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Hang Zou
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Abstract
Quantum error mitigation strategies are essential for enhancing the accuracy and
reliability of quantum chemistry algorithms on noisy intermediate-scale quantum
devices. Among these methods, Reference-state error mitigation (REM) stands out
for its cost-effectiveness and chemical inspiration. However, the efficacy of REM
is often limited when dealing with strongly correlated molecules. In this work, we
introduce multireference-state error mitigation (MR-REM), an approach that builds
upon the foundation of REM but extends its ability to capture the effects of noise
on the ground state by leveraging multireference states. Central to MR-REM is the
utilization of Givens rotations, which facilitate the construction of circuits capable
of generating multireference states while respecting the underlying symmetries of
the system. These states, tailored to exhibit significant overlap with the target
ground state, enable effective error mitigation in variational quantum eigensolver
experiments. We demonstrate the effectiveness of MR-REM through comprehensive
simulations on molecules (H2, H2O, N2, and F2), highlighting its ability to achieve
substantial improvements in computational accuracy compared to the original REM
method. MR-REM extends the scope of error mitigation to encompass a wider range
of molecular systems, including those with significant electronic correlation.

Keywords: Electronic structure, Quantum computation, VQE, Quantum error mit-
igation, Multireference.
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1
Introduction

Quantum chemistry applies the principles and equations of quantum mechanics to
predict and explain the reactivity, chemical, and physical properties of atoms and
molecules. This predictive capability is of significant importance ranging from the
design and discovery of new drugs to the understanding of the origin of life in the uni-
verse. Quantum mechanics has offered superior qualitative theoretical explanations
for molecular structures, bonding, and reaction pathways, among others. However,
it presents higher complexity in terms of the computational effort required for ana-
lytic and quantitative results. As Dirac claimed [1],

"The underlying physical laws necessary for the mathematical theory of
a large part of physics and the whole of chemistry are thus completely
known, and the difficulty is only that the exact application of these laws
leads to equations much too complicated to be solvable."

The inherent challenge in quantum chemistry lies in the inability to exactly solve the
complex multi-particle Schrödinger equation. Only a few simple systems, such as
the hydrogen atom, we can obtain analytical solutions. For many-electron systems,
a series of reasonable approximations and the truncation of the Hilbert space are
employed to relax the computational complexity, allowing access to effective infor-
mation on electronic structure through numerical methods. The complexity of the
solutions grows exponentially with the number of particles, rendering even super-
computers incapable of efficiently simulating realistic quantum systems with high
precision. With the strong demand for computational power in modern computa-
tional science, the progress of supercomputers has to some extent surpassed what
Dirac envisioned. However, with the size of transistors or other devices potentially
reaching the scale of atomic diameters, the pursuit of classical computing power may
be nearing its physical constraints. More powerful computing devices are required
to execute tasks that are impossible or impractical for traditional computers. For-
tunately, nature itself provides us with inspiration.

1.1 The age of quantum information
Since Feynman proposed the concept of constructing a quantum mechanical com-
puter to efficiently handle quantum systems in 1982 [2], and Shor introduced the
quantum factorization algorithm in 1994 [3], enthusiasm for exploring potential ap-
plications of quantum computing is reaching a revolutionary peak. The idea of
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1. Introduction

utilizing quantum information processing and quantum entanglement of many-body
systems has evolved from cryptography [4] and communication [5] to encompass
various subjects such as sensing [6], and simulation in quantum field theory [7, 8]
and quantum chemistry [9, 10, 11]. In physics and chemistry, a quantum computer
typically refers to a universal digital quantum simulator. It can be programmed to
efficiently simulate quantum many-body systems, thus theoretically enabling precise
investigation of their properties. Theoretical constructs such as non-Abelian anyon
braiding [12] and discrete time crystals [13], which were once purely theoretical, can
now be realized and investigated through quantum simulation.

Generalized quantum information theory (QIT) offers numerous novel perspectives
and theoretical tools for understanding nature. For instance, in quantum chem-
istry, QIT provides a more concise definition of electronic correlation and classifies
it into orbital correlation and particle correlation [14]. In quantum matter, be-
yond the Landau symmetry-breaking theory, the quantum phases of matter can be
categorized into short-range entangled states and long-range entangled states [15].
Furthermore, the geometric structure of spacetime is regarded as an emergent fea-
ture generated by underlying quantum entanglement. The mechanism of emergence
bears resemblance to quantum error-correcting codes, giving rise to research known
as holographic quantum error-correcting codes [16, 17]. Recently, this toy model in
the context of quantum gravity has also attracted some practical research in quan-
tum computing [18, 19].

The fundamental unit of quantum information is the quantum bit (qubit). Unlike
classical computing, which relies on Boolean variables with only two states, 0 and
1, the presence of quantum superposition allows qubits to exist in combinations of
both states simultaneously. As a result, the vector space of an n-qubit system is 2n

dimensional, providing exponential potential for information processing. Engineers
and experimental scientists face significant challenges in utilizing platforms such as
superconductors, ion traps, nuclear magnetic resonance, neutral atoms, quantum
dots, and nitrogen-vacancy centers in diamond to fabricate qubits [20, 21]. One of
the major challenges is the control or mitigation of quantum decoherence. The pro-
cess by which a quantum system loses its quantum properties and transitions into a
classical state is called decoherence. Decoherence implies that information from the
system flows into the environment. In quantum computing, any noise signals from
the external environment that couple with the quantum computer can ultimately
lead to erroneous outputs during computation.

In the quantum circuit model, computation entails a sequence of operations including
quantum gates, measurements, initialization of qubits, and others. There are other
models of quantum computation, including measurement-based quantum computa-
tion [22], adiabatic quantum computation [23], discrete-time quantum walk [24] and
topological quantum computation [25]. We will refrain from exploring additional
models here, as such discussions lie outside the scope of this thesis. In the quantum
circuit model, each elementary operation (gate) is implemented by modifying the
physical environment, such as through laser pulses or microwave radiation. During
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1. Introduction

this process, inevitable energy dissipation occurs, signifying the irreversible loss of
quantum information into the environment. Therefore, the error rate of quantum
gates serves as a crucial indicator for evaluating the quality of quantum computers.
Concurrently, quantum dissipation on quantum devices also drives the development
of the thermodynamics of quantum information [26, 27].

The theoretical framework of quantum error correction (QEC) offers vast prospects
for overcoming hardware defects. The key of QEC lies the idea of encoding quan-
tum information into a higher-dimensional Hilbert space. Quantum information can
be preserved by storing it non-locally within a highly entangled state. When the
environment interacts locally with parts of the system, it can only acquire minimal
information about the encoded quantum state, thus avoiding disruption of the quan-
tum state. The most favored error correction code scheme currently is the surface
codes [28]. A milestone achievement was presented in Ref. [29], where up to 48
logical qubits were encoded using the surface code scheme based on Rydberg atom
arrays, with over 200 logical gate operations performed. However, the logical qubits
achieved here did not achieve strict error correction because neutral atoms, such as
rubidium atoms, are prone to loss during gate operations and readout. Furthermore,
Ref. [30] reported four highly reliable logical qubits on the ion trap platform, achiev-
ing error rates as low as 10−5 in their tested quantum circuits. Useful algorithms
typically require extremely low gate error rates, usually below approximately 10−10

[31]. For the investigation of complex open-shell species such as the iron molyb-
denum cofactor (FeMoco) in biological nitrogen fixation, accurate computation of
their electronic structure within active spaces necessitates over 50 logical qubits with
extremely low error rates [32, 33]. It is evident that there is still a considerable dis-
tance to go before demonstrating fault-tolerant quantum computations. The serious
overhead of QEC exceeds the current engineering capabilities.

The term "noisy intermediate-scale quantum (NISQ)" has been coined to describe
quantum computers with tens to hundreds of qubits, which are subject to noise and
lack error correction. NISQ algorithms are designed for quantum computers in the
NISQ era, aiming to maximize the utilization of quantum computing capabilities on
current devices. A notable characteristic of NISQ algorithms is their typical adoption
of hybrid classical-quantum computing approaches, such as the quantum approxi-
mate optimization algorithm (QAOA) [34] and the variational quantum eigensolver
(VQE) [35]. In hybrid algorithms, the quantum part typically performs specific
quantum operations such as quantum state preparation, quantum gate operations,
and quantum measurements. These operations aim to exploit the parallelism and
entanglement inherent in quantum computing to address particular aspects of a
problem. On the other hand, the role of classical part is to process and optimize the
outcomes from computations, such as refining quantum parameters using classical
optimization algorithms. NISQ algorithms have found many applications in quan-
tum information scrambling, ground state and excited state preparation, machine
learning, and combinatorial optimization [36]. Many of these applications often
rely on error mitigation techniques. The aim of quantum error mitigation is to sup-
press errors through post-processing methods and multiple runs of quantum circuits,

3



1. Introduction

rather than eliminating errors altogether. Quantum error mitigation methods are
the focal point of this work and will be further explored in Sec. 2.3.

