designers. Hence, the request for 

composite materials is continuously increasing. However, the understanding of 

composite materials’ behavior and response under different loading and environmental 

conditions, still needs to be developed and improved. Today, the main interests of 

modern composite material research are related to the modeling of fatigue, creep, 

energy absorption in collision or impact, and strength reduction due to cracks in 

structures [1, 2, 3].  

For a loaded composite structure, different failure modes may occur depending on the 

loading conditions due to inhomogeneous characteristics of composites. Generally, 

these failures are categorized into: fiber breakage, matrix/fiber debonding, 

delamination, and matrix cracking [4]. 

One challenging task is to model matrix cracks and consider their effects in FRP 

laminates under transverse compression that in some cases leads to delamination of 

plies and thereby structural failure. The key aspect is that matrix cracks formed under 

transverse compression are inclined with respect to the loading direction (and ply 

orientation), thus forming a wedge that can initiate and drive delamination growth, see 

Figure 1-1. Currently, the primary used method in industries to capture this 

phenomenon is the smeared crack model, in which the crack is studied as a part of the 
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material model. However, since the formation of a transverse crack in this model is 

considered as smeared over a volume, it is not clear whether or not this approach can 

accurately describe the mentioned wedge effect. An alternative to the smeared method 

can be a discrete and mesh independent approach known as the eXtended Finite 

Element Method (XFEM), where the crack is introduced and considered as a jump in 

displacement field while the mesh remains intact, i.e. mesh does not require to follow 

the crack path. Also the XFEM approach is able to represent the geometrical wedge 

effect more in details as compared to the smeared crack model. Each of these methods 

has pros and cons, which will be discussed further in the following sections. 

 

 

 
Figure 1-1: Delamination initiated by a matrix crack under transverse compression 

 

1.2 Purpose 

The main purpose of this thesis is to investigate any benefits of a more detailed 

description of ply cracks using the mesh independent method XFEM, in comparison to 

the modern ply failure modeling that uses the smeared-crack model.  Specifically, the 

purpose is to compare the prediction ability of both methods for a case with 

compressive loading transverse to the fibers.  

 

1.3 Method 

In the current project, initiation and evolution of matrix cracks in a unidirectional fiber-

reinforced polymer ply under transverse compression is studied by utilizing the 

smeared crack model and the XFEM. The implemented model is able to consider 

damage as well as friction at the material scale. The material properties are provided by 

Swerea/SICOMP. A similar problem is modeled in two different approaches. One 

approach is to apply the smeared crack model in Abaqus/Explicit through a subroutine 

developed by Swerea/SICOMP and written in FORTRAN to investigate the material 

response and stiffness softening. The other is to utilize a discrete model via a XFEM 

solver constructed and implemented within MATLAB. To investigate mesh objectivity 

for both approaches in crack refinements, and to examine geometrical deformations for 

the wedge effect a mesh study is conducted. 

The overview of the stepwise implementation of MATLAB in this thesis can be 

summarized as:  

 A 2D UD FRP ply under prescribed displacements (equivalent to transverse 

tension) to check stress-strain consistency 

 Add discontinuity as a vertical crack using a level-set function and shifted sign 

enrichment function to check material strain on both sides of the crack interface 
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 Add linear cohesive behavior at the crack traction in both normal and shearing 

directions to the crack to check force equilibrium in the domain and specifically 

find the forces at the crack traction 

 Generalize the crack orientation through the domain and consider non-linear 

crack traction. 

 Add non-linear cohesive law which also takes friction into account for the crack 

traction under negative prescribed displacement (equivalent to transverse 

compression) 

In the end, to evaluate the numerical accuracy and the mesh sensitivity, the final results 

of the two approaches are compared against each other. 

 

1.4 Limitations  

To achieve comparative results for the modeling cases in the given time-frame, a 

number of simplifications and limitations are applied to the thesis. The assumption and 

limitations are chosen in a manner such that they do not compromise the validity of the 

results to any greater extent, and are discussed continuously in the report. The main 

limitations and assumptions are as follows: 

 The studied failure type only includes matrix dominated cracks under transverse 

compressive loading to the fibers for a single ply.  

 The model neglects the lateral stiffness contribution from the adjacent plies, 

acting as supports on the loaded ply, as well as any other interlaminar effects. 

 Internal friction for the crack initiation criterion in the material is not 

considered, which causes the predicted fracture plane to deviate from a fracture 

plane in the range of 53 ± 2°, as studied and captured in [5], to the shear 

dominated failure of 45°.  

  The material is assumed to be homogenized and the explicit effects of the fibers 

are not considered. 

 All of the modeling and results will be evaluated through 2D implementations 

i.e. plane strain condition at the ply cross-section.  
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2 Theory 

To study matrix cracking in a FRP laminate, the material is required to be modeled to 

capture the mechanical behavior of the material, and this can be done in different 

approaches. In this chapter energy dissipation and general damage related concepts in 

material modeling are introduced, as well as two distinctly different approaches are 

presented; the XFEM and smeared crack approach. Specifically, the focus is on the 

structure of the XFEM, as well as the description of the smeared crack model, 

presenting theoretical assumptions and numerical implementations. 

 

2.1 Introduction to material models 

The modeling of a structure or specimen is usually done by subdividing it into a finite 

number of elements consisting of element nodes, and using a constitutive law that 

defines the relations between the deformations and transmitted forces for the element 

nodes. Depending on the physical characteristics of the structure, material mechanical 

behavior can be described by different material models classified in three general 

categories: continuum models, discrete models, and continuum models with 

discontinuities. In a continuum model, the material mechanical behavior for an 

infinitesimal volume of the structure is stated based on the stress-strain relation. 

However, in a discrete model this behavior, for a set of elements, is described based on 

the relations between forces and relative displacements or rotations of the elements. A 

continuum model with discontinuities combines the two previously mentioned models 

i.e. it utilizes a continuum model for continuous part of the material and a discrete 

model for the discontinuities within the domain. [6] 

 

 

 

Figure 2-1: Different material models: a) continuum models, b) discrete models, c) continuum models with 
discontinuities [6] 

 

 

2.2 Progressive damage modeling 

Progressive damage modeling is an effective approach in order to account for the effects 

of damage and material imperfections on the material stiffness. To set up a progressive 

damage model for a material, the damage initiation criterion, the energy dissipation 

mechanics, the damage evolution in the material, and the constitutive models must be 

properly determined [7].  
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2.2.1 Damage initiation 

Upon damage initiation, the load carrying capacity of the material is decreased as the 

effect of damage is introduced to the domain. In order to determine when and where a 

damage is initiated in a loaded material, a damage initiation criterion is required. 

Typically, the damage is initiated once the stresses in the material reach critical stress 

levels dependent on the normal and/or shear strengths of the material. For anisotropic 

materials such as fiber-reinforced polymers, depending on fibers and loading directions 

and the failure mode, different criteria are used. [8]  

 

2.2.2 Energy dissipation and damage evolution 

During the damage process, it can be assumed that the energy is dissipated partly due 

to the damage evolution and partly due to frictional effects inside the material. The 

frictional contribution however, becomes more significant in the structures under 

compressive loads. Damage evolution is generally based on the dissipated fracture 

energy denoted by 𝐺𝑐 during the damage process in the corresponding failure mode.  In 

general, there are three failure modes, mode I to III, also known as opening mode, 

sliding mode, and tearing mode respectively, see Figure 2-2. The dissipated energy is 

equal to the area beneath the stress-strain curve corresponding to the failure mode 

during the damage process, see Figure 2-4. [6, 9] 

 

 

 

Figure 2-2: Failure modes a) opening mode, b) sliding mode, c) tearing mode [10] 

 

 

2.2.3 Constitutive damage model 

A constitutive law such as Hooke’s law for a linear elastic material is valid until the 

material is intact and no damage is initiated. Thus, stress-strain relation for a uniaxial 

model as is shown in Figure 2-3 (a) is described as: 

 𝜎 = 𝐸휀𝑒 (1) 
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Figure 2-3: Uniaxial loaded bar in a) intact condition, b) damaged condition 

 

If the applied load F increases such that e.g. the principal stress in the material reaches 

the tensile strength of the material, damage initiates and the load carrying capacity of 

the material decreases due to the reduction in the intact area in the material from 𝐴 

to (𝐴 − 𝐴𝑑), see Figure 2-3. Therefore, a new constitutive law is needed to consider the 

irreversible effects of the generated micro-cracks on the material stiffness. To account 

for this degradation, a scalar damage variable is introduced, varying from 0 to 1 for 

intact and completely damaged material respectively. This scalar variable is then 

multiplied by the stiffness of the material. The damage variable growth is controlled by 

the defined displacement for the corresponding failure mode that in the case of uniaxial 

tension is the opening failure mode. In the simplest case, the degradation can be 

assumed to behave linearly based on the bi-linear cohesive law, see Figure 2-4. 

Therefore, Equation (1) can be written as: 

 𝜎 = (1 − 𝑑)𝐸휀 (2) 

where 𝑑 is the scalar damage variable. The corresponding stress-strain relation to the 

bi-linear cohesive law is illustrated in Figure 2-4. [6] 

 

 

Figure 2-4: Stress-strain relation for bi-linear cohesive law 

 

In general, matrix damage modeling in composite materials, can be done by considering 

the isotropic effect of the damage caused by an evolving inclined fracture plane with 

𝑛, 𝑡-axes, where the 𝑛-axis is normal to the fracture plane and the 𝑡-axis is tangential to 

it, as shown in Figure 2-5. Therefore, the tractions on the fracture plane is written as: 
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 𝒕 = (
𝜎𝑛𝑛
𝜎𝑛𝑡
) = [

(1 − 𝑑)𝐸       0        
    

        0         (1 − 𝑑)𝐺 
] (
휀𝑛𝑛
휀𝑛𝑡
) (3) 

where 𝜎𝑛𝑛 and 𝜎𝑛𝑡 are the normal and the shear traction components and 휀𝑛𝑡 and 휀𝑛𝑡 
are the normal and the shear strains respectively. 

 

 

Figure 2-5: Global coordinate system and local coordinate system aligned with fracture plane 

 

Knowing that the material stiffness parallel to the fracture plane remains intact during 

the damage process and by neglecting the Poisson’s effects at the fracture plane the 

stress-strain relation in Voigt notation can be written as:  

 
(

𝜎𝑛𝑛
𝜎𝑡𝑡
𝜎𝑛𝑡
)

⏟  
𝛔𝒏𝒕

= [
(1 − 𝑑)𝐸           0                   0        
     0                     𝐸                  0       

         0                     0        (1 − 𝑑)𝐺      
]

⏟                        

𝐃𝒅

 (

휀𝑛𝑛
휀𝑡𝑡
휀𝑛𝑡
)

⏟  
𝛆𝒏𝒕

 
(4) 

where 𝛔𝒏𝒕 and 𝛆𝒏𝒕 are the Voigt stress and strain vectors as defined according to the 

local coordinate system aligned with the fracture plane, 𝐃𝐝 is the constitutive matrix 

for the damaged material, and 𝑑 is the scalar isotropic damage variable. Note that for 

the integration points at the fracture plane, 𝜎𝑡𝑡 and 휀𝑡𝑡 are zeroes. 

