
E1

L2

E2

⟳

Φext,1

⟳Φext,2

C3

L3

C4C2

L1

C1

Toward Stabilization of the Quantum
Pair-Cat State on Superconducting
Circuits Platform
Master’s thesis in Physics

JESPER LAGERBERG

DEPARTMENT OF MICROTECHNOLOGY AND NANOSCIENCE

CHALMERS UNIVERSITY OF TECHNOLOGY
Gothenburg, Sweden 2026
www.chalmers.se

www.chalmers.se




Master’s thesis 2026

Toward Stabilization of the Quantum
Pair-Cat State on Superconducting

Circuits Platform

JESPER LAGERBERG

Department of Microtechnology and Nanoscience
Applied Quantum Physics

Chalmers University of Technology
Gothenburg, Sweden 2026



Toward Stabilization of the Quantum Pair-Cat State on Superconducting Circuits
Platform
JESPER LAGERBERG

© JESPER LAGERBERG, 2026.

Supervisor: Dr. Maryam Khanahmadi, Applied Quantum Physics
Examiner: Professor Göran Johansson, Applied Quantum Physics

Master’s Thesis 2026
Department of Microtechnology and Nanoscience
Applied Quantum Physics
Chalmers University of Technology
SE-412 96 Gothenburg
Telephone +46 31 772 1000

Cover: Finalized circuit design, together with the external fluxes, used to generate
pair-cat states.

Typeset in LATEX, template by Kyriaki Antoniadou-Plytaria
Printed by Chalmers Reproservice
Gothenburg, Sweden 2026

iv



Toward Stabilization of the Quantum Pair-Cat State on Superconducting Circuits
Platform
JESPER LAGERBERG
Department of Microtechnology and Nanoscience
Chalmers University of Technology

Abstract
In this thesis, we introduce a quantum circuit for stabilizing an error-correctable
two-mode quantum cat state, known as the pair-cat state. Using Foster decomposi-
tion, we derive experimentally feasible circuit parameters that engineer a dominant
fifth-order flux nonlinearity, yielding the effective Hamiltonian required for pair-cat
state generation. We further present implementations of logical X rotations, show-
casing the possibility of rotating around the Bloch sphere and encoding quantum
information.

Keywords: pair-cat, non-Gaussian, quantum, superconducting.
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EJJ Josephson junction energy
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1
Introduction

A key component of quantum technology are the coherent states |α⟩ = e− |α|2
2
∑∞

n
αn
√

n! |n⟩
[1–4]. These states are characterised with the complex coherence value α and sat-
isfies |α|2 ≈ ⟨n⟩ for arbitrary occupation number n and their use cases ranges from
quantum spectroscopy [1] to constructing codes used for fault tolerant quantum
computing [2–4], often with a large overhead [5]. In continuous-variable quantum
computing (CVQC) specifically can they be used to encode a qubit in an harmonic
oscillator [6, 7]. Here the computational basis states, |0⟩L = N+ (|α⟩ + | − α⟩) and
|1⟩L = N− (|α⟩ − | − α⟩), are often referred to as the even and odd two-legged
cat state since they contain the photon numbers with even and odd parity respec-
tively, and encoded as a superposition of coherent states which are sufficiently for
away from each other, such that the overlap is approximately zero [4, 8]. These
states are, however, prone to amplitude damping, displacement, and dephasing er-
rors but can be corrected by applying a continuously driven two-photon dissipation
process [4, 9, 10]. However, as no cavity is perfectly isolated is there a risk for a
spontaneous photon gain or loss to occur which converts the even two-legged cat
state to the odd two-legged cat state and vice versa, a process that cannot easily be
autonomously corrected [9]. This process can be corrected by instead encoding the
coherent states into a four-legged cat state with computational basis states |0⟩L =
N4+ (|α⟩ + | − α⟩ + |iα⟩ + | − iα⟩) and |1⟩L = N4− (|α⟩ + | − α⟩ − |iα⟩ − | − iα⟩),
in which both the zero logical, and one logical state has an even parity, and cor-
rection against spontaneous photon gains/loss can be implemented by continuously
measuring the parity using the parity operator Π̂ = (−1)â†â [9, 10]. The parity op-
erator, however, does not commute with the stabilizing dissipation process of the
four-legged cat state, except at certain discrete time-points, and as a result is it not
possible to correct against spontaneous photon loss and dephasing errors simultane-
ously [7].

The problem of correcting spontaneous photon loss/gain can be solved by utilizing
a pair-cat state instead of the four-legged or two-legged cat state [7,10]. A pair-cat
state is defined similarly to a two-legged cat state but instead of using a single mode
does it require two modes with the same coherence parameter. As such is the compu-
tational basis state defined as |0⟩L = N0 (|αδ⟩ + |iαδ⟩) and |1⟩L = N1 (|αδ⟩ − |iαδ⟩)
where |αδ⟩ = N ∑∞

n
α2n+δ√
n!(n+δ)!

|n, n+ δ⟩, where δ is the photon number difference be-
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1. Introduction

tween the two modes. Since the photon number difference is the same between the
two nodes for both computational states, can we correct against spontaneous pho-
ton loss/gain by measuring the photon number difference using the photon number
difference operator, δ̂ = â†

2â2 − â†
1â1, to check if any spontaneous photon loss/gain

has occurred. This operator has one clear advantage over the parity operator, it
commutes with the stabilizing dissipation process of the pair-cat state, allowing
us to measure the photon number difference while the stabilizing dissipation pro-
cess is active [7, 10]. There exists, therefore a need of designing a circuit that can
implement the stabilizing process of a pair-cat state; and in this thesis, building
on the work done by Campagne-Ibarcq’s group [11] for four-legged cat qubits, we
suggest a superconducting circuit design, in which by using a buffer mode, we can
implement a four-photon dissipation process that stabilizes a continuous variable
quantum computing qubit encoded using the pair-cat states.

2



2
Theory

In this chapter, we formally introduce the idea of a pair-cat state and circuit that
may be used to generate the state, introducing the required mathematics along the
way.

2.1 Introduction to Superconducting Circuits

It is well known that the Hamiltonian, Ĥ, of the electromagnetic field in a vacuum
can be described using the harmonic oscillator,

Ĥ = ℏω
(
â†â+ 1

2

)
(2.1)

where ω is the frequency of the photons, ℏ is Planck’s reduced constant, and â†, â are
the creation and annihilation operators of the electromagnetic field respectively and
satisfies the bosonic commutation relation,

[
ân, â

†
m

]
= δnm [12]. Note that for the

rest of the thesis will we choose units such that ℏ = 1. It is also well known that the
same Hamiltonian can be constructed using a superconducting LC-resonators [13].

For two LC-resonators with eigenfrequencies ωa and ωb, we get that the Hamiltonian,
up to a constant term, takes the form Ĥ = ωaâ

†â + ωbb̂
†b̂, and we observe no

interaction between the two modes. A circuit element which facilitates an interaction
between the modes is therefore needed, such as the Josephson junction [14], and is
in our circuit depicted as a box with a cross in it.

A Josephson junction is constructed by placing a thin insulator between two su-
perconductors [13–15]. In classical physics, no electrons and therefore current, is
expected to flow through the insulator, but for superconductors where the resis-
tance is zero and the conductivity is perfect may the electrons condense into a
single Bardeen-Cooper-Schrieffer (BCS) ground state, characterized with an ampli-
tude and a phase which allows for electrons in pairs to tunnel from one side to
the other [13]. The condensation process into a single ground state only occurs at
superconducting temperatures, when a net attractive interaction between electrons
allows them to form a bound state, known as a Cooper pair [16]. These Cooper
pairs behaves as composite bosons and follow Bose statistics [17], allowing the pairs

3
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to occupy the same quantum state and causes the field operator to have a non-zero
expectation value that scales with the number of Cooper pairs [18,19]. If sufficiently
many Cooper pairs are formed then the field operator in one of the superconductors
will overlap with the field operator in the other superconductor causing tunnelling
between the insulator separating the superconductors depending on the phase dif-
ference, ϕ, according to

I(t) = Ic sin(ϕ(t)) (2.2)

V (t) = ϕ̇(t)
2qe

(2.3)

where Ic is the critical current and qe is the charge of the electron [13]. The energy
contribution of the Josephson junction over time is

EJJ = −EJ cos
(2π

Φ0
ϕ(t)

)
(2.4)

where Φ0 is the magnetic flux quantum and EJ is the Josephson energy of the
junction which depends on the geometry of said junction [13]. Furthermore, the
phase difference ϕ(t) can be expressed using the previously established annihilation
and creation operators; allowing for non-linear interactions between multiple modes.

2.2 Coherent States and Pair-Cat States
Noting that both the linear resonators and the non-linear interaction terms can be
expressed as a function of the annihilation and creation operators is it apt to repre-
sent the states of our circuit as a superposition of the eigenstates for the annihilation
operator.

The coherent state, |α⟩, is defined to be the eigenstate of the annihilation operator,
i.e. â|α⟩ = α|α⟩, and is in the Fock space expressed as

|α⟩ = e− |α|2
2

∞∑
n=0

αn

√
n!

|n⟩ (2.5)

where α is the coherence parameter [20]. Note that two coherent states |α⟩ and |β⟩
are not orthogonal as

⟨α|β⟩ = eα∗β− |α|2+|β|2
2 ̸= 0. (2.6)

That being said can we often treat two coherent states as orthogonal given the
difference between the two coherence numbers α and β is large [21]. One way to
construct a large distance between the coherence numbers is to let β = −α and
increase the size of α. One would then get ⟨α| − α⟩ = e−2|α|2 ≈ 0 for large α.
However, almost zero is not zero. In order to properly describe two orthogonal
states, one can implement the two-legged cat state.

The general idea of a two-legged cat state is to use two coherent states with coherence
values of α and −α and express two new state as a superposition of these two
coherent states [21]. For instance, consider the even two-legged cat state, |ψ+⟩, as

|ψ+⟩ = N+ (|α⟩ + | − α⟩) (2.7)

4
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and the odd two-legged cat state, |ψ−⟩,

|ψ−⟩ = N− (|α⟩ − | − α⟩) (2.8)

where N+ =
(
2 + 2e−2|α|2

)−1/2
and N− =

(
2 − 2e−2|α|2

)−1/2
. In the Fock basis, the

even two-legged cat state takes the form

|ψ+⟩ = N fock
+

∞∑
n=0

α2n√
(2n)!

|2n⟩ (2.9)

and the odd two-legged cat state takes the form

|ψ−⟩ = N fock
−

∞∑
n=0

α2n+1√
(2n+ 1)!

|2n+ 1⟩ (2.10)

with the normalization constants N fock
± . Since for non-zero α, ⟨ψ+|ψ−⟩ = 0, one

might be tempted to use |ψ±⟩ as the logical basis states for quantum computation.
These codes however, cannot autonomously protect against spontaneous photon
loss/gain as a spontaneous photon loss/gain will convert |ψ−⟩ to |ψ+⟩ or vice versa
and therefore remain in the code subspace.

In order to autonomously correct spontaneous photon loss/gain one can introduce
the four-legged cat state and stabilize it through a four-photon driven dissipation
process that can protect against dephasing errors [7,9]. These four-legged cat states
can be encoded into the logical basis states |0⟩L and |1⟩L as

|0⟩L = N4L,0 (|α⟩ + | − α⟩ + |iα⟩ + | − iα⟩) = N fock
4L,0

∞∑
n=0

α4n√
(4n)!

|4n⟩ (2.11)

and

|1⟩L = N4L,1 (|α⟩ + | − α⟩ − |iα⟩ − | − iα⟩) = N fock
4L,1

∞∑
n=0

α4n+2√
(4n+ 2)!

|4n+ 2⟩. (2.12)

These states can be corrected against spontaneous photon loss/gain by measuring
the parity of the state using the parity operator Π̂ = (−1)â†â. Note however, that
we cannot protect against dephasing and spontaneous photon loss/gain errors si-
multaneously as the parity operator only commutes with the stabilizing dissipation
given by the jump operator L̂4L = â4 − α4 at specific points in time [7]. The jump
operator and its role in stabilizing states is explained in depth in Chapter 2.3. A
code that can protect against dephasing and a single spontaneous photon loss/gain
simultaneously is the code utilizing pair-cat states instead [7].

A pair-cat state is constructed similar to the two-legged cat state, but with pair-
coherent states instead [7]. These pair-coherent states (first introduced by Barut
and Girardello [22]) require two modes a1 and a2, in contrast to the one mode
required for coherent states, and is defined as â1â2|αδ⟩ = α2|αδ⟩ where â1 and â2 are

5
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the annihilation operators for their corresponding mode and δ is the photon number
difference between the two modes [7]. The pair-coherent state can then be described
in the Fock basis as

|αδ⟩ = 1√
Iδ (2|α|2)

∞∑
n=0

α2n+δ√
n!(n+ δ)!

|n, n+ δ⟩ (2.13)

where Iδ(·) is the modified Bessel function of the first kind. We can then define the
even and odd pair-cat state in a similar manner to how we defined the even and odd
two-legged cat states

|ψ+
αδ

⟩ = N+δ

(
|αδ⟩ + (−i)δ |iαδ⟩

)
(2.14)

and
|ψ−

αδ
⟩ = N−δ

(
|αδ⟩ − (−i)δ |iαδ⟩

)
(2.15)

where N+δ is the normalisation constant for the even pair-cat state and N−δ is the
normalisation constant for the odd pair-cat state. We can also, assuming that we as
before have ⟨αδ|iαδ⟩ ≈ 0, define the logical basis states |0⟩L = |ψ+

αδ
⟩ and |1⟩L = |ψ−

αδ
⟩

for any arbitrary α and any arbitrary integer δ as

|µαδ
⟩L = Nµ,δ

∞∑
n=0

α4n+2µ+δ√
(2n+ µ)! (2n+ µ+ δ)!

|2n+ µ, 2n+ µ+ δ⟩ (2.16)

where µ ∈ {0, 1}, and Nµ,δ is the corresponding normalization constant [7]. The
normalization constant can be expressed explicitly as

Nµ,δ =
√√√√ 2
Iδ

(
2 |α|2

)
+ (−1)µ Jδ

(
2 |α|2

) (2.17)

where Jδ is the Bessel function of first kind. The pair-cat states are useful as
the code subspace all have the same δ-value, a value that is easily predictable as
initializing the states from vacuum gives δ the value of 0 [23]. Ergo, by measuring
the photon number difference (PND), δ, using δ̂ = â†

2â2 − â†
1â1 can we correct against

spontaneous photon loss/gain. Importantly, this correction can be implemented at
the same time as the stabilizing dissipation process that protect it against dephasing
errors as the PND-operator commutes with the stabilizing dissipation given by the
jump operator L̂ = â2

1â
2
2 − α4 for all points in time [7].

