¥ UNIVERSITY OF GOTHENBURG

Concentration vs. Time

— Dose 1 (Training)
’ N = Dose 2 (Training)
’ \ == Dose 3 (Prediction)

Concentration

Time after dose

Designing and Evaluating Neural Ordi-

nary Differential Equation Models for Phar-

gac_:okinetic and Pharmacodynamic Time
eries

Master’s thesis in Computer science and engineering

Benjamin Olsson
Elias Torstensson

Department of Computer Science and Engineering
CHALMERS UNIVERSITY OF TECHNOLOGY
UNIVERSITY OF GOTHENBURG

Gothenburg, Sweden 2025






MASTER’S THESIS 2025

Designing and Evaluating Neural Ordinary
Differential Equation Models for Pharmacokinetic
and Pharmacodynamic Time Series

Benjamin Olsson
Elias Torstensson

UNIVERSITY OF
GOTHENBURG

CHALMERS

UNIVERSITY OF TECHNOLOGY

Department of Computer Science and Engineering
CHALMERS UNIVERSITY OF TECHNOLOGY
UNIVERSITY OF GOTHENBURG
Gothenburg, Sweden 2025



Designing and Evaluating Neural Ordinary Differential Equation Models for Phar-
macokinetic and Pharmacodynamic Time Series

Benjamin Olsson
Elias Torstensson

© Benjamin Olsson & Elias Torstensson, 2025.

Supervisor: Morteza Haghir Chehreghani, CSE
Advisor: Mikael Sunnaker, AstraZeneca
Examiner: Simon Olsson, CSE

Master’s Thesis 2025

Department of Computer Science and Engineering

Chalmers University of Technology and University of Gothenburg
SE-412 96 Gothenburg

Telephone +46 31 772 1000

Cover image displays an example of different possible PK curves for different dose
sizes, it was generated using ChatGPT.

Typeset in KTEX
Gothenburg, Sweden 2025

v



Designing and Evaluating Neural Ordinary Differential Equation Models for Phar-
macokinetic and Pharmacodynamic Time Series

Benjamin Olsson & Elias Torstensson
Department of Computer Science and Engineering
Chalmers University of Technology and University of Gothenburg

Abstract

PKPD modeling is the study of the effect of drugs on living organisms. It combines
modeling the concentration (PK) and effect (PD) of a drug over time. This is
commonly done through systems of ordinary differential equations (ODEs), although
there have been increasing efforts to utilize machine learning methods in the area.
In this project, discriminative neural ODE models for PKPD data were developed
and compared with other common neural network models. We simulated our train
and test data using an underlying PKPD model, resulting in a ground truth set to
accurately test the performance of the models. The models aimed to extrapolate
as well as possible to dosing regimens not seen in the training data. We found
that using neural ODEs, it is possible to accurately predict concentrations and
responses resulting from dose sizes that are more than twice the size of those in
the training data. This vastly outperforms the other tested models. Furthermore,
using the flow matching algorithm, the training time of the neural ODE model was
substantially reduced. The project also investigated whether using a neural ODE as
a component in a Generative PKPD model yielded any benefits. It was found that
this significantly improved the quality of the samples by more closely reflecting the
underlying distribution of PKPD time series. The ability of the discriminative neural
ODE models to capture information about the PKPD model used to generate the
model was then investigated by assessing their ability to predict uncertainty in the
underlying data, as well as their capacity to identify which covariates were relevant
to the underlying PKPD model. Finally, a neural ODE model was developed for
modeling adverse effects, to test how well the neural ODE performed when the data
was not generated using an underlying ODE. This model demonstrated excellent
performance in predicting the proportion of patients who experience nausea based
on the rate of dose increase over time.

Keywords: Neural ODEs, Machine Learning, PKPD Modeling, Modeling, Adverse
Effects Modeling






Acknowledgements

Firstly, we would like to thank our academic supervisor Morteza Haghir Chehreghani
for the support and valuable insights throughout the course of the project. Secondly.
we want to thank Mikael Sunnaker, our supervisor at AstraZeneca, who has helped
us understand PKPD modeling and made us feel at home at AstraZeneca. We would
also like to thank the entirety of the CVRM and R&I teams at AstraZeneca, who
contributed to a great environment to work on the thesis, along with our examiner
Simon Olsson who gave us valuable feedback on how to effectively carry out indepen-
dent research. Finally, we would like to thank our friends and family who supported
us over the duration of the project.

Benjamin Olsson & Elias Torstensson, Gothenburg, 2025-07-02



viil



List of Figures

List of Tables

1

2

3

Introduction

Contents

1.1 Theoretical Background . . . . . .. .. ... o000
1.1.1 PKPD Modeling . . . ... .. .. ... ... ... ...
1.1.2  Adverse Effects modeling . . . . . .. ... ... ... ... ..
1.1.3 Artificial Neural Networks . . . . . .. .. .. ... ... ...

1.1.3.1  Multilayer Perceptrons . . . . . . ... .. ... ...
1.1.3.2 Recurrent Neural Networks . . . . ... ... .. ..
1.1.33 Neural ODEs . . . . ... .. ... ... ... ...

1.1.4 Flow Matching

1.1.5 Diffusion Models . . . . . . . . . . .

1.2 Constraints . . . . .

1.3 Research Questions and Hypotheses . . . . . . . . . ... .. ... ..

1.4 FEthics .. ... ...

Methods

2.1 The Data Generating Process . . . . . .. .. ... ... ... ....
2.1.1 The Underlying PKPD Model . . . . . ... ... ... ... ..

2.2 Discriminative Models
2.2.1 Models for PK
2.2.2 Models for PD

2.3  Generative Models .

Time Series . . . . . . . . . . .. ... .. ...
Time Series . . . . . . . . . . ... ... ..

2.4 Flow Matching for PKPD Time Series . . . . . . . .. .. ... ...

2.4.1 Flow Matching
2.4.2  Flow Matching

for PK Time Series . . . . . . . . . ... ...
for PD Time Series . . . . . . . . . .. . ...

2.5 Extracting information about the underlying PKPD model . . . . . .
2.5.1 Uncertainty Quantification . . . . . . .. ... ... ... ...
2.5.2  SHAP Analysis for determining the effects of covariates . . . .

2.5.3 Finding a close

d-form equation of a neural ODE . . . . . . ..

2.6 Model for Adverse Effects . . . . . . . .. .

Results and Discussion
3.1 Research Question 1

xi

xiii

11
11
12
14
14
15
15
16
18
18
19
19
21
22
25

27
27

ix



Contents

3.1.1 Comparison of Discriminative PK Models . . . . . ... ... 27

3.1.2 Anmalysis . . . ... 28

3.1.3 Comparison of Discriminative PD Models . . . . .. ... .. 29

3.1.4 Anmalysis . . . . ... 30

3.2 Research Question 2 . . . . . . . . ... ... ... 31

3.2.1 Visual inspection of sampled time series . . . . . .. .. ... 31

3.2.2 Numerical Comparison . . . . . ... ... ... ... ..... 32

3.2.3 Visualizing the Diffusion procedure . . . . . .. ... ... .. 33

3.24 Anmalysis . . . . .. 34

3.3 Research Question 3 . . . . . . . . .. ... ... ... ... ... 36
3.3.1 Performance of the neural ODE trained with flow matching

on PKdata . ... ... .. ... ... ... ... 36

3.32 Anmalysis . . . ... 36
3.3.3 Performance of the neural ODE trained with flow matching

onPDdata . .. ... ... ... 37

3.34 Analysis . . . ... 37

3.4 Research Question 4 . . . . . . . . ... ... 39

3.4.1 Uncertainty Quantification . . . . . . . .. ... .. ... ... 39

342 Analysis . . . ... 40

3.4.3 SHAP Analysis . . . . . . .. ... 41

3.4.4 Analysis . . . ... 42

3.4.5 Neural ODE interpreter . . . . .. . ... ... ... . .... 43

3.5 Research Question 5 . . . . . . . . .. ... ... ... 45

3.5.1 Results of Adverse Effects Model . . . . . .. ... ... ... 45

3.5.2 Anmalysis . . . ... 48

Conclusions and Future works 49

Appendix A I

Appendix B 111

Appendix C VII

Appendix D XI

Appendix E XVII



1.1
1.2
1.3

2.1
2.2
2.3

2.4
2.5
2.6

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13

3.14
3.15

List of Figures

Schematic of a perceptron . . . . . .. ... ... L. 4
Schematic of a MLP [16] . . . . . . .. . ... ... ... .. ... .. 5
Schematic of a RNN [17] . . . . . . ... . o 5
Visualization of PK training data . . . . . . . ... ... ... ... 14
Visualization of PD training data . . . . . . . ... ... ... ... 14
Figure showing how confidence intervals were generated. The confi-

dence interval of the 4th peak isused. . . . . . . . . .. .. ... ... 21
Visualization of the scoring mechanism. . . . . . . .. ... ... ... 24
Visualization of the ODE search. . . . . ... ... ... ... .... 24
Adverse Effects Data . . . . . . . ... 26
Training/validation losses . . . . . . ... ... .. 0L 27
Extrapolation across dose size and number of doses . . . . . . .. .. 28
Training/validation Losses for models trained on PD data . . . . . . . 29
Extrapolation across dose size and number of doses for models trained

onPDdata . . ... ... .. ... 29
Comparison of performance for same neural ODE model with different

step sizes. . . . ... 31
Comparison of Generative Model . . . . . . . ... ... ... .... 32
Visualization of the denoising process for the neural ODE-based model. 33

Visualization of the denoising process for the simple Autoencoder model. 34
Comparison of how the neural ODE trained with flow matching ex-
trapolates to new dosing sizes vs. the neural ODE trained with back-

propagation through the solver. . . . . . . . ... ... .. ... ... 36
Comparison of the extrapolation capabilities of a neural ODE trained
with backpropagation through the solver vs. flow matching . . . . . . 37
SWAG uncertainty as a function of dose size when trained on data
without random effects and a SWAG learning rate of le-4 . . . . . . . 39
SWAG uncertainty as a function of dose size when trained on data
with random effects and a SWAG learning rate of 1le-4. . . . . . . .. 39
SWAG uncertainty as a function of dose size when trained on data
with random effects and a SWAG learning rate of 5e-4. . . . . . . .. 40
SHAP Analysis when model is trained on data without random effects. 41

SHAP Analysis when model is trained on data with random effects. . 41

X1



List of Figures

xii

3.16
3.17
3.18
3.19
3.20
3.21

3.22

5.1

6.1
6.2

7.1
7.2
7.3
7.4

8.1
8.2

8.3

8.4

8.5

8.6

8.7

9.1

9.2

9.3

9.4

9.5

9.6

SHAP Analysis when model is trained on data with random effects,
but only weight has an effect on the underlying PKPD model.

Neural ODE interpreter used on explicit ODEs . . . . . . . .. .. ..
Neural ODE interpreter used on a neural ODE . . . . . . ... .. ..
The model’s prediction on the titration schemes in the training data .
The model’s prediction on the titration schemes in the test data . . .
MSE-loss on the test-set for different variations of training data. The
best-performing model is marked by a red circle. . . . . . . . .. ...
Model performance on the titration schemes in the test data, when
the model is trained on the optimal combination of titration schemes.

Comparison of Generative Models . . . . . . . ... ... ... ....

Evaluation of the Uncertainty Quantification through MCDropout . .
Evaluation of the Uncertainty Quantification through Bagging . . . .

Training/validation Losses for jump models . . . . . . . . . ... ...
Extrapolation across dose size and number of doses for jump models .
Training/validation Losses for base models on PD data . . . . . . . .

Extrapolation across dose size and number of doses for models trained
onPDdata . ... ... .. ...

Schematic of the models . . . . . . ... ... ...
Overview of a Generative Model for PKPD time series, using neural
ODEs. . . . .
Overview of a Generative Model for PKPD time series, without using
neural ODEs. . . . . . . . . ..
Architecture for the neural ODE trained with flow matching for the
increase in concentration. . . . . . . .. .. o000
Architecture for the exponentially decaying neural ODE trained with
flow matching for the decrease in concentration. . . . . . . . .. . ..
Architecture for the PD flow matching model trained with predicted
concentration as input. . . . . .. ..o
Overview of the Adverse Effects model . . . . . . .. ... ... ...

Visualization of the vector field with a linear flow, for the increase in
concentration after a dose is taken. . . . . . .. ..o
Visualization of the vector field with a linear flow, for the decrease in
the concentration after concentration has reached its peak. . . . . . .
Visualization of the TVF defined using exponential decay, for the

decrease in the concentration after concentration has reached its peak.

Visualization of the TVF defined using the polynomial, for the in-
crease in the concentration after a dose has been taken. . . . . . . ..
Comparison of the neural ODEs extrapolation across dose size with
different training methods . . . . . . . . .. ... ... L.
Visual comparison of the neural ODEs extrapolation to a smaller time
between doses . . . . . . ..

