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Abstract
This thesis work is a part of a collaboration project between three Swedish WEC
developers - Ocean Harvesting Technologies (OHT), CorPower Ocean (CPO) and
Waves4Power (W4P) - with grant support from the Swedish Energy Agency. The
collaboration project consists of the system design and development of wave energy
systems that combine buoy technology from CorPower and Waves4Power and col-
lection and power smoothing technology from OHT. In this thesis, an algorithm
is developed to generate dynamic model for a hydraulic collection system with any
topology. The generated hydraulic collection system model is integrated with OHT’s
gravity-based accumulator model and with hydrodynamic models of wave energy
converters obtained from CPO and W4P in order to understand the potential ben-
efits of replacing power smoothing and electricity generation in the buoys with a
system where buoys instead transfer captured energy via a hydraulic connection
to the hub system for centralized smoothing with the OHT’s gravity storage and
conversion to electricity. Moreover, a preview-based discrete-step damping force
control strategy is implemented to improve the power capture performance of wave
energy converters. The simulation results with the new control strategies and OHT’s
hydraulic collection system are compared against results obtained from standalone
buoys with electrical power collection. Furthermore, a simple state machine and a
controller is implemented to show the capability of the gravity storage to provide
ancillary services like frequency control to the grid to increase the revenues from
the plant. Finally, a test rig was built and a HIL simulation environment is set up
to demonstrate the working principle of the OHT’s collection system with gravity
storage and central conversion to electricity in combination with simulated buoys
from CorPower and Waves4Power and to validate the developed models.

Keywords: wave energy converter, model predictive control, hydraulic collection,
power smoothing, energy storage, time shifting, constant damping, lump-parametric
modelling, multi-pump control, corpower, waves4power, ocean harvesting, scaling
rules, graph theory, ancillary services,
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1
Introduction

1.1 Introduction

Ocean waves provide enormous energy potential that outweighs the energy potential
of any other renewable energy resource. It is expected that once wave energy estab-
lishes as a mature industry, it will provide the biggest contribution to the solution
of the world’s energy problem. Wave energy has been studied since 70’s and a lot
of wave energy converter concepts have been invented and developed. However, due
to the multidisciplinary complex nature of developing an economically viable solu-
tion to harvest this resource, so far none of these concepts has proven to be a good
enough solution. Therefore, the potential of wave energy remains still untapped.
One of the main reasons for the lack of proliferation of wave energy is that harness-
ing the irregular reciprocating motion of the sea is not as straightforward as, for
example, extracting energy from the wind. The captured power from the waves is
greatly fluctuating with quite high peak to average ratio. Therefore, the machinery
needs to be sized in order to cope with the peaks in the input power. However,
increasing the size of components increases the capital expenditure and reduces the
capacity factor of the system, thus, making it an unattractive solution. In order to
decrease the cost of the system it is crucial that the power is smoothed efficiently
at an earlier stage in the transmission before converted to an electrical power. The
power smoothing technology needs to be implemented without compromising the
power capture performance of the wave energy converter. Therefore, smoothing the
mechanical power input to the generator at the same time as the damping force is
adjusted for every wave to maximize power capture is one of the main issues that
wave energy converter developers should face and provide good solutions to.
Moreover, increasing power quality and controllability to match power production
to demand is increasingly important with the growing mix of renewables into the
grid. Currently, the power production facilities get paid only for the quantity of
energy sold to the grid. However, in future this pricing policy is likely to be changed
to encourage also the quality and the controllability of the produced power. Power
generators that can follow precisely the demand are likely to be compensated with
a higher rate than the ones that cannot provide the same level of detail. Therefore,
in order to be competitive in future market, wave energy converter developers must
address the question of how to provide more control on the produced power.
It has been a well known fact that the wave energy converter must be in phase
with incoming waves since the very beginning of wave energy research, or said in
a different way, the natural frequency of the system must be close or equal to the
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1. Introduction

frequency of the waves in order to achieve optimal power absorption. However, due
to the fact that the frequency of the wave changes, it is necessary either to be able to
tune the natural frequency of the wave energy converter for each wave or to design a
system with a wide baseband that covers all the frequency range of the waves. Once
optimal phase condition is achieved, the problem reduces to finding the optimal
damping/machinery force to extract maximum amount of energy from the waves.
However, the limitations of components impose constraints on the system reducing
the power capture performance of the buoy.
Most of the wave energy research has been focused on developing models and con-
trol techniques for a single buoy. Modelling and control of arrays of wave energy
converters has gained attention only in the recent years due to the fact that sev-
eral pre-commercial and commercial arrays are getting prepared to be installed.
Studying the array behaviour is important because of many aspects. For instance,
understanding the hydrodynamic wave interactions in an array will help to optimize
the layout of the array in such a way to reduce the negative array effect on power
absorption, to minimize power transmission costs etc. Moreover, studying the wave
energy converters in an array is necessary in order to understand the smoothing
effect on the power from all the buoys in the array. This in turn assists in sizing the
machinery at the collection point.

1.2 Background

This section outlines the working principles and key technologies and features offered
from the companies that participated in the project. Furthermore, it describes the
adaptation of the WEC’s from CorPower and Waves4Power for integration to OHT’s
collection system with the gravity storage. In addition, it gives an overview of the
hydraulic collection system and tower, and outlines the main design changes during
the project. In the end, the environmental condition that were used in the simulation
study are discussed.

1.2.1 Ocean Harvesting Technology

1.2.1.1 Technology overview

Ocean Harvesting Technology (OHT) offers a high-pressure hydraulic collection sys-
tem for wave energy arrays with gravity-based energy storage and conversion to
electricity on a central platform. A weight is lifted with a rack and pinion drive on
the platform to smooth captured power and output constant power from a set of gen-
erators. The storage provides time shifting of power production and can be charged
with power from the grid in periods of low demand, to increase the plant utilization
and revenues by supplying a variety of real time grid services such as frequency
regulation. The weight also provides the hydraulic collection system with constant
pressure, which can be combined with variable displacement pumps in the WEC´s
to control the damping force. OHT offers generic PTO solutions to WEC developers
with damping force and phase control features required for a high power capture
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performance. Discrete damping force control is provided through an arrangement
with multiple fixed displacement pumps connected to a common rack.

1.2.1.2 Working principle

Pressurized fluid is pumped from the wave energy converters through a hydraulic
piping system to the hydraulic motors in a set of drive units positioned around a
gear rack with an integrated counterweight in the collection tower. A concept design
of the collection platform with the drive units and the counterweight is shown in
figure 1.1.

Figure 1.1: OHT´s collection platform with gravity storage.

Each drive unit comprises a hydraulic motor, a pinion, a generator and a 3-way
planetary gearbox in the form of a wheel drive that connects these components.
This way the accumulator can be charged by the hydraulic motors at the same time
as it is discharged or charged by the generators. The concept design of a drive unit
is shown in figure 1.2.
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Figure 1.2: Concept design of OHT’s tower drive unit.

Any difference between input and output power either lifts or lowers the weight to
store or retrieve energy. The input flow to the motors varies with the wave motions
and the speed of generator can be controlled to output power corresponding to
the average captured power depending on the sea state. Output power can also
be controlled to meet the demand changes on the grid, e.g. to time-shift power
production depending on the grid frequency. In mild sea states with low power
input from the WEC array, the accumulator can be charged by the generator with
power from the grid during period of low demand, to be returned when the demand
is high. This way the revenues from the power plant can be increased from time
shifting of power production from the wave energy array as well as from grid storage
services.
Favored by the constant pressure in the collection system, OHT is capable of pro-
viding PTO functionality to control the damping force of wave energy converters
in a discrete manner by using multiple fixed displacement radial piston pumps that
are connected through pinions to a common rack, as shown in figure 1.3.

Figure 1.3: Front and top view of OHT’s power take-off

Each pump unit can be engaged or disengaged from the hydraulic circuit which is
common to all pumps and which has constant pressure, provided by the counter-
weight. This way the total displacement and, hence, the force applied to the rack
can be changed in discrete steps. In order to prevent shock loads, the engagement
and disengagement of pumps must occur at the turning points of the rack, i.e. when
the velocity is equal to zero. The design of the selected radial piston pumps makes it
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possible to disengaged pumps from the circuit without circulating any fluid. There-
fore, there is almost no drag losses from disengaged units. Hence, the multi-pump
force control arrangement is very efficient through the entire force range available.

1.2.2 CorPower

1.2.2.1 Technology overview

CorPower offers a lightweight resonant point-absorber device 1 that absorbs energy
from the combined heave and surge motion. The buoy has 250kW rated output
power. A single-point mooring connects the WEC to the seabed. A pneumatic
pre-tension module enables the buoy to have light weight by providing the required
force to hold the buoy in the equilibrium position. A lightweight double-sided rack
and a novel lightweight gearbox, called Cascade gearbox, convert the linear motion
of the rack into a rotation suitable to drive a conventional electrical generator. The
Cascade gearbox distributes the damping force on eight pinions, allowing the rack
to have small size and light weight. Equal number of pinions are placed on each
side of the rack, i.e. four pinion on each side, that allows a balanced force on the
rack. The Cascade gearbox is connected to two shafts with two sets of flywheels and
generators. A freewheel mechanism enables driving one set of flywheel and generator
in the up stoke and the other set in the down stroke. This arrangement allows the
flywheels to be used both as a temporary energy storage for smoothing power and as
a means to apply high damping force without increasing the size of the generators.
A novel phase control technology called WaveSpring makes the system inherently
resonant over a broad bandwidth strongly increasing the power capture performance
of the wave energy converter without the need for a large machinery force and real-
time wave information and prediction algorithm. Moreover, WaveSpring has the
capability to detune the device in storm conditions. As a result, the WaveSpring
enables reducing the size of the wave energy converter and increases the survivability
of the system in storms. A cut view of CorPower’s wave energy converter with a
zoomed view of the power take-off and the Cascade gearbox is shown in figure 1.4.

Figure 1.4: Cut view of CorPower’s buoy with the power take-off inside it, [10].

1A point absorber is a type of oscillating wave energy converter, whose diameter is short com-
pared to the incident wave length.
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1.2.2.2 Working principle

CorPower develops a point absorber that comprises a pre-tension spring that pro-
vides a bidirectional power capture, a rack and cascade gearbox, that converts linear
to rotary motion, a dual set of flywheels and generators that provides both damp-
ing and power smoothing and the so called WaveSpring technology, that acts as a
negative spring to reduce the hydrostatic stiffness of the buoy and makes a light
weight buoy to be resonant with the waves in a wide frequency range. A drawing of
CorPower’s PTO is shown in figure 1.5.

Figure 1.5: A drawing of CorPower’s power take-off.

CorPower’s point absorber captures energy from the combined surge and heave
motion of the waves. The buoy is moored to the sea bed through a single point
mooring rope connected with the pre-tension gas spring, that keeps the mooring
rope tensed during both upwards and downwards motion of the buoy. The pre-
tension gas spring is connected to the rack. A shaft with two sets of flywheels and
generator passes through the Cascade gearbox. Each set connects to the shaft with
a one-way bearing. One set locks to the shaft in the up-stroke, the other set in the
down stroke and neither if the velocity of the rack is less than the velocity of both
sets. For instance, when the rack starts accelerating up-wards and both sets are
rotating with their own velocity, both sets will remain disengaged until the speed of
the rack catches up with the speed of the set that is designed to be engaged during
the up-stoke. The set will remain engaged until the rack starts decelerating. When
this happens, the rack will decelerate more quickly than the disengaged set which
will decelerate at a rate proportional to the damping torque from the generator,
which now will be driven only by the stored energy in the flywheels. Similarly,
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in the down-stoke the other set is either engaged or disengaged depending on the
relative velocity of the rack and the set. In order to amplify the buoy motion and
power capture, the so called WaveSpring technology is used that makes the system
inherently resonant over a broad range of wave frequencies. It is basically another
gas spring system, that is positioned perpendicular to the rack and that is initially
compressed/pre-charged when the buoy is at zero sea level. For instance, when the
buoy is moving upwards, the angle between the rack and the WaveSpring increases,
and hence the spring extends and pushes the buoy up. Similarly, when the buoy is
moving down, the WaveSpring pushes the buoy down.

1.2.3 Waves4Power

1.2.3.1 Technology overview

Waves4Power is developing a two-bodied point absorbing wave energy converter
that consists of a buoy with a long vertical submerged tube below the buoy with
open ends, a water piston inside the tube connected to a hydraulic power take-off
system with on-board electricity generation and a mooring system that keeps the
buoy on station without interfering with the buoy’s vertical motion. Furthermore,
W4P offers simple solution to prevent high forces at the end-stops that increases the
survivability of the system. Currently, Waves4Power is doing full-scale trials of their
100kW-buoy at Runde site in Norway. An image of the WEC at Runde is shown in
figure 1.6.

Figure 1.6: An image of the full-scale W4P buoy, installed at Runde, Norway, [11].

7



1. Introduction

1.2.3.2 Working principle

The device represents a gigantic pump where two bodies act against each other. One
body of the two-bodied point absorber is the buoy/tube unit and the other body
is the inert water mass is the tube. The two bodies are designed to have different
natural frequencies, making them oscillate out of phase when there is excitation from
the waves and no damping from the power take-off. Damping the relative movement
from the PTO forces them towards the same phase and allows energy to be captured
by the conversion system. The power take-off system comprises of a hydraulic
cylinder used as a pump, a rectifier bridge that the captured power, a hydraulic
accumulator that smooths the captured power, a hydraulic motor, which converts
hydraulic energy into mechanical energy, drives an on-board electric generator, that
converts mechanical energy into electric energy. The piston rod of the hydraulic
cylinder is connected to a large water piston situated inside the tube. The conceptual
design of the buoy together with the PTO inside the buoy is shown in figure 1.7.

Figure 1.7: A drawing W4P’s wave energy converter with its power take-off.

The water piston’s motion relative to the buoy/tube is dampened by applying pres-
sure in the hydraulic system, that makes the water piston pull the water column
along, following the buoy motion with some phase difference. If there is no damp-
ing, the water piston and the water column will stand still. Therefore, the velocity
difference between the water mass and the buoy/tube unit will be equal to the ve-
locity of the buoy/tube unit. However, since there is no damping force, there will
be no captured power. Increasing the amplitude of the damping force, decrease
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the phase difference between the two bodies and eventually locks the two bodies
together, making the velocity difference equal to zero, hence, no power is captured.
Therefore, the amplitude of the damping force on the water piston must lie within
two extremes in order to have power capture.
To solve the problem of the end-stops, the central part of the tube, along which the
piston slides, bells out at both ends to limit the stroke of the piston. The water
piston operates in the narrowing part of tube. Large waves causes the water piston
to move outside the narrowing, which lets the water flow around the piston. This
prevents high end stop loads which is a major difficulty for wave energy converters.

1.2.4 Adaptation of WEC’s
The original power take-off units of CorPower and Waves4Power are modified in
order to integrate them to OHT’s collection system as shown in figure 1.8.

Figure 1.8: Adaptation of WECs for OHT’s collection system.

The integration of CorPower’s buoy with OHT’s hydraulic collection system is done
by replacing the Cascade gearbox, dual flywheels and generators with multiple fixed
displacement pumps connected to the same rack with a pinion for each pump. Unlike
CorPower’s original PTO, in which only one set of flywheels and generator is engaged
with the rack at a time, in the arrangement with multiple pumps, all pumps are
always engaged with the rack, i.e. rotate with the same speed, but only selected
number of pumps apply damping force to the rack at a time. This is done by engaged
and disengaged pumps from the hydraulic circuit to control the applied damping on
the rack based on a chosen control strategy. This pump arrangement is combined
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with CorPowers WaveSpring module providing phase control and pre-tension gas
spring module for bi-directional power capture.
Similarly, the integration of Waves4Power’s buoy with OHT’s collection system is
done by replacing the hydraulic cylinder with a rack and multiple pinions with each
pinion connected to a fixed displacement radial piston pump. Unlike the original
PTO with a hydraulic piston that cannot provide damping force control, in the new
arrangement, the rack is rigidly connected to the water piston and the damping force
can be controlled by engaging and disengaging pump units. The original W4P buoy
generates electricity on-board. On contrary, OHT uses hydraulic pipes to collect
power in the form of pressurized fluid, which is converted into electricity in a central
unit of the array. Therefore, the hydraulic motor and generator are removed from the
original PTO. Moreover, a low-pressure accumulator is added to the Waves4Power
power take-off, due to the fact that the radial piston pumps require certain charge
pressure unlike hydraulic cylinders. Finally, in case of Waves4Power, the valves,
that are used to engage and disengage each pump, are equipped with one more
functionality. When the water piston goes out of the narrow part of the tube, the
force on it must be reduced so that it can move back into narrowing, otherwise the
piston will get stuck in the wider part of the tube. The force on the water piston
with the new arrangement is reduced by disengaging all pump units. In the original
PTO of Waves4Power, there was no need for extra functionality, since the pressure
in the circuit is set by the input power from the cylinder and output power from the
generator. Hence, when the water piston goes out of the narrowing, the input power
decreases, while the generator continues to output power, making the pressure in the
hydraulic system decrease gradually. In case of OHT’s system, the pressure in the
collection is set in the central collection tower and it is always more or less constant,
even when the water piston goes out of the narrowing and there is no input power
to the system.
A more detailed explanation of the hydraulic components, used in the new PTO,
and their functionality is given in the next subsection.

1.2.5 Overview of the hydraulic collection system and tower
The hydraulic collection system with constant pressure from the gravity storage
and control features for damping force and phase for the WEC units are designed to
capture and transfer power from buoys to the central tower in the form of pressurized
fluid without degrading the power capture performance or efficiency of the system.
The collections system and tower are sized based on the following main specifications:

• 20 MW maximum hydraulic power input from the WEC array
• 10 MW maximum continuous electric power output to the grid
• 100 kWh storage capacity with 500-ton weight and 70-meter lift height, corre-

sponding to approx. 35s discharge time
The third specification is based on an extensive simulation study, in which it is found
that the 500-ton weight and 70-meter height is just sufficient to smooth the varying
input power into a constant power output. In this project larger storage options
are also evaluated in order to understand and quantify the benefits from increasing
the storage capacity. The weights that were studied are 500, 1000, 2500, 5000 and
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7500 tons with 122 meter height that approximately correspond to 1-, 2-, 5-, 10-
and 15-minute discharge time, respectively.
A schematic is shown in figure 1.9 to give a general overview of the hydraulic col-
lection system and tower in connection with a single WEC. Although, the figure is
not representative for the latest design of the collection system, it is used to identify
the main components and their functionality.

Figure 1.9: Schematics for the main components in the hydrualic system from a
WEC to the collection tower.

First of all, a closed-loop hydraulic system is used for the collection, in which high-
pressure fluid is pumped from buoys and low-pressure fluid is returned from the
tower. Each buoy PTO comprises of eight pumps, a rectifier bridge, a pressure relief
valve, a check valve, and a high-pressure and one low-pressure hydraulic accumula-
tor. The 2-way on/off valves, shown in figure 1.9, are drawn for explanatory purpose
only, i.e. in the actual system they do not exist as separate units, but instead the
functionality to engage and disengage pumps is provided by the distributor valve of
the pump. The rectifier bridge changes the direction of the flow to be always towards
the tower in order to have active power transfer. The pressure relief valve limits the
maximum pressure of the system to a specified value. The check valve is used to
prevent back-flows in the system caused by the dynamic interaction of hydraulic
accumulators, fluid compressibility and inertia. The high-pressure accumulator is
utilized to reduce peak flows and therefore pressure drops and fluctuations and the
low-pressure accumulator is used to keep sufficient charge pressure, necessary for
the operation of the pumps and motors.
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The tower side of the hydraulic collection comprises of multiple hydraulic motors,
pressure relief and emergency stop valves. Both types of valves are drawn to convey
the functionality to the reader. In reality, they come as an accessory when purchas-
ing the motor. The pressure relief valve in the tower is utilized to limit the peak
pressures, caused by the acceleration of the gravity storage, and in addition it is
used to release the excessive amount o energy when the weight hits the top bumper.
Several designs have been considered throughout the project for the array topology,
the collection tower structure and the drive train. The topology of the collection
system that was proposed at the beginning of the project is shown in figure 1.10.

Figure 1.10: Topology of hydraulic collection with steel pipes.

The topology consists of 40 buoys, connected to a central tower with gravity storage.
In this design steel pipes are utilized to collect the power from the WECs. Dynamic
hoses from each buoy connect with riser pipes inside a submerged floater, placed
close to the buoys, as shown in figure 1.9. The lengths of the steel pipes on the sea
bed, the riser pipes and the dynamic hoses are respectively 80, 40 and 30 meters.
The pipes are grouped based on the joint flow from the number of buoys located
upstream to the pipe. The group that joins the flow from all pipes is given the
lowest group number (group 0) and the group that contains the flow only from a
single buoy is given the highest group number (group 5). Each group of pipes has
the same diameter, which increases with decreasing the group number. The sizing of
the pipes was an iterative process. The preliminary design is done in Excel based on
static loss calculations with the objective to minimize the losses while keeping an eye
on the estimated cost of the system. Further on simulations are run to validate the
estimated losses with the dynamic losses obtained from the simulations. However,
during the project it was found out that the installation costs for such piping system
were too high due to the fact that the seabed is not flat, too many sub-sea expensive
connectors are required and the steel pipes need flushing after installation since
they will be contaminated with water during installation. Since this conclusion was
drawn close to the end of the project, most of the simulation work was done using
this topology.
The fixed piping system with junctions on the seabed is replaced with one that
utilizes composite flexible pipes that are commonly used in offshore oil and gas
industry. The selected topology comprises of 6 clusters with 7 WECs in each cluster
that has a manifold, located in a submerged floater, to join the export and split the
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return flow to the WEC´s. Each cluster manifold is then connected directly to the
collection platform. The composite flexible pipes allow connection from the WECs
to the manifold, and from the manifold to the collection tower without the need for
any sub-sea connectors. Each buoy is placed with a minimum distance of 80 meter
to the next buoy, and connects to a manifold in each cluster through 120 meter
long flexible pipes for high and low pressure export and return flows. The manifolds
are connected to the central platform through 300 meter long flexible pipes, resting
on the seabed and then rising to the platform. A concept design of the hydraulic
collection system is shown in figure 1.11.

Figure 1.11: Topology of hydraulic collection with composite pipes.

Not only the design of the hydraulic collection system has changed during the
project, but there was great development in the collection tower and the comprising
drive train inside the tower. Initially, a concrete tower similar to the offshore wind
towers was considered. However, it was found out that this solution is not scalable
for larger weights and deeper sea. Therefore, during this project OHT has started
to evaluate jack-up rigs2, that is another proven technology in offshore oil and gas
industry. The jack-up solution can be scaled to lift much larger weights and are
available in designs with platform height 200 meters above the sea-bed. Unlike the
previous design with the collection tower, in which the mass of the accumulator
weight is located at the bottom of the rack and the weight is driven dry inside the
tower, see figure 1.9, with the jack-up platform the weight integrated in a triangular
framed structure with one double-sided gear rack in each corner and the weight is
driven wet. Integrating the ballast with the rack structure makes it possible to use

2Jack-up rig is a self-elevating unit comprising of a platform and several movable legs, that can
lift the platform above the sea surface.
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the full platform height for lifting the weight to store energy. Moreover, the idea to
integrate the weight with the rack is also motivated by the fact that the rack force
will decrease with increasing volume of the weight inside the water and vice versa.
If the mass is located at one point and the platform is above the water surface,
there will be a step increase in rack force when the weight moves out of the water.
However, if the mass is distributed evenly along the whole length, the change in
force will be gradual and only a part of the rack will be submerged thus the change
in rack force will be lower.
In the beginning of the project, OHT was considering a custom-made planetary
gearbox in the drive train of the accumulator weight. In this assembly, the ring -
to the counterweight, the sun gear - to the generator and the carrier was connected
to the hydraulic motor, as shown in figure 1.9. During the project, the custom-
made planetary gearbox was replaced with the off-the-shelf wheel drive. In the new
assembly the ring gear is connected to the hydraulic motor, the carrier - to the
counterweight and the sun gear - to the generator. The discovery of the wheel drive
happened at an early phase of the project, therefore all the simulation study was
conducted with the new assembly.
Initially, the generator and the hydraulic motor in a drive train unit were facing
each other, i.e. they were connected to the planetary gearbox from opposing sides.
Two such drive train units (one with flipped orientation) are shown in figure 1.12.

Figure 1.12: Two drive train units with generator and hydraulic motor, facing
each other.

This arrangement of the drive train unit did not allow placing a gear stage between
the carrier and the counterweight pinion that can be used to control the pressure
in the hydraulic system in discrete manner and enable using larger accumulator
weights with larger pinions and higher-speed hydraulic motors. Hence, a different
arrangement was discovered during the project that outcome these limitation. In
this assembly the generator and the hydraulic motor are placed on the same side
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of the planetary gearbox. This is made possible by utilizing the hollow shaft of the
radial piston motor. The new arrangement did not only allow placing a secondary
gear stage between carrier and pinion, but it enabled the usage of triangular jack-
up rack structure with one double-sided gear rack in each corner and a drive unit
connected to each side of the rack. The top view of the rack and rive assembly is
shown in figure 1.13.

Figure 1.13: Top view of rack and drive assembly for tower.

There are several advantages with using a jacking system for the tower drive train.
First of all, this is a conventional and proven technology where only the drive unit is
modified to incorporate an hydraulic motor and a generator. The rack is furthermore
a very strong and stiff structure that can be raised above the platform without
folding. Moreover, the framed structure allows linear guiding that can take high
loads in all directions. The height of the drive unit stack is significantly reduced
with 6 drive units in each level, and the number of over-rollings from the pinions
on each rack is reduced to 1/3. It is an open gear system that does not have
to be encapsulated from seawater. And finally these gear systems are optimized
for extremely high loads compared with the previous rack design considered in the
project. A standard jacking unit carry up to 450 ton (one pinion), the previous
design of the OHT tower shared 500 ton over 24 drive units (24 pinions). The main
challenge with using this system for the wave power application is the much higher
cycle number and the higher speed of the rack. The sizing of the jacking gear system
must carefully consider the wear and tear to achieve the high number of cycles.
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1.2.6 Environmental conditions

Two wave power test sites have been chosen as cases for this benchmarking study:
• EMEC site Billia Croo, Orkney, north Scotland
• Wave Hub, St. Ives Cornwall, south England

They have different wave conditions, which is desired for evaluating how the wave
conditions impact the collection system.
The location of the sites is shown in figure 1.14.

Figure 1.14: Locations of selected sites EMEC Billia Croo, Orkney, and Wave
Hub St. Ives, Cornwall.

For simplicity in the study the wave spectrum is approximated with the commonly
used JONSWAP spectrum with peak shape factor 3.3. The study will be restricted to
mono-directional waves (long crested waves with a single wave direction). However,
to assess the influence of wave direction simulations will be done with varied wave
direction, see [20].

The wave resource at Billia Croo is 21.5 kW/m wave front annually. The predom-
inant wind and wave direction is from west but waves from north-north-west are
not uncommon. In the case study the annual wave climate is represented as a joint
distribution of significant wave height3, Hs, and peak wave period4, Tp. The annual
occurrence of each sea state in percentage is shown in figure 1.15. Sea states with
an occurrence of less than 0.1% have been excluded from the figure.

3Significant wave height is defined as the mean wave height (trough to crest) of the highest
third of the waves.

4The peak wave period is the wave period with the highest energy content.
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Figure 1.15: Annual wave scatter at EMEC site, Billia Croo.

The annual occurrence of each sea state in percentage for the WaveHub site is
shown in figure 1.16. Again sea states with an occurrence of less than 0.1% have
been excluded from the figure.

Figure 1.16: Annual wave scatter at WaveHub site, St Ives.

In this study the sea bottom is simplified to be flat, i.e. the influence of bathymetric
variations on the collection system are not considered. Constant water depth of 50
meters is chosen for both sites.

1.3 Project goals and methodology

The objectives of the thesis are summarized as follows:
• Modelling and implementation of a new CorPower buoy that does not con-

tain algebraic equations. The previous CorPower model contained algebraic
loops that did not allow efficient simulation of the wave energy farm and in
some scenarios it generated errors that prevented simulations from complet-
ing. Euler-Lagrange method is proposed as a way to model the wave energy
converter.

• Modelling of the hydraulic collection system with a proposed topology con-
sidering all loss sources. This objective was extended during the project with
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creating an algorithm that can generate dynamic equation for a collection sys-
tem with any topology. A graph-theoretic approach was used to achieve the
extended objective in an efficient way.

• Modelling of the drive train and the gravity storage in the collection tower.
Initially, a model for the drive train with the storage technology was provided
by OHT. However, during the project the configuration has changed a few
times due to learning, therefore the tower model needed to be recreated. A
major addition to it was the capability to provide power routing to increase
the overall efficiency of the system by disengaging some generators in small
and mild sea states.

• Implementation of an efficient Simulink model to simulate a 10MW wave en-
ergy farm with 40 buoys. Due to the large size of the wave array model and
the large number of simulations (several thousand) each with 30-minute of du-
ration, that needs to be run, the model needs to be implemented in a way that
allows fast enough to complete the simulation study. A simulation framework
that can run multiple simulations at the same time was implemented from
OHT in a previous project. The framework needs to be updated so that the
models can be run in Accelerator mode in Simulink. In addition, vectorization
of the Simulink model is proposed to increase the simulation speed.

• Implementation of a wave-by-wave-tuned preview based constant damping
force control strategy for optimizing power capture performance of wave en-
ergy converters from CorPower and Waves4Power in combination with OHT’s
hydraulic collection and energy storage technology. The required ranges for
the damping force (pump displacements) need to be investigated. Firstly, the
maximum damping force to get the maximum power capture in largest waves
is going to be identified, and then it is going to be investigated how much
the force range can be narrowed down or how much the maximum damping
force be reduced without losing too much of the annual power capture. The
wave-by-wave force control is required to limit power capture above the rated
power for the array by a co-ordinated control of the damping force in the
buoys, to take advantage of increased smoothing we can get from this when
we do not need to capture maximum power from the waves. This is a further
development of the so called spill function currently implemented on the motor
in the hub, which will now use fixed displacement. In addition the designed
controller must consider constraints of the system.

• Implementation of a grid frequency control of the generators. This objective
is proposed during the project.

• Sizing of the hydraulic piping system and hydraulic accumulators. The piping
system is sized first of all using static loss calculations and then verified using
the simulation models. The low-pressure hydraulic accumulators need to be
sized with enough fluid and gas volume to hold enough charge pressure required
for chosen hydraulic pumps and motors. The high-pressure accumulator need
to be designed to have high pre-charge in order to make the required damping
force range available to the buoys at all time.

• Update of component properties and parameters in the simulation model.
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Component properties and parameters will be updated according to the sys-
tem specification for the 10 MW array to be studied in the project, based on
data sheets and information from suppliers on components such as operating
range, efficiency, size, weight and inertia where applicable.

• Over-pressure relieve valves need to be added to the system to spill the exces-
sive amount of energy. They will be activated when the the gravity accumula-
tor hits the top limit. That will cause an increase in torque in the drive train
and therefore increase in pressure in the hydraulic collection system, that will
be triggered by the pressure relief valve.

• Upgrade of OHT’s test rig to represent the developed simulation models with a
hydraulic collection system to attach multiple buoys for centralized smoothing
and conversion to electricity. This includes sensor and component sizing and
selection for the extended test rig, setting up the control and data acquisition
environment in Labview and Veristand, etc.

• Experimental validation of the simulation models. Hardware-in-the-loop (HIL)
simulations are going to be run by integrating the control system and the
developed models with the test rig.

• Presentation and analysis of the obtained results both from measurement and
simulation.