Finally, stress-strain relation in the global coordinate system 𝑥𝑦 is obtained by utilizing 

the transformation matrices for tensors, proposed in literature as:  

  

 
𝛔𝒙𝒚 = 𝐓𝟏

−𝟏(α)𝛔𝒏𝒕 

𝛆𝒙𝒚 = 𝐓𝟐
−𝟏(α)𝛆𝒏𝒕 

(5) 
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 𝐓𝟏(α) = [   

 cos2(𝛼)              sin2(𝛼)                2 sin(α) cos(α) 

sin2(𝛼)               cos2(𝛼)           − 2 sin(α) cos(α)

− sin(α) cos(α)     sin(α) cos(α)     cos2(𝛼) − sin2(𝛼)

] (6) 

 𝐓𝟐(α) = [

 cos2(𝛼)                sin2(𝛼)                 sin(α) cos(α) 

sin2(𝛼)                cos2(𝛼)           − sin(α) cos(α)

−2sin(α) cos(α)     2sin(α) cos(α)     cos2(𝛼) − sin2(𝛼)

] (7) 

 

where 𝐓𝟏(α) and 𝐓𝟐(𝛼) are the transformation matrices as a function of the fracture 

plane angle 𝛼 [11]. 

 

2.2.4 Failure modes in composites 

For a loaded composite structure, different failure modes may occur depending on the 

loading conditions due to inhomogeneous characteristics of composites. Generally, 

these failures are categorized into: fiber breakage, matrix/fiber debonding, 

delamination, and matrix cracking [4].  

Fiber breakage is assumed as the last mode of failure in composites. After fiber 

breakage, the load carrying capacity of the composite structure is reduced to almost 

zero. 

Matrix/fiber debonding is usually due to the imperfections in the matrix and fiber 

bonding, which results in strength reductions of the composite laminate. The 

manufacturing of composites must be done such that this phenomenon does not occur 

before matrix cracking and delamination. 

Delamination is a phenomenon in which the interface between two or more plies in a 

composite laminate is demolished and plies become separated. Delamination results in 

severe stiffness reduction or even brittle fracture. It is normally initiated by stress 

concentrations that can be caused by defects or circumstantial conditions such as 

manufacturing errors, moisture, etc.  

Matrix cracking is of high degree of importance, particularly when a composite ply is 

loaded transversally to the fiber orientation. In this condition, the matrix can be 

regarded as the only load-carrying component and, typically, the matrix has the lowest 

strength in composite laminates. This is due to the brittle nature of the matrix and can 

result in other modes of failure e.g. delamination. 

 

2.3 Continuum damage modeling 

In continuum models, the constitutive relation is typically constructed based on a stress-

strain relation for an infinitesimal volume of a structure. One of the continuum models 

conventionally used in industry is known as the smeared crack model, which is 

discussed more in details in the following subsection. 
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2.3.1 Smeared crack model 

The smeared crack model was primarily introduced to study the fracture of concretes 

under tensile loading. At first, the cracks orientations were assumed to be fixed, later, 

the rotating crack model was also introduced. [6] Today, this method is applied to other 

materials such as metals and composites as well. In this model, it is assumed that 

countless generated micro-cracks are smeared throughout the material while in the 

discrete models, a crack is considered as a discrete discontinuity line, see Figure 2-6. 

The smeared crack model therefore accounts for material mechanical behavior by 

defining the influence of the existing cracks as a stiffness softening in the material, 

without a discrete description of the crack itself. Thus, this approach can be considered 

as a continuum material model. 

 

 

Figure 2-6: Crack models for typical finite element mesh [4] 

 

 

2.3.1.1 One-dimensional model 

In the smeared crack model, the total strain of the component can be decomposed into 

two parts, one part related to the intact material, which in general, may be governed by 

nonlinear constitutive relation but usually is assumed to be linear elastic, and the other 

part related to the crack openings. Therefore, strain decomposition can be written as: 

 휀𝑡𝑜𝑡 = 휀𝑒 + 휀𝑐 (8) 

where 휀𝑒 is the elastic strain and 휀𝑐 is the crack strain due to cracks opening, see Figure 

2-7. The elastic strain can be computed by utilizing Hooke’s law as in Equation (1). 
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Figure 2-7: Schematic representation of smeared crack model as an elastic unit coupled in series to a crack unit 

[6] 

 

It is assumed that for an intact material, the crack strain is zero and crack initiation 

occurs when the driving stress reaches the corresponding strength of the material. Up 

to this level of stress, linear elastic constitutive relation is applicable. However, upon 

crack initiation a new constitutive relation is required to capture the material 

mechanical behavior. To define the new constitutive relation, the micro-cracks are 

replaced with an equivalent cohesive crack that can transmit stress. This cohesive stress 

can be assumed to be a function of the crack strain and be written as: 

 𝜎 = 𝑓𝑐(휀𝑐) (9) 

where 𝑓𝑐  is identified based on experiments. 

One drawback of this relation is its dependency on strain gauge length, as the gauge 

length in experimental measuring data could vary. An alternative to this method is the 

traction-separation law which assumes cohesive stress as a function of the crack 

opening, 𝜔. Therefore, it can be considered as gauge length independent and be written 

as: 

 

  
𝜎 = 𝑓𝜔(𝜔) (10) 

where 𝑓𝜔 is the softening function. There are several choices of representing a softening 

law, which is further described in Section 2.4.2. 

 

 

Figure 2-8: a) Linear-elastic relation for intact material, b) stiffness softening upon crack initiation, c) stress vs -
total strain curve 
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2.3.1.2 Three-dimensional model 

For three-dimensional models Equation (8) and (1) can be written generally as: 

 𝛆𝐭𝐨𝐭 = 𝛆𝐞 + 𝛆𝐜 (11) 

 𝛔 = 𝐃𝐞𝛆𝐞 (12) 

where 𝐃𝐞 denotes the constitutive relation matrix. 

For model simplification, the micro-cracks in the material can be substituted with an 

equivalent planar crack with a normal vector 𝐧 = (1   0   0)𝑇. Thus, the traction on the 

crack face can be written as: 

 𝐭𝐜 = 𝛔 ∙ 𝐧 (13) 

One can introduce the local coordinate system as shown in Figure 2-9 that aligns with 

the crack with the unit vector 𝐧 normal to the crack face, and 𝐭 and 𝐥 orthogonal unit 

vectors in the crack plane. 

 

 

Figure 2-9: Local coordinate system (nlt) on the equivalent planar crack plane 

 

Accordingly, the strain in the crack plane can be expressed in terms of normal strain 

휀𝑛𝑛  contributed by the crack opening and shear strains 𝛾𝑛𝑡  and 𝛾𝑛𝑙  contributed by 

sliding in 𝐭 and 𝐥  direction respectively. Therefore, the crack strain vector can be 

expressed as: 

 𝐞𝐜 =  휀𝑛𝑛
𝑐 𝑛 + 𝛾𝑛𝑡

𝑐 𝑚 + 𝛾𝑛𝑙
𝑐 𝑙 (14) 
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Note that the traction components are functions of the crack opening and sliding by the 

generalized form of cohesive law. Also 𝐞𝐜 is zero for an uncracked material.  

Upon crack initiation there are two possibilities for the equivalent planar crack 

orientation and propagation: 

 It can be assumed that all micro-cracks have the same orientation and the crack 

orientation remains fixed after initiation. As a consequence, for the equivalent 

planar crack, all traction components are linked with all crack strain 

components. This model is known as Fixed Crack Model (FCM). 

 

 It is rare that all micro-cracks appear in the same orientation, therefore, Rotating 

Crack Model (RCM) is introduced to consider the possibility of various crack 

orientation by adjusting the orientation of the equivalent crack. Adjustment is 

done by assuming that the crack normal vector is always aligned with the 

maximum principal strain. Consequently, the shear strain 𝛾𝑛𝑡  and 𝛾𝑛𝑙  and crack 

traction components 𝜎𝑛𝑡  and 𝜎𝑛𝑙 are zero. Hence, cohesive stress law for the 

stiffness softening is reduced to [6]:  

 𝜎𝑛𝑛 = 𝑓𝑐(휀𝑛𝑛
𝑐 ) (15) 

Although this model is physically more realistic than FCM, computational costs 

are increased dramatically. Also considering the fact that composites typically 

have a very small ply thickness, it is concluded that the results from FCM are 

sufficiently promising in the modeling of cracks through the ply thickness.  

 

2.3.2 Strain localization 

Damage initiation in materials subjected to non-homogeneous deformation may cause 

strain localization. The strain localization is presented in the form of a shear band, in 

which extreme straining may cause some variable fields to be discontinuous. This 

phenomenon is resulted from the stiffness softening in the material, as explained in 

Section 2.2, and normally leads to the fracture of the structure. The gradient of softening 

and energy dissipation during the damage process is highly dependent on the mesh size 

in finite element modeling. [8, 12]  

 

2.3.2.1 Inobjectivity of strain-softening continuum 

To see the inobjectivity of the strain softening, consider the bar in Figure 2-3 subjected 

to uniaxial tension is decomposed into 𝑁𝑒 elements as is shown in Figure 2-10. It is 

assumed that the bar behaves linearly elastic up to a peak stress, 𝜎0, where the damage 

initiation results in linear softening up until a fracture point corresponding to 휀𝑓, see 

Figure 2-4.  
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Figure 2-10:  The meshed bar with 3 elements 

 

Considering that material properties and dimensions are not always perfectly uniform, 

it can be assumed that a part of the material has a strength slightly lower than the 

strength of the rest of the material due to a local defect. Hence, upon damage initiation 

at the local weaker part with the peak stress  𝜎0  and corresponding strain  휀0 , two 

different phenomena occur in the material; the weaker part experiences softening with 

an increase of strain, whilst the stronger parts starts to elastically unload with a decrease 

of strain. Considering static force equilibrium, the stress profile must be uniform 

throughout the bar while strain profile is not uniform and has two valid strain 

corresponding to a certain stress �̅�, see Figure 2-11 (a). Let us denote the total length 

of the softening region by 𝐿𝑠 and the total length of unloading region is as 𝐿𝑢 = 𝐿 − 𝐿𝑠. 
Consequently, the total elongation of the bar 𝑢𝑡𝑜𝑡 is computed as: 

 𝑢𝑡𝑜𝑡 = 𝐿𝑠휀𝑠 + 𝐿𝑢휀𝑢 (16) 

where 휀𝑠 is the strain in the softening region and 휀𝑢 is the strain in the unloading region. 

At the fracture point where the stress is totally relaxed, 휀𝑢  goes to zero, thus 
𝑢𝑓 = 𝐿𝑠휀𝑠 = 𝐿𝑠휀𝑓. Now the problem arises since the length 𝐿𝑠 is not known and it can 

be any value between zero to L. Hence, the problem has infinite number of solutions 

depending on the length 𝐿𝑠, see Figure 2-11 (b).  

