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Adaptive Lateral Control of Autonomous Trucks
Development and evaluation of adaptive strategies for lateral control of autonomous
heavy vehicles in haulage systems
ANIRUDH VINOD NAIR
Department of Electrical Engineering
Chalmers University of Technology

Abstract
Autonomous heavy vehicle control systems depend on a suite of parameters, both
vehicular and environmental, and their performance is directly related to these pa-
rameter values. These parameters often include variables such as the total mass
of the loaded vehicle, lateral and longitudinal tire cornering coefficients, wheelbase
geometry, load distribution, etc. In theory, these parameters are often considered
constant and known. However, in practice, this might not always be the case, espe-
cially in dynamic operating environments of a quarry or mine. Therefore, to ensure
robust and reliable performance, the controller must be adaptive, updating itself
online to continue operating efficiently.

This thesis focuses on the investigation, development, and implementation of dif-
ferent types of adaptive lateral controllers for autonomous haulage trucks, whose
parameters initially deviate from the true value and are subject to change during
operation. The study focuses on evaluating both direct and indirect approaches to
adaptive control. The direct adaptive controller uses a Lyapunov-based approach
towards adaptation, meanwhile the indirect controller uses Kalman filter-based es-
timation methods to estimate unknown system parameters.

Overall, the findings suggest that the indirect adaptive control strategies are more
suitable for autonomous haulage applications. The integration of Kalman filter-
based parameter estimation with model based controllers like LQR resulted in con-
sistent performance and robustness, and better handling of system uncertainties
compared to direct adaptive approaches.

Keywords: Adaptive Lateral Control, Autonomous Trucks, Parameter Estimation,
Extended Kalman Filter, Unscented Kalman Filter, PID Control, Linear Quadratic
Regulator.
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Nomenclature

Below is the nomenclature of indices, parameters, and variables that have been used
throughout this thesis.

Indices

k Index for discrete time instance

Parameters

m mass of the vehicle
Iz moment of inertia of the vehicle around its z-axis
vx longitudinal velocity of the vehicle
L wheelbase length of the vehicle
Lf distance between the COM of the vehicle and the front axle
Lr distance between the COM of the vehicle and the rear axle
Fz,f normal force on the front wheels
Fz,r normal frictional force on the rear wheels
Cf lateral cornering stiffness coefficient on the front wheel
Cr lateral cornering stiffness coefficient on the rear wheel
γ adaptation constant
Γ adaptation constant vector
wk gaussian process noise
Q Process noise covariance matrix
vk gaussian measurement noise
R Measurement noise covariance matrix
P State error covariance matrix
Kp Proportional gain of the PID controller
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Ki Integral gain of the PID controller
Kd Derivative gain of the PID controller
Kψ Proportional gain for the heading
Kvy Proportional gain for the lateral velocity
Kr Proportional gain for the yaw rate
σ0 leakage coefficient
ν ratio for soft constraint

Variables

V Velocity of the vehicle
vy lateral velocity of the vehicle
vy,eq lateral velocity of the vehicle at equilibrium condition
δ total input steering angle of the vehicle
δff feedforward input steering angle of the vehicle
δfb feedback input steering angle of the vehicle
αf slip angle of the front wheels of the vehicle
αr slip angle of the rear wheels of the vehicle
ψ heading (or the yaw angle) of the vehicle
r yaw rate of the vehicle
req yaw rate of the vehicle at equilibrium condition
Fl,f longitudinal frictional force on the front wheel
Fl,r longitudinal frictional force on the rear wheel
Fc,f lateral frictional force on the front wheel
Fc,r lateral frictional force on the rear wheel
x state vector of the model
s distance covered by the vehicle on the reference path
d lateral offset of the vehicle from the reference path
κ(s) curvature of the path at s
φ(s) path tangent at s
β velocity slip angle
e error vector of the model
A,B,C,D linear state space matrices
Am, Bm linear state space matrices of the reference model
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fb ideal feedback gain

K∗
ff ideal feedforward gain

Kfb feedback gain
Kff feedforward gain
K̃ error in gain
J cost function
Φ regressor vector
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1
Introduction

The field of autonomous heavy vehicles has experienced a rapid growth in both
research and industrial deployment during the last two decades, particularly in
structured and controlled environments of open-pit mines, quarry sites, and remote
hauling operations. Since the first commercial deployment of Autonomous Hauling
Systems (AHS) in 2008, it has expanded significantly throughout Australia, North
America, and South America [1].

Recent industry reports indicate that AHS has evolved from a pilot-scale experi-
mentation into an industrial-scale deployment. Major OEMs and operators such as
Komatsu, Caterpillar, and Rio Tinto have deployed large-scale autonomous fleets to
improve safety, productivity, and enable continuous 24/7 operation in environments
with minimal public interaction and highly structured traffic conditions [2, 3, 4].
These developments, supported by mining automation surveys and industrial re-
ports, show that autonomous transport systems are now a mature and rapidly ex-
panding solution for repetitive transportation tasks in mining and quarry operations
[5].

Volvo Autonomous Solutions (V.A.S.) has also contributed to autonomous heavy ve-
hicle development and its applications in open-quarries and hub-to-hub freight corri-
dors. After early research and prototype demonstrations of autonomous truck plat-
forms, Volvo has progressed toward commercial deployment of autonomous trans-
port systems, including driverless operations in quarry and industrial logistics sites
in Scandinavia [6].

1.1 Motivation

Autonomous heavy vehicle control systems rely on a range of vehicle and envi-
ronmental parameters that, in conventional control design, are often assumed to
be constant or slowly varying. These include, among others, total vehicle mass,
tire-road friction coefficient, wheelbase geometry, and load distribution. However,
in practice, these parameters can vary during operation due to changing payload
conditions, uneven loading, tire wear, road surface variations, and weather effects.
These can lead to a model mismatch between the controller model assumptions
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and the actual vehicle dynamics, which may degrade the control performance and
compromise system stability.

In light of these challenges, the idea of an adaptive control strategy has emerged
as a promising approach for maintaining robust performance in the system. By
constantly or periodically updating the control law in a direct or indirect fashion,
these controllers can compensate for modeling errors and environmental changes,
thereby improving tracking accuracy and overall system performance.

Within an autonomous vehicle control system, both longitudinal and lateral control
play critical roles in ensuring safe and efficient vehicle operation. This thesis fo-
cuses specifically on the lateral control problem, which is responsible for trajectory
tracking and path following. The objective is to investigate, develop, and evaluate
different adaptive lateral control strategies for autonomous heavy vehicles, and to
assess their performance under varying operating conditions and modeling uncer-
tainties.

1.2 Literature Review
Adaptive lateral control strategy is an extremely broad topic, which derives knowl-
edge primarily from the fields: vehicle dynamics modeling, lateral controllers, and
adaptive controllers. A straightforward approach is to start with a conventional
lateral controller and then augment it with an adaptive layer. Thus, we focus on a
literature review of the above mentioned fields before combining them together.

1.2.1 Modeling of vehicle dynamics
Modeling of the non-linear vehicle dynamics of the autonomous trucks forms the
foundation of the control design problem. A widely adopted reference in this do-
main is the textbook by Rajamani, which provides various comprehensive models of
longitudinal and lateral vehicle dynamics, including the single-track bicycle models
and tire force representations commonly used in lateral control design [7].

In addition to this, several recent studies have further supported and extended these
modeling approaches. A technical review of lateral control for autonomous vehicles
by Yassine Kebbati et al. that reinforces the applicability of such classical vehicle
models in modern autonomous driving frameworks and highlights how they are
commonly employed as a baseline for controller design [8].

Furthermore, the work presented in the master’s thesis by Jawahar et al. demon-
strates how these simplified vehicle models can be effectively used in the design and
evaluation of lateral control systems for real-world heavy vehicle platforms [9].

Together, these sources establish a consistent vehicle modeling framework in which
classical dynamics theory is used as a baseline, while contemporary research validates
and adapts these models for autonomous heavy vehicle applications.
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1.2.2 Lateral control strategies
With trajectory tracking and path following in mind, lateral control strategies in
vehicles can be classified into geometric-based and model-based approaches. Ge-
ometric controllers, such as Pure Pursuit and Stanley, relying on the geometric
relationship between the vehicle and a reference path, are often favored for their
simplistic and intuitive design. In contrast, model-based approaches such as linear
quadratic regulator (LQR) and model predictive control (MPC), are derived from an
explicit vehicle dynamics model and typically offer improved performance in terms
of stability and tracking accuracy.

The technical review by Yassine Kebbati et al. primarily focuses on model-based
approaches, like LQR and MPC, and discusses their formulation, advantages and
limitations in autonomous driving applications [8]. In contrast, the work by Jawahar
et al. provides a broader comparison of both geometric and model-based controllers,
including Pure Pursuit, Stanley and LQR, in the context of heavy vehicle applica-
tions, comparing their practical performance under realistic operating conditions
[9].

1.2.3 Adaptive control
Adaptive control is a broad class of control strategies which are capable of handling
systems with uncertain or time varying parameters, as comprehensively presented
in the textbook Adaptive Control by Åström K. J. et al. [10]. These controllers are
commonly divided into two categories: direct and indirect adaptive controllers.

A widely used framework for direct adaptive controllers is the Model Reference
Adaptive Control (MRAC) approach, where the controller gains are directly updated
so as to follows a desired reference model. This framework can be implemented using
the MIT rule or the Lyapunov based approach, as illustrated in the various literature
and tutorials [11, 12, 13, 14]. In this work, a pseudo-MRAC approach is adopted,
inspired by these formulations, where the adaptation law is reformulated for the
purposes of the thesis.

Indirect adaptive control, in contrast, first estimates the unknown system parameters
and then accordingly updates the controller. Parameter estimation can be performed
using methods such as Recursive Least Squares (RLS) and Kalman-filter-based ap-
proaches, including the Extended Kalman Filter (EKF) and Unscented Kalman Fil-
ter (UKF). The technical review by Amal Chebbi et al develops and illustrates how
different variation of the aforementioned Kalman filters can be used for parameter
estimation [16].

1.2.4 Research gap
The existing literature, that we have briefly discussed in the above sections, has
extensively studied vehicle dynamics modeling, lateral control strategies and adap-
tive control methods; however, these areas are often treated as separate research
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directions rather than being fully integrated into a unified framework.

In direct adaptive control, most studies rely on the standard Model Reference Adap-
tive Control (MRAC) formulation, with limited exploration of modified or applica-
tion specific variations that are tailored to particular vehicle control problems. Sim-
ilarly in indirect adaptive control, few works combine parameter estimation with
feedback control in an integrated manner.

Furthermore, within different approaches to parameter estimation, Kalman filter
based approaches have been explored to some extent, but their use remains limited
compared to classical methods such as Recursive Least Squares. The application of
adaptive variants of Kalman filtering for real-time parameter estimation in vehicular
control systems is even less common.

1.3 Contributions from the Thesis
This thesis addresses the aforementioned research gaps by proposing and evaluating
a set of adaptive lateral control strategies. The main contributions are summarized
as follows:

• The thesis investigates, develops and evaluates a family of adaptive lateral
control strategies specifically designed for heavy vehicle applications.

• An indirect adaptive lateral control framework is developed by combining
Kalman filter based parameter estimation techniques with model-based lat-
eral controllers, enabling real-time adaptation to changing vehicle dynamics.

• A novel parameter drift-rate-based adaptive tuning strategy for the process
noise covariance (Q) in Kalman filter based estimators is developed to im-
prove parameter estimation performance under varying operating conditions
and sudden parameter variations.

• A Model Reference Adaptive Control (MRAC) based direct adaptive lateral
PID controller is developed and tailored specifically for lateral path tracking
of autonomous heavy vehicles.

• The performance and robustness of the proposed direct and indirect adaptive
controllers are tested and evaluated under multiple driving scenarios, including
varying vehicle parameters and environmental conditions.

1.4 Thesis Overview
The remainder of this report continues in the following structure. Before stipu-
lating a problem statement, chapter 2 first goes through the necessary theoretical
background, which includes understanding the vehicle dynamics, and exploring the
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various types of lateral controllers and adaptive control strategies. Chapter 3 then
states the various limitations and assumption taken, before presenting the problem
formulation. Based on the theory discussed in chapter 2 and the assumptions from
chapter 3, chapter 4 develops and presents the various types of adaptive lateral
controllers, while using certain output plots to illustrate key development points.
Finally, the various controllers are tested and their results are compared in chapter
5 and in chapter 6 the discussion of the final conclusions and future work is done.
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2
Theoretical Background

As explained in section 1.2, in order for us to develop an adaptive lateral controller,
we must discuss and understand the foundations upon which they are built, namely
the vehicle dynamics, lateral control strategies and the derivation of an adaptive
approach. This chapter goes through each of these core concepts, by first modeling
the essential lateral dynamics of the vehicle in a suitable coordinate frame, to then
exploring the various lateral controllers which are viable in the chosen frame and
finally discussing the different types of indirect and direct adaptive control strategies.