1.4 Literature review
Although wave power has not yet been established as a mature industry, it has
been under study since 1970s. One of the main figures in wave energy research is
Johannes Falnes. In his book Ocean Waves and Oscillating Systems, [3], which is
considered to be the bible of wave power research, he discusses the fundamentals of
linear wave theory, the interaction between waves and oscillating bodies and derives
the condition for optimal power extraction, which has a great analogy to the well-
known impedance matching in electrical systems to transfer maximum amount of
power. In his book he also proposes the latching technique as a suboptimal discrete
control strategy to extract wave energy. The book is used in the thesis mostly
to increase the understanding of how system parameters like mass and hydrostatic
stiffness affects the behaviour of an oscillating point absorber.
This project is a continuation of a concept evaluation study that was carried out
between April 2014 and February 2015, analyzing the possible benefits of combin-
ing technologies from Ocean Harvesting, CorPower and Waves4Power. A reference
model was developed consisting of a hydraulic collection system that connects five
buoys to a hub system with centralized energy storage and conversion to electricity.
The work conducted during that project is summarized in [1] and [2] and in the cur-
rent project it is used as a basis to build the simulation model for an 10 MW array
from of wave energy converters CorPower and Waves4Power with centralized stor-
age technology and conversion to electricity from OHT. In [2] the authors presented
a benchmarking study between different types of control techniques. The power
capture performance of standalone buoys from CPO and W4P (without OHT) is
compared with the power capture performance of both buoys in combination with
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OHT’s sea-state tuned and wave-by-wave tuned constant damping control strategy,
where sea-state tuned constant damping force control strategy refers to assigning
an optimal constant damping force level that gives maximum power output from a
range of discrete force levels for each sea state and the wave-by-wave - assigning an
optimal constant damping force for each stroke of the wave. The wave-by-wave con-
trol was implemented in a simple way by running sets of simulations with different
constant damping forces in each set throughout the whole simulation and after com-
pletion of the simulation selecting the damping force that gave the maximum power.
Therefore, this technique did not account for the change in dynamics of the system
by changing the damping force and hardly can be called a control strategy. However,
the improvement of power capture performance by using wave-by-wave maximum
power selection was the main motivation in this study to implement a predictive
control strategy for selecting an optimal damping force for each wave-stoke.
Maximizing power capture of a wave energy device has been an active field of study
since the very beginning of wave energy research. An extensive selection of control
techniques for power optimization has been gathered and presented in the review
paper from J.V. Ringwood, G. Bacelli and F. Fusco, [4], that was used as a main
guide in finding relative literature. The paper does not only present state of the art
control techniques to optimize power capture performance of a single buoy, but it
also gives considerable amount of references to research papers in control of wave
energy farms and wave forecasting. Since an extensive review of control strategies
is presented in [3], it is omitted and the reader is advised to read the review paper
to get familiar with the development in control of wave energy converters.

1.5 Thesis outline
The following part of the thesis is organized as follows.
Chapter 2 (Theory) This chapter describes the theoretical concepts that assisted
in achieving the proposed objectives. It is organised in four sections. In the first
subsection the fundamentals of hydrodynamic modelling of a heaving buoy is laid
down. In this section also the condition for optimal power absorption is derived.
Moreover, the influence of each parameter on the system dynamics is discussed. The
second section describes the lump-parametric modelling of hydraulic piping systems.
The third section presents the fundamentals of linear graph theory for modelling
complex dynamical systems. Lastly, the fourth section describes the basic principles
of model predictive control and its application to wave energy.
Chapter 3 (Modelling of Wave Energy Converters) This chapter presents
the modelling of the CorPower and Waves4Power buoy. The Lagrangian method
is identified as a potential modelling technique for modelling the CorPower’s buoy.
The chapter also presents scaling rules when modelling dynamical systems and ap-
plication of them on Waves4Power’s buoy.
Chapter 4 (Modelling of the Hydraulic Collection) In this chapter the com-
plete model of the hydraulic collection system is described including models of all
hydraulic components with their respective losses, lump-parametric model of the
pipeline with losses from all loss sources like bends, manifolds, etc. Moreover, this
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chapter presents an algorithm to generate state space models for a hydraulic collec-
tion system with any topology.
Chapter 5 (Analysis of Wave Energy Converters) This chapter presents an
analysis of the dynamic behaviour of the studied wave energy converters.
Chapter 6 (Integration of Wave Energy Converters) This chapter presents
the model of integration of the wave energy converters to OHT’s hydraulic sys-
tem. With the help of an electrical analogy of the system, the chapter explains the
conducting and nonconducting modes of operation that are caused by the rectifier
bridge and the constant pressure of the hydraulic system.
Chapter 7 (Modelling of the Collection Tower) This chapter presents the
modelling of the collection tower with the gravity storage and the so called "power
routing" method to increase the efficiency of the generators.
Chapter 8 (Simulation Framework Update and Vectorized Simulink Mod-
elling) The chapter describes the simulation framework that simplifies simulation
of multiple configuration and annual simulations, and the vectorization technique
to increase the efficiency of large Simulink models.
Chapter 9 (Constant Damping Force Control) This chapter describes the
sea-state tuned and wave-by-wave tuned constant damping force control strategies.
Chapter 10 (Grid Frequency Control) The chapter discusses the value of pro-
viding ancillary services to the grid using the gravity storage. It also presents a
simple-state machine and a generator speed control strategy to control the power of
the generator according to the frequency of the grid.
Chapter 11 (Simulation Results and Discussion) This chapter summarizes
the simulation results obtained from running simulation with the developed models.
It includes a benchmarking study between standalone buoys with electric collection
versus the combined system with hydraulic collection and the control strategy, de-
veloped in this thesis. Prior to presenting the benchmarking study, an explanation
is given on the choice of all system parameter values. Moreover, the chapter presents
results from simulations of the wave energy plant with centralized storage for grid
frequency control with and without purchasing power from the grid. The final sec-
tion of the chapter includes the production of load date to calculate the life time of
hydraulic pumps and motors.
Chapter 12 (Development of a HIL Simulation Environment) This section
presents the test rig that was built during this project together with developed HIL
simualtion environment with Labview. A link to a demonstration video is given at
the end of the chapter.
Chapter 13 (Conclusions) This chapter includes a summary of the project and
discussion on the accomplished and unaccomplished objectives.
Chapter 13 (Future Work) This chapter outlines some ideas for further investi-
gation and development.
Appendix A (CA50 and CBP140 Motor Loss Curves.) This appendix
presents the pressure and flow loss curves, and efficiency mappings of CA50 and
CBP140 motors used in the project.
Appendix B (Simulink Model.) This appendix presents a high-level overview
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of the developed Simulink model.
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Theory

This chapter describes the theoretical concepts that assisted the author to accom-
plish the proposed tasks.

2.1 Hydrodynamic modelling
This section lays down the basic concepts in linear wave-body interaction theory.

2.1.1 Coordinates
Similar to any rigid body, the dynamics of a buoy interacting with waves is character-
ized by six degrees of freedom: a translation in each direction of a 3-axis orthogonal
system and a rotation around each axis. Translations in x, y and z direction are
most often termed as motion in surge, sway and heave, respectively, and rotations
around x, y and z axis are called roll, pitch and yaw.

Figure 2.1: Coordinates and six degrees of freedom of a buoy.

A point-absorber type of wave energy converter captures power mostly from the
oscillating motion in heave. Since both Waves4Power’s and CorPower’s WECs are of
this type, the buoy dynamics in heave will be the main focus of analysis. Moreover,
the simulation model, received from Waves4Power, considers only heave motion
and the simulation model from CorPower considers heave, and also surge motion.
However, for a site with large depth, like the 50-meter one, considered in this thesis,
the surge motion does not influence the power capture much and therefore can also
be ignored. The reason will be apparent in subsequent chapters.
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2.1.2 Waves
Ocean waves are a result of the wind blowing over the water surface. Generally,
they are determined as irregular. In linear wave theory an irregular wave can be
modelled as a linear superposition of a set of regular waves

η(x, t) =
N∑
i=1

aicos(ωit− kiξ(x, y) + φi) (2.1)

where t is time, ξ(x, y) position along the wave’s direction of travel, φi are ran-
dom phases uniformly distributed between 0 and 2π, ωi are angular frequencies, ki
are wavenumbers1 and ai are random amplitudes which are taken to be Rayleigh
distributed with mean square value

E[a2
i ] = 2S(ω)∆ωi (2.2)

where S(ω) is the wave spectrum and ∆ωi is the frequency step between two fre-
quency components. The amplitudes can be approximately computed as

ai ≈
√

2S(ω)∆ωi (2.3)

Ocean waves are generally dispersive, meaning that waves with different wave lengths
travel with different phase velocity. The phase velocity is the velocity, at which the
phase of each frequency component of the wave travels. It is defined as

vp = s

t
(2.4)

where s is the distance travelled by the wave within time t. It can intuitively
found that the phase velocity is proportional to the angular frequency and inversely
proportional to the wavelength,

vp = ω

k
(2.5)

The angular frequency and wavenumber are related through the dispersion equation
(see [3])

ω2 = gk tanh(kh) (2.6)
where g is the gravity constant and h is the water depth. For sufficiently deep water
(kh� 1) the dispersion equation reduces to

ω2 = gk (2.7)

Using the dispersion relation for deep water, it follow that the phase velocity is

vp = g

ω
=
√
g

k
(2.8)

Due to dispersion phenomenon interference of two or more sinusoidal waves with
slightly different wavelengths results in a beat pattern, called a wave group, which
moves with a group velocity vg. The group velocity is formally defined as

vg = ∂ω

∂k
(2.9)

1Wavenumber is the spatial frequency of a wave.
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Using the dispersion relation for deep water, it yields

vg = g

2ω = vp
2 (2.10)

The group velocity is important since it is the velocity with which the energy is
transported by the wave (see [3]).
In this thesis, the waves are considered to be uni-directional. This implies that in
an array of wave energy converters the same wave will hit each buoy after certain
delay based on the position of the buoys in the array with respect to a reference and
the wave direction. The distance of the buoy to the wave can be calculated by

ξ(x, y) = x cos(β) + y sin(β) (2.11)

where β is the angle of the wave with respect to a chosen reference direction.
The wave spectrum can be characterized by the environmental parameters significant
wave height Hs and peak wave period Tp, which were defined in section 1.2.6. The
most common types of spectra that are used by the offshore industry are Pierson-
Moskovitz, Bretschneider and JONSWAP spectrum. In this thesis the JONSWAP
spectrum is used to generate irregular waves. The spectrum is proposed in [14], and
it is originally formulated as

S(ω) = αjg
2

ω5 exp
[
−5

4

(
ωp
ω

)4
]
γΓ (2.12)

where αj is a non-dimensional variable that is a function of the wind speed and
fetch length2, ω is wave angular frequency, ωp is peak wave angular frequency, γ is
the wave peak enhancement factor that is typically set to 3.3 and Γ is the gamma-
function given by

Γ = exp

−

ω

ωp
− 1
√

2σ


2 , σ =

0.07, ω ≤ ωp

0.09, ω > ωp
(2.13)

where σ is called the peak enhancement factor. However, as it can be seen from
(2.12) this spectrum representation does not incorporate the significant wave height.
Another form of the JONSWAP spectrum as a function of the significant wave height
Hs and wave angular frequency ωp is (see [22])

S(ω) = Aγ
5
16H

2
s

ω4
p

ω5 exp
[
−5

4

(
ωp
ω

)4
]
γΓ (2.14)

where Aγ is a normalizing factor that is equal to

Aγ = 1− 0.287 ln(γ) (2.15)

According to [22], the JONSWAP spectrum with γ = 3.3 is a reasonable model for

3.6 < Tp√
Hs

< 5 (2.16)

2Fetch length, or only fetch, is the distance to the shore in the direction of the wind.
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and should be used with caution outside the interval. [22] also suggests using the
following value for the peak shape parameter when no particular value is given.

γ =



5, if Tp√
Hs

≤ 3.6

exp
(

5.75− 1.15 Tp
Hs

)
, if 3.6 < Tp√

Hs

< 5

1, if Tp√
Hs

≥ 5

(2.17)

The effect of γ on the wave spectrum is shown in figure 2.2
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Figure 2.2: Wave spectrum with different peak shape factors.

It can be seen from the figure that the peak value of the spectrum increases and the
bandwidth of the spectrum decreases with increasing shape enhancement factor.
In this project, CorPower suggested using a peak enhancement factor of γ = 3.3
for all sea states. Waves4Power failed to provide an update on their simulation
model. Therefore, a peak shape parameter of γ = 1, which was used in a previous
study (see [1]), was also used in this project. It is obvious from figure 2.2 that the
power capture of each buoy is affected by γ. However, the intention of the study is
not to do a direct comparison between CorPower’s and W4P’s WEC performance.
Therefore, it is acceptable to use a different peak enhancement factor for each buoy.
3 The maximum value of the power spectrum occurs at ω = ωp and it is equal to

Smax = Aγ
5
16
H2
s

ωp
e
−

5
4γ (2.18)

The effect of the significant wave height and peak wave period, that define a sea
state, is shown in figure 2.3. By looking at it, it can be derived that the wave
spectrum for all sea states is characterized with a narrow bandwidth around each

3The JONSWAP spectrum with γ = 1 is the Pierson-Moskovitz spectrum
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peak wave frequency. This implies that, in order to capture more energy from the
waves, either the natural frequency of the wave energy converter must be tuned
to the frequency of each incoming wave, or the bandwidth of the WEC must be
tunable to cover the frequency range of the wave spectrum in each sea state, or the
bandwidth of the WEC must be wide enough to cover the frequency range of all sea
states at a given sea site. The first case corresponds to wave-by-wave phase control,
the second one - to sea-state-tuned phase control and the third one - to passive
control, meaning that the wave energy converter is designed to show good power
capture performance in all sea states at a given sea site. Each sea site has different
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Figure 2.3: Wave spectrum of different sea states.

energy content and a different power distribution throughout the year. This can
be seen by looking at figure 2.4 that shows the sum of power density spectra of all
sea states at Billia Croo and Wave Hub sites weighted by the occurrence of each
sea state in percentage. The curves in the figure imply that a given wave energy
converter must be sized uniquely for each sea site.
The energy of a wave per unit horizontal area is (see [3])

E = ρg
∫ ∞

0
S(ω)dω (2.19)

The significant wave height, beside being defined as the mean wave height of the
highest third of the waves, is also defined as four times the square root of the integral
of the power density function with respect to frequency,

Hs = 4
√∫ ∞

0
S(ω)dω (2.20)

Therefore, the energy per unit area as a function of the significant wave height is

E = ρg
H2
s

16 (2.21)

27



2. Theory

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Frequency [Hz]

0

0.2

0.4

0.6

0.8

1

1.2

1.4

P
ow

er
 d

en
si

ty
 [m

2
s]

Power Spectrum for Billia Croo and Wave Hub Sites (γ = 3.3)

Billia Croo
Wave Hub

Figure 2.4: Cumulative wave spectra weighted by the occurrence of each sea state.

As waves propagate, they transport energy with velocity equal to the group velocity
vg. The energy transport is defined as power per unit width of wave front. It can
be computed as the product of the group velocity and the energy of the wave.

J = vgE = ρg2

64πH
2
sTe (2.22)

where Te is the called the wave energy period. The wave energy period can be
interpreted as the period of a regular wave that has the same significant wave height
and the same power density as the irregular sea condition under consideration. It is
formally defined as

Te = 2π
∫∞
0 ω−1S(ω)dω∫∞

0 S(ω)dω (2.23)

The energy period and the peak period are related to each other with an approximate
relation for Jonswap spectrum, (see [22])

Te
Tp

= 4.2 + γ

5 + γ
(2.24)

Another often used wave period estimator in wave energy is the zero-crossing period,
Tz, which is formally defined as

Tz = 2π

√√√√ ∫∞
0 S(ω)dω∫∞

0 ω2S(ω)dω (2.25)

The zero-crossing period and the peak period are related to each other with an
approximate relation for Jonswap spectrum, (see [22])

Tz
Tp

=
√

5 + γ

11 + γ
(2.26)
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2.1.3 Force balance
The elegance of the linear wave theory allows separation of the hydrodynamic forces
acting on the floating body. It is well-known that a water wave gets reflected and
diffracted upon encountering a fixed object. Moreover, the motion of a body inside
calm water causes radiation of waves. Furthermore, a floating body, that is displaced
vertically from its equilibrium position, tries to restore its equilibrium position.
Thus the hydrodynamic force acting on the WEC consists of the the excitation
force, caused by the incident and diffracted wave, the radiation force, caused by
the radiated wave, and the hydro-static restoring force. In additions to these three
forces, As all motions in a viscous environment, a buoy oscillating inside the water
experiences a drag force acting against the motions the direction of its motion. The
force balance on a floating wave energy converter can be formulated as

Mẍ(t) = Fexc + Frad + Fhyd + Fdrag + Fmooring + FPTO (2.27)

where M ∈ R6×6 is the mass matrix, Fexc ∈ R6×1 is the wave excitation force,
Frad ∈ R6×1 is the radiation force, Fdrag ∈ R6×1 is the drag force, Fhyd ∈ R6×1

is the hydro-static force, Fmooring ∈ R6×1 is the mooring force and FPTO ∈ R6×1

is the machinery force from the power take-off. The irregular excitation force can
be pre-calculated based on hydrodynamic parameters and wave elevation prior to a
numerical simulation. The wave elevation of an irregular wave was defined in (2.1)
as a linear superposition of N regular wave components with different amplitude,
frequency and phase. Let us denote each wave component as ηi and say that each
wave component is the real part of the complex-valued signal ηci, i.e.

ηi(ξ(x, y), t) = < [ηci] = <
[
aie

ωit−kiξ(x,y)+φi
]

= cos(ωit− kiξ(x, y) + φi) (2.28)

The irregular wave excitation force is then defined as

Fexc(t) = <
[
N∑
i=1

Hx(ωi)ηci
]

(2.29)

where HX ∈ C6×N is a complex-valued excitation force coefficient that is dependent
on the buoy geometry.
The radiation force comprised of an inertia and a damping term and is given as

Frad(t) = −Mr(ω)ẍ(t)−Rr(ω)ẋ(t) (2.30)

where Mr(ω) ∈ R6×6 and Rr(ω) ∈ R6×6 are the added mass and radiation damping
matrices, respectively, that are dependent on the wave frequency. Cummins [24]
showed that the radiation force in (2.30) could be modelled in time domain as

Frad(t) = −Mr(∞)ẍ(t)−
∫ t

0
Kr(t− τ)ẋ(τ)dτ, (2.31)

where Mr(∞) ∈ R6×6 is the added mass matrix at infinity frequency and Kr ∈ R6×6

is the radiation impulse response function. The convolution integral in (2.31) is
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computationally expensive, therefore a state-space approximation with n number of
states is used when dealing with numerical simulations. It can be written as

ẋr(t) = Arxr(t) + Brẋ(t), xr(0) = 0∫ t

−∞
Kr(t− τ)ẋ(t)dτ ≈ Crxr(t) + Drẋ(t),

(2.32)

where xr ∈ Rn×1 is the radiation state vector Ar ∈ Rn×n, Br ∈ Rn×6, Cr ∈ R6×n,
Dr ∈ R6×6 are the time-invariant state, input, output and feedthrough matrices.
The system order and the state-space matrices can be found using realization theory,
which was proposed by Kung [25].
The hydrostatic force is proportional to the submerged fluid V in reference to the
equilibrium position and it can be calculated by

Fhydr(t) = −ρgV (z(t)− η(t))ez. (2.33)

where V (z − η) indicates that the submerged volume is a function of the difference
between the heave displacement of the buoy z and the wave elevation η and ez ∈ R6×1

is a unit vector for heave direction.
The drag force is proportional to the square of the buoy velocity and it is given as

Fdrag(t) = −1
2ρCdAdẋ(t)|ẋ(t)| (2.34)

where Cd ∈ R6×6 is a diagonal matrix with discharge coefficients and Ad ∈ R6×6 is
the characteristic area matrix.
The mooring line can simply be modelled as a lumped parameter model comprising
a linear stiffness and a linear damping component,

Fmooring(t) = −Kmx(t)−Cmẋ(t). (2.35)

In [26] a more sophisticated and accurate model of a mooring line dynamics is
proposed that uses a lumped-mass formulation for modelling axial elasticity, hydro-
dynamics, and bottom contact.
The PTO force depends on the type of power take-off used in the system. It can be
controlled to increase the power capture performance of the buoy.

2.1.4 Heave dynamics
As already mentioned that heave is the most important degree of freedom for a
point absorber type of wave energy converter. Therefore, this section is devoted to
do a system analysis of a heaving buoy. For that purpose, an ideal cylindrical buoy,
which was studied in [19], is used. The parameters of the buoy are summarized in
the Table 2.1.

Parameter Notation Value Unit
Buoy mass mb 670140 kg
Added mass m∞ 157840 kg
Surface area S 78.54 m2

Table 2.1: Cylindrical buoy parameters
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The force balance of a cylindrical buoy without considering the drag force, the
mooring force and the power take-off force is given by the system of equations

(mb +m∞)z̈(t) = Fexc − Frad,d − ρgSz(t)
ẋr(t) = Arxr(t) +Brż(t)

Frad,d(t) = Crxr(t) +Drż(t)
(2.36)

where Ar ∈ R4×4, Br ∈ R4×1, Cr ∈ R1×4, Dr ∈ R1×1 are the radiation matrices,
obtained using WAMIT4. Rewriting (2.36) in state-space form, yields z̈ż

ẋr

 =

−
1

(mb+m∞)Dr − ρgS
(mb+m∞) −

1
(mb+m∞)Cr

1 0 0
Br 0 Ar


 żz
xr

+


1

(mb+m∞)
0
0

Fexc. (2.37)

It is easy to see that the total order of the system is 6. The Bode plot of the trans-
missibilty transfer function of the system in (2.37) is shown in figure 2.5. By looking

-150

-140

-130

-120

-110

-100

-90

M
ag

ni
tu

de
 (

dB
)

10 -2 10 -1 100
-135

-90

-45

0

45

90

135

P
ha

se
 (

de
g)

Frequency  (Hz)

Figure 2.5: Bode plot of the buoy transmissibility transfer function.

at it, it can be seen that the bode plot is similar to the well-known transmissibility
of an underdamped second-order system. This means that the sixth order system in
(2.27) can be approximated with a second-order system. This can be done simply
by disregarding the less significant modes of the system. By looking at the pole-
zero map of the system in figure 2.6, it can be seen that two conjugate poles are
close to two conjugate zeros. Since these poles and zeros are placed leftmost on the
complex plane, they correspond to fast decaying response and therefore their con-
tribution on the overall system dynamics is negligible. The reduction of the system
order is done by removing these pole-zero pairs. This can easily be done using the
minreal(sys, tol) function in Matlab that cancels close pole-zero pairs in transfer

4WAMIT is a software calculates hydrodynamic parameters of a buoy such as excitation force
coefficients, radiation matrices, added mass, etc using a boundary element method solver.
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Figure 2.6: Pole-zero map of the buoy transmissibility transfer function.

functions. The tolerance is chosen using trial and error until only two poles remain
in the reduced system transfer function. The transfer function of the original and
reduced order transfer function are shown in figure 2.7 in order to verify that the re-
duced order system is a good approximation of the original one. Since the reduced
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Figure 2.7: Bode plot of the original and reduced order system.

second-order model accurately describes the behaviour of the original sixth-order
model, it can be used to do system analysis and controller design. The transfer
function of the reduced-order system is

V

Fext
(s) = 1.208× 10−6s

s2 + 0.04386s+ 0.9703 , (2.38)
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where V = L{ż}. The denominator of a second-order transfer function with nor-
malized parameters is written as

s2 + 2ζωns+ ω2
n, (2.39)

where ωn is the natural angular frequency and ζ is the damping factor of the system.
By identification, we find the natural angular frequency and the damping factor of
the system respectively to be

ωn = 0.985rad
s
, ζ = 0.0223 (2.40)

Since the buoy dynamics can be described by a second-order system, we can also
say that its dynamics are analogous to the dynamics of mass-spring-damper system,
which is a well-known second-order system. The undamped natural frequency of a
mass-spring-damper system can be calculates as

ωn =
√
k

m
, (2.41)

where k is the stiffness of the spring and m is the mass of the body. For a heaving
buoy, the effective mass of the buoy is the sum of the body mass and the added mass,
and the hydrostatic stiffness of the buoy corresponds to the mechanical stiffness
of the spring in a mass-spring-damper system. Therefore, the undamped natural
frequency of a buoy can be calculated as

ωn =
√

Gh

mb +m∞
, (2.42)

where Gh is the hydrostatic stiffness, defined as

Gh = ρgS. (2.43)

It should be noted that the natural frequency calculated using (2.42) slightly differs
from the natural frequency of the simplified system, shown in (2.40). However, in
order to understand the influence of each physical parameter on the buoy dynamics,
we rewrite the transfer function of the reduced order system in (2.38) in terms of
the buoy parameters,

V

Fext
(s) = s

(mb +m∞)s2 +Rrs+Gh

, (2.44)

where Rr is the radiation resistance

Rr = 2ζ
√
Gh(mb +m∞). (2.45)

We rewrite (2.44) in terms of the angular frequency ω by using the substitution
s = jω, where j =

√
−1 is the imaginary unit,

V

Fext
(ω) = 1

Rr + j ((mb +m∞)ω −Gh/ω) . (2.46)
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The magnitude function of (2.46) is∣∣∣∣ VFext (ω)
∣∣∣∣ = 1√

R2
r + ((mb +m∞)ω −Gh/ω)2

(2.47)

It is easy to see that the maximum of the magnitude function is∣∣∣∣ VFext (ω)
∣∣∣∣
max

= 1
Rr

(2.48)

that occurs when the frequency is equal to the natural frequency of the system,
namely

ω = ωn =
√

Gh

mb +m∞
(2.49)

It is clear that by changing either the hydrostatic stiffness or the equivalent mass of
the buoy or both, we can tune the natural frequency of the system to the frequency
of the incoming waves and make the buoy resonate. There are infinitely many
combinations of the hydrostatic stiffness and equivalent mass of the buoy that will
give a desired natural frequency5. Then, a natural question arises. What is the most
optimal way to choose the mass and the hydrostatic constant of the buoy? In order
to answer to this question, we will introduce the resonance bandwidth ∆ωres. It
is defined as the frequency interval, in which the kinetic energy exceeds half of the
maximum value, or the frequency interval in which the transmissibility response is
higher than the 70.71% (1/

√
2) of the maximum value at the resonance frequency.∣∣∣∣ VFext (ω)

∣∣∣∣ > 1√
2

∣∣∣∣ VFext
∣∣∣∣
max

= 1√
2Rr

(2.50)

In order to find the resonance bandwidth we need to find the frequencies at which
the magnitude response is equal to 70.71% of the its maximum value. Using (2.47)
and (2.50), we obtain the equation(

(mb +m∞)ω − Gh

ω

)2
= 2R2

r . (2.51)

Equation (2.51) has two solutions that are the lower and upper edges of the resonance
interval, ωl and ωu, respectively.

ωu(mb +m∞)− Gh

ωu
= Gh

ωl
− ωl(mb +m∞) = Rr. (2.52)

The upper edge is derived as follows

ωu(mb +m∞)− Gh

ωu
= Rr

(mb +m∞)ωu −Rrωu −Gh = 0

ωu =
Rr +

√
R2
r + 4(mb +m∞)Gh

2(mb +m∞)

(2.53)

5It is assumed that the hydrostatic stiffness and the mass of the buoy are independent. In
reality, there will be limitation in the minimum mass that a buoy can have for a given shape of
the buoy, that will also determine the hydrostatic stiffness
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The lower edge is derived as follows

Gh

ωl
− ωl(mb +m∞) = Rr

(mb +m∞)ωu +Rrωu −Gh = 0

ωl =
−Rr +

√
R2
r + 4(mb +m∞)Gh

2(mb +m∞)

(2.54)

Therefore, the resonance bandwidth is

∆ωres = ωu − ωl = Rr

(mb +m∞) (2.55)

The relative bandwidth is
∆ωres
ωn

= Rr√
Gh(mb +m∞)

(2.56)

Equation (2.56) tells us that increasing the effective mass of the buoy, decreases the
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Figure 2.8: Magnitude plot for three mass-spring-damper systems with different
masses.

relative bandwidth, and decreasing the hydrostatic stiffness of the buoy, increases
the bandwidth of the system. This fact is important when designing a wave energy
converter. If one wants to design a buoy that has wide enough bandwidth to capture
all the wave frequencies without the need for active control, then the buoy must have
light weight and low effective stiffness. The magnitude plots of three mass-spring-
damper systems, all with the same damping resistance and natural frequency, but
different mass and stiffness, are shown in figure 2.8. It can be clearly seen that
the bandwidth widens with decreasing the mass and/or decreasing the hydrostatic
stiffness.
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The consequence on the choice of mass and hydrostatic stiffness can also be tracked
in the time domain by looking at the general solution of the system. The time
domain response of an initially charged mass-spring system without excitation is

x(t) = (C1cos(ωdt) + C2sin(ωdt)) e−δt (2.57)

where C1 and C2 are determined based on initial conditions, and

δ = R

2m ωd =
√
ω2
n − δ2 (2.58)

are respectively the damping coefficient and damped natural frequency of the system.
By comparing (2.55) and (2.58), it can be seen that the resonance bandwidth is
proportional to the damping coefficient

∆ωres = 2δ. (2.59)

One way interpretation of the damping coefficient is to see as the speed to reach
steady state. i.e. it is inversely proportional to the time constant of the system.
The time to reach steady state is shorter for higher damping coefficient, which is
desirable since this means reaching the peak amplification more quickly for sinusoidal
excitation. From (2.58) it can be seen that the damping coefficient is proportional to
the resistance and inversely proportional to the mass of the buoy. Since the former
is related to the losses of the system, meaning that increasing the resistance, will
decrease the gain of the system, the best way to increase the damping coefficient is
to decrease the mass of the system. The response to a sinusoidal excitation of three
mass-spring-damper systems with same natural frequency, equal to the frequency
of the excitation, i.e. system at resonance, but with different damping coefficients
is shown in figure 2.9. It can clearly be seen that the system with the lowest mass
reaches steady state in shortest time.
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Figure 2.9: Response of three mass-spring-damper systems with different masses
and same natural frequency to the same excitation.
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When the system is not in resonance, i.e. the system is excited with a frequency
different than the natural frequency of the buoy, the system with lowest mass will
always have the highest amplification of the motion. In subsequent chapters, it will
also be shown that a system with a lower mass, requires the least effort (force), to
actively control the natural frequency of the system to match with the excitation
frequency. Therefore, it can be concluded that the designer of a wave energy con-
verter should strive for minimizing the mass of the buoy. The normalized magnitude
plot for system (2.38) is shown in figure 2.10. It can be seen from the figure that
the given buoy is quite narrow-banded with

fn = 0.157Hz, fl = 0.153Hz, fu = 0.161Hz, ∆fres = 0.008Hz (2.60)

where f = ω/(2π). Therefore, the generic buoy, chosen to describe the dynamic
behaviour of a wave energy converter, can only capture the energy of the waves in
a narrow spectrum. Thus, making it a not so efficient example of a wave energy
converter.
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Figure 2.10: Normalized magnitude response and resonance bandwidth.

2.1.5 Optimality condition
In order to obtain the optimality condition for maximum power absorption, the
machinery force is considered as just proportional to the velocity of the buoy, i.e.

FPTO(t) = −Rptoż(t) (2.61)

where Rpto is damping coefficient of the power take-off. This type of force is equiv-
alent to the force of a linear damper, therefore it can also be called the damping
force. The choice of this force to be linear to the velocity of the buoy is justified by
the fact that in a linear system only resistive type of forces contribute to the active
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power transfer in the system. The transfer function of the buoy with linear damping
from the power take-off is

V

Fext
(ω) = 1

Rpto +Rr + j ((mb +m∞)ω −Gh/ω) (2.62)

The captured power from the power take off is (see [3])

Ppto = Rpto

2 |V (ω)|2 = Rpto/2|Fexc|2
(Rpto +Rr)2 + (ω(mb +m∞)−Gh/ω)2 (2.63)

Noting that Ppto = 0 for Rpto = 0 and for Rpto = ∞, and that Pa > 0 for Rpto > 0,
it can be concluded that there exist a maximum of captured power, which can be
found by solving

∂Ppto
∂Rpto

= 0 (2.64)

Therefore, the maximum absorbed power occurs if

Rpto,opt =
√
R2
r + (ω(mb +m∞)−Gh/ω)2 (2.65)

and it is equal to

Ppto,max = |Fexc(ω)|2/4
Rr +

√
R2
r + (ω(mb +m∞)−Gh/ω)2

(2.66)

In resonance condition or also called optimal phase condition, i.e.