That the dissipation process stabilizes the state is shown in Chapter 2.3.

2.3 Dynamics of a Quantum System
The state that describes a quantum system is called the wave function, |ψ⟩, and for
our system of pair-cat states take the general form

|ψ⟩ = c0|αδ⟩ + c1|iαδ⟩ (2.18)

where |c0|2 + |c1|2 = 1 and corresponds to the density matrix

ρ̂ = |ψ⟩⟨ψ| = |c0|2 |αδ⟩⟨αδ| + c0c
∗
1|αδ⟩⟨iαδ| + c∗

0c1|iαδ⟩⟨αδ| + |c1|2 |iαδ⟩⟨iαδ|. (2.19)
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In particular, what is presented in Equation 2.18 is known as a pure state as the
corresponding density matrix can be described as a cross product of a single wave
function [24]. Mixed states can arise when entangling two states, a process that
is necessary in order to achieve efficient quantum computations that cannot be
performed on a classical computer [25]. To see why an entangled state cannot
necessarily be described as a pure state, consider two observers Alice and Bob that
each measure the spin of a particle. These spins can either be measured to be up,
| ↑⟩, or down, | ↓⟩ and let us assume that both states are equally likely for both
Alice’s and Bob’s particle. Now let us also assume that if we have a process in which
if Alice’s particle is in state | ↑⟩ then Bob’s particle immediately collapses to | ↓⟩
regardless of what spin it originally had, but if Alice’s particle is in | ↓⟩ then Bob’s
particle is unaffected. We can then introduce the density operator, ρ̂, that describes
this entangled quantum state as

ρ̂ = 1
4 | ↓A↓B⟩⟨↓A↓B | + 1

4 | ↓A↑B⟩⟨↓A↑B | + 1
2 | ↑A↓B⟩⟨↑A↓B | (2.20)

where A and B denotes Alice’s and Bob’s particle respectively. Note that the state
in Equation 2.20 is a mixed state as the density matrix cannot be written as a
cross product of a single wave function [24]. In order to properly describe the time-
evolution of the quantum system is it therefore apt to consider the time-evolution
of the density matrix.

2.3.1 Time-evolution of an Isolated Quantum System
The time-evolution of a quantum system can be described by the time-evolution of
the density matrix. Which using Schrödinger’s equation, i d

dt
|ψ(t)⟩ = Ĥ|ψ(t)⟩, for

an arbitrary state |ψ(t)⟩, we get that the time-evolution for the density matrix is

d
dt ρ̂ = −iĤ|ψ(t)⟩⟨ψ(t)| + |ψ(t)⟩ d

dt⟨ψ(t)| = −i
[
Ĥ, ρ̂

]
. (2.21)

The time-evolution of the density matrix should stabilize a linear combination of
pair-coherent states |αδ⟩, and should therefore satisfy d

dt
ρ̂ = 0 for ρ̂ = ∑

αδ,α′
δ
Cαδα′

δ
|αδ⟩⟨α′

δ|,
with Cαδα′

δ
∈ C. Ergo, we want Ĥ|αδ⟩⟨α′

δ| = |αδ⟩⟨α′
δ|Ĥ. Recall that â1â2|αδ⟩ =

α2|αδ⟩ where â1 and â2 are the annihilation operators for the different modes. Then
in order for the density matrix to remain unchanged after applying the Hamiltonian,
we need said Hamiltonian to be on the form Ĥ = ∑∞

n=1 gn,nâ
n
1 â

n
2 + h.c.. Further-

more, since we want to stabilize the logical qubit states, presented in Equation 2.16,
and these states have a parity structure analogous to the cat-state, which means
the Hamiltonian should not consists of any operators that can break the parity
structure, i.e. g2m+1,2m+1 = 0 for m ∈ N.

Consider then the simplest case of Ĥ = g2,2â
2
1â

2
2 + g∗

2,2â
†2

1 â
†2

2 then the time-evolution
of the term |αδ⟩⟨α′

δ| takes the form

d
dt (|αδ⟩⟨α′

δ|) = −i
[
g2,2â

2
1â

2
2 + g∗

2,2â
†2

1 â
†2

2 , |αδ⟩⟨α′
δ|
]

= −i
(
g2,2α

4 − g∗
2,2α

′∗4 + g∗
2,2â

†2

1 â
†2

2 |αδ⟩⟨α′
δ| − g2,2|αδ⟩⟨α′

δ|â2
1â

2
2

) (2.22)
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which is not 0 for any value of α and α′. There is thereby a need to engineer a
dissipation channel that removes the unwanted operator terms g∗

2,2â
†2

1 â
†2

2 |αδ⟩⟨α′
δ| −

g2,2|αδ⟩⟨α′
δ|â2

1â
2
2 such that there exists some α and α′ for which the time-evolution

of density matrix is 0.

2.3.2 Time-evolution of an Open Quantum System

The total Hamiltonian for a system is Ĥ = ĤS + ĤB + ĤI where ĤS is the Hamilto-
nian for a subsystem; ĤB is the Hamiltonian for the rest of the system, also known
as the bath, and ĤI is the interaction Hamiltonian between the subsystem and the
bath [26]. The total density matrix, ρ̂SB, then time-evolves as

d
dt ρ̂SB = −i

[
Ĥ, ρ̂SB

]
. (2.23)

Furthermore, by assuming the Markovian approximation [26,27] and tracing out the
bath from Equation 2.23 and following the calculation presented in [26] is it possible
to obtain the time-evolution of the density matrix for the subsystem as a function of
the subsystems Hamiltonian and its interaction with the bath. The time-evolution
of the density matrix then takes the form

d
dt ρ̂S = −i

[
Ĥ, ρ̂S

]
+
∑

j

(
L̂j ρ̂SL̂

†
j − 1

2
{
L̂†

jL̂j, ρ̂S

})
(2.24)

where L̂j are the jump operators, and describes how the bath acts on the system [26,
28–30]. If we have the same Hamiltonian as before but engineer a four-photon
dissipation channel such that L̂j =

√
κâ2

1â
2
2 with some dissipation rate κ; then the

time-evolution of the density matrix becomes

d
dt ρ̂S = −i

[
g2,2â

2
1â

2
2 + g∗

2,2â
†2

1 â
†2

2 , ρ̂S

]
+ κ

(
â2

1â
2
2ρ̂S â

†2

1 â
†2

2 − 1
2
{
â†2

1 â
†2

2 â
2
1â

2
2, ρ̂S

})
(2.25)

and d
dt

(|αδ⟩⟨α′
δ|) evaluates to

d
dt (|αδ⟩⟨α′

δ|) = − i
(
g2,2α

4 − g∗
2,2α

′∗4 + g∗
2,2â

†2

1 â
†2

2 |αδ⟩⟨α′
δ| − g2,2|αδ⟩⟨α′

δ|â2
1â

2
2

)
+ κ

2
(
2α4α′∗4 − α4â†2

1 â
†2

2 |αδ⟩⟨α′
δ| − α′∗4|αδ⟩⟨α′

δ|â2
1â

2
2

) (2.26)

and have the steady-state solutions

α =



ei π
4

4

√
2g∗

2,2
κ

ei 5π
4

4

√
2g∗

2,2
κ

e−i π
4

4

√
2g∗

2,2
κ

e−i 5π
4

4

√
2g∗

2,2
κ

(2.27)
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and the constraint α′4 = α4. Note that the photon number difference δ, does not
affect the coherence value of the system. The stabilized density matrix of the system
can then be expressed as

ρ̂S = C++|ψ+
αδ

⟩⟨ψ+
αδ

| + C+−|ψ+
αδ

⟩⟨ψ−
αδ

| + C−+|ψ−
αδ

⟩⟨ψ+
αδ

| + C−−|ψ−
αδ

⟩⟨ψ−
αδ

| (2.28)
where |ψ+

αδ
⟩ and |ψ−

αδ
⟩ are defined as in Equations 2.14 and 2.15.

2.4 Constructing the Circuit
Campagne-Ibarcq’s group [11], managed to engineer a near Kerr-free superconduct-
ing circuit that stabilizes the four-legged cat state. They achieved this by coupling
three capacitor pads together in series with a normal inductor between the first two
and an asymmetrically threaded SQUID (ATS) [31] between the second and third
capacitor pad. This generated two modes, one state-generating mode (SGM) and
one lossy buffer mode with which they could engineer the four-photon dissipation
of the SGM. We extend this design by adding another inductor coupled with an
additional capacitor pad to the capacitor pad that is only connected with the ATS
(see Figure 2.1).

E1

L2

E2
⟳

Φext,1

⟳Φext,2

C3

L3

C4C2

L1

C1

Figure 2.1: Our suggested circuit. Four capacitor pads are placed in a tower, with
an inductor placed between the outer pair of capacitors, and an ATS in between the
middle pair. The capacitor pads are connected to a ground plane.

Here EJL
and EJR

are the Josephson energies of the left and right Josephson junction
respectively in the ATS, Li and Ci are the inductance/capacitance of inductor/ca-
pacitor pad i, and Φext,1 and Φext,2 are the external magnetic fluxes that arises
between two inductive elements [13].

By performing a Foster synthesis [32], is it possible to find a closed circuit that has
the same impedance of the linear elements, of which the quantized eigenmodes are
the same as for our original circuit [33]. As our Foster synthesis only treat the linear
terms, are we going to

9
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2.4.1 Foster Synthesis of the Circuit
A Foster synthesis is performed by applying a Laplace transformation on the time-
domain of an arbitrary signal in the circuit and then constructing another circuit
that yields the same response after a Laplace transformation [32]. After the Laplace
transformation, we obtain the impedance, which for a capacitor is ZCap(ω) = 1

−iCω

and for an inductor ZInd(ω) = −iLω, where ω is the frequency and C, and L are the
capacitance and inductance respectively [34]. Furthermore, for two elements with
impedances Z1(ω) and Z2(ω) can the effective impedance, Zeff(ω) be calculated
as Zeff(ω) = Z1(ω) + Z2(ω) if the elements are placed in series, and Zeff(ω) =
(Z1(ω)−1 + Z2(ω)−1)−1 if they are placed in parallel.

The synthesis will be performed from the point of view of the non-linear Josephson
junctions, with the goal of rewriting the circuit into an equivalent one with three
LC-circuits that generates three independent bosonic modes and a superconducting
quantum interference device (SQUID). The first step of the process is to combine
the left, central and right impedances into one, as seen in Figure 2.2.

E2

E1

ZC(ω) ZR(ω)ZL(ω)

E2

E1

Zeff(ω)

Figure 2.2: Schematic process of Foster synthesis. The three impedances ZL(ω),
ZC(ω) and ZR(ω) are combined into one single, effective impedance Zeff(ω).

The left impedance, ZL(ω) corresponds to the impedance of the leftmost part of the
circuit in Figure 2.1, and is

ZL(ω) =
(( 1

−iωC1
− iωL1

)−1
− iωC2

)−1

= i
ω2C1L1 − 1

(C1 + C2)ω
(
ω2 C1C2

C1+C2
L1 − 1

) (2.29)

The central impedance, ZC(ω), is simply the impedance of the inductor in the ATS
and is

ZC(ω) = −iωL2. (2.30)

Finally the right impedance, ZR(ω), corresponds to the impedance of the rightmost

10
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part of the circuit in Figure 2.1 and is

ZR(ω) =
(( 1

−iωC4
− iωL3

)−1
− iωC3

)−1

= i
ω2C4L3 − 1

(C3 + C4)ω
(
ω2 C3C4

C3+C4
L3 − 1

) . (2.31)

The effective impedance of the circuit, Zeff(ω), is then

Zeff(ω) =
(
(ZL(ω) + ZR(ω))−1 + ZC(ω)−1

)−1

= i
P5ω

5 − P3ω
3 + P1ω

Q6ω6 −Q4ω4 +Q2ω2 −Q0
= i

P (ω)
Q(ω)

(2.32)

with 

P5 = C1C4(C2+C3)
C1+C2+C3+C4

L1L2L3

P3 = C1(C2+C3+C4)L1+C4(C1+C2+C3)L3
C1+C2+C3+C4

L2

P1 = L2

Q6 = C1C2C3C4
C1+C2+C3+C4

L1L2L3

Q4 = C1C2(C3+C4)L1L2+C1C4(C2+C3)L1L3+C3C4(C1+C2)L2L3
C1+C2+C3+C4

Q2 = C1(C2+C3+C4)L1+(C1+C2)(C3+C4)L2+C4(C1+C2+C3)L3
C1+C2+C3+C4

Q0 = 1

. (2.33)

A circuit consisting of M LCR-oscillators in series has the impedance

Z(ω) =
M∑

p=1

(
−iωCp + 1

−iωLp

+ 1
Rp

)−1

(2.34)

where the imaginary parts of the poles are (2RpCp)−1 and the real part of the
poles, gives the resonance frequencies of the LC-circuits, ωp = (LpCp)−1/2 [33].
Furthermore, the resistance and capacitance of LCR-oscillator p can be explicitly
calculated as Rp = 1

ℜe(Y (ωp)) and Cp = 1
2ℑm

(
dY (ω)

dω

)∣∣∣
ω=ωp

, with Y (ω) = Z(ω)−1.