42
43
44
45
46

47

XIII

XIV

XVIII

XIX



List of Tables

2.1 Description of Adverse Effects titration schemes . . . . . . . . .. .. 25

3.1 Performance metrics of the Generative models . . . . . . . .. .. .. 33

xiii



List of Tables

Xiv



1

Introduction

In this master’s thesis, we investigate the effectiveness of using neural ordinary
differential equations (neural ODEs) [1] for performing pharmacokinetic and phar-
macodynamic (PKPD) modeling. The first part of the project compares the per-
formance of neural ODEs to multilayer perceptrons and recurrent neural networks
as discriminative models. The MLP was chosen as a baseline for comparison, while
the RNN was selected because it is commonly used in sequence processing, includ-
ing time series analysis. Transformers were also considered, but were ultimately
discarded because the complexity of their architecture meant that the number of
parameters in the transformer was far larger than in the other models, which com-
plicated making an objective comparison. The second part of the project focuses on
building and comparing two diffusion models for PKPD time series, one of which
uses a neural ODE in the encoder and the other uses a simpler autoencoder without
a neural ODE. The third part of the project involves applying the flow matching
technique, which is used for continuous normalizing flows, to our neural ODE time
series model, resulting in significantly faster training times. In the fourth part of our
project, the neural ODE model is used to recover information from the underlying
PKPD model by attempting to quantify the model’s uncertainty and using SHAP
analysis to determine the impacts of covariates. In the final part of the project, neu-
ral ODEs are used to develop a model for the closely related topic of Adverse Effects.

In this project, all machine learning models were developed by the authors. The
architectures of the models drew inspiration from works such as [2], yet they contain
significant differences. The models were implemented using Python packages such
as PyTorch and torchdiffeq, allowing for easy implementation of neural networks and
neural ODEs. The models used to generate the data were taken from literature. The
training methods for the models were either already implemented in the libraries,
or taken from literature, in the case of the flow matching for trajectories method.
Many common machine learning techniques were used throughout the project, such
as SHAP-values, DDP, and SWAG, in these cases the authors merely applied the
techniques for our particular models, with the help of relevant, preexisting Python
libraries. The technique for going to a closed-form ODE was designed and imple-
mented by the authors, with inspiration taken from [3].



1. Introduction

1.1 Theoretical Background

1.1.1 PKPD Modeling

PKPD modeling is a fundamental aspect of pharmacology, which is the study of the
effect of drugs on living organisms. It combines pharmacokinetics and pharmacody-
namics, each investigating different properties of a drug. In pharmacokinetics, one
studies the effects the body has on the concentration of a drug. This is typically
summarized as "what the body does to the drug." In pharmacodynamics, one instead
looks at what effect the drug has on some biomarker in the body, frequently summa-
rized as "what the drug does to the body". A biomarker is a measurable entity in the
body, such as a molecule or a cell, that gives information about the state of a process
in the body. One can either study just the relationship between biomarker response
and concentration, or the relationship between biomarker response and time [4].

In pharmacokinetics, the most widely used type of model is the compartmental
model. In this model, the body is represented by a number of different compart-
ments. The model then describes the interaction between these compartments using
a system of differential equations. The number of compartments in the model de-
pends on the underlying assumptions that can be made about the drug, which are
related to the type of drug being examined. In one-compartment models, there is
only the central compartment, in which the drug is assumed to instantly distribute
evenly. While not always realistic, this type of model still has numerous practical
applications. For more complex interactions, one can add peripheral compartments
to create two-compartment or three-compartment models. However, the increased
complexity brings along other potential issues, such as a requirement for larger
amounts of data or computational difficulties [5].

Pharmacodynamic models, which seek to describe the relationship between drug
effect and concentration, come in many forms. Some common examples include the
linear model, the log-linear model, and the F,,,, model. In these models, there is
usually an underlying assumption that the system is in a steady state, which occurs
when the amount of the drug eliminated within each dosing interval equals the in-
crease from the dose. This means that the peak concentrations after each successive
dose will be the same from that point forward. Despite this assumption, the models
also perform well when modeling a system that is not in a steady state. In the lin-
ear model, a direct proportionality between the drug concentration and drug effect
is assumed. While this assumption may seem intuitive, it is not always the case
in practice. Instead, the log-linear model can sometimes prove more useful, where
the effect is instead proportional to the logarithm of the concentration. Lastly, the
E,.q.-model describes the relationship using the maximal effect E,,.., the concen-
tration value that causes 50% of the maximal effect EC5g, and some baseline effect
Ey. This relationship is given by the equation E = Ey + % 4] [5].

For non-steady-state situations, integrated PKPD models can be used. Such a
model has some key characteristics that describe what one assumes about the un-
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derlying process. In this thesis, one such characteristic is worth mentioning: Direct
response vs Indirect response [5].

Direct/Indirect response: Direct response models assume a direct correlation be-
tween concentration at the effect site and the observed effect of the drug. This
means that there is no delay between the high concentration at the effect site and
the observed effect. The indirect response model instead uses an ODE to describe
the relationship between the effect and the concentration at the effect site [5].

Creating these types of models is a crucial part of the drug development process, as
they are used to understand how the body processes the drug and how effective it is
at causing a response in the body. One must balance the efficacy of the drug with
its safety, both of which may heavily depend on the concentration of the drug. Us-
ing limited information from strictly controlled medical trials, pharmacometricians
must piece together a mechanistic understanding of how exactly the body processes
the drug. These findings can then be used to find dosing regimens that are as safe
and effective as possible. This is a difficult, expensive, and time-consuming task.
Recently, considerable effort has been devoted to accelerating this process through
machine learning. [6] [7] [8] [9] [10]. In particular, neural networks have emerged as
a promising candidate to model this data due to their flexibility as universal function
approximators [11] [12] [13].

1.1.2 Adverse Effects modeling

The topic of modeling adverse effects, such as Nausea and Vomiting, has seen a great
increase in popularity recently. These models are crucial in ensuring that patients
receive the correct dose amount at the proper time. Typically, the drug of interest
follows a titration scheme, wherein the dose size starts relatively small and then
increases over time. The ultimate goal is to design a titration scheme that achieves
the targeted effect as quickly as possible, while minimizing the risk of adverse effects.
By starting with a small dose that increases over time, the patient can build up some
resistance to the drug. This results in a lower risk of adverse effects compared to if
the patient had taken the final target dose immediately.

The goal of the models is to predict the proportion of patients who experience
nausea each week, given a specified titration scheme. If accurate, these models can
provide valuable insights into selecting effective titration schemes. Currently, com-
monly used models include the Proportional Odds Models and different types of
Discrete Markov Chain Models [14]. While these models are effective, they lack the
same mechanistic understanding as the PKPD models. This could mean that more
bias is introduced than for the PKPD models.



1. Introduction

This means using a neural ODE model for this type of problem could be of sig-
nificant interest from a drug development point of view. From a theoretical point of
view, it is interesting to compare the challenges of using neural ODEs on problems
with limited mechanistic understanding to those with a thorough understanding.
By exploring this, we can determine whether the lack of knowledge makes modeling
more challenging, and if the development of a Neural ODE model could provide
some assistance in understanding the mechanics where knowledge is lacking. Addi-
tionally, we are curious to see if the performance of the neural ODE is affected by
using a Markov model for data generation, compared to the systems of ODEs used
in generating PKPD data.

1.1.3 Artificial Neural Networks

Artificial neural networks (ANNs) are a class of mathematical models that are used
to approximate complex, nonlinear functions. Although their theoretical founda-
tions are quite old, it is only in the past couple of decades that they have become
ubiquitous in technology and science, as we now have the computing power and data
requirements necessary to train them quickly and effectively. We begin by describing
the simplest type of artificial neural network (ANN), known as a feedforward neural
network, also referred to as a multilayer perceptron (MLP).

The Perceptron: Forward Propagation

Linear combination
1 Output of inputs

v | o
D g o ool

X2 / Non-linear Bias
Wm activation function
X,

Inputs  Weights Sum  Non-Linearity Output

Figure 1.1: Schematic of a perceptron, taken from the MIT Deep Learning Course
[15].

1.1.3.1 Multilayer Perceptrons

The building block of an MLP is the neuron, a simple unit that takes one or more
inputs, each with a corresponding weight, and sums the product of these weights
and inputs together, along with a scalar that is not multiplied by any input, known
as the bias. This sum is then put through an activation function, which is typically
non-linear, allowing the neural network to approximate non-linear functions. A layer
consists of a parallel group of one or more neurons, each receiving the same inputs
but each having unique weights corresponding to each input. Finally, the MLP

4
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itself consists of at least three layers, a single input layer taking the original inputs,
one or more hidden layers through which the inputs are transformed, and a single
output layer giving a final prediction, which is often either a point estimate of some
numerical value or the probabilities of classification into a number of classes [16].
Although the MLP is conceptually quite simple, when used in practice, with many
thousands, millions, or even billions of parameters, it becomes a universal function
approximator. This means it can mimic any function to an arbitrary degree of
precision, provided a sufficiently large network is used.

hidden layers

output
laver

input

> KT KT X/ \
A/ WA/ @
layer _‘7 AT ATe
; LA LAY

Figure 1.2: Schematic of a MLP [16]

1.1.3.2 Recurrent Neural Networks

Recurrent neural networks are among the most commonly used neural network ar-
chitectures for sequence prediction. The main difference between a recurrent neural
network and an MLP is that there is a hidden state that changes as each data point
in the time series is processed. This hidden state encodes information from previous
points in the time series, allowing the network to have a "memory" [17]. However, it
is important to note that in standard RNNs this memory is only updated discretely,
at each time that a data point is observed.

Output O,

Who T |

Hidden Layer H,

Wi T T

Input X,

Figure 1.3: Schematic of a RNN [17]
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1.1.3.3 Neural ODEs

Neural ODEs represent a novel class of neural networks that utilize a neural network
to produce derivatives and then employ an ODE solver to integrate and generate
the final predictions [1].

Recall that the general form of a first-order ordinary differential equation is given
by %’ = f(y(t),t). This equation describes a function y(t) by defining the slope of
the function at all points. Differential equations are currently used to model many
natural phenomena, from the decay of radioactive atoms to the mechanics of solids.
Generally, this approach to modeling is effective, but it has a drawback. How do
you "know" what the function f(y,t) looks like? This is something that, in general,
is not at all trivial. It is indeed a challenging task for a scientist to transition from
experiments to a concise, closed-form differential equation, especially without intro-
ducing human bias. This is where neural networks and machine learning can be
helpful. Given that neural networks are universal function approximators, it can be
reasoned that given enough data, a neural network could approximate the function
f(y,t) reasonably well. And so the idea behind neural ODEs is to let the right-hand
side be a neural network instead of some explicit function. This can be written as

dy

= foly(t).0)

where the function fy is a neural network with parameters 6.

Once the neural network is trained, the function y(¢) can be solved for by using
a numerical method. Note that we will see the neural network as a complete black-
box for the derivative of our function, and therefore there won’t be an analytical
expression for the function y(¢). This is one of the downsides of using neural ODEs,
and we discuss it further in later parts of the thesis.

The neural ODE model has demonstrated advantages in memory efficiency and
the ability to adapt computation based on problem complexity, making it suitable
for time-series modeling, such as PKPD data in clinical trials. Another important
advantage of neural ODEs is that they can model irregularly-sampled time series
data much more effectively than a traditional recurrent neural network (RNN) can
[18]. This is because the neural ODE has a hidden state that can be updated "contin-
uously" by an ODE solver, which leads to more accurate predictions when the time
series is irregularly-sampled, i.e, the time between each observation is not always
the same. Strictly speaking, the updates are still discrete, but we can specify our
step size to be as small or large as we want, making the updates to our hidden state
as smooth as we want. Irregularly sampled time series are common in medical data,
which is why the neural ODE will be applied in this case.

Another advantage of neural ODEs is that they closely resemble a method used
by pharmacometricians, which involves developing PKPD models as systems of dif-
ferential equations. This method allows the pharmacometricians to incorporate their
mechanistic understanding of the system into the model. These systems are then

6
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solved numerically, rather than trying to find closed-form solutions for the concen-
tration or effect directly. There have already been several promising attempts at
applying neural ODEs to pharmacokinetic data [2] [19][20]. In Lu et al., the model
is developed for use in oncology, where PKPD data from a specific patient are avail-
able after the first treatment. This data is then used to predict how that specific
patient will respond to a different dosing regimen. We seek to train a model that can
generate the mean response of a population of patients to a certain dosing regimen
given only informative covariates such as weight, age, and sex. A lot of focus will
be on the ability of the model to extrapolate well to dosing regimens that it has not
seen in the training data. In this way, our model can be used to identify the optimal
dosing regimens for testing in Phase II.

1.1.4 Flow Matching

Neural ODEs are still not widely used in practice, largely because they require
an extremely long training time. In recent years they are now being used more
frequently, and this is mainly because of a new paradigm for training a group of
generative models called Continuous Normalizing Flows (CNFs), this paradigm is
known as flow matching [1] [21].

CNFs are a group of generative models that attempt to model a target probability
distribution by transforming a simple starting probability distribution, such as a
Gaussian distribution, into an approximation of the target distribution. The CNF
models a vector field, which can be solved using an ODE solver. This results in a
probability path that transforms a sample from the simple probability distribution
into an approximation of a sample from the complex target distribution. Prior to the
introduction of flow matching, CNFs were trained using maximum likelihood, which
required expensive numerical ODE simulations at training time. Not only must one
solve the entire trajectory for each batch, but one must also perform backpropagation
through the entire trajectory. This results in lengthy training times that do not
scale well as the size of the training data increases. However, flow matching is a
simulation-free training technique that avoids the cost of solving an ODE at training
time. Instead, one regresses directly over the vector field on a per-training-sample
basis, which eliminates the need for ODE simulations. Training CNFs with flow
matching has now been applied in multiple different fields, e.g, for generating 3D
molecules [22].

One of the key problems of our thesis was applying this idea in our deterministic
time series setting in a way that resulted in predictive performance comparable to
when the neural ODE is trained through simulations.