ω(mb +m∞)−Gh/ω = 0 (2.67)

the optimality condition is
Rpto,opt = Rr (2.68)

and the maximum absorbed power is

Ppto,max = |Fexc|
2

8Rr

(2.69)

Furthermore, the optimal velocity, when both optimum amplitude and phase con-
ditions are satisfied, is

V = Fext
2Rr

(2.70)

It is interesting to observe that the optimum phase condition in (2.67) does not
depend on the choice of the damping resistance of the power-take off Rpto. Once
the optimum phase condition is satisfied, the problem reduces to just setting the
damping resistance to the radiation resistance of the buoy. If the optimum phase
condition is not satisfied, the optimum damping coefficient is calculated according
to (2.65). Another interesting observation by looking at (2.65) is that the value of
the damping coefficient is the lowest when the optimum phase condition is satisfied.
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We will prove the same fact also for the damping force. The damping force is given
by

Fpto(ω) = − RptoFexc(ω)
Rpto +Rr + j ((mb +m∞)ω −Gh/ω) (2.71)

The magnitude of the damping force is equal to

|Fpto(ω)| = Rpto|Fexc(ω)|√
(Rpto +Rr)2 + ((mb +m∞)ω −Gh/ω)2

(2.72)

Substituting the optimal damping coefficient (2.65) in (2.72) and doing some alge-
braic manipulations, yields

|Fpto,opt(ω)| = |Fexc(ω)|√√√√√2
1 + Rr√

R2
r + ((mb +m∞)ω −Gh/ω)2


(2.73)

It is obvious from the equation above that the minimum is attained when the optimal
phase condition is satisfied. Therefore,

|Fpto,opt(ω)| ≥ |Fexc(ω)|
2 (2.74)

This implies that in order to capture more power when the optimal phase condition
is not met, then the buoy must be dampened always with a higher force than the
optimal damping force when the optimal phase condition is satisfied.
So far, we have considered that the machinery force from the power take-off to be
pure damping-like, i.e. the damping force is in phase with the machinery force. In
general this force can be controlled to have any phase with the buoy velocity. By
tuning the phase of PTO force, one can aim at capturing more power by putting
the buoy in resonance with the waves or detuning the system to limit power capture
in large waves. In order to keep the physical intuition, let us introduce the virtual
mass mv, virtual stiffness Gv and virtual damping Rv, and consider the damping
force to be a linear combination inertia, compression and damping force. Therefore,

Fpto(t) = −mvz̈(t)−Rvż(t)−Gvz(t) (2.75)

We should say that, unlike real physical components, the virtual mass and the virtual
stiffness can also have negative values. We assume that the virtual resistance is
non-negative. The machinery force is not anymore in phase with the velocity of
the buoy. This implies that it will not only dampen the buoy, but also the buoy at
some instances. Hence, the power will flow in both directions - from buoy to power
take-off and vice versa.
The transfer function of the buoy with the damping force in (2.75) is

V

Fext
(ω) = 1

Rv +Rr + j ((mb +m∞ +mv)ω − (Gh +Gv)/ω) (2.76)
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The net absorbed power comes only from the damping term of the machinery force,
i.e. the mass and the stiffness term do not contribute to the active power transfer
from buoy to power take-off. Therefore, the absorbed power is

Ppto = Rv

2 |V (ω)|2 = Rv/2|Fexc|2
(Rv +Rr)2 + (ω(mb +m∞ +mv)− (Gh +Gv)/ω)2 (2.77)

The maximum absorbed power occurs if

Rv,opt =
√
R2
r + (ω(mb +m∞ +mv)− (Gh +mv)/ω)2 (2.78)

and it is equal to

Ppto,max = |Fexc(ω)|2/4
Rr +

√
R2
r + (ω(mb +m∞ +mv)− (Gh +Gv)/ω)2

(2.79)

By knowing the physical parameters of the system and the frequency of the incoming
wave, ans assuming there are no constraints in the system and damping force, the
optimal phase condition can be guaranteed by tuning either the virtual mass or
stiffness, or both according to

ω(mb +m∞ +mv)− (Gh +Gv)/ω = 0 (2.80)

Then, the optimal damping coefficient of the power take-off force is

Rv,opt = Rr (2.81)

The derivations of the optimal conditions for power absorption are based on a linear
system without constraints. In reality, the buoy dynamics are nonlinear and there
are constraints in the system such as maximum displacement and velocity of the
buoy, maximum allowed machinery force, etc, that needs to be considered when
controlling the wave energy converter. We observed that by tuning the machinery
force, we can always guarantee optimal phase condition in an unconstrained system.
However, this feature comes with an expense. Additional force from the PTO is
required to put the buoy in resonance. Writing the machinery force in frequency
domain as a function of the velocity, yields

Fpto(ω) = (Rv + i(ωmv −Gv/ω))V (ω) (2.82)

Assuming that the optimal phase condition is satisfied, the amplitude of the damping
force is

|Fpto,opt| =
|Fexc|
2Rr

√
R2
r + (ωmv −Gv/ω)2 (2.83)

The minimum is attained when no reactive elements are included in the machinery
force, i.e. when it is pure damping. Increasing the machinery force is associated with
up-sizing components that increases the cost of the power take-off. For example,
in a direct-drive system, providing reactive power through the generator to control
the phase of the buoy requires increasing the size of the generator and the drive
train. Moreover, there will be round trip losses due to the flow of power in both
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directions, which will decrease the benefits obtained by controlling the phase of the
buoy. Therefore, the designer of a wave energy converter must look for efficient ways
to change the natural frequency of the buoy. This can be done either by changing
the effective mass or the effective stiffness of the buoy. CorPower, for instance,
has a light weight buoy, whose natural frequency is higher than the frequencies in
the bandwidth of the wave spectrum. However, it uses the so called WaveSpring
technology that can decrease the effective stiffness of the WEC, thus, reducing the
natural frequency in a tunable fashion for each sea state in order to match the
natural frequency to the most occurring frequency of excitation in this sea state.
Due to the lower mass of the buoy, it is characterized as a wide-banded system that
can effectively capture energy from the whole bandwidth of frequencies in a given
sea-state without the need for active control.

2.2 Lump-parametric modelling
This section presents lump-parameteric modelling as a way to improve the accuracy
of hydraulic pipe models.
A hydraulic pipe can be represented of successively connected basic building blocks,
called lumps, that consist of compressibility, inductance and friction components.
A model of a lump is shown in figure 2.11 using electrical analogy.

p0

R1 L1

i1=dq1
dt

C1

p1

Figure 2.11: Model of a lump

The lump is modelled as follows:

∆p(t) = p0(t)− p1(t) = R1(q1(t))q1(t) + L1
dq1

dt
(t)

dp1

dt
(t) = 1

C1
q1(t)

(2.84)

where R1(q1) is the fluid resistance that depends on pipe geometry, fluid properties
and flow, L1 is the fluid inertia and C1 is the fluid capacitance. For laminar flow, the
fluid resistance is constant and depends only on pipe geometry and fluid properties.
For a circular pipe

Rf = 128ρνl
πD4 (2.85)

where ρ is the density of fluid ν is the kinematic viscosity and l is the length of the
pipe section. The fluid inertia Lf is proportional to the density of the fluid ρ and
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to the pipe section length l, and inversely proportional to the cross section area A.

Lf = ρ
l

A
(2.86)

There are two factors that contribute to the fluid capacitance. They are the pipe
compliance and the fluid compressibility. We assume that the pipe is stiff and hence
does not contribute to the fluid capacitance. The fluid compressibility is represented
by a well-known parameter, called the bulk modulus. The bulk modulus is a con-
stant/property of each fluid that expresses the stiffness of the fluid. Therefore, the
fluid capacitance is inversely proportional to the bulk modulus and it is given by

Cf = Vf
β

(2.87)

where Vf is the volume of the pipe section.
Since there are two energy storage components, the lump is a second order system.
The transfer function of a lump is

P1

P0
(s) = 1/(LC)

s2 +R/Ls+ 1/(LC) (2.88)

where L, C and R are respectively the fluid inductance, capacitance and resistance.
The transfer function of general second order system is

G(s) = K

s2 + 2ζωns+ w2
n

(2.89)

By identification we wind

K = 1
LC

ωn = 1√
LC

ζ = R

2

√
C

L
(2.90)

Substituting (2.85), (2.86) and (2.87) in (2.90) yields

K = β

ρl2
ωn =

√
β

ρl2
ζ = 16νl

D2

√
ρ

β
(2.91)

It is interesting to note that the natural frequency of a pipe section does not depend
on its diameter. A model of a pipe with three lumps is shown in figure 2.12.

−
+p0
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R1 L1

q1

C1
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R2 L2

q2
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R3 L3

q3

C3

p3

Figure 2.12: Lumped model of a hydraulic pipe
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The mathematical model of the pipe is

Liq̇i(t) = pi−1(t)− pi(t)−Ri(qi(t))
Ciṗi(t) = qi(t)− qi+1(t) i = 1, ... , n.

(2.92)

In a higher-order system like the lumped-parameter model of a pipe, there are more
than one resonance frequency, called the modes of the system. The number of modes
corresponds to the number of lumps of the pump. It can be proven that all the modes
of the lumped-parameter model of a pipe are a function of LC only. Therefore, they
depend on the pipe length and fluid properties, and not on the pipe width. The
bode plot of fluid flow in a pipe with different number of lumps is shown in figure
2.13. The pipe geometry and fluid properties are summarized in Table 2.2.

Table 2.2: Cylindrical buoy parameters

Parameter Notation Value Unit
Pipe diameter D 76.2× 10−3 m
Pipe length l 80 m
Fluid density ρ 875 kg/m3

Bulk modulus β 1.6× 109 Pa
Kinematic viscosity ν 46× 10−6 m2/s
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Figure 2.13: Bode plot of lumped parameter model of a pipe with different number
of lumps.

By looking at the bode plots, a few observations can be made. Firstly, the low-
frequency gain decreases with number of lumps. Secondly, the modes of the system
with lower number of lumps occur at lower frequencies compared to the correspond-
ing modes of the system with a higher number of lumps. Furthermore, the band-
width between two modes decreases with increasing the frequency. Lastly, the high-
frequency gain of the system decreases more rapidly with increasing the number of
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the lumps. It is also important to say that a higher number of lumps increases model
fidelity but decreases simulation speed when simulating the system. Then naturally
this question arise: How many lumps are needed to accurately model a pipe with
certain length? In this thesis, a practical approach is proposed to determine the
number of lumps. The method assumes that the bandwidth of the excitation to
the pipe is known. The highest frequency with a significant energy content is de-
termined. Then the number of lumps is determined by finding the lowest order
system whose last mode is at a frequency that is higher than the highest excitation
frequency. This way, it is made sure that none of the significant modes of the sys-
tem are missed. In our case, the bandwidth of the waves is well-known. Since a
buoy exhibits more or less linear behaviour, the response has similar bandwidth to
the excitation. However, the rectification of the input flow to the pipes introduces
higher-order harmonics, therefore, it spreads the bandwidth to higher frequencies.
By noting the most dominant harmonics, we can determine the highest input fre-
quency to the piping system that can have noticeable effect on the response of the
system.
Lump-parametric modelling and concepts from linear graph theory, which are ex-
plained in the next section, are used to model the hydraulic collection system.

2.3 Linear graph theory

This section informally provides some linear graph theory concepts. The informa-
tion is mostly excerpted from [17], where the concepts are applied to model an
electrical system. General physical systems can be modelled with the help of graphs
[18]. A graph comprises of nodes and directed branches connecting the nodes. A
graphical node represents a point on the physical systems that separates the physi-
cal components. A graphical branch represents a physical component. A cycle is a
graph whose nodes and branches can be placed around a circle. A connected acyclic
sub-graph of a graph is called a tree. A spanning tree is a tree connecting all the
nodes of the graph. The branches in a tree are called tree branches. The remaining
are called links. An example of a directed graph is shown in figure 2.14. The dots
represent the nodes and the lines represent the branches. The direction is indicated
by an adjacent arrow, defining a tail node and a head node of a branch. The solid
lines indicate the tree branches, and the dotted lines are the lines. The branches are
enumerated so the first ones are the tree branches and the last ones are the links.

Figure 2.14: An example of a directed graph.
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The fundamental cutset matrix is defined as

Qcutset =


Q1
...
Qr

 (2.93)

where Qi, 1 ≤ i ≤ r, is the fundamental cutset vector, defined in [ref] as

Definition: Let t be a spanning tree for a directed graph. Remove the tree branch bi
, 1 ≤ i ≤ r, then the tree is divided into two separate trees, the tree t1 containing the
tail node of bi and the tree t2 containing the head node of bi. Define the fundamental
cutset vector:

Qi = (Qi1, ..., Qin), 1 ≤ i ≤ r (2.94)
where

Qij =


1, if the head node of bj belongs to t2 and the tail node of bj belongs to t1
0, f the end nodes of bj belong only to t1or only to t2
−1, if the head node of bj belongs to t1 and the tail node of bj belongs to t2

The fundamental cutset matrix always has the structure

Qcutset =
[
Ir Qlink

]
(2.95)

where Ir is the identity matrix. The fundamental cycle matrix is defined as

Pcycle =


P1
...

Pn−r

 (2.96)

where Pi, 1 ≤ i ≤ n− r, is the fundamental cycle vector, defined in [17] as

Definition: Let t be a spanning tree for a directed graph. t together with the link
bi , r < i ≤ n, forms a graph which has one and only one cycle. The cycle consists
of bi and a set of tree branches. Define the fundamental cycle vector:

Pi = (Pi1, ..., Pin), 1 ≤ i ≤ n− r (2.97)

where

Pij =


1, if bj belongs to the cycle and its direction is the same as of bi,
0, if bj does not belong to the cycle,
−1, if bj belongs to the cycle and its direction is opposite as the end of bi.

The fundamental cycle matrix always has the structure

Pcycle =
[
Ptree In−r

]
(2.98)

A physical system can be composed of flow and effort sources, capacitive, inductive
and resistive components. Effort sources are always represented by a tree branch,
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and flow sources are represented by a link. Capacitive, inductive and resistive com-
ponents can be represented either by a tree branch or a link. Let us define the flow
variables as

fT = (ftree flink) (2.99)
where

fTtree = (fTE fTC fTl fTX) (2.100)
fTlink = (fTY fTc fTL fTF ) (2.101)

and the effort variables as
eT = (eTtree eTlink), (2.102)

where

eTtree = (eTE eTC eTl eTX) (2.103)
eTlink = (eTY eTc eTL eTF ) (2.104)

The variables with subscript E represent the flow and effort of an effort source,
with subscript C - of a tree branch capacitive component, with subscript l - of
a tree branch inductive component, with subscript X - of a tree branch resistive
component, with subscript Y - of a link resistive component, with subscript c - of
a link capacitive component, with subscript L - of a link inductive component, and
with subscript F - of a flow source. The ordering of the variables is important in
order to obtain the system matrices in a special form that will be apparent later. A
general linear physical system can be described by the system of equations[

ftree
elink

]
=
[

0 −Qlink

−Ptree 0

] [
etree
flink

]
(2.105)

that is derived based on the fundamental laws of physics, such as the conservation
of flow at a node and conservation of effort in a closed cycle.
In [17] it is shown that

Qlink = −P T
tree, (2.106)

if the ordering of the variables is chosen according to equations (2.99) to (2.104).
Hence, by knowing either Qlink or Ptree, one can obtain the whole system of equa-
tions.

2.4 Model predictive control
This section derives an MPC controller of a linear hydrodynamic wave-body inter-
action model in heave using maximization of the captured power as objective.
The simplified buoy model in heave was derived in previous sections and is rewritten
here in state-space form

[
ẋ1(t)
ẋ2(t)

]
=
 0 1
− k
m
− b

m

 [x1(t)
x2(t)

]
+
 0

1
m

u(t) +
 0

1
m

w(t) (2.107)
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where x1(t) is the position of the buoy in meters, m, x2(t) is the velocity of the
buoy in meters per second, m/s, u(t) is the load force in mega-newtons, MN , w(t)
is the wave excitation force in MN , and m, b and k are the equivalent mass, viscous
friction and buoyancy of the buoy that are equal to

m = 0.828 MNs2

m
, b = 0.0363 MNs

m
, k = 0.8034 MN

m
(2.108)

Note the choice of the the units in (2.108). They are not chosen as SI units in order
to keep the numerical values of the variables and inputs close. The extracted power
from the buoy at time t is expressed as

P (t) = x2(t)u(t) (2.109)

and it has the units mega-wats, MW . The average power over a period T after
initial time t0 is

P̄ =
∫ t0+T

t0
x2(t)u(t)dt (2.110)

We aim at maximizing the average extracted power over a period of T , hence (2.110)
is a good candidate as an objective function of the proposed MPC controller.
Since MPC is a discrete type of controller, we need to discretize the continuous
model and use an objective function in discrete form. We discretize the model using
zero-order hold and sampling period of Ts = 0.1

x(k + 1) = Ax(k) + Bu(k) + Bww(k) (2.111)

where

A =
[

0.9952 0.09962
−0.09666 0.9908

]
, B = Bw =

[
0.006025
0.1203

]
. (2.112)

The objective function is formulated as the discrete version of (2.110)

P̄ = Ts
T

N∑
i=0

x2(k + i|k)u(k + i|k), (2.113)

where var(.|k) notation is used to indicate that the variable is the predicted, and
not the measured one. At the current time instant t0 = kTs the states of the
system are measured, hence x(k|k) = x(k). In order to have only variables that
can be optimized in the objective function, i.e. not measured, and to have a convex
objective function, we augment it as

P̄ = Ts
T

N∑
i=0

x2(k + 1 + i|k)u(k + i|k), (2.114)

In order to have more design freedom, we are going to define a more general objective
function, that will be used to derive the MPC controller. The system equations will
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be the equality constraints, and, we will introduce inequality constraints on the
states and inputs of the system. Hence, the problem is formulated as

min
x(k+1:k+N |k),u(k:M−1|k)

N∑
i=1

1
2xT (k+i|k)Qx(k+i|k)

+
M−1∑
i=0

(1
2u

T (k+i|k)TRu(k+i|k)+xT (k+1+i|k)Su(k+i|k)
)

+
N∑
i=M

xT (k+i|k)Su(k+M−1|k)

(2.115)
subj to x(k+1+i|k)=Ax(k+i|k)+Bu(k+i|k)+Bww(k+i|k), i = 0, . . . , N−1

xmin ≤ x(k+i|k) ≤ xmax, i = 1, . . . , N
umin ≤ u(k+i|k) ≤ umax, i = 0, . . . ,M−1

where N and M are respectively the state and input horizon, Q = diag(q1, q2), R
and S = [0 1]T are respectively the state, input and state-input weighting matrices.
Let us define

z(k) =
[
xT (k + 1|k) · · · xT (N |k) u(k|k) · · · u(M − 1|k)

]T
(2.116)

We can write the objective function in terms of the new variable

min
z(k)

1
2zT (k)Hz(k)

subject to Gz(k) ≤ h
(2.117)

where
H =

[
Q̄ S̄
S̄T R̄

]
∈ R2N+M

Q̄ =


Q · · · 0
... . . . ...
0 · · · Q

 ∈ R2N×2N

S̄ =




S · · · 0
... . . . ...
0 · · · S

 , if M = N



S · · · 0
... . . . ...
0 · · · S
... ... ...
0 · · · S


, if M < N

∈ R2N×M

R̄ =


R · · · 0
... . . . ...
0 · · · R

 ∈ RM×M
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G =
[

Gx 04N×M

02N×2M Gu

]
∈ R2(2N+M)×2N+M

Gx =



I2 0 · · · 0
0 I2 · · · 0
... ... . . . ...
0 0 · · · I2
−I2 0 · · · 0
0 −I2 · · · 0
... ... . . . ...
0 0 · · · −I2


∈ R4N×2N

Gu =



1 0 · · · 0
0 1 · · · 0
... ... . . . ...
0 0 · · · 1
−1 0 · · · 0
0 −1 · · · 0
... ... . . . ...
0 0 · · · −1


∈ R2M×M

h =
[
hx
hu

]
∈ R2(2N+M)×1

hx =
[

xmax
−xmin

]
∈ R4N×1

hu =
[

umax
−umin

]
∈ R2M×1

xmax =


xmax
...

xmax

 ∈ R2N×1

xmin =


xmin
...

xmin

 ∈ R2N×1

umax =


umax
...

umax

 ∈ RM×1

umin =


umin
...

umin

 ∈ RM×1

Repeated use of the system equations gives the batch solution
x(k + 1|k) = Ax(k) + Bu(k|k) + Bww(k|k)
x(k + 2|k) = A2x(k) + ABu(k|k) + Bu(k + 1|k) + ABww(k|k) + Bww(k + 1|k)

...

49



2. Theory

x(k +M |k) = AMx(k) + AM−1Bu(k|k) + · · ·+ Bu(k +M − 1|k)
+ AM−1Bww(k|k) + · · ·+ Bww(k +M − 1|k)

x(k +M + 1|k) = AM+1x(k) + AMBu(k|k) + · · ·+ (A + I2)Bu(k +M − 1|k)
+ AMBww(k|k) + · · ·+ Bww(k +M |k)
...

x(k +N |k) = ANx(k) + AN−1Bu(k|k) + · · ·+
N−M∑
i=0

AiBu(k +M − 1|k)

+ AN−1Bww(k|k) + · · ·+ Bww(k +N − 1|k)
(2.118)

Rewriting in matrix form, yields

X(k) = Āx(k) + T̄U(k) + W̄w(k) (2.119)

where

X(k) =
[
xT (k + 1) · · · xT (k +N)

]T
∈ R2N×1

U(k) =
[
u(k) · · · u(k +M − 1)

]T
∈ RM×1

w(k) =
[
w(k) · · · w(k +N − 1)

]T
∈ RN×1

Ā =


A
A2

...
AN

 ∈ R2N×2

T̄ =



B 0 . . . 0 0
AB B . . . 0 0
... ... . . . ... ...

AM−2B AM−1B . . . B 0
AM−1B AM−2B . . . AB B
AMB AM−1B . . . A2B (A + I2)B

... ... . . . ...
AN−1B AN−2B . . . AN−M+1B ∑N−M

i=0 AiB


∈ R2N×M

W̄ =


Bw 0 . . . 0

ABw Bw . . . 0
... ... . . . ...

AN−1Bw AN−2Bw . . . Bw

 ∈ R2N×N (2.120)

Noting that z(k) = [XT (k) UT (k)]T , we can write the objective function in (2.117)
in terms of X(k) and U(k). It yields

min
X(k),U(k)

1
2XT (k)Q̄X(k) + XT (k)S̄U(k) + 1

2UT (k)R̄U(k)

subject to GxX(k) ≤ hx

GuU(k) ≤ hu

(2.121)
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Substituting (2.119) in (2.121), yields

min
U(k)

1
2
(
Āx(k) + T̄U(k) + W̄w(k)

)T
Q̄
(
Āx(k) + T̄U(k) + W̄w(k)

)
+
(
Āx(k) + T̄U(k) + W̄w(k)

)T
S̄U(k) + 1

2UT (k)R̄U(k)

subject to Gx
(
Āx(k) + T̄U(k) + W̄w(k)

)
≤ hx

GuU(k) ≤ hu.
(2.122)

Performing a few algebraic manipulations on (2.122) and removing all the terms
that do not depend on the optimization variable U(k), we obtain

min
U

1
2UT (k)HuU(k) + fu(k)U(k)

subject to GU(k) ≤ h(k)
(2.123)

where
Hu = T̄T

(
Q̄T̄ + S̄

)
+ R̄ fu(k) =

(
Āx(k) + W̄w(k)

)T (
Q̄T̄ + S̄

)
G =

[
GxT̄
Gu

]
h =

[
hx −GxĀx(k)−GxW̄w(k)

hu

]

Infeasibility handling
If the constraints that are enforced on the system are too strict, the optimization
algorithm might fail to find an optimal solution in the feasible set. In this scenario
the optimization will not give any control input, i.e. the system will run in open
loop. Therefore, we need to find a way to handle these situations. One of the
most common ways is softening the constraints by introducing slack variables in the
optimization problem. We define the new control problem as

min
X(k),U(k),ε

1
2XT (k)Q̄X(k) + XT (k)S̄U(k) + 1

2UT (k)R̄U(k) + 1
2ε

T (k)P̄ε(k)

subject to xmin −Vxminεx(k) ≤ X(k) ≤ xmax + Vxmaxεx(k)
umin −Vuminεu(k) ≤ U(k) ≤ umax + Vumaxεu(k)
ε(k) ≥ 0

(2.124)
where ε(k) = [εx(k), εu(k)]T are the slack variables, P̄ = diag(ρx, ρu) is the weights
for each slack variable, and Vxmin , Vxmax ∈ R2N×2, Vumin and Vumax ∈ RM×1 are
matrices with non-negative entries, where the larger the i-th entry, the relatively
softer the corresponding i-th constraint is. We plug in the batch solution (2.119)
into (2.124) to obtain the optimization problem in terms of the control inputs U(k)
and slack variables ε(k),

min
U(k),ε(k)

1
2UT (k)HuU(k) + fu(k)U(k) + 1

2ε
T (k)P̄ε(k)

subject to GxT̄U(k)−Vxεx(k) ≤ hx −GxĀx(k)−GxW̄w(k)
GuU(k)−Vuεu(k) ≤ hu

− I3ε(k) ≤ 0

(2.125)
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where
Vx = [VT

xmax VT
xmin

]T , Vu = [VT
umax VT

umin
]T (2.126)

Let us define the new optimization vector Z,

Z(k) = [UT (k) εT (k)]T (2.127)

The optimization problem written in terms of Z is

min
Z

(k) 1
2ZT (k)H̄Z(k) + f̄(k)Z(k)

subject to ḠZ(k) ≤ h̄(k)
(2.128)

where
H̄ =

[
Hu 0M×3

03×M P̄

]
, f̄(k) =

[
fu(k) 01×3

]

Ḡ =


GxT̄ −Vx 02N×1

Gu 0M×2 −Vu
02×M −I2 02×1

01×M 01×2 −1

 h̄(k) =
[
h(k)
03×1

]

A sample output from applying the designed MPC on the generic buoy in the sea
state Hs = 4.75m and Te = 9.5s, is shown in figure 2.15.

Figure 2.15: Timesieries with MPC and the generic buoy in sea state Hs = 4.75m,
Te = 9.5s.
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The chosen constraints in the simulation are: 3.5m maximum displacement, 5m/s
maximum velocity and 400kN maximum PTO force. The prediction and control
horizon are both equal to 40s. It can be seen that the force constrain is not violated,
and the displacement and velocity constraints are not reached during the shown
time interval. It can also be observed that the PTO power is negative at some time
instances. This implies that energy is returned to the buoy in order to amplify the
motion.
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3
Modelling of Wave Energy

Converters

This chapter describes the modelling of CorPower and Waves4Power buoys.

3.1 Modelling of CorPower’s buoy

CorPower’s buoy will be modelled with energy approach using the Euler-Lagrange
equations. In order to do that, firstly, the generalized coordinates will be selected
and any constraints between them will be identified. Secondly, the total energy
in the system will be written down. Finally, the Euler-Lagrange equation will be
applied to obtain the dynamic equations of the system.
The drawing in 3.1 is used to assist the modelling of CPO’s wave energy converter.

Figure 3.1: Geometric relation between buoy position and rack displacement.

The WEC captures power both from surge and heave motion, therefore two dimen-
sions are considered when modelling the buoy. They are denoted as x(t) and z(t),
respectively. The mooring wire is always tensed due to the pretension module and
its length is always equal to the sea depth, denoted by h, i.e. the wire is assumed
to be stiff. The displacement of the rack is denoted by ξ(t) and it is constrained by
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3. Modelling of Wave Energy Converters

the surge and heave position of the buoy according to

h1 :
√
x2(t) + (z(t) + h)2 − h− ξ(t) = 0 (3.1)

The angular displacement of the two shafts are denoted by θ1(t) and θ2(t) respec-
tively. When either of the shafts are engaged their displacements are constrained to
the displacement of the rack by

h2i : ξ(t)− ncθi(t) = 0 (3.2)

where nc is the total gear ratio of the cascade gearbox and i = 1, 2 denotes the shaft
that is engaged to the rack. When the shafts are disengaged, they are not any more
constrained by the rack, and rotate by the stored kinetic energy in the flywheels.
The generalized coordinates are chosen to be q(t) =

[
x(t) z(t) ξ(t) θ1(t) θ2(t)

]T
.

From now on, we will omit the time argument from the generalized coordinates in all
expressions to keep them more readable. The number of the generalized coordinates
determines the number of degrees of freedom, which in this case is five. The two
constraints will reduce the system to a three-degree-of-freedom one.
The kinetic energy of the of the system is

T = 1
2mbxẋ

2 + 1
2mbz ż

2 + 1
2mrξ̇

2 + 1
2J1θ̇

2
1 + 1

2J2θ̇
2
2, (3.3)

where mbx , mbz , mr, J1, J2 are respectively the mass of the buoy in surge and heave
direction, mass of the rack and inertia of the two shafts. The reason mbx 6= mbz is
that the masses also account for the added masses, which are different for surge and
heave. The potential energy of the system is given

U = 1
2Shz

2, (3.4)

where Sh is the hydrostatic stiffness. The Lagrangian is defined as

L(q, q̇) = T (q̇)− U(q) (3.5)

Hence,
L = 1

2mbxẋ
2 + 1

2mbz ż
2 + 1

2mrξ̇
2
r + 1

2J1θ̇
2
1 + 1

2J2θ̇
2
2 −

1
2Shz

2 (3.6)

The Lagrange equation is defined as

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= Fg (3.7)

where Fg is a vector containing the generalized forces, that include
• Fdiss - dissipative forces
• Fin - input forces
• Fcst - constraint forces

In our system we can identify the following generalized forces
• Fwx - surge excitation force
• Fwz - heave excitation force
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• Frx - radiation force in surge
• Frz - radiation force in heave
• Fdx - drag force in surge
• Fdz - drag force in heave
• Fdξ - friction force of the rack
• τdi - friction torque of shaft i = 1, 2
• τgi - induced torque of generator i = 1, 2

The WaveSpring force FWS and the gas-spring force FGS act on the rack in parallel
with the other generalized forces of the rack. Therefore, we can consider them as
generalized forces without digging into their derivation. Though, it is not correct to
name them as generalized forces, since they arise as a result of the stored potential
energy in the gas springs.
The constraints given by (3.1) and (3.2) depend only on displacements. Therefore,
they are called holonomic. For holonomic constraints, the constraint forces are
defined as

Fcsti = −
k∑
j=1

λj(t)
∂hj
∂qi

(3.8)

where λ is the Lagrange multiplier and k is the number of constraints.
Applying the Euler-Lagrange equation in (3.7), we obtain the equations of motion

mbxẍ+ Frx + Fdx + λ1
x√

x2 + (z + h)2
= Fwx (3.9a)

mbz z̈ + Frz + Fdz + Shz + λ1
z + h√

x2 + (z + h)2
= Fwz (3.9b)

mrξ̈ + Fdr + FGS + FWS − λ1 + αλ2i = 0 (3.9c)
Jiθ̈i + τdi − ncαλ2i = −τgi , i = 1, 2 (3.9d)

In (3.9) α = {0, 1} denotes the condition whether the rack is engaged to any of the
shafts or it is disengaged. When it is disengaged, α = 0, and when engaged, α = 1.
We can solve (3.9) either reducing the order of system by eliminating λ1 and λ2i
or by finding the second time-derivative of the constraint equations and solving the
equations of motion together with the constraint equations.

