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Parallel and Distributed Motif Discovery in Temporal Networks

A feasibility study applying thread parallelism and community structure
STEFAN MARTON

Department of Computer Science and Engineering

Chalmers University of Technology and University of Gothenburg

Abstract

Temporal networks are used to model complex systems in topics such as epidemi-
ology, finance, and computer networks. Motifs are subgraphs of a directed graph
that are representative of the structure of that particular graph. Motifs have been
extended to temporal networks. Motif discovery is a computationally hard problem:;
in fact sub-problems are NP-hard problems. In this thesis, we explore state-of-the-
art temporal network motif discovery algorithms, and how they can be parallelized
on a multi-threaded system and distributed across multiple systems. We select Ko-
vanen’s definition of temporal network motif. We implement a simple approach to
thread parallelism to demonstrate the potential for parallelism of the algorithm,
and find that the parallelizable proportion p > 0.89, which implies great potential
for parallelism. We utilize community structure of the graph the temporal network
represents to divide the network into work packages for distributed computation. In
doing so, we encounter and report numerous challenges in distribution of the exact
solution approach.

Keywords: temporal network, motif, temporal motif, parallel computing, distributed
computing.
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Introduction

Various fields of research make use of graphs as a mathematical model. For example,
in the social sciences graphs have been used to study communication networks,
dominance structures, and relations of influence [1]. In the field of Computer Science,
a graph refers to a type of data structure, composed of nodes (or vertices) and
edges, in which each edge is connected to two nodes. If the direction of the edge is
significant, the graph is referred to as a directed graph. A subset of the edges and
nodes of a graph, which in itself would form a graph, is referred to as a subgraph.
The number of edges connected to a node is referred to as the degree of the node.
Temporal networks [2] are a class of data structures extending the concept of a
directed graph to include information about time-dependent interactions. Temporal
networks are comprised of two main components: nodes and events. Similar to
graphs, nodes often represent objects or actors, but distinctly from graphs, events
model time-dependent interactions and therefore also contain information not only
about which origin node is interacting with which destination node but also about
when that interaction begins and ends.

Temporal networks have been used to model diverse phenomena such as the spread
of contagion between individuals over time [3], stock markets [4] and interactive
WiF1i users [5].

Certain types of graphs representing network structures, such as those modeling
social networks or communication networks, may form clusters referred to as com-
munities [6]. For such graphs, the number of edges connecting the nodes within a
community is significantly larger than the number of edges connecting nodes that be-
long to different communities. We will refer to such graphs as community-structured
graphs.

Network motifs are subgraphs of a particular directed graph, the shape of which
recurs at a higher frequency than statistically expected [7]. Hence motifs identify
structures that are significant to the graph being studied.

Multiple authors have attempted to extend the concept of network motifs to tem-
poral networks [8]-[12]. Likewise, these definitions of a temporal network motif
attempt to identify structures that are significant to the temporal network being
studied, but they differ in their definition of what makes a particular structure a
valid motif to be considered.

Discovering network motifs entails comparing the number of occurrences of a par-
ticular structure in the graph to the number of occurrences of said structure in
randomly connected graphs, each random graph consisting of the same number of
nodes, and each node with the same degree as that of the graph being studied [7].
Motif discovery is computationally hard since matching a given graph pattern to
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a certain motif is in itself an NP-hard problem [13]. State-of-the-art motif discov-
ery algorithms exploit application-specific properties of the networks under study to
increase performance [13].

To the best of our knowledge, all methods proposed to find motifs in temporal
networks are likewise based on the subgraph matching problem. Further temporal
networks generally contain additional data compared to a non-temporal directed
graph when representing the same network. Hence, exponential growth in com-
plexity based on this additional data could make the computational time required
infeasible. The subgraph matching problem is NP-hard [13], meaning it may have
exponential time bounds in the size of the graph.

Attempts at defining temporal network motif have been mostly aimed towards find-
ing a definition that allows for more efficient computation. Literature review did
not reveal any proposed model of temporal network motifs that accounted for the
duration of events. Further, according to Liu, Guarrasi, and Sariyuce [8] “devising
an ultimate unifying model would be too ambitious due to the diverse characteris-
tics of temporal networks,” hence application-specific models, exploiting properties
of the network, may both increase performance and yield more useful results [8].
Kovanen, Karsai, Kaski, et al. [9] define temporal network motifs in a way that
reduces the number of subgraph matching problems to linear in the size of the
network [9]. Technically, this does not change the complexity class of the problem,
as it remains NP-hard. In practice these large exponential factors in time complexity
lead to very long execution times on real hardware. This places a high demand on
computational resources.

However, the clock frequencies of CPUs are no longer increasing quickly [14], lead-
ing to slowed increase in performance of classical algorithms with single-threaded
execution. According to Navarro, Hitschfeld-Kahler, and Mateu “Unfortunately, se-
quential implementations will no longer run faster by just buying better hardware.
They must be re-designed as a parallel algorithm that can scale its performance as
more processors are available” [15].

Parallel algorithms may take multiple forms, but two broad categories are paral-
lelization through multiple threads of execution on a single computer system and
distribution of computation across multiple systems.

Further, temporal network datasets, depending on the domain, may be very large.
For example, in September 2009, Cha, Haddadi, Benevenuto, et al. crawled the
publicly accessible part of the Twitter social network and discovered the profiles of
54 million users, 2 billion links between their profiles, and 1.7 billion public messages
[16]. Considering this dataset only represents a small part of the total number of
events that may occur between users in the social network, we can see that such a
dataset can grow very large, and become infeasible to process on a single computer.

1.1 Research objectives

The purpose of this study is to investigate techniques for increasing the performance
of motif discovery in temporal networks, and in particular to explore the opportu-
nities for parallelization and distribution of computation. In doing so, this could
potentially benefit computer network development, edge computing, finance market
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stability, and medicine.

1.2 Research scope

From our literature review, we find that the most widely used definition of temporal
network motif in applied studies is that of Kovanen [9]. Hence, we will focus on
analyzing and improving said algorithm through the use of parallelization and dis-
tribution techniques. Furthermore, we aim to explore the opportunities for applying
the algorithm to larger datasets than is feasible on a particular single computer using
distributed computing over several computers.

In the general case, it is not trivial to subdivide a temporal network into subgraphs
and apply Kovanen’s algorithm to these subgraphs. Therefore, we delimit our study
to community-structured networks, which can be divided into communities by re-
moving relatively few edges. The results from applying Kovanen’s algorithm to these
communities may, in themselves, be feasible to combine into a good approximation
of the results for the entire network. Moreover, it may be possible to compute
the motif statistics for the motifs crossing the minimum-cut boundary between the
clusters and recombine the statistics to produce an accurate result. We aim to
explore these approaches for distributing the algorithm over community-structured
networks.

1.3 Research questions

In this study, the overarching research question is: “How can we apply parallel and/or
distributed computing methods to Kovanen’s algorithm to reduce the execution time of
discovering temporal network motifs, and/or be able to discover such motifs in larger
networks?” Owing to the broad, exploratory nature of this research question, we
deconstruct it into a sequence of questions with more delimited scope as mentioned
in the previous section.

RQ 1. What types of algorithmic approaches exist in the literature to parallelize
or distribute network motif discovery?

RQ 2. How do temporal network motifs differ from network motifs from an algo-
rithmic viewpoint?

RQ 3. What level of parallelism does the computational problem that Kovanen’s
algorithm is attempting to solve have?

RQ 4. What are the challenges in distributing temporal motif discovery?

RQ 5. How can we design a distributed algorithm, applying community detection,
to allow execution on larger networks?

1.4 Thesis outline

In the following Chapter 2, we first introduce the theoretical foundation of the
discussion of this thesis. This is followed by literature review to address our delim-
itation, RQ 1, and RQ 2 in sequence. Further, we discuss our position within the
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broader literature and conclude with our findings on engaging with the literature,
in the form of discussion and implications, especially in relation to RQ 4 and RQ 5.
This is the point at which we depart from the literature review. In Chapter 3, we
provide a brief overview of Kovanen’s definition of a temporal network motif and Ko-
vanen’s algorithm for motif discovery. We then commence towards investigating the
two tracks of parallel and distributed computation independently. The two tracks
are addressed in two separate chapters, namely Chapter 4 focusing on addressing
RQ 3, and Chapter 5 addressing RQ 4 and RQ 5. For each of these chapters, its
sections will discuss the method, implementation, and results, then conclude with
a discussion. Chapter 6 concludes the thesis with a discussion on how our findings
relate to the broad literature and our suggestions for future work.



2

Background

In this chapter, stemming from the literature review, we first introduce the graph-
theoretical constructs that enable us to discuss the computations used in the thesis.
We proceed to define what it means for a network to be community-structured and
briefly discuss algorithms that can be used for community discovery. Next, in the
pursuit of RQ 1, we address network motif discovery, briefly explain the original
algorithm, and describe algorithms of different types to parallelize and/or distribute
the computation of network motif discovery. Further, we address temporal network
motifs at a conceptual level and discuss why the concrete definition of the concept
is problematic. Moreover, we discuss the semantics of a temporal network motif
and how it relates to the network motif of Milo, Shen-Orr, Itzkovitz, et al. [7]. In
doing so, we address R(Q) 2. The Background section concludes with our findings on
engaging with the literature, in the form of discussion and implications.