Note that superconductivity is characterized by a negligible electrical resistivity [13,
35, 36], which means no current should go through the arm with the resistor of the
LCR-circuit and the contribution of Rp to the impedance should be 0, i.e., 1

Rp
→ 0.

We can ensure that Rp → ∞ by choosing the values on the inductors and capacitors
such that ω2

p is both real and positive.

The function in the denominator is that of a cubic equation, Q(
√
x) = Q6x

3 −
Q4x

2 +Q2x−Q0, with x = ω2. As such can we ensure that all roots, x, are real by
ensuring that the discriminant, ∆, of the function is larger than or equal to 0 [37].
This constraint then take the form

∆ = −27
(
Q0

Q6

)2

+
18Q4Q2

Q2
6

− 4
(
Q4

Q6

)3
 Q0

Q6
+ Q4Q2

Q2
6

− 4
(
Q2

Q6

)3

> 0 (2.35)
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and is the only constraint necessary on the circuit parameters. At first glance it
might seem that Equation 2.35 allows for ω2 = x < 0 and therefore imaginary poles
of the impedance, but the structure of Q(ω) does not allow for the real roots, xp,
to be negative. To see this, consider Vieta’s formula for which the roots of the
polynomial equation Q6x

3 −Q4x
2 +Q2x−Q0 = 0 satisfies

x1 + x2 + x3 = Q4

Q6
(2.36)

x1x2 + x1x3 + x2x3 = Q2

Q6
(2.37)

x1x2x3 = Q0

Q6
(2.38)

where x1, x2, and x3 are the possible roots of the third degree polynomial [38]. Note
that for our specific case is the right-hand side of Equation 2.36 through Equa-
tion 2.38 all real and positive. If (x1, x2, x3) are all greater than 0, then Equa-
tions 2.36 through 2.38 are all trivially satisfied. If only one of the roots is less than
0, then the left-hand side of Equation 2.38 is less than 0, while the right-hand side
is greater than 0 leading to a contradiction. We can therefore not have a root xi

that is less than 0 while the others are greater than 0. In the case where all roots
are less than 0, the left-hand side of Equation 2.38 evaluate to a negative number,
while the right-hand side is positive - leading to a contradiction.

In the specific case where two roots are less than 0, we consider x1 > 0 without
loss of generality; then Equation 2.36 gives the constraint that x1 > |x2| + |x3| and
Equation 2.37 gives the constraint |x2||x3| > x1 (|x2| + |x3|). The two constraints
imply

|x2||x3| > (|x2| + |x3|)2 = |x2|2+2|x2||x3|+|x3|2 =⇒ −|x2||x3| > |x2|2+|x3|2 (2.39)

which is not true for any x2 or x3. The only possible solutions of Q(
√
x) is then

that the roots, xp, are all positive real, which means that the roots ωp are also
therefore all real, and Equation 2.35 is therefore the only constraint we need the
circuit parameters to satisfy in order to have no contribution from the resistance.

After a valid eigenfrequency is obtained can we calculate the corresponding capac-
itance, Cp, by taking half of the imaginary part of the derivative of the admit-
tance [33]. We then get

dY (ω)
dω = −i

dP (ω)
dω

Q(ω) − dQ(ω)
dω

P (ω)
Q(ω)2

Q(ω)2

P (ω)2 = −i

 dP (ω)
dω

P (ω)
i

Z(ω) −
dQ(ω)

dω

P (ω)

 (2.40)

and since we only evaluate ω when it is a pole of Z(ω), and both P (ω) and dP (ω)
dω

are real for ω = ωp, we obtain

Cp = 1
2ℑm

(
dY (ω)

dω

)∣∣∣∣∣
ω=ωp

= 1
2

 dQ(ω)
dω

P (ω)

∣∣∣∣∣∣
ω=ωp

=
3Q6ω

5
p − 2Q4ω

3
p +Q2ωp

P5ω5
p − P3ω3

p + P1ωp

(2.41)
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2. Theory

from which we can obtain the strength of the inductance through Lp =
(
ω2

pCp

)−1
.

The result is the equivalent circuit of Figure 2.1 presented in Figure 2.3, in which
three LC-resonators are placed in series as the central element between two parallel
Josephson junctions. As a direct consequence of the Foster synthesis is the external
flux between the junctions and the central elements the same as in the original
circuit [11].

La1

Ca1 Cb

Lb

Ca2

La2

E1

E2

⟳Φext,1

⟳

Φext,2

Figure 2.3: Equivalent circuit of our circuit that generates pair-cat states. Three
LC-resonators are placed as the central elements between two parallel Joseph-
son junctions with strength E1 and E2 respectively. Each component of the LC-
resonators are denoted with either the indices a1, a2 or b. The indices a1 and a2
indicates the modes used to generate the pair-cat state, whilst the index b is the
buffer mode. The external fluxes are unchanged as a consequence of the Foster syn-
thesis.

In order to describe how this equivalent circuit give rise to the dynamics we want,
is a derivation of its Hamiltonian required.

2.4.2 Hamiltonian of the Circuit
In order to properly describe the Hamiltonian and thereby the dynamics of the
circuit, we need to describe how the current, I(t), and voltage, V (t), are distributed
and changes over time [13]. If each element of the circuit corresponds to a branch,
then the voltage and current over that specific branch is given by

Vbranch(t) =
∫ end of branch

start of branch
E⃗(t) · dℓ⃗ (2.42)

Ibranch(t) = 1
µ0

∮
branch

B⃗(t) · dℓ⃗ (2.43)

13



2. Theory

where µ is the vacuum permeability, E⃗ is the electric field inside the wire and B⃗
is the magnetic field outside the wire [13]. We can then introduce the branch flux,
Φbranch(t), and the branch charge, Qbranch(t), as

Φbranch(t) =
∫ t

−∞
dt′Vbranch(t′) (2.44)

Qbranch(t) =
∫ t

−∞
dt′Ibranch(t′). (2.45)

Importantly, the voltage of a capacitor is VCap(t) = Q(t)
C

and using Equation 2.45
together with P (t) = V (t)I(t), where P (t) is the power, and we get the energy
stored in the capacitance is

ECap(t) =
∫ t

−∞
dt′Q(t′)

C
I(t′) = 1

2CΦ̇2(t). (2.46)

Similarly utilizing that the current in an inductor is given by IInd(t) = Φ(t)
L

we find
the energy of the inductor to be

EInd(t) = Φ2(t)
2L . (2.47)

The obtained energy terms can be used to express the Lagrangian, L, and solve
the Euler-Lagrange equations, thus obtaining the time-evolution of the flux and
the conjugate momenta, pn = ∂L

∂ϕ̇n
, where ϕn is the phase difference between two

modes [13, 39]. We can then promote the flux and conjugate momenta to quan-
tum operators, by ensuring that they satisfy the canonical commutation relations[
ϕ̂n, p̂m

]
= iℏδnm. These operators can be in turn expressed as a linear combina-

tion of the bosonic annihilation and creation operators, as they satisfy
[
ân, â

†
m

]
=

δnm [13, 40].

For circuits whose linear components only consists of LC-resonators in series, such as
our own, can we ignore the above laid procedure. Instead, we can use the admittance
to directly obtain the flux operator of mode p as

ϕ̂p =
√√√√√ ℏ
ωpℑm

(
dY (ω)

dω

)∣∣∣
ω=ωp

(
âp + â†

p

)
= f̂p + f̂ †

p (2.48)

and the contribution from the harmonic oscillators to the Hamiltonian becomes
Ĥ0 = 2∑p f̂

†
p (Lp)−1 f̂p = ∑

p ωpâ
†
pâp for ℏ = 1 [33]. The total Hamiltonian of

the circuit can then be written as a sum of the linear Hamiltonian, Ĥ0, and the
contribution from the SQUID.

The energy contribution from a single Josephson junction is −EJ cos(φ(t)) where
EJ is the Josephson energy and φ is the reduced phase difference defined as φ(t) =
2π
Φ0
ϕ(t) [14]. As such can we define the zero-point fluctuation, φZP F

p , for mode p as

14



2. Theory

φ̂p(t) = φZP F
p

(
p̂+ p̂†

)
, which can be determined analytically as

φZP F
p = 2π

Φ0

√√√√√ ℏ
ωpℑm

(
dY (ω)

dω

)∣∣∣
ω=ωp

(2.49)

where Φ0 is the magnetic flux quantum and we have kept ℏ for clarity. Since φ is
a phase difference are we free to define a point on the circuit on which φ(t) = 0. If
we define this point to be before the central elements in the equivalent circuit, see
Figure 2.4,

La1

Ca1 Cb

Lb

Ca2

La2

E1

E2

⟳φ1

⟳

φ2

φ

Figure 2.4: The equivalent circuit, but with added phase difference. The external
magnetic fluxes are also removed and replaced with φi = 2π

Φ0
Φext,i.

and we get that the energy contribution from the SQUID is

ESQUID = − E1 cos(φ̂+ φ1) − E2 cos(φ̂− φ2)

= −
(
E1 cos

(
φ̂+ φΣ

2 − φ∆

2

)
+ E2 cos

(
φ̂− φ∆

2 − φΣ

2

))
= − E1

(
cos

(
φΣ

2

)
cos

(
φ̂− φ∆

2

)
− sin

(
φΣ

2

)
sin

(
φ̂− φ∆

2

))
− E2

(
cos

(
φΣ

2

)
cos

(
φ̂− φ∆

2

)
+ sin

(
φΣ

2

)
sin

(
φ̂− φ∆

2

))
= − EΣ cos

(
φΣ

2

)
cos

(
φ̂− φ∆

2

)
− E∆ sin

(
φΣ

2

)
sin

(
φ̂− φ∆

2

)
(2.50)

where φΣ = φ1 + φ2, φ∆ = φ2 − φ1, EΣ = E1 + E2, E∆ = E2 − E1,

φ̂ = φZP F
a1

(
â†

1 + â1
)

+ φZP F
b

(
b̂† + b̂

)
+ φZP F

a2

(
â†

2 + â2
)

(2.51)

and φi = 2π
Φ0

Φext,i. Here we define the operators â1 and â2 to be the annihilation
operators for the SGMs and b̂ to be the annihilation operator for the buffer mode.
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If we then operate the external flux between the arms of the ATS in such a way that
2π
Φ0

(Φext,2 − Φext,1) = −π
2π
Φ0

(Φext,1 + Φext,2 + 2η cos(ωdt)) = −π + 2ξ cos(ωdt)
(2.52)

for some amplitude η and some drive frequency ωd, and we get the following Hamil-
tonian

Ĥ =ωa1 â
†
1â1 + ωbb̂

†b̂+ ωa2 â
†
2â2

+ EΣ sin (ξ cos (ωdt)) sin (φ̂) − E∆ cos (ξ cos (ωdt)) cos (φ̂) .
(2.53)

From here on will we assume that the strength of the Josephson energies satisfy
E1 = E2 = EΣ/2. Expanding the cosine in Equation 2.53 as cos(ωdt) = eiωdt+e−iωdt

2
and performing a Taylor expansion of the sine term, and we get that for the leading
order of ξ

Ĥtoy = ωa1 â
†
1â1 + ωbb̂

†b̂+ ωa2 â
†
2â2 + EΣξ

2
(
eiωdt + e−iωdt

) (
φ̂− O

(
φ̂3
))

(2.54)

in which we can choose what terms is on resonance by modifying the drive frequency
ωd. From the argument presented in Chapter 2.3, we want the Hamiltonian to create
two photons in the two SGM simultaneously. We can ensure that two photons are
created simultaneously in each mode by driving the buffer mode with a resonant
drive of strength ζ at the same time the drive frequency of the magnetic flux is
operating at ωd = 2ωa1 − ωb + 2ωa2 . Rotating the Hamiltonian into the interaction
picture and performing the rotating wave approximation (RWA) [41], we get the
leading order of the Hamiltonian to be

ĤRWA = Gâ†2

1 b̂â
†2

2 + ζ∗b̂† + h.c. (2.55)

with G = ξ
2EΣe

−
||φZP F ||2

2
(φZP F

a1 )2
φZP F

b (φZP F
a2 )2

2!1!2! , see Appendix A.1 for the derivation.

The RWA Hamiltonian gives the interaction we want. This can be seen by consider-
ing what happens if we act with the Hamiltonian on the vacuum state |na1 , nb, na2⟩ =
|0, 0, 0⟩. The Hamiltonian then only populates the buffer mode with strength ζ∗,
and as more time passes does the photon in the buffer mode, corresponding to state
|0, 1, 0⟩ turn into two photons in each of the SGM, i.e. |0, 1, 0⟩ → |2, 0, 2⟩. Now, due
to the resonant drive of the buffer mode might we also occasionally get two photons
in the buffer mode, but by ensuring that we have a sufficiently large dissipation rate
of the buffer mode to the bath, κb, and sufficiently large coupling strength G is the
chance of this occurring negligible.

The reason we want low population in the buffer mode is so we can approximate the
buffer mode as a two-level system and adiabatically remove it, see Appendix A.2
for the derivation, and engineer a joint two-photon dissipation channel. After the
adiabatic removal of the buffer mode, does the time-evolution of the density matrix
take the form

d
dt ρ̂ = − i

[
2Gζ∗i

κb

â2
1â

2
2 − 2Gζi

κb

â†2

1 â
†2

2 , ρ̂

]

+ 4G2

κb

(
â2

1â
2
2ρ̂â

†2

1 â
†2

2 − 1
2
{
â†2

1 â
†2

2 â
2
1â

2
2, ρ̂

}) (2.56)
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with the resulting equation being on the same form as Equation 2.25 with g2,2 = 2Gζ∗i
κb

and κ = 4G2

κb
. The solutions then take the form

α =



ei π
4 4
√

ζ
G

ei 5π
4 4
√

ζ
G

e−i π
4 4
√

ζ
G

e−i 5π
4 4
√

ζ
G

. (2.57)

We have now a circuit that generate the steady-states, but the question remains on
how to choose the parameters in order to maximize the fidelity and the confinement
rate towards the manifold spanned by our pair-cat states.

