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Impact of Equilibration on the Heat Conductance and Noise of non-Abelian fractional Quantum
Hall Edges

Michael Hein

Department of Microtechnology and Nanoscience

Chalmers University of Technology

Abstract

Performing resistance measurements in a cold 2D electron gas allows to observe the quantum
Hall effect. It comes along with a quantized transverse and simultaneously vanishing longitu-
dinal resistance as well as transport along the edge in chiral channels. Some of the discovered
fractional quantum Hall states are predicted to host non-Abelian quasi particles that obey exotic
exchange statistics with potential use for quantum computation. An essential step towards the
manipulation of these particles is to uncover the edge structure of the underlying state and thus
verifying the usability of their non-Abelian properties. Recently, a novel method to distinguish
between potential candidates for the fractional quantum Hall edge at filling 5/2 has been estab-
lished using a combination of heat transport and noise arguments.

In this thesis, the role of equilibration between counter-propagating edge modes on the heat
conductance and the generation of noise at the 5/2 edge is investigated theoretically. This in-
cludes an analysis of potential structures describing the 5/2 edge within a common transport
scheme and a comparison to experimental results. It is furthermore shown that the heat con-
ductance of the most promising candidate is expected to be quantized to different values of the
quantum of heat kg = 72k%/(3h) depending on the degree of thermal equilibration between
the involved modes. Performing experiments with controlled thermal equilibration are therefore
predicted to uncover even more details of the underlying structure.

Keywords: Topological Quantum Matter, Condensed Matter Physics, Fractional Quantum Hall
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Introduction

With Max Planck postulating the discrete nature of energy emission and absorption in 1900
[1], the foundation for a quantized description of the energy in physical systems had been set.
The concept of quantum mechanics started to develop in the following decades and is still being
finalized today. In combination with classical field theory and special relativity, quantum field
theory was further introduced [2]. Together with theories about electromagnetism, statistical
physics and principles such as symmetry breaking and topological matter it builds the base of
modern condensed matter physics. The entirety of concepts that is available within this frame
allows to describe very specific phenomena on some length scale without the need to fit it into
a more general model. Therefore it becomes possible to examine systems beyond the standard
model and to describe new exotic particles [3]. One effect that is thought to have such peculiar
properties is the fractional quantum Hall effect which is in the focus of this thesis. To understand
the rich physics underlying this effect, its conceptual description is built up starting from the
classical Hall effect followed by a comparison to the integer quantum Hall effect and an extension
to the fractional quantum Hall effect.

1.1 Classical Hall Effect

The classical Hall effect can be understood from the transport characteristics of free charge
carriers subject to an applied electric E = (E;,0,0)7 and magnetic field B = (0,0,B)T in a
solid sample. In such a setup the Lorentz force deflects charge carriers from their path along the
Z-direction. According to the charge and the direction of the magnetic field, they will accumulate
at the edges of the sample, building up an electrical field £, perpendicular to the applied E, as
depicted in figure (Fig.) 1.1a.
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(a) Setup of a sample with free electrons sub- (b) Plot of p,, and p,, in dependence of the
ject to an electrical field in & and a magnetic magnetic field strength B. As the scatter-
field in 2 direction. The dotted blue line de- ing time 7 increases, p, remains unchanged,
notes the undeflected path. whereas p,, decreases.

At a certain magnitude of the perpendicular electric field Ey, the effect of the B-field is compen-
sated for, leading to no further deflection in g-direction and all charges being transported in the
Z-direction. An explanation to this effect is given by the Drude-model taking collisions between
free electrons and impurities in the underlying lattice into account [4]. In linear response to the
electric field, the current density ; in the (z,y)-plane is described by the matrix equation

- mng? T —gB7?\ (E, 70 1 /70 -ng\ (E:
J= m2 + 2B2r2 \¢Br? . E, B\ng 0 E,
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with n denoting the number density of charge carriers with charge ¢ and mass m. The current
in ¢ is therefore only caused by the B field acting on the charge carriers. This manifests in the
possibility to define a transverse resistivity p.,, called Hall resistivity in the 2D system which
depends linearly on the magnetic field strength B

E, B

Poy = —2L = —
Y g an

The longitudinal resistivity p,, is found to be independent of B and vanishing for large scattering
times 7 — oo (compare Fig. 1.1b). The latter property was to be expected since infinite scattering
times correspond to the case of no collisions and thus no resistance. As will be seen later, the
quantum version of the Hall effect is quite different from this description. It is worth noting
that the definitions of resistance R and resistivity p coincide in (241) D since a homogeneous
geometry of unit cross-sectional area in d dimensions leads to the resistivity [5]

L
R=p3=r

_d d=2
T =P =

For later convenience rotational invariance around 2 is assumed and the relation between con-
ductivity and resistivity therefore takes the general form

g g, . T Pz
o — ( zx :z:y> with Oy = 2/)72 Oy = Qpi-’!Q
~Ozy Oxx Pza + pzy Pza + pzy

Where the negative sign in 0., depends on the direction of the magnetic field. These relations
furthermore indicate that the distinction between an insulator and a conductor is not straight
forward in the presence of a B-field since it is possible to simultaneously have o;; = p;; = 0 with

i,j € {z,y}.

1.2 Integer Quantum Hall Effect in 2D

Performing the experiment from section (Sec.) 1.1 using a cold two dimensional electron system
and high magnetic field strengths, the integer quantum Hall (IQH) effect and the fractional
quantum Hall (FQH) effect are observed depending on the degree of disorder in the sample [6].
They result from a quantized energy spectrum of the underlying bulk system. This quantiza-
tion manifests in the transverse resistivity pg, now showing plateaus persisting over a range of
magnetic field strengths with quite sharp transitions between neighbouring plateaus. Whenever
Pzy is on a plateau, the longitudinal resistivity p,, becomes negligibly small. The description of
the individual states has been in the focus of research for many years and until today not all of
the observed states have been explained®.

16 -
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- Il [ = 4 045
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Figure 1.2: Plot of the longitudinal and transverse resistance R., and R, using the measure-
ment setup indicated in the top right corner. Amongst many fractional states, the integer states
at filling v = 2 and v = 3 are visualized. (Fig. from Ref. [8])

1T highly recommend to read the lecture notes of David Tong [7] for a great introduction into the effect.
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Figure 1.3: Visualisation of the energy spectrum for the gapped bulk energy states without
disorder (left) and with disorder (right).

The integer states are described by the filling of bulk Landau levels (LLs). Depending on how
many of these energy levels are filled, different states can be observed. To describe the number
of filled LLs, the filling factor v € Z* is commonly used. According to this definition, the
transverse resistivity is quantized to 1/v times the von Klitzing constant h/e? [9].

The density required to observe the v*" plateau n = (}%1/, with &9 = % the flux quantum,
is defined to be the density needed to fill exactly v LLs. In order to occupy the next higher LL,
an energy gap hw. has to be overcome which is big enough to exclude thermal occupation of
higher LLs as long as kT < hw,.. Applying a small electric field to the system thus leads in no
electron transport and p,, = 0 since there are no empty states available for the electrons to scat-
ter into. Looking at a fixed electron density, a decrease in the magnetic field strength B < %%
results in a partially filled LL v + 1 which now has accessible states to scatter into. Thus p,,
would be non-vanishing and p,, non-quantized looking at a range of B values around the plateau.
This ambiguity has been resolved by taking the effect of disorder into account. Weak disorder?
broadens the d-peaks of the discrete energy spectrum to some finite width [10] as visualized in
Fig. 1.3. This allows electrons to localize in close vicinity to the sites of disorder (impurities) in
states that lie within the energy gap of the former discrete spectrum. Only around the center of
the broadened peaks there exist extended states that contribute to transport across the sample.
Decreasing B with a fixed density n now first leads to population of the localized states®. Since
these do not contribute to the transport, a decrease in B results in a stagnating p., until all
localized states are filled. Further decrease of B then leads to partial population of the next LL
and thus to a changing in p,, and some finite p,,. Therefore, disorder explains the persistence
of the plateaus over a range of B as long as a mobility gap exists between localized and extended
states. Revisiting the argument for the precise value of the quantization, it was assumed that
all states contribute to the transport. With disorder being present in the sample it is not obvi-
ous anymore why this quantization should still be obtained. In section 2.2 an argument taking
into account topological aspects is used to remove any doubts about the proper quantization [11].

It is this connection to topological aspects that also gives rise to the occurrence of chiral edge
channels (or edge "modes”) by the so called Bulk-boundary correspondence. The existence of
conducting edge states can already be seen in a semi-classical picture visualized in figure 1.4.
Electrons that are subject to an external B-field are forced into an orbital motion. In the bulk,
the Lorentz force leads to electrons moving on well defined orbits explaining the bulk insulating
behaviour. Looking at the region close to the edge of the sample*, the motion is disturbed
and the electrons need to perform a chiral skipping orbit motion directed by the magnetic field.
In contradiction to the insulating behaviour of the bulk, the edges now carry a chiral current.
Quantum mechanically the transport at the edge® is explained by the bending of the LLs in
response to the steep potential confining the electrons at the border of the sample. Close to the
edge the LLs thus cross the Fermi-energy Er resulting in one chiral edge channel for every filled
LL in the bulk. These edge states are robust against disruption by weak disorder at the edge if

2 The potential associated with the disorder obeys V < hw,

3 Which are randomly distributed in the sample at locations of impurities.

4 Visually, looking at the region within the distance of the orbits’ radius from the edge.
5In general, this picture holds only for integer fillings.
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the corresponding potential varies smoothly along the edge [11, 12]. The chirality also protects
electrons from back scattering since the entire sample would have to be crossed to change di-
rection. The picture of edge channel transport has been extended for the FQH effect by several
authors such as X.G. Wen [13] and will play an important role throughout this thesis, especially
in a Landauer-Biittiker scheme.
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Figure 1.4: Visualization of the electrons motion on cyclotron orbits in the bulk and the
disturbed nature of that motion close to the edge.

1.3 Fractional Quantum Hall Effect in 2D

For samples with less disorder than in case of the IQH effect, additional plateaus at fractional
values of 1/v appear in the graph of pg, (also shown in Fig. 1.2). The explanation to why
these plateaus occur is related to the arguments from before but with some caveats. Arguing
like in the IQH effect, one finds that these plateaus occur at fractional fillings of the LLs. Why
should those configurations lead to quantized behaviour? The answer lies in how the electron
system is modelled. Instead of having non-interacting electrons as in the IQH effect, electron-
electron interactions play a major role in the FQH effect. These strong interactions allow for
the occurrence of fractionally charged quasi-particles. To describe the electrons at the edge, the
Tomonaga - Luttinger liquid is used [14]. It has been shown to have exact solutions for the low
energy excitations of a 1D system by using the technique of bosonization [15]. As for the IQH
effect, the existence of gapless edge excitations plays a major role in why systems in the FQH
regime conduct in first place. Particularly interesting in the fractional quantum Hall regime is
that the different states represent different phases of topological matter with excitations called
anyons®. They can be divided into states with odd denominator[16], described by Abelian
anyons [17-19] and states with an even denominator that are predicted to host non-Abelian
anyons [20, 21] with potential use for quantum computation [22-24]. Contrary to the description
of the integer analogue, the channels at the edge of some fractional quantum Hall systems are
predicted to be counter-propagating, also allowing for length dependent transport behaviour if
the channels interact somehow. A brief introduction to the mathematical modelling of the edge
theory in the fractional quantum Hall effect is given in sections 2.4 and 2.5.

6 Anyons are quasi particles that are neither fermions (¢ = m) nor bosons (¢ = 0). They are defined by being
able to pick up any phase in the wave function when exchanged, hence the name any-on.



1. Introduction

1.4 Recent Experimental Results and Goal of Thesis

Above, the theory of the quantum Hall effects (QHESs) has been introduced based on the trans-
port of charges. Intuitively, the edge transport of charged particles also gives the opportunity
to the quantized transport of energy (heat). In quantum Hall systems the mechanisms by which
heat and charges are transported along the edge have been found to be uncoupled [25-28].
Therefore measurements of the heat transport are expected to give further insights about the
underlying system, in particular about the edge structure of more complex states. In this con-
text, the existence of non-Abelian Majorana edge modes has been justified by measuring half
integer quantized thermal conductance for several bulk states [29]. Therefore, the experimental
observation of the thermal conductance of the v = 5/2 state being quantized to 5/27 points
towards the existence of an odd number of Majorana modes at the edge [30]. Because of the
relevance of Majorana modes for topological quantum computation, the determination of the
actual edge structure has been in the focus of research for some time [22, 24, 31]. In 2022 a
paper [32] has been published describing the experimental implementation of a novel method
to distinguish between several theories for FQH states. It is based on interfacing fractional and
integer states to isolate the dynamics of the interesting non-Abelian parts. The results of above
mentioned works provide a mix of charge, heat and noise transport measurements at various
interfaces of v = 5/2 with counter-propagating integer modes posing a great basis to distinguish
between theoretical proposals.

The main goal of this thesis is to describe and to visualize a suiting theory, recovering ex-
perimental results as well as proposing further measurements for consolidation. To achieve this,
I give a brief introduction into theoretical aspects of the topic in chapter (Ch.) 2 starting from
the description of the bulk and finishing with the theory for the edge state transport. In chapter
Ch. 3 the introduced description of the edge is used in phenomenological models to describe
mesoscopic transport properties. Using the defined tools, the transport at the 5/2 edge is de-
scribed in Ch. 4. The results of this thesis are summarized in Ch. 5 and a short outlook for
future work is given in Ch. 6.

7 The quantization of heat is in terms of the heat conductance quantum roT.
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Theory Toolbox

In this chapter, the theoretical description of quantum Hall systems is explained exemplary for
the integer quantum Hall effect since the theory of the fractional quantum Hall effect is based
on it. Whenever it is possible, implications on the fractional quantum Hall effect are made and
the corresponding publications are referenced.

2.1 Quantum Mechanical Treatment of the Bulk States

In this section the insulating bulk states, called LL will be given a mathematical description.
Starting from the classical description of a particle with mass M and charge e in the presence of
a magnetic field B=VxA= Bé,, with A being a gauge field to be specified, the Lagrangian
takes the form

1 . .
L= §M552 —ef- A (2.1)

with the canonical momentum p'= M F—ecA differing from the mechanical momentum by a term
including the gauge. The Poisson brackets of interest are

04;  04;
oxt  Oxd

{xhpj} = (57;j {l‘i,l‘j} = {pi»pj} =0 {M.T“M{L‘j} = —€ ( ) = —eeijkBk (22)
The quantized theory can be constructed by using canonical quantization with the given Poisson
brackets replaced by commutators as

where # = ma is the mechanical momentum. Dropping the hat notation of operators, the
quantized Hamiltonian takes the form
1 - 1 .

