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Predicting Fuel Consumption of Marine Vessels

Using Boosted Regression Trees and Structured State-space Sequence Models While
Considering Weather Forecasts

KARL LUNDGREN & ERIK NORLIN

Department of Electrical Engineering

Chalmers University of Technology

Abstract

The increasing greenhouse gas (GHG) emissions from the maritime sector neces-
sitate a reduction in fuel consumption to achieve the environmental sustainability
goals adopted by IMO by 2050. A solution for this is to optimize the fuel consump-
tion of marine vessels, which is enabled by prediction. Although physical models for
predicting fuel consumption often fall short because of their inability to account for
environmental factors, data-driven models such as XGBoost have shown promise in
improving prediction accuracy. To accurately predict fuel consumption in marine
vessels while considering weather forecasts, we explore the potential of XGBoost, a
gradient-boosted tree ensemble, and S5, a structured state-space sequence model.
We introduce a novel feature selection algorithm. We also apply balanced realiza-
tion, an optimal state-space model reduction technique, to the S5 model, enhancing
its efficiency, and analyze its effectiveness from a systems and control perspective.
Our findings demonstrate the capabilities of these models in predicting fuel con-
sumption, namely that XGBoost performs best, and highlight the importance of
incorporating weather forecasts for improved accuracy, offering valuable insights for
fuel optimization strategies in the maritime industry.

Keywords: fuel prediction and optimization, systems and control theory, marine
weather and vessels, boosted regression trees, xghoost, structured state-space se-
quence models, s5, mamba, feature selection, balanced realization.
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Introduction

This chapter outlines the problem and why a solution is needed. The purpose and
aim are defined as well as the limitations and ethics.

1.1 Background

In 2023, the global average temperature reached an all-time high record since the
pre-industrial era (1850-1900), with an increase of 1.45°C [1]. The trend of global
warming, confirmed to be partly induced by human activities [2], tends to exacer-
bate extreme weather events and rising sea levels. These effects have serious con-
sequences, for example, increased poverty, displacement, health risks, and species
extinction [3].

One contributor to greenhouse gas (GHG) emissions is the maritime sector. Accord-
ing to the International Maritime Organization (IMO) [4], an agency of the United
Nations responsible for regulating maritime safety, security, and pollution, the emis-
sions of GHG of total shipping have increased 9.6 % from 2012 to 2018. During the
same period, their share of global GHG emissions increased from 2.76 % to 2.89 %.
In an effort to reduce maritime GHG emissions, the IMO increased its ambitions in
2023 by adopting a strategy to achieve net zero GHG emissions from international
shipping by 2050 [5].

A solution to reduce the GHG missions in marine vessels is to optimize fuel con-
sumption. With this, ferry operators can strategically plan speeds, which can result
in lower costs for ferry services, improved operational efficiency, and reduced impact
on the environment. In order to optimize fuel consumption for a given point in space
and time, a mathematical function that determines fuel consumption must be evalu-
ated. A simple approach to estimate fuel consumption given a certain speed is to use
a physics-inspired model. However, according to Lang et al. (2022) [6], such mod-
els tend to produce underestimated results because they do not take into account
environmental factors that affect the dynamics of the vessel. Data-driven predictive
models, on the other hand, are able to make more accurate predictions because
environmental effects are incorporated into the data that the model is trained on.
The authors showed that, for their data and use case, Extreme Gradient Boosting
(XGBoost) [7], a machine learning framework for boosted regression trees, known
for having generated state-of-the-art (SOTA) results for prediction tasks, performed
the best among various models when predicting fuel consumption of ships. These
included linear regression, artificial neural networks, support vector machines, and
physical models.

Furthermore, structured state-space sequence models (S4) [8], a novel approach to
time series prediction, with its foundation in control theory, have received consid-
erable attention within the deep learning community in recent years. These models
still remain underexplored, both in terms of prediction of fuel consumption and
in-depth analysis from a systems and control perspective.
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1.2 Purpose

The purpose of this thesis is to provide more knowledge about how fuel consumption
can be accurately predicted using boosted regression trees and structured state-
space sequence models. In turn, the purpose of doing this is ultimately to allow
for better fuel consumption optimization models. Furthermore, the purpose is also
to bring new insights about structured state-space sequence models from a systems
and control perspective, which there is a lack of.

1.3 Optimization of fuel consumption

In optimizing fuel consumption as defined here, the objective of interest is to pro-
vide online speed recommendations for a fixed-route marine vessel that optimize
fuel consumption per distance. Already at the beginning of a journey, the fuel con-
sumption per distance can be sequentially optimized for points in time until the end
of the journey. As the journey progresses, this process can be repeated, updating
the recommendations. This process can be performed by a combination of fuel pre-
diction, integration techniques and, if there is a schedule to be kept, by using time
constraints.

The reason for recommending speeds is that it is an intuitive control parameter for
the captain of the vessel, while also allowing exact constraints of estimated time
of arrival to be formulated. If there are no such constraints, the most appropriate
control parameters are the engine power or engine speed, since these signals directly
affect the engine’s fuel consumption.

More precisely, an optimal speed can be obtained by predicting fuel consumption
per distance over a range of speeds and choosing the speed corresponding to minimal
fuel consumption. With this speed and knowing the usual route, the next course and
position can be determined by numerical integration. At an integrated point in the
future, another optimal speed can be determined in the same way. Performing this
sequentially and noting the optimal speed for each point, a time series of optimal
speeds can be constructed, which can be recommended to the captain already at the
beginning of the journey. This process implies that, if any engine-related signal is to
be used as a feature in the prediction of fuel consumption, it must first be predicted
using speed to not break causality.

The subtlety here is the challenge when it comes to benchmarking the performance
of predictive models for optimization. Observed speeds are necessary to be used for
prediction because it is the only case where corresponding labels of fuel consumption
per distance exist. If instead the speed was swept over a range in order to optimize,
new data points would be introduced without corresponding labels. However, as any
time series of speeds potentially could have been found by optimization already at
the beginning of the journey, using observed speeds is technically similar to real-time
prediction of optimal speeds. This validates the case for potential benchmarking.

In short, with observed speeds and fuel consumption of a fixed-route vessel, predic-
tive models for fuel consumption can be created with corresponding test cases that
mimic real-time prediction and optimization.

1.4 Aim

The aim is to investigate how XGBoost and the simplified S4 (S5) [9], can accurately
predict the fuel consumption of a fixed-route vessel while also considering weather
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to allow the possibility of optimizing fuel consumption with these models.

Additionally, S5 could be considered a substantial model due to its neural network
structure and compressing the model could speed up the prediction time. For this
reason, the objective also includes implementing balanced realization [10], a method
for optimal compression of state-space models, on the S5 and evaluating its effec-
tiveness from a systems and control perspective. Hence, contributing with new
knowledge in this field.

To achieve this, the specific case of the Buro ferry, a fixed-route vessel operating in
the Gothenburg archipelago, will be investigated. Time series sensor data collected
from this vessel, together with forecasted weather data will be used. The aim is
more specifically decomposed into the following objectives.

1. Conduct a statistical analysis to determine the dependence between weather
and fuel consumption of the Buro ferry operating in the Gothenburg archipelago.

2. Develop a baseline and more advanced XGBoost and S5 models, with appro-
priate features, capable of predicting fuel consumption of the Bur¢ ferry while
accounting for weather disturbances.

3. Assess the performance of XGBoost and S5 for fuel prediction in terms of
accuracy.

4. Perform balanced realization on a trained S5 model and assess its effectiveness
from a systems and control perspective.

1.5 Limitations

Here, fuel consumption will be predicted but not optimized. The reason for this can
be understood from Section 1.3.

1.6 Societal, ethical and ecological aspects

Enhancing predictive capabilities for fuel consumption can ultimately lead to better
fuel efficiency and therefore to a more economically and environmentally sustainable
maritime industry. With respect to data collection, the data used to train these
predictive models is inherently untraceable to individuals, ensuring that integrity is
not compromised.
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Theory

The theoretical framework underpinning the thesis is explained in this chapter. It
begins by establishing the fundamentals required within maritimity. The structure of
the following sections is outlined similarly to how the pipeline of the implementation
of fuel prediction would be; theory for data preparation is followed by theory for
feature selection, which in turn is followed by theory defining XGBoost and S5.
After this, performance benchmarking is described. Lastly, essential theory for the
discussion is described.

2.1 Maritime prerequisites

2.1.1 Weather

The weather elements that are often encountered within maritimity are wind, waves,
and current, where wind and waves can be broken down into the elements described
in Table 2.1. The velocity of these weather elements is measured in ms~! or knots
and their corresponding directions are measured in degrees clockwise from north,
where 0° means that the weather is coming from north, i.e. the vectors are pointing
south. Each wave element has the properties height and period where wave height is
the distance between a wave’s top and valley, and period is the time for a wavelength
to pass a specific point [11].

Table 2.1: Description of gust, wind waves, swell waves, and waves.

Weather element \ Description

Gust Burst of strong wind.

Wind waves Waves induced by local wind, often short.
Swell waves Smooth waves traveling longer distances.
Waves Wind waves and swell waves combined.

The velocity, energy and power of a wave can be determined from its period and
height [12]. Given gravity g [ms™2], a wave period T [s], the phase velocity of the
wave ¢, [ms™!] in deep waters, that is, when the depth of the water is greater than
half the wavelength of the wave, is defined by

g
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Moreover, the energy of a wave Eyae [Jm™2] is determined by its height H [m],
gravity g [ms™2], and water density p [kgm™3] as

1
Eouve = —pgH?. 2.2
6P (2.2)

Combining the energy of a wave and the group velocity ¢, = ¢,/2 (deep water), the
wave power Pyawe [Wm™1] is then determined by

Pyave = Ewavecg- (23)

2.1.2 Vessel engine and navigation

Being able to interpret the performance of a vessel’s engine and its movement is
necessary for efficient navigation. Table 2.2 describes the fundamental measurements
of the engine and navigation that provide captains with the essential information
they need for operation. Unlike weather directions, 0° for heading and course means
that their vectors are pointing towards the north rather than away from it.

Table 2.2: Description of vessel engine and navigation measurements.

Measurement \ Description

Engine speed [RPM] The rotational speed of the crankshaft.

Engine torque [Nm)] The rotational force created by the crankshaft.

Engine power [W] The power generated by the crankshaft.

Speed over ground [ms™!] | The speed of the vessel measured by satellite.

Heading [°] The direction in which the vessel is pointing,
measured clockwise from the north.

Course [°] The direction in which the vessel is moving,
measured clockwise from north.

Longitude [°] The east-west position from Greenwich

Latitude [°] The north-south position from the equator

The engine speed w and the engine torque 7 are signals directly from the engine.
With these, the engine power P,pgine can be determined from

2mTw
Pengine = 60 (24)

2.1.3 The relationship between vessel speed and fuel con-
sumption

The resistances acting on a vessel are composed of friction and pressure resistances
of both air and water [13], [14]. Frictional resistance is the drag force induced by a
fluid that flows and sticks to the surface of the vessel. The pressure resistance, on
the other hand, consists of the resistance to drag and waves. Specifically, form drag
comes from the pressure differences caused by the shape of the vessel, and the wave
resistance comes from the making and breaking of waves. The power required for

6
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the vessel to overcome all these resistances can be determined analytically. Starting
with the general formula for the drag force Fiyag

1
Farag = ipUQC’DA, (2.5)

where p is the density of the fluid, v is the velocity of the object through the fluid, Cp
is the drag coefficient dependent on the Reynolds number measuring the smoothness
of the fluid flow, and A is the reference area. Moreover, the equation for power P is

P = Fu. (2.6)

The power Py.e required to overcome the drag of a (still) fluid can therefore be
given by

1
Pdrag == ipvchA- (27)

Applying this principle to all the drags that act on a vessel and putting them together
results in a total power Py, with unique drag coefficients for friction and pressure
and unique areas for air and water. The key point is that the relationship between
the power required for the vessel to overcome all drags and its velocity is cubic and
is also known as the propeller law [13], [14]. This is given by

Ptotal = kU3, (28)

for some constant k. However, note that this power does not equal the engine power
required to overcome the drags because energy is converted into the system; an
efficiency constant would have to be considered in k to determine this. Furthermore,
engine power and fuel consumption are directly related and therefore this law can
also describe the relationship between speed and fuel consumption. However, there
is a caveat to this. This relationship only holds for calm weather; it may be infeasible
to do this calculation at seas due to the complexity of environmental factors.