1.1.5 Diffusion Models

In recent years, the area of generative models has been dominated by diffusion
models. This is in particular due to the introduction of the Denoising Diffusion
Probabilistic Model (DDPM) [23]. While this model has been most effectively ap-
plied in the domain of image generation, it has also achieved significant success in

7
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time series synthesis [24][25]. We will therefore explore the use of this state-of-the-
art model in our specific domain of PKPD time series.

A diffusion model consists of two parts: The forward process and the backward
process. In the forward process, noise is sequentially added to the training samples
according to a predefined schedule of variances {8, }. One refers to each step of
adding noise as a state, and we let H denote the final state. Ultimately, given a
sufficiently large number of states and noise, this will result in Gaussian noise with
a mean of 0 and a variance of 1. Let ey denote our original sample, and let e, and
e,_1 be the noised sample at state h and state h — 1, respectively. Then the forward
process can be written as

plen | en1) = N(en;\/1 — Bren, Bul).

Because the added noise is Gaussian, we can get a closed-form expression for the
distribution of the forward process at any state h given the original state ey. This
significantly simplifies the implementation of the forward process. To perform the
forward process until state h, we do not have to sample once for every state. Instead,
we can sample just a single time, using the distribution given by

plen | €0) = N(en; vVanes, (1 — ap)l),

where a;, = [1"_,(1 — B;) and I is an identity matrix of the same dimension as
the sample. One can easily verify that as h increases, the probability distribution
indeed converges to a multivariate normal distribution with mean 0 and an identity
covariance matrix.

The backward process does the opposite, going from pure noise to a realistic sample.
Unlike the forward process, the backward process is not predetermined. It is instead
parameterized by a neural network that estimates the amount of noise in a sample at
any state h. We can then sequentially subtract the estimated noise from the sample
at each step in the backward process, thereby going from pure noise to a denoised
sample from the process. The neural network is trained by first sampling the for-
ward process at a uniformly distributed state, providing this as input to the neural
network, and then performing gradient descent with respect to the mean squared
error between the predicted noise level and the actual noise added in the forward
process.

1.2 Constraints

Due to the confidentiality of AstraZeneca’s actual PKPD patient data, it is out of
the scope of the project to evaluate the performance of the model on real-world
data. We instead use mrgsolve to simulate data in pharmacology. Having access
to the underlying model allows us to easily test how well our different models can
extrapolate to new dosing regimes.

8
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1.3 Research Questions and Hypotheses

The research component of the project involves exploring the viability of neural
ODE-based discriminative and generative models in comparison to other common
models used for similar tasks. In this case, it will be tested on PKPD time series
data, where it is hypothesized that the structure of neural ODEs will allow for bet-
ter performance compared to other models. The central question in the project is
whether the properties of neural ODEs actually help in practice, and whether it is
worth the increased computational cost associated with neural ODEs.

Another important research question we are interested in exploring is whether we
can improve the computational efficiency of our neural ODE models without losing
predictive performance. Here we hypothesize that we will be able to improve the
efficiency of the neural ODEs using the flow matching technique, which has recently
been shown to be applicable to training neural ODEs for deterministically mapping
paired data as well as for predicting trajectories in clinical data [26], [27]. It allows
for the training of a neural ODE without requiring computationally expensive back-
propagation through the ODE solver. We investigate whether these techniques can
be applied to our task to train the neural ODEs in a manner that is approximately
as fast as standard neural networks of similar complexity. We provide a succinct list
of the research questions below:

1. How does the performance of neural ODEs compare to multilayer perceptrons
and RNNs for discriminative modeling of PKPD data?

2. Does the inclusion of a neural ODE component as part of a generative diffusion
model increase the quality of the generated PKPD samples?

3. Can flow matching reduce the training time of the neural ODE model without
significantly reducing its performance?

4. Can our trained neural ODE model extract accurate information about the
underlying PKPD model used to generate the data?

5. Can neural ODEs predict time series accurately when the data is generated
by a Markov model instead of a system of ODEs?

1.4 Ethics

We have the following ethical concerns to consider. Great care must be taken to
ensure that the data used for training the model is used with the consent of the pa-
tients, as medical records are sensitive data. Initially, these models will be trained
and evaluated solely on synthetic data. As such, there is no risk here of using any
person’s data in a manner they did not consent to. However, at a later stage, these
models could be used on real clinical data. At that point, AstraZeneca’s strict poli-
cies in the handling of personal data would be followed, ensuring that the data is
used responsibly.



1. Introduction

Whenever one develops a model, it is important to think about the biases intro-
duced by the dataset. If the model is to be applied to real-world data, it is crucial
to ensure that the underlying data accurately represents the population for which
the model will be used. This is not unique to our model, instead it is common
practice in the development of PKPD models. Therefore, the underlying data can
be expected to represent the target population, and as such, the model does not
present a risk of inherent bias from the training data.
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Methods

2.1 The Data Generating Process

This thesis primarily focuses on comparing the performance of neural ODEs with
other common deep learning models in terms of PKPD data. One way to per-
form such a comparison would be to use real-life PKPD data, as even the best
simulations cannot capture the complexity of a real-world data-generating process.
Unfortunately, due to patient confidentiality concerns, such a dataset is not readily
available for use in comparing the performance of these models. Thus, we resorted
to simulating PKPD data using mrgsolve, an R package designed for simulating hi-
erarchical ODE systems. However, in order to make this simulated data similar to
what is commonly found in the real world, we sampled from it relatively sparsely,
taking only 35 points from a time series consisting of over 4000 points. Further-
more, the data is sampled in a somewhat irregular fashion, with the time between
points being either four hours or twenty hours. This was done to capture the peaks
and troughs of drug concentration, and it aligns with how this data is collected in
the real world, as this sampling provides the most information about the system’s
dynamics. Furthermore, it is most realistic to sample at these points, as they oc-
cur immediately before and immediately after a dose has been administered. The
data was also generated with inter-individual variability, so that no individuals me-
tabolize the drugs in the same way, even when all meaningful covariates are identical.

Our method of generating the data raises some concerns from a scientific stand-
point in relation to our project. Most importantly, we have to consider whether
generating the data in this way inherently biases our experiment in favor of neural
ODEs, as they generate their predictions with an ODE solver in a very similar way
to how we simulate our data. We believe this is mitigated by the fact that our data
is quite sparsely sampled, and thus the smoothness of the solution resulting from
solving the ODE is not present in the data when trained upon. Furthermore, the
project investigates the performance of a model that utilizes neural ODEs but has
not been tested on data generated by ODEs.

Another simplification in our data is that we have the same times sampled in every
time series, which is unrealistic. When real clinical studies are performed, there is
naturally a window of 1-2 hours during which the measurements can be performed.
However, this simplification does not matter for drugs that are not fast-acting, as the
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concentration can be expected to be about the same within this window. This is be-
cause the samples are taken right before and right after a dose is administered, which
results in the relatively flat peaks and troughs of the concentration and effect curves.

There is also a benefit to using simulated data, as we will be able to generate
as much testing data as we want in order to compare the performance of our models.
Furthermore, we can see how well the models capture the underlying dynamics of
the system by training them on data where only a certain subset of the covariates
matter, and then investigating if the model picks up on this.

2.1.1 The Underlying PKPD Model

The PKPD model used to generate the data is an indirect response model with one-
compartment PK. Because there is only one compartment, this is a relatively simple
type of PKPD model. This model is made slightly more complex because it is aimed
at oral dosage, which requires the addition of a simple gut compartment through
which the dose must pass before reaching the central compartment. Note that
because the drug can not go from the central compartment to the gut compartment,
this still classifies as a one-compartment model. The model originates from [28],
with slight modifications to incorporate three covariates: sex, weight, and age into
the PK equations. These covariates are not included in the equation for response,
in order to simplify the task of the model. A rigorous formulation of the model is
available below:

Definitions and Initializations:

0P =~ Ner
INH = (PSPI’CW
RESPONSE, = KIE)IUNT
CLi=CL-e™m . (V;’)T)O-% | (zZG(;]*j)O'S
VCi:VC'eng'(lﬂLU-?-SEX).V;[OT,/ZC(T)E
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Differential Equations:

dGUT A . QUT
dt
dCENT CLi
T _KA-GQUT — — .CENT
dt GU VCi C
dRESJ;tON SE _ wN (1 —INH) — KOUT - RESPONSE

CP denotes the concentration of the drug in the central compartment, CENT de-
notes the total amount of the drug in the central compartment, VC is the volume
of distribution, the size of the space the drug will expand into. CL is the clearance,
which refers to how quickly the drug is removed from the body. CL; and VC; denote
an individual’s clearance and volume of distribution, each of which is determined by
the covariates and a random variable. GUT denotes the amount of the drug present
in the gut. KA is the reaction rate coefficient, which describes how quickly the drug
leaves the gut and enters the body. RESPONSE shows the decrease in the amount
of some unnamed biomarker, which is the value studied in PD. RESPONSE; is the
baseline level of the biomarker. KIN is the baseline rate at which the biomarker
increases. KOUT is the base rate at which the biomarker decreases. INH is the
inhibition variable, which determines how the drug affects the biomarker.

A dosing regimen defines the size of the dose, the number of doses to be taken,
and the time between each dose. The dosing regimens in the current dataset consist
of 5 doses of 100 mg, 10 doses of 50 mg, and no doses at all. This is consistent with
the variability that would be found in a real medical trial, where two or three proper
dosing regimens are typically tested, along with a placebo group. For each of the
dosing regimens, the time between the doses is 24 hours.

Note that because we use a PKPD model, the simulations output two types of
output: PK and PD. An example of the generated PK data for the three different
dosing regimens is shown in Figure 2.1 and the corresponding PD plots can be seen
in Figure 2.2
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Figure 2.1: PK plots for the three different dosing regimes used as training data.
The red lines are the full simulated data while the blue dots are the training points
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Figure 2.2: PD plots for the three different dosing regimes used as training data.
The red lines are the full simulated data while the blue dots are the training points

2.2 Discriminative Models

2.2.1 Models for PK Time Series

The first architectures tested were discriminative models, i.e., models that only seek
to predict the expected value of the time series based on the dosing regime and
patient covariates. The input into the model is the dosing regimen and information
about the patient, and then it is asked to predict the concentration of the drug
in the blood at certain times. In this project, three models have been tested: A
neural ODE model, a multilayer perceptron, and an RNN model. Details for the
architectures of these three models is available in Appendix D.

The most significant difference between the models, and what is central to our re-
search question, is not their architectures but rather how they build their solutions,
which determines what exactly they are modeling. The neural ODE builds its so-
lutions using an ODE solver, so that it outputs a prediction for the derivative at
a certain time, which is then used by an ODE solver to build a trajectory. The
concentration is updated iteratively, with this updated concentration being used for
predicting the derivative at the next time step. Importantly, the neural ODE does
not require sampled data points in order to update its trajectory, thus it can build
its trajectory as smoothly as needed. The RNN builds its solutions by modeling
the change in concentrations between sampled data points, thus it also iterative,
but updates its trajectory much less smoothly. Finally the MLP does not build its
solution iteratively, but only outputs a predicted concentration given certain inputs.
The difference in what the different models are trying to solve is demonstrated in
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the following equations:

Cry1 = fo(Cr, X, t + 1)

Ct+1 = Ct + f9<0t7X7t+ 1)

ac
E = fg(C(t),X, t)

From these equations we expect that the neural ODE will perform best, followed
by the RNN and then the MLP. This is because the underlying PKPD model has
relatively simple dynamics that can be written in closed form, but when integrated
these dynamics become very complex and can only be calculated using an ODE
solver. Thus a model that tries to approximate the dynamics, rather than the
concentrations directly, will be more effective.

The models are trained on the three dosing regimens described in 2.1.1, with the size
of the dataset consisting of 100 patients for each dosing regimen. They are trained
on 75 patients from each regimen, and validated on 25 patients from each regimen.

2.2.2 Models for PD Time Series

The architecture and inputs for our PD models are identical to those of our PK
models; the only difference between them is that we train using the PD data rather
than the PK data. Additionally, the hypothesis is also the same for the PD models,

i.e. that the neural ODE will perform best, followed by the RNN and then the MLP,
for the same reasons explained above.

2.3 Generative Models

We have also developed generative models for the same dataset. The goal of such
models is to sample realistic PKPD time series for a given dosing regimen from a
specified population. As it stands, the current diffusion models could have one spe-
cific use case in particular, namely, uncertainty quantification. Because generative
modeling, at its core, is about modeling a probability distribution, one can use this
approach to model uncertainty and perhaps find out the underlying randomness in
the data. In this project, however, the focus is merely on the theoretical aspect of
comparing a neural ODE-based model to a model without a neural ODE component.
The general idea behind the architectures of the models comes from [24], although
their specific implementation was done manually.

The architecture of the first model, called "the neural ODE model", can be sum-
marized into four parts: 1). An encoder which encodes the covariates into a fixed-
dimensioned representation. 2) A neural ODE that takes the information from the
encoding and simulates a trajectory in a latent space. 3) A decoder that trans-
lates the trajectory into a PKPD time series. 4) A diffusion model that can sample
encodings.
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The second model, referred to as "the Autoencoder', has a similar structure, but
instead of creating a latent trajectory using a neural ODE, the encoded covariates
go straight into the decoder. To compensate for this loss of complexity and expres-
siveness, the encoder and decoder are slightly more complex. The complexity was
not increased by a lot, as that turned out to make the resulting sample quality much
worse. An overview of the model is presented in Figure 8.3. Further details on the
architectures of both models are available in Appendix D.

