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Simulation of nondiffusive dynamics in reaction-diffusion systems
Utilizing a simple model of correlated motion in a single-species annihilation system
ALFERD WEDDIG KARLSSON
Department of Physics
Chalmers University of Technology

Abstract
Reaction-diffusion systems are a class of mathematical models with broad applica-
tions across physics, chemistry and biology. While very versatile, a limitation of
these systems is that they assume diffusion as the only means of motion. To allow
for broader application, especially in the realm of condensed matter physics, there
is a need to take into account other transport processes. This thesis aims to im-
plement an existing Monte Carlo algorithm for efficient simulation of single-species
reaction-diffusion systems on a lattice, and subsequently extend it to also handle
nondiffusive dynamics. The considered nondiffusive model is a simple toy model of
correlated motion that preserves center of mass, and the nondiffusive nature of this
kinetic model is both justified theoretically and demonstrated by simulation. It is
then used in conjunction with single-species annihilation with the goal of finding
how the particle density scales over time with such dynamics.

The implementation of the base algorithm shows behavior consistent with theory
and previous computational results. In order to show the nondiffusivity of the corre-
lated motion model, the time evolution of the mean squared displacement is exam-
ined and it is found to be subdiffusive and slightly slower than expected. Whether
this slower evolution is due to limitations in the theory or the computational model
is unknown. When simulating two-particle single species annihilation, the particle
density is observed to quickly reach the same steady state of 2/11 inverse length
units independent of parameter settings, and no apparent power laws are found in
the approach to this steady state. What these results suggest is that there exist
certain invariant configurations of the lattice in which no more reactions can occur.
This leaves open the opportunity for more reasearch into the equilibrium states of
various system geometries and types of reaction.

Keywords: diffusion, reaction, annihilation, correlated motion, Monte Carlo, mean-
squared displacement, steady state.
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1
Introduction

Diffusion-limited reactions are chemical reactions in which spatial separation be-
tween reactants are significant enough to keep local reactions from occurring. The
spontaneous spreading out of the reactants in space through diffusion therefore plays
a crucial role in the rate of reaction. These processes are often represented by a class
of mathematical models known as reaction-diffusion systems. A reaction-diffusion
system can be formulated as

∂

∂t
v⃗ = D∇2v⃗ +R(v⃗) (1.1)

where v⃗(x⃗, t) is some vector quantity (e.g. a concentration or probability distribu-
tion), D is a diagonal matrix of the diffusion coefficients in each spatial dimension,
and R(v⃗) is some function representing local reactions. Put simply, it is a diffusion
equation with an additional term that accounts for local reactions. What consti-
tutes a “reaction” is broad and can mean any typical reactions between different
chemicals, but also conversions from one species of particle to another, excitations,
branching processes, reproduction, coalescence, or annihilation, for instance.

Owing to their generality, these types of models have proven to be very versatile
beyond the context of chemical reactions and into any diffusive systems that feature
interactions between particles. As such, they have seen widespread use across var-
ious disciplines of physics, chemistry and biology, and other disciplines where the
formalism of statistical physics find use. Examples of applications include predator-
prey dynamics in ecology, morphogenesis in biochemistry, exciton interactions in
condensed matter physics, and pattern formation in general.

In reaction-diffusion systems, there generally exists a critical spatial dimension above
which the diffusion process mixes the system enough that a universal mean-field the-
ory can accurately describe the dynamics — any particle is almost equally likely to
react with any other particle. This is known as the reaction-limited regime. Below
the critical dimension, however, diffusion fails to mix the system enough and reac-
tants are exceedingly likely to only react with their initial nearest neighbors. This
slows down reaction because reactants become less likely to come into contact with
each other, and it is instead diffusion that limits the rate at which reactions can
occur. This is known as the diffusion-limited regime. The critical dimension is of
theoretical importance because it sets a boundary above which the system evolves in
an already well-understood universal fashion, but below which its behavior is novel.
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1. Introduction

However, diffusion is hardly the only mechanism by which molecules can move.
If we take other mechanisms into account, or drive the dynamics of the system
somehow, could this affect the critical dimension? Could, for instance, some form
of correlated kinetics increase the critical dimension such that it forces the system
to exhibit behavior outside the mean-field paradigm?

For instance, consider anomalous diffusion, a family of processes in which, for a
number of possible reasons, the mean squared displacement is not linear in time.
Such processes will result in a very different diffusion term in equation (1.1) and as
such cannot be tackled with the same methods. There could be attractive or repul-
sive forces between particles that inhibit the Gaussian-distributed displacement of
typical diffusive processes. Or, in extreme cases, there could be no motion possible
for any one particle on its own. An example of this can be found in condensed
matter physics, in a quasiparticle known as a fracton.

Figure 1.1: Simple model of correlated pair-hopping dynamics on a one-
dimensional lattice. The pair of particles marked in red “see each other” on line
2 and jointly hop away from each other in line 3, conserving the center of mass.

Fractons are rather unique in that they are excitations that cannot move by them-
selves, even with forces applied on them, but rather only as a part of a bound state
with another fracton [1]. Another unusual property is the conservation laws fractons
follow. They move by “pushing” off of each other in such a way that center of mass
and dipole moments are conserved. A simplified picture of this kind of motion is
shown in figure 1.1, in which two particles mutually hop away from each other.

2



1. Introduction

1.1 Aim of the project
This project aims to explore the impact of non-diffusive dynamics on the critical
dimension by means of Monte Carlo simulations. The toy model will be a single-
species annihilation system on a one-dimensional lattice. That is, the project will
focus on reactions of the form

A+ A GGGA ∅ (1.2)

for some particle species A, although the implementation allows for a larger number
of reactants as well. The implementation is based on the Monte Carlo method used
by S.C. Park [2].

Why choose the annihilation reaction in particular? The main reason is that there
are theoretical methods for predicting the outcome exactly. It is also simple to
represent in simulation and has an easy to interpret quantity to follow over time,
namely the particle population, or alternatively, the particle density. Additionally,
it functions as a sort of “base case” for many reactions. Single-particle reactions of
species A that yield new particle species B, C, etc. as products can be modeled
as annihilation or coalescence reactions if the products do not have any meaningful
interactions with A. In this way, analyzing annihilation reactions can yield insight
into a broader set of reactions than merely literal annihilations.

One non-diffusive kinetic model is considered: a simple model of correlated mo-
tion consisting of pairs of particles hopping mutually away from or towards each
other akin to figure 1.1. A theoretical justification for why this kinetic model is
not diffusive is presented and also substantiated by simulation. Using this motion
together with annihilation reactions, the goal is to find if the particle density decays
with some power law, as well as what the system’s steady states are.
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2
Theory

This chapter provides the theoretical context of diffusion as well as diffusion-limited
reactions. First, an overview with some heuristic arguments is presented. Next,
the necessary details of how to mathematically represent diffusion, diffusion-limited
reaction as well as the correlated hopping model are presented one by one.

Consider a reaction of the form in equation (1.2), i.e. single-species annihilation.
Let n(t) represent the number of particles in the system. Under annihilation, n
should clearly decay over time. With the assumption that the reactants are ho-
mogeneously distributed across the space at all times, i.e. that diffusion keeps the
system well-mixed, we can formulate a simple rate equation using the law of mass
action:

dn
dt = −λn(t)2 (2.1)

where λ is the reaction rate. This equation for n can be solved analytically, and one
finds that n ∼ t−1 in the long term as the system approaches homogeneity through
diffusion.

However, this result in not always accurate. It only works in sufficiently high spatial
dimensions, and there exists a critical dimension dc below which the decay takes
on different, slower forms. Dimensional analysis will similarly fail to capture the
observed dynamics below dc. Some heuristic arguments, used by Krapivsky et al [3],
can take us closer to understanding this critical dimension.

First, consider the fact that a random walk is recurrent in one and two dimen-
sions, meaning a random walker will almost certainly return to any of its previous
positions eventually. In contrast, it is transient for three dimensions and above,
meaning a random walker might not ever return. The recurrence in low dimensions
means that walkers generally stay in a neighborhood around their initial position
for long periods of time. This leads to the formation of depletion zones, i.e. areas of
very low density due to high numbers of reactions that the recurrent random walk
is too “slow” to fill up again. Transient walks, on the other hand, will have a high
probability of exploring a much larger neighborhood in the same time frame, mean-
ing that it is more likely to even out the gaps left by annihilations. The existence
of these depletion zones in one and two dimensions leads to the assumption of a
well-mixed system being invalid in these cases, and thus the rate equation fails to
describe the kinetics accurately.
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2. Theory

Second, we know from the variance of random walks that a walker will visit a spher-
ical region of radius

√
Dt, where D is the diffusion constant, during time t. This

radius is also the characteristic size of the previously discussed depletion zones, as
the number of particles in this region must be of order 1 since any higher number of
particles than that would have already annihilated. Thus an estimate of the typical
separation between particles is proportional to (

√
Dt)d, where d is the dimension,

meaning that the particle count should roughly decay as n ∼ (Dt)−d/2. At d = 1 this
time-dependency matches observations of diffusion-limited coalescence [4], while for
d = 2 an additional logarithmic correction factor is required. The case d > 2 is the
well-mixed paradigm in which n ∼ t−1 independent of d. As we shall see, a more
thorough theoretical approach will in fact show results consistent with this.