2.2 Data preparation

2.2.1 Correlation

A way of measuring the degree of association between two variables is to determine
the correlation [15] between them. A positive correlation is a relationship between
two variables in which if one variable increases, so does the other, and a negative
correlation is a relationship in which if one variable increases, the other decreases.

When two variables are collinear, they are linearly dependent. Multi-collinearity is
technically the same as the former but is used in the context when two prediction
features are collinear.

Correlation does not mean causation, which means that one variable does not neces-
sarily cause the effect on the other variable because they are correlated. Moreover,
correlated features are dependent, but uncorrelated variables do not mean that the
variables are independent. In other words, correlation is a subset of dependence.
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2.2.1.1 Pearson’s correlation coefficient

Fundamentally, Pearson’s correlation coefficient [16] measures the linear de-
pendence between two variables. For a population, given two random variables X
and Y the Pearson’s correlation coefficient px y is determined as in

oy = corr(X.Y) = COZ—S; Y) _E[(X - Zi()j(yy — uy)]7 (2.9)

if oxoy > 0 where pu and o are the mean and standard deviation of X and Y,
respectively. pxy € [—1, 1] where -1 means perfect negative collinearity, +1 means
perfect positive collinearity, and zero means that there is no linear dependence. For
a sample this is known as Pearson’s r denoted r,, and defined as

r= e (BT (BT, (2.10)

n—1=\ s Sy

where n is the sample size, x;, y; are the sample points, Z, 7 are the sample means
and s, s, are the sample standard deviations.

2.2.1.2 Spearman’s rank correlation coefficient

In some cases the relationship between two variables might not be linear. Spear-
man’s rank correlation coefficient [16] is a more general measure of correlation
which indirectly captures the non-linear relationship between two variables. This
is accomplished by determining the Pearson correlation coefficient of the rank vari-
ables R(z), R(y) instead. By ranking the values of the variables, non-linear changes
become monotonically increasing. Hence, the relationship between the rank vari-
ables can be captured by the Pearson correlation coefficient. More precisely, for a
population, the Spearman rank correlation coefficient p, is described as

Ps = PR(X)R(Y)> (2.11)

whereas for a sample this is r, defined as

65 (R(z) — Rw))”

i T (2.12)

Ts = IR@@)R(y) = 1

2.2.2 Principal component analysis

Data that appear to be high-dimensional can sometimes be described by a few latent
factors, and therefore reducing the dimensionality of the data can be of interest.
A method for doing this is principal component analysis (PCA) [17], which
does this by projecting centered data to lower dimensions while preserving as much
variance in the data as possible.

Consider a zero mean centered high-dimensional data set X € R"*¢ for n data points
and d dimensions. The principal directions V. € R%? contains columns with unit
vectors that optimally project the data to lower dimensions such that the variance
is maximized. For a basic case, each data point x; € R? is projected onto only the
first principal direction v; € R? as y; = v x;, where y; = (y1,v2,...,yn) € R is

8
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the first principal component. This is done such that the reconstruction error, the

mean square error (MSE), is minimized as

MSE ’Ul ZHmz _mzH

(2.13)

Here, €; = vv] x; is the reconstruction in the original higher dimension. Expanding

and simplifying yields

1 n
MSE(’Ul) = Eznmz - wl”
1 n
= ﬁz |wz 'UlyzH
1 n
= > (x; — yiv1) | (@i — yiv1)
i=1
1 n
TS R
i=1
Y-
= . ;(.’BZ £L; 2(”1 wz) +yz
IS (2T (o7 AQ)
= o> (ale (o] )").

-
Il
—

Hence, minimizing the above is equivalent to maximizing the second term.

From basic statistics, the variance is defined as

Var[X] = E[(X — E[X])’] = E[X?] — E[X]*.

Hence, the variance of the projected data y; is

Varly,] = :LG:('vfxi)z - ( ivjmi>2.

i—1
Varly,] =

T
=wv, Cvy,
where C' € R%? is the covariance matrix. Thus,

v} = argmin MSE(v,)

v1

= argmax Var[y,].
vy

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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Since vy is a unit vector, the maximization problem is subjected to the constraint

|v|| = v{ v, = 1, which is relaxed with a Lagrange multiplier \; as

v = argmax v; Cvy + )\1(1 — 'vlT'vl). (2.19)
1

First-order necessary conditions for optimality with respect to v, give

Cvi = \vy. (2.20)

Thus, v} is the eigenvector of C corresponding to the maximal eigenvalue. The
maximal variance of y; is therefore equivalent to

Var[y,|* = 'vi‘TCvik
= Ao} v} (2.21)
- )\1.

In the general case, this implies that the maximal variance of the j-th principal com-
ponent y; is equivalent to the j-th largest eigenvalue of C' with the j-th eigenvector
v} corresponding to the j-th principal direction.

Moreover, X can be decomposed by the singular value decomposition (SVD) [18] as

X =UxV", (2.22)

where U € R™*", 3 € R"*? containing the singular values along the d x d diagonal,
and V € R%9_ Hence,

C=X'X
=vx'u'uzv'
=Vvxiv’
=VAV',

(2.23)

and

Y =XV
=UZV'V (2.24)
=UX.

Thus, the principal directions can be obtained from the columns of V', and the
principal components can be obtained from the columns of UX from the SVD of
X.

10
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2.3 Feature selection for machine learning

Feature selection [19] is the process of identifying and removing as much irrelevant
and redundant information from the data as possible, measured, for example, by
correlation. Relevance, the extent of how well a feature describes the target, is pre-
ferred to be maximized because it can be difficult to establish relationships between
the target and irrelevant features. Hence, irrelevant features do not necessarily help
the model to accurately perform inference. Redundancy, which can be described as
the similarity between two features, is preferred to be minimized. If one feature can
be explained by another feature, it is sufficient to use one of them to describe the
target. Removing irrelevancy and redundancy reduces the complexity of the model,
making the training of the model lighter and more efficient, as well as making the
model more interpretable.

2.3.1 Minimum redundancy and maximum relevance

A popular algorithm for feature selection is minimum redundancy and maxi-
mum relevance (mRMR) [20], which attempts to resemble the philosophy above.
Algorithm 1 explains the details of this. As inputs, it takes features, a target, and
the number of best features k£ to preserve. Then, for each feature, the relevance
is calculated between the feature and the target. It continues to compute the re-
dundancy between this feature and all other features and sums them to a total
redundancy. The feature score is then determined by subtracting its relevance from
its total redundancy. This procedure is repeated for all features. Finally, the scores
are sorted in descending order, and the features corresponding to the k highest scores
are selected.

Algorithm 1: mRMR

Input: features, target, k
for feature i in features do
relevance = compute_relationship(feature i, target)
redundancy = 0
for feature j in features do
‘ redundancy += compute_ relationship(feature i, feature j)
end
scores[feature i] = relevance - redundancy
end
Sort scores in descending order
Output: select the top k features

2.4 Defining XGBoost

2.4.1 Decision trees

A decision tree [21] is a binary tree-like flowchart structure used to represent
a series of decisions and their potential outcomes. Each node in the tree splits
data based on a yes-or-no question revolving a feature, and leads down to ending
leaf nodes representing predicted outcomes. This structure can be leveraged as a
supervised machine learning model for both regression and classification tasks where

11
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training it yields an optimal way of structuring a decision-making binary tree given
a set of features.

The process of training a decision tree is as following. At each node, the algorithm
aims to split the data into subsets that are as homogeneous, or pure, as possible
in terms of the target feature. There are a number of different ways to measure
purity, one of them being Gini impurity which measures impurity as the likelihood
of mislabeling data points within a subset. The algorithm considers all possible
ways to split the data that forms a binary tree. It calculates the impurity reduction
for each potential split and selects the split that leads to the greatest decrease in
impurity.

One major advantage of decision trees is the simplicity of them. However, decision
trees tend to be unstable, meaning that a slight change in the data can lead to very
different series of splits. Also, they tend to severely overfit if the trees are too deep
[22].

2.4.2 Boosting

Boosting [23] is a family of supervised machine learning algorithms and consists
most commonly of chained weak learners to form one strong learner. A weak learner
is a classifier that weakly correlates with the true classification, still though better
than random guessing, whereas a strong learner correlates well with the true clas-
sification. Boosting is an iterative process. Every weak learner aims to improve
the prediction from the previous learner and incorrect predictions are more heavily
empathized in training.

2.4.2.1 Gradient boosting machine

In supervised machine learning we want to find some function F (x) that best ap-
proximates

n

Flx) = arg;nin E., [Z L(y;, F(wz))] , (2.25)

i=1

given features X € R"*? a target y € R”, a loss function L, n data points and d
features. Based on boosting, gradient boosting machine (GBM) [24] chains a
series of M number of weak learners a(x) such that they are together converted to
one strong learner F'(x). Specifically, F'(x) is defined by the weighted sum over all
M weak learners as

Flx) = Z_: Ym@m () + const. (2.26)

for some parameters 7,,. As in boosting, each weak learner aims to improve the
prediction of the previous learners. Gradient boosting does this by adding the weak
learner that minimizes the loss of the new prediction to the prediction of the previous
learner as

Fo(x)=F,_1(x)+ (argmin [i L(y;, Frn1 () + am(:cl))D : (2.27)

am(z) Li=1

12
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This problem can be simplified to a steepest to find a local minimum in the loss
function by iterating over F,,(x) as

Fn@) = Fn 1) = 3 30 Vi, L Fo 1), (2.28)

where the weak learner a,,(z) is approximated to the negative gradients g,,(x;)
determined as

_OL(yi, Fina(24))

) =~ (229)
with the training set
{@i, gm (@) 1y - (2.30)
The parameter 7, is optimized as
Vi = argmin ¥ L(y;, Fro1(2;) + yam(z;)), (2.31)
T =1
and the model is then updated accordingly
Fo(x) = Fpo1 (@) + ymam(x). (2.32)

A

Lastly, the final approximater becomes F'(x) = Fy ().

2.4.2.2 Extreme gradient boosting

Introduced in 2016, extreme gradient boosting (XGBoost) [7], is a specific
instance of gradient-boosted decision trees (GBDT) and regression trees (GBRT),
which in turn are gradient-boosted type of models where each weak learner is a
decision tree. The intuition of GBDT/GBRT is illustrated in Figure 2.1. It shows a
sequence of decision trees in which each tree slightly improves the prediction of the
previous one, causing the residual r; = y; — 9, ; to decrease sequentially. Together,
they all form one strong learner that minimizes the residual r; = y; — 9.

The objective L to minimize for each tree (2.33) is similar to the one in the minimiza-
tion problem (2.27) but with added regularization w(a) which penalizes complexity
of the trees in order to reduce overfitting.