 

 

Figure 2-11: a) Stress-strain diagram with linear softening, b) different possible post-peak stress relaxation 

 

Suppose that the weak part of the bar is located in the middle and occupies 𝑁𝑑 elements 

as is indicated in Figure 2-12 by red color. Therefore, the total length of the softened 

region is as: 
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𝐿𝑠 =

𝑁𝑑 ∗ 𝐿

𝑁𝑒
 (17) 

𝑁𝑑 is highly dependent on the mesh size, and for a refined mesh, see Figure 2-12 (b), 

strain is localized in a smaller portion of the elements. Consequently, 𝐿𝑠 is reduced and 

energy dissipation and the required external work during the damage process are also 

reduced by mesh refinement. [6] To demonstrate this reduction, results for three 

different mesh sizes are extracted from [8] and shown in Figure 2-13. 

 

 

Figure 2-12: Strain localization in Nd damaged elements indicated by red color for a) course mesh, b) fine mesh 

 

 

Figure 2-13: Force-displacement diagram for three different mesh sizes 

 

2.3.2.2 Mesh adjustment 

To obtain a mesh-independent model and avoid inobjectivity of strain-softening, 

element size must be taken into consideration. Bazant in [13] introduced the crack band 

model in which the line cracks in the material are substituted by a band of paralleled 

micro-cracks in the damaged elements with the width denoted by 𝑤𝑐, see Figure 2-14 

(a) and (b). The crack band modeling is computationally more efficient than the line 

crack modeling. In this model, the fracture strain is dependent on the fracture toughness 

of the material in the corresponding failure mode e.g. opening failure mode is defined 

as: 
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 휀𝑓 = 2
(
𝐺𝐼𝑐
𝑙𝑐
)

𝜎0
 (18) 

where 𝑙𝑐 is the characteristic length of elements, and 𝜎0 is the peak stress corresponding 

to the damage initiation strain 휀0.  

For a geometry with uniform square mesh with the case that crack band is straight, 𝑙𝑐 
is equal to the element size ℎ. However, for the cases that the crack generates a zig-zag 

crack band as is shown in Figure 2-14 (c), the characteristic length is adjusted as: 

 

𝑙𝑐 =
ℎ

cos(𝛼)
 ,           0 ≤ 𝛼 ≤ 45° 

𝑙𝑐 =
ℎ

sin(𝛼)
 ,           45 ≤ 𝛼 ≤ 90° 

(19) 

 

 

Figure 2-14: a) Line crack model, b) crack band model, c) zig-zag crack band [13] 

 

Utilizing the mesh adjustment, the fracture energy is adjusted to the mesh size and the 

results for different mesh sizes become identical, see Figure 2-15. 

 

 

Figure 2-15: Force-displacement diagram with mesh adjustment for three different mesh sizes [8] 
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2.4 Discrete damage modeling 

In discrete models the material behavior is described based on the relations between 

forces and relative displacements, or rotations, of the elements for a set of elements. 

The classical standard finite element approximation is based on properties of 

polynomials, which implies that its accuracy is optimal only for smooth solutions. 

Therefore, the existence of inner-element kinks, jumps, or singularities at some 

interface causes a significant decrease in accuracy for this method. In order to capture 

these kinks or jumps, element edges in the mesh must then coincide with the interface 

of the discontinuities. Thus, the need for modifying the mesh requires manual 

adjustment to align with the interface, which may require continuous interface tracking 

for moving interfaces, in order to refine the mesh near discontinuities. Hence, the 

application of standard FE approximation is limited. An alternative is to introduce 

additional terms, also known as enrichment terms, to the classical finite element 

approximation, which enables non-smooth solutions to be captured within a fixed mesh. 

This method is referred to generally as enriched FEM and is able to approximate any 

kind of non-smooth solutions, due to inner-element discontinuities, accurately. [14, 15] 

 

2.4.1 Introduction to discontinuities and high gradients 

Generally, in material applications, there are examples that the field quantities or their 

gradients change intensely over a small length of 𝛿𝑙 with respect to the considered 

domain. Depending on the 𝛿𝑙, modeling of the phenomena can be subdivided into the 

following categories: 1) 𝛿𝑙 is zero or almost zero, for which it should be considered as 

discontinuity, 2) 𝛿𝑙 is small and can be considered continuous, although, it leads to local 

high gradients. High gradients usually occur along interfaces or singularities.  

 

2.4.1.1 Interfaces 

Interfaces are the points, lines, or areas depending on the domain dimension, where two 

or more systems or sub-domains meet, and are always one order less in dimensions than 

the domain that they are in. For instance, in a 3D domain interfaces are surfaces and in 

a 2D domains they are lines.  

In general, interfaces are categorized into open and closed interfaces. Open interfaces 

are characterized by discontinuities that either starts or ends within the domain with one 

or several tips, see Figure 2-16 (a). On the contrary, closed interfaces are characterized 

by closed end discontinuities without any additional effect of singularities from crack 

tips, e.g. voids, holes, or crack throughout the domain, see Figure 2-16 (b). [14] 

 

 

Figure 2-16: a) Open interfaces, b) closed interfaces 
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Modeling of domains with interfaces usually has non-smooth solutions. Generally, 

there are two approaches to approximate non-smooth solutions: One is a mesh 

dependent method based on polynomial approximation spaces and standard FEM shape 

functions, in which the mesh must be aligned with the interface and refined around 

singularities to have a smoother solution. The second approach is a mesh independent 

method in which the polynomial approximation space, with standard FEM shape 

functions, is enriched with additional enrichment terms in order to capture smooth 

solutions around discontinuities. [14] The enrichment terms are governed by shape 

functions that can be the same as classical finite element shape functions or defined 

differently depending on the type of discontinuity.  

 

2.4.1.2 Discontinuities 

Discontinuities are generally categorized into strong and weak discontinuities. The 

solution for a strong discontinuity contains a jump in the field quantities, e.g. 

displacements, along with corresponding singular gradients, e.g. strains, alongside the 

interface, see Figure 2-17 (a). For weak discontinuities, the solution is described as a 

kink, i.e. the field quantities are still considered continuous whilst their gradients are 

not, see Figure 2-17 (b). [14] Multi-material models are considered as typical examples 

of weak discontinuities, whereas through the thickness cracks are examples of strong 

discontinuities. Both strong and weak discontinuities can be considered as closed or 

open interfaces.  

 

 

Figure 2-17: Representation of a) Strong discontinuity, b) Weak discontinuity [14] 

 

 

2.4.1.3 Level-set function 

One way of determining the position of the interface in finite element approximation is 

to introduce a level-set function Γ12 in the domain Ω to distinguish the sub domains 

Ω1 𝑎𝑛𝑑 Ω2 on the sides of an interface. A level-set function is a continuous function 

which is negative on one side of the interface, positive on the other side, and zero on 

the interface, see Figure 2-18.  
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One type of level-set functions is the signed distance function defined as: 

 𝜙(𝑥) = ± min
𝑥∗∈Γ12

‖𝑥 − 𝑥∗‖  , ∀𝑥 ∈ Ω (20) 

where ‖∙‖ is the Euclidean norm and 𝑥 is the closest point to 𝑥∗ on the interface. Figure 

2-18 (b) illustrates a graphical representation of the signed distance function. The level-

set function is useful especially for discrete crack modeling to find out which elements 

in the domain must be enriched and how. [14] 

 

 

Figure 2-18:  a) Domain decomposition by introducing level-set function 𝛤12 , b) the signed distance function [14] 

 

 

2.4.1.4 Structure of enriched FEM 

In general, classical finite elements can be enriched extrinsically in such a way that new 

shape functions are added to the standard shape functions in the enriched elements. 

These shape functions are not necessarily the same as the standard shape functions. As 

a result of the added terms, new unknowns are also added to the approximation. An 

alternative is to enrich classical finite elements intrinsically such that all or some of the 

standard shape functions are replaced by new shape functions to capture the smooth 

solution around discontinuities. Unlike extrinsic enrichment, in intrinsic enrichment the 

number of shape functions and unknowns are unaltered since the shape functions are 

just replaced and not added. 

Enrichments can also be categorized into global or local enrichment. The enrichment is 

global when all elements in the observed domain are enriched, or local when just a part 

of the domain is enriched. Global enrichment is usually applied to models for which 

the solution is globally non-smooth, e.g. in high-frequency solutions. [14] However, 

approximations based on global enrichments typically require considerable 

computational resources due to the drastic increase in the number of degrees of freedom 

added to the domain. This is because the degrees of freedom are proportional to the 

number of enriched nodes. In general, discontinuities and high gradients of field 

quantities are more accurately represented as physical localized phenomenon. The 

approximation of such phenomenon with a global approximation space is therefore 

clearly not efficient. Thus, in crack modeling it is computationally beneficial and more 

justifiable to introduce local enrichments. [14, 16]  
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Although there are some examples of utilizing XFEM for cases that are enriched 

globally, XFEM is utilized as local enrichment for the rest of this thesis.  

 

2.4.2 XFEM  

A standard extended finite element approximation of a function 𝑢ℎ(𝑥), also known as 

XFEM, utilizes local enrichment of nodes in a subset of the domain (𝐼∗𝜖 𝐼) and have 

the form: 

𝑢ℎ(𝑥) =  ∑𝑁𝑖(𝑥)𝑢𝑖
𝑖𝜖𝐼

+ ∑𝑁𝑖
∗(𝑥) ∙

𝑖𝜖𝐼∗

𝜓(𝑥)𝑎𝑖 (21) 

where the first term is the standard FE approximation and the second term is the added 

enrichment, with the coefficients 𝑢𝑖 and 𝑎𝑖 representing nodal unknowns of standard 

FE and enrichment at node 𝑖 , respectively. The function 𝜓(𝑥)  is the enrichment 

function and includes specific information about the discontinuity, which is then added 

into the approximation space. The functions 𝑁𝑖
∗  are standard shape functions, often 

chosen to be equivalent to the standard FE shape functions, as in Equation (21), but are 

necessarily not the same.  

These functions 𝑁𝑖
∗ then build what is known as the concept, partition of unity (PU), 

over the enriched elements in the subdomain  𝐼∗ . The basis of any enrichment 

approximation is realized through the partition of unity concept, where PU is crucial to 

the structure of the enrichment and the accuracy of the solution. PU is generally 

expressed in the form: 

∑𝑁𝑖
∗(𝑥)

𝑖𝜖𝐼∗

= 1 (22) 

By having a complete partition of unity in the enriched areas, the FE approximation of 

Equation (21) can reproduce any enrichment function exactly in the domain 𝐼, and thus 

ensuring reliable terms in the approximation space. However, when not able to fulfill 

the condition of Equation (22), the terms in the approximation space are not completely 

reliable, and the utilization of XFEM is no longer straightforward. [14, 17] 

 

2.4.2.1 Shifted enrichment functions  

In standard FE approximations, as described as the first term in Equation (21), the shape 

functions have what is known as the Kronecker-𝛿 property, which is described as:  

𝑁𝑖(𝑥𝑗) = 𝛿𝑖𝑗 = {
 0 ∶ 𝑖 ≠ 𝑗
 1 ∶ 𝑖 = 𝑗

 (23) 

However, approximations of the form Equation (21) together with the enrichment 

function 𝜓(𝑥), generally do not have the Kronecker-𝛿 property. Consequently, 𝑢ℎ ≠
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𝑢𝑖 and the wanted function values of 𝑢(𝑥) at a specific node 𝑘 is no longer directly 

known as 𝑢𝑘. This complicates the imposition of Dirichlet boundary conditions, and is 

similar to the situation of mesh-free approximations, where the shape function 

associated to a node does not vanish at other surrounding nodes. [18] Conversely, by 

modifying the approximation and finding enrichment functions that are zero at all other 

nodes, it follows from standard FEM that 𝑢ℎ(𝑥𝑘) = 𝑢𝑘. This is achieved by shifting the 

enrichment approximation as: 

𝜓𝑠ℎ𝑖𝑓𝑡 = [𝜓(𝑥) − 𝜓(𝑥𝑖)] (24) 

and following the formulation of standard XFEM in Equation (21), using 𝜓𝑠ℎ𝑖𝑓𝑡  instead 

of 𝜓(𝑥), the approximation then becomes:  

𝑢ℎ(𝑥) =  ∑𝑁𝑖(𝑥)𝑢𝑖
𝑖𝜖𝐼

+ ∑𝑁𝑖
∗(𝑥) ∙

𝑖𝜖𝐼∗

[𝜓(𝑥) − 𝜓(𝑥𝑖)]𝑎𝑖 (25) 

and thus recovering the Kronecker-𝛿 property. This therefore enables the following 

properties to hold in the approximation: 

i) 𝑢ℎ = 𝑢𝑖, where the computed unknowns are directly the function values of 

𝑢(𝑥) at node 𝑖. 
ii) Imposing the Dirichlet boundary conditions û(𝑥)  is straightforward: 

𝑢𝑖 = û(𝑥𝑖). 

