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Abstract

In this bachelor thesis we have studied a technique of generating solu-
tions for the curvature of black holes. In order to understand the
underlying theory of this method we have studied the fundamentals of
general relativity and group theory. The technique utilizes dimensional
reduction to expose hidden symmetries of black holes, which enables
us to find new solutions. This type of solution-generating technique
is currently subject to heavy research, with hope of exposing deeper
symmetries of spacetime and black holes.

Sammandrag

I det har kandidatarbetet har vi studerat en metod att generera 16s-
ningar for rumtidens krokning kring ett svart hal. For att forsta den
bakomliggande teorin har vi studerat allmén relativitet samt grupp-
teori. Metoden nyttjar dimensionell reduktion for att upptécka gomda
symmetrier hos svarta hal, vilket gor det mojligt att hitta nya 16s-
ningar. Den hér sortens losningsgenererande teknik &r just nu ett stort
forskningsomrade, med vilken man hoppas kunna avkoda djupare sym-
metrier hos rumtid och svarta hal.
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xiii BAKGRUND

Bakgrund

Néar Albert Einstein i borjan av 1900-talet utvecklade sin relativitetsteori revolu-
tionerade den fysiken. Den gav ett nytt sdtt att beskriva vérlden vi lever i och
oppnade upp ett enormt forskningsomrade. Det mest revolutionerande med den
allménna relativitetsteorin var att den till skillnad fran Newtons teori inte beskrev
gravitation som en kraft, utan som en krékning av rumtiden. Tidigare hade man
dessutom betraktat tiden som absolut, att tiden gick lika fort i alla delar av uni-
versum, men Einsteins teorier visade att sa inte ar fallet. Hur tid upplevs &ar helt
enkelt relativt.

En astrofysiker vid namn Karl Schwarzschild satte sig in i Einsteins teorier och
lyckades hérleda en 16sning till rorelseekvationerna fér objekt i nédrheten av ett
massivt sfiariskt objekt i vakuum, till exempel hur jorden roterar runt solen. Sch-
warzschildlosningen har egenskaperna att den ér oladdad, sfiriskt symmetrisk och
statisk, det vill sdga tidsoberoende. Losningen visade sig d&ven ha en del markliga
egenskaper i vissa speciella fall. Om det massiva objektet har tillréckligt hog densi-
tet overgar det till vad vi idag kallar for ett svart hal. Den hoga densiteten innebér
att all massa ligger innanfor radien for héndelsehorisonten, vilket resulterar i ett
omrade dir nagot som kommit in aldrig kan atervénda ut.

Ett kraftfullt verktyg for att beskriva symmetrier dr gruppteori. I gruppteori
betraktar man grupper av element, som inom gruppen delar vissa egenskaper. Om
detta sammanfoérs med en alternativ 16sning till Schwarzschild kan detta resultera
i en ny losningsgang som kan utnyttjas till att bland annat hérleda andra, lik-
nande losningar. For att hirleda den alternativa losningsgangen till Schwarzschild
utfors, i denna rapport, forst en reduktion av den fyrdimensionella rumtiden till
tre dimensioner. Genom att anvénda sig utav gruppteori pa den tredimensionella
verkan kan man upptécka vissa tidigare dolda symmetrier. Denna kompaktifiering
utvecklades av den tyske matematikern Theodore Kaluza och den svenske fysikern
Oscar Klein. I stora drag gar deras kompaktifiering ut pa att man betraktar en
dimension som obereonde for 16sningen och pa sa sitt kan omformulera problemet
till att ha en ldgre dimension. Motsatsen, da man gar till en hogre dimension,
kallas dekompaktifiering.

En stor anledning till varfor det &r intressant med svarta hal &r bland annat
att Einsteins teori bryter ihop i singulariteten i det svarta halets mitt. Genom att
studera detta beteende kan man forhoppningsvis fa storre forstaelse for de extrema
omstiandigheter som omger ett svart hal. Genom att kunna hérleda l6sningen, inte
bara fran ett fysikaliskt perspektiv som Schwarzschild, utan dven ur ett matema-
tiskt perspektiv med gruppteori, erhaller man ytterligare en infallsvinkel fér en
forstaelse av svarta hal.
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Syfte

Syftet med det hér projektet ar att hirleda en alternativ 16sningsgang for ett svart
hal, samt att finna vidare anvéndning av en sadan metod och hitta andra l6sningar.
Projektet delas ddrmed i tva delmal:

e Bekanta oss med allmén relativitetsteori och gruppteori, for att fa en basal
forstaelse infor nasta steg.

e Hirleda Schwarzschildlosningen for ett svart hal genom att forst utfora en
dimensionell reduktion pa den fyrdimensionella verkan i vakuum, och dér-
efter berdkna de resulterande rorelseekvationerna med hjalp av bland annat
gruppteori.

Detta innebéar att man forst studerar Schwarzschildlosningen ur ett fysikaliskt per-
spektiv, for att sedan ur ett matematiskt perspektiv hirleda samma losning genom
en dimensionsreduktion. Resultatet, som redovisas i en rapport, &r tdnkt att kunna
hjalpa studenter och intresserade som vill ldra sig om allmén relativitetsteori och
gruppteori, men framfor allt hur man kan forena dem. Vi vill da visa hur dimen-
sionell reduktion kan anviandas for att skapa familjer av svarta hal, hdrledda fran
en ursprungslosning.

Problem

Vanligen nér man tar fram Schwarzschildlosningen sa loser man Einsteins ekvatio-
ner utifran en ansats. Genom att istéllet anvéinda gruppteori och utnyttja 16sning-
ens symmetrier hittar man en alternativ 10sningsgang, som resulterar i nya sétt att
hitta mer allménna lésningar. Fokus har darfor legat mer pa l6sningsgangen snara-
re &n Schwarzschildlosningen i sig. Malet var att producera explicita berdkningar
som, med utgangspunkt i verkansteori, nar en 16sning till Einsteins rorelseekvatio-
ner for ett svart hal. Vi avsag dven att erhalla tillrackligt god forstaelse for att
kunna forklara detta for nagon med forkunskaper liknande de vi hade da projektet
borjade.

For att uppna detta var det nédvandigt att sdtta sig in i grunderna for allméan
relativitetsteori och gruppteori genom att borja projektet med litteraturstudier.
Inom allmén relativitetsteori behovds forstaelse for grundliggande begrepp, sa som
tensorer och krokta rum, samt mer avancerade begrepp som Einsteins ekvationer
och hur dessa ger Schwarzschildlésningen. For gruppteorin behovdes forstaelse for
grundldggande begrepp sasom Liegrupper och Liealgebra.
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Avgransningar

Allmén relativitetsteori och gruppteori &r tva enorma dmnes- och forskningsom-
raden, vilket gjorde att man med den knappa tiden var tvungen att halla sig till
vissa avgransningar.

Vad giller allmén relativitet lag intresset i specialfallet for rumtidens krokning
i vakuum, vilket &r en kraftig avgrdnsning och férenkling fran det generella fallet.
Da Schwarzschildmetriken var vad som skulle genereras kravdes det en kunskap
om just detta: den sfiriskt symmetriska rumtidskrokningen kring en singularitet.
Gruppteori &dr en vildigt omfattande gren inom matematiken, vilket gjorde att
inriktningen var tvungen vara tydlig mot den teori som var relevant fér projektet.
Utover en mycket grundliggande diskussion om gruppteori i allménhet lag fokus pa
Liegrupper och Liealgebror. Inom Liegrupper begrédnsade vi oss &ven till de enklare
symmetrigrupperna SL(2,R), SO(2) och SO(1,1), da dessa hade storst koppling till
vart problem, samt att vi beskrev ett fatal relevanta koncept for rapporten.

Metod

Alla medlemmar i kandidatgruppen hade innan arbetets borjan ldst var handle-
dare Daniel Perssons kurs i speciell relativitetsteori, vilket innebar att alla hade
en grundldggande forstaelse for delar av rapportens dmne. For att utvidga var
kunskap tog vi del av litteratur pa dmnet allmén relativitetsteori, vilka fanns till-
gingliga for gruppen pa var projekthemsida.! Som komplettering till detta holl
Daniel Persson ett flertal mindre foreldsningar, med fokus pa de delar som var
viktiga for just var rapport. Daniel Persson holl dven i kursen “Gravitation and
Cosmology”, dér ett antal foreldsningar var av relevans for vart arbete, och som
vi darfor tog del av. Hélften av gruppen valde dessutom att lidsa hela kursen ut-
over ordinarie podng. For att befdsta all inldrning fordes &ven diskussioner och
holl foreldasningar infor varandra pa valda d&mnesomraden, samtidigt som ett ut-
kast till rapporten paborjades. Parallellt med detta rdknade vi pa olika begrepp
inom teorin, for att fa béattre forstaelse och for att pa detta sétt komma fram till
Schwarzschildlosningen pa ett traditionellt vis. Rédkningarna samlades i en TEX-
fil pa www.sharelatex.com sa att alla kunde jamfora resultat och komma med
kommentarer.

Vidare handlar arbetet mycket om anvidndning av gruppteori inom fysiken.
Dérfor tog vi oss an grunderna av gruppteori pa liknande sétt som vi gjort med
allmén relativitetsteori. Speciellt nér det géllde gruppteori var det viktigt att vi
avgransade oss till just den information som skulle visa sig vara viktig for att utfora
dimensionell reduktion pa vart problem.

1http ://www.danper.se/Daniels_homepage/GroupTheory_2.html
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Da storre insikt i &mnet hade uppnatts kunde Daniel Perssons exjobbare Axel
Radnés och Erik Widén halla foreldsningar for oss om vad de holl pa med, for att pa
sa sitt se problemet fran andra synvinklar. Detta blev en del av introduktionen till
hur gruppteori och allmén relativitetsteori kan férenas. Da det finns lite litteratur
som explicit gar igenom de berdkningar fram till var 16sning lag det stor fokus pa
att vi sjalva utforde dessa berdkningar. Slutligen presenterades litteraturstudierna
och berdkningarna i en sammanstélld rapport.

Resultat

Malet att generera en losningsmetod fér Schwarzschildlosningen naddes under ar-
betets gang. Detta anvindes sedan for att diskutera vidare mojliga losningar och
aven specifikt for att 16sa Reissner-Nordstroms problem med ett laddad, statiskt
och sfariskt symmetriskt svart hal. Arbetet har resulterat i en rapport som &r tankt
att kunna hjélpa studenter att forsta relativitetsteori, gruppteori och hur man for
dem samman. Rapporten ar dérfor uppdelad i tre huvudkapitel:

1. introduktion till allmén relativitetsteori,
2. introduktion till gruppteori,

3. en hérledning av Schwarzschildlosningen ur ett gruppteoretiskt perspektiv,
samt vidare applikation pa bland annat Reissner-Nordstromlosningen.

Uppdelningen speglar inldarningsprocessen och upplevdes darfér som passande for
rapporten.

I kapitel 4 sammanfogas de tva teorierna, vilket resulterade i en metod for att
finna Schwarzschildlosningen utifran dimensionell reduktion. Kérnan i detta var
att metoden som anvénts sedan kunde modifieras pa olika satt for att hitta andra
l6sningar till svarta hal. Resultatet av en sadan modifikation kan ses i avsnitt 4.4.

Slutsats

Var forhoppning &r att rapporten kommer att kunna ge ett stod for de som é&r
intresserade av losningsmodeller for olika typer av svarta hal. Utifran den metod
som presenterats i rapporten kan man finna vidare anvéndningar fér andra pro-
blem. Metodens bredd och allménna tillimpningsmojligheter &r vad som gor den
sa kraftfull. Metoden presenterar bade en inspiration till 16sningsvégar for liknan-
de rorelseekvationer med liknande variation, samt ett siatt att fran Schwarzschild
direkt generera andra losningar i Schwarzschildfamiljen.
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Introduction

Albert Einstein’s theory of relativity revolutionized the world of physics and cre-
ated a new paradigm in terms of how we describe space and time. The theory
of special relativity that Einstein published in 1905, building on the groundwork
of many other physicists, unified space and time in the special case of no gravity.
Due to the complicated nature of generalizing this special case to also describe
gravity it would take another eleven years until he published his geometric theory
of gravity, known as the theory of general relativity. The theory is geometric in
the sense that gravity is not a force, rather it is an effect of a spacetime manifold
curved by mass.

The theory of relativity has been proven empirically sound. Predictions such
as the bending of light by gravity, time dilation for particles moving close to the
speed of light, and the red shift from stars drifting away from us, have all been
observed to correlate with the theory.

The most central equations in relativity are Einstein’s equations. Einstein’s
equations describe motion in a curved spacetime. Using tensor formalism they can
be written as

1
R = 59 R = 87GT,,. (1.0.1)

In four-dimensional spacetime this amounts to ten equations!.

In 1931 an astrophysicist called Karl Schwarzschild derived a solution to Ein-
stein’s equations now known as the Schwarzschild solution. The solution describes
the geometry of the space around a massive spherical object in vacuum. The
Schwarzschild solution can be used to describe how the earth orbits the sun or
how a satellite orbits the earth and is actually used to compensate for relativistic
effects in GPS-satellites to make them precise in pinpointing a location.

IThe equation and tensor formalism will be explained in chapter 2.
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The Schwarzschild solution also describes the geometry of a more exotic massive
object, that of a black hole. For black holes the Schwarzschild solution yields
some interesting differences from other objects due to its dense mass. From the
Schwarzschild solution we find the Schwarzschild radius at r = 2G M, and for
most massive objects this radius falls within the objects perimeter. For a black
hole however, all the mass lies within the Schwarzschild radius, which gives rise to
the event horizon along the sphere of the Schwarzschild radius. The event horizon
is what gives the blackness of a black hole, as essentially nothing can escape from
within this horizon, not even light.

The Schwarzschild solution involves a lot of symmetries as it is both static and
rotationally invariant. An important and powerful tool for describing symmetries
in a compact and general way is group theory. A group is a set of transformations
that obey certain axioms (see chapter 3). If we have something that is rotationally
invariant and act on it with a transformation that is also invariant, the result is also
rotationally invariant. This property is very useful when working with symmetries
and is one of the strengths of group theory. When working with groups it is possible
to derive very general and applicable solutions to problems involving some kind
of symmetry. In chapter 3 some basics of group theory will be presented, with a
focus on Lie groups and their applications.

Using group theory, one can derive the Schwarzschild solution in an alternative
way to the more hands on physics approach. This approach is of interest as the
solution is more general and the symmetries and characteristics of the solution
are more apparent. This way of finding the Schwarzschild solution also presents a
process that can be slightly altered to generate solutions to other types of black
holes. For example the solution for a charged black hole, the Reissner-Nordstrém
solution, can be found using the same techniques as for the Schwarzschild solution.
In this text we will derive both the Schwarzschild and the Reissner-Nordstrom
solutions. However, as the processes are analogous, the focus lies primarily on the
simpler Schwarzschild solution.

An action is a functional and describes the characteristics of a system. The
action principle says that by varying the action it is possible to derive the equations
of motion for the system, as the action is assumed to be stationary. In this text
we find the Schwarzschild solution by examining the action of gravity in four
dimensions.

The black holes considered herein are static and spherically symmetric. This
means that there is an amount of redundancy when treating it in four dimensions,
as for instance nothing changes in time. The same hold true for the angular co-
ordinates and one can reduce the dimension of the problem by mathematically
removing one dimension. The dimensional reduction in this paper was developed
by the German mathematician Theodore Kaluza and the Swedish physicist Os-



kar Klein. Reducing one dimension is not as easy as it may sound, and we do
not discuss in detail how this works. The action in four dimensions is replaced
by a corresponding action in three dimensions. Solving this problem and then
performing a decompactification gives the solution in four dimensions.

The solution generating techniques described in this thesis are useful when
developing a theory of quantum gravity, the combination of quantum mechanics
and general relativity. To construct quantum gravity, it is necesary to understand
the solutions predicted by gravity. Black holes are among the most interesting
solutions as Einstein’s theories break down into a singularity. To describe black
holes in a completely satisfactory way, quantum gravity is needed. Black hole
solutions are therefore of great interest, and dimensional reduction is a powerful
tool when obtaining these solutions since hidden symmetries in four dimensions
may revealed in three or two dimensions. Using these symmetries, it is possible to
classify black holes and derive entire families of black holes from one solution.

Dimensional reduction is useful, not only to derive solutions of black holes, but
also in constructing the theory of quantum gravity itself. These theories, such as
supersymmetry and string theory, describe a world of ten or eleven dimensions
and dimensional reduction is therefore necessary to describe our four-dimensional
world.

In dimensional reduction, more terms are added to the action as the number
of dimensions is reduced. Physical theories that seem different in four dimensions
can be unified in ten or eleven dimensions. On the other hand, the different
action obtained when four-dimensional Einstein gravity is reduced to three or two
dimensions reveal hidden symmetries and can be analyzed in the framework of
group theory to obtain the four-dimensional solution.

The purpose of this thesis was to show how it is possible to derive the Schwarz-
schild solution with the hidden symmetries of a black hole revealed with the dimen-
sional reduction from four to three dimensions. To do this we first present a short
introduction to general relativity and group theory and then combine the two to
arrive at the Schwarzschild solution. We succeed in reaching our goal by looking at
the action of the given system, then performing a Kaluza-Klein compactification
on the four-dimensional spacetime to solve the problem in three dimensions. By
performing a decompactification we then obtain the solution in four dimensions.
We also reach beyond Schwarzschild and derive the solution of a charged black
hole, the Reissner-Nordstrom solution.

To conclude, in this thesis we first study the Schwarzschild solution with Ein-
stein’s theory. Then we perform a dimensional reduction to three dimensions to
derive the same solution using group theory. After that we go beyond the Schwarz-
schild solution and look at the Reissner-Nordstrom solution as well as other solu-
tions in the Schwarzschild family.
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1.1 Reading guide

The report is divided into three major parts. Chapter 2 and 3 are meant to work
as an introduction to general relativity and group theory respectively. Some of the
subjects to be discussed in chapter 2 are metrics, proper time, transformations,
tensors, Einstein’s equations and the Schwarzschild solution while chapter 3 treats,
among other things, the definition of a group, Lie groups and Lie Algebras as well
as some important concepts like the Iwasawa decomposition and the Killing form.

As the two first parts are supposed to serve as introductions the reader can, if
already acquainted with general relativity and group theory, go directly to chapter
4. Chapter 4 discusses the dimensional reduction and uses what is discussed in
earlier chapters to derive the Schwarzschild solution using group theory.



General Relativity

The intention of this chapter is to present an introduction of general relativity that
is terse but adequate in reaching our prime objective of describing the spacetime
singularity of a black hole. To achieve this we need to go over the basics of special
relativity, discuss some technicalities of general relativity (such as metric, tensors,
affine connection, covariant derivative, etc), derive Einstein’s equations and finally
find the Schwarzschild solution of a black hole, as well as the Reissner-Nordstrom
solution.

The main sources of reference in this chapter are Carrol’s "Lecture Notes on
General Relativity” [1] and Weinberg’s book "Gravitation and Cosmology” [2],
which can be studied for further information on the subject.