L, = i Uyi, Frn1(2;) + am(x;)] + w(am)- (2.33)

i=1

A second order Taylor approximation is performed on a convex error function [

L, ~ zn: [l(yi, Foi(x;)) + (gmam + ;hmafn) (:I:Z)} + w(ay). (2.34)

i=1

Removing constants with respect to a(x) gives the new simplified objective

13
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Ui = Fi(z;) Uoi = U1, + Folx;) Uni = Gn—1 + Far(z;)

A AL LA
AN AN A

e——— o e  —(—

Ty =Y i =Y — Y1, i =Y — YMm—1,i

Figure 2.1: GBDT and GBRT consist of a sequence of decision trees, each tree
improving the prediction of the previous one. Together they form one strong learner
that minimizes the residual r; = v; — G-

~ n 1
=1

where g,,,(x;) and h,,(x;) are the first and second derivatives of the loss

OL(yi, Frn1(x:))

OF (@) (2.36)
h (m> _ 82 (yza m— 1(131))
mn ’ 3Fm_1(33i) '
Moreover, each tree a,,(x) is defined as
am(T) = wyzy) €RT, ¢ R — {1,2,...,T}, (2.37)

where leaf weights w is a vector containing the scores for the T number of leaf

nodes, and ¢ is a tree structure that assigns a data point x; € R? to a leaf node,
where d is the number of features, to the corresponding leaf node index of the tree.
Furthermore, the regularization w(a) is defined according to

1 T
w(a) = pT + 5)\ > " wy, (2.38)
=1

with penalty constants p and A. Inserting the definition of the tree (2.37) and the
regularization (2.38) into the objective (2.35) yields

n 1 1 T

=Z{ () o) + 5o (:) Sw} 1T+ Ay w? (2.39)
=1 t=1
T
Z Z gm(x;) | wy + Z B (225) + X | w?| + uT. (2.39b)
t=1 i€l 2 i€l

14
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Here, I, = {i | q(x;) = t} is the set of indices corresponding to data points that
belong to node ¢t and n is the number of data points. The summation index in (2.39b)
is changed since data points within the same leaf node share the same score. Further
letting Gy = Yicr, 9m () and Hy,p = icq, ham(2;) simplifies the expression to

1

L=y

t=1

First-order necessary conditions for optimality give

¥ — 2.41
resulting in the optimized objective
. 1 & G?
Li(q)=—= L uT. 2.42
(@) = =3 t; o T (2.42)

That is, for a given tree structure ¢. Its measure can be interpreted as the impurity
of the decision tree, but with the added benefit that it captures the complexity of it;
the smaller the score, the better the model is. It should be noted that it is generally
intractable to compute all possible tree structures. Instead in practise, one level of
the tree at a time is optimized using a greedy algorithm; starting from one single
leaf node, the optimal split is found by maximizing the loss reduction (score)

(2.43)

1 ( G2 G2, (Gr, + Hp)? ) -

L=- -
2\H,+ X " Hrp+ A Hp+Hp+\

where the first term is the loss of the left leaf, the second is the score of the right
leaf, the third is the score on the original leaf, and the fourth is the regularization.
Algorithm 2 describes this more precisely as following. First it takes the set of
indices I; for a node t, and a score of zero is initialized. Then for each feature k and
data points x;, the loss reduction between before and after the split is computed.
The score is updated to this loss reduction if it is greater than the old score. Lastly,
the selected split at node t is the one corresponding to the maximum loss reduction.
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Algorithm 2: XGBoost

Input: [,
G Zier, 9(x:)
H Zieh h<wl>
score = ()
for k=1 to d do
GL +~—0
H;, <0
Sort I; in descending order by xj
for iin /; do
GL — GL + g(xzk)
H; «+ Hj, —f-h(l‘lk)
GR ~— G — GL
HR +— H - HL
score <— max (score, Hf?H + HiEA — HGjA)
end
end
Output: the split corresponding to the max score

To further reduce overfitting, in every boosting round when a new tree is added to
the model, the leaf weights of the added tree are scaled by a small factor. This is
called shrinkage and can be analogous to learning rate in stochastic optimization.
It reduces the learning effect of the tree to leave room for other trees to enhance
the model. Even more so, bootstrap aggregating (bagging) [25] on the features is also
leveraged to reduce overfitting, meaning that each tree is trained using a random
subset of the features, with replacement.

Building optimal decision trees is powerful but can also be computationally demand-
ing. XGBoost supports several techniques for efficiency such as approximate algo-
rithms for optimal split finding, an algorithm handling sparsity patterns, paralleliza-
tion, cache-awareness, and data compression. Consequently, XGBoost is a scalable
tree boosting system and shown state-of-the-art performance for many problems.

Here, y at one step ahead in the future is determined by its own history, the past
and present of u, and the present e.

2.5 Defining S5

2.5.1 State-space models

Introduced by Kalman (1960) [26], the state-space model (SSM) is a fundamental
mathematical framework in control theory that describes how input signals of a
linear time-invariant (LTI) system are mapped to output signals through latent
states in time. It is governed by

(t) = Ax(t) + Bu(t),

(2.44)
y(t) = Ca(t) + Dul?),

where u(t) € CM are the input signals, &(t) € C' are the latent states, and y(t) €
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C¥ are the output signals. A, B, C, D are called transition matrices where A €
CP*P is the state transition matrix describing the evolution of latent states over
time, B € CP*M is the actuator matrix describing how the dynamics of the latent
states are externally affected by the input signals, C € C¥*¥ is the observation
matrix and maps the latent states to the observed output states, and D € CV*M is
a skip connection that relates the input directly to the output. An SSM is said to
be single-input-single-output (SISO) for M = N = 1 and multiple-input-multiple-
output (MIMO) for M > 1 and N > 1. A block diagram for a typical state-space
model is shown in Figure 2.2

S

A

A

Figure 2.2: A typical state-space model.

Furthermore, in the time domain, the entire system can be characterized by the

impulse response g(t) € CN*M_ Once known, it can be convolved with the input to
obtain the output directly as in

y(t) = g(t) xu(t),

g(t) = Ce*'B + D4(t), (2.45)

where 0(t) is the Dirac delta function. Obtaining the output and impulse response
from this is in many cases intractable due to performing convolution and matrix
power operations. Instead, it is more convenient to compute the output Y (s) € CV

using the input U(s) € CM and the transfer function G(s) € CN*M in frequency
domain given by (2.46) where convolution and matrix powers corresponds to multi-
plication and inverting respectively.

(2.46)

where

s=0+iw (2.47)

is a complex frequency, simply known as the Laplace variable.

Transforming (2.46) into the time domain by an inverse Laplace transform yields
the impulse response and the time dependent output, and vice-versa:

17
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L{g(t)) = G(s) <= L7(G(s)) =g(t). (2.48)

2.5.1.1 Discretization

To represent a discrete linear sequence as a state-space model, it is necessary to
discretize (2.44) with step size A. This yields (2.49) with discretized transition

matrices A, B,C, and D.

Ty = Axy + Buy,

_ _ (2.49)

yr = Cxy + Duy.
One method of discretization is to assume zero-order hold (ZOH) [27] for the
input, which means that the system samples the latent state given an input and holds
this value until the system samples a new latent state given the next input. This
results in a continuous output and follows an exact discretization in time domain of
the state-space with transition matrices according to

AA

Y

(&
A-\(A—-1I)B,
C,

Ql &
I

(2.50)
D =D.

In case of a non-invertible A, the input matrix instead takes the form

B- (/TA; e”‘dr>B. (2.51)

2.5.1.2 Transformed state-spaces

An SSM (2.44) can be transformed to a different but equivalent SSM [10] as

&(t) = {ia:z(t) + Bu(?), (2.52)
y(t) = C&(t) + Du(t),
where
E(t) =T 'x(t),
A=T'AT,
B-TB. (2.53)
é - CT7
D=D.

Notice that the input w(t) and the output y(t) persist the same. A typical transfor-
mation and special case is that if A is diagonalizable by T, being its eigenvectors,

then the new SSM is a diagonalized SSM, where A = A is a diagonal matrix con-
taining the eigenvalues of A.

18
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2.5.1.3 Stability

The state dynamics of a state-space model captured by A can be categorized as
stable or unstable. This is called stability [28]. A stable system means that the
states converge to a stable point as t — oo, similar to a ball between two hills. If
nudging the ball a bit, it will roll back to a stable point. In contrast, an unstable
system means that its dynamics diverge and its values explode to +00 as t — oo.

The stability of a system can be mathematically determined by the eigenvalues of A.
A continuous linear system is stable if all real parts of the eigenvalues are negative
and unstable if any real part of the eigenvalues is positive. A discrete system is
stable if the magnitudes of the potentially complex eigenvalues are between -1 and
1, otherwise it is unstable. If any eigenvalue is complex with a non-zero imaginary
part, the dynamics will exhibit oscillatory behavior.

Using methods from robust control theory, more advanced criteria of stability can
be formulated, taking the whole system from input to output into account instead
of only looking naively at the stability of the state transition matrix A. One such
example is the small-gain theorem [29] which states that a system is stable from
input to output if

Gl - 1 Hly, < 1, (2.54)

where G, H and potentially others, are connected transfer functions, and ||-||,,_ is

the H.-norm defined as
1G5, = maxo1(G(s)). (2.55)

2.5.1.4 Controllability and observability

Controllability and observability [30] describe to what extent the dynamical behavior
of a state-space can be manipulated and understood.

Controllability is the ability to control the dynamics of a state-space to any desired
state from an initial condition given the available inputs w(t). A controllable system
gives the flexibility to manipulate dynamical behaviors.

Observability, on the other hand, is the ability to estimate any state from available
output measurements y(¢). An observable system can give a better understanding
of the dynamical behaviors of a system.

Mathematically, their definitions are similar. The degree to which the states are
controllable and observable can be determined by the controllability and observability

Gramians, W.(t) and W,(t). These are described by

t
W,(t) = / ATBB AT dr,
0 (2.56)

t
W, (t) = / ATCHCeA T dr,
0

and are most often evaluated where ¢ — oo.

Basically, the larger the eigenvalues of W, and W, the more controllable or ob-
servable the system. However, calculating the Gramians by their definitions is often
impractical. Instead, if the system is they can be obtained through the Lyapunov
equations
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AW,+W_A"+ BB* =0,

(2.57)
AW, + W,A+C*C =0.

2.5.2 High-order polynomial projection operators

When modeling long-term, intricate temporal dependencies, integrating information
from previous time-steps is crucial. Most popular machine learning models, however,
all exhibit a common limitation: forgetfulness. For example, the attention mech-
anism has non-dynamic context windows while classical recurrent neural networks
(RNNs) generally suffer from the vanishing gradient problem.

Given a signal evolving in time, i.e., a continuous function f(¢) € R, is it possible
to construct a constant-sized representation c(t) € R” which effectively encodes the
entire history of f(¢) from time 0 to ¢?

The High-order Polynomial Projection Operators (HiPPO) gives a solution
to this, requiring two things: a measure to quantify the quality of the approximation,
and an appropriate subspace. Making use of an orthogonal polynomial basis, a
common tool from approximation theory, it was shown in [31] that not only can the
compression ¢(t) be approximated, but can even be solved optimally in closed-form,
according to some chosen measure.

More formally, a space of square integrable functions L? with probability measure
p on some domain A is a Hilbert space H, with the inner product

(£.9), = [ T@g)duz). (258)

where f(x) is the complex conjugate of f(x). This induces a norm

£l 2 = (F: £))% (2.59)

Although any subspace could be used, the polynomial basis, G, is suitable and is a
more general basis than, for example, the Fourier basis.

Since f<; € R<;, the HiPPO framework defines the probability measure on the same
domain and also lets it vary in time, yielding the measure ;).

An optimization problem can now be formed as

argmin”fgt — g(t)‘ (2.60)

Y
g(®) L2(p(®)

where ¢® € G. A natural choice for ¢ are polynomials orthogonal with respect to
the measure p®, i.e., when Equation (2.58) equals zero for two polynomials f and
g.

The coefficients of such polynomials can be expressed as the projection

where n < P.
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This projection can now be differentiated with respect to t, which yields a linear
parameter-varying (LPV) differential equation.