2.1 Parallel vs distributed computing

Parallel and distributed computing both refer to ways to apply multiple comput-
ing resources simultaneously to the solution of a particular problem set, to reduce
computation time.

Parallel computing is a general term, but it often refers to thread-parallel computing,
in which multiple computing cores of a single processor, or multiple processors in
a single computer, are applied to perform a computation collectively. This form of
parallelism generally involves shared memory. This is the interpretation of parallel
computing we will adopt for this study.

In contrast, according to Haas, “A distributed system consists of a finite collection of
processes which communicate with one another exclusively through messages.” [17]
In other words, distributed computing refers to dividing a computational problem so
as to simultaneously execute a computation on multiple distinct systems operating
autonomously. These systems generally do not share memory and communicate
through message-passing, often over a computer network.

2.2 Connected induced subgraph

Consider a graph G = (V| E), where V is the set of nodes (vertices), and E the set
of edges.
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Definition 2.2.1 (Subgraph). A graph G’ = (V' E’) is a subgraph of G, or G’ C GG
if V/'CVand £/ CE.

Definition 2.2.2 (Induced subgraph). If G’ C G and G’ contains all the edges
(z,y) € E with z,y € V', then G’ is an induced subgraph of G.

In other words an induced subgraph contains all the edges it could, given the set of
nodes, while still being a subgraph.

Definition 2.2.3 (Connected graph). G is connected if it is non-empty and any two
of its vertices are linked by a path in G.

In other words, E' # () and between any pair of nodes v;, v; € V, v; must be reachable
from v;, by following edges in E.

Definition 2.2.4 (Connected Induced Subgraph (CIS)). A CIS is an induced sub-
graph that is also connected.

2.3 Graph isomorphism

Consider two graphs, GG; and Gb.

Definition 2.3.1 (Isomorphic graph). G; and Gy are isomorphic if there exists a
one-to-one mapping of the vertices of G; onto the vertices of G5 such that adjacency
is preserved.

For a more formal definition, we introduce notation.

Definition 2.3.2 (~). Let G; ~ G5 mean that G, is isomorphic to Gs.
Definition 2.3.3 (V(G) and E(G)). Let the nodes and edges of a graph G be
V(G), E(G) respectively, i.e.: G = (V(G), E(Q)).

Lemma 2.3.1 (7). Let 7 be a bijective function m: V(Gy) — V(Ga).

Definition 2.3.4 (G, ~ G3).

G1~Gy < Jr. Yu,v e V(Gy). ((u,v) € E(Gy) < (n(u), 7(v)) € E(Gs))

Lemma 2.3.2. ~ is commutative, i.e.: G ~ Gy < Gy ~ G;.
Definition 2.3.5 (Isomorphism). If G; ~ G5 then G is an isomorphism of Gj.
Remark. And vice versa, since Gy ~ G; (Lemma 2.3.2).

2.3.1 Automorphism groups

Definition 2.3.6 (Automorphism). An automorphism, or a symmetry, of a graph
G is an isomorphism from G to G itself.

Roughly, G’ is an automorphism of G if G' ~ G,V (G") = V(G).

Definition 2.3.7 (Automorphism group). An automorphism group of G is a math-
ematical group where the elements is the set of all permutations of V(G) which form
automorphisms.

For a formal definition, we introduce notation.

Lemma 2.3.3 (o). Let o be a bijective function o : V(G) — V(G), representing a
permutation of the nodes.

Definition 2.3.8 (Sym(G)). Let the automorphism group of graph G be Sym(G).
We can then define the relationship between the individual automorphism and its
automorphism group as:

6
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Definition 2.3.9.

G’ is an automorphism of G &
Jdo € Sym(G). Yu,v € V(G). ((u,v) € E(G) & (o(u),o(v)) € E(G"))

2.3.2 Time complexity of graph isomorphism

The problem of determining whether G; ~ G5, given |V (Gy)| = |V (Gs)|, |E(G1)| =
|E(G9)], is in complexity class NP [18]. According to Grohe and Schweitzer, “De-
termining the precise computational complexity of [graph isomorphism| has been
regarded a major open problem in theoretical computer science” [18]. Babai pro-
posed an algorithm of quasi-polynomial time complexity (exp ((log n)O(l))> [19].
The Babai algorithm is not considered practically useful [18], due in part to its com-
plexity of implementation, and in practice algorithms with exponential worst-case

time bounds, but lower typical execution times are used, such as those of Nauty and
Bliss [18].

2.3.3 Canonical labeling

Definition 2.3.10 (Canonical labeling). Let L be a function over the domain of
graphs, with arbitrary codomain. Let G, G’ be graphs. If L(G) = L(G') & G ~ G’
then L is a canonical labeling.

Producing a canonical labeling of graphs involves computing labels that are unique
to each automorphism group and identical for each graph in the group.

Nauty [20], [21] is an open-source computer software to compute canonical labelings
of graphs. We will not elaborate on the exact algorithm used. However, at its
core, Nauty relies on probabilistic properties of graphs. Essentially, the algorithm
backtracks through a search tree, progressively guessing a labeling and testing its
validity. It prunes this search tree of already discovered automorphisms. This makes
analysis of the run-time complexity of the algorithm difficult. Miyazaki found that
for particular, already known to be difficult, types of graphs, Nauty explores (n?)
search tree nodes. Miyazaki designed a new pathological type of graph requiring the
exploration of Q(c™) nodes [22]. The worst-case time complexity is believed to be
exponential, but for most graphs, it runs in polynomial time. According to Miyazaki,
“[Nauty] is widely considered to be the fastest practical graph isomorphism package
available” [22].

Bliss [23], [24] is based on the same algorithm as Nauty but introduces optimizations
to make it particularly efficient on sparse graphs, allowing earlier termination of the
evaluation of each search tree node. Bliss is implemented in C++.

2.4 Communities in graphs

The density D of a graph is defined to be D = 1 if all possible edges that could exist
between its nodes are present in the graph, and D = 0 if the graph has no edges. A
directed graph potentially has one edge in each direction between each distinct pair
of nodes in the graph, and hence:
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Figure 2.2: The graph from Figure 2.1, after partitioning communities into sub-
graphs. Each community is distinguished by assigning its member nodes a distinct
color. Grey edges are not included in any community subgraph, but connect com-
munities

Definition 2.4.1 (Graph density). The density D of a directed graph G = (V, E)
is:
|E|

PEviovi—o

where |V| is the number of nodes and |E| is the number of edges in the graph.

A graph can be more or less dense than another graph, meaning that its density is
respectively higher or lower.

Definition 2.4.2 (Community structure). A graph is said to have the community
structure property if within the graph there exist subgraphs that are more dense
than the graph itself [6].

Hence, if one were to replace these subgraphs with nodes, the resulting graph would
be less dense than the original graph. Fortunato and Castellano popularized referring
to these subgraphs as communities [25].

An example of a graph with a community structure is illustrated in Figure 2.1. This
graph can easily be partitioned into subgraphs such that only a few edges connect
the subgraphs. In Figure 2.2 the same graph has been partitioned, and the different
communities are visualized by assigning different colors to the nodes.

8
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2.4.1 Community detection algorithms

Different types of algorithms exist for detecting communities within graphs. Two
categories of algorithms to accomplish this are straightforward to describe: those
which iteratively construct communities, and those which iteratively break the net-
work down into smaller communities.

The Girvan-Newman algorithm [26] iteratively removes the edges from the original
network. At each step, the removed edge is the one which best fits a heuristic
called betweenness centrality. This heuristic attempts to measure the edge being
unlikely to form part of a community. For any given edge, betweenness centrality is
estimated by the number of shortest paths between any two nodes in the network that
pass through said edge. The algorithm produces a tree-like hierarchy of community
structure. Girvan-Newman is most optimal in the case that the network is sparse,
in which case it may have a time complexity in O(n?®) [26], but generally, it has a
time complexity in O(n - m?) [27], where n = |V|, m = |E]|.

The Louvain method [6] iteratively constructs communities. The method starts
with communities of single nodes, one for each node in the original network. At
each iteration, for each node, a heuristic is calculated to determine whether the
node should be grouped with one of its neighbors in the original network. When
no improvement according to the heuristic can be made, the algorithm constructs
a network in which the discovered communities form nodes, and weighted edges
represent the number of connections between the communities. These two steps
repeat until no improvement is made.

The Leiden method [28] is an improved version of the Louvain method, with im-
proved accuracy in the selection of community membership, higher level of refine-
ment in each algorithm step, and faster run time. “The Leiden algorithm is consid-
erably more complex than the Louvain algorithm” [28]. Hence, we will not describe
this method in detail.

Our literature review did not uncover any conclusive time complexities for either the
Louvain method or the Leiden method. According to Xu, Ren, and Sun, the Louvain
method has a time complexity in O(nlogn) [27]; however according to Zhang, Fei,
Song, et al. the time complexity is approximately “o(m + n) [sic]” [29].