It is hypothesized that using the neural ODE to solve a trajectory in the latent space
will give the latent space a smoother structure that leads to higher quality samples
after being decoded.

These two models are trained by first viewing the non-diffusion components as au-
toencoders and training them on the dataset as normal. Once the networks have
learned a good mapping between encodings and time series, the diffusion models are
trained on an encoded version of the dataset. The goal of the diffusion model is to
transform a pure noise encoding into a more reasonable time series representation.
This is achieved by training a noise estimator network, which, for a given encod-
ing, returns a predicted amount of noise in each dimension. The noise estimator is
trained by adding noise to examples of real encodings and then allowing the network
to predict the amount of noise present. Using the mean squared error between the
predicted noise and the actual noise gives us a loss function for which we can train
the network.

Once the models are fully trained, a sample is generated by first sampling an en-
coding that is pure noise, then denoising the sample using the noise estimator (by
subtracting the estimated noise from the sample), and finally decoding the result
into a time series.

The dataset used to train the models contains data from two different patient co-
horts, which received different dose sizes and varying numbers of doses. In the first
cohort, patients receive 5 doses of 100mg. In the second cohort, patients receive 10
doses of 50mg. The time between each dose is 24 hours in both cohorts. Note that
these models are not trained on the 0-dose dosing regimen like the discriminative
models were.

As noted earlier, the number of parameters and training times of the two mod-
els are quite similar. More importantly, when training the autoencoder, their final
losses are close, with a less than 10%

2.4 Flow Matching for PKPD Time Series

The architecture for the flow matching models was modified from the first neural
ODE model, see Appendix D for further details. In order to use the flow match-
ing techniques on our data, we used results from [27]. In particular, we modified
Algorithm 1 in this paper, which describes how to apply flow matching to time
series.
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With flow matching, backpropagating through the solver is entirely removed, al-
though to validate the models performance the full trajectories do have to be solved
for at certain intervals, in this case every 100 epochs. However, solving this is not
very time consuming, as the entire batch can be solved for at once, as the results will
not be used for training. The modified flow matching training algorithm is defined
as follows:

Algorithm 1 Flow Matching for One-Dimensional Time Series

Require: a set of time series spanning the same time period, a chosen step size for
the ODE solver, s, a chosen number of epochs n, a neural ODE model M

1: for i < 1 ton do

2:  Create a set {tsart, tstart + Sy -y tend — S, tend}, With tges being the earliest
time point and t.,4 being the latest time point in your time series data.

3:  Sample a time ¢ uniformly from this set, ¢ ~ U{tsart, -, tend}

4:  Using the first data point before the sampled time to, (tpefore; Toefore), and
the first data point after this time (t,fter, Tafter), approximate the value of
your time series at ty by interpolating between these two points, call this
approximated value Zqpproz-

5. Sample a value zy from a normally distributed random variable centered
around Zapproz, Lo ~ N(Tapproz, 02), with the value of 6% & (Tmae — Tmin), the
difference between the largest and smallest values in your time series

6:  Use (xg, to) as input for your neural ODE, along with any other relevant inputs,
to predict the value of the derivative at t.

7. Calculate loss from your predicted derivative ‘fl—f _with the value of the
predicted

vector field at time ¢, which can be defined in a variety of different ways (see
. _ (d d 2
below), usimg MSE’ Loss = (ﬁpredicted o Tftraining)
8:  Update the weights of M using a standard neural network optimizer, e.g.
Adam or stochastic gradient descent
9: end for

10: return M

One important detail of the algorithm above is that we do not use a continuous
uniform distribution to sample the time ¢, but instead we use a discrete uniform
distribution. We can do this because we can specify an acceptable step size for our
ODE solver beforehand, which allows us to know exactly when the solver will need
to predict the derivative. Knowing this, we do not have to make a prediction for the
derivative at every possible time, but instead only at the time points that the solver
will use. This ultimately led to faster convergence during training when compared
to using a continuous uniform distribution.

The algorithm below contains two important but closely related ambiguities, how

we interpolate between our two data points and how we calculate ‘% training’ We will
dx

refer to the vector field defined by our calculation of %~ . . as our training vector
rawming

field (TVF). How we calculate the TVF determines the shape and behavior of our
curve, and also the type of interpolation we use.
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2.4.1 Flow Matching for PK Time Series

To begin with, we tested out our flow matching algorithm on PK data. Although
most implementations of flow matching use the slope between the interpolated data
point and the training data, the best performing models for PKPD time series
instead used what will be referred to as a nonlinear TVF, rather than a linear
TVF, where the slope is used. This means that instead of using the slope to define
our TVF, we instead use a nonlinear function to calculate the vector field at our
interpolated data points.

For modeling the decay in concentration after peak concentration was reached, the
flow is determined by an exponentially decaying function. This forces the flow to
approach zero by default as the concentration goes to zero. Furthermore, it is often
assumed in PKPD modeling that the rate of clearance of the drug from the body
is proportional to the current concentration of the drug in the body, so we are not
making an unrealistic assumption. However, it is possible there are cases where
exponential decay is not a good fit for the data, and if there is good reason to
believe this, then defining the TVF using exponential decay would be unwise.

For the increase in concentration after a dose is taken, we expect to have a large
increase shortly after the dose is taken and then smoothly approach zero as we reach
four hours since the last dose, four hours being the time taken to reach maximum
concentration. The simplest way to enforce this behavior was to define a quadratic
polynomial whose derivative approaches zero as we approach the peak dose size.
This polynomial can be determined entirely from the data points available to us.

Using TVFs defined from these nonlinear equations ultimately gave us the best
results, and is what we use for comparison with the neural ODE model trained with
backpropagation through the solver. For more details on the all of the TVFs that
were implemented and the results of the models trained on them, see Appendix E.

2.4.2 Flow Matching for PD Time Series

In order to model the decrease in the biomarker after a dose was taken we used a
linear TVF, and to model the increase in the biomarker back to baseline we used
saturating exponential growth, i.e. an exponential growth curve with a horizontal
tangent at the baseline value of the biomarker. This is similar to exponential decay
but flipped upside down. The inputs we used for this model were the same as those
used for the PK flow matching model.

However, the results for this model were unsatisfactory, so instead of using the
dosing regime as input, we used our trained PK model to predict concentrations
to be used as input for the PD model. This was done because in PKPD modeling
it is not the dose that directly affects the response in the patient, but rather the
concentration in the body. Thus, if we have a PK model that can accurately predict
the concentrations of the drug in the body, we can use these predicted concentrations
as input for the PD model. Because the current concentration directly determines
the change in the response, we believed that this would improve the capabilities of
our PD model.
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The PK model’s predictions are used rather than the true concentrations because
the true concentrations are sampled very sparsely. From the results obtained in the
comparison of the neural ODE with the RNN and MLP, it was seen that using a
small step size is important for the PD model. Thus in order to have a smooth curve
of concentration values, we need to use the predictions of the model. This can be
done by first solving for smooth PK trajectories using the dosing regime as input,
and then when training using the corresponding PK value at the randomly sampled
time. During inference we simply solve a two differential equations at once, one for
the PK values and one for the PD values.

2.5 Extracting information about the underlying
PKPD model

A goal of the project is to extract information about the underlying PKPD model
from the trained neural ODE model. The trained neural ODE model we extracted
our information from was the neural ODE model trained using flow matching. If
the model is successful in this, then its predictions would be more trustworthy, as it
would demonstrate that the model has learned fundamental information about the
underlying data-generating process. Furthermore, it would demonstrate that the
model could be used for the creation of a mechanistic PKPD model. We investi-

gate three different methods for information extraction: Uncertainty quantification,
SHAP Analysis, and finding a closed-form ODE for the neural ODE.

2.5.1 Uncertainty Quantification

Although deep neural networks have been very successful in making accurate pre-
dictions in a variety of domains, they can often be unreliable when quantifying how
confident they are in their predictions [29]. Quantifying the uncertainty of a pre-
diction is particularly important in medical applications, where observations can
vary significantly on a personal level. Furthermore, medications inevitably come
with unwanted side effects that can become dangerous at certain doses. Therefore,
one cannot rely only on the point estimates of the model. Instead, a trustworthy
confidence interval of possible values is needed. This made finding a method of gen-
erating a reliable confidence interval for the model an important aspect in improving
the interpretability and practicality of the model.

Given that in PKPD modeling it is typically most important to find the mean re-
sponse to a given dosing regime, it made the most sense for us to quantify the
uncertainty of this mean response. When we have PKPD data for a given dosing
regime, the uncertainty in this mean response can easily be calculated using the
standard error, which is defined as o; = ﬁ, where o is the sample standard de-
viation and n is the number of samples. Then, 95% confidence intervals can be
generated by taking the average over the time series at each point and then adding
and subtracting the standard error. However, without any data, it is unknown what
the standard error would be at a different dosing regime. Thus, what we want is a
way for our model to estimate what the standard error would be if we had access to
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data from dosing regimes not included in our training dataset. We can test this by
comparing our model’s estimated uncertainty during extrapolation to new dosing
regimes with the standard error of datasets from those dosing regimes by generating
them with our underlying PKPD model. Of particular interest to us is to see if
there is a method of uncertainty quantification that we can use that would change
depending on the level of noise in our training data. For example, we would want
a method where the magnitude of uncertainty would change depending on whether
or not random effects are included, and consequently, the size of the standard error
would be smaller or larger. Thus, we would want a method of uncertainty quan-
tification that scales with both the dose size and the size of random effects in the
data-generating process.

When discussing the uncertainty of a neural network, or any model fitted to a
dataset, one must consider two distinct sources of uncertainty. One source of un-
certainty comes from the architecture and parameters of the model itself, which is
known as epistemic, or model, uncertainty. This type of uncertainty results from a
lack of data and will, in theory, tend to zero as the amount of data the model is
trained on increases [29]. The other type of uncertainty is known as aleatoric, or
data, uncertainty. This uncertainty is irreducible in the sense that no amount of
data will completely remove it, it is inherent to the process given the existing exper-
imental setup. This type of uncertainty may arise from measurement uncertainty
or inherent randomness within the process itself; however, the main point is that
no model can account for it. Random effects in the context of a PKPD model are
somewhat difficult to categorize as either aleatoric or epistemic uncertainty. On the
one hand, they are randomly chosen variables inserted into our model, thus making
it impossible to model. However, they do not make the model stochastic in the sense
that the data can move randomly, the data will always be a smooth curve.

Thus, we decided to focus on quantifying the epistemic uncertainty of our model and
comparing it with the noise in our dataset. The epistemic uncertainty of our neural
ODE model was quantified using a procedure known as stochastic weight averaging -
Gaussian (SWAG) [30] [31]. SWAG is a computationally efficient method for approx-
imating a posterior distribution of your network weights, providing a distribution of
optimal network weights rather than a single point estimate. The method is easily
applied on top of your standard neural network training, except that after training
the network to convergence using a chosen optimizer, SGD is performed with a con-
stant learning rate on the trained model for some specified number of epochs, with
the weights being saved every epoch. The results of [30] show that SGD explores a
region of optimal weights close to the optimum found during training. These weights
are then used to create a Gaussian distribution that effectively approximates the ge-
ometry of this region of high-performing models. This Gaussian distribution is an
accurate approximation of the geometry of this region of high-performing weights
[31].

Although SWAG can only capture epistemic uncertainty, we still expect this to

scale with the size of the random effects in the dataset. This is because we expect
that higher levels of random effects will lead to a more entropic Gaussian posterior
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of high-performing weights in the loss landscape. Without noise, we would expect
this region to be smaller because the relationship between inputs and outputs would
be clearer. We devised an experiment to test the ability of SWAG to capture our
underlying PKPD model’s epistemic uncertainty by training two identical neural
ODE models on two different training sets, one with random effects and one with-
out random effects. We would then compare how the magnitude of the uncertainty
in our predictions changes with the dose size. We would then compare our neural
ODE’s uncertainty with the uncertainty of the underlying PKPD model.

The uncertainty is most important with respect to the maximum steady-state con-
centration, so the confidence intervals were generated from this value.

During the project, we also attempted to tackle uncertainty from another perspec-
tive. We wanted to quantify the uncertainty to determine how certain we are that
the population mean lies where we predict it to be. The end goal was to use the
standard deviation from ensemble predictions to create confidence intervals of where
the underlying population mean is. Then, we wanted to empirically prove that when
the model extrapolates, the population mean will lie within one standard deviation
of our prediction approximately 68% of the time. Despite the substantial time spent
on this problem, our approach ultimately did not yield satisfactory results. For more
information on our approach and its results, see Appendix B.

Confidence Interval Population 4

Figure 2.3: Figure showing how confidence intervals were generated. The confidence
interval of the 4th peak is used.

2.5.2 SHAP Analysis for determining the effects of covari-
ates

One area in which the model could be of great practical use to pharmacometricians
attempting to define a mechanistic PKPD model is to identify covariates that impact
the concentration and response of our drug of interest. One important tool for
analyzing the effect of inputs on the outputs of a machine learning model is SHAP.
SHAP (Shapley Additive Explanations) informs us about the positive or negative
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impact of different features on the numerical value of our neural network prediction
[32]. The SHAP method is inspired by Shapley values, a concept from cooperative
game theory, which aims to quantify the effects of different players on the total
reward [33]. Shapley values were previously applied to quantify the effects of different
variables in a multiple regression model [34]. However, calculating them directly is
extremely computationally expensive, as one would have to train the model multiple
times on all possible combinations of feature subsets. Thus, SHAP is a method to
approximate Shapley values for your machine learning model without having to
train the model multiple times. Because SHAP values can indicate the impact of
our different covariates on the numerical value of our concentration or response
derivative, they reveal which covariates have a positive, neutral, or negative effect
on the dynamics of our trajectories. The Python library shap is used to determine
the SHAP values of the various inputs. We will only perform SHAP analysis on the
trained PK model, as the covariates have no direct effect on the PD ODE.