3.1.1 Reduced order model

The reduced order model is derived by eliminating the constraint dynamics of the
system. In order to do that, we will eliminate the Lagrange multipliers λ1 and λ2i
in (3.9). We start with λ2i . Combining (3.9c) and (3.9d), we obtain

(
mr + α

Ji
n2
c

)
ξ̈ + α

τdi
nc

+ Fdr + FGS + FWS − λ1 = −ατgi
nc

(3.10)
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Now, we will get rid of λ1. It is expressed using equation (3.10) and substituted in
(3.9a) and (3.9a).

mbxẍ+ Frx + Fdx +
((

mr + α
Ji
n2
c

)
ξ̈ + τdi

nc
+ Fdr + FGS + FWS + τgi

nc

)
x√

x2 + (z + h)2
= Fwx

(3.11a)

mbz z̈ + Frz + Fdz +
((

mr + α
Ji
n2
c

)
ξ̈ + τdi

nc
+ Fdr + FGS + FWS + τgi

nc

)
z + h√

x2 + (z + h)2
+ Shz = Fwz

(3.11b)

We differentiate the constraint (3.1) two times with respect to time and express the
rack acceleration d̈r.

ξ̈ = ((h+ z)ẋ− xż)2 + x(x2 + (h+ z)2)ẍ+ (h+ z)(x2 + (h+ z)2)z̈)
(x2 + (h+ z)2)

3
2

(3.12)

Substituting (3.12) in (3.11) yields the reduced order equations of motion of the
buoy.

A(x, z)
[
ẍ
z̈

]
+ b(x, z, ẋ, ż) + C(x, z, ẋ, ż) =

[
Fwx
Fwz

]
(3.13)

where

A(x, z) =


mbx+

(
mr+α

Ji
n2
c

)
x2

x2+(h+z)2

(
mr+α

Ji
n2
c

)
x(h+z)

x2+(h+z)2(
mr+α

Ji
n2
c

)
x(h+z)

x2+(h+z)2 mbz+
(
mr+α

Ji
n2
c

)
(h+ z)2

x2+(h+z)2

 (3.14)

b(x, z, ẋ, ż) =


(
mr + α

Ji
n2
c

)(
x ((h+ z)ẋ− xż)2

(x2 + (h+ z)2)2

)
(
mr + α

Ji
n2
c

)(
(h+ z) ((h+ z)ẋ− xż)2

(x2 + (h+ z)2)2

)
 (3.15)

C(x, z, ẋ, ż) =
[
Frx + Fdx
Frz + Fdz

]
+ 1√

x2 + (z + h)2(
α
τdi
nc

+ Fdr + FGS + FWS + α
τgi
nc

) [
x

h+ z

] (3.16)

And the equation of motion of the disengaged shaft is simply given by

Jj θ̈j + Fdj = −τgj , (3.17)

where j denotes the number of the disengaged shaft.
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3.1.2 Extended order model
In order to derive the extended order model, we need to express the constraints in
terms of the accelerations q̈ =

[
q̈1 q̈2 q̈3 q̈4 q̈5

]T
=
[
ẍ z̈ ξ̈ θ̈1 θ̈2

]T
.

By differentiating the constraint equations and applying the chain rule, we obtain

d2h1(q)
dt2

= d

dt

(
∂h1

∂q1

)
q̇1 + ∂h1

∂q1
q̈1 + d

dt

(
∂h1

∂q2

)
q̇2 + ∂h1

∂q2
q̈2 + d

dt

(
∂h1

∂q3

)
q̇3

+ ∂h1

∂q3
q̈3 + d

dt

(
∂h1

∂q4

)
q̇4 + ∂h1

∂q5
q̈5 + d

dt

(
∂h1

∂q5

)
q̇5 + ∂h1

∂q5
q̈5 = 0

d2h2i(q)
dt2

= d

dt

(
∂h2i
∂q1

)
q̇1 + ∂h2i

∂q1
q̈1 + d

dt

(
∂h2i
∂q2

)
q̇2 + ∂h2i

∂q2
q̈2 + d

dt

(
∂h2i
∂q3

)
q̇3

+ ∂h2i
∂q3

q̈3 + d

dt

(
∂h2i
∂q4

)
q̇4 + ∂h2i

∂q4
q̈4 + d

dt

(
∂h2i
∂q5

)
q̇5 + ∂h2i

∂q5
q̈5 = 0

(3.18)

Expressed in matrix form, equation 3.18 looks like


∂h1

∂q1

∂h1

∂q2

∂h1

∂q3

∂h1

∂q4

∂h1

∂q5

∂h2i
∂q1

∂h2i
∂q2

∂h2i
∂q3

∂h2i
∂q4

∂h2i
∂q5




q̈1
q̈2
q̈3
q̈4
q̈5

 = −


5∑
j=1

d

dt

(
∂h1

∂qj

)
5∑
j=1

d

dt

(
∂h2i
∂qj

)
 (3.19)

Note that there is only one or two constraints active at a time, depending on whether
the shaft is disengaged or engaged. When both shafts are disengaged, we do not
have the second constraint anymore. Therefore, equation (3.19) reduces to

[
∂h1

∂q1

∂h1

∂q2

∂h1

∂q3

∂h1

∂q4

∂h1

∂q5

]

q̈1
q̈2
q̈3
q̈4
q̈5

=−
5∑
j=1

d

dt

(
∂h1

∂qj

)
(3.20)

We can write the derived system of equations in (3.9) in general form as

Mq̈ + Fdiss + Fq +
(
∂h

∂q

)T
λ = Fin (3.21)

where
M = diag(mbx , mbz , mr, J1, J2)

Fdiss =


Fdx + Frx
Fdz + Frz

Fdr
τd1

τd2

 Fq =


0
Shz

FWS + FGS
0
0

 λ =
[
λ1
λ2i

]
Fin =


Fwx
Fwz
0
−τg1

−τg2
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Combining (3.19) and (3.21), we obtain the system of equations when one of the
shafts are engaged,



mbx 0 0 0 0 ∂h1
∂q1

∂h2i
∂q1

0 mbz 0 0 0 ∂h1
∂q2

∂h2i
∂q2

0 0 mr 0 0 ∂h1
∂q3

∂h2i
∂q3

0 0 0 J1 0 ∂h1
∂q4

∂h2i
∂q4

0 0 0 0 J2
∂h1
∂q5

∂h2i
∂q5

∂h1
∂q1

∂h1
∂q2

∂h1
∂q3

∂h1
∂q4

∂h1
∂q5

0 0
∂h2i
∂q1

∂h2i
∂q2

∂h2i
∂q3

∂h2i
∂q4

∂h2i
∂q5

0 0





q̈1
q̈2
q̈3
q̈4
q̈5
λ1
λ2i


=



Fwx − Fdx − Frx
Fwz − Fdz − Frz − Shz
−Fdr − FWS − FGS
−τd1 − τg1

−τd2 − τg2

−
5∑
j=1

d
dt

(
∂h1
∂qj

)
−

5∑
j=1

d
dt

(
∂h2i
∂x

)



(3.22)

And combining (3.20) and (3.21), we obtain the system of equations when none of
the shafts are engaged,



mbx 0 0 0 0 ∂h1
∂q1

0 mbz 0 0 0 ∂h1
∂q2

0 0 mr 0 0 ∂h1
∂q3

0 0 0 J1 0 0
0 0 0 0 J2 0
∂h1
∂q1

∂h1
∂q2

∂h1
∂q3

∂h1
∂q4

∂h1
∂q5

0





q̈1
q̈2
q̈3
q̈4
q̈5
λ1


=



Fw,x − Fdx − Fr,x
Fw,z − Fdz − Fr,z − Shz
−Fdr − FWS − FGS
−τd1 − τg1

−τd2 − τg2

−
5∑
j=1

d
dt

(
∂h1
∂qj

)


(3.23)

By looking at the fourth and fifth row of the system of equations in 3.23, it can be
seen that the flywheels are rotating with damping from friction and the generator.

3.2 Implementation of the reduced order model
The original CorPower model implements the system of equations in (3.11). Looking
at these equations we can see that, in order to calculate the buoy acceleration in
surge and/or heave, we need to know the rack acceleration. However, there exists an
algebraic constraint between the rack acceleration and the buoy acceleration in heave
and surge, which was shown by (3.12). Therefore the surge and heave accelerations
will appear in both sides of (3.11). Hence, implementing (3.11) directly in Simulink
will create an algebraic loop. The algebraic loops in Simulink are well known cause
for slow simulations and even for compilation errors in some scenarios (for instance,
it might work for some initial conditions but not for others). The reason why
simulation aborts in an ill-defined system is that the solver does not know how to
initialize the system, i.e. it does not know where is the beginning and end of the
equation. A quick way to prevent the simulation from halting is to add the "Initial
condition" block in Simulink and initialize the acceleration of the rack with some
value. This block will help the solver to solve the loop. However, there can be still
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some scenarios where this fix will not be sufficient. Therefore, in order to guarantee
that the simulation runs for all scenarios, the algebraic loop needs to be eliminated
by changing the way in which the model was set up initially. The modification
is quite straightforward. The constraint equation in (3.12) is substituted in (3.11),
which leads to the system of differential equations in (3.13) that contains no feedback
of acceleration variables and hence no algebraic loop. The Simulink implementation
of the buoy dynamics is shown in figure 3.2. Looking at the model it is easy to
identify each term of equation (3.11). The "Inverse A" block calculates the inverse
of matrix A(x, z), given by (3.14). The block names "Coriolis Forces" calculates
the vector b(x, z, ẋ, ż), given by (3.15). "Projection × F_PTO_heave + F_hydro"
represents the

[
Fwx Fwz

]T
− C(x, z, ẋ, ż) term in equation (3.11). The "Inertia"

block in the model calculates the additional effective mass on the buoy due to the
coupling of the buoy to the rack and to the engaged shaft. Depending on wheter a
shaft is engaged or disengaged, the effective mass changes.
Equation (3.13) calculates the states of the buoy in surge and heave and using the
constraint equations (3.1) and (3.2) the states of the rack and the engaged shaft can
be calculated respectively. In the original CorPower model the states of the rack
(displacement and velocity) are also calculated by integration of the rack acceleration
that is obtained using (3.12). And in order to make sure that the states of the rack
calculated by integration of the rack acceleration and the ones calculated using the
algebraic constraints are equal to each other, the rack acceleration is corrected with
the weighted deviation between the rack states obtained from constraints and from
integration of the acceleration. Moreover, in a similar way the acceleration of the
engaged shaft is corrected by the weighted deviation between the engaged shaft
angular velocity obtained from the constraint given by (3.2) and from integration
of the shaft angular acceleration. The reason for the correction of the acceleration
is not well-motivated by CorPower. As stated previously the states of the rack and
the engaged shaft can be obtained just using constraints, i.e. there is no need to
calculate them again by integration of the accelerations. In the new implementation
of the Simulink model this corrections of the accelerations are removed and now the
states of the rack and the engaged shaft are calculated using only the constraints as
you can see also in figure 3.2 for the states of the rack.
When the shaft is engaged with the rack, its states are constrained by the states
of the rack, and when the shaft is disengaged, its states are calculated based on
its own dynamics given by (3.17). Therefore, we need to integrate the acceleration
only of the disengaged shaft in order to obtain its angular velocity. In the original
CorPower model the states of the engaged shaft are calculated as it is unconstrained
by the states of the rack, i.e. an integration block integrates the rack acceleration
in order to obtain the engaged shaft velocity. And as mentioned above, in order to
ensure that the error between the engaged shaft velocity and the corresponding rack
velocity is equal to zero, the shaft acceleration is compensated by a feedback of the
difference in the angular velocity of the shaft and the corresponding rack velocity. In
the new implementation of the CorPower model, it is made sure that the dynamics
of the engaged shaft is coupled to the dynamics of the rack, i.e. the states of the
shafts are obtained directly from the states of the rack by an algebraic relation, and
only the disengaged shaft is simulated as a decoupled dynamical system. Here we
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3. Modelling of Wave Energy Converters

Figure 3.3: Implementation of the engaged and disengaged shaft dynamics

again have two separate integrators for both shafts, but they are only active if the
shafts are disengaged. When any of the shafts is engaged, the angular velocity of the
shaft is proportional to the velocity of the rack. The implementation of the engaged
and disengaged shaft dynamics is shown in figure 3.3. When flywheel/shaft 1 gets
disengaged, the upper integrator block is triggered and it is initialized by the velocity
of shaft velocity. After this instant, its states are calculated by the integrator and
they are no longer dependent on the rack states. Similarly, when flywheel/shaft 2
gets disengaged, the lower integrator is triggered and it is initialized by the velocity
of the shaft. The integrator takes over again and calculates the states of shaft 2
that are no longer dependent on the states of the rack.
Figure 3.4 shows a comparison between the original CorPower model with algebraic
loop and the implemented algebraic loop-free model. It can be seen that both models
give identical results. Hence, the new CPO model can be used with confidence.

Figure 3.4: Comparison between original and algebraic loop-free CPO model.
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3. Modelling of Wave Energy Converters

3.3 Modelling of Waves4Power’s buoy
In this section, the dynamic equations that model W4P’s two-bodied heaving point
absorber are presented. It should be mentioned that the equations are taken from
the Simulink model that was provided by Waves4Power. Therefore, they are not
derived during this project and they are assumed to correctly model W4P system.
The simulation model provided by W4P is for the half scale buoy, tested at Vinga,
a simulation model for the full scale WEC tested at Runde could not be provided
for this study. The parameters of the half-scale buoy was scaled up to a full-scale
ones using Freude scaling rules, shown in Table 3.1.

Parameters Unit Factor
Length [m] λ
Mass [kg] λ3

Force [N] λ3

Moment [Nm] λ4

Acceleration [m/s2] 1
Time [s]

√
λ

Pressure [Pa] λ

Table 3.1: Froude scaling rules

Waves4Power is a type of heaving point absorber. Therefore, the same hydrody-
namic principles, that govern a generic heaving device, governs also the behaviour
of W4P’s buoy-tube pair. However, in the received simulation model, Waves4Power
uses a slightly different and simplified approach to represent the dynamics of their
buoy. The wave excitation force is modelled as a linear combination of added mass,
added damping, and added spring terms.
The hydrodynamic model of the floater-tube in heave is

mbz̈b +ma(z̈b − z̈w) + ba(żb − żw) + ρgV +mbg = FPTO + Fend−stop + Flkb (3.24)

where mb is the mass of the buoy, ma and ba are the added mass and damping,
respectively, zb and zw are the buoy heave position and wave elevation, respectively,
V is the instantaneous submerged volume, which is a nonlinear function of the
relative difference between buoy position and wave elevation, FPTO is the PTO
force, Fend−stop is the end-stop bumper force, Flkb is the force acting on the buoy
due to leakage pressure drop.
The added damping in (3.24), ba, is modelled in W4P’s simulation model as propor-
tional to the submerged volume Vsubm at mean water level and inversely proportional
to the zero-crossing period Tz of the wave, i.e

ba = πρVsubm
2Tz

. (3.25)

Waves4Power models their end-stop as a nonlinear spring, which acts when the
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relative displacement between buoy and piston exceeds a certain threshold,

Fend−stop =

f(zp − zb), if |zp − zb| > zthresh

0, otherwise
(3.26)

The area between the water piston and the tube is called the leakage area, Aleak,
which is a function of the relative displacement of the buoy-tube and can be derived
from tube geometry. For a generic tube geometry the leakage area is given as

Aleak = At(zp − zb)− Ap (3.27)

where At is the tube area at relative displacement zp − zb and it is a value between
the area of the narrow part, Anarrow, and the area of the wide part, Awide, of the
tube. It should be noted that the leakage area is always positive meaning that the
tube area is always grater than the piston area. The leakage area and the relative
motion of the piston and water inside the tube leads to a flow through the leakage
area, and thus a pressure drop that is modelled by W4P as

∆pleak = 1
2Kρ

(
Awide
Anarrow

żtw −
(
Anarrow
Aleak

− 1
)
żp

) ∣∣∣∣ AwideAnarrow
żtw −

(
Anarrow
Aleak

− 1
)
żp

∣∣∣∣
(3.28)

where K is a discharge coefficient, żtw and żp are the respectively the tube water
and piston velocity. This pressure difference incurs a force on the buoy-tube though
the horizontal projection of the area of tube transition region. Thus, this force is
equal to

Flkb = (Awide − Anarrow)∆pleak (3.29)

When modelling the water piston dynamics, W4P assumes that volume of the piston
head is negligible to volume of the piston rod. Hence, its dynamics are given by

mpz̈p + ρgArod(zp − ztw) = Flkp − FPTO (3.30)

where mp is the water piston mass, Arod is the piston rod area, zp is the piston
displacement, ztw displacement of the water inside the tube, Flkp is the force acting
on the piston due to leakage pressure drop, i.e.

Flkp = Ap∆pleak (3.31)

The dynamics of the water inside the tube is modelled as

− (Awide − Anarrow + Ap)∆pleak − ρgAwideztw = ρAwide(ltube + ztw − zb)z̈tw (3.32)

where ltube is the length of the tube.
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4
Analysis of Wave Energy

Converters

This chapter describes the system analysis of CorPower’s and Waves4Power’s buoys.
Some parts of this section are omitted in the public report due to confidentiality.

4.1 Analysis of CorPower’s buoy
Before we start our analysis, we need to note that heave is the most important
degree of freedom. By looking at equations (3.13)-(3.16), it can be seen that the
total PTO force projects in surge and heave direction respectively by

Psurge = x√
x2 + (h+ z)2

Pheave = h+ z√
x2 + (h+ z)2

(4.1)

This also means that the contribution of surge and heave forces or displacements
in the direction of rack movement are scaled respectively by the same projections.
Taking the limit case when the water depth h approaches infinity, yields

lim
h→∞

Psurge = 0 lim
h→∞

Pheave = 1 (4.2)

For the sites, studied in this thesis, the water depth is 50m, which is relatively deep
for the surge to have significant contribution to power capture, e.g. 1m displacement
in surge results in approximately 0.02m displacement of the rack. Therefore, the
surge dynamics can safely be disregarded when doing an analysis of the system or
designing a controller for simplification.
We will start our analysis by considering no PTO force and WaveSpring in order
to understand the dynamics of the buoy itself. Firstly, the natural frequency of the
buoy is determined according to (2.42). The total mass of the buoy in heave is the
sum of the mass of the buoy and the added mass at infinity in heave direction and
it is equal to

mh = mb +mheave
∞ = 1.1014× 105 kg (4.3)

The hydrostatic stiffness for a circular cylinder is a function of the the horizontal
or water plane area as shown in (2.43). The water plane area of CorPower’s buoy
is not uniform. It can be obtained by the geometry of the buoy for each water level
or it can be calculated by taking the partial derivative of the submerged volume,
obtained from geometry again, for each water level with respect to the displacement
of the buoy in heave. The water plane area is shown in 4.1.
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Figure 4.1: Water plane area for each displacement.

One thing that can be noted in the figure is that the area is constant around the
equilibrium point and it is equal to

S = 55.31m2, −2 < zwave − zbuoy < 2 (4.4)

Therefore, in low-amplitude motions, the natural period of the buoy is

Tn = 2π
√
mh

ρgS
= 2.8s (4.5)

In high-amplitude motions, it can be expected that the natural period will increase
with increasing the amplitude of the excitation, since the area, and hence, the hy-
drostatic stiffness, decreases with higher buoy displacements. This behaviour is
expected to be visible around or above 2m amplitude (4m height), since the area of
the buoy is constant for displacements up to 2m. Therefore, the natural frequency
will be constant for most of the sea states.
In low-amplitude waves the heave dynamics can be assumed to be linear and can be
described by the state-space model

 z̈ż
ẋr

 =

 0 −ρgS
mh

− 1
mh

Cr

1 0 01×6

Br 06×1 Ar


 żz
xr

+


1
mh

0
06×1

Fexc (4.6)

where Ar ∈ R6×6, Br ∈ R6×1, Cr ∈ R1×6 are radiation state-space matrices. Sys-
tem’s pole-zero map, shown in figure 4.2, displays near pole-zero cancellations, hence,
it is a good candidate for model reduction, which simplifies analysis and controller
design.
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Figure 4.2: Pole-zero map of heave dynamics without WaveSpring

In order to find an appropriate low-order reduction, we examine the relative amount
of energy per state using a Hankel singular value (HSV) plot, which is shown in
figure 4.3.
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Figure 4.3: Hankel singular value plot for heave model of CorPower’s buoy

From the HSV plot, it can be found out that the eight-order system can be reduced
to a second-order system. This can be done with the command ballred(sys, order)
in Matlab. The ballred() command produced a positive zero, which was not sup-
posed to be there (it is known that the system is second-order and transmissibility
transfer function, i.e. velocity-to-force transfer function, has a zero at the origin).
By manually removing it, a better estimate is obtained. The transfer function of the
full and reduced systems before and after the zero-removal is shown in figure 4.4.

69



4. Analysis of Wave Energy Converters

-160

-140

-120

-100

-80

-60

M
a

g
n

it
u

d
e

 (
d

B
)

10-2 10-1 100 101 102

-135

-90

-45

0

45

90

P
h

a
s
e

 (
d

e
g

)

Bode Diagram

Frequency  (rad/s)

Figure 4.4: Bode plot with full and reduced system dynamics

It can be seen that with a second-order system, we can get a really good approxima-
tion of the higher-order system. The transfer function of the reduced order model
is

V

Fexc
(s) = 8.932× 10−6s

s2 + 0.05916s+ 5.556 (4.7)

The natural frequency, natural period and damping factor of the reduced system
can be easily identified,

ωn = 2.35 rad
s

Tn = 2.67 s ζ = 0.0125 (4.8)

Since the transfer function in (4.7) is a second order, it can be represent as the
transfer function of a mass-spring-damper system,

V

Fexc
(s) = s

mes2 + bes+ ke
(4.9)

where me, be and ke are respectively the effective mass, damping coefficient and
stiffness equal to

me = 1.1195× 105 kg be = 0.0662× 105 Ns

m
ke = 6.22× 105 N

m
(4.10)

The analysis about the effect of the pretension and WaveSpring springs is ommited
due to confidentiality.

4.2 Analysis of Waves4Power’s buoy
It was presented in section 3.3 that the dynamics of the W4P’s system is governed
by three second-order equations, which are rewritten below

mbz̈b +ma(z̈b − z̈w) + ba(żb − żw) + ρgV +mbg = FPTO + Fend−stop + Flkb (4.11)
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mpz̈p + ρgArod(zp − ztw) = Flkp − FPTO (4.12)

− (Awide − Anarrow + Ap)∆pleak − ρgAwideztw = ρAwide(ltube + ztw − zb)z̈tw (4.13)

where
Flkb = (Awide − Anarrow)∆pleak

Flkp = Ap∆pleak

∆pleak = 1
2ρK

(
Awide
Anarrow

żtw −
(
Anarrow
Aleak

− 1
)
żp

) ∣∣∣∣ AwideAnarrow
żtw −

(
Anarrow
Aleak

− 1
)
żp

∣∣∣∣
By looking at equations (4.11) and (4.12), it can be seen that the only coupling
between the buoy-tube and the piston is through the PTO force, FPTO. This implies
that when the PTO force is zero, the piston will stay still and only the buoy will
move due to the wave excitation. This is due to the simplification that the water
inside the tube is completely isolated from the outside of the tube, thus it does not
experience the hydrodynamic forces from the waves. The model also neglects the
radiation waves inside the tube due to the motion of the buoy and more importantly
the drag forces caused by the friction between the inner walls of the tube and the
water. Since the water piston will remain still when there is no PTO force, the tube
water will also remain still relative to a fixed reference frame due to lack of leakage
pressure.
Since the system consists of three second-order equations, there exists three modes
of oscillation. In order to identify them, the nonlinear system of equations needs
to be linearized around the mean water level, i.e. at zb = zw = zp = ztw = 0 and
żb = żw = żp = żtw = 0.
Waves4Power’s buoy generates power by the the relative motion between the buoy-
tube and the water piston. Therefore, the PTO force will be a function of the relative
position, velocity and acceleration of the buoy-tube and piston. Let us assume a
generic linear PTO force, comprising of a mass, damping and spring terms,

FPTO = mPTO(z̈p − z̈b) + bPTO(żp − żb) + kPTO(zp − zb) (4.14)

where mPTO, bPTO and kPTO are respectively linear PTO mass, damping and spring
coefficient. At the linearization point, the end-stop force, Fend−stop, is zero. The
gravity force is balanced by the Archimedes force from to the displaced volume at
mean water level. Any relative displacement between wave and buoy, generates a
restoring hydrostatic force, proportional to that displacement, i.e.

F lin
hs = ρgAb(zw − zb) (4.15)

where Ab is the area of the buoy at mean water level. The leakage area, Aleak, is
constant and equal to the minimum leakage area, Aminleak = Anarrow −Ap, around the
linearization point. Due to the fact that the expression for the leakage pressure is
non-smooth at the linearization point, it is not possible to linearize it. However, a
linear curve can be constructed that minimizes the error between the actual and the
linear curve. Since the pressure drop expression is drag-like, i.e. one comprising of
a signed square of the difference of two velocities, it can be linearized using Morison

71



4. Analysis of Wave Energy Converters

Drag Linearization technique (see [28]), which converts the non-smooth drag force
function,

fdrag = 1
2ρCd(u1 − u2)|u1 − u2|, (4.16)

into a linear one,
f lindrag = 1

2ρCdαurms(u1 − u2), (4.17)

where Cd is a discharge coefficient, α is a factor that is derived to be
√

8
π
in [28], urms

is the root-mean-square of the relative velocity. Therefore, the linearized leakage
pressure drop is

∆plinleak = 1
2ρK

√
8
π
urms

(
Awide
Anarrow

żtw −
(
Anarrow
Aleak

− 1
)
żp

)
(4.18)

where urms is the root mean square of Awide
Anarrow

żtw −
(
Anarrow
Aleak

− 1
)
żp that can be

found by performing simulations of the nonlinear system.
The linearized equations can now be written in matrix form as

Mẍ + Bẋ + Kx = F (4.19)

where M ∈ R3×3, B ∈ R3×3 and K ∈ R3×3 are respectively the mass, damping
and stiffness matrices, x ∈ R3×1 is the state vector and F ∈ R3×1 is the input force
vector. They are given as follows

M =

mb +ma +mPTO −mPTO 0
−mPTO mp +mPTO 0

0 0 ρAwideltube



B =


ba + bPTO −bPTO 0

−bPTO bPTO +
√

2
π

A2
p

Aminleak

ρKurms −
√

2
π

Awide
Anarrow

ApρKurms

0 −
√

2
π

(Awide − Aminleak)
Ap
Aminleak

ρKurms

√
2
π

(Awide − Aminleak)
Awide
Anarrow

ρKurms



K =

ρgAb + kPTO −kPTO 0
−kPTO ρgArod + kPTO −ρgArod

0 0 ρgAwide



x =

 xbxp
xtw

 F =

maz̈w + bażw + ρgzw
0
0


In order for the system to be stable, the mass and spring matrices need to be positive
definite, and the damping matrix needs to be positive semi-definite.
The undamped eigenmodes of (4.19) are equal to the square root of the eigenvalues,
λ ∈ R3×1, of the characteristic equation

det(K− λM) = 0 (4.20)
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The undamped eigenmodes of the uncontrolled system, i.e. when mPTO = bPTO =
kPTO = 0, are

ωuc =
[√

ρgAb
mb +ma

√
ρgArod
mp

√
g

ltube

]T
(4.21)

The first entry of the vector is the buoy-tube eigenfrequency, the second one - the
piston eigenfrequency, and the third one - the eigenfrequency of the water inside the
tube. By substituting the full-scale system parameters.

Ab = 50.3m2, Arod = 0.5m2, ltube = 38m,

mb = 104ton, ma = 46ton, mp = 4ton,
the undamped eigenfrequencies and eigenperiods (T = 2π/ω) of the uncontrolled
system are calculated to be

ωuc =
[
1.84 1.12 0.51

]T
rad/s

Tuc =
[
3.42 5.59 12.37

]T
s

Since it is sufficient to control either the PTO mass or the PTO stiffness to tune
the eigenfrequencies of the system, we have chosen to express the relationship of the
closed-loop eigenmodes to the PTO stiffness by assigning the PTO mass to zero. By
looking at the stiffness matrix, K, it is clear that the PTO stiffness does not have
any influence to the eigenmode of the water inside the tube. Therefore, it remains
equal to the eigenmode of the uncontrolled system. On contrary, the PTO stiffness
affects the buoy and piston eigenmodes. The relation of the eigenperiods of the buoy
and piston to the PTO stiffness is shown in figure 4.5.

Figure 4.5: Relation of the closed-loop eigenperiods to the PTO stiffness

It is interesting to observe that the buoy eigenperiod is almost unaffected by the
PTO stiffness. On the other hand, the piston eigenperiod increases exponentially
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by decreasing the PTO stiffness and the system will eventually get unstable upon
decreasing the PTO stiffness even further. It can be concluded that even if a reactive
force term, such as the spring-like force, is applied through the PTO, the buoy-
floater does not behave like a resonant buoy, bur rather like a wave-rider, i.e. one
that follows the wave. However, the eigenfrequency, and hence the phase, of the
piston can be controlled relative to the phase of the buoy to optimize the power
capture.
Here we end our analysis about Waves4Power’s wave energy converter. It should
be highlighted that the performed analysis is done based on the model that was
provided byWaves4Power without assessing whether the utilized modelling approach
was correct.
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5
Integration of Wave Energy

Converters

It was presented in Chapter 1, that the power take-offs of the wave energy converters
are modified to incorporate multiple fixed displacement pumps, connected to the
same rack with a pinion for each pump. The pumps are engaged and disengaged
to control the applied PTO force to optimize power capture. The combined flow
from the pumps is rectified using a valve rectifier bridge. In this chapter we will
present the modelling of the integration of the wave energy converters to the OHT’s
hydraulic system using the generic buoy model.
In Chapter 2 it was shown that a generic heaving buoy can be modelled as a second-
order mass-spring-damper system,

mẍ(t) + bẋ(t) + kx(t) = Fexc − FPTO (5.1)

where m is the total/effective mass of the buoy, b is the radiation resistance, k is
the hydrostatic stiffness, Fexc is the wave excitation force and FPTO is the PTO
force. Since the motion is restricted to move only in heave, the displacement of
the rack is equal to the displacement of the buoy. It is assumed that each drive
module, comprising of a pinion pump and on/off valve, is identical, i.e. the physical
parameters in each module are equal. This leads to have a a perfectly balanced
system, i.e. the speed and toque of each shaft are equal. The model of a single drive
module is

Jpω̇p(t) = τpin − bpωp(t)− τpump (5.2)
where Jp and bp are respectively the the total inertia and viscous friction of pinion,
shaft and pump, ωp is the angular velocity of the pump shaft velocity, τpin and τpump
are respectively the pinion and pump torque. Due to a balanced system,

FPTO = n
τpin
rpin

ẋ = ωpinrpin

(5.3)

where n ∈ {1, ..., nmax} is the number of engaged pumps and rpin is the pinion
radius. The pump can be modelled as

τpump = Dp∆ppump qpump = Dpωp (5.4)

where Dp is the displacement/specific torque of the pump, ∆ppump is the pressure
difference on the pump and qpump is the flow through the pump. Combining (5.1-5.4),
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yields(
m+ n

Jp
r2
pin

)
ẍ(t) +

(
b+ n

bp
r2
pin

)
ẋ(t) + kx(t) = Fexc − n

Dp

rpin
∆ppump (5.5)

The rectifier bridge rectifies the flow of the pump and flips the sign of the pressure
difference on the pump,

qr = |qpump| ∆ppump = sign(qpump)∆pr (5.6)

where qr and pr are respectively the flow and pressure difference after the rectifier.
The rectifier bridge allows power to flow only from the buoy to the hydraulic system.
The pressure difference after the rectifier bridge is assumed to be constant. There-
fore, when the velocity of the buoy crosses zero, the buoy will remain still until the
total hydrodynamic force exceeds the constant damping force, exerted on the buoy
by the pumps. An analogy of the system can be made with an electrical full-bridge
rectifier circuit with voltage source and voltage stiff load as shown in figure 5.1. For
simplicity the pump shaft inertia and viscous friction are neglected.