2.1 Diffusion
As a starting point, we will use the typical diffusive dynamics to verify that the
discussed reaction-diffusion dynamics behaves as expected. There is a mathemati-
cal difference between a discrete random walk and a continuous Brownian motion
process, but we shall see that the discrete lattice will show behavior that matches
the continuous space case in the end. Until this is proven, positions are denoted
by m in discrete space and x in continuous space, and afterwards x is used for
both cases. The diffusive dynamics will then be replaced with fracton-inspired pair-
hopping dynamics, and the non-diffusive nature of these dynamics will be shown
analytically.

2.1.1 Discrete space
We start by constructing the master equation of a symmetric discrete-space random
walk in one dimension. Figure 2.1 shows an example of a random walk step. Let
Pm(t) denote the probability of finding a particle at lattice site m at time t, and γ
a rate of hopping from one site to one of its neighbors. A master equation describes
how this probability changes over time based on the current state of the system. A
particle can enter site m by hopping either from m−1 or m+1. Likewise, a particle
can leave site m by hopping to either one of its two neighboring sites. In figure 2.1,
we can see an example of a rightward hop, leading to a decrease in the number of
particles at site m and an increase in m + 1. The probability Pm(t) has therefore
decreased, while Pm+1(t) has increased. Formalizing this, we see that the master
equation for Pm(t) must be:

∂Pm

∂t
= γ(Pm−1 + Pm+1 − 2Pm). (2.2)

This master equation can be solved exactly by utilizing the discrete Fourier trans-
form and its properties,

F{Pm(t)} ≡ P (k, t) =
∞∑

m=−∞
e−ikmPm(t), (2.3)

F{f(m) − f(m± 1)} = (1 − e±ik)f(k). (2.4)
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2. Theory

Figure 2.1: Example of a discrete random walk step on a lattice populated by
particles. On line 2, the particle in red is chosen for a diffusion step, and on line 3
it has moved one step to the right. A move to the left is equally likely.

Applying these on equation (2.2) yields

∂P (k, t)
∂t

= γ(eik + e−ik − 2)P (k, t) = γ(2 cos(k) − 2)P (k, t), (2.5)

which has the simple solution

P (k, t) = e2γ(cos(k)−1)t = e2γt cos(k)e−2γt. (2.6)

We can identify the first factor on the right-hand side with a property of the modified
Bessel functions of the first kind Im:

ez cos(k) =
∞∑

m=−∞
eikmIm(z). (2.7)

Inverse transforming equation (2.6) therefore results in

Pm(t) = Im(2γt)e−2γt. (2.8)

Thus we have arrived at a probability distribution describing the discrete-space
random walk. Note, however, that this derivation required the assumption of an
infinite lattice. This is fine as long as the random walk has not yet hit the boundaries,
but as soon as the boundaries have been reached, a different approach is needed.
When verifying that this infinite-lattice result is consistent with the continuous-
space case, we will also find an elegant way to show what late-stage distribution the
periodic boundary condition leads to.

7



2. Theory

2.1.2 Continuous space
To contrast, let us consider the continuous-space case, which is governed by the very
similar diffusion equation

∂P

∂t
= D

∂2P

∂x2 , (2.9)

where D is the diffusion coefficient, here taken to be constant. Note that this
continuous diffusion equation can be acquired from the discrete master equation
(2.2) by dividing it by the squared lattice spacing (∆x)2, which turns it into a
discretized second derivative, and letting ∆x → 0. Then D and the previous
hopping rate γ must be related according to

D = γ(∆x)2. (2.10)

Of course, this continuous case does differ from the discrete model; however, as the
system grows in size the continuous model is an increasingly accurate approximation.
We will see that the final results are very similar and the discrepancy is negligible
on the relevant time scales.

To check the behavior of the diffusion dynamics, consider the diffusion propaga-
tor P (x, x′; t, t′) defined by the equation[

∂

∂t
−D

∂2

∂x2

]
P (x, x′; t, t′) = δ(x− x′)δ(t− t′) (2.11)

where δ(x) is the Dirac delta distribution. When D is constant in time, we can set
t′ = 0 without loss of generality. Equation (2.11), coupled with periodic boundary
conditions, has a set of eigenfunctions

φn(x) = 1√
L
eiknx , where kn = 2πn

L
. (2.12)

A solution to the propagator is therefore the superposition

P (x, x′; t) = θ(t) 1
L

∞∑
n=−∞

eikn(x−x′)−Dk2
nt (2.13)

Already at this point we can find a limiting behavior, namely the long time limit.
Note that the term −Dk2

nt is strictly negative for n ̸= 0, so as t → ∞, the exponent
approaches −∞ and thus the n ̸= 0 terms all go to zero. The term n = 0, however,
has a zero exponent and thus the exponential function is 1. Thus equation (2.13)
reduces down to just one term,

P (x, x′; t → ∞) = θ(t) 1
L
. (2.14)

Thus we see that the long time limit of the propagator in the periodic boundary
conditions is a uniform distribution.

8



2. Theory

To deal with the short-time limit, let us consider the Fourier transform of the sum-
mand with respect to n and utilize the Poisson summation:

∞∑
n=−∞

f(n) =
∞∑

µ=−∞
F (µ) where F (µ) = F{f(n)}(µ). (2.15)

With the summand
f(n) = 1

L
e2πin(x−x′)/L−D(2πn/L)2t (2.16)

the Fourier transform with respect to n is

F (µ) = 1√
4πDt

e−(x−x′−µL)2/4Dt (2.17)

and thus an alternate representation of the propagator is

P (x, x′; t) = θ(t) 1√
4πDt

∞∑
µ=−∞

e−(x−x′−µL)2/4Dt. (2.18)

Whereas the previous representation (2.13) gave us information about the long-time
limit, this representation (2.18) will instead tell us about the short-time limit. As
t → ∞, the summand’s exponent goes to 0, i.e. the summand goes to 1, and the
normalization coefficient goes to 0. We can see that it does not diverge, but it
also gives no useful information. But for shorter t, the summand forms a Gaussian
distribution together with the normalization coefficient. The propagator is thus a
sum of Gaussian distributions of differing mean values x′ +µL but the same variance
2Dt. Since we are limiting our view to a region of length L, the contributions from
the terms with µ ̸= 0 are negligible when

√
2Dt ≪ L, meaning the µ = 0 term

is the only one of practical importance. When the dust settles, what is left of the
propagator is

P (x, x′; t) = θ(t) 1√
4πDt

e−(x−x′)2/4Dt , t ≪ L2

D
. (2.19)

The center point x′ can be set to 0 without loss of generality. Notice that the time
t = L2/D is a characteristic time scale of the system’s evening out — at times of
this order, the standard deviation of the particle distribution is of the same order
as the size of the lattice.

2.1.3 Compatibility of the discrete and continuous cases
We have showed that the continuous diffusion equation (2.9) gives a Gaussian dis-
tribution (2.19) when boundaries are irrelevant. Is this result consistent with the
distribution (2.8) found in the discrete-space case? It can be shown that the asymp-
totic behavior of equation (2.8) is precisely equation (2.19), as

Im(2γt)e−2γt −−−→
t→∞

1√
4πγte

−m2/4γt. (2.20)

9



2. Theory

To prove this fact, we can go back to the discrete master equation (2.2) and utilize
probability-generating functions. A probability-generating function F (z, t) for a
probability distribution Pm(t) is defined as

F (z, t) =
∞∑

m=−∞
zmPm(t) (2.21)

where z ∈ C. Cauchy’s residue theorem allows us to reconstruct the probability
distribution Pm(t) with a contour integral, which will be the key to the proof:

2iπPm(t) =
∮ F (z, t)

zm+1 dz. (2.22)

First, we need to find the probability-generating function of Pm. Starting from
equation (2.2), we have

∂F

∂t
= ∂

∂t

∞∑
m=−∞

zmPm(t) =
∞∑

m=−∞
zm∂Pm(t)

∂t
=

∞∑
m=−∞

zmγ(Pm−1 + Pm+1 − 2Pm).

(2.23)
Since m ∈ (−∞,∞), it is possible to simply shift the summation index over by one
step, m → m± 1 without changing the sum. This can be utilized if we split up the
sum into its individual terms:

∞∑
m=−∞

zm(Pm−1 + Pm+1 − 2Pm) =
∞∑

m=−∞
zmPm−1 +

∞∑
m=−∞

zmPm+1 − 2
∞∑

m=−∞
zmPm

=
∞∑

m=−∞
zm+1Pm +

∞∑
m=−∞

zm−1Pm − 2
∞∑

m=−∞
zmPm

= z
∞∑

m=−∞
zmPm + 1

z

∞∑
m=−∞

zmPm − 2
∞∑

m=−∞
zmPm

= zF (z, t) + 1
z
F (z, t) − 2F (z, t),

(2.24)

meaning we have the differential equation

∂F (z, t)
∂t

= γ
(
z + 1

z
− 2

)
F (z, t) =⇒ F (z, t) = c(z)eγt(z+1/z−2), (2.25)

where c(z) remains to be determined with an initial condition. If we let the initial
condition be Pm(t = 0) = δm,0, i.e. all particle start at the center of the lattice, then

F (z, t = 0) = c(z)e0 = c(z) =
∑
m

Pm(0) =
∑
m

δm,0 = 1, (2.26)

i.e. for the initial condition Pm(0) = δm,0 we get that c(z) ≡ 1.