2.5 Network motifs

Milo, Shen-Orr, Itzkovitz, et al. [7] introduce a network motif as a subgraph of a
particular directed graph, the shape of which occurs more frequently than statis-
tically expected [7]. More precisely, a size n network motif is a graph of n nodes
that is isomorphic (see Section 2.3) to one or more subgraphs of the input graph, for
which a null hypothesis does not hold. The aim is to show that these structures do
not emerge directly from properties such as the degrees of the nodes in the graph.
Hence Milo, Shen-Orr, Itzkovitz, et al. [7] select a null hypothesis that the structures
occur with equal frequency as the expected frequency in a null model, chosen to be
a randomized graph with similar properties. The significance of a motif is demon-
strated by showing that these isomorphic subgraphs occur with significantly higher
frequency in the input graph than in the null model.
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The randomized graph that makes up the null model must have the following three
properties:
1. It has the same number of nodes and edges as the input graph.
2. Each node in the randomized graph has the same degree as the corresponding
node in the input graph.
3. Each edge in the randomized graph is connected between two randomly se-
lected nodes.
Especially for small input graphs, it may be that the only possible randomized graph
is the original graph, and therefore network motifs can by definition not exist for
this input.
To produce the null model graph for size n = 3 network motifs, the authors apply an
algorithm based on iteratively selecting random pairs of edges from the graph, and
swapping the destination nodes of the edges. To maintain the first two properties,
this only occurs under certain conditions. Bi-directional and uni-directional edges
are treated differently.
The null model graph for size n > 3 network motifs is more involved. The authors
attempt to avoid assigning significance to a size n structure solely because it includes

a significant size n — 1 sub-structure. For details, see Supplementary Web material
of Milo, Shen-Orr, Itzkovitz, et al. [7].

2.5.1 Milo’s algorithm

The original algorithm to find network motifs involves an isomorphic subgraph
counting algorithm, performed once on the original input network. Then, the count-
ing algorithm is applied to 1000 randomized input networks. Statistics such as mean
frequency and variance are collected from the randomized networks. The frequencies
from the original input network are then compared to the mean from the random-
ized networks plus two standard deviations. When the frequency exceeds this, the
counted subgraph is reported as a network motif.

The isomorphic subgraph counting algorithm essentially loops over each edge of the
graph, and from this edge builds subgraphs that the edge is part of, by following
the edges in a connectivity matrix. Precise details on how isomorphic subgraphs are
detected are not mentioned. However, one count per set of isomorphic subgraphs
appears to be maintained.

2.5.2 Parallel and distributed network motif discovery

Our literature review uncovered multiple parallel and distributed approaches to
computing network motifs. To illustrate the variety of these approaches, we will
select two highly dissimilar approaches as examples. One example is the GPU-
parallelized exact solution algorithm “NemoGPU” [30], which has a clear foundation
in the original algorithm [7] with subsequent improvements [31]-[38]. In contrast, our
other example, the estimation algorithm of Wang, Lui, Ribeiro, et al. [39] completely
rephrases the problem, to arrive at an algorithm that may allow for large-scale
distribution of computation.

10
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2.5.3 Estimation algorithms

One method for sampling statistics about a graph is called Random Walk (RW).
RW algorithms have high potential for distributed computation of estimates, as
they generally don’t require much synchronization.

According to Ribeiro and Towsley [40], “A RW samples a graph by moving a particle
(walker) from a vertex to a neighboring vertex (over an edge). By this process, edges
and vertices are sampled. The probability by which the random walker selects the
next neighboring vertex determines the probability by which vertices and edges are
sampled” [40].

This means that if the RW encounters nodes or edges with a non-uniform probability,
this introduces a statistical bias into the sampling. Applying a RW to sampling motif
statistics is possible, but a trivial implementation may introduce very large biases.
Hence, such an algorithm may produce inaccurate results. For motif sampling,
visiting edges with uniform probability would be ideal.

Ribeiro and Towsley [40] propose an algorithm “Frontier sampling,” which attempts
to produce more accurate results by visiting each node with a probability propor-
tional to its degree. The authors apply Horvitz-Thompson estimators [41] to con-
struct estimators for graph characteristics. These estimators converge toward the
unbiased mean of these graph characteristics as the number of samples approaches
infinity. For large graphs, the method tends to approximate visiting edges with
uniform probability.

As for asymptotically unbiased estimators, Wang, Lui, Ribeiro, et al. [39] claim,
“Biases introduced through sampling a bipartite graph using a lazy RW are eas-
ily removed. Biases introduced through sampling via a classical RW can only be
removed if the graph is non-bipartite” [39].

Wang, Lui, Ribeiro, et al. [39] propose an algorithm to efficiently sample a large
un-directed, connected, and non-bipartite graph for network motifs of size £ — 1
and size k simultaneously, “Pairwise Subgraph Random Walk (PSRW).” From the
original graph, a CIS relation graph of size k—1 is constructed. This involves finding
all CIS (see Section 2.2) of size k—1 in the original graph. These make up the nodes
of the relationship graph. Edges in the relationship graph represent the existence of
an edge between the subgraphs the nodes represent in the original graph.

The PSRW algorithm starts in a random node of the relationship graph. From there,
it performs a RW in the relationship graph, iteratively selecting one edge at a time.
The nodes of this edge each represent a size k — 1 subgraph. Due to the properties
of being linked in the relationship graph, these two subgraphs of size £ — 1 can be
combined into a subgraph of size k. Further, the resulting size k subgraph is also a
subgraph of the original graph.

Presumably, adding a subgraph to the counts of induced subgraphs involves com-
puting a canonical label for each subgraph, as a key into an associative array, and
incrementing the value at that position in the array by one. The authors do not
explicitly mention the details of performing the count, neither at what stage any
canonical labeling is performed, nor the data structures used.

To count subgraphs with PSRW, at each iterative step, i.e., for each relationship
graph edge, both the newly selected size £ — 1 induced subgraph and the size k
induced subgraph, resulting from combining with the previously visited size k — 1
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subgraph, are added to the counts towards the total number of such induced sub-
graphs. Presumably, in the base case, the size k — 1 induced subgraph representing
the starting node is added to the counts, but whether this instead occurs at each
iteration step and is then accounted for in the final, statistical, step is not explicit.
Finally, PSRW applies unbiased estimators to the counts to estimate the true fre-
quency of the induced subgraphs, or potential motifs.

Wang, Lui, Ribeiro, et al. [39] further proposes the algorithm “Mix Subgraph Sam-
pling (MSS).” MSS estimates motifs of the sizes k — 1, k, and k + 1 simultaneously.
MSS resembles the PSRW algorithm, but performs the pairwise random walk over a
CIS relationship graph of size k. Like PSRW, MSS samples the relationship graph’s
edges, combining pairs of size k£ subgraphs to count subgraphs of size k£ + 1. In
contrast to PSRW, MSS further decomposes each encountered size k subgraph. For
each edge in the size k subgraph, if the edge were to be removed from the subgraph,
it results in a size k£ — 1 subgraph. This size k — 1 subgraph is also a subgraph of
the original graph. Hence, in addition to the counts performed by PSRW in the
iterative step, MSS further adds all such decomposed subgraphs of size k£ — 1 to the
counts. Like PSRW, MSS applies asymptotically unbiased estimators to the final
counts to estimate the true frequency of these different sizes of subgraphs in the
original graph.

2.5.4 GPU acceleration

Lin, Xiao, Xie, et al. [30] compare the major steps of typical network motif discovery
algorithms and propose the algorithm “NemoGPU” for motif discovery in a directed
graph. In NemoGPU, the most computation-intensive steps of said algorithms have
been replaced with less efficient, but highly parallelizable algorithms. In particular,
work has been done to parallelize frequency estimation of motifs and subgraph enu-
meration. The temporary random graphs, to which subgraph frequency is compared,
are generated in parallel on the GPU, allowing for a significant performance increase
in the frequency estimation step. Further, the most computation-intensive steps of
subgraph enumeration, enumerating the valid combinations of vertices, and comput-
ing the unique adjacency matrices have also been parallelized. NemoGPU attempts
to avoid branching when possible, and carefully manages memory in such a way as to
facilitate the GPU memory caching and avoid parallel threads of execution writing
to the same data ranges, which could cause locking. Further, it attempts to divide
work into similarly sized chunks to achieve load balancing across the GPU cores.
The authors also test the applicability of certain optimizations from earlier studies,
such as exploiting symmetry constraints on automorphism groups [42]. They further
discuss an approach to computation on the GPU when memory for the problem set
exceeds the total RAM. In summary, the authors achieve a performance increase,
compared to similar algorithms using CPU computation, of one order of magnitude
using a consumer-grade GPU, and two orders of magnitude using an NVidia Tesla

GPU.
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2.6 Temporal motifs

A temporal network extends the concept of a directed graph. An event corresponds
to a directed edge but represents the notion that something occurred at a certain
time and for a certain duration of time.