2.1 Special Relativity and Minkowski Space

Before trying to describe how gravity works in Einstein’s theory of general relativity
we need talk about special relativity, which is the simple case without gravity, what
one would call flat spacetime.

Newton’s theory of motion, published in 1687, is in itself a theory of relativity,
in the sense that motion is relative and what one considers to be at rest is arbitrarily
chosen. In more technical terms, Newton’s laws are invariant under so called
Galilean transformations. Given two inertial systems that have a velocity v with
respect to each other, we can relate the coordinates of one to the other according
to the transformation
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' =x— vt

!

o (2.1.1)
Z =z

t' =t

This is what we are used to in every day life. A passenger on a train does not
feel that he is moving, if he closes his eyes he has the experience of standing still.
A bystander on the other hand, that is standing still in his own inertial system,
would say that the train is moving. With Galilean transformations one can have
relative velocities in between inertial systems in any combination of the z-y-z-
directions. One cannot, however, have different perceptions of time in different
inertial systems. In Newton’s theory of motion time is absolute. This might seem
a superfluous statement, because how could it be otherwise? Well, we shall see.

Newtonian mechanics are invariant under these transformations. However,
Maxwell’s equations are not. The magnetic force depends on velocity, so that
a particle that experiences a magnetic force in one inertial system does not ex-
perience any magnetic force at all in its own its rest frame, the inertial system
in which it is standing still. This led Einstein to believe that Newton’s theory of
motion with its Galilean transformations could not be the whole truth.

Einstein based his theory of special relativity on two postulates:

1. the speed of light is the same in all inertial systems, and
2. the outcome of any experiment is independent of the inertial frame.

Given these postulates, Einstein started to explore what happened when things
moves at a speed close to the speed of light. He found that we can no longer
talk about a three-dimensional world with time as a separate parameter, but a
four-dimensional spacetime where time and space intertwine. Galilean transfor-
mations were replaced by Lorentz transformations, formulated by Hendrik Antoon
Lorentz.! A Lorentz transformation from one inertial system to another with a
relative velocity v along their x-axes, known as a standard configuration, looks like

1’ = ~v(z — vt)

Y=y

. (2.1.2)
v

th=(t - g)

!Lorentz, understandably, did not take his own equations literally enough. He merely stated
that Maxwell’s equation were invariant under these coordinate transformations without drawing
the conclusion that space and time are intertwined.[3]
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where
1

Y= ——,
1)2
Vi—=

called the gamma factor. The standard configuration transformation is a special
case; Lorentz transformations include transformations with respect to velocities v
in any spatial direction, spatial rotations, and any combination thereof.

We see that when moving close to the speed of light the transformations of x
and t start to interfere, creating relativistic effects like time dilation and length
contraction. Note that the idea of absolute time no longer holds, because the
passage of time is dependent on the gamma factor.

A classic example of this is the twin paradox, which goes as follows. A pair
of twins of the same age are separated. One stays on earth, while the other gets
into a spaceship and travels to a nearby star and back again close to the speed of
light. While the twin on earth ages many years, the twin in the spaceship does
not experience a very long passage of time and hardly ages at all. In fact the time
experienced by the traveling twin can be made arbitrarily short in our thought
experiment if we do not limit the force by which he is accelerated.

None of this means that Newton’s laws of motion are obsolete, they still hold
for objects moving slowly relative to the speed of light. Comparing Galilean
and Lorentz transformation, equations (2.1.1) and (2.1.2), they are asymptotically
equal in the limit of low velocities, when

(2.1.3)

v—>0=7(v) = L (2.1.4)

The geometry of special relativity, which is flat four-dimensional spacetime, is
known as Minkowski space. The Minkowski space is flat for the same reason
special relativity is special: we have no gravitation. Later, the introduction of
gravity will produce the curved spacetime of general relativity. Before we get
there we need to discuss a couple of other concepts in greater detail.

2.1.1 Metric

A metric is basically an abstract way to define distance within a geometry. For
example, in Euclidean space, the infinitesimal distance ds between two points
would be given by

ds* = da® + dy® + d2°. (2.1.5)

A translation or rotation of the coordinate system (what would be a Galilean
transformation) result in the same distance between the two points, given by the
new coordinates according to

ds? = da” + dy”* + dz"” (2.1.6)
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Note that the way of calculating the distance are precisely the same in the two
cases.
The metric of the Minkowski space is

ds® = —dt* + da* + dy® + dz? (2.1.7)

or

ds* = dt* — da® — dy* — d2°. (2.1.8)

They describe the same Minkowski space but they are not the same. Choosing one
or the other is merely a matter of preference. In this thesis we mostly use the one
defined in equation (2.1.7), known as the (—+++)-convention. (We also make use
of natural units where the speed of light is ¢ = 1. Not using natural units would
mean a factor ¢? in front of the first term dt?.)

The (— + +-+)-metric can also be written as a matrix,

-1 0 0 0
=] 0 100 (2.1.9)
0 010
0 001
Given a vector
t
=71, (2.1.10)
Y
z
with its length s; given by the expression
sE=1"nl = —t* + 22 + o> + 22 (2.1.11)

The distance between two points correspond to the proper time, which is
the time experienced by a particle that travelled this distance. In the (— + ++)-
metric the proper time A7 experienced along a straight line in Minkowski space is

calculated as
AT =+/—1Tnl. (2.1.12)

Considering the proper time experienced by something traveling at the speed
of light (remember we are using natural units where ¢ = 1), we see that A7 = 0. It
would seem that in the inertial system of something traveling at the speed of light,
it arrives instantly and the distance travelled was zero. Considering even faster
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Causal|future

Causal|past

Figure 2.1: The light-cone stretching out into causal past and future from a point
in spacetime.

speeds leads to this important point: something traveling faster than the speed
of light, could in another inertial system (after Lorentz transformation) be said to
travel the other way, backwards in time. In that case causality would be broken,
because observers would disagree which one of the connected events happened
first. In this sense the speed of light is a cosmic speed limit, the maximum speed
at which information can travel. The speed of light defines the edges of a light
cone, whose inside encapsulates events causally connected to that point (see figure
2.1).

2.2 Tensors

When talking about special and general relativity there is a convention of using
tensor notation to describe the relations between spacetime coordinates, such as
when calculating the proper time of a curve through spacetime. The tensor for-
malism enables us to describe mathematical relations in a compact and clear way
that will prove indispensable for calculations in general relativity. Tensors can be
scalars or vectors, but they can also represent matrices or objects of an arbitrary
number of dimensions. For example, a coordinate vector is written x*, where p
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represent the four coordinates of spacetime so that
ot = (t,x,y,2). (2.2.1)

A tensor is defined as an object that transforms in a certain way during a
general transformation from one coordinate system to another, z® — 2'*. For a
tensor with an upper index VV* and a tensor with a lower V,, the coordinate change
to V'* and respectively V', is written

ax/a

o — s 229

vV 928 4 ( )
oxP

V', = G Vs (2.2.3)

or more generally

Tk = Oz’ Oz D Oz AL :
B1--By O™ A e OB Ox'Bi 1
In special relativity this coordinate transformation is always a Lorentz transfor-
mation.
The distinction between upper and lower indices, also known as contravariant
and covariant indices, becomes important when we consider summation. When
two indices are the same they are summed over according to

(2.2.4)

T°Sy=» T°S, (2.2.5)

«

just like in a normal scalar product of vectors. Summation over two upper indices,
or two lower, is not allowed, so an expression such as 7,5, or T*S* would be
nonsense. An index that is not summed over is a free index. Respectively, an
index that is summed over is a contracted index or a dummy index. The
name of a dummy index can be arbitrarily changed, as it is “invisible” after the
summation.

The contravariant and covariant forms are related through the metric. The
Minkowski metric 7,5 has components

0 a#p
1 a=B8=123

A lower index is produced from an upper index according to

naBTB - Ta, (227)



13 2.3. IMPORTANT OBJECTS OF GENERAL RELATIVITY

and vice versa
NPTy =T (2.2.8)

Because lowering an index and then raising it should leave a tensor unchanged,
n®? must be the inverse metric and fulfill that

n*"ys = 03, (2.2.9)
05 1is known as the Kronecker delta and is the tensor equivalent of the identity
matrix. It is defined as
53 = 0 azp (2.2.10)
1 a=06.

Thus, when raising and then lowering the same index, the effect is only to change
the name of that index.

The way we calculated the length of a four-vector in Minkowski spacetime, see
equation (2.1.11), can now be written more concisely. The squared length of a
vector 1?, where B = t,x,y,z, can now be expressed as

Napl®l? = 191, (2.2.11)

which is a scalar because it has no free indices. A scalar is a tensor with no indices
and is always invariant with respect to coordinate transformations.

Especially when a tensor has several indices this formalism is very concise. As
an example we might have T e and Sge that could be contracted into another
tensor U?%, according to

Taﬁ)xg“e Sﬁn = Z Taﬁ)\gg Sﬁn = Ua,\gen . (2212)
B

Note that a contraction causes two of the same indices to cancel each other out,
leaving a tensor with two less indices. The number of free contravariant indices are
added up in tensor multiplication, as does the number of free covariant indices. A
sum of tensors is itself a tensor, if the terms added have the same upper and the
same lower indices.

When referring to the symmetric or antisymmetric part of a tensor, there is
the convention of writing T(;;) and T};;) respectively. For example, if the tensor is
strictly antisymmetric, we can write this as T(;;) = 0.

2.3 Important Objects of General Relativity

The next step in approaching the description of a black hole, or the Schwarzschild
solution in particular, is the introduction of a series of objects specific to the the-
ory of general relativity. To approach the formulation of Einstein’s equations,
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we will further expand the concept of the metric, to then move on to describe
affine connection, covariant derivative, parallel transport, Riemann ten-
sor, Ricci tensor and Ricci scalar.

There is also the concept of a manifold, which is briefly explained in appendix
C. What is necessary to understand is simply this: a manifold is a geometry that
is locally flat. Spacetime is a manifold and in every point it has a tangent space
(a choice of coordinate system) that locally reduces to the Minkowski metric.

In special relativity the symmetries are independent of the coordinates. This
is not the case for general relativity where these symmetries are only local, be-
cause any point in spacetime looks locally flat. What used to be a simple Lorentz
transformation in flat Minkowski spacetime, is in general relativity some function

. I
of our general coordinates %”; =

2.3.1 DMetric

In special relativity the metric is constant, i.e. independent of coordinates. This
is not the case of the curved spacetime of general relativity. To emphasize this
difference the metric of general relativity is given a new symbol: g,,. Analogous
to the Minkowski metric, the infinitesimal distance is related to the metric and the
generalized coordinates z# by

ds* = g, dz"dz". (2.3.1)

The inverse metric g"”, as described in section 2.2, is given by the relation
g}wgua = 5g (232)

From this it also follows that the metric and its inverse, g,,, and g"”, are symmetric
(9uv = guy or equivalently gj,,) = 0).

The components of the metric vary with the coordinates but it is always possible
to choose a coordinate system in which the metric locally takes the form of the
Minkowski metric 1,5 to a first order approximation. This is the meaning of
spacetime being locally flat.

Example 2.1. The simplest possible example of a metric on a curved manifold
would be the metric of a unit 2-sphere (meaning the two-dimensional surface of
a sphere with radius » = 1). Unlike spacetime that has four coordinates, the 2-
sphere only has two. From basic calculus we know that the squared infinitesimal
length between two points on the unit 2-sphere is given by

ds? = d6? + sin? Odp?. (2.3.3)



15 2.3. IMPORTANT OBJECTS OF GENERAL RELATIVITY

Because the infinitesimal length is also given by ds? = g, da#da”, we see that the
components of the metric on a 2-sphere should be

goo = 1 gog =0 (2.3.4)
Jpp = sin*0  gog = 0.

Here we see that the metric is not a constant, rather it is a function of one of the
coordinates, namely . The inverse metric, given by the relation g"”g,, = 0, is
simply the diagonal components inverted, according to

909:1 99<p:()

L , (2.3.5)
g¥¥ =sin "6 ¢*" =0.

The 2-sphere manifold has two coordinates, which resulted in the metric having
four different components. Spacetime, on the other hand, has four coordinates
and given the two indices of the metric we have 4 - 4 = 16 different components
(although because of its symmetry there are actually ten different independent
components).

We come back to this example as we discuss other mathematical objects related
to a curved manifold.

2.3.2 Covariant Derivative and the Affine Connection

As has been mentioned before, not everything that looks like a tensor is a tensor.
The partial derivative, for example, is not a tensor, because when subject to a
coordinate transformation z# — x'* it becomes

oV — oV _ Oz’ 0z VP N dzP %" v (2.3.6)
ox™  O0x' OxP OxP ~ Ox' QxrOx™
A detailed derivation of this result can be found in appendix A. This does not fulfill
the definition of a correct tensor transformation, see equation (2.2.4), because of
the additional term on the right hand side.
As a consequence, we define a derivative that is a tensor, the covariant deriva-

tive,

V.V =0,V 4TV, VA, (2.3.7)

m

where I'/, is the affine connection, defined as
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1
F,IZ/\ = 5 v (augu)\ + a/\guu - aug)\u) . (238)

The affine connection is not itself a tensor, because it transforms according to

/ o 2./

_ 002"y OO OV (2.3.9)

Oxr Oz ¢ ox" 0z OxP
Note that the right hand term is precisely the extra term produced when trans-
forming the partial derivative (equation (2.3.6)), but with opposite sign. When
added together to form the covariant derivative, see equation (2.3.7), we see that
the sum of the two non-tensor elements does transform like a tensor.

A derivation of these results concerning the affine connection can be found in
detail in appendix A.

For a tensor with a lower index, the covariant derivative is the same except for
a change of the sign in front of the affine connection. For a general mixed tensor,
this equates a covariant derivative as defined by

VMVVlaVZV“Vk: Eaﬂvylal’%“‘Vk

TR YD)
;v

H1, 12, H1, 12,
VLAV, g . Vi Y /V1,02,0 A
+ F,LL)\V 152,00 + + F,LLAV 1,2,
_TA V1,V Vg ... T V1,V2, Uk
LoV Ao th2 ey LoV 11,12,
(2.3.10)

In flat space the affine connection is zero and the covariant derivative reduces to
the partial derivative. The covariant derivative of a scalar always reduces to the
partial derivative of a scalar.

Example 2.2. Going back to the example of the unit 2-sphere, we can calculate
the affine connection from the metric. As the only coordinate dependent com-
ponent of the metric is g,, (and its inverse g¥¥), the symmetries of the affine
connection tells us that its non-zero components must have at least two indices
which are . It turns out that the only non-zero components are Fiw Fzg and
g, They are

Fiw = %999(8909909 + 05900 — Op9ypp) + %99¢<8sogw + 00900 — 0o9pp)

= %(0+0—2sin00089)+%-O-(...)

= —sinfcosf (2.3.11)
Io = %g‘pg(a«pgea + o990, — Opgipe) + %gw(&pgew + 069 — OpGy0)

= %-O-(...)—I—%Sin_QQ(O—{—QSiHQCOSQ—O)

= cotf (2.3.12)
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Figure 2.2: Two initially parallel vectors are parallel transported along a spherical
manifold until they meet. This illustrates how parallel transport does not necessarily
preserve the angles between vectors.

[y, = {symmetry of the lower indeces}
= cotd. (2.3.13)

2.3.3 Parallel Transport and Geodesics

In flat Minkowski spacetime a vector behaves in a uncomplicated manner. Moving
a vector around in flat space will not change its size or direction, and vectors that
are initially parallel will remain so during translation. A comparison of vectors
at different points in space (such as when calculating a relative velocity) is trivial
and uniquely defined. For a curved manifold, however, this is not the case. This
is illustrated in figure 2.2.
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To compare vectors at different points in a curved geometry, we define what is
known as parallel transport. The equation of parallel transport describes what
a tensor looks like after being transport along a chosen path, according to

dzt y

N V.V =0. (2.3.14)
Note that both the tangent vector dz*/d to the curve and the covariant derivate
V V" are tensors, which makes this a tensor equation. As we parallel transport a
tensor along a chosen curve, the tensor will change according to the curvature of
the manifold. Depending on the path chosen this outcome will vary. If we parallel
transport two vectors V# and W* along the same curve, the product g, V¥WH is
preserved.

We are now well equipped to introduce the important concept of a geodesic.

A geodesic is the equivalent of a “straight line”; it is the path of a freely moving
particle (massive or massless) and a shortest distance between two points in space-
time. The geodesic equation is a second order differential equation that traces
a geodesic z#()), according to

A2t dxP dz°
pu G747 2.3.1
oz e =0 (2.3.15)

If the geodesic is time-like, meaning that it describes a causal path, then the
parameter A\ is proportional to the proper time. The proper time is maximized
along a geodesic. Going back to the twin paradox, it is the twin on earth that
moves along a geodesic and therefore experiences the most proper time.

Example 2.3. The geodesics of the 2-sphere are quite simple. Equation (2.3.15)
results in the following system of differential equations,

2
d420 , de
W—i—(—sm@cos@) (ﬁ) =0 (p=20)

(2.3.16)
d?p 5ot d dpdf) B
D Tecottl v | = (h=¢)

They result in equator-like lines around the spherical surface, which means that
two geodesics on this manifold always meet.
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Figure 2.3: Above, the loop through which we parallel transport V# is shown, with
A¥ and B’ as infinitesimally small vectors.

2.3.4 Riemann Tensor

The Riemann tensor is an important object in our geometrical theory of gravity.
It can be described as follows: Consider parallel transporting a vector V* in an
infinitesimally small loop along vectors A and B’, as illustrated in figure 2.3.
The curvature will result in an infinitesimal change in V#, that we call §V*. The
Riemann tensor R)‘Wp then relates, according to

A AV A
SV) = A"B° R, V" (2.3.17)

The Riemann tensor has four indices because it relates three spacetime vectors
(A¥, B? and V*) to a fourth one (6V?).

The strict definition of the Riemann tensor, expressed in terms of the affine
connection, is given by

or? or’
_ Hp v A TR A TE
o = 5 = S+ T, — T, (2.3.18)

A

It follows from the definition that the Riemann tensor fulfills some symmetries,
such that it is antisymmetric with respect to its two last indices, which equates to

R  =-R . (2.3.19)

pvp ppv

The Riemann tensor, after lowering its first index, also fulfills symmetries

Rpo,uy - _Ra-py,y (2320)
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Rpauy = Ruupo’- (2321)

If it is possible to find a coordinate system for which the metric is constant
with respect to its coordinates, the Riemann tensor is zero, and vice versa. This
is the case because they are both equivalent with the manifold being globally flat.