We are now ready to use the residue theorem to invert the probability-generating
function. Since the only singularity is in z = 0, we can choose the unit circle as our
curve, for instance. We now have

Pm(t) = 1
2iπ

∮
|z|=1

eγt(z+1/z−2)

zm+1 dz = 1
2iπ

∮
|z|=1

eγt(z+1/z−2)−(m+1) ln(z)dz. (2.27)

10



2. Theory

This will be solved using the method of steepest descent, which can be used for
integrals of the form: ∫

C
f(z)eλg(z)dz, (2.28)

where C is some path, f(z) and g(z) are analytic functions along C, and λ is some
large number. In our case, f is the identity function, C is the unit circle and λ
corresponds to the dimensionless time γt. We need to find saddle points of g:

g(z) = γt(z + 1/z − 2) − (m+ 1) ln(z) =⇒ g′(z) = γt
(
1 − 1

z2

)
− m+ 1

z
. (2.29)

Setting the derivative to zero and assuming thatm is large enough to makem+1 ∼ m
yields the saddle points:

g′(z) = γt
(
1 − 1

z2

)
− m

z
= 0 =⇒ z0 = m±

√
m2 + 4γ2t2

2γt , (2.30)

and we can see that as t → ∞, 4γ2t2 dominates in the radicand and we get

z0 → m

2γt ±
√

4γ2t2

2γt = m

2γt ± 2γt
2γt = m

2γt ± 1. (2.31)

Now introduce α = m2/2γt, which allows us to write the saddle points as

z0 = α

m
± 1. (2.32)

The exponent can then be expanded to

g(z) = m2

2α (z − z0)2 − α

2 + O
( 1
m

)
. (2.33)

Since the only singularity is in the origin, we can deform the integration curve to
any shape as long as the deformation does not cross the origin. By choosing the
integration curve to be a new circle C ′ with radius → ∞ that crosses the saddle point
z0 such that it is completely vertical and ascending at z0. All other contributions are
assumed to oscillate rapidly such that they average to 0, leaving only the vertical
line through z0 behind:

Pn(t) = 1
2πi

∮
C′
e−α/2e−γt(z−z0)2dz [Set r = i(z − z0)]

= e−α/2 i

2πi

∫ ∞

−∞
e−γtr2dr = e−α/2 1

2π

∫ ∞

−∞
e−γtr2dr

= e−α/2 1
2π

√
π

γt
= 1

2
√
πγt

e−m2/4γt = 1√
4πγte

−m2/4γt.

(2.34)

This proves the limit (2.20), and so we get exactly the same Gaussian distribution
as in equation (2.19) with the mean 0, exchanging x for m. Thus for long time scales
the discrete- and continuous-space models are equivalent.

Another neat feature of the probability-generating function is that we can derive
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2. Theory

the mean and variance of the distribution quickly. Starting from equation (2.21),
we can see that

∂

∂z
F (z, t) =

∞∑
m=−∞

mzm−1Pm(t) =⇒ ∂

∂z
F (z, t)

∣∣∣∣
z=1

=
∞∑

m=−∞
mPm(t) = ⟨m⟩.

(2.35)
In the same fashion, we can prove that

∂2

∂z2F (z, t)
∣∣∣∣
z=1

= ⟨m2⟩ − ⟨m⟩ = Var(m) + ⟨m⟩2 − ⟨m⟩. (2.36)

In our case, we have

F (z, t) = eγt(z+1/z−2) =⇒ ⟨n⟩ = γt
(
1 − 1

z2

)
eγt(z+1/z−2)

∣∣∣∣
z=1

= 0 (2.37)

and with a zero mean, the variance simply becomes the second derivative evaluated
at z = 1,

⟨m2⟩ = ∂2

∂z2F (z, t)
∣∣∣∣
z=1

= γt
( 2
z3

)
eγt(z+1/z−2) + γ2t2

(
1 − 1

z2

)2
eγt(z+1/z−2)

∣∣∣∣
z=1

= 2γte0 = 2γt
(2.38)

which proves one of the characteristic properties of diffusive processes: the mean
squared displacement, i.e. the spatial variance, is linear in time. If the mean squared
displacement instead follows a non-linear power law ta, a ∈ R+, the dynamics in-
stead belong to the more general family of processes known as anomalous diffusion.
A process of this kind is called superdiffusive if a > 1 and subdiffusive when a < 1.

Repeating the derivation for a general lattice spacing ∆x, which was previously
assumed to be 1, shows that the continuity limit yields:

⟨x2⟩ = 2(∆x)2γt −−−→
∆x→0

2Dt, (2.39)

which is consistent with the continuous diffusion process in equation (2.19).

To illustrate that the Bessel distribution (2.8) approaches the Gaussian distribu-
tion (2.19) sufficiently fast for this application, we can use a graphical approach.
Figure 2.2 shows how the discrepancy between these functions shrink on a small
time scale. Note that the characteristic time scale of the Gaussian distribution is
L2/D, which is generally huge compared to the shown time points for any sensible
lattice size L. Since the lattice spacing is taken to be 1, D and γ have the same
value. The quick coalescence indicates that the discrete-space distribution behaves
just like the continuous-space distribution in the long term. With the insight that
the discrete and continuous cases are equivalent in practice, there is no longer any
need to distinguish between discrete and continuous space. From now on, x will be
used to denote a lattice site rather than m.
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Figure 2.2: The theoretically predicted discrete-space distribution (left-hand side
of equation (2.20)) compared to the continuous-space distribution (right-hand side of
equation (2.20)) with hopping rate γ = 0.5. Even within a relatively short timespan,
the distributions match up very closely.

2.2 Reaction and diffusion
With the theory of diffusion laid out, it is time to introduce reactions to the picture.
The annihilation reaction can be handled rather simply in a discrete-space model.
If several particles occupy the same lattice point, then a pair of them will react
with some rate λ. If a pair reacts, then the particle count is reduced by 2 at the
site. In continuous space, there would be some range of interaction between the
particles. By choosing a sufficiently large lattice spacing and appropriate reaction
rate, the discrete-space model can sidestep the need for a range of interaction and
yield equivalent statistics for less computational power. The generalization to three-
particle reactions or beyond is straightforward in silico, though the time-scaling of
the population count/density takes on a different nature.

Moving on with the discrete-space model, consider reactions on the form

kA
λ

GGGGGA ∅, (2.40)

where k ∈ N is the number of reactants in the annihilation reaction. When k = 2
we get back the previously considered case. However, this section will handle the
most general case of k-particle annihilations. The master equation for the reaction

13
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is

∂P (n, t)
∂t

= λ(n+ k)(n+ k − 1) . . . (n+ 1)P (n+ k, t)

− λn(n− 1) . . . (n− k + 1)P (n, t)
(2.41)

where P (n, t) is the probability to have n particles at time t and λ is the reaction
rate. This equation holds for each site individually. Similarly to equation (2.1), the
law of mass action under the well-mixed assumption gives the differential equation

dn
dt = −λn(t)k (2.42)

where λ is once again the reaction rate. Solving this equation gives the asymptotic
scaling

n ∼ (λt)−1/(k−1), t → ∞. (2.43)

We can note that for the previously discussed case k = 2, we get back the same
mean-field scaling n ∼ t−1. However, the critical dimension does not necessarily
equal 2 anymore. This is because multi-particle annihilation necessarily leads to
slower reaction rates, as the probability of enough particles occupying the same
site decreases with increasing number of reactants, and so the limiting effect of
diffusion becomes less significant. It is known that the critical dimension for k-
particle annihilation reactions follows a simple rule [5, 6]:

dc = 2
k − 1 , (2.44)

meaning that for k = 2, 3, 4 the critical dimension is 2, 1 and < 1 respectively. Thus,
it is possible to numerically verify the mean-field theory by increasing the number
of reactants instead of the number of spatial dimensions. For 3-particle annihila-
tion, the critical dimension is 1 and so it follows the mean-field paradigm up to a
logarithmic correction factor, whereas 4-particle annihilation follows the mean-field
paradigm exactly.

This critical dimension, as well as the proper late-time density scaling, can be de-
rived analytically by considering the problem as a quantum many-body system.
Worth reiterating is that this system is completely classical and no quantum me-
chanics are needed to describe it; however, the formalism of second quantization
for quantum many-body problems nevertheless happens to be viable here, as first
shown by M. Doi [7]. The full derivation is laborious and beyond the scope of this
project, but a few key insights will be summarized below following the procedure as
laid out by J. Cardy [8].