Definition 2.6.1 (Event). e = (t,d,v,v) is an event if (v,v’) is a directed edge
between two nodes, t is a starting point in time, and d is a duration in time.
Definition 2.6.2 (Temporal network). G = (V, E) is a temporal network if V' is a
set of nodes, and F is a set of events between the nodes of V.

Extending the concept of a network motif to temporal networks is not trivial. For a
definition of a temporal motif that can convey the semantics of the temporal network,
properties such as event order, inter-event time intervals, and duration need to be
considered. To the best of our knowledge, no published definition considers all these
aspects and how they inter-relate. In particular, no definition of a temporal motif
considers the duration of the events.

Given the lack of a full definition of a temporal motif, it is not clear whether detecting
such motifs in a temporal network of any meaningful size might be computationally
feasible. Extending the network motif definition of Milo, Shen-Orr, Itzkovitz, et al.
[7] with a further two degrees of freedom might imply that a naive algorithm would
have a complexity with at least two more exponential factors than that of network
motif discovery, and that these factors might be large.

Literature on temporal motifs hence focuses on finding limited definitions that fa-
cilitate computation while maintaining utility for analysis of the network. Liu,
Guarrasi, and Sariyuce [8] performed a comparative study on four main definitions
[9]-[12] of generally applicable temporal motifs, independent of topology while con-
sidering temporal adjacency.

Kovanen, Karsai, Kaski, et al. [9] introduced a definition of motif that reduces
the required number of subgraph matching problems to linear in the size of the
network. Song, Ge, Chen, et al. [10] introduced a definition allowing for streaming
detection, where events can be partially ordered. Hulovatyy, Chen, and Milenkovié¢
[11] modified constraints on the definition of Kovanen, Karsai, Kaski, et al., enabling
significantly lower complexity of motif detection, while maintaining equal or better
utility for the analysis of certain types of network structures. Paranjape, Benson,
and Leskovec [12] likewise modified constraints on the definition of Kovanen, Karsai,
Kaski, et al., for the purpose of capturing motifs occurring in a short burst.

To the best of our knowledge, the definition of Kovanen, Karsai, Kaski, et al. appears
by far the most widely used general-purpose definition in the literature, and hence
we will focus on it. The definition and the algorithm for motif discovery will be
discussed in Chapter 3.

2.6.1 Optimization of Kovanen’s algorithm: TM-Miner

Sun, Tan, Wu, et al. propose TM-Miner [43], [44], which is based on Kovanen’s
algorithm [9], and attempts to improve its performance through multiple strategies.
Fundamentally, a particular evaluation order of the temporal network is applied,
called time-first search. The properties of this evaluation order are then applied
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to efficiently implement a support threshold, a heuristic measure for how frequent
a motif must be for the algorithm to perform graph isomorphism computation and
collect statistics regarding it. Further, optimizations that appear to depend on
incremental updates of the global state are applied.

Sun, Tan, Wu, et al. report improvements in runtime compared to Kovanen’s ref-
erence implementation by two to three orders of magnitude. However, they appear
to contribute yet another measure of motif significance, which appears to override
those of Kovanen.

2.6.2 Related thesis work at Chalmers University of Tech-
nology

This study is related in topic to another thesis in temporal motif discovery conducted
at the Department of Computer Science and Engineering, Chalmers University of
Technology. Bjurenlind and Hadi [45] studied modeling the movement of users
within edge clouds using temporal networks and analyzing the results using temporal
motif discovery. Further, the authors presented an application-specific algorithm for
motif discovery in such networks and analyzed its performance. The authors’ main
research question was “how well temporal motifs can characterize the dynamics and
functioning of [edge cloud systems|” [45].

In contrast, the focus of this study is on investigating the potential performance
benefits of parallelization of published algorithms, not on implementing application-
specific algorithms. The secondary focus is on investigating the applicability of
application-specific optimization, again to published algorithms, in contrast to new
algorithm development.

The reference implementation used by Bjurenlind and Hadi [45] was based on Ko-
vanen, Karsai, Kaski, et al. [9], whereas the application-specific algorithm presented
was primarily based on that of Sun, Tan, Wu, et al. [43], see Subsection 2.6.1.
However, the algorithm design makes multiple assumptions on uncertain details of
said algorithm to make the implementation of the algorithm implementable and re-
producible. Bjurenlind and Hadi [45] fail to reproduce the results of the reference
algorithm using said algorithm.

2.7 Open access temporal network data sets

Our literature review did not uncover a large number of temporal network data sets
representing interactions that may exhibit community structure, openly available
and appropriately curated for use with TMFinder or similar algorithms. We there-
fore also investigated opportunities to transform openly available data sets to the
appropriate type of temporal network.

2.7.1 The email-Eu-core temporal network

Paranjape, Benson, and Leskovec [12] present a curated data set named email-
Eu-core-temporal [46], using anonymized email data from a large European research
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institution. The data set consists of 986 nodes, representing individuals, and 332334
events of the form (u,v,t), representing that u sent an e-mail to v at time ¢. These
events correspond to 24929 edges in a static graph. A separate event is created for
each recipient of the e-mail. The data set is ordered by time ¢ and does not contains
self-loops, that is, events of the form (u,u,t), indicating that one of the recipients
of the e-mail was the one sending it.

2.7.2 Telecommunications in Milan

Barlacchi, Larcher, Casella, et al. [47] presented an anonymized data set [48] rep-
resenting cellular network communication in the Milano metropolitan area in Italy.
The data summarize interactions between, on one side, zones in this area, and, on the
other side, country codes. Another data set [49] summarizes interactions between
pairs of zones of this area. Further, the same types of data were also presented for
the city of Trento. The data sets were collected by summarizing Call Data Records
collected for the purpose of billing and network maintenance by Telecom Italia.

2.7.3 Other temporal network data sets

Rossi and Ahmed [50] present other potentially applicable data sets, many of which
contain temporal aspects as well as social interactions, which might imply that some
of them may be community-structured.

2.8 Discussion and implications

In this section, we first discuss some applicable findings from the literature review on
parallel and distributed network motif discovery. Next, we discuss the implications
of Kovanen’s definition on the meaning of a temporal network motif. Following this,
we discuss how this has implications on whether TM-Miner is actually an optimized
algorithm based on Kovanen’s, or a distinct definition of temporal network motif.
Finally, we discuss the main implications of the literature review.

2.8.1 Parallelization and distribution of network motif dis-
covery

As mentioned in Subsection 2.5.2, there are multiple approaches to parallelizing
and distributing network motif discovery; however, a common theme between these
approaches is to apply a different level of abstraction to the work to be performed.

2.8.2 Semantics of temporal network motifs

Unlike the traditional static motif [7], Kovanen’s definition of a temporal motif
(see Definition 3.1.6) does not carry with it any connotation of the motif being
significant [9]. Kovanen argues that there are many statistical measures that can be
meaningfully applied to evaluate the significance of a temporal motif. In the static
motif, the null model to be disproven, for the motif to be significant, is that the
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motif also occurs in a randomized version of the network with the same node ranks.
Kovanen argues that the most obvious corresponding null model for the temporal
network would be to compare occurrences in a time-shuffled network, but also argues
that the statistical properties of the time-shuffled network do not at all map well to
any datasets that come from real-world measurements. In particular, time-shuffling
would give rise to Poisson distributions that do not occur in real datasets.

Kovanen proposes multiple statistical measurements that can give meaningful in-
formation about a temporal network and suggests that the best way to construct a
null model for a temporal network is to compare it against itself. Le., if the dataset
contains information about more than one, statistically uncorrelated, type of events
between the same nodes, then there are measures that can identify which motifs are
particular to a chosen type of event.

In particular, Kovanen argues for using the symmetrized Kullback—Leibler diver-
gence to measure the relative entropy between the distribution of motifs in the
network under study and that of the reference, which facilitates finding commonly
occurring motifs occurring more frequently, rather than emphasizing rare but rela-
tively more frequent motifs.

Further, Kovanen argues for Kendall’s 7, computed on the sets of motifs sorted
by frequency, as a measurement to compare two temporal networks for relative
similarity of motifs. 7 = 1 corresponds to the networks having identical distributions
of motif occurrence, whereas 7 = —1 corresponds to the opposite situation, i.e. the
most frequent motif in the first network is the least frequent motif in the second
network, and so on.

Hence, the input to Kovanen’s algorithm is a set of nodes and multiple types of
events between these nodes. The output is not only a list of identified motifs but a
variety of statistical measurements between them, allowing the user to select which
motifs they find significant for their particular dataset.

2.8.3 TM-Miner as a distinct temporal motif definition

As stated in Subsection 2.8.2, Kovanen’s algorithm allows for user selection of sig-
nificance criteria. However, the TM-Miner approach of optimization, see Subsec-
tion 2.6.1, appears to contribute other significance criteria. It is therefore unclear if
this approach is applicable to every situation Kovanen’s algorithm is.

In fact, the differences between TM-Miner and Kovanen’s algorithm may be large
enough to be considered a distinct temporal motif definition, as quite minor modi-
fications to the definition result in entirely different results; see Section 2.6.