T (2.4)

Resubstituting the canonical momentum operator, the Hamiltonian takes the gauge-independent
form on the right side of the equation. The energy spectrum to this Hamiltonian is found by
introducing creation and annihilation operators at and @ arising from the mechanical momentum
with commutator in Eq. (2.3)

l l
al = 2 (7, + imy) a= ﬁ(ﬂx —imy)

VT obeying [a,al] =1, (2.5)

with lp = V% the magnetic length. The Hamiltonian thus takes the form of a harmonic
oscillator, with eigenenergies F,, called LLs

1 B
E, = hw. (aTa + 2) with w, = % (2.6)

As for the general harmonic oscillator, the Hilbert space is constructed by filling up states
starting from a ground state |0), fulfilling a [0) = 0 and number states |n) by

a'ln)=vn+1|ln+1) and aln)=+n|n—1). (2.7)
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To compute wave functions in position space and to visualize the state degeneracy, the symmetric
gauge is used in the following. It is defined as

o 1., = By _, Bz
A:—§TXB=—76$+76y. (28)
Within this gauge another momentum operator can be defined 7 = § — eA. Tt obeys the

commutation relations

[z, 7Ty =iehB and [m;, ;] = 0. (2.9)
The corresponding ladder operators b and b! take the form
l l
b= —2(F,+ix,) bl = —2—(&, —i7r,) obeying [bb]=1. (2.10)

V2h " V2h

A general state |n,m) in the Hilbert space is now defined by applying both creation operators a
number of times on the ground state |0, 0), leading to
atmptm )
|n,m) = Wi [0,0) with «]0,0)=0]0,0)=0. (2.11)
It can be seen that the states corresponding to an energy FE, are degenerate, described by
the quantum number m. To compute wave functions in coordinate space, the chosen gauge is
inserted in the Hamiltonian, resulting in

1 22 B, 2
H:m —h*V* + eB(zpy — yps) + 1 (*+y°) . (2.12)
In this equation the canonical angular momentum operator in z-direction L, = xpy — yps
with eigenvalues m is identified. A transformation into polar coordinates x = rcos(¢) and
y = rsin(¢), with L, = —ihd, leads to

R 1 L? w M
o190 (Taar) +5arE {Lz + gwgrz. (2.13)
At this point it is important to notice that L, is not gauge invariant and its eigenvalues m
are no physical observables. In many textbooks this circumstance is not given much attention
even though it could lead to some confusion about signs in the results for the wave function in
coordinate space. The fact that L, depends on the quantum number m reflects the symmetry
of the Hamiltonian. This symmetry however depends on the choice of coordinate system and
vector potential [33]. In order to make physical sense of it, the guiding center operators X and
Y are introduced instead as proposed by [34]

_ Ty _ T
X—x—ch Y_y+ch
It can be seen, that the guiding center coordinates are time-independent and don’t commute.
The latter property can be visualized by introducing a circle with radius R depicting the average
distance of the guiding center from the origin. For a given eigen-state |n, m}), the guiding center
is uniformly distributed on this circle. With the definition of the guiding center, new ladder
operators ¢! and ¢ are defined as

X X4y
I5V?2 I5V2

The eigenvalue value k € Z+ of cfc, is given a physical meaning by noting the equation for a
circle in

R?=X%4+Y?=(2cc+ 1)I3. (2.16)

Therefore k can be related to the distance of the orbits center from the guiding center!. In
symmetric gauge it furthermore holds that cfe¢ = bfb. Therefore the wave functions derived
in the literature (for example in [7, 35]) can be used with m = k. The small but important
difference is that m > 0 is given a physical meaning by using the guiding center argument. The
wave function for the LLL (n = 0) in symmetric gauge takes the final form [34]

obeying [X,H]=[Y,H]=0 and [X,Y]=il}. (2.14)

with [c,cl] = 1. (2.15)

‘ 2
Yo ~r"e"™? exp —LQ . (2.17)
413

Eq. (2.17) indicates that ¢y, is peaked around r ~ \/2ml%.
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2.2 Elaboration on Laughlin’s Argument

In preparation to explain why disorder does not change the nicely quantized value of p,,, the
argument published by Laughlin and reworked by Halperin is presented in the following [7, 12,
36]. It is based on the existence of a mobility gap between localized and extended states and
the different effect of gauge transformations on them. Since the quantization of p,, is a general
feature and should thus be independent of the geometry, the system can be modelled as having
any shape. To get another handle on the problem, the annulus? geometry shown in Fig. 2.1 is
chosen and a magnetic flux ® through its center is added replacing the applied voltage bias by
Faraday’s law[37]. The entire argument is presented in the Nobel lecture given by Laughlin [3§].

A (I)
B R — S

Figure 2.1: Visualization of the Corbino disk geometry setup with a virtual flux @ in the
center of the ring, a magnetic field B applied perpendicular to the surface and a voltage bias
AV = Vi — V5 across the ring.

To visualize this argument, a single quantum particle in the setup depicted in Fig. 2.1 is consid-
ered. Its’ dynamics are described in polar coordinates (r, ¢) by the Hamiltonian in symmetric
gauge with an additional gauge term Ay as

1 7, P 1 n? h ) eBr? er 2
H= - [p+ eA] = l_rar(ra,) + (r (—28¢ + hA¢>) ] . (2.18)

The eigenenergies corresponding to this Hamiltonian are degenerate in one quantum number
as before (see Eq. (2.13) with A, = 0). Due to the geometry of the disk, the magnetic flux ®
through its center can be identified with a constant gauge term Ay in the corresponding vector
potential adding to the background flux Br?. In polar coordinates, Ay is related to the flux @
through the surface S by Stokes’ theorem

%E-dfz/l?dg:fb, (2.19)
S

leading to Ay = 5% [12, 36]. For non-zero flux ® it follows, that the spectrum of the system
directly depends on the chosen gauge which might look confusing from a classical point of view.
In quantum mechanics however, particles are sensitive to gauge fields by the Aharonov-Bohm
effect that couples gauge fields to the phase of the particles [39].

In the following the Fermi energy Er is placed between the first and second LL. If the par-
ticle is prepared in an eigenstate (choose LLL) of the Hamiltonian and the flux is increased
¢ : 0 — ¢ slowly within the time ¢ > -, the adiabatic theorem [40] ensures that the entire set
of eigenstates is restored. Individual states on the other hand are not necessarily mapped back
onto themselves. This phenomenon, where individual states are non-invariant after being gauge
transformed although they belong to a gauge equivalent Hamiltonian® is called spectral flow [3].
Recall the wave functions of the LLL from Eq. (2.17) corresponding to the Hamiltonian with
Ag = 0. In this system they are slightly different as they are symmetrically centered around
a center coordinate r,,. Adding the flux ®( leads to a shift of the center coordinate by [3,
12]

T‘m(é + q)()) = ’I"mfl(q)) . (220)

It furthermore leads to one level being pushed above the Fermi-level Er at the inner edge of the
system whereas on the outer edge one level sinks below Er. To reacquire thermal equilibrium

2 Often called Corbino disk. It is homeomorphic to the originally proposed geometry of a ribbon.
3 Meaning that Hg—3, can be mapped back onto Hy—( using a gauge transformation without altering the
boundary conditions.
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the system wants to react by transferring one electron from the inner to the outer edge. This is
however only possible with the before mentioned caveat of taking disorder into account as it gives
rise to the formation of localized and extended states [10, 12]. Using a gauge transformation to
remove the gauge field dependence from the Hamiltonian, the states are transformed accordingly
by
ied
b(r, @) = e FROY(r, §) .

Transforming localized states in this manner resembles no problem since they are only non zero
in a finite region close to sites of disorder. Extended states on the other hand also have to
remain single valued as they are taken around the annulus ¢ — ¢ + 27. This directly results
in the requirement of ® being an integer multiple of ®y. It furthermore implies that only the
extended states undergo spectral flow as the magnetic flux is increased adiabatically. Therefore
the conclusion from the case of no disorder still holds: If the extended states in v LLs are filled,
the adiabatic change of the flux ® : 0 — ®( results in the transport of v electrons from the
inner to the outer edge. Noting that due to the confining potential there will always be at least
two extended states present at the edges of the annulus, a radial current I, = % = U%AV
is maintained by the voltage difference AV = V; N V5 between inner and outer edge. It is this

current that recovers the expected value of p,, = I = Ve% in the presence of disorder?.

2.3 Significance of Topology in Quantum Hall Effects

The introduced argument made by Laughlin can further be related to topological arguments in
k space. Here, the focus lies on describing the topological effect on integer quantum Hall states®.
7, 41

In general, the adiabatic evolution of eigenstates results in a phase shift consisting of a dy-
namical ¢; ¢ and a geometrical component ~, also called Berry-phase”. Therefore a final state
is defined up to a phase difference which depends on the shape of the momentum space of the
underlying system. Using Bloch’s theorem, the eigenfunctions in the Brillouin zone (BZ) are
defined by planar waves fine-tuned with a periodic expression u(7)

Pr(7) = e* Tuz(7). (2.21)
The periodicity implied by the periodic boundary conditions of the BZ requires the momentum

space to be a Torus 72 in 2D and an annulus S' in 1D. Using that the final state has to obey
the time-dependant Schrodinger equation, the Abelian Berry phase is obtained by integrating

the Berry connection A(k) = —i (ug| Vi lugz) over the path taken in momentum space. For a
closed contour C, the Berry phase takes the form
v = f/f(l?;’)- dE. (2.22)
c

Using Stokes’ theorem, the integral over the closed path C in E—Space inscribing the surface D
is translated into a surface integral of the curl of the Berry connection. The resulting tensor

- =

F = Vj x A(k) is called Berry curvature and defines the Berry phase by

'y:/ Fdk. (2.23)
D

By the Gauss-Bonet theorem the above integral is quantized in units of 2w whenever it is
computed over a closed manifold D. Noting the equivalence to the Euler characteristic, the
topological invariant called first Chern number C' € Z is defined. As in the case of the Euler
characteristic it is deeply connected to the genus of the enclosed manifold. In case of the Torus,
the Chern number is computed by integrating the Berry curvature over the BZ

1 2
=— oy 2. 2.24
C 27T[r2]-"ydk (2.24)

4 Recall: Disorder also explains the persistence of the plateaus over a range of B values.
5 This can be extended to the FQH effect using the non-Abelian Berry connection as shown in [7].
T
6Tt depends on the energy and the time T needed to complete a loop in parameter space @ = fo E(t)dt
7 This component is only non-zero for a cyclical variation of the Hamiltonian. The Aharonov-Bohm phase can
be seen as a "special" case of the Berry-phase.[39]
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2. Theory Toolbox

For a bulk insulator with a finite number of filled bands, one can assign a first Chern number to
each band «. For non-interacting systems, like in case of the IQH effect, the TKNN (Thouless,
Kohmoto, Nightingale, den-Nijs) formula [42] can then be used to connect the Hall conductivity
to the Chern numbers by

2
oy = % Y Ca. (2.25)

The Hall conductivity can thus be thought of as being a purely topological expression justi-
fying the existence of gapless edge channels. Using the two band Dirac model and imposing
translational symmetry in a-direction, the energy dispersion takes the form [43]

E (k)
dk,

E(k;) = hvpk, with group velocity = hwg. (2.26)
Since this energy dispersion implies the crossing of the Fermi-energy with a positive group
velocity it is viewed as a right moving edge mode. If the Hamiltonian is changed close to the
surface, the dispersion relation might be altered and the edge mode might cross the Fermi-energy
Er multiple times. The difference in crossings of Er with positive and negative group velocity
(Ng, Np) however, has to remain constant and equal to the difference in Chern numbers AC' at
the interface of the valence and conduction band

Ni — N = AC. (2.27)

This relation gives a vivid picture of the before mentioned bulk-boundary correspondence as it
relates the gapless edge excitations to the properties of the bulk insulator. [7, 43]

2.4 Bosonization

Having motivated the existence of gapless edge channels in quantum Hall systems, a model to
describe the charge carriers at the edge of a strongly interacting electron system is needed to
deduct transport characteristics for fractional quantum Hall systems. In this thesis the method
of bosonization is used to describe charge carriers in 1D chiral edge channels. [15, 44, 45]

For weakly interacting electron systems in 1D at low energies, the mathematical procedure
of bosonization is used to describe the fermionic system in terms of bosonic degrees of freedom.
It is based on linearizing the low energy spectrum of the fermions around the two Fermi points
+kpr®. The resulting V-shaped spectrum consists of two branches with opposite group velocity
and needs to be unbound to allow for a proper definition of bosonic operators [44]. In order to
avoid running into ultraviolet divergences, the final result is further regularized. In the following
only the right moving branch (v > 0) with the normal ordered Hamiltonian Hj is considered,
where

Hy=vp Zk : clck i (2.28)
k

The fermionic creation and annihilation field operators are defined in a box of length L by

assuming vanishing lattice spacing a — 0 and thus an infinitely large BZ (—%, g) For x €

[_é7 %} they take the form

P(x) = % Zei’”ck and T(z) = \%L Ze_””CE (2:29)
k k

and obey the fermionic anti commutation relations

{¥(@),v)} = {¥!(@), v (1)} =0 and {v(2),9(y)} = 6(z —y). (2.30)

8 Therefore there is a built-in particle-hole symmetry in the theory. Amongst other effects (no energy dependent
scatterer) this excludes the description of any thermo-electric effects in this model. To take them into account
the low energy corrections to the linearized spectrum could be considered (not done here).[46]
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2. Theory Toolbox

To construct a finite Hilbert space, the difference between the total number of fermions and
that of the vacuum state |0), (Dirac sea) is used. Therefore the normal ordering of the number

operator N is of crucial importance to avoid diverging behaviour
N = Z : chk = Z [Cchk — (0] chk |0>0}. (2.31)
k k

Particle-hole excitations are created using the density operator p(q) with g # 0

Lp

5 0p - (2.32)

p(q) =D clq,cx obeying [p(p), plq)] = —
k

The commutation relation gives the possibility to define bosonic creation and annihilation oper-
ators b:; and b, based on p(q) by

2 2 .
= L—qp(q), by = L—qp(—q) with  [b3,0]] = [bg.by] =0 and  [bg,bl,] = 0g.q. (2.33)

In terms of the introduced bosonic operators, the fermionic density takes the form

_N
L

A . 1 iqx —iqzpt
ot (2)p(e) - +m;¢a[eq by + e 91 | (2.34)

Having a description of the interacting fermionic system in terms of non-interacting bosons, it
remains to show that this description captures all excitations of the original system. At this
point the discovery of Haldane [15] provides the essential piece to the puzzle. He showed that
the N-particle Hilbert space spanned by all particle-hole excitations on top of the N-particle GS
is also spanned by applying the bosonic creation operator b:g a number of times on this GS. He
therefore showed that the bosonic representation of the Hilbert space is complete. To rewrite the
final expression for the fermionic density, the bosonic fields ¢(x) and ¢(x) are introduced

iqx

= —i e e_b% an
p(x) = Vi3 qE>O 7 by d (2.35)
z) = p(x f(z) = —i e b3 (e'7p, — e~19TptY .
o(x) = ¢(z) + o' (2) \/Zq§>0 (€""bg b) (2.36)

The term e%/2 acts as a regularization and has been introduced to ensure convergence at
intermediate steps in the computation. Computational results should always be viewed with
b — 0F. The fermionic annihilation operator takes the final form
FionNg —ivane(a)
Y(r) = —=e"“"TVTe™" , (2.37)
27h

where F' denotes a Klein factor that is used to ensure fermionic commutation relation when
Hilbert spaces of different particle numbers are connected. The important result of the entire
bosonization process is that the linearized Hamiltonian Hy is now expressed by

Ho=vp | do: ot (2)(—i0,)0(z) = %F/* dr: (0:0)°  +Toe R (N +1) (2.38)

NS

The term %UFN (N + 1) is neglected in the following since it becomes less important in the
thermodynamic limit®?.

In combination with the topological argument, this result can now be used to define the action
of chiral bosonized fermions at the edge of a fractional quantum Hall system.

9N — 0o, L = o0 and N/L = const.
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2. Theory Toolbox

2.5 Edge State Transport

As argued before, the transport in the quantum Hall regime is carried out by chiral edge states.
Using the bosonization result, the low energy excitations of the integer and the fractional quan-
tum Hall effect can now be described by non-interacting bosons. While the IQH edges consist
exclusively of co-propagating edge channels, this is only the case for the so called Laughlin-states
of filling v = % with m € Z<( in the FQH regime. Edge modes that are not Laughlin-states
are assumed to consist of a multitude of counter-propagating channels. The low energy effective
theory is thus described by various layers of incompressible quantum Hall fluids layered on top
of each other. In the following I will introduce the theory used in this thesis closely following
the descriptions of [13, 47, 48].

bulk 2DEG pla,t)

excess

charge B AT_ B
charge
deficiency

Figure 2.2: Illustration of the charge density wave p(z,t) propagating along the surface of the
bulk two dimensional electron gas (2DEG) system. According to the propagation of the wave,
there will be regions of excess and deficient charge.