Example 2.4. Given the affine connection of the unit 2-sphere from example 2.2,
we can calculate the Riemann tensor using equation (2.3.18). This gives us a
component

Reso@w - (991—‘:’;@ - a¢rg<p + (Fgeri¢ + szriw) - (FZGFgw - Fiprgso)
= Oy(—sinfcosh) —0+ (0+0) — (0 + (—sinfcosf) cot 9)
= —cos’ 0 + sin® 6 + cos® 0
= sin?#. (2.3.22)
The other three non-zero components of the Riemann tensor can be calculated

in the same way from equation (2.3.18) or reached through the Riemann tensor’s
symmetries by lowering and raising indices. The components are

R, 4 =—sin*f (2.3.23)
R, = —1 (2.3.24)
R = 1. (2.3.25)

2.3.5 Ricci Tensor and Ricci Scalar

While the Riemann tensor itself will only be implicitly applied, its direct cousins,
the Ricci tensor and Ricci scalar, are explicit component of Einstein’s equations.
The Ricci tensor R, is found by contracting the first and third indices of the
Riemann tensor, according to

R, =R\, (2.3.26)

The Ricci tensor is symmetric with respect to its two indices.
The Ricci scalar R is given by a further contraction, according to

R=R", =g"R,, (2.3.27)

The Ricci scalar describes the magnitude and type of curvature. If the Ricci scalar
is positive the curvature is positively definite. If it is negative the curvature is
negatively definite, which would correspond to a saddle point on the manifold.
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Example 2.5. We now calculate the Ricci tensor and scalar of the unit 2-sphere
from equation (2.3.26) and the Riemann tensor of the manifold, see example 2.4.
This gives us

2] .
Ry, = RY,,, =R’ ,, =sin’0
Ry =R,y =0
Rgp = RY,, =0
Rop = Rgy9 = Rvewe =1
We now calculate the Ricci scalar with equation (2.3.26), which results in

R=g"R,, = g"" Ry, + ¢" "Ry =sin ?Osin®0 +1-1=2. (2.3.32)

The Ricci scalar is positive and independent of its coordinates, which signifies that
we have a curvature that is positive definite everywhere on the manifold.

2.4 Einstein’s Equations

Einstein’s equations are the set of equations that describe how space is curved due
to gravity. The solution to these equations will be a metric.
Einstein’s equations are

1
Ry — =g R = 87GT,

. s (2.4.1)

where G is the gravitational constant and 7}, is the stress-energy tensor, to be
introduced in section 2.4.1.

One way to derive Einstein’s equations is to make a qualified ansatz based
on a combination of relevant physical quantities and an analogy to Maxwell’s
equations. Constants can be determined by taking the Newtonian limit; general
relativity must be consistent with Newtonian gravity where the latter agrees with
experimental results. How the Newtonian limit is used practically will be explained
in better detail later on.

Another method to find Einstein’s equations is based on the action principle
and variational calculus. Deriving Einstein’s equations from the action principle
will be useful later on. Variational calculus is used to obtain the Schwarzschild
solution in chapter 4, but is also an important tool when calculating geodesics as
it is often easier than solving the geodesic equation.
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2.4.1 Einstein’s Equations From an Ansatz

In order to describe how spacetime is effected by matter, we first need to describe
matter and spacetime. To describe spacetime, the Riemann tensor and the metric
are natural ingredients. For matter, we first need to introduce the stress-energy
tensor.

The stress-energy tensor is a tensor describing the properties of matter, such
as density, flux and pressure. It is symmetric and of rank two (it has two indices).
A special case, and commonly used in for example cosmology, is a perfect fluid. A
perfect fluid can be completely described by its pressure p and its energy density
p, thus having no heat conduction and no viscosity. Radiation and, in the large
scale, dust (ordinary matter) are examples of perfect fluids. A perfect fluid has
the stress tensor

Tw = 0+ p)UU, + PGy, (2.4.2)

where U* is the four-velocity of the matter. For dust in the local rest frame, the
stress-energy tensor takes the form

T = (2.4.3)

o O O D
o O o O

0 0
0 0
00
0 0

Now we have the ingredients for Einstein’s equations. To get some more sub-
stance to the ansatz, an analogy to Maxwell theory is useful. General relativity
and electromagnetic theory share several fundamental properties.

In Maxwell theory, there is the electromagnetic tensor F*”. It describes the

field from electric and magnetic charges and is composed of the components of the
electric and magnetic fields. F*¥ fulfills the Bianchi identity, which means that

Oy Fup = 0, (2.4.4)

where [] is the antisymmetric part of a tensor.
In Maxwell theory, there is a four-current J* which is a four-vector consisting
of the current as well as the electric charge. The four-current is conserved, so that

9,.J" = 0. (2.4.5)

As for general relativity, the analogy to the electromagnetic tensor is the Rie-
mann tensor, the tensor that describes the gravitational field and how space is
affected by matter. The Bianchi identity for the Riemann tensor is

VinRuwpe = 0. (2.4.6)
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The analogy to the four-current is the the stress-energy tensor T". Just like
JH, TH is conserved:

v, " = 0. (2.4.7)

With so many similarities, there must certainly also be some similarities re-
garding these equations. As for electromagnetic fields, Maxwell’s equations are
equivalent to the Bianchi identity together with the following equation?

8, F* = Jr. (2.4.8)

Since the Ricci tensor is a tensor with the right rank, a first guess of Einstein’s

equations might be
)

R,, = kT, & const. (2.4.9)
Both sides of this equation are symmetric, which is a good sign. Recalling covariant
conservation however, we see that the right-hand side is conserved while the left-
hand side is not. To find something that is conserved, the Bianchi identity can be
rewritten as

1
v (RW - §gWR) =0. (2.4.10)
A reasonable modification to the initial ansatz would therefore be
1
R, — §gu,,R = KT,,. (2.4.11)

In order to determine x it is convenient to have some reference where we know
what the equations will look like. In our case, this reference is the Newtonian
limit. We do not go through all the calculations here (a more detailed discussion is
provided in appendix B) but the main idea is instructive. The key points are that
the gravitational field is weak and static while velocities are low, implying that the
rest energy component of the stress-energy tensor is much greater than the other
components. We may therefore restrict our analysis to this component, T};. For
a weak field, we expect only small deviations from the Minkowski metric, but we
cannot set the metric equally to Minkowski as it would yield no new information.
The most simple small deviation from Minkowski would be a constant:

g = -1+ htt- (2412)
Neglecting all higher-order terms, we get (after some calculations)
Rtt weak—ﬁ%eld Vtht = "{Ttt- (2413)

2Just plug in the definition of the electromagnetic stress tensor and write out the components;
the equations will be identical to Maxwell’s equations.
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Comparing with Newtonian gravity, we have
V3¢ = 4nGp, (2.4.14)
where ¢ is the gravitational potential. Taking the Newtonian limit yields
hy = —20¢. (2.4.15)

We sum everything up into Einstein’s equations:

1
R, — §g,wR = 81GT ), . (2.4.16)
As elegant and comprehensive these might look, we should remember that the
Ricci tensor in four dimensions has 4> = 16 components, of which (from symme-
try) 10 are independent. Einstein’s equations are therefore 10 coupled differential
equations and an analytic solution is not always possible to obtain.

2.4.2 The Action Principle

An action is a functional, meaning that it takes a function ¢(z) and returns a scalar
S[¢p]. The action principle states that the function ¢(z) must give a stationary
action. In variational calculus, stationary means that the action remains constant
under a perturbation d¢ to the first order. It can thus be used to derive equations
of motion.

The action is typically an integral over time, for a system from one point in
time to another,

S[z] = / dtL. (2.4.17)

with £ being the Lagrangian. As the Lagrangian is an energy, the unit is found to
be [energy]-[time]. When concerning fields, as is studied in this report, the integral
includes the space variables as well, implying a replacement of the Lagrangian with
a Lagrangian density.

When saying that an action is stationary we mean that its functional derivative,
%, is zero. Functional derivatives are much like partial derivatives, %, except
that instead of an index taking discrete values, there’s a continuous ‘“‘index’ t.
They can therefore be treated much like such derivatives; using the chain rule,
product rule, etc.

It is also worth noting that much like

J )
gxi =5 (2.4.18)
xr
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we have
dx(t')
dx(t)
an observation that will be useful when integrating by parts and evaluating inte-
grals.

=5t — 1), (2.4.19)

2.4.3 An Action Principle for Einstein’s Equations

In this section, Einstein’s equations will be derived from the action principle.
The solution to Einstein’s equations is the metric, and therefore we will vary
the action with respect to the metric. The action is written as

1
S[guw] = G / d*z\/gR, (2.4.20)

where g is the absolute value of the determinant of g*”. Neither /g nor d*z are
tensors in and of themselves®, but transform as a tensor together, thus making the
volume element invariant.

The action being stationary with respect to small variations of the metric means
that

0=1489, G = G + OG- (2.4.21)

To find the variation of \/gR = |/gg"" R,,,, we must describe d,/g, 6g"” and 63, .
With ¢g"” being the inverse of g,,, one gets

0=10(9"9p) = 09" gp + g" 09,
=
09" = —g""69,,9"7, (2.4.22)

which holds for arbitrary tensors.
The variation of /g can be found using the following statement which is proved
in appendix D:

§(Det A) = Det ATr(A 10 A). (2.4.23)

From this statement and the chain rule we can finally obtain the variation of ,/g.
Note how easily the trace of a product of two matrices is expressed in tensor
formalism: after writing out the product the two indices are set equal to produce

3Strictly speaking, /g and d*z are actually tensor densities and transform as tensors except
for a weight of proportionality.
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a sum over all diagonal elements. Thereby,

1 v
= 5\/59“ OG- (2.4.24)

Lastly for the variation of the Ricci tensor, we start from the Riemann tensor.
Adding and subtracting the same connection yields

RPV/LO' = 6MF1€U - aarﬁy + FZ)\F’)/\U — FS’)\F;LL (2425)
=
SRy = V010, — V4017, (2.4.26)

The variation of the Ricci tensor will be the contraction
R, = V0l — VU(SFI’jV. (2.4.27)

If the action is given by equation (2.4.20), the variation will be:

1
08 = — d*z (61/99" Ry + /309" Ry + /39" 0R,,,)
1 1 g v ov
=% d'z (Qﬁg” 69p0 9" Buv — v/ 99"769ps 9" Ry +
+v99" (Vpél‘ﬁy — Vuéfgy) ) (2.4.28)

The contribution of the éI'-terms is zero, as will be shown below. Due to these
terms beeing zero, the variation will then be

1 . o 1
= —— i . 2.4.2
05 =—o—= [ davy (R 59 R) 3G por (2.4.29)

To prove that the terms containing the affine connection vanish, we start with
some simplification. As the difference between two connections is a tensor, we can
write the integrand as the covariant derivative of some tensor V7.

/ d*zy/gg" (V,01%, — V,00%,) = / d*x\/gV,V?. (2.4.30)

Expanding the covariant derivative, using equation (2.3.8) for the affine connection
and noting that the results from variation, in particular (2.4.24), are valid for
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partial derivatives as well, yields

/ d'x\/gV, V"’ = / d'z\/g (apvp+ %g*“apngp) (2.4.31)
1
- o )

(i)

= / d*zd, (v/gV?).

The divergence theorem and the fact that variations vanish at infinity makes this
term zero, giving the variation of equation (2.4.29). This result emphasizes why
the factor ,/g must be added to make an invariant.

For the action to be stationary with respect to small changes in the metric, the
integrand of equation (2.4.29) needs to be zero, that is

1
RN — §g“”R =0, (2.4.32)
equal to Einstein’s equations in vacuum.

For the vacuum case, Einstein’s equations can be simplified by multiplying with
the inverse metric. Since g*”g,, is the trace of the identity matrix which is the
number of dimensions, we get

1
g,uV (R/j,l/ _ §guVR> — O

=
1
R - ég“l’gw,R =0
=
R = 0. (2.4.33)
and (2.4.32) can therefore be simplified to
R = 0. (2.4.34)

Einstein’s equations not restricted to the case of vacuum can be obtained by
adding a matter term to the action. This would yield
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1
S = %/ d4l‘\/§(R + Sm(ztter)

=
55 \/g 1 (Ssmatter
= - Y2 (R™ — Z¢”R
39w () G ( 29 ) + 39, ()
=
1 1 1 5Smatter
0=——(R" - Z¢"R )+ —
871G < 29 ) * V9 09 ()
=
1 5Smatte7‘

1
RY — —g" R = 8nG—
29 /7 00

=
1
R* — §g“VR = 8rGTH, (2.4.35)
where we have defined
v 1 6Smatter
T (x) = (2.4.36)

a V9 0 () '
In the action of equation (2.4.20) we could also have added a constant. That

would have yielded the full Einstein field equations including a cosmological con-
stant:

1
R — 2g" Rt " A = 8nGT™. (2.4.37)

The cosmological constant has an interesting history. It was initially intro-
duced by Einstein to prevent the theory from describing an expanding universe.
When observations showed that the universe is expanding, Einstein rejected the
suggestion of the cosmological constant and called it the biggest mistake of his life
[1]. However, decades later observations indicated the reintroduction of a cosmo-
logical constant, for example in terms of the accelerating universe. Nevertheless,
observations show that it must be very small, actually much smaller than particle
physics would predict[4]. Therefore, we assume the cosmological constant to be
zero throughout this text.

2.5 Black Hole Solutions

The Schwarzschild solution or Schwarzschild metric describes the curved
spacetime around a static, spherically symmetric, non-charged, non-rotating mass
distribution in vacuum. The metric is given by
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2GM 2GM\ !
d32:—<1— G >dt2+(1— ¢ ) dr? + r2dQ?, (2.5.1)

r r

where (G is the gravitational constant and M is the mass, or total energy of the
mass distribution. The coordinates used are spherical, where dQ2? is short for the
angular distance, such that

d0? = df? + sin® 0d¢>. (2.5.2)

Note that some interesting things are happening, especially at the radius r, =
2G M. This is the famous event horizon, the point of no return that not even
light can escape. The event horizon looks like it could be a singularity but is
actually not, because we can choose a coordinate system in which the event horizon
takes a non-singular expression. This is, on the other hand, not possible for the
singularity in the center. Observed from the outside, a particle falling into a
black hole never actually reaches the event horizon. What is observed is that the
particle slows down, becomes red-shifted (due to Doppler effect) and fades away.
From the particles perspective however, it does reach both the event horizon and
the singularity at » = 0, and it does so quite quickly in terms of proper time. In
this sense, from the perspective of a particle on the outside there is no past inside
the event horizon. Likewise, from the perspective of a particle inside the event
horizon there is no future on the outside.

The spacetime of the Schwarzschild solution satisfies the condition of vacuum,
which is that the Ricci vector is zero, R,, = 0. The most straight forward way
to arrive at this solution is to make an ansatz and adjust it to fulfill the vacuum
condition and Newtonian limit at infinity.

For a charged, static, spherically symmetric mass distribution the spacetime
geometry in vacuum is described by the Reissner-Nordstrém solution. This is
given by

oM 2 oM 2\ !
ds? = — (1 _2MG + %) de? + (1 - TG + Q—> dr? +r2dQ?,  (2.5.3)

r 72

where () is the charge and when this is zero the metric is precisely the Schwarzschild
metric.
There will be a event horizon where the radial component of the metric is
singular. We can find where this is by solving the following equation,
2MG  ¢?
— -

Te r2

1

~0 (2.5.4)

=

r¥ = MG £ /(MG)? - Q2. (2.5.5)
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Thus we have two event horizons, both closer to the centrum of the black hole
then the event horizon of the Schwarzschild solution at 2M G, for ) > 0 . For an
outside observer the event horizon at r} has the same effect as the Schwarzschild
event horizon. For the observer, nothing will ever reach r = r} as anything falling
towards the black hole slows down and becomes all the more redshifted. For
the object falling into the black hole the situation is the same at rf as for the
Schwarzschild event horizon; after passing this radius the only possible future is
towards the center of the black hole. Therefore there is no possibility of turning
back again after passing r = rf, as this would violate causality. Not until the
object passes the second event horizon, at r_, can it turn back, because causality
does not force it towards the center anymore. This is contrary to the Schwarzschild
solution, where the future of any object inside the event horizon is always towards
r = 0. In theory an object inside r_ could return and escape the charged black
hole. More discussion about this can be find in chapter 7 in Carroll [1].

For this to be a realistic solution we can assume that MG > Q. For MG = @)
the event horizons would coincide and this would give a so called extremal black
hole. This would require that all the energy would come from charge and nothing
from rest mass. Particles with this property, zero rest mass and non-zero net
charge, have never been detected. The extremal black hole solution is, however,
of much interest in theoretical work. Particularly, due to the cancellation of the
gravitational and electromagnetic force at r = MG where an object would not feel
any pull from the black hole.

2.5.1 A Derivation of the Schwarzschild Metric

To derive the Schwarzschild metric we start off with the assumptions of spherical
symmetry and that the metric is static, meaning that the metric is invariant with
respect to a translation in time. Because of these symmetries, the components of
the metric will depend on the radial component only.

Since the sphere is maximally symmetric we can use a theorem in chapter 13.5
in Weinberg’s book [2] stating that it is possible to choose a metric without mixed
terms containing angular coordinates, such as drdf. The only possible mixed term
is therefore dtdr. To have the same signature as for Minkowski metric (— + ++),
a minus sign is added to the time term. The ansatz would be

ds® = —a(r)dt® + b(r)dr® + ¢(r)dtdr + d(r)dQ?, (2.5.6)

where a(r), b(r), ¢(r) and d(r) are arbitrary functions.

In Euclidean geometry, there is a factor of r? before the angular components.
It would certainly facilitate the derivation if we could have this factor 72. Another
desirable simplification would be to get rid of the mixed term. In fact, both these
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features can be achieved by the same argument; to redefine the coordinates.
This leads to the final, simplest possible ansatz satisfying the assumption of
spherical symmetry and stationarity:

ds®> = —A(r)dt* + B(r)dr® + r*dQ>. (2.5.7)
So far, only geometry has been used. To begin with the physics, we want the
solution in vacuum. The equation to solve is therefore, according to (2.4.34),

R = 0. (2.5.8)

To explicitly write out these equations, we have to calculate each term in the
affine connection, then form the Riemann tensor and finally the Ricci tensor. All
details will not be presented here since the methods are analogous to those of the
examples of sections 2.3.2 through 2.3.5.

The Riemann tensor is easiest calculated using the covariant form so that all
symmetries can be used. After some analysis, we find that the only possible non-
zero components are

thrh RT@T@? chprapy R0t9t7 thptap; R@cp@go and chp@go . (259>

After having calculated the Riemann tensor, it can be contracted to the Ricci
tensor. The Ricci tensor will be diagonal and (2.4.34) will be the following coupled
differential equations:

0=R :_A_H_’_l (i/) (él_|_§) _|_l <2/) (2.5.10)
T 24 T a\A)\4a " B) " r\B)"
/ /
e (ALY L 2511
0= R,, = sin” 0 Ry, (2.5.12)
O:Rtt:A—”—1(£> (£+§'> L1 (i'), (2.5.13)
2B 4\B)\4 " " B) r\B

We now form

R.. Ry 1 /B A
— RS e 2.5.14
=% T2 rB<B+A (2.5.14)
This implies that the factor AB must be constant since
B A’
B A

O, InB=-0,InA
AB = const. (2.5.15)
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The limit » — oo should result in the Minkowski metric, so that

lim A = lim B = 1. (2.5.16)

700 =00

Therefore, the constant should be equal to one and A is the inverse of B.  Rein-
serting into Einstein’s equations yields

B=1+ 1, v const. (2.5.17)
r

To determine the constant 7, we require the solution to be consistent in the New-
tonian limit, which is explained in more detail in appendix B. For large radii, g4

must then satisfy
g — —1 — 209, (2.5.18)

where the gravitational potential is ¢ = —MTG. This gives B(r) = (1 - QGTM) and
the Schwarzschild metric is

2GM 2GM\ !
ds? = — (1 _ GT) dt? + (1 _ GT) dr? + r2d02. (2.5.19)



Group Theory and Symmetries

In the previous chapter we introduce tensors and use these to describe physics
in a consistent way, regardless of the choice of coordinate system. The tensors
are not invariant under coordinate transformation, but transform in a well-known
manner. The next natural step is to find transformations that leave the physics,
or rather the expressions derived, unchanged. If such transformations exists, we
say that the system has certain symmetries. There are many different kinds of
possible symmetries, but they can mainly be divided into geometrical symmetries
and field symmetries. As an example of a geometrical symmetry, consider an
equilateral triangle. If you rotate it 60° you end up with something identical to
what you started with. As an example of a field symmetry there is Maxwell theory,
where there is a degree of freedom in choosing the potential without affecting the
electromagnetic fields at all.