That Bjurenlind and Hadi [45], see Subsection 2.6.2, failed to reproduce the results
of the reference algorithm appears to support the view that TM-Miner implies a
distinct definition of the temporal motif.

Further, the optimization approach of TM-Miner appears to depend strongly on
the evaluation order and focus on incremental state updates. Therefore, Kovanen’s
reference implementation appears more promising than TM-Miner as a foundation
for a parallelized or distributed algorithm.

16



2. Background

2.8.4 Data sets

As mentioned in Subsection 2.7.3, there are many data sets that may or may not
be applicable for temporal network motif discovery using TMFinder. However, the
process of ensuring compatibility proved to be time-consuming, with many aspects
that need to be considered, as will be discussed here. The literature review consid-
ered and rejected multiple network data sets, but only one alternative is presented
here as an illustration.

The telecommunications data sets from Milan, see Subsection 2.7.2, initially appear
promising, in representation of the interactions of both a local area and its sur-
roundings, as well as presenting a clear timeline. However, the unit of analysis of
the first network is ambiguous. More specifically, there exist two different types
of entities that may represent nodes, namely cellular network zone of Milan, and
telephone network country code. Hence, the static graph would have nodes of two
colors, representing zones and countries respectively. Further, there is no informa-
tion in this first data set about interactions between the countries, nor between the
zones. Hence, the structure of the static network is a bipartite graph, where each
edge has a zone on one side and a country code on the other. This implies that the
data set is not representative of temporal networks in general. The second network
has a clear unit of analysis, the zone, and therefore appears more suitable than the
first for the application of temporal motif discovery. However, analyzing the results
may require detailed knowledge of the specific areas of Milan, for the particular time
studied.

Further, in the telecommunications data sets, there is no direct correspondence to
events at discrete points in time. There exist discrete intervals of time, each with
a particular amount of traffic, of a certain type, between certain nodes. Processing
this data set for use with temporal network motif algorithms would require making
multiple assumptions, and arbitrary decisions, about how to interpret the data. A
straightforward method, to convert the amount of traffic data into events, could be
to apply a hysteresis function to the amount, in increasing order of time. I.e. if the
data suggest that the amount between nodes (u, v) first exceeds a certain threshold
yp, for the time interval [¢t,t + At), an event (¢,d,u,v) is generated. When said
amount for the edge no longer exceeds a second threshold y;, for the time interval
[t',t' + At), said event’s duration is computed as d = t' — t. For the time intervals
between ¢t and t', no additional events would be generated involving said edge. When
Yn > 1y, this method reduces the rapid generation of multiple events in the case of
the amount oscillating near an arbitrary threshold level.

However, the next problem for using the telecommunications data sets then becomes
how to select the threshold levels. For the different zones of Milan, each zone does
not have the same population, and therefore the same amount of traffic does not
necessarily correspond to the same significance. Further complicating the situation,
workplaces, commercial zones, and other sources of additional communication may
cause varying levels of what constitutes significant traffic throughout the day. Also,
both sides of the edge would need to be accounted for in computing an adjustment
factor for the threshold. The complexity in processing this network for use, and
proving the method correct, would in itself be worthy of a major section of the
thesis, and therefore it was decided to be out of scope.
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In contrast, the properties of the data set email-Eu-core-temporal, as presented in
Subsection 2.7.1, facilitate conversion to a format for use by Kovanen’s algorithm.
Conversion mostly involves adding a duration column, which in practice is not used
by the algorithm. The duration can hence be arbitrarily selected to a constant value,
e.g., '0’. The unit of analysis is clear, namely individuals, and the meaning of the
event is clear, namely that an e-mail from one individual is addressed to another
individual at a particular time. This facilitates analysis of the resulting motifs. The
properties of the network have also been previously studied in literature on temporal
network motif discovery. The data set is also sufficiently large to lead to extensive
computation times using TMFinder on a contemporary computer system. Hence,
this network was selected as the focal data set for this thesis.

2.8.5 Implications

Our literature review revealed a common theme in many of the more advanced
approaches to network motif discovery, in that a different level of abstraction of the
division of work was applied. To the best of our knowledge, there are no studies
that directly apply an approach based on community structure properties of graphs
to network motif discovery.

Further, the literature lacks studies on parallelized and distributed approaches to
the exact solution approach of temporal motif discovery.
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Kovanen’s algorithm

In this chapter, we first attempt to describe the definition of temporal network
motifs as used in Kovanen’s algorithm for temporal network motif discovery [9], as
mentioned in Section 2.6. For concepts used, see Section 2.2 and Section 2.3. We
then proceed to give a brief overview of said algorithm, with its major components,
and how each part relates to said definition. For discussion on what makes a motif
significant, see Subsection 2.8.2, and for a more in-depth view of the algorithm in
the context of the research questions, see Chapter 4.

3.1 Kovanen’s definition of temporal motifs

Consider a pair of events e; = (t1,dy,v1,0)), es = (to,da, v9,v)), where t is the
starting time of the event, d is the duration of the event, and (v,v’) is the directed
edge the event corresponds to. Let the events {ej, es} be sorted in ascending order
on (t,d).

Definition (6t). Let 0t =t — (t1 + dy).

Definition (Common nodes). The pair of events has common nodes if:

{Ulvvll} N {U27Ué} 7£ (Z)

Definition 3.1.1 (At-adjacent). The pair of events is At-adjacent if it has common
nodes and |5t| < At.

In other words, the events of a At-adjacent pair of events have a common node, and
further, the difference in time between the end of the first event, in order of starting
time, and the start of the second is less than At.

Consider the directed graph G composed of all edges (v,v’) of all the events. Con-
sider a sequence p of events, in which the edges correspond to a valid path through
G.

Definition 3.1.2 (At-connected). The pair ey, ey is At-connected if there exists
a path p, in ascending order of ¢,d, where p = [eq, ..., €3], and for each pair of
consecutive events in p = [..., e,, €,, ...|, the pair e,, e, is At-adjacent.

In other words, the pair of events is At-connected if there exists a sequence of events,
in order of starting time, which starts in e; and ends in es, such that all pairs of
consecutive events are At-adjacent [9].

Definition 3.1.3 (Connected temporal subgraph). A subgraph of the temporal
graph of events is a connected temporal subgraph if for any given pair of events in
the subgraph, the pair is At-connected.
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In other words, a connected temporal subgraph consists only of pairwise At-connected
events. Such a subgraph is connected both topologically and temporally and could
therefore be used as the basis of a temporal motif definition.

However, a star-shaped network of size n, where all events happen within At, con-
tains (Z) different connected temporal subgraphs of k events [9]. This would cause
problems both in terms of computational efficiency and the interpretation of motif
statistics. Hence, Kovanen introduces further constraints on the type of subgraphs
to consider.

Definition 3.1.4 (Valid temporal subgraph). A connected temporal subgraph is a
valid temporal subgraph if all At-connected events of each node are consecutive in
starting time [9].

Remark. The unit set of a single event is chosen to be a valid subgraph. Hence,
there always exists a valid subgraph that contains any chosen event.

The number of valid subgraphs of size k to consider, for a star-shaped network of
size n, is thereby reduced to n — k + 1. However, this definition also leads to the
restriction that each node can at most be involved in one event at a particular time.
This means that there exist some patterns which may be interesting that the model
cannot represent.

Let Gy, Gy be temporal graphs, and G, G, the corresponding directed graphs of
their edges.

Definition 3.1.5 (Isomorphic temporal graph). G; ~ G, if G} ~ G} and the
temporal order of the corresponding events is identical.

Remark. For G} ~ G, see Section 2.3.

Definition 3.1.6 (Kovanen’s temporal motif). A temporal motif is a set of wvalid
temporal subgraphs that are mutually isomorphic.

3.2 Kovanen’s algorithm

Kovanen’s approach to finding all temporal motifs in a temporal network is composed
of the following major steps:

1. Find all mazimal connected subgraphs (Definition 3.2.1).

2. Find all valid temporal subgraphs (Definition 3.1.4).

3. For each valid subgraph, identify the corresponding temporal motif (Definition 3.1.6).

3.2.1 Finding maximal subgraphs

Definition 3.2.1 (Maximal connected subgraph). The maximal connected subgraph
of an event is the largest valid temporal subgraph that contains the event.

Remark. For each event, there exists a unique maximal subgraph.

Because all valid subgraphs have a particular order, every possible valid subgraph
is fully contained within at least one maximal subgraph.

Each maximal subgraph is formed by gradually extending each possible minimal
valid subgraph as far as the properties of validity will hold; see Definition 3.1.4.
For any event e = (¢,d,v,v’) in the temporal graph, the subgraph G’ = (V, E) =
({v,v'}, {e}) is by definition also a valid subgraph.

To find a maximal subgraph of event e:
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1. Order the events by starting time.

2. Start with the subgraph ({v,v'}, {e}).

3. Scan the events in positive temporal order, attempting to extend the subgraph
while validity conditions hold.

4. Do the same in the negative temporal order.

All events found in the process share the same maximal subgraph. Hence, all max-
imal subgraphs can be found in O(|E|) time, where E' is the set of events.