2.1 Vehicle Modeling
Before considering the different types of adaptive control techniques available at our
disposal, we must first establish an appropriate model to describe the dynamics of
the vehicle system. Most vehicle models can be categorized into two types: kinematic
model and kinetic model.

A kinematic model assumes that motion is purely geometric and ignores forces and
masses entirely. They are usually valid at low speeds and no slip assumptions.
Meanwhile, kinetic models account for forces, inertia and other factors such as slip.
These are used when we need to model high speed systems with aggressive maneuvers
and are much more complex than kinematic models.

The added complexity of the kinetic model allows for a more realistic representation
of the vehicle behavior under real-world operating conditions, thereby providing a
more reliable basis for controller design and simulation. Thus, in this thesis, a kinetic
model was chosen to model the vehicle dynamics.

2.1.1 Kinetic bicycle model
A bicycle model is a common choice for a vehicle model, owing to its ability to
represent the essential motion characteristics while maintaining a relatively simple
mathematical structure. By reducing the elaborate multi wheel configuration to an
equivalent two wheel representation, the model significantly decreases the complexity
without sacrificing key vehicle dynamics required for analysis.
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2. Theoretical Background

Considering the dynamics bicycle model in Figure 2.1, we can note that it accounts
for the 2D planar motion of the vehicle along the X and Y axes, and rotation
around the Z axis (yaw) of the reference frame. This yields a vehicle model with
three degrees of freedom (3 DoF), along which, we can apply Newton’s law of motion,

∑
Fx = max, (2.1)∑
Fy = may, (2.2)∑
Mz = Izψ̈ (2.3)

where Fx and Fy represent the longitudinal and lateral forces, while Iz and Mz

represent the moment of inertia and moment around the Z axis respectively. Using
Figure 2.1, we can further expand the Newtonian equations as,

Fx = mv̇x = (Flf · cosδ) − (Fcf · sinδ) + Flr (2.4)
Fy = mv̇y = (Flf · sinδ) + (Fcf · cosδ) + Fcr (2.5)

IZψ̈ = Lf (Fcf cos δ + Flf sin δ) − LrFcr (2.6)

where m is the mass of the vehicle, Flf and Flr are the longitudinal frictional forces
of the front and rear tires, and Fcf and Fcr are the lateral frictional forces. The figure
also describes the velocity of the vehicle V as a combination of lateral velocity vy
and longitudinal velocity vx. If we assume that V acts on a point on the wheelbase
L, then Lf and Lr is the distance of this point from the front and rear tires. The
angles αf and αr are the slip angles of the respective tires, δf is the steering angle of
the front wheel, and ψ is the yaw angle that the vehicle makes with the coordinate
axis.

Figure 2.1: Dynamic bicycle model [8]. The various longitudinal and lateral forces
acting on the vehicle can be observed here. The direction of vector V indicates the
direction of motion of CoM of the vehicle.

Since we are focusing on only modeling the lateral dynamics, we do not need to
model the longitudinal dynamics, as these can be considered as part of the set of
parameters that affect the model dynamics.
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2.1.1.1 Tire force modeling

The lateral frictional force, also known as the lateral tire force, acting on the ve-
hicle wheels is dependent on how we model the tire forces [20]. For computational
efficiency and assuming that the slip angles are sufficiently small, we can model the
lateral tire forces linearly as,

Fcf = CfFz,fαf and Fcr = CrFz,rαr (2.7)

where, Cf and Cr are the lateral cornering stiffness coefficients, and Fz,f and Fz,r
are the normal forces acting on the tires. Furthermore, we can represent the slip
angles by the equations,

αf = arctan
(
vy + Lf ψ̇

vx

)
− δ (2.8)

αr = arctan
(
vy − Lrψ̇

vx

)
(2.9)

2.1.1.2 Cartesian frame system

Based on the aforementioned force equations, we can write the dynamics of bicycle
model as a non linear state space equation of the form ẋ = f(x,u) in the cartesian
frame as,

ẋ = vx cosψ − vy sinψ (2.10)
ẏ = vx sinψ + vy cosψ (2.11)
ψ̇ = ω (2.12)

v̇y = − 1
m

(
CfFz,f

(
arctan vy + Lfω

vx
− δ

)
cos δ + CrFz,r arctan vy − Lrω

vx

)
− vxω

(2.13)

ω̇ = − 1
Iz

(
LfCfFz,f

(
arctan vy + Lfω

vx
− δ

)
cos δ − LrCrFz,r arctan vy − Lrω

vx

)
(2.14)

where the states vector is defined as:

x =
[
x y ψ vy ω

]T
with ω representing the yaw rate of the vehicle (ψ̇) and δ as the steering input u for
the system.

While the cartesian frame state equations perfectly encapsulate the dynamics of the
vehicle, from a lateral control perspective, it would be beneficial if the equations
were more nuanced, especially the equations describing the position of the vehicle.
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2.1.1.3 Frenet-Serret frame system

The Frenet–Serret frame, also called the curvilinear or road-aligned frame, is a
coordinate system frame that moves along a reference path, making it natural for
describing a vehicle’s deviation from that path.

As can be seen in Figure 2.2, the center line of the road can be chosen as the
reference line for the frame. The direction along this reference line is known as the
longitudinal axis or the s-axis, while the directions perpendicular to any point on
the reference line are known as the lateral axes or the d-axes [21]. These axes can
be related to the Cartesian frame by the property,

(x, y) = p(s) = (px(s), py(s)) (2.15)

Based on the definition, it is clear that a vector along the d-axis is lateral offset
of the vehicle, which should ideally converge to zero at steady state, and s is the
total distance covered by the vehicle along the reference path. Thus, we can convert
the earlier cartesian frame dynamic vehicle model (equations 2.10 - 2.14) into the
Frenet-Serret frame as,

ṡ = vx cos(ψ − φ(s) + β) − vy sin(ψ − φ(s) + β)
1 − κ(s)d (2.16)

ḋ = vx sin(ψ − φ(s) + β) + vy cos(ψ − φ(s) + β) (2.17)
ψ̇err = ψ̇ − κ(s)ṡ (2.18)

v̇y = − 1
m

(
CfFz,f

(
arctan vy + Lfω

vx
− δ

)
cos δ + CrFz,r arctan vy − Lrω

vx

)
− vxω

(2.19)

ω̇ = − 1
Iz

(
LfCfFz,f

(
arctan vy + Lfω

vx
− δ

)
cos δ − LrCrFz,r arctan vy − Lrω

vx

)
(2.20)

where κ(s) and φ(s) are the path curvature and path tangent angle at the point s
along the path, and β = arctan (vy/vx) is the velocity slip angle.

Figure 2.2: Frenet-Serret frame vs Cartesian frame [21]. The dotted line labeled
s is the longitudinal axis, while the dotted lines labeled d perpendicular to the
reference line are the lateral axes of the frame.
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2.2 Lateral Control
Autonomous vehicle control can be broadly divided into two parts, longitudinal and
lateral control. While longitudinal control is responsible for maintaining desired
speed, application of acceleration and brakes, and ensuring safe following distances,
lateral control governs the steering behavior and maintains stability while following
a desired path.

As mentioned before, in this work, the focus lies on lateral control part, where the
objective of the controller would be to minimize lateral displacement d and heading
error ψerr with respect to the reference path and road direction, by providing an
optimal steering command input δ. To that effect, the Frenet-Serret frame dynamic
model defined earlier would be a better choice, as compared to the cartesian frame
model. As the steady state that the controller should achieve is much more intuitive
and practical,

e =
[
d ψerr vy ω

]T
(2.21)

On a straight path, the curvature κ reduces to zero, and thus the steady state is
simply,

e =
[
0 0 0 0

]T
However, on a curved path (where κ ̸= 0) the vehicle must have a non zero yaw
rate r and a non zero lateral velocity vy. To be more precise, for a vehicle to track
a curved path, the yaw rate must match the angular rate at which the path turns,
that is

ωeq = κ · vx (2.22)

similarly, at steady state, v̇y and ṙ must be zero. Thus using equations 2.19, 2.20
and 2.22, we can compute the equilibrium value of vy as

vy,eq = κ vx

(
Lr − mv2

x Lf
C∗
r L

)
(2.23)

we can verify here that on a straight path, both ωeq and vy,eq reduces to zero, recov-
ering the intuitive all-zero equilibrium condition. Here, since the lateral controller is
designed independently of longitudinal motion, there is no need to explicitly control
the longitudinal position s of the vehicle.

2.2.1 Controller design
In practice, lateral steering controllers are often structured as a combination of two
control actions: a feedforward and a feedback control action,

δ = δff + δfb (2.24)
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The feedforward term δff provides the nominal steering input required to follow a
curved path at steady state. From the kinematic bicycle model, the steering angle
required to negotiate a curve of curvature κ is given by

tan(δff ) = κ · L (2.25)
δff = arctan(κ · L) (2.26)

where L = Lf + Lr is the wheelbase. This is the classic geometric Ackermann
steering relationship.

While the feedforward provides the correct steady-state steering, it has a few key
limitations. Since it is derived from steady-state kinematics, it provides no mecha-
nism for correction of initial lateral offsets and heading errors, or regulate dynamic
states such as vy and ω. To address these limitations, a feedback controller is in-
troduced, which not only resolves the earlier limitations, but also compensates for
disturbances, model mismatches, etc.

As established earlier, on a curved path the vehicle naturally requires non-zero values
of ωeq and vy,eq. The feedforward handles the nominal steering input for this, but the
feedback controller must be aware of this equilibrium otherwise it would interpret
the steady-state cornering values as errors and attempt to steer them back to zero,
partially canceling the feedforward. Therefore, the feedback acts on the deviation
from the curved-path equilibrium,

ẽ =


d
ψerr

vy − vy,eq
ω − ωeq

 →


0
0
0
0

 (2.27)

such that the full control law becomes

δ = δff −K ẽ (2.28)

where K is the feedback gain vector. Generally, a normal PID feedback controller
is sufficient, but model based approaches like LQR provide a more optimal perfor-
mance.

2.2.1.1 PID based feedback control

A Proportional Integral Derivative (PID) controller is a classical feedback control
strategy that computes the control input based on the current, accumulation of past
and predicted future errors e(t) = r(t) − y(t),

u(t) = Kpe(t) +Ki

∫ t

0
e(τ) dτ +Kd

de(t)
dt

where, Kp, Ki andKd are the proportional, integral and derivative gains respectively.
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2.2.1.2 LQR based feedback control

A Linear Quadratic Regulator (LQR) is a model-based optimal control strategy that
computes the feedback control input by minimizing a quadratic cost function of the
system states and control effort. Unlike heuristic methods, LQR systematically
balances tracking performance and control effort using a mathematical model of the
system. For a LTI system,

ẋ(t) = Ax(t) +Bu(t)
u(t) = −Kx(t)

the LQR cost function is defined as,

J =
∫ ∞

0

(
x(t)TQx(t) + u(t)TRu(t)

)
dt

such that the control input u(t) minimizes the cost function J . Here,

K = R−1BTP

and P is the solution of the algebraic riccati equation,

ATP + PA− PBR−1BTP +Q = 0

Since LQR is a model-based strategy, it relies on the accuracy of the system model
used. This makes it particularly well-suited for lateral vehicle control, where state
feedback can be used to systematically minimize deviations in position, heading and
yaw dynamics while maintaining the needed control input efficiently.

2.2.1.3 Miscellaneous controllers

Apart from the PID and LQR based lateral controller there are other geometric or
model-based controllers. The Stanley controller and the pure pursuit controller are
two such examples of path tracking controllers.

The pure pursuit controller is a geometric controller which chooses a "look-ahead"
point on the reference path and then steers the vehicle towards it. Meanwhile, the
Stanley controller is built upon the pure pursuit setup, where the aim is to decrease
the heading error and the lateral offset.

The biggest limitation of these approaches is that since these controllers are purely
geometric in nature, there is no dynamic optimization of the input involved. Fur-
thermore, they are often based on kinematic models of the system and as such does
not account for the various complex dynamics acting on the system. Thus, in this
work, the two controllers were not considered for the development of the adaptive
lateral controllers.

The model predictive controller (MPC) is a model-based optimization approach
similar to LQR. While being more robust than LQR, the MPC is several times more
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resource intensive and not suitable for systems where quick response is needed for
dynamic models. However, despite its flaws, the adaptive control strategy developed
using the MPC remains a valuable approach worth understanding. Thus, this idea
briefly presented in the Appendix section A.1.3.
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2.3 Adaptive Control

Intuitively, adaptive control could be categorized as a control scheme which modifies
the system behavior, in response to changes in the dynamics or due to disturbances.
However, conventional feedback controllers also fulfill the same role. To present a
more precise distinction, let us define the system process model in such a way that
it is composed of two parts: a set of states that evolve on a faster time scale, and
a set of parameters which vary at a slower one. Conventional feedback controllers
concern themselves only with the former. Thus, in a pragmatic sense, we can define
adaptive control as a special type of non linear feedback control scheme in which
the control input is dependent on both the rapidly changing states as well as the
slowly varying parameters [10].