é(t) = A(t)e(t) + B(t)£(1). (2.62)

For the novel scaled Legendre measure (LegS), here defined on the half-open interval
as

1
M(t) = EH(O,t]a (2.63)

and a basis of Legendre polynomials, Equation (2.62) becomes

e(t) = —1Ac(t) + 13 £(0), (2.64)

which is still LPV; the time dependence is now found in the factors %, effectively

giving less importance to old inputs. If discretized using zero-order hold, this turns
into

c(t + At) = ePe(t) + (/Tm eTAdT>Bf(t). (2.65)

=0

If A is invertible, this simplifies to

c(t + At) = e*e(t) + A7 (X4 — T) BE(t) (2.66)

which has the closed-form solution

Ven+1)(2k+1) ifn>k
Apr=—qn+1 ifn==~k, B,=+Vv2n+1 (2.67)
0 ifn <k

We follow the nomenclature of previous works [32] and call this the HiPPO-LegS
matrix. Diagonal state dynamics is desirable to be able to run the system (2.49)
recurrently using parallel scans [9], allowing efficient computations of the matrix
powers that arise. Unfortunately, this matrix cannot be numerically stably diago-
nalized [33] as it is not a normal matrix and thus requires another option.

The HiPPO-LegS matrix can be also decomposed into a normal plus low-rank

(NPLR) form

A=AN _ppT, (2.68)

where

(n+3)(k+3) ifn>k
ifn==~k (2.69)
(n+3)(k+3) ifn<k.

N
Afl,k) - -

QM‘HQ

is the normal matrix and
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P,=\[n+; (2.70)

is a low-rank matrix. Here A®) is called the HIPPO-LegS-N matrix, or just HIPPO-
N for short. Using this instead of the HIPPO-LegS matrix was empirically found
to perform equally well while also lending itself to be diagonalized with a unitary
matrix by the spectral theorem

AP) = eig (AM). (2.71)

2.5.3 Wiener models

A Wiener model [34], shown in Figure 2.3, is a linear dynamic system with a
proceeding non-linearity. The linear system takes an input u, and the linear output
is mapped to a non-linear output y through a non-linearity. The purpose of the
non-linearity is to capture more complex dynamics of a system.

ut —————» Linear system [(——» Non-linearity F——» vy

Figure 2.3: The Wiener model takes an input u to a linear system and maps the
linear output to a non-linear output y.

2.5.3.1 Structured state-space sequence models

An approach to approximate non-linear dynamics is to construct an SSM as a neu-
ral network where its transition matrices are trainable parameters, and adding a
sequence of dense layers and activations after the SSM. This is what the struc-
tured state-space sequence model (S4) [8] aims to do, which is nothing else
than a deep Wiener model [35], if multiple S4s are chained sequentially. S4 initial-
izes A, B with the HiPPO-LegS framework, as this greatly improves performance
by allowing the latent states to remember the history of the inputs described in
Section 2.5.2.

By discretizing the SSMs within a deep S4, an impulse response for each SSM can
be obtained in closed form by unrolling the dynamics to a vector g. This can be
utilized specifically for training the model by obtaining the entire output sequence
directly with convolution. This is in fact a naive approach and is computationally
infeasible for long sequences of data due to repeated matrix exponentials of A. To
overcome this, g is instead approximated in the frequency domain, greatly simpli-
fying the computation. However, for this computation to be effective, A must be
diagonal or parameterized as diagonal plus low rank (DPLR), that is, A— PP for a
diagonal A and a low-rank term P. As mentioned previously, HIPPO-LegS cannot
be diagonalized numerically stably since it is not a normal matrix, but it can be
parametrized as NPLR as in (2.68). In turn, A®) can be diagonalized numerically

stably, and by rearranging the terms, a numerically stable DPLR expression Apprr
can be decomposed from A as follows.
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A=A _ppT

=VAV* - PP'

(2.72)
= V(A - (V'P)(V*'P))V*
=V(A-QQ")V",

where @ = V*P. The SSMs within the model can be transformed into different
but equivalent SSMs according to Section 2.5.1.2, where A = Apprr = A — QQ*.

With regard to dynamical stability, Goel et al. (2022) [36] showed that the stability

of Apprr, in terms of eigenvalues, depends only on the dynamical stability of A,
not on the low-rank term. They empirically found that allowing A to train freely,
all eigenvalues remain stable on the basis of stable initialization of the eigenvalues,
which A®) provides. Unfortunately, there is lack of theoretical evidence to support
this as a fact. However, one can regularize the eigenvalues during training by taking
the real parts to the exponent to penalize them when they are positive.

The S4 is inherently a SISO model, but allows for a pseudo-MIMO setting by stack-
ing parallel S4 layers and mixing all outputs in the proceeding dense layers to model
coupled non-linear dynamics. A more generalized and efficient architecture of S4
is the simplified S4 (S5) [9] which is a true MIMO model in which controllable
states are coupled by the transition matrices, i.e. inside the SSMs. The true MIMO
nature of S5 makes it perform just as well as S4 but with far fewer parameters. The
complete architecture of the S5 is shown in Figure 2.4.
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Figure 2.4: The architecture of S5 is analogous to a Wiener model; the linear
block consists of a state-space layer, and the output goes through an arbitrary non-
linearity. L here is the length of the time series to predict and 4, is the prediction,
which can be used as an input to a proceeding Sh-layer.

Although the convolutional approach is not available for S5, the computational and
spatial complexities for both training and prediction are the same as for S4 using a
parallel scanning algorithm. A benefit of training recurrently with this algorithm is
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that it allows to train on irregularly sampled data, which is not possible with the
convolutional approach in the case of S4. However, for the scanning algorithm to
be efficient, A in this case must be diagonal. This is achieved by initializing A with
AW instead of HIPPO-LegS. Gu et al. (2022) [32] showed that in the limit of infinite
latent state dimensions, an SSM initialized with HiPPO-N converges to an SSM
initialized with HiPPO-LegS anyway, explaining why this initialization still performs
well. By performing the numerically stable diagonalization A®N) = VAV*, the
SSMs within S5 can, similarly to before, be transformed into different but equivalent

SSMs according to Section 2.5.1.2, where A=A = V1AMV,

Since training is performed in the time domain, ZOH is used for discretization as
this provides an exact discretization. Inserting the transformed transition matrices
into the equation for ZOH (2.50) yields the following.

A=V 'aMva
B=(V'AMVYA-I)(V'B
c=cCv,

D=D

Y

where A € R contains one time delta step for each latent state, also trainable
parameters. S5 tends to perform better with this setting than having a single time
delta step.

Regarding prediction, it is generally known that the inference speed of autoregressive
models is one of their major limitations. This is because passing the whole sequence
is required for every new sample. The S5 on the other hand performs prediction
recurrently which only requires constant computation and memory per time step
unlike conventional autoregressive models that scales with the context length.

2.5.4 Balanced realization

When state-space models are large, it may be desirable to compress them. This
can be done with balanced realization [10] that transforms a state-space with a
change of variable such that the input w(¢) and output y(¢) remain the same while
also balancing the gramians of the system. This is desirable because it induces
"dead" states in the system. These are states which now are neither particularly
controllable or observable, which can then safely be removed by simple truncation
without affecting the input-output energy (or variance) of the system too much, i.e.,
the transfer function will remain largely the same.

More specifically, given the state-space (2.44) let &(t) = T'z(t) where z(t) € C' and
T € CP*P the state-space is transformed according to Section 2.5.1.2 as

2(t) =T 'ATz(t) + T ' Bu(t),

y(t) = CTz(t) + Du(t), (2.74)

with new transition matrices
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A=T7"'AT,

B=T"B,

P (2.75)
D =D.

It is called balanced because the controllability and observability Gramians, W, and
W, are balanced in the frame of the transformed system. This transformation,
along with the truncation, is shown in Figure 2.5.

Gramians:
and controllability

Balanced Gramian

I=1,-"
’

Balancing
transformation

@*

Figure 2.5: Balancing the controllability and observability gramians by a trans-
formation.

Precisely, W, = W, = ¥ € CP*? where ¥ is diagonal and is referred to as the
Hankel matriz containing the Hankel singular values. The system’s new Gramians
are obtained by inserting (2.53) into (2.56) with ¢ — oo and simplifying, yielding

W.=T"'W,. T,

“ (2.76)

W,=T"W,T.
For this evaluation of ¢, the Gramians are only feasible to compute for stable systems,
since A is contained in the exponent in (2.56). Balanced realization is therefore
performed only on the stable states of the system. Moreover, the product of the new
Gramians are

WW, =T 'W,W,T = 32, (2.77)
= WW,T =T (2.78)

Notice that (2.78) is the equation for the eigendecomposition of W.W,, where T
contains the eigenvectors, and the squared Hankel singular values are the eigenvalues.
Since W, and W, can be computed from the original transition matrices, T' can be
retrieved from the eigendecomposition of W.W,. However, doing this could produce

any scaling of the eigenvectors, which could result in W, #+ W, even though (2.77) is
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satisfied. Though, most computational software use standard scaling that scales the
eigenvectors such that they have unit norm. Hence, the eigendecomposition yields

T.'W.T,* =%,

(2.79)
T:WoTu = an

with unscaled eigenvectors T, and eigenvalues 3. and X, respectively such that
3. # ¥, could be the case. Scaling the eigenvectors with 3, as

T=T,3%, (2.80)
yields

T 'W.T*=%.3?

2.81
T"W,T = 3,32 (281)
For W, and W, to be equal,
X 2=3,32 (2.82)
= 3, = nl/in-14 (2.83)

The unscaled eigenvectors T that truncate (2.52) can then be obtained as in (2.80).

From the eigendecomposition, the Hankel singular values are sorted along the diag-
onal of the Hankel matrix in descending order, meaning that the first column in T is
the most controllable and observable state direction, the second is the second most,
etc. Hence, keeping the first () columns truncates the transformed system such that
it keeps the amount of energy explained by the () most controllable and observable
states.

Next, the goal is to rewrite (2.74) in its truncated form. Let

T=|¥|T)
g1 [;I’}] (2.84)

where ¢t denotes the truncated part of the respective matrix, ¥ € CP*Q T, ¢
CP*(P=Q) @ ¢ CO*F and S, € CP=@*P_ (2.74) can therefore be rewritten as

- EatsaE] [
y(t) = [C¥ | CT}] lffé))] + Dult), .

where (t) € C? contains the states to keep and 2z;(t) € C*~2 contains the truncated
states. After truncation where the first () columns of T' are kept, i.e., z(t) = 0,
(2.74) can be approximated to
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x(t) = P*AVE(t) + " Bu(t),

2.86

y(t) = CPx(t) + Du(t), (2.86)

such that it preserves the energy corresponding to the () most controllable and
observable states.

2.5.5 Operator norms and error bounds

Technically, it is the variance which is to be preserved when truncating a system,
but the term energy is still commonly used for historical reasons in electrical circuits
[10].

It is often more intuitive to truncate a state-space based on the amount of energy
in the system that is desirable to preserve rather than the number of states to keep.
This can be done by investigating the Hankel singular values. As these are sorted in
descending order in the diagonal Hankel matrix, 3, the cumulative sum of the @)
first singular values divided by the sum of all singular values to obtain the fraction
of preserved energy.

Using the H, operator norm defined in (2.55) the balanced realization aims to solve
the min-max problem

min|G = Gally,

cumsum (diag(Zs)M» . (2.87)
¥ diag (%), ce

where € is the largest tolerable fraction of the variance to be lost, Y is the Hankel
matrix and G is the reduced order model.

s.t.

There exist lower and upper bounds for the error of a chosen truncation:

P
og41 < ||G—Gqlly,. <2 ) o, (2.88)
i=Q+1

where o are the Hankel singular values, i.e., the elements of diag(X;).