Figure 5.1: Electrical analogy of a generic buoy with a rectifier.

It is well-known fact that a full-bridge rectifier with voltage source and voltage
stiff load has two modes of operation, namely conducting and non-conducting. The
converter enters in non-conducting state when the current through the circuit is
zero and the voltage on the source side of the rectifier is less than the voltage on the
load side. The converter starts conducting again, when source side voltage exceeds
the load side voltage. Therefore, when the the converter is conducting, the system
dynamics are(

m+ n
Jp
r2
pin

)
ẍ(t) +

(
b+ n

bp
r2
pin

)
ẋ(t) + kx(t) = Fexc − n

Dp

rpin
∆prsign(ẋ(t)) (5.7)

and when the converter is in non-conducting state, the dynamics are described
ẍ(t) = 0
ẋ(t) = 0
x(t) = x0

(5.8)
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where x0 is the buoy position right before the transition from the conducting to
non-conducting state.
Figure 5.2 shows the conduction and conduction modes of the wave energy converter,
excited with a sinusoidal force and damped with constant PTO force. It can be seen
that the wave energy converter starts conducting when the sum of all hydrodynamic
forces exceeds the damping force. Since the velocity and acceleration are zero at
non-conduction mode, the inertia and friction forces are also 0. Therefore, the buoy
starts conducting, when

|Fexc − kx(t)| ≥ |FPTO| (5.9)

Figure 5.2: Conducting and non-conducting modes of wave energy converter with
sinusoidal excitation and constant damping force.

Capturing the conducting and non-conducting modes of the wave energy converter
with a passive rectifier in the PTO and constant load is vital for modelling correctly
the behaviour of the buoy, which needs to be accounted for also inside the model
predictive controller, that will be presented in subsequent chapters.
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6
Modelling of the Hydraulic

Collection

It is well known that there are similarities between the fundamental laws of different
physical systems. The physical systems can be represented as a connection of stor-
age and dissipative components, where the former can be further divided into two
types: flow and effort storage components. Due to these analogies, there have been
developed several systematic and application-independent modeling techniques such
as Bond Graphs (BG) [14] , Power-Oriented Graphs (POG) [15] etc. In this paper,
concepts from Linear Graph Theory [16] are used to systematically model and gen-
erate the governing equations of the OHT’s hydraulic collection system. The reason
that a graph-theoretical approach is chosen, is due to the fact that it is easy to see a
pattern of entries in the system matrices. This allows one to model a very complex
system by following a simple procedure. Moreover, when the states of system are
ordered in a special way, the obtained system matrix obeys a skew-symmetric struc-
ture that makes it possible to obtain the flow equation given the effort equations or
vice versa. The developed algorithm is capable to generate the system matrices for
a general topology. Due to the existing analogies between hydraulics and electrical
systems, it can be used to generate the equations for a general electrical collection
system. Moreover, the algorithm divides the medium of propagation of the flow
(pipe for hydraulic systems and cable for electrical systems) based on the length of
the medium into simple lumps, comprising of basic dissipative and storage of flow
and effort components.
The following two sections describe the graph-theoretic way of modelling of the
two basic components of a piping system - hydraulic pipes and T-connections - in
order to prepare the reader for the algorithm to generate the system of equations
for a hydraulic collection system with generic topology. The fourth section presents
modelling of hydraulic accumulators and the fifth and the last section describes the
losses of all loss sources in the hydraulic collection system.

6.1 Modelling hydraulic pipes

A model of a pipe comprising of two lumps with a pressure source, for instance
pump, and an outflow, modelled as a flow source, is shown in figure 6.1. Let us
assume for simplicity that the friction terms are linear.
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−
+pin

L1 q1 R1

C1

L2 q2 R2

C2

qout

Figure 6.1: Lumped model of a hydraulic pipe

The pipe can be with the help of linear graph theory. The first step is to build the
graph of the pipe, enumerate the branches and assign their directions. The graph
of the pipe is shown in Figure 6.2.

Figure 6.2: Directed graph of a pipe with pressure and flow source

It can be seen that there are five tree branches and three links. As we stated earlier,
we need to find either Qlink or Ptree in order to obtain the system of equations. Let
us choose the later due the lower number of links. Then, the system of equations
becomes [

qtree
plink

]
=
[

0 P T
tree

−Ptree 0

] [
ptree
qlink

]
(6.1)

where

qtree =
[
qin qC1 qC2 qR1 qR2

]T
, (6.2)

plink =
[
pL1 pL2 pout

]T
, (6.3)

ptree =
[
pin pC1 pC2 pR1 pR2

]T
, (6.4)

qlink =
[
qL1 qL2 qout

]T
(6.5)

Using the definition of the fundamental cycle vector, we obtain

Ptree =

−1 1 0 1 0
0 −1 1 0 1
0 0 −1 0 0

 . (6.6)
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The system of equations is

qin
qC1

qC2

qR1

qR2

pL1

pL2

pout


=



0 0 0 0 0 −1 0 0
0 0 0 0 0 1 −1 0
0 0 0 0 0 0 1 −1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
1 −1 0 −1 0 0 0 0
0 1 −1 0 −1 0 0 0
0 0 1 0 0 0 0 0





pin
pC1

pC2

pR1

pR2

qL1

qL2

qout


(6.7)

Let us split the system of equations in (6.7) and the state vector into three systems
of equations and three vectors, respectively - one for the source variables, one for
the storage variables and one for the dissipative variables.

[
qin
pout

]
=
[
0 0 −1 0
0 1 0 0

] 
pC1

pC2

qL1

qL2

+
[
0 0
0 0

] [
pR1

pR2

]
+
[
0 0
0 0

] [
pin
qout

]
(6.8)


qC1

qC2

pL1

pL2

 =


0 0 1 −1
0 0 0 1
−1 0 0 0
1 −1 0 0



pC1

pC2

qL1

qL2

+


0 0
0 0
−1 0
0 −1


[
pR1

pR2

]
+


0 0
0 −1
1 0
0 0


[
pin
qout

]
(6.9)

[
qR1

qR2

]
=
[
0 0 1 0
0 0 0 1

] 
pC1

pC2

qL1

qL2

+
[
0 0
0 0

] [
pR1

pR2

]
+
[
0 0
0 0

] [
pin
qout

]
(6.10)

The consitutive equations of the system are

C1
dpC1

dt
= qC1 , C2

dpC2

dt
= qC2 , (6.11)

L1
dqL1

dt
= pL1 , L2

dqL2

dt
= pL2 , (6.12)

pR1 = R1qR1 , pR2 = R2qR2 . (6.13)
Combining (6.10) and (6.13), yields

[
pR1

pR2

]
=
[
R1 0
0 R2

] [
0 0 1 0
0 0 0 1

] 
pC1

pC2

qL1

qL2

 =
[
0 0 R1 0
0 0 0 R2

] 
pC1

pC2

qL1

qL2

 (6.14)

Substituting (6.11), (6.12) and (6.14) in (6.9) and after performing some algebraic
manipulations, we obtain the system of differential equations

C1
dpC1
dt

C2
dpC2
dt

L1
dqL1
dt

L2
dqL2
dt

 =


0 0 1 −1
0 0 0 1
−1 0 −R1 0
1 −1 0 −R2



pC1

pC2

qL1

qL2

+


0 0
0 −1
1 0
0 0


[
pin
qout

]
(6.15)
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In this example the friction terms were assumed to be linear. Generally friction is a
nonlinear phenomenon, i.e.

pR1 = f(qR1 , R1) pR2 = f(qR2 , R2). (6.16)

If this is the case, we can regard the friction as a disturbance input to the system.
The matrix multiplying the vector with the dissipative variables in equation (6.9)
shows the way the friction terms enter the system. Hence the system of equations
with nonlinear losses is
C1

dpC1
dt

C2
dpC2
dt

L1
dqL1
dt

L2
dqL2
dt

=


0 0 1 −1
0 0 0 1
−1 0 0 0
1 −1 0 0



pC1

pC2

qL1

qL2

+


0 0
0 −1
1 0
0 0


[
pin
qout

]
+


0 0
0 0
−1 0
0 −1


[
f(qR1 , R1)
f(qR2 , R2)

]
(6.17)

By looking at 6.17, it is not so difficult to identify the pattern of non-zero entries in
the matrices. We can write the system equations for a hydraulic pipe comprising n
lumps with inertia, compressibility and nonlinear friction components.



C1
dpC1
dt

C2
dpC2
dt...

Cn−1
dpCn−1
dt

Cn
dpCn
dt

L1
dqL1
dt

L2
dqL2
dt...

Ln−1
dqn−1
dt

Ln
dqn
dt



=



0 0 . . . 0 0 1 −1 . . . 0 0
0 0 . . . 0 0 0 1 . . . 0 0
... ... . . . ... ... ... ... . . . . . . ...
0 0 ... 0 0 0 0 . . . 1 −1
−1 0 . . . 0 0 0 0 . . . 0 0
1 −1 . . . 0 0 0 0 . . . 0 0
... . . . . . . ... ... ... ... . . . ... ...
0 0 . . . −1 0 0 0 ... 0 0
0 0 ... 1 −1 0 0 ... 0 0





pC1

pC2
...

pCn−1

pCn
qL1

qL2
...

qLn−1

qLn



+



0 0
0 0
... ...
0 −1
1 0
0 0
... ...
0 0
0 0



[
pin
qout

]
+



0 0 . . . 0 0
0 0 . . . 0 0
... ... . . . ... ...
0 0 . . . 0 0
−1 0 . . . 0 0
0 −1 . . . 0 0
... ... . . . ... ...
0 0 . . . −1 0
0 0 . . . 0 −1





f(qR1 , R1)
f(qR2 , R2)

...
f(qRn−1 , Rn−1)
f(qRn , Rn)



(6.18)

The model of the hydraulic pipe will be the basic block in building the model of
the hydraulic collection system for a general topology. Before starting to describe
the algorithm to generate the system equations, we need to address the modelling
of the situation when three or more pipes are connected.

82



6. Modelling of the Hydraulic Collection

6.1.1 Modelling of a T-connection
The topology of the hydraulic collection system is formed by the connections of
multiple pipes in some manner. In this section, we will model one such connection,
namely two pipes connected to a third one. The model of the connection is shown
in Figure 6.3 with an electrical analogy. Superscripts of the parameters indicate the
number of the pipes, and the subscripts indicate the number of the lumps in each
pipe. Pipes 1 and 2 are connected to the pressure sources p1

in and p2
in, respectively,

and pipe 3 has an open end that is modelled as a flow source, shown as qout in
Figure 6.3. We assume that all pipes consists of two lumps. However, by looking
at Figure 6.3, we can see that the second lumps of pipes 1 and 2 does not have a
capacitance component and the third pipe has one in excess that is named as C3

0 .
This capacitance can be seen as the common capacitance or sum of the capacitance
of the last lump of pipe 1 and 2. If the individual capacitance of the first and second
pipe were kept, then the causality of the model would be broken, because there would
be two capacitance components in parallel that would form an algebraic constraint
between their pressure states. The reason that it is denoted with a superscript 3
and with a subscript 0 is due to the convention used to order the state variables in
the state vector.

−
+p1

in

L1
1 q

1
1 R1

1

C1
1

L1
2 q

1
2 R1

2

C3
0

R2
2

q2
2

L2
2

C2
1

R2
1

q2
1

L2
1

− +

p2
in

L3
1 q

3
1 R3

1

C3
1

L3
2 q

3
2 R3

2

C3
2

qout

Figure 6.3: Lumped model of a T-connection

The T-connection will be modelled using the graph-theoretic approach. The graph
of the system is shown in Figure 6.4. All nodes at the grounds represent a single
node. The system of equations is[

qtree
plink

]
=
[

0 P T
tree

−Ptree 0

] [
ptree
qlink

]
(6.19)
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where

qtree =
[
q1
in q2

in q1
C1 q2

C1 q3
C0 q3

C1 q3
C2 q1

R1 q1
R2 q2

R1 q2
R2 q3

R1 q3
R2

]T
, (6.20)

plink =
[
p1
L1 p1

L2 p2
L1 p2

L2 p3
L1 p3

L2 pout
]T
, (6.21)

ptree =
[
p1
in p2

in p1
C1 p2

C1 p3
C0 p3

C1 p3
C2 p1

R1 p1
R2 p2

R1 p2
R2 p3

R1 p3
R2

]T
,

(6.22)

qlink =
[
q1
L1 q1

L2 q2
L1 q2

L2 q3
L1 q3

L2 qout
]T

(6.23)

Using the definition of the fundamental cycle vector, we obtain

Ptree =



−1 0 1 0 0 0 0 1 0 0 0 0 0
0 0 −1 0 1 0 0 0 1 0 0 0 0
0 −1 0 1 0 0 0 0 0 1 0 0 0
0 0 0 −1 1 0 0 0 0 0 1 0 0
0 0 0 0 −1 1 0 0 0 0 0 1 0
0 0 0 0 0 −1 1 0 0 0 0 0 1
0 0 0 0 0 0 −1 0 0 0 0 0 0


(6.24)

Figure 6.4: Directed graph of a connection of three pipes
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Then, the system of equations is

q1
in

q2
in

q1
C1

q2
C1

q3
C0

q3
C1

q3
C2

q1
R1

q1
R2

q2
R1

q2
R2

q3
R1

q3
R2

p1
L1

p1
L2

p2
L1

p2
L2

p3
L1

p3
L2

pout



=



0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 −1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
1 0 −1 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 −1 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 −1 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 −1 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 −1 0 0 0 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 −1 0 0 0 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0





p1
in

p2
in

p1
C1

p2
C1

p3
C0

p3
C1

p3
C2

p1
R1

p1
R2

p2
R1

p2
R2

p3
R1

p3
R2

q1
L1

q1
L2

q2
L1

q2
L2

q3
L1

q3
L2

qout



(6.25)

We separate the equations of the enegy storage variables from all the equations of
the dissipative variables.

q1
C1

q2
C1

q3
C0

q3
C1

q3
C2

p1
L1

p1
L2

p2
L1

p2
L2

p3
L1

p3
L2



=



0 0 0 0 0 1 −1 0 0 0 0
0 0 0 0 0 0 0 1 −1 0 0
0 0 0 0 0 0 1 0 1 −1 0
0 0 0 0 0 0 0 0 0 1 −1
0 0 0 0 0 0 0 0 0 0 1
−1 0 0 0 0 0 0 0 0 0 0
1 0 −1 0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 0 0 0
0 1 −1 0 0 0 0 0 0 0 0
0 0 1 −1 0 0 0 0 0 0 0
0 0 0 1 −1 0 0 0 0 0 0





p1
C1

p2
C1

p3
C0

p3
C1

p3
C2

q1
L1

q1
L2

q2
L1

q2
L2

q3
L1

q3
L2



+



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1





p1
R1

p1
R2

p2
R1

p2
R2

p3
R1

p3
R2


+



0 0 0
0 0 0
0 0 0
0 0 0
0 0 −1
1 0 0
0 0 0
0 1 0
0 0 0
0 0 0
0 0 0



p
1
in

p2
in

qout



(6.26)
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q1
R1

q1
R2

q2
R1

q2
R2

q3
R1

q3
R2


=



0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1





p1
C1

p2
C1

p3
C0

p3
C1

p3
C2

q1
L1

q1
L2

q2
L1

q2
L2

q3
L1

q3
L2



(6.27)

The consititutive equations are

C1
1
dp1

C1

dt
= q1

C1 , C
2
1
dp2

C1

dt
= q2

C1 , C
3
0
dp3

C0

dt
= q3

C0 , C
3
1
dp3

C1

dt
= q3

C1 , C
3
2
dp3

C2

dt
= q3

C2 (6.28)

L1
1
dq1

L1

dt
= p1

L1 , L1
2
dq1

L2

dt
= p1

L2 , L2
1
dq2

L1

dt
= p2

L1 ,

L2
2
dq2

L2

dt
=p2

L2 , L3
1
dq3

L1

dt
= p3

L1 , L3
2
dq3

L2

dt
= p3

L2

(6.29)

p1
R1 = R1

1q
1
R1 , p1

R2 = R1
2q

1
R2 , p2

R1 = R2
1q

2
R1 ,

p2
R2 = R2

2q
2
R2 , p3

R1 = R3
1q

3
R1 , p3

R2 = R3
2q

3
R2 .

(6.30)

Substituting (6.27-6.30) in (6.26), yields the system of differential equations



C1
1
dp1
C1
dt

C2
1
dp2
C1
dt

C3
0
dp3
C0
dt

C3
1
dp3
C1
dt

C3
2
dp3
C2
dt

L1
1
dq1
L1
dt

L1
2
dq1
L2
dt

L2
1
dq2
L1
dt

L2
2
dq2
L2
dt

L3
1
dq3
L1
dt

L3
2
dq3
L2
dt



=



0 0 0 0 0 1 −1 0 0 0 0
0 0 0 0 0 0 0 1 −1 0 0
0 0 0 0 0 0 1 0 1 −1 0
0 0 0 0 0 0 0 0 0 1 −1
0 0 0 0 0 0 0 0 0 0 1
−1 0 0 0 0 −R1

1 0 0 0 0 0
1 0 −1 0 0 0 −R1

2 0 0 0 0
0 −1 0 0 0 0 0 −R2

1 0 0 0
0 1 −1 0 0 0 0 0 −R2

2 0 0
0 0 1 −1 0 0 0 0 0 −R3

1 0
0 0 0 1 −1 0 0 0 0 0 −R3

2





p1
C1

p2
C1

p3
C0

p3
C1

p3
C2

q1
L1

q1
L2

q2
L1

q2
L2

q3
L1

q3
L2



+



0 0 0
0 0 0
0 0 0
0 0 0
0 0 −1
1 0 0
0 0 0
0 1 0
0 0 0
0 0 0
0 0 0
0 0 0



p
1
in

p2
in

qout



(6.31)
Equation (6.31) has a certain structure that makes it possible to write a generic
algorithm to obtain the state-space matrices of a collection system with any kind of
topology. In the following section we will come back to this system of equations to
explain its structure.
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6.1.2 Generic algorithm to obtain state-space matrices of a
collection system

A generic algorithm is developed to calculate the state-space matrices of the hy-
draulic collection system with any topology. Due to the analogies between hydraulic
and electrical systems, the same algorithm can be effectively applied to obtain the
governing equations of electrical collection systems. The algorithm starts by creat-
ing a PipeDataReader object that reads the properties of the pipes in the collection
system from an Excel sheet. The properties of the pipes that need to be read are
the coordinates of beginning and end of the pipes, and lengths and areas of each
pipe section. The direction of the pipe is the same as the direction of the flow in
the high-pressure pipes, i.e. along the direction of the flow the end of a pipe is
always closer to the tower than the beginning of the pipe. The properties of the
pipes can be directly obtained from any professional drawing tool and stored in an
Excel sheet. Figure 6.5 demonstrates the structure of the Excel sheet with the pipe
properties. Column A is an enumeration of the pipes. Columns B-D and E-F are
the coordinates respectively of the beginning and end of the pipes. Columns H-I
and J-K are respectively lengths and areas of each pipe section. The number of
columns with lengths and/or areas indicates the maximum number of pipe sections
that any of the pipes have. For instance, in Figure 6.5 the number of length/area
columns are two. This indicates that there is a pipe or pipes, comprising of two pipe
sections with different cross section areas. It is obvious to see that pipes 1-8 and
17 have two sections (the cells in the second column for these rows are filled with
some values) and the rest comprise of only one pipe section (the cells in the second
column is left empty for these rows).

Figure 6.5: Structure of the Excel sheet with pipe properties

The PipeDataReader object holds the properties, which were read, sorts the pipes
in a special way and gives a unique ID to each pipe based on this sorting. Figure
6.6 shows a top view of a general topology of a collection system. The buoys and
the tower are illustrated respectively with circles and a square. The numbers with
black color are the unique IDs, assigned to each pipe after the sorting, and the red
numbers in brackets indicate the number of buoys that the beginning of the pipe is
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directly or indirectly connected. A pipe from each buoy and tower extends to the
sea bed. The pipes, enumerated with 1, 2, 7 and 8 consists of two sections - one
that goes down to the sea bed (not seen in the figure) and one that is on the sea
bed.

Figure 6.6: General topology to explain the sorting algorithm

The sorting of the pipes is based on the the number of buoys that they are connected
to. A recursive algorithm, shown in Algorithm 1, is developed to find that. The
recursive algorithm is initialized with the coordinate of the beginning and the index
(in the initial list of pipes) of the tower pipe. The beginning of the tower pipe
must be always placed at the center of the reference frame, i.e. it must have the
coordinate (0, 0, 0). The algorithm searches for the ends of pipes connected to the
beginning of the tower pipe, i.e. searches for pipes that end at (0, 0, 0) coordinate.
If a match or several matches are found, the function calls itself subsequently with
an input that is the coordinate of the beginning of the pipe with an end connected
to the tower pipe. For the topology in Figure 6.6, the algorithm finds that pipes
with IDs 11 and 12 (the IDs are assigned after the algorithm completes, i.e. they
are not known at this stage, but we will use them to clarify which pipe we are
referring to) are connected to the tower pipe with ID 13. Let us assume that pipe
number 11 is found before number 12 by the algorithm. Therefore, it is the first
pipe that is searched for neighbouring pipes. The algorithm finds that pipe 11 is
connected to pipe 4 and 9. The function calls itself subsequently, for instane, first
with the coordinate of the beginning of pipe 4 and then the beginning of pipe 9.
Searching for the beginning coordinate of pipe 4 among the list of end coordinates,
the algorithm does not find a match since pipe 4 is connected to a buoy. Then, the
algorithm increments the buoy counter of pipe 4 and returns to the calling function
and increments the counter of 11. The function calls itself for the second time with
the beginning coordinate of pipe 9, which was the second neighbour of pipe 11. The
algorithm finds that the pipe 9 is connected to three pipes, namely 1, 2 and 3. The
function calls itself subsequently with an input that is the beginning coordinate of
the neighbouring pipes and finds that all of them are connected to a buoy. Then, the
algorithm increments the buoy counters of pipe 1, 2 and 3 to 1, and subsequently
increments the counter of pipe 9 to 3. The function of pipe 9 returns to the calling
function the function of pipe 11 and increments the counter of pipe 11 by 3 and it
becomes equal to 4. Since pipe 11 does not have any other neighbours, the function
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returns to the calling function - the function of the tower pipe with ID 13. The
function of pipe 13 calls itself with an input that is the beginning coordinate of pipe
12 - the second neighbour of pipe 13. The algorithm proceeds in a similar manner
until all the pipes know the number of buoys that they are connected to.

Algorithm 1 Recursive method to count the number of buoys connected to each
pipe
Require: startCoordList, endCoordList, startCoord ← 01×3, counter ← 01×n,
index← towerIndex
procedure FindNrOfBuoysToEachPipe

indexNeighbours← find all startCoord in endCoordList
if indexNeighbours is empty then

counter(index)← counter(index) + 1
else

for i = 1 to length of indexNeighbours do
startCoord← startCoordList(indexNeighbours(i))
index← indexNeighBours(i)
counter ← FindNrOfBuoysToEachPipe(startCoord, index, counter)
counter(index) = counter(index) + counter(indexNeighbours(i))

end for
end if

end procedure

After that the pipes are sorted and given a unique ID based on the number of buoys
in the counter and the location of each pipe. The pipe that has the lowest number
of buoys in its counter and it is situated top-left obtains ID 1 and comes first in
the array of pipes, and the pipe that has the highest number of buoys in its counter
- this will be always the tower pipe - gets the last ID and takes the last entry in
the array of pipes, i.e. its ID and index are equal to the total number of pipes in
the topology. Moreover, an output ID is assigned to each pipe based on the end
coordinate that is used to identify which pipe the given pipe is connected to. For
instance, in Figure 6.6 pipes with ID 4 and 9 are connected to 11. Therefore, their
output ID will be 11.
Two classes are created: Fluid class stores properties of the fluid, such as type,
density and bulk modulus, and Pipes class stores the properties of the pipes filled
with the chosen fluid. The Pipes class contains the following properties: ID, output
ID, length, cross-section area, volume, number of lumps, total and per lump inertia
and compressibility. When creating a Pipes object, IDs, output IDs, lengths and
areas of the pipes in the topology are passed as argument to the constructor of the
object. Based on these arguments and the imported fluid properties, the rest of the
properties are calculated. The pipes are divided into lumps comprising of inertia and
compressibility components. The number of the lumps in each pipes is calculated
based on the total length of the pipe and the length per lump property, which is
defined as constant for the class. The inertia and compressibility of each lump is
calculated based on the total inertia and compressibility and the number of lumps
in each pipe.
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In order to generate the state-space matrices for a chosen topology the structure
of the state-space matrices of a junction is exploited. The system of differential
equations of a T-junction was derived in the previous section and is given by equation
(6.31), which is marked with rectangles in figure 6.7 to serve as an example for
gaining intuition of the formed patterns, which can be used to derive the complete
model of the hydraulic collection.

Figure 6.7: Structure of the state-space matrices at a junction

Before going to describe the structure of the state-space matrices, we need to em-
phasize the importance of the ordering of the state variables. As it can be seen from
figure (6.7), the pressure variables are listed first and then the flow variables, while
keeping the same ordering for both variables. This makes the matrices inside the red
rectangles to be skew-symmetric of each other, hence, by knowing only one of them,
let’s name itQ, the other one can be obtained by just finding−QT . The yellow, black
and brown rectangles are the diagonal and super-diagonal entries of the bottom-left
red-rectangled matrices with dimension npipe ∗nlumps×npipe ∗nlumps−1 (in this case
there are three pipes and each pipe had two lumps, thus, 6× 5). The top-right red-
rectangled matrix is negative transpose of bottom-left red-rectangled matrix. The
top-left matrix with dimension npipe ∗ nlumps− 1× npipe ∗ nlumps− 1 is a null matrix.
The bottom-right matrix is a diagonal matrix with diagonal entries equal to the
linear friction coefficient of each lump. Its dimension is npipe ∗nlumps×npipe ∗nlumps.
The blue rectangle at the input matrix has dimension npipe ∗ nlumps − 1× npipe. Its
entries are all 0 except the bottom-right entry, which is equal to -1. The green rect-
angles at the input matrix are with dimension nlumps×npipe. It can be seen that the
only non-zero entry for each green-rectangled matrix is placed on the top row and
on the column with index equal to the number of the green- rectangled matrix, i.e.
the column index shifts with each green rectangle. The purple rectangle at the input
matrix has dimension equal to the number of connected pipes, i.e. npipe×npipe, and
all of its entries are equal to 0.
Using the generated patterns state-space equations of any number of connected pipes
with any number of lumps can be formed and the complete model of a hydraulic
collection system with any topology can be derived.
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6.2 Modelling hydraulic accumulators
One of the main components of the hydraulic collection system is the hydraulic
accumulator. This section presents modelling of hydraulic accumulators.

6.2.1 Modelling of a piston accumulator
The principle operation of the piston accumulator is the following. As the fluid
pressure at the accumulator inlet becomes greater than the precharge pressure, fluid
enters the accumulator and compresses the gas, storing hydraulic energy. A decrease
in the fluid pressure causes the gas to decompress and discharge the stored fluid into
the system.
During typical operations, the pressure in the gas chamber is equal to the pressure
in the fluid chamber. However, if the pressure at the accumulator inlet drops below
the precharge pressure, the gas chamber becomes isolated from the system. In this
situation, the fluid chamber is empty and the pressure in the gas chamber remains
constant and equal to the precharge pressure. The pressure at the accumulator
inlet depends on the hydraulic system to which the accumulator is connected. If
the pressure at the accumulator inlet builds up to the precharge pressure or higher,
fluid enters the accumulator again.
The motion of the separator between the fluid chamber and the gas chamber is
restricted by two hard stops that limit the expansion and contraction of the fluid
volume. The fluid volume is limited when the fluid chamber is at capacity and when
the fluid chamber is empty. The hard stops are modeled with finite stiffness and
damping.
A model of a piston accumulator with its variables and parameters is shown in figure
6.8.

Figure 6.8: Piston accumulator

The flow through the inlet of the accumulator is modelled as a turbulent flow through
an orifice. It is found by

qf = CdAi

√
2∆P
ρ

, (6.32)
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where
• Cd - discharge coefficient (typ. Cd = 0.6− 0.7),
• Ai - area of the inlet,
• ∆P = P − Pf - pressure difference at the inlet,
• ρ - density of the hydraulic fluid.

Rearranging (6.32) to find the pressure drop ∆P , yields,

∆P = ρ

2A2C2
d

q2
f . (6.33)

The compressibility of fluid in high-pressure application is an important phenomenon
that needs to be considered. The bulk modulus of the fluid is a parameter that
indicates the stiffness of the fluid and it is defined as the pressure needed to cause
a given decrease in volume,

β = ∆Pf
∆Vf/Vf

, (6.34)

where Vf is the volume of liquid and ∆Vf is the change in volume of the liquid when
subjected to a pressure change of ∆P . The fluid volume is

Vf = Apx+ Vdeadf (6.35)

where
• Ap - piston area,
• x - piston displacement,
• Vdeadf - fluid chamber dead volume.

The bulk modulus varies for different fluids. Rearranging (6.34) and considering an
infinitesimal change, yields

dPf = β

Vf
dVf (6.36)

We divide (6.36) by dt and obtain the continuity equation

Ṗf (t) = β

Vf
V̇f (t). (6.37)

The rate of change of fluid volume is

V̇f (t) = qf (t)− Apẋ(t). (6.38)

Combining (6.37) and (6.38), yields

Ṗf (t) = β

Vf
(qf (t)− Apẋ(t)). (6.39)

The dynamics of the accumulator piston can be modelled as a mass-damper system,

mpẍ(t) + Ff (ẋ(t)) = (Pf (t)− Pg(t)− PHS(t))Ap, (6.40)

where
• mp - mass of the piston,
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• Ff (ẋ) - friction term,
• Pg - gas pressure,
• PHS - pressure due to the hardstop.

The hard stop contact pressure is modeled with a stiffness term and a damping
term.