Furthermore, by shifting the enrichment, there are additional numerical benefits for the 

issue of blending elements, and is further described in Section 02.4.2.3. [19, 20] 

 

2.4.2.2 Strong discontinuity enrichments 

In XFEM, the approximation of discontinuities is based on the shape functions with the 

use of enrichment functions. In the presence of strong discontinuities in the domain 

such as cracks, typical choices for the enrichment function 𝜓(𝑥) is the sign of the level-

set function, 𝜙(𝑥): 

𝜓(𝑥) = 𝑠𝑖𝑔𝑛(𝜙(𝑥)) = {

 −1 ∶  𝜙(𝑥) < 0

    0 ∶  𝜙(𝑥) = 0

    1 ∶  𝜙(𝑥) > 0

 (26) 

or the Heaviside function: 

𝜓(𝑥) = 𝐻(𝜙(𝑥)) = {
  0  ∶  𝜙(𝑥) ≤ 0

  1  ∶  𝜙(𝑥) > 0
 (27) 

where both can be considered as step enrichment functions. By introducing a 

discontinuity in a simple one-dimensional domain, as seen in Figure 2-19, the two 
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enrichment functions simulate the discontinuity differently, as according to Figure 

2-20.  

 

 

Figure 2-19: A one-dimensional example of ordinary shape functions N and the discontinuity, starting from 𝜉, on 
the enriched domain [4] 

 

 

Figure 2-20: The effect of a) sign and b) Heaviside enrichments for the one-dimensional example [4] 

 

It is important to note that both sign and Heaviside step enrichments produces identical 

results after numerical implementation, as they both span the same approximation 

space. [4] 

 

2.4.2.3 Blending elements 

As a consequence of enriching a specific subset of nodes (𝐼∗𝜖 𝐼) with local enrichments, 

each element in the domain falls into one of the following categories:  

i) standard FEM with none of the nodes enriched  

ii) a reproducing element with all of the nodes enriched 

iii) a blending element with some of the nodes enriched 

which can be seen in Figure 2-21, where (a) is a 2D representation of all the element 

categories with the nodal subset choice of 𝐼∗. In (b), reproducing elements are shown 
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to be able to fulfill the criterion to build a complete partition of unity, visualized as a 

flat top. However, this is generally not the case for the blending elements.  

 

 

Figure 2-21: Domain in two dimensions with nodal subset 𝐼∗, a) enriched nodes and elements due to choice of 𝐼∗, 
b) the functions 𝑁𝑖

∗(𝑥) with partition of unity in reproducing elements but not blending elements [14] 

 

It is of importance to acknowledge the situation of blending elements due to local 

enrichments, where, the functions 𝑁𝑖
∗(𝑥) are non-zero and do not build a partition of 

unity as only a few nodes being enriched. The failure to satisfy the partition of unity 

has two important implications:  

i) The enrichment function cannot be reproduced exactly in the subdomain by 

the enriched approximation. 

ii) Additional unwanted terms are added to the approximation space. 

where these unwanted terms are shown to affect all enriched elements and may decrease 

the convergence rate and reduce accuracy of the XFEM approximations drastically 

depending on the choice of enrichment. [17] Moreover, the influences of these 

unwanted terms are generally not easily predicted. Thus, while standard XFEM is 

proposed to improve accuracy and approximation by local enrichments, the overall 

improvement can be minor due to the effect of blending elements. However, there are 

ways of coping with the issue of blending elements to improve the approximation 

scheme, and for enrichment functions that are zero or constant in the blending elements 

no effects of any unwanted terms are present. [14, 21] 

There are several approaches classified for blending elements, all with differing 

applicability depending on the general model used, along with choices of element types 

and enrichments. Four types of classifications can be recognized as general approaches 

to solve the issue of blending elements: 

i) Corrected/Weighted XFEM 

ii) Patch-based enrichments  

iii) Hierarchical shape functions in blending elements 

iv) Assumed strain blending elements 

v) Shifted step-enrichments 
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Corrected/Weighted XFEM  

Corrected/Weighted XFEM is an approach that localizes the enrichment approximation 

further by adding the contribution of a ramp function 𝑅(𝑥)  constructed by FE shape 

functions of the form: 

𝑅(𝑥) =∑𝑁𝑖
∗(𝑥)

𝑖𝜖𝐼

 (28) 

in the approximation Equation (25) by multiplication to the enrichment term, which 

then becomes: 

𝑢ℎ(𝑥) =  ∑𝑁𝑖(𝑥)𝑢𝑖
𝑖𝜖𝐼

+ ∑𝑁𝑖
∗(𝑥) ∙ 𝑅(𝑥) ∙

𝑖𝜖𝐼∗

𝜓(𝑥)𝑎𝑖 (29) 

Then, the modified enrichment term is non-zero only in the reproducing and blending 

elements. Consequently, 𝑁𝑖
∗ is a partition of unity in both the reproducing and blending 

elements, which enables the modified enrichment function to be reproduced exactly 

wherever the function is non-zero. Thus, no effect associated with blending elements 

arises. [22, 14]  

 

Patch-based enrichments  

The problem of blending elements is avoided by suppressing them altogether by 

decomposing the computational domain into regions where all nodes are either enriched 

or approximated with standard FE, as seen in Figure 2-22. Consequently, no blending 

elements exists with this approach, and the regions are instead needed to be point-wise 

coupled at the nodes to enforce continuity across the boundaries, which can be done 

with additional constraints such as Lagrange multipliers or adding penalty terms to the 

approximation. [17, 14] 
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Figure 2-22: The complete computational domain a), is subdivided into, b) a standard FE domain, and c) a fully 
enriched domain to suppress the issue of blending elements [14] 

 

Hierarchical shape functions in blending elements  

As the enrichments are of polynomial behavior, it is proposed by Chessa et al [16] and 

Tarancón et al [21] that the effect of the blending elements and any unwanted terms can 

be compensated for by introducing additional higher order hierarchical shape functions 

to the partial enrichment. However, the cancellation of the errors may not be complete 

with any arbitrary enrichment function, which is a limitation. The approach 

subsequently adds additional degrees of freedom and has been proposed for linear 

triangular as well as higher order elements, however results may not consistently be 

optimal.  

 

Assumed Strain blending elements (AS method) 

This approximation is suggested for general enrichment functions and proposes a 

solution to eliminate the unwanted terms produced by partial enrichments, by 

introducing enhanced strain fields in the blending elements. For such a procedure the 

exact form of the unwanted terms is required, which causes the correction of the 

enhanced strain fields to be element and enrichment dependent. The drawback of this 

approach is therefore the difficulties in constructing the functions for the correction and 

AS approximation itself. [16, 17] 

 

Shifted step-enrichments 

With the use of a step function, such as the sign enrichment function, the effect of 

shifting the enrichment function on the standard FE shape functions across a 

discontinuity can be seen in Figure 2-23, as compared to Figure 2-20. The direct result 

of shifting the sign enrichment limits the effect of the enrichment to the reproducing 

element, which contains the discontinuity.  
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Figure 2-23: Effect of shifting the sign function on the shape functions for enriched nodes 2 and 3 containing a 
discontinuity [4] 

 

As a result, with step enrichments the blending elements remains at constant value and 

when introducing a shifted approximation, the value disappears and becomes 

identically zero. Thus, there is no need for additional consideration for the blending 

elements, which is a significant beneficial aspect of step enriching and shifting the 

approximation. [4, 23] 

 

2.4.2.4 Cohesive zone concept and traction-separation law 

The concept of cohesive zone models has been utilized widely to evaluate stress 

singularities in linear elastic fracture mechanics (LEFM) and to approximate non-linear 

material separation behavior and evaluate various material failures. In general, LEFM 

is characterized by traction-free surfaces and is only applicable when the fracture 

process zone, i.e. the zone around the crack tip, is assumed to be “small”. However, 

when that is not the case, other models need to be considered. In conjunction with 

XFEM, cohesive models enable crack interfaces to include traction and allows any 

nonlinear behavior to be modeled explicitly. [24, 25]  

After crack initiation, with the introduction of a discontinuity across a ply, the 

interaction between the separated plies is expressed through an interface cohesive zone 

model. The tensile/compressive and shearing tractions at the interface are then 

calculated from the cohesive zone model, through a traction-separation law, which 

describes the evolution of the tractions in terms of normal and tangential displacement 

jumps. The separated plies are therefore coupled at the discontinuity depending on local 

relative displacement jumps governed by a cohesive traction-separation law. [26] 

The traction-separation relationship is a fundamental aspect in cohesive zone modeling. 

It governs the stress/force-displacement across the discontinuity, which area under the 

curve represents the fracture energy dissipated, and the relation of which the cohesive 

traction generally decreases to zero. With a decrease in cohesive traction during 

separation, a global stiffness softening of the loaded material occurs. Subsequently, 

cohesive zone models take into account the gradual transition from full to zero material 

strength. In general, the shapes of such softening condition can be described by several 

interface laws, such as: linear, bi-linear, exponential, trapezoidal, linear-parabolic etc. 

as can be seen in Figure 2-24: Examples of interface law with a) a linear and b) an 

exponential softening . Based on a study of pure mode cases, Alfano [27] suggests the 

exponential law to be optimal in terms of FE approximations, while bi-linear law 

provides fairly accurate results with less computational efforts.  
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Figure 2-24: Examples of interface law with a) a linear and b) an exponential softening [24] 

 

In the existence of a crack in the domain, the FE approximation of nodal displacements 

and test functions are split into continuous and discontinuous degrees of freedom, where 

the discontinuous degrees of freedom are enriched with a traction contribution, in 

compliance with Equation (25). For the internal forces of such an approximation and 

partition, is then: 

𝑓𝑖𝑛𝑡 = {
𝑓𝑐𝑜𝑛𝑡
𝑖𝑛𝑡

𝑓𝑑𝑖𝑠𝑐
𝑖𝑛𝑡 + 𝑓𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛

=

{
 
 

 
 ∫ 𝑩𝑐

𝑇
𝝈 𝑑𝐴 = 0

𝐴

∫ 𝑩𝑑
𝑇
𝝈 𝑑𝐴

𝐴
+∫ 2 �̅� 𝒕 𝑑Γ

Γ

 (30) 

where the internal continuous forces are represented as in classical FE approximation 

over the area 𝐴 in the 2D case, with 𝑩 as the derivative of the shape functions and 𝝈 as 

the internal stresses/forces. However, for the discontinuous partition, the internal forces 

are enriched with the contribution of an additional 𝑓𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛  term over a crack surface Γ 

with the traction 𝒕, that depends on the displacement jump according to the choice of 

traction-separation law.  