A good place to start is to translate the discrete-space reaction-diffusion model into
a quantum many-body system. We define a vacuum state |0⟩, meaning the state
of all sites holding zero particles. Then, let us define the annihilation and creation
operators aj and a†

j on site j, as Hermitian conjugates of each other. Placing a single

14
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particle at site j is expressed as a†
j |0⟩. Any general state can then be expressed on

the form
|{nj}j⟩ =

∏
j

(a†
j)nj |0⟩ , (2.45)

where nj is the occupation count at site j. The annihilation and creation operators
commute as follows:

[aj, a
†
k] = δj,k, (2.46)

[aj, ak] = [a†
j, a

†
k] = 0. (2.47)

With these definitions, we can construct a state |ψ(t)⟩ in Fock space such that

|ψ(t)⟩ =
∑
{nj}

p({nj}, t)
∏
j

(a†
j)nj |0⟩ (2.48)

where p({nj}, t) is the probability of a certain configuration {nj} at time t and the
sum is over all possible configurations. One can then show that the time evolution
of |ψ(t)⟩ can be written as a kind of Schrödinger equation:

d |ψ(t)⟩
dt = −H |ψ(t)⟩ , (2.49)

which has the typical solution

|ψ(t)⟩ = e−Ht |ψ(0)⟩ . (2.50)

This Hamiltonian H consists of a diffusive term Hd and a reactive term Hr. These
terms are derived using the master equations for the diffusion and the reaction
respectively, leading to the diffusive term

Hd = D
∑
⟨ij⟩

(a†
i − a†

j)(ai − aj), (2.51)

and the reactive term
Hr = −λ

∑
i

(1 − (a†
i )k)ak

i . (2.52)

With the quantum system set up, the challenge lies in making sense of e−(Hd+Hr)t.
This problem has been tackled before [5, 8–10] and the details are an irrelevant
detour. Instead, we hone in on the the result of interest to us, namely the case
d = 1, k = 2 which has the exact density decay [10]:

ρ(t) ∼ 1√
8πDt

, t → ∞, (2.53)

where ρ(t) = n(t)/L is the particle density and L is the lattice size. We will come
back to this result when analyzing the simulation results in chapter 4.2.
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2.3 Beyond diffusion: simple model of correlated
hopping

An approach to modeling fracton kinetics in one dimension is to have the motion
of a pair of particles consist of simply mutually hopping away from each other, as
exemplified by figure 1.1. To achieve detailed balance, the exact opposite motion of
hopping inwards towards each other is also possible and equally probable. Initially
the most general form will be considered, where the left and right particles in the
pairing can hop different distances b1 and b2 respectively, and it will be shown that
this leads to diffusive behavior when b1 ̸= b2, and as such only the case b1 = b2 will
be of interest.

Let a be the distance at which two particles can form a hopping pair, the “pairing
range”. Furthermore, let b1 and b2 be the hopping distances of the left and right par-
ticle respectively. Then the inward hopping process has the pairing range a+b1 +b2.
Note that this means that in the pairing, the left particle always hops a distance
b1 and the right particle always hops b2, regardless of if the hopping is inward or
outward.

x

b2

a + b1 + b2

b1

a

b1

a + b1 + b2

b2

a

Pair-hop probability outflux

x

b2

a

b1

a + b1 + b2

b1

a

b2

a + b1 + b2

Pair-hop probability influx

Figure 2.3: Visualization of all possible hops that contribute to the probability
flux in the master equation (2.54) for the sample site x. This figure uses the sample
parameters a = 2, b1 = 1, b2 = 2. Influx gives positive terms, outflux gives negative.
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Figure 2.3 shows the possible paths a particle can take out of or in to a given
site, in this case the central site. The bars below the number line mark which par-
ticles pair with each other to achieve each hop. Since particles need to be present
at both ends of the bar for the hop to occur, the probabilities at these sites need
to be multiplied. Using this as a guide, the master equation for this process is then
found to be the rather intimidating

∂P (x)
∂t

= α
[
P (x− b2)P (x− b2 − a) + P (x+ b1)P (x+ b1 + a)

+P (x− b1)P (x+ b2 + a) + P (x+ b2)P (x− b1 − a)
−P (x)P (x− a− b1 − b2) − P (x)P (x+ a+ b1 + b2)
−P (x)P (x− a) − P (x)P (x+ a)

]
,

(2.54)

where P (x) refers to the probability of finding a particle at site x and α is the rate
of hopping . Since this is a nonlinear master equation, solving it is no trivial feat. It
might be helpful to instead replace the probability with the population n(x). Doing
this, we get the equation for the time evolution of the density at site x according to

∂n(x)
∂t

= α
[
n(x− b2)n(x− b2 − a) + n(x+ b1)n(x+ b1 + a)

+n(x− b1)n(x+ b2 + a) + n(x+ b2)n(x− b1 − a)
−n(x)n(x− a− b1 − b2) − n(x)n(x+ a+ b1 + b2)
−n(x)n(x− a) − n(x)n(x+ a)

]
,

(2.55)

i.e. we get the same exact equation again but with a different interpretation. As-
sume now that there exists some equilibrium population n0. Further assuming that
the system is close to this equilibrium, we can linearize the equation around the equi-
librium according to n(x) = n0 + ϕ(x), and subsequently tossing away any terms
not linear in the perturbation ϕ. Putting all remaining terms in a convenient order,
this lands us in

1
n0α

∂ϕ(x)
∂t

= − ϕ(x− b1 − b2 − a) − ϕ(x+ b1 + b2 + a)

+ ϕ(x− b1 − a) + ϕ(x+ b1 + a)
+ ϕ(x− b2 − a) + ϕ(x+ b2 + a)
+ ϕ(x− b2) + ϕ(x+ b2)
+ ϕ(x− b1) + ϕ(x+ b1)
− ϕ(x− a) − ϕ(x+ a) − 4ϕ(x).

(2.56)

Now we will make further approximations by way of the fourth-order Taylor expan-
sion

ϕ(x+ δ) = ϕ(x) + δ
∂

∂x
ϕ(x) + δ2

2!
∂2

∂x2ϕ(x)

+ δ3

3!
∂3

∂x3ϕ(x) + δ4

4!
∂4

∂x4ϕ(x)
(2.57)
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This monstrous expansion will be handled piece by piece. First, note that the zeroth
order terms ϕ(x) vanish simply because there are an equal number of positive and
negative terms. Consider now the first order terms, which all have the common
first-derivative factor and in which only the δ for each term varies:[

− (−b1 − b2 − a) − (b1 + b2 + a) + (−b1 − a) + (b1 + a) + (−b2 − a) + (b2 + a)

+ (−b2) + b2 + (−b1) + b1 − (−a) − a
] ∂ϕ(x)

∂x
= 0

(2.58)
since all terms cancel pair-wise due to the alternating signs. For the same reason the
third-order terms also cancel. The second order terms, however, add up pair-wise
rather than cancel:

1
2
[

− (−b1 − b2 − a)2 − (b1 + b2 + a)2 + (−b1 − a)2 + (b1 + a)2 + . . .
] ∂2ϕ(x)

∂x2

= 1
2
[

− 2(b1 + b2 + a)2 + 2(b1 + a)2 + 2(b2 + a)2 + 2b2
2 + 2b2

1 − 2a2
] ∂2ϕ(x)

∂x2

=
[

− (b1 + b2 + a)2 + (b1 + a)2 + (b2 + a)2 + b2
2 + b2

1 − a2
] ∂2ϕ(x)

∂x2

=
[

− (b2
1 + b2

2 + a2 + 2b1b2 + 2b1a+ 2b2a) + (b2
1 + 2b1a+ a2)

+ (b2
2 + 2b2a+ a2) + b2

2 + b2
1 − a2

] ∂2ϕ(x)
∂x2

=
[

− 2b1b2 + b2
1 + b2

2

]∂2ϕ(x)
∂x2 = (b1 − b2)2 ∂

2ϕ(x)
∂x2 ,

(2.59)
and we see that the first nonzero contribution is of second order when b1 ̸= b2,
meaning it is diffusive for asymmetric hopping. We also see that the second-order
term cancels for the case of symmetric hopping b1 = b2, motivating the need for a
fourth order Taylor expansion. Looking further into the symmetric hopping dynam-
ics, i.e. the case that conserves center of mass, we let b1 = b2 ≡ b. Our first nonzero
contribution in this case is of the fourth order, and it takes on the form

1
24
[

− 2(2b+ a)4 + 4(b+ a)4 + 4b4 − 2a4
] ∂4ϕ(x)

∂x4

= 1
12
[

− (16b4 + 32b3a+ 24b2a2 + 8ba3 + a4) + 2(b4 + 4b3a+ 6b2a2 + 4ba3 + a4)

+ 2b4 − a4
] ∂4ϕ(x)

∂x4

= 1
12
[

− (12b4 + 24b3a+ 12b2a2)
] ∂4ϕ(x)

∂x4 = −(b4 + 2b3a+ b2a2) ∂
4ϕ(x)
∂x4

= − b2(b+ a)2 ∂
4ϕ(x)
∂x4 .

(2.60)
With this, we have landed in a much less intimidating approximation of the sym-
metric pair-hopping dynamics

∂ϕ(x)
∂t

= −D̃∂
4ϕ(x)
∂x4 , (2.61)
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where D̃ = n0αb
2(b+ a)2 is an analogue of the diffusion constant D. To recap what

these parameters mean, n0 is an assumed equilibrium state of the particle count, α
is the hopping rate in discrete space, a is the pairing range and b is the (symmet-
ric) hopping distance. The conclusion we can draw from this is that the symmetric
pair-hopping appears to be non-diffusive as it does not follow the diffusion equa-
tion. Instead, it is an example of the broader category anomalous diffusion. A
suitable name for the constant D̃ could be the constant of anomalous diffusion. In
the implementation and results, D̃ will never be used since we do not fully under-
stand the discrepancies between this rough approximative theory and the numerical
simulation, and D is instead used to denote hopping rate as the diffusion constant
and hopping rate are equivalent when the lattice spacing is unity. Due to the lack
of exact theory, treating D as a hopping rate in the pair-hopping is the easiest option.

Finally, we can note that the condition that particles can only move in pairs is
a restriction that is certain to lead to steady states. One class of steady state is a
configuration where none of the particles are at the pairing distance of each other,
meaning no particles can form pairs and therefore they cannot move at all. This
class will be called “immobile”. Another class is one where particles form clusters
separated by large gaps, such that the particles can only move within their cluster
but never reach any other cluster. We will call this class “clustered”. Both classes
have extreme cases with a maximum particle density at certain highly ordered con-
figurations when annihilations are introduced to the system. Let us take a look at
one example of each class for k = 2 reactants, the pairing range a = 1 and hopping
distance b = 1.