PHS =


Ks,up(Vf − VT + Vdeadg) +Kd,upV̇

+
f (Vf − VT + Vdeadg), if Vf ≥ VT − Vdeadg

Ks,down(Vf − Vdeadf )−Kd,downV̇
−
f (Vf − Vdeadf ), if Vf ≤ Vdeadf

0, otherwise
(6.41)

V̇ +
f =

V̇f , if V̇f ≥ 0
0, otherwise

V̇ −f =

V̇f , if V̇f ≤ 0
0, otherwise

where
• Ks,up - stiffness constant of the hardstop of the upper end stop,
• Kd,up - damping constant of the hardstop of the upper end stop,
• Ks,down - stiffness constant of the hardstop of the lower end stop,
• Kd,down - damping constant of the hardstop of the lower end stop,
• VT - total volume of the accumulator
• Vdeadg - gas chamber dead volume

The thermal losses occupy a great portion of the total accumulator losses. Therefore,
it is important to include thermodynamic effects when building the accumulator
model. The thermal losses are mostly due to the convection of heat from the gas
chamber to the ambient through the walls of the accumulator.
The first law of thermodynamics states that the energy neither can be created nor
destroyed, but change forms. The energy balance can be written as

Q̇− Ẇ = U̇ (6.42)

where Q̇ is the change in heat, Ẇ is the change in work and U̇ is the change in
internal energy. The internal energy Q for real gases can be calculated as

U̇ = mgCv
dTg
dt

+mg

(
Tg

(
∂Pg
∂Tg

)
v

− Pg
)
dVg
dt

(6.43)

The transferred heat through the walls of the accumulator by convection is propor-
tional to the temperature difference between the gas and the ambient

Q̇conv = hAw(Ta − Tg) (6.44)

where h is the convection coefficient that depends on the properties of the material
that makes the walls of the accumulator, Aw is the area of the walls, Ta is the
ambient temperature and Tg is the gas temperature.
The work W can be calculated as

Ẇ = Pg
dVg
dt

(6.45)
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Substituting (6.43), (6.44) and (6.45) in (6.42) yields

hAw(Ta − Tg)− Pg
dVg
dt

= mgCv
dTg
dt

+
(
Tg

(
∂Pg
∂Tg

)
v

− Pg
)
dVg
dt

(6.46)

where Cv is the specific heat ratio at constant volume.
(
∂Pg
∂Tg

)
v
can be calculated for

different gas models. For an ideal gas, the pressure p, volume V and temperature
are related as

pV = nRT, (6.47)
where n is the number of moles and R is the universal gas constant. Hence,(

∂Pg
∂Tg

)
v

= nR

Vg
(6.48)

Substituting (6.48) in (6.46), yields

hAw(Ta − Tg)− Pg
dVg
dt

= mgCv
dTg
dt

+
(
Tg
nR

Vg
− Pg

)
dVg
dt

(6.49)

Simplifying (6.49), yields
mgCvṪg = −PgV̇g − hAw(Tg − Ta) (6.50)

Change of gas volume can be found by
V̇g = −Apẋ (6.51)

Using the ideal gas law, we can find the gas pressure.

Pg = nRTg
Vg

(6.52)

The area of the walls of the accumulator changes with the displacement of the piston.
If a cylindrical surface is assumed, then the area will be

Aw = 2Ap + 2πrp
Vg
Ap

(6.53)

where rp is the radius of the piston.
The structure of the developed model is shown in Figure 6.9. Input to the system is
the input flow to the accumulator qin and the ambient temperature Tamb and output
is the pressure before the inlet Ppipe.

6.2.2 Linearization of the nonlinear model
The nonlinear system of equation that describes the accumulator dynamics is
ẋ = v

Ṗf = β

Apx+ Vdeadf
(qf − Apv)

v̇ = Ap
mp

(Pf −
nRTg

VT − Apx− Vdeadf
− PHS)− Ff (v)

mp

Ṫg = ApnRTg
mgCv(VT − Apx− Vdeadf )

v − h

mgCv

(
2Ap + 2πrp

VT − Apx− Vdeadf
Ap

)
(Tg − Ta)

(6.54)
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Figure 6.9: Structure of the model

The state vector of the system is

xs =
[
x Pf v Tg

]T
us0 =

[
qf0 Tg0

]T (6.55)

Stationary point of the system is

xs0 =
[
0 ppre 0 Ta

]T
us0 =

[
0 Ta

]T (6.56)

The pressure due to the hard-stop changes depending on the position of the piston
as described by (6.41). The system needs to be linearized for all cases to see how
the dynamics change when the piston hits the end stops. Firstly, the system is
linearized for the case when the piston is within the operating range, i.e. Vdeadf ≤
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Vf ≤ VT − Vdeadf . Then, PHS = 0. The linearized system is

∆xs = A∆xs +B∆us (6.57)

where A and B are the found by finding the Jacobian matrices

A =


∂f1
∂x

∂f1
∂Pf

∂f1
∂v

∂f1
∂Tg

∂f2
∂x

∂f2
∂Pf

∂f2
∂v

∂f2
∂Tg

∂f3
∂x

∂f3
∂Pf

∂f3
∂v

∂f3
∂Tg

∂f4
∂x

∂f4
∂Pf

∂f4
∂v

∂f4
∂Tg


xs=xs0, us=us0

B =


∂f1
∂qf

∂f1
∂Ta

∂f2
∂qf

∂f2
∂Ta

∂f3
∂qf

∂f3
∂Ta

∂f4
∂qf

∂f4
∂Ta


xs=xs0, us=us0

(6.58)

Hence,

A =



0 0 1 0
0 0 − Apβ

Vdeadf
0

−
A2
pnRTa

mp(VT − Vdeadf )2
Ap
mp

0 − ApnR

mp(VT − Vdeadf )

0 0 Apppre
mgCv

− h

mgCv

(
2Ap + 2πrp

VT − Vdeadf
Ap

)



B =



0 0
β

Vdeadf
0

0 0

0 h

mgCv

(
2Ap + 2πrp

VT − Vdeadf
Ap

)


(6.59)

6.2.3 Modelling of Hydac’s double piston accumulator
In this section, the derivation of the mathematical model of Hydac’s double piston
accumulator is presented. The schematic of the accumulator is shown in figure 6.10.

Figure 6.10: Sketch of the double piston accumulator, connected to a hydraulic
pump, [34]
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As it can be seen from the figure the accumulator consists of four chambers and
two pistons that are rigidly connected with a rod. The first chamber from left to
right is filled with nitrogen that is used to store the energy by compression of the
gas. The second chamber and third chamber, whose total volume is constant, are
filled with hydraulic oil. The two chambers (HP and LP) are separated by the web.
The fourth chamber is open at one end and hence, has the ambient pressure. The
LP oil chamber is preloaded with a small diaphragm accumulator, which keeps the
pressure at the suction side of the pump constant (equal to preload LP).
Before starting to model the double piston accumulator, we consider the pump as
an ideal flow source which pumps fluid with a flow rate qin. The pressure at the
LP chamber is equal to the pressure of the diaphragm accumulator that can be
calculated using the ideal gas law.

PV = nRT, (6.60)

where P is pressure, V - volume, T - temperature, R is the universal time constant,
n is the number of moles. If we assume that there is no heat transfer to the envi-
ronment, the process is reversible, adiabatic, the ideal gas law can be approximated
by

Pg,diaphragmV
k
g,diaphragm = const (6.61)

where k is the ratio between specific heat at constant pressure and specific heat
at constant volume (for nitrogen k = 1.4) and const is determined for a certain
operating condition. Differentiating (6.61), we get

Ṗg,diaphragmV
k
g,diaphragm + kPg,diaphragmV

k−1
g,diaphragmV̇g,diaphragm = 0 (6.62)

Rearranging (6.62),

Ṗg,diaphragm = −kPg,diaphragmV̇g,diaphragm
Vg,diaphragm

. (6.63)

total volume of the diaphragm accumulator is equal to the sum of the oil and gas
volume in it.

Vg,diaphragm + Vo,diaphragm = VT,diapragm (6.64)

where VT,diaphragm denotes the total accumulator volume. Noting that Pg,diaphragm =
−Po,diaphragm and using (6.64), we obtain

ṖLP = Ṗo,diaphragm = kPo,diaphragmV̇o,diaphragm
VT,diaphragm − Vo,diaphragm

(6.65)

Assuming that there is no leakage fluid from the pump and there are no losses in
the diaphragm accumulator, there will not be any flow in or our from the diaphragm
accumulator (V̇o,diaphragm), since the input flow to the HP chamber must be always
equal to the output flow from the LP chamber. Therefore, the pressure of the
diaphragm accumulator and the LP chamber remain always constant.
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6.3 Modelling hydraulic losses
One of the main tasks of the thesis was to correctly model the losses in the hydraulic
system, that is the focus of this section. The expressions and friction coefficients
and/or factors for calculating different losses in the pipes are obtained from [13].
The change in static pressure for incompressible flow between two points in some
medium can be expresses by the Bernoulli equation

p1 − p2 = 1
2ρ(v2

2 − v2
1) + 1

2ρv
2K + ρg(z2 − z1), (6.66)

where p is static pressure, ρ is fluid density, v is fluid velocity, K is irreversible loss
coefficient, g acceleration due to gravity and z is the elevation. The irreversible loss
coefficient is a complex function of the flow rate and geometry of the medium. In this
chapter experimentally determined values of K for various pipeline components will
be presented with reference to [2]. These constants need to be verified by comparing
with an experimental data or CFD simulations.
Before we start with the derivation of the loss model, two well-known non-dimensional
parameters among the hydraulics society are introduced. One of them is the Euler
number, which is the ratio between the difference in static pressure between two
points and the characteristic dynamic pressure of the flow,

Euler number = p1 − p2
1
2ρv

2 = difference in static pressure

characteristic dynamic pressure
(6.67)

Comparing equation (6.66) and (6.67), it is easy to see that the Euler number
actually is equivalent to the irreversible loss coefficient. The second dimensionless
parameter is the Reynolds number, which is the ratio of the inertia force of the flow
to viscous forces:

Re = vD

ν
= inertia force

viscous force
, (6.68)

where D is the hydraulic diameter of the medium and ν is the kinematic viscosity.
For a circular pipe the hydraulic diameter and the geometrical diameter coincide.
The losses in an hydraulic system can be classified as major and minor losses. The
major ones constitute the fluid pressure losses in straight uniform pipes. The minor
ones comprise of the losses due to orifices, valves, bends, manifolds etc.
The major losses for incompressible and fully-developed flow can be calculated by
the Darcy-Weisbach formula

∆p = ρv2

2
fL

D
(6.69)

where f is the dimensionless friction factor and L is the length of the pipe. The
friction factor for fully developed flow in uniform pipes depends on the cross section,
the Reynolds number and on the surface roughness when the flow is turbulent:

f =


k

Re
, Re < 2000[

1.14− 2log10

(
ε

D
+ 21.25
Re0.9

)]−2
, Re > 4000

(6.70)
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where k is a geometry factor and it is equal to 64 for circular cross sections, ε
is the surface roughness relative to the hydraulic diameter D. The friction factor
in the transition region (2000 < Re < 4000) is uncertain. It can be approxi-
mated with some curve, for instance a linear curve that connects the friction factors
f(Re = 2000) and f(Re = 4000). The expression for the friction factor in the tur-
bulent region, Re < 4000 is an approximate explicit equation of the more accurate
Colebrook-White equation.

1
f 1/2 = 1.74− 2log10

(
2ε
D

+ 18.7
f 1/2Re

)
(6.71)

The implicit nature of (6.71) puts a great burden on the simulation performance.
That is why the approximation is the prefered choice.
The minor losses can constitute big portion of the total hydraulic losses. They can
be calculated by

∆p = 1
2ρv

2K (6.72)

where K is the sum of the dimensionless loss coefficients of the components that
contribute to the minor losses in a certain section of the pipe.
The pipe section inside the buoy has three main components contributing to the
minor losses. These components are depicted in figure 6.11 for the low-pressure side
of the pumps: 1) dividing manifold, 2) 90o elbow, 3) dividing T connection. The
picture is the same when we look at the high-pressure side with the only difference
that the flows from each pipe join together.

Figure 6.11: Loss components at the low-pressure side of the pumps 1) Dividing
manifold 2) 90o elbow 3) T-connection

The pressure loss for turbulent flow in a sharp bend is independent of Reynolds
number. For R/D ≤ 2 and Re ≥ 5 × 105. The loss coefficient for a 90o elbow is
shown in table 1.
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R/D K
0.5 1.1
0.75 0.4
1.0 0.25
1.5 0.18
2.0 0.16

Table 6.1: Loss coefficient of 90o elbow for R/D ≤ 2 and Re ≥ 5× 105

For 4× 103 < Re < 5× 105 the loss coefficient is

K|Re = (K|Re≥5×105)
(

5× 105

Re

)0.17

(6.73)

Typical values for the loss coefficient for 90o elbow when the flow is laminar are
plotted in figure 6.12.

Figure 6.12: Typical values for the loss coefficient for 90o elbow for Re < 2000

The loss coefficient in the transition region, 2000 < Re < 4000, is uncertain. It can
be approximated by using interpolation.
At a T-connection the Bernoulli equation is given by

pi − pj + 1
2ρ(v2

i − v2
j ) = 1

2v
2
nKij + 1

2viρ
fiLi
Di

+ 1
2ρv

2
j

fjLj
Dj

(6.74)

where i = 1, 2, 3 is an index denoting the branch supplying flow to the junction,
j = 1, 2, 3 - an index denoting a branch conveying fluid from the junction and
n = 1, 2, 3 - an index denoting which branch velocity is used in constructing loss
term. When the flow is turbulent, Re > 104, for a dividing T-connection shown in
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figure 6.13a, the dimensionless loss coefficient Kij is

K31 = 0.59 +
[
1.18− 1.84

(
R

D

)1/2
+ 1.16R

D

]
v3

v1
−
[
0.68− 1.04

(
R

D

)1/2
+ 1.16R

D

] (
v1

v3

)2
,

(6.75)

0 ≤ R

D
≤ 0.5, 0.2 ≤ v1

v3
≤ 0.8, v1 = v2

We see that i = 3, j = 1, j = 3. For a combining T-connection shown in figure
6.13b, the dimensionless loss coefficient Kij is

K13 = 1.19− 1.16
(
R

D

)1/2
+ 0.46R

D
− 1.73

(
1− R

D

)
v2

v3
+
(

1.34− 1.69R
D

)(
v1

v3

)2
,

(6.76)

0 ≤ R

D
≤ 0.5, 0 ≤ v2

v3
≤ 1, v1 = v2

We see that i = 3, j = 1, j = 3.

(a) Dividing T-connection (b) Combining T-connection

Figure 6.13: 90o T-connections

The losses through a T are considerably reduced by rounding the edges of the T.
For a symmetric flow through a dividing and combining T with v1 = v2 = v3/2 the
loss coefficients as a function of rounding are shown respectively in table 2 and 3.

R/D 0.0 0.1 0.2 0.3 0.4 0.5
K31 1.01 0.83 0.77 0.74 0.71 0.68

Table 6.2: Loss coefficient of 90o dividing T-connection with v1 = v2 = v3/2

R/D 0.0 0.1 0.2 0.3 0.4 0.5
K13 0.66 0.38 0.32 0.3 0.29 0.29

Table 6.3: Loss coefficient of 90o combining T-connection with v1 = v2 = v3/2

When the flow through the T is laminar, Re < 2000 the total pressure losses are
inversely proportional to the Reynolds number. The coefficient of proportionality
can be determined experimentally.
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A dividing manifold is shown in figure 6.14.

Figure 6.14: A uniform dividing manifold

The pressure change in the main pipe between the i and i− 1 branch pipes is given
by

pi − pi−1 = 1
2ρv

2
iKi −

1
2ρ(v2

i − v2
i−1) + 1

2ρv
2
i−1

fi−1li−1

Di−1
+ ρg(zi−1 − zi) (6.77)

where ρ is the fluid density, v is the main pipe flow velocity averaged over the cross
section, D is main pipe diameter, l is the length between points i and i− 1, z is the
elevation, f is the major loss friction factor and K is dimensionless loss coefficient,
which is equal to the dimensionless friction factor of the dividing T connection,
shown in figure 6.15.

Figure 6.15: Dividing T-connection

The dimensionless friction factor for the main path of a diving T is given by

K12 =


1.55

(
0.22− v3

v1

)2
− 0.03, 0 ≤ v3

v1
≤ 0.22

0.65
(
v3

v1
− 0.22

)2
− 0.03, 0.2 ≤ v3

v1
≤ 1

(6.78)

The friction factor of the branch pipe for a diving T connection is

K13 = 0.99−0.23
√
R

D
−

0.82 + 0.29
√
R

D
+ 0.3R

D

 v3

v1
−

1.02− 0.64
√
R

D
+ 0.76R

D

(v3

v1

)2

(6.79)
A combining manifold joins the flow from branch pipes into a single stream and it
can be visualized as 6.14 but with the flow direction reversed. The pressure in the
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main pipe reduces with distance from the dead end and the pressure drop between
two branches can be calculated by (6.77), in which the dimensionless friction factor
is equal to the dimensionless friction factor of a combining T connection, shown in
figure 6.16.

Figure 6.16: Combining T-connection

The friction factor for the main path is

K12 = 0.045 +
1.38− 1.94

√
R

D
+ 1.34R

D

 v3

v2
−

0.9− 0.95
√
R

D
+ 1.23R

D

(v3

v2

)2

(6.80)
The friction factor of the branch pipe for a combining T connection is

K32 = 1.09−0.8
√
R

D
−

0.53 + 1.27
√
R

D
− 1.86R

D

 v1

v2
−

1.48− 2.28
√
R

D
+ 1.8R

D

(v1

v2

)2

(6.81)
The engagement and disengagement of pumps is controlled by directional valves.
The losses through the directional valve can be modelled as equivalent to the sum
of losses through two orifices with the same variable cross section area. The friction
factor of a sharp edged orifice, shown in figure 6.17 for different ratios between orifice
and pipe diameter are tabulated in table 6.4.

Figure 6.17: Sharp-edged orifice

d/D 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90
K 1600 620 300 155 87.5 49 30.8 19 12 7.3 4.7 2.7 1.5 0.76 0.32

Table 6.4: Friction factor of a sharp edged orifice for different d/D

The connection from the buoy to the sea bed is still under question. One option
that is considered is that a dynamic hose cable coils from the buoy down to the sea
bed as shown in figure 6.18.
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6. Modelling of the Hydraulic Collection

Figure 6.18: Connection from the buoy to the sea bed with dynamic power cable

The dynamic power hose can be modelled as a coil of circular pipe as shown in figure
6.19.

Figure 6.19: Coil of circular pipe

The pressure drop of a coil of circular pipe is given by

∆p = 1
2
fcL

D
ρv2 (6.82)

where L is the length of the pipe in the coil, i.e L = πd×number of turns, D is the
diameter of the pipe and fc is the dimensionless friction factor. The dimensionless
friction factor for laminar flow, Re < 2100

(
1 + 12

√
D
d

)
is

fc =



64
Re

, 0 < N = Re
√

D
d
< 11.6

11

1−
[
1−

(11.6
N

)0.45]2.2 , 11.6 < N < 2000

0.11
√
N, N > 2000

(6.83)

For turbulent flow, Re > 2100
(
1 + 12

√
D
d

)
, the dimensionless friction factor is

fc = 0.336(
Re
√

d
D

)0.2 . (6.84)
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Another option is to have an intermediate buoy to raise the connection point of the
hose from the sea bed as shown in figure 6.20.

Figure 6.20: Connection of the buoy to the sea bed through an intermediate buoy

A dynamic hose is used to connect from the buoy to the intermediate buoy. It is
assumed that the hose will have two circular bends with radii R and r. The losses
through the dynamic hose can be calculated by (6.82), with friction factor equal to
the friction factor of a coil of circular pipe and with length L = π(R + r). The
dynamic hose can be connected to a steel pipe with a bigger diameter. If this is
the case. there will be an expansion and contraction at the high- and low-pressure
sides respectively. The expansion and contraction can be abrupt or gradual. The
friction factor for a gradual contraction and/or expansion is lower than a gradual
one. Hence, the design choice is to have a gradual contraction and expansion, shown
in figure 6.21.

(a) Expansion (b) Contraction

Figure 6.21: Gradual contraction and expansion

The friction factors for the gradual expansion and contraction are summarized in
table 5 and 6 respectively. At the sea bottom, the dynamic hoses are connected
to the steal pipes with either a 90o elbows, T-connections or quatrofurcations (qua-
trofurcation is a connection with four incoming or outgoing branches). The friction
losses for elbows and T-connections are already presented above. No analytical ex-
pression has been found in the hydraulics literature to calculate the friction losses
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A2

A1

K
2l/D1

0.1 0.2 0.3 0.5 1.0 2.0 3.0 5.0
1.2 0.06 - - - - - - -
1.4 0.10 0.09 0.08 0.07 0.06 - - -
1.6 0.17 0.13 0.12 0.10 0.08 0.06 - -
2.0 0.25 0.25 0.23 0.20 0.15 0.08 0.06 -
2.5 0.35 0.35 0.32 0.35 0.25 0.10 0.08 0.06
3.0 0.45 0.45 0.45 0.45 0.37 0.22 0.15 0.10
4.0 0.60 0.60 0.60 0.60 0.55 0.42 0.40 0.30

Table 6.5: Friction factor for a gradual expansion

A1

A2

K
l/D2

0 0.05 0.1 0.15 0.6
1.2 0.08 0.06 0.04 0.03 0.03
1.5 0.17 0.12 0.09 0.07 0.06
2.0 0.25 0.23 0.17 0.14 0.06
3.0 0.33 0.31 0.27 0.23 0.08
5.5 0.40 0.35 0.32 0.35 0.25
10.0 0.45 0.45 0.41 0.39 0.27

Table 6.6: Friction factor for a gradual contraction

for a quatrofurcation. We can assume that the 90o branch is shifted towards the
incoming branch. Therefore, we can approximate losses at a quatrofurcation by
considering it as a T-connection with trifurcation, for which analytical expressions
to calculate the losses is available. A trifurcation and a quatrofurcation are shown
in figure 6.22.

(a) Trifurcation (b) Quatrofurcation

Figure 6.22: Trifurcation and Quatrofurcation

The dimensionless friction factor of a trifurcation is given by

K1j = 0.86sin2θj + αj

(
cosθj −

vj
v1

)2
+ βj

vj
v1
, (6.85)
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where

αj = 0.0227θjcosθj + 1.2sinθjsin|60o − θj|

βj =
[
0.00698(45o − θj) + 0.075Aj

A1
+ 0.0262θj

]
sin(75o − θj)

The connection of the flows from all buoys at the tower is shown in figure 6.23.
As we can see from the figure, the flows from each side of the farm join at two

Figure 6.23: Connection of flows from all buoys at the tower

junctions respectively at each side of the tower on the sea bed. The two junctions
are connected with a hydraulic pipe to ensure the pressures at both junctions are
the same. High-pressure fluid flows up through two steel pipes on each side of the
rack to connect to the motor ports with as few bends as possible. The picture is the
same for the low-pressure side, with the only deference that the flow directions are
reversed. The losses at this connection can be modelled as the sum of losses of two
quatrofurcations.
At the tower the flow is distributed to each hydraulic motor through a manifold,
whose loss model is already presented above.
The friction factor of a fully-open ball valve is negligible, K ≈ 0, [2].
The losses of a hydraulic pump/motor comprises of mechanical losses, pressure losses
and volumetric/flow losses, that can be obtained from manufacturer data sheets.
OHT latest configuration uses CA50 pumps in the buoy and CBP140-100 motors
in the tower from Hägglunds (now Bosch Rexroth). The mechanical efficient of the
CA and CBP series are respectively ηp = 97% and ηm = 98%. The pressure and
flow losses and as well as their efficiency maps are presented in Appendix 1.
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7
Modelling of the Collection Tower

This section presents the complete drive train model inside the tower. It starts with
modelling a planetary gearbox, which is a core component in the drive train.

7.1 Planetary gearbox model
A planetary gearbox can be described as a second-order system, where the angu-
lar velocities of any of the two shafts can be used as state variables. In OHT’s
collection tower the ring and sun gears are connected respectively to the input and
output shafts. Therefore, the sun and ring gear angular velocities are chosen as state
variables for the planetary gearbox model. Inputs to the system are the torques on
the sun gear, carrier and ring gear. The second-order planetary gearbox model was
obtained by reducing the sixth-order planetary gearbox model, derived in [15]. The
reduction technique is outlined in detail in [15] and is omitted here. The end result
of the reduced planetary gearbox model is in the form

Jẋ(t) = Ãx(t) + B̃u(t) (7.1)

where
J =

[
J11 J12
J21 J22

]

J11 = Js + Jc

(
rs

rr + rs

)2
+ Jp

(
rrrs

rp(rr + rs)

)2

J12 = J21 = Jc
rrrs

(rr + rs)2 − Jp
(

rrrs
rp(rr + rs)

)2

J22 = Jr + Jc

(
rr

rr + rs

)2
+ Jp

(
rrrs

rp(rr + rs)

)2

Ã =
[
ã11 ã12
ã21 ã22

]

ã11 = −bs − bc
(

rs
rr + rs

)2
− bp

(
rrrs

rp(rr + rs)

)2

ã12 = ã21 = −bc
rrrs

(rr + rs)2 + bp

(
rrrs

rp(rr + rs)

)2
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ã22 = −br − bc
(

rr
rr + rs

)2
− bp

(
rrrs

rp(rr + rs)

)2

B̃ =
[
b̃11 b̃12 b̃13
b̃21 b̃22 b̃33

]
=

1 rs
rr + rs

0

0 rr
rr + rs

1


x =

[
ωs ωc

]T
u =

[
τs τc τr

]T
• Js, Jp, Jr, Jc - inertia of sun, planet, ring and carrier, respectively;
• bs, bp, br, bc - viscous friction coefficient of sun, planet, ring and carrier, re-

spectively;
• rs, rp, rr - radii of sun, planet, ring and carrier gears, respectively;
• ωs, ωc, ωr - angular velocities of sun, carrier and ring, respectively;
• τs, τc, τr - torques applied to sun, carrier and ring, respectively;

The third angular velocity is algebraically related to the other two. Hence, in this
case the carrier velocity can be expressed in terms of the sun and ring gear velocities,

ωc = rs
rr + rs

ωs + rr
rr + rs

ωr (7.2)

Multiplying (7.1) with the inverse of matrix J , yields the planetary gearbox model
in state-space form,

ẋ = Ax+Bu, (7.3)

where

A = J−1Ã

B = J−1B̃

A planetary gearbox is more commonly characterized with its gear ratio, which is
defined as

R = −rr
rs
. (7.4)

The system matrices can be expressed in terms of the planetary gear ratio instead
of the radii of the individual gears. By noting that

rp = rr − rs
2 ,

and substituting the planetary gear ratio in the system matrices in (7.1), it yields

L =


Js + Jc

( 1
1−R

)2
+ Jp

( 2R
1−R2

)2
−Jc

R

(1−R)2 − Jp
( 2R

1−R2

)2

−Jc
R

(1−R)2 − Jp
( 2R

1−R2

)2
Jr + Jc

(
R
R−1

)2
+ Jp

( 2R
1−R2

)2

 (7.5)

110



7. Modelling of the Collection Tower

A =


−bs − bc

( 1
1−R

)2
− bp

( 2R
1−R2

)2
bc

R

(1−R)2 + bp

( 2R
1−R2

)2

bc
R

(1−R)2 + bp

( 2R
1−R2

)2
−br − bc

(
R

R− 1

)2
− bp

( 2R
1−R2

)2


(7.6)

B =

1 1
1−R 0

0 R

R− 1 1

 (7.7)

The main friction in a gear gear system are Coulomb-like. The Coulomb losses of
the planetary gearbox model are modelled as percentage loss of the rated torque on
each shaft of the planetary gearbox, i.e.

τCoulomb =

−csτ
rated
s sign(ωs)

−ccτ ratedc sign(ωc)
−crτ ratedc sign(ωr)

 (7.8)

where sign(·) is the signum function, cs, cc and cr are the Coulomb friction coeffi-
cients, i.e. the percentage of loss torque, and τ rateds , τ ratedc and τ ratedr are the rated
torques respectively of the sun gear, carrier and ring gear shafts. The Coulomb
friction forces can be incorporated as input to the planetary gearbox model. Hence,
the input vector changes to

u =

τs − csτ
rated
s sign(ωs)

τc − ccτ ratedc sign(ωc)
τr − crτ ratedc sign(ωr)

 (7.9)

7.2 Drive train model
As it was outlined in Chapter 1, the drive train inside the tower consists of multiple
identical modules. Each module comprises a planetary gearbox, a hydraulic pump
connected to the ring gear of the planetary gearbox, an electric generator, connected
to the sun gear of the planetary gearbox, and a pinion, that is on the same shaft
with the carrier of the planetary gearbox. The pinions in all drive train modules are
engaged with a common rack that lifts the gravity storage.
Due to the large mass of weight, all components inside the operate at their rated
torques irrespective of the input power to the drive train. This implies that at low
power conditions generators will operate with high torque and low speed, a condition,
in which the generator efficiency is poor. During the project, it was found that set of
generator shafts can be locked to route the power to the remaining set of generators,
thus increasing the speed and efficiency of each generator. We will refer to the drive
train module with locked and not locked generator shaft respectively as inactive and
active drive train module.
The model of the drive train is derived considering the power routing feature and
assuming a perfectly balanced system. Hence, the pressure difference around each
hydraulic motor in the module is equal,

∆p = ph − pl, (7.10)
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where ph and pl are the absolute pressures at the high and low pressure sides. The
flow through the main pipe q is the sum of the flows through motors in the inactive
and active drive train modules, respectively q1 and q2

q = q1 + q2 (7.11)

Assuming that the flow through each motor in the inactive modules and the flow in
each active module are the same . Hence,

q1 = Ninactive · q′1 q2 = Nactive · q′2, (7.12)

where Ninactive and Nactive are respectively the number of inactive and active drive
train modules, and q′1 and q′2 are the flows though one inactive and active module
respectively. The hydraulic motor is modelled as a gyrator with volumetric, pres-
sure and mechanical losses. The flow through each inactive and active motor is
respectively found by

q′1 = Tsωr1 + ql1 · sign(ωr1) q′2 = Tsωr2 + ql2 · sign(ωr2) (7.13)

where Ts is the displacement and/or specific torque of the motor; ωr1 and ωr2 are
the angular speeds of the motor shafts (that are connected to the ring gear of the
planetary gearbox) of the inactive and active drive modules respectively; ql1 and
ql2 are the volumetric losses through the motors of the inactive and active drive
modules respectively. The sign of the volumetric loss depends on the direction of
power flow through the motor - positive if the power is transformed from hydraulic
to mechanical and negative if vice versa. Since the pressure difference and/or the
torque on the motor is always positive, the direction of the power flow coincides with
the sign of the angular velocity of the motor. The volumetric losses are a function
of the motor speeds that are obtained from the loss maps in the motors data sheets.

ql1 = Ql(ωr1) ql2 = Ql(ωr2) (7.14)

where Ql(.) is a function operator for the volumetric losses. The torques on the
motors of the inactive and active modules are given by

τr1 = Ts(∆p− pl1)ηm τr2 = Ts(∆p− pl2)ηm (7.15)

if the sign of the velocity of the motor is positive, and

τr1 = Ts(∆p+ pl1)/ηm τr2 = Ts(∆p+ pl2)/ηm (7.16)

if the sign of the velocity of the motor is negative. In the above equations pl1 and pl2
are the pressure drops on the motors respectively of the inactive and active modules
and ηm is the mechanical efficiency of the motor.
In the inactive modules, the sun shaft is locked. Therefore, sun speed is 0.

ωs1 = 0 (7.17)

Substituting (15) in (8), we obtain the dynamic equation for the inactive module.

J22ω̇r1 = b22ωr1 + R

R− 1τc1 + τr1 (7.18)

112



7. Modelling of the Collection Tower

where τc1 is the torque on the carrier shaft of any of the inactive modules. The
dynamic equation for the any of the active modules is

[
J11 J12
J21 J22

] [
ẇs2

ẇr2

]
=
[
b11 b12
b21 b22

] [
ωs2

ωr2

]
+

1 − 1
R− 1 0

0 R

R− 1 1


τs2

τc2

τr2

 (7.19)

where ωs2 is the angular velocity of the sun shaft, and τs2 and τc2 are respectively
the sun and carrier torques of the active modules. Since the carriers of the inactive
and active drive train modules are connected to the same rack, they share the same
angular velocity. For both modules the following kinematic constraint is valid

ωs −Rωr = (1−R)ωc (7.20)

We can express the carrier velocity of the active module from the equation above.