Before proceeding, let’s establish what is meant by a slowly varying parameter. In
the case of a linear system, we usually write the state space model in the form,

ẋ(t) = A(θ)x(t) +B(θ)u(t) (2.29)
y(t) = Cx(t) +Du(t) (2.30)

where θ is the set of parameters that define the system matrices. If the system were
to be non-linear, then it would be of the form,

ẋ(t) = f(x, θ, u) (2.31)
y(t) = h(x, u) (2.32)

where the functions f and h are non linear system functions that are dependent on
the states, parameters and the input. As stated, these parameters (θ) may either
be initially known but slowly varying over time, constant but initially unknown or
incorrectly assumed, or a combination of both. The adaptive controller must either
estimate their true values or compensate for their effects through suitable control
input.

2.3.1 Direct and indirect adaptive controllers

Earlier we defined adaptive controllers as controllers which adjusts the control input
based on both changes in states and plant parameters. Based on how the plant
parameters affect the control law, adaptive controller can be broadly classified into
two categories:

• Indirect adaptive control: where the controller must first estimate the plant
parameters before computing the control parameters. As such an indirect
adaptive controller is a combinatorial setup of a feedback controller and a
parameter estimator, thus, a variety of controllers are possible based on the
choice of estimator and feedback control strategy used.
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Figure 2.3: Block diagram for Indirect Adaptive Control. The parameter estimator
block sends the estimation of the parameters to the adaptive mechanism block so
that it can update the controller gains.

• Direct adaptive control: where the control strategy is to directly compute and
update the control parameters. Since we are essentially skipping the estimation
step, different types of direct controllers are possible based on how we relate
control parameters to the controller performance.

Figure 2.4: Block diagram for Direct Adaptive Control. The parameter estimator
block is absent here, and the adaptive mechanism directly changes the controller
gains based on output of the plant.
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2.4 Model Reference Adaptive Control
The Model Reference Adaptive Control (MRAC) framework is one of the most
well known approaches to direct adaptive control [10]. Figure 2.5 shows the block
diagram for a typical MRAC controller, where Kff and Kfb are the feed-forward
and feedback gains respectively. The chief detail about this framework is that the
desired performance of the plant is described using a reference model. An adaptation
mechanism is then established, which uses the outputs of the reference model and
the actual plant to directly update the feed-forward and feedback gains.

Figure 2.5: Block diagram for Model Reference Adaptive Control. The adaptive
mechanism compares the outputs from the plant and the reference model to update
the feed-forward and feedback gains.

There are essentially three basic approaches to designing an adaptation mechanism:
the gradient approach, passivity theory and the Lyapunov approach [10]. For the
scope of this thesis, we will be focusing on the Lyapunov based stability approach.

2.4.1 Adaptation based on Lyapunov’s second method
Let us assume a simple plant process model and reference model of the form,

ẋ(t) = Ax(t) +Bu(t) (2.33)
ẋ(t) = Amx(t) +Bmr(t) (2.34)

where, (A, B) and (Am, Bm) are the system and input matrices for the plant and
reference model respectively. From Figure 2.5, we can see that control law for the
system can be described as,

u(t) = −K∗
fbx(t) +K∗

ffxm(t) (2.35)

Thus, the controlled system becomes,

ẋ(t) = (A−BK∗
fb)x(t) +BK∗

ffr(t) (2.36)

Ideally, this controlled system should match the reference system such that,

(A−BK∗
fb)x(t) +BK∗

ffr(t) = Amx(t) +Bmr(t) (2.37)
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2. Theoretical Background

This leads us to the implication that,

A−BK∗
fb = Am =⇒ K∗

fb = A− Am
B

(2.38)

BK∗
ff = Bm =⇒ K∗

ff = Bm

B
(2.39)

These values represent the ideal gains for the system so that it matches with the
reference system. Thus, the control system that has to be designed must have
gains that converge to these values at steady state. It can be observed that these
ideal values are dependent upon the matrices A and B, both of which are matrices
influenced by the system parameters.

Now, as mentioned before, the adaptation strategy is developed by comparing the
outputs of the plant model against the reference model. Thus, let us define e(t) as
the error between the two outputs at time instant t,

e(t) = x(t) − xm(t) (2.40)

On differentiating this equation, we get

ė = ẋ(t) − ẋm(t) (2.41)
= (A−BKfb)x(t) − Amxm(t) + (BKff −Bm)r(t) (2.42)
= (A−BKfb)x(t) − Amxm(t) + (BKff −Bm)r(t) + Amx(t) − Amx(t) (2.43)
= Am(x(t) − xm(t)) + (A− Am −BKfb)x(t) + (BKff −Bm)r(t) (2.44)
= Ame+ (A− Am −BKfb)x(t) + (BKff −Bm)r(t) (2.45)

By substituting the true values of the gains K∗
fb and K∗

fb here, we get

ė = Ame+B(K∗
x −Kx)x(t) −B(K∗

r −Kx)r(t) (2.46)
= Ame+BK̃xx(t) −BK̃rr(t) (2.47)

Where, for simplification K∗
x − Kx = K̃x and K∗

r − Kx = K̃r represent the error in
gains. Now, in order to develop an adjustment mechanism to push the gains to their
ideal values, we must choose a suitable Lyapunov equation, which is dependent on
not only K̃x and K̃r but also on e. For a single state plant, an apt equation would
be,

V = 1
2e

2 + 1
2γ K̃

2
x + 1

2γ K̃
2
r (2.48)

where, γ is a constant scalar adaptation gain. We know that, for the system to be
Lyapunov stable, V̇ ≤ 0. Thus,

V̇ = eė+ 1
γ
K̃x

˙̃Kx + 1
γ
K̃r

˙̃Kr (2.49)

= e(Ame+BK̃xx(t) −BK̃rr(t)) − 1
γ
K̃xK̇x − 1

γ
K̃rK̇r (2.50)
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Here, in order to guarantee the stability, the matrix the terms with K̃x and K̃r

should cancel out. Thus, we get the adaptation equations,

K̇x = γ · x(t) · e · sign(B) and K̇r = γ · r(t) · e · sign(B) (2.51)

Finally, the equations simplifies to,

V̇ = eTAMe ≤ 0 (2.52)

Hence, another condition, for a single state system to be stable is that Am should
be negative.

However, for a system with two or more states, the relevant equations and conditions
change. As such, the Lyapunov function can be modified as,

V = 1
2e

TPe+ 1
2K̃xΓ−1

x K̃T
x + 1

2γr
K̃2
r (2.53)

Where, Γx is the adaptation gain matrix for the state and γr is the scalar gain for the
reference. Notice that K̃x is a matrix here since there are now more than one states.
Moreover, P is a matrix which solves the Lyapunov equation ATmP + PAm = −Q
for Q > 0. Thus, the derivative becomes:

V̇ = −1
2e

TQe+ eTPBK̃xx− eTPBK̃rr + K̃x Γ−1
x

˙̃KT
x + 1

γr
K̃r

˙̃Kr (2.54)

Accordingly, the gain adaptation equations become,

K̇x = −Γx x eTPB (2.55)
K̇r = γr r e

TPB (2.56)

Finally, for a unique positive definite solution P to exist, the matrix Am must be
Hurwitz. A matrix is Hurwitz if all its eigenvalues have strictly negative real parts.
This ensures that the reference model is asymptotically stable.

The benefit of using the Lyapunov approach based MRAC is that the resulting
controller not only directly converges the gains to their ideal values, but also guar-
antees stability while it does so. However, one chief requirement for this framework
is that we must have a known linear or linearized reference model which satisfies the
Hurwitz condition.

Another detail to note is that this approach works best when the reference model
is linear in nature. Hence, for a non-linear reference model, we must first linearize
the plant model around an operating point. Conveniently, since we are using the
Frenet-Serret frame model, the operating point to linearize around would be (d, ψ)
= (0, 0).

It should be noted that for the MRAC framework, only the reference model needs
to be linear and not the actual plant model too. Since the goal is to directly update
the gains for the controller by skipping the update step of the system matrices, the
framework will still work for a non-linear actual plant model.
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2. Theoretical Background

2.5 Parameter Estimation based Adaptive Con-
trollers

Online determination of process parameters is a key element in adaptive control.
Even in model reference adaptive control, we are implicitly performing parameter
estimation by driving controller gains toward values that encode the unknown plant
parameters. A typical indirect adaptive controller consists of two parts, the param-
eter estimator to compute the unknown parameters online, and a controller to use
the updated parameters values and control the system.

To implement such estimators in practice, several recursive identification methods,
such as deterministic least square or probabilistic estimation frameworks, can be
employed. Among these, Kalman filter based estimators are particularly attractive
due to their ability to explicitly account for uncertainties and provide optimal recur-
sive updates. For this thesis, we shall explore different estimation frameworks based
upon Extended Kalman Filters (EKFs) and Unscented Kalman Filters (UKFs), as
discussed in the technical review paper by Amal Chebbi et al. [16].

2.5.1 EKF based estimators
Consider the discrete time non-linear state space model described by the process
and measurement equations,

xk+1 = f(xk, θk, uk) + wk (2.57)
yk = h(xk) + vk (2.58)

where xk and yk are the state and measurement vectors respectively. The process
noise wk and measurement noise vk are zero mean gaussian noise with covariance
matrices Q and R respectively. The vector θ represent the unknown parameters
that the non-linear state evolution function f is dependent upon.

2.5.1.1 Simultaneous state and parameter estimation

In order to perform simultaneous estimation using EKF, we can define an augmented
state vector: zk =

[
xk θk

]T
such that the process model becomes,

zk+1 =
[
f(xk, uk, θk)

θk

]
+ wk (2.59)

Here we assume that the unknown parameters remains constant, aside from the
addition of some noise: θk+1 = θk + wθ,k, i.e., a random walk model.

Now, given that

Fk = ∂f

∂z

∣∣∣∣∣
ẑk|k,uk

and Hk = ∂h

∂z

∣∣∣∣∣
ẑk|k

(2.60)
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The prediction step of the Kalman Filter becomes,

Estimation: ẑk+1|k = f(ẑk|k, uk+1) (2.61)
Covariance Propagation: Pk+1|k = Fk+1 · P T

k|k · F T
k+1 +Q (2.62)

and during the update step, we compute,

Innovation: rk+1 = yk+1 − h
(
ẑk+1|k

)
(2.63)

Kalman Gain: Kk+1 = Pk+1|kH
T
k+1

(
Hk+1Pk+1|kH

T
k+1 +R

)−1
(2.64)

State Update: ẑk+1|k+1 = ẑk+1|k +Kk+1rk+1 (2.65)
Covariance Update: Pk+1|k+1 = (I −Kk+1Hk+1)Pk+1|k (2.66)

Finally, the updated parameter estimates can be extracted from the extended state
vector ẑk+1|k+1.

2.5.2 UKF based estimators
The Unscented Kalman Filter (UKF) is an alternative nonlinear state estimation
method that is better suited for highly non linear systems. Instead of linearizing
the system dynamics using jacobians, the UKF propagates a carefully chosen set of
deterministic sample points (known as sigma points) through the nonlinear system,
providing a more accurate approximation of the mean and covariance of the state
distribution.

The scaling of sigma points in the UKF for n number of states is governed by the
Merwe parameterization

λ = α2(n+ κ) − n. (2.67)

where, α controls the spread of the sigma points (smaller values result in a tighter
distribution), κ is a secondary scaling parameter and β encodes the prior knowledge
of distribution.

To begin the prediction, a set of (2n+1) sigma points is generated from the posterior
distribution:

x
(0)
k−1 = x̂k−1|k−1,

x
(i)
k−1 = x̂k−1|k−1 +

√
n+ λ

(
P

1/2
k−1|k−1

)
i
, i = 1, 2, . . . , n,

x
(i+n)
k−1 = x̂k−1|k−1 −

√
n+ λ

(
P

1/2
k−1|k−1

)
i
, i = 1, 2, . . . , n.

The weights for the mean and covariance are computed as,

Wm
0 = λ

n+ λ
,

W c
0 = λ

n+ λ
+
(
1 − α2 + β

)
,

Wm
i = W c

i = 1
2(n+ λ) , i = 1, 2, . . . , 2n.
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Using these, the predicted values of mean and covariance becomes,

x̂k|k−1 ≈
2n∑
i=0

Wm
i f

(
x

(i)
k−1

)
,

Pk|k−1 ≈ Qk−1 +
2n∑
i=0

W c
i

(
f
(
x

(i)
k−1

)
− x̂k|k−1

) (
f
(
x

(i)
k−1

)
− x̂k|k−1

)T
.

To perform the update a new set of sigma points is generated from the predicted
distribution,

x
(0)
k = x̂k|k−1,

x
(i)
k = x̂k|k−1 +

√
n+ λ

(
P

1/2
k|k−1

)
i
, i = 1, 2, . . . , n,

x
(i+n)
k = x̂k|k−1 −

√
n+ λ

(
P

1/2
k|k−1

)
i
, i = 1, 2, . . . , n.