The fundamental concept of this theory is to think about the GS as resembling an incompressible
disc shaped quantum Hall droplet. Excitations of this GS are thought to be deformations at
the boundary resulting in chiral one dimensional charge density waves that propagate along the
boundary of the droplet as illustrated in Fig. 2.2. By the effect of the bulk-boundary correspon-
dence the edge "knows” about the bulk state properties and carries the correct amount of charge
(heat). In order to combine the bosonization result for the Hamiltonian with the chiral nature
of the edge wave, the action describing the edge state transport is derived from the equation
of motion (EOM) of the density wave p(x,t) propagating with velocity v. It has the general
form

Otp —v0p=0. (2.39)

The bosonization result from before can now be used to rewrite the charge density p in terms of
the bosonic field ¢. The resulting action describing the dynamics at the edge of filling v takes
the form of the Floreanini-Jackiw action with ¢ a chiral compact bosonized fermion [13, 49,
50]

S = 47% j 8y 0pp — v(Dp)? dz dt . (2.40)

The wave equation from before is recovered with p = %8:@ by minimizing this action (compare
27mn

Sec. A.5.1). The quantization of the fields p and ¢ is done in momentum space with k, = =7,
where L denotes the circumference of the disc that describes the 1D momentum space of the BZ.

13



2. Theory Toolbox

It follows that

d(xz,t) = % n;oo bn(t)en®  with k, = %Tn and (2.41)
— , ik,
plet) = = 30 pu®e™* and pu(t) = Son(t) - (2.42)

n=—oo

Discriminating between positive and negative n in the Fourier expansion of ¢,,(t), the additional
condition ¢_,(t) = ¢} (t) is obtained (computation in Sec. A.5.2). Because the modes exist on
a circle, ¢, (t) is furthermore symmetric. The action rewritten in terms of ¢, (¢) becomes

1

S=—-——
2mv

32 thubn()6-n(0) + 0E2 0 (06 -n(1) (2.43)
tn=0
with the corresponding conjugate momentum 7, (t) given as

Tn(t) = ——d_n(t) = %p,n(t) . (2.44)

Having defined the conjugate variables ¢, (t) and 7, (t), the commutation relations in Fourier
space are

2y kov

[pn(t), fox; (t)] = iWOppn/ [¢n(t)v (bn’(t)} = K(sn-&-n’ [,On(t),pn/(t)] = ﬁ(sn-&-n’ (2-45)

These relations are an example of a U(1) Kac-Moody Algebra and play an important role within
the use of CFT in later parts of this thesis. Transforming back into coordinate space, the equal
time commutation relations become”
. . 1w
[6(x), ()] = imvsgn(z —a')  [p(2), ¢(2)] = wd(z —a')  [p(2), p(a")] = —5_0u(x = 2').
(2.46)

Having introduced the theory for a density wave p of one type of liquid at the edge of the quantum
Hall droplet, it remains to construct operators that create/annihilate particles in different fluids
at the edge. Therefore electron ¥, and quasi particle ¥, annihilation are defined by the normal
ordered field operators

U, =™ W, =e?: . (2.47)

In Sec. A.5.3 it is shown that they indeed annihilate the correct charge in the corresponding
channel. The non-interacting theory is thus completely described by the above introduced the-

ory. For an edge consisting of multiple modes, the action is generalized to the K-matriz-action
[13]

1
S=1 H (K01 bi0pd; — VijOphiOny;] dt da: | (2.48)

The matrix K describes the filling factors and chiralities of the edge modes, whereas V hosts the
velocities of the modes. Therefore the off-diagonal elements of V' describe Coulomb interactions
between the modes. With disorder being present at the edge this system is sometimes exactly
solvable at a random fixed point in the renormalization group sense [51, 52]. In the context
of this thesis coulomb interactions are neglected since they only renormalize the inter mode
tunneling conductances. When looking at the influence of reflections at the contacts however, it
becomes necessary to take them into account [53-55]. Disorder furthermore breaks translational
symmetry allowing for scattering events that give rise to inter channel equilibration by tunneling
interactions.

9 Here, sgn(z) is defined as sgn(0) = 1 which leads to sgn(z) = 20(z) — 1 and thus dgzsgn(x) = 26(z).
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Phenomenological Description of
Edge State Transport

In this chapter, three semi-classical models are introduced to describe the transport along the
edge consisting of channels that carry charge v; and heat n;. The obtained transport character-
istics are then used to draw conclusions about the models predictive power by comparing them
to experimental results.

3.1 Landauer-Biittiker Description

Assuming that the edge of a system in the quantum Hall regime consists of a number of well
defined channels, the Landauer - Biittiker formalism (LBF) is a useful approach to describe the
transport along the edge [56, 57]. The channels transport energy according to the applied voltage
AV and temperature bias AT in a chiral way. By convention, the transport is considered to
be in the downstream direction if it follows the direction set by the magnetic field. Therefore
the transport by co-propagating channels is always ballistic in downstream direction which is
the case for integer and Laughlin edges [58]. The transport along more complex FQH edges is
predicted to be carried out by counter-propagating channels [58, 59]. To describe the transport
of the considered states within this thesis, three different types of edge channels are distinguished
depending on their intrinsic properties

1. Bosonic channel with filling v =1 and heat conductance n =1
2. Bosonic channel with filling v =1/m and heat conductance n =1
3. Majorana channel with filling v =0 and heat conductance n = 1/2

The notion of counter-propagating channels becomes visible by (for example) looking at the
transport characteristics of the v = 2/3 edge. In general, this edge could be modelled by two
co-propagating channels, each with filling v = 1/3. Contradictory to the expected uniform
transport characteristics, experimental results demonstrated properties that are not possible
within this description [60]. To circumvent this objection, the edge is instead modelled by a
downstream mode vy = 1 and an upstream mode with v_ = 1/3 giving the opportunity to
explain all observed transport characteristics depending on degree of equilibration between the
involved modes [52].

To show the influence of equilibration on the edge transport, the LBF is introduced first to
describe the transport along edges of non-interacting! channels. Without interactions between
the channels there is no possibility for channels to equilibrate as they propagate along the edge.
The only possibility to achieve some equilibration at this edge is by inter channel mixing in
macroscopic? contacts.

A chiral charge current J, ; emanating from contact ¢ with voltage V; is defined according to the
chirality x; and filling factor v; of the 4t channel by

Je,i = le/j‘/i . (31)
Similarly, a chiral heat current is defined by the squared temperature 77 at contact i

Jqi = xjnikoT} (3.2)

I The term interaction is used to describe scattering interactions between the channels. It does not refer to
Coulomb interactions.

21 will refer to contacts that are connected to the edge in experiments as macroscopic to distinguish them
from any virtual probe contacts.
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3. Phenomenological Description of Edge State Transport
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Figure 3.1: Visualization of transport in common measurement setups with two, four or six
terminals (left to right) hosting one effective downstream channel.

where n; denotes the channels’ heat conductance. Multiple co-propagating channels at one
edge are further merged into one effective channel of filling v; and heat conductance n;. For
Ny downstream and N, propagating channels of individual v; and n; this leads to effective
downstream v4(ng) and upstream parameters vy, (n,,)

Ny Ny Ny, Ny
Vg = E 4] Ng = E ny Uy = E 4 Ty = E ny
=1 =1 =1 =1

To compute transport properties that are observed in experiments such as conductances, the
most common measurement setups: two terminal setup, four terminal setup (Hall-cross) and six
terminal setup (Hall-Bar) (compare figure 3.1) are considered.

Looking at the charge transport by integer and Laughlin states in the the two terminal setup
the edge is modelled as consisting of one channel with filling v € {v, %} Therefore, applying a
bias in the chemical potential puy > ur® leads to the charge current J. that can be referred to
the two terminal charge conductance Go;. Using the Fermi-distributions fr, fr at the left and
the right contact, the charge current evaluates to

e o0

Jezyﬁ/ dE[fL(E,/LL,T)*fR(E,,LLR,T)] (33)
0

At low temperatures, the Sommerfeld expansion can be used to simplify this expression by

relating the statistical average of a function H(FE) to the problem. With the inverse temperature

B = (kgT)~!, this expansion provides approximate solutions to problems that are described by

integrals of the form [61]

*  H(E) H 72 (1)? 1\*
—————dE = HE)JE+— |- | H’ ol—1 . 3.4
[ smrrie= [ awdass T (5) o (g (34)
Using this formalism with Hj(E) = Hg(E) = 1 and thus H} (E) = Hp(E) = 0, the charge
current J, results in the charge conductance G

Je:yZ[/omldE—/OuRldE} —v

J. e, e2
TAV Ap “h (3.6)

e

(L —pr) = vy Ap (3.5)

S o

Ga

The charge conductance of Gg; = {v, -} thus takes the expected form for integer and Laughlin

states in units of the charge conductance quantum gg = % Applying a temperature gradient
Tr, > Tg, the heat current Jg associated with transport in one channel of heat conductance n
evaluates to

=7 [ T ABE[f1(B, . Ty) — fr(E, i Tr)]. (3.7)
0

3 By applying a voltage bias Vi, > Vg
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3. Phenomenological Description of Edge State Transport

Using the Sommerfeld-expansion with Hy(E) = Hr(E) = E and thus H} (F) = Hp(E) =1 it

follows for the heat current after some steps

w2k}
6h

2k2
T2_T2 ~ ™ B
(17, R) AN 3h

Jo=n TAT. (3.8)
In the second part of this equation, the heat current has been expanded for small biases AT
with T, = Ty + AT and Tr = Tp. Using the definition of the heat conductance GQQt7 one arrives
at the final result

Q dJQ 7T2k]23

2t = m =N 3h TO = nlﬁ}OTO 5 (39)

wzk%

3h
heat conductance n will thus show a quantized two terminal heat conductance of Gth = nk, with
K := koT the adjusted heat conductance quantum. The quantization of heat has been shown
in experiments in 2000 [62] and more recently also in quantum Hall states [27-30]. Unless
stated otherwise the expressions derived in this thesis are given in units of the charge and heat
conductance quantum go and k. The computation of the one channel case for the Hall-cross and
the six terminal setup are not carried out explicitly in this thesis?.

with the heat conductance quantum kg := . An edge consisting of one channel with intrinsic

2 2 3
Ly T R N
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Figure 3.2: Counter-propagating modes in common measurement setups with effective filling
factors of v4 in the downstream and v_ in the upstream direction.

Looking at channels of opposite chirality in the considered setups visualized for two channels in
Fig. 3.2, the character of the LBF becomes visible. Additionally to the two terminal conductance
Glo¢, the setups with more than two macroscopic contacts allow to compute the Hall-conductance
Gy between contacts of different edges and the longitudinal conductance G between neigh-
bouring contacts at the same edge. The additional macroscopic contacts are modelled as voltage
probes leading to the local conservation law Ji* = .J°% . The charge transport in linear response
to a voltage is described by the matrix equation I = GV and the conductance matrices G have
to be circulant. They are defined for the setups shown in Fig. 3.2 using the permutation matrix
P = (p;j) € R™*™ corresponding to the permutation

_(1 23 ... =n 1 i) =

where n is the number of contacts and takes the values n € {2,4,6} for Two Terminal setup,
Hall-Cross and Hall-Bar correspondingly. Accordingly, G,, takes the general form

G,= vy +v )1, —v, P, —v_P" " (3.11)

The so found G,, are singular and I = GV cannot be solved for the voltages in this form. Assum-
ing the injected current I between source (left) and drain (right) is conserved and by imposing
gauge invariance of the system, the conductance matrix is reduced to a non-singular matrix. The
system of equations is then solved for the various voltages defining the conductances shown in
table (Tab.) 3.1. Using the introduced matrices for the setups these conductances are computed
depending on the effective filling factors vy and v_. The results of this computation are shown

4They can be deduced from the upcoming theory for counter-propagating channels by setting upstream
transport properties to zero.
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3. Phenomenological Description of Edge State Transport

Table 3.1: Definition of the charge Hall-conductance G, the two terminal charge conductance
G as well as the longitudinal charge conductance G, in the considered setups. The longitudinal
conductance for the Hall-bar is defined according to the convention used in many experiments.

Gay Gu Gr
Two terminal I < <
setup Vi—V;
Hall-cross I I
—_ —_ Sec. A.2
VT, T see Sec
Hall-bar I I B I I B I
Vi—-Vy Vo—Vs V=V Vo—Vs V5—Vg

below in Tab. 3.2. The heat transport in the different setups is described using a chiral heat
current. With the modes’ individual heat conductances, the heat conductance matrices are de-
duced from the charge conductance matrices by exchanging v; — kgn,;. Using gauge invariance
to analyze this system is more complicated this time. But since the transport is assumed to be
free of dissipation, the system is directly solved for the heat current in terms of the difference
of squared temperatures at source (L) and drain (R) 77 — T. The heat conductances G% G?I

and G% are then computed to the expressions shown in Tab. 3.2.

At this point one should be confused by the values of the conductances in the different mea-
surement setups - especially by the non-uniqueness of the Hall conductance which is the key
characteristic of the QHEs. This is a consequence of the LBF not taking interactions between
the channels into account. However, increasing the number of macroscopic contacts at the edge,
the two terminal charge(heat) conductance seems to approach the expected unique value of
Gé?) = |v4(ny) — v—(n_)|. This observation is further investigated in the following by looking
at mixing of edge channels in macroscopic contacts.

Table 3.2: Values of measurable charge conductances (in units e?/h) in the considered setups
depending on the effective filling factors of the downstream v, and upstream v_ propagating
modes as well as the heat conductances (in units of k) depending on the effective heat conduc-
tances of the downstream n and upstream n_ propagating modes.

Ga Gu Gr
Two terminal
vy +v_ X X
setup
Hall- vi 42 vi 412
Areross +— +— see Sec. A.2
vy +v_ vy — V-
Hall-bar v 43 vi—viv_ + 02 v+ 3
vituvgvo +02 vy —v_ Vv
Q Q Q
Gt G Gy
Two terminal
ny +n_ X X
setup
Hall- n% +n? n% +n?
at-eross - - - = see Sec. A.2
ny +n_ ny —n_
Hall-bar n3 +n? ni —nyn_ +n? n3 +n?
nﬁ_ +nin_ + n? Ny —nN_ nyn_
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3. Phenomenological Description of Edge State Transport

3.2 Mixing Model

To verify, that the conductances approach a unique value for v; (ny) # v_(n_), an alternative
model taking a deeper look into the nature of mixing in macroscopic contacts is introduced in
the following. Therefore the local conservation law at each contact is viewed as resembling a
mixing of channels that emanate from different neighbouring contacts. Generalizing this thought
for an arbitrary number of contacts m attached to one edge® leads to the notion of a recurrence
relation.

For N4 downstream channels with v; and IV, upstream channels with v;, the recurrence relation
for the charge transport becomes

Ng N,
#Vn_l + %Vnﬂ. (3.12)
dis1 Vi d i1 Vi
The voltage V,, at contact n is now described as the result of the weighted average between the
voltages of the neighbouring contacts V,,+1 and V,,_;. Summarizing channels propagating in the
same direction into one effective downstream channel with v4 and one effective upstream channel
of v, the mixing behaviour becomes even more vivid

V, =

Vq Uy,
V., = Vi 1 1
Vg + vy 1+ l/d—|—VuV+1 (3 3)

Applying a voltage bias between contact n = 0 (left) and n = m (right) and imposing the
corresponding boundary conditions for the top and bottom edge, the voltage at contact n of the
top(bottom) edge becomes for vy # v_

Vi) (Z%)m ~ Vi) (Z%)n + V) (Z%)n = Va)

m
() -
v_
The corresponding two terminal charge conductance is obtained by computing the net current
at the top (bottom) I*°P(*°) edge and takes the form

V,fOp(bOt) _ (314)

Jtop _ Jbot (%) +1
A S Sy DS L oV A
() -1

Vi — Vg
In the limits of having no mixing between the channels (m = 1) and having well mixed channels
m — 00, the two terminal charge conductance approaches the values:

(3.15)

Got m=t vy +rv_ Gat e Vy —V_ (3.16)
Not only does this model reproduce the result of the LBF computation for the two terminal setup
with m = 1, it also shows that the quantized value of the conductance is obtained for the limit of
well-mixed channels Go; "5 vy —v_. Physically this refers to equilibration between two edge
modes of opposite chirality just by mixing in a large number of macroscopic contacts connected
to the edge. In Fig. 3.3b the voltage drop along the top and bottom edges are visualized. It
can be seen that the voltage drop occurs in the vicinity of the right contact at n = m. Since
a voltage drop leads to Joule-heating, this region is referred to as the hotspot in the following.
Even though the result might look promising, this model does not explain real setups where only
a finite amount of macroscopic contacts is connected to the edge. Therefore this already implies
that the assumption of non-interacting channels might not be suitable to describe the transport
by fractional quantum Hall edges.
In QSH systems on the other hand, where interactions between the channels are negligible due
to the energy required to flip the spin, the mixing model might be useful to predict charge and
heat conductances [63, 64]. With v, = v_, the discrete voltage profiles for top(bottom) edge
now take the form

op(bo n n
ytop(bot) — VL(R) — EVL(R) + EVR(L). (3.17)

5 Thus the total number of contacts attached to the system is N = 2m.
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3. Phenomenological Description of Edge State Transport

Computing the two terminal charge conductance as before, it follows for the limits of inter-
est

2u =1
Ga = P Gy "= 2w Gy ™50 (3.18)
2 4 1 )
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Figure 3.3: Visualization of the two terminal charge conductance Gy on the left and the
corresponding voltage drop along the top (solid lines) and the bottom edge (dashed lines) with

vy =1,v_= % and v, = v_ = 1 for an increasing number of probe contacts n.