ωc = R

R− 1ωr2 −
1

R− 1ωs2 (7.21)

Since the sun shaft of the inactive module is locked, we have

ωc = R

R− 1ωr1 (7.22)

Equating (7.21) and (7.22), yields

ωr1 = ωr2 −
1
R
ωs2 (7.23)

The total carrier torque on all modules is

τc = mgrp (7.24)

where m is the mass of the counterweight and rp is the pinion radius. The total
carrier torque is also equal to

τc = Ninactiveτc1 +Nactiveτc2 (7.25)

Dividing equation (7.25) by the total number of modules N = Ninactive +Nactive, we
obtain

τ ′c = ατc1 + (1− α)τc2 (7.26)
where

τ ′c = τc
N

α = Ninactive

N
(7.27)

Expressing τc2 from (7.25) and substituting it in (7.19), yields

[
J11 J12
J21 J22

] [
ẇs2

ẇr2

]
=
[
b11 b12
b21 b22

] [
ωs2

ωr2

]
+

1 − 1
R− 1 0

0 R

R− 1 1




τs2
1

1− ατ
′
c −

α

1− ατc1

τr2


(7.28)
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We express τc1 from (7.18). It yields

τc1 = R− 1
R

(J22ω̇r1 − b22ωr1 − τr1) (7.29)

Substituting (7.29) in (7.28) we obtain

Jẋ(t) = Ax(t) + Bu(t) (7.30)

where

x =
[
ωs2

ωr2

]
u =


τs2

1
1− ατ

′
c + α(R− 1)

(1− α)Rτr1

τr2

 (7.31)

J =


J11 + α

(1− α)R2J22 J12 −
α

(1− α)RJ22

J21 −
α

(1− α)RJ22
1

1− αJ22

 (7.32)

A =


b11 + α

(1− α)R2 b22 b12 −
α

(1− α)Rb22

b21 −
α

(1− α)Rb22
1

1− αb22

 (7.33)

B =

1 − 1
R− 1 0

0 R

R− 1 1

 (7.34)

The generator torque is modelled as

τs = −Ks(ωs − ω0), (7.35)

where Ks and ω0 respectively the generator droop rate and offset, that is controlled
to keep the gravity weight within the allowed span and to smooth the power output.
The control of the generator is done in the following way. First, a simulation is run in
each sea state bu assuming infinite weight stroke to determine the average generator
output. Based on the average output and the rated power of each generator, the
number of engaged and/or active drive modules is determined, so that the engaged
generators can operate at their rated speed. Due to the constant torque on the sun
gear, there is a linear relation between the generator speed and offset, which can be
find from (7.35),

ωs = ω0 − const (7.36)

where const = τs
Ks

. Therefore, controlling the generator offset, corresponds to con-
trolling the speed of the generator. The generator offset is regulated with a PID to
control the weight position towards a set-point, that is chosen to be a value close to
the bottom end-stop of the stroke. Moreover, the offset is saturated with a minimum
and maximum value that correspond to zero and rated speed of the generator. Due
to the low value of the set-point, the weight is operated most of the time above the
setpoint, i.e. integrating a negative error, corresponding to the increase of the offset
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until it gets saturated. Therefore, the generators operate at their rated speed rated
speed, until the weight goes below the set-point. When that happens, the generator
speeds are decreased to prevent the weight from moving further down. Therefore,
when the weight goes below the set-point, dips in power will occur, which can be
reduced by choosing a slightly lower output power than the predetermined aver-
age output power. In order to stop the integrator of the controller to build up error
when the offset is saturated, which will cause delayed response of the controller when
the weight goes above the setpoint, conditional integration/clamping anti-windup
scheme is used (see [29]).
When there is excessive energy into the tower from the array, the position and
energy of the gravity weight will increase and eventually it will hit an end-stop. The
end-stop acts like a stiff nonlinear spring and damper upon contact with the weight.
Therefore, it can be modelled as

Fend−stop =

f(zw, żw), if zw ≥ zmaxw

0, otherwise
(7.37)

where zw and zmaxw are respectively the position and maximum allowed height of the
weight and f(zw, żw) denotes that the end-stop force is a function of weight position
and velocity. When the weight hits the end-stop, it results an increase of force on
the rack, and thus on all shafts of the planetary gearbox. Therefore, the pressure in
the hydraulic circuit increases until it reaches the set pressure of the pressure-relief
valves that get open and establish a direct connection from the high-pressure to low-
pressure side of the hydraulic circuit to spill the excessive energy. The set pressure
of the valves need to be chosen considering the variations of the pressure in the
hydraulic circuit. They should not be chosen too close to the static pressure of the
hydraulic circuit, defined by the static gravity force of the weight, since the dynamic
pressure variations can cause them to get activated even the weight is within the
operating span. Certainly this is not desirable. Choosing a higher set pressure
means higher torques on all components of the drive train and the generator, which
is not desirable either, since it will strain the components and may even damage
them if they are not sized to handle the increased load. Hitting the end-stop of the
weight, has an indirect effect on the output power from the generator due to the
increased torque. This is certainly a positive thing since it means faster removal
(output) of the excessive energy from the system.
The weight can be prevented from hitting the end-stop by kicking in some inactive
generators if this happens in a low-energy sea condition and not all generators are
active. In a high-energy sea condition, the buoys can be detuned to capture less
power. However, due to the shortage of time during the project none of these
methods to keep the weight within its allowed span were tried out.
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8
Simulation Framework Update
and Vectorised Simulink Model

This chapter describes the update of the OHT’s simulation framework and the vec-
torized Simulink model, developed during the project.

8.1 Simulation Framework Update
In a previous study, a simulation framework was developed by OHT to run batch
simulations with different sea states and parameters, and to execute multiple sim-
ulations in parallel on multiple CPU cores to shorten the simulation time. The
main Matlab script, main_stript.m reads a list of simulation parameter sets and
simulation settings, as well as, the names of the time series to be saved after each
simulation from an Excel simulation template file, simulation_templace.xlsx, coordi-
nates the parallel simulations and saves the statistical values and selected time series
respectively to a simulation summary file, aSimulation_summary.xlsx and to mat
files, which are organized in a output folder structure. Selected time series are also
plotted to a common png file to make it easy to compare the results between differ-
ent simulations. During the thesis project, the simulation framework was updated
with the new simulation parameters and settings, and workspace variables, while
preserving the original structure of the framework. A lot of work has been done on
organizing the simulation project folder. This changes include, but are not limited
to separating OHT specific files (parameter_script_oht.xlsx) from buoy specific files
(parameter_script_corpower.xlsx or parameter_script_waves4power.xlsx), organize
files depending on their type and purpose in folders, creating classes for different
hydraulic components, such as pump, motors, pipes, etc. The developed Simulink
model made used of the Variant subsystem blocks to enable simulation of simulation
of different configurations without modifying the model. The framework was up-
dated to programatically switch between the different configurations configuration.
Examples of use case of Variant subsystems in the developed Simulink model are
buoy selection, controller selection, collection system type selection, typology selec-
tion, enabling and disabling losses at different locations of the system, hydraulic
accumulator type selection, etc.
OHT’s simulation framework comprises of two modes: parameter sweep mode, in
which one parameter set is run for one selected sea state, which is read from simu-
lation_template.xlsx, and matrix mode, in which a parameter set is run for one or
many sea states, that are flagged in a separate excel file, called seastates.xlsx. Param-
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eter sweep mode is used when it is necessary to see the influence of a set of different
parameter values on the system. In this mode, the obtained statistical values of
all signals are saved beside each parameter set, thus making it more convenient to
compare results. Matrix mode is usually used to simulate all sea states represented
in a number of scatter diagrams to produce for example power matrices at different
nodes of the system, which can be matched simultaneously to a number of scatter
diagrams to compare the annual power output for different sites. In matrix mode,
it is also possible to run different parameter sets to compare the impact of different
configuration on an annual basis. For example, during the project different storage
configurations were swept throughout the whole scatter to quantify the added value
from time shifting with different storage capacities.
OHT’s simulation can run multiple simulations in parallel by starting multiple in-
stances of Matlab. When the first instance is run, a simulation output folder with
a unique name, which contains the time and date of the start of the simulation,
and a file marker, aOutputDirPath.mat, that stores the name of the output folder,
are created. The subsequent instances look for aOutputDirPath.mat in the current
folder and if it exists, no new output folder and marker are created, i.e. they adopt
the already existing output folder and save the results in the already created one.
A work folder is created in the simulation output folder. This folder contains file
markers with a unique name, containing the number of the set and row and column
number of the sea state being simulated, for every simulation that has been started.
Each instance of Matlab generates an identical simulation queue based on the sim-
ulation template and sea states files. The marker stores the output statistical data,
generated after each simulation. The marker indicates if a simulation is already
started by another instance by checking whether any data has been stored in it. If
this is the case, all other instance of Matlab skips forward in the list to go past this
queue slot. In matrix mode, when a simulation set is completed, the data in all
marker files are collected into a data structure that is then printed to the simulation
summary file.
Initially, the simulation framework could only run parallel simulations in Normal
mode in Simulink. During the project, the simulation framework was improved by
adding a functionality to run parallel simulations in Accelerator and Rapid Accelera-
tor modes to shorten model run time. In Accelerator and Rapid Accelerator modes,
the Matlab/Simulink creates executables of the model, which are saved by default
on the current directory. When multiple instances are run, the consequent instances
overwrite the generated executable by the previous instance, thus, creating conflicts
and errors. In order to prevent overwriting the automatically generated executables
from previous instances, the executables for each instance need to be saved in a
different folder. This can be done with the help of the command

Simulink.fileGenControl('set', ...
'CacheFolder', myCacheFolder, ...
'CodeGenFolder', myCodeGenFolder, ...
'createDir', true);

where myCacheFolder and myCodeGenFolder are the folder names for the automat-
ically generated files and they are different for each Matlab instance.
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A simple program flow diagram of the updated simulation framework is shown in
8.1.

Figure 8.1: Program flow of the simulation framework.

The program starts by running the main_script.m file, which reads the list of simu-
lation parameter sets and simulation settings from simulation_template.xlsx in the
beginning. The program loops through each parameter set and assigns/updates
the parameter values of the OHT’s system in parameter_script_oht.m that are not
sea state dependent. If matrix mode is on, the program loops in a nested for-loop
through each sea state, characterized by significant wave height, Hs, and energy
period, Te. The simulation model main_model.slx is run for each parameter set and
sea-state after assigning/updating buoy parameter values, generating wave elevation
and wave excitation force timeseries, and assigning/updating the remaining OHT
and buoy parameters and configurations, that depend on the wave energy period.
At the end of each simulation, timeseries data and plots of the selected signals are
saved. The statistical data of all signals from each sea state is stored in a data
structure that is printed to the simulation summary file only when the whole set
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is complete. This way the Excel write operation only has to be done once for a
complete simulation set, which is very important for the performance due to the
large number of data values.

8.2 Vectorised Simulink Modelling

Due to the large size and complexity of the wave energy array model, implemen-
tation of the Simulink model in vectorized fashion was identifies as the only viable
option that will enable running simulations in reasonable time. Vectorization refers
to performing operations to whole arrays at once instead of individual elements.
Vectorization of a Simulink model has several advantages:

• Vectorized model runs often faster than a non-vectorized model;
• Vectorized model results in utilization of fewer blocks, which results in faster

loading of the model and faster generation of executables in Accelerator and
Rapid Accelerator modes;

• Vectorized model is also more visually appealing due to the fewer number of
blocks and signal lines;

• Vecrorized model is less error prone and easier to troubleshoot due to the fewer
number of blocks and signal lines;

• Vectorized model is often faster to implement.
The drawbacks of the vectorization of the Simulink model are:

• Not all Simulink blocks accept vector inputs. Examples of blocks that do not
accept vector inputs are if - and switch-statements, triggered and enabled sub-
systems, SR flip-flop, etc. Therefore, the developer of a vectorized model need
to find equivalent realizations of these non-vectorizable blocks vectorizable
blocks.

• Vectorized model results in creation of multiple threads, and hence, in high
utilization of all the available CPU cores. This might seem like an advantage,
but it is not due to the fact that all the available computational power is
utilized by only one instance of Matlab, thus, not allowing running multiple
simulations in parallel. During the thesis, a solution to this problem was
identified with the help of Mathwork’s Support team. The Matlab instances
were started with the -singleCompThread argument, that basically restricts
the each Matlab instance to use a single computational thread.

Vectorization technique was applied througout the whole simulation model. Due
to the insufficient time in the project, only CorPower’s model has been able to be
vectorized. Figure 8.2 shows a comparison between vectorized and a single CorPower
buoy model. It can be visually validated that the vectorized model gives identical
outputs.
The only part in the model, that is not vectorized is the pump controller model,
which resides in a triggered Matlab function block. For Each Subsystem block was
used to run the controller model. For Each Subsystem is a Simulink block that
repeats execution on each element of a vector input signal and concatenates results.
Prints of the main parts of the Simulink model are shown in Appendix 2.
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Figure 8.2: Comparison between vectorized and single CorPower model.
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9
Constant Damping Force Control

In section 2.4 an MPC control was derived for a generic buoy using direct power
maximization objective. This formulation assumed that the control input can change
at each time instant. However, the hydraulic pumps can be engaged and disengaged
only when their velocity is zero. This implies that the control input and/or damping
force will remain constant until the next zero-crossing of the velocity. Moreover, due
to the limited number of pumps and the constant pressure of the hydraulic system,
the applied damping force can only take a set of discrete force levels, equal to the
number of the pumps. In addition to that, the hydraulic rectifier bridge allows power
to flow only from buoy to the hydraulic system and not vice versa. This implies
that the torque/pressure of the pump can only dampen or oppose the motion of
the buoy, and not drive or actuate it. Therefore, when the velocity of the buoy is
zero, the buoy remains still until the total hydrodynamic force exceeds the damping
force from the pumps. It was shown in Chapter 5 that a wave energy converter with
rectifier bridge and pressure/force stiff load has two modes of operation, namely
conducting and non-conducting. Therefore, due to all these listed nonlinearities and
discrete events, the derived MPC controller in section 2.4, based on a linear wave
energy converter model, cannot be applied. The controller model needs to correctly
represent the actual dynamics of the system.
The logic of the predictive algorithm used to control the buoy motion to optimize
power capture is outlined in Algorithm 2. The function nmpcDiscreteForce() gets
triggered by a zero-crossing of the buoy velocity, i.e. when condition

żb ∗ żprevb ≤ 0 (9.1)
is satisfied. Due to the limited number of force levels, the future state evolution is
performed individually for each force level until the next zero-crossing or the end
of the prediction horizon. Based on a chosen optimization criteria, the value of
the cost function is evaluated for each force level and the PTO force, that gives
the maximum objective value, is returned. The state evolution and cost valuation
for each force level can be performed in parallel, making the execution of the the
control algorithm very fast. The algorithm accounts for the non-conduction mode
by penalizing the cost function for the time spent in this mode for each force level.
It was found experimentally that by having a penalty term in the objective for the
duration spent in non-conduction mode improves the performance. The objective
function of the controller was initially chosen to be the maximization of the output
power. The discrete version of the objective function is

V =
N∑
i=1

v(k + i)u(k + i), (9.2)
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Algorithm 2 Nonlinear Model Predictive Control of Wave Energy Converter with
Constant PTO Damping
Require: żb ∗ żprevb ≤ 0, n, Ts, Tz
function nmpcDiscreteForce(zb0 , Fexc(k : k +N))

p← 01×n

nnc ← 01×n

for i = 0→ n do
zb ← zb0

żprevb ← 0
żb ← 0
j ← 1
overdamped← 0
while |Fexc(k + j)− khzb| ≤ FPTO(i) do

j ← j + 1
if j >

Tz
2Ts

then
overdamped← 1
nnc ← j
break

end if
end while
if overdamped == 0 then

while żb ∗ żprevb ≥ 0 or j <= N do
żprevb ≥ żb
(zb, żb)← stateUpdate(zb, żb, FPTO(i), Fexc(k + j)
j ← j + 1
p(j)← p(j) + objectiveFunction(FPTO(i), żb)

end while
end if

end for
nmaxnc ← max(nnc)
if nnc == 0 then

penalty ← 11×n

else
penalty ← nmaxnc − nnc

nmaxnc
end if
(popt, nopt)← max(p. ∗ penalty)
F opt
PTO ← FPTO(nopt)

return F opt
PTO

end function
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where N is the prediction horizon, v is the velocity of the buoy and u is the PTO
force. However, it was found that maximization of the output power did not result
in highest power yield throughput the whole simulation. It was even found that in
some sea states this objective function gave worse performance than keeping one
force level constant for the whole simulation duration, i.e. worse than not having
a controller. Figure 9.1 shows a comparison of average power with constant force
levels and discrete force control using the power maximization objective in sea state
Hs = 1.75m, Te = 6.5s. It can be seen that the controller is outperformed by just
keeping the force constant both at 50kN and 100kN.

Figure 9.1: Average power comparison with constant force levels and discrete force
control with power maximization objective in sea state Hs = 1.75m, Te = 6.5s

The reason for the poor performance was that the controller picked up a higher force
level than the optimal one in its attempt to maximize the output power during the
next stroke. This caused over-dampening of the system, and thus not allow the buoy
to develop momentum, which is necessary for better power capture. The controller
applied the optimal damping force for the next stroke, but at the same time killed
the potential to capture more power in the stroke after. Therefore, we can simply
say that the controller with direct maximization of the output power resulted in a
local optimum, but not a global one.
The performance of the buoy was improved by adding a term in the objective to
maximize the kinetic energy of the system. The discrete version of the objective
function is

V =
N∑
i=1

v(k + i)u(k + i) + 1
2qv

2(k + i) (9.3)

where q is a tuning factor for the kinetic energy term. The controller with this
objective resulted in a better power yield than the one with the power maximization
objective. Figure 9.2 shows a comparison of the average powers in different sea
states with optimized sea-state tuned constant damping (CD), wave-by-wave tuned
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Figure 9.2: Average power comparison with sea-state tuned constant damping
(CD), discrete force control with power maximization objective (DFC-P) and dis-
crete force control with power capture and kinetic energy maximization (CFC-PK)

discrete force control with power capture maximization objective (DCF-P) and wave-
by-wave tuned discrete force control with combined power capture and kinetic energy
maximization objective (DCF-PK). It can be seen that DCF-PK outperforms both
CD and DCF-P in all sea states. DCF-P results in higher power capture in all
the sea-states, except in sea state Hs = 1.75m, Te = 6.5s. The improvement in
power capture between sea-state-tuned (CD) and wave-by-wave-tuned PTO force
(DCF-PK) decreases in smaller and larger sea states. This is due to the fact that in
smaller and larger sea-states the controller keeps for most of the time respectively
the lowest (50kN) and highest (400kN) PTO force.

Figure 9.3: Comparison of buoy velocity and PTO force between DFC-P (left)
and DFC-PK (right) in sea state Hs = 1.75m, Te = 6.5s
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Figure 9.3 shows the comparison of buoy velocity and PTO force between DFC-P
and DCF-PK in sea state Hs = 1.75m, Te = 6.5s. It can be seen that DCP-P results
in motion with lower peak velocity compared to DCP-PK due to the higher PTO
force picked-up with DCP-P. In addition, the velocity with DCP-P is discontinuous
at the zero-crossing, indicating that the system enters non-conductive state. On the
contrary, the velocity is continuous with DCP-PK, indicating that the system is in
conductive state all the time. It can be also observed that the PTO force varies
quite a lot with DCP-P, while it stays at one value (50 kN in this case) for most of
the time.
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10
Grid Frequency Control

For satisfactory operation of a power system, the frequency should remain nearly
constant, 50Hz or 60Hz depending on the country. Frequency of the grid depends on
the active power balance between generation and consumption. When the generation
is higher than consumption, the frequency increases, and vice versa.
Different grid have different requirement for the allowable range for the grid fre-
quency. For example, in the Australian system the allowable range for the grid
frequency is 48.5-50.15, see [32]. For a different system, this range is different.
Moreover, each grid offers different markets for frequency control ancillary services
(FCAS) at any given time. According to [32], there are two types of frequency control
services offered by the Australian Energy Market Operator: regulation and contin-
gency. The former refers to the continuous correction of the generation-demand
balance in response to a small deviations in consumption or generation and the
later is the occasional correction of the generation-demand balance after a major
contingency event such as the loss of a generating unit, a major industrial load, or a
main component in the transmission. The regulation frequency control services are
provided by generators on Automatic Generation Control (AGC). The AGC system
allows AEMO to continually monitor the system frequency and to send control sig-
nals out to generators providing regulation in such a manner that the frequency is
maintained within the normal operating band of 49.85Hz to 50.15Hz. More infor-
mation about the different markets for frequency regulation, the payment policy for
servicing these markets, etc. can be found in [32].
During this project a simple algorithm was implemented for grid frequency regu-
lation in order to quantify the added value from time-shifting capabilities of the
gravity storage. A strong grid is assumed, meaning that the 10MW wave energy
plant cannot affect the grid frequency. The stateflow of the underlying logic is shown
in figure 10.1. Input to the stateflow is the grid frequency and the state of charge
(height) of the gravity weight. In the simulations, a real historic grid frequency
data was used, that was taken from the databases of UK’s National Grid. A sample
frequency of the UK grid on 1st January 2015 is shown in figure 10.2. The output
of the stateflow is the demanded power output, corresponding to certain generator
speed, which is fed as a set point to the PID controller that regulates the generator
offset to provide the requested output power. Note, that in the case without fre-
quency regulation, set point to the controller was a set height for the gravity weight.
The generator offset was saturated to provide constant power equal to the average
of the collected power when the weight was above the set height, and the power was
slowly decreased when the weight was below the set height.
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Figure 10.1: Stateflow of the underlying logic for grid frequency regulation.

With frequency regulation, the generators output the average power, captured in
the simulated sea state, when the weight is within the bottom and top limits, and
the frequency of the grid is within a normal operating region around 50Hz. This
is marked as state number 1 in figure 10.1. At state 1, if the frequency of the grid

Figure 10.2: Measured grid frequency in UK on 1st January 2015.

increases above the upper limit of the normal operating region, the state changes to
2 and the generators are either stopped outputting any power if grid charging is not
enabled, or input full power from the grid if grid charging is enabled. Since there
is only input power to the storage, the height of the gravity weight increases. At
state 1, if the grid frequency decreases below the lower limit of the normal operating
region, the state changes to 4 and the generators are requested to output full rated
power. At state 2 and 4, return of the grid frequency to the normal operating region,
shifts the state back to 1. At state 2, if the grid frequency keeps above the normal
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region and the weight reaches a predefined top limit (lower than the physical limit
of the tower), the state changes to 3 and the generators are requested to output
average power. At stage 3, if the input power is higher than the the average power
and the grid frequency remains high, there is a chance that the weight will hit the
top limit of the tower and excessive energy will be spilled through the pressure relief
valve. The spill of power can be prevented by outputting higher power than the
average power, but this will result in paying a penalty fee to the grid. At state 3, if
the grid frequency goes below the normal region, the state will change to 4 and the
generators will start outputting full power, that will cause discharge of the stored
energy, if the input power is lower than the output power. At state 4, if the weight
reaches a predefined bottom limit (higher than the physical limit of the tower), the
state will change to 5 and the generators will start outputting average power. At
state 5, if the input power to the array is lower than the output power, there is
a chance that the weight will reach another predefined bottom limit, at which the
weight is controlled to stay still, and hence, the output power will be equal to the
input power (state 6). When this scenario happens, the plant needs to pay penalty
fee to the grid for not delivering the promised average power. At state 5 and 6, the
increase of the grid frequency above the normal region, causes the state to move
to 2 and the output of the generators stop outputting any power or inputting full
power from the grid.
The change of generator power/velocity from average to full/zero and vice versa
causes acceleration and deceleration of the gravity weight, and thus increase and
decrease of the load on the drive train. In order to limit the acceleration and
deceleration of the weight, the sharp step changes of the velocity set point are
replaced with a smooth transitional trajectory with a desired maximum acceleration.
The trajectories are generated using the spline method. A desired velocity trajectory
at each time instant t is defined as a quadratic polynomial,

q̇(t) = a0 + a1t+ a2t
2. (10.1)

where a0, a1 and a2 are polynomial coefficients.
The desired acceleration is found by differentiating (10.1) with respect to time t,

q̈(t) = a1 + 2a2t. (10.2)

Let us assign a trapezoidal profile to the desired acceleration with maximum acceler-
ation amax, as shown in figure 10.3. It can be seen from the figure that the total ac-
celeration profile comprises of three regions: ramp-up, constant and ramp-down. In
the figure, t0, t1 and t2 denotes respectively the beginning of the ramp-up, constant
and ramp-down acceleration regions, and tf denotes the final time of the trajectory.
Let us also assume that the trapezoid is symmetric, hence, t1− t0 = tf− t2 = ∆tramp
and tf − t0 − 2∆tramp = ∆tconst. Our objective is to change the velocity of the gen-
erator from one level to another. Let us denote the starting velocity as q̇0 and the
final velocity as q̇f . By evaluating 10.1 and 10.2 at t0, t1, t2 and tf , we can find the
coefficients of the polynomial, and obtain a conditional expression for the desired
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Figure 10.3: Trapezoidal acceleration profile.

velocity trajectory,

q̇ =


q̇0 + amax

2∆tramp
(t− t0)2, if t0 < t ≤ t1

q̇1 + amax(t− t1), if t1 < t ≤ t2

q̇2 + amax(t− t2)− amax
2∆tramp

(t− t2)2, if t2 < t ≤ tf ,

(10.3)

where
q̇1 = q̇0 + amax

2 ∆tramp
q̇2 = q̇1 + amax∆tconst

(10.4)

The requirement that the velocity at the final time instant, tf , must be equal to the
desired velocity, q̇f , i.e. q̇(tf ) = q̇f , imposes the following constraint

q̇f = q̇2 + amax
2 ∆tramp (10.5)

Combining (10.4) and (10.5), we can find the ramp duration, ∆tramp, as a function of
the maximum acceleration, the difference between initial and final desired velocities,
and the duration of the transition, ∆tf0 = tf − t0,

∆tramp = ∆tf0 −
q̇f − q̇0

amax
(10.6)

In the simulations, the duration of the transition from an initial velocity, q̇0, to a
final velocity, q̇f , is calculated as a fraction of the duration of the transition from
minimum velocity (0 speed, when no grid charging, and negative rated speed, when
grid charging) to maximum velocity (rated speed), ∆tmaxmin ,

∆tf0 = |q̇f − q̇0|
q̇maxmin

∆tmaxmin . (10.7)

For instance, if the transition from minimum to maximum velocity is chosen to be 5s,
and the transition occurs from half the rated speed to full rated speed, the duration
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of the transition will be 2.5s, when there is no gird charging. In the simulations,
the maximum acceleration and deceleration is chosen to be constant irrespective of
the difference in velocity at the end and beginning of the transition. This implies
that, there will be constant torque increase/decrease during the transition region
irrespective of the velocity difference at the end and beginning of the transition.

133



10. Grid Frequency Control

134



11
Simulation Results and Discussion

Wave scatters and environmental data for two selected sites have been used for
this study, BillaCro at EMEC and WaveHub test sites. Due to the large number
of simulations needed to calculate annual data for different control strategies and
selected configurations, results are reported exclusively for the BillaCro site. Due to
insufficient time in project and limited modelling information about Waves4Power
buoys, the integration of OHT’s Hub system is performed only with CorPower’s
buoys.
The initially 40-buoy array design was insufficient in delivering the 10-MW power
output target in the design sea state. Therefore, the size of the array has been
increased to 42 buoys. Moreover, during the project it was found that the initial fish-
bone topology, comprising of steel pipes, was costly and impractical to implement
in reality. Therefore, the hydraulic topology was replaced with one that comprises
of 6 clusters with 7 WECs in each cluster, all connected with composite flexible
pipes. Even though, this conclusion was drawn close to the end of the project, it
was relatively quick to adapt the model to the new topology due to the automatic
collection system model generator algorithm, developed during the thesis. However,
this does not change the fact that most simulations were performed and results
were produced using the fish-bone topology, that in practice turned out to be not
so useful. Since the fish-bone topology does not represent a practical system, the
presented results below are solely obtained using the cluster topology.
Due to confidentiality, parts with WEC-related results are removed for publication.

11.1 Parameter selection for the collection hub
system

This section presents the chosen collection hub system parameters used in the simu-
lation and the describes the motivation for this choice. Detailed presentation of the
results from the simulations sweeps to size the components is omitted here.
Composite flexible pipes from Airborne have been selected to be used in the col-
lection system. The pipes are grouped in two categories depending on their widths
and/or whether they stem out from the buoy or tower. The parameters of the pipes
for both groups are shown in table 11.1. The lump length of 40 meters is found to
give sufficient model accuracy and good simulation speed. During the project, it was
learned that the pressure of the hydraulic system affects greatly the life time of the
hydraulic components. The initial design pressure was reduced greatly to increase
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Buoy Tower
Number of pipes 7 6
Length [m] 120 360
Diameter [in] 3.5 7
Lump length [m] 40 40
Number of lumps 3 9
Roughness [mm] 5e-3 5e-3

Table 11.1: Parameter values of the flexible composite pipes

the life time of the hydraulic components. However, decreasing the pressure in the
system, leads to an increase in the flow rate to transfer the same amount of power
through the pipes, thus increasing the losses in the system. The static pressure dif-
ference around the hydraulic motors is dictated by the mass of the gravity weight,
the total gear ratio from weight to hydraulic motors and the displacement of the
hydraulic motors,

∆pm = − R

Tsηm(1−R)Nmgrtowerp (11.1)

where Ts and ηm are respectively the displacement/specific torque and mechanical
efficiency of hydraulic motor, R is the planetary gear ratio, rtowerp is the radius of the
pinions that lift the gravity weight, N is the number of drive train modules and m is
the weight mass. The pressure of the high-pressure side of the collection system in-
creases from tower to buoys (or decreases from buoys to tower), due to the fact that
fluid flows from buoys to tower in the high-pressure side. On the contrary, the pres-
sure of the low-pressure side of the collection system decreases from tower to buoys
(or increase from buoys to tower), due to fact that fluid flows from tower to buoys
in the low-pressure side. As a result the pressure difference in the collection system
increases gradually towards the buoys (or decreases towards the tower). Therefore,
one needs to account also for this variation of pressure difference when designing
the pressure in the system. Hydraulic accumulators help in reducing the pressure
fluctuations by smoothing the flow, which leads to a more even pressure drop across
the collection system. The low-pressure accumulator needs to be designed to hold
enough charge pressure, which is required by the hydraulic pumps and motors for
normal operation. The high-pressure accumulator needs to be designed to keep the
pressure above the pre-charge pressure in order to make the required damping force
range available to the buoys at all time. Simulations sweeps were run to identify
the required accumulator fluid and total volumes to accomplish the listed objec-
tives. The chosen accumulator parameters are summarized in table 11.2. It can be
seen that the low-pressure accumulator requires a larger fluid volume than the high-
pressure one in order to maintain the pressure above its pre-charge pressure. Table
11.3 shows the minimum, maximum and average pressures, obtained by simulating
all sea states in the Billia Cro site: minimum and maximum values are respectively
the minimum and maximum value in all sea states, and the average value is the
average pressure at the design sea state, Hs = 4.75m and Te = 9.5s. It can be
noted that the pressure fluctuations at the high-pressure tower side are lower than
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High Low Unit
ppre 150 15 [bar]
Vtotal 250 300 [lit]
∆Vfluid 75 160 [lit]

Table 11.2: Parameter values of the hydraulic accumulators.

