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Influence of Delay on the Vicsek Model
RAFAL PIWOWARCZYK
Department of Physics
Chalmers University of Technology

Abstract
The aim of this work is to show that sensorial delay influences the behaviour of
self-propelling agents using self-aligning interactions. The model was based on the
Vicsek model, which is a two-dimensional system of self-propelling particles that are
able to detect and align with each other within a certain radius. We prove that the
introduction of short delays favours cluster and swarm formation, while extending
the delay to higher values or implementation of negative delays significantly harms
this process. We introduce a global clustering parameter, which is based on the use
of the Voronoi tessellation, which allows us to measure the emergence of clusters.
The sensorial delay might play a crucial role in systems that exhibit swarming be-
haviours and its better understanding can result in the construction of key tools for
the realisation and manipulation of complex networks of autonomous robots.
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1
Introduction

1.1 Collective motion in nature and science
In the worlds of nature, chemical reactions or human behaviours, we can often ob-
serve collective motion of various active particles [1]. Either if the particle is a bird
in a large flock or a human in a dense crowd on busy street, the motion of each agent
is controlled by many connected complex mechanisms [2]. To fully understand and
simulate all of these relations is close to impossible, but crucial characteristics of
such complex collective motion can be reconstructed with the use of rather simple
rules. This allows us to push the boundary of understanding of collective behaviours
present in swarms and apply gathered knowledge in various areas.
Examples of areas, where one can observe complex behaviours, are animal flocks
[2, 3, 4, 5], chemically powered nanorods [6], actin networks driven by molecular
motors [7], swarms of robots [8] and human crowds [9]. Despite occurring on vastly
different scales, one can find behaviours and motion mechanisms that are universal
for all mentioned environments and give satisfactory results while designing similar
systems. An important aspect is that they are completely independent of the ac-
tive agents forming the swarm [3, 4, 5]. For many years, it remained as a daunting
task for theoretical physics to construct minimal dynamical models that capture
completely these features with all the consequences and possibilities that they carry
with them. First attempts, that are considered successful to certain extent, were
carried out by C. W. Reynolds in 1987 [10]. He proposed the boids model in or-
der to simulate the swarm behaviour of flock of birds in computer graphics. This
model was operating with many, independent boids that followed basic swarming
mechanics. A more complete model was introduced in 1995 by a team led by T.
Vicsek [11]. They constructed what is known as the Vicsek model, which was the
first successful attempt to study swarming behaviour in terms of a noise-induced
phase transition. Combining all of its modifications, it has become one of the most
widely used models describing collective motion [2, 12, 13, 15, 16, 26]. Thanks to
that, it was a natural choice to use this model as a base for this research.

1.2 Principles of operation of Vicsek model
The Vicsek model operates with very basic rules, namely it describes the behaviour
of volume-less particles in an empty arena. The arena has a rectangular shape
and is supplied with a periodic boundary condition. This result in a simulation of
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1. Introduction

an infinite area when observed from the perspective of a single particle. Particles
themselves are supplied with short-range detection mechanism, which allows them
to discover other particles and gain information about their direction of motion. At
each timestep, particles carry out their motion with constant speed, which is the
same for all agents in the system and is independent of carried actions. Once the
particle checks its close surrounding and detects other particles, it performs mean
direction evaluation of all particles in detected area, including itself. It is then sup-
plied with obtained this way direction vector and continues its motion on a new
path. It is important to notice, that this system is not supplied with any other
mechanisms, thus swarming behaviour emerges from this rules only. In spite of the
fact that each particle senses only its own surrounding and cannot communicate in
any other way with the rest of particles present in the system, one can observe that
eventually all particles create a single cluster. This tendency can be however sig-
nificantly hindered or even completely stopped through introduction of noise in the
orientation of each particle. Its influence was studied by Vicsek et al. themselves,
but also by many others [11, 12, 13] and currently its influence on the system is
rather well defined.