2.6 Metric for benchmarking

2.6.1 Envelope-weighted mean absolute error

Envelope-weighted mean absolute error (EMAE) [37] is a dimensionless rel-
ative error metric in percentage form defined by

Zi]\ilkgi - Z?z’

EMAE = —
EiJL max (yia yi)

. 100, (2.89)

for true values y, predictions ¢ and N data points. Unlike other relative error
metrics, EMAE is symmetric and scale-independent, which means that the same
absolute errors yield the same unique relative error. It also has the property of
never diverging at any point.
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2.7 Miscellaneous

2.7.1 Nonlinear autoregressive exogenous model

The nonlinear autoregressive exogenous model (NARX) [38] is a non-linear
autoregressive model including external inputs that describes the evolution of a time
series. Given a variable of interest y to model in the future, external or exogenous
inputs u that help predict y, noise €, and a non-linear function F'; NARX is defined
accordingly:

Yo = F (Y1, Yo, Yr—3, ooy Up, Upm1, Ug—2, Uy 3, ...) + €. (2.90)

2.7.2 The curse of dimensionality
The curse of dimensionality [39] is the concept that explains why the sparsity
of available data increases as the dimensionality of the data increases.

More formally, given d dimensions and n data points where X} = (2}, 2%, ...,1%) €
R? Vi = {1,2,...,n}, and a query point Qa4 = (q1,92,---,q4) € R?, the Minkowski
distance (LP-norm) between X} and Q)4 can be calculated according to

i p)”
s-af)’ o

d
pi-od, - (£

which measures the dissimilarity between two points. The largest and smallest
distances between (); and two other data points can be defined as

Dain = min { X} = Qu 1 1< < n},
? (2.92)
D4 max = max {HX; — Qde |1<i< n} .

Under the assumption that the dimensions of X, and @, are independent and unique,
then

. |Dd,max - Dd7min| o
dlgg@ Do = 0. (2.93)

This means that as the number of dimensions grows large, the data points become
so sparse that the distance between a query point and any data point converges to
the same value. In other words, all data points become dissimilar. This is visualized
in Figure 2.6.

In the practice of machine learning, this means that a predictive model will fail to
generalize and have difficulty interpolating because there is no similarity in the data.
However, Hughes” phenomenon [40], visualized if Figure 2.7, states that the accuracy
of predictive models initially increases with dimensionality up to a certain point
because the data become more separated, and this helps the model to discriminate
between clusters of data. After this point, the accuracy decreases for the reason
explained above.
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Dd,max

!

Figure 2.6: The case in 2.6a is when the dimensionality is low, and 2.6b is when
the dimensionality is high. In 2.6a, there is a clear minimum and maximum distance
between a query point and other data points. In 2.6b, the data points are so sparse
and far away from each other that the distance between a query point and any other
data point converges to the same value. The dashed lines indicate that the crosses
are a query point Q4.

Hughes Phenomenon

B Accuracy
B Optimal dimensionality

Accuracy

Dimensionality

Figure 2.7: Model accuracy vs. dimensionality (number of features), usually has
an optimum according to Hughes phenomenon.
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Methods

In the following sections, the methods that were used to carry out the objectives of
the thesis are presented. These include the methods used for preparing the Burd
ferry data, selecting features for prediction of fuel consumption, implementing XG-

Boost and S5 for prediction, as well as carrying out balanced realization on a trained
S5.

3.1 Preparing data

Time series data were collected from the Burd passenger ferry operating in the
Gothenburg archipelago between December 2022 and August 2023. The routes, or
legs, that Bur6 traveled during this period were Kalvsund-Groto, Groto-Framnés,
Framnés-Ockerd, Ockero-Kalvsund, Kalvsund-Ockerd and Groto-Ockerd. Figure 3.1
shows how the speed of the ferry varies for some samples from all legs.

Speed [m/s]
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Figure 3.1: 2000 random samples of the vessel speed from all legs from the Burd
ferry plotted on a map of the Gothenburg archipelago. Ockerd lies to the west, with
Kalvsund and Framnés positioned centrally and Groto situated in the south.

The data consisted of engine signals, navigation measurements and forecasted weather
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data, all shown in Table 3.1. The weather data were sampled hourly and approxi-
mated in large regions, making the weather data constant thereafter.

Table 3.1: The features from the original data set. Fuel per time step [Ls™!] is
the amount of fuel used between two time steps and delta distance [ms™!] is the
distance travelled between two time steps. Steady-state and sailing state are both
categorical features. Steady-state is binary and classifies if the vessel has constant
speed or not. Sailing state classifies the vessel’s state as either docked, docking,
stopped or sailing.

Original features

Fuel per time step

Delta distance

Engine speed

Engine torque

Speed over ground

Acceleration

Longitude

Latitude

Steady-state

Sailing state

Leg name

Forecasted wind speed/direction
Forecasted gust speed/direction
Forecasted wind wave period/height /direction
Forecasted swell wave period/height/direction
Forecasted wave period /height /direction
Forecasted current speed/direction
Forecasted water temperature
Forecasted air temperature

Forecasted air pressure

Timestamp

Figure 3.2 shows how the fuel per time step, the engine speed and the speed over
ground change over the course of a journey from Ockerd to Grotd. The data were
prepared, which involved cleaning and feature engineering, to obtain high-quality
data to help the models learn better.
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Figure 3.2: Unprocessed time series data of fuel per time step, engine speed and
speed over ground of a 20min long time series. Fuel per time step follows the
engine speed closely whereas speed over ground follows it vaguely. There is much
stochasticity in the engine signals, both from signal noise and seemingly mechanical
and human behaviour. The dip in speed over ground at the start can be explained
by a reversal maneuvering. Notice that there is a delayed response in speed over
ground from engine speed.

3.1.1 Cleaning data

For cleaning, the raw data were resampled at 3% Hz and outliers and NaNs were
removed. Arguably, the most important filtering procedure was to remove samples
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in which the vessel had significant acceleration, specifically at the start and at the
end of the journeys. This was important because the vessel’s velocity can only
determine the required power to overcome the drags as in (2.8), not the engine
power itself. It is only when the resulting force of the drags and the thrust is zero,
i.e. constant velocity, that the engine power and the required power are similar. If
the vessel is accelerating, the engine power is greater than the required power and
vice versa when decelerating. However, it is quite naive to filter on acceleration to be
zero since this rarely happens in practise. Moreover, the models used for prediction
had varying abilities for allowing filtering on acceleration due to the nature of their
architectures. More on this in Sections 3.3 and 3.4.

Furthermore, states where energy optimization is uninteresting for the captain, such
as non-sailing states, reversals and short journeys were also removed. Samples where
the vessel was docked and in the process of docking were removed simply by keeping
those in the sailing state true. Reversals of the vessel were removed by filtering out
data points where the angle difference between heading and course was greater than
120° for more than 6s. Time series that were shorter than one minute were removed
and unique IDs were assigned to the remaining journeys to be able to divide the
data randomly into training, validation, and test sets with respect to entire time
series. In addition, a moving average with a window size of 10s was swept over the
data to smooth out the noise.

3.1.2 Engineering new features

All engineered features are summarized in Table 3.2. The target feature, fuel per
distance [L m™!], was obtained by dividing fuel per time step [Ls™!] by the delta
distance [ms™!']. In addition, engine power was derived from (2.4).

Table 3.2: Features engineered from the original ones. The original forecasted
weather features in Table 3.1 were replaced by their corresponding head and side
components in the vessel’s reference frame.

Engineered features

Fuel per distance

Engine power

Head/side wind velocity/pseudo-drag

Head/side gust velocity /pseudo-drag

Head/side wind wave velocity /pseudo-drag/power
Head/side swell wave velocity /pseudo-drag/power
Head/side wave velocity /pseudo-drag/power
Head/side current velocity /pseudo-drag

Wind wave energy

Swell wave energy

Wave energy

Figure 3.3 shows how fuel per distance, engine power, and speed on the ground
change over a journey from Grotd to Ockers. More importantly, it specifically
explains how the engine power and the required power to overcome all drags relate
in real-time.
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Figure 3.3: An 11 min long processed time series data of fuel per distance, engine
power and speed over ground. There is less noise as a result of the smoothening.
The speed of the vessel resembles these curves of the engine signals during cruising.
Although the data was filtered to extract cruising, data prior to and after this
are shown to illustrate mismatch between the engine power Fingne and the power
required to overcome all drags Pirag. When Buré accelerates at the beginning, the
engine signals are large for small speeds; Pengine > Parag. As the speed converges to
a steady state, the engine signals does so t0; Pengine ~ Pirag- During these periods,
it physically makes sense to approximate Pengine With vessel velocity as in (2.8).
Toward the end of the journey, when Burd decelerates by almost eliminating Pengine,
the engine signals are small for large speeds; Pepgine < Parag. Notice how different
values the engine signals take for the same speeds in red and yellow.
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Weather induces drag forces on the vessel, which have quadratic relationships with
the respective weather velocities, as stated in Section 2.1.3. Current, wind, and wave
velocities were squared to obtain these relationships, which are named pseudo-drags
here. The wave velocities were determined according to (2.1) and these were also
used to calculate the corresponding wave energies of (2.2) and wave powers of (2.3).

As mentioned in Section 1.3, the weather affects the fuel consumption of vessels,
but it is really the weather in relation to the frame of the vessel (head and side
components) that has external effects on the vessel. Since position and course in
the future can be approximately determined through integration, forecasted weather
decomposed into the head and side components of the vessel’s reference frame can
also be determined. Therefore, these features are valid for use in a predictive model
when optimizing along a journey.

The head and side components were obtained by taking the cosine and sine of
the angle differences between the course and the weather directions, respectively.
Positive head components mean that the weather is coming from the front of the
vessel (e.g. head wind) and negative from behind (e.g. tail wind). Fuel consumption
was assumed to be not dependent on whether the weather came from the right or left
side of the vessel. Therefore, the side components were always set to their absolute
values to reduce the domains of these features.

3.1.3 Exploring feature dependence

To better understand how the features co-varied with fuel per distance, the cor-
relations between the features were computed. More specifically, Spearman cor-
relations were computed rather than Pearson’s r to better capture nonlinear de-
pendencies. However, the original weather features were discarded and only the
feature-engineered head and side components of the weather were considered. The
wave periods were also discarded because wave velocities were obtained instead.

3.2 Selecting features

Based on the correlations, feature selection was carried out in congruence with the
theory of relevance and redundancy explained in Section 2.3. The mRMR algorithm
has a fundamental flaw, though; a feature’s score is its relevance subtracted with
its total redundancy. The subtlety here is that if the most relevant feature gets a
significantly large total redundancy, it scores the lowest and will be considered as
the worst feature even though it is the strongest predictor.

In an attempt to overcome this issue, a new algorithm was developed. Norlund’s
feature selection, introduced here, similarly leverages relevance and redundancy to
select the most appropriate features. The intuition of this algorithm is that features
that are too redundant with the most relevant features are removed altogether. A
threshold is used as an upper bound on redundancy and another threshold is used
as a lower bound on relevance.

Algorithm 3 shows how this works. First, the relationships between all features
are computed, e.g. correlation. From these, the features with their relevances are
obtained and sorted in descending order. Then, for each relevant feature, features
that are too redundant with the relevant feature are removed from relevant features.
This makes the set of relevant features dynamically change and ensures that a re-
moved feature is not considered in a later iteration. Lastly, too irrelevant features
are removed, and this results in the final set of selected features. This algorithm
was used for feature selection for both XGBoost and S5, with an exhaustive grid
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search over thresholds for relevance and redundancy to obtain features that yielded
better predictions and to account for Hughes’ phenomenon. With all correlations
precomputed, this grid search runs almost instantly, considering that the process
will be bounded by the ranking procedure, which runs in O(nlogn) time required
when calculating the Spearman correlations, where n is the number of data points.