2.5 Calculating the Confinement Rates
We have previously shown that the zero-point fluctuations and eigenfrequencies are
directly related to the geometric parameters of the circuit. As such will we work
with the Hamiltonian directly when calculating the local convergence rate, κconf , to
the manifold spanned by the pair-cat states. Note that from here one κconf will be
referred to as the confinement rate. The calculation for the confinement rate will
differ depending on whether the coherence value of the state, |α| is zero or not.

2.5.1 Confinement Rate for a General Non-Zero Coherence
Value

Consider our Hamiltonian in the rotating wave approximation

Ĥ = G
(
â2

1â
2
2 − α∗4)

b̂† + h.c. (2.58)

where α∗ = e
iπ
4 4
√

ζ∗

G
. Using the Langevin equations [42], we get

˙̂a1 = −2iGâ†
1â

†2

2 b̂
˙̂
b = −iG

(
â2

1â
2
2 − α∗4

)
− κb

2 b̂+ √
κbb̂in

˙̂a2 = −2iGâ†2

1 â
†
2b̂

(2.59)

where b̂in is the incoming bath field and the dot (·) denotes the time-derivative. If
we furthermore assume the semiclassical approximation [43], in which we replace
each operator with its expectation value and assume ⟨b̂in⟩ = 0, we get

ȧ1 = −2iGa∗
1a

∗2
2 b

ḃ = −iG
(
a2

1a
2
2 − α∗4

)
− κb

2 b

ȧ2 = −2iGa∗2
1 a

∗
2b

(2.60)

with stable points at

(a1, b, a2) =
(

0, 2iG
κb

α∗4
, 0
)

(a1, b, a2) =
(
βα∗, 0, α

∗

β

)
(2.61)
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for β ∈ C/{0}. As we want to stabilize the pair-cat state with photons in the
SGMs and an empty buffer mode will we ignore the dynamics around (a1, b, a2) =(
0, 2iG

κb
α∗4

, 0
)

and focus on the other stable points.

The linearized dynamics at the stable points can be expressed as δ (a1, b, a2) =
(a1, b, a2) − (a10 , b0, a20) where (a10 , b0, a20) are the stable points. Which straight-
forwardly imply, (a1, b, a2) = δ (a1, b, a2) + (a10 , b0, a20). For demonstrative purposes
will we present the calculation for the linearized dynamics around the stable point
of the a1 mode and only present the results for the other modes.

Consider the a1-mode. We then get

˙δa1 = ȧ1 − ˙a10 = −2iGa∗
1a

∗2

2 b = −2iG (δa∗
1 + βα∗)

(
δa∗

2 + α∗

β

)2

δb

≈ −2iGα
∗3

β
δb.

(2.62)

We then get 
˙δa1 = −2iGα3

β∗ δb

δ̇b = −2iGα∗3

β
δa1 − 2iGβα∗3

δa2 − κb

2 δb
˙δa2 = −2iGβ∗α3δb

. (2.63)

Furthermore, if we let δaj = xaj
+ iyaj

, for j ∈ {1, 2} and δb = xb + iyb, then
assuming β and α are both real, can we describe the linearized dynamics as a block
matrix equation

v̇ =
(
D M

−M D

)
v (2.64)

where v = (xa1 , xb, xa2 , ya1 , yb, ya2)T and

M =


0 2Gα3

β
0

2Gα3

β
0 2Gβα3

0 2Gβα3 0

 D =

0 0 0
0 −κb

2 0
0 0 0

 .

Let A = 2Gα3

β
, B = 2Gβα3. Then the characteristic polynomial is given by

χ(λ) = det
(
λ−D −M
M λ−D

)
= λ2

((
λ+ κb

2

)
λ+ A2 +B2

)2
(2.65)

and has the solutions
λ1,2 = 0
λ3,4 = −κb

4

(
1 −

√
1 − 64G2α6(β2+β−2)

κ2
b

)
= λ−

λ5,6 = −κb

4

(
1 +

√
1 − 64G2α6(β2+β−2)

κ2
b

)
= λ+

. (2.66)
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Note that the real part of the eigenvalues are non-positive. As such can the fluctua-
tions δ (a1, b, a2) are either constant or exponentially suppressed for all values of G,
κb and α.

The solutions can then be divided into two regimes; the underdamped regime and the
overdamped regime depending on whether the eigenvalues are real or complex [44].
The transition point occurs when

64G2α6 (β2 + β−2)
κ2

b

= 1. (2.67)

In the case where κ2
b > 64G2α6 (β2 + β−2), we lie in the overdamped regime as

the buffer decay is too strong and the confinement rate, κconf , is governed by the
eigenvalue of least magnitude [44].

κconf |α ̸=0
κ2

b
>64G2α6(β2+β−2) = −2λ− = κb

2

1 +

√√√√1 − 64G2α6 (β2 + β−2)
κ2

b

 . (2.68)

A Taylor expansion of first order yields

κconf |α ̸=0
κ2

b
>64G2α6(β2+β−2) = 16G2α6 (β2 + β−2)

κb

(2.69)

which, assuming we prepare our pair-cat state from vacuum, in turn yield

κconf |α ̸=0
κ2

b
>128G2α6 = 32G2|α|6

κb

(2.70)

as the photon number difference between the modes are 0 [23].

In the case where κ2
b < 64G2|α|6 (β2 + β−2) are we in the underdamped regime as the

buffer decay is too weak to remove all photons in the buffer mode. The confinement
rate is then given by the shared real part of λ+ and λ− [44]. The confinement rate
is then

κconf ||α|̸=0
κ2

b
<64G2|α|6(β2+β−2) = −2ℜe (λ±) = κb

2 . (2.71)

There is therefore a maximum decay rate of κb

2 we want to reach, and the circuit
parameters should be chosen such that

G ≥

√√√√ κ2
b

128|α|6
. (2.72)

This calculation of course, assumes that |α| ̸= 0. However, if we initialize a pure
Fock state |na1 , nb, na2⟩, or a holonomic gate is used then |α| = 0 [45], and the
calculated confinement rate no longer holds. The confinement rate would then need
to be calculated another way.
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2.5.2 Confinement Rate for a Coherence Value of 0
Consider the time-evolution of the density matrix in the RWA when no resonant
drive is applied on the buffer mode, ζ = 0,

d
dt ρ̂ = −i

[
G
(
â2

1â
2
2b̂

† + â†2

1 â
†2

2 b̂
)
, ρ̂
]

+ κb

(
b̂ρ̂b̂† − 1

2
{
b̂†b̂, ρ̂

})
(2.73)

or in Liouvillian form

d
dt ρ̂ = L̂ρ̂ = (1 ⊗ G∗ + G ⊗ 1 + κbb ⊗ b∗) ρ̂ (2.74)

where
G = −iG

(
â2

1â
2
2b̂

† + â†2

1 â
†2

2 b̂
)

− κb

2 b̂
†b̂ (2.75)

and 1 is the unitary matrix [44].

If we let na1 , nb, and na2 be the population in mode a1, b, and a2 respectively and
consider the Fock state |na1 , nb, na2⟩. Then for any n ∈ N, can we immediately see
that the states |0, 0, 0⟩, |n, 0, 0⟩, |n, 0, 1⟩, |1, 0, 1⟩, |0, 0, n⟩, |1, 0, n⟩ are steady states of
Equation 2.73. Let L0 be the space spanned by these steady states. Then one
can leave L0 by applying the operator â†

1â
†
2 simultaneously. Consider for instance

acting the operator â†
1â

†
2 on state |1, 0, 1⟩ then we obtain state |2, 0, 2⟩ and exit the

L0-space. However, this state will turn into |0, 1, 0⟩ due to the presence of Gâ2
1â

2
2b̂

†,
which in turn will collapse into |0, 0, 0⟩ due to the strong dissipation. We can then
define the first excitation manifold, L1, as the smallest subspace invariant under the
interaction dynamics G, and contains all states obtained by a single simultaneous
excitation of the storage modes from L0 and whose states are not already in L0. For
instance the states |2, 0, 2⟩, and |0, 1, 0⟩ belong to L1, but |1, 0, 1⟩ does not. We can
also define the second excitation manifold, L2 in a similar manner.

It is then possible to estimate the space L the Liouvillian acts on as

L =
ℓ⊕

r,s=0
Lr ⊗ Ls (2.76)

with ℓ → ∞ yielding the exact space. Furthermore, note that GLi ⊂ Li, bLi ⊂
Li−1 with GL0 = 0 and bL0 = 0; which implies that L can be expressed as
a block upper triangular matrix and we only need to consider the eigenvalues of
G over the excitation manifolds [44]. Furthermore, it can be shown that G over
the excitation manifold decomposes into independent invariant subspaces V(ℓ)

n,m =
Span (|n− 2k, k,m− 2k⟩, k ∈ {0, . . . , ℓ}), when G acts on Lℓ. These subspaces also
satisfy one or more of the following equalities n − 2ℓ = 0, n − 2ℓ = 1, m − 2ℓ = 0,
or m− 2ℓ = 1 by construction of the excitation manifolds.

Consider a state |n, 0,m⟩ ∈ Lℓ. The action of G on |n, 0,m⟩ is then

G|n, 0,m⟩ = −iG
√
nm(n− 1)(m− 1) |n− 2, 1,m− 2⟩. (2.77)
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Similarly,

G|n− 2, 1,m− 2⟩ = − iG
√

2(n− 2)2(m− 2)2|n− 4, 2,m− 4⟩

− iG
√

(n)2(m)2 |n, 0,m⟩

− κb

2 |n− 2, 1,m− 2⟩.

(2.78)

where (x)2 = x(x − 1) and is known as a falling factorial [46]. For a general state
|n− 2k, k,m− 2k⟩ ∈ Lℓ where 0 < k < ℓ, we have

G|n− 2k, k,m− 2k⟩ = − iGN
(n,m)
k |n− 2(k + 1), k + 1,m− 2(k + 1)⟩

− iGN
(n,m)
k−1 |n− 2(k − 1), k − 1,m− 2(k − 1)⟩

− κb

2 k|n− 2k, k,m− 2k⟩.
(2.79)

where N (n,m)
k =

√
(k + 1)(n− 2k)2(m− 2k)2. Finally, for the case where k = ℓ, we

have

G|n− 2ℓ, ℓ,m− 2ℓ⟩ = − iGN
(n,m)
ℓ−1 |n− 2(ℓ− 1), ℓ− 1,m− 2(ℓ− 1)⟩

− κb

2 ℓ|n− 2ℓ, ℓ,m− 2ℓ⟩.
(2.80)

Hence G leaves the subspace V(ℓ)
n,m invariant. It remains to show that no coupling

exists between distinct subspaces V(ℓ)
n,m and V(ℓ)

n′,m′ with (n,m) ̸= (n′,m′).

Suppose there exists a non-zero matrix element connecting |na1 , nb, na2⟩ to a state
in V(ℓ)

n′,m′ . By construction of the interaction term, such a coupling would require
the simultaneous application of the operators â2

1â
2
2b̂

† or â†2
1 â

†2
2 b̂, which change the

occupation numbers according to

(na1 , nb, na2) 7→ (na1 ± 2, nb ∓ 1, na2 ± 2) ∈ V(ℓ)
n,m. (2.81)

Thus, any path generated by repeated application of G starting in V(ℓ)
n,m remains

entirely within V(ℓ)
n,m, and cannot reach V(ℓ)

n′,m′ . This establishes that all subspaces
V(ℓ)

n,m are mutually invariant and dynamically disconnected.

Finally, since each invariant subspace V(ℓ)
n,m is (ℓ+ 1)-dimensional, the restriction of

G to Lℓ decomposes into a direct sum of independent (ℓ + 1) × (ℓ + 1) tridiagonal
matrices,

G
∣∣∣
Lℓ

≃
⊕
n,m

G(ℓ)
n,m, (2.82)

with

G(ℓ)
n,m =



0 −iGN (n,m)
0 0 · · · 0

−iGN (n,m)
0 −κb

2 −iGN (n,m)
1 · · · 0

0 −iGN (n,m)
1 −κb · · · 0

... ... ... . . . −iGN (n,m)
ℓ−1

0 0 0 −iGN (n,m)
ℓ−1 −κb

2 ℓ


. (2.83)
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Note that the confinement rate will be κconf = −2ℜe (λmin) where λmin is the eigen-
value with the smallest non-zero real part in absolute value [44]. Also note that for
the matrix presented in Equation 2.83 does the terms increase monotonically with
n,m and k, which increases the size of the eigenvalue. The term with the lowest
eigenvalue is then the lowest possible combination of n,m that lies on an excitation
manifold, and is (n,m) = (2, 2) which corresponds to the space V(1)

2,2 ⊂ L1.

Rather then decomposing into a tridiagonal matrix does the restriction of G to L1
decompose it into a direct sum of independent 2 × 2 matrices

G
∣∣∣
L1

≃
⊕
n,m

G(1)
n,m, (2.84)

with

G(1)
n,m =

 0 −iG
√
nm(n− 1)(m− 1)

−iG
√
nm(n− 1)(m− 1) −κb

2

 . (2.85)

To obtain the eigenvalues for G over L1, we then only need to consider the eigen-
values of Equation 2.85, which are

λn,m
± = −κb

4

1 ±

√√√√1 − 16nm(n− 1)(m− 1)G2

κ2
b

 . (2.86)

Specifically for (n,m) = (2, 2) we have

λ2,2
± = −κb

4

1 ±

√√√√1 − 64G2

κ2
b

 . (2.87)

In the overdamped regime, where κb > 8G, we have a confinement rate of

κconf ||α|=0
κb>8G = κb

4

1 −

√√√√1 − 64G2

κ2
b

 (2.88)

which saturates at κconf = κb

2 as G → κb

8 . In the underdamped regime, where
8G > κb, we obtain

κconf ||α|=0
κb<8G = −2ℜe (λ±) = κb

2 . (2.89)

The circuit parameters should therefore be chosen such that G > κb

8 , as that both
maximizes the confinement rate for when |α| = 0 and satisfies Equation 2.72 for
|α| ≥ 1

6√2 ≈ 0.89.