1.3 Model used in the research
Even though system used in the simulations is based on the Vicsek model, it was
necessary to supply it with parameters that will give clear and reliable results with
respect to desired area of research. Orientational noise is represented in the system
through random number drawn from uniform distribution [−η

2 ,
η
2 ] where its magni-

tude, basing on reconstruction of results obtained by Vicsek, was chosen to be equal
η = 0.4. Such amount of noise prevents formation of permanent clusters, but at the
same time is small enough, so particle aligning remains a main mechanism control-
ling behaviour of particles. Due to hardware limitations connected with performing
the simulations, system size was limited to 400 independent agents which during ini-
tialisation of the model were randomly scattered over the square arena with the size
of 2000 by 2000 units, which resulted in density of M = 0.0001 ·A, where A = π ·R2

is the area of the detection circle. Such size of the system is already big enough to
study it successfully and eliminate flaws connected with small system sizes, like for
example density waves, which occur in the systems with significantly higher den-
sities [13, 27, 28]. Speed of the particles was designated to be equal ν = 3, what
results in achieving the steady-state after maximally 5000 steps of the simulation,
while time limit was chosen to be 10000 steps.

1.4 Introduction of measurement tools
In order to investigate the behaviour of the particles and groups of them in clusters,
it is necessary to introduce proper measuring tools. Order parameter was introduced
already by Vicsek et al. in their original paper [11] and is described as absolute value
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1. Introduction

of the average normalised velocity, which denotes what part of the overall number
of particles follow a particular direction. This parameter is a widely used tool to
describe such systems, however it is far from being a perfect measuring tool, as it
does not generate sufficient information about the formation of clusters. The value
of this parameter is ψ ≈ 0 in the case of full system randomisation, while coherent
direction of motion of most of the particles results in parameter value reaching values
ψ ≈ 1. Parameter is calculated with use of the modulus of normalised velocity given
by equation 1.1, where N denotes the number of particles in the system, ν is the
absolute velocity of the particles and vi is the velocity of the i-th agent.

ψ = 1
N · ν

|
N∑
i=1

vi| (1.1)

Second parameter describing the model is the cluster parameter - it approximates
what percentage of the total amount of particles is currently a part of clusters. It
was constructed with use of Voronoi tessellation [14], which partitions the arena into
Voronoi cells corresponding to the agents: Each agent is associated to a Voronoi cell
constituted by all those points of the plane that are closer to it than to any other
agent. Size of each such cell is measured and proportion of Voronoi cells whose
size is smaller than a detection area denotes the parameter, as it is represented in
equation 1.2. Such approach counts particles in all clusters present in the system,
independently from the size and number of clusters, however such measuring system
does not count the particles that are forming the edge of a cluster. Those particles
are often treated as outside of the cluster, as their cells are much bigger than the
detection area. Due to such limitation cluster parameter cannot reach value of 1,
thus achieving range of 0.8− 0.9 is considered to be a very good result and proof of
reaching the steady-state.

c = count(Ai < πR2)
N

(1.2)

Mentioned measurement parameters are applied to gauge the influence of wide range
of delay levels on the behaviour of the clusters.

1.5 Outline
Starting from introduction (Chapter 1), where the background of the research was
presented, together with the basic model description this report proceeds to Intro-
duction of the delay (Chapter 2) in which one can find a description of the delay
mechanism implementation, justification of its use in the system and discussion of
obtained simulation results describing influence of the delay on the collective mo-
tion of the particles. This is followed by Particle velocity investigation (Chapter 3),
where investigation of effects caused by change in velocity of particles in the model is
carried out and after that, report moves to Influence of extrapolated delay (Chapter
4), which treats about the results of application of extrapolated data as the basis
for the delay. Last, the report is going to end with Conclusions (Chapter 5) and
Bibliography.
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2
Introduction of the delay