1.2 Quantum chemistry on quantum computers

Quantum chemistry is widely recognized as one of the earliest beneficiaries of quan-
tum computing, poised to potentially yield a more profound and enduring impact
on the field than even the well-known Shor’s algorithm [37]. Aspuru-Guzik et al.
were the first to demonstrate how molecular energies can be obtained on a quantum
computer using quantum phase estimation (QPE) [38]. The algorithm begins with
an initial reference state, which undergoes multiple controlled-unitary operations.
During this process, the phase information of each eigenstate in the superposition
state is amplified and encoded into the quantum state. QPE can retrieve informa-
tion about the phase, thus obtaining eigenvalues, by sampling from the distribution
induced by the initial state. Subsequent work has made advancements in improving
QPE algorithms in terms of parallelization, efficiency, scaling, and noise resilience [9].
However, the circuit depth required for QPE is still too deep for current devices, al-
though there have been some attempts to implement QPE on NISQ devices [39, 40].
Additionally, if the overlap between the initial state and the target eigenstate is
not sufficiently large, the phase information cannot be effectively encoded, leading
to algorithm failure. Despite the polynomial scaling of the QPE algorithm itself,
which potentially offers exponential quantum advantage, the initial state prepara-
tion is still a non-trivial problem. Whether the initial state preparation and the
overall process of QPE can provide exponential quantum advantage for quantum
chemistry, even in the context of fault-tolerant quantum computing, remains an
open question [41].

The variational quantum eigensolver (VQE) was designed as a NISQ algorithm to
find the ground state of a given physical or chemical system [35], and has since
been extensively researched. VQE reduces circuit depth but increases the over-
head of polynomially scaling repeated measurements and parameter optimization.
For more details on the workflow of VQE, see Sec. 2.2. In addition, the methods
including orthogonal constrained VQE [42], quantum subspace methods [43], and
quantum equation of motion [44] have been proposed for the calculations of low-
lying excited electronic states. Another alternative method to VQE is quantum
imaginary time evolution (QITE). QITE can determine not only the eigenstates of
the Hamiltonian but also thermal states [45]. Furthermore, it can be extended to
simulate open quantum systems [46]. Methods for obtaining more compact wave-
function representations using non-unitary operators, such as Jastrow factor [47],
transcorrelated Hamiltonian [48, 49], and neural network post-processing [50], have
also garnered significant attention on NISQ devices. Furthermore, quantum versions
of various classical theoretical frameworks, such as quantum density functional the-
ory [51], quantum linear response theory [52], and quantum machine learning [53],
are currently under development, fostering advancements across diverse domains of
chemistry research.
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1. Introduction

1.3 Thesis outline
We begin in Chapter 2 with basic theoretical background on quantum chemistry,
VQE, and quantum error mitigation. Following this, we describe the idea and
method of multireference-state error mitigation. In Chapter 3, we present the soft-
ware tools used in this study. In Chapter 4, we demonstrate the advantages of
multireference-state error mitigation through digital simulation. Finally, Chapter 5
concludes with a summary and outlook.
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2
Theory

In this chapter, we review the electronic structure problem in quantum chemistry,
the VQE algorithm, and the common quantum error mitigation methods. We then
provide a detailed overview of the concept of reference-state error mitigation and its
extension to multireference scenarios.

2.1 The electronic structure problem

2.1.1 The molecular Hamiltonian
The molecular Hamiltonian contains the information necessary to describe a molec-
ular system. By solving the eigenvalue problem of the Hamiltonian, one can obtain
the energy eigenstates and eigenvalues of the system, thereby revealing important
information about the stable configurations, electronic structure, and dynamic be-
havior of the molecule. The molecular Hamiltonian is defined as [9]

H = −
∑

i

ℏ2

2me

∇2
i −

∑
I

ℏ2

2MI

∇2
I −

∑
i,I

e2

4πϵ0

ZI

|ri − RI |

+ 1
2
∑
i ̸=j

e2

4πϵ0

1
|ri − rj|

+ 1
2
∑
I ̸=J

e2

4πϵ0

ZIZJ

|RI − RJ |
,

(2.1)

where R and r represent the coordinate vectors of the nucleus and electron, respec-
tively. The initial two terms represent the kinetic energy of the electrons and nuclei,
respectively. The subsequent three terms denote the Coulomb repulsion between
the electrons and nuclei, among the electrons, and among the nuclei, respectively.

To simplify this problem, the Born-Oppenheimer approximation [54] is often em-
ployed, decoupling the nuclear and electronic degrees of freedom based on the differ-
ence in time scales of the electronic and nuclear motion. In essence, this approxima-
tion considers the electrons moving within a field of fixed nuclei. Consequently, the
kinetic energy term of the nuclei can be disregarded, and the repulsion between nu-
clei is assumed to be constant. Under these assumptions, the electronic Hamiltonian
is obtained:

He = −
∑

i

∇2
i

2 −
∑
i,I

ZI

|ri − RI |
+ 1

2
∑
i ̸=j

1
|ri − rj|

, (2.2)

where we have omitted the constant terms and adopted atomic units for concise-
ness [9]. The Born-Oppenheimer approximation is commonly used as a standard
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2. Theory

reference, but it can also fail severely, especially when potential energy surfaces
associated with different electronic states approach each other and display conical
intersections [55].

The information of an isolated quantum system is encapsulated by the wavefunc-
tion, as described by the Schrödinger equation. Solving the non-relativistic time-
independent Schrödinger equation, i.e.,

Hψ = Eψ (2.3)

is one of the fundamental goals of quantum chemistry. In the Born-Oppenheimer
approximation, the wavefunction can be factorized as a product of the electronic
and nuclear parts

ψ(R, r) = ψe(R, r)ψn(R). (2.4)

Hence, we are interested in dealing with the electronic Schrödinger equation

Heψe = Eeψe. (2.5)

2.1.2 The Fermionic wavefunction
The primary task in constructing many-body wave functions for fermions arises
from the Pauli exclusion principle. Particles with half-integer spins, such as elec-
trons, obey Fermi-Dirac statistics, requiring the many-body wavefunction to be
antisymmetric under particle exchange:

ψ(· · · , ri, · · · , rj, · · · ) = −ψ(· · · , rj, · · · , ri, · · · ), ∀ i ̸= j. (2.6)

Whenever an electron is added to or removed from a many-electron system, the wave-
function must be appropriately antisymmetric to fulfill the symmetry constraints of
system. This antisymmetry constraint can be described in two ways: first quanti-
zation and second quantization.

The terms "first quantization" and "second quantization" originated from historical
factors during the early stages of quantum mechanics. Initially, the focus was pri-
marily on describing individual particles, and physicists relied to some extent on
classical theory as a guide. In first quantization, physical quantities such as position
and momentum are quantized into operators, meaning their values are no longer
definite as in classical physics, but correspond to operators in the Hilbert space
representing observable quantities. In first quantization, there are fixed and finite
degrees of freedom, with an emphasis on computing wavefunctions. In contrast,
second quantization aims to address systems with an arbitrary number of degrees of
freedom. The focus is shifted to computing the state of the system, representing it
in terms of the occupation numbers of particles in different states, and calculating
the probabilities of the system being in various particle occupation states.

8



2. Theory

2.1.2.1 First quantization

If we consider an N-electron wavefunction and simply take it as the product of the
orthogonal spin orbitals of each electron, it is referred to as a Hartree product:

ψ(x1,x2, · · · ,xN) = χ1(x1)χ2(x2) · · ·χN(xN), (2.7)

where xi = {ri, σi} denotes the spatial and spin coordinate of an electron. This
construction does not adhere to the antisymmetry principle necessary for fermionic
systems. The Slater determinant is introduced to solve this problem [56]

ψ(r1, r2, . . . , rN) = 1√
N !

∣∣∣∣∣∣∣∣∣∣
χ1(x1) χ2(x1) · · · χN(x1)
χ1(x2) χ2(x2) · · · χN(x2)

... ... . . . ...
χ1(xN) χ2(xN) · · · χN(xN)

∣∣∣∣∣∣∣∣∣∣
(2.8)

which is an antisymmetrized product of the single-electron basis functions.

In a Slater determinant, the columns represent different spin orbitals and the rows
represent different electrons. Interchanging the coordinates of two electrons corre-
sponds to swapping the two rows of the Slater determinant. This operation results
in a change of sign for the determinant. Additionally, if two electrons occupy the
same orbital, then the determinant evaluates to zero. Thus, a Slater determinant
underscores the antisymmetry principle and the Pauli exclusion principle. However,
the utilization of first quantization remains redundant for indistinguishable particles,
as we still explicitly represent many-particle wavefunctions using the coordinates of
individual electrons.