Figure 2.4: Configuration where no motion is possible for odd pairing ranges.

The first class has a maximum steady state density ρ = 1/2. This occurs at odd
pairing ranges when the particles are found at every other site, such that the possible
pairing distances fall in between populated sites. See figure 2.4 for an illustration
of this configuration. Every other site is occupied with exactly one particle, as any
higher amounts would annihilate, meaning the density is 1/2.

pair pairgap gap

Figure 2.5: Configuration where motion is periodic and confined to clusters.
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The second class has a maximum steady state density ρ = 2/7. Figure 2.5 shows
how this configuration looks with a = b = 1. It consists of two-particle clusters that
can move back and forth with each other. This cluster takes up 4 sites. In between
the clusters there are gaps of length at least 3. This means that particles in differ-
ent clusters are always at least 4 sites away from each other, ensuring that pairings
can never occur between the clusters. Packing this configuration as tightly as possi-
ble, there are 2 occupied sites for every seven sites, giving the maximum density 2/7.

Similar configurations can be found for other parameters. Of course, these two
examples in figures 2.4 and 2.5 forming from annihilations driven by random motion
would be exceedingly rare. Instead, they exemplify invariant structures that make
up steady states. A third trivial yet important structure is the vacuum state, i.e.
a completely empty lattice. The steady states that annihilation system with pair-
hopping dynamics settles into will feature a mix of these three invariant structures,
though the probabilities of each of them occurring are unknown. The question of
which steady state densities the system settles into is therefore not trivial.
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The easiest way to simulate the diffusion-limited annihilation process is to com-
pute the probabilities of diffusion and reaction and simply updating the state of
the system with these probabilities in each iteration, with a small enough time step
to accurately model continuous time. However, this approach is extremely compu-
tationally inefficient, especially for modeling long-term behavior with low particle
densities. For this reason, S.C Park [2] devised another algorithm that captures the
same statistical behavior but requiring way fewer operations. As described prior,
the goal of this project is to implement and modify this algorithm to capture kinet-
ics other than diffusion, in particular the pair-hopping kinetics described previously
in chapter 2.3. This chapter will first summarize the algorithm before describing
an implementation in Python. Then modifications will be made to simulate the
pair-hopping kinetic model instead of diffusion.

3.1 Overview of the algorithm
The basic idea in Park’s method is to create a list of all possible tuples of particles
that can move or react. Which actions are performed during a short time frame can
then be simulated by choosing an element of the list randomly, and incrementing
time by this time frame divided by the total number of actions that were possible. In
this way, the problem is reduced to integer combinatorics — the calculations of which
are more accurate and faster to perform than the large number of floating point
operations and random number generations that would’ve been needed in a direct
simulation. The irregular time increments also make sure that time flows quicker
in the simulation when fewer actions are possible, i.e. when actions are more rare.
Furthermore, it is rather general, as the particular operations that are performed on
a tuple can be simply swapped out to simulate any type of single-species reactions,
like spontaneous generation, multi-particle annihilation, branching or coalescence,
for instance. In principle, all reaction on the form

kA
λkm

GGGGGGGA (k +m)A (3.1)

can be modeled, where k ∈ N ∪ {0} is the number of reactants and m ≥ −k is
the number of particles added or subtracted during the reaction. Multiple kinds of
reactions can occur in the same system, though their rates λkm are not necessarily
the same. We will limit ourselves to the annihilation reaction m = −k in the one-
dimensional case for this implementation, though the extension to higher dimensions

21



3. Methods

is straightforward and the following summary will make no assumptions of reaction
type or dimensionality.

Let ρx be the number of particles occupying lattice point x ∈ Nd, with ρ denot-
ing the array consisting of all values of ρx in the space. To deal with the n-tuples
of particles, we introduce the function h(ρx, n), defined as

h(ρx, n) =
(
ρx

n

)
ϵn, (3.2)

where

ϵn =

1, Dδn,1 +∑
m λnm ̸= 0

0 otherwise.

That is, h counts the number of available n-tuples at site x, with ϵn filtering out
all the values of n that do not have any associated reaction. The number Nx of
available tuples relevant for reactions at site x,

Nx =
∑

n

h(ρx, n),

are called “available states” by Park, and the same terminology will be used here.
Furthermore, the total number of available states in the system is denoted by M ,
that is

M =
∑

x
Nx.

To keep track of all the available states, we define two arrays that Park call list[]
and act[][]. Each element s of list[s] are on the form (x, ℓ) where ℓ ∈ [1, Nx],
i.e. it enumerates each available state at site x. Thus the length of list[] is M .
The second array act[][] is the inverse, i.e. act[x][ℓ] = s.

In each iteration of the simulation, an element of list[] is chosen by rolling a
random positive integer up to M . Which reaction to perform is then chosen by
determining n as the smallest n that satisfies

ℓ ≤
n∑

k=0
h(ρx, k) (3.3)

for the chosen x and ℓ. All possible reactions with this n according to equation
(3.1) are then performed with a probability proportional to λnm. In the specific case
when n = 1, in addition to any reactions that may or may not take place, a diffusion
step is performed with probability 2dD∆t. That is, the acceptance probabilities for
each action is

Pacc =

n!λnm∆t if n-particle reaction
2dD∆t if diffusion step

. (3.4)

Because these acceptance probabilities actually need to be interpreted as probabili-
ties, we have the following constraint on the parameters:

(2dDδn,1 + n!λnm)∆t ≤ 1, (3.5)
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meaning the time step ∆t needs to be chosen according to the parameters being used.

Now that the system has been updated, list[] needs to be updated to corre-
spond to the new configuration. One could in principle compute list[] again from
scratch, however this is extremely wasteful for large systems where the vast majority
of states are still available after an update. This is where act[][] comes in. As
previously mentioned, its elements are each value of s, i.e. the index with which
you can find the element list[s]= (x, ℓ). Thus act[][] can be used to restructure
list[] and remove all states that are no longer available, and subsequently add all
new available states for the new configuration. Note that since the state is chosen
uniformly, the ordering of the arrays do not matter, which means that the updating
stage is simplified to just making sure all available states are contained once and
only once somewhere in the arrays. Of course, act[][] also needs to be updated,
which can be done with the help of list[]. In other words, the two arrays are
used to update each other back and forth, circumventing the need to compute the
available states from scratch and saving us many, many redundant computations.
The details of this updating scheme will be provided in the implementation section
below. Once ρ, list[] and act[][] have been updated, time is incremented by
∆t/M and the next iteration starts.

3.2 Implementing reaction-diffusion dynamics
A prototype of the program was written in Python. This choice of language trades
computational speed for ease of writing. Park’s algorithm relies heavily on manip-
ulating arrays, which is a task Python is designed to do intuitively at the cost of
speed. This prototype therefore allows the focus to fall on implementing and ex-
tending the algorithm. For faster performance, an implementation in a lower level
language like C can be written based on the Python prototype once it has shown
itself to behave correctly.

The lattice is implemented as an array of integers, with each element represent-
ing the number of particles currently occupying the site. That is, the most basic
structure in the program is the array ρ. For the purpose of diffusion-limited annihi-
lation, ρ is initialized with a Poisson distribution, that is

ρx(t = 0) ∼ Poi(ρ0) (3.6)

for some mean initial particle count per site ρ0 in each site x. This means that the
total initial particle population is∑

x
ρx(t = 0) ∼ Poi(ρ0L)

where L is the number of lattice points. To move a particle from site x, subtract 1
from ρx and add 1 to ρx+∆x, where ∆x ∈ {1,−1}, i.e. the lattice spacing is fixed
at 1. Reactions are just as simple in this model, as it is assumed reactions can only
occur between particles occupying the same site. And so, a reaction on the form in
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equation (3.1) occurring at site x is performed by adding m to ρx. In the case of
kA-annihilation, m = −k and so it entails subtracting k from ρx.

The array list[] is a 2D array of integers of size M × 2. Worth noting is that the
sites x are indexed in list[] starting from 1, whereas arrays in Python start from
0. This means that any time a site is chosen from list[], the index has to be decre-
mented by one before use. The benefit of this is for debugging purposes — since
ℓ is never zero, any time a zero shows up in list[] something must have gone wrong.

To implement act[][], one could use an array. This array would need to be of
shape L × M to represent all possible available states. However, in most cases it
will be sparse and only a very small fraction of the elements will hold any meaning.
For large lattice sizes and particle counts this requires a massive amount of memory
to store. Even if one limits the array size to L× maxx(Nx), i.e. the smallest it can
be at any iteration, the need to keep track of maxx(Nx) to check if the array needs
to be padded will also reduce performance, and will still require large amounts of
memory in certain cases. To sidestep these issues, it is advantageous to implement
act[][] not as an array but instead as a hash table. Python comes with a built-in
hash table structure known as a dictionary (keyword dict). Utilizing this, x and
ℓ will be a pair of keys to a nested hash table rather than indices of a matrix, and
thus act[][] does not have to contain any redundant elements.

In each iteration, one row of list[], containing one x and one ℓ, is randomly chosen
uniformly. The corresponding n is chosen from the chosen ℓ according to equation
(3.3), by having a variable states_sum initialized to equal ρx. If states_sum is then
greater than or equal to ℓ, n = 1 is returned. Otherwise, states_sum is incremented
by the right-hand side of the inequality (3.3), one value of k at a time, until the
inequality holds. At this point n = k is returned.