2.6 Quantum Computing Gate Set
In quantum computing, a gate set said to be universal if any universal operation can
be approximated to an arbitrary degree using only the gates from said set [47]. Find-
ing one of these set is however not enough for quantum computing to be justified, as
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we also need the code that we want to simulate to not be efficiently computable on
a classical computer. In other words, we want our set to fail the Gottesmann-Knill
theorem [25]. What this means in practice is that we need at least one gate that
does not belong in the Clifford group, which is the normalizer of the group consisting
of Pauli matrices [48]. To construct a universal gate set can we, as a starting point,
use the gates presented in [7] and can be seen in Table 2.1.

Hamiltonian X-gate ĤX = gx

(
â†

1â
†
2 + â1â2

)
Hamiltonian XX-gate ĤXX = gXX

(
â†

1ĉ
†
1â

†
2ĉ

†
2 + â1ĉ1â2ĉ2

)
Holonomic Z-gate α → 0 → αeiϕ → α.

Table 2.1: Suggested gate set.

Here the letters a and c denotes different qubits and the indexed numbers denote
the different state generating modes (SGM) of the qubit. Please note that the two
qubit gate is outside the scope of the Thesis, but is presented here for convenience.
The first two gates were first presented in [9], and the third gate in [45], all for a
single cat state and extended by Albert et al. in [7] for pair-cat states. Note that
the Holonomic gate will not affect the dynamics of the system, unless the qubit is
initialized in a superposition of |0⟩L and |1⟩L as |0⟩L then picks up a relative phase
of 2θ2 with regards to |1⟩ through the Berry phase [45]. Regardless, whichever gate
is used does the state rotate around the Bloch sphere.

2.6.1 Bloch Sphere
The Bloch sphere is a geometrical representation of a two-level quantum state [47],
and is presented in Figure 2.5.

z

y
x

|ψ⟩
θ1

θ2

|0⟩

|1⟩

|i⟩

|+⟩

Figure 2.5: Sketch of the Bloch sphere. A two level quantum state |ψ⟩ is completely
determined by the angles θ1 and θ2 according to |ψ⟩ = cos

(
θ1
2

)
|0⟩ + eiθ2 sin

(
θ1
2

)
|1⟩.

The state is completely determined by |ψ⟩ = cos
(

θ1
2

)
|0⟩ + eiθ2 sin

(
θ1
2

)
|1⟩ where

⟨0|1⟩ = 0. We can then define a gate for a rotation around each of the principal
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axis. If we define |0⟩ =
(

1
0

)
and |1⟩ =

(
0
1

)
then we can define the following gates

X̂ = |0⟩⟨1| + |1⟩⟨0| =
(

0 1
1 0

)
(2.90)

Ŷ = i|1⟩⟨0| − i|0⟩⟨1| =
(

0 −i
i 0

)
(2.91)

Ẑ = |0⟩⟨0| − |1⟩⟨1| =
(

1 0
0 −1

)
(2.92)

These have the eigenstate |±⟩ = |0⟩±|1⟩√
2 for the X̂-matrix, | ± i⟩ = |0⟩±i|1⟩√

2 for the
Ŷ -matrix and |1⟩ and |0⟩ for the Ẑ-matrix.

Applying for instance a X-gate on the qubit rotates the state depend on the time
the gate is active and its strength according to

R̂x(t)|ψ⟩ = ei g̃x
2 tX̂ |ψ⟩ (2.93)

where |ψ⟩ is the qubits initial state, t is the time the gate is active and g̃x is the
strength of the gate [47]. The time it takes for the gate to implement a whole
rotation is trot = 2π

g̃x
.

Consider for instance the X-gate presented in Table 2.1. If we want to apply the
X-rotation, then we want the resulting code to still be in the code subspace spanned
by |αδ⟩ and |iαδ⟩, but the new time-evolution of the density matrix would be on the
form

d
dt ρ̂ = − i

[
g2,2â

2
1â

2
2 − g∗

2,2â
†2

1 â
†2

2 + gxâ
†
1â

†
2 + gxâ1â2, ρ̂

]
+ κ

2
(
2â2

1â
2
2ρ̂â

†2

1 â
†2

2 −
{
â†2

1 â
†2

2 â
2
1â

2
2, ρ̂

}) (2.94)

then if gx is comparable or much larger than g2,2 we would stabilize another state
entirely and work against our stabilization process.

2.6.2 Proving the X-gate
The X-gate can be engineered by driving the buffer mode with a frequency of ωX =
ωa1 −ωb +ωa2 ; the derivation of which can be found in Appendix B. This subchapter
proves that the gate works and for which values of α it does work.

To prove that
ĤX = gx

(
â†

1â
†
2 + â1â2

)
(2.95)

acts as an X-gate on our code subspace can we define the projector of said code
subspace [7]. The projector of our code subspace is

P̂ = |ψ+
αδ

⟩⟨ψ+
αδ

| + |ψ−
αδ

⟩⟨ψ−
αδ

| = P̂ †. (2.96)
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Projecting our â1â2 operator onto the code subspace, we get

P̂ â1â2P̂ = |α|2√(
Iδ

(
2 |α|2

))2
−
(
Jδ

(
2 |α|2

))2

(
Iδ

(
2 |α|2

)
X̂ + iJδ

(
2 |α|2

)
Ŷ
)

(2.97)

which means that for a real gx the effect the X-gate has on the code is described by
the following equation

gxP̂
(
â†

1â
†
2 + â1â2

)
P̂ † = gx√

NX

((
ℜe (α)2 − ℑm (α)2

)
Iδ

(
2 |α|2

)
X̂

−2ℜe(α)ℑm(α)Jδ

(
2 |α|2

)
Ŷ
) (2.98)

where

NX =

(
Iδ

(
2 |α|2

))2
−
(
Jδ

(
2 |α|2

))2

4 . (2.99)

Note that rotations purely around the X-axis only occur for either purely real or
purely imaginary α and it does so with an effective gate strength g̃x where

|g̃x| = 2gx |α|2√(
Iδ

(
2 |α|2

))2
−
(
Jδ

(
2 |α|2

))2
Iδ

(
2 |α|2

)
(2.100)

or in the large |α| limit; |g̃x| = 2gx |α|2.
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3
Results

In this chapter, are the results presented. We will first show the result for the induced
joint two photon decay, and then show how the strength of the circuit parameters
and the strength of the resonant drive of the buffer mode affect the fidelity of the
generated. Afterwards, will we show the state preparation of both the RWA and
using the full Hamiltonian as well as the X-gate for the RWA. The X-gate has not
been implemented for the full Hamiltonian but a quick discussion will be held on
how to effectively realize the gate in a future work.

3.1 Induced Joint Two Photon Decay

Recall the effective time-evolution of the density matrix for our system, presented
in Equation 2.56, and rewritten here for convenience

d
dt ρ̂ = − i

[
2Gζ∗i

κb

â2
1â

2
2 − 2Gζi

κb

â†2

1 â
†2

2 , ρ̂

]

+ 4G2

κb

(
â2

1â
2
2ρ̂â

†2

1 â
†2

2 − 1
2
{
â†2

1 â
†2

2 â
2
1â

2
2, ρ̂

})
,

(3.1)

then if the resonant drive on the buffer mode is turned off, i.e. ζ = 0, we only have
the joint two-photon dissipator left. The new time-evolution of the system is then

d
dt ρ̂ = 4G2

κb

(
L̂ρ̂L̂† − 1

2
{
L̂†L̂, ρ̂

})
(3.2)

where L̂ = â2
1â

2
2 and describes the dissipation [30]. For a state prepared in Fock state

|n, 0,m⟩, we expect the induced photon decay to continue until either n − 2 < 0
or m − 2 < 0. Here the central index corresponds to the buffer mode, the leftmost
index to the a1 mode and the rightmost index to the a2 mode.

Consider for instance what happens when we initialize a state in |2, 0, 2⟩, and uses
the parameters presented in Table 3.1.
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Table 3.1: Parameters used when modelling the decay rate of the state initialized
in |2, 0, 2⟩. The resonant drive on the buffer mode, ζ, was turned off during the
simulation.

φZP F
a1 0.38 ωa1 4.08 GHz × 2π

φZP F
b 0.39 ωb 7.90 GHz × 2π

φZP F
a2 0.58 ωa2 5.21 GHz × 2π
EJ1 5.60 GHz × h EJ2 5.60 GHz × h

κb 2.40 MHz × 2π |ζ| -

In order to show the decay was the projection of the initial state against the |2, 2⟩
and |0, 0⟩ Fock states plotted. Here we ignore the central index as we are only
interested in the decay of the two state-generating modes. The result of which is
shown in Figure 3.1. The confinement rate was then obtained by fitting the data
against P22 = e−κconft, where P22 is the projection against the |2, 2⟩ state. The result
of the fitting, together with the analytical solution is presented in Figure 3.2.
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Figure 3.1: Population decay. The state is initialized with two photons in each
mode. No photon decay occur when the magnetic flux between the arms of the ATS
is turned off. As the flux gets stronger, we observe a stronger decay and it is likelier
and likelier to measure no photons in the cavity.
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Figure 3.2: Fitted decay rate when initialized in different Fock states. The blue
dots corresponds to the fitted decay rate for when the state was initialized in |2, 0, 2⟩,
the orange squares when the state was initialized in |2, 0, 0⟩ and the green triangles
when the state was initialized in |3, 0, 1⟩. The grey line is the analytically obtained
decay rate for |2, 0, 2⟩ and the red dashed line is the theoretical maximum value of
κb/2. The fastest confinement rate is obtained at ξ = 0.032, but deviate from the
theory.

The fitted decay rate in Figure 3.2, when the state is initialized in Fock state |2, 0, 2⟩
matches the analytical decay rate in the beginning, but starts to deviate more and
more as the strength of the external magnetic flux increases. One explanation is
that the RWA is not a good description for our system when using strong pumps,
even if it can give some idea on how the system acts. This is not entirely unexpected
since the leading order of the RWA is on the fifth order and there may exist near
resonant terms on a lower order, which can influence the result. However, the
interaction Hamiltonian, G

(
â2

1â
2
2b̂

† + h.c.
)

is key to initialize the pair-cat states. As
such should the pump strength chosen to be as strong as possible, while still allowing
the RWA to give a good description of the system. From Figure 3.2 can we observe
that the RWA fail to describe the system when ξ > 0.25 and as such was a pump
strength of ξ = 0.02485 chosen for the following results.

For the process where we initialized the state as |2, 0, 0⟩ and |3, 0, 1⟩, we observe no
decay. This is expected since both |2, 0, 0⟩ and |3, 0, 1⟩ belong in L0 while |2, 0, 2⟩
belong in L1.

The larger Fock state we initialize our system in, the faster the observed decay rate
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is. This is because of Equation 3.2, and we get that the {L̂†L̂, ρ̂} term dominates
when ρ̂ is initialized in ρ̂ = |n, 0,m⟩⟨n, 0,m| for large values of n and m. For large
values of n and m and for stronger Josephson energies, we also observe ”kicks”
in the decay as the old mode gets repopulated. A possible explanation is that
for the larger Josephson energies the term in front of the sine of the fluctuations,
EΣ sin (ξ cos(ωdt)), become too large and we get an effective drive on the buffer
mode which invalidates the adiabatic removal of the buffer mode. Another possible
explanation is that for both the larger n and m as well as the larger Josephson
energies does additional near-resonance terms no longer become negligible and might
affect the dynamic of the system in terms of a feedback loop, but further studies
need to be performed in order to observe what causes the ”kicks”.

The result for the population decay of the state initialized in |2, 0, 0⟩, |2, 0, 2⟩, |3, 0, 1⟩,
|3, 0, 2⟩, |3, 0, 3⟩, |4, 0, 4⟩, |5, 0, 2⟩, |5, 0, 3⟩, |5, 0, 4⟩, |5, 0, 5⟩, |6, 0, 6⟩, |7, 0, 2⟩, |7, 0, 3⟩,
|7, 0, 4⟩, |7, 0, 5⟩, |7, 0, 6⟩, |7, 0, 7⟩, and |8, 0, 8⟩ is presented in Appendix C.

3.2 Plotting the Fidelity

Even if the induced joint two photon decay for |α| = 0 is not maximized, can we still
achieve the maximized confinement rate towards the spanned manifold for non-zero
α as long as G ≥ κb√

128|α|6
. Furthermore, maximizing the joint two photon decay for

α = 0, hinders what value of |α| we can safely construct using our circuit. Consider
the case where we desire a pair-cat state with a pair-coherence value of |α| = 2; then
since |α| ≈ 4

√
ζ
G

can we apply a resonant drive on the buffer mode with strength
|ζ| ≈ 16G. This occurs at the same time as the coupling strength G satisfies G ≥ κb

8
and we get |ζ| ≥ 2κb. The buffer mode then risks getting repopulated faster than it
empties and the approximation of adiabatically removing the buffer mode no longer
holds. This may potentially yield issues when implementing the holonomic Z-gate
but more studies need to performed in order to establish any potential issues.