2.1.2.2 Second quantization

Another approach to managing the antisymmetry condition is through second quan-
tization. In second quantization, we use Fock space to describe the states of multi-
particle systems. Fock space is a space constructed as a direct sum of single-particle
states, encompassing all possible combinations of particle numbers and their states.
Multi-particle states in Fock space can be easily manipulated by introducing cre-
ation and annihilation operators. Creation operators add a particle to the system,
while annihilation operators remove a particle from the system, i.e.,

a†
α| · · · , nβ, nα, nγ, · · · ⟩ = (−1)

∑
β<α

nβ
√

1 − nα| · · · , nβ, 1 + nα, nγ, · · · ⟩,

aα| · · · , nβ, nα, nγ, · · · ⟩ = (−1)
∑

β<α
nβ

√
nα| · · · , nβ, 1 − nα, nγ, · · · ⟩.

(2.9)

where |n⟩ ≡ | · · · , nβ, nα, nγ, · · · ⟩ is known as a Fock state or occupation number
state. From a vacuum state |0⟩, we can construct arbitrary SDs (SDs) by applying a
product of creation operators. Creation and annihilation operators are constructed
based on the anti-commutation property of fermions:

{ap, a
†
q} = apa

†
q + a†

qap = δpq,

{ap, aq} = {a†
p, a

†
q} = 0,

(2.10)
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thus it enforces the antisymmetry principle.

In second quantization, the electronic Hamiltonian Eq. 2.2 can be expressed as

H =
∑
p,q

hpqa
†
paq + 1

2
∑

p,q,r,s

hpqrsa
†
pa

†
qaras, (2.11)

with
hpq =

∫
dxϕ∗

p(x)
(

−∇2

2 −
∑

I

ZI

|r − RI |

)
ϕq(x),

hpqrs =
∫
dx1dx2

ϕ∗
p(x1)ϕ∗

q(x2)ϕr(x2)ϕs(x1)
|r1 − r2|

.

(2.12)

The first one-electron integral represents the kinetic energy of the electrons and their
Coulomb interaction with the nuclei. The second two-electron integral arises from
the Coulomb repulsion between electrons. ϕp(r) ≡ ⟨r|ϕp⟩ is known as an atomic
orbital basis function.

The collection of these basis functions constitutes a basis set. Linear combinations
of atomic orbitals construct molecular orbitals. Gaussian-type orbitals (GTOs) are
the most commonly used orbitals to date. They offer a computationally convenient
formulation for evaluating the integrals mentioned above. Basis sets vary in the
number and complexity of included basis functions, with larger basis sets generally
offering more accurate results at the expense of higher computational costs. The
selection of a basis set significantly impacts computational results as it determines
the form and approximation level of the wavefunction. For further exploration of
basis sets, refer to [57, 58].

2.1.3 Electron correlation
The treatment of electron correlation plays an indispensable role in accurate quan-
tum chemical calculations. In the Hartree-Fock (HF) method, each electron is
treated as moving in the mean field generated by the other electrons, neglecting
their specific interactions. This effectively reduces the N-electron problem to N in-
dividual electron problems, without considering electron correlation. The HF ground
state in second quantization can be expressed as

|ψ0⟩ = a†
N . . . a

†
2a

†
1|0⟩⊗N . (2.13)

The HF method aims to find the dominant Slater determinant as an approximation
to the electronic wavefunction. However, failures of this single determinant model
are common, such as in open-shell molecules, excited states and transition metal
compounds. The complete electronic wavefunction should be expressed as a linear
combination of SDs:

|ψ⟩ =
∑

I

cI |ψI⟩ = c0|ψ0⟩ +
∑
I≥1

cI |ψI⟩ . (2.14)

Considering all possible electronic configurations leads to exact energy calculations
for a given basis set, known as full configuration interaction (FCI). The numerically
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exact solution of the time-independent non-relativistic Schrödinger equation is ob-
tained when a finite basis set is expanded to a complete basis set. The number
of determinants required for a FCI expansion grows factorially with the number of
electrons and orbitals [59]:

Ndet =
(
N

Nα

)(
N

Nβ

)
, (2.15)

with N spatial orbitals and Nα/Nβ the number of alpha/beta electrons. The fac-
torial scaling currently limits FCI to systems with at most around 20 electrons in
practice [60].

In general, the difference between the HF energy and the exact ground state energy
(FCI) is defined as (basis set) electron correlation energy, i.e.,

Ebasis
corr = Ebasis

exact − Ebasis
HF . (2.16)

Correlation arises from the instantaneous interaction between electrons, which can
be divided into dynamic and static correlations. Dynamic correlation is typically
regarded to be short-range. It is predominantly governed by the Hartree-Fock deter-
minant, with minor supplementary contributions from potentially excited configura-
tions. This can be effectively captured by single-reference correlation methods, such
as configuration interaction singles and doubles (CISD) and coupled-cluster singles
and doubles (CCSD). Static correlation, on the other hand, is considered long-range
and arises, for instance, during bond breaking, where multiple near-degenerate SDs
exist. This necessitates the use of multi-reference correlation methods, such as multi-
configuration self-consistent field (MCSCF) and multi-reference perturbation theory
(MRPT).

2.1.4 Active space
Calculations based on the degrees of freedom of all orbital occupations in FCI incur
prohibitive costs. To address this, the complete active space (CAS) approach in-
volves selecting a subset of molecular orbitals most relevant to the electronic states
of interest (referred to as the active space) and including only the active electrons
that are allowed to occupy these active orbitals. The complete orbital space can
be divided into inactive orbitals, active orbitals, and virtual orbitals, as shown in
Fig. 2.1. The complete active space SCF method (CASSCF) is a special case of
MCSCF within the CAS, where both the molecular orbitals and CI coefficients
are optimized. The CASSCF method encompasses all possible electronic configu-
rations within a given CAS. It performs FCI calculations on these configurations,
thereby capturing significant correlation effects. Notably, orbital rotations between
active-virtual and active-inactive orbitals contribute to including some effects of out-
of-CAS orbitals. This approach balances computational efficiency while capturing
strong correlations within the activity space. However, the cost of CASSCF still
scales exponentially with the growth of the active space. Some promising multi-
reference methods have been proposed to approximate the CASSCF solver, such as
density matrix renormalization group (DMRG) [61], full configuration interaction
quantum Monte Carlo (FCIQMC) [62], selected configuration interaction (SCI) [63],

11



2. Theory

and density matrix embedding theory (DMET) [64].

Figure 2.1: Determinants in a CAS(4e,4o) complete active space, where there are
4 active electrons in 4 active orbitals, and examples of single and double excitations.

2.2 Variational quantum eigensolver

2.2.1 Overview of VQE
The variational quantum eigensolver (VQE) is a promising algorithm for near-term
quantum computers. VQE is designed to find an approximate ground state of the
Hamiltonian based on the Rayleigh-Ritz variational principle,

E0 ≤ ⟨Ψ(θ)|H|Ψ(θ)⟩, (2.17)

where E0 is the ground state energy of the Hamiltonian H. VQE relies on a pa-
rameterized quantum circuit (PQC), U(θ), to prepare an ansätze quantum state,
|Ψ(θ)⟩ = U(θ) |Ψ0⟩, and accesses the ground state of the Hamiltonian by iteratively
optimizing the parameters θ classically. The state |Ψ0⟩ is an initial reference state
that has a large overlap with the the ground state and is expected to be efficiently
prepared.

The workflow of VQE is illustrated in Fig. 2.2; it includes [65]:
1. Map the problem Hamiltonian to quantum hardware in the form of Pauli

strings Pα,

H =
∑

α

hαPα =
∑

α

hα

N⊗
j=1

σ
αj

j . (2.18)

2. Prepare an ansätze circuit U(θ) with a set of parameters θ to generate a trial
state |Ψ(θ)⟩.

3. Sample and repeatedly measure each Pauli string under the same trial state,
determining the expectation value of each Pauli string, ⟨Ψ(θ)|Pα|Ψ(θ)⟩.
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4. Calculate the cost function

E(θ) =
∑

α

hα⟨Ψ(θ)|Pα|Ψ(θ)⟩ (2.19)

by summing up the results of the measurements.
5. Optimize E(θ) classically and update the parameters. Repeat the previous

steps until convergence criteria.

Figure 2.2: Graphical representation of the workflow of VQE.

2.2.2 Mapping to the qubit space
The first step of electronic structure simulation on quantum computers requires en-
coding fermionic systems onto qubits. Algorithms can encode the fermionic Hamil-
tonian using either first or second quantization. First quantization merges antisym-
metry into the qubit basis itself, while second quantization encodes antisymmetry
into qubit operators rather than quantum states, providing advantages in qubit
reduction [66, 67]. Therefore, we will focus on second quantized mapping methods.