2.1 Delay application
The initial task that was put forward was the recreation of the model proposed
by Vicsek et al. and the implementation of the time delay between the information
gathering process and its application mechanism. Delay mechanism enhances model
through bringing it closer to the real-life counterparts, as there does not exist a real
system without a delay. If one considers a flock of birds [3], swarm of robots [17, 18]
or human crowds [9], in all these cases we observe existence of the delay. It spans
over many different scales, but nevertheless it is present in all system, thus its sim-
ulation can bring us valuable information about behaviour of these systems.
In order to simulate delay, it was necessary to create a memory matrix for each parti-
cle present in the system. Particles gather information about their close surrounding,
evaluate the average direction of motion of all particles (including themselves) and
store obtained this way information in the supplied matrix. Data in the matrix is
stored for desired amount of time, which depends on the chosen delay of the system,
and then is transferred back to the particles. Particles then apply obtained infor-
mation, while saving new set of data, which completes the circle of operation. This
procedure is repeated at every step and is carried through the whole simulation.
One can notice that through first few steps, there is no information stored yet that
particles could be supplied with, therefore particles are kept in a dummy-state, in
which they all follow the same direction and they do not react to presence of any
other particles. Once the necessary amount of steps is carried out and information
is ready to be supplied, all the principles of particle motion are applied, together
with initial random direction of motion. This procedure ensures that simulation is
based on the delay mechanics from its very beginning and is not biased by lack of
information present through initial steps of the simulation.

2.2 Influence of delay application
To fully understand the consequences tied to the existence of the delay in the mech-
anism steering the particle, it is best to compare it to delay-free case of the system.
In the case of the delay-free model, which is characterised by d = 0, one can observe
that clusters are quickly dissolving due to presence of the noise. Such behaviour is
caused by the fact that particles align and engage in clusters in the very moment
they detect each other, thus distances between them are relatively large and con-
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2. Introduction of the delay

nections weak, as even minimal amount of noise can result in cluster decomposition.

Figure 2.1: System graphical representation. Sample frame from the system
(top) and corresponding Voronoi system of cells around particles (bottom). The
Colour of each particle denotes the area of a cell surrounding it, with black colour
identifying cells with smallest areas and white colour denoting those with largest
areas.

Delay happens to deal very well with this problem, as particles have a chance for
deeper penetration of each others’ detection zones. Such mechanism leads to drastic
reduction of the space between the particles in a cluster and that makes the newly
formed clusters much more resistant to erosive influence of the noise. Effects of the
delay application are visible on the figure 2.1b, where system is much more stabilised
than corresponding delay-free system visible on figure 2.1a.
Introduction of small amounts of noise (i.e. d · ν < R) turned out to be very ben-
eficial for the system, as clusters were forming much more often and were able to
survive much longer periods of time. Some of the clusters can be considered as
candidates for permanent clusters, as they do not exhibit tendency to dissolve after
long simulation time due to the influence of noise, however to ensure that infinitely
long simulation would be required or some solid theoretical arguments.
Addition of the delay can also lead to system further destabilisation, when compared
to delay-free case. Such behaviour can be observed in the situation when too much
time passes between particle detection and application of the gathered data. Particle
is supplied with the data about its surrounding when particles that were detected
are no longer in its region of detection. This can lead to collapse of the clustering
mechanism and significantly hinder complex collective motion. High destabilisation
of the system is clearly visible on figure 2.1c, especially when compared to partial
steady-state achieved in corresponding figure 2.1b.
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2. Introduction of the delay

Figure 2.2: Order and cluster parameters. (a) Sample order parameter mea-
sured for the system with 3 delay settings (b) Average order parameter and corre-
sponding standard deviation measured over 10 independent runs. (c) Sample cluster
parameter measured for the same system. (d) Average cluster parameter and corre-
sponding standard deviation measured over 10 independent runs.

Figure 2.2b shows that order parameter turned out to be rather unreliable tool
in measuring the influence of the delay, as standard deviation spans over rather
wide range. Obtained average values exhibit a trend of raise till the delay of d =
6, followed by a drop for higher values of the delay, but deviation is too high to
draw meaningful conclusions. Due to these complications, attention was directed
to cluster parameter, which proved to be more reliable tool. Figure 2.2d provides
a proof our previous observations, as cluster parameter value visibly drops with
increase in delay. Key values to system stabilisation, seem to be connected with a
distance passed by a particle during the delay time and detection radius size - the
best clustering results are obtained when these values are close to equal. From this
observation, relation was drawn in the form

d · ν
R
≈ 1 (2.1)

Velocity ν is a crucial factor in this equation, thus in the next chapter system was
tested with various velocity settings.
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3
Particle velocity investigation