2.5.3 Finding a closed-form equation of a neural ODE

As previously mentioned, a big drawback of neural ODEs is the lack of a closed-form
ODE expression. Having an interpretable model is always good, but in the field of
PKPD, it is especially important, as faulty prediction may have dire consequences.

In an effort to make our model more trustworthy, we have developed a method of
going from a trained neural ODE into a closed-form ODE. Due to time constraints,
we have unfortunately not been able to apply this approach to the PKPD model,
but the method is verified on toy examples in the results section of the project.

The method looks at a neural ODE and tries to interpret what closed-form ODE
it describes. This is not a modification to the neural ODE architecture that makes
it inherently more interpretable, but rather a tool that can be used to interpret
neural ODEs. While it might in some ways be desirable to make the interpretability
inherent in the model, there are benefits to creating an external tool. A huge benefit
is that once such an interpreting tool has been developed, it could be used on all
existing neural ODE models. If one instead made the interpretability inherent due
to changes in architecture, then this would require changing existing neural ODE
models for them to be interpreted. Lastly, one could hypothesize that creating inher-
ent interpretability is a necessarily complex problem, requiring careful architecture
development and use of complex mathematics. In contrast, the proposed tool in this
project is conceptually simple.

To find the ODE that fits the neural ODE the best, we begin by searching for
the optimal structure of the ODE. That is, we want to know what terms should be
included in the ODE. We do this by the following procedure: 1. Define a language of
ODE structures. 2. Define a way of comparing different ODE structures. 3. Define
a way to search this language for the optimal structure.

Once this optimal structure is found, the best coefficients can be determined, re-

22



2. Methods

sulting in a single ODE. We now go through each of the steps in detail.

Defining a language of ODE structures: We start by noting that given two
different ODE structures, we can create a new ODE structure by combining the
original two. For example, the families % = ¢t and % = ¢y could be combined
into either % = cit + coy or % = c3t - y. This means that given some elementary
families of ODEs, we can create an infinite language by combining the elementary
families through addition and multiplication. Because ODEs consisting of quite
simple components can give rise to a wide variety of functions, we will not need
particularly many elementary families. In this project, we start with the following
elementary families: % = cq, d—i’ = cot, and % = c3y. This allows us to interpret a
wide range of ODEs, although, should one need to interpret other types of ODEs,

it would be easy to add more elementary families.

A way of comparing ODE families: Given two different ODE families, how
do we decide which one describes our neural ODE the best? There is no objective
answer here, but we have developed a way of comparing ODE families against each
other.

Because the ultimate goal is to find a singular ODE, comparing two families is
equivalent to comparing the best ODE of each of those families. We do this by
finding the best coefficients for each particular family according to some metric, and
then comparing the metrics of these two ODEs with the determined coefficients.

We define the metric as follows: Fix an integer n > 0 and let f(y,t,b) be the
predicted derivative at point (y,t) by an ODE candidate with coefficients b. Fur-
thermore, let fy(y,t) be the derivative of the neural ODE at a point (y,t) and let
the vectors 7 and ) represents the trajectory of the neural ODE with n time points.
Then, we define the score of an ODE as

n

score(f) = Z(f(yi,ﬁ, b) — fo(Vi, Ti))*.

i=1

That is, the score of an ODE is given by the MSE between the predicted derivative
and the derivative of the neural ODE at n points along the trajectory of the neural
ODE. We can easily find the optimal coefficients for a particular family of ODEs by

the method of least squares. An illustration of this procedure can be seen in Figure
2.4.
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Figure 2.4: Visualization of the scoring mechanism.

A way to search the language of ODE families: If one were to manually
try to find the correct closed-form ODE, it would make sense to start looking at rel-
atively simple ODEs and successively look at more complex ODEs until one reaches
a satisfactory fit. Our tool follows this intuition and makes use of the way we defined
our language. We start by trying out all of the elementary families, comparing their
scores with each other. The best-performing family of ODEs is then modified to
become a more complex expression by combining it with another elementary family
of ODEs, either through addition or subtraction. By going through the different
families of ODEs that can be combined, we can create a set of new, slightly more
complex candidates. Their performance is then evaluated, and the best-performing
one gets combined with new elementary families of ODEs. This process is repeated
until there is no significant performance increase by increasing the complexity of the
ODE, at which point a proposed family of ODEs has been found.

Because of the way the scoring works, this means we have also found the optimal

coefficients! Therefore, the tool can now output the interpreted ODE. See Figure
2.5 for a visualization of the search procedure.

- /// ~
e ™~

,//

Figure 2.5: Visualization of the ODE search.
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To make the interpreter work in our specific application of PKPD modeling, a slight
modification would be necessary. As previously mentioned, PKPD modeling is typi-
cally performed using systems of ODEs, whereas our tool can currently only handle
a single ODE. We can change the search procedure slightly to accommodate this.
Previously, we only allowed the addition and multiplication of elementary families
to increase complexity. Now, we also allow for the creation of an entirely new
compartment, resulting in a system of ODEs instead. Lastly, to successfully apply
this interpretation method to PKPD modeling, one also needs to change the set of
elementary ODEs slightly.

2.6 Model for Adverse Effects

In this project, a Markov model [14] has been used to generate adverse events data
on which to train and test a neural ODE model. Due to how the model would
be used in practice, the split into train and test data has been predetermined. The
training dataset comprises three titration schemes, while the testing dataset consists
of eight additional titration schemes. Each titration scheme has been given a name
that describes its characteristics. The differences between the titration schemes typ-
ically involve the size of the starting dose, the frequency of dose increases, and the
rate of dose increase. See Table 2.1 below for descriptions of the titration schemes.
After a titration scheme reaches the highest dose, that dose size is used every week
until the end of the 36-week period.

Table 2.1: Descriptions of the Titration Schemes. The final dose size is 600mg for all
titration schemes except Weekly ST100 ED800, where the final dose size is 800mg.

Titration Scheme Description
Weekly Weekly increase: 50,100,200,300,400,500,600...
Biweekly Biweekly increase: 50,100,200,300,400,500,600...
Biweekly 2-fold Biweekly increase: 50,100,200,400,600...
Weekly ST100 Weekly increase: 100,200,300,400,500,600...
Weekly ST100 ED800 | Weekly increase: 100,200,300,400,500,600,700,800...
Weekly ST25 Weekly increase: 25,50,100,200,300,400,500,600...
Biweekly 2-Fold ST100 Biweekly increase: 100,200,400,600...
Monthly Monthly increase: 50,100,200,300,400,500,600...
Monthly ST100 Monthly increase: 100,200,300,400,500,600...
Monthly ST25 Monthly increase: 25,50,100,200,300,400,500,600...
Monthly 2-Fold Monthly increase: 50,100,200,400,600...

To get a feel for what the data looks like, see Figure 2.6 below for a visualiza-
tion of the training data set.

Recall that our model for Adverse Effects is designed to predict the proportion of
patients who experience mild or moderate nausea each week over a 36-week period,
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Figure 2.6: Data for the three titration schemes in the training data. The red line
represents the proportion of mild nausea, the blue line represents the proportion of
moderate nausea. The black lines at the bottom indicate when an increase in dose
oCcCurs.

given a specific titration scheme. This means that the input must be a representa-
tion of a titration scheme. We settled on a vector with 36 elements, each element
representing the cumulative amount of the dose taken at each week in the titration
period. This allows the user to input any titration scheme of interest, provided it is
conducted over a period of no more than 36 weeks. To help the model understand
the problem, another 36-size vector is created, representing the time since the last
change in dose size. Note that this vector can be automatically created using the
information from the first vector and can therefore be viewed as an internal process
of the model rather than an input from the user.

To avoid overfitting and obtain an estimate of the model’s uncertainty, we train
five copies of the model using early stopping, resulting in an ensemble model. The
final prediction is the mean of the five models, and our uncertainty estimation is the

standard deviation of the predictions. See Appendix D for the specific architecture
of the model.
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3.1.1

3

Results and Discussion

Research Question 1

Comparison of Discriminative PK Models

The results below were generated by running each model five times and averaging
the results. In the plots, the solid lines are the average result, and the lighter shading
indicates a 95% confidence interval. For the three dosing regimens in the training
data, the model is trained on 75% of the data, and the remaining 25% becomes the
validation dataset. For the test regimens, the model is validated on the mean of the
population, i.e., a patient with the average weight (70 kg), age (40 years), and sex
(0.5), with no random effects.
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Figure 3.1: Training/validation losses
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MSE of Concentration Prediction vs Number of Doses MSE of Concentration Prediction vs Dose Size

—— Neural Ode 50.0 1 —— Neural Ode
2.254 RNN ] RNN
| — e J” 45— mp

n
HooHE N
w N o
S & 8

=
N
]

o
3
@

MSE of Concentration Predictiol

o
@
o

0.0 1 =

2 4 6 8 10 12 14 0 50 100 150 200 250
Number of Doses Dose Size

(a) Number of Doses (b) Dose Size

Figure 3.2: Extrapolation across dose size and number of doses

3.1.2 Analysis

The results from the comparison supports the hypothesis that neural ODEs will
outperform the RNN and MLP models. Not only did the neural ODE converge in
fewer epochs, but it also extrapolated to new dosing sizes much more accurately
than either the RNN or the MLP. Although the performance of the neural ODE
is worse in extrapolating across the number of doses, its performance is still stable
and does not exponentially diverge. For our purposes, it is the performance of the
models during training and across different dose sizes that is of most interest, and
it is here where the neural ODE shows clear advantages. The RNN also performed
significantly better than the MLP, both in terms of how quickly it converged and
how well it extrapolated to new dosing sizes. This supports our assumption that the
modeling problem is easier as we move from attempting to model the concentration
directly to modeling the dynamics of the concentration. Learning the dynamics
seems to lead to a more generalizable model of the concentration trajectories, which
is expected, given that it seeks to approximate a pair of closed-form differential
equations whose analytical integration is intractable.

28



3. Results and Discussion

3.1.3 Comparison of Discriminative PD Models
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Figure 3.3: Training/validation Losses for models trained on PD data
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Figure 3.4: Extrapolation across dose size and number of doses for models trained

on PD data
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3.1.4 Analysis

In general, the results for the PD models are very similar to that of the PK models,
except the difference in performance is even larger. The MLP model was excluded
from comparison, as its performance was so poor that there was little value in
including it in the comparison, and the error in the RNN begins to diverge even
more quickly than compared to the PK data. We attribute this larger difference in
performance to the fact that the integrated dynamics are even more complicated for
PD modeling than for PK modeling. Thus we would expect that as the step size
becomes smaller and the trajectories become smoother, the model’s performance
will increase, as it will in effect be modeling a simpler problem.

In order to further test this hypothesis, the neural ODE model was trained with
three different step sizes in order to compare the performance as a function of step
size. The smaller the step size, the smoother the dynamics of the solved trajectories.
As can be seen in the figure on the next page, smaller step sizes improve the accuracy
of the neural ODE. This helps strengthen the conclusion that as we force smoother
dynamics, we get a more accurate modeling of the system. However, this results in
the neural ODE taking increasingly longer to train. A smaller step size results in
more computations for both the forward and backward passes. Therefore, a method
of training that allows quick training of a neural ODE with a small step size is
needed. This problem is resolved by using flow matching to train the neural ODE.

The training and validation plots once again demonstrate a faster convergence for
the neural ODE, so it not only outperforms the RNN but also requires fewer epochs
to accomplish this. This again points to the fact that the neural ODE is, in essence,
solving a simpler problem by learning the underlying dynamics of the system rather
than its integrated results.

It is interesting to note that smoother solutions improve performance even though
the administration of the dose is a discontinuous event. However, this does not
impede performance because time from last dose is included as an input. Once a
new dose is taken, the input also shifts discontinuously back to a time since last
dose of 0, which allows the model to still perform effectively.

Summarizing the results of both the PK and the PD models, we can say that the
neural ODE outperforms the other models when extrapolating to new dose sizes.
All models are stable with regard to the number of doses, so there is no difference
in performance in this regard. This answers the first research question.
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Figure 3.5: Comparison of performance for same neural ODE model with different
step sizes.

3.2 Research Question 2

3.2.1 Visual inspection of sampled time series

The goal of the generative models is to be able to sample time series that follow the
distribution of the training data. One way of evaluating the quality of these samples
is through visual inspection. This ensures they look like realistic PKPD time series.
Plotting the samples together with their collective mean and then comparing this to
the true mean of the population gives a rough idea of the quality of the generative
model.

Firstly, 100 samples are generated from each model using the dosing regimen of
5 doses of 100mg. The results can be seen in Figure 3.6.
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100 samples and their mean, compared to true population mean. With neural ODE. With Randomness in Dataset.
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Figure 3.6: Comparison of the model with neural ODE (top) and the model without
(bottom). One hundred samples are generated from each, the mean of these samples
are calculated and compared to the true population mean.

The result for the second dosing regimen is similar, and the plots can be found in
the appendix.