2.2.2.1 The Jordan-Wigner mapping

The most direct fermion-to-qubit mapping method is the Jordan-Wigner (JW) map-
ping. It directly maps the occupation of a spin orbital to the occupation of a qubit,

|fN−1, ..., f1, f0⟩ → |qN−1, ..., q1, q0⟩, qj = fj ∈ {0, 1}. (2.20)

The fermionic creation and annihilation operators are given by

a†
j → Q†

j ⊗ Zj−1 ⊗ · · · ⊗ Z0,

aj → Qj ⊗ Zj−1 ⊗ · · · ⊗ Z0,
(2.21)

where Q†
j = (Xj − iYj)/2 and Qj = (Xj + iYj)/2 are the qubit creation and an-

nihilation operators in terms of Pauli matrices Xj =
[
0 1
1 0

]
and Yj =

[
0 −i
i 0

]
.
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The Pauli weight of the JW mapping scales as O(N) due to the direct mapping.
The Pauli weight indicates the maximum count of non-identity operators within
any Pauli string generated by the mapping. Encoding with low Pauli weight can
lead to circuit construction achieving target accuracy with lower depth and fewer
entangling gates.

2.2.2.2 The parity mapping

An alternative to the JW mapping is parity mapping. Instead of storing occupancy
information locally, the parity encoding method encodes the parity of all occupied
orbitals up to j-th orbital locally on the qubit j [68]. In the parity mapping, one
represents |0⟩j if the number of occupied orbitals up to the j-th orbital is even, and
|1⟩j if it is odd. In the parity mapping, the transformation of a fermionic state
involves

| fβ
nβ−1..., f

β
0 , f

α
nα−1, ..., f

α
0 ⟩ →

∣∣∣pnα+nβ−2, ..., pnα−1, ..., p1, p0
〉

(2.22)

where the ordering the fermionic state is called spin-block order and

pi =
∑

j

[πn]ijfj (mod 2), [πn]ij =

1 i < j

0 i ≥ j
, (2.23)

so that πn denotes a n× n matrix

πn =


1 1 · · · 1
0 1 · · · 1
... ... . . . ...
0 0 · · · 1

 . (2.24)

The occupancy of the orbital j can be determined based on the change in parity
at the position j. If the parity changes, i.e., |01⟩j−1,j or |10⟩j−1,j, the orbital j is
occupied. Conversely, if the parity does not change, i.e., |00⟩j−1,j or |11⟩j−1,j, the
orbital j is unoccupied. The transformed creation and annihilation operators are
given by [69]

a†
j → Zj−1 ⊗Xj − iYj

2 ⊗Xj+1 ⊗ · · · ⊗Xn−1

aj → Zj−1 ⊗Xj + iYj

2 ⊗Xj+1 ⊗ · · · ⊗Xn−1

(2.25)

Additionally, we know that

pnα =
nα∑
j=1

fα
j = Nα, pnα+nβ

=
nα∑
j=1

fα
j +

nβ∑
j=1

fβ
j = Nα +Nβ, (2.26)

implying an additional two-qubit reduction for spin-block ordering in the parity
mapping. This reduction stems from the known values of these two qubits in a
system that conserves the number of alpha and beta electrons. The Pauli weight of
the parity mapping scales as O(N), similar to the JW mapping.
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2.2.2.3 The Bravyi-Kitaev mapping

The Bravyi-Kitaev (BK) mapping encodes locally a combination of parity and oc-
cupation number in qubits, based on the BK matrix βn [68],

|fN−1, ..., f1, f0⟩ → |bN−1, ..., b1, b0⟩, bi =
∑

j

[βn]ij fj (mod 2), (2.27)

where βn is recursively defined by

β1 = [1], β2i+1 =
(
β2i A
0 β2i

)
, (2.28)

and the matrix A has its top row filled with ones, while the rest of its entries are
zeros. For example, employing β8 results in the following transformation (all sums
in mod 2): 

1 1 1 1 1 1 1 1
0 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 1 1 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1





1
0
1
0
0
1
1
1


=



1
0
1
0
1
1
0
1


. (2.29)

The BK mapping exhibits better scaling of Pauli weight as O (log2(n)), but it demon-
strates weaker resilience to noise [70].

2.2.2.4 Qubit tapering

The qubit tapering techniques exploit the symmetry inherent in the molecular
Hamiltonian to reduce the number of qubits needed in quantum computing. This
approach is beneficial for both quantum resource and noise reduction in VQE. In
the different encodings, some qubits represent conserved quantities of the molecular
system and they can be targeted for qubit reduction. An example is the two-qubit
reduction mentioned earlier in the context of parity mapping. If all Pauli strings in
the qubit Hamiltonian commute with an operator, then that operator is considered
a symmetry operator. For example, particle number operators for α and β electrons
fulfil

[H,Nα] = [H,Nβ] = 0. (2.30)

The main idea behind symmetry tapering is to find a unitary U that transforms the
original Hamiltonian into a new Hamiltonian with the same eigenvalues [71, 72],

H ′ = U †HU =
∑

α

hαΓα, Γα = U †PαU. (2.31)

We expect that all terms in H ′ commute with all Pauli-X operators on a set of qubits
{j}

[H ′, X{j}] = 0 (2.32)
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This is feasible only if each Γα in H ′ acts trivially on a set of qubits {j} by opera-
tors I or X [71]. This means that the qubits {j} can be eliminated by replacing the
Pauli-X operators X{j} with their eigenvalues ±1.

The unitary operator U is constructed based on the Z2 symmetries. For each specific
symmetry τi, it is possible to eliminate one qubit in the qubit Hamiltonian. The
unitary satisfies

UτiU
† = Xq(i), (2.33)

where the symmetry operator acts as Pauli-X operators on the qubit q(i) after
transformation. The transformation U is given by U = ∏

i Ui with

Ui = Xq(i) + τi√
2

. (2.34)

It is worth noting that the qubit tapering reported in Ref [71] exploits electron
number conservation and spin symmetry. Consequently, this qubit tapering tech-
nique preserves the ground state of the system while modifying the accessible excited
states.

2.2.3 Parameterized ansätze
Designing and selecting the appropriate ansätze is crucial in VQE. The design of
ansätze is heuristic, drawing inspiration from traditional quantum chemistry meth-
ods, practical hardware limitations, and specific physical principles and constraints.
This approach prioritizes practical experience and intuitive adaptation over rigor-
ous theoretical derivations. From a structural perspective, parameterized ansätze
can be divided into fixed and adaptive structures. An adaptive ansätze selectively
adds operators that contribute most to lowring the energy during each iteration,
resulting in a more compact circuit. However, reference state error mitigation (see
Sec. 2.3.5) requires a fixed ansätze structure to ensure consistency in gate noise.
Fixed structure ansätze include chemistry-inspired, hardware-efficient, symmetry-
preserving, and Hamiltonian variational ansätze. We will focus on the first three
types.

2.2.3.1 Chemistry-inspired ansätze

One type of ansätze relies on established principles that guide the formulation of
trial wavefunctions. These principles are rooted in conventional theories of quantum
chemistry, providing a structured approach to designing trial wavefunctions that re-
flect fundamental concepts and interactions within molecular systems. An example
is the unitary coupled cluster (UCC) form. The UCC ansätze facilitates the gener-
ation of excitations from the initial reference state by employing the exponentiated
excitation operator:

U(θ) = eT −T †
. (2.35)

Here, T = ∑
i θiTi is typically truncated at excitation level i = 2, incorporating

single and double excitation operators:
TUCCSD = T1 + T2 =

∑
i∈virt,α∈occ

tαi a
†
iaα +

∑
i,j∈virt,α,β∈occ

tαβ
ij a

†
ia

†
jaβaα. (2.36)

16



2. Theory

The unitary operator U(θ) needs to be decomposed into operations implementable
on a quantum device, often achieved through Trotter-Suzuki decomposition:

eT −T † = e
∑

i
θi(Ti−T †

i )

≈
(∏

i

e
θi
t

(Ti−T †
i )
)t

+ O
(1
t

)
,

(2.37)

where t is the order of decomposition (Trotter number). In VQE, a Trotter number
of t = 1 is usually sufficient for small molecules in VQE.

The number of gates of UCCSD in the JW mapping scales as O(K2N2) for K spin
orbitals and N electrons [11]. The unfavorable scaling of UCCSD has driven research
into its variants. One extension is the k-unitary pair coupled-cluster generalized sin-
gles and doubles (k-UpCCGSD) [73]. Here, the term "generalized" implies that the
single and double excitation terms do not differentiate between occupied and unoc-
cupied orbitals. Furthermore, "pair coupled-cluster" indicates that the double exci-
tations exclusively involve two-body excitations, moving pairs of opposite-spin elec-
trons together from doubly-occupied to unoccupied spatial orbitals. k-UpCCGSD
enables linear scaling of O(kN), where k denotes the number of repetitions of the
excitation operator. This approach can attain higher accuracy at a lower cost of
quantum resources. Ref. [74] provides a unified perspective on the UCC ansätze
family.