An important and powerful tool for describing symmetries in a compact and
general manner is group theory. In section 3.1 we go through the axioms of groups
and some important definitions. Thereafter, in section 3.2 we study continuous
and differentiable groups, called Lie groups, and their important algebras. After
establishing the groundwork of group theory, we consider groups that can be rep-
resented with matrices which are important for the project. Finally, in section
3.4 we introduce some miscellaneous theorems of group theory that are also of
importance in the next chapter.

This chapter is mainly based on the texts by Hall [5] and Cahn [6], which
the interested reader may find useful to obtain a deeper knowledge in the large
mathematical field that is group theory. Some specific definitions and properties
have been gathered from a wide array of other texts [7—11].

33
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3.1 Basic Theory and Definitions

Group theory is a large field of mathematics and impossible to cover in its entirety
in a text such as this. We therefore instead focus on the parts needed for the
outcome of this project. In this section we regard the axioms of a group, and
basic properties of groups. We also define some relations between groups, such
as isomorphisms and subgroups as well as means to generate other manifolds as
cosets.

The core of group theory relies on four axioms which at a first glance may seem
quite simple.

Definition 3.1. A group G is a set of elements {g;} that together with an operation
* satisfies the following axioms:

(i) Closure
If gi,9; € G there uniquely exists an element g, € G such that

9i * 9j = Gk- (3.1.1)

(i1) Unit element
There exists a unit element e € G which for all g € G satisfies

(11i) Inverse element
For every g € G there exists an inverse element denoted g=' € G where

grg =g lxg=e. (3.1.3)
(iv) Associativity
It holds true that for all sets of elements g;,9;.9x € G,

9i % (g; * g) = (g * 95) * G- (3.1.4)

The operator symbol “x” is often omitted in writing. There is a number of
basic properties of groups whose proofs will not be included here for brevity. Some
of these are: the uniqueness of unit element, the uniqueness of inverses and that
there cannot exist an inverse only from one side. To clarify these axioms we can
use the following example.

Example 3.1. The real numbers form a group, R, under addition. The unit
element is 0 and the inverse element to any x € R is —x. Let us show that this is
the case:

(1) Closure: the sum of two real numbers is a real number.
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(77) Unit element: 0+2 =2+ 0 =2, and 0 € R.

(iii) Inverse element: x + (—z) = (—z) + 2 =0, and if r e R = —z € R.

(iv) Associativity: Addition is associative.

It is worth noting that the axioms do not require the operation to be commu-
tative, although in this case it is. Groups where the elements commute under the
operator are important and thus given their own name.

Definition 3.2. An abelian or commutative group is a group where g;,g; €
G = gi*g;=9;*.

Sometimes it might be of interest to examine a smaller part of a group, which
naturally leads to defining the subgroups.

Definition 3.3. S is a subgroup to a group G if s € § = s &€ G and S is a
group under the same operator as G.

Although a group can have many subgroups, every group has at least two
subgroups: the unit element and the group itself.

Example 3.2. The set of all integers form a subgroup Z of R in Example 3.1.
The set of all natural (non-negative) numbers however do not.

Both the integers and natural numbers are subsets to R. The unit element
is in both sets, and closure is fulfilled. Associativity follows from the sets being
subsets to a group, and left is only to show existence of an inverse. The inverse
has to once again be —x, which is an integer if x is an integer. However if x is a
natural number greater than zero, the inverse will be negative and not a natural
number. We have thus proven our claim.

Note that the associativity axiom is always true for any subset of any group, as
any three elements chosen from the subset lie in the group, and are associatively
related from the group axiom.

Now let us look at an example where some of the usefulness of group theory
regarding symmetries may be discerned in a simple fashion.

Example 3.3. An equilateral triangle has certain rotational symmetries which
form a group T.

The elements in T are the rotations in its plane that keep the triangle looking
the same, as shown in figure 3.1. So, as an example we can have three elements
a, b, ¢ in the group T. Here a represents no rotation at all, i.e # = 0, b is a
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Figure 3.1: An equilateral triangle.

rotation of # = 27/3 and ¢ a rotation of § = 47/3. The operator * in this case
is g; * g; = 0; + 6;. All of these elements fulfill the requirement of keeping the
triangle looking as it is. The group axioms are fulfilled: any combination of the
elements keep the triangle looking the same, the rotations are associative, there
exists a unit element and there exists a complement to make a full turn rotation -
an inverse.

The symmetries of the triangle, the transformations that leave it the same,
thus form a group. Of course there are additional symmetries one could add, such
as the reflection symmetries, but they would still together be a group. The proof
of this is left to the reader.

The previous example was an example of a group with a finite number of
elements and we have previously seen groups with countably or uncountably
infinite elements. The first two typically represent discrete symmetries whereas
the latter a continuous symmetry. Both these kinds of symmetries are of im-
portance when describing nature, although only continuous symmetries will be
discussed in this work. An example of a continuous symmetry could be the rota-
tions of a sphere. These are described by the uncountably infinite group SO(3).
SO(3) is a member of a large family of groups we will get to know better in section
3.3.

As we have so far only defined properties of groups, the next step is to act on
groups to generate new manifolds and in the best scenarios even groups. There
are a few ways to accomplish this, here we will consider the cosets and the quo-
tient spaces. These are roughly “element-wise multiplication” and “element-wise
modulus”.

Definition 3.4. A group G and a subgroup H, combined with an element g € G
can be used to form the left and right coset of H. Here left and right respectively
denoting which side of H the element ¢ is applied:

gH={gh:h € H}, (3.1.5)
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Hg ={hg:h e H}. (3.1.6)
These, however, are generally not groups.

Definition 3.5. A quotient space or quotient set, denoted G/N, where N is
a subgroup to G, is the set of all left cosets {gIN : g € G}. Similarly N\ G the set
of right cosets. Sometimes the quotient spaces are also called coset spaces.

If N in the last definition is a normal subgroup, that is
gng ' €N,¥n e N,Vg € G, (3.1.7)
then the quotient space forms a group. This follows as for instance
(aN)(bN) = a(Nb)N = a(bN)N = (ab)N (3.1.8)

ensures closure. Similar calculations ensure unit element, inverses and associativ-
ity, the details around those calculations are omitted for brevity.

From the definition, the resulting quotient group might seem obscure, but you
may think of it almost as a modulus. If you can obtain an element of G from
another by multiplying with an element of N, then both elements can be regarded
as equal under such an equivalence relation. This means that the quotient set is
an equivalence class under this relation and every element of it is actually a set
of equivalent elements. Each of these sets can then be identified with a single
element: Suppose there exists a set of elements P, such that for any g € G there
exists unique elements p € P and n € N such that ¢ = pn. Then we can say
that P is a quotient set, which can explain why we can think of it as a quota or
modulus. Similarly we have g = np when considering right cosets.

Example 3.4. We study the twelfth roots of unity. Together, these form a group
R15 under multiplication. If we look at the fourth roots instead, we find that these
form a normal subgroup Ry to Ris. These form three different cosets, which can
be seen as the three different colors in figure 3.2. The three cosets are the elements

of ng/R4.

Lastly in this section, we introduce a relation between different groups.
Definition 3.6. A map ¢ : G+— H is called a homomorphism if

gi * 95 = Gk
=

¢(9:) * ¢(g;) = (), (3.1.9)

with ¢;,95,.9x € G. If ¢ is bijective and a homomorphism it is an isomorphism,
denoted as G=H.
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Figure 3.2: The cosets of the twelfth and fourth roots of unity.

If there exists an isomorphism between two groups, they can in practice be seen
as equal, and are said to be isomorphic.

The expressions isomorphic and isomorphism are not restricted to groups only.
As we see later, isomorphism is a concept that has significance for Lie algebra as
well.

3.2 Lie Groups and Lie Algebra

After learning the basics of group theory we move on to a type of group that will
be very helpful in our report. A Lie group is in short a continuous group that
is also a differentiable manifold'. Many important Lie groups can be represented
with matrices (then called matrix Lie groups) and so these are the focus of the
next section. First, let us make a brief introduction to the more general Lie groups
in this section.

Lie groups have the important property that they are generated by Lie algebras.
Lie groups are manifolds with associated operators and similarly Lie algebras are
vector spaces with associated bracket operators. A Lie algebra is a set of operations
that represent infinitesimal transformations around the unit element of a Lie group.
The Lie algebra takes the manifold of a group and expresses it as a tangent vector
space around the unit element, and can in a sense be seen as a linearisation of the
group. Exponentiating the elements of the Lie algebra then return elements of the
Lie group representing finite transformations. However, the Lie algebra has the
restriction that it only yields group elements that can be reached by infinitesimal
transformations. Just like a group, there are some criteria that have to be satisfied

1Tt should also have a differentiable operator and inverse. The meaning of this is discussed
briefly in Def 2.14 in Hall [5].
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for an algebra to be a Lie algebra. First the effects of a Lie algebra will be discussed,
followed by a strict, mathematical definition.
For clarity, let us make the following example:

Example 3.5. Let us study the Lie algebra of the Unitary group U(1). This
continuous group is defined by

U(l) = {e? € C|h € R} (3.2.1)

and might be recognized as isomorphic to S*; that is a circle in the complex plane
with a radius of 1. Note that the elements generate finite rotations around S*.
Looking at this group around € = 0 we can expand the elements as

e =146+ O(6?) (3.2.2)

and find that 60 generates infinitesimal translations at the identity. From this, the
Lie algebra u(1) for this group can be defined

u(l) = {i6 € C|0 € R}. (3.2.3)

In general a Lie group G and a Lie algebra g can be related via the exponential
equation

d
et eG & X = Eetxhzo €g. (3.2.4)

With a base understanding of Lie algebra and how it works, a definition of why
a Lie algebra works the way it does is now called for.

Definition 3.7. A real or complex finite-dimensional Lie algebra g is a real
or complex finite-dimensional vector space with an associated map called the Lie
bracket: [, |, g X g+ g, that satisfies the following axioms:

(i) Bilinearity

jaz + by,2) = alz,2] + bly, ]
2,0z + by] = a[z,x] + b[2,y]
x,y,z €g, Va,b e R

(i1) Anticommutativity

[zy] =—lyal, Voy g (3.2.7)
(iii) Jacobi identity
Forxzy,z€eg
[.[y.2]] + [y.[2.2]] + [2.].9]] = 0. (3.2.8)
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Additionally it is worth noting that from (%i) follows

[z,2] =0, Vz € g. (3.2.9)

In the case of when the elements of a Lie algebra can be represented with
matrices, the Lie bracket is defined as the commutator, i.e [X,Y] = XY —Y X for
two matrices X and Y. This comes in handy as many of the commonly used Lie
groups and their algebras can be expressed with matrices.

You may have noticed that definition 3.7 does not mention any Lie groups. Lie
algebras can be treated without connecting them to Lie groups, although tradi-
tionally that is not the case. The tangent space of a Lie group at the identity
element forms a Lie algebra but proof of this is left out?.

As with groups, there are a few useful definitions and properties to algebras,
many of these mirrored for groups.

Definition 3.8. s is a subalgebra to an algebra g, if s is a Lie algebra under the
same bracket as g and 1s a subspace to g.

Definition 3.9. Consider a Lie algebra g and a subalgebra j. j is called ideal or
invariant if Vx € j,y € g, [x,y] €.

If for a Lie algebra there exists no non-trivial, ideal subalgebras, it is called
simple.

Definition 3.10. A Lie algebra is abelian if
[y =0 Vzyeg (3.2.10)
(compare this to the definition of abelian groups).

If a Lie algebra has no abelian, ideal subalgebras it is called semi-simple, a
weaker condition compared to a simple Lie algebra. However, a semi-simple Lie
algebra can be expressed as the direct sum of simple algebras.

Recalling the definition of isomorphisms for groups, there is a similar defini-
tion for Lie algebras. If there exists a linear, bijective map ¢ : g — j, x,y € g it has
to satisfy o([z,y]) = [¢(z)p(y)] for g and j to be isomorphic, once again denoted
as g =j.

For some computations writing the Lie bracket as [z,y] can become clumsy and
arduous, so therefore there exists an alternative way to write it as

ad,(y) = [z,y]. (3.2.11)

2Such a proof can be found briefly described in H. Georgi’s “Lie Algebras in Particle Physics”
7]
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If we wanted to use the expression
[z, [2, [z, [x,y + 2]]]] (3.2.12)
it might be easy to at a glance miss how many brackets there are, while
ady(ad, (ady(ads(y + 2)))) = (ads) (y + 2) (3.2.13)

is more compact and easier to read. ad, is called the adjoint representation or
adjoint action.

Under the operator ad,(y) we see that all commuting elements will be zero.
Other elements may not commute with each other, but can be combined with the
adjoint action to become zero. So for example a, b and ¢ may not commute but
adyady(c) could be zero. From this concept we can define a type of algebra called
nilpotent.

Definition 3.11. A nilpotent Lie algebra g is defined by the adjoint action as
ady,ady, -+ -ad,, (y) =0 Va,y €g (3.2.14)

for a certain n for the algebra g.

3.3 Matrix Lie Groups and Algebras

As stated, many Lie groups can be represented with matrices. There are some
major benefits of working with matrix Lie groups, most importantly the fact that
so much of matrix algebra is familiar. When working with matrix Lie algebra,
some of the abstract concepts can be expressed more explicitly.

With the group operator defined as matrix multiplication, we find that the sets
must only consist of invertible matrices. This leaves what is called the general
linear group (closure, unit element, inverse and associativity is given from ele-
mentary linear algebra) as the largest possible group. All matrix Lie groups are
subgroups of the general linear group. This follows as all elements of a group need
to be invertible and thus forms a subset and as the subset is a group, it is also a
subgroup.

Definition 3.12. The general linear group, GL(n) is the set of invertible n x n-

matrices under matriz multiplication. The group may be specified further by writing
GL(n,R) for real and GL(n,C) for complex matrices.

By representing groups with matrices, the Lie bracket becomes the commutator,

(X,Y]= XY - YX, (3.3.1)



CHAPTER 3. GROUP THEORY AND SYMMETRIES 42

which fulfills the necessary axioms of definition 3.7.
For matrices, eX can be defined by the Taylor expansion
vk
X = % (3.3.2)
k=0
Unfortunately e¥ is not always easy to calculate. Using group theory however,
many matrices can easily be written as exponentiated matrices, as we soon see.

The general linear group is called general, as it includes all matrices with non-
zero determinants. The most intuitive matrix group to consider next is the special
linear group, SL(n), which is a subgroup to GL(n) of matrices with determinant
one. Closure is given from Det(AB) = Det A Det B. The unit matrix has deter-
minant one, and thus it follows that the inverse of a matrix with determinant one
also has determinant one, which makes this a group. SL and its Lie algebra will
be more extensively examined in the next section.

A subgroup to SL(n) is the special orthogonal group, SO(n), which consists
of all orthogonal matrices with determinant one. These may be more commonly
known as all rotational matrices. SO(n) is also a subgroup of O(n), the orthogonal
matrices, which are rotational matrices with or without a reflection and thus have
a determinant of +1.

Let us stop and study these groups for a while to showcase some of the previous
definitions and make some new.

The elements of SO(2) are traditionally written on the form

A = [ 89 sl ) R (3.3.3)
sinf@ cos@

It is thus a continuous group. Every element can be uniquely determined with one
continuous parameter, making it a one parameter group®. This implies that
the Lie algebra is one-dimensional and spanned by one element. This element is
T = "oz = -2 A(0)]o=0 =
do do cosf) —sinf

given from (3.2.4), as
= ( 0 -1 > . (3.3.4)
90 1 0
The elements of O(2) can be written as either

AL () = < cosf) —sind ) (3.3.5)

sinff cosf

d —sinf —cosH)

3The definition of a one-parameter group also requires A(a)A(B) = A(a + 3) which is more
of a constraint on the parametrization than on the group.
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or

A (0) = ( cosf sinf ) ' (3.3.6)

sinf —cosf

The second set of matrices is not however “close” to the unit element, no matter
which 6 is chosen. As the Lie algebra represents infinitesimal transformations at
the unit element, the Lie algebra is given from A, and thus the same as for SO(2).

The first set, A,, has determinant one and the second, A_ has determinant
minus one. The determinant is continuous under continuous transformations, so
the two sets must be disconnected. If a group is made from n disconnected sets,
we say that it has n components. The Lie algebra is therefore always given from
only one of these components, the component with the unit element.

There are a few equivalent properties of orthogonal matrices, with different
implications. For instance we have that AAT is the identity matrix. Another is
that the bilinear form < z,y >= x1y; + x2ys + ... + x,y, is preserved, that is:
< Azx,Ay >=< z,y >. The second property is of particular interest. This is a
preserved form in Fuclidean space. If we recall the metric in Minkowski space,
where the preserved form had alternating signs, this intuitively leads to defining
new groups; the generalized orthogonal groups and their special equivalents.
These are defined as the sets of matrices B € GL(m+ k) that preserves the bilinear
form <>, with m positive terms and k negative, called O(m,k) and SO(m,k).
These bilinear forms can be written as

< LY Smpk= 1 gy, (3.3.7)

where ¢ is a signature matrix; diagonal with the first m entries = 1 and the next
k entries = —1. Specifically O(3,1) is also known as the Lorentz group, having the
same signature as spacetime in special relativity, preserving the same form and
with Lorentz-transformations as elements.

Example 3.6. SO(2) and SO(1,1): The elements of SO(2) can be written as in
equation 3.3.3.

For SO(1,1) we look for matrices B that preserve the scalar product with
signature “+—". Such matrices can be found by the same process as for ordinary

orthogonal matrices:
B=(*?t) (3.3.8)
c d
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Generally for (S)O we have

(Bx)"gBy =z gy
=
B'gB—g=0 (3.3.9)

where ¢ is the signature matrix. In our case we have

()G )-()

=
a’> —c* ab—cd (10 _0
ab—cd b —d? 0 —1
=
a’?—c*=1
Eop=1 . (3.3.10)

ab—cd =0

Using the hyperbolic identity the first two yield that a = £ cosh#, b = sinh ¢,
¢ = sinhf and d = H+coshy with 6,90 € R. Observe the + in front of cosh,
as it otherwise only takes positive values. If all entries are to be real, a and d

cannot possibly have absolute values less than zero, thus we need no special case
for a € (—1,1).