Similarly, the constitutive relation of the domain, represented by a global stiffness 

matrix, is partitioned and an additional stiffness contribution dependent on the cohesive 

zone model is added into the discontinuity, as the following: 

𝐾𝐺𝑙𝑜𝑏𝑎𝑙 = [
𝐾𝑐𝑐 𝐾𝑐𝑑
𝐾𝑑𝑐 𝐾𝑑𝑑 + 𝐾𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛

] (31) 

whereas in general, 𝐾𝐺𝑙𝑜𝑏𝑎𝑙 ∗  𝑎𝑛𝑜𝑑𝑎𝑙 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 =  𝑓, and the cohesive zone model 

alters the stiffness and the internal forces of the domain depending on the nodal 

displacements, following the traction-separation law and the stiffness degradation 

through softening and damage evolution laws. [28] 

   



 

 

28  CHALMERS, Applied Mechanics, Master’s Thesis 2016:78 
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3 Methodology 

The modeling of matrix cracks in FRP laminates under transverse compression is 

implemented through two approaches: smeared crack approach and XFEM. The 

material model used is developed by Gutkin & Pinho in [7], in which damage is coupled 

with friction acting on the crack surfaces. This chapter describes the detailed framework 

of the models and the processes used to approach the numerical modeling of 

discontinuities and the step-wise implementation of loading cases and numerical 

schemes. 

 

3.1 Framework of the models 

It can be assumed that a FRP ply behaves transversally isotropic and linear elastic when 

it is intact. Therefore, the stress-strain relation can be described by the constitutive 

matrix as in Equation (12). However, this is not valid any longer upon damage 

initiation. Hence, a new constitutive relation is needed to capture the material stiffness 

softening, which will be discussed further in the following sections. 

For the case of interest in this thesis, considering the loading condition and the trivial 

value of the thicknesses of the plies in comparison with the other dimensions of the 

model, the strain in the fiber direction can be neglected and assuming plane-strain 

condition is not a compromising assumption. Also, it is assumed that the damage is 

developed throughout the structure width, therefore, only a cross section of the structure 

can be modeled to save computational efforts.  Figure 3-1 illustrates the actual 3D case 

and the simplified 2D case, which will be considered in the rest of study. 

 

 

Figure 3-1: a) the loaded FRP laminate with the middle ply under transverse compression, b) simplified model in 
2D 

 

Fixed crack modeling 

Upon damage initiation, it is assumed that a planar equivalent crack with fixed 

orientation is generated in the damaged area of the material. The assumption is 

physically reasonable since the crack propagation in a very thin ply is not of interest 

and computationally efficient due to the fact that the crack orientation is not evaluated 

at every loading step.  

The stresses and strains on the crack plane can be computed by transformation of the 

global stresses and strains into the local ones complying with the local coordinate 

system aligned with the fracture plane, as is shown in Figure 2-5. As a result, the 

traction vector on the crack plane is computed, and then, the constitutive law including 

the damage and friction is constructed to enable the calculation for the cohesive traction 
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on the crack interface. This cohesive traction is then used to resolve back into the global 

stress, and consequently, the global strains can be computed. 

 

Transformation from global to local coordinates 

The transformation of the stresses and strains between global and local coordinates is 

conducted by means of a transformation matrix as defined in Equation (6). As a result, 

the local stresses and strains can be computed as in Equation (5). Further, the traction 

vector and the corresponding strain vector in plane strain condition are then defined as: 

 
𝛔𝒏𝒕 ∙ 𝐧 = ( 𝜎𝑛     𝜏𝑡 )

𝑇 

𝛆𝒏𝒕 ∙ 𝐧 = (휀𝑛     𝛾𝑡 )
𝑇 

(32) 

where 𝛔𝒏𝒕 and 𝛆𝒏𝒕 are 2 × 2 stress and strain matrices respectively, and 𝐧 = (1   0)𝑇 in 

the local 2D coordinate system. 

 

Damage initiation criterion 

The failure mode for a matrix under transverse compression is the sliding failure mode 

dominated by shear stresses. Therefore, only the shearing component of the traction 

computed in Equation (32) is used in the damage initiation criterion, which is defined 

as: 

 𝑓(𝛼) = max
𝛼𝜖[0,

𝜋
2
]
|
𝜏𝑡
𝑆𝑡
| (33) 

where 𝑆𝑡  is the shear strength of the material. The fracture initiation factor 𝑓  is 

calculated for a range of possible fracture angles 𝛼, where the crack initiates once the 

shear stress reaches 𝑆𝑡 and the fracture plane angle corresponds to the angle in which 𝑓 

is maximum. Furthermore, the stress-strain relation does no longer follow Hooke’s law 

and is described by Equation (4) instead, where 𝑑 only affects the tangential stiffness 

𝐺 in the current work, as the cracks are closed under compression and do not degrade 

the material normal stiffness. 

Damage evolution 

Upon damage initiation, the damage variable is computed as a function of the shear 

strains 𝛾𝑡 as: 

 𝑑 = 1 −
𝛾0
𝛾
𝑡

(
𝛾
𝑓
− 𝛾

𝑡

𝛾
𝑓
− 𝛾

0

) (34) 

where 𝛾0 corresponds to the shear strain at damage initiation and 𝛾𝑓  is the shear strain 

at the fracture point and is calculated in the similar way as in Equation (18), where for 

the sliding failure mode (mode II), is justified as: 
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 𝛾𝑓 = 2
(𝐺𝐼𝐼𝑐/𝑙𝑐)

𝜏0
 (35) 

where 𝑙𝑐 is the characteristic length computed as in Equation (19) to adjust the fracture 

energy to the element size and the angle of the fracture plane. 

 

Combining damage and friction 

Usually, micro-cracks generated under tensile loading are assumed to be traction free. 

However, under compression the cracks are closed and able to carry load. In this thesis, 

the frictional effects due to the sliding of the interfaces of the closed cracks are also 

taken into account as proposed by Gutkin & Pinho in [7]. Therefore, the model is 

described as: 

 𝛔𝒏𝒕 = [
𝜎𝑛

(1 − 𝑑)𝜏𝑡
] + [

0

𝑑 ∙ 𝜏𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛
] (36) 

where 𝑑 is the damage variable. It is worth mentioning that in this model, for a fully 

damaged material  𝑑 = 1, only the friction term remains. The friction term for the 

sliding case can be expressed based on Coulomb law as: 

 𝜏𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = {
𝐺(𝛾 − 𝛾

𝑠
)     𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑠𝑙𝑖𝑑𝑖𝑛𝑔

−𝜇𝜎𝑛            𝑤𝑖𝑡ℎ 𝑠𝑙𝑖𝑑𝑖𝑛𝑔
 (37) 

where 𝛾𝑠 is the sliding shear strain, 𝛾 is the total shear strain, 𝜇 is the friction coefficient 

in sliding direction, and the contact stiffness in sliding direction is assumed to be similar 

as the shear modulus 𝐺. 

 

Sliding criterion 

To identify the sliding initiation, a sliding criterion 𝜙 is defined as: 

 𝜙 = ‖𝜏𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛‖ + 𝜇(𝜎𝑛 − 𝑝0) (38) 

where 𝑝0 is introduced to take into account the internal pressure e.g. residual stresses, 

and sliding occurs if 𝜙 is greater than zero. 

Upon sliding, the sliding strain 𝛾𝑠 is altered by the sliding increment and computed as 

follows: 
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 𝛾�̇� = �̇�
𝜕𝜙

𝜕𝜏𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛
= �̇� (39) 

with �̇� = (
𝜙

𝐺
) (40) 

 

Finite element implementation 

The FE implementation is done by integrating the global stresses incrementally over a 

sequence of time steps with strain and displacement stepping for the smeared crack 

approach and the XFEM approach respectively. The global stresses are transferred to 

the local coordinates corresponding to a range of possible fracture planes to assess 

damage initiation in the material based on the selected damage initiation criterion. Upon 

damage initiation, a crack with the fixed orientation is assumed to be generated inside 

the material. Later the damage variable is computed and taken into account which 

results in a reduction in the material stiffness as well as the local stresses. Moreover, 

the tangential component of the stress is used to check for sliding, where in case of 

sliding, the frictional stresses need to be corrected. Finally, the local stresses are 

transferred back into the global stresses. The XFEM implementation, as a discrete 

method, utilizes the same procedure as above-mentioned. However, instead of strains 

to drive damage growth, relative discontinuity jumps are considered at the crack 

shearing direction through a cohesive zone model using a traction-separation law. 

The implemented algorithm is presented briefly as: 

1. Initial conditions 

 (𝜺𝒏, ∆𝜺𝒏+𝟏, 𝑓𝑛 , 𝑑𝑛 , 𝛾𝑠,𝑛)  (41) 

2. Update strain and stress predictor 

 
𝜺𝒏+𝟏 = 𝜺𝒏 + ∆𝜺𝒏+𝟏 

𝝈𝒏+𝟏 = 𝐂 ∙ 𝜺𝒏+𝟏 
(42) 

3. Failure index and check damage initiation 
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𝛔𝒏+𝟏
𝒏𝒕 ∙ 𝐧 = (𝐓 ∙  𝛔𝐧+𝟏

𝐱𝐲
) ∙ 𝐧 

𝑓𝑛+1(𝛼) = max
𝛼𝜖[0,

𝜋
2
]
|
𝜏𝑡
𝑆𝑡
|      ,   𝛼 𝜖 [0 ; 90] 

𝑓𝑛+1 = {

𝑓𝑛             if    𝑓𝑛+1 ≤ 𝑓𝑛
𝑓𝑛+1         if    𝑓𝑛+1 > 𝑓𝑛
1              if    𝑓𝑛+1 ≥ 1

 

(43) 

4. Damage variable and corrector 

 

𝑑 = 1 −
𝛾0

𝛾𝑡,𝑛+1
(
𝛾𝑓 − 𝛾𝑡,𝑛+1
𝛾𝑓 − 𝛾0

) 

𝑑𝑛+1 = {

𝑑𝑛             if    𝑑𝑛+1 ≤ 𝑑𝑛
𝑑𝑛+1         if    𝑑𝑛+1 > 𝑑𝑛
1              if    𝑑𝑛+1 ≥ 1

 

𝛔𝒏+𝟏
𝒏𝒕 = 𝐊 𝛆𝐧+𝟏

𝐱𝐲
 

with 𝐊 = [ 
𝐸             0       

0     (1 − 𝑑)𝐺
 ] 