In this scenario the net charge transport is computed to be vanishing in the well mixed limit
m — oo since the channels carry the same amount of charge in opposite direction (compare Fig.
3.3a). The transport of charges is therefore referred to as being diffusive. This is underlined
taking a look at the recurrence relation of such a system
1 1

Vn = §Vn_1 + §Vn+1. (319)
Each macroscopic contact is influenced equally strong from its two neighbours, indicating a
random walk of charges and thus a linear voltage drop across the system as depicted in Fig.
3.3b.
Introducing a conserved heat current in the probe contacts, the formalism is also applicable to
look into mixing of heat along the edge. The recurrence relation for ny # n_ becomes

n n_
2=_—"* 772 — T2 . 3.20
n n++n_ n71+n++n_ n+1 ( )

To compute the heat conductance, the heat currents on top and bottom edge used to define the
net heat current across the sample Jg pet = Jg’p — Jg"t by

Jéop(bot) _ R0 (321)

? (n+TO2,top(bot) —n- T12,top(bot) ) .

Biasing the system by T;, = Ty + AT and T = Ty and expanding the net heat current small
AT up to O(AT) the heat conductance is computed. In the relevant limits of no (m = 1) and
very well mixing (m — o0) it takes the form

(”i) +1

() -

Applying the same formalism for n, = n_ = n, depicting heat transport without a preferred
direction (diffusion), the heat conductance becomes

1

Gggt =(ny —n_) Gg‘?t T g +n_ G?t T, —n_ (3.22)

2 m m o0
GS = E" GS ™= o G "= 0 (3.23)

As in the charge transport case, the heat conductance exponentially approaches its equilibrium
value for ny # n_ and vanishes diffusively for n;. = n—. Up to this point the unique nature
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3. Phenomenological Description of Edge State Transport

of the charge and heat conductances has been recovered under the constraint of having an
infinite number of perfect macroscopic contacts attached to the edge. Since this is not given in
common measurement setups, the mixing model is used best to compute the conductances of
systems with non-interacting channels for a finite number of probes. On the other hand there
has to be an explanation for the uniqueness of the conductances in the fractional quantum Hall
regime. Therefore it seems crucial to take interactions between the modes on one edge into
account.

3.3 Incoherent Tunneling Model

In the incoherent tunneling model, the already mentioned interactions between the two channels
are taken into account. Due to a large amount of disorder at the edge, tunneling between the
channels is allowed at a point contact. Assuming local equilibrium conditions in the channels,
it is possible to associate local voltages V and temperatures T to the channels before and after
the interaction site. A tunneling current at the point contact is then caused by the difference in
local V' and T between the involved channels. Schematically, the edge is visualized in Fig. 3.4
for two counter propagating modes. [65—69]

Vai, To Va,iv1, Toi41 — — )
_________ I f“ J &)
@ ......... ] ( 7 o ] ( .........

Vi, Th

Vi i1, T il

Figure 3.4: Schematic drawing of the incoherent tunneling model described by two channels 1, 2
interacting at a point contact between two neighbouring virtual probes. It describes interactions
along a single edge segment as indicated in the top right corner.

To describe the transport properties resulting from this edge description it is assumed that two
adjacent tunneling points are located within a distance a larger than the coherence length of
the modes. Therefore any effect of quantum interference becomes negligible. Assuming that
no charge (heat) is dissipated at the disorder sites, the charge and energy current obey a local
conservation law given by

Xiliiv1 = x1d1; — Irs and  x2loi41 = Xoloi + I (3.24)
In general, the tunneling current depends on the chiralities of the two channels but to first order
the difference between the two cases x1 = +(—) and x2 = —(+) vanishes. The chiral currents
I ; of the k'" channel (k € {1,2}) at the i*" probe as well as the tunneling current between two
channels I, ; are defined by

Ikﬂ; = Vlch:,i and I-,-’i = g(Vl,i — va’zqu) (325)

where g describes the probability amplitude of the tunneling (interaction) process. Restructuring
the system of equations, the discrete description of the voltages is obtained as

Vi _ grax2 grax2 Vi
< 1’”1) ( guixaFrixave 9V1X1+1§1X2V2> < 1*’) .
Va,it1 g+xz2v2 T gtxave Va.i

(3.26)
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3. Phenomenological Description of Edge State Transport

Taking the continuum limit for small tunneling amplitudes g — 0, vanishing a — 0 and by
introducing a constant length ¢ = [, the continuous version of this equation is obtained. For an
infinite number of virtual probes along the edge, it takes the form

— e~ L —
0. V(x) = 7 ( X xam )V(x) . (3.27)

X2V2 X2V2

Imposing the boundary conditions V;°?(0) = V, Vy°P(L) = 0 for a setup biased by AV = Vj,

the voltage profiles of the top edge are obtained as

x—L x—L
top _ V1 — e qu top - 1—e lg‘l
Vl (I) = VO - and ‘/2 (1') = V()l/l — (328)
v — vge vy — vge '

€q

Here, a new constant charge equilibration length & = lﬁ has been introduced. Imposing the
boundary conditions for the bottom edge, the corresponding voltage profiles take the form

_ L x—L x—L
e 'S +e ' Vo — e
bot bot
VI () = Vo S and V() = v 2T (3.29)
C C
v — voe ‘e vy — e ‘e

In Fig. 3.5, the voltage profiles of the top and bottom edge are visualized for the v = 2/3
state consisting of counter propagating channels with filling 1 = 1 and v, = % Similar to the
results for the mixing model, the voltage drop occurs within a small region, in vicinity to the
downstream contact at x = L indicating the position of the hotspot in that region. Based on
the voltages, the length dependent behaviour of the charge conductances between the different
channels’ source and drain contacts is computed. The "downstream" conductances are defined
by the conductance between the source of channel one S; and the drains D; and Dy

Itop(L) ” VtOp(L) Itop(o) Vo Vtop(o)
Gs p = -1 _nh d G :‘2 ‘:‘ 2 ‘ 3.30
1D 7 7 an S0 0 i (3.30)
Similarly, the "upstream" conductances become
Ibot L Vbot L Ibot 0 Vbot 0
Gslez‘l ()‘:‘Vll ()’ and  Gs,p, = = O _»le?O) (3.31)

Vo Vo Vo Vo

In the limit L > Zecq, where the charge transport between the two channels is fully equilibrated,
the conductances take the values:

L > 1S L > 1S
Gs,p, —"v1—1 Gs,p, — 12
(3.32)
L > L > 1S,
$D; — 2 Gs,p, —*

In the regime where the charge transport is not fully equilibrated, the charge conductances show
non unique behaviour as visualized in Fig. 3.5 for 0 < L/lg’; < 10.

1 3 — 1 4
N ——Gsip1 - - - Gsip2
081 0 Gs2p1 - - - Gsa2pe
\ 2 |
]
0.6 | \ |
\ [a—
= \ 5
~04 | ——VioP--- ylor ! Sa.
02 | Vlbot V2bot \\ 3 \\<’ T
. \ )
0 ; ‘ ‘ ‘ : 0/ \\\‘:\»—4‘ + ; ;
0 0.2 0.4 0.6 0.8 1 0 2 4 o 6 8 10
x/L L/lg,
Figure 3.5: Visualization of the voltage profiles of the channels at top and edge with

v1 =1, 1 = % and lgl = 0.1L on the left and the channel length dependent behaviour of the
conductances on the right.
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3. Phenomenological Description of Edge State Transport

With the hand waving picture of particles being transported along the edge, it comes with no
surprise that there is also energy transported along the edge allowing to look into heat transport
characteristics. The heat transport equation is obtained by using the local conservation of energy
at the i*" probe. It follows that

X1J1,i41 = X1J1, — Jryi and  x2J2i41 = Xx2J2,i +Jri - (3.33)

The chiral energy currents are furthermore described by the local constitution relation of the
k" mode at contact i

2

e
Jii = vk

Ko

2

where v, and ny, are the filling factor and the heat conductance of the k** channel. Similarly to
the case of charge transport, an interaction energy current J; ; is defined. It has the form

2

e
J‘ri: a7
= 99y

2 2 9VKO 12 2
(Vi = Vsip1) + T(Tl,i —T5,41) » (3.35)
where v denotes the deviation from the Wiedemann-Franz law. Using the result from the charge
transport, the terms V; ;11 and Vs ;41 are replaced by Vi; and V5 ;. Expanding for small g
up to O(g), setting = = ia, introducing an infinite number of probes n — oo and taking the
continuum limit a — 0 by leaving £ = % = const, the continuous energy transport is given by

the equation

Ti(x)\ _ v (—xin2  xang \ (Ti(x) et (1 2
O <T22(x)> =7 ( v —X2n1) <T22(x)> + T <_1> (Vi(z) = Va(x))” . (3.36)
In the final heat transport equation the heat-wise equilibration between pairs of channels is taken
into account (first term) as well as a contribution from Joule-heating (second term). This model
describes only weak tunneling. Other transport regimes are described in [54].
For a system of length L with two counter-propagating channels (y; = +, x2 = —) biased by a
temperature gradient AT, the two terminal heat conductance GQQt is found by solving the heat

transport equation. Following the same algorithm as before (see Eq. (3.9)), the heat conductance
becomes for ni # no

L
1
Q (.~ m2) <n1 e qu> LIS,
Gs, = L —'ng —ng . (3.37)

T
ny — nge ea®

The above introduced heat equilibration length lgl =3 is in general quite different from

l
ni—nz)
the charge equilibration length lgI allowing to view the transport of charge and heat on different
characteristic length scales. In the limit L > lgl, the unique quantization of the heat transport
expected from experiments is recovered [30]. In case of ny = ng = n, the heat conductance

evaluates to the diffusive conductance

19 2
Gf =g — =5 (3.38)
leqg + Lny

In the trivial case of co-propagating channels with n; and no, the heat conductance is indepen-
dent of lgq and evaluates to

G =ny+ny . (3.39)

Anticipating the prerequisites for following chapters, the above transport relations are general-
ized to an arbitrary number of channels N by the matrix equations [67]:

815‘7(36) = MVV(JU) and awﬁ(x) = MTJ?f(x) + Aﬁ(m) . (3.40)
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3. Phenomenological Description of Edge State Transport

In general, the matrices My and My become for an edge consisting of N channels [67]

1 1 —1
7Zk¢1l1,k 11,2 ll.,N
X1V1 1V e X1v1
% Suvals! Lz,
2.1 _ Lakga 2k 2.8
My = X2V2 X2v2 X2v2 and (3.41)
—1 —1 -1
Ina In2 Zk;#NlN’k
XNVN XNVN XNVN
i1 P —1
Zk¢1 ll,k ll,z ll N
X1Mm1 1ny X1m1
1 Szt Ly )
2.1 _ Zukza2k 2.8
B = = R -
My = X2n2 X272 X272 , (3.42)
. - i1
v Ina2 v
XNNN XNNN e XNTN

lm.n

P— and by = lym = l%n resemble the heat and charge equili-

where the lengths I, =

bration lengths corresponding to channel pairs (m,n). The Joule-heating contribution AV?(z)
furthermore generalizes to

NEOECSS (Wl(x)‘v"(m”z . (VN(‘”)‘VWW)T | (3.43)

ko ¥ Y 1§ nXN

n=1

In the following, the introduced model is applied to compute length dependent conductances
for the measurement setups shown in Fig. 3.2. According to the length dependence of the
equilibration mechanisms, three different regimes for counter-propagating modes of filling factors
vy, v— and heat conductances ny, n_ are distinguished

1. The fully equilibrated regime where the channel length is much bigger than the equilibration
lengths L > ZS}Q).

2. The intermediate regime, where L ~ lgI(Q) and the conductances are length dependent.

. ) c
3. The fully non-equilibrated regime where L < leq(Q).

Since the incoherent tunneling model describes the transport between two macroscopic contacts,
C(Q)

it is possible to define a downstream Gi(Q) and upstream G charge (heat) conductance for
an edge segment that serve as "new filling factors” in a Landauer-Biittiker approach. In general
the conductances for one edge segment are defined by:

Vy —V_ Vy —V_
Gi+:1/+—L. and GZ‘f:Vf—L_ .
— - (3.44)
Vy —v_e <7 Vy —v_e <

The equivalent heat conductances defined by relating the channels’ heat currents at the drain
to a corresponding conductance by

d d
Q _ Q _
Gy = 17 T+ top(L) and Gy = y J_ pot(0) . (3.45)

To simplify the expressions, symmetrical(homogeneous) properties of the segments are assumed
leading to L; = L and 19 = lqu(Q). The adjusted conductance matrices for charge(heat)

€q,1

transport G(?)(L) become
G =GP +3 I, -c@p, -c9Vprt . (3.46)

The charge conductances defined in Tab. 3.1 are summarized for transport in fractional quantum
Hall edges in the considered setups and the different regimes below. Since measuring heat
conductances is not as simple as measuring charge conductances, only the two terminal heat
conductance th is considered in the heat regime®. The diffusive regime is covered in A.3.