The last equation is equivalent to

sinh (6 £ ¢) =0
=
0=+, (3.3.11)

where we have a plus sign if a and d are of different signs. From this we find four
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Table 3.1: Multiplicative relations between components of O(1,1).

BB, |+ |- |1T]1{
+ |+ =t
— -+ |7
T I+ =
bt -t

different cases,

cosh@ sinh6
B+ ==
sinhd coshé
- coshf sinh6
sinhf® —cosh@
B — —coshf —sinhf
sinh 6 cosh 6
B, — cosh 6 sinh 8 . (3.3.12)
—sinh® —coshf

These are disconnected and thus the group has four different components.

These sets of matrices fulfill the multiplicative relations of table 3.1. In this
table we read out that an element from By multiplied by an element from B_ ends
up in B| and so on. Let us validate that these indeed make groups. We see closure
and that the unit element lies in B*. Matrix multiplication is associative, so left
to do is to find the inverses. The latter two sets of matrices (1)) can be noted
to have determinant minus one, meaning that they are not in SO(1,1) but rather
O(1,1). The inverses of all these sets are given as

hf —sinh®
Bl =BT(0)=| — B.(-0 3.3.13
- ©) +( ) ( —sinh® cosh@ +(=0) ( )

—cosh® —sinh6
B~Y(9) = B"(0) = cos — B (-6 3.3.14
) (6) ( —sinh# —coshé (=) ( )

—cosh® —sinh6
B0 =B70)= — By(0 3.3.15
! T( ) < sinh # cosh 6 1(®) ( )
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ho sinh 6
B =B =
t ‘ —sinh® —coshé

We note that the inverses of a set lie in the same set. Thus B, and By UB_ =
SO(1,1) form two subgroups of SL(2,R) and By UB_ U By U B, = O(1,1) form a
subgroup of GL.

There is an important difference between O(2) and O(1,1). The entries of O(2),
sin @ and cos @, are bounded, whereas the entries of O(1,1), sinh# and cosh 6, are
unbounded.

> — B,(6). (3.3.16)

Definition 3.13. A group that is bounded, meaning that there exists a supremum
and infimum that any matriz element of any matriz in the group lies between, is
called compact®. If a subgroup is the largest possible compact subgroup, it is called
maximally compact.

We defined the generalized orthogonal group from preserved bilinear forms,
which is equivalent to having the transpose as inverse. Using that for O we have
BTgB = g (done generally in Example 3.6) we get

gB"¢B = g9 =1, (3.3.17)
and a way to define a generalized transpose.

Definition 3.14. The generalized transpose is given as
BT =g¢B'yg (3.3.18)
where g 1s the signature matriz.

The generalized transpose has the neat property that it works much like the
ordinary transpose unless you look at specific elements of a matrix. For instance
we have

(AB)" = g(AB)'g=gB"A"g=gB"ggA"g = BT A7, (3.3.19)

which is important for many calculations.

The complex version of orthogonal matrices are the unitary matrices U(n), with
A*A = I, where A*is the conjugate transpose. The previous concepts also apply
to these and we will for instance see groups such as SU(2,1) which are unitary
matrices under signature “4 4+ —” and with determinant one.

41t is also required that any sequence of matrices in the group that converges, converges to
an element in the group
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3.4 Important Concepts of Lie Groups and Lie
Algebra

After going through the basic idea of group theory, with a focus on Lie groups
and algebras, there are certain concepts that can be of use to explore further.
The special linear group SL(2,R) plays a central role in group theory, as it can
among other things be used to generate other groups. Therefore we will delve
into SL(2,R), as well as the more general group SL(n,R). Additionally, there are
certain operations on Lie groups and their algebras that can be used during the
calculations presented herein. The Iwasawa Decomposition is used to split a Lie
algebra into subalgebras, while the Maurer-Cartan form presents an alternative
way to obtain a Lie algebra element from its respective Lie Group. Furthermore
the Killing Form is presented as a way to describe a certain relationship between
the elements of a Lie algebra. With these additional concepts we can acquire a
broader spectrum of tools to make use of group theory.

3.4.1 SL(2,R) and SL(n,R)

To understand the group SL(2,R) and its uses, we begin with the definition of its
elements.

Definition 3.15. The Lie group SL(2,R) is comprised of all the real 2 X2 matrices
with determinant one. Accordingly, for S € SL(2,R)

S = (a Z) ad—bc=1 apbecdeR. (3.4.1)
C

Groups of the type SL(n,R) and their algebras have dimension 2n — 1, meaning
that all elements of the group can be generated by 2n — 1 matrices and the vector
space of the algebra can be spanned by 2n — 1 elements. Consequently, this means
that for SL(2,R) three matrices are needed to generate the group.

The Lie algebra s[(2,R) of the group SL(2,R) is a simple and real algebra. As
the elements in SL(2,R) can be generated by three matrices with determinant one,
the Lie algebra must be spanned by a set of three traceless matrices, to preserve
the determinant of the group elements. These could be found from the matrix S
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through differentiating by a, b and c. This gives three elements

d 1 0
h:_Sa c=0 —

d 01
€= %S‘a,b,czo - (O 0)

d 00
f= d_cS’“’b’CZO = <1 O> (3.4.2)

that span the algebra by the direct sum of the real vectorspaces Rh,Re and
R f as follows,

si(2,R) = Rf & Rh @ Re. (3.4.3)

However, an alternative way to arrive at these elements will be shown here, as
it is of relevance for understanding how the groups SU(2), SL(2,C) and SL(2,R)
relate. A visual representation of this process is shown in figure 3.3. These gener-
ators present the specific set h, e and f that can be used to further compose other
groups, like SL(n,R).

| 'Rre’ali Fiorr'rrh'

Figure 3.3: The two groups SU(2) and SL(2,IR) are real forms of the group SL(2,C).
Using the Lie algebra of su(2) the algebra s[(2,R) can be constructed via sl(2,C).

To find a way to construct generators of s[(2,R) that can express an infinitesi-
mal transformation on the complex upper half-plane, we begin with the generators
of su(2). The group to this algebra is SU(2), representing all unitary 2 x 2 matrices
with determinant one. These generators are in some ways easier to understand and
construct, and from them the algebra s[(2,R) can be found. The two groups SU(2)
and SL(2,R) are connected by the group SL(2,C) as they are both real forms of
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this group, with their respective Lie algebras sl(2,R) and su(2) as real forms of
s((2,0).

Finding the elements of the algebra, we begin with the group SU(2) and observe
that its elements can additionally be seen as rotations in three dimensions. The
elements in SU(2) can therefore be written as

VUESU2), a€ R = U = ¢ltarwtiooytioo: (3.4.4)

Oy = (O 1> oy = (0 _i> o, = <1 0 ) : (3.4.5)
10 i 0 0 -1

To obtain the elements of the Lie algebra su(2), the principle of equation (3.2.4)

can be used. This results in elements made up of direct sums of the vector spaces

comprised R, times a Pauli matrix o;. The span of these elements can be written
as

su(2) = spang{io,, ioy.io.} = Rio, & Rio, ® Rio.. (3.4.6)

From this span we take the next step to find the generators of sl(2,C). This is

found by expanding su(2) to complex, and not only strictly imaginary combinations

of the Pauli matrices. To make the next step slightly smoother, new generators
are defined as
1 1 1

T:c = 5@0'35 Ty = §i0y Tz = §Z'O'Z, (347)

where every element in s[(2,C) can now be constructed as a complex linear com-
bination of these generators, written as

sl(2,C) = span{7,,T,,T.} = CT, & CT, & CT.. (3.4.8)

This takes us one step closer to defining s[(2,R). At this point, the generators
e,f and h are defined from 7,,T,,T. by the relations

GZTQ—iTl, f: —(T2+ZT1), h = —2ZT3

e:<0 1) f:(o 0), h:(l 0). 3.49)
00 10 0 -1

Redefining the generators like this may seem arbitrary, but it has the effect
of creating two triangular matrices, and one diagonal matrix. This proves to be
important when constructing other Lie algebras, as will be shown later. We can
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also recognize these as the same matrices that resulted from differentiating the
matrix S in respect to a, b and ¢, as in equation (3.4.2). Since these are only
linear combinations of the previous generators they also span s[(2,C), which can
be written as

s[(2,0) = Cf ® Ch e Ce. (3.4.10)

Finally, to arrive at sl(2,R) we replace every C with a R, giving us a completely
real Lie algebra, spanned as in equation (3.4.3), where the real combinations of h
will span all the diagonal matrices. This abelian subalgebra can also be referred to
as Cartan subalgebra. Commuting the generators e, f and h gives the following
commutation relations

le,fl=h  [he] =2e [h,f]=—-2f. (3.4.11)

As e is upper triangular, f lower triangular and h is diagonal, this way of
constructing the span is referred to as a triangular decomposition.

The triangular decomposition of the group SL(2,R) into upper triangular ma-
trices, lower triangular and diagonal matrices is a trait that holds for sl(n,R) for
all n. The span for this algebra can similarly be written as

sl(n,R) = Rn_ @ Rh & Rn, (3.4.12)

where the elements of n_ are lower triangular matrices and the elements of n
are upper triangular matrices. Lastly b has diagonal matrices as elements that
represent the Cartan subalgebra spanned by the diagonal elements h;, written as

n—1
b=> Rh, (3.4.13)

The Lie algebra sl(n,R) is spanned by n — 1 triples of the generators (h;,e;, f;)
for i = 1,....n — 1, called the Chevalley generators. Every triple of these gener-
ators span s[(2,R); and therefore satisfy the same criteria as the generators in the
equation (3.4.11). sl(n,R) is then constructed by taking all the algebras sl(2,R);
as a direct sum

&7 sl(2R); (3.4.14)

and additionally linking them together by using the following rules, called the
Chevalley relations,
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(€3, f5] = dijh; (3.4.15)
[hisej] = Aize; (3.4.16)
[hi, fi] = —Aij | (3.4.17)
2 -1 0
-1 2 -1 0
A= 0 -boz fl 0 . (3.4.19)
0 -1 2

The matrix A is the Cartan matrix, and the diagonal values represent the gen-
erators from the same s[(2,R); acting upon each other according to (3.4.11) . The
values of —1 next to the diagonal show us that only elements from subsequent
s[(2,R); have a connection that results in something other than zero. All other
combinations with the matrix A in (3.4.16), (3.4.17) will result in zero. However
we have so far put no other constraints on the generators e; with other e;, nor f;
with f;. Without further rules the generators e; and f; could, by commutation as
follows

[eivej]7 [eiv[ejvek“v [fi’ij [fi>[fjvfk]]v ) (3'4'20)

generate an infinite amount of new elements. To see to it that the n — 1 triples
generate a finite Lie algebra, the following Serre relations are added

(ade,)' ™" (e;) = 0, (adg,)'" " (f;) =0, Vi#j. (3.4.21)

Finally, with these generators, relations and restraints we now arrive at all the
generators for sl(n,R).

Example 3.7. As an example of this way of building sl(n,R) from sl(2,R); we
can look at s[(3,R). Here the number of generators should in total be 2n — 1 = 8.
We begin with n — 1 triples, resulting in the pair (e1,f1,h1) and (e, f2,he) that
produce the first six elements needed to span the Lie algebra. The remaining two
elements can be found from the matrix A

(2 -1
A= (_1 , > . (3.4.22)
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and 1 — Ay = 1 — Ay = 2. From equation (3.4.21) we find that [ey,[e1,eq]] =
[f1,[f1,/2]] = 0. This gives us the only two possible new elements spanning the

algebra [e1,es] = e3 and [f1,f2] = f3, adding up to all eight elements needed for
sl(3,R).

It is worth noting that this way of constructing sl(n,R) can be used when
constructing other Lie algebras. By using sl(2,R); with other values for A and the
same Chevalley relations, another Lie algebra can be constructed. For sl(n,R),
specifically, A will be as in equation (3.4.19).

3.4.2 Iwasawa Decomposition

It may sometimes prove necessary to split a group into several different subgroups.
One such decomposition is the Iwasawa decomposition. This decomposition
makes the claim that every semi-simple Lie group G can be decomposed into
three parts, each part having a specific requirement

G=NAK, (3.4.23)

where N, A and K are Lie subgroups to G, with the respective Lie algebras n, a
and €. K will be the maximal compact group of G, as defined for matrix groups
in definition 3.13. For IN the matrix representation of the elements must be upper
triangular matrices with determinant one, while for the subgroup A, the matrices
are all diagonal matrices.

The proof of this claim will not be presented herein for a general group, but
the Iwasawa decomposition for the Lie group SL(2,R) will be shown in detail. As
SL(2,R) is a simple Lie algebra, and thereby also a semi-simple Lie algebra, there
exists an Iwasawa decomposition where the maximal compact group K for SL(2,R)
is SO(2). This means that SL(2,R) can be separated into the parts

SL(2,R) = NA SO(2) = { ((1] j) } { (Z 1(/) ) } S0(2) (3.4.24)

where the matrices preserve the property of SL(2,R) that the determinant is equal
to one, and the diagonal of the matrices in A is restricted to only positive values.
Now we have one subgroup to SL(2,R) of elements that are represented by upper
triangular matrices and one subgroup of diagonal matrices, with algebras that
likewise are represented by upper triangular and traceless matrices respectively.
To compare this to the definition of an element S of the group SL(2,IR), we create
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an element through the Iwasawa decomposition as follows, and relate (r,x,0) to

(a,b,c,d)
g_ 1 z)\(r O cosf —sind
0 1) \0 1/r) \sinf cos@
_ [rcos@+z/rsind x/rcosd —rsind\ [a b
1/rsind 1/rcosf ¢ Libe
9 9 9 a—d 1
=1/r=c+d, == . cosf = ”m (3.4.25)

sIZR)=t@dbhdn (3.4.26)

where £ represents the maximal compact subalgebra to the Lie algebra in question,
which means £ = s0(2), b is all the non-compact elements of the Cartan subalgebra
and lastly n is a nilpotent subalgebra as defined in definition 3.11.

3.4.3 Maurer-Cartan Form

In section 3.2 it is shown how to find an element in a Lie algebra from an element
of its respective Lie group with the equation (3.2.4). However, the Maurer-Cartan
form presents an alternative way of finding the Lie algebra to a group. For an
element U in a group G, an element on the Cartan-Form of the Lie algebra g can
be found as

U-to,U. (3.4.27)
We can see that this yields the Lie algebra element 0,X € g

U=¢e*
= U'0,U=e%e"0,X =0,X, (3.4.28)
which normally is not the same as the Lie algebra element X, as found in equation

(3.2.4).

3.4.4 Killing Form

For Lie algebras it would be beneficial to find something like a scalar product.
The Killing form is a product between elements in an algebra that shares some
similarities with a scalar product and help to compare elements.
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Definition 3.16. K:illing Form is the product between the adjoint representa-
tions of a,b € g defined by

K(a,b) = Tr(ad,ady) (3.4.29)
with ad, as in equation (3.2.11).
This product has the benefit of being bilinear and symmetric, that is
K(ab) = K(b,a)
K(ab+c¢) = K(ab) + K(a,c). (3.4.30)
So far, the Killing form is a lot like a scalar product. Although, just like the

metric described in section 2.1.1, it is an object that is similar to a scalar product,
but is not necessarily positive definite.

Example 3.8. As an example of this, we examine the group SL(2,R) and how the
Killing form acts on the elements of its Lie algebra. Firstly we need to calculate
what ad,, ady, and ad; are. For sl(2,R) any element will here be written as v =
vie + voh + vsf = (v1,02,03), Vv € sl(2,R), v; € R. From their commutation
relations in equation (3.4.11) we get

v = (v1,v9,03) = (ul,u2,u3)

le,f] =h, [e,h] = —2e [h,e] =2e, [h,f]=—-2f [f,h] =2f, [f.e] =

0 -2 0 20 0 0 00
ade. = | 0 1 adp,=10 0 0 ady=|—-1 0 0
0 0

0
0 0 20

K(e,e) = Tr(adead,) =0 K(h,h) = Tr(adpady) = 8
K(f,f) =Tr(adsads) =0 K(e,f) = Tr(ad.adys) = 4
K(h,e) = Tr(adpad,) =0  K(f,h) =Tr(adsads) =0
=
K(u,v) = Tr(adyad,) = u' Kv, (3.4.31)

where K is the following matrix
K(ee) K(eh) K(e,f) 0 0 4
K=|K(eh) K(hh) Khf)|=10 38 0] (3.4.32)
K(e,f) K(h.f) K(h.f) 400
)

From here we can see that depending on w and v, K (u,v
negative.

can be either positive or
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As seen above, calculating the Killing form explicitly is not always quick and
smooth. However, the Killing form has several handy traits that can be used during
implicit calculation. Such a trait is that the Killing form is invariant during cyclic
permutation, meaning that

K(a,[b,c]) = K([a,bl,c). (3.4.33)
This can be shown by firstly expressing the following relation
adjey = [adg,ady), (3.4.34)

that can be proven by

ada(¢) = [[a,b],¢] = [adg,ads)(c) = [a,[b,d] = [b,[a,c]]
p=—

0= [a,[b,d]] + [b,[c.a]] + [c,[a,b]]. (3.4.35)

This means that the equivalency at < holds true, as equation (3.4.35) is the third
axiom, the Jacobi identity, in the definition 3.7 of a Lie algebra.
Another important step can also be shown with the Jacobi identity

[[a,b],c} = — ([b,[c,a]] + [c,[a,b”)
= —(bca — bac — cab + acb + cab — cba — abc + bac)
= abc — acb + cba — bea = alb,c] — [b,cla
= [a,[b]]. (3.4.36)

These can now be used to show that
K([a,b],c) = Tr(ad yad.) = Tr ([ad,,ady]ad.)

= Tr (ad,[ady,ad.]) = Tr ([a,[b,c]]) (3.4.37)
= K(a,[b,q]). (3.4.38)

Expressing the Killing form with different representations of the elements may
result in a scalar difference,

K(a,b) = C Tr(ab), (3.4.39)

where the constant C' depends on the algebra and representation. An example
of this constant for some common algebras and their fundamental representations
can be seen in table 3.2. From this we find that for s[(2,R) the Killing form can
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Table 3.2: The table above presents three Lie algebras and how their Killing forms
are expressed for their fundamental representation.