(44) 

5. Frictional stress prediction 

 𝜏𝑛+1
𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛

= 𝐺(𝛾𝑛+1 − 𝛾𝑠,𝑛) (45) 

6. Check sliding 

 𝜙 = ‖𝜏𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛‖ + 𝜇(𝜎𝑛 − 𝑝0) (46) 

7. Frictional stress corrector 

 

�̇� = (
𝜙

𝐺
) 

휀𝑠,𝑛+1 = 휀𝑠,𝑛 + �̇�𝑛+1∆𝑡 

𝜏𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = −𝜇(𝜎𝑛 − 𝑝0) 

𝛔𝒏+𝟏
𝒏𝒕 = 𝛔𝒏+𝟏

𝒏𝒕 + [
0

𝑑𝑛+1τ𝑛+1
𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛] 

 

(47) 

8. Return stress to the global axis as in (6). 
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Material properties 

The material properties used in the current study are the same as the material properties 

tested in Swerea/SICOMP. These properties are listed in Table 1. [7] 

 

Table 1: Material properties of T700/MTM57 

Longitudinal elastic modulus 𝐸11 [𝐺𝑃𝑎] 128 

Transverse elastic modulus 𝐸22 [𝐺𝑃𝑎] 7.9 

Shearing modulus 𝐺12 [𝐺𝑃𝑎] 3 

Poisson’s ratios 𝜈12 0.3 

Poisson’s ratios 𝜈23 0.4 

Fracture Toughness of the material 𝐺𝐼𝐼𝑐  [𝐾𝐽/𝑚
2] 2 

Internal pressure in transverse direction 𝑃𝑂𝑡  [𝑀𝑃𝑎] 30 

Shear strengths 𝑆𝑡  [𝑀𝑃𝑎] 60 

Friction coefficient 𝜇𝑡  0.3 

Density [𝐾𝑔/𝑚𝑚3] 1.6 e-6 
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3.2 Smeared crack model implementation in 

Abaqus/Explicit 

There are three main analysis products in Abaqus such as Abaqus/Standard, 

Abaqus/Explicit, and Abaqus/CFD. Abaqus/Standard solves the problems implicitly 

and is used for a wide range of problems of any type. For quasi-static cases, 

Abaqus/standard is usually used for the problems including time-dependent material 

properties e.g. creep. However, Abaqus/Explicit solves the problems explicitly and is 

able to solve quasi-static problems as well as dynamic problems. It solves the problems 

with very small time increments without solving the coupled system of equations in 

each increment. For large models, it requires less system resources in comparison with 

Abaqus/Standard and is more efficient in highly non-linear problems. Finally, 

Abaqus/CFD is used to computationally solve the fluid dynamic related problems. [29] 

Considering the above mentioned descriptions and underlying assumptions for the case 

of interest in the current work, Abaqus/Explicit is selected to be used. In the following 

sections the procedures to set up the models in Abaqus/Explicit are explained. 

Conventionally, the smeared crack model has been utilized to capture matrix cracks 

effects on the material stiffness. A case is modeled within Abaqus/Explicit based on the 

framework presented in Section 3.1. To do so, the subroutine developed by 

Swerea/SICOMP is used as the solver to take into accounts both friction and the 

damage. A mesh study is carried out for three different mesh sizes for two cases, where 

in one case the damage is combined with the friction and in the other case the friction 

is neglected. Furthermore, an element type study is conducted to evaluate which 

element type is the most compatible with the smeared crack approach. 

 

3.2.1 Model setup 

To setup a model in Abaqus the following standard steps need to be taken: 

 Create the part and assign the material parameters 

 Define the loading steps and analysis type 

 Define loads and boundary conditions 

 Mesh the model 

 Solve for the sought results 

 

Geometry and property 

The first step of modeling is creating the geometry of the part. Considering the loading 

condition, fibers direction, and physical dimensions of the specimen, it can be assumed 

that plane-strain condition is valid for the model and the material is assumed 

transversally isotropic i.e. 𝐸22 = 𝐸33 . Therefore, a 3D, deformable, homogenous solid 

part under plane-strain condition is created. Furthermore, in order to reduce the 

influence of the supports on the damage initiation position and to be able to capture the 

crack angle properly, the part is designed as a rectangular cube as is shown in Figure 

3-2. However, to avoid buckling instability problems, the length of the part is designed 

to be at most three times higher than the thickness of each ply i.e. the in-plane 

dimensions of the part are defined as 𝐿 = 0.6 𝑚𝑚, 𝑡 = 0.2 𝑚𝑚. 
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Note that in this model fibers are aligned with the axis 1 of the local coordinate system 

and 𝑋 axis of the global coordinate system. 

 

 

Figure 3-2: Created part in Abaqus including the boundary conditions, global coordinate system XYZ and local 
coordinate system 123 

 

The assigned material properties to the created geometry are the same material 

properties as listed in Table 1. 

 

Step 

Analysis type and related parameters are defined in the module step. In this specific 

case, explicit dynamic excluding non-linear geometry effects (NLGEOM OFF) is 

selected. The number of time increments for the analysis is selected large enough in 

order to keep the inertial effects negligible and the simulation quasi-static, to have a fair 

comparison with the XFEM simulation. Also, the analysis field outputs such as forces, 

displacements, etc. and history outputs such as artificial, kinetic, and strain energies, 

etc. are requested to be recorded during the analysis for post processing consideration 

and assessment of the assumed assumptions trueness. 

 

Loads and boundary conditions 

The displacements in 𝑌 direction on the bottom face of the model are prevented, and 

the upper face is subjected to the prescribed uniform displacement in the −𝑌 direction. 

Also all degrees of freedom for one of the corners on the bottom face are locked to 

avoid rigid body motions of the model during the simulation, and the degrees of 

freedom for the nodes on the back face of the part are locked in 𝑋 direction to keep the 

model in-plane during the loading process, see Figure 3-2. 
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Mesh 

The created part is meshed by 8-node linear brick continuum elements with reduced 

integration points named as C3D8R, as Gutkin & Pinho in [7] applied this element in 

their finite element model. This element suits the uniform shape of the created 

geometry, and has better convergence rate and less sensitivity of brick/quadrilateral 

elements in regular meshes than triangular elements to the mesh orientation. Also the 

first order triangular elements are so stiff and mesh needs to be very fine to achieve 

acceptable accuracy [29].  

In conjunction with XFEM, for comparison purposes, a mesh study is conducted by 

three different mesh sizes. At first, the model is analyzed with one element per ply 

thickness i.e. 𝑙𝑒𝑙𝑒𝑚 = 0.2 𝑚𝑚. In this case a cubic element is used to avoid buckling 

instability problems. Furthermore, the models with 4 and 6 elements per ply with 

element size of 0.05  and 0.033 𝑚𝑚 respectively are considered, see Figure 3-3.  

 

 

Figure 3-3: Models with a) 1 element, b) 4 element, c) 6 element through the thickness 

 

Solver 

In the module job, one can choose to use Abaqus built in solvers or introduce a self-

developed subroutine file as a solver for specific solutions. In this thesis, the material 

model developed and implemented by Swerea/SICOMP in a FORTRAN user 

subroutine is used to combine the damage with friction and capture stiffness softening 

based on the bi-linear cohesive law as described in Section 2.2. 

 

3.2.2 Validation 

In order to validate Abaqus simulation results for the model of interest in this thesis, 

artificial energy and hourglassing, kinetic energy and dynamic effects for all mesh sizes 

are monitored. 

 

Artificial energy and hourglassing 
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Artificial energy is an unreal energy that is required to keep the shape of the elements 

physically reasonable and avoid hourglassing during the simulation. In general, 

hourglassing may occur in the models with linear 3D solid elements with reduced 

integration points such as C3D8R. Since they have only one integration point, they may 

deform in such a way that the strain of the element remains zero, as can be seen in 

Figure 3-5, where none of the dotted lines are elongated or tilted while the element is 

deformed. As a consequence, all the stress components in this element are zero and the 

computed strain energy for such a deformation can be zero, and this causes error in the 

stress-strain diagram. One way of diagnosis of hourglassing is to look at the ratio 

between the artificial energy and the strain energy curve. For a reliable analysis, this 

ratio should not exceed 5%.  

 

 

Figure 3-4: A deformed mesh with hourglassing  

 

 

Figure 3-5: Deformed and undeformed linear element with reduced integration points in bending [29] 

 

There are different treatments to reduce or remove hourglassing such as mesh 

refinement and distributing the point loads and boundary conditions on more number 

of nodes, using fully integrated elements instead of reduced ones, and adding artificial 

stiffness to the hourglassed elements in static or quasi-static problems. One way of 

adding artificial stiffness is to use enhanced hourglass control C3D8R elements, in 

which the stiffness coefficients are based on the enhanced strain method. [29] These 

elements give more accurate stress-strain results and typically generate stiffer responses 

in comparison with the default hourglass controlled elements.  

To evaluate the effectiveness of the smeared crack approach, an element type study is 

conducted. Therefore, the problem is modeled with enhanced hourglass controlled and 

the default hourglass controlled C3D8R elements with one integration point and fully 

integrated elements C3D8I consisting of 8 integration points. The results are presented 

in Section 3.3. 

 

Kinetic energy and dynamic effects 
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The kinetic energy for the model throughout the simulation is monitored and must be 

less than 10% of the strain energy in order to satisfy the quasi-static assumption [7]. 

 

Mesh study 

A mesh study for different mesh sizes with one and more elements through the ply 

thickness is done to investigate the effect of mesh refinement in testing the limit of the 

smeared crack approach in comparison to the XFEM approach. For each case, the 

normal stress-strain curve together with the artificial energy-strain energy ratio are 

plotted and considered. To do so, the reaction forces on the top face nodes are summed 

up and divided by the area subjected to the load. 

 

3.3 XFEM implementation in MATLAB 

The case study of a matrix cracking in a unidirectional FRP ply under transverse 

compression is implemented in 2D using MATLAB. In order to apply a cohesive 

traction-separation law with XFEM, the previous framework described in Section 3.1 

is reformulated, where the traction evolution is defined in terms of normal and 

tangential displacement jumps, rather than strains.  

 

3.3.1 XFEM scheme/model  

The local enrichment XFEM scheme utilized in this thesis includes the following: 

 Shifted sign function for enrichment terms to simulate strong 

discontinuities, where the apparent difficulties with blending elements in 

discrete models, as described previously in Section 2.4.2.3, vanishes with this 

choice of approach, as no extra consideration has to be employed. 

 

 Non-linear cohesive traction model, based on Gutkin & Pinho in [7], for 

compressive matrix cracking coupling damage and friction, with friction as the 

key contributor of the non-linear response.  

 

 Traction-separation law with linear softening¸ in compliance with the non-

linear cohesive traction model, to describe progressive damage to predict the 

failure of the ply structure.  

 

 Fixed crack model, where once the discontinuity and crack angle are identified 

and implemented, they remain fixed and the plane of orientation do not change. 

 

 Numerical integration, the elements of choice are squares with quadrilateral 

subdomains for elements containing discontinuities, with the order of 2x2 Gauss 

integration points. Likewise, for the discontinuity line segments that cuts 

through the domain. 