A particularly tricky part of the algorithm is the updating of list[] and act[][].
We can note that ℓ only enumerates available states and bears no information about
any specific states. The number of available states only increases with increasing
particle counts and vice versa. Thus, an increase in particle count at a site can
only add new states and a decrease can only remove states. We can therefore get
all the information we need about the list updating by computing the number of
available states Nx at site x before and after an action is performed on that site.
The following Python function performs the updating using the new and old values
of Nx:
def update_states_at_site ( states_list : np.ndarray , act: dict ,

site: int , num_states_before : int ,
num_states_after : int , M: int):

# First loop: remove states one at a time
if num_states_before > num_states_after :

for k in range( num_states_after , num_states_before ):
s = act[site][k][0]
x = states_list [M-1][0]
ell = states_list [M-1][1]
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# Copy the currently final element of list [] to
# take the place of the newly inaccessible state
states_list [s-1][0] = states_list [M-1][0]
states_list [s-1][1] = states_list [M-1][1]

# Put the new index of that element into act [][]
# and delete the inaccessible state ’s element
act[x][ell] = [s]
del act[site][k]

# Decrement the number of available states
M -= 1

# Cut out the duplicate elements at the end of list []
states_list = states_list [:M, :]

# Second loop: add new states one at a time
if num_states_before < num_states_after :

# Extend list [] to the new number of available states
num_new_states = num_states_after - num_states_before
states_list = np. concatenate (( states_list ,

np. zeros([ num_new_states , 2],
dtype=int)), axis=0)

for k in range( num_states_before , num_states_after ):
# Increment the number of available states
M += 1

# Store the new available state at the end of list []
states_list [M-1, :] = [site , k]

# Add the new state to act [][]
if site not in act:

act[site] = {}
if k not in act[site]:

act[site][k] = [M]
return ( states_list , act , M)

This function is an adaptation of the pseudocode in Park’s paper [2, fig. 2]. Note
that list is a reserved keyword in Python, which is why states_list is used
instead. The second loop is rather straightforward, as it simply adds new values of
ℓ to list[] and the corresponding elements to act[][]. The first loop, which runs
when Nx is reduced is more interesting and less intuitive. In short, it copies the
final element in list[] to take the place of the first no longer available state, and
keeps track of the final element’s site and state in the variables x and ell to save
the new index of this element in act[x][ell]. The no longer available state is then
deleted from act[][]. It then repeats this process for the second last element and
second no longer available state, the third last element and third no longer available
state, and so on, until every state that is no longer available has been overwritten.
After the loop, list[] is sliced to remove the duplicate elements. A diffusion step
changes the particle count at two sites, and a reaction at one site. The function
update_states_at_site() is therefore called twice for a diffusion step, and once
for a reaction.
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3.3 Implementing correlated particle motion
To implement a simple model of the fracton dynamics described in section 2.3, the
same structure of list[] and act[][] can be reused, but with a new interpretation
of available states. Unfortunately, due to how the new particle kinetics are handled,
one-particle reactions, i.e. single-particle branching or spontaneous vanishing, can
no longer be modeled with this approach without some explicit workarounds, as
we shall see. This project will only concern the one-dimensional case, though a
generalization to higher dimensions is possible.

a + 2b a + 2b

a a

Figure 3.1: Example of the pairings a selected particle, marked with red, can
participate in, using a pairing range a = 1 and hopping distance b = 1. Pairings for
outward hopping are marked in green and for reverse hopping are marked in olive.
The directions of the arrows signify how the particles always “look to the right” for
partners to pair up with, and how the pairings are counted as available states on
the site at the base of the arrow.

Previously, a diffusion step was performed if ℓ ≤ ρx, where ρx refers to the number
of particles at site x. Now, we are not interested in each particle individually, but
rather which pairs they can form with other particles in a site some distance a > 0
away. We will assume that for a given site x, the algorithm only “looks aheads”,
i.e. to the right or in the positive direction, for possible pairings. See figure 3.1 for
an illustration. The new number of available states at site x, which we will denote
Ñx, is therefore

Ñx = (ρxρx+a + ρxρx+a+2)δn,1 +
∑

n

h(ρx, n), (3.7)

i.e. the states corresponding to n = 1 are now dependent not on the number of
particles at site x, but instead on the product of the number of particles at x and
the number of particles at x + a, as well as x and x + a+ 2 for the detailed balance
condition. The states corresponding to reactions remain unchanged for all k ̸= 1.
Reactions with k = 1 can no longer be represented in this procedure since the n = 1
case does not correspond to choosing one particle out of a total of ρx.

As the case n = 1 now corresponds to two different actions, we need a way to
tell them apart. For this purpose, we introduce a character variable action. This
variable can take on the three values ’n’ for a near-pairing, ’f’ for a far-pairing,
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and ’r’ for a reaction. In this model, states_sum is first incremented by ρxρx+a.
If the inequality holds at this point, n = 1 and action = ’n’ is returned. If not,
it is incremented by ρxρx+a+2, returning n = 1 and action = ’f’ is returned if the
inequality holds. If the inequality still does not hold, a reaction is chosen in the
same way as in the diffusive model, and n = k is returned along with action = ’r’.

Note that this is just one method of many possible to differentiate between the
hopping events and the reactions. One could in principle use different values of n
to tell them apart, which would prevent us from having to pass around one extra
variable, as n holds no intrinsic meaning beyond keeping track of what the program
should do next. It would be valid to instead use n = 1 to mean outward hopping,
n = 2 for outward hopping and n > 2 to encode reactions involving k = n − 2 re-
actants, for instance. This would reintroduce the possibility of 1-particle reactions,
as n = 3 would correspond to k = 1. The benefit of using the previously outlined
method over this alternative is that the previous method is consistent with how
Park’s algorithm always allows for motion when n = 1, and n always refers to the
number of reactants even in a simulation allowing several different reaction types.
Ultimately, it boils down to an arbitrary choice based on individual taste and what
is most intuitive for any given application.

Figure 3.2: Illustration of the sites that are affected by a pair-hopping step. The
orange particle pairs up with the green particle, shown on the first row, to perform
an inward hop, shown in the second row. On the first and second rows, the sites
which are dependent upon the orange particle’s position are marked with orange
arrows, and vice versa for the green particle, with overlaps marked with black. The
third row tallies all the sites that are affected.
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The pair-hopping dynamics have one significant difference from the diffusive dy-
namics: the number of sites that have their available states changed after an action
is taken. Thankfully, with the way the function update_states_at_site() was
written, it does not need to be changed at all. Instead, we will need to keep track
of how many sites need to be updated, compute their Nx values before and after
an action, and call update_states_at_site() on each of them just like before.
For each site whose particle count changes, three sites have their available states
changed: the site itself, and the sites a and a + 2 steps to its left. The number of
sites affected by a reaction is 3. After a pair hopping action, four sites have their
particle counts changed. However, there is much overlap between these four sites
and their respective pair sites to their left. Figure 3.2 shows an example of this
overlap, and we see that we get a total of seven distinct sites being affected. It
is these seven sites that need to have their states compared before and after the
pair-hop.
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Before the results of the non-diffusive kinetics are presented, let us verify that the
implementation in this project yields behavior consistent with the diffusion theory
as well as the second quantization theory in chapter 2.2. Next, the power law
scaling of the mean squared displacement is examined for both kinetic models and
contrasted with each other. Finally, the density scaling under the pair-hopping
model and annihilation reaction is presented and steady state configurations are
discussed. Due to slow performance in the simulation for high reactant counts, a
satisfactory amount of data for the cases of k ≥ 3 reactants was not achieved and
only the k = 2 reactant case is presented.

4.1 Diffusive results: pure diffusion
To check that the algorithm correctly captures the statistics of diffusion, we can
check that the distribution of particles follows equation (2.6). Initially placing all
particles at the center of the lattice as shown in figure 4.1, we expect the distribution
of particles to follow equation (2.6) at all time steps until the boundary is reached.
For clarity’s sake, the lattice is shifted such that the center is the origin n = 0.
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Figure 4.1: Initial condition for the diffusion verification runs, exemplified here by
a system size L = 32. The lattice has been shifted such that the center is the origin.

Figure 4.2 contains three snapshots of the time-evolution of such a system for three
different lattice sizes. For dimensionless time, the discrete hopping rate γ = 0.5
is used, which is equivalent to the diffusion constant D since the lattice spacing
is ∆x = 1. We can notice that the ensemble-average particle distribution follows
equation (2.8) remarkably well regardless of lattice size.
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Figure 4.2: Ensemble-average time evolution of the distribution of particles. Lat-
tice sizes are L = 32, 64, 128 respectively. Parameters in common are ρ0 = 3,
D = 0.5, λ = 0.5 and the ensemble consists of 50 independent runs. Note that the y
axes have different scales in each row of plots, and the time scales differ as well. The
dashed curves show the theoretically predicted distribution at each time according
to equation (2.8).
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Once the particles have reached the boundary, the periodicity causes the distribu-
tion to slowly even out. The final state of the distribution is uniform, as predicted
by equation (2.14). Figure 4.3 shows a few snapshots of the transition between the
Gaussian and uniform paradigms for the lattice size L = 64, starting from where
figure 4.2 ends.
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Figure 4.3: Continuation of the diffusion in the L = 64 case in figure 4.2, with
50 more runs in the ensemble. Note that in the middle case, the distribution has
started to deviate considerably from the Bessel curve from equation (2.8), but is
still far from uniform. In the third case, the diffusion process has gone on for long
enough for the distribution to reach the uniform distribution 1/L as predicted from
equation (2.14)

We see that the distribution does indeed become uniform. Worth noting is that
a characteristic time scale was found to be L2/D, which with the dimensionless
time in this case would be L2/∆x2 = 642 = 4096. The final snapshot shown is at
γt = Dt = 1024, which is only one fourth of the previously noted characteristic time.
It turns out that this characteristic time is a slight overestimate of the time scale at
which the distribution becomes homogeneous in this case. That is, the evening out
happens faster than the Gaussian’s standard deviation reaches the size of the entire
lattice. Even so, it remains a useful estimate for when the distribution definitely
has reached uniformity.