Algebra | C

sl(n,R) | 2n
su(n) 2n
so(n) | n—2

also be written as K (a,b) = 4Tr(a,b). For sl(n,R) the fundamental representation
is comprised of elements of n x n-matrices, which for s[(2,R) is spanned by real
combinations of the matrices e,f and h in (3.4.2). Comparing this to what was
previously calculated in equation (3.4.32) we can see that C' must indeed be 4, as

4Tr(ee) =4 Tr(eh) =4Tr(hf) =4Tr(ff) =4-0=0
ATr(hh) =4(1+1)=8  4Tr(ef) = 4(1 +0) = 4. (3.4.40)



Generating Black Hole Solutions
From Group Theory

In this chapter we arrive at the Schwarzschild solution by a different method than
in section 2.5.1. This different approach requires a bit more work, but the reward
is that from this method we can find symmetries of the solution which can be
hidden and very hard to see using the previous method. These symmetries can,
with group theory, be used to generate new solutions with similar symmetries,
effectively expanding a solution into a family of solutions. The method used in
this chapter can also be used to find other families of solutions, in principle by
using the same steps presented here. We go through these steps in detail for the
Schwarzschild solution, and the Reissner-Nordstrom solution is found mostly by
using what we did for Schwarzschild. The main line of this chapter will follow two
articles of Breitenlohner et al. More information can be found in [12] and [13].

To do this we start by performing a dimensional reduction of a dimension
that the solution is symmetric with respect to. This will give a new effective
action in three dimensions originating from the original action in four dimensions.
The dimensional reduction and the symmetries that manifest afterwards will be
discussed in section 4.1. By use of group theory and the action principle we find
the equations of motion for the three-dimensional action in section 4.2. These
equations are solved in section 4.3 to find the Schwarzschild solution. Thereafter
the Reissner-Nordstréom solution in section 4.4 will be derived using the same
method as the Schwarzschild solution. Lastly, how to generate new solutions in
the same solution family is discussed in section 4.5, along with some generalizations
of the concepts and further uses of the method.

Throughout this whole chapter indices in four dimensions will be written as fi,
U,... and indices in three dimensions will be pu, v,...

o7
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4.1 Dimensional Reduction

In four-dimensional spacetime the action from gravity in vacuum is given by

S4[gﬂ,;] = /]R4 d4x\/§R, (4.1.1)

where we have omitted a factor ﬁ from the expression presented in section 2.4.3.
Since the action in vacuum only has one term, this factor does not effect the
stationary point of the action.

Many interesting solutions have symmetries so that the metric is independent
of one or more dimensions'. Such a dimension is assumed to be compact, so that it
can be seen as to parametrize a circle. If it in addition is small, the metric ansatz
will only contain zero-order terms?. The ansatz for the four-dimensional metric
can then be written be on the form

g = O T EAA A, (112)
" e?A, e )’

where g, is a three-dimensional metric, A, is a vector field and ¢ is a scalar field.
These three objects, g,.,, A, and ¢ are functions of the remaining dimensions. So
for a timelike reduction, the three-dimensional metric is a function of the space
coordinates. The parameterization of the ansatz in (4.1.2) is used because it turns
out to be convenient during calculations. By convention, the coordinate reduced
is placed to be the last index.

By integrating the action Sy[g;s] with respect to the reduced dimension, as
well as calculating the three-dimensional Ricci scalar R and the determinant of
the metric g, an effective three-dimensional action can be derived. This action
contains the vector field A,, which can be simplified by dualizing to a scalar field
X:

o'y = "0, Ay (4.1.3)
Dualization is a property that all Maxwell and gravitational theories share, and
is linked to the Bianchi identity, see equation (2.4.6). By dualizing a field, both
the original field and the dual fields will contain the same information. It should
be noted that in the general case, the dual to a tensor could have a higher as well

I A mathematical description of symmetries allowing for dimensional reduction would be that
there exist spacelike and timelike Killing vectors [12], objects which in themselves we do not treat
in this text. Killing vectors are described in Weinberg [2]

2In fact, in the real world, the compactified dimension is not a microscopic; all four dimensions
are indeed macroscopic and observable. Nevertheless, the method of dimensional reduction can
be used to obtain solutions to Einsteins equations, even though the three-dimensional action is
in some sense unphysical.
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as lower rank. Which rank that is obtained, depends on the rank of the dualized
tensor and the dimension, since the rank of the Levi-Civita tensor is equal to the
number of dimensions. [14]

The processes of dimensional reduction and dualization are rather complicated.
Therefore, the action will simply be stated without proof. More information about
dimensional reduction can be found in Pope [15]. The action, when reduced from
four to three dimensions, becomes

/ d'z/gR (4.1.4)
Y
/]R:% d3x\/§R— /}Rd d3I\/§/j(X7¢), (4.1.5)

In the expression for the three-dimensional action the first term will be referred to
as S3 and the second as Sq/k. L(x,¢) is the sigma model and is given by?

L(x,9) = %(aucb@“qb + 20, x0"x). (4.1.6)

The plus sign in £ is obtained when the reduction is done with respect to a space
coordinate and the minus sign when it is done with respect to a time coordinate. As
the Schwarzschild solution is both static and spherically symmetric, either a time
coordinate or an angular coordinate can be reduced. The mathematical formalism
will here be more thorough when reducing a spatial coordinate, but in order to
later obtain the Schwarzschild solution it will be easier if the time coordinate is
reduced. Since both spatial and timelike reduction are important for further use,
both will be presented.

4.1.1 Invariance of L(x,¢) Under SL(2,R)

The aim of this section is to show that the sigma model is invariant under SL(2,RR).
Using this invariance, it is possible to generate families of solutions from a single
solution. This will be discussed further in section 4.5. Another important result
from this section is that x and ¢ parametrize SL(2,R)/K, where K depends on the
type of reduction; for spacelike reduction the coset space will be SL(2,R)/SO(2)
and for timelike it will be SL(2,R)/SO(1,1). The fact that x and ¢ parametrize
SL(2,R)/K enables us to express the Lagrangian in a convenient way, to be used
when deriving the Schwarzschild solution.

3See eq. (1.80) in Pope [15]. A discussion on signs depending on the reduced coordinate can
be found in Persson [16].
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We show this invariance by creating an object that is invariant and show that
this is precisely our Lagrangian. To do this we use the Killing form, defined in
section 3.4.4. The calculations for a timelike and a spacelike reduction are almost
identical. The only difference will be that different generalized transposes are used,
the choice of which depends on the group K, see section 3.3 for further disussion
on generalized transpose. It will be pointed out where the differences arise.

From the Iwasawa decomposition, found in 3.4.2, we know that any element
g € SL(2,R) can be uniquely factorized into

—/2
g = nak = X% ¢/?f = L x ¢ ¥ k, (4.1.7)
0 1 0 e

where & € SO(2). If & € SO(1,1) the decomposition will not be unique. In
addition, it will not work for all elements. Therefore the composition is not math-
ematically stringent, although it will work for all cases of physical interest.* The
factorization can be used with k being an element of either SO(2) or SO(1, 1), thus
for both spacelike and timelike reductions.

Because of the factorization, elements in the coset space SL(2,R)/K can be

written on the form
—¢/2
Vena= (1 X)[°© 0. (4.1.8)
0 1 0 e?/?

As this is a left coset, V transforms with elements in SL(2,R) from the left and
with elements in K from the right,

YV — gVk geSL(2R), keK. (4.1.9)

By definition, any two elements in the coset space that just differ with an
element £ € K from the right, are treated as equivalent elements. Thus one can
always find a representation of an element in the coset space that is on the form
of V in (4.1.8), by setting k in (4.1.7) to be identity. When V transforms with ¢
from the left it can be quite difficult to find the right k& that acts from the right to
make the new V again on the form (4.1.8). Instead we create an object that does
not transform at all under K by defining

M =V, (4.1.10)

where 7 is the generalized transpose, see definition 3.14, which is defined by re-
quiring
KM=k, keK. (4.1.11)

4A detailed discussion can be found in section 5.2 in [17].
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This requirement is useful since M will then transform as
M — (gVEk)(gVEk)T = gVkkTVT g7 = gV~ VT g7 = gM g’ . (4.1.12)

When K= SO(2) we can say that the generalized transpose 7 is just the normal
transpose | since this then has the desired property of (4.1.11). If we instead would
have a timelike reduction, & would be an element in SO(1,1) and for 7 to have
the property k7 = k~' the normal transpose does not suffice. The generalized
transpose of SO(1,1) is g7 = cg'c where ¢ = diag{1l, — 1}. This generalized
transpose has the effect of switching the sign of the non-diagonal elements. M
expressed in ¢ and x will then be

M =T
T T
(1 x e 92 0 e 92 0 1 £y
0 1 0 e/ 0 2 0 1
—¢ 2,0 o]
_ [ e EXTE xe” ) (4.1.13)
+ye? e?

To be able to calculate the Killing form we go to sl[(2,R), the Lie algebra of
SL(2,R), and we do this via the Maurer-Cartan form,

M~9,M € sl(2,R), (4.1.14)

which becomes

_ 26 2
M~'9,M = Out £ XOuxe Duxe . (4.1.15)
+2x0,6 + ,.x — X200, xe*® 0,0 F xOxe*?

Our Killing form will then be
ATr ((M‘lauM)(M‘la“M)), (4.1.16)

which is manifestly invariant under SL(2,R). We show this, keeping in mind
that M — gMg'. By restriction g to be a constant, the derivative only acts
on M. By expanding the parentheses and recalling from elementary algebra that

Tr(AB) = Tr(BA), we see that

Tr ((M‘lauM)(M‘la“M)> ~

= v (g 0ula0tg ")) (6197 0401y 7)) ) (a11)

= Tr <(M*10MM)(M*18“M)>. (4.1.18)
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Next we calculate the explicit expression of the Killing form. After some work
we arrive at

AT ((M’lauM)(M’la“M)) = 8(8,00"6 £ 0, x0"xe*). (4.1.19)

We see that this is the same as the expression for the Lagrangian in equation
(4.1.6) apart from a factor 16. The factor 16 does not make any difference since if
the Killing form is invariant under SL(2,R) then so is any multiple of it. Therefore
we have proven that our Lagrangian is indeed invariant under SL(2,R). Because of
the restriction that g should be independent of the spacetime coordinates, transfor-
mations under SL(2,R) will represent global symmetries. On the other hand there
where no restrictions on k, so transformations under K represent local symmetries.

4.2 Equations of Motion on the Coset Space

In this section we derive the equations of motion by using variational calculus
on the action in equation (4.1.4). We do this by varying the action, first with
respect to the fundamental object V and then with respect to the metric g,,.
These two equations of motion will not describe motion in the spacetime, rather
they are equations of motion in a more abstract sense on the coset space where
coordinates are the parameters x and ¢. One of these equations can be expressed
on an alternative form as a geodesic equation (this is further discussed in section
4.2.3).

These two equations of motion are used to derive the metric. To express one of
the equations as a geodesic equation is not necessary when deriving the Schwarz-
schild solution, although in other cases it can be a central part of finding the
solution.

4.2.1 Variation with Respect to V

The action from equation (4.1.4) is

Ss — Sa/k —/ d3x\/§R—/ d*x\/gL(x, ). (4.2.1)
R3 R3

When we vary V this will only affect the second term, which can be written using
the Killing form as

Se/x = i/ﬁs &3z, /g Tr <(M‘18MM)(M‘18“M)>. (4.2.2)

First we write the action on another form, which makes the calculations easier.
The Cartan involution states that we can always expand any element in a Lie
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algebra in one symmetric part and one antisymmetric. Therefore we can expand
the Maurer-Cartan form of the element V, which lies in the Lie algebra s[(2,R) as

V9,V = Q,+ Py (423)
where @), is antisymmetric and P, is symmetric with respect to the generalized
transpose. When we have a matrix representation of an algebra this is always true

due to the fact that you can always write a matrix A as the sum of its symmetric
and antisymmetric part:

A= %(A — A7) + %(A + AT). (4.2.4)

This gives expressions for @), and P,:

1
Qu=5 (V1o - v aw)) (4.2.5)
P, = %(V—lauv + (V‘18MV)T> (4.2.6)

To be able to express the Killing form in terms of @), and P,, the Maurer-Cartan
form of M = VV7 is expanded. Note that the derivative will act element-wise
on the matrix V, and therefore the differentiation and transposition may change
order, so that 9,(V7) = (9,V)”7. When expanding, multiplying with (V7)~1V7
makes it possible to simplify the expression:
M~'9,M = (VW) 19,(wVT)
= (VT (VaVT + 9,07 (VT) V)
=V HTepr)V". (4.2.7)
The next step is to insert this expression into the Lagrangian of the action in

(4.2.2). Expanding and utilizing that Tr(AB)=Tr(BA), the factors of V cancel,
and the Lagrangian becomes

L(x.9) = iTr (((VI)TQPﬂVT) ((V1>7’2puv’r)>
e (4.2.8)

which gives the action in equation (4.2.2) as

Sa/x = / d*z/g Tr(P,P"). (4.2.9)
R3
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To arrive at the equations of motion this should be stationary with respect to a
small perturbation of V), thus 6ySg/x = 0. We begin by looking at the variation
of P,. From equation (2.4.22), the variation of the inverse of V will be §(V!) =
—V~16VVY~1. Utilizing this in the variation of P, results in

1
P =5 ( — (VISVYV IOV + V0,0V

+ ( - (V‘HSVV‘I)G#V)T + (V‘lau(w)"’) : (4.2.10)

Because V™1V is a Lie algebra element, we can expand it into one antisymmetric
and one symmetric part,

VY =3 + A (4.2.11)

The antisymmetric part X will not have any effect as the Lagrangian only depends
on the symmetric part P, and not on ),,. Therefore we can freely set X = 0, which
results in

1
A3 (V—lav + (v—lw)T) = ylsv. (4.2.12)

Thus V™10V is symmetric, which will be useful in further calculations. To simplify
equation (4.2.10) we start by calculating the derivative of A,

1
O = 50 (viev+ v ten)T)
1
=3 (0.7 1V + @V V)T £V 19,6V + (VI9,60)T). (42.13)
Comparing with equation (4.2.10) gives
1
Oy = Ouh — 5 (auv—lav + (0T 4+ (VTVY o, v+

+ ((V“WV“)@MV)T) (4.2.14)

Once again using equation (2.4.22), which holds for derivatives as well as variations,
the variation is

1 T
SyP, = 0, A — 3 ((—V‘l(?MVV‘l)dV + ((—v—lauvv—l)5v> +

+ (V7 'oVvYy o,V + <(V’15VV’1)8#V) T) (4.2.15)
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Simplifying the expression shows that the last terms can be expressed with ), and
A:

Sy By = 9,A + QuA — AQ,
— O + [Qp, Al (4.2.16)

Because A is a scalar, its partial derivative and covariant derivative are equal,
we can write V,A instead of J,A. Next we look at the variation of the action
from equation (4.2.9) and set this to zero to arrive at our equations of motion.
The action contains two elements depending on V; P, and its contravariant form
P*. From the product rule we get two terms that contribute to the variation. By
raising and lowering the index of the terms, these terms are equal. The variation
can therefore be written as

Sy [ gd’zTe(P,P") =0 (4.2.17)

R3
=

2 | gz Te(P*$yP,) =0 (4.2.18)
R3

Y

/ Vol Ty (P“(VMA +1(Q,, A])) 0 (4.2.19)

To continue we use the following relation, Tr(A[B,C]) = Tr([A,B]C') which is true
for arbitrary matrices. Also, we integrate the first term by parts,

0— | o’z Te(V,PA)+ | /gd®xTr([P*,Q.)A) =0 (4.2.20)
RB RS
=
g3z T ((—VMP“ + [P“,Q,J)A) = 0. (4.2.21)
RS

If this is going to be zero for an arbitrary perturbation ), thus an arbitrary A,
the following must be true,

V,P* —[P*Q,] =0 (4.2.22)

which are then the equations of motion. We can also express this in terms of a
different covariant derivative which we define as

D,P,=V,P,+[Q.P,). (4.2.23)
Then the equations of motion can be expressed as

DFP, = 0. (4.2.24)
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4.2.2 Variation with Respect to the Metric g,

When varying the action with respect to the metric we must take both terms from
the dimensional reduction into account,

53—SG/K:/ d3x\/§R—/ d*z+/g Tr(P,P"). (4.2.25)
R3 R3

The variation will be done exactly as when we derived Einstein’s equations in
section 2.4.3, but here there will be another term from ,/gL(x,¢). For details
compare with the calculations in section 2.4.3. The result is

0,(55 — Sa/x) =0 (4.2.26)
=

/}R 3 d*21/969,0 (%g""(R — Tr(P,P")) — (R — Tr(PpP“))) =0. (4.2.27)

Since the action must be stationary for an arbitrary variation of the metric, the
expression inside the parentheses must be zero. Gathering terms with the Ricci
tensor and Ricci scalar to the left, and terms containing P, to the right, the
requirement for stationary action is

1 1
R — g R="Te(P"P°) — 2 g Te(P,P") (42.28)

To simplify this equation we multiply both sides with g,, and use that the trace
of this is three, since it is the three-dimensional metric,

1 3
R~ 23R ="Tr(F,P*) — D Tr(F,P") (4.2.29)
=
1 1

This makes the terms with R and Tr(P,P*) cancel each other out in (4.2.28) and
we arrive at the expression for the second equation of motion:

R™ = Te(P"P) (4.2.31)
=
R, = Tr(P,P,) (4.2.32)

From Einsteins equations in section 2.4, the right hand side of (4.2.32) can
be seen as a stress-tensor. So we see that these equations are not just three-
dimensional general relativity in vacuum, but the dimension that was reduced will
still have a noticeable effect on the solution.
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4.2.3 Geodesic on the Coset Space

In this section we show that the equations of motion from the dimensional reduc-
tion actually give a geodesic equation on the coset space SL(2,R)/K, where K
is SO(2) for a spacelike reduction and SO(1,1) for a timelike reduction. Because
we in the end want to arrive at the Schwarzschild solution, we here work with a
timelike reduction as this simplifies the calculations. For a spacelike reduction the
result is the same and the calculations are very similar. The Lagrangian L£(x,¢)
from equation (4.1.6) can be rewritten as

L(D) = 7;;($)9, ' 0" P (4.2.33)
where ® = (x,¢) are the coordinates and ;; is the metric of the coset space
SL(2,R)/SO(1,1)>. The second term from the action in equation (4.1.4) is then
given by

R3

:/ d*/97(2)0, 20" P!
R3

— / d*z/g9" 7i;(9)0, 90, D (4.2.34)
R3

If our solution is going to be spherically symmetric we can make the following
ansatz for the three-dimensional metric®:

ds® = —dr? — f2(r)(d6? + sin® fdy?) (4.2.35)
=
-1 0 0
G = 0 _f2 0 (4236)

0 0 —f?sin’#
Using this in equation (4.2.34) with the fact that ® only depends on r leads to
SG/K = / d?’x\/gg’“’%j (@)8#(1)181,@3
R3
= / d*z f? sin 0;;(®)0, D0, 7
R3

=dx / dr f27;;(®)0, 90,7 (4.2.37)
0

®The components of the metric v;; can be identified directly from (4.1.6).
6The minus sign is needed to obtain the correct signature of the four-dimensional metric.
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To get rid of the factor f? in the integral we make the substitution

>~ 1
T(r) = —/r f2—(s)d8 (4.2.38)
=
or 1
= T (4.2.39)

The action then becomes
Sa/x = 4m / dr f27;; ()0, 90,7
0

O Or , (or\?
=4 — A7 f%7,(9)0, 90, P’ | —
o[ G (5)

"
O . .