Compute the desired moments:

ŷk|k−1 ≈
2n∑
i=0

Wm
i h

(
x

(i)
k

)
,

Sk ≈ Rk +
2n∑
i=0

W c
i

(
h
(
x

(i)
k

)
− ŷk|k−1

) (
h
(
x

(i)
k

)
− ŷk|k−1

)T
,

Pxy ≈
2n∑
i=0

W c
i

(
x

(i)
k − x̂k|k−1

) (
h
(
x

(i)
k

)
− ŷk|k−1

)T
.

Finally, use the moments to calculate the Kalman gain and apply the correction:

Kk = Pxy S
−1
k ,

x̂k|k = x̂k|k−1 +Kk

(
yk − ŷk|k−1

)
,

Pk|k = Pk|k−1 −Kk SkK
T
k .

2.5.2.1 Multi-scaled UKF

The UKF uses the sigma points to capture the mean and the covariance of random
variables propagated through a nonlinear system. The spreading of these sigma
points is crucial for the filter to capture the actual behavior of the states. The general
formulation of the UKF uses a uniform scaling set for all states. The paper by Amit
Levy et al. introduces the concept of independently tunable scaling parameters for
each state dimension [18].

Based on this, we can implement an extended scaling set that can be used to in-
dependently tune the spread of each state, maintaining theoretical accuracy with
negligible additional computational cost.

λi = α2
i (n+ κi) − n (2.68)

Accordingly, the covariance compensation factor becomes,

γ = 1 − (Παi)2/n + β (2.69)
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2.5.2.2 Variations in Kalman filter based estimation

The estimation methods discussed till now are also known as joint estimation meth-
ods [16] where a single filter is used to estimate both states and parameters. Another
framework for estimation methods is the dual estimation approach, where the pa-
rameters and state are estimated separately one after the other.

While this method has not been implemented in this work, the reader can find the
theory behind it in the appendix section A.1.1.

2.5.3 Adaptive Kalman filter based estimation
In a standard augmented Kalman filter setup, the augmented state covariance matrix
P converges over time based on the values of the matrices Q and R. However, if
there is a change in the parameters of the system, like a change in the cornering
stiffness or load mass, the state covariance does not grow again to account for them,
as a result of which the re-convergence of the parameter estimates is very slow.

An adaptive Kalman filter is a special type of filter where the process and mea-
surement noise covariance matrices Q and R are updated online based on incoming
measured data [19].

2.5.4 Limitations to estimation methods
When we look at the cartesian frame dynamic vehicle model (equations 2.10 - 2.14),
we can clearly observe that the system is currently under-determinate. This means
that there are more unknown parameters than equations. Furthermore, most of the
unknown parameters appear in the last two equations, pertaining to the evolution
of v̇y and ψ̇, which makes accurately estimating each parameter much more difficult.

Finally, another issue is lack of persistent excitation in the system. In order to accu-
rately estimate the unknown parameters in a system, the input signals should per-
sistently excite or stimulate all relevant system dynamics. In a closed-loop system,
there exists a trade-off between controller performance and parameter estimation.
A controller will aim to regulate the system states to a desired steady-state value
or towards zero. While this achieves stability and performance objectives, it also
unintentionally reduces the level of persistent excitation in the system. Thus, even
if a system is theoretically observable, closed-loop operation can make parameter
estimation infeasible due to lack of excitation.
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3
Problem Formulation

Earlier, in the section 2.3, we defined an adaptive controller as a controller that
provides optimal feedback based on changes in states and parameters of the system.
The section also broadly explored different direct and indirect strategies to the
adaptive control problem. Subsequently, we also encountered the various caveats to
each approach, which forces us to place certain limitation and restrictions on our
system model. Thus, before we narrow down to a problem formulation, we must
first clearly establish what these restrictions are.

3.1 Assumptions and Simplification

Since the direct and indirect approaches to adaptive control differ significantly, mul-
tiple separate assumptions and simplifications must be made for each approach.
However, some of these remain the same for both,

• It is assumed that the single track dynamic bicycle model perfectly represents
the dynamics of the vehicle, instead of using a more complex fully dynamic
model,

• The vehicle dynamics are continuous in time and are represented by the equa-
tions 2.10 - 2.14 in the Cartesian frame, and by equations 2.16 - 2.20 in the
Frenet-Serret frame,

• The unknown parameters θ that influence the plant dynamics are assumed to
be constant with a poor initial estimation, unless specified to be otherwise,

• The velocity of the vehicle along the longitudinal axis vx is constant, unless
specified to be otherwise, and known. Consequently, the longitudinal frictional
forces Flf and Flr are removed from the model as well, since their net effect is
implicitly captured by the maintenance of a constant forward velocity.
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3. Problem Formulation

3.1.1 Direct adaptive control
As discussed earlier, the main assumption we must take is that we have an accurate
reference model that not only demonstrates the ideal behavior of the vehicle, but is
also linear in nature and Hurwitz stable.

Furthermore, the performance of the controller is dependent upon the chosen adap-
tive gain matrix Γ and the initial values of the controller gain K. A degree of trial
and error is necessary to raise the efficiency of this control approach.

3.1.2 Indirect adaptive control
From the (equations 2.10 - 2.14), we can observe that the vehicle dynamics is heavily
dependent on multiple potentially unknown parameters. Since our system is under-
determinate and due to poor excitation in the system, it is not viable to estimate
all the parameters from the aforementioned set of equations. Thus, we must settle
on a smaller subset of unknown parameters to estimate.

The first simplification we can make is regarding the tire stiffness and normal force
applied. As can be seen from (equations 2.10 - 2.14), the lateral cornering stiffness of
the front and rear wheels (Cf and Cr) always appear together with the normal forces
acting on them (Fz,f and Fz,r). In practice, there is no real benefit in estimating the
values of all these parameters separately, so we can clump these together such that,

C∗
f = CfFz,f and C∗

r = CrFz,r

Furthermore, we can also assume that the ratio of these clumped friction parameters
(C∗

f/C
∗
r ) is always constant. The application of this assumption will be expanded

upon in the later chapters.

Thus, for the scope of this thesis, we shall restrict ourselves to only estimating the
clumped friction parameters (C∗

f and C∗
r ) and the wheelbase parameters Lf and Lr.

3.2 Aim

The aim of this thesis is to use the concepts discussed in chapter 2 and assumptions
in section 3.1, to develop and implement a family of adaptive lateral controllers, and
to test them in varying conditions. The thesis shall also compare the performance of
these controllers with one another and finally also list out the merits and drawback
of each approach.

To guide this work, the following research questions are addressed:

• Which adaptive control methods are most suitable for lateral control of au-
tonomous heavy vehicles?
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• How effectively do the proposed controllers adapt to time-varying vehicle dy-
namics, and how robust are they across changes in parameter values?

• What are the computational requirements and onboard implementation con-
straints of the proposed adaptive controllers, and how generalisable are they
across different truck configurations?
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4
Methodology

Based on the discussions in the previous chapters, we can clearly see that an adaptive
lateral controller is but a lateral controller with an adaptive sub-step in it. This
chapter will discuss how a Lyapunov based direct and an Kalman filter based indirect
adaptive lateral controller can be developed.

4.1 The Adaptive Lateral PID Controller

The adaptive lateral PID controller is a type of direct adaptive controller developed
by combining a lateral PID controller with the MRAC framework. Using the Lya-
punov’s second method based adaptation law we shall be updating the gains of the
PID controller online.

Figure 4.1: Block diagram for MRAC based Adaptive lateral PID control flow.
The PID gains are updated by the adaptive mechanism block on comparing the
outputs of the reference model and plant.

For the lateral control problem, the primary tracking objective is to drive the lateral
offset d to zero. Thus, the complete PID action is applied to the state d. However,
as discussed in section 2.2, the feedback must act on the full deviation vector ẽ.
Therefore, additional proportional feedback terms are introduced on the remaining
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error components, giving us the control law

δ = δff − δfb (4.1)

= δff −
(
Kp d+Ki ξ +Kd ḋ+Kψ ψerr +Kvy(vy − vy,eq) +Kω(ω − ωeq)

)
(4.2)

where, d is the lateral offset, ξ is the integral of the lateral error (
∫
d dt), eψ is

the heading error, vy is the lateral velocity and ψ̇ is the yaw rate. For a compact
representation, the control law can be re-written as,

δ = δff −KTϕ (4.3)

with

K =
[
Kp Ki Kd Kψ Kvy Kω

]T
(4.4)

and

ϕ =
[
d ξ ḋ ψerr (vy − vy,eq) (ω − ωeq)

]T
(4.5)

Recalling equation 2.47, we can model the error dynamics of our system as,

ė = Ame+BK̃xx(t) −BK̃refr(t)

with Am being the Hurwitz stable reference model matrix, and K∗
x −Kx = K̃x and

K∗
ref −Kx = K̃ref . Since, we are aiming to drive the equilibrium deviation ẽ to zero

at steady state, we can rewrite the error dynamics as,

ė = Ame+BK̃T
x ϕ

In order to derive the adaptive law, let us consider the updated form the Lyapunov
equation 2.53, where we can ignore the term K̃r as r(t) = 0,

V = eTPe+ 1
2K̃

TΓ−1K̃ (4.6)

where P is the positive definite solution of the Lyapunov equation and Γ is a positive
definite adaptation gain matrix. Taking the derivative of the Lyapunov equation
yields,

V̇ = −eTQe+ K̃T
(
Γ−1 ˙̃K − ϕeTPB

)
(4.7)

In order to ensure V̇ < 0, the adaptive gain update law becomes,

Γ−1 ˙̃K = ϕeTPB

˙̃K = ΓϕeTPB

Substituting σ = eTPB and since K∗ is constant, we have the gain update as:

K̇ = Γϕσ (4.8)
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However, if the product ϕ · σ were to be small yet non zero for long operation
durations, the gains could slowly drift away without bounds [15]. Thus, a damping
factor is added such that,

K̇ = Γϕσ − σ0K (4.9)

where σ0 > 0 is a small leakage coefficient used to bound the adaptive gains and
improve numerical robustness.

From the equations, we can clearly observe that the performance of the controller is
dependent upon the tuning of the constant adaptive gain matrix Γ and the reference
model chosen. The choosing of the reference model is also a main caveat to this
approach. The reference model should not only be a linear function in structure,
but also, the matrix Am must be Hurwitz. One way of doing this would be to
design a reference model using pole-placement. Subsequently, the adaptive lateral
PID controller can be tuned by adjusting Γ and the poles of the reference model.
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4.2 Adaptive Lateral LQR Controller

As discussed before, indirect adaptive controllers are always a combination of a
parameters estimation and a feedback controller. In this work, we will be focusing
on the implementation of an adaptive lateral LQR controller which uses a Kalman
filter for parameter estimation, more precisely, we will be investigating the variations
of extended Kalman filters (EKFs) and unscented Kalman filters (UKFs).

Figure 4.2: Block diagram for Adaptive lateral LQR control flow. The Kalman
filter estimates the parameters online and updates the estimates when new mea-
surements are received. The updated parameters are shared to the LQR controller
where it updates its gains to adapt.

4.2.1 Implementation of Constraints

As discussed in section 2.5.4, a significant hurdle in the parameter estimation step
of an indirect adaptive controller is the existence of an under-determinate system
and lack of persistent excitation. While reducing the number of parameters to be
estimated (section 3.1.2) helps with improving estimation efficacy, it is still not
enough. This is why the implementation of constraints is important.

In the work by Sierra C, et al., a "beta-less method" is discussed where the cornering
stiffness of the tires are connected by a ratio to determine each other [17]. In this
work, we shall use a slightly different approach from the paper. The two constraints
we will be adding to our estimation problem are, C∗

f/C
∗
r = ν and Lf +Lr = L, such

that

C∗
f − νC∗

r = 0 (4.10)
L− (Lf + Lr) = 0 (4.11)
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We can also expand equation 4.10 as,

ν =
C∗
f

C∗
r

= CfFz,f
CrFz,r

where, the normal forces Fz,f and Fz,r can be computed using torque balance equa-
tions such that,

ν =
C∗
f

C∗
r

=

mgLr
Lf + Lr
mgLf
Lf + Lr

= Lr
Lf

(4.12)

Thus, the ratio between the clumped cornering stiffness parameters is equal to the
ratio between the front and rear wheelbase lengths.

4.2.1.1 Soft constraints

Soft constraints are constraints that are only required to be approximately satisfied
rather than be exactly satisfied. We might want to implement such constraints in
cases where the constraints are heuristic rather than rigorous, or in cases where the
constraint function has some uncertainty or fuzziness.