6 The temperatures needed to compute them are usually deduced from noise measurements.
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The conductances are found to agree to the ones obtained for the mixing model in the limit of

absent equilibration L < lgq(Q)

. Even though mixing in macroscopic contacts and equilibration

along the edge seems to result in a similar effect, only the latter one is able to describe the
transport in realistic setups. This is consolidated by the conductances of all setups approaching

a unique value in the limit of full equilibration L > lqu(Q) as visualized in Fig. 3.6 for an

example.
2 0 .
\ —— 9 Terminal 2 ! ——=2 Terminal
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Figure 3.6: Comparison of the setups’ charge conductance for v, =1, v_ = %i (solid) and
vy = v_ =1 (dashed) on the left and their heat conductance for n, =1, n_ = 5 (solid) and

ny =n_ =1 (dashed) on the right, in terms of L/lgI(Q).
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3. Phenomenological Description of Edge State Transport

3.4 Noise Generation at the Edge

Whenever there are multiple channels carrying charge in opposite directions on one edge, charge
partition noise (shot noise) can be measured. The partitioning mainly takes place within a
distance ZSI of the contacts where full equilibration between counter-propagating modes is not
given. This region is from now on referred to as the noise spot. The partitioning is enhanced
for an increased temperature at the corresponding contact. This leads to interesting scenarios
in the FQH regime where upstream heat transport from the hotspot to the noise spot is allowed
resulting in an increased noise. In the following the incoherent tunneling model is used to de-
scribe the dependency of the noise on the channels temperature profiles along the channels. [66,
67, 69

Using a similar approach as above for two counter propagating modes of filling 11 > v, fluctu-
ations in the charge current are computed. By convention the chiralities of the channels are set
to x1 = + and x2 = —. The total fluctuations of the tunneling current 61, ; is split into Mif‘jt
describing the intrinsic temperature dependant fluctuations at the junction and 61 jrj represent-
ing the transmitted fluctuations in the virtual probes. While the intrinsic fluctuations cannot
be defined in general since they depend on the applied biases as well as the edge structure of
interest, the transmitted fluctuations are defined by

0ls ; ol ;
817 = g (Va1 — Vi ) =g (i’”l - 1”) : (3.47)
2 "
Therefore the discrete transport model for the charge fluctuations becomes in matrix form
(S_I)j_H = M(S_I)] + U&I;Zt . (348)

Imposing charge conservation, the matrix M and the vector ¥are obtained by expanding for
small tunneling probabilities g up to O(g). Introducing the total number of tunneling events N
between the contacts, the model is used to compute the fluctuations at the drain (j = N+1). This
is done by noting that charges undergo N +1 transitions between virtual probes and N tunneling
events as they are transported from source to drain. Since the charge current fluctuation at an
intermediate virtual probe j is influenced by the summed up effect of all previous tunneling
events, the solution takes the form

011 N1 N+1 (6110 N—j—> mt
<5IQ7N+1 =M S + ZM vorm (3.49)
Introducing the dimensionless parameter o = Z?EZ:ZS, the problem simplifies to
(6[1,N+1> I e VIVQ%? 6110 + 4_111;”1& T8I+ Z] LoV TIeLY _ (3.50)
012 N4 %51—1 0+%5[2 0+Z OaN J(;Imt

The fluctuation 615 ¢ at the source of channel two becomes

N
e o vy — veaN 1 (v1 —vo)aN—J
——— 0 N1 — —— 00, E ——
viaN+L — + viaN+L — g — viaN+L — g
=

0l = sIint (3.51)

7]

The total fluctuation at contact two is defined by contributions from both channels by
(5]2 = 5117N+1 - (5.[27N+1 . (352)

Inserting (3.51) into (3.50), §I2 evaluates to

1 — vV 1

— — znt
(5_[2 = _Télz N+1 + (1 + V aN+1 V ) 6[1 0 + Z IO[N+1 1/ 5_[ . (3.53)
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The noise corresponding to this fluctuation is defined by the average of the square of the fluctu-
ations and takes in general the form

Sy =013 = A(SIp n11)? + Bély N 410110 + > CoIy N1 617 + D(01 )
J
+ Y ESL 01T+ F(5I)? (3.54)
J J

This equation now consists of different noise contributions. Terms one and four describe the
noise originating from the macroscopic contacts two and one respectively. In the following they
are renamed to S; p and S; . The second term describes the noise at the source of channel
one influenced by the current fluctuations at the source of channel two and is neglected in the
following. Terms three and five describe the connection of the noise at the tunneling junctions to
the contacts and will be called S /g, S1,./1 respectively. The intrinsic noise at each junction is
described by term six. Because the intrinsic noise is assumed to depend on the local temperature
at the tunneling junction it is defined by a local noise kernel A(z) that has to be defined by
microscopic computations. The coefficients {A ... F} \ B are defined according to Eq. (3.54).
Taking the continuum limit N — oo by introducing Axz; = ﬁ, the summations can be
transformed into integrals by using Riemann’s definition of integrals. Defining the equilibration
length lgz = N2lﬁ — [66] and x = j %, the continuous version of eq. (3.54) is found by expanding
lec; for small g to obtain

L L
[(ASQ,R +DS1p) + / (CSyn/n + ES1a/1) dz + 29 / FA(z) dz} .
0 0

(3.55)

21/1 120}

So —————
27 9IS (1 — 1)

Where {A...F} are the adjusted coefficients of the according contributions to the discrete noise
in eq (3.54). They are obtained by {A...F} = limN_,OO{jl . F} In particular they take the
values defined in Sec. A.4. It remains to define the expressions for the noise at the boundaries
of the channel (S2 r, S1,z, S22/r, S1.0/L) as well as the noise kernel A(z). Assuming local
equilibrium at the tunnel junctions, the principle of detailed balance gives the opportunity to
use thermal noise relations of the Johnson-Nyqvist form [70, 71]. Unfortunately, the assumption
of local equilibrium noise doesn’t hold in general and the channels’ temperatures might be
very different. In that case the non-equilibrium situation has too be investigated further. By
neglecting the noise contributions from the contacts, the excess noise at contact two® S§%¢ is
defined. For non-diffusive charge transport with v; > vs, it becomes

41/11/2(V1 — 1/2) Ly

— 2/LA(:c)e_l% dx . (3.56)
> 0

1€
lg; (1/1 — e lea

exc __
52 -

In case of full (very efficient) charge equilibration and thus L > 1

eg» it simplifies to

4x

L _
(r — 1/2)/0 A(z)e ‘e dx . (3.57)

41/2

gexe —
2 c
Vlleq

In case of v; = vy = v (diffusive charge transport) and by using the above approach with the

equilibration length [, = (L]\(,i_g; [66], the noise at contact two takes the form
1—g L L
S2= (@S2, +dS1.0) + / (¢Sa,e/m + €S1,0/1) da + 29 / fA() da) . (3.58)
eq 0 0

The corresponding prefactors follow from the charge transport equation in the diffusive charge
transport regime. They become
2 2 2
:leiq c=—e=— leg f= leg .
12, +L? (1 =g)(leg + L)? (1=9)*(leg + L)?
Specifying the terms of interest for the case of interest as well as plugging in all of the necessary
prefactors, So is found by expanding the obtained expression for small g up to O(g).

a=4d

(3.59)

8 The excess noise at contact one and two are identical.
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3. Phenomenological Description of Edge State Transport

The obtained expressions for charge, temperature and noise transport at the edge of fractional
quantum Hall systems are used to investigate the structure of different edges for different noise
scenarios. The scenarios arise from charge and heat transport being decoupled in the FQH
regime. In general there exist three different cases depending on the amount of heat transported
in the upstream direction that are characterized by a new quantum number vg = ny —n_ [67].
It resembles the heat analogue to the equilibrated filling factor v = v, —v_ and similarly reveals
intrinsic details of the edge.

1”in<0in:0in>0 —— v <0 —vg=0—vg>0
—.0.2 4
=
>
o
._.0.1,
z 8
L
)
01 : : : : 1
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Figure 3.7: Plot of the temperature profiles (left) of channel one (solid) and two (dashed)
for an applied voltage bias V; as well as the resulting excess noise (right) in terms of L/ lgz for
1/1:1,1/2:%,m:ng:l,ylzl Vo =

%7 n=2,nyg=>1and v =1, v, = %: ng=1,ne =2
In case of equilibrated upstream heat transport vg < 0, the temperatures of the channels are
non-zero basically over the entire channel length. Therefore tunneling will be enhanced leading
to a constant noise independent of the channel length. For diffusive heat transport vg = 0, the
temperature decays over the channel length from the hot spot close to /L = 1 to the noise
spot /L = 0 leading to a vanishing noise for long channels. Equilibrated downstream heat
transport on the other hand leads to an even lower increase in the temperature at the noise spot
for channels much longer than the charge equilibration length. The noise is expected to decay
exponentially over the channel length in this scenario. The vg dependent behaviour of the noise
is summarized according to [67] by”

vo > 0: Ballistic downstream heat transport = S§¢%¢ ~ ¢~/ e

vq = 0: Diffusive heat transport = S°*¢ ~  /L/IC,
vg < 0: Ballistic upstream heat transport = S =~ const. for L/ lgl >1
Having defined the transport characteristics as well as the generation of noise within the incoher-

ent tunneling model, the theoretical insights are used in the following to compare the implications
of different trial structures for the edge at filling 5/2 to experimental results.

9 One can also view this in analogy to a fish school. If the majority of the fishes swims from left to right, one
individual fish wont get very far swimming right to left without getting carried away by the rest. Therefore
all fishes will eventually end up at the right position. Similarly, the net number of fishes ending up at the left
position will be zero (diffusive) for two equally sized groups of fishes. In case of the majority of fishes going
from right to left (ballistic upstream) all fishes will end up at the left position. To make the connection to
the actual problem, the fishes resemble heat carriers.

28



Transport at the 5/2 Edge

In this chapter the incoherent tunneling model is used to describe the transport characteristics
at the edge of filling 5/2 using various candidate edge theories. The obtained expressions for
the heat conductance and noise of each candidate are then compared to recent experimental
results to identify the theory describing the 5/2 edge best [30, 32]. This edge is of particular
interest since it has been predicted to host non-Abelian anyons [31, 72-74] with potential use
for quantum computation [22, 24].

4.1 Candidates for the 5/2 Edge

Since the edge structure of the 5/2 state is nothing that can be defined bottom up, one is
restricted to compare experimental results probing specific features of this edge to trial theories.
In this thesis the comparison is based on transport features of the edge. The considered trial
theories are the particle-hole Pfaffian (phPf) [75-78], anti-Pfaffian (aPf) [79, 80] and Pfaffian
(Pf) [72] structures which have been identified as potential candidates for the 5/2 edge before.
They consist of a combination of bosonic channels and a Majorana channel® to recover the
expected charge conductance of Gy; = 5/2. To get more evidence about the underlying edge
structure, a method to distinguish between different candidates has been used in experiments [30,
32]. It is based on interfacing the 5/2 edge with different counter propagating integer channels in
order to expose the exotic nature of the edge. The transport characteristics of the interfaced edges
are then used to compare theoretical predictions of the candidates to experimental observations.
In Fig. 4.1 the interfaced edges of interest are visualized using an arrow scheme that encodes the
transport properties of the involved channels.
Whenever there are counter-propagating channels with identical transport characteristics, they
become irrelevant for the transport?. Therefore pairs of counter propagating integer states
between the candidates and v € {2,3} can be removed from the description. This results in
different reduced edge structures, visualized in Fig. 4.1).
An edge structure consisting of more than two channels after interfacing is called an intermediate
model. It requires multiple steps to reach full charge and/or heat equilibration depending on
the possible interactions between pairs of the involved channels. For the considered interfaces
there exist only intermediate models in the heat transport regime since the Majorana does not
carry charges on its own. Using the incoherent tunneling model (compare Sec. 3.3) for pairwise
heat equilibration between multiple channels without an applied voltage, the heat conductance
is obtained by solving the system of heat transport equations for the corresponding boundary
conditions. N N

T2top(bot) (L) = eLMTTQtOp(bot) (0) . (41)

In case of the phPf-3, the matrix My consists of the sum of pairwise heat interaction matrices
between pairs of counter-propagating® channels
1

1
My = —Mg + —M3 . (4.2)
ll2 l23

! The existence of a Majorana mode was shown by measuring half-integer quantized heat conductance [29].

2 For strong interactions (caused by large degree of disorder) this is due to “true” localization [10]. For weak
interactions they still don’t contribute to the transport for L > leC;(Q) due to their diffusive nature.

3 In general, there also exists a matrix corresponding to interactions between the co-propagating ¢ and 1. It
is omitted since it doesn’t change the heat conductance.
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Figure 4.1: Interface between phPf, aPf and the Pf and counter-propagating v € {0, 2, 3} edges
(gray). The chirality of the channels is defined by the arrows direction (positive: left to right).

They correspond to the equilibration interaction between the following pairs channels
M}=(0,¢4) and  MZE=(¢y,10) . (4.3)

They furthermore depend on the equilibration lengths /;; given by the interactions between the
involved modes i and j *. The two terminal heat conductances of the interfaces are computed
using the channels heat conductances ni, ne, ng and imposing the boundary conditions cor-
responding to the channels’ chiralities. Throughout the following computations, the direction
corresponding to positive chirality on the top edge is defined as ”left to right” and biases are
applied accordingly.
An edge structure is called to be an effective one if interfacing the candidate with v € {2,3}
leads to an edge structure of two counter-propagating modes. Therefore the results of the two
channel transport model introduced in Sec. 3.3 can be used directly and only one step is needed
to achieve full equilibration.
A fully equilibrated model on the other hand consists of co-propagating modes, leading to no
further equilibration.
The difference between an intermediate and an effective model becomes visible when computing
the length dependent two terminal heat conductance GQQt (L) shown in Fig. 4.2. Whereas the
effective model (phPf—2) shows only one transition, the intermediate models (aPf—2, and
) show two transitions at different length scales I and II representing the different length
dependencies of the underlying mechanisms of equilibration. In these plots it is furthermore
indicated that the two transitions in the intermediate model are only possible to be resolved
if the length scales for I and II are very different. The closer lgq gets to lg the less distinct
the plateau at G% = 3/2 becomes. These plots were created using a self-written module for
Mathematica presented in Sec. A.9.
The existence of transport in opposite directions also gives the opportunity to look into noise
characteristics at the edges. Upstream heat transport allows for some finite increase in the

4 Interactions involving the Majorana mode 7/ can not be explained by electron tunneling into (out of) the
Majorana channel.
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Figure 4.2: Visualization of the two terminal heat conductance in dependency of the degree of
thermal equilibration between the involved modes. The graphs are obtained for different thermal
equilibration lengths L/I!, ; € 8 -{10?,10%,10*} (solid, dashed, dotted) and L/I[] | = 10°.

eq,t

temperature at the upstream contact which is measured by increased thermal noise. The mag-
nitude of the noise depends heavily on how well the channels at the interface equilibrate and
thus how much heat arrives at the upstream contact. Therefore an intricate relation between
charge, heat and noise transport exists depending on the specific length scales for charge and
heat transport.

Depending on the considered length scale, the structures are expected to show well-defined
transport and noise behaviour. Considering the case of L <« ZC(Q), all of the edge structures
are assumed to show non-uniform charge and heat transport properties. Within this regime
the cancellation of the interfaced integer modes is not given and noise is expected for all of the
edge structures. Even though this length scale might not be resolvable in experiments, it might
explain some ”left over” noise at the edges of structures that are not expected to show noise
in first place. The non-universal values describing the transport on different length scales vary
between the fully equilibrated (G, GS,) and fully non-equilibrated (G%.,, GS.,) values. They
are calculated by:

neq Z Vi, Gg; = ZXiVi y neq an and ng = Zinz . (44)
i i

For the edge structures of interest the corresponding values are shown in Tab. 4.1. Unless stated
otherwise the cancellation of the integer channels is assumed to take place on a length scale
much smaller than the smallest length of interest in the following. This leads to the notion of
noise only in the intermediate and effective models since the fully eq. models don’t allow for
upstream heat transport.5

Assuming that only one edge structure describes the 5/2 edge over all length scales, the phPf
is predicted to describe the edge transport best. This prediction is based on measurements of
the heat conductance for the bare 5/2 structure and at the interface 5/2-3 which showed values
of 5/2 and 1/2 respectively. Since this is not agreeing with the aPf and Pf edges [30], the phPf
edge poses the best candidate and is therefore in the focus of computations.

To connect the phenomenological model to microscopic insights, the charge (heat) currents at the
edge are computed using CFT in the upcoming sections. Therefore, the unperturbed dynamics

51In the intermediate models one can furthermore think about the noise as being due to partitioning of charges.
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Table 4.1: Comparison of the different edge structures’ heat (G?) and charge (G®) conductance
in the fully non-equilibrated (neq) and the fully equilibrated (eq) limit. Measurements in an
experiment may take values within these limits. Only absolute values are considered.

phPf | aPf | Pf | phPf-2 | aPf-2 | Pf-2 | phPf-3 | aPf-3 | Pf-3
G, 35 | 45| 35| 55 65 | 5.5 6.5 75 | 6.5
GY, 25 | 1.5 35| 05 05 | 15 0.5 1.5 | 05
GGy 25 | 35|25 | 45 55 | 4.5 5.5 6.5 | 5.5
G¢, 25 | 25|25| 05 05 | 05 0.5 0.5 | 0.5

of the bosonic and Majorana edge channels are defined by the K-matrix action S, (compare Sec.
2.5) and the action for a Majorana fermion Sy by [81]

Sy = —ﬁ [ X600, + v(0.9)?] dwdt  and (4.5)
—{[ Dewvion + wpio,] dudt . (4.6)

Interactions and thus the effect of equilibration between the channels are modelled by perturba-
tions of the modes’ actions and depend on the type of involved channels. Charge equilibration
between channels of opposite chirality is achieved by tunneling processes between the channels.
At each of the tunneling points charge is conserved locally meaning that an electron is annihi-
lated in the initial channel ¢ and created in the final channel f. In terms of electron operators
the perturbation is described by the action

S, = — zwbﬂ [ Westhe] dedt = — ﬂ ( 1)+hc]dzdt. (4.7)

In some scenarios it is more efficient to think about the tunneling of quasiparticles. The tunneling
of one electron then corresponds to the tunneling of »~! quasiparticles of charge e* = ve from
an initial to a final channel. According to the definition of creation and annihilation operators
of quasiparticles and the commutation relations (compare Sec. 2.5), the tunneling action for
pairwise interactions takes the form

o= 27rbﬂ Wl Vapi +hoc] dwdt = 27rbﬂ 2)e' @) L heldodt . (4.8)

Above, the cut off b from the bosonization procedure has been re-introduced for the electron
and quasiparticle description. The function f(z) can be adjusted to cover the cases of point
contact tunneling f(z) = 0(z) and random Gaussian correlated tunneling f(z) = &£(z), with
(€2(2)E8(a")) = Wy p6(z — 2'). For processes that cannot be described by the tunneling of
an electron such as between a charged bosonic and a neutral Majorana mode this interaction
term cannot be used. Instead the simplest possible interaction term between these modes is
used [82]

S =T, fjé(m)@zqhwiﬁxw d dt . (4.9)

To understand the impact of different perturbations on the bare modes actions, the operators
of allowed perturbations are analyzed from a scaling dimension perspective in the following.