In order for the adiabatic removal of the buffer mode to remain valid, we suggest to
construct the circuit such that it satisfies κb

8 ≫ G > κb√
128|α|6

, as it then maximizes
the decay rate for the pair-cat states while also allowing for κb ≫ |ζ| to hold. For
|α| ≥ 1.95, have we plotted the fidelity of the resulting states in Figure 3.3, together
with our suggested maximum and minimum limit.
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Figure 3.3: The fidelity for different circuit parameters, resonant drive, and decay
rate of the buffer mode that all result in giving a pair-cat state of |α| ≥ 2. The
brighter the data point the greater the fidelity. The highest fidelity is 97.92% and
marked by a star. The blue dashed line correspond to the lowest vale of G

κb
that

maximizes the confinement rate of the pair-cat state when |α| ≥ 1.95. The red
dashed line corresponds to the lowest value of G

κb
that maximizes the confinement

rate when |α| = 0. The states with the highest fidelities lies in the middle section
of the two dashed lines.

The state with the highest fidelities all lie in the predicted regime. With the highest
fidelity state having the parameters presented in Table 3.2.

Table 3.2: Parameters used obtaining the state with the highest fidelity. The pump
strength of the magnetic fluxes was chosen to be |ϵ(t)| = 0.02485. The coherence
value is |α| = 2 with a fidelity of 97.92%.

φZP F
a1 0.36 ωa1 4.11 GHz × 2π

φZP F
b 0.34 ωb 6.18 GHz × 2π

φZP F
a2 0.39 ωa2 4.40 GHz × 2π
EJ1 3.96 GHz × h EJ2 3.96 GHz × h

κb 2.25 MHz × 2π |ζ| 1.35 MHz × 2π
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3.3 Plotting the stabilization Time

All the states need some time to get initialized. In order to get as many simula-
tions as possible, we want to minimize the stabilization time. For each data point
simulated was the stabilization time recorded and plotted against the coherence pa-
rameter, |α|, see Figure 3.4, and the reduced gate strength, G

κb
, see Figure 3.5. We

also plotted the estimated stabilization time against the reduced Josephson energies
EΣξ
κb

, see Figure 3.6. For all of the above mentioned plots were only the states with
a fidelity between 96% to 98% considered.
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Figure 3.4: Plot of the estimated dimensionless stabilization time against the
coherence value. If two states had been prepared in a pair-cat state with coherence
value α0 then only the state with the best fidelity was chosen. Furthermore, only
fidelities between 96% and 98% were considered. The dimensionless time varies
between 35 to 115, with a linear dependence on the pair-coherence value.

From Figure 3.4 can we observe a general linear increase in estimated stabilization
time, proportional to the absolute value of the pair-coherence value. The fidelity
does not seem to be affecting the estimated stabilization time.

32



3. Results

0.04 0.05 0.06 0.07 0.08
G/ b

40

60

80

100

120

140

b
t

bt vs G/ b  best F per unique G/ b

| | = 2.00

| | = 1.96
| | = 2.00

| | = 1.98

| | = 1.98

| | = 1.96

| | = 2.00

| | = 2.00
| | = 1.94

| | = 1.90

| | = 1.99

| | = 2.02

| | = 1.89

| | = 1.97

| | = 1.95

| | = 1.91

| | = 2.00

| | = 1.96

| | = 2.00

| | = 2.00

| | = 2.00

| | = 2.00

| | = 2.00

| | = 1.92

| | = 2.00

| | = 1.99 | | = 2.00

| | = 1.93

| | = 2.00

| | = 2.00

| | = 2.00

| | = 2.00

| | = 2.00

| | = 2.05

| | = 2.00

| | = 2.00

| | = 2.02

| | = 2.00

| | = 2.00

| | = 2.00

| | = 1.99

| | = 2.00

| | = 2.00 | | = 1.99

| | = 1.99| | = 1.99
| | = 1.95

| | = 2.00

| | = 2.00

| | = 2.00

| | = 2.04

| | = 1.99

| | = 1.98

| | = 2.04

96.00

96.25

96.50

96.75

97.00

97.25

97.50

97.75

98.00

Fi
de

lit
y 

F 
(%

)

Figure 3.5: Plot of the estimated dimensionless stabilization time vs the reduced
gate strength used. If two states were initialized with the same reduced gate
strength, then the state with the highest fidelity was chosen. Furthermore, only
fidelities between 96% and 98% were considered. The dimensionless time varies be-
tween 30 to 150 with the estimated dimensionless stabilization decreasing with the
increased gate strength.

We observe a decrease in estimated stabilization time for larger values of the reduced
gate strength. For low values of ξ is G ∝ EΣξ and we should expect faster stabiliza-
tion time for stronger Josephson junctions. The result is presented in Figure 3.6.
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Figure 3.6: The estimated dimensionless stabilization time plotted against the
reduced strength of the Josephson junctions. For stronger Josephson junctions, we
observe a faster estimated stabilization time.
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From Figure 3.6 can we observe that the dimensionless stabilization time reduces
with the reduced strength of the Josephson junction, but not as fast as it does with
the reduced gate strength, see Figure 3.5. Increasing EΣ reduces the stabilization
time, but a more effective method is increasing the zero-point fluctuations as the
gate strength is given by

G = EΣξ

2 e−
||φZP F ||2

2

(
φZP F

a1

)2
φZP F

b

(
φZP F

a2

)2

2!1!2! (3.3)

and have a maxima at
(
φZP F

a1 , φZP F
b , φZP F

a2

)
=
(√

2, 1,
√

2
)
. This, however, can affect

the fidelity of the state as if we exit the stable region of the zero-point fluctuations,
the fidelity can plummet quite quickly, see Figure 3.7.
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Figure 3.7: Comparison of the fidelity when slightly changing the zero-point fluc-
tuation for the different modes. Each point plotted is also simulated with a different
ζ value in order to obtain a similar coherent state. The decay rate is also different
in order to keep the effective decay rate 4G2

κb
constant. The fidelity remains mostly

unchanged when changing the zero-point fluctuations; but for large zero-point fluc-
tuations does it quickly deteriorate.

3.4 State stabilization and Operation

The quantum states need to both be initialized and operated. In this section will
we present the result for the state stabilization in both the rotating picture and for
the full Hamiltonian. We will also present the the X-gate in the rotating frame, and
discuss how it can be extended for the full Hamiltonian.

3.4.1 Using the Rotating Wave Approximation

Initializing the state using the parameters presented in Table 3.2, we obtain popu-
lations presented in Figure 3.8.
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Figure 3.8: Population plot of the different modes for the state with the highest
fidelity, using the RWA. The a1 mode has the same population as the a2 mode at
all times. The a2 mode is therefore plotted over the population of the a1 mode,
hiding the population of the mode in this graph. The buffer mode population
increases rapidly in the beginning, and maximizes with an average population of
1.058 photons, at 2.45 µs after the stabilization process has begun, before starting to
decay. The population of the state generating modes follow an exponential increase
and reaches the steady state after an estimated 30 µs with the average population
of 3.53.

The state has a fidelity of 98.14%, with a pair-coherence value of |α| = 1.90.

If we instead use the parameters presented in Table 3.1, with |ζ| = 1.91 MHz, we
obtain the population plot presented in Figure 3.9.
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Figure 3.9: Population plot of the different modes for the state with the fastest
estimated stabilization time, using the RWA. The a1 mode has the same population
as the a2 mode at all times. The a2 mode is therefore plotted over the popula-
tion of the a1 mode, hiding the population of the mode in this graph. The buffer
mode population increases rapidly in the beginning, and maximizes with an average
population of 1.627 photons, at 2.10 µs after the stabilization process has begun,
before starting to decay. The population of the state generating modes follow an
exponential increase and reaches the steady state after an estimated 24 µs with the
average population of 3.38.

The RWA then predicts a state with pair-coherence parameter of |α| = 1.91 and a
fidelity of 98.13%.

However it is not enough to only initialize the state, but we also need to perform
rotations. For instance consider applying the X-gate rotation with a gate strength
|gx| = 0.27 MHz on a state fully initialized in the even pair-cat state with |α| = 1.90;
see Figure 3.10.
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Figure 3.10: X-gate rotation of a state initialized in the even pair-cat state. A
rotation occur when the probability to measure the odd pair-cat state (|1⟩) reaches
its peak and the probability to measure the even pair-cat state (|0⟩) reaches the
bottom. The total probability of measuring either state |0⟩ or |1⟩ is also included.
A total probability of less than 1 means we have obtained a mixed state. A single
rotation takes 1.30 µs and leaves the state with a fidelity of 93.74%.

A single rotation takes 1.30 µs and if we turn off the gate after 1.30 µs, we obtain
the odd pair-cat state with a fidelity of 93.74%, as seen in Figure 3.11. The total
state is |ψ⟩ = 0.0032|0⟩ + (0.0033 − 1i) |1⟩ with a fidelity of 99.07%.
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Figure 3.11: Probability to measure either the even pair-cat state (|0⟩) or the
odd pair-cat state (|1⟩), when the X-gate is active in 1.30 µs. The total probability
of measuring either state |0⟩ or |1⟩ is also included. A total probability of less
than 1 means that we have a mixed state. The final state is |ψ⟩ = 0.0033|0⟩ +
(−0.0198 − 0.9998i) |1⟩ with a fidelity of 99.07%.

If the gate and the state stabilization process is initiated at the same time then we
obtain the result presented in Figure 3.12.
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Figure 3.12: X-gate rotation together with the stabilization process on the vacuum
state. A rotation occur when the probability to measure the odd pair-cat state (|1⟩)
reaches its peak and the probability to measure the even pair-cat state (|0⟩) reaches
the bottom. The total probability of measuring either state |0⟩ or |1⟩ is also included.
A total probability of less than 1 mean that we have a mixed state. The stabilization
is the dominating process and the X-gate has managed to turn the steady-state into
a mixed state. The final state has a fidelity of 46.31%.

Turning the gate off after once again 1.30 µs, we obtain the result presented in
Figure
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Figure 3.13: X-gate rotation together with the stabilization process. The X-gate
is turned off after 1.30 µs. The final state is |ψ⟩ = 0.9652|0⟩ + 0.2614i|1⟩, with
a fidelity of 89.70%. The stabilization process, converts a photon from the buffer
mode into the two photons in each mode of the state-generation modes, with no
coupling to the odd pair-cat state. The result, is then what we observe in the graph,
with it initializing the even pair-cat again.

As the fidelity is better, and we have a slow stabilization process, we suggest to first
initialize the state in the even pair-cat state and then apply the X-gate in order to
perform rotations around the X-axis.

The X-gate works as a proof of concept in the rotating frame but is hard to imple-
ment in the full Hamiltonian. Recall the definition of gx

gx =
φZP F

a1 φZP F
b φZP F

a2

2 (ωa1 + ωa2 − 2ωb)
EΣξζXe

−
||φZP F ||2

2 . (3.4)

To achieve the gate presented in Figures 3.10 and 3.12, we apply a coherent drive
on the buffer mode with ζX = 269.7 MHz; which can be hard to implement. For-
tunately, there exists other parameters we can change to obtain a larger value of gx

and achieve a faster gate. The key to realize what parameters to increase is to recall
the time-evolution of the density matrix presented in Equation 2.94, but rewritten
here for convenience

d
dt ρ̂ = − i
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2
1â

2
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]
+ κ

2
(
2â2
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(3.5)
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Then in order to stabilize the pair-cat state we need |g2,2| ≫ |gx|, where g2,2 = 2Gζ∗i
κb

,
then since both gx and |g2,2| increase linearly with EΣ and φZP F

b can we increase
those two values more than we decrease ζX to increase, or fix the ratio of |g2,2|

gx
while

we at the same time shorten the rotation time trot = 2π
g̃x

.

3.4.2 Using the Full Hamiltonian
The state generation for the highest fidelity can be observed in Figure 3.14, and uses
the same parameters presented in Table 3.2.
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Figure 3.14: Population plot of the different modes when the state is initialized.
The a1 mode has the same population as the a2 mode at all times. The a2 mode is
therefore plotted over the population of the a1 mode, hiding the population of the
mode in this graph. The buffer mode population increases rapidly in the beginning,
and maximizes with an average population of 1.09 photons, at 2.52 µs after the
stabilization process has begun, before starting to decay. The population of the
state generating modes follow an exponential increase and reaches the steady state
after an estimated 30 µs with the average population of 3.74.

The state has a fidelity of 97.92%, which is slightly lower than what the RWA
predicts in Figure 3.8. Furthermore, does the RWA predict a pair-coherence value
of |α| = 1.90 while the full Hamiltonian predicts a pair-coherence value of |α| = 2.00.
A similar decrease in fidelity and increase in the pair-coherence value can be seen for
the state with the parameters for the fastest found stabilization time, see Figure 3.15.

41



3. Results

0 5 10 15 20 25 30
t [µs]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5
n

Population vs Time - Fastest Time
Buffer mode
a1
a2

Figure 3.15: Population plot of the different modes when the state is initialized
using the parameters that gave the fastest stabilization time. The a1 mode has the
same population as the a2 mode at all times. The a2 mode is therefore plotted over
the population of the a1 mode, hiding the population of the mode in this graph.
The buffer mode population increases rapidly in the beginning, and maximizes with
an average population of 1.72 photons, at 2.15 µs after the stabilization process has
begun, before starting to decay. The population of the state generating modes follow
an exponential increase and reaches the steady state after an estimated 14 µs with
the average population of 3.72.

Here we also observe a drop in fidelity, while also observing an increase of the pair-
coherent value. For the full Hamiltonian we obtain |α| = 1.99, with a fidelity of
96.56%.

A reason for the discrepancy between the full Hamiltonian and the Hamiltonian
in the rotating picture, is that the rotating wave approximation cannot fully de-
scribe the system. For instance, in the full picture we have additional terms of
sin(ϵ(t))φZP F

b

(
b̂† + b̂

)
and equivalent terms for the other modes, that cannot be

captured in the rotating picture. These terms, if near resonance, could contribute
to an effective drive on each of the mode and result in a state with a larger pair-
coherence value. This can also explain the faster estimated stabilization time for the
result presented in Figure 3.15 compared to when using the RWA, see Figure 3.9.
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4
Conclusion & Outlook

We have demonstrated that that it is possible to generate pair-cat states with |α| ≥
1.95 and a high fidelity of 97.72%. These states however, have a long stabilization
time. We have also shown that we can induce a joint two-photon decay, and that
it is challenging to maximize the joint two-photon decay rate while stabilizing a
pair-cat state at the same time. For holonomic gates, which require |α| = 0 during
the process is the confinement rate not maximized, and more studies is required
in order to establish if this causes any trouble for the gate. Furthermore, have we
shown that the pair-coherence value |α| can be modified by tuning the strength of
the resonant drive |ζ| , as |α| ∝ 4

√
ζ
G

. Finally, the nature of the circuit only allows
for certain combinations of eigenfrequencies and zero-point fluctuations since the
impedance of the circuit is only allowed to have real roots.