Thus, the equation 4.10 becomes,

C∗
f − νC∗

r ≈ 0 (4.13)

And we can use this to perform a scalar pseudo Kalman update after the esti-
mation update step is done. For this, let us assume an observation vector hr =[
0 0 0 0 0 1 −ν

]
where the parameters to be estimated are placed at the end

of the vector. Then the update step would be of the form,

Sν = hνPh
⊤
ν +Rν (4.14)

Kν = Ph⊤
ν

Sν
(4.15)

eν = −(C∗
f − νC∗

r ) (4.16)
z+ = z +Kν · eν (4.17)
P+ = P −KνK

⊤
ν Sν (4.18)

where Rν is the measurement noise variance of this pseudo measurement step.

Unlike the hard constraint approach (see appendix section A.1.2), which forces the
parameters to take a certain relation, the soft constraint approach instead pushes
the estimated values to a certain numerical relation, thereby significantly decreasing
the state uncertainties.

Thus, as illustrated in Figure 4.3, this layer of soft constraint enforcement acts as a
pseudo update step after the prediction step by the Kalman filter.
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Figure 4.3: Block diagram showing the layer of soft constraint enforcement between
prediction and update step in the Kalman filter. Effectively two updates happen
when an estimation is performed.

4.2.2 Adaptive Q based Kalman filter
As described in Section 2.5.3, one established approach to developing a Kalman filter
capable of adapting to changes in unknown parameters is to employ an adaptation
law that dynamically scales the process noise covariance matrix Q. The underlying
idea is that when the estimated value of a parameter θi begins to drift away from its
previously converged value, for example ,due to a change in the vehicle’s effective
cornering stiffness caused by a shift in mass, or due to traversing a low-friction path,
the corresponding entry Q[θi, θi] should be temporarily inflated. This increases the
associated value of the state uncertainty matrix P , allowing the filter to instead
trust the new measurements more heavily and re-converge to the shifted parameter
value quickly.

4.2.2.1 Parameter drift rate adaptive Q

In this thesis, we explore a strategy in which Q is updated based on the drift rate
of each estimated parameter during a time interval. To detect a change in a given
parameter θi, a buffer is used to store the last N estimated values of θ̂i. Using
this buffer, we compute the drift between the newest and oldest estimates over the
capture window,

∆θ̂i =
∣∣∣θ̂i,newest − θ̂i,oldest

∣∣∣
This drift is then normalized by the current uncertainty of the estimate,

ρi = ∆θ̂i
σθi

+ ϵ
, σθi

=
√
P [θi, θi]

where ϵ is a small constant introduced to avoid division by zero. The normalized
drift ρi has a clear interpretation: if ρi ≪ 1, the estimate is stable within its own
uncertainty band, whereas if ρi > ρthreshold, the estimate is persistently moving away
from its previous value, indicating an unresolved mismatch between the model and
the true system.

Based on this metric, the adaptation law for the process noise covariance becomes

Q[θi, θi]k =

min
(
Q[θi, θi]k−1 + γ · q0

θ · ρi, Qmax
)

if ρi > ρthreshold

q0
θ + α ·

(
Q[θi, θi]k−1 − q0

θ

)
otherwise

(4.19)
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where q0
θ is the baseline process noise for parameter θi, γ is the inflation gain,

and α ∈ [0, 1) is the decay rate. In words, when the normalized drift exceeds the
threshold, the process noise Q is inflated in proportion to both the drift magnitude
and the baseline noise level, up to a maximum of Qmax; once the drift subsides, the
process noise decays geometrically back toward its baseline value q0

θ . The figure 4.4
neatly illustrates the work flow for this adaptive Q framework.

As the process noise covariance increases in response to a detected parameter change,
the corresponding entry of the state uncertainty matrix P also increases, allowing
the estimator to adapt quickly to the new parameter value. In Appendix A.1.4, we
compare the re-convergence performance of an EKF with and without this adaptive
layer.

Figure 4.4: Block diagram showing the for the parameter drift rate adaptive Q
framework. Effectively two updates happen when an estimation is performed.

4.2.3 LQR based feedback control
For the linearized lateral error dynamics derived from the Frenet-frame bicycle
model,

˙̃e(t) = A ẽ(t) +B δfb(t)

where ẽ = [d, ψerr, vy − vy,eq, r − req]T is the deviation from the curved-path, and
the matrices A and B encode the linearized vehicle dynamics, the LQR minimizes
the infinite-horizon cost function,

J =
∫ ∞

0

(
ẽ(t)TQ ẽ(t) + δfb(t)TRδfb(t)

)
dt

The weight matrices Q ⪰ 0 and R ≻ 0 are tunable parameters which decides
how aggressively the state deviations and control input are penalized. The optimal
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feedback gain is given by,

K = R−1BTP

where P is the unique positive-definite solution of the continuous algebraic Riccati
equation (CARE),

ATP + PA− PBR−1BTP +Q = 0

Since the matrices A and B depend on the vehicle parameters, the performance of
the LQR controller is directly tied to the accuracy of the estimated values of the
unknown parameters provided by the Kalman filter.
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5
Results and Discussions

5.1 Introduction to scenarios

Before we look at the performance of the various controllers discussed in the previous
chapters, let us first understand the background behind these tests, starting with
the vehicle model used.

The vehicle modeled in this work is a Volvo FH 8x4 rigid truck operating at a gross
vehicle weight (GVW) of approximately 40 tonnes. The 8×4 drivetrain layout com-
prises two front steering axle groups and two rear driven axle groups. As stated
in the section 3.1, this multi-axle configuration is simplified into an equivalent dy-
namic bicycle model with a single front and a single rear axle. The relevant vehicle
parameters for the test can be listed as,

Parameter Symbol Value Unit
Vehicle mass m 40 000 kg
Yaw moment of inertia Iz 500 000 kg m2

Front axle distance (CoM to front) Lf 2.8 m
Rear axle distance (CoM to rear) Lr 1.8 m
Total effective wheelbase L = Lf + Lr 4.6 m
Front axle normal load Fzf = mg Lr/L 153 504 N
Rear axle normal load Fzr = mg Lf/L 238 896 N
Front normalized cornering stiffness Cf ≈ 5.21 1/rad
Rear normalized cornering stiffness Cr ≈ 5.02 1/rad

Table 5.1: Vehicle parameters for Volvo FH 8×4 rigid truck (equivalent bicycle
model)

The tests will be conducted for each controller individually. For the indirect adaptive
lateral controllers, the system will be tested on two scenarios,

• Scenario 1: The truck would be simply made to take laps around a closed
reference path, with the parameters C∗

f , C∗
r , Lf and Lr set to 80% of their true

values. The goal of this scenario is to test the performance of base Kalman
filter based estimator and LQR combination when provided with a poor initial
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5. Results and Discussions

estimate of the necessary parameters.

• Scenario 2: Same as the previous scenario, however, at a certain point during
the simulation the longitudinal velocity of the vehicle would be decreased sig-
nificantly, after which the mass of the vehicle would be increased (to simulate
loading of the vehicle) and then longitudinal velocity would return back to
its original value. After some time, this sequence would be performed again,
but the mass of the vehicle would be reduced (to simulate unloading). The
goal of this scenario is to test the performance of adaptive Kalman filter based
estimator.
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Figure 5.1: Plot showcasing the operating conditions for the second scenario.
Subplot (a) shows the change in velocity whenever the vehicle is being loaded or
unloaded, which is shown in subplot (b)

• Scenario 3: Same as scenario 1, but this time, a third of the path is considered
to be muddy, where the true values of the lateral cornering stiffness (Cf and Cr)
of the front and rear tire would be reduced. At the same time, the longitudinal
velocity of the vehicle will also be reduced slightly. The velocity is returned
to the normal value when the vehicle is out of the muddy portion.
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Figure 5.2: Plot showcasing the operating conditions for the third scenario. Sub-
plot (a) shows the change in velocity whenever the vehicle when the truck enters a
muddy zone, which is shown as a shaded area in the plots. The subplot (b) shows
the true values of the cornering stiffness at different parts of the track

Meanwhile, for the direct adaptive lateral PID controller, the test performed would
be similar to the first scenario for the indirect adaptive controller case, however,
the initial parameter conditions would be different. The tuning parameters of the
controller, i.e., the reference model poles and the adaptation constants vector Γ, will
be chosen via trial and error. While it is understandable that finding an optimal
set of these tuning parameters is crucial yet difficult, the aim is to choose a set of
values which can showcase the performance of the controller properly.
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5.2 Indirect Adaptive Lateral Control
For the indirect approach to adaptive lateral control, four variations of Kalman
filters were investigated in total: normal EKF and UKF based estimators, and
their respective adaptive versions. The simulation was performed for a total of
35,000 steps with a time step of 0.02 seconds. Within this duration, the vehicle was
able to successfully complete three laps around the chosen track. Furthermore, the
parameters (C∗

f , C∗
r , Lf and Lr) were given a prior estimate of 0.8 times their true

values.

5.2.1 Scenario 1: Normal vehicle motion
For an indirect adaptive controller, the performance must be evaluated on two do-
mains, that is, the accuracy of the estimated parameter and the speed at which it
converges to the true values, and the performance of the LQR controller which uses
these estimated parameters.

5.2.1.1 Parameter estimator performance

From the figures 5.3 - 5.6, it can be observed that both the extended and unscented
Kalman filters estimate and converge the set of parameters to their true values early
on in the simulation (see table 5.2). By the end of the simulation, the performance
of the estimators can be noted in the table 5.3.

EKF UKF
Param Step Time (s) s (m) Step Time (s) s (m)
C∗
f 24 0.48 4.80 8 0.16 1.69

C∗
r 24 0.48 4.80 8 0.16 1.69

Lf 1 0.02 0.25 1 0.02 0.17
Lr 2 0.04 0.48 2 0.04 0.43

Table 5.2: Convergence Speed: Steps to Reach ≤ 5% Error. It can be seen that
both the filters converge to the true value of the parameters within the first few time
steps.

EKF UKF
Param True Initial Final Est Err (%) Final Est Err (%)
C∗
f 800 000 640 000 810 348.63 ± 4 283.42 1.29 812 758.30 ± 5 008.58 1.59

C∗
r 1 200 000 960 000 1 215 522.78 ± 6 421.35 1.29 1 219 138.07 ± 7 509.69 1.59

Lf 2.80 2.24 2.82 ± 0.05 0.72 2.83 ± 0.06 0.91
Lr 1.80 1.44 1.78 ± 0.05 1.12 1.77 ± 0.06 1.42

Table 5.3: Comparison of EKF and UKF final Parameter Estimation Results. The
sub 2% errors and small standard deviation proves how precise the estimator are

From the plots and the tables, it is clear that both the EKF and UKF based pa-
rameter estimator perform equally well and thus it is difficult to recommend one

40



5. Results and Discussions

estimator over the other. It should be noted that an EKF is computationally less
expensive, requiring only a first order Jacobian evaluation, unlike computing 2n+ 1
sigma point propagation per set in the UKF. However, for a highly non-linear sys-
tem, it is difficult to accurately derive a Jacobian linearization. In such cases, it is
much more efficient to use a UKF based estimator.
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Figure 5.3: Plots showing estimation of C∗
f (a) and C∗

r (b) using EKF. The black
dotted line indicates the original value and the red dashed line indicates the true
value. The shaded blue region represents the 2σ standard deviation band.
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Figure 5.4: Plots showing estimation of Lf (a) and Lr (b) using EKF.
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Figure 5.5: Plots showing estimation of C∗
f (a) and C∗

r (b) using UKF. The plot
details are same as 5.3, furthermore the estimation performance and convergence
speed is also similar to the EKF based approach.
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Figure 5.6: Plots showing estimation of Lf (a) and Lr (b) using UKF.

5.2.1.2 Lateral LQR performance

As explained in section 4.2.3, the estimated values of the parameters from the
Kalman filter based estimators are fed into the Linear Quadratic Regulator (LQR),
so as to update the gains of the controller. As the estimators converge towards the
true values early enough, the gains of the LQR also reach a steady state value at the
same time (figures 5.7 and 5.8). The figures also show the gains of a non adaptive
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LQR controller and we can observe the difference between the true gains and initial
gains.

K[d] K[eψ] K[vy] K[ψ̇]
EKF 0.5474 3.3842 0.1048 0.5138
UKF 0.5474 3.3848 0.1049 0.5141

Table 5.4: Final LQR Gain Matrix K: EKF vs UKF. Since the final estimates from
both approaches are almost equal in value, the final gains are virtually the same as
well
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Figure 5.7: Plots showing evolution of LQR gains for an indirect adaptive lateral
LQR controller using EKF. The solid red horizontal line shows the gain initially
computed by the LQR. For a non adaptive controller this gain would be constant,
but for an adaptive one, we can observe how quickly it evolves and reaches a steady
state value.
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Figure 5.8: Plots showing evolution of LQR gains for an indirect adaptive lateral
LQR controller using UKF. The features of the plot are similar to that of Figure 5.7
and showcases the benefits of using an adaptive mechanism.