4.2 Scaling Dimension Analysis of viable Perturbations

In general, the scaling dimension analysis is used to describe the rescaling properties of a local
operator under spacetime dilations a# — Az* [83]. It therefore gives a more intuitive way of
looking at the renormalization of a viewed theory. For a scale invariant theory each operator
rescales by a factor of A® under spacetime dilations, where A describes the scaling dimension of
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the operator. This furthermore means that the two point-correlation function depends on the
square of the distance by

(O(x,0)07(0,0)) ~ 2724 (4.10)

For a bosonic mode with filling v = %, the Luttinger liquid propagator [14, 44] is furthermore
used to obtain

<eimj¢j(£v,0)67imy'¢j(0,0)> — M (d(2,0)6(0,0)) , p—mPv (4.11)

which further implies that the scaling dimension for electron tunneling in the Luttinger liquid
becomes

2
M=V el tun. M
2

A=—"= (4.12)
In the following the scaling dimension analysis is used to describe the temperature dependence
of the heat equilibration length z?q in the conformally invariant theory of the 5/2 - v edge. By
assigning scaling dimensions A_ and A, to the operators corresponding to the left and right
moving fields accordingly, the overall scaling dimension of the perturbation is obtained by the
total scaling dimension A = A, + A_. To assign some temperature scaling corresponding to A,
the following constraints are imposed to have a properly defined theory:

1. The action S has to be dimensionless.

2. The heat conductance G has to be dimensionless in 1D.
The latter one is visualised by noting that the conductivity has length dimension —1 in 1D.
Therefore the heat conductance is required to have length dimension zero. Imposing the first
requirement leads to

S]=0 = [[o=1-A (4.13)

Therefore the dimension of I'y depends on the scaling dimension of the perturbation. In order

to have [G] L 0, the external influence on the heat conductance ® has to balance the dimension
of I'y. Depending on the experimental setup this might be a voltage or a temperature. In the
following only the case of a temperature dependence is considered since it will be mostly used
to describe the temperature scaling of the heat equilibration length lg]. Using Fermi’s golden
rule it follows [7]

G VLT P = a=2(A-1) (4.14)

Where the scaling exponent of the temperature « directly depends on the scaling dimension of
the operator. To find the proper value of A for the different edge structures, the most relevant
perturbation operators O’ have to be defined. The most relevant operators for the different edge
structures are summarized in Tab. 4.2.

Table 4.2: Overview of the scaling dimensions A for the most relevant perturbation operators
of the previously introduced interfaces shown in Fig. 4.1. The deduced temperature scaling
exponent «, defined by leq o ~1/g ~ 1/G ~ T, is shown in the last column.

Interface operator A @
phP{-2 (effective) O Paith 00 3 4
phPf-3 (intermediate) )et(2dates) 2 2
phP{-3 (effective) Oy P40 1) 3 4
aPf-2 (intermediate) )et(2Pates) 2 2
aPf-2 (effective) 02 Pi1p 1) 3 4
Pf-3 (intermediate) )et(2dates) 2 2
P£-3 (effective) 0 G410 01 3 4

6 The heat conductance is connected to the incoherent tunneling model by G = gk.
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4.3 Heat Conductance of the effective phPf-3 Edge

To uncover microscopic insights about the heat equilibration at the edge of the effective phPf-
3 interface, a perturbative approach is used to describe the adjacent heat interaction. The
intermediate phPf-3 is predicted to equilibrate at first charge wise and then heat wise”, leading
to a schematic path of equilibration as shown below in Fig. 4.3.

intermediate effective
1 1
_— = = = -+ = =5 =
v=35 n=1 v=5 n=1
1
+-—ypy=1 n=1  —-==----- =0 n=j3;
- v=0 n= %
D <+ :
ANNNANNANNAN~ e S >
-« ---=--=--=-  ——m e — - >
- e
equilibration

Figure 4.3: Phenomenological visualization of the equilibration from the intermediate model
to the effective model of the phPf-3 edge by tunneling charges between the bosonic modes (solid
arrows) and subsequent heat equilibration between neutral (curly arrow) and Majorana modes
(dashed arrow). The so obtained effective model describes transition II in Fig. 4.2.

Starting from the non-interacting quadratic theory Sy = S¢ + Sy, defined by the bosonic K-
matrix action Sy and the Majorana action Sy (Eq. (4.5) and (4.6)), a small perturbation is
added to account for a heat wise interaction between the modes. The perturbation of interest
is the one with the smallest possible scaling dimension for the interaction of a bosonic and a
Majorana mode. In the following a point interaction term at the interaction site z = 0 as defined
in Eq. (4.9) is considered.

To simplify the following calculation, the field operators are separated into right (+) and left (-)
moving ones. Products of field operators are further merged into a single field operator. The
convention used in the computation is given by

T_ = (8,0)>, Ty =idyp and O_ =8¢ OL =T, (4.15)
where T, (_) resemble the energy density of the channel with corresponding chirality +(-).
Rewriting the velocities v4 = v/27u and v_ = v, the Hamiltonians take the form

H —h/ dx[”—*:r + =7 H' =Ty0_(0)04(0) (4.16)

0 \/ﬂ + 27T - 0 - + * °

To start the perturbative approach, the ground state energy (heat) current corresponding to the
Hamiltonians at the drain is defined according to [84]
(0) Vig 0) vl

J1(d,t) = hz=T, () JENd,t)y =h—=T_(t) , (4.17)
27 2T
where £ =t — % is a shifted time referring to the transport of energy from source to drain by
modes having some velocity. The average heat current is computed on top of the ground state
energy current by using the Kubo formula in the interaction picture

(b)) = (Tet S H'® O e J 70y (4.18)

"It is based on the experimental results of [30] indicating that the charge transport is equilibrated while the
heat transport is not yet fully equilibrated.
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with 7 denoting time ordering of the following operators. The operators including the time
evolution are expanded for small tunneling amplitudes up to O(T'3) by using the identity of
time-ordering Eq. (A.1). Collecting terms corresponding to the same order in I'g, the first and
second order correction to the heat current become

Jg)(t):% /_ t dt'[H'(t'), 75 ()] and (4.19)
Jg)(t):;—z _t ar /_ @, ), 7O D)) (4.20)

Imposing conservation of energy only the left-moving part of the chiral energy current is con-
sidered in the following. The simplified expressions for the corrections to the heat current are
obtained by applying the tools of CFT. After some computational steps including the OPE fields
(carried out in Sec. A.6), the final result is obtained. For the first order correction to the heat

current it follows that (Jg)) = 0. Thus, only the second order contribution to the heat current

gives rise to equilibration between ¢ and 1. Visually, this means that (Jg )7> can be associated
with the total interaction current between the two modes. The total heat current thus takes the
form

(Ja) = (IS + IS + (IS = (IS + (IS) (4.21)

) s

Since conservation of energy has already been imposed, these expressions are related to the chiral
energy currents and the heat interaction current following the visualization in Fig. 4.4 at the
point contact

(J&L) = (J5 )+ (J5) . (4.22)
By comparison, it follows that

JE Y=Y gy = (o) (I = (IS (4.23)

Following the computational steps carried out in Sec. A.7, the heat interaction current thus
evaluates to

3202k8 1 T2,

Jy = 2B O SAT 4.24
S 105h7v2 v} (4.24)
Therefore the resulting heat conductance at the junction becomes with the central charge of the
fermionic Majorana mode ¢ = 1/2 and the filling fraction of the bosonic mode v = 1/2

o _ _d_ 0 SPRETTE

Cine = GAT 0 1 = 50,2 ok

(4.25)

The so defined heat conductance should be thought of as a ”heat interaction conductance” since
the underlying interaction is not based on tunneling mechanisms. As expected, this result
recovers the temperature scaling of the scaling dimension argument in Sec. 4.2. Referring to the
phenomenological description of the edge, the interaction heat conductance ng is associated
to the unit less parameter g which is furthermore connected to the lengths defined within the
incoherent tunnelling model [ and lg?q by

g —ny) g7 G,y T

v

9 l B 2£ 2ak 1

eq

(4.26)

where v denotes the deviation from the Wiedemann-Franz law. Therefore the computation
makes it possible to connect microscopic properties of the edge to the temperature scaling of
the heat equilibration length and thus the heat conductance which is a macroscopic observable.
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Figure 4.4: Phenomenological description of the point contact interaction with channels +(—)
emanating from source S; ().

4.4 Noise at the intermediate phPf-3 Edge

Following the approach in [32], the noise generated at the interface by injecting a source current
I;, in the source contact S is computed in the following. A schematic view of the experimental
setup is given in Fig. 4.5. The authors of [32] indicate that the experiments took place in
the regime of fully equilibrated charge but not fully equilibrated heat transport. This leads to
the constraint on the charge conductance Go; = ’Veq’g, /2 — Veq, 1m|. In the considered case of
5/2 — 3 this means that Go; = 0.5. To ensure this value in the incoherent tunneling model, the
dependence of the charge conductance on ¢ is examined for different 6 € {0.01,0.1,0.15}, where
0 is defined by

§=15/L . (4.27)

For § = 0.01, the deviation from the expected value becomes immeasurable small which indicates
it to be a good choice for further usage within the regime of full charge equilibration. For
d = 0.1, the deviation is &~ 0.005% and therefore still in a reasonable range. The measured
charge conductance furthermore indicates that the integer channels of the edges cancel on very
small length scales.

ds _
& V;?)
us -
«—
& noise & noise
P T s EE—H] A
— :_ﬁ Semc
= =
prid
v=5/2

Figure 4.5: Schematic drawing of the experimental setup used to measure the excess noise S*¢
at the interface of 5/2 and 3 by injecting a current I;,, at the source S and measuring the noise
at the amplifier A [32]. Using the predicted phPf edge, the majority of the charge and heat is
transported downstream (ds) from S to drain D. For not fully equilibrated thermal transport it
is possible to observe noise at the upstream (us) amplifier by the red channel transporting heat
upstream.

At the interface, the edge is resembled by the intermediate phPf-3. Injecting a current into this
interface® leads to voltage drop along the edge that is visualized in Fig. 4.6 for the considered
values of 6. The characteristic drop of the voltage in the region close to /L = 0 leads to the
formation of a hotspot denoted by fire symbols in Fig. 4.5. The generated heat is then transported
away from the hotspot by the channels at the interface. In the case of the phPf-3 edge, the channel
marked in red (¢3) in Fig. 4.5 allows for heat transport in the upstream direction leading to
an increased temperature at the amplifier contact (A) measured by an increased excess noise
S5¢%¢ in general. Depending on the degree of thermal equilibration between the channels at
the edge, the measured S°*¢ is expected to take different values. In case of very good thermal

8 Which is equivalent to applying a voltage bias between source and drain.
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equilibration, the majority of the heat is transported downstream and the temperature at the
upstream contact is only slightly altered. Imposing very good charge equilibration this leads to
vanishing noise at contact A. In case of absent thermal equilibration on the other hand, the heat
equilibration length léQq — oo implies Mt — 0 in the incoherent tunneling model. Therefore
the channels’ temperatures are constant upon leaving the hotspot. The corresponding noise is
expected to be constant and independent of the channel length L, similar to the case vg < 0 in
the phenomenological model for two channels (see Sec. 3.4). To compute the noise in the various
cases, the incoherent tunneling model is supplemented with a microscopical description of the
noise kernel A(z) [30].

The edge dynamics of the intermediate PHPf-3 are defined in the bosonized language of the
chiral Luttinger liquid according to the adjacent modes (see Sec. 4.1). The most relevant per-
turbation in this scenario is the point contact tunneling with amplitude I'y at * = 0, given by
the Hamiltonian

Io

H, = —
27h

/(5(x) (wei(¢1+2¢2) + h.c) dx . (4.28)

With the definition of the excess noise in the incoherent tunneling model (see Eq. (3.57)), it re-
mains to compute the noise kernel A(z) in terms of the local temperatures 7' (_)(z) of the down-
stream (4) and upstream channels (—) as well as the voltage difference AV (z) by [55][85]

Az) = RS (AV (z), Ty (x), T—(x))
2gloc(AV(.r),T+($),T,(1‘)) ’

(4.29)

where S%¢(z) and ¢'°¢(z) denote the local noise and charge conductance. Starting from a
perturbative approach in the interaction picture, the tunneling current I, its’ deviation from
the average and thus the noise are obtained. Therefore the resulting terms for S'°¢ and g'°°,

expressed by the operator O of the tunneling Hamiltonian H, take the form [55]

Stoc(z) = 4/00 cos <6AVH(‘T)T> (O(7,0)0%(0,0)) dr and (4.30)
§°°(x) = 2i / = H0(7,0)01(0,0)) dr . (4.31)

To compute these expressions, the modes’ Greens’ functions are used to rewrite the correlator
of interest. It takes the form

2

(O(7,0)01(0,0)) = (271;72)201#(77 0)G, (1,0)Go, (7,0) , (4.32)
with b being a cut-off introduced in the bosonization procedure. Since this expression depends
on the individual modes temperatures which are in general quite different, some assumptions on
these temperatures have to be made to solve for the noise kernel. In case (i) of all channels being
at the same temperature 7', the case of very good heat equilibration and thus very short thermal
equilibration lengths between the involved modes [;; is viewed first. Performing the computation
(see Sec. A.8), the resulting noise kernel evaluates to the expected equilibrium Johnson-Nyqvist
form [70, 71]

To simplify the description of the degree of thermal equilibration, the dimensionless parame-
ters a and (3 are introduced to describe the equilibration behaviour depending on the pairwise
equilibration between the involved modes® by

a:ll—Q and B:b—g. (4.34)

L L
Here, the subscripts 1,2 and 3 refer to the channels ¢1, ¢ and 1 respectively. The temperature
profiles of the three channels are visualized in Fig. 4.6 for an applied voltage bias of AV = V.

9 The equilibration process between the co-propagating channels 1 and 3 is neglected since it has very low
impact in general.
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| =6 =0.01
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Figure 4.6: Visualization of the voltage profiles in terms of the charge equilibration coefficient
0 (left) and the temperature profiles of ¢; (solid), ¢o (dashed) and o (dotted) for («, ;) €
{(0.01,0.01), (0.01,0.5), (0.5,0.01)} and 6 = 0.01.