Algorithm 3: Norlund’s feature selection

Input: data, target, relevance and redundancy thresholds
Compute the relevances with target for all features
Sort features in descending order by relevance
for feature in feature set do
if feature relevance < relevance threshold then
‘ Remove feature from feature set
end
end
for relevant feature in feature set do
Compute remaining redundancies between relevant feature and feature set
for other feature in feature set do
if other feature redundancy > redundancy threshold then
‘ Remove other feature from feature set
end

end
end
Output: feature set

3.3 Predicting using XGBoost

XGBoost was implemented in such a way that it mapped a set of features at a
time t to the fuel per distance also at time t, that is, there is no time dependence.
This property allowed for further filtering of the data on when Fegine ~ Flrag,
which created gaps in the time series as a consequence. This was done because the
cruise data still contained periods where Pegine % Pirag. As shown in Figure 3.2,
the engine speed can change abruptly to which speed on the ground has a delayed
response. For this reason, additional samples were removed where the steady state
was not fulfilled, |acceleration| > 0.005ms~2, |gradient of engine speed| > 1 RPM?
and the moving deviation of engine speed with a window size of 30s was greater
than 100 RPM. In addition, more outliers of fuel per distance and engine speed were
removed as well as only keeping vessel speeds in the range 3ms™! to 5ms™!, which
are likely inside the range of speeds interesting to optimize over in this case.

Based on this processed data, three approaches to XGBoost were implemented. The
first being a baseline model that only maps speed over ground to fuel per distance
to set an initial benchmark with a straightforward approach. The other two were
based on speed over ground, position, leg name, and weather features obtained from
Norlund’s feature selection, where the position and leg name were used to help the
models recognize where the vessel is and what route it is taking.

The second approach mapped these multiple features directly to fuel per distance,
while the third consisted of two XGBoost models; model one mapped speed over
ground, weather, position, and leg name to engine power, and model two mapped the
same features and predicted engine power to fuel per distance. The reason for this
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two-step approach was that speed over ground was significantly better correlated
with engine power than with fuel per distance. Since engine power and fuel per
distance are almost perfectly collinear, fuel per distance could easily be predicted
from engine power.

Specifically, XGBoost was implemented using the module dmlc XGBoost! on a GPU
called Nvidia GTX 1660 Super. The models were trained for 1500 boosting rounds
using early-stopping of 100 boosting rounds, causing the training to stop if the
validation loss does not get any better within any 100 consecutive rounds. The
runs were performed with the module’s default parameter because these parameters
produced similar results despite searching for optimal parameters. However, the
mean absolute error (MAE) was used as a loss function, instead of the default setting
with mean squared error (MSE), to make the training more robust to potential
outliers.

3.4 Implementing the S5

The S5 model was implemented such that it mapped speed over ground, position,
and weather from Norlund’s feature selection at time t to fuel per distance at the
same time t. However, since S5 can be seen as a recurrent neural network, its hidden
states at time ¢ partly depend on the hidden states at the previous time step ¢ — 1,
i.e. Sb is sequential in its nature. This property allowed S5 to learn the underlying
dynamics of the vessel.

The data were normalized for S5, as this helps the gradients when training neural
networks, but were not filtered as with XGBoost, as this would create gaps in the
time series. Although S5 is capable of handling irregularly sampled data, the training
is more consistent if the data is regularly sampled. Additionally, cutting the time
series into shorter ones would prevent S5’s inner states from building up properly
before it would perform reasonably. In other words, the duration of the warm-up
phase of the inner states would be too large a fraction of this shorter time series.

The two-step approach implemented with XGBoost was not performed with S5 as
this barely improved the accuracy of XGBoost while increasing the complexity by
requiring a two-step approach using separate models. That method was therefore
deemed unnecessary to proceed with here.

Regarding the implementation of the architecture, S5 was implemented in the open-
source module s5-pytorch?. Its architecture is the same as shown previously (see
Figure 2.4) and the non-linearity as it was implemented in the module is shown in
Figure 3.4. The architecture was slightly modified such that there was only one final
output from the non-linearity of the last Sh-layer. Furthermore, hundreds of trials
were conducted to find a well-performing set of hyperparameters. Briefly, the best
run had three chained S5-layers, each with a state dimension of 512. The complete
set of hyperparameters is described in Table A.1.

'https://xgboost.readthedocs.io/en/stable
’https://github.com/i404788/s5-pytorch
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Non-linearity:
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Figure 3.4: The output of the S5-SSM enters the first GELU activation of the non-
linearity, and goes through a sequence of layer normalization, dense layers, GELU
activation functions and dropouts.

The training was performed on the same GPU as mentioned before using early-
stopping. Cosine annealing with warm restarts, a method to oscillate the learning
rate throughout the training, was used to leverage exploration and exploitation, as
this showed to improve performance. Similarly to XGBoost, MAE was also used
here as a loss function.

To be on the safe side in terms of dynamical stability, the real part of the eigenvalues
of the state transition matrices were used to regularize, as described in Section
2.5.3.1. More formally, a novel exponential RELU function was used:

e max(0, A;) > 0, (3.1)

which penalizes positive eigenvalues slightly harder than the conventional RELU.

3.4.1 Compressing state-spaces using balanced realization

Balanced realization was performed on the S5 to compress the model according to
Sections 2.5.1.4 and 2.5.4. 95% of the energy was preserved in each state-space of the
Sh-layers. Differences in prediction error, computation time, and transfer functions
were analyzed before and after truncation.

The compressed and balanced system matrices A € C?*Q, B € CO*M € e CVNxQ,
and the unmodified D € R¥*M are recalled from (2.86) as

#(1) = DAV &(t) + B Bult), (2.56)
y(t) = CL&(t) + Duft).
¢

However, unlike A, this new balanced transition matrix A is no longer diagonal, as
required by the parallel associative scans which the S5 architecture uses to efficiently
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compute recurrences. However, the system can simply, yet again, be diagonalized
by the spectral decomposition of A as described in Section 2.5.1.2; yielding

Ay=A By
i(t):‘f‘l V &(t)+ V'Bult), (3.2)
y(t) = CV &(t) + Dul(®t).

Cv

Now, the issue here is the time discretization step size A € R”, which also needs
to be truncated to the dimension R?. There does not seem to exist any established
theory on this. However, a naive but intuitive approach is to perform the transfor-
mation and truncation to A exactly as was done to the state transition matrix:

A e
Ay =V I AIVV. (3.3)

Ay

Unfortunately, this results in a complex and nondiagonal matrix Ay € Co*Q, as
opposed to the required Ay € R%.

Now, recalling the equation for zero-order hold discretization of the state transition
matrix as

A=A (2.50)

and looking at the exponent while inserting the new balanced and truncated matri-
ces, it simplifies to

AyAy = VIO ARVVTHA 0 TPV = V@' AA O ITTV, (3.4)

which however, is not diagonal, as only the diagonalizing transformation of A was
applied. Instead, if the diagonalizing transformation of AA is applied directly, a

discretized, complex, and diagonal state transition matrix A would be obtained,
just as required. However, this did not provide satisfactory results. For this reason,
alternative, more or less theoretically sound transformations were tried.

Other options for forcing Ay € R?, include using the singular values X of AV,

|,

and taking the magnitude of the eigenvalues as ‘eig (Av) ’ All of these approaches
are compared and discussed further in Section 4.3.

3.5 Benchmarking

Based on EMAE, presented in Section 2.6.1, a new relative error metric is pro-
posed: envelope-weighted median absolute error (EMEDAE) for time series
benchmarking. Here, the median is used instead of the expected value:
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med(|y — g|)

EMEDAE =
med(max (y,9))

- 100, (3.5)

where y and § € RY are the labels and predictions for N data points, respectively.
This is motivated by the fact that the minimum absolute deviation is always the
median of the target distribution [41], which a model learns to approximate during
training if the mean absolute error is used as a loss function. It therefore makes
sense to evaluate the model with a relative error that is calculated on the basis of
the median to test its performance. This was the case for both XGBoost and S5.

Moreover, performance was not calculated for the first minute of the S5 predictions to
let the inner states build up and stabilize, as would be the case if used in production.
However, this was not the case for XGBoost as it was independent of time.

To express the error bounds (2.88) for the H.-norms of the truncation in a relative
sense, the equation was min-max normalized such that

P
0 — 0Q+1 — 0Q+1 < |G — GQHHOO —0Q+1 < —0Q+1 T QZi:QJrl 0i _1

—0g+1 + 2501101 T —0gn +25 04101 T —0gu + 25 g1 00
(3.6)
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Results

The results that are intended to fulfill the objectives of the thesis are provided in this
chapter. The correlation between weather and fuel consumption of the Buré ferry,
the performance of XGBoost and S5, and the corresponding prediction features that
produce this are presented. The results required to perform and analyze balanced
realization of S5 are also presented.

4.1 Correlations with fuel consumption

Table 4.1 shows Spearman correlations of the engine power and navigation signals
with fuel per distance. These correlations are based on the filtering techniques used
for XGBoost because these data are better processed for where Pigine ~ Firag, as
mentioned in Section 3.3, which therefore provides better information about the
dependency between weather and fuel consumption.

Table 4.1: Spearman correlations between fuel per distance and the engine and
navigation features, sorted in descending order by |rs| and based on the data with
the filtering techniques used for XGBoost.

Fuel per distance

Feature \ T
Engine power 0.97
Speed over ground | 0.44
Latitude -0.06
Longitude 0.00

Engine power is almost perfectly collinear with fuel per distance, as expected. With-
out any filtering, speed over ground correlated with fuel per distance with 0.27. The
table shows that applying the filtering techniques gives a 63 % better correlation,
showing that preprocessing of the data was effective. Longitude and latitude barely
correlate with fuel per distance, even though it showed that the use of these features
improved the performance of the models.

Spearman correlations between fuel per distance and the weather features are pre-
sented in Table 4.2, also based on the filtering techniques for XGBoost for the same
reason above. The highest correlations are the head components of the wind-related
features (wind, gust, wind wave) with correlations 0.28 to 0.30.

A noticeable trend is that the head components of the weather correlate the most
with fuel per distance. This makes physical sense since it is mainly the head com-
ponents that induce the drags that the propeller of the vessel has to overcome. The
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Table 4.2: Spearman correlations between fuel per distance and the weather fea-
tures, sorted in descending order by |rs| and based on the data with the filtering
techniques used for XGBoost.

Fuel per distance

Feature ‘ T's
Head wind velocity /pseudo-drag 0.30
Head gust velocity/pseudo-drag 0.30
Head wind wave velocity/pseudo-drag/power | 0.28
Head swell wave velocity/pseudo-drag 0.23
Head wave velocity /pseudo-drag/power 0.22
Head swell wave power 0.21
Head current velocity /pseudo-drag 0.20
Wind wave height /energy 0.18
Wave height/energy 0.18
Side wind wave power 0.16
Side wave power 0.14
Air pressure -0.14
Side wind wave velocity /pseudo-drag 0.10
Side wind velocity/pseudo-drag 0.07
Side gust velocity /pseudo-drag 0.06
Water temperature 0.06
Swell wave height/energy 0.06
Air temperature 0.06
Side swell wave power 0.04
Side wave velocity /pseudo-drag -0.04
Side current velocity /pseudo-drag 0.03
Side swell wave velocity /pseudo-drag 0.01

head components of the wind wave features have the most significant correlations
(0.28) among the wave features, followed by the head swell wave/wave/current fea-
tures with correlations of 0.20-0.23. The side components have weak correlations
and do not show any clear patterns. Air pressure and air/water temperature also
correlate weakly with fuel per distance.