In figures 5.9 and 5.10, we can see that the path taken by the vehicle completely
overlaps the reference path. While these figures are a clear give away of the perfor-
mance of the indirect adaptive controllers, additional figures shed a brighter light
on the detailed performance of the controllers.
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Figure 5.9: Plot shows the trajectory taken by a vehicle using an indirect adaptive
EKF based lateral LQR controller.
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Figure 5.10: Plot shows the trajectory taken by a vehicle using an indirect adaptive
UKF based lateral LQR controller. The trajectory taken is extremely similar to
figure 5.9, giving an early indication that both approaches perform equally well.

The Figures 5.11 - 5.14, shows the lateral accuracy of the indirect adaptive lateral
LQR controller. The figures also show the performance of a vehicle using a normal
LQR controller as well. The comparison between the two controllers shows that the
presence of adaptation in a lateral controller indeed increases the performance of
the plant.
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Figure 5.11: Plots showing lateral offset d of the vehicle with (blue line) and
without (red line) an adaptive EKF based LQR controller. Subplot (a) shows the
raw d value for the simulation, whereas subplot (b) shows the rolling RMS of | d |
within a window of 500 time steps.

0 1000 2000 3000 4000 5000 6000 7000
s [m]

2

1

0

1

2

3

d 
[m

]

(a) Lateral Deviation  Scene 1: Constant vx and m
Fixed-Gain LQR (baseline)
Adaptive UKF + LQR

0 1000 2000 3000 4000 5000 6000 7000
s [m]

0.0

0.2

0.4

0.6

0.8

1.0

Ro
llin

g 
RM

S 
|d

| [
m

]

(b)

Fixed-Gain LQR (baseline) (RMS)
Adaptive UKF + LQR (RMS)

Figure 5.12: Plots showing lateral offset d of the vehicle with (blue line) and
without (red line) an adaptive UKF based LQR controller. Subplot (a) shows the
raw d value for the simulation, whereas subplot (b) shows the rolling RMS of | d |
within a window of 500 time steps.
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Figure 5.13: Plots showing heading error eψ of the vehicle with (blue line) and
without (red line) an adaptive EKF based LQR controller. Subplot (a) shows the
raw eψ value for the simulation, whereas subplot (b) shows the rolling RMS of | eψ |
within a window of 500 time steps.
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Figure 5.14: Plots showing heading error eψ of the vehicle with (blue line) and
without (red line) an adaptive UKF based LQR controller. Subplot (a) shows the
raw eψ value for the simulation, whereas subplot (b) shows the rolling RMS of | eψ |
within a window of 500 time steps.
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Figure 5.15: Plots showing other vehicle states when the adaptive lateral EKF
based LQR controller is used. Subplot (a) shows the lateral velocity vy of the vehicle
at various points on the track, while subplot (b) shows the yaw rate ψ̇. Subplot (c)
shows the optimal control input δ provided by the adaptive lateral controller.

One important thing of note here is that in the current simulation method, the signal
measurements that the LQR controller receives, includes a gaussian noise as well in
order to make the scenario more realistic. It is because of this noise that the all the
figures 5.11 - 5.16 appear to be noisy. The appendix section A.1.5 includes the same
simulation but without the inclusion of sensor noise, and there we can observe that
the plots are indeed smooth in nature.
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Figure 5.16: Plots showing other vehicle states when the adaptive lateral UKF
based LQR controller is used. The subplots here convey the same message as those
in figure 5.15.
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5.2.2 Scenario 2: Vehicle is loaded and unloaded
While the test scenario is different from before, the evaluation criteria for the con-
trollers remain the same, with the added criteria of the adaptation speed of the
estimators. As specified before, in this scenario, the longitudinal velocity of the
vehicle would decrease to a near zero value (0.1 m/s), after which it’s mass would be
increase by 20 %, before returning to it’s normal velocity. After a while, the reverse
of this would happen where the mass is decreased back to the original value.

5.2.2.1 Parameter estimation performance

The convergence speed and the accuracy of the final estimation results for this
scenario is almost the same as those presented in tables 5.2 and 5.3. The main aim
of this scenario is to observe how quick the Kalman filters can adapt (using the
parameter drift rate adaptive Q framework) when there is change in the parameter
to be estimated.

From the figures 5.17 - 5.20, we can observe that both the adaptive EKF and UKF
are able to detect the change in the parameters and adapt themselves to it. On
a closer look, we can further see that the UKF adapts to the new values much
more efficiently compared to the EKF. This is because at velocities closer to zero,
the Jacobian linearizations of the EKF starts to break, as a result of which the
estimations drift away from the true values. Once the velocity returns to normal,
the adaptive layer of the EKF aggressively corrects the estimates.

This issue is not encountered in the UKF case because the unscented Kalman filter
does not perform Jacobian linearizations, and instead develops and propagates using
2n + 1 sigma points through the non linear dynamics to estimate the parameters.
This nature of the UKF also enables it to function at even lower velocities than 0.1
m/s, where the adaptive performance is further increased.
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Figure 5.17: Plots showing estimation of C∗
f (a) and C∗

r (b) using adaptive EKF.
We can observe there is a slight hiccup in the estimation when the reduction in
velocity occurs, showing the effect of linearization errors at low speeds
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Figure 5.18: Plots showing estimation of Lf (a) and Lr (b) using adaptive EKF.
We can observe that similar to figure 5.17 there is a slight hiccup in the estimation
due to linearization errors at low speeds

51



5. Results and Discussions

0 1000 2000 3000 4000 5000 6000
s [m]

0.2

0.4

0.6

0.8

1.0
C

* f
 [N

/ra
d]

1e6(a)
 Lap 1  Lap 2  Lap 3

 m=48t  m=40t

UKF Parameter Convergence  Lumped Cornering Stiffnesses  Scene 2: Mass & vx Change

C *
f  estimate

±2
True value
Initial guess

0 1000 2000 3000 4000 5000 6000
s [m]

0.50

0.75

1.00

1.25

1.50

C
* r
 [N

/ra
d]

1e6(b)
 Lap 1  Lap 2  Lap 3

 m=48t  m=40t

C *
r  estimate

±2
True value
Initial guess

Figure 5.19: Plots showing estimation of C∗
f (a) and C∗

r (b) using adaptive UKF.
We can observe that, unlike in the EKF case, UKF is unaffected by the low speed
of the vehicle as it does not conduct any linearizations for estimation.
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Figure 5.20: Plots showing estimation of C∗
f (a) and C∗

r (b) using adaptive UKF.
Similar to figure 5.19, the filter is able to smoothly estimate the parameters even at
low speeds.

We can observe the evolution of the process error covariance noise matrix Q in
the figures 5.21 and 5.22. We can clearly observe how the adaptive layer in the
Kalman filters inflates and deflatesQ based on the estimated value of the parameters,
especially when the values of the parameters change.
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Figure 5.21: Plot showing evolution of process error covariance matrix Q using
the parameter drift rate adaptive Q framework in EKF. It can be observed that Q
inflates and deflates consistently with changes to parameter values.
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Figure 5.22: Plot showing evolution of process error covariance matrix Q using
the parameter drift rate adaptive Q framework in UKF. Since the estimation per-
formance of both filters were similar, the changes in Q are also similar.

5.2.2.2 Lateral LQR performance

Owing to the adaptation speed of the adaptive Kalman filters and their estimation
accuracy, we can observe in figures 5.23 and 5.24 that even though the gains tank
when the parameter change is encountered, they promptly return to their optimal
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values. In the table 5.5 it can be observed that the optimal gains for the controller
is the same as the previous scenario.

K[d] K[eψ] K[vy] K[ψ̇]
EKF 0.5474 3.3788 0.1041 0.5113
UKF 0.5474 3.3800 0.1043 0.5121

Table 5.5: Final LQR Gain Matrix K: EKF vs UKF. Even with the changes in true
value of the parameters, the estimators still converged to nearly identical values, and
consequently, the final gains are once again almost the same.
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Figure 5.23: Plot shows the evolution of LQR gains for a lateral LQR controller
with an adaptive EKF based estimator. We can also observe how the change in
parameters affects the gains as well as how quickly the controller adapts to the
changes and drives the gains to a steady state value.
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Figure 5.24: Plot shows the evolution of LQR gains for a lateral LQR controller
with an adaptive UKF based estimator. Similar to figure 5.23, the controller deftly
adapts the gains to the most optimal value.

The rest of the plots, showcasing the performance of the LQR controller, such as the
path tracking ability, lateral and heading errors, etc., are similar to the figures 5.11
- 5.16, and are thus not shown here. These can be found in the appendix section
A.1.6 for the readers reference.
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5.2.3 Scenario 3: Vehicle drives through a muddy surface
This scenario builds upon the scenario in 5.2.2, but instead of varying the vehicle
mass, the lateral tire stiffness coefficients Cf and Cr are subject to change. Specif-
ically, one third of the track is designated as a muddy surface, over which the true
values of Cf and Cr are reduced to 80% of their true values. For the same portion,
the longitudinal velocity vx is also reduced to 0.8 times its original value to reflect
the more cautious driving behavior expected on such a surface.

The key distinction from Scenario 2 lies in the duration of the parameter change.
Previously, the vehicle operated in a loaded state for a substantial fraction of the
total runtime, giving the estimator prolonged exposure to the shifted dynamics.
Here, the muddy segment is comparatively shorter, which places greater emphasis
on the transient response of the parameter drift rate adaptive Q Kalman filters.
Thus, this scenario primarily evaluates how rapidly each filter can track the abrupt
changes in C∗

f and C∗
r upon entering and exiting the muddy region, rather than its

steady state estimation accuracy.
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Figure 5.25: Plot shows the trajectory taken by the vehicle. The part of the track
shaded brown is the muddy zone and it covers a third of the total track.

5.2.3.1 Parameter estimation performance

The figures 5.26 - 5.29 shows the performance of the adaptive Kalman filter based
estimators. Unlike figures 5.17 and 5.19, the estimator is unable to converge swiftly
enough to the updated values of the parameters. This is primarily because the
dwell time of the vehicle in the new parameter regime in scenario 3 is much shorter
than that in scenario 2, thereby not providing the estimator with sufficient time to
converge.
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Figure 5.26: Plots showing estimation of C∗
f (a) and C∗

r (b) using adaptive EKF.
It can be observed that the duration for which vehicle traverses the muddy path is
quite short, as a result of which the estimator does not get enough time to converge
to the update values, before the parameters shift again.
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Figure 5.27: Plots showing estimation of Lf (a) and Lr (b) using adaptive EKF.
We can observe that the overall performance of the estimator here is similar to figure
5.18.
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Figure 5.28: Plots showing estimation of C∗
f (a) and C∗

r (b) using adaptive UKF.
Similar to 5.26, the estimator attempts to converge to the new value however the
vehicle exits the part before that.
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Figure 5.29: Plots showing estimation of C∗
f (a) and C∗

r (b) using adaptive UKF.

The estimation performance of the estimator can be improved by tuning the pa-
rameter drift rate adaptive Q to be more aggressive, however this would increase
the steady state uncertainty of the parameters. Thus, this scenario reveals us the
trade-off between faster tracking of the parameters versus increased estimation noise.
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5.2.3.2 Lateral LQR performance

The figures 5.30 and 5.31 shows that the gains are evolving in a cyclic manner,
which is consistent with the entry and exit of the vehicle in the muddy zone. While
the estimator is unable to provide the controller with a steady state estimate for
the transient period, the partial adaptation it does perform pushes the LQR gains
towards the correct values.
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Figure 5.30: Plot shows the evolution of LQR gains for a lateral LQR controller
with an adaptive EKF based estimator. We can also observe how quickly the optimal
gains change whenever the vehicle enters the muddy region.

59



5. Results and Discussions

0 1000 2000 3000 4000 5000 6000
s [m]

4

6

8
K d

1e 5+5.473e 1(a) LQR Gain Comparison  Scene 3: Muddy Road (Low Friction)
Fixed-Gain LQR (baseline)
Adaptive UKF + LQR

0 1000 2000 3000 4000 5000 6000
s [m]

3.00

3.25

3.50

3.75

4.00

K e

(b)
Fixed-Gain LQR (baseline)
Adaptive UKF + LQR

0 1000 2000 3000 4000 5000 6000
s [m]

0.09

0.10

0.11

0.12

K v
y

(c)
Fixed-Gain LQR (baseline)
Adaptive UKF + LQR

0 1000 2000 3000 4000 5000 6000
s [m]

0.5

0.6

0.7

K

(d)
Fixed-Gain LQR (baseline)
Adaptive UKF + LQR

Figure 5.31: Plot shows the evolution of LQR gains for a lateral LQR controller
with an adaptive UKF based estimator. Similar to figure 5.30, the controller deftly
adapts the gains to the most optimal value.

The remaining plots, which illustrate other aspects of the lateral performance of
the controller such as lateral offset, heading error, control input, etc. show similar
behavior to those presented in Sections 5.2.1 and 5.2.2. As a result, since they do
not provide additional insights, they are therefore omitted from this report.
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5.2.4 Comparative lateral performance
To consolidate the per-scenario findings, the lateral performance of the three con-
trollers, a normal LQR controller, an indirect adaptive lateral LQR controller with
adaptive EKF and an indirect adaptive lateral LQR controller with adaptive UKF,
are directly compared in the figures 5.32 - 5.37.