2.2.3.2 Hardware-efficient ansätze

One type of ansätze is specifically crafted to harness the capabilities of available
hardware, ensuring practical feasibility and efficiency in real-world computational
applications. Hardware-efficient ansätze (HEA) are designed with the objective of
minimizing resource requirements, such as the number of gates and connections,
necessary for advancing the applicability and scalability of quantum algorithms in
computational practice. HEA are typically composed of repeated blocks of param-
eterized rotation gates and entangling gates [75],

|Ψ(θ)⟩ =
N∏

q=1
[U q,d(θ)] × Uent ×

N∏
q=1

[U q,d−1(θ)] × · · · × Uent×

N∏
q=1

[U q,0(θ)]|Ψ0⟩.
(2.38)

One advantage of HEA is their low dependency on specific problem instances, en-
abling their application across various quantum computing scenarios. However, this
broad applicability may come with the drawback of potentially not performing op-
timally on all tasks. The high expressivity of HEA implies a higher susceptibility
to suffering from barren plateaus [76, 77], leading to an exponential increase in the
resources required for training. Ref. [78] further suggested that even shallow HEA
architectures should avoid tasks where the data satisfies the volume law of entan-
glement. One potential improvement is to employ variational entangling gates with
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adjustable parameters to avoid excessive entanglement [79]. This approach can also
be utilized for symmetry enhancement [80].

Both HEA and UCC ansätze can lead to non-differentiable tups in the potential
energy surface (PES), stemming from the failure to preserve certain symmetries,
such as electron number and total spin [81]. For example, when seeking the singlet
ground state, VQE may inadvertently access triplet excited states, leading to mix-
ing between electronic states of different symmetries (intersystem crossing). The
symmetry breaking can become more pronounced under noisy environment. There-
fore, additional constraints on symmetry preservation are required. One approach
to address this problem is by adding a penalty term to the Hamiltonian [82], thus
the cost function of VQE becomes

E = ⟨ψ(θ)|H|ψ(θ)⟩ +
∑

i

λi [⟨ψ(θ)|Si|ψ(θ)⟩ − si]2 , (2.39)

where Si is the symmetry operator for constraints (e.g., N, Sz, S
2), λi is the penalty

factor requiring empirical selection, si is the desired value of the expectation value
of Si. This penalty-based approach can also be used to access excited states.

2.2.3.3 Symmetry-preserving ansätze

Another approach to respecting symmetry is to utilize particle-conserving exchange
gates to construct the ansätze, ensuring that only states with the appropriate sym-
metry are generated. The ASWAP ansätze is proposed in Ref. [83] by using the
gate

A(θ, ϕ) =


1 0 0 0
0 cos θ eiϕ sin θ 0
0 e−iϕ sin θ − cos θ 0
0 0 0 1

 (2.40)

to achieve single qubit excitation. The gate A is constrained to span only the single-
excitation subspace, thereby only mixing states |01⟩ and |10⟩. In the spin-block order
(recall Eq. 2.22) of JW mapping, this arrangement ensures that the first half qubits
represents the α-electron orbitals, while the remaining qubits represent β-electron
orbitals. The A gates are applied on all nearest-neighbor two-qubit pairs, forming
a SWAP network, except between the qubits bridging the two spin subspaces. It
restricts the accessible Hilbert space, avoiding mixing of spins. A broader set of
symmetries, including particle number, time reversal, total spin, and spin magneti-
zation, can be preserved by modifying the ansätze [83]. In addition, the quantum
number preserving (QNP) ansätze [84] and the tiled unitary product states (tUPS)
ansätze [85] are constructed based on four-qubit spatial orbital rotation gates and
four-qubit double-excitation gates, providing high-accuracy and spin preservation.
The tUPS ansätze exhibits faster convergence, connections to valence bond theory
and gate-efficiency. However, a key limitation of these ansätze is their effectiveness
solely under the JW mapping, where the occupation of a single electron is locally
stored on a qubit.
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2.3 Quantum error mitigation

Quantum error mitigation (QEM) provides essential support for the practicality of
NISQ algorithms. In current quantum devices, errors stem from various sources
such as measurements, environmental noise, and imperfections in control opera-
tions. These errors can propagate and accumulate throughout the system via quan-
tum entanglement. Computations would become meaningless without addressing
these errors. Quantum noise can flatten the energy landscape of VQE, resulting in
changes to the optimal cost function value, shifts in the positions of minima, and
symmetry breaking of degenerate global minima into local minima [86, 87]. As-
sessing the efficacy of error mitigation methods implies determining the extent to
which these issues can be corrected. While few methods exist to directly restore
noise landscapes to enhance trainability, most error mitigation techniques can par-
tially recover ideal expectation values and measurement statistics of observables.
Moreover, many methods can be combined simultaneously.

2.3.1 Measurement error mitigation
Measurement readout error stands as a significant source of error in current quan-
tum devices, particularly for algorithms like VQE that involves a large measurement
overhead. Typical methods for measurement error mitigation rely on quantum de-
tector tomography (QDT) [88]. QDT is uesd to generate a confusion matrix T for
a specific device. The matrix T is defined by Cnoisy = TCideal, where Cnoisy repre-
sents the probability distribution after noisy samplings and Cideal represents the true
probability distribution. Each element Ti,j in the matrix T encodes the conditional
probability of reading out |i⟩ given that the true outcome should be |j⟩. To mitigate
errors, we require the inverse matrix T−1, such that Cideal = T−1Cnoisy. It is worth
noting that the matrix T characterizes the readout error of the device, independent
of the circuit. Additionally, the matrix T might be non-invertible, and applying
T−1 could lead to issues of negative probabilities, necessitating the introduction of
additional approximations or statistical tools.

Since T is a 2n × 2n matrix for an n-qubit system, obtaining the complete confusion
matrix typically necessitates O(2n) calibration experiments, which is not scalable.
If one approximates that the crosstalk between different qubits during the measure-
ment process can be neglected, then T can be approximated as the tensor product
of 2 × 2 matrices, T ≈ T1 ⊗ T2 · · · ⊗ TN . This local readout mitigation method only
incurs a cost of O(N) number of experiments. Scalable mitigation of correlated
measurement errors remains an ongoing area of research [89, 90].

2.3.2 Zero noise extrapolation
Zero noise extrapolation (ZNE) involves systematically scaling noise and fitting the
results obtained under different noise levels to extrapolate the noise-free expectation
values. The simplest method to increase the noise level of a circuit is to intentionally
increase its depth by unitary folding [91]. We can transform the unitary circuit as
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U → U(U †U)n, and define a scaling factor λn as the ratio of layers in the folded
circuit over the original circuit, given by λ = 2n + 1. Thus, the scaled noise level
can be approximately defined as τ ′ = λnτ . The expectation value of an observable,
⟨O⟩(λn), can be described as a function of the scaling factor. Then, we aim to obtain
an extrapolation model ⟨Õ⟩(α, λn), where α represents the fitting parameters of
this model. We optimize the loss function f(α), defined as f(α) = ∑

n |⟨O⟩(λn) −
⟨Õ⟩(α, λn)|2, to find the optimal model parameters α∗ [69]. Thus, we can use
this model to infer ⟨Õ⟩(α∗, λn = 0) as the error-mitigated expectation value. The
selection of the extrapolation model can be performed using data analysis methods
such as Richardson extrapolation or machine learning.

2.3.3 Probabilistic error cancellation
The objective of probabilistic error cancellation (PEC) is to reverting the effects of
noise by applying the inverse of the noise channel, denoted as Λ−1, before the noisy
channel Λ, thus achieving the ideal gate operation. The mitigated state reads

ρ =
∏

i

Λ−1
i ◦ Λi ◦ Ui(ρ0), (2.41)

where Ui(ρ0) = Uρ0U
†. Typically, Λ−1 is mathematically viable but physically

unfeasible. It is not a completely positive, trace preserving (CPTP) map, thus it
is not permissible as an operation in quantum mechanics. However, the following
decomposition is possible:

Λ−1 =
∑

n

αnBn, (2.42)

where αn is the quasi-probability weight (possibly negative) and Bn is the operation
that is implementable on a quantum computer (which can be noisy). In other words,
ideal gates can be formulated as linear combinations of realizable noisy gates [92].

PEC requires a noise model assumption that effectively characterizes the noise in
quantum circuits. The noise channel Λ can be modelled as a Markovian stochastic
Pauli noise channel [93],

Λ(ρ) =
4n−1∑
a=0

γaPaρPa, (2.43)

where Pa ∈ {I,X, Y, Z} and hence the coefficients γa have 4n −1 degrees of freedom.
An alternative expression is presented as [94]

Λ(ρ) = 1
2n

4n−1∑
b=0

λk Tr(Pb(ρ))Pb. (2.44)

Here,
λb =

∑
a

γa(−1)⟨a,b⟩ (2.45)

is termed the Pauli fidelity, with ⟨a, b⟩ equal to 0 if Pa commutes with Pb, and 1
otherwise. The learning of Pauli noise models is inspired by randomized bench-
marking [95]. This entails multiple measurements of the expectation values of a
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set of Pauli operators as the number of repetitions of the circuit increases, and fit-
ting the decay rate of the resulting curve to ascertain the Pauli fidelities {λb} of
the noise channel [96]. The parameters {γa} can then be determined by the relation
Eq. 2.45. The Pauli noise model can be effectively inverted, and its quasi-probability
distribution can be accurately sampled [96, 97]. PEC is the most accurate error mit-
igation method, but it comes at the cost of extensive modifications to the circuit
and exponential sampling overhead.