The correlation between weather and fuel per distance is not significant for this case
of the Bur6 ferry. The reason for this could be that the surrounding islands in the
archipelago protect the ferry from harsher weather. Weather may have greater cor-
relations with fuel per distance in places where there are harsher weather conditions.

With regard to weak correlation, it is important to emphasize that correlation is
a subset of dependence and does not reveal dependence in its entirety. Thus, one
cannot draw a full conclusion about the dependence on fuel per distance solely on
correlation, but it may give an indication.
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4.2 Prediction of fuel consumption

4.2.1 Selected features

Table 4.3 shows the features used that yielded the best results for XGBoost and
their Spearman correlations with fuel per distance and engine power respectively,
including the weather features obtained from Norlund’s feature selection.

Table 4.3: Spearman correlations of the features with fuel per distance (left) and
engine power (right) that yielded the best results for XGBoost, including the weather
features obtained from Norlund’s feature selection. They are sorted in descending
order by |rs| and are based on the data with the filtering techniques for XGBoost.

Fuel per distance

Engine power

Feature \ Ts

Feature \ Ts

Engine power 0.97
Speed over ground | 0.44
Head gust velocity | 0.30
Head swell drag 0.23
Head current drag | 0.20
Wind wave height 0.18

Speed over ground | 0.60
Head gust velocity | 0.19
Wind wave height 0.17
Head swell drag 0.15
Air pressure -0.14
Head current drag | 0.12

Air pressure -0.14
_ P : Water temperature | 0.08
Side wind drag 0.07 - -
Side wind drag 0.07
Water temperature | 0.06 -
- Longitude -0.04
Latitude -0.06 L atitade 0.03
Longitude 0.00

(b) Relevance threshold: 0.07, redun-

(a) Relevance threshold: 0.06, redun- dancy threshold: 0.64.

dancy threshold: 0.64.

The weather features are the same in both cases, though with different correlations.
This is not surprising since engine power and fuel per distance are almost perfectly
collinear and will therefore produce similar features from Norlund’s feature selection.
Ironically, the correlation between speed over ground and engine power is 36 % better
than between speed over ground and fuel per distance. This was the motivation to
implement the two-step approach for XGBoost.

Similarly, Table 4.4 shows the features used that yielded the best results for S5
and their Spearman correlations with fuel per distance, also including the weather
features obtained from the Norlund feature selection.

For all three selected feature sets, by only looking at the correlations it looks like
some features are not important for the prediction of fuel per distance. However,
for both cases of XGBoost and S5, it showed that the use of neither too few nor too
many features produced better predictions, despite some having weak correlations.
This can again be partly explained by what was said before about correlation being
a subset of dependence. However, it can also be explained by Hughes” phenomenon
explained in Section 2.7.2; up to a certain point, adding more predictive features
helps predictive models discriminate between data clusters.
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Table 4.4: Spearman correlations of all features with fuel per distance that yielded
the best results for S5. These include the weather features obtained from Norlund’s
feature selection using a relevance threshold of 0.07 and a redundancy threshold of
0.7. They are sorted in descending order by |rs| and are based on data with the
basic filtering techniques.

Fuel per distance

Feature Ts
Speed over ground 0.44
Head wind velocity 0.18
Head swell velocity 0.13
Head wave power 0.13
Head current velocity | 0.12
Side wave velocity -0.11
Water temperature 0.08
Wind wave height 0.07
Latitude -0.06
Longitude 0.02

4.2.2 Performance

Table 4.5 shows the performance results obtained from the implementations of XG-
Boost and S5. The two-step approach for XGBoost performed the best, but was
only 0.19 %pt. (2 %) better than predicting fuel per distance directly. However, only
using speed performed 7.39 %pt. (88 %) worse than the two-step approach. Com-
pared to the S5 with full states, the S5 performed 5.46 %pt. (65 %) worse than the
two-step approach, but 1.93 %pt. (12 %) better than when XGBoost only uses speed.

Table 4.5: Performance of all models using EMEDAE for the test sets.

Model \ EMEDAE [%)]
XGBoost - speed only 15.81
XGBoost - speed, weather, position and leg 8.61
XGBoost - predicted power, speed, weather, position and leg 8.42
S5 - full state 13.88
S5 - truncated state, diag Ay 14.95
S5 - truncated state, o(Ay) 16.32
S5 - truncated state, |eig (Av> 19.30

The best performing truncation method was the approach using diag ‘AV’ and per-
formed 1.07 %pt. (8 %) worse than without any truncation. The worst method was
‘eig (Av) , which performed 5.42 %pt. (39%) worse than with full states. The

number of training rounds and test losses (MAE) corresponding to these results are
presented in Table A.2.

In terms of inference speed, the truncated model averaged 26.95 batches per second,
while the full model only managed 16.12 batches per second. This is a 67 % increase
in prediction speed.
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Figure 4.1 shows the models’ predictions for one and the same time series of the
test sets. There are gaps in the time series for XGBoost since XGBoost allowed for
further filtering of the data, whereas it is whole for the case for S5. The results of
these filtering techniques for XGBoost are clearly visualized here; the predictions of
XGBoost are only done for samples where the speed is in steady state, since the fuel
per distance is in steady state.

Furthermore, the S5 appears to be able to capture the dynamics of fuel per distance
as it follows its curve throughout most of the journey. However, it fails to do this at
the beginning of the time series, but this can be explained by the fact that the inner
states build up during the first minute. As mentioned in Section 3.5, performance
was not measured for the first minute of any time series for S5. The oscillatory
behavior of the truncated S5 during this minute could be explained by the fact that
the imaginary part of the eigenvalues of the transition matrices have gotten larger
after truncation.

It can be noted that there is a clear trade-off between the models, namely that
XGBoost allows for better data preparation but is naive in the sense that it does
not account for any dynamics, whereas S5 does the opposite. Not done here, but it
would be interesting to measure the performance of these models for the intersection
of the predicted data points between XGBoost and S5.

4.3 Balanced realization of the S5

The trained state transition matrices A of the S5 revealed that they were indeed dy-
namically stable, allowing truncation over all states of the three state-space layers.
Figure 4.2 illustrates the truncation process. More specifically, it shows the rela-
tive accumulative Hankel singular values and the normalized Hankel singular values
against the Hankel singular value indices, respectively. Smaller indices correspond
to larger energy. It tells how many of the largest singular values are needed to pre-
serve 95 % of the energy of each state-space of the Sh-layers. The figure implies that
the amounts of states to keep are 387, 361, and 73 in the first, second, and third
state-space layers, respectively.

4.3.1 Transfer functions

In Figure 4.3 a small excerpt of the S5 transfer functions before and after truncation
is visualized, i.e., the response between the inputs and outputs of the state-space
layers. However, the signals are physically uninterpretable due to the model’s deep
Wiener structure. It is therefore more interesting to analyze the shapes of the
transfer functions and how well they match for the case of the full and truncated
models. The spikes can be interpreted to show that the outputs of the state-space
layers are very sensitive to the inputs.

In other words, the state-space layers by themselves are not robust, i.e. a minor
change in the frequency of the input signal will produce a majorly different output
response. Possible explanations for why the models still perform in a reasonable
manner are that, firstly, the spikes could be canceled in later layers, since the state-
space layers are chained. Secondly, the non-linearities could attenuate the outputs
of the state-space layers.
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4.3.2 Expressivity vs. overfitting

One theory is that S5 is possibly more expressive due to the spiky shape of the
transfer functions, similar to the concept of expressive power [42], which is a highly
desired property for artificial neural networks. However, the caveat is that expres-
sivity often goes hand in hand with overfitting [43].

Furthermore, a clear advantage of the balanced realization method for model re-
duction was that it was able to improve the inference speed by 67 % while only
decreasing prediction accuracy by 8 %. However, a more subtle advantage is the
likely increased robustness against overfitting. Reducing the number of parameters
quadratically by each state removed will likely have a large impact here: aiming for
a minimal realization effectively makes the model more interpretable.

Yet another benefit when balancing the observability and controllability Gramians of
the layers is possibly normalizing the parameters of the model. This would prevent
vanishing or exploding gradients and results in a smoother loss landscape if one
wishes to retrain the model later.

Additionally, regarding Figure 4.3 it can be seen that the expressivity of the trun-
cated model was preserved. If allowed to speculate, in the event of a slightly over-
fitted model, balanced realization could potentially even improve the performance on
unseen data.

4.3.3 Hoo-stability

The H.-norms for each state-space layer and the H,.-error between the full and
truncated transfer functions can be seen in Table 4.6. Only the best-performing

transformation method for the step sizes, i.e., diag )AV‘ was considered. Here, the

normalized H.-errors are relative to the bounds, as calculated in (3.6). This metric
shows that the truncation is quite successful; the error is only at most in the second
percentile (1.54 %) within the lower and upper error bounds. Furthermore, these
results show that nominal stabilities of the state-space layers of both the full and
truncated models are not fulfilled, since the H,.-norms are all greater than 1, as
implied by the small-gain theorem (2.54).

Table 4.6: H.-norms and errors for each state-space layer of the S5.

Layer # | [Glly, | 1Gally, | |G — Gally, | Normalized |G — Goll,, _[%]

1 41.55 41.48 2.55 0.92
2 154.65 | 154.72 1.68 0.63
3 11.25 11.25 0.51 1.54

In Figure 4.4 the largest singular value, 7(jw), as a function of frequency is shown.
Intuitively, the maximum value here is, by definition, the H,,-norm. By analyzing
the maximum singular value of the systems at different frequencies, the MIMO
response can be condensed from N x M such responses into a single one. Moreover,
also here the jagged behavior for higher frequencies is clearly seen.

4.3.4 Transformations of the step sizes

As mentioned in Section 3.4.1, there seemed to be no established theory on han-
dling already decided step sizes during a balanced realization, prompting us to try
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different methods for projecting the dense and complex matrices down to a real and
diagonal one, which can then be parameterized as a simple vector. In Figure 4.5

the distributions of the learned, truncated and then transformed step sizes AV are
shown. It can be seen that all the transformations result in very similar distributions.

49



4. Results

Kalvsund - Groto

XGBoost

1.75

1.50 y\
18 .

8 : | \
] \

True fuel per distance

Predicted fuel per distance - predicted power, speed, weather, position
and leg

=== Predicted fuel per distance - speed, weather, position and leg
|

Fuel per distance [mLm™!]

Predicted fuel per distance - speed only |

< = = = =

) ot ~ o )

St S ot S St
1 1 ?

55

1.75

= 1.50 I

1.25

mLm™!

[l

0504 = True fuel per distance

Fuel per distance
=)
\]
ot

=== Predicted fuel per distance - full state

~— Predicted fuel per distance - truncated state, diag| Ay|

0.25 1
| | | | |

! !
11:28  11:29  11:30  11:31  11:32  11:33  11:34 11:35
Timestamp [hh:mm]

Figure 4.1: Predictions of a time series from the test sets by XGBoost (top) and S5
(bottom) models. Regarding truncation, only the best method: diag ‘AV‘ is shown
here to avoid overflow as they all showed similar trajectories.
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Figure 4.2: The normalized Hankel singular values against the singular value
indices for each state-space layer of the trained S5, leveraged to perform balanced
realization. The blue line shows the relative accumulative energy of the singular
values, the orange line simply shows the normalized singular values, and everything
in green indicate conservation of 95 % of the energy for each state-space.
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Figure 4.3: A selection of random pairs of input-output responses for the state-
space layers.
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Figure 4.4: The largest singular value, @ (G(jw)), as a function of frequency. The
logarithmic scale on the w-axis requires the negative frequency to be plotted sep-
arately. Notice the arrows for the direction of increasing frequencies. However,
negative frequencies are only a mathematical construct and are not physically in-
terpretable. They are shown only for completeness. Also, only the full state model

is plotted here because the response for the truncated model was identical and thus
redundant to show.
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Distributions of AV for different methods
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Figure 4.5: The distributions of Ay for the three different truncation methods for
each state-space layer, all very similar distributions in each layer.
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Discussion

Many methods were tried that did not show to work, but instead provided valuable
insights. Here, they are discussed including the importance of splitting the data by
time series for XGBoost, experimentation with balanced realization, insights into
PCA, and other approaches for time series prediction of fuel consumption that were
deemed infeasible. Moreover, future work is also discussed here.