They justify the assumption of case (i) to hold for very short thermal equilibration lengths
a ~ [ < 1. Since the temperatures drop very fast to zero, noise is expected to be exponentially
suppressed as in the case of vg > 0 for the two channel analogue. In the slightly different cases
of (ii,1) defined by o < 8 < 1 and (ii,2) defined by 1 > a > 3, two of the channels are at
very similar temperatures. Thus, it looks intuitive to use an adjusted thermal equilibration,
where only two temperatures are equal and the remaining one is within some range of them.
Depending on the viewed case, the ratio x1;(z) = % is defined for j € {2,3}. The noise
kernels are then computed for small deviations of x;(x) from the equilibrium value x;(x) = 1.
They take an adjusted Nyqvist form'? (derivation in Sec. A.8)

a<B<l = Ti(a)~Ta@) = Api(e)= mkﬂl(m) (4.35)
1>a> 6 = TQ(ZL’) ~ Tg(l') = AZ’LQ((E) = kaTl(l') (436)

The noise in those cases is expected to be again exponentially suppressed in the channel length.
So far, it has been assumed that thermal equilibration plays a major role in the edge dynamics.
(iii) In case of no thermal equilibration along the edge and therefore ;; = lgq — 00, the heat
transport is described by

N 2  —

0, T%(z) = hie AV?(z) . (4.37)

The resulting temperature profiles are visualized for reasonable values of ¢ in Fig. 4.7 (left) using
the incoherent tunneling model. The Majorana mode is thus found to stay at zero temperature
in absence of thermal equilibration since it only interacts by thermal equilibration processes
with the other modes. Because it is unreasonable that the Majorana is not influenced by the
heating at the hotspot, the model is adjusted to account for some heating of the Majorana.
One intuitive way to do this is by thinking about how the total power P dissipated at the
hotspot (z = lg]) is transported along the edge. In general P is computed by integrating the
Joule-heating contribution over the channel length L, resulting in

vy - 18, e2VE vy (va — vu)
= AV2(z)de 5" 2 =, 4.38
h@LA (z) do o (4.38)

10 As expected from the assumption of two channels being at the same temperature and the third one deviating
only slightly from it.
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27,2
For the viewed case v4 = 1 and v, = 1/2, this expression simplifies to P = 68‘;0 in the limits of

full charge equilibration. The so generated power is transported away from the hotspot by the
modes according to their ability to transfer heat. This behaviour is described by a heat divider
between upstream and downstream transport with ng = ns and n, = ny + n3 and a subsequent
divider between the two upstream transporting modes which leads to the effective heat currents
J;, defined as

K =2 ni Ny 2

1 2 1 niy + nsg ng + Ny, 5 ’ ( )
KO ==2 nq 2
= =T, = ——P=-P d 4.4
J2 B) 2 Tg + T 5 ar ( 0)
__ w 1
2 N1+ N3 ng + Ny 5

Thereby after leaving the hotspot, the three channels can be associated with effective temper-
atures, defined as T = Ty = V2 Ty = 16;;/50' In absence of thermal equilibration, the so

defined temperature profiles become with the unit step function o(z) and the dimensionless
parameter 0

T =V2T3 =0 (— (% - 5)) f;‘fo and Th=o (% - 5) N f;}fo . (4.42)

The obtained temperature profiles are visualized in Fig. 4.7 (right).
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Figure 4.7: Comparison of the temperature profiles for ¢, ¢2 and ¢ in terms of x/L for an
applied voltage bias of V4 in the bare incoherent tunneling model (left) and in the adjusted case
(right) for § = 0.1. The position of the hotspot is marked with the fire symbol.

In case of absent thermal equilibration the heat generated at the hotspot is thus transported
back to the noisespot by ¢o with the constant temperature To. Comparing the two plots in Fig.
4.7, the effect of the Majorana heat transport is small in this case but still desirable!!. The
corresponding noise kernel evaluates to

Aw) = 6\/§ eVoc(3) (4.43)
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Using the current-voltage relation Iy = %e—hz% to rewrite the noise (the computation is carried
out in Sec. A.8), it takes the constant value
e3 30 A?
S = 0.0637—V) = 0.1274elp ~ 0.3953 V5 - 107" ——— . 4.44
R0 elo 0 Hz iV ( )
To account for some left over heat transport in all channels, the introduced extension to the
incoherent tunneling model would have to be modified further. This could (e.g) be done by
taking heat reflection at the contacts into account [55]. In general such an approach leads to

11 The concept of heat division at the hotspot becomes more important when looking into the effect of heat
reflection at the contacts.
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4. Transport at the 5/2 Edge

a scenario with three channels of (very) different temperatures at the noise spot. Thus the
non-equilibrium situation at the noise spot would have to be investigated further to obtain a
solution.

The expected noise for the three viewed cases is computed numerically using the derived noise

kernels. They are visualized using numerical integration techniques for increasing values of
1/6 = L/IS, in Fig. 4.8.

0.25 4
S SETe — SETP —— SETS o SE
0.2 |
= 0.15 +
=
= i
o, ;
o 0.1
0.05 |
\
0 t T r
0 8 10
c
L/,

Figure 4.8: Numerically derived plots of the noise for an increasing ratio L/ lecq at the intermedi-
ate phPf-3 edge for the cases of very good thermal equilibration (i), good thermal equilibration

with @« = 0.01, 8 = 0.5 (ii,1) and « = 0.5, 8§ = 0.01 (ii,2) as well as for absent thermal
equilibration
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Results and Conclusion

To compare the results of the incoherent tunneling model to experimental observations, the
results from Dutta, et al. are summarized in Tab. 5.1. They measured the heat conductance
[30] and noise [32] at the interface between the 5/2 edge and several integer ones in two different
devices. The measured heat conductance of G;% =5/2 k at the bare 5/2 — 0 edge eliminates the
Pf edge from the list since it implies ballistic downstream (ds) heat transport with GQQt =7/2 k.
Furthermore, the heat conductance at 5/2 — 3 interface has been measured to be GQQt =1/2 &
which cannot be described using the aPf theory predicting GéQt = 3/2 k. Additionally, the
observation of noise at the 5/2 — 3 interface is inexplicable with the aPf structure since the
aPf-3 edge consists of co-propagating channels giving no opportunity for the generation of noise.
Therefore, the observed heat conductance as well as the generation of noise at the 5/2—3 interface
point towards the phPf edge structure to describe the 5/2 edge best amongst the candidates.

Table 5.1: Comparison of experimental results for the charge (heat) conductance [30] and
noise at different interfaces [32] to the theoretical prediction of the considered candidates. If the
theoretical prediction matches the experimental result, the candidate is given a v’ (otherwise: X).

2 A 2 i
interface | |Ga [%] |GS|[x] | Noise measured? grees to 5/2 candidate
PHPf | APf Pf
5/2—0 5/2 5/2 v v v X
5/2—-1 3/2 3/2 v v v X
5/2—2 1/2 1/2 v (only ds) v v X
5/2—3 1/2 1/2 v (only us) v X v

Having justified the phPf edge to be the candidate of choice, the mechanisms that lead to equili-
bration of the transport at the phPf - 3 interface are reviewed next. Depending on the degree of
equilibration (heat and charge), the edge structures are thought to show non-unique transport
behaviour. Since the charge conductances have been measured to take the well equilibrated
values, it is reasonable to assume that the charge transport equilibrates on smaller length scales
than the heat transport. Under these assumptions, the two terminal heat conductance Gg[/{] at
the interface is found to show distinct plateaus at 5/2, 3/2 and 1/2 depending on the thermal
equilibration length [;; between pairs of the involved channels. This is as expected since all
physical processes that take place on a similar length scale are thought to overlap. Therefore it
gets more difficult to resolve their individual effects if the individual length scales get closer to
another. In case of the heat equilibration of the 5/2 state, the plateau of G% = 3/2 k vanishes
if the equilibration lengths of the two pairs of counter-propagating modes differ less. The exis-
tence of the plateaus for different pair-wise equilibration lengths also infers that an intermediate
system might exist at the corresponding length scales leading to an observable change in the
heat conductance.

The transitions between the predicted plateaus are described by possible interactions between
the involved modes. Transition I is explained by charge tunneling between the ¢; and ¢o * and

I Even though, the Majorana carries no charge on its own, it is needed in the description of charge tunneling
since it shares an electron with the 1/2 boson.
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5. Results and Conclusion

transition II by an effective heat interaction between the charge-neutral separated modes of the
effective phPf-3. According to the different mechanisms of equilibration, the thermal equilibra-
tion lengths corresponding to transitions I and II are expected to show different temperature
scaling. In particular the equilibration length of transition I scales as T2 whereas the one
of transition II scales as T—%. The different temperature scalings of the thermal equilibration
lengths also influence the temperature depending behaviour of the heat conductance which is
visualized for arbitrarily chosen values of I/, (T') and I[(T) in Fig. 5.1. In case of the prefac-
tors taking the same value, the transitions vanish entirely and the heat conductance becomes
Gth = 1/2 k. Because there is no reason for the prefactors in léq(T) to be identical, a measure-
ment at even lower temperatures is expected to reveal the theoretical plateau like structure of
th at the interface.

G5[r]

0 t t }
0.01 0.1 1 10
T [mK)]

Figure 5.1: Temperature dependent equilibration of GQQt [£] at the phPf-3 edge for different
chosen heat equilibration lengths I, ~ T72-{7-107%,7-1077,7- 107} (solid, dashed, dotted)
and léé ~ 10716 . T~4  Since these values were chosen arbitrarily, the temperature scale has to
be considered with caution.

Since the equilibrated heat transport at the phPf-3 edge is along the direction of the charge
transport, the generated noise is assumed to show the characteristic behaviour of the class vg > 0
(see Sec. 3.4). Due to the complexity of computation with three involved modes, the extreme
cases of full and absent thermal equilibration have been used to give an idea about possible values
of the noise at this interface. In case of very good thermal equilibration, the expected behaviour of
exponentially vanishing noise for an increasing channel length L is approved numerically. For the
opposite extreme of no thermal equilibration, the noise is expected to show length independant
behaviour. Assuming that the charge transport is well equilibrated and thus lg’; < L?, the noise
is found to be within the region

exc 3 gexc A2

< 107302
Vi € (0,0.0637] h & 7 € (0,0.3953] - 10 VS

The noise measured in the experiment [32] is within this described region indicating the under-
lying edge structure to be consistent with the experiment.

2 This refers to the region to the far right in Fig. 4.8.
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Outlook

One possible step to investigate the structure of the 5/2 edge in more detail is to perform
measurements of the noise and the heat conductance using the same device. It is then possible
to compare the experimental results for noise and heat conductance to theoretical predictions
depending on the degree of thermal equilibration. In such a scenario, two observables can
be measured in the same device which gives the opportunity to estimate the heat and charge
equilibration lengths.

In the following I'd like to further state some of the questions/problems that I did not tackle in
this project but that could be included in a follow-up project on this topic

1. The (heat) transport in a system that is connected to macroscopic contacts always allows
for some reflection at the contacts. Therefore the next step to look further into the heat
transport along the edge would be to take this reflection into account in a setup like the
one shown schematically in Fig. 6.1. [55]

2. To take the heat transport in Majorana channels into account it could furthermore be
interesting to examine the transport in these channels in more detail. This includes to
answer the question which physical process leads to the heat up of the Majorana channel
if a system consisting of multiple modes is only biased by a voltage difference.

3. Relaxing the assumption of the edge to consist of a single edge structure throughout the
entire edge, new transport scenarios could arise. The interplay between puddles of differ-
ent edge structures along the edge allows for additional longitudinal interactions between
different puddles. In general these interactions also lead to a finite reflection of charge and
heat at the interfaces between puddles allowing for even more intricate descriptions of the
noise at the edge. [86-90]

J5,+ o T3 (2) J5,+ TR
TL 9 TR
vy Rr A/V Rr Vi
T Jh_ x T (x) J§ )
hot spot

Figure 6.1: Schematic view of a model taking heat reflection at the contacts into account.
Applying only a temperature bias, heat is reflected with R,y or transmitted with Ty (g) at the
corresponding contacts which leads in general to non-zero temperatures at the noise spot for all
involved channels.
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A

Additional Computations

A.1 General Identities

Expansion of a time-ordered exponential
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Action of ¢ function on functions f(z) under the integral
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A.2 Longitudinal Conductance in the Hall-cross

In general, four different well-defined longitudinal charge and heat conductances can be defined
for the Hall-cross. It is, however, not very common to discuss longitudinal conductances in this
setup. For a Hall-cross biased by a voltage AV and contact three connected to GND V3 = 0,
the longitudinal conductances can be defined by

I I I I
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By the definition of V3 = GND, it follows that G, = =G4 and G = —Gr .. The conduc-
tances become for the considered cases
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A.3 Conductances in the Diffusive Transport Regime

Analogous to the transport for v4(ny) # v_(n_) it is possible to describe a downstream and
upstream charge (heat) conductance in the diffusive transport regime (in units e?/h and k).

This regime however, does not correspond to a proper quantum Hall state.

take the following values:

The conductances
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A.4 Continuous Noise Coefficients

The continuous versions of the coefficients to the various noise contributions are defined by
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In case of L > (€

cq» they simplify to
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A.5 Description of the Edge Theory

A.5.1 Equation of Motion

Given the action for a chiral bosonic mode Sy connected to a contact Sy with x, v and v the
chirality, velocity and fillling factor of the considered bosonic mode

So =[] drdt [x0:60.0 + 0007 and Sy =X ([ drdt V(2)ss (4.8)

the total action Syoy = S¢ + Sy is minimized using the principle of stationary action :

tim 2 [Sialo + en] — Surl]] =0 (A.9)

By the algebraic limit theorem, the limits are viewed one by one, starting with S

= [Solo +enl = Sul6]] =~ tjf (X (D160 + 0endad + eOmdam) + v (20,60 + €(2.m)?)) -

(A.10)
integrating terms 1,2 and 3 by parts (endpoints are fixed) and taking the limit gives
1 _ 1 2], L
lim = [S,[0 -+ en] = Solo]| = — j j (200, + 20020 |n £ 0. (A.11)

The EOM for the chiral boson without attached contacts is thus given by
X0:0pb(x,t) + vO2p(x,t) =0 . (A.12)

A left moving mode ¢(x,t) = ¢(x + vt) fulfills the EOM for x = —1, whereas for a right moving
mode ¢(x,t) = ¢(x — vt) solves the EOM for x = +1. In terms of the 1D charge density
p(z,t) = 5£0,¢(x, 1), this becomes

Op(z,t) + xv0up(x,t) =0 . (A.13)

Viewing this as a continuity equation of the kind 0;p+09,I = 0, the current I takes the form

| I(x,t) = xvp(a,1) | (A.14)
The variation of Sy, describing the additional contribution from the contact evaluates as

1 _ X _ X

“[svie+emn —svio)] = -5 [ v@om =g [ aviam. (A.15)
Therefore the equation of motion for the total action becomes

.1 1 2 !

lim ~ [swt@ Fen) — Sm(sb)} = tﬂ [2Xataz¢ + 20920 + 2yazv] n=0. (A.16)

Looking at the EOM wrt the charge density p(x,t)
Op+ X0y (vp+vV)=0. (A.17)

An additional ”"contact” term has been added. The current can now be described by

‘I =x(vp+ V) ‘ . (A.18)

The net current carried by one mode connected to the potentials V7 = e > Vo = eus becomes
2

in units $-

Inet:X(vp'i_V‘/l —(’Up—|—VVY2)) :XV(VI _‘/2) . (A19)
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A.5.2 Derivation of ¢_,(t) = ¢*(t)

Looking at positive and negative n separately in the Fourier expansion of ¢(z, t), one gets:

Bo.t) = <= 3~ [oult)e™ + 6ont)e 7] (A.20)

n=0

Since ¢(x,t) is a real valued field (particle, anti-particle argument), it follows for each Fourier-
component

Im { [Re{¢n(t)} + i Tm{en (t)}]e* + [Re{d_n(t)} + ilm{¢,n(t)}]e—iknﬂf} Lo (A.21)
(Re{én ()} — Refo-n()}) sin(k) + (Im{gn (D)} + Tm{o_n(D)}) cos(kaz) = 0. (A.22)

Since sin(k,x) and cos(k,z) are in general not equal to zero and k,, is fixed for each n, this gives
the solution

Re{én(t)} = Re{p_n(t)} and Im{on(t)} = —Im{o_n(t)} = |P-n(t)=¢,(t)| (A.23)

The same argument can be used to also show this relation for p(z,t). Checking if ¢(z,t) €
R:

_ 1 — e eikna: efiknw _1 m eiknw o efik:”m
o(z,t) = 7 n§=0R {on(t)} ™" + ] =< Im{en()}] ] (A.24)
2 — ,
oz, t) = NI 2 Re{¢n(t)} cos(knz) — Im{ ¢, (¢)} sin(k,z) €R q.ed (A.25)

A.5.3 Derivation of the Commutators between p(z) and ¥, \I/gp

For a well behaved function f(B) the following identity is used
(A, f(B)] = f'(B)[A, B] if [[A,B],B]=0. (A.26)

Since the commutator [p(x), ¢(x’)] is just a number the above identity can be used to obtain for
the annihilation operator of the quasi particle ¥, and the electron ¥,

(@) Wap(a”)] = [p(a). ] = ie*p(a), 6(@')] = —vEda—a') and  (A20)
Ip(a), W (")) = [pla), 0] = 2 p(a), g(a')] = ~W.8(x ~ o) (4.28)

Similarly, it follows for the commutators of the charge density and the creation operators of
quasi-particles and electrons

[p(2), Tl (z")] = [p(z), e @] = 0} 5(x —2') and (A.29)
[p(x), Tl ()] = [p(z), e ™)) = Wlo(a — ') . (A.30)

Thus the creation and annihilation operators of the quasi-particles and electrons produce the
correct charge.