2.3.4 Symmetry verification by post-selection
As previously mentioned, in the design process of VQE or cost functions, we can
impose symmetry constraints. Additionally, we can filter out sampling results with
erroneous expectations by calculating the expectation values of symmetry operators
(e.g., N , Nα, Nβ, Sz, etc.) with respect to each measurement result per sampling.
The post-selection method for symmetry verification can effectively reduce the noisy
expectation values in VQE and enhance the fidelity of the noisy ground state without
introducing additional quantum costs, particularly for shallow circuits. It is worth
noting that this post-selection method is a purely classical post-treatment for final
results, distinct from the quantum circuit approach for ancilla symmetry verification,
which embeds the symmetry verification onto the qubits within the system itself [98].

2.3.5 Reference-state error mitigation
Reference-state error mitigation (REM) is a chemically inspired, cost-effective, noise
type-independent method of QEM for NISQ chemistry algorithms [99]. Both fault-
tolerant algorithms and NISQ algorithms for quantum chemistry generally rely on
the availability of a readily preparable initial reference state that exhibits a favorable
overlap with the target ground state. Under the constraint of a fixed circuit struc-
ture, there is reason to believe that quantifying the effect of noise on the preparation
circuit for reference states can aid in capturing a substantial portion of the impact
of noise on circuits for ground states.

The REM approach is shown as Fig. 2.3. The first and most critical step in REM
is to select and prepare high quality reference states on a quantum computer. In
an ideal scenario, we expect that the reference states can be prepared by a cir-
cuit composed solely of Clifford gates (Hadamard, phase gate S, and CNOT)1 or
with the addition of a small amount of non-Clifford resources (e.g., T gate, rotation
gates). Clifford circuits can be efficiently simulated on classical computers owing to
the Gottesman-Knill theorem [100], facilitating the efficient determination of precise
values, EExact(θRef). However, Clifford gates alone cannot achieve universal quan-
tum computation. The addition of any non-Clifford gate can create a universal gate
set, such as {Clifford, T}. Therefore, our goal should be to prepare the desired ref-
erence state using as few non-Clifford resources as possible.

1Each Pauli matrix can be constructed using the phase and Hadamard gates, making it an
element of the Clifford group.
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Subsequently, the noisy energy of the reference state, EVQE(θRef), is determined
based on measurements from an actual quantum device. The impact of noise on the
reference state is thus quantified as

∆EREM = EVQE(θRef) − EExact(θRef). (2.46)

The noisy VQE experiment yields EVQE(θmin,VQE), and ∆EREM can be employed to
provide an error-mitigated result

EREM(θmin,VQE) = EVQE(θmin,VQE) − ∆EREM. (2.47)

In principle, the exact energy for any parameter can be represented as

EExact(θ) = EREM(θ) − ∆Ep(θ), (2.48)

where ∆Ep(θ) represents the dependence of noise on parameters and ∆Ep(θRef) = 0.

Figure 2.3: A strategy representation of the REM approach. Noise tends to flatten
and elevate the energy landscape. Using a reference energy can partially capture
the impact of noise and significantly mitigate the results of noisy VQE.

In REM, if the reference state is used as the initial state for the VQE experiment, no
additional quantum cost is incurred. Ref. [99] employed the simplest HF reference
state for error mitigation of the ground state energy of small molecules such as H2
and HeH+, resulting in a two orders of magnitude improvement in computational
accuracy. This approach is chemically motivated, as the HF reference state is the
starting point for all wavefunction theories and normally overlaps substantially with
the ground state, making it a reliable choice. In contrast, random references made
from Clifford groups are almost guaranteed to be ineffective.

2.4 Multireference-state error mitigation

2.4.1 Motivation
The development of multireference-state error mitigation (MR-REM) method aims
to address the deficiencies of single-determinant descriptions in the original REM,
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particularly evident in quantum systems with significant electron correlation effects.
In regions involving bond stretching or in strongly correlated systems, the inadequa-
cies of using a single determinant (such as HF method) to describe the electronic
wavefunction become apparent, leading to an overestimation of electronic energy
due to inadequate treatment of electron correlation. Fig. 2.4 demonstrates that
employing a multireference state, which consists of a linear combination of the HF
determinant and significant excited configurations, improves both the overlap with
the true ground state and the accuracy of energy calculations compared to the HF
theory. By preparing multireference states on a quantum computer, MR-REM is de-
signed to rectify the inherent limitations of single-reference methods, thus providing
a more accurate estimate of noise impact on the true ground state.

Figure 2.4: Multireference states approximate the ground state by considering a
linear combination of multiple SDs.

2.4.2 The MR-REM procedure

The MR-REM method is summarized in Fig. 2.5. First, the configurations and
coefficients of the truncated multireference wavefunction can be obtained from con-
ventional quantum chemistry methods such as CISD, CCSD, and DMRG. Subse-
quently, a Givens gate-based multireference state preparation circuit is employed
to prepare the multireference state on a quantum computer. Detailed information
about Givens gates will be provided in the following section. The multireference
state preparation circuit is designed to be gate-efficient, allowing it to be classically
simulable and enabling us to determine the exact energy of the prepared multiref-
erence state. Following this, a parameterized ansätze circuit is attached to the
multireference state preparation circuit. We sample and measure the noisy energy
of the reference state using the complete circuit. The same circuits are then used to
run the VQE algorithm and perform REM in the same steps.
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Figure 2.5: Overview of MR-REM: comprising multireference state preparation
and reference state error migration. Extending the preparation of HF state on a
quantum computer to prepare multireference states using Givens gate-based circuits.

2.4.3 Quantum lego: multireference state preparation
Symmetry in quantum chemistry provides constraints and guidance for state prepa-
ration, without requiring access to every point in Hilbert space. General circuits
that respect symmetry can avoid preparing quantum states in incorrect subspaces.
Ref. [101] demonstrates that controlled single-excitation gates are universal for
particle-conserving unitaries. A candidate for single-excitation particle-conserving
gates is the A gate (Eq. (2.40)) in the ASWAP ansätze. However, due to its inability
to realize the identity operator and possessing weaker systematic improvability, we
focus here on another type of single-excitation gate known as Givens rotations [101].

The Givens rotation can be expressed as

G(θ) = exp
[
−iθ2(Y ⊗X −X ⊗ Y )

]

=


1 0 0 0
0 cos(θ/2) − sin(θ/2) 0
0 sin(θ/2) cos(θ/2) 0
0 0 0 1

 ,
(2.49)

thus it can span the single-excitation subspace as

G(θ) |01⟩ = cos(θ/2) |01⟩ + sin(θ/2) |10⟩ ,
G(θ) |10⟩ = cos(θ/2) |10⟩ − sin(θ/2) |01⟩ .

(2.50)

In addition, the following equalities hold

[G(θ), Nα] = 0, [G(θ), Nβ] = 0,
[
G(θ), S2

]
= 0. (2.51)
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Four-qubit double-excitation gates G(2)(θ) can also be considered,

G(2)(θ) |0011⟩ = cos(θ/2) |0011⟩ + sin(θ/2) |1100⟩ ,
G(2)(θ) |1100⟩ = cos(θ/2) |1100⟩ − sin(θ/2) |0011⟩ .

(2.52)

The excitations induced by G(θ) and G(2) are illustrated in Fig. 2.6. The gate de-
compositions for G(θ) and G(2)(θ) are detailed in Appendix A.1.

Figure 2.6: An example of G(θ) and G(2)(θ) applied on a CAS(4e,4o) space. The
qubits follow an interleaved spin ordering of electrons, i.e., |β3α3β2α2β1α1β0α0⟩,
where the rightmost qubit refers to the first qubit 0. G(θ) acts on qubits 4 and
2, achieving a single excitation of α1 to α2. G(2)(θ) acts on qubits 4, 5 and 2, 3,
achieving a double excitation of α1, β1 to α2, β2.