3.2.2 Finding valid subgraphs

To find all valid subgraphs, Kovanen considers an undirected graph in which the
vertices correspond to events in the maximal subgraph. There are edges between
the vertices if the events are At-adjacent and consecutive for either node. Kovanen
iterates over all induced subgraphs of this graph; see Definition 2.2.2. A subgraph
is identified as a valid subgraph if the events of each node are consecutive.

3.2.3 Identifying temporal motifs

In order to uniquely identify the temporal motif corresponding to a valid subgraph,
Kovanen computes its canonical labeling; see Subsection 2.3.3. However, it is not
enough to compute the canonical labeling of the topological structure of the temporal
graph. Information about the order of events must also be included in the structure
of the graph for which canonical labelings are computed.

Kovanen chooses to represent the temporal ordering in graph form by combining
the topological structure of the temporal graph with the topological structure of the
aforementioned graph used to identify valid subgraphs; see Subsection 3.2.2. The
algorithm represents the temporal subgraph as a vertex-colored directed graph, in
which the nodes of the temporal network are represented as vertices of one color,
and the events as vertices of another color. Instead of the event being represented
as a directed edge between two nodes, a directed edge is inserted from the origin
node to the event, and another from the event to the destination node. Further,
from each event, a directed edge is inserted from the event to its consecutive event,
if one exists.

For each resulting graph, the canonical labeling is computed. Those with an identical
canonical labeling are considered the same distinct temporal motif. Kovanen uses
the tool Bliss to compute canonical labeling; see Subsection 2.3.3.
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Parallelization

In this chapter, we mainly address RQ 3. To do so, we first introduce Amdahl’s law
and how it relates to the execution time of a partially parallel computer program.
We proceed to show the method through which we parallelize parts of the execution
of Kovanen’s algorithm. We then show our results in the form of execution times
on a particular dataset using different numbers of threads running in parallel. We
relate this to Amdahl’s law in order to show the inherent parallelism of the analyzed
sections of the program.

4.1 Theory

Algorithms may be inherently sequential. In such algorithms, for each step of the
computation, the result depends on the results from a previous step of computation.
Other algorithms are inherently parallel, meaning that the result of each step of the
computation is obviously and entirely independent from the result of every other
step. Real-world algorithms and hence computer programs tend to consist of parts
belonging to each of these categories.

Consider a fixed computation problem, computed sequentially on a single computer
processor, where s and p are the proportions of execution time spent in inherently
sequential and parallel parts, respectively. s +p = 1. When this problem is instead
computed in parallel over /N identical processors:

Definition 4.1.1 (Amdahl’s law). Amdahl’s law states that the theoretical maxi-
mum speedup that could be achieved is:

s+4
However, for many types of problems, the theoretical p grows relative to s as the
size of the problem grows.

Applying Amdahl’s law, we expect that, for a program with parallel proportion p,
if the total sequential execution time, i.e. for N = 1, is T', then if the program is
executing in parallel on N processors, N > 1, and the execution time is ¢, then the
parallel execution time proportional to the sequential execution time, %, is:
Definition 4.1.2 (Proportional execution time). = (1 —p)+ &
See Figure 4.1 for a visualization of how p affects the execution time.

Assuming our problem follows Amdahl’s law, and given T >t > 0, N > 1, we seek

to derive p, as a measure of the level of parallelism. Rearranging Definition 4.1.2,
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Figure 4.1: Ideal execution time of problems obeying Amdahl’s law, with varying
parallel proportion p, when executed in parallel over N identical processors
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we get:

4.2 Method

We applied limited parallelization to Kovanen’s algorithm by adjusting the reference
implementation, TMFinder. For a high-level description of the algorithm from a
mathematical point of view, see Section 3.1 and Section 3.2. We identified the main
time-consuming section of the program and modified it to execute in parallel in
different threads, using shared memory.

4.3 Implementation

Kovanen’s reference implementation, TMFinder, consists of highly detailed and com-
plicated C++ code, and referring to real program code here would obscure our dis-
cussion. From an abstract, high-level perspective, TMFinder has the structure given
in Algorithm 4.1.

Algorithm 4.1: TMFinder, Kovanen’s reference implementation (simplified)

input: int K, nodes N, events E, parameters P
output: map of motif X (int, motif_statistics)
begin
lookup <« compute_tables(K, N, E, P)
frequencies < compute_frequencies (lookup)
statistics <« compute_statistics(lookup, frequencies)
return statistics
end

0w N G Re W N

The input to TMFinder consists of the motif size K, the temporal graph G = (N, E),
and various parameters. The parameter time window refjers to the maximum time
between two events for them to be considered At-connected, see Definition 3.1.2.
The time window is required, as it makes up part of the definition of a motif, see
Section 3.1.

The program begins by computing various data structures, here called ‘lookup’, for
the use of the main computation functions. These are essentially constant after
computation.
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Among the most significant data structures computed at the first step are:

 All maximal subgraphs (see Definition 3.2.1)

o For each event, the count of all valid subgraphs starting with that event (see
Subsection 3.2.2)

The ‘statistics’ in the final step of Algorithm 4.1 are discussed in Subsection 2.8.2.
In short, Kovanen argues for entirely context-dependent definition of what is a sig-
nificant motif. Depending on execution parameters to TMFinder, various different
statistics are computed for each found motif, to allow the user to compute the sig-
nificance of each motif.

We are primarily concerned with the computation of the ‘frequencies’ of the motifs,
in the second step of Algorithm 4.1. The final step follows a highly similar structure
but has more complications. We will therefore focus on ‘compute_frequencies’; see
Algorithm 4.2.

Algorithm 4.2: compute_frequencies (simplified)

1 input: tables lookup

2 output: map of motif X int

3 begin

4 frequencies < 0

5 for each node € all_nodes (lookup)

6 begin

7 for each path € all_paths_from (lookup, node)
8 begin

9 motif < compute_motif(lookup, path)

10 if frequencies contains motif

11 then

12 frequencies [motif] <« frequencies[motif] + 1
13 else

14 frequencies [motif] «+ 1

15 end if

16 end for

17 end for

18 return frequencies

19 end

In Algorithm 4.2, the two outer loops together iterate over all At-connected paths
of length < K in the temporal graph, by first iterating through each node that
could start a path. More precisely, these loops are actually iterating over each valid
temporal subgraph, see Definition 3.1.4 and Subsection 3.2.2, which is important to
the algorithm but not for our discussion here.

For each ‘path’, ‘compute_motif’ performs the canonical labeling of its corresponding
temporal subgraph. How this is done will not be important for our discussion
here, but it follows the process described in Subsection 3.2.3. In short, another
graph is computed to represent the temporal subgraph. The representative graph
is a non-temporal, vertex-colored directed graph. The Bliss library is then used to
perform canonical labeling on said representative graph. The computed motif, or
more precisely the hash function value which Bliss assigns it, is then used as the key
into an associative array, or ‘map’, in which the motif frequencies are stored. The
corresponding map entry is incremented.
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4.3.1 Parallelism in ‘compute_frequencies’

For the purpose of parallel computation in shared memory, we have hereby reached
the purpose of delving into this detail here. Theoretically, the loops up to comput-
ing ‘motif’ could be executed in parallel, with arbitrary selection of granularity of
work, down to the individual ‘path’; as they do not write to shared data structures.
However, the final step of incrementing the motif frequency in the associative ar-
ray structure on lines 10 — 15 will correspond to a synchronization point. No such
operations can run in parallel; or it would risk creating a wrong result.

Canonical labeling of a graph is a very expensive operation with regard to execution
time. Comparatively, a very small proportion of time is spent incrementing a value
in an associative array. Adding synchronization to the incrementation operations
on the associative array should not be an expensive operation. We will test this
assumption. Our analysis of ‘compute_frequencies’ shows that we should expect
p > s for this part of the program.

4.3.2 Division of work for parallelism

In practice, the TMFinder code is not easily adaptable to arbitrary selection of work
granularity due to its structure. Further, choosing a granularity level of the ‘path’
would lead to increased memory use, and be overly short for practical use. For the
sake of our implementation we will choose to look at ‘compute_frequencies’ as in
Algorithm 4.3. Here, ‘compute_frequencies_from’ corresponds to Algorithm 4.2 lines
7 —16.

Algorithm 4.3: compute_frequencies (chosen abstraction level)

1 input: tables lookup

2 output: map of motif X int

3 begin

4 frequencies <« 0

5 for each node € all_nodes(lookup)

6 begin

7 compute_frequencies_from (frequencies , lookup, node)
8 end for

9 return frequencies

0

1 end

To divide work between threads, we attempt a straightforward approach of param-
eterizing ‘compute_frequencies’ over ranges of the node indices, see Algorithm 4.4.