A.6 Second order Correction to the Heat Current

Starting from the definition of the corrections to the heat current and by using the statistical
independence of the chiral fields [(...)+,(...)=] = 0, the commutator of interest for the first
order correction becomes

h’t}% FQ ~

Lo (#)0+(t), Iy ()] = =5 [T-(D), 0~ ()]O+(¢') - (A.31)
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The following OPEs are used to further simplify this expression [83]
hoO(z") N 0. 0(2")

(z —2')? z—2

hoO(z)  9.0(2)

(z—2)2 z-—2

T(2)0(2") +... and (A.32)

O(2)T(2) ~ (A.33)
Going back from imaginary to real time by z — 2’ — § +iv_(t; —t2) and by using Eq. (A.2) [91],
the commutator becomes

[1(12), O12)] = — 3 8(01 — )0, 0-(12) + g =, 8(t1 ~ 12)0_(12) (A.34)

where d_ denotes the conformal dimension of the operator O_. The first order correction to the
heat current is thus described by

21‘\ t - B ;o
ch”(t):fz‘”; ° / dt’{%ﬁgé(tft’)O_(t’)f2—7;26(t7t’)8t/0_(t’)]0+(t’) and

T ) s vy
(A.35)
I8 (8) =Ty [ o [d_agd(f—t')O_(t’)O+(t’) — s ft')at,o_(t’)om’)] . (A.36)

Performing the integration gives with the identities defined in Eqs. (A.3) and (A.4)
ISt =To(d-8:(0- (D01 (1)) ~ (%0~ (D) 0+ (D)) - (A.37)

Since the operators of the + and - fields are statistically independent, one finds a vanishing
average of the first order correction

(IS 1) =0. (A.38)

The second order correction is obtained by following a similar way

t

JS(t) = °T3 / A" [O_(1")O4(t"),d_8:(O_ (D)0 (I)) — (8;0_(}))O4(D)] and (A.39)

JO (1) = 12 [ ar"(d_(1) - (2)) . (A.40)
Evaluating the commutator, the contributions (1) and (2) are computed to become

(1) = 0_(t")04 ()35 (0_ (DO (B)) — 0(O_ ()0 (B)) O ()0 (¢") and (A1)
(2) = (B0_ (1)) 04 (NO_ ()0, (t") — O_(t")04 () (00 (D)) O (7) (A.42)

Expanding the derivative 9;(O_(£)O, (f)) and using the commutation relations to rearrange
some terms, one finds

(1) = [0 (") (0,0_ (D) O+ (") O (}) + O_(t")O_(DO+ (1) (9,04 (F) (A43)
~ (B0 (1) O-(t")04 (D04 (1") = O- (DO (") (3,04 (1) O+ (1")] - (A44)

introducing the time difference 7 = t”’—# and the Green’s functions G (_ (1) = (O4(~)(7)O4()(0)),
the corresponding averages become

(1) = =[(0:6-(7)G1(1) + G- (1) (0:G.(7)) = (-G (=7)) G (=7) = G- (~7) (9, G4 (=)
(A.45)

Noting that G;(7) = G;(—7) and 0;G;(7) = —0.G;(—7) with i € {+, —}, the resulting expres-
sions simplify to

(1)) = =24.0:(G_(NG1(7)) (@) = =[0G (=7))G4(~7) + (G (1)) G+ (7) .
(A.46)
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Performing the integration, only the contribution of (2) gives a non-zero result. The integration
of ((2)) can further be simplified by

t

/ t (@) dr = / (0.G_ (1) G (r) dr — / (0G_(—")) Gy (") dr” . (A.47)

— 00 — 00 — 00
Using a transformation of variables 7/ — —7’ in the second term, it follows

2 [e'e]
I (1)) = % / 0.G_ (7)) G (7) dr . (A.48)

— 00

The so found relations are in agreement with [91].

A.7 Computation of the Interaction Heat Current

In order to compute the finite temperature Greens’ functions of the modes, a conformal transfor-
mation onto the cylinder z(w) = exp (2miw/(hB4(—)v4(—))) is performed. The Greens’ function
for the derivatives of the bosonic left-moving fields can be obtained by noting that they are
primary fields and transform as [83]

dw\ " [ dw\ "

G- (wrun) = Outedmotun) = () (4) T l0u0G0oa0t) . (a9)
Introducing o = hgffji and thus z(w) = exp(a_w) and by using the operator product expan-
sion for the bosonic case (9, ¢(21)0,,(22)) ~ — =z it follows

eo-w _gomwa \ T2, o o -2

G_(wi,w9) = —VOCQ,LL ( P o d ) = —va? (67(“’1_“’2) - e_T(wl_“’Z))

e 2 Wieg—3 W2
(A.50)
a_\2 /. a_ -2
=—v (7) (smh(T(wl - wg))) . (A.51)
Setting and re-introducing the cut off b from the bosonization result, one
obtains the following expression for the ¢ modes’ Greens’ function
G (r) = v wib/(hv_p_) 2 _ v 7b/(hv_[-) 2
T sinh(mi/(hv_B_)(b—iv_7))) b2 \sin(n/(hv_B_)(b—iv_T)) ’
(A.52)
2 (ivrw m(b—iv_T) b/ (hv_p-) 2
(== — . A.
oe-t)= 3 () o (s ) (e 56 27 (4.59)

To obtain the Greens’ function of the right moving Majorana mode G (7), the conformal trans-
formation of the energy momentum tensor 7' has to be considered

T(w) = (f}”) (1)~ 5w ] 2 (f;’)_QM (), (A.54)

where {z;w} denotes the Schwarzian derivative. Using (T'(2))pan. = 0, the Greens’ function are
found by

G wnun) = (T Twn) = () (5) @t + {gleudm b,
o " (A.55)

The Schwarzian becomes for the given transformation of the + mode
03z 9z\"' 37022\ [0z ? 272
capl — el _2 (= il = _ A.
{zsw} (3w3> <8w> 2 <8w2> <8w> r2v2 52 (4.56)
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c_ 1
2 (z1—22)%

Therefore the Greens’ function become with the OPE of T'(z1)T'(22) ~

47
¢ 16mt emarr (w22 ( il )4
Gi(wy,we) = = + — A.57
+lwn,we) 2R 8L (21— 22)* 36 \ Avy By ( )
Setting ay = MQIA and using the given transformation of z

204 (w1 +wa) 2 4 apw aywa —4 2 4
C 4 et c [og c 4 (€ —e€ c® o
G4 (wy,ws) 704+( + ( ) =-a} | ——— . ( )

2 e +wW1 e@+w2)4 36\2/) 2 ea%(wl-i-wz) 36\ 2
(A.58)
C 4 2 (w1 —ws) — 2 (w1 —ws) —4 c? a4 4
= §Oé+ (6 2 — € 2 ) + % (7) (A59>
= Y i (S —w)) 4 (%)
~ 2 ( 2 ) Smh( 5 (W w2)) * 35 ( 2 ) ' (A.60)

Putting back in the expression for o, as well as introducing the cut off b and setting
, the final result becomes

_c mb/(hvy By ) 4 s T 4
2 (Sin(ﬁ/(hv+5+)(biv+7))> "3 (hv+5+> ' (A.61)

The Greens’ functions can now be used to compute the second order correction to the heat
current. A variable shift of the form 7 — 7+ zv% - zh% is introduced to rearrange some terms
in the integral. This shift is allowed since it does not exclude any of the poles. The second order

correction to the heat current becomes with +00* = £o0o0 + @'% — ZMT_ [92]

G4 (7)

*

20?7 cv *
V) =~ gy | S0 (A.62)

—oo*

where f(7) is described by

- 2 (T T 2 ogct Y- 2
f(r) = sech (hﬁ) tanh (hﬂ) ¢+ 18b% csc R . (A.63)

Expanding this expression for small b while keeping terms up to leading order removes the b
dependence from the argument. The integral limits are further switched back to +oo. In the
following, the dependency on the small temperature bias is examined up to order O(AT). The
local temperatures are defined by the temperatures of the reservoirs the modes emanate from,
leading to T =T + % and T_ =T — %. Performing the expansion and transforming back
into real time 7 — it gives

2E7 78T 00 T T
() 0 = U AT [ sean (T ann (T (A60
— Y4 — 00
262kGmTE
_ 327k TGCy s (A.65)

105h7v% v’

Therefore the correction to the heat conductance (resembling the "interaction conductance")
becomes with ¢ =1/2, v =1/2

d 8b2 k% o2
Q _ (@) _ B 0a
Gy = (JQ )= ES eI Tk . (A.66)

A.8 Computation of the Noise Kernel A(z)

The final result for the noise kernel A(x) is computed starting from the definition of the local noise

and charge tunneling conductance in Eq. (4.30) and (4.31). Using the substitution wy = %
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it follows

Sloe(z) = 4 / cos (wy ) (T(,0)T1(0,0)) dr  and (A.67)

§°°(z) = 2 / T 0)TH(0,0)) dr . (A.68)
The correlation function of the tunneling operators becomes for the desired edge structure

(T(r,0)TH(0,0)) = (1(7,0)8(0,0)) 71 7177 0100 (73 027075200 (A.69)
and thus in terms of the modes Greens’ functions

1'\2
(T(7,0)T7(0,0)) = b2 o5 Gu(7,0)Gy, (T, 0)G¢2 (1,0) . (A.70)

The Greens’ functions are obtained by the known identities for the correlators of bosons and
fermions in CFT (to be correct G is actually e“#, if Gy is the bare bosonic correlator).

Glp = G¢1 = G¢2 = Gz — ™ hvB Ccsc (ﬂ—hi (b — ZUZ'T)) (A?l)

Using the definitions of the finite temperature Greens’ functions, the temperatures are adjusted
to meet the assumptions of the considered cases where o = l15/L and 8 = lo3/L

case assumptions

i) |apx1 Ti(z) = Ta(x) = Ts(x)

a | o< <1l  Ti(z)=Ta(x) = k(x)Ts(z) (A.72)
I1>a>f  Tiz)=r)Ta(r) = k(x)T3(z)

(i) |a,f—0c0  Ti(z)=Ts(x) =0and Ta(z) = /S

The correlator of interest is thus defined by different combinations of the modes’ temperatures.
Whenever temperatures are set to zero, the corresponding zero temperature Greens’ function
has been used. Depending on the given "reference temperature”, the trick from the heat current
computation is used once again. Assuming that everything is expressed in terms of T3, the
integrals for §'°¢ and ¢'*¢ are modified by introducing the shift {r' = 227 —; o +i-}. Under
the condition hvi3; > b, there is no pole included in the contour and the integral boundaries

can be switched back to 0o in both cases

%b / F(T)Gy (T, 0)Gy, (7,0)G2, (', 0) dr | (A.73)

where f(7') € {cos(wy7'), 7'} for S'°¢ and g'°® respectively. The integrand is then expanded to
leading order in the cut off b (O(b?)) for both expressions. In case of S'°¢, it is further expanded
for small applied voltage biases. For (ii), the expressions are expanded around x = 1 up to first
order in £ additionally. Having done all these steps the final result is readily obtained for (i)
and (ii). For (iii) the noise kernel evaluates to (7/ — 7)

f (7% —47%)sech? (1) dr

(7r2—|-47'2)2

A(z) = 2kpTy— = , (A.74)
o s dr
with the expressions of interest
—477%) i 1
Sloe — 5, / (r* dr and g = / dr, (A.75
(72 + 472)? cosh?(r) g 90 o (2 + 472) cosh?(7) ( )

where Sp and go are constants that absorb the prefactors. Noting that 1 /cosh?(7) is a mero-
morphic function with an infinite set of poles £(2k + 1), k € Z>o, it is rewritten using the
Mittag-Leffler’s theorem

1 > 1 L
- ) A.
cosh?(7) kz:;) [(7—— (2/4:—1—1)%”)2 i (T+(2k+1)i;)2] e
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With this expression, the integrals for the two expressions of interest can be identified with the
following integrals:

dr 2
foe,  — dr = ——— and A.
g /R (T +2)2(472 + 72) T (m — 2i2)2 an (A.77)
2 2
loc (2 —472) 47
: — dr = ——— . A.
S /R (1 £ 2)2(472 4+ 72) T (m —2iz)3 (A.78)

Identifying the similarity between z in Eqs. (A.77) and (A.78) and (2k + 1) in Eq. (A.76),
by using the Fubini-Tonelli theorem to reverse the order of integration and summation and by
inserting the series description of the solutions to the integrals become

coshQ(‘r)’
90 o 90 1 ((2) 90
722 k—|—1 _ﬁzﬁ: S 90= and (A.79)
k=0 k=1
O S —
gloe — % Z =5 50 ~ 0.121794S, . (A.80)

Recovering the prefactors Sy and gg, the noise kernel A(x) is given by

Ay = S 12k8ToC(3) _ \/E 6eVo¢(3) (A81)

29loc 2 3

Under the assumption of very efficient charge equilibration (L > ZSJ), the corresponding excess
noise is computed as before by evaluating

4V11/2 I/1 — I/g

S¢¢ = lim / Az 1% da; . (A.82)
L>I¢,
S (1/1 — e 64)

The resulting expression for the excess noise S{’¢ is given in units e3Vo/h. Using the current-
voltage relation
SV Iy h

TR (A.83)

L>IE,
In case of the interface phPf-3, G —5" 1/2. To connect to units used in [32] , e — 1.602-10719 4s,

h — 6.626-1073*Js and Vy — 1075V} .., are inserted in the noise expression instead. The noise
is then given in units 1073942 /(uV Hz).

2
Iy = GV[)% leads to  S77¢ =

A.9 HeatCond Module for Mathematica

This Module has been written to compute the two terminal heat conductance of edge structures
for an applied temperature bias of AT with pairwise interactions between the involved modes.
It converts inputs of the channels’ chirality, heat conductance and specified pairwise equilibra-
tion lengths into the corresponding two terminal heat conductance. The given matrix My, is
diagonalized by its eigenvalues \; and and eigenvectors ¥; by

My =PDP™' | D =diag({\}) and P=({7:})T. (A.84)
The heat transport equation thus becomes

0,T(x) = MyT(z) = PDP'T(2) = 0,P 'T(x)=DP 'T(z). (A.85)
Introducing a new temperature I_J(a:) = P*I?(x), the system takes the diagonal form

8,T (x) = DT (x) (A.86)

and is solved for the missing boundary conditions using standard methods. The final result is
obtained by resubsting T( ). It becomes

—

T(L) = ePPT(0) = |T(L) = PPEPIT(0)]. (A.87)

The code is attached in the electronic version of this thesis (https://odr.chalmers.se/).
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A.10 Color-map of th for the intermediate phPf-3

Modelling the hotspot by heated contacts allows to compute (and measure) heat conductance
and noise in the same setup. The thermal conductance G?t corresponding to an applied AT is
visualized in the color-map below. It depends on the degree of equilibration between pairs of
channels, defined by o = l32/L and 8 = l33/L. It follows in the corresponding limits:
1. Full thermal equilibration between channel one and two as well as between channel two
and three
G T — 1/2 kK for a—0 and S —0
2. Absent thermal equlhbratlon between channel one and two and full thermal equilibration
between channel two and three

GL —3/2k for a—oco and S—0
3. Absent thermal equilibration between channel one and two as well as between channel two
and three
GL —5/2k for a—oc0 and [ —

In the limit @« — 0 and 8 — oo, it can furthermore be seen that the equilibration between
channel two and three (~ ) plays a minor role compared to the equilibration between channels
one and two (~ a).

Thermal Conductance Gth
«

Figure A.1: Visualization of the thermal conductance Gggt of the intermediate phPf-3 edge
depending on « and S in the range 0 < a, 5 < 10.
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