 

 Newton’s method, as the choice of iteration scheme. For XFEM, this requires 

the linearization of the internal forces and the derivation of the cohesive tangent 

stiffness, expressed by the rate of change for the displacement jump in both 
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normal and tangential directions, to be later expressed and added to the residual 

out-of-balance force vector and the Jacobian stiffness matrix.   

 

3.3.2 XFEM procedure  

The XFEM implementation procedure entails the classical standard FE numerical 

implementations and additional necessary functions related to discontinuity modeling, 

damage evolution and traction-separation law.  

The evaluation of the stresses in the domain is performed incrementally by stepping in 

a constant displacement for each time step. The constitutive behavior of the domain is 

assumed to follow Hooke’s law with linear elastic and transversely isotropic behavior 

under the plane strain assumption.  

To relate the damage evolution to the displacement jumps, the strains 𝛾0 and 𝛾𝑓 , are 

reformulated in relation to displacement jumps to 𝛿0 and 𝛿𝑓 instead, where the damage 

variable is then expressed by displacement jumps in both material properties and the 

updated value for the current time step.  

The parameters 𝑘𝑁 and 𝑘𝑇 are material properties that represents the stiffness across 

the discontinuity in normal and transverse shearing directions. With the XFEM 

implementation, the stiffness of the coinciding interfaces is dependent on a traction-

separation law, which in turn is expressed by the stiffness parameters of 𝑘𝑁 and 𝑘𝑇.  

Thus, an increase in these parameters equals an increase in the total stiffness of the 

cohesive zone model, where converged stiffness’s across the discontinuity are used in 

order to properly capture the crack shearing behavior. 

 

The procedure of the XFEM implementation 

1) The building of a constitutive matrix for the global domain that is able to include 

enriched degrees of freedom when a nodal subset of the domain is enriched.  

 

2) Constructing and updating boundary conditions of the domain before and after 

damage initiation: When enriching the discontinuous elements additional 

degrees of freedom are added into the approximation space, which require 

adjustments after finding fracture plane.  

 

3) Increment loading per time step to estimate local stress tensors and check for 

damage initiation by evaluating a chosen set of test angles consisting of 15° 
increments from 0° to 90°. Upon each time step, damage initiation is evaluated 

at the middle element as the crack is assumed to initiate at the middle of the 

domain. 

 

4) Upon damage initiation, the description of the crack constructed through a level-

set function, and a fixed-crack model is implemented with the angle that resulted 

in the highest failure index, following the damage initiation criterion in 

Equation (33). 

 

5) Evaluate the damage variable according to Equation (34), but defined by the 

displacement jumps rather than strains, as the following: 
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𝑑 = 1 −
𝛿0
𝛿𝑡,𝑛+1

(
𝛿𝑓 − 𝛿𝑡,𝑛+1
𝛿𝑓 − 𝛿0

) 

𝑑𝑛+1 = {

𝑑𝑛             if    𝑑𝑛+1 ≤ 𝑑𝑛
𝑑𝑛+1         if    𝑑𝑛+1 > 𝑑𝑛
1              if    𝑑𝑛+1 ≥ 1

 

(48) 

where 𝛿𝑡 is the transverse discontinuous jump that drives the damage evolution, 

in conjunction with 𝛿0 and 𝛿𝑓 representing the discontinuous jump required for 

damage initiation and complete failure, respectively. Complete failure is 

achieved when 𝑑 = 1. 

 

6) Evaluate the traction based on linear softening traction-separation law and the 

current damage of the time step.  

 

𝐭𝒏+𝟏
𝒏𝒕 = 𝐊 𝛅𝐧+𝟏

𝐧𝐭  

𝐊 = [ 
𝑘𝑁              0       

0     (1 − 𝑑)𝑘𝑇
 ] 

(49) 

7) Evaluate predictor for frictional stress similar, to Equation (45): 

𝜏𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = (1 − 𝑑)𝑘𝑇(𝛿𝑇 − 𝛿𝑆) (50) 

8) Check for sliding with the following criterion: 

𝜙
𝑛+1

= ‖𝜏𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛‖+ 𝜇(𝑘𝑁𝛿𝑁 − 𝑝0) (51) 

9) Frictional stress corrector: If sliding occurs, correct the frictional contributions 

in traction and cohesive tangent stiffness. Update the sliding displacement jump 

𝛿𝑠 after convergence for current time step, and use as input for the frictional 

stress predictor in next time step.  
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�̇� = (
𝜙𝑛+1
𝑘𝑇

) 

𝛿𝑠,𝑛+1 = 𝛿𝑠,𝑛 + �̇�𝑛+1∆𝑡 

𝜏𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = −𝜇(𝑘𝑁𝛿𝑁 − 𝑝0) 

𝐭𝒏+𝟏
𝒏𝒕 = 𝐭𝒏+𝟏

𝒏𝒕 + [
0

𝑑𝑛+1τ𝑛+1
𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛] 

(52) 

10) Transform using Equation (5) and return the tractions and cohesive tangent 

stiffness to the Newton iteration scheme.  
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4 Results 

4.1 Smeared crack approach results 

Stress-strain (S-E) curve for the model with one linear 3D solid element with reduced 

integration points (C3D8R) excluding non-linear geometry effects per ply thickness is 

presented in Figure 4-1. The orange curve represents the case with combined damage 

with friction and the blue curve corresponds to the frictionless case (indicated by 

“NoFr” suffix), which represents a linear stiffness softening as expected. It can be seen 

that the combined damage with friction case experiences a higher maximum stress level 

and dissipates more energy until final fracture, in comparison with frictionless case. 

Also, for the case where damage and friction are combined, the cracks are no longer 

traction free. Thus, a fully damaged element still can carry stress equivalent to the 

frictional stress on the crack interfaces. 

To assess the validity of the simulations, the artificial energy over the strain energy 

(AE/SE) curves are also plotted in Figure 4-1. However, they remain zero through the 

entire simulations since there is no hourglassing effect, and consequently, no rise in 

artificial energy.  

 

Figure 4-1: Stress-strain and artificial energy over strain energy curves for the mesh with 1 element per ply for 
frictionless case and the case with combined damage and friction  

The mesh deformation for the above mentioned cases is the same and shown in Figure 

4-2. As can be seen, the mesh with one element per ply cannot represent the crack angle 

and the wedge shape of the fully damaged elements successfully. Thus, in order to 

represent these effects, the mesh needs to be refined and the crack needs to be resolved. 

 

Figure 4-2: The deformation for the mesh with 1 element per ply for both frictionless and combined damage with 
friction cases 
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Figure 4-3 shows the S-E and AE/SE curves for the mesh with four C3D8R elements, 

excluding non-linear geometry effects, through the ply thickness for both the 

frictionless case and the case where damage and friction are combined. By having 

more elements per ply, hourglassing occurs in some elements and increases as the 

strain increase. Subsequently, the results become not reliable as AE/SE exceeds 5%. 

Since the cracks are assumed traction free in the frictionless case, the hourglassing 

increases much faster, which causes faster growth in artificial energy, and thus the 

results become unreliable in lower strain level in comparison to the other case.  

 

 

Figure 4-3: Stress-strain and artificial energy over strain energy curves for the mesh with 4 elements per ply for 
frictionless case and the case with combined damage and friction 

 

The mesh deformations of the above mentioned cases are presented in Figure 4-4 where 

the intact and damaged elements are indicated by blue and red color respectively. It is 

worth noticing that the crack angle is effectively captured, however, still the mesh is 

not able to represent the wedge shape of the fully damaged elements correctly. Also 

note that, adding friction to the crack interfaces causes additional damage to the 

adjacent elements close to the crack band. 

 

Figure 4-4: The deformation for the mesh with 4 elements per ply, the frictionless model (left) and the combined 
damage and friction model (right) 
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Figure 4-5 shows the S-E and AE/SE curves for the mesh with six C3D8R elements, 

excluding non-linear geometry effects, through the ply thickness for both the 

frictionless case and the case where damage and friction are combined. The 

corresponding deformations are presented in Figure 4-6. The same explanation as for 

the mesh with 4 elements per ply is also valid for the mesh with 6 elements per ply. 

 

 

Figure 4-5: Stress-strain and artificial energy over strain energy curves for the mesh with 6 elements per ply for 
frictionless case and the case with combined damage and friction 

 

 

Figure 4-6: The deformation for the mesh with 6 elements per ply, the frictionless model (left) and the combined 
damage and friction model (right) 
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The S-E curves for both frictionless and the case with combined damage and friction 

for 3 different mesh sizes with C3D8R elements excluding non-linear geometry effects 

are gathered in Figure 4-7. As can be seen, the model with one element per ply can 

present the entire material response without any instability or oscillation, and the results 

are reliable since the artificial energy remains negligible for the entire simulation. 

However, the models with more than one elements per ply show non-smooth responses 

and the results become unreliable quite soon as the AE/SE exceeds 5%. 

 

 

Figure 4-7: Stress-strain curves for the models with 1, 4, and 6 elements per ply for both frictionless case and the 
case with combined damage and friction 
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As can be seen from Figure 4-8, the S-E curve for the mesh with C3D8R elements 

almost coincides on the mesh with fully integrated elements C3D8I up to a certain strain 

level, where the AE/SE exceeds 5% for the model with C3D8R elements and the risk 

of shear locking occurrence is increasing in C3D8I elements. The mesh with C3D8R 

elements with enhanced hourglass control shows stiffer response, and the damage is 

distributed in more elements than the other cases. In other words, the strain localization 

is not well captured in this case. It is worth noticing that the artificial energy for the 

model with fully integrated elements C3D8I is zero throughout the simulation since 

these elements are not suffering from hourglassing as expected. The corresponding 

deformations are presented in Figure 4-9.  

 

 

Figure 4-8: Stress-strain and artificial energy over strain energy curves for the mesh with 4 elements per ply 

 

 
Figure 4-9: Deformation of the mesh with a) C3D8R, b) C3D8I, c) C3D8R with enhanced hourglass controlled 
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Figure 4-10 illustrates the S-E curves and AE/SE curves for the cases where damage is 

combined with friction and the mesh with six C3D8R elements excluding non-linear 

geometry effects per ply with and without element deletion existence. The S-E curve 

for the case with element deletion (the solid orange curve) corresponds to the case in 

which elements are not deleted during the simulation (the solid green curve) up to a 

certain strain level. For the case including the element deletion, a row of completely 

damaged elements is deleted at the strain level of 0.054, which physically causes global 

sliding initiation. As a result of element deletion, the artificial energy tends to remain 

negligible and the stress level drops dramatically. At the same strain level, for the case 

without element deletion existence, the increase of hourglassing in the damaged 

elements leads to a rise in artificial energy to keep the damaged elements in shape. As 

the strain increases higher artificial energy is needed, which results in AE/SE to exceed 

5% and results become unreliable. 