Buoy Tower
High Low High Low Unit

pmin 172 15 188 14 [bar]
pmax 301 52 255 85 [bar]
pdesignavg 218 33 214 41 [bar]

Table 11.3: Pressures in the collection system.

the high-pressure buoy side. This is due to the fact that the flow rate gets smoother
at the tower side from the addition of flows from all buoys and the filtering effect of
the collection system itself. It can be observed that the maximum pressure at the
low-pressure tower side is high (85 bar). The reason for this is the pressure relief
valve, which creates a short circuit from high- to low- pressure side in its attempt
to spill excessive energy when the gravity weight hits its top bumper. Therefore, a
flow with high rate flows from the high- to the low-pressure side, that results in a
pressure increase at the low-pressure side. By comparing the minimum pressure at
the buoy low-pressure side and the pre-charge pressure of the low-pressure accumu-
lators, it can be seen that there is no margin between them. This is an indication
that the low-pressure accumulators need to be sized up in order to prevent losing
charge pressure for pumps and motors. Sizing up the accumulators will also de-
crease the average pressure of the low-pressure side, which is much higher than the
required charge pressure of the pumps and motors, approx. 12 bar. Lower pressure
of the low-pressure side will result in a lower pressure of the high-pressure side, that
would extend the life time of the hydraulic pumps and motors significantly. Due to
changing the topology at the end of the project, higher accumulator volumes could
not be tested. Simulation sweeps were run to determine the number and interval of
the discrete force levels and it was found that eight force levels with an interval of
50 kN gives good compromise between performance and cost. The design of pinions
(buoy rack) and the choice of the pumps are made to achieve the force range with
50 kN force interval for a given static pressure difference in the collection system
without exceeding the ratings of the chosen pumps. Pinion radius of rbuoyp = 0.172m
and CA50 model pumps from Hägglunds are chosen for the PTO drive train. The
main characteristics of the chosen hydraulic pumps is shown in table 11.4.
The tower drive train is designed to handle the power input from the array and the
load from the gravity weight. The gear ratio of the planetary gearboxes in the drive
train is selected to give the best load-to-weight ratio, which generally is achieved
when the gear ratio is anywhere between 4 and 6. Therefore, a gear ratio of 6,
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CA50 CBP140-100 Unit
Displacement 3140 6280 [cm3/rev]
Specific torque 50 100 [Nm/bar]
Rated speed 200 270 [rpm]
Max speed 280 390 [rpm]
Max pressure 350 350 [bar]
Mechanical efficiency 97 98 [%]

Table 11.4: Characteristics of the chosen hydraulic pumps and motors.

i.e. R = −6, is chosen for OHT’s tower drive train. The type of hydraulic motor
is chosen to match the 1500 rpm rating of the generators. Therefore, CBP140-100
model motor from Hägglund (now Bosch Rexroth), that has a rated speed of 270
rpm, is selected. The main characteristics of the chosen hydraulic pumps is shown
in table 11.4. In order to handle the input power from the array, it was found
that 30 CBP-140-100 motors, hence drive units, were required. The pinion (tower
rack) radii are chosen to give a desired static pressure difference in the hydraulic
system. The static pressure is designed to be 175 bar in order to have around
200 bar average pressure in the high-pressure side. Therefore, the required pinion
radius can be found using equation (11.1) for given mass of the gravity weight. For
a weight with mass 500 ton, that, in combination with 70m-stroke, was found to
be sufficient for power smoothing, the pinion radius is rtowerp = 0.122m. During
the thesis, simulation sweeps were run with different storage capacity of the gravity
storage, i.e. with different mass and stoke. The pinion radius was adjusted according
to expression (11.1), in order to maintain the desired static pressure difference in
the hydraulic system.

11.2 Power capture and wave-to-wire efficiency
benchmarking

This section presents a comparison of the performance with electric and hydraulic
collection system.
For the case with electric collection of power, CorPower uses their own control that
selects an optimal control force at each zero-crossing of the rack velocity to maxi-
mize power capture. The cascade gearbox alternates between two sets of one-way
flywheels and generators, depending on the direction of the buoy. In this configu-
ration one set is engaged with the rack at a time, and the other one is gradually
slowed down by the damping of the generator. Therefore, an overlap between the
powers thorough both generators occurs, that leads to a smoothing of the output
power from the wave energy converter. CorPower has also provided an efficiency
map of the generator-converter pair. For the collection system, constant efficiency
of 93% was suggested from CorPower.
For the case with hydraulic collection power, the model predictive control, developed
during this project, was used. The objective of the controller was to optimize the
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damping force in discrete steps, represented by the number of engaged pumps, for
each up and down stroke of the wave. A complete dynamic model of the hydraulic
collection and the drive train inside the tower was developed. The initial fish-bone
topology included both major an minor head losses in the piping system. Due to the
change to the cluster topology at the very end of the project, only the major head
losses were accounted for in the model. The minor losses are considered to be much
smaller relative to the major ones due to the longer length and reduced width of the
pipes with the cluster topology. The hydraulic pumps and motors were modelled
with loss curves of the real components, extracted from the datasheets, provided by
the manufacturer. The loss per each gear stage in the buoy and tower drive train
was assumed to be 2% of the transferred torque. The viscous friction coefficient on
all shafts is

bviscous = 0.2
100

τ rated

ωrated
(11.2)

The expression in (11.2) can be interpreted as 0.2% loss of the rated torque/power
when the shaft is rotating with rated speed. The efficiency mapping data for the
OHT’s generators and inverters selected in the project was never received from the
supplier. Therefore, the efficiency map of CorPower’s generator-converter pair was
scaled up to the rated power of OHT’s generator-converter pair and used to calculate
the losses, associated with converting mechanical to electrical energy.
The same buoy design has been used when comparing the CorPower WEC with
electric system to a WEC adapted for hydraulic collection of power.
The presentation of the actual numbers of the benchmarking is omitted due to
confidentiality. However, we can conclude that electrical collection resulted in higher
output power at the collection point despite the lower power capture from the buoys
because of the higher overall efficiency of the electrical system.

11.3 Results in the design sea state

This section presents some of the plots produced during the simulation study. Again
due to confidentiality the results with CPO buoys and electrical collection are re-
moved for publishing.
Figure 11.1 shows 30-minute plots of different signals, produced with the simulation
model with 42 CPO WECs and hydraulic collection and central tower with 70-meter
height and 500-ton gravity storage weight. Figure 11.2 shows the plots of the same
signals for the same configuration as figure 11.2 but with a unlimited height limit.
All simulations are performed with the same wave profile, which has been generated
in the design sea state, Hs = 4.75m, Te = 9.5s. The plots for damping force and
powers before and after hydraulic accumulators is omitted in figure 11.2 since the
impact of the dynamics at the tower-side are assumed to be minimal on the buoy-
side. By looking at the first plot of figure 11.1, we can see that the damping force
to the rack is varying due to the controller action. By looking at the first plot of
figure 11.1, it can be observed that the peak output power from all pumps in one
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Figure 11.1: Simulation plots with 42 WECs and hydraulic collection with central
tower with 70-meter height and 500-ton counterweight.

buoy is 3MW, and there is only insignificant reduction of the peak power due to the
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small size of the accumulators. The third plot of the same figure shows the combined
power from all buoys before and after the hydraulic accumulators. Note that these
power curves are obtained by directly summing the powers from all buoys at the
selected nodes, hence, they do not represent realistic signals. However, the curves
illustrate the magnitude and variance of the input power to the array. It can be
observed that the sum of powers from all buoys before the hydraulic accumulators
varies between approx. 5MW and 40MW. The hydraulic accumulators decrease the
peak power to 35MW and reduce the high-frequency variations of the power.

Figure 11.2: Simulation plots with 42 WECs and hydraulic collection with central
tower with unlimited height and 500-ton counterweight.

In order to quantify the variation of the combined power from all buoys at the
collection point, we need to look at the motor/carrier power of the unconstrained
system, i.e. the one in which the spill valve never gets activated. This is the red curve
in the fifth plot of figure 11.2. It can be observed that the combined power from all
42 WEC’s varies between approx. 5MW and 20 MW (excluding the initialization
phase) at the collection point. In the case of hydraulic collection, the output power
is limited to 10 MW while the gravity storage in the tower intermediately stores
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excess power above this limit, which is then used to maintain power when the input
power is below 10 MW. By looking at the same plot of the constrained system, i.e.
the 6th plot of figure 11.1, It can be seen that the spill function limits the peak
input power to the tower to approx. 15MW.
By comparing the generator power curves of the constrained and unconstrained
system, we can see that the maximum power is effectively limited to 10MW and
there are no dips in output power with the unconstrained system, whereas, with
the constrained system, the output power increases to approx 12MW due to the
increased torque from hitting the end stop buffer and the output power experiences
occasional power dips due to the lower input power and insufficient storage capacity
of the gravity weight.

11.4 Added value from gravity storage, time shift-
ing and grid charging

The reference configuration for the project is a 500-ton counterweight with 70-meter
available lift height is corresponding to 35 seconds full discharge time. This storage
capacity is sufficient to smooth the captured power from a 10 MW array to a constant
electric power output at a level that corresponds to the average captured power in
the given sea state. The main benefit from this is that the complete electric system
can be down rated to 10 MW, resulting in an increased utilization factor for the
electrical portion of the system. The power production can also be predicted for
the next day instead of varying with the incoming waves. This way penalties from
over or under producing relative to contracted energy volumes / power levels can be
avoided.
The mechanisms in the current electricity market are designed for a system where the
power production can be planned ahead and only the demand changes. The future
energy market, with an increasing share of renewable energy, faces major challenges
to provide security of supply. This will require new market mechanisms, including
incentives for power producers to control the output power in a way that helps
stabilizing the grid. It is not clear how the future energy market will function, but
one example on needed mechanisms can be found in an analysis of the market in the
Netherlands, see [30]. In short, power producers will trade with different markets
defined as day-ahead, six-hour ahead and real time. Different price mechanisms
are used for the ahead markets with penalties/bonuses for not delivering energy
according to contract depending on the grid frequency. And a real market directed to
energy storage services where power can be bought at low price when grid frequency
is high and sold at a high price when grid frequency is low.
To illustrate how OHT’s gravity storage device can play an important role in a future
energy markets, a time shifting control strategy that reacts on the grid frequency
have been tested in a simulation model, with different capacities of the accumulator
according to the table in figure 11.3. In this simulation, the grid frequency from the
national grid in UK was used. When the frequency is > 50.01 Hz, power output is
halted until the accumulator is fully charged, after which average power is resumed.
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When frequency is < 49.99 Hz, power output is increased to 10 MW until accumula-
tor is fully discharged after which average power is resumed. Sufficient margins are
set to ensure there always is enough storage capacity to provide the average power
output for the day ahead market.

Figure 11.3: Gravity storage configurations.

Energy volumes are calculated and valued for different categories shown in the table
in figure 11.4, representing energy sold to the day-ahead market (spot market) and
to the real-time market. Virtual volumes are calculated and valued also for day
ahead market hold, which gives an incentive to power producers with revenues to
hold/reduce the power production when there is low demand for power (grid fre-
quency is > 50.01 Hz). Day-ahead market penalty is a fine for power producers that
did not maintain the contracted energy volume during a period of high demand
(grid frequency < 49.99 Hz). For the OHT case, this represents a fully discharged
accumulator where power output to the grid has to follow the power input from the
array. Finally, there is a volume of energy that is purchased from the grid to reduce
the charge time of the accumulator, which shows a great increase in the energy that
can be sold to the real-time market as shown in the table in figure 11.6. For all

Figure 11.4: Pricing categories and reference volume and revenues to the spot
market.
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Figure 11.5: Revenues from time shifting without grid charging.

categories a price has been assumed with reference to Lazard, [31], and reliability
options analysis, [30]. The energy volumes are calculated based on the predicted
average power output from the array for each sea state.

Figure 11.6: Revenues from time shifting with grid charging.

Increasing the storage capacity to 7 500 ton increases the revenues by 22% when
only time shifting is used as shown by the table in figure 11.5, and with 70% when
time shifting is combined with grid charging as shown by the table in figure 11.6.
The large increase in revenues from grid charging is due to the increased utilization
of the plant when the power capture from the array is low. The total volume of sold
energy increases from 29GWh to 42GWh, which corresponds to 50% capacity factor
for the 10 MW installation.
It should be noted that the day-ahead market sell price of 150 EUR/MWh suggested
in this simulation, is selected as the short term pricing for the 10 MW installation.
The long term cost reduction target for marine energy is to reduce the LCoE to
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60 EUR/MWh. The real-time market sell price is on the contrary predicted to
rise in the future according to Lazard. The value from the real-time services that
can be provided with the OHT gravity storage technology is expected to increase
significantly in the future energy market. At 60 EUR/MWh the revenues from the
power plant would be tripled with the 7500 ton storage from time shift and grid
charging, with the pricing model used in the simulation.

11.5 Life time calculations for pumps and motors
The life time of pumps and motors has been calculated according to annual load
data as presented respectively in tables 11.7 and 11.8. The load data is basically
a histogram with 10 bins, where the entries in each bin (row of tables) are the
average values of the listed variables. This data has been used as input in a life
time calculation tool used by Bosch Rexroth. Histogram of the occurrence of a set
of load conditions is most commonly used measure by manufacturers to calculate
the life time of a certain component, which is not limited to only hydraulic pumps
and motors.

Figure 11.7: Load data for the pumps in the buoy.

Figure 11.8: Load data for the motors in the collection tower.
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In the WEC the load data has been calculated for pump number 1 in the WEC,
which is always engaged in the simulation. The hours of occurrence for each bin is
multiplied by the average number of pumps engaged, divided by the total number
of pumps engaged. This gives the average operating time of each pump, under
the assumption that the control system will distribute the hours evenly between all
units. In the tower all motors are engaged all the time. Comparing the total number
of hours in operation of a pump and a motor, it can be seen that each pump runs
for approx. 1/3 of the time that a motor operates.
Figures 11.9 and 11.10 show the output from the L10 life1 time calculation tool of
Bosch Rexroth respectively for CA50 and CBP140-100. As can be seen, the L10

Figure 11.9: Life time calculation for the CA50 pumps in the buoys by Bosch
Rexroth

Figure 11.10: Life time calculation for the CBP140-100 motors in the tower by
Bosch Rexroth.

life time is > 100 000 hours for both pumps and motors. The total operating hours
in the 25 year life time of the installation is 78 900 hours for the pumps and 213 000
hours for the motors.

1L10 life is a statistical measure that shows the number of hours that 10% of set of identical
components will have failed.
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The result means that < 10% of the pump units will have to be taken out of operation
or removed for a major overhaul in the 25 year life time of the array. As the buoy
can still operate with a reduced number of operational pumps, no replacement of
pump units are expected during the life time of the array. There will still be need
for normal maintenance and inspection to check/replace oil filters etc.
The result for the motors means that < 20% of the motors in the tower will need
a major overhaul in the life time of the array. Drive units can be taken out of
operation for a limited time. The system is still operational with increased load on
the remaining drive units and increased pressure in the collection system, but will
reduce the life time of the system components.
The high pressure on pumps and motors are higher in the simulations that they will
be in reality. The 20-bar minimum charge pressure was assumed based on catalogue
data but this was conservative and 12 bar is sufficient according to Bosch Rexroth.
Also, feed pumps in the buoys are recommended by Bosch Rexroth to boost the
pressure at high pump speeds so that even lower pressures can be accepted in the
low pressure accumulator. Approx. 15-20 bar reduction on the low pressure should
be possible, which would extend the life time of the motors significantly.
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Development of HIL Simulation

Environment

During the project, OHT has built a new test rig, reusing some components from
a previous design. The electrical cabinet and control system hardware have been
reused as well as the main components in the drive train, i.e. electric generator,
planetary gearbox, winch drum and sensors. A new hydraulic system has been
installed in the rig to input the hydraulic flow to a hydraulic motor in the drive
train. The hydraulic circuit incorporates over-pressure relief valves to spill power
when the accumulator weight is fully charged, i.e. when the weight press against the
top end stop buffers. The complete hydraulic system has been built on a separate
frame by PMC hydraulics, placed under the main drive unit as shown on picture
12.4.
The new drive unit is built into an aluminum profile frame and held in a steady
position. New machine interfaces have been designed and procured to mount the
components in the new frame. The drive unit in the test rig represents the main
functionality and assembly of one drive unit in the collection tower. A drum and
wire is still used for the counterweight instead of a gear rack. To get more height for
the weight in the new location (with lower height available), the wire to the weight
goes up and around two sheaves. A new counterweight has been designed with inte-
grated guide wheels and end stop buffers are used to limit the stroke length. When
the weight pushes against the top buffers, the pressure increases in the hydraulic
circuit and the over-pressure relief valve is triggered to spill fluid to the low pressure
side. To deal with the highly variable input flow to the motor in the drive unit, a
hydraulic accumulator is charged by a hydraulic power pack (hydraulic pump driven
by an electric motor) and a proportional valve (flow regulator) is used to output the
requested flow, which is determined by a simulation model of one or more WEC´s
connected with pressure feedback from the rig, i.e. in a hardware-in-the-loop simu-
lation.
A hardware-in-the-loop simulation environment has been set up to validate the
developed models during the Project - the gravity storage and central conversion to
electricity of power from simulated buoys from CorPower, and to demonstrate the
working principle of the OHT’s collection system. The control and data acquisition
system from the previous test rig was updated to provide the control signals to the
new actuators (for example, to the proportional valves) and to acquire the data
signals from the new sensors (for example, from the flow and pressure sensors). The
previous test rig could run only as a forced response, meaning that there was no

149



12. Development of HIL Simulation Environment

Figure 12.1: Schematic overview of components in the test rig.

feedback from the machinery to the buoy model running in the control system and
therefore it was not possible to test the influence of OHT’s system on the buoy
dynamics. Now, with the new test rig, the machinery and the control system are
in a loop. The simulation model of the CPO WEC calculates the required flow
based on simulated wave excitation and measured pressure feedback from the test
rig. The control system requests the proportional flow control valve to provide
that flow. Thereafter, a new pressure value is measured and sent to the simulation
model, which simulates the buoy dynamics for the next time period. The simulation
model calculates the required flow and sends it back to the actuator and this goes
on in a continuous loop. A high-level overview of the HIL simulation environment
is shown on figure 12.2. In order to reduce the costs of the test rig, the functions
that require more computational power, such as WEC simulation models and the
damping force control, were run on a PC instead of a real-time hardware. The data
acquisition and control were handled on a real-time hardware, CompactRio from
National Instruments, that was reused from the previous test rig.

Figure 12.2: High-level overview of the HIL simulation environment.
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The HIL simulation environment is based on National Instruments products Lab-
view and Veristand, which integrate well with Mathworks Simulink that had to be
expanded with Matlab coder and Simulink coder tool boxes. Labview is used to
program the CompactRio hardware to do different tasks, such as receive and filter
sensor data, send control signals to actuators, receive and send data to the simula-
tion PC, handle emergency scenarios etc. Veristand is used to connect the inputs
and outputs of the different simulation models and functions that were compiled us-
ing the Matlab and Simulink coder toolboxes to a file format that can be executed
on Veristand. Veristand is also used to define an execution order for the simulation
models. Moreover, an extension of Veristand called Stimulus Profiler Editor is used
to define a sequence for running the test rig. A custom device was created in Veris-
tand to share variables between the simulation PC and the CompactRio. Finally, a
simple GUI was created in Veristand to easily control and monitor the test rig. A
screenshot of the GUI for a test program is shown in figure 12.3.

Figure 12.3: GUI of the test program for the test rig.

Due to insufficient time in the project and the delay in the delivery of the hydraulic
system by PMC, no HIL simulation was able to be conducted. However, a simple test
program was developed to demonstrate the working principle of the OHT’s system.
A video of a demonstration can be found on the following link. In the video the
hydraulic pump is rotating with a varying speed, i.e. varying power, representing
the irregular motion of the waves. One can clearly see that the irregular motion
of the waves is transferred to the weight, making the weight follow the wave/buoy
motion and at the same time the electric generator is rotating with a constant speed,
i.e. outputting constant power.
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Figure 12.4: A picture of the test rig built during the project.
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In this thesis, a complete model of a hydraulic collection system with central storage
and conversion to electricity, was developed and implemented in Matlab/Simulink.
Much effort was put on modelling of the losses in the hydraulic system and vectoriza-
tion of the complete model, including the wave energy converter, to enable efficient
simulations. A model predictive control strategy was implemented that controls
the PTO force in a discrete manner by determining the optimal number of engaged
pumps at the beginning of each stroke. It was found that direct maximization of
the captured power with one control input horizon does not lead to an optimal
solution. The objective function was modified by adding a kinetic energy term to
maximize the captured power and preserve energy in the buoy for the stroke after.
Simulation study was performed with the developed simulation model and control
strategy to understand system dynamics, produce necessary load data for system
design and component sizing, and measure performance of the system. Moreover,
a simple grid frequency control algorithm was implemented and simulation sweeps
were performed with different storage configuration to estimate added value from
increasing the storage capacity of the system. In addition, a new test rig was built
and a hardware-in-the-loop simulation was set up. A simple program was developed
in Veristand to test the operation of the test rig and demonstrate the basic func-
tionality of the OHT’s storage system. Finally, an extensive report was written that
describes the work done during the project.
The project has demonstrated that the power capture in larger waves, Hs > 2.25m,
can be increased with the hydraulic PTO with multiple pump damping force technol-
ogy compared to the electric PTO with two sets of one-way flywheel and generator.
This resulted in higher overall power capture in the Billia Cro site with the hydraulic
PTO. Nevertheless, the final electric output was lower with the hydraulic system
due to higher losses.
A 500-ton counterweight with 70-meter available height and the hydraulic collec-
tion system makes it possible to down-rate the complete electrical power generation
system to 10 MW, which is located in the central tower. Constant power output
corresponding to the average captured power in each sea state could however not
always be maintained. Maintaining constant output power is anticipated to be an
important feature in a future energy market with a higher share of renewable en-
ergy, for which pricing mechanisms are suggested to give revenue incentives to power
producers, that can provide a stable and planned power production.
Furthermore, considerable added value from scaling up the gravity storage to larger
capacity and applying time shifting and grid charging features to the system has been
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quantified with simulations where suggested future energy market mechanisms have
been used. A 7500-ton weight with 122-meter height increases the annual output
from 29 GWh to 42 GWh. Revenues from the array installation increased by 70%
with an assumed pricing model for the day-ahead and real-time markets. This is
believed to be a conservative result based on early LCoE targets for the wave energy
sector of 150 EUR/MWh. With future cost reduction targets to 60 EUR/MWh for
the wave and tidal sector, while the trend for the LCoE for real-time services is
increasing, these features would triple the revenues from the installation.
Finally, the life time of the pumps and motors were calculated based on a load data
produced with the help of the developed model. The results show that less than
10% of the pump units and less than 20% of the motors are expected to be replaced
during the 25-year life time of the system.
To conclude, during the project, a lot of new insights were gained and lessons learned,
which lead to modifications of the initial design of the system and change of some
of the objectives that were assigned in the beginning of the project. Therefore,
some of the initial goals were not accomplished at all or partially accomplished.
However, they were compensated by achieving other objectives that appeared during
the course of work. Due to insufficient time, it was not possible to perform simulation
study with W4P’s buoy. Moreover, there was a long delay with the delivery of the
hydraulic system for the test rig that did lot leave any time for performing an actual
HIL simulation. However, the efficient and flexible simulation model, developed
during the project, allowed us to achieve the main objectives and adapt to the system
changes. As a result, despite some delay, the project got successfully delivered to
the Swedish Energy Agency.
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Further work is required in several areas of the system, which are outlined in this
section.
Power capture can be further increased. More detail to the multi-pump damping
force technology may be beneficial, which can be provided by selecting different
sizes of the pump units. Also the algorithms to select the optimal damping force for
each wave stroke can be improved, for instance, by taking into account the losses
in the drive train. Constraints to limit stroke length and maximum velocity need
to be added to the algorithm and their impact on the performance needs to be
investigated. The developed controller needs to be tested in terms of robustness to
model and prediction errors. Furthermore, a decentralized control strategy can be
used to decrease the peak power before the storage and to enable a more optimal
usage of the storage by reducing or eliminating the spilled energy from the system.
This is actually one of the unaccomplished objectives during the project due to the
insufficient time of the project.
The drive train of the buoys and tower were modelled by assuming ideal load sharing.
Due to finite machine precision, finite stiffness of shafts and gears and nonlinear
frictions effects, load balancing issues can occur. Therefore, each drive train unit
needs to be modelled individually by accounting for these effects and vibration
analysis needs to be performed.
During the project, the test rig was run only in open loop for demonstration pur-
poses. Therefore, an actual HIL simulation can be performed to test the developed
models and control strategy.
The wave-to-wire efficiency of the hydraulic collection system can be improved in
several ways. The generator loss map needs to be updated to the most suitable
generator model for the tower. Pipe losses can be reduced by increasing the pipe di-
ameter or reducing the peak flow rates in the system by selecting larger accumulators
or by using flywheels together with the pumps.
The mechanisms of the future energy market needs to be further investigated and
modeled to get a more detailed and accurate view on the added value from integrat-
ing storage in a wave energy array.
The gravity storage technology needs to be benchmarked against other storage tech-
nologies, like flywheels and especially Li-on batteries, which has experienced rapid
advancement in the recent years due to trend for electrification of vehicles and need
for decentralization of the grid.
The practical viability of the proposed hydraulic PTO and collection system would
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need to be validated by detailed testing of the physical components and system.
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Appendix 1

The pressure losses of 4-port CA50 and 8-port CBP140 series are shown respectively
in figure A.1 and A.2.

Figure A.1: 4-port CA50 motors hydraulic pressure loss.

Figure A.2: 8-port CBP140 motors hydraulic pressure loss.
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The volumetric losses of the 4-port CA50 and 8-port CBP140 motors for oil viscosity
of 40 cSt are shown respectively in figure A.3 and A.4. For a different oil visocisty
the graph for the volumetric losses must be rescaled according to the graph A.5.

Figure A.3: 4-port CA50 volumetric losses with oil viscosity of 40 cSt.

Figure A.4: 8-port CBP140 volumetric losses for oil viscosity of 40 cSt.

Figure A.5: Scaling of the volumetric losses for different oil viscosity.
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The efficiency mapping of the 4-port CA50 and 8-port CBP140 motors as a function
of speed and torque are shown respectively in figure A.6 and A.7. It can be seen that
the most optimal operating region for hydraulic pumps and motors is the low-speed
and low-torque region.

Figure A.6: 4-port CA50 efficiency map.

Figure A.7: 8-port CBP140 motor efficiency map.

All loss curves and efficiency mappings are extracted from the data sheets of CA,
[35], and CBP, [36], motor series.
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B
Appendix 2

The Appendix shows the Simulink models of the main components of the wave
energy array.
The main Simulink model is shown in figure B.1. It comprises of the Buoy and
Collection system variant subsystem blocks. The Buoy variant subsystem holds the
Waves4Power and CorPower simulation models, which are active one at a time de-
pending on the variant condition. The Collection system variant subsystem enables
and disables the OHT’s hydraulic collection system, depending on whether hydraulic
or electric collection is used.

Main	modelMain	model

T_pump

w_pump
predicted_wave_excitation

buoy_states
conduction

Buoy

w_pump
predicted_wave_excitation
buoy_states
conduction

T_pump

Collection	system

Figure B.1: Main model.

The OHT’s collection system comprises of the Hydraulic system and Tower subsys-
tems, as shown in figure B.2.

									OHT									OHT

1
T_pump

1
w_pump

delta_p_m
q_m

CW_height

Tower

w_pump

predicted_wave_excitation

buoy_states

conduction

q_m

CW_height

tau_pump

delta_p_m

Hydraulic	system

2
predicted_wave_excitation

3
buoy_states

4
conduction

Figure B.2: OHT’s hydraulic collection system and tower model.
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The model under the Hydraulic system subsystem block hold the complete model of
the hydraulic collection, comprising pumps and their control, pipes, hydraulic accu-
mulators, pressure relief valves as shown in figure B.3. The model of the hydraulic
motor is situated in the Tower subsystem, since motors are seen as part of the tower
drive train.

Hydraulic	systemHydraulic	system
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nrOfEngagedPumps

p_loss

Hydraulic	losses	around	pumps
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1
w_pump
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[Q_pipe_high]

[Q_pipe_low]

[Q_pipe_low]

[P_high]

[P_low]

[P_high]

[P_low]

5
q_m

[Q_in]

[Q_in]

[P_high]

[P_low]

[Q_in]

P_delta_pump

w_pump

tau_pump

q_in

Hydraulic	pump	and	rectifier

P_high

P_low
q_valve

Pressurer	relief	valve	high

Q_in

Q_pipe_low

q_valve

P_low

Low-pressure	accumulator

Q_in

Q_pipe_high

q_valve

P_high

High_pressure_accumulator

1

[Q_in] [nrOfEngagedPumps]

[nrOfEngagedPumps]

P_high
P_low
CW_height

q_valve

Pressure	relief	valve	Tower

P_high

P_low

q_m+q_v_tower

Q_pipe_high

Q_pipe_low

p_m_high

p_m_low

Piping

q p_loss
Hydraulic	losses

Hydraulic	losses	around	motors

q p_dynamic_motor

Dynamic	Pressure

buoy_states

predicted_wave_excitation

conduction

nrOfEngagedPumps

Pump	Controller

2
predicted_wave_excitation

3
buoy_states

6
CW_height

4
conduction

1

Figure B.3: OHT’s hydraulic collection system.

The loss models of each components is implemented in a variant subsystem to be
able to enable and disable them.
The piping model is shown in figure in B.4.

PipingPiping

qp_loss

Hydraulic	Losses	High

1
Q_pipe_high

1
P_high

2
Q_pipe_low

2
P_low

3
p_m_high

3
q_m+q_v_tower

U Y

U Y

U Y

U Y

2

2

B_high*	u 1
s C_high*	u

A_high*	u

B_low*	u

1
s C_low*	u

A_low*	u

qp_loss

Hydraulic	Losses	Low

UYBlosses_low*	u

UYBlosses_high*	u

4
p_m_low

p_high

q_vertical_pipe_high

q_dynamic_high

p_dynamic_hose_high

Dynamic	Hose	High

p_low

q_vertical_pipe_low

q_dynamic_low

p_dynamic_hose_low

Dynamic	Hose	Low

[q_vertical_pipe_high]

[q_vertical_pipe_low]

[q_vertical_pipe_low]

[q_vertical_pipe_high]

Figure B.4: Hydraulic piping model.

The pump and rectifier models are combined in one subsystem, as shown in B.5.
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Hydraulic	pump	and	rectifierHydraulic	pump	and	rectifier

1
tau_pump

1
P_delta_pump

2
w_pump

2
q_in

w_pump

q_leak

p_loss

mech_eff

pump_losses

Pump	losses

pump_specific_torque

Figure B.5: Hydraulic pump and rectifier subsystem.

The pump losses comprise of volumetric/flow losses, pressure losses and mechanical
losses. The flow losses and the pressure losses are modelled using Interpolation with
Prelook-up blocks with real component loss data, ash shown in figure B.6.

Pump	lossesPump	losses

1
w_pump

1
q_leak

3
mech_eff

2
p_loss

pump_mechanical_efficiency

1-D	T(k,f)
k1

f1

1-D	T(k,f)
k1

f1

Figure B.6: Hydraulic pump losses.

The hydraulic accumulators are implemented in two different ways: one with ther-
modynamic equation and another with using specific heat ratio. In the former the
thermodynamic losses can be incorporated. They are shown respectively in figure
B.8 and B.7.

Piston	accumulator	Piston	accumulator	
with	thermodynamic	lossewith	thermodynamic	losses
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P_high

xp

xpdot

P_g
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Thermodynamics
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q_net

xpdot

xp

p_fluid

Fluid	pressurization

p_fluid

p_gas

xp

xpdot

Piston	motion

3
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Figure B.7: Piston accumulator with thermodynamic losses.
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Accumulator	Accumulator	
with	specific	heat	ratiowith	specific	heat	ratio
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1
P_high

1
s
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1
s

V_pre_high
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dp

Figure B.8: Hydraulic pump losses.

The Tower subsystem comprises of the models of the hydraulic motors, generators
and their control, planetary gearboxes and the gravity weight. It is presented in
figure B.9.
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Figure B.9: Tower model.

The planetary gearbox and weight model is shown in figure B.10.
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Planetary	gearbox	and	weightPlanetary	gearbox	and	weight
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Figure B.10: Planetary gearbox and weight model.

The generator and its controller are shown in figure B.11.

Generator	and	controlGenerator	and	control

1
sun	torque

1
w_s

CW_height offset

Generator	controller

w_s

offset
sun	torque

Generator

2
CW_height

-1

Figure B.11: Generator and its control

The hydraulic motor and its loss model is identical to one of the hydraulic pump.
Therefore, we will omit presenting it here.
It should be pointed that the presentation of the Simulink model was done on a high
level to solely give an idea on how everything is connected.
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