Additionally, the controlled single-excitation Givens gates can be written as

CG(θ) =
(
1

4×4 0
0 G(θ)

)
, (2.53)

where 14×4 denotes a 4 × 4 identity matrix, and CG(θ) is a three-qubit (8 × 8) gate.
Utilizing Givens gates and controlled Givens gates, arbitrary particle-preserving
multireference states can be prepared. However, in other mappings such as the BK
mapping or qubit tapering, the correspondence between particles and qubits is no
longer one-to-one. In this case, multireference states can still be prepared using
Givens gates, controlled Givens gates, and controlled-X gates. For instance, the
state a |00001⟩+b |00110⟩+c |11001⟩ can also represent a possible particle-preserving
wavefunction under other mappings, which can be prepared by

CX3,4 CX3,0 G3,0(θ2) CX1,2 G1,0(θ1) X0 |00000⟩

≡

|0⟩ X
G(θ1)

G(θ2)

X

|0⟩

|0⟩ X

|0⟩

|0⟩ X

, (2.54)

25



2. Theory

where the subscripts in CXi,j denote that i is the control qubit and j is the tar-
get qubit, and the rightmost qubit is denoted as the first qubit 0. The rotation
parameters θ1 and θ2 can be determined by solving the equations

a = cos(θ1/2) cos(θ2/2)
b = sin(θ1/2)
c = cos(θ1/2) sin(θ2/2)

(2.55)

Apparently, there are multiple choices for constructing circuits to achieve the desired
state, as well as multiple choices for obtaining parameters. A method to acquire the
coefficients (a, b, c, · · · ) and configurations of SDs is through the truncated wave-
function generated by conventional quantum chemistry methods [102]. The choice of
multireferences similarly follows chemical motivation and leverages the advantages
of hybrid algorithms. Upon obtaining the MR states that more accurately capture
electronic correlation and exhibit increased overlap with the ground state, they can
be leveraged to reduce the iteration count in the VQE algorithm and facilitate more
efficient REM treatments.
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In this chapter, we introduce the computational details and software packages used
in this work, including the preparation of electronic Hamiltonians, initialization
of multireference states, implementation of the VQE algorithm along with noisy
simulations, and resource statistics of quantum circuits.

3.1 Computational details
The second quantized electronic Hamiltonian was obtained via the PySCF [103] li-
brary. For H2, H2O, and F2, restricted Hartree-Fock (RHF) orbitals were computed
using the double-ζ correlation-consistent basis set, cc-pVDZ, while for N2, we em-
ployed the cc-pVTZ basis set. The ActiveSpaceTransformer in Qiskit [104] was
used to extract the active orbital electronic Hamiltonian. The selection of active
electrons and active orbitals was as follows: H2 (2e, 2o), H2O (4e, 4o), N2 (6e, 6o),
and F2 (10e, 6o). All fermionic Hamiltonians were mapped to qubit form using the
Jordan-Wigner transformation. Except for H2, qubit tapering was applied to re-
duce the number of qubits for the other molecules: H2O (8 → 5), N2 (12 → 8), and
F2 (12 → 8). The exact diagonalization of qubit Hamiltonians was performed using
the NumPy minimum eigensolver algorithm.

The selections of MR determinants are provided by classical theories, including
CISD, CCSD, and DMRG. CISD and CCSD calculations were performed using the
PySCF library, and DMRG calculations were carried out using the block2 code
[105]. The import_state function in PennyLane [106] was used to convert an ex-
ternal wavefunction object into a state vector, thereby facilitating the extraction of
SDs and their coefficients.

3.1.1 Noisy simulation
The implementation of all quantum circuits and the VQE algorithm was based on
the Estimator module of Qiskit Aer 0.13.1. For all Estimator simulations, ex-
pectation values were computed by performing 1 × 107 shots of sampling. This
extensive sampling was conducted to minimize statistical errors. In standard VQE,
O(1/ϵ2) ∼ 106 shots are required to achieve an error rate of ϵ ∼ 10−3 for small
molecules. In addition, the approximation option of the Estimator was employed,
leading to a notable enhancement of simulation efficiency by estimating the expecta-
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tion value with sampling noise using a normal distribution approximation. However,
it is important to acknowledge that this approach ignores readout errors. Therefore,
in these experiments, the primary focus of our demonstrations is the migration sim-
ulation of quantum circuit gate errors.

The FakeSydneyV2 backend noise model was employed to provide noise simula-
tions. IBM provides a noise model encompassing the depolarization and thermal
relaxation errors of single- and two-qubit gates. These error parameters are derived
from backend error parameters, including average gate errors of each basis gate, gate
duration, single-qubit readout error probability, and T1 and T2 decoherence times
for each qubit [107]. These parameters were built through access to real noise data
for various IBM quantum processors.

The classical optimizer applied to VQE is the implicit filtering (ImFil) optimizer,
implemented in the scikit-quant package [108]. ImFil is an optimization algorithm
tailored for noisy problems with many local minima. It evaluates the objective
function at multiple points within defined bounds and uses the best result to guide
the next search. This approach allows it to handle noise effectively and avoid being
trapped in local minima, making it robust and efficient for optimizing complex, noisy
functions.

3.2 Resource statistics of quantum circuits
In the VQE experiments, we adopt the hardware-efficient RY ansatz to minimize
circuit depth. The complete circuit structure is depicted in Fig. 3.1. The RY ansatz
is placed in front of the MR preparation circuit because it satisfies U(0) |0⟩ = |0⟩,
while it is non-trivial to find parameters that allow it to act as an identity.

RY-Linear Ansatz

×L

MR Preparation

|0⟩ RY (θ0
0) RY (θ0

L) X

|0⟩ RY (θ1
0) RY (θ1

L) X
G(ϕ1)

|0⟩ RY (θ2
0) RY (θ2

L)
G(ϕ2)

|0⟩ RY (θ3
0) RY (θ3

L)

Figure 3.1: Schematic diagram of the complete circuit structure of MR-REM.
All optimizable parameters θ in the hardware-efficient RY ansatz are initialized
to 0. The parameters ϕ in the MR preparation circuit are obtained from a trial
wavefunction through classical theory, which can be fixed or adjustable.

The information regarding the number of single-qubit gates and two-qubit gates in
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the ansatz and MR preparation circuit is collected in Table 3.1. For a hardware-
efficient RY ansatz, the number of optimizable parameters equals the number of
single-qubit gates used. For H2 and N2, the application of G(2)(θ) leads to relatively
less gate-efficient MR preparation. In principle, a combination of G(θ) and CG(θ)
can replace G(2)(θ) to appropriately reduce the number of gates required.

Table 3.1: Statistics of Qubit Counts (Nqb), Layers Numbers (NL), and Single (N1)
and Two-Qubit Gates (N2) in the RY-Linear Ansatz and MR Preparation Circuits for
Different Molecules. For N1 in MR Circuit: The Numbers in Parentheses Represent
the Gates Used in HF State Preparation.

molecule Nqb
RY ansatz MR circuit

NL N1 N2 N1 N2
H2 4 1 8 3 16(2) 14

H2O 5 5 30 20 9(1) 7
N2 8 20 168 140 57(3) 42
F2 8 5 48 35 10(6) 3
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4.1 Potential energy surface

4.1.1 H2(2e, 2o) and F2(10e, 6o)
We start by investigating the performance improvement of MR-REM compared to
single-reference REM for diatomic single-bond molecules H2 and F2. Such molecules
can be well described by a linear combination of 2SDs in the bond stretching region.
Therefore, we use quantum circuits to prepare a linear combination of 2 SDs as
references for both molecules. The coefficients of the 2SDs are determined by the
CISD method at the minimal basis set level. It is unnecessary for the reference state
to be obtained at the same level of basis set as the target molecular Hamiltonian
problem, as we only require a good approximation of the coefficients. For clarity, the
VQE result with a HF reference is labeled as VQE-HF, and the corresponding REM
result is denoted as REM-HF. Similarly, the VQE result using a linear combination
of N SDs is labeled as VQE-NSDs, and its corresponding MR-REM result is denoted
as REM-NSDs.

For the H2 molecule, using only a one-layer RY ansatz results in insignificant gate
noise, whereas the state preparation circuit using Givens rotations introduces large
additional noise. Consequently, the energy of the VQE-2SDs is much higher than
that of the VQE-HF, as shown in Fig. 4.1. However, all REM-2SDs tests display
better results that reach computational accuracy. In contrast, the REM-HF fails
to reach computational accuracy in the bond stretching region. Here, we prioritize
computational accuracy over chemical accuracy, where the former refers to the error
between the computational result and the exact value at the same level of theory,
while the latter pertains to the accuracy required for realistic chemical predictions,
as suggested in Ref. [99].

As illustrated in Fig. 4.1, it is evident for F2 molecule that the REM-2SDs results
improve by approximately two orders of magnitude compared to the noisy VQE
results, and by one order of magnitude compared to the REM-HF results. For F2,
the additional noise introduced by the Givens circuit is tiny compared to the RY
ansatz. Despite the fact that the VQE-2SDs circuit in noisy VQE introduces some
additional noise compared to the VQE-HF circuit, it still yields a better optimized
ground state result. In regions where the bond length R exceeds 1.5 Å, all REM-2SDs
tests achieve computational accuracy. However, noisy VQE encounters difficulties in
optimization in regions where R is smaller than 1.5 Å, likely due to being trapped in
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local minima of the cost landscape. Nevertheless, a multireference state can alleviate
this issue by offering a better starting point.