3.2.2 Numerical Comparison

While a visual comparison gives a decent idea about the relative performance of
the two models, a more rigorous method of comparison is desirable. The goal of
the model is that its samples reflect the underlying population. To measure this,
we use two metrics: 1. The MSE between the population mean and the mean of
the samples, denoted MSE,. 2. The MSE between the population standard de-
viation at each time point and the sample standard deviation at each time point,
denoted MSE,. The first metric measures whether the samples are centered cor-
rectly around the population mean, and the second metric measures whether the
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spread of the samples accurately reflects the spread of the population.

The evaluation procedure is as follows. For each of the models, 100 samples are
generated, and from this, the respective metrics are calculated. This process is re-
peated five times, with the results being summarized in the table below. Because
the results for the two dosing regimens are so similar, these tests are only done for
the dosing regimen with 5 doses of 100mg.

Table 3.1: Performance metrics of the Generative models

Average MSE, | Std of MSE, | Average MSE, | Std of MSE,
With nODE 0.2518 0.2329 1.79e-05 5.25e-06
Without nODE 0.8127 0.7899 0.0014 0.0022

3.2.3 Visualizing the Diffusion procedure

To gain insight into the inner workings of our model, one can plot the results at
different steps in the reverse process. This way, a progressive denoising of a time
series should be visible. By taking the encoding at some states in the backward
process of the DPPM and decoding them into time series, we get such an illustration,
see Figure 3.7 We can compare this to the same type of plot for when we use the

Denoising step: 1 out of 1000 Denoising step: 50 out of 1000 Denoising step: 100 out of 1000 Denoising step: 150 out of 1000 Denoising step: 200 out of 1000
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Figure 3.7: Visualization of the denoising process for the neural ODE-based model.

simple AE model instead, see Figure 3.8.
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Figure 3.8: Visualization of the denoising process for the simple Autoencoder model.

3.2.4 Analysis

Visually, the samples generated by the models appear to be of quite high quality for
both models. Firstly, they have the characteristic look of PD time series, with peaks
and troughs at dosing times. Furthermore, when compared to the true population
mean, the values appear to be very reasonable. This is especially true in the model
using neural ODEs, where the sampled mean often lies directly on top of the true
population mean. Another thing of interest is that the variability of the samples
varies over the trajectory. We can observe that the biggest differences between the
samples are observed at the peaks and the troughs, while the spread is much thinner
after the last dose has been given, and the response slowly returns to the baseline
value. While you do not want too large a spread, you would expect to see noticeable
differences between the samples. In these plots, the neural ODE model may appear
to have very little spread, but this is partly due to the line width of the mean plots.
When you plot only the samples, the amount of spread looks reasonable. However,
it is not possible to say which model has the better spread from the visualization
alone. One needs to take a look at the metrics as well.

Firstly, the metrics verify that the neural ODE model is, in fact, better at pro-
ducing samples with expected values around the population average. Not only is
the mean of the samples closer to the population mean on average than for the
model without a neural ODE, but the variation in the difference is also much lower.
Interestingly, we can also see that the neural ODE model captures the variability in
the population much better than the model without a neural ODE.

Earlier in the thesis, we have shown that neural ODEs have significant advantages
when used in Discriminative models for PKPD modeling. These results now indi-

cate that neural ODEs are also beneficial for Generative PKPD models. While the
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Generative models were not used for any other task except this comparison, their
development was nonetheless informative.

Moving on to the visualization of the de-noising process, we see that many of the
early states are not as noisy as one might first expect. One can still see the structure
of a PKPD time series. We have the following explanation for this: The neural ODE
and the decoder take the noisy encoding and give structure. The decoder has learnt
to map encodings to viable time series. This means that even if an encoding is a bit
noisy, it can still be translated into a semi-realistic PKPD time series. More impor-
tantly, the information about what dosing regimen we want is given to the decoder.
Therefore, even if the encodings themselves are mostly random, the resulting time
series will still resemble a time series of the given dosing regimen, because the de-
coder holds so much information. If we think more closely about what information
an encoding contains, it is mostly information about covariates. But since different
values of covariates do not completely change the structure of a PD time series, the
same should hold for the random encoding.

Since we want to steer our samples into a specific dosing regimen, we will neces-
sarily have to handle that information in the decoder. Therefore, the decoded time
series will always have some structure related to our dosing regimen, despite the fact
that the encoding consisted mostly of noise. This is a property that is a consequence
of what the model is supposed to do.

While there is, of course, quite a bit of randomness in these types of plots, there is
one difference that is consistent between the two models. The neural ODE model
struggles much more with getting the end of the trajectory to a correct flat line,
while that is something the simple AE model gets correct immediately in all cases.
This suggests some differences in the internal structures of the two models, although
it is difficult to articulate exactly what these might be. It could be because for the
output of a neural ODE to be constant, it would need a derivative equal to exactly
zero, which is not feasible in the early stages of the denoising of the encodings.

In conclusion, there seems to be some slight differences in the inner workings of
the two models, as one might expect. More importantly, we have seen that the
use of a neural ODE for a generative PKPD model can increase the quality of the
generated samples, which answers our second research question.
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3.3 Research Question 3

3.3.1 Performance of the neural ODE trained with flow match-
ing on PK data

MSE of Concentration Prediction vs Dose Size PK
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Figure 3.9: Comparison of how the neural ODE trained with flow matching extrapo-
lates to new dosing sizes vs. the neural ODE trained with backpropagation through
the solver.

3.3.2 Analysis

Firstly, we note that we omitted figures for the training and validation loss of the
flow matching model. This is because the training loss during flow matching is very
random, due to the fact that we need to randomly sample values to train our neural
ODE on. We also omitted comparisons for the number of doses, as both models
were once again stable with respect to the number of doses, and these comparisons
were not informative.

The flow matching algorithm performed roughly the same with respect to extrap-
olation across dose size. However, when comparing the training times of the two
different training methods, flow matching is substantially better. This was tested
by timing the training of the two models. In order to make a direct comparison,
we used the same step size for each model, 0.1 hours, and trained each model until
convergence. Averaging over five runs, the training time for the neural ODE was
305.4 minutes, while the average training time for the flow matching model was 18.2
minutes. This demonstrates the utility of using flow matching as a training algo-
rithm for PKPD time series. The flow matching model actually took more epochs
to converge, but the time required for each epoch was significantly less. The reason
flow matching takes more epochs is that for each epoch, only a small portion of the
total time series is sampled, while when backpropagating through the solver, all of
the time steps are trained at once. However, we note that the time series we are
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training with are particularly well suited for the flow matching method, as they are
nearly cyclical. For example, the behavior of the trajectories between the 3rd and
6th doses is nearly identical, making it very easy for the model to generalize what it
has learned, regardless of which point the random time is sampled from. In the case
of more complex time series that show more diverse behavior, it is possible that flow
matching would take more epochs to train, as it would not be able to generalize as
easily.

3.3.3 Performance of the neural ODE trained with flow match-
ing on PD data

MSE of Concentration Prediction vs Dose Size
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Figure 3.10: Comparison of the extrapolation capabilities of a neural ODE trained
with backpropagation through the solver vs. flow matching

3.3.4 Analysis

We did not perform a comparison of the training times between the PD model
trained with backpropagation through the solver and the flow matching PD model,
as their training was almost identical to that of the PK models, and therefore, no
new insights would be gained from them.

The failure of low matching to model the PD trajectories using the dosing regime
highlights one of the drawbacks of the flow matching method. When using flow
matching, one gives the model a very strong prior, in the form of the vector field
to be approximated, and this prior can lead to poor learning capabilities if it is
not appropriate for the task at hand. In the case of the PD trajectories, the effect
of the dose size on the response is indirect, as it has a direct effect first on the
concentration and then on the response. In this case, making our model conform to
a relatively simple TVF is most likely a poorly chosen prior. However, when we use
our predicted concentrations as inputs instead, this assumption no longer holds the
model back, as the current concentration has a direct effect on the change in the
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response. We believe this is why flow matching fails when attempting to model the
response when using the dosing regime, but is successful when using the predicted
concentrations.

On the other hand, the original neural ODE model is successfully able to extrap-
olate for PD data using the dosing regime, and this is because there are no priors
forced onto the vector field that it learns. It is thus able to learn a more complex
relationship between the dose size and the response.

Overall, we consider our method of training neural ODEs with flow matching to
be a success. The models were able to extrapolate to new dosing sizes with the
same accuracy as our original neural ODE model, at a fraction of the training time.
However, they also showed limitations that could only be partially alleviated by
modifying their TVF.

It could be said that having to define a valid TVF is a disadvantage, as a key
advantage of using a neural network is that you can create an accurate model without
many prior assumptions. However, there are two key points to consider, one being
that the assumptions made on the TVF in this thesis were very general and could
be applied to practically any PKPD model. The other point is that this problem
could be removed in a future work. For example, we could lift our one-dimensional
concentration or response values into a higher-dimensional latent space, and then
perform linear flow matching in this space, and then decode back into our original
one-dimensional space. Perhaps in this way our models could learn more complicated
vector fields that do not have to be specified beforehand.
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3.4 Research Question 4

3.4.1 Uncertainty Quantification

Magnitude of 95% Confidence Interval of the Population Average Maximum Concentration vs Dose Size (without random effects)

—— Cl Magnitude Predictions
—— Cl Magnitude Data
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Figure 3.11: SWAG uncertainty as a function of dose size when trained on data
without random effects and a SWAG learning rate of le-4
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Figure 3.12: SWAG uncertainty as a function of dose size when trained on data with
random effects and a SWAG learning rate of le-4.
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Magnitude of 95% Confidence Interval of the Population Average Maximum Concentration vs Dose Size (with random effects)
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Figure 3.13: SWAG uncertainty as a function of dose size when trained on data with
random effects and a SWAG learning rate of 5e-4.

3.4.2 Analysis

SWAG shows promise in capturing the uncertainty of the data-generating distri-
bution it was trained on. Unfortunately, when controlling for learning rate, the
difference in uncertainty between data with random effects and data without ran-
dom effects is not as large as we had hoped. Instead, the main difference comes
from the learning rate used to sample weights during SWAG. Clearly, the step sizes
should have a significant effect on the posterior distribution that SWAG produces,
but unfortunately, the effect from the data being trained on is not as significant as
expected.

Thus, to effectively model the uncertainty in the new dosing regimes using SWAG,
one would need to tune the learning rate based on the uncertainty in the training
data. In the plots above, we can see that estimated model uncertainty from SWAG
can effectively predict the uncertainty in the data for larger dose sizes when the
estimated model uncertainty is at least as large or larger than the data uncertainty
within the training dosing sizes, which in this case is the range from 0 to 100 mg.

Another drawback of the current implementation of uncertainty quantification is
that there is no way to identify the different sources of uncertainty. This means that
SWAG cannot be used to determine the magnitude of the random effects to include
in your model. With SWAG, all of the uncertainty of the model is combined, so that
the uncertainty in the impact of the covariates is combined with the uncertainty in
the effects of the dosing sizes. One possible future direction to find the sources of
uncertainty could be to try to freeze different parts of the model, for example, the
encoding of the patient covariates, and test if this could be used to pinpoint the
various sources of uncertainty:.
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3.4.3 SHAP Analysis

To demonstrate the results of SHAP analysis, we present beeswarm summary plots
generated using the Python library shap. The beeswarm plot shows the effect of
the various inputs to the model on the final output. The beeswarm plot has a color
bar that tells us the relative value of the input, and along the x-axis, we have the
SHAP values. To simplify the analysis as much as possible, we kept the current
concentration, number of doses taken, and time since the last dose constant at 0,
1, and 0, respectively. This is how the beginning of all PK trajectories start. The
beeswarm plot provides a clear visualization of the trends in the data, as shown
below.
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Figure 3.14: SHAP Analysis when model is trained on data without random effects.
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Figure 3.15: SHAP Analysis when model is trained on data with random effects.
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Dose Size . 1K§$‘€l\\f -t -#% s e A o

Low

0.2 0.4 0.6 0.8 10

~0.6 0.4 0.2 0.0
SHAP value (impact on model output)

Figure 3.16: SHAP Analysis when model is trained on data with random effects,
but only weight has an effect on the underlying PKPD model.

3.4.4 Analysis

SHAP analysis was very effective in identifying relevant covariates, even when ran-
dom effects were included in the training. This result demonstrates that a trained
neural ODE model can be used to determine which covariates to include in a mech-
anistic PKPD model. However, these results were only qualitatively successful. Our
models were unable to capture the full quantitative range of the effects of the covari-
ates on the resulting PK trajectories. This could be because the model is trained
to keep its predictions of the trajectories close to the mean, in order to minimize
the loss as much as possible. This problem is particularly apparent when random
effects are included, as these have a larger impact on the resulting trajectories than
the covariates themselves.
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3.4.5 Neural ODE interpreter

To evaluate how well the neural ODE interpreter works, it is a good idea to see
whether it can correctly interpret a simple vector field. That is, we define a vector
field as any function we would like, and then we see if the interpreter returns the
correct ODE. This is a good first step, because if the interpreter is to be able to
interpret neural ODEs, then it must be able to interpret explicit ODEs.

By running the interpreter on six different ODEs, we obtain the results shown in
Figure 3.17.
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Figure 3.17: Interpreter used on some basic explicit ODEs. The green line repre-
sents the true trajectory given to the interpreter, and the blue line represents the
trajectory of the interpreted ODE. There are two vector fields in the plot, a blue
one representing the interpreted ODE and an orange one representing the true ODE.
When these two overlap, they become purple.