In the figures 5.32 - 5.34, the subplot (a) shows the maximum lateral deviation and
the RMS value of the deviation for the full duration of the simulation and at the
end during steady state. Subplot (b) on the other hand shows the various heading
errors in a similar fashion.

Meanwhile, the figures 5.35 - 5.37 show the cumulative absolute error (CAE) for the
driven distance for all three controllers. A steeper slope indicates a poorer tracking
performance, while a flatter slope reflects tighter path following.
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Figure 5.32: Plots for scenario 1, showing the overall lateral performance of the
controllers. The red bar represents a normal lateral LQR controller, whereas the
blue and green bar represent the lateral controllers using adaptive EKF and UKF
respectively.

RMS |d|
(full)

Max |d|
(full)

RMS |d|
(steady)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Va
lu

e 
[m

]

(a)

0.456

3.140

0.448

0.079

0.536

0.0790.079

0.495

0.079

Lateral Deviation
Fixed-Gain LQR
Adaptive EKF + LQR
Adaptive UKF + LQR

RMS |e |
(full)

Max |e |
(full)

RMS |e |
(steady)

0

5

10

15

20

Va
lu

e 
[d

eg
]

(b)

2.714

21.582

2.659
1.421

12.477

1.4011.418

12.130

1.397

Heading Error
Fixed-Gain LQR
Adaptive EKF + LQR
Adaptive UKF + LQR

Performance Summary  Scene 2: Mass & vx Change

Figure 5.33: Plots showing the overall lateral performance of the controllers for
scenario 2, where the loading and unloading of the vehicle is simulated.

61



5. Results and Discussions

RMS |d|
(full)

Max |d|
(full)

RMS |d|
(steady)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Va
lu

e 
[m

]

(a)

0.448

3.109

0.453

0.074

0.498

0.0740.073

0.537

0.074

Lateral Deviation
Fixed-Gain LQR
Adaptive EKF + LQR
Adaptive UKF + LQR

RMS |e |
(full)

Max |e |
(full)

RMS |e |
(steady)

0

5

10

15

20

Va
lu

e 
[d

eg
]

(b)

2.700

21.796

2.706
1.316

12.279

1.3281.317

12.211

1.319

Heading Error
Fixed-Gain LQR
Adaptive EKF + LQR
Adaptive UKF + LQR

Performance Summary  Scene 3: Muddy Road (Low Friction)

Figure 5.34: Plots showing the overall lateral performance of the controllers for
scenario 3, where a portion of the track was considered as muddy (low friction).
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Figure 5.35: Plots showing the CAE of d (a) and eψ (b) for scenario 1. The
plots for EKF and UKF overlap each other considerable. The plots of the adaptive
controllers are significantly flatter than the non adaptive case.
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Figure 5.36: Plots showing the CAE of d (a) and eψ (b) for scenario 2. The vertical
blue lines indicate the point at which the vehicle was loaded and unloaded. We can
observe that there is a noticeable increase in CAE values at these points.
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Figure 5.37: Plots showing the CAE of d (a) and eψ (b) for scenario 3. The shaded
segments indicate the portions of the total path when the vehicle was in the muddy
zone.

Across all three scenarios, the adaptive controllers reduce the steady state RMS
lateral deviation by 83% − 85% and the steady state RMS heading error by 49% −
53%, relative to the fixed gain LQR baseline. Furthermore, this improvement is
consistent regardless of operating conditions of the three scenarios.

It can also be observed that the two adaptive controllers (based on EKF and UKF
estimators) perform nearly identically in all three scenarios, their metrics differing
at most by 3% − 4%.
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5.3 Direct Adaptive Lateral PID Control

As explained in the section 5.1, the testing scenario for the adaptive PID controllers
is similar to the testing scenario 1 of the indirect adaptive controllers. The nominal
(incorrect) values of the parameters has been specified in the table 5.6.

Parameter Nominal True Err (%)
Lf [m] 2.8 2.8 0.0
Lr [m] 1.8 1.8 0.0
m [kg] 35 000 40 000 12.5
Iz [kg·m2] 450 000 500 000 10.0
C∗
f [N/rad] 640 000 800 000 20.0

C∗
r [N/rad] 960 000 1 200 000 20.0

Table 5.6: Nominal vs true parameters of the vehicle. Since this is a direct ap-
proach, the nominal values won’t be updated during runtime.

The Am matrix of reference model has been constructed using pole-placement, and
the adaptation constants vector Γ have been chosen using trial and error to be,

Reference model poles =
[
−1.2 −1.2 −0.5 −0.5

]T
(5.1)

Γ =
[
1.5 0.8 1.5 0.2 0.2 0.2

]T
(5.2)

Based on these specifications, the simulation was executed for a total of 30,000 steps
with a time step of 0.02 seconds. Within this duration, the vehicle was once again
able to successfully complete three laps around the track.
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Figure 5.38: Plot shows the trajectory taken by a vehicle using an direct adaptive
lateral PID controller.
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From the plots in the figure 5.39, it is evident that the performance of the direct
adaptive controller is significantly poorer than the indirect adaptive controllers.
Especially during the turns, where the controller is unable to adapt the gains fast
enough.

0 1000 2000 3000 4000 5000 6000
s [m]

0

2

d 
[m

]

(a)
 Lap 1  Lap 2  Lap 3

Tracking Errors
d(s)

0 1000 2000 3000 4000 5000 6000
s [m]

0

10

e
 [d

eg
]

(b)
 Lap 1  Lap 2  Lap 3 e (s)

Figure 5.39: Plots showing lateral offset d (a) and heading error eψ (b) for the
adaptive lateral PID controller. It is clearly observable that the lateral performance
of the controller is not nearly as good as indirect controllers.

Furthermore, it can be observed in figure 5.40, that the control input experiences
extreme changes whenever a turn is encountered. In figure 5.41, this is reflected in
the form of sharp spikes in the gains.

The inadequacy of the adaptive PID controller can be tracked back to the tuning of
the reference models and adaptation constants. The adaptive lateral PID controller
that was developed in this work is a variation of the MRAC approach. As such,
similar to the MRAC approach, the controller’s performance is greatly dependent
on how well the chosen reference model mirrors the actual plant model.

For a highly non-linear system like the single track dynamic vehicle model, one
cannot simply choose a reference model via pole placement and expect it mirror
the plant model perfectly. This one of the main disadvantages of the direct MRAC
based adaptive lateral PID controller.
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Figure 5.40: Plots showing other vehicle states when the adaptive lateral PID
controller is used. Subplot (a) shows the lateral velocity vy of the vehicle at various
points on the track, while subplot (b) shows the yaw rate ψ̇. Subplot (c) shows the
optimal control input δ provided by the adaptive lateral controller.
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Figure 5.41: Plots showing the evolution of the gains[
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]
for the adaptive lateral PID controller. Since

the steady-state value for the gains are near zero, it is clear that most of the control
action is done by the feed-forward input.
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5.4 Discussion of Simulation Findings
From the various scenarios and simulation tests, it is clear that the indirect approach
to adaptive control is significantly more recommendable.

In figures 5.42 and 5.43, we can clearly observe the difference in lateral performance.
The EKF and UKF based indirect adaptive lateral LQR controllers (represented in
blue and green) substantially outperform the direct adaptive lateral PID controller
(orange), with their results closely overlapping one another and remaining compar-
atively flatter.

This gap in performance is because of the two key obstacles encountered while
implementing the direct adaptive approach,

• Derivation of the adaptation law: Depending on plant to be controlled, a
unique adaptation law must be derived specifically for it. The complexity of
the derivation and the Lyapunov equation to be used in once again dependent
on the complexity of the plant model.

• Accuracy of the reference model: The performance of the controller is directly
linked to the accuracy of the chosen reference model, which in turn has several
restriction on it. The essential restrictions being it should be linear and be
Hurwitz stable. For an extremely non-linear plant model, choosing a reference
model satisfying these criteria is not simple.

Furthermore, since the indirect architecture decouples parameter estimation from
controller design, the controller (LQR) gains are continuously recomputed from ac-
curate parameter estimates regardless of the model’s complexity. The adaptive PID
controller, however, is constrained by the fixed structure and the stability require-
ments of its reference model, limiting how closely it can track the true plant dynamics
as conditions change.

In contrast, continuing on the findings from section 5.2.4, for the development of
the indirect adaptive lateral controllers, choosing a controller between the EKF
and UKF variations is much more nuanced decision. The EKF based controller
and its adaptive counterpart, is a computationally efficient approach which can
be recommended for easy to linearize plant models and situations where Jacobian
linearizations do not break.

On the other hand the UKF based controllers are an excellent choice for highly
non linear plant models or for situations where Jacobian linearizations cannot be
guaranteed.
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Figure 5.42: Plots showing the overall lateral performance of the three control
approaches. The blue and green bars represent the adaptive EKF and UKF based
indirect adaptive controllers respectively, and the orange bar represents the direct
adaptive PID controller. Across the board, the indirect controllers perform signifi-
cantly better.

0 1000 2000 3000 4000 5000 6000 7000
s [m]

0

50

100

150

200

250

CA
E 

|d
| [

m
s]

(a) Cumulative |d|
Adaptive EKF + LQR
Adaptive UKF + LQR
Adaptive PID (MRAC)

0 1000 2000 3000 4000 5000 6000 7000
s [m]

0

200

400

600

800

1000

1200

1400

CA
E 

|e
| [

de
g

s]

(b) Cumulative |e |
Adaptive EKF + LQR
Adaptive UKF + LQR
Adaptive PID (MRAC)

Cumulative Absolute Error  All Controllers (Scene 1)

Figure 5.43: Plots showing the CAE of d (a) and eψ (b) of the three control
approaches. The plots for the EKF and UKF based indirect controllers significantly
overlap each other. Moreover these plots are much flatter than the plot for the direct
adaptive PID controller, indicating significant difference in performance capabilities
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6
Conclusion

The objective of this thesis was to investigate, develop and evaluate adaptive lat-
eral control strategies for autonomous heavy vehicles operating in haulage systems.
Particular emphasis was placed on testing the robustness, adaptability and gen-
eralizability of different adaptive control methodologies under varying operating
conditions and dynamic testing scenarios.

6.1 Answers to Research Questions

RQ1: Which adaptive control methods are most suitable for lateral con-
trol of autonomous heavy vehicles?
In this work, two major classes of adaptive control approaches, direct and indirect
adaptive control, were studied and integrated with established lateral control tech-
niques such as PID and LQR controllers. The lateral PID controller used a direct
adaptive control strategy developed using the MRAC framework, whereas the LQR
used an indirect adaptive method where a Kalman filter based parameter estimator
was implemented alongside the controller. Overall, it was found that the indirect
adaptive approach yielded better lateral performance and is better suited for the
autonomous control of heavy vehicles.

RQ2: How effectively do the proposed controllers adapt to time-varying
vehicle dynamics, and how robust are they across changes in parameter
values?
Among the direct and indirect adaptive strategies, the latter demonstrated strong
adaptability across multiple scenarios. Both (EKF and UKF) estimators converged
to a 5% error of true parameters within a few steps, enabling rapid LQR gain
convergence, and successfully re-converged after a 20% mass change, with the UKF
outperforming the EKF at low velocities. Under a short-duration disturbance, the
estimators only partially adapted, exposing a re-convergence speed to noise trade-
off, though this still outperformed the fixed-gain baseline. The direct adaptive PID,
in contrast, exhibited sharp gain spikes during turns and required extensive manual
tuning.
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RQ3: What are the computational requirements and onboard implemen-
tation constraints of the proposed adaptive controllers, and how general-
izable are they across different truck configurations?
In the indirect approach, the EKF estimator requires O(n2) Jacobian evaluations
per step, while the UKF one costs O(n3) due to the Cholesky decomposition for its
2n + 1 sigma points; for n = 8, both ran comfortably within the 0.02 s simulation
time step, indicating real-time feasibility. Furthermore, the indirect architecture
is highly generalizable, as the estimator operates independently and can pair with
different controllers (LQR, MPC) and vehicle configurations by updating the model
equations and estimated parameters. The direct adaptive PID controller is com-
putationally cheaper, avoiding the matrix operations required by the EKF/UKF,
but this efficiency comes at the cost of robustness: as noted in RQ2, it exhibited
sharp gain spikes during turns and required extensive manual tuning of the reference
model and adaptation gain matrix Γ, and its adaptation law must be re-derived for
each vehicle configuration, limiting scalability.

6.2 Summary of Findings
Across all three test scenarios in the section 5.2, the indirect adaptive lateral LQR
controllers reduced the steady-state RMS lateral deviation by 83% − 85% and the
steady-state RMS heading error by 49% − 53% relative to the fixed-gain LQR base-
line. This improvement was consistent regardless of whether the vehicle operated
under constant conditions (5.2.1), experienced a 20% mass change (5.2.2), or tra-
versed a low-friction surface (5.2.3).