5.1 The importance of data splitting for XGBoost

Since the implementations of XGBoost were independent of time, the data was
initially randomly divided into training, validation, and test sets without respect
to the time series sequences. This produced extraordinary performance, but this
was due to data leakage [44]. Consider a time series; a test or validation point
could lie between two training points, which in turn could also lie between two
other training points, and so on. Since the sample rate was relatively high, a group
of consecutive data points was probably all very similar, which means that the
model could confidently predict any test or validation point. This led to the model
being able to predict the test and validation sets extremely well. However, this is
not a valid comparison to real-time prediction. To make a correct assessment of
the predictions, it was therefore very important to split the data with respect to
time series, not individual data points, even though the architecture of XGBoost
technically allowed the latter.

5.2 Experimentation with balanced realization

5.2.1 Bottlenecks between layers

The S5-layers presented potential bottlenecks due to the discrepancy between the
number of inputs/outputs (10) and the much larger number of state dimensions
(512). In neural networks, such bottlenecks, where information is densely com-
pressed and then expanded, can lead to information loss and slower training.

Experimentation revealed a surprising result: increasing the bottleneck size while
maintaining the same number of state dimensions actually decreased performance.
Increasing the bottleneck size to match the state dimensions resulted in a nearly-
linear relationship between Hankel singular values and their indices, indicating that
truncation would cause significant energy loss. This suggests that when the number
of outputs equals the number of states, the network learns to utilize each state by
"load balancing', making them all important.

This finding hints at a potential relationship between the distribution of Hankel
singular values (0;) and the ratio of state dimension (P) to output dimension (V).
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When P > N, the weight of the singular values would probably cluster around a few
elements, benefiting from truncation. In contrast, when N ~ P, the distribution is
likely to flatten and spread out, requiring most or all states for energy conservation.

In the end, the size of the bottlenecks was set to the number of inputs, which yielded
similar performance and while allowing for more efficient truncation.

5.2.2 The time discretization

With regard to the truncation of the time discretization steps, Ay, the most natural
method for handling the projection back into a real and diagonal matrix would be
not having to perform that transformation at all, i.e., only using (3.4), which in
theory seems to work. However, for unknown reasons, this performed miserably.

Yet another approach to manage the issue of the complex and non-diagonal step

size was to try to jointly diagonalize the pair A and A using Joint Approzimate
Diagonalization Under Orthogonality Constraints, (JADOC) [45]. However, this

did not work because joint diagonalization requires A and A to commute, i.e., to
both be Hermitian, which they are not.

5.3 Other approaches for time series prediction

Many different approaches were tested to predict fuel consumption. Some of them
were recurrent time series forecasting of fuel per distance, that is, approaches that
predicted fuel per distance ahead of time and using this forecast for the next time
step. These approaches included fully recurrent forecasting of all features within the
feature set as well as NARX models using XGBoost as a basis function and speed
over ground, position and weather as exogenous inputs. The forecasts for these
approaches were discovered to drift quickly, which is not surprising since the data
contain a lot of variance, stochasticity, and complex underlying dynamics. If one
were to use a time-dependent predictive model for a complex task such as prediction
of fuel consumption of vessels, we assess that it would be wise to choose a structured
state-space model because it is more capable of capturing the underlying dynamics
of the vessel; a recurrent approach for this complex task is quite naive.

5.4 Insights into principal component analysis

Regarding S5, an interesting approach was tested that compressed the prediction
features into fewer features using PCA. In this case, the strongest predictor, without
doubt, was speed over ground, while the other features had similar correlations with
the target. When performing PCA on all signals the high correlation between
the new best signal and the target was significantly lower than that of speed over
ground. Instead, other newly composed signals gained; the relevance of the features
was distributed between all the components. This did not perform well, and another
approach was proposed:

Instead, speed over ground was withheld and PCA was only performed on the re-
maining features which already had similar relevances. This performed much better
and would be a viable approach when the computational budget is highly limited.
In this case, not performing PCA at all performed better.

The explanation for this is due to the nature of PCA; the procedure is unsuper-
vised and unaware of the target, and thus aims to maximize the variance among all
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features without distinction or weighting.

5.5 Potential improvements

To include more data, suggestively data collected during the fall to also capture
environmental factors during this season, as well as including data collected over
multiple years, could potentially improve overall performance. The reason for this is
that since the feature domain is relatively large, containing about 10 features, more
data could potentially lead to better predictions during optimization. Again, this
can be explained by the curse of dimensionality. Furthermore, including forecasted
weather data of higher resolution, in the unlikely event that one can find it, would
probably improve the accuracy of the predictions. Here, the weather data were
updated every hour, and the spatial resolution was also quite low.

Furthermore, there exists a newly introduced correlation coefficient called Chatter-
jee’s & [46], which, for the case of no rank ties, is defined as

30 P — 74l
n?—1 ’

where 7; are the ranks of a random variable Y, sorted in such a way that X; < --- <
X,, and n is the number of data points.

E(X,Y) =1-—

(5.1)

This has many useful properties: It is asymmetric, it does not assume some distribu-
tion or relationship between variables, such as the linear relationship for Pearson’s
method or the monotonic relationship for Spearman’s method, and it indicates 0 for
no dependency and 1 for full dependency.

This allows Chatterjee’s method to indicate non-linear, non-monotonic, and even os-
cillatory feature dependencies. Essentially, it tries to answer the question: "To what
extent is Y a function of X7". If we had known about this earlier, it would probably
have been used in place of Spearman’s method. It would have been useful for the
data exploration part, when not much is known about the feature dependencies and
possibly also for the feature selection.

5.6 Future work

5.6.1 Optimizing fuel consumption

The ability to predict fuel consumption is of little use in itself. The next step
would be to use the trained models in the optimization setting and investigate how
the predictions behave when sweeping over ranges of speed over ground. Since the
models use comprehensive sets of around 10 features, the feature domains could be
quite large for the amount of data used in training. The prediction accuracy for
the commonly seen data is reasonably good, as has been shown, but when sweeping
the speed to optimize, some speeds could potentially be far out of the joint high-
dimensional distributions, which could lead to poor predictions.

This can be motivated by the curse of dimensionality, as it could be easier to di-
verge from the distribution of the data in higher dimensions than in lower ones. With
fewer features, the prediction accuracy for the test data is lower, but could poten-
tially lead to more stable predictions when sweeping. However, with more features,
the prediction accuracy for the test data is higher but could potentially lead to un-
stable predictions when sweeping. Thus, it could probably, counter-intuitively, exist
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5. Discussion

a trade-off between prediction accuracy, optimization accuracy, and computational
costs. However, this remains to be investigated.

One could potentially use PCA on the feature set withholding speed over ground
and only keep, perhaps, the best component, resulting in a tiny feature set of only
two features. This would probably be suitable for sweeping without requesting
predictions to be performed on data points out-of-distribution.

Moreover, sweeping the speed with the S5 is not straightforward and is likely a
complicated process. One would have to generate many time series for different
scenarios of cruising speeds and watch the steady-state response and optimize ac-
cordingly. This could potentially be an impractical approach, but it remains to be
implemented and tested.

5.6.2 Further exploring balanced realization

With regard to balanced realization, even though the truncation of the time dis-
cretization steps was shown to be effective, further research is needed on how to
properly truncate and transform the time discretization steps using methods more
theoretically sound.

It would also be interesting to explore whether there are benefits in balancing the
Gramians of each layer during training without truncating. This could potentially
work as an advanced normalization and regularization technique for all structured
state-space models, such as the newly introduced state-of-the-art Mamba model [47].
Probably, the balanced truncation would also be applicable to the Mamba, but its
effectiveness and potential hindrances involving its selection mechanism remains to
be investigated.
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Conclusions

Here, the thesis is concluded, briefly stating the outcome of the intended objectives
and what remains.

In this thesis, the predictive capabilities of XGBoost and S5 for fuel consumption
have been investigated for the case of the fixed-route Bur6 ferry using speed over
ground as a control parameter while considering weather forecasts.

Regarding the first objective: to determine the statistical dependence between
weather and fuel consumption of Buré. It was discovered that the dependence be-
tween fuel consumption and forecasted weather is significant enough to produce
substantially better results when these are incorporated as features in the models.
The most significant being the wind-related features (wind, gust, and wind waves)
decomposed into head components in the reference frame of the ferry.

Regarding the second and third objectives: to develop XGBoost and S5 mod-
els capable of predicting fuel consumption of Burd with appropriate features while
accounting for weather, and evaluate their performance in terms of accuracy. XG-
Boost and S5 have been tested as time-independent and time-dependent predictive
models, respectively, and have produced reasonably accurate predictions. In short,
there is a clear trade-off between them, namely that XGBoost allows for better data
preparation but is naive in the sense that it does not account for any dynamics,
whereas S5 does the opposite. XGBoost performs best, 39 % better than S5, first
by predicting the power of the engine and then the fuel consumption. In addition
to speed over ground, appropriately selected features were position, leg, and various
weather selected from Norlund’s feature selection; a new feature selection algorithm
introduced here.

Regarding the fourth objective: to perform balanced realization on a trained
S5 and assess its effectiveness from a systems and control perspective. This was
done to the implemented S5 in a novel way to preserve 95 % of the energy of each
state-space. It was found that the model could be effectively compressed with only
8 % worse performance. To truncate the time discretization steps, different methods
were experimented with and a naive approach was found to be the most effective.

In terms of stability, the state-space layers by themselves are not robust but are
probably more expressive because of this. A theory is that the non-linearities are
attenuating the state-space layers, explaining why it can produce reasonable results.
The next step here would be to further investigate how to properly truncate the time
discretization steps using a method more in line with already established theory
within systems and control.

The developed methodology can be extended to the general case of any fixed-route
vessel and remains to be tried on other cases. For Burd, the next step is to apply
the models implemented in the fuel consumption optimization setting to investigate
how the prediction behaves when speed is swept. This is vital since there could be
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6. Conclusions

a trade-off between prediction and optimization accuracy explained by the curse of
dimensionality.
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Appendix 1

The hyperparameters used for the training of the S5 and the specific final results of
all models are shown here.

Table A.1: Hyperparameters of the S5 implementation yielding the best result.
Ty, Tvurr and Ny, are the hyperparameters used for cosine annealing.

Hyperparameter \ Value
State dimensions 512
S5 layers 3

Number of outputs in-between S5 layers | 8
Initialization of discretization step sizes | A ~ U(1 x 1073,1 x 1071)

Dropout 0

Batch size 16
Maximal learning rate 7 5x107°
T 5

Tyurt 2

Tmin 1 x 10_5

Table A.2: The number epochs, including boosting rounds, and test losses corre-
sponding to the best results for XGBoost and S5.

Model | Epochs | Test (MAE)

XGB: speed only 123 | 0.3220 [mLm™|
XGB: speed/weather/position/leg (to fuel) 1015 | 0.1808 [mLm™?]
XGB: speed/weather /position/leg (to power) 726 | 0.6349 [kW]

XGB: pred. power/speed/weather/position/leg 358 | 0.1767 [mLm™!]
S5: full state 152 | 0.2974 [mLm™!|
S5: truncated state, diag‘AV’ 152 | 0.3141 [mLm™!]
S5: truncated state, o(Ay) 152 | 0.3428 [mLm™]
S5: truncated state, |eig (Av> 152 | 0.3933 [mLm™!]
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