It seems that there is no issue for the interpreter to pick up on the underlying
ODE in these cases. This allows us to trust it more when it interprets neural ODEs,
which is the next step. The setup is as follows: We generate a dataset by simulating
ODE trajectories according to some ground truth ODE. We create one main trajec-
tory that contains most data points and some auxiliary trajectories in its vicinity.
The neural ODE is then trained on this dataset until it converges, at which point
we run the interpreter on the neural ODE. This is done for the same ODEs that
were in the previous Figure. See the Figure 3.18 below for the results.
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Figure 3.18: Interpreter used on a neural ODE which was trained on some basic
explicit ODEs. The green line represents the true trajectory given to the interpreter,
and the blue line represents the trajectory of the interpreted ODE. There are two
vector fields in the plot, a blue one representing the interpreted ODE and an orange
one representing the neural ODE. When these two overlap, they become purple.

It appears that the interpreter is able to interpret the neural ODE, particularly
locally around the main trajectory. Given how neural networks work, it makes in-
tuitive sense that the vector field of the neural ODE diverges from a simple ODE
expression for points far away from the training data. The issue is more with the
neural ODE rather than with the interpreter, as it appears that neural ODEs only
learn a neat closed-form ODE locally. That the two diverge is not that big of an
issue, since one would make most predictions quite close to the training data, so this
is where a good interpretation is the most important. In fact, in some settings, the
interpreter could be used as an improvement of neural ODEs, by first interpreting
it locally and then using the interpretation as the global prediction!

Due to time constraints, the interpreter did not get tested for the PKPD model.

Nevertheless, this serves as proof of concept that a closed-form expression for neural
ODEs is possible, at least in the region close to the underlying dataset.
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3.5 Research Question 5

3.5.1 Results of Adverse Effects Model

Due to the noisy nature of the adverse effects data, we cannot expect the model
to be able to predict every single fluctuation in the dataset correctly. The goal lies
more in capturing the trends of the dataset. We must therefore make sure that the
model does not overfit to the training data, which we can see by investigating the
model’s prediction on the training data, see Figure 3.19.

Figure 3.19:
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The model’s prediction on the titration schemes in the training data

It appears that the model follows the data nicely, without being overly expressive.
The prediction of the model on the eight unseen titration schemes can be seen in

Figure 3.20.

45



3. Results and Discussion

Proportion of people with specified nausea

Proportion of people with specified nausea

Weekly ST100

Weekly ST100 ED800

Weekly ST25

Biweekly 2-Fold ST100

0.25

0.20 4

0.15 4

0.10 A

0.05

0.00 -

(=] ?
; |
Proportion of people with specified nausea
|
|
|

Monthly

Monthly ST100

Proportion of people with specified nausea

Monthly_ST25

Proportion of people with specified nausea

Monthly_2-Fold

0.25

0.20

0.15 A

0.10 4

0.05 4

0.00

Proportion of people with specified nausea

= predicted Moderate Nausea
MC Moderate Nausea

Cl Moderate Nausea
= Predicted Mild Nausea

Proportion of people with specified nausea

o

10 20 30
Weeks

MC Mild Nausea
CI Mild Nausea

Proportion of people with specified nausea

— Titration step

Figure 3.20: The model’s prediction on the titration schemes in the test data

We then reran the same tests for different combinations of titration schemes in the
training data as a way to find the best combination. Instead of trying every single
combination of three titration schemes as the training data, we limit ourselves to
only the combinations where there is exactly one weekly, one bi-weekly, and one
monthly titration scheme in the training data. These are the most diverse training
sets possible, which we therefore expect to give the best performance. By ignoring
combinations that are expected to perform worse, a lot of computational power is
saved. See figure 3.21 for the results.
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Figure 3.21: MSE-loss on the test-set for different variations of training data. The
best-performing model is marked by a red circle.

The results from the grid search indicate that the three best titration schemes to
have in the training data are Weekly, Biweekly-2-Fold, and Monthly. It is then inter-
esting to see what the extrapolation capabilities look like in this best-case scenario.
This is illustrated in Figure 3.22.
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Figure 3.22: Model performance on the titration schemes in the test data, when the
model is trained on the optimal combination of titration schemes.
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3.5.2 Analysis

In the first case with the original set-up, the model appears to make reasonable
predictions for the top four titration schemes, while struggling with the four at the
bottom. The reason for this is most likely explained by the fact that the bottom four
titration schemes have monthly titration. This was not present in the training data,
and so the model struggles. However, the predictions are not entirely off, and one
should keep in mind that the underlying data itself is from a model that contains
its own assumptions and flaws. Furthermore, the data is, as previously mentioned,
highly variable.

The fact that the model struggles with the titration schemes that are vastly dif-
ferent from those in the training dataset is not surprising, but it did, however, raise
an interesting question. How well would the model perform if we changed which
titration schemes are present in the training data? Perhaps a more diverse training
set will allow the model to generalize even better. This led us to run the grid search
for the optimal combination of titration schemes to have in the training data. Inves-
tigating this is not only interesting from a model evaluation view, but also from a
practical application point of view. If changing the titration schemes in the training
data indeed increases performance, then this suggests that those titration schemes
may be a good starting point in real clinical trials, as they appear to be highly
informative.

Examining the results of the best-case scenario, the model now handles monthly
titrations significantly better than previously, as expected. Note that the model is
still able to predict well on the other types of titration schemes. The worst predic-
tion is now on the titration scheme that ends at 800mg, which is expected, as there
is no example of 800mg doses in the training data.

In conclusion, the model performs well in predicting new titration schemes, pro-
vided that they are not significantly different from those in the training data. This
is to be expected of any model, the further you move away from the training data the
worse the performance is. Furthermore, if one were to put this model to use on real
data, it could be beneficial to test the Weekly, Biweekly-2-Fold, and the Monthly
titration schemes, so that the data from these trials can be used for training the
model.

If we had gotten a fully working neural ODE interpreter in Section 3.4.5, it would
have been interesting to see what it would make of this model and if it could have
given insight into the underlying mechanics. Nevertheless, these results demonstrate
the usefulness of neural ODEs even in a case where ODEs do not generate the data.
While this model did not achieve the same extrapolation capabilities as the PKPD
model, the lack of mechanistic understanding of the problem was not a significant
issue. This answers our fifth and final research question.

48



4

Conclusions and Future works

In conclusion, the project has successfully demonstrated the benefits of using neu-
ral ODEs for discriminative PKPD modeling, as evidenced by a comparison with
other models. The advantages of the neural ODE model are especially evident in its
ability to extrapolate to new dose sizes, where it vastly outperforms the other con-
tenders. While the different models can extrapolate quite well for dosing sizes close
to the training data, the neural ODE achieves remarkable results for dose sizes that
are more than twice the size of those in the training data. Furthermore, the most
significant problem with neural ODEs, their training time, is addressed through the
flow-matching technique. This significantly decreases the training time of the neural
ODE, although it still takes longer than the other models.

The model also showed the ability to accurately capture information about the
underlying PKPD model, which could then be used to build a mechanistic PKPD
model. This is done partly through the uncertainty quantification of the model us-
ing the SWAG technique, which demonstrably follows the underlying uncertainty of
the data well, although without giving an account for the source of the uncertainty.
Furthermore, SHAP values are used to study the ability of the model to pick up on
which covariates have an effect on the PKPD response. The model performs quite
well in this regard, indicating that it could be used to investigate the importance
of covariates. To allow for even more interpretability of the model, a technique for
going from neural ODE to a closed-form ODE expression was developed. Although
this technique was not tested for the PKPD model, it shows promising results for
simple toy examples.

The project also finds that neural ODEs allowed for a better Generative model for
PKPD time series. By adding a neural ODE component, the quality of the samples
improved significantly, reflecting both the mean and the spread of the population
more accurately.

Lastly, a model for the mechanistically complex area of Adverse Effects was de-
veloped. This model demonstrates that neural ODEs can be effectively utilized
when the data is generated from a Markov Chain model. The model also gives some
insight into which titration schemes carry the most information for model training.

While the project led to many results and conclusions, there are still many areas of
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the project that could be investigated even further.

Firstly, an interesting next step would be to use real-world clinical data, which
would be a great way to demonstrate real-world applicability of the model. One
way this could be done is by comparing the conclusions reached by using this model
with the ones reached by the current PKPD modeling process. If they reach similar
conclusions, that would indicate great utility in this type of model. Even if the
conclusions differ, it may still be of interest, as one could then investigate why this
is the case and which of the two approaches is more trustworthy:.

When one uses the model on real-world data, many new challenges can be faced.
For example, the time points of the samples would most likely not always be the
same. As mentioned previously in the thesis, we have investigated a setup where
the samples are taken within a window of 1 hour. We saw that this had little to no
effect on the performance, which we attributed to the fact that the PKPD curves
are relatively flat at these time points, and therefore, the exact time point where
the sample is taken does not matter. If the time window for the samples were larger,
than this could start to degrade the performance of our model. However, we would
expect that the neural ODE model would be the least effected compared to the RNN
or MLP, due to its continuously defined latent state. Because this latent space is
defined very finely, the model in effect learns what the concentration should be at
any time in the time series, not just at the sampled times.

Another way in which the real-world case might be different is that there might
be missing data. One must expect that for some patients, it was not possible to
get a sample at every point. Due to the structure of the data we expect this to be
remedied by a simple data insertion technique. For example, if the peak value after
the third dose is missing, one could insert the mean of the peak values after the
second and fourth doses. The cyclical nature of the PKPD time series affords us
the ability to perform this type of insertion. We expect that this would work well
in most cases, and the results should only be slightly affected.

Typically, we would expect real-world PKPD data to contain a high amount of
noise, which could create significant challenges for our model. However, the under-
lying model already contains high amounts of random effects, while still achieving
great performance. The model is therefore able to handle noisy data well, which
indicates that this should not be an issue for use in the real world. It is important
to note that this most likely requires datasets with a population size similar to those
used in our project. We had 100 patients in each cohort, which would be realistic
for real-world clinical trials. Noise from other sources, such as measurement error,
which are not included in any sort of underlying model, could also be present in real
world data. However, assuming the noise is at a typical level for medical test results,
this would probably also not significantly affect the results.

Regarding how the model can be applied in practice, an effort could be made to
automate PKPD modeling. However, due to the lack of interpretability, this is
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not a realistic goal. Instead, it is more reasonable to use the model in conjunction
with traditional methods. One way this could be done is by using SHAP-values
on neural ODE model to identify relevant covariates, which gives information about
how the traditional PKPD model should be set up. Another approach is to use both
methods and compare their results, which could lend more credibility to the process.

Going back to future works, one could also investigate how the model performs
when a more complicated underlying PKPD model generates the data. It would be
interesting to see whether the results are similar for a two-compartment or a three-
compartment PK model. Along the same lines, it would be interesting to investigate
what happens when one changes the dosing regimens on which the model is trained.
This could indicate which dosing regimens are the most informative, helping the
decision of which dosing regimens to test.

It would also be interesting to see further investigation into the interpretability
of neural ODEs. While our project shows some hope in understanding what goes on
in the black-box, there is still a long way to go before we can completely understand
our models. As mentioned earlier, this would be of particular interest for our appli-
cation of PKPD modeling. This is because a good understanding of the model plays
a crucial part in determining its trustworthiness and, hence, its practical usefulness.
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Appendix A

See Figure 5.1 for the comparison of generative models for the second dosing regimen.

100 samples and their mean, compared to true population mean. With neural ODE. With Randomness in Dataset.
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Figure 5.1: Comparison of the model with neural ODE (top) and the model without
(bottom). 100 samples are generated from each, the mean of these samples are
calculated and compared to the true population mean. The input into the diffusion
model is that the dosing regimen is 5 doses of 100mg.
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Appendix B

Uncertainty Quantification

While the Uncertainty Quantification mentioned in the main body of the thesis pro-
vides substantial insight into the uncertainty of our model, we had hoped to achieve
a more precise metric. The goal was to have the standard deviation create a confi-
dence interval for the true underlying population mean. This way, one can interpret
the resulting standard deviation probabilistically, similar to the standard deviations
in purely statistical models. Otherwise, the standard deviation merely measures
the spread of predictions, allowing for less strong statements about how sure you
are that the population lies in some interval. The idea behind this topic was to
develop a type of uncertainty quantification that aligns with the approach used by
pharmacometricians in their PKPD modeling. We sought to establish a connection
between the two.

The focus here is on trying to empirically prove that the estimated uncertainty
has some real meaning, and not on finding a new method for uncertainty quantifica-
tion. The methods used for the uncertainty quantification are Monte Carlo Dropout
and Bagging.

In the real world, developing a test for the quantified uncertainty becomes a very
tough task. However, due to our access to unlimited simulated data, we can actually
investigate this in a practical manner. To understand how, we start by clearly stat-
ing what we want from our uncertainty metric. We want: "Given some dataset that
we train our model on, we want a metric that allows us to determine the probability
that the true value lies within some range of the predicted value." In particular,
we want there to be a 68% probability of the true value lying within 1 standard
deviation of the prediction, and a 95% probability of the true value lying within
2 standard deviations. For any specific uncertainty quantification method, we can
test if this is the case.

In our particular case, the procedure is the following: We first simulate 21 datasets,
each with its own level of noise and populations with varying covariates. Models are
then trained on the datasets, using either MCDropout or Bagging. These models
then extrapolate to two new dosing regimens: 5 doses of 25mg and 5 doses of 150mg.
At this point, we check the proportion of times the true mean lies within either
one or two standard deviations of the predicted mean. If the standard deviation is
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6. Appendix B

correctly tuned according to wishes specified above, then we would expect the mean
to lie within one standard deviation approximately 68% of the time, and within two
standard deviations approximately 95% of the time.