Figure 4.1: Comparisons of REM-2SDs and REM-HF for the potential energy
surfaces (PES) of H2(2e, 2o) and F2(10e, 6o) at the cc-pVDZ level. The multirefer-
ence 2SDs is obtained from truncated wavefunctions using the CISD method using
a minimal STO-6G basis set. Left: PES for exact results, noisy VQE results with
reference states of HF and 2SDs, and the corresponding REM results individually.
Right: The absolute error of VQE and REM results with respect to the exact re-
sults. The cyan dashed lines represent the computational accuracy below 1.6 × 10−3

hartree (1 kcal/mol).

4.1.2 H2O(4e, 4o) and N2(6e, 6o)
For the H2O molecule, we prepare a linear combination of 3 SDs as a reference.
Additionally, we introduce a penalty term that shifts the original Hamiltonian by
H ′ = H + 0.1S2 to prevent convergence to an undesired symmetry sector. Here, S2

denotes the total spin angular momentum operator. Referring to Eq. 2.39, Si = S2,
si = 0, and λi = 0.1. The only distinction is that the penalty term lacks the
square operation. Since we aim to access the singlet ground state where S2 = 0,
any eigenvalue of S2 would be non-negative. Hence, evaluating the square term is
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unnecessary in this case. Moreover, avoiding the square term prevents the generation
of additional Pauli terms, thus reducing measurement overhead. Similar to the case
of F2, the MR preparation for H2O is gate-efficient (see Table 3.1), thus introducing
only a small amount of additional noise. As a result, the VQE-3SDs energy is only
slightly higher than that of VQE-HF, as shown in Fig. 4.2. In the bond stretching
region, the results of REM-3SDs exhibit a twofold improvement over REM-HF, with
errors exhibiting a converging trend.

Figure 4.2: Comparison of REM-3SDs and REM-HF for the PES of H2O(4e, 4o)
at the cc-pVDZ level. The PES scan varies both HO bond lengths R simultane-
ously, with a fixed ∠HOH = 104.5◦. The multireference state of 3SDs is guided by
CCSD/6-31G.

For the strongly correlated N2 molecule, we introduce the multireference state of
3SDs guided by a DMRG estimate. Similar to the H2O case, a penalty term of
H ′ = H + 0.5S2 is employed. As shown in Table 3.1, the circuits for VQE-3SDs
use a relatively large number of additional gates, which introduces significant noise.
Consequently, the VQE-HF curve outperforms the VQE-3SDs curve regarding both
energy accuracy and the shape of the PES, as shown in Fig 4.3. However, the
REM-3SDs generate a more convergent PES in the bond-stretching region, which
is consistent with the asymptotic behaviour of the molecular potential. The results
of REM-3SDs achieve significant improvements, with all tests showing absolute er-
rors within approximately 0.1 Hartree. Additionally, the REM-3SDs curve enables
the analysis of the equilibrium bond length region, which is indistinguishable in the
VQE-3SDs curve.

In principle, increasing the number of determinants used for the multireference states
can further improve the ground state approximation. For shallow circuits, even if
additional noise is introduced, the improved mitigation results can be worthwhile.
However, the extent of noise-induced disruption to the energy landscape is chal-
lenging to estimate. If excessive noise leads to noise-induced barren plateaus, the
results become unreliable. Therefore, it is essential to consider the trade-off between
the potential gains from increasing the number of reference determinants and the
additional noise introduced.
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Figure 4.3: Comparison of REM-3SDs and REM-HF for the PES of N2(6e, 6o) at
the cc-pVTZ level. The multireference state of 3SDs is guided by DMRG/cc-pVTZ.

4.2 Symmetry check
We check the spin symmetry by computing the expectation values of the observable
S2 for each noisy VQE ground state, ⟨ψ(θ)|S2|ψ(θ)⟩. The results of H2 and F2 are
shown in Figure 4.4. For these two molecules, a non-zero spin angular momentum
implies the presence of a mixture of singlet and triplet states. This phenomenon
arises from the combined effects of the hardware-efficient ansatz failing to respect
symmetry and the presence of noise. The observed higher spin contamination in
both REM-2SDs can be attributed to the increased noise in the circuits. Introduc-
ing constraints on symmetry, such as by adding penalty terms, does not mitigate this
effect. This is because the addition of penalty terms often leads to more measure-
ments, consequently amplifying the impact of noise. Fortunately, the VQE solution
remains essentially within the singlet subspace, and this slight spin contamination
does not pose a significant challenge to the qualitative analysis, meaning that the
shape of PES will not be significantly disrupted.

Figure 4.4: Spin angular momentum of noisy ground states of VQE-2SDs and
VQE-HF for molecules. Left: H2(2e, 2o) and Right: F2(10e, 6o).
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For the noisy VQE solutions of H2O and N2, noticeable symmetry breaking occurs,
where the spin angular momentum undergoes sharp transitions, as shown in Fig. 4.5.
This can result in non-differentiable effects on the PES. For these two molecules,
the energies of the singlet and triplet states are close in the bond stretching region.
Noise blurs the distinction between accessing global and local minima in the VQE
cost landscape, causing VQE to erroneously tend towards accessing triplet states.
Following the penalty scheme from the previous section, symmetry is noticeably
restored. However, some noise-induced residuals remain challenging to avoid.

Figure 4.5: Angular momentum of noisy ground states of VQE-HF, VQE-
3SDs, and their corresponding solutions with penalty terms for molecules. Left:
H2O(4e, 4o) and Right: N2(6e, 6o). The Hamiltonian with penalty terms is denoted
as H ′ = H+λS2, where λ = 0.1 for H2O and λ = 0.5 for N2. The λS2 is introduced
to enforce proper constraints on the quantum states by penalizing deviations from
the desired values of angular momentum.
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Conclusion

In this thesis, we review the theoretical background on solving the electronic struc-
ture problem on quantum computers and quantum error mitigation methods. We
exhibit the idea and method of multireference-state error mitigation. The key task
is the preparation of high-quality multireference states on a quantum computer, for
which Givens rotations provide an efficient approach. The improvement achieved
by MR-REM has been demonstrated through digital quantum simulations, with ad-
vantages including two main aspects. Firstly, it provides a better starting point for
VQE, reducing the risk of becoming trapped in a local minimum and the number of
VQE optimization iterations. Secondly, it achieves a better overlap with the target
ground state, allowing for more effective noise mitigation and reducing the impact
of noise on parameter shifts.

MR-REM shows promise as a potential method for dealing with strongly correlated
molecules. However, we are still facing a dilemma in the era of NISQ. As seen in
our example of N2, the depth of the circuit has already caused obvious disruptions
in the PES. For more correlated molecules, QEC or mitigation methods like PEC
may have a positive effect on computational results but come with heavy costs in
terms of quantum resources and time consumption. MR-REM offers a cost-efficient
solution, but just as the no free lunch theorem implies, it is still limited for treating
larger systems since it does not alleviate some inherent challenges in VQE, such as
O(N4) measurements, NP-hard optimization of variational parameters [109], and
noise-induced barren plateaus. In practical application, the combination of MR-
REM and other methods is anticipated to yield remarkable outcomes, such as the
incorporation of measurement protocols like commuting groups [110] and classical
shadows [111]. In the examples provided, a linear combination of at most three
SDs prepared by Givens circuits are used as a reference. However, attempting to
prepare a larger number of SDs would not be hardware-efficient. Hence, there is
a demand for a more circuit-compact approach to represent quantum states on a
quantum computer. Most multireference preparation methods based on fragmented
QPE are not suitable for near-term devices. One potentially effective representa-
tion is the quantum computing version of neural network quantum states (NQS).
NQS is considered to have higher expressive power than tensor networks [112], and
their quantum computing versions potentially provide more efficient multireference
approximations.

In general, although NISQ quantum algorithms combined with quantum error mit-
igation have made significant progress in practice, there is still a considerable gap
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to surpass classical algorithms. With ongoing advancements in hardware and algo-
rithmic development, we are moving towards the ability to compute larger active
spaces with high precision.
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A
Appendix

A.1 Decompositions of Givens gates

The decompositions of G(θ) and G(2)(θ) are as follows:

G(θ) :=

Ry( θ
2)

H Ry( θ
2) H

,

G(2)(θ) :=

H Ry(− θ
8) Ry(− θ

8) Ry( θ
8) Ry( θ

8) H

Ry( θ
8) Ry( θ

8) Ry(− θ
8) Ry(− θ

8)

H H H H

.

For an optimal scheme with fewer two-qubit gates, 2 CNOT gates are used in G(θ),
while 14 CNOT gates are employed in G(2)(θ).

A.2 Convergence evaluation

MR-REM utilizes improved multi-reference initial points, resulting in fewer itera-
tions required for convergence in the VQE algorithm, as illustrated in several exam-
ples in Fig A.1.
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A. Appendix

Figure A.1: Convergence iterations of VQE algorithm under the IMFIL op-
timizer for four example systems. Left: H2O(4e, 4o) at R = 2.45 Å (top) and
R = 1.85 Å(bottom), and Right: F2(10e, 6o) at R = 2.7 Å (top) and R = 2.1 Å (bot-
tom).
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