Between the two Kalman filters and its adaptive variants, the EKF and UKF pro-
duced nearly identical steady-state metrics, differing by at most 3%–4% across all
scenarios. The practical distinction lies in their transient behavior: the UKF main-
tained stable estimates at near-zero velocities during loading and unloading events
(Figures 5.17 and 5.19), where the EKF exhibited estimation drift due to Jacobian
singularities. More broadly, since the UKF propagates sigma points through the
actual nonlinear dynamics of the system rather than a linearized model, it is bet-
ter suited to highly nonlinear systems, where Jacobian based linearization errors
can become significant. This makes the UKF based parameter estimator a suitable
choice for applications involving frequent stops, low-speed maneuvers, or strongly
nonlinear dynamics. Meanwhile, the EKF based estimator remains a viable and
computationally lighter alternative for scenarios with milder nonlinearities.

A notable secondary benefit of the indirect adaptive architecture is that the esti-
mated parameters are available in real time as standalone outputs. Beyond their use
in controller adaptation, these estimates can serve as inputs to vehicle health mon-
itoring, tire degradation tracking, or load verification systems, adding diagnostic
value without additional sensor hardware.

The direct adaptive lateral PID controller, while functional, underperformed in
terms of lateral performance and accuracy. Its peak lateral deviation during turns
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was approximately five times larger than that of the indirect controllers (Figures
5.42), and the control input exhibited high-frequency oscillations at path curvature
transitions (Figure 5.40 (c)). These limitations stem from the structural mismatch
between the linear reference model and the nonlinear plant, rather than from the
MRAC framework itself, suggesting that further work on nonlinear reference model
design could improve its viability.

In conclusion, the findings of this thesis demonstrate that indirect adaptive control
strategies, particularly those based on Kalman filter estimation combined with model
based control strategies like LQR, offer a promising and practically viable solution
for adaptive lateral control in AHS.

6.3 Future Work
While this thesis demonstrates the viability of adaptive lateral controllers for au-
tonomous heavy vehicles, the work naturally opens multiple avenues for further
research:

• Higher-fidelity vehicle models: This work uses a single-track dynamic
bicycle model for the development and testing of the adaptive controllers. Ex-
tending the framework to a fully dynamic multi-axle vehicle model with non-
linear tire force representations (e.g., Pacejka Magic Formula) would improve
the fidelity of both the simulation and the estimation.

• Cubature Kalman Filter (CKF) based estimator: The CKF offers sim-
ilar nonlinear parameter estimation capabilities as the UKF but with fewer
tuning parameters, as it uses a fixed set of cubature points rather than the
user-defined α, β and κ scaling parameters. Investigating the CKF as an al-
ternative estimator could simplify filter tuning while maintaining estimation
accuracy.

• Dual estimation framework: As discussed in Appendix A.1.1, a dual es-
timation setup, where separate filters estimate states and parameters inde-
pendently, may increase numerical stability, computational efficiency and offer
better support for different update rates between state and parameter estima-
tion.

• Experimental validation on Functional Mock-up Units (FMU): The
controllers developed in this thesis have been evaluated solely in simulation.
Validation on a real-world autonomous truck platform or FMU, with actual
sensor noise, communication delays, and actuator dynamics, is a necessary
step toward deployment.

• Further investigation into direct adaptive control methods: Although
the direct adaptive MRAC-based lateral PID controller did not perform com-
petitively in this study, as compared to the indirect controllers, the underlying
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approach remains conceptually promising and warrants further investigation.
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A
Appendix 1

A.1 Additional Theory and Plots
This section contains multiple additional background theory and plots relevant at
various different points in the thesis. The aim of these sections is to help the reader
gain a deeper understanding of the relevant topics.

A.1.1 Dual state and parameter estimation
While this concept has not been implemented in the current simulation setup, the
theory is nevertheless important in the context of future work.

In a dual estimation setup, two independent filters, one for state estimation and
parameter estimation each, operate in parallel. The state filter uses the current pro-
cess and measurement equations to estimate the state at each time instant, whereas
the parameter filter receives these state estimates to refine the predict and refine
the parameter estimates.

Figure A.1: Block diagram illustrating Dual Estimation Schematic [16]

While the traditional simultaneous estimation is a more optimal and theoretically
more efficient approach, the dual estimation offers a more robust and tuning flex-
ible approach, especially in highly non-linear and real-world scenario. In particu-
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lar, it provides better numerical stability by avoiding the propagation of large and
potentially ill-conditioned augmented covariance matrices, and reduces the risk of
divergence caused by strong state–parameter coupling.

It also naturally supports different time scales. In a real-world implementation,
it is more preferable to estimate the parameters at a slower time scale than the
states, since they usually evolve much slowly. Furthermore, the dual estimation
framework facilitates this by allowing the parameter filter to be updated with lower
process noise, thereby preventing overreaction to measurement noise and reducing
estimation variance.

A.1.2 Hard constraints
The constraint equations 4.10 and 4.11 are also known as hard constraints because
it creates a fixed numerical link between two unknown constants. This reduces the
effective number of unknown parameters to two (for example C∗

f and Lf ). The other
two parameters can be computed from the constraint equations.

While this will undoubtedly increase the performance of our Kalman estimator, there
is one main issue. It should be known that the state uncertainty also propagates
through these constraint equations. While this is not a concern for the computation
of Lr, the same cannot be said for C∗

r , as the computed estimate and variance for it
would be,

Ĉ∗
r = Ĉ∗

f

L̂f

L̂r

σ2
C∗

r
=
(
∂C∗

r

∂C∗
f

)2

σ2
C∗

f
+
(
∂C∗

r

∂Lf

)2

σ2
Lf

+
(
∂C∗

r

∂Lr

)2

σ2
Lr

Meaning that the uncertainty for C∗
r will be much greater than the rest.

A.1.3 Indirect adaptive lateral MPC controller
Similar to the lateral adaptive control approach using a LQR controller, another
alternative for a lateral controller is the model predictive controller (MPC). It is an
indirect approach as well, where the unknown parameters are first computed using
estimation methods such as RLS, EKF, UKF, etc., and then used to minimize an
optimization problem over a finite horizon.

While the MPC approach is more powerful and accurate, as it accounts for future
predictions too, than a LQR controller, it is significantly more computationally
expensive and difficult to implement in a real time dynamic systems where execution
speed matters.

Thus, this approach to an adaptive controller was not deeply investigated in this
work. However, a brief introduction to the topic and it’s implementation is provided
here for reference.
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A.1.3.1 The lateral MPC controller

Let us consider a Kinematic bicycle model described by the equations.
[
ḋ

ψ̇

]
=
vx sin(ψ − φ(s))

vx
L

tan(δ)

 (A.1)

where the model is dependent upon the parameters vx and L. These parameters
must be first computed via parameter estimation before computing an optimal input,
thereby making the controller an indirect adaptive strategy. The optimal steering
angle δ is then calculated by solving an optimization problem over a finite horizon,

min J =
N−1∑
k=0

(
Qdd

2
k +Qψ (ψk − ϕk)2 +Rδ2

k +Rδ (δk − δk−1)2
)

(A.2)

+ k(Qdd
2
N +Qψ (ψN − ϕN)2)

where,

• Qdd
2
k+Qψ (ψk − ϕk)2 +Rδ2

k is the running cost which encourages the controller
to reduce error and not take large steering angles.

• Rδ (δk − δk−1)2 is the penalty on the control input.

• k(Qdd
2
N +Qψ (ψN − ϕN)2) is the terminal cost. It encourages the controller to

converge the state by the end of the horizon.

it should be taken care that while the solver is moving through the horizon, it take
the curvature of the road κ(s) into consideration. This is because, when the vehicle
is traveling through a curve, there would be a non-zero curvature which subsequently
would produce a change in the heading ψ(s) of the vehicle.

From the optimization problem equation A.2, it is clear that the size and difficulty
of the problem will increase with the increase in the complexity of the system model
used. Furthermore, in order to increase the optimality of the input, the horizon
length of the controller should also be sufficiently long. Both these factors signifi-
cantly increase the computation time and effort required by the controller, making
it a difficult to recommend approach to practical scenarios.

A.1.4 Estimation re-convergence for non adaptive Kalman
filters

Below are a few plots that were obtained during the development of this work.
The purpose of this plot is to show the difference in the re-convergence speed of
an adaptive and non adaptive controller, and the conditions behind the simulation
scenario are not the same as the ones discussed in section 5.1. It must also be noted
that the parameters µf and µr represent the parameters C∗

f and C∗
r respectively.
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The key detail to note in the figure A.3 is the broadening of the state uncertainty
when the value of the unknown parameter changes. Since a normal Kalman filter
is unable to do this, the estimation correction speed is significantly lower in figure
A.2.

Figure A.2: Estimation plots for a non adaptive EKF estimator

Figure A.3: Estimation plots for an adaptive EKF estimator

A.1.5 Noise-free EKF based adaptive lateral LQR control
plots

In section 5.2.1.2, the noisy nature of the plots was attributed to the presence of a
simulated sensor noise in the simulation. This section showcases a simulation setup
similar to scenario 1 in section 5.2.1.2 with an EKF based parameters estimator,
but without the use of the sensor noise.

From the figures A.4 and A.5, and the table A.1, we can see that the estimator per-
formance slightly degrades overtime. This decrease in performance can be explained
by the gradual loss in persistent excitation of the system. As the system approaches
steady state operation, without the presence of the sensor noise to provide a form of
excitation, the amount of information available for the estimator reduces since the
controller actively pushes the states to their steady state values (see section 2.5.4).

Param True Initial Final Est Err (%)
C∗
f 800 000 640 000 834 762.9 ± 11 719.3 4.35

C∗
r 1 200 000 960 000 1 252 144.4 ± 17 577.6 4.35

Lf 2.8 2.2 2.9 ± 0.03 2.73
Lr 1.8 1.4 1.7 ± 0.03 4.25

Table A.1: EKF Parameter Estimation Results
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While this test scenario does not mimic a real world situation, it helps in performing
a sanity check on the system. It should be noted that model-based approaches such
as LQR and MPC are best suited for systems where the states are accurately known.
Thus, while these controllers are noise aware to a certain extent, they should always
be used in tandem to a state-parameter estimator so as to minimize the effect of
the noise in the system and to prevent the controller from generating a noisy and
aggressive control input.
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Figure A.8: Vehicle states and input using EKF (without sensor noise)

A.1.6 LQR performance plots for an adaptive Kalman filter

In the section 5.2.2.2, the performance of the lateral LQR controller was found to be
extremely similar to that in scenario 1. As nothing particularly new could be gleaned
from them, the plots relevant to them were not shown in chapter 5. Nevertheless,
those plots have been presented here for the reader’s reference.
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Figure A.9: Plots showing lateral offset d of the vehicle with (blue line) and
without (red line) an adaptive LQR controller using a parameter drift rate adaptive
EKF. Subplot (a) shows the raw d value for the simulation, whereas subplot (b)
shows the rolling RMS of | d | within a window of 500 time steps.
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(a) Lateral Deviation  Scene 2: Mass & vx Change
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Figure A.10: Plots showing lateral offset d of the vehicle with (blue line) and
without (red line) an adaptive LQR controller using a parameter drift rate adaptive
UKF. Subplot (a) shows the raw d value for the simulation, whereas subplot (b)
shows the rolling RMS of | d | within a window of 500 time steps.
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(a) Heading Error  Scene 2: Mass & vx Change
Fixed-Gain LQR (baseline)
Adaptive EKF + LQR
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Figure A.11: Plots showing lateral offset eψ of the vehicle with (blue line) and
without (red line) an adaptive LQR controller using a parameter drift rate adaptive
EKF. Subplot (a) shows the raw eψ value for the simulation, whereas subplot (b)
shows the rolling RMS of | eψ | within a window of 500 time steps.
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(a) Heading Error  Scene 2: Mass & vx Change
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Figure A.12: Plots showing lateral offset eψ of the vehicle with (blue line) and
without (red line) an adaptive LQR controller using a parameter drift rate adaptive
UKF. Subplot (a) shows the raw eψ value for the simulation, whereas subplot (b)
shows the rolling RMS of | eψ | within a window of 500 time steps.
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Figure A.13: Plots showing other vehicle states when the adaptive LQR controller
using a parameter drift rate adaptive EKF is used. Subplot (a) shows the lateral
velocity vy, while subplot (b) shows the yaw rate ψ̇. Subplot (c) shows the optimal
control input δ provided by the adaptive lateral controller.
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Figure A.14: Plots showing other vehicle states when the adaptive LQR controller
using a parameter drift rate adaptive UKF is used. Subplot (a) shows the lateral
velocity vy, while subplot (b) shows the yaw rate ψ̇. Subplot (c) shows the optimal
control input δ provided by the adaptive lateral controller.
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