The stabilization time can be sped up but at the cost of the fidelity. Furthermore,
we have shown that the X-gate can be implemented in the RWA, but for the full
Hamiltonian would we require a large coherent drive on the buffer mode which
might not be feasible. Both the problem of the slow stabilization time and the large
coherent drive on the buffer mode for the X-gate can be solved by increasing the
energy of the Josephson junctions. This however, comes at the cost of the fidelity.
Another possible way to increase the stabilization time might be to implement a
counter-adiabatic drive, which might be of interest to implement in future studies.

Additionally, might it be of interest to implement the holonomic Z-gate in future
studies. Enabling the encoding and manipulation of arbitrary quantum information
within the pair-cat logical basis.

Furthermore, in future studies might it also be relevant to simulate the effect of
noise since that is not present in these studies. Additionally, the confinement rate
assumes the RWA is valid, but near-resonant terms may contribute and explain the
deviated confinement rate from the measured confinement rate. In future studies,
might it therefore be of interest to extend the RWA to the second or third order and
compare the new theoretical value to the measured data.
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A
Calculations regarding the

Rotating Wave Hamiltonian

In this appendix, we derive both the Hamiltonian in the rotating frame as well as
adiabatically remove the buffer mode.

A.1 Deriving the Rotating Wave Hamiltonian

The key idea in the Rotating Wave Approximation (RWA) is that when measuring
over a large period time will the effect of the quickly oscillating terms on aver-
age be 0. While this approximation will be done on both the time-dependent and
time-independent terms is the effect on the time-independent term trivial and this
subsection will therefore focus on the time-dependent terms As a reminder is the
time-dependent terms are EΣ sin (ξ cos (ωdt)) sin (φ̂) where φ̂ = ∑

p φ
ZP F
p

(
p̂+ p̂†

)
.

The RWA is done in two steps. First we transform the Hamiltonian into the inter-
action picture

Ĥ(1)
int = R̂†(t)ĤR̂(t) − iℏR̂†(t)dR̂

dt (A.1)

with R̂(t) = e− i
ℏ Ĥ0t, and Ĥ0 = ∑

p ℏωpp̂
†p̂ and then we eliminate the quickly oscil-

lating terms through a time-averaging operation [41]. The time-averaging operation
is defined as

Ô = lim
T →∞

1
T

∫ T

0
dtÔ(t). (A.2)

For small values of the magnetic flux, i.e ξ ≪ 1, we approximate the time-dependent
Hamiltonian Ĥtime, as

Ĥtime = EΣ sin (ξ cos (ωdt)) sin (φ̂)

≈ EΣ

(
(8ξ − ξ3)

8 cos (ωdt) − ξ3

24 cos (3ωdt)
)

sin (φ̂) .
(A.3)

Utilizing R̂†(t)R̂(t) = 1 is it possible to expand the sine term and apply the operators

I



A. Calculations regarding the Rotating Wave Hamiltonian

inside the function. In other words

R̂†(t) sin (φ̂) R̂(t) = R̂†(t)φ̂R̂(t) − R̂†(t)φ̂R̂(t)R̂†(t)φ̂R̂(t)R̂†(t)φ̂R̂(t)
3!

+ O
((
R̂†(t)φ̂R̂(t)

)5
)

= sin
(
R̂†(t)φ̂R̂(t)

) (A.4)

with R̂†(t)â1R̂(t) = â1e
−iωa1 t and similar for b̂ and â2. Furthermore, expanding

sin(x+ y + z) as

sin (x+ y + z) = sin(x) cos(y) cos(z) + cos(x) sin(y) cos(z)
+ cos(x) cos(y) sin(z) − sin(x) sin(y) sin(z)

(A.5)

and rewriting sin(x) = 1
2i

(eix − e−ix), and cos(x) = 1
2 (eix + e−ix), can we use the

bosonic commutation relations
[
ân, â

†
m

]
= δnm to obtain

eiφZP F
a1 (â1e−iωa1 t+â†

1eiωa1 t) = e−
(φZP F

a1 )2

2
∑
n,m

(
iφZP F

a1

)n+m

n!m! ei(n−m)ωa1 tâ†n

1 â
m
1 (A.6)

which we can use to treat each mode on their own. For instance working through
mode a1, we get

sin
(
φZP F

a1

(
â1e

−iωa1 t + â†
1e

iωa1 t
))

= e−
(φZP F

a1 )2

2
∑
n,m

Sa1
n,me

i(n−m)ωa1 tâ†n

1 â
m
1 (A.7)

where

Sa1
n,m = in+m−1

2

(
φZP F

a1

)n+m
−
(
−φZP F

a1

)n+m

n!m! . (A.8)

Note that by applying the drive ωd = 2ωa1 −ωb +2ωa2 and only evaluating the terms
expanded in Equation A.3, we get that the only terms surviving the time averaging
operation are the terms where n − m = ±2 or n − m = ±6. However, since both
of these requirements would result in n+m being even, we then get that Sa1

n,m = 0.
Expanding the cosine function, we obtain

cos
(
φZP F

a1

(
â1e

−iωa1 t + â†
1e

iωa1 t
))

= e−
(φZP F

a1 )2

2
∑
n,m

Ca1
n,me

i(n−m)ωa1 tâ†n

1 â
m
1 (A.9)

with

Ca1
n,m = in+m

2

(
φZP F

a1

)n+m
+
(
−φZP F

a1

)n+m

n!m! . (A.10)

Which have non-zero terms under the constraint n−m = ±2 or n−m = ±6. These
terms are

cos
(
φZP F

a1

(
â1e

−iωa1 t + â†
1e

iωa1 t
))∣∣∣

n−m=±2
= e−

(φZP F
a1 )2

2

∞∑
n=0

Ca1
n,n+2â

†n+2

1 ân
1

+ h.c.
(A.11)
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and

cos
(
φZP F

a1

(
â1e

−iωa1 t + â†
1e

iωa1 t
))∣∣∣

n−m=±6
= e−

(φZP F
a1 )2

2

∞∑
n=0

Ca1
n,n+6â

†n+6

1 ân
1

+ h.c.
(A.12)

Similar factors are also obtained for a2.

By performing the same analysis for the buffer mode, we get that the only terms
that survive are when n−m = ±1 and n−m = ±3. This time, however, we get that
Cb

n,m = 0 and the only surviving terms are those from sin
(
φZP F

b

(
b̂e−iωbt + b̂†eiωbt

))
.

The surviving terms after the RWA is then

sin
(
φZP F

b

(
b̂e−iωbt + b̂†eiωbt

))∣∣∣
n−m=±1

= e−
(φZP F

b )2

2

∞∑
n=0

Sb
n,n+1b̂

†n+1
b̂n + h.c. (A.13)

and

sin
(
φZP F

b

(
b̂e−iωbt + b̂†eiωbt

))∣∣∣
n−m=±3

= e−
(φZP F

b )2

2

∞∑
n=0

Sb
n,n+3b̂

†n+3
b̂n + h.c. (A.14)

If we let the order, o, of the expansion be defined as o = x + y where p̂†x
p̂y are

the creation and annihilation operators for the mode being expanded, and truncate
after the fifth order, yields the rotating wave approximation, ĤRWA, as

ĤRWA = Gâ†2

1 b̂â
†2

2 − ga1 â
†3

1 â1b̂â
†2

2 − gbâ
†2

1 b̂
†b̂2â†2

2 − ga2 â
†2

1 b̂â
†3

2 â2

+ χa1a2 â
†3

1 â1b̂â
†3

2 â2 + χa1bâ
†3

1 â1b̂
†b̂2â†2

2 + χba2 â
†2

1 b̂
†b̂2â†3

2 â2

+ χbbâ
†2

1 b̂
†2
b̂3â†2

2 − χa1bbâ
†3

1 â1b̂
†2
b̂3â†2

2 − χbba2 â
†2

1 b̂
†2
b̂3â†3

2 â2

− χa1ba2 â
†3

1 â1b̂
†b̂2â†3

2 â2 + χa1bba2 â
†3

1 â1b̂
†2
b̂3â†3

2 â2 + h.c.

(A.15)

where the coefficients in front of each of the operators takes the form

γ = 8ξ−ξ3

8 EΣe
−

||φZP F ||2

2
(φZP F

a1 )2
φZP F

b (φZP F
a2 )2

864
G = 108γ
ga1 = 36

(
φZP F

a1

)2
γ

gb = 54
(
φZP F

b

)2
γ

ga2 = 36
(
φZP F

a2

)2
γ

χa1a2 = 12
(
φZP F

a1

)2 (
φZP F

a2

)2
γ

χa1b = 18
(
φZP F

a1

)2 (
φZP F

b

)2
γ

χba2 = 18
(
φZP F

b

)2 (
φZP F

a2

)2
γ

χbb = 9
(
φZP F

b

)4
γ

χa1bb = 3
(
φZP F

a1

)2 (
φZP F

b

)4
γ

χbba2 = 3
(
φZP F

b

)4 (
φZP F

a2

)2
γ

χa1ba2 = 6
(
φZP F

a1

)2 (
φZP F

b

)2 (
φZP F

a2

)2
γ

χa1bba2 =
(
φZP F

a1

)2 (
φZP F

b

)4 (
φZP F

a2

)2
γ

(A.16)
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with
∣∣∣∣∣∣φZP F

∣∣∣∣∣∣2 =
(
φZP F

a1

)2
+
(
φZP F

b

)2
+
(
φZP F

a2

)2
.

Keeping only the leading term and applying a resonant drive on the buffer mode
yields the Hamiltonian ĤRWA = Gâ†2

1 b̂â
†2

2 + ζb̂+ h.c..

A.2 Adiabatically Removing the Buffer mode
Our Hamiltonian in the rotating frame is

ĤRW A = G
(
â†2

1 â
†2

2 b̂+ b̂†â2
2â

2
1

)
+ ζ∗b̂† + ζb̂ (A.17)

but this Hamiltonian consists of a buffer mode which is not present in the modes
for the pair-coherent state. Ergo, we should try to eliminate the buffer mode.

A general density matrix time-evolves as
˙̂ρ = −i

[
Ĥ, ρ̂

]
+
∑

k

D[L̂k]ρ̂ (A.18)

where D is the dissipator and L̂k is a collapse operator [49]. Assuming a large
dissipation rate of the buffer mode, κb, can we approximate the population in the
buffer mode as a two-level system as the population in the buffer mode is highly
unlikely to be larger than 1. We can then define |g⟩b = |0⟩b and |e⟩b = |1⟩b where |g⟩b

and |e⟩b are the ground and excited state for the buffer mode respectively. Following
the method by Reiter and Sørensen [50] can we describe the time-evolution of the
state-generating modes with an effective Hamiltonian and effective collapse operator.
The effective Hamiltonian is

Ĥeff = −1
2 V̂−

(
Ĥ−1

NH +
(
Ĥ−1

NH

)†
)
V̂+ + Ĥg (A.19)

where
ĤNH = Ĥe − i

2
∑

k

L̂†
kL̂k (A.20)

and the effective collapse operator is

L̂k
eff = L̂kĤ−1

NH V̂+. (A.21)

Limiting ourselves to the two level system of the buffer mode, can we determine the
Ĥe/g and V̂+/− operators to be

Ĥe = |1⟩b⟨1|ĤRW A|1⟩b⟨1| = 0
Ĥg = |0⟩b⟨0|ĤRW A|0⟩b⟨0| = 0
V̂+ = |1⟩b⟨1|ĤRW A|1⟩b⟨0| = (Gâ2

1â
2
2 + ζ∗) |0⟩b⟨0|

V̂− = |0⟩b⟨0|ĤRW A|1⟩b⟨1| =
(
Gâ†2

1 â
†2

2 + ζ
)

|0⟩b⟨1|.

(A.22)

The original collapse operator is L̂ = √
κbb̂ ≃ √

κb|0⟩b⟨1|, where κb is the dissipation
rate of the lossy buffer mode, and we get the non-Hermitian Hamiltonian ĤNH to
be

ĤNH = −iκb

2 b̂†b̂ ≃ −iκb

2 |1⟩b⟨1| (A.23)
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and since it is a singular matrix is the inverse straight-forward to calculate as

Ĥ(−1)
NH = 2i

κb

|1⟩b⟨1|. (A.24)

Using Equations A.19 and A.21 is it also straight-forward to seeĤeff = 0
L̂eff =

√
4
κb
i (Gâ2

1â
2
2 + ζ∗)

(A.25)

and we obtain
˙̂ρ = 4G2

κb

D
[
â2

1â
2
2 + ζ∗

G

]
ρ̂ (A.26)

with the dissipator D
[
Â
]
ρ̂ = Âρ̂Â† − 1

2

{
Â†Â, ρ̂

}
. By then expanding the dissipator,

can we through some clever algebra obtain

˙̂ρ = −i
[2Gi
κb

(
ζ∗â2

1â
2
2 − ζâ†2

1 â
†2

2

)
, ρ̂
]

+ 4G2

κb

D
[
â2

1â
2
2

]
ρ̂ (A.27)

with the effective/reduced Hamiltonian

Ĥ0 = −2G
κb

i
(
ζ∗â†2

1 â
†2

2 − ζâ2
1â

2
2

)
. (A.28)
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B
Construction of Gates

The X-gate can be constructed by applying a charge-line drive to the buffer mode.