As a first step, we divide the work by dividing ranges of nodes to handle over the
number of parallel threads. I.e., for n nodes and N threads, the first thread computes

for node indices {O, VJF]?VJ — 1} This does not distribute the work equally over the

N
threads, but for a large uniform network, the errors should tend to be small.
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Algorithm 4.4: compute_frequencies (parallel version, N threads)

1 input: tables lookup
2 output: map of motif X int
3 begin
4 n <« |all.nodes(lookup) |
5 frequencies + 0
6 for each thread € 0...(NN —1) in parallel
7 begin
8 I + thread~ﬁ

N

N

9 r o (threadJrl)-n-;—\,7 -1
10 for each node € all_nodes(lookup)[l ... r]
11 begin
12 compute_frequencies_from (frequencies , lookup, node)
13 end for
14 end for
15 return frequencies
16 end

4.3.3 Synchronization

Since the threads use a shared map data structure for the motif frequencies, there
is a risk of data loss if two threads attempt to update the structure simultaneously,
as in Algorithm 4.2 lines 10 — 15.

To avoid this situation, we chose to implement synchronization using an advisory
mutual exclusion lock, colloquially mutex, around all accesses to the map, see Algo-
rithm 4.5. This approach forces all accesses to the frequencies map to be executed
sequentially.

Algorithm 4.5: inc_motif

input: tables lookup, motif motif, map of motif X int frequency
output: void
begin
lock (frequencies-mutex (lookup))
if frequencies contains motif
then
frequencies [motif] <« frequencies[motif] + 1
else
frequencies [motif] «+ 1
end if
unlock (frequencies_mutex (lookup))
end

© 0w N O U e W N

= o=
N o= O

We tested the performance impact of this synchronization by comparing running
times of benchmarks with synchronization and with no synchronization, being al-
lowed to produce incorrect motif statistics, on multiple data sets of limited size.
The difference in execution time was within the margin of error, with only one motif
count found to differ by 1 in the results of the non-synchronized benchmark. This
was according to expectation, as the time for a lookup in a hash map is very short
compared to the time for canonical labeling of a graph.

4.3.4 Implementation of ‘compute_statistics’

‘compute_statistics’ is used for various purposes, selectively computing statistics
towards the various significance criteria mentioned in Subsection 2.8.2, and is in
many ways more complex than ‘compute_frequencies’. However, the program follows
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a very similar structure, with an outer loop essentially iterating over nodes, and inner
loop with time-consuming operations leading up to reading and updating the shared
data structure for a comparatively short time. Hence, we chose to implement the
parallelization and synchronization as for ‘compute_frequencies’ detailed above, i.e.,
with exactly the same division of work strategy between threads, and by wrapping all
accesses to the shared data structure in a mutex. Technically, this is the program
we performed tests on in Subsection 4.3.3. For the sake of brevity and avoiding
unnecessary complexity, we have chosen to omit the implementation details.

4.4 Results and implications

Benchmarks of the modified implementation of TMFinder were performed over the
dataset email-Eu-core-temporal with the parameters of max motif size k = 3,
time window 1200 (s), and reference count 0.

The benchmarks were executed on a computer equipped with 64 GB RAM, allowing
for TMFinder’s working memory to be contained entirely in RAM for the duration
of the benchmark. The processor used was an Intel Core i7-9700 at 3.00 GHz clock
frequency, with 8 cores, i.e., processors for the purpose of Amdahl’s law.
Benchmarks were executed for NV = 1...8 threads in sequence. Execution time was
measured both for the entire program execution, as well as for individual sections of
the program. Due to time constraints, each benchmark was performed only once.
The execution time of the fully sequential benchmark, i.e. for N = 1, was 52902.5
seconds, approximately 14.7 hours. For N = 8, it was 11619.2 seconds, approxi-
mately 3.2 hours. This implies a “speedup” of approximately 4.5 times.

For the sequential benchmark, the proportion of time spent in each section of the
program was 0.54 in ‘compute_frequencies’ and 0.46 in ‘compute_statistics’, with
less than 10 seconds spent in sections that we did not attempt to parallelize. The
latter made up less than 0.0002 of execution time. For the N = 8 benchmark, the
respective proportions were 0.56, 0.43 and 0.0009 respectively.

Using the execution times for N = 1 and N = &, and our equation for p from
Definition 4.1.3, we approximate the parallel proportion of execution time to be:

CN(T—1)
P=N-DT
8 (52902.5 — 11619.2)
(8 —1)52002.5

~ 0.8918

As a real-world computer system is significantly less parallel than ideal, the resulting
division of work between the worker threads resulting from our algorithm is far from
ideal, and there are no attempts made to reduce synchronization between threads,
we can say with certainty that for the computational problem, p > 0.8918. See
Figure 4.2 for a comparison between estimated execution time, based on this value
of p, and actual benchmark execution times.

Performing the same kind of analysis on the execution times of the individual par-
allelized sections, we arrive at p > 0.8814 for ‘compute_frequencies’ and p > 0.9048
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Figure 4.2: Total execution time in seconds of the entire benchmark on the dataset
email-Eu-core-temporal, when executed in parallel over N processor cores, in
comparison to predicted execution time for approximated value of p
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Figure 4.3: Total execution time in seconds, spent in each loop, of the entire
benchmark on the dataset email-Eu-core-temporal, when executed in parallel
over N processor cores, in comparison to predicted execution time for approximated

value of p
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for ‘compute_statistics’. See Figure 4.3 for comparison between estimated execution
time, based on these values of p, and actual benchmark execution times.

We can observe a similar trend between these two graphs. The measured execution
times for lesser values of N are higher than predicted, based on the estimate of
p based on N = 8. Conversely, we could argue that for greater values of N, the
approximated p appears to converge towards a higher value.

Part of the reason for this is most likely the unequal division of work between the
worker threads. As N grows larger, this does not ameliorate the inequality, but it
does suggest that the estimated p may converge to a higher value for large values of
N. Based on our sample, we are unable to draw further conclusions based on this.
Uncertainties notwithstanding, our results, based on a limited approach to paral-
lelization of a program not designed for parallel computation, suggest that Temporal
Motif Discovery as a computational problem has great potential for the application
of parallelization techniques.
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5.1 Method

We followed an experimental approach to the development of our algorithm. Based
on our understanding gained from literature review, we designed a limited number
of small synthetic networks. These networks either clearly demonstrated, or did
not demonstrate, the properties of community structure. We made use of these
synthetic networks to test approaches to the division of work for a community-
structured temporal network.

After the design and implementation of this approach, we then tested the implemen-
tation on a real-world community-structured temporal network. We then evaluated
and compared the execution time of our approach against the original algorithm on
said network through benchmarks. Work which is trivial to perform in parallel was
accounted for separately to allow for estimation of the potential best-case parallel
execution time.

5.2 Implementation

The main focus of our approach to the distribution of temporal motif discovery
involves our approach to the division of work, such that it can be performed inde-
pendently; see Subsection 2.8.5.

5.2.1 Assumptions

Going into the design of an algorithm to apply community structure to subdivide
the work of Kovanen’s algorithm, we founded our design on multiple assumptions.
Some of the most critical assumptions were:

Assumption 5.1. Community-structured networks can be divided into communi-
ties by removing relatively few edges.

Assumption 5.2. The network reachable in k — 1 steps from such an edge will be
of limited size.

5.2.2 Algorithmic approach

Our approach is based on finding lower and upper bounds to the count of the tem-
poral motifs of the entire network by computing exact motif counts over particular
induced temporal subgraphs of said network.
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In this section, we will refer to the exact count of a motif ¢ in the full temporal
network as ¢;, and its lower bound and upper bound as w; and o; respectively:

w; < ¢ <o

This notation is not asymptotic; the above condition is expected to hold for small
networks as well.

5.2.2.1 Finding the lower bounds of motif counts

To find the lower bounds, we partition the temporal network into smaller tempo-
ral networks, each representing a community, see Section 2.4. These community
subgraphs are mutually non-overlapping; any node or event cannot occur in more
than one of these temporal networks. Temporal network motifs for each of these
community networks are computed independently using Kovanen’s algorithm, see
Section 3.2. The total motif counts w; for these networks are aggregated per motif
0.

These counts w; represent loose lower bounds of the motif counts for the entire
network. w; < ¢;, following from the definition of temporal motif, and the non-
overlapping temporal subgraphs being strict subgraphs of the entire network. As the
proportion of events left out of the computation approaches zero, w; approaches c;.
Hence, the lower bound w; may estimate the total motif count ¢; of the network
when there are relatively few nodes not part of individual communities.

5.2.2.2 Finding the upper bounds of motif counts

The lower-bound counts w;, the total motif counts for the individual communities,
do not account for motifs that cross the boundary between communities. Hence, to
compute an upper bound o;, we create a second type of work package to compute
these boundary-crossing motifs. We compute temporal networks corresponding to
these boundary areas. Membership in the boundary areas can be computed per edge
across which communities were separated. Each boundary area, for a motif size of
k, consists of the nodes of the edge, and all nodes that can be reached in k — 1 steps.
The temporal network for each work package then is the induced subgraph of these
nodes in the entire temporal network.

Computing the exact motif count of these individual work packages, and aggregating
the totals, we arrive at another count ., such that o, = w; + 6. ¢; < 0, and hence
o} is a loose upper bound of ¢;. However, o} is needlessly loose; for many types of
network structures, it will count motifs in the boundary area multiple times.