4.2 Diffusive results: 2-particle annihilation
The second quantization calculations for the 2-particle annihilation reaction as laid
out in chapter 2.2 predict an asymptotic density scaling

ρ(t → ∞) ∼ 1√
8πDt

(4.1)

independent of initial density and reaction rate. To check that the simulation’s
behavior is consistent with the theoretical prediction, we can run the simulation
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with annihilation enabled and check how the particle density scales over time for
various parameter settings. Unless otherwise specified, the default parameters of
these runs are 

Lattice size L = 216 = 65536
Lattice spacing ∆x = 1
Initial density ρ0 = 1
Reaction rate λ = 0.5
Diffusion constant D = 0.5
Time resolution ∆t = 0.5

(4.2)

and one parameter out of ρ0, λ and D will be varied at a time. An ensemble average
of 100 independent sample runs is used for each parameter setting.
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Figure 4.4: Time evolution of the total particle density ρ with various initial
densities ρ0. The density is normalized with the theoretical asymptotic scaling
(8πDt)−1/2. Note that regardless of initial density, all plots approach a constant 1,
indicating that the density indeed scales like (8πDt)−1/2 in silico in the long term,
regardless of initial density.

To begin, we vary the initial density ρ0. As a reminder, the initial configuration is
given by equation (3.6), i.e. Poisson distributed with the mean initial occupation
count in each site being ρ0, meaning the initial density is ρ0 on average but not
exactly. Figure 4.4 shows a log-linear plot of how the density evolves over time with
four sample settings of ρ0. To make the axes dimensionless, the time is scaled by
λ and the density by the inverse of the predicted power law in equation (4.1), i.e.√

8πDt. With this setup, the density curve will approach a constant 1 if it behaves
the predicted asymptotic power law. We see that this is indeed the case; the nor-
malized density approaches 1 regardless of initial density.

Next, consider the reaction rate λ. The second quantization theory predicts that
the density scaling is independent of λ in the diffusion-limited regime. To verify
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Figure 4.5: Time evolution of the total particle density ρ with various reaction rates
λ. The density is normalized with the theoretical asymptotic scaling (8πDt)−1/2.
Here all plots approach a constant 1 just like in figure 4.4, indicating that the long-
term density scaling is independent of reaction rate.

this, we employ the same time and density scales and the resulting time evolution
is shown in figure 4.5. Once again the curves all approach unity regardless of λ,
showing that the diffusion-limited annihilation process is independent of reaction
rate. Worth noting is that in figure 4.5, the time scale actually varies between runs
as it is based off of the reaction rate.
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Figure 4.6: Time evolution of the total particle density ρ with various diffusion
constants D. The density is normalized with the theoretical asymptotic scaling
(8πDt)−1/2. Just like in figures 4.4 and 4.5, the plots approach a constant 1, indi-
cating that the density indeed scales like (8πDt)−1/2 in the long term.
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Finally, consider the diffusion constant D. The density drop is not independent
of D unlike ρ0 and λ. The theory predicts a dependence ∼

√
D though, so by in-

cluding it in the reference density scale, we expect the curves to approach unity once
more. Figure 4.6 shows that this is the case, confirming the theoretically predicted
asymptotic power law ρ(t) ∼ (8πDt)−1.

In conclusion, the simulated diffusion-limited annihilation with k = 2 reactants
follows the theory remarkably well, even with a somewhat small ensemble size of
100 independent runs. This is consistent with the results presented in the original
paper proposing the algorithm [2]. Having verified that the base algorithm performs
as expected, the pair-hopping modification can now be examined.

4.3 Pair-hopping results: kinetics
Since the pair-hopping kinetics require particles to occupy several distinct sites, the
Dirac delta initial conditions cannot be used to analyze the time-evolution any-
more. A way to get around this is to instead use a narrow Gaussian distribution.
By tracking how the variance of this distribution changes over time, it is possible
to determine the power law by which the mean squared displacement changes over
time. As described in chapter 2.1.2, a linear power law means that the kinetics
remain diffusive while a power less than 1 or greater than 1 indicates sub- or su-
perdiffusive kinetics, respectively.

To analyze the dynamics, we use the mean density per site of 100 independent
runs with system size L = 64, pairing range a and “diffusion constant” (which is
essentially just a hopping rate) D = 0.5, and find how the variance evolves over
time. The most straightforward way to compute the variance is by definition. As a
refresher, the definition of the variance is

Var(x) = ⟨x2⟩ − ⟨x⟩2, (4.3)

where ⟨ · ⟩ averages over each particle. In our case, we have the population count
n(x) in each site x. Thus, we can compute the mean particle position by summing
over each site x and weighing each term by n(x):

⟨x⟩ = 1
L

L/2∑
x=−L/2

n(x)x (4.4)

with which we can then compute the variance according to

Var(x) = 1
L

∑
x

n(x)(x2 − ⟨x⟩2). (4.5)

This variance is also the mean squared displacement. Figure 4.7 shows the time
evolution of the distribution at a few select snapshots of the ensemble average dis-
tribution over 100 runs, using lattice size L = 64 and hopping rate D = 0.5. The
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variance computed using the scheme above is visualized as Gaussian curves with the
corresponding variance in the particular time point and plotted above the distribu-
tions.
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Figure 4.7: Time evolution of the particle distribution under the pair-hopping
dynamics. The initial configuration is a Gaussian with variance 1.

To find the power law by which the mean squared displacement grows, we can
perform a nonlinear least-squares fit to the variance data of the form

ffit(t) = µtν + c (4.6)

using a tool like scipy.optimize.curve_fit(), for instance. However, it is im-
portant to note that this variance is only valid as long as the distribution has not
yet hit the boundaries. The algorithm in equations (4.4) and (4.5) cannot take into
account total distance traveled across the boundary limit. It is therefore important
to check when the boundaries have been reached and not sample any variance data
beyond that time.

Figure 4.8 shows how the variance of the data in figure 4.7 grows as time passes,
up to around the time when the particles start to reach the boundary. As a com-
parison, it also shows the variance in a diffusive simulation using size L = 128 and
diffusion constant D = 0.2. Additionally, it shows a curve fit on the form in equation
(4.6) for both dynamics. Since the initial variance was set to 1, we already know
that c = 1 and so only the parameters µ and ν need to be fitted. We see that
the diffusion has a linear growth with impressive accuracy, as predicted by equa-
tion (2.38). We also find by the curve fit that the linear coefficient is µ = 0.41, i.e.
roughly double the hopping rate, which matches the prediction from equation (2.38).

On the other hand, the pair-hopping has the power law ∼ t0.39. This means that
the dynamics are a form of anomalous diffusion, which is consistent with the the-
oretical result in equation (2.61). More specifically, the dynamics are subdiffusive
since the exponent is less than 1. It is however unclear what the prefactor µ = 14.93
represents as there is currently no known exact theory for this kinetic model.
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(a) Pair-hopping.
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Figure 4.8: Time evolution of the distribution variance for the pair-hopping dy-
namics (left) and for duffisive dynamics (right), both using an ensemble of 100 runs.
A curve fit on the form in equation (4.6) has been performed with c = 1, which
resulted in an exponent of about 0.39 and 1 respectively. For the pair-hopping, the
hopping rate α = 0.5 was used. The diffusion used hopping rate γ = 0.2.

4.4 Pair-hopping results: 2-particle annihilation
It is now time to check the behavior under the annihilation reaction with the pair-
hopping dynamics. Unless otherwise specified, the default parameters of these runs
are 

Lattice size L = 216 = 65536
Lattice spacing ∆x = 1
Initial density ρ0 = 1
Reaction rate λ = 0.5
“Diffusion constant” D = 0.5
Time resolution ∆t = 0.5
Pairing range a = 1

(4.7)

and just like in the diffusive case in chapter 4.2, one parameter at a time is varied.
All plots use the ensemble average of 100 independent runs.

To start with, let us check how the parameters affect the transient scaling pro-
file. First, we vary the initial density ρ0. Figure 4.9 shows four sample settings of
ρ0. The time axis is scaled by the transition rate λ, but the density axis is left as is.
To look for any potential power laws, a log-log plot is shown to the right. We see a
rapid drop in density down to a steady state at about ρ = 2/11, in which no more
annihilations occur. This steady state appears independent of initial density.

Next, we vary the hopping rate α, which is denoted D in simulation to reflect
its role as an acceptance rate like the diffusion constant in the original diffusive
algorithm. Figure 4.10 shows four sample settings. Once again the time is scaled by
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Figure 4.9: Time evolution of the total particle density ρ with various initial
densities ρ0 for pair-hopping dynamics.
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Figure 4.10: Time evolution of the total particle density ρ with various hopping
rates α (here denoted D for its analogous role in the diffusion model) for pair-
hopping dynamics.