The Hamiltonian then becomes

Ĥ = ℏωa1 â
†
1â1 + ℏωbb̂

†b̂+ ℏωa2 â
†
2â2 + EΣϵ(t) sin(φ̂) + ℏζ∗eiωbtb̂+ ℏζe−iωbtb̂†

+ ℏ
(
εX(t)∗b̂+ εX(t)b̂†

) (B.1)

with εX(t) being the strength of the charge line [42]. Note that by applying the
charge drive on the buffer mode yields an an effective displacement of the buffer mode
which we can calculate by rotating the Hamiltonian into the displacement picture
using the displacement operator D̂(β) = eβ∗(t)b̂−β(t)b̂† where β(t) is the displacement
of the buffer mode [51,52]. The transformed Hamiltonian can then be calculated as

Ĥ′ = D̂†ĤD̂ − iℏD̂† dD̂
dt (B.2)

which by using the following relations
D̂† dD̂

dt
= β̇∗b̂− β̇b̂† + 1

2

(
β̇β∗ − β̇∗β

)
D̂†b̂D̂ = b̂− β

D̂† sin(φ̂)D̂ = sin
(
φ̂− φZP F

b (β + β∗)
) (B.3)

where the dot (·) denotes the time derivative. We then get

Ĥ′ = ℏωa1 â
†
1â1 + ℏωb

(
b̂†b̂− β∗b̂− βb̂† + |β|2

)
+ ℏωa2 â

†
2â2

+ EΣϵ(t) sin
(
φ̂− φZP F

b (β + β∗)
)

+ ℏεX(t)
(
b̂† − β∗

)
+ ℏε∗

X(t)
(
b̂− β

)
− iℏ

(
β̇∗b̂− β̇b̂†

)
− iℏ

2
(
β̇β∗ − β̇∗β

)
+ ℏζ∗eiωbt

(
b̂− β

)
+ ℏζe−iωbt

(
b̂† − β∗

)
(B.4)

which reduces to a slightly modified version of our Hamiltonian when β̇(t) = −iωbβ+
iεX(t). Let εX(t) = ζXe

−iωX t then

β(t) = ζX

ωb − ωX

e−iωX t (B.5)
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from which it is easy to see

β(t) + β∗(t) = 2ζX

ωb − ωX

cos(ωXt). (B.6)

Here we have assumed that ζX is purely real. Dropping the additional terms, we get
the following Hamiltonian

Ĥ′ = ℏωa1 â
†
1â1 + ℏωbb̂

†b̂+ ℏωa2 â
†
2â2 + EΣϵ(t) sin

(
φ̂− φZP F

b (β(t) + β∗(t))
)

+ ℏζ∗eiωbtb̂+ ℏζe−iωbtb̂†

= ℏωa1 â
†
1â1 + ℏωbb̂

†b̂+ ℏωa2 â
†
2â2

+ EΣϵ(t) sin (φ̂) cos
(

2ζXφ
ZP F
b

ωb − ωX

cos(ωXt)
)

− EΣϵ(t) sin
(

2ζXφ
ZP F
b

ωb − ωX

cos(ωXt)
)

cos (φ̂) + ℏζ∗eiωbtb̂+ ℏζe−iωbtb̂†

(B.7)

which by performing a first order Taylor expansion we get to equal to

Ĥ′ = ℏωa1 â
†
1â1 + ℏωbb̂

†b̂+ ℏωa2 â
†
2â2 + EΣϵ(t) sin(φ̂)

− 2EΣζXφ
ZP F
b

ωb − ωX

cos(ωXt)ϵ(t) cos(φ̂) + ℏζ∗eiωbtb̂+ ℏζe−iωbtb̂†
(B.8)

Recall that ϵ(t) = ξ
2

(
ei(2ωa1 −ωb+2ωa2)t + e−i(2ωa1 −ωb+2ωa2)t

)
and that we require the

leading order of the X-gate to be â†
1â

†
2 + h.c.. Then a natural choice of the drive

function for the coherent drive of the X-gate is εX(t) = ζX cos ((ωa1 − ωb + ωa2) t),
and we obtain

ϵ(t)εX(t) = ξζX

4

(
ei(3ωa1 −2ωb+3ωa2)t + ei(ωa1 +ωa2)t + h.c.

)
. (B.9)

By performing the RWA up to the first correction from the unwanted frequency
ωd + ωX where ωX = ωa1 − ωb + ωa2 we get

ĤX = gxâ
†
1â

†
2 − gX,a1 â

†2

1 â1â
†
2 − gX,bâ

†
1b̂

†b̂â†
2 − gX,a2 â

†
1â

†2

2 â2

+ χX,bbâ
†
1b̂

†2
b̂2â†

2 + χX,a1a2 â
†2

1 â1â
†2

2 â2 + χX,a1bâ
†2

1 â1b̂
†b̂â†

2

+ χX,ba2 â
†
1b̂

†b̂â†2

2 â2 + χX,a1a1 â
†3

1 â
2
1â

†
2 + χX,a2a2 â

†
1â

†3

2 â
2
2

− χX,bbbâ
†
1b̂

†3
b̂3â†

2 − χX,a1bbâ
†2

1 â1b̂
†2
b̂2â†

2 − χX,bba2 â
†
1b̂

†2
b̂2â†2

2 â2

− χX,a1ba2 â
†2

1 â1b̂
†b̂â†2

2 â2 − χX,a1a1bâ
†3

1 â
2
1b̂

†b̂â†
2 − χX,ba2a2 â

†
1b̂

†b̂â†3

2 â
2
2

− χX,a1a1a2 â
†3

1 â
2
1â

†2

2 â2 − χX,a1a2a2 â
†2

1 â1â
†3

2 â
2
2 − χX,a1a1a1 â

†4

1 â
3
1â

†
2

− χX,a2a2a2 â
†
1â

†4

2 â
3
2 −G3X â

†3

1 b̂
2â†3

2 + h.c.

(B.10)
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with 

gx = φZP F
a1 φZP F

b φZP F
a2

2(ωa1 +ωa2 −2ωb)EΣξζXe
−

||φZP F ||2

2

gX,a1 = (φZP F
a1 )2

2 gx

gX,b =
(
φZP F

b

)2
gx

gX,a2 = (φZP F
a2 )2

2 gx

χX,bb = (φZP F
b )4

4 gx

χX,a1a2 = (φZP F
a1 )2(φZP F

a2 )2

4 gx

χX,a1b = (φZP F
a1 )2(φZP F

b )2

2 gx

χX,ba2 = (φZP F
b )2(φZP F

a2 )2

2 gx

χX,a1a1 = (φZP F
a1 )4

12 gx

χX,a2a2 = (φZP F
a2 )4

12 gx

χX,bbb = (φZP F
b )6

36 gx
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(B.11)

Note that the zero-point fluctuations are quite large, and the ideal gate is therefore
not enough to properly describe the interaction. Since the gate that stabilizes the
pair-cat state is in fifth order with regards to the zero-point fluctuations; we suggest
to implement the X-gate to at least seventh order with regards to the zero-point
fluctuations whenever simulations are performed.
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C
Results for the Induced Joint Two

Photon Decay

In this Appendix, we present the figures for the induced joint two photon decay, when
the state is initialized in Fock states |2, 0⟩, |2, 2⟩, |3, 1⟩, |3, 2⟩, |3, 3⟩, |4, 4⟩, |5, 2⟩,
|5, 3⟩, |5, 4⟩, |5, 5⟩, |6, 6⟩, |7, 2⟩, |7, 3⟩, |7, 4⟩, |7, 5⟩, |7, 6⟩, |7, 7⟩, and |8, 8⟩ of the state-
generating modes.
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Figure C.1: Population decay of state initialized in |2, 0⟩. No decay occur for any
pump strength.
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Figure C.2: Population decay of state initialized in |2, 2⟩. The decay is quicker for
larger pump strengths, and maxes out at ξ = 0.032.
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Figure C.3: Population decay of state initialized in |3, 1⟩. No decay occur for any
pump strength.
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Figure C.4: Population decay of state initialized in |3, 2⟩. The population decays
into state |1, 0⟩ and maxes out at ξ = 0.032.
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Figure C.5: Population decay of state initialized in |3, 3⟩. For larger pump
strengths do we observe ”kicks” as the population in |3, 3⟩ start to repopulate.
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Figure C.6: Population decay of state initialized in |4, 4⟩. The decay occurs in two
steps, from |4, 4⟩ to |2, 2⟩ and then |0, 0⟩. For larger pump strengths do we observe
”kicks” as the population in |2, 2⟩ start to repopulate the population in |4, 4⟩. No
meaningful kicks are observed from |0, 0⟩ to |2, 2⟩.

XIV



C. Results for the Induced Joint Two Photon Decay

0.0

0.2

0.4

0.6

0.8

1.0
Po

pu
la

tio
n 

fra
ct

io
n

Projection onto |5,2>
 = 0.004
 = 0.008
 = 0.012
 = 0.016
 = 0.020

 = 0.024
 = 0.028
 = 0.032
 = 0.036
 = 0.040

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
t [µs]

0.0

0.2

0.4

0.6

0.8

1.0

Po
pu

la
tio

n 
fra

ct
io

n

Projection onto |3,0>

Population Decay  Initial State |5,2>

Figure C.7: Population decay of state initialized in |5, 2⟩. For larger pump
strengths do we observe ”kicks” as the population in |5, 2⟩ start to repopulate.
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Figure C.8: Population decay of state initialized in |5, 3⟩. For larger pump
strengths do we observe ”kicks” as the population in |5, 3⟩ start to repopulate.
These kicks are stronger than for the repopulation of |5, 2⟩.
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Figure C.9: Population decay of state initialized in |5, 4⟩. The decay occurs in two
steps, from |5, 4⟩ to |3, 2⟩ and then from |3, 2⟩ to |1, 0⟩. For larger pump strengths
do we observe ”kicks” as the population in |3, 2⟩ start to repopulate the population
in |5, 4⟩. No meaningful kicks are observed from |1, 0⟩ to |3, 2⟩.
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Figure C.10: Population decay of state initialized in |5, 5⟩. The decay occurs in
two steps, first from |5, 5⟩ to |3, 3⟩ and then from |3, 3⟩ to |1, 1⟩. For larger pump
strengths do we observe ”kicks” as the population in |3, 3⟩ start to repopulate the
population in |5, 5⟩. For the largest pump strength do we also observe repopulation
of |3, 3⟩ from |1, 1⟩.
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Figure C.11: Population decay of state initialized in |6, 6⟩. The decay occurs in
three steps, first from |6, 6⟩ to |4, 4⟩, then from |4, 4⟩ to |2, 2⟩, and finally from |2, 2⟩
to |0, 0⟩. For larger pump strengths do we observe ”kicks” as the non-vacuum states
repopulate. The repopulation for state |6, 6⟩ is negligible in comparison to the kicks
of |4, 4⟩ and |2, 2⟩. The repopulation of |2, 2⟩ is a consequence of the repopulation
of |4, 4⟩.
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Figure C.12: Population decay of state initialized in |7, 2⟩. For larger pump
strengths do we observe ”kicks” as the population in |7, 2⟩ start to repopulate.
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Figure C.13: Population decay of state initialized in |7, 3⟩. For larger pump
strengths do we observe ”kicks” as the population in |7, 3⟩ start to repopulate.
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Figure C.14: Population decay of state initialized in |7, 4⟩. The decay occurs in
two steps, first from |7, 4⟩ to |5, 2⟩ and then from |5, 2⟩ to |3, 0⟩. For larger pump
strengths do we observe ”kicks” as the population in |5, 2⟩ start to repopulate the
population in |7, 4⟩. For the largest pump strength do we also observe repopulation
of |5, 2⟩ from |3, 0⟩.
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Figure C.15: Population decay of state initialized in |7, 5⟩. The decay occurs in
two steps, first from |7, 5⟩ to |5, 3⟩ and then from |5, 3⟩ to |3, 1⟩. For larger pump
strengths do we observe ”kicks” as the population in |5, 3⟩ start to repopulate the
population in |7, 5⟩. For the larger pump strength do we also observe repopulation
of |5, 3⟩ from |3, 1⟩.
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Figure C.16: Population decay of state initialized in |7, 6⟩. The decay occurs
in three steps, first from |7, 6⟩ to |5, 4⟩, then from |5, 4⟩ to |3, 2⟩, and finally from
|3, 2⟩ to |1, 0⟩. For larger pump strengths do we observe ”kicks” as the non-vacuum
states repopulate. The repopulation for state |7, 6⟩ is negligible in comparison to
the repopulation of |5, 4⟩ and |3, 2⟩. The repopulation of |3, 2⟩ is a consequence of
the repopulation of |5, 4⟩ as no kicks can be observed in the projection of |1, 0⟩.
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Figure C.17: Population decay of state initialized in |7, 7⟩. The decay occurs
in three steps, first from |7, 7⟩ to |5, 5⟩, then from |5, 5⟩ to |3, 3⟩, and finally from
|3, 3⟩ to |1, 1⟩. For larger pump strengths do we observe ”kicks” as the non-vacuum
states repopulate. The repopulation for state |7, 7⟩ is negligible in comparison to
the repopulation of |5, 5⟩ and |3, 3⟩. The repopulation of |3, 3⟩ is a consequence of
both the repopulation of |5, 5⟩ and repopulation kicks from |1, 1⟩.
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Figure C.18: Population decay of state initialized in |8, 8⟩. The decay occurs in
four steps, first from |8, 8⟩ to |6, 6⟩, then from |6, 6⟩ to |4, 4⟩, and from |4, 4⟩ to |2, 2⟩.
Finally the |2, 2⟩ state decays to the |0, 0⟩ state. For larger pump strengths do
we observe ”kicks” as the non-vacuum states repopulate. The largest repopulation
occurs for |4, 4⟩ as photons a part of the population of |2, 2⟩ becomes |4, 4⟩, which
in turn repopulate |2, 2⟩.
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