3.1 Particle velocity

In the simulations carried out so far, the velocity of the particles was equal to ν = 3.
This velocity was chosen to make simulations fast enough, so one can observe trans-
formation of the system under the influence of noise and delay in relatively short
time. Simulations are computationally heavy and due to that decision was made to
limit them to 10000 steps. Velocity nu = 3 proved to be very good choice, as in
such amount of time it was possible for the system to achieve the steady-state. Such
speed allowed also observation of the influence of noise application in the system.
However, even though velocity ν = 3 was found to be fitting the simulation very
well, it was necessary to test also different scenarios of velocity.
Results obtained through addition of the delay to the system clearly show, how big
influence on the behaviour of the system has a velocity of the particle itself. It is
strictly related to application of the delay and manipulation of this variable can
change dramatically the outcome of the simulation. Due to such importance of this
parameter, it was necessary to test configurations with particles travelling slower
and faster than the initial case. In order to achieve that two velocity parameter
settings were chosen: ν = 1 and ν = 7. Due to these changes particles travel much
smaller distance (for ν = 1) or much larger distance (for ν = 7) during a single step
of the simulation, than in the default case of ν = 3. Prediction was formed that this
will dramatically influence the cluster parameter with respect to applied delay.
Fig. 3.1a represents comparison between the obtained data - increase in speed
results in rapid deterioration of clustering accompanying the raise in the delay co-
efficient. This tendency is most likely connected with the lesser accuracy of the
aligning mechanism - particle travelling with velocity ν = 7 travels for maximally
only 3 simulation steps inside detection area of another particle during a head-on
pass, thus even small amounts of delay will have a significant influence on the parti-
cles’ behaviour. Such increase in speed of the particle also significantly increases the
power of noise in the evaluation of the average direction - even the slightest change
in direction will cause the particle to drift far away from desired position. One can
observe the opposite situation for the results of slowly moving particle with velocity
ν = 1. Particles travel in each others detection areas through 20 simulation steps
during the head on pass, thus only very high values of delay will cause significant
changes in particle’s behaviour. Influence of noise is also much smaller in this case,
as the direction of the particle is corrected relatively often in comparison to other
settings.
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3. Particle velocity investigation

Figure 3.1: Particle velocity. Average cluster parameter and corresponding
standard deviation measured for various amounts of delay and changing particle
velocities.

3.2 Delay - velocity relation and density waves
Relation described in Eq. 2.1 holds for all 3 tested particle velocity settings and
proof of it is visible on the Fig. 3.1b. Maximum for all 3 plots is placed approx-
imately around d·ν

R
≈ 1. This relation could be used as a guidance for tuning

autonomous robots’ control systems and one can predict relatively promising results
of its application taking into consideration its performance in the case of the system
investigated in this research. This relation points us also to the conclusion that delay
is strictly connected with the velocity of the particles. Combination of these param-
eters might be responsible for a very interesting behaviour that can be observed in
the environment of high particle velocity and high delay application. In this region
the system exhibits a tendency to create waves very similar to waves caused by a
significant increase in density of particles in the arena [19, 27, 28], however in this
case the density remained the same throughout all simulations. By the term "wave",
we understand the particular behaviour of the system, in which almost all particles
form a giant cluster spanning throughout most of the arena, with rather big dis-
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3. Particle velocity investigation

tances between the agents. An example of such wave can be seen on Fig 3.2. A shape
of the cluster is connected with the shape of the arena and is usually resembling
a "C-shaped" wave, with a high density of particles on its front edge followed by a
gradual decrease in density up to the region of relatively empty space. A possible
explanation for this phenomenon is complex synergy between the particle-velocity,
the delay and the density. Previous research in the area showed that high density
and/or high velocity of particles results in creation of density waves, but delay was
never taken into account. In the case of this research delay is proven to be a part
of this mechanism, as the waves are created only in the environment of high delay
and nonexistent in the presence of small amounts of the delay, while all the other
parameters are kept constant.