=4 / 77, (9)0, 90,7 . (4.2.40)
~(0)

Variating with respect to ¢ gives

0

S0 Sa K = An / dT((s@ (%j@))aTqﬂaTqﬂ +2%j(c1>)aT<piaT(sq>i>. (4.2.41)
0)

7(

Given that this is going to be zero for an arbitrary perturbation §®’ yields the
equation . A
2™ + Y710 9'0, 7 = 0, (4.2.42)

where T is the affine connection on the coset space. The specific calculations that
give this result are given in appendix E.

Looking back at the geodesic equation that was introduced in the text about
general relativity, equation (2.3.15), we see that this equation is really a geodesic
on the coset space. Actually the geodesic equation of (4.2.42) expresses the same
thing as equation (4.2.24), D*P, = 0, from the variation of V. Therefore the
equation D* P, = 0 can also be seen as a geodesic equation. We state this without
proof.

In some cases, the geodesic can be used to obtain the solution for the metric.
Otherwise, it will provide some interesting information about the solutions.

As geodesics in spacetime have been thoroughly analyzed, this theory can be
used for geodesics on the coset space as well. A geodesic is described by the
geodesic equation and two parameters; the starting point on the coset space and
the initial velocity. In four-dimensional spacetime, the initial velocity corresponds
to conserved charges [18]. The geodesic equation can thus be used to analyze
general properties of possible solutions. This will be further discussed in section
4.5.
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4.3 Solutions to the Equations of Motion

To obtain the Schwarzschild solution, we use the equations of motion (4.2.24) and

(4.2.32). These are
p =
brF, =0 (4.3.1)
R,, =Tv(P,P,).
From equation (4.2.8) we see that second equation of motion is equal to

R, = iTr ((M‘lauM)(M‘layM)>, (4.3.2)

while the first equation of motion can be rewritten as
VHM'9,M) = 0. (4.3.3)

The proof of this is given in appendix F. Our equations of motion are then

{ VAMT9,M) =0 (4.3.4)

R, =1Te((M~19,M)(M~18,M)).

This result holds both for a spacelike and timelike dimensional reduction, though
we will in this chapter work only with a timelike reduction. To arrive at the
Schwarzschild solution, which is spherically symmetric, we write the three-dimen-
sional metric in the same way as in the ansatz of equation (4.2.36), which is
the most general form for a spherically symmetric metric. This then gives the
components of the affine connection and the Ricci tensor. The only non-zero
components of the connection are

[hsin®d = T = }If’fsin29
o _ e _
Foo = Yoo = 7 (435)
0 . .
I, =— sinflcost
Fﬁ%) = cotf

and the Ricci tensor becomes

—2f7” 0 0
Ruy=| 0 %(ff’) —1 0 (4.3.6)
0 0 sin? 0 (%(ff’) . 1)



CHAPTER 4. GENERATING BLACK HOLE SOLUTIONS... 70

From the spherical symmetry we also know that 9,M is only non-zero when
p = r. Because of this, we can simplify the equations of (4.3.4) further. Inserting
the definition of the covariant derivative into the first of the equations of (4.3.4),
we note that there are only three non-zero terms:

VHM ' 0,M) = g" 0, (M0, M) — g"TpeM "0, M — g**T, M0, M. (4.3.7)

Inserting the affine connections and the metric components gives

0=—0,(M~'0,M) + %(—f’f)M‘la,,M (4.3.8)
1 Lo _

+ m(—f fsin?0)M 0. M (4.3.9)

= —0,(M~*0,M) — 2§M1&.M. (4.3.10)

Multiplying by — f? we obtain the following equation:

PO (M0, M) +2ff M~ '0,M =0 (4.3.11)
=
o.(f*M~'0,M) =0 (4.3.12)

If we once again introduce the parameter 7(r) from equation (4.2.38) we get
O, (M0, M) =0 (4.3.13)

where M (7(r)) = M(r). Looking back at the equations in (4.3.4) we see that we
have the four equations,

(4.3.14)

The two last equations actually says the same thing as R,, = sin? ORgy. Now
using what we know about the components of the Ricci tensor the equations of
motion become

Tv ((M—larM)Q) (4.3.15)
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The solution to the last equation will be
ff=0r+b*+c (4.3.16)

where b and c¢ are constants of integration. Let us then solve the first equation
from (4.3.15):

. (M™'0. M) =0 (4.3.17)
=

M™o.M =Q (4.3.18)
=

.M = MQ (4.3.19)
=

M = Myexp(1Q). (4.3.20)

where () and M, are some constant matrices yet to be determined. At infinity we
want our solution to be flat, and when looking back at the original four-dimensional
metric, equation (4.1.2), we see that this boundary conditions makes M go to
identity when r goes to infinity. That r goes to infinity is the same as 7 goes to
zero. Therefore My must be identity if M is to be identity when 7 is zero.

From the spherical symmetry we also know that we can make our metric di-
agonal and therefore set A, to zero, which forces y to be constant. This constant
can be arbitrarily chosen since x describes a potential. Setting x to zero, makes
M diagonal and from equation (4.3.20) we see that the same is true for ). The
definition of M states that M = VV7 and because V € SL(2,R) the determinant
of M is one, therefore the trace of () must be zero. If () is diagonal and traceless
we can write () as a multiple of the generator h, which is one of the generators of
s[(2,R) and is given by diag{1l, — 1}. Therefore we can write,

M = exp(rah). (4.3.21)

We have one equation left: number two in (4.3.15). We solve this by using our
previous results that M 10, M = Q = ah,

f// 1 3 9

ol —-my ((M 8, M) ) (4.3.22)
f 4

Making the same parameter substitution again we can simplify this to

I 1 . .

YA —Tr ((M‘I&M)2> (4.3.23)
7

=

C8F = T ((ah)2> (4.3.24)
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And since Tr(h?) = 2,
—4f3 " = o (4.3.25)

In the previous calculations we found that f? = (r +b)? + ¢, see equation (4.3.16).
From this we see that

2= ((r+b)%+c)?? (4.3.26)
" — ((T + b)2 + 0)3/2 (4327)
=
2 =c (4.3.28)

Equation (4.3.25) then relates the constant as —4c = a?. Since f is known we can
calculate 7 explicitly using partial fraction decomposition:

T(r) = — /OO f%(s)ds (4.3.29)
1 r+b—a/2
—~In (—r o a/2) . (4.3.30)

Putting this into equation (4.3.21) gives the final form of M,

r+b—a/2
M = In({———=|h). 4.3.31
exp<n(r+b+a/2> ) 33
From the definition of M and the fact that y = 0 we can relate this to ¢. We find
that ; 12
r+o—«o
=—In| ———— 4.3.32
¢ " (r +b+af 2) ( )
Looking back at the metric that we started with from the dimensional reduc-
tion,
—¢ é @
G — e g +e?A,A, e®A, 7 (4.3.33)
e?A, e?

where g,,, is the three-dimensional metric, diag{—1, — f2, — f?sin? §} and A,, is now
zero. When inserting this into the metric we arrive at

= (/=2 —a/2)2 — —a/2
9o dlag{ <r+b+a/2)’ (r+b—a/2)*, —(r+b—«a/2)"sin*0,

(M> } (4.3.34)

r+b—a/2
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In order to compare this to Schwarzschild, we want there to be a factor r? in front
of the angular components. This can be done by setting b = «/2, which then gives

— (=) 0 0 0
0 2 0 0
o 4.3.35
9i 0 0 —r2sin20 0 ( )
0 0 0 (7£2)

If this metric is going to fulfill the Newtonian limit when r >> 1 then o must be
equal to —2MG. We end up at

—(1-2G)71 g 0 0
22
G = 0 " 0 0 , (4.3.36)
0 0 —r?sin’f 0
0 0 0 (1— 25

where the order of the coordinates are 7,0,¢,t. We see that this is really the
Schwarzschild metric with signature (— — —+). That the signature is different
from the metric in section 2.5.1 has no physical implications, it is just a matter of
choice which one you use.

4.4 Generalization to Reissner-Nordstrom Black
Holes

In this section we go beyond the Schwarzschild solution and look at black holes
that also carry charge. The metric that describes these black holes is called the
Reissner-Nordstrom metric. Instead of starting with just the action as in the
previous chapter,

54[9,;,;] == / d4$\/§R (441)
R4
we also require a component that is the stress-energy tensor from Maxwell theory,”
1 o
84[9115] + SM,mwe” [g,;g] = / d4ZL‘\/§R — Z/ d4£L‘\/§F“VFﬂp, (442)
R4 R4

where

Fap = 013 Ay (4.4.3)

"This can be found in section 2.1 in [19)].
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and A, is the 4-potential. We perform a dimensional reduction with respect to
time and therefore we once again separate the time-component from the others,
defining

A, = (AL V). (4.4.4)

Here V' is the electric potential and A, the three dimensional magnetic vector
potential. After the dimensional reductlon A, can just like A, in section 4.1, be
dualized and represented with a scalar V, where oMV = e (9, A, — 0,A,). To-
gether with the two previous scalars from the metric, we end up with a Lagrangian
dependent on four scalar fields, ¢, x, V and V:

[ dtavar- 5, (1.45)
Y
/Rg dg“”\@R—/Rg d*x/gL(¢, X, V. V). (4.4.6)

With the same reasoning as when we derived the Schwarzschild solution, we
know that the metric is diagonizable, and thus we can again set y = 0. The scalar
from the magnetic vector potential, V, can be set to zero if we assume that no
magnetic monopoles exist and the solution is static. The four dimensional metric

is then
2¢
G = ( Y™ 0 ) (4.4.7)
0 e 2¢

and the explicit Lagrangian becomes:®

L(¢, V) = 2(0,60"p — *?0,VO'V). (4.4.8)

We then make use of the same fundamental object M as in equation (4.1.13), with
a minus sign since we are now working with a timelike reduction and V' instead of
X. After inserting a spherically symmetric metric, the equations of motion will be
similar to those in the solution for Schwarzschild, and from equation (4.3.15) we
see that these are

(M9, M) =0
f//

2% =T ((M—larMY) ' (4.4.9)

L)1

8Equation (2.32) in [19]
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Note the difference of a factor four in the second equation, which comes from
that the Lagrangian in (4.4.8) is four times the Lagrangian we had when deriving
the Schwarzschild solution. The first and last equation yields identical results as
those in equation (4.3.16) and (4.3.20) respectively. Thus M = Myexp(7Q) and
f? = (r+0b)*+c, where My, Q, b and c are constants of integration. If the solution
should be asymptotically flat at infinity, then ¢ and V must go to zero when r
goes to infinity. When r goes to infinity 7 goes to zero and from this we see that
My = 1. As M is an element of SL(2,R), @ can be written as a linear combination
of the generators of SL(2,R): h, e and f, defined in section 3.4.1. The explicit

expression for exp (T(ah—l— Be+~f )) is derived in appendix G. For this to be equal

to M in (4.1.13), that is antisymmetric in its off-diagonal elements, we see that
v = —f. M then becomes

M = exp (T(ah + fe — 5f)> (4.4.10)
h E asinh(\/ET) ﬁsinh(\/ﬁ‘r)
- - <\/_,8:12h?_\/ﬁfr) vE - OcSiIlh(\/ET) ’ (4411>
—— cosh (\/FT) ——F

where E = o — 2. Comparing with M expressed with ¢ and V we find that

e® = M,y = cosh (\/ET> — ozsinh\/(E\/FT>7

o M peinb WET) . (4.4.13)
My, V'E cosh (\/ET) — «sinh <\/ET)

From the second equation in (4.4.9) we can determine the constant ¢ in f2. We do
this precisely as in section 4.3 and find that

(4.4.12)

c= —% Tr ((M—laTMP) (4.4.14)
_ _% TH(Q?) (4.4.15)
— (=) (4.4.16)
S (4.4.17)

This E is actually equal to the rest mass energy of the black hole, which we soon
will see, thus we can say that ¢ < 0.° As in section 4.3, 7 can then be found to be

! (Hb_ ‘/E> (4.4.18)

T

= In
20WE r+b++VE

9More about this can be found in section 2.5
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To find the constants o and 3 we use the newtonian limit with e=2? as the
gravitational potential and V' as the electromagnetic potential. We therefore have
the following conditions

_2MG

lim e 2% =1 : (4.4.19)
7—00 T
lim V(r) = & (4.4.20)
r—00 T ’

To do this we calculate the derivative of these potentials with respect to z = 7%:

%(e_2¢(x)> - %(e-%(ﬂ)' 0 % =, (4.4.21)
oV (x) _oV(7) or B
o |~ o | x|~ D, (4.4.22)

From this we can directly say that « = MG and = —(@Q by using the Newtonian
limit. Also we see that £ = (MG)? — Q? and that this truly represents the rest
mass energy. What is left is now to insert 7 into e™2? and use this to find the
metric in (4.4.7). After some work we find that,

-2

« sinh (\/E’T)

e 2 = | cosh <\/E7‘>— B (4.4.23)
r+b—+E ‘1 r+b—+VE . -
r+b+vVE a \r+b+VE

—4 . (4.4.24)
[r+o-vE VE  [r10-VE
r+b+VE r+b+VE

_(r+b)?—E

=G ibrar (4.4.25)

The numerator is precisely f? in (4.3.16) and if the angular components in the
metric are going to be r? and r2sin? @ the denominator must be 72, thus b = —a.
Finally we arrive at,

(r—a?-E

2
P =2MGr + @
— 5 )

e 2 = (4.4.26)

(4.4.27)

r
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Consequently f? is
f2=r"—2MGr + Q* (4.4.28)

Inserting this into the original four-dimensional metric,

2¢
gﬂﬁ=<g’”e 0 ) (4.4.29)

0 e 2¢

then gives the Reissner-Nordstrom metric,

-1

~(1-2e gy o 0 0
2
G = 0 d 0 ¥ . (4.4.30)
0 0 —r?sin’f 0
0 0 )

where the order of the coordinates are r.0,¢,t. A discussion on the Reissner-
Nordstréom metric is found in section 2.5.

4.5 Further Use of Dimensional Reduction

In the previous sections, we have shown how a sigma model can be used to obtain
the Schwarzschild and the Reissner-Nordstrom black hole solution. Compared to
the simple derivation of the metric of section 2.5.1, the method presented prior in
this chapter required significantly more work, even though many important steps
were only mentioned briefly. However, the sigma model is very powerful as it
provides a general tool to derive black hole solutions. In addition, it provides a
framework to obtain entire classes of black hole solutions from a single solution [12].
Sigma models also play an important role in the discussion of uniqueness of black
hole solutions [20]. In the following paragraphs, three main paths of developing
different types of solutions will be discussed.

Firstly, other kinds of black hole solutions can be obtained using the the same
method, but a different action. Alternatively, the dimensional reduction can be
performed on another dimension. The more general the action, the larger the class
of solutions will be. This will affect the Lagrangian after the dimensional reduction,
which results in other quotient groups than SL(2,R)/SO(2) or SL(2,R)/ SO(1,1),
as used in the Schwarzschild example. Otherwise, the method is similar. After
obtaining the Schwarzschild and Reissner-Nordstom solutions, a natural next step
is to find the solutions to the axially symmetric, rotating Kerr (uncharged) or
Kerr-Newman (charged) black holes.
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Another path to follow from the Schwarzschild solution is to generate other so-
lutions of the Schwarzschild family. Here, a few words about the geodesic equation
obtained in section 4.2.3 is appropriate. All spherically symmetric black holes have
geodesic equations of the coset space G/K.'® Apart from sometimes being useful
for finding the solution, the geodesic equation allows for an analysis of the general
properties of the metric without explicitly finding it[12]. Of the two characteristics
of a specific geodesic, the starting point and the initial velocity, the initial velocity
corresponds to conserved charges in four dimensions. Since K is the subgroup of
G that corresponds to a fixed starting point, the set of conserved charges is gener-
ated by transformations of K[18]. All spherically symmetric non-extremal'! black
holes can be generated using K-transformation starting from Schwarzschild.[18]
[12]. The principle of generating new solutions is as follows: starting with the
parameter Vs..q defined as in equation (4.1.8), corresponding to one solution, we
can form

Moeed = VeceaV.loa- (4.5.1)

Mieeq will then, according to (4.1.12), transform as
Mseed — Mg = ngeedgTa g e G (452)

If we can factorize M, :

My =V,V], (4.5.3)

the new solution V, is obtained. Though simple in principle, solutions are not
generated too easily [21]. Especially the factorization is often very complicated.

A third possibility to continue exploring dimensional reduction is to reduce
on one more dimension, to the two-dimensional case. This path is however much
more complicated than the previous two, both regarding dimensional reduction
and factorization when classifying solutions. In return, it is very rewarding as
it is possible to obtain all solutions with two independent spacetime symmetries
from Minkowski metric. This technique is therefore still object to intense research.
(14, 21]

10T his is however not true for other symmetries; for example an axially symmetric black hole
will not have such a geodesic.
HExtremal black holes have a nilopotent conserved charge, see [18].



Conclusion

In this thesis, we have described a general method of dimensional reduction from
four to three dimensions that reveals hidden symmetries of black hole solutions.
Using this technique, we have obtained the simplest possible form of a black hole,
the Schwarzschild solution. Using the same technique, we have also presented how
to derive the Reissner-Nordstrém black hole and thus demonstrated the method’s
power of versatility. Thereby, the aim of the project was achieved. By this manner
of coding and utilizing symmetries we have paved a way to finding more com-
plicated and exotic metrics that could perhaps not have been found with a less
sophisticated method.

A next step to continue the work of this thesis is to generate other solutions
belonging to the Schwarzschild or Reissner-Nordstrom families, as discussed in
section 4.5. Alternatively, dimensional reduction can be performed on a more
general action resulting in an larger class of solutions. These solutions can then
be generated by acting with elements belonging to the coset group of the relevant
action.

Although dimensional reduction was used to derive the Schwarzschild and
Reissner-Nordstréom solutions decades ago, it is still subject to intense research.
Among the topics of recent research we find the use of sigma models to investigate
black hole solutions in supersymmetric theories of gravity [18, 22]. Another cur-
rent field of research is on five-dimensional supergravity, see for example [18], and
studies of dimensional reduction to two dimensions [21].

When performing a dimensional reduction on multiple dimensions or a more
complicated action, the resulting Lagrangian becomes all the more complicated and
contains all the more terms. The merit of this is exposing even deeper symmetries.
There is hope of reducing the eleven-dimensional super-gravity to two dimensions,

79
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which would expose the full set of symmetries.! Thereby one could generate any
black hole solution simply from the Minkowski metric.

Hopefully, this paper has provided a first glance into the fascinating theory of
dimensional reduction and given some indication as to its strengths, its implications
and its possibilities.

IThis set is infinite-dimensional and is described by a Kac-Moody algebra, which is a Lie
algebra defined by generators and relations of a generalized Cartan matrix. [16]
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Transformations

For the sake of brevity, this appendix adheres to the convention of denoting coor-

dinates of flat Minkowski space as £ with indices «,

B, 7. General coordinates of

curved spacetime are written as x* with indices p, v, o, p...