To improve our upper-bound estimate, we therefore add a condition when comput-
ing the upper-bound work package. In Kovanen’s algorithm, we only count those
motifs that cross the boundary between the communities. More precisely, Kovanen’s
algorithm iterates over potential paths in the temporal graph. For this work package
type, we require that a certain edge exists in the path; otherwise, computation of
that path is skipped. The required edge corresponds to the edge for which we are
creating the work package.
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Applying this condition and proceeding with the aforementioned computation, we
arrive at a smaller count ¢;, such that o; = w; + 9;. ¢; < 0;, and o; is a loose upper
bound of ¢;, however less loose than 0.

5.2.3 Partitioning into communities

To the best of our knowledge, there are no mature software packages for community
detection directly operating on the type of temporal network we have described. The
main reason for temporal community detection would be to detect communities that
change over time, whereas our purpose is to provide a convenient place to section
the temporal network by cutting low numbers of edges. Further, the boundary of
the cut remaining static simplifies the later step of recombination.

Therefore, we first adapt the temporal network for analysis with conventional com-
munity detection algorithms, see Subsection 2.4.1. This entails creating a weighted,
directed graph to represent the temporal network and computing communities of
said graph. We can then use the resulting communities to partition the temporal
network and create work packages.

Definition 5.2.1 (Flattened projection). Let G = (V, E) be a directed graph, and
G* = (V*, E*) a temporal network. If V' = V* and

E=A{(v,v") | e=(t,d,v,0), e € E*}

then we will refer to G as the flattened projection of G*.

Remark. For more detail on events, see Section 3.1.

Definition 5.2.2 (Weighted flattened projection). Let G = (V, E) be the flattened
projection of G* = (V* E*). Let G’ = (V', E') be a weighted, directed graph. If
V =V’ and

M (v,v')={e |e€ E*, e=(t,d,v,0')}
E' ={(v,v';¢) | (v,v") € E, ¢=|M(v,0")|}

then we will refer to G’ as the weighted flattened projection of G*.

First, we compute the weighted flattened projection G’ of the temporal network G*,
resulting in a weighted, directed graph. Multiple events in G* between the same
pair of nodes (v,v'), i.e. {e | e € E*, e = (t,d,v,v")}, are projected into a single
weighted, directed edge (v,v’,¢) in G'. The edge weight ¢ represents the number of
events the edge replaces. Said weight represents a stronger coupling between the
nodes, which certain community detection algorithms can use to bias their choice of
sectioning point between communities.

Second, we apply a community detection algorithm to the graph G’, see Subsec-
tion 2.4.1 and Subsection 5.2.4. The output of said algorithm identifies clusters of
nodes [Cy, C, - -+, Cy], which can be separated from the rest of the graph by remov-
ing a small number of, or a low total weight of, edges in the graph G’. Further, it
indicates the sets of edges to remove to accomplish this, as a graph G¢ = (V¢ E)
where V¢ = {i |i €N, 0<i<n}. Since V' = V* the identified clusters have
direct correspondence to the nodes of G*, and each identified edge corresponds to a
set of events in G*.
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Third, we can use each individual cluster C; to produce a work package. For each
cluster C;, an induced temporal subgraph is produced by including only those events
(t,d,v,v") of G* in which both v € C; and v € C;. These work packages will be
computed with unmodified parameters to Kovanen’s algorithm.

5.2.4 Selection of community detection algorithm

A community detection algorithm needs to handle directed and weighted graphs to
satisfy the requirements of our algorithm. A further requirement from a practical
standpoint was that an implementation is freely available in a form that we could
quickly integrate into our software. To the best of our knowledge, we found three
algorithms that satisfy our requirements. These are described in Subsection 2.4.1.
Girvan-Newman has known theoretical worst-case bounds in time complexity, at
least for certain types of networks. The Louvain method and Leiden method do
not. However, in practice, the latter algorithms outperform the former by several
orders of magnitude on many datasets.

We performed a minor benchmark to verify this behavior on the Eu-email-core
dataset. The runtime of the Leiden method was 0.2 s, whereas the runtime of Girvan-
Newman exceeded 20 minutes.

The Leiden method is designed to provide improved correctness of community de-
tection over the Louvain method. Hence, we chose to continue with the Leiden
method.

5.3 Results and discussion

Applying the Leiden-based distribution strategy to synthetic community-structured
data gave promising results. The synthetic network structures were split fairly
cleanly by Leiden into communities, with a relatively small proportion of nodes not
being part of individual communities. Running times of the individual TMFinder
computations on the work packages representing communities were quite short com-
pared to the running time over the entire dataset. Summation of motif counts across
work packages across communities, when adjusted with a factor for the smaller sizes
of datasets, also approximated the counts for the entire dataset.

When applied to a real-world community-structured dataset, email- Eu-core-temporal,
the division into community work packages for lower-bound motif discovery also
resulted in significantly shorter cumulative execution times than that of the exact
solution on the full dataset. Our approach for lower-bound discovery of motif counts
was, assuming ideal parallelism, more than an order of magnitude faster than the
exact solution of motif discovery on the same dataset, see Table 5.1.

However, a significantly smaller proportion of nodes formed part of the detected
communities in the real-world dataset compared to the synthetic networks used for
algorithm design. For this dataset, % of the events of the dataset were excluded from
the lower-bound work package computations using our approach. The properties of
the network structure inside and outside communities are, by definition, dissimilar.
Since the significant proportion of the network events left out of computation is
both of a structurally dissimilar part of the network and involved in many potential
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Computation Time elapsed (seconds)
Work splitting 906
WP 1 2954.245
WP 2 1263.374
WP 3 582.223
WP 4 520.837
WP 5 886.239
WP 6 417.579
WP 7 92.755
WP 8 71.695
WPs in sequence 6788.947
Ideal parallel run time 2955.151
Exact solution 53928.662

Table 5.1: Execution times of lower-bound motif discovery, on the dataset email-
FEu-core-temporal, for one instance of work splitting resulting in 8 community-based
work packages (WPs), in comparison to the exact solution using Kovanen’s imple-
mentation.

network motifs, this leads to a situation where the results of the lower-bound com-
putation may not be enough to give a representative approximation of the relative
frequency of the motifs of the full network.

Attempting to compute the work packages to detect the difference between the lower
bound and upper bound of motif counts in this situation revealed a fundamental
flaw in our basic assumptions. Part of these unformulated assumptions were that the
nodes not forming part of the communities were a relatively small number. Since we
could further execute each upper-bound work package in a fraction of the execution
time of exact computation of the same size work package, we had little concern for
generating large work packages. However, even a small real-world dataset, such as
email- Eu-core-temporal, proved to have a large number of such nodes, approximately
% of 25571 nodes, or around 5000. This proved to be a significant problem, further
aggravated by the fact that we had also underestimated how large the resulting
networks would be for a real-world dataset. The real-world datasets turned out to
have a significantly lower degree of separation than our synthetic networks.

There exists a famous, but unproven, hypothesis called siz degrees of separation.
The hypothesis could be formulated that in an undirected graph where the nodes
represent all people, and the edges represent which people have met, any two nodes
are separated by at most 6 other nodes, or 6 + 1 = 7 edges. Research done on the
international social network Facebook shows that the degree of separation in such
networks is lower, and, in Facebook’s case, closer to 4 degrees [51].

In practice, the low degree of separation of real-world social networks meant that
when selecting those nodes within a motif size’s reach of any node, almost every
node of the network was selected. This meant that on the real-world dataset, the
approach for creating the second type of work package created thousands of work
packages, each of almost the full size of the original work package for the entire
network.
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Conclusion

In this feasibility study, we tested the feasibility of parallelization of Kovanen’s al-
gorithm for temporal motif discovery by implementing a simple approach to thread
parallelism in Kovanen’s original implementation of his algorithm. We performed
benchmarks of said implementation on the real-world dataset email-Eu-core-temporal
and found that the parallelizable proportion of execution time p > 0.89. This shows
that Kovanen’s algorithm has great potential for parallelization.

Secondly, we designed and tested an approach to distributed temporal motif discov-
ery based on Kovanen’s original implementation of his algorithm. This approach was
based on taking advantage of certain expected properties of community structured
networks. Our methodology for developing the algorithm followed the experimental
approach and made use of arbitrarily chosen synthetic networks of reduced size,
which demonstrated or didn’t demonstrate community structure, to test the de-
sign. Based on the success of the approach on these synthetic networks, we found
a plausible design for computing upper and lower bounds of the motif counts of
a community-structured network in a distributed fashion. This approach, if valid,
could potentially be refined to computing exact results. Testing the design on the
real-world dataset email-Eu-core-temporal showed that our approach for distributed
computation of lower bounds of motif counts worked, running in significantly shorter
time than the full computation even in sequence, but that the bounds were less tight
than expected. However, this design appeared not to be feasible for computing the
upper bounds of motif counts of real-world datasets.

Our results suggest that designing a functional algorithm for distributed compu-
tation of temporal motifs, especially larger motifs, based on Kovanen’s algorithm
and sectioning the temporal network, may require careful consideration in how to
share computations involving any given path through the graph among multiple
computational nodes.
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