λ and the density is not rescaled. We see that the initial density drop is the same,
but the decay slows down more over time the lower the D. The mean steady state
is once again roughly ρ = 2/11 independent of D. The log-log plot shows no clear
sign of any power law.

Finally, we vary the reaction rate λ. Figure 4.11 shows four sample settings. Both a
dimensionless and absolute time axis is shown to highlight the different curve shapes
of each setting of λ. Here the initial decay is slower for lower reaction rates, which is
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Figure 4.11: Time evolution of the total particle density ρ with various reaction
rates λ for pair-hopping dynamics. This time both a dimensionless time axis (above)
and absolute time axis (below) are shown, because a consistent time scale better
visualizes the dramatically different shapes of the curves. Below λ = 0.2, the density
drop begins taking on a sigmoid shape.

expected behavior in the reaction-limited regime. The same mean steady state near
ρ = 2/11 is reached again. As most clearly seen in the top right plot, the lower the λ,
the lower the actual steady state density, although no case deviates meaningfully
from 2/11. No apparent power law can be found in this log-log plot either, though
it seems that the density curve takes on a sigmoid shape when λ < 0.2. This is
interesting as it suggests that reactions occur more often at slightly lower densities
than at high densities when the reaction rate is low.

Having established that a steady state exists for all the tested cases, another ques-
tion is how consistently this particular density value is reached for a given setting.
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Figure 4.12 shows the mean density scaling for an ensemble of 100 independent runs,
as well as the ensemble standard deviation as an error estimate. To make the error
estimate visible, it has been exaggerated by a factor of 25. Only one sample en-
semble is shown, though all previously shown runs with all the different parameter
settings exhibited the same kind of behavior. We can see that the standard devia-
tion remains approximately constant as time passes, and that it is very, very small.
This indicates that the behavior is very consistent with small deviations from the
mean in each individual run.
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Figure 4.12: Time evolution of the total particle density ρ for some sample pa-
rameter setting, averaged over an ensemble of 100 runs, as well as an error estimate
based on the ensemble standard deviation. Even with the deviation being exagger-
ated 25-fold, it is clear that the deviation is very small.

Finally, let us take a look at what the steady state might look like. Figure 4.13
shows a sample lattice configuration in the steady state for three consecutive time
steps. The red particles can form pairs and move, while blue particles are frozen
in place. We see the typical structures discussed in chapter 2.3: the red particles
can never reach any blue particles, nor any of the other red particles except one,
meaning there is no further mixing of the system. All that can happen is that red
particles hop inward and outward in place forever.
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Figure 4.13: Example of a pair-hopping annihilation steady state. Marked in red
are particles that can move, whereas all other particles are blue. Note that due to
the gaps between the clusters of particles, the red and blue particles can never reach
each other. The system is no longer getting mixed by kinetics and thus no more
reactions can occur.
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Conclusion

To summarize, this project consisted of implementing a Monte Carlo algorithm for
simulating single-species reaction-diffusion systems. The implementation has shown
itself to behave in accordance with the most precise known theory in all tested
aspects. It was then extended to feature a new model of motion. The stated goal of
the project was to explore how this new kinetic model affects the critical dimension
of the reaction-diffusion system, and while this was not achieved, the results instead
indicates that there are interesting structures in the steady states of this model that
warrant further investigation. Below follows a discussion of all results as well as
possible future work to be done.

5.1 Discussion
The results presented in chapter 4.1 are consistent with the diffusion theory de-
scribed in chapter 2.1. They confirm that the implementation performs as desired
with the simplest kinetic model, with the correct time scaling of the mean squared
displacement and the transition from an (accurate yet approximate) Gaussian dis-
tribution to uniformity. It is in this light that the results in chapter 4.2 should be
understood, as they truly do show the asymptotic long-term scaling of the density
as predicted by the most accurate known theory of diffusion-limited annihilation,
i.e. the second-quantization representation from chapter 2.2. In particular, the com-
plete independence from the reaction rate in the long term in figure 4.5 exemplifies
the limiting effect of diffusion. Note however that while all four samples coalesce at
seemingly the same time scale, this is because the time scale is set by the reaction
rate, and smaller reaction rates do in fact lead to a longer transient before reaching
the diffusion-limited regime. The accurate performance of the base implementation
gives some credence to the new results with the pair-hopping kinetic model since
both versions are built from the same base. If one behaves reasonably, the other
probably does as well.

Regarding the pair-hopping kinetics, the results in chapter 4.3 are significant in
that they confirm that the model is in fact not diffusive. The simulated power law
exponent of 0.39 in the time-evolution of the mean squared displacement is small
enough that we can be certain that its nonlinearity is no coincidence. However,
because we do not yet have any accurate theory for this time evolution, we do not
know how sensitive the results are to the simulation’s system size, how to interpret
the anomalous diffusion constant D̃ in relation to the other parameters, nor how
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much the discrete lattice and continuous space cases agree with each other. The
exact value calculated from the simulation should therefore be taken with a grain
of salt. A quick dimensional analysis of equation (2.61) suggests that there are four
spatial units for each time unit, suggesting that a characteristic length scale for the
dynamics grows as the fourth-root of time, giving a mean squared displacement that
grows as the square root of time, i.e. an exponent of 1/2. The simulation result of
0.39 is not far off enough to entirely reject this estimate, but is also nowhere near
confirming it. This exponent is a problem worth looking into further. Implementing
asymmetric hopping to check if it does indeed lead to diffusion is another extension
to consider.

Moving on to annihilation driven by pair-hopping, no obvious power law tenden-
cies could be identified from the results in 4.4. The closest match is what appears to
be a slightly different decay profile in the lowest D tested in figure 4.10, in which the
red curve looks almost linear briefly in the log-log plot. This brings up an important
note: perhaps the default setting of D = 0.5 is too large to be entirely reasonable.
To see why, consider that for diffusion we had a constraint on D to make the ac-
ceptance probability an actual probability, i.e. the first term in the inequality (3.5).
Due to the lack on an exact theory on the pair-hopping kinetics, the equivalent
acceptance probability for a pair-hopping step and subsequently the constraint on
D are both unknown. This should have no bearing on these results though, as the
hopping rates used here are purely hypothetical and serve as a proof-of-concept.
However, a proper acceptance probability needs to be determined before using this
algorithm for practical purposes.

On the other hand, a result we can be sure of is that all the tested parameter
settings had the same late-time behavior, just like in diffusion-limited annihilation.
Not only that, they all also lead to the same steady state density of around 2/11.
Worth noting is that while this is a close approximation to the steady state den-
sity observed in these simulations, it is only an approximation and closer inspection
could yield something more precise.

As discussed in chapter 2.3, there are three invariant structures under the pair-
hopping kinetics: complete vacuum, configurations where the distance between the
particles falls between the two possible pairing distances, and configurations of iso-
lated pairs of particles that can only move with each other. The low deviation seen
in figure 4.12 can be understood as follows: the lattice can be split up into sublat-
tices, so a large system can be thought of as a set of smaller systems that exhibit one
of the three invariant structures. The Monte Carlo simulation essentially samples
a set of these invariant structures based on their probability of occurring. For this
reason, each run of a large system essentially already computes an average steady
state density by itself. The larger the system, the lower the deviation. What the
results show then, is that the average of these three structures consistently leads
to a density of about 2/11. This is specific for 2-particle annihilation and higher
numbers of reactants would yield completely different steady states.
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There is one other case that the current implementation does not yet support: the
pairing range a = 0, meaning particles on the same site mutually reject each other
or both hop into the same site. Under 2-particle annihilation, this case is interesting
because its reverse motion directly leads to a pairing that can subsequently anni-
hilate. The steady states of this system could have a very different structure from
that of a ̸= 0 and is worth considering.

5.2 Outlook
Moving forward, there are many new aspects to explore. The first and possibly most
important step is to optimize the implementation so that it runs quick enough to
allow more complex simulations with reasonable run time. This implementation was
written in Python, a language that is readable and intuitive but slow as a tradeoff.
For the best possible performance and the most opportunity for further optimization,
a new implementation in a language like C or C++ or even Rust should be considered.

Once a more efficient implementation has been made, one could use it to test more
reactants or higher dimensions, which could verify the mean-field theory and critical
dimension of the diffusion-limited annihilations, and also any critical behavior and
new steady states in the pair-hopping model. One could also construct a new ki-
netic model that emulates some proper physical system better than the pair-hopping
kinetics, which is more akin to a proof-of-concept or a toy model for center-of-mass-
conserving systems. Furthermore, by introducing more occupation arrays, one could
simulate multiple particle species which could be useful for applications like simu-
lating dipole-conserving motion akin to the briefly discussed fractons, or a broader
set of reactions for chemical processes.

Finally, there is room for developing more sophisticated theory for the behavior
of the pair-hopping dynamics. Rather than the same approach as the diffusive case
that lead to a nonlinear master equation (making it not actually a master equation,
strictly speaking) one could instead try to construct a theory based on a two di-
mensional probability of possible pairings. It is unclear whether such an approach
is easily compatible with reactions, but to understand the nature of the kinetics it
could be helpful. One could also study the steady states through the lens of the
previously mentioned invariant structures in the considered case as well as other
higher-dimensional cases, or with other reactions. This might help shed light on the
enigmatic density of 2/11.
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