A.1 Transformation of the Partial Derivative

In chapter 2.3.2 the covariant derivative is presented, as the partial derivative 0,
does not transform lika a tensor. The transformation of d,V* can be calculated

by use of the chain rule, according to

oV =
OV'H B
61./1/ -
o [ox™"

ox'” <8a:7 v ) a

P m
Oxf 0 (Ox ) -

ox'v Oxr \ Ox™

oxP Ox'™ oVP  OxP O™

ox'” OxP OzP * ox'” 0xPOox™

85

a8 (A.1.1)
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A.2 Transformation of the Affine Connection

Here we make use of an alternative and equivalent definition of the affine connection
compared to the previous definition of (2.3.8), which can also be written as

8.73'/ 82 a
Iy = @ng)\ (A.2.1)
It transforms according to
' =
N S
ot dzv oz
ox'™\ 0 [0\
(85“) oz (8x”\) B
Ox'™ 0xP\ Ox° 0 (0x" 0>\
(8mp 8{0‘) oz’ Ox° (890’/\ C?x”) B
(830’“ 893”) 0x° ( 0%t oL N ozt 0%¢” ) -
Oxr 0 ) Ox' \ OxeOx'* dx* Oz’ DxOxk
Ox'M OxP 0x° 0%zt 0L N Ox'" 9xP Ox” dx" 9>
Oxr 0> Oz’ Oxedx' Ozt Oxr 0> Oz’ Ox' DxeOxr
ox'™ 0x° 0 ([ Ox® OxP O ox'™ 9x” dx® (OxP 0°€* '\
Dav O Do (aw) <a§a 3x~> T 0w 9 o (aga 8x‘78x”) -
ox'* 0 ((%“) , . 0x™ 0x” Ox"
Oxr Ox™ \0z'* ) " OxP Oz’ 0z'r °F
/ 2 / o K
oz’ 0%xP oz’ dz% Ox re (A.2.2)

OxP Ox'ox'™ = Oxr Oz Ox' "

When coupled with a vector, the affine connection transforms according to

v =
ox'™  9xP ox'™ Oz° Ox* oz

P ™) —

<8IP Oz O * dzP Oz’ Oz P‘m) (89@7 v )
da' a9 Ox dx” - Ox" 8i”\ B
oz Oz ox' Ox™ dxe Oz % Jx dxm

ox't  9Pxr Ox™ ox'™ Ox°

T Fp T(sfi —

OxP Ox'Ox' Ox™ Vit OxP Ox'” oV 07

mn 2 P 2N un o
oz O%xf Oz O™ 07 Ve (A.2.3)

o A T s
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Using the following relation,

0
—_— p =
OxP (07) =0

=
0 oxP Ox'™ _0
Ox™ \ Ox™ OxP )

=

ox'™  9%xP Ox'm N oxP O*z'* _
Ox™ Ox oz dxr Oz dxrTdxP

=
ox™  9%xP  Ox'™ oxP O*z'™
= — A24
Ox™ 0z’ 0z OxP oz OxTOxP ( )
we arrive at
yn log P 2 .1
F’V’f\V"\—aw 07, .  02f O - (A.2.5)

T OxP Oxv " ox'” 0x™0xP

where the last term is exactly the same as in the transformation for 9/,V'*.

A.3 Deriving the Affine Connection From the
Metric

As discussed in chapter 2.3.2, the affine connection does not transform as a tensor,
but coordinate transformation result as in equation (2.3.6). To show this we begin
by observing that a derivate of the metric becomes

) (agaag,@ ) aZga agﬁ aga 825/3

) = %, 2SS . (A31
ozt \ OxV 8:6)‘77 s oxv Ozt 83:”\77 B gy 83:’\8:1:“77 b ( )

augu)\ =

This shows some similarities with the affine connection, with some modification.
One thing to note is the following relation
o¢P u &8 Ozt 9¢x _ 5 RS 028
dxh YA Jxh 9@ Qxvdxr® Y 0xvOx)  OxvOx

(A.3.2)

where, by replacing these terms in equation (A.3.1) for £€# and £ respectively, the
relation can be written as
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o, o€’ 0¢” 85‘“
OpGvr = B pl“ffua Nas + o pFAua “Nap = 1,900 + 15,900 (A.3.3)

From here terms are taken as they are in equation (A.3.3), then added with the
indices switched p <+ A, to lastly be subtracted where the indices have been
switched like p «» v. This, with the affine connection’s symmetric properties,
gives

a,ugu)\ + a)\g;w - a)\gzzu

I0.901 + Ff)\ugpv + 173G + FZ/\gpv Sl
- {Fp = Fpu} -
20" G- (A.3.4)

This leads us to this very important results, which relates the affine connection to
the metric according to:

1
FZ)\ = §gpu (aMgVA + a)\guu - al/gkp,) . (A35)

A.4 Geodesics

Here the concept of a geodesic, as presented in section 2.3.3, will be further dis-
cussed, as well as explicitly calculated. Initially we observe what would constitute
a “straight line” on a curved manifold. In flat space a straight line fulfills the
relation q2eo

dr?
where £ are the Cartesian coordinates of the curve, dependent on a parameter 7.
Expressed in the general coordinates of a differentiable curved manifold, we have

that
d2 fa d ga
dr2 dT dr

(oo
N dT ox* dr

B (i 85“) dz#  9g™ d%at

—0, (A41)

dr Ox+ ) dr + Ozt dr?
_(dx” 9g” daz#  9g™ d%at
~ \dr 9zvoxr ) dr Ozt dr?

(A4.2)
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Analogous to equation (A.4.1) in flat space, this expression should be equal to
zero. By multiplying both sides with gig—i and using the fact that g“g—:g% =0, we
have that

dr Ox¥0x* ) dr + oxr dr2
=

ox? dx¥  0&” dx* n o0& A%zt B
o dr OxvOxr ) dr = Oxr dr2 )

=

(dx” g™ ) da# 06> d®zt

Oxz® 9¢* datda” 2zt

0&> OxvOxt dr dr Hodr?

=

d2a° N Oz 0> datda¥
dr2  0&* Qzvoxt dr dr

=

=0

0

2,.0 o v
do” | po dfde” (A.4.3)

e i
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Newtonian Limit Approximation

The Newtonian limit approximation states what requirements the metric must have
far from the source to not disagree with Newtonian gravity. In the Newtonian limit
the particle that is affected by the field must be moving slowly, the field must be
weak and it also has to be static with respect to time. These three properties
will be strictly defined later on and are used in sections 2.4, 2.5 and throughout
chapter 4.

To start with, we know that for a free particle that is not affected by gravity,
the equations of motion is just as for a straight line,

d2z+
dr?
In the presence of gravity, space will be curved and the equations of motion for

a free particle will be that of a straight line in curved spacetime. This is then
represented by the geodesic equation (2.3.15),

et da’ da”
dr? L7 dr dr
As the particle is supposed to be moving slowly the space coordinates must be
changing much slower than the time coordinate, therefore,
da? dt
dr < dr

~0. (B.0.1)

—0. (B.0.2)

(B.0.3)

where ' are the space coordinates. From this the geodesic equation can be ap-
proximated by,
A2z AW
+Ie (— | =0. B.0.4
dr? i (dT) ( )
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The relevant components of the connection can be found from,

1
Il = §guu(atgut + 091 — Ovgut)- (B.0.5)

Since the field is static the metric cannot be time dependent and therefore the
terms with time derivatives in the connection disappear. These components of the
connection result in,

1
F?t = —§g“”8,,gtt. (B06)

The last requirement for the Newtonian limit was that the field would be weak.
This is the same as saying that the metric is equal to the flat metric, plus a small
perturbation,

Guv = Nuw + h#uv |huu‘ < L (B07)

From the fact that g¢,,¢"" = 07, see equation (2.3.2), we then find that ¢"” =
N — hepn*°n¥?. Inserting this into equation (B.0.6) and only keeping the first
order terms of the perturbation h,, we find that,

1
Lie = =50 0y hu. (B.0.8)

Continuing with the equations of motion, (B.0.4), these become

A2zt 1 dt

2
a72 = 577Wauhtt (E) . (B.0.9)

To be able to compare with Newtonian gravity, we look at the equations for the
time and space coordinates separately. These are then,

@
dr2

A2zt 1 dt \?
Gz = O (d_)

The first equation, which states that % is constant, is consistent with Newton.

= 0
(B.0.10)

dt\?
Dividing the second equation with (d—) leeds to,
T

d2zt 1

and we see that this very much looks like the Newtonian equation of motion for
gravity, which says that the acceleration of a particle is equal to the divergence
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of the gravitational potential, @ = —VV. To arrive at this, the time component
of the small perturbation must be h;; = —2V and therefore the time component
of the metric will be g4 = —(1 + 2V'). The gravitational potential in Newtonian
theory is V = —GTM so in the Newtonian limit g,; must asymptotically approach

—(1 — 2¢M) when r — oo.
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Manifolds

Manifolds are mathematical constructs used to describe the curved spacetime of
general relativity, as presented in chapter 2. In short, manifolds describe com-
plicated geometries by a collection of overlapping coordinate systems. To give
a somewhat more detailed definition we need to start with some basic concepts:
map, chart, atlas.

Map

A map is a relationship between two sets for which the each element in one set M
is assigned one element in another set N. The map ¢ is a function on the form

¢: M — N. (C.0.1)

A map has an inversion ¢! if it is both onto and one-to-one, meaning that the
map assigns each element in N and does so for only one element in M. This is
analogous to an invertible function in one-dimensional calculus.

The two sets are diffeomorphic if there exists a map that satisfies that it and
its inversion are infinitely differentiable, also known as smooth.

Chart

A chart or coordinate system ¢ is an invertible map between an open subset U of
a set M to an open set of coordinates in R".

¢:U—R" (C.0.2)

95



APPENDIX C. MANIFOLDS 96

The trouble with complicated geometries, such as spacetime in the vicinity of
a black hole, is that it is not always possible to describe the whole geometry, the
whole set, with a single coordinate system. This necessitates the use of overlapping
charts to describe the whole geometry. A simple one-dimensional example would
be describing the geometry of a circle. Using a single chart, where each point
on the circle is assigned an angle coordinate, one wouldn’t be able to represent
all of the points on the circle without having an overlap (given that the chart’s
coordinates are an open set) and thus losing the criterion of inversion.

Atlas

An atlas is an indexed collection of charts ¢; on subsets U; of the set M that fulfills
two criterion.

1. Firstly, the charts cover the totality of M, meaning that the subgroups U;
must overlap.

2. Secondly, the charts are smoothly sown together, meaning the overlaps be-
have in a reasonable manner. More specifically, if two subsets U, and U,
overlap in a subset Uy, then the chart ¢ o qb;l takes a point from ¢, (Uyy)
t0 8p(Ua)-

Manifold

Finally, a manifold is a set M with a maximal atlas, meaning one that contains
every possible chart. The point of defining it as with a maximal atlas is so that
equivalent spaces described with different coordinate systems don’t count as dif-
ferent manifolds.

An important consequence of the definition is that a manifold always looks
flat locally. This means that geometries that cannot be regarded as locally flat
everywhere are not manifolds, such as a non-smooth curve.

The precise definition is not very important in this matter. The important
thing to remember from this section is as follows. The description of spacetime
of general relativity is a manifold. Sometimes one cannot describe the complete
geometry of a curved spacetime with a single coordinate system, instead one has
to use a collection of overlapping coordinate systems.
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Variation of a Determinant

The following calculations &r used for the variation of the Schwarzschild action in
section 2.4.3. The variation of a determinant is given by

§(Det A) = Det ATr(A 5 A). (D.0.1)

To show this, we start by writing out the variation:

d(InDet A) = InDet(A + dA) — InDet A
Det(A + 0A)

=1
" DetA
=InDet A1 (A + 5A)

= InDet(1 + A7'5A). (D.0.2)

Recall from linear algebra that the trace of a matrix equals the sum of it’s eigen-
values, the determinant of a matrix equals the product of it’s eigenvalues, and that
the exponential of a matrix has the exponentials of the eigenvalues as eigenvalues,
thus

Det(exp A) = exp(Tr A). (D.0.3)

We can also note that (1 + A7'0A) is the first order approximation of the
expression exp(A~1§A), so (D.0.2) can be written as

§(InDet A) — In Det exp(A~'6A)
= Inexp(Tr(A7164))
=Tr(A7'6A). (D.0.4)

97



APPENDIX D. VARIATION OF A DETERMINANT 98

By the chain rule one also acquire

1
d(InDet A) = Dot A5 Det A. (D.0.5)
Together the result is
§(Det A) = Det ATr(A™15A), (D.0.6)

which trivially holds also for the absolute value of the determinant.
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Geodesic Equation

We want to derive the equation (4.2.42) from the variation of the action,

0

Sy, = 47r/ d77,;($)0, 90, P’ (E.0.1)
7(0)

Variating with respect to ® results in,

0
Sp Sy, = 4w / d7 (0 (7ij ()0, B0, D7 + 27;5(P)0, P D, 67, (E.0.2)
7(0)
see equation (4.2.41). For the first term we use the fact that the derivative of the
metric with respect to coordinates is given as,
8ugw\ = Pgugpk + Fﬁygpv
=
0gux = ('), 91 + 15,90 ) 02" (E.0.3)

Here we remember that the coordinates, metric and affine connection are in regards
to the coset space and therefore we write this as,

0Yij = (T Yms + Tjiymi) 0", (E.0.4)

where Tfj is the affine connection for the group. Using this in equation (E.0.2),
along with partial integration, the second term equates,

0
5¢’S/G == 47T/ dT((5q>(")/ij (@))&@Z@T@] + 27”((1))67_(1)287.5@])
(0)

0
= 4r / AT (T + T )OBFD, D70, D7 — 20, (7;5(@), )50
7(0)

! (E.0.5)
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Because the indices k and j for the first and second term are only dummy indices
we can change these and pull out the factor 6®* from both terms,

0

5SL, = Ar / A6 (T2 m; + Ty )0, 00,87 — 20, (7 ()0, 87))  (E.0.6)
7(0)

If this is going to be zero for all §®* then we must have that

(Yievmj + Tjwm)a@"afqﬂ — 20 (i (®)0,®") = 0

=
20, (136(®)0,B) — (Tns + Tymi) 0, B0, D7 = 0
=
20,9k (0) 0, D" + 2735 (®) 020" — (Yiivms + Ty )0- 20,7 = 0
=
2 (G007 ) 0.0+ 200 (01320 — (Xl + Vim0, =0
=
2(X7 5 Ymk + Yy Ymi) 0 7 0, D" 4 2935 (@) 020" — (Yipymy + Thymi ) 0- D0, = 0
=
27k (@) 2" + + 200 Yk + 2T mi — Yiivms — YY) 0, 8°0, 7 = 0
(E.0.7)

To calculate the sum of the affine connections we first notice that it is symmetric
in its two lower indices, which can be used to sum the second and fourth term.
This means that,

29i4(D) 020" + (2 Yot + TysYimi — YY) 0- B0, B = 0 (E.0.8)

The sum of the two last connections are antisymmetric in ¢ and 7, so they will not
contribute because they are contracted with the symmetric tensor 9,®'0,®7. This
gives us,

279 (P) 020" + (2T Yot + TR Ymi — Lipymy)0- 0, B = 0
=
27 (®) 020" + 27017 0-9°0, D7 = 0
=
Yok () (O2D™ 4+ Y10, 90, D7) =
=
PO + 10,90, P7 =0 (E.0.9)

This is then the geodesic equation on the coset space.
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Equivalencies of Equations

We want to prove the following:

D'P, =0= V*(M™'9,M), (F.0.1)
from section 4.3, where D*P, = V* + [Q*,P,]. We start by expanding the com-
mutator and writing A, for V='9,V,

g"'[P,,Qu) = (F.0.2)
:g;w(pr# - Qupz/)

=29 (A + ADN (A, = AT) = (A = AD)(A, + A)))
igw (A, + ATY(A, — AT) — (A, — AT)(A, + AT))
ig’“’ (A A+ ATA, — A AT — ATAT — A A, — AJAT + ATA, + AT AT)
1g/w (ATA, — A, AT) (F.0.3)

Using this in the original equation leads to

0=V"P,+ Q" P,
= V,.P" = [P"Q,]
= V.(¢"P,) — g"[P,,Q,]
= g¢"0,P, — FV)\g“’\P 7" [P,,Q,]

v v ]' 17
= g"0,P, —T",g"*P, — 59" (ATA, —AAT). (F.0.4)
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Comparing this to the other end of the relation that we wish to prove this gives
VHMO,M) =V, (¢"" M~ '9,M)
= Vu (QW(V_l)TQPVVT)
= g0, (V")T2PVT) =T\ g (V) T2PVT)
— g/w(_v—lauvv—l)TQPVVT + g,uu(v—l)TQaMPVVT
+g* (V2P0 VT — T g (V)2 V7). (F.0.5)

Multiply by (V™17 from the right and (V)7 from the left, and divide by 2
V' veumle M)V =

= —g" (V'O P, + g™, P, + g P,o VT (V)T — T, 9P,
= g"0,P, — T\ g"* P, + ¢ (-(V'0,V)" P, + P,(V'9,V)7)

N | —

= 0P, ~Ting™ P, + 59" (~AT(A, + AT) + (A, + AT)A])
= ¢0P, ~ Ting™ P, + 5" (~AT (A, + AT) + (A, + AT)AT)
= ¢"0,P, — T\ g"*P, — %g’“’ (ATA, —AAT). (F.0.6)
Comparing these to results we arrive at
vH(M~o,M) =27 (D, P (VT (F.0.7)

and therefore
D'P,=0= V*M™'9,M). (F.0.8)



Exponential of the Generators of
SL(2,R)

In this appendix we calculate

exp (T(ah+ﬂe+’yf)>, (G.0.1)

for arbitrary «, § and v and where h, e and f are given as

h:(l 0) e:<01> f:<00>. (G.0.2)
0 —1 0 0 10

The matrix in the exponent is therefore,
ar Bt
A=r71(ah+ Pe+~f) = ( ) . (G.0.3)
YT —aT

To be able to perform the exponential of this matrix we want to diagonalize it and
for this we need its eigenvalues and eigenvectors. These are

aty/ a2+
Mo =V + 987 vip = g : (G.0.4)
1

The matrix is diagonalizable for E = o? + 3 > 0 and as this quantity is found to
be the rest mass energy of the black hole in section 4.4, it is valid to assume that
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this is greater than zero. With the eigenvalues and eigenvectors the matrix can be
written as,

A= 02)(;1 jz)(m )

atVE a—VE v VE—a
= g vEr 0 E  E | (G.05)
1 1 0 —VET —T= Yt

The exponential of the matrix then becomes,

ep(—VED) )\ ~5i 4
Mexp<@> B2 exp(Er)
s ep(VEr) Y (V)

cosh(VET) + 75 sinh(vVET) \/_E sinh(vVET)
> sinh(VET) cosh(vVET) — NG sinh(vET)

0
a+VvVE o—VE 0 \/E—a
— e v exp( \/_T 0 WE 2VE
1 VE+a

v
1 1

(G.0.6)
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