Figure 3.2: Density wave. System supplied with 200 particles scattered randomly
over the square-shaped area of 200 x 200 units.
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4
Influence of extrapolated delay

4.1 Application of linear extrapolation
A Natural step in further investigation of delay influence was re-adaptation of mem-
ory matrix used by particles to obtain direction information through extrapolation
of data. In the delay mechanism used so far, data about the neighbourhood of the
particle is stored for certain amount of time and then used in unchanged form to
guide the particle. This approach seems to be lacking in accuracy, as in the mo-
ment of application neighbourhood of the particle is often completely different, than
neighbourhood registered by delayed data. In order to achieve more smooth adap-
tation to the changing environment the system was supplied with an extrapolation
mechanism operating with the memory of 5 steps for each particle separately. Data
are collected in the same manner as in the standard delay model, but they are lin-
early extrapolated to desired delay position, which is denoted by delay parameter d.
This allows the particle to adapt to sudden changes of environment, like approaching
cluster, through smooth aligning. Such approach better simulates real-life systems,
when often one can observe slower aligning to desired direction, rather than rapid
changes in direction of motion. Good example might be behaviour of the human
crowd, where people try to find balance in active avoiding each other (in order to
not collide) and to remain on their way to the target (avoiding unnecessary changes
in direction).

4.2 Future prediction mechanism
Thanks to application of linear extrapolation, particles gained ability not only to
gradually adapt to changing environment, but also to predict their future to certain
extent. This is due to the fact that gathered data can be linearly extrapolated to
the future, giving a semi-accurate picture of upcoming events in particles behaviour.
Future prediction performed by particles sounds very promising in terms of ability
to achieve the steady state and permanent cluster creation, however this system is
far from perfect. Main obstacle lies in the fact that particles cannot communicate
with each other, thus future prediction has to be constantly updated by inclusion of
the influence generated by particles entering the detection zone for the first time or
exclusion of the influence of particles that escaped the detection zone. This problem
forcibly deteriorates quality of the predictions, as during the stabilisation process
during the early stages of the simulation, encountering new particles is a very com-
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4. Influence of extrapolated delay

mon event. Due to such problems achieving steady state is significantly slowed down
or even completely stopped.

4.3 Results of linear extrapolation application
The above observations are supported by many simulations of various system set-
tings. Combined results of the order parameter are presented on Fig. 4.1a. One
can observe that order parameter picks up at approximately the same area as it
is suggested by the relation in Eq. 2.1, what can serve as its further confirmation,
however standard deviation, gathered through 10 iterations of the simulation, is still
very big, which limits its reliability. Values achieved by the system using prediction
mechanism are comparable to the default delay system in the mentioned region of
d = 5, but for higher values of the delay system is significantly worse. This tendency
is most likely caused by overestimation of gathered data - point of estimation signif-
icantly overshoots detected values. Prediction of the future i.e. data extrapolation
to values of negative delay is afflicted by the same problem, but also by lack of
information about particles approaching outside of the detection zone. These two
elements significantly hinder efficiency of the prediction system, thus results of its
operation are worse than ones obtained through application of regular delay.
Corresponding situation for the cluster parameter readings is presented on Fig. 4.1b.
Systems achieves very similar high cluster parameter results in the same region as
the ones achieved for the regular delay. For higher values of delay d, the system
with prediction applied deteriorates much more rapidly, which suggests that linear
extrapolation is not suitable in application of high delay in the system.

Figure 4.1: Order and cluster parameters. (a) Order parameter and corre-
sponding standard deviation (blue) measured for various amounts of delays with
application of data prediction through extrapolation of 5 last steps. Record of order
parameter in the case of delayed model without prediction mechanism (black) (b)
Corresponding cluster parameter record (blue) with comparison to the record of the
system not using prediction system (black).
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5
Conclusions

In conclusion, Vicsek model was recreated and expanded by the delay and linear
extrapolation delay mechanisms. In order to better evaluate the system order and
cluster parameters were constructed and applied in each simulation. It has been
shown with numerical simulations that the introduction of a sensorial delay in the
Vicsek model can improve its clustering behaviour. Specifically, short positive delays
lead to a more ordered and coherent motion of the ensemble of active agents, while
larger positive delays and negative delays lead to a disruption of the order of the
system, preventing the emergence of clustering and swarming. Some living entities,
such as bacteria, are known to respond to the temporal evolution of stimuli [20, 21]
and the presence of a delay might be already at play in natural systems due to the
time it takes to acquire, process and react to environmental information. Further-
more, engineering of sensorial delay can be used to control and tune the clustering
and swarming behaviour of large collectives of active agents in applications, such as
swarm robotics [8], environmental monitoring [22, 23], and self-assembly [24, 25].
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