 

Figure 4-10: Stress-strain and artificial energy over strain energy curves for the cases with and without element 
deletion for the mesh with 6 elements per ply 

 

 

Figure 4-11: The deformation for the mesh with 6 elements per ply, No element deletion is included (left) and the 
case containing element deletion (right)  
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4.2 XFEM approach results 

Figure 4-12 illustrates the results from the MATLAB simulation for the XFEM 

approach with one quadrilateral element per ply thickness, and the results from the 

Abaqus/Explicit simulation for the smeared crack approach, with one C3D8R element 

per ply thickness excluding non-linear geometry. The damage is initiated at the peak 

load based on the damage initiation criterion defined in Equation (43), where the stress 

at the fracture plane reaches the strength of the material for the corresponding failure 

mode. Note that the stress-strain curves of both approaches are identical. However, the 

damage in the XFEM approach is growing much faster than the smeared crack 

approach, and almost more than 60% of the material is damaged in the first increment 

after damage initiation.  

 

Figure 4-12: Stress-strain and damage evolution curves for the XFEM and the smeared crack approach for 
frictionless case with the mesh with 1 element per ply thickness 

 

Figure 4-13 shows the results for the case where damage and friction are combined for 

the XFEM approach with one quadrilateral element per ply thickness, and the 

Abaqus/Explicit simulation for the smeared crack approach, with one C3D8R element 

per ply thickness excluding non-linear geometry. It is worth noticing the difference in 

the peak loads, damage evolutions, and the damage initiation point corresponding to 

the strain level equal to 0.015, where the material response starts to deviate from linear 

behavior due to the added frictional contribution on the crack interfaces.  
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Figure 4-13: Stress-strain and damage evolution curves for the XFEM and the smeared crack approach for the 
combined damage and friction case with the mesh with 1 element per ply thickness 

 

Results from a mesh study results for the XFEM approach for the frictionless case and 

the combined damage with friction case are plotted in Figure 4-14, Figure 4-15 

respectively. As can be seen, the mesh convergence in the XFEM approach is 

successfully achieved for both cases.  

 

 

Figure 4-14: Mesh convergence for the XFEM approach for different number of elements per ply thickness for 

frictionless case 
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Figure 4-15: Mesh convergence for the XFEM approach for different number of elements per ply thickness for the 

combined damage and friction  

 

Mesh deformations for the XFEM approach with different mesh sizes are shown in 

Figure 4-16. As can be seen, unlike the standard FEM, the mesh does not require to be 

aligned with the crack orientation. In addition, a detailed geometrical representation of 

the transverse deformation, forming a distinct wedge, is observed.  

 

 

 

Figure 4-16: Mesh deformation for the XFEM approach for 1, 4, and 6 elements per ply thickness 
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5 Discussion 

Choice of element types and element deletion 

The comparison between different linear brick elements illustrated in Figure 4-8 

indicates that the numerical prediction from cases with C3D8R and C3D8I elements 

are nearly indistinguishable up to the strain level of 0.06, which corresponds to the point 

where hourglassing causes the artificial energy over strain energy to exceed 5%. 

Thereafter, the results of reduced integration elements are considered not reliable and 

the predictions begin to deviate from each other. Fully integrated elements do not suffer 

from hourglassing, but with the use of more integration points, several similar or 

different fracture planes may be predicted in each element that could cause element 

locking. In addition, the deformations between C3D8R and C3D8I demonstrates no 

major difference, see Figure 4-9, but fully integrated elements require significantly 

more computational resources. For the case of C3D8R with enhanced hourglass control, 

the stress-strain curve shows a much stiffer response in comparison to the other cases. 

This indicates that the elements in the ply are more constrained; subsequently this leads 

to an unrealistic single ply response where the strain localization is not adequately 

captured, see Figure 4-9. From Figure 4-7 it is seen that using one C3D8R element 

through the ply thickness excluding non-linear geometry effects can predict the 

complete material response without hourglassing effect.  

Element deletion occurs when an element is fully damaged i.e. the damage variable is 

equal to one. The element deletion is initiated and propagated as illustrated in Figure 

4-10, where a row of elements is deleted during the same load step, which causes the 

total and immediate stress drop. For the peak load estimation, the simulation including 

element deletion provides sufficient results. However, it does not predict the remaining 

material response and is therefore not suitable for the case of matrix cracks in 

compression.  

Mesh discretization and deformations of the approaches 

 

Comparing the results shown in Figure 4-7 and Figure 4-14, it is seen that the mesh 

convergence is achieved with the XFEM approach, whilst the smeared crack approach 

does not exhibit the property of mesh objectivity. The results show that as the crack is 

further resolved, i.e. the number of elements through the ply thickness is increased, the 

peak load predictions differ and instability through oscillations increases. In general, 

the smeared approach is considered mesh objective, as it is mesh independent for in-

plane mesh refinements as described in Section 2.3.2. However, for comparison 

purposes with XFEM, the mesh is refined through the ply thickness and the limits of 

the theory behind the smeared crack approach are evaluated. As the results show, the 

smeared crack approach is able to predict the material response without oscillations and 

issues with hourglassing when the mesh discretization is one C3D8R element per ply 

excluding non-linear geometry effects. On the other hand, the XFEM results for 

different mesh discretization are identical, which indicates the XFEM to be mesh 

objective, and is able to resolve the crack. 

One key aspect of matrix cracks formed under transverse compression, is the forming 

of a wedge that can initiate and drive delamination growth. From Figure 4-16, the 

XFEM transverse deformation successfully generates a detailed geometrical 

representation of a distinct wedge. The smeared crack approach however, comparing 
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the deformations for different mesh discretization illustrated in Figure 4-2 and Figure 

4-6, shows difficulties in capturing shearing deformations as the crack is smeared over 

the entire damaged elements. Yet, more elements through ply thickness does indicate 

that the smeared approach could geometrically represent a deformation resembling a 

wedge. However, increased hourglassing, and subsequently, high artificial energy 

makes the simulation unreliable quite soon after the peak load. 

Peak load predictions and damage evolutions 

The results of the frictionless cases for the XFEM and the smeared crack approach are 

illustrated for one element per ply in Figure 4-12. Although the damage evolutions are 

drastically different, both approaches exhibit near identical predictions in the bilinear 

material response. The differences in damage evolution can largely be attributed to the 

differing kinematics of the two approaches. For the smeared crack approach, the 

damage evolution is driven by the shearing strain along the crack surface, as stated in 

Equation (34), and grows more gradually due to kinematical constraints by the bulk 

behavior in the domain. In contrast, XFEM explicitly describes kinematics at the crack 

interface through a cohesive zone model, where the damage evolution is instead driven 

by the displacement jump in the shearing crack direction, as illustrated in Equation (48). 

The shearing displacement jump at the crack then causes failure and damage to localize 

and grow more rapidly. Both approaches ultimately succeed in predicting the same 

material degradation and energy dissipation regardless of the differences in the damage 

evolutions. 

Comparing the results from the XFEM and the smeared crack approach for the cases 

where frictional effects are included, illustrated for one element per ply in Figure 4-13, 

the predicted peak load by the XFEM is approximately 20% higher than that of the 

smeared crack approach. However, with the increase of elements through the ply 

thickness, the peak load prediction of the smeared crack approach increases and is then 

more similar to that of the XFEM, see Figure 4-7 and Figure 4-13. Regardless, the 

difference in peak load predictions between the XFEM and the smeared crack approach 

is mainly due to the differences in damage evolutions, where XFEM exhibits an 

accelerated increase in damage as illustrated in Figure 4-13. Considering the fact that 

the frictional forces acting on a crack surface are directly proportional to the damage 

variable, an accelerated damage evolution exhibited by XFEM results in more frictional 

contributions added to the crack traction in comparison to the smeared crack approach, 

which ultimately raises the maximum stress level.  
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6 Conclusion 

Modeling of matrix cracks in FRP laminates under transverse compression has been 

conducted by two approaches known as: the XFEM approach (a discrete crack model) 

and the smeared crack approach (a continuum crack model). The material model 

developed by Gutkin & Pinho in [7] is implemented to represent the material 

degradation, in which the damage development is coupled with the friction acting on 

the generated crack interfaces.  

The pure study of the element types shows that one linear brick element (C3D8R) with 

reduced integration scheme, without element deletion and non-linear geometry effects, 

effectively predicts the material response. This significantly requires lower 

computational effort than fully integrated elements without experiencing element 

locking or hourglassing, and is therefore recommended for Abaqus/Explicit 

implementation of the smeared crack model in a FRP ply under pure compressive 

loading. 

The mesh refinement study through the thickness of the ply indicates that XFEM is able 

to resolve the crack effectively and provides unique results regardless of mesh 

discretization. The XFEM approach is thus mesh objective. The smeared crack 

approach successfully predicts the material response with one element per ply, but 

shows different peak load predictions and instabilities as the crack is further resolved 

through mesh refinement. However, considering the fact that the investigation of 

failures in composite plies is normally conducted on the meso-scale, i.e. ply thickness 

scale, both approaches with a mesh including only one element per ply are able to 

produce adequate results. 

The results of the frictionless cases comparison when the mesh discretization is one 

element through the ply thickness indicate that while the damage evolution is 

significantly different in the XFEM and the smeared crack approach due to differing 

kinematics, they both predict a near identical material linear stiffness softening and 

energy dissipation during the damage process effectively.  

For the case where damage is combined with the frictional effects, the XFEM approach 

predicts the peak load approximately 20% higher than the smeared crack approach with 

the mesh consisting of one C3D8R element per ply. The difference is a result from the 

XFEM having an accelerated damage evolution, which is then directly proportional to 

the predicted frictional contribution.  Consequently, a higher frictional contribution is 

added to the crack traction upon damage initiation in the XFEM approach which leads 

to the higher maximum stress level in the material. 

The deformations of the both approaches indicate that the smeared crack approach 

requires more elements through the ply thickness to represent a geometry resembling a 

wedge. The XFEM approach however, successfully predicts the geometrical 

representation of matrix cracks formed under transverse compression that results in a 

distinct wedge, regardless of mesh discretization, which is of interest for further studies 

on FRP laminate failures concerning delamination, crack propagation and crack 

migration. 
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7 Future works 

Explicit modeling of cracks in the XFEM approach facilitates further investigation on 

failures in composite laminates. To examine any benefits of a more detailed description 

of ply cracks, the prediction capabilities of the smeared crack and the XFEM 

approaches should be further evaluated. For this purpose, several possible comparisons 

could prove to be of interest: 

Assess the predictions from both methods involving the mechanics of delamination in 

a composite laminate. The smeared crack approach, being a continuum material model, 

shows difficulties in capturing the geometrical wedge effect in matrix cracks which is 

of interest when considering delamination crack initiation. However, by utilizing the 

explicit crack description of XFEM, this interaction can be more properly captured 

where XFEM is proven to properly produce a detailed geometrical representation of the 

wedge. The development of additional cohesive zone models between plies to account 

for inter-laminar effects between the wedge and adjacent plies, and can prove to be 

valuable when predicting crack propagation, crack migration and progressive failure in 

composite laminates, as the better kinematics offered by XFEM should provide a better 

representation of the processes. 

To further relate the study to continued research within applications such as crash, the 

modeling work done needs to be extended by including non-linear geometrical effects 

with large strains and rotations. 

The extended finite element method is constructed and implemented in a 2D model 

through MATLAB. It would be of further interest to extrapolate and apply the method 

in 3D, as well as to evaluate additional failure mode predictions in comparison to the 

smeared crack approach, in order to increase the robustness of the model and the 

applicability of the method.  
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