It is important to note that these proportions are calculated individually for each of
the different time points. This is because the uncertainty at each time point varies,
and we want to know how well calibrated the uncertainty is at each time point. If we
were to bundle all time points, the ratios would be much better than in practice. For
example, we always know that the concentration at time zero is 0, and so the model
will always get this correct, and therefore the true value will always lie within one
standard deviation. We do not want this to affect our evaluation of the uncertainty
quantification at the peaks and the troughs, which are the points we are actually
interested in.

We visualize the results of the approach by plotting time series of the proportion of
times the true mean was within either 1 or 2 standard deviations, respectively. As
we are interested in the peaks and troughs, we mostly care about the proportions
at those sample points. As mentioned above, we tested two different methods of
uncertainty quantification, Monte Carlo Dropout and Bagging. Their results are
presented in Figures 6.1 and 6.2, respectively.

Evaluation of Uncertainty Quantification using MCDropout Batchsize 75

Uncertainty

—

atasets where datapoint is witl

f d
°

sample point number

Figure 6.1: Evaluation of the Uncertainty Quantification through MCDropout

In both cases, the results clearly indicate that the standard deviations do not have
the interpretations we wished for.

While the approach was an interesting way to utilize our access to infinite data,
it was not something where you could expect good results. Because there is no
clear connection between the two uncertainties we tried to connect, the test was a
long shot. Another issue with the approach lies in the fact that in order for the un-
certainty estimation to be deemed good, the extrapolation also has to perform well.
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Evaluation of Uncertainty Quantification using Bagging Batchsize 75
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Figure 6.2: Evaluation of the Uncertainty Quantification through Bagging

Because of this, the fact that the proportions are too low might not just be the result
of bad methods of uncertainty estimation, but rather because of poor extrapolation.
While our main model does extrapolate well overall, the setup in this particular test
makes the extrapolation a bit tougher. For example, it was not possible to allow for
dropout while also keeping the same extrapolation capabilities. Furthermore, the
number of models being trained allows for much less detailed hyperparameter tuning.

While this approach was naive in retrospect, with some modification, it could prob-
ably have given better results. One could either try more diverse methods for the
uncertainty quantification, or move away from the necessity of a normal distribution
towards something more realistic. While we had ideas on how we might make this
approach better, we ultimately opted to explore other parts of the project, which
we deemed to be more promising.
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Appendix C

Jump Models

The initial results of the comparison of the different models (see Results for Re-
search Question 1) showed that the neural ODE strongly outperformed the other
two models in the ability to extrapolate across dose size, which was given the highest
priority in terms of comparisons. However, we suspected that the performance of the
models could be significantly improved by adjusting the architectures of our models
to better reflect the underlying process we were trying to capture. By integrating
the structure of this process into our models, we hoped that the performance of the
RNN and MLP could reach parity with the neural ODE model.

These new models, referred to as jump models, consisted of two components: a "jump
network" that could capture the increase in concentration resulting from taking a
dose, and a second network, identical to the original models, that would capture the
decay of the concentration. This "jump network" approach is similar to that found
in [35], except that instead of updating the state with an observation, it is updated
with a predicted peak concentration based on dose size and patient covariates. We
hypothesized that such a model would prove better at extrapolation, as it would
allow the model to separate the effects of the clearance of the drug and the irregular
perturbations to the system due to dosing intake.

While these models did lead to some small performance improvement for the RNN,
the difference in performance was not enough to justify including them in the main
body of the text. It is interesting to note that the performance of the neural ODE
model was made significantly worse, further supporting the conclusion that it is the
smoothness of the neural ODEs that contributes to their performance.

The results for the Jump models on PK data are shown on the next page.

VII



7. Appendix C

Results for the Jump Models on PK Data
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Figure 7.2: Extrapolation across dose size and number of doses for jump models
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Figure 7.1: Training/validation Losses for jump models
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Results for the Jump Models on PD Data

(a) Jump ODE PD Training/Validation Loss (b) Jump RNN PD Training/Validation Loss

Figure 7.3: Training/validation Losses for base models on PD data
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Figure 7.4: Extrapolation across dose size and number of doses for models trained
on PD data
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Appendix D

In this Appendix we go into detail on the architectures of the different models
implemented over the course of the thesis.

Architecture of the PK and PD Models used for Research
Question 1

Unlike what was commonly found in other papers involving using neural ODEs for
time series, in this model, the latent space is the same as our output space. This
means that the trajectory of the neural ODE is the concentration, rather than a
higher-dimensional representation. Initially, models utilizing a high-dimensional la-
tent space were tested. However, it turned out that the encoding and decoding of
this hidden space ultimately proved to be superfluous, leading to increased overfit-
ting and poor generalization. This discrepancy may be because this model does not
incorporate any time series data to produce its predictions, unlike the other models.
Time series modeling using neural ODEs is typically performed by providing the
model with an initial trajectory and then having it predict its subsequent evolution,
whereas our model predicts an entire time series from scratch. Thus, there is not
much information to store in a latent space, which may lead to the observed overfit-
ting.

The neural ODE model comprises three different neural networks. Two of the
networks act as encoders, one for the patient covariates and the other for dosing
information. Included in this is the time since last dose, which is calculated using
the time since the first dose at each step of the ODE solver. The separation into
two decoders is done because the patient information remains constant throughout
the trajectory and therefore only needs to be performed once. Once the encodings
are created, they are passed as input into the final network. This is the neural ODE
network that calculates the derivative at a point. Together with an ODESolver, this
yields the model’s output.

This architecture defines a model that is similar to how mathematical models de-
scribe the effects of a drug on our body. The change in concentration over time is
determined by the dose size, the time since the last dose, and personal characteris-
tics (such as weight, age, and sex). Schematics of the architectures can be seen on
the next page.
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Figure 8.1: The models of the neural ODE model (top), the RNN (middle), and the
multilayer perceptron (bottom)

Architecture of the Generative Models used for Research
Question 2

An important detail of the generative models is that the dosing regimen is given
as input when generating a sample. The reason for this is that, for any practical
purposes, we would want to be able to specify which dosing regimen to generate the
time series for. Otherwise, control over the specific dosing regimen is lost, as the
sampled encoding could be more representative of another dosing regimen than the
one specified in the input. We currently compare two models, both of which use
a DDPM as the generative component. The primary difference is that one utilizes
neural ODEs, while the other does not. At first, we tried to use a VAE as the
generative component, but these models did not achieve satisfactory performance.
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Figure 8.2: Overview of a Generative Model for PKPD time series, using neural
ODEs.
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Figure 8.3: Overview of a Generative Model for PKPD time series, without using
neural ODEs.

Going into a bit more detail about the architecture, the encoder is a simple MLP
that encodes the covariates of a patient into a four-dimensional latent space. This
encoding is then used as the initial value of the latent neural ODE, which gets solved
in time for the time points where data is sampled. The neural network that param-
eterizes the derivative is a simple MLP. For each time point in the trajectory, the
decoder uses this value, along with encoded information about the dosing regimen,
encoded covariates, and the time since the last dose, to make a prediction at the
specific time point. Ultimately, this yields a time series. When we want to sample a
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time series, we use a diffusion Model to get the encoding, which then goes into the
rest of the model.

Architecture of the Flow Matching PK and PD Models used
for Research Questions 3 and 4

The most significant difference in the architecture of the neural ODE model trained
with flow matching is that it now contains two separate neural ODEs, one for pre-
dicting the increase in concentration and one for predicting the decrease in concen-
tration. This allowed for simpler inputs when modeling the decay, as well as slightly
improved performance.

-
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Figure 8.4: Architecture for the neural ODE trained with flow matching for the
increase in concentration.
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Figure 8.5: Architecture for the exponentially decaying neural ODE trained with
flow matching for the decrease in concentration.

XIV



8. Appendix D
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Figure 8.6: Architecture for the PD flow matching model trained with predicted
concentration as input.

Ve

Architecture of the Adverse Events Neural ODE Model used
for Research Questions 5

We first note that this model was trained with backpropagation through the solver,
as the flow matching training techniques were implemented in parallel with work on
this model and thus were not ready to be used for this model.

The model encodes the vector of cumulative doses into a two-dimensional latent
space, where the encoding is used as the initial value of a neural ODE. This neural
ODE then creates a trajectory with 36 time points in the two-dimensional space.
The value at each of these time points is then concatenated with the time since the
last dose change at that particular time point. These three values are decoded into
two values: representing the predicted Mild Nausea and predicted Moderate Nausea
at that time point. The decoder is the same for all 36 time points. See Figure 8.7
for an overview of the model.

Encoder —»—» Neural ODE
2o
Latent Trajectory
20,241,002
Vector of s

cumulative N
dose

Variable
Model
Input
Output

OENO

Vector of
time since
last change — —+  Decoder

Moderate
Nausea

in dose prediction

Mild Nausea

prediction

Figure 8.7: Overview of the Adverse Effects model
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The rationale behind having a latent dimension of size 2 is that this represents
the two different trajectories of the Mild and Moderate predictions. In the neural
ODE, each dimension can be seen as its own trajectory, with some dependency on
the other trajectory. Intuitively, it makes sense that the trajectories can affect each
other, as Mild Nausea and Moderate Nausea are highly correlated.

Hyperparameter Tuning

To improve the performance of the discriminative neural ODE model, we imple-
mented the PriorBand technique [36] to find the optimal configuration of hyperpa-
rameters. Using PriorBand, we tried extensively to find a configuration that could
outperform our manual choice for the discriminative neural ODE model. This did
not help at all, and through this process, we did not end up with a single configura-
tion that could converge, despite allowing plenty of resources for the hyperparameter
search. There are many possible reasons for this. Firstly, the models take quite a
lot of resources to converge, which means that getting a good estimate of a configu-
ration’s performance requires more resources than we can reasonably allocate to it.
Secondly, it is possible that the priors for the hyperparameter space were not well
chosen. While it has been shown that even poor priors will yield a good result in
the long run, it might be the case that we did not allocate enough computational
resources to reach this stage. This could be a possible explanation, however, we
believe that the priors chosen were reasonable. The priors were chosen to align with
the knowledge gathered from our initial hyperparameter tuning, while also favoring
simple models.

Because of the poor performance, PriorBand was not investigated further. It was
not used in combination with any of the other models except for the discriminative
neural ODE trained with backpropagation through the solver. However, it is very
possible that it would have been more effective when used for the flow matching
neural ODE model, as the training is much faster, allowing for a quicker exploration
of the hyperparameter space.
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Implementation of the TVFs

The Linear TVF
The first implementation of flow matching used the slope between the interpolated
data point and the next closest training point to define the flow, its implementation

is explained below:

ft)=mt+b

/

f(t)=m
f(to) = z0
f(tf) = Tqfter (91)
f(to) =T9g — m't0+b:$0

f(tafter) = Zgfter = Lafter = M * tafter +b —

Tafter — To AT
Tofter — Lo =M - (tafter - tO) = m= after -
tafter — to dt training

We denote this a linear TVF because any trajectory determined by this vector field
will be a straight line. A visualization of the training vector field defined in this

manner is shown in Figures 9.1 and 9.2 below.
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Figure 9.1: Visualization of the vector field with a linear flow, for the increase in

concentration after a dose is taken.
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Figure 9.2: Visualization of the vector field with a linear flow, for the decrease in
the concentration after concentration has reached its peak.

From the visualization of the vector field, we can see that our conditional field
defines a flow that moves towards a fixed point, the location of which is determined
by the peak concentration found in our time series data. It is necessary to sample an
approximate concentration value, rather than simply using linear interpolation, in
order for the neural ODE to learn a more global vector field. Without this sampling
procedure, the global behavior of the trajectories would be completely unknown
to our model, which would inhibit it from effectively extrapolating to new patient
covariates and new dosing regimes. This was confirmed during the initial training of
our model with flow matching, where it was found that performance was significantly
degraded if the standard deviation was too small.

Training with a vector field of this type worked relatively well, and we could ac-
curately extrapolate to new dosing sizes, however, there were also some significant
issues. One conceptual issue is that we know that the shape of the curve during the
increase and decrease in concentration is different, however we train them with the
same type of vector field. This was a particularly large problem for the decay, as the
decrease in concentration should be proportional to the current concentration, not
a linear function. This led our model to overshoot at the end of trajectories and end
up with negative concentration. Although this is relatively easy to solve by passing
our final trajectory through a ReLU function, this is not a very satisfactory result.

The Exponentially Decaying TVF

In order to define our TVF so that it follows exponential decay, we need to calculate
the exponential decay constant from our data points. This can be done using two
consecutive (decreasing) data points, (feefores Toefore), (tafters Tafter) as follows. First
we simply redefine our time points as (0, Zpe fore), (tafter — toefores Tafter), then using
the ansatz f(t) = Ne ™ we have
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f(O) = Ne_A.O =N = Tpefore

—(t -1
f(tafter - tbefore) = Tbefore€ (faster—tvefore) — Thefore =

xbefore — eA(tbefo're_tafteT) — (92)
Lafter
ln( Lhe fore )
xb a er
)\(tafter - tbefore) - ln( efOT’e) == A= —Zafter T
Lafter tafter - tbefore
Then we have that —\ - zp = 4 We visualize our TVF defined in this way

- Etrm‘ning '
below.
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Figure 9.3: Visualization of the TVF defined using exponential decay, for the de-
crease in the concentration after concentration has reached its peak.

The Polynomial TVF

There is also a subtle problem with using a linear TVF to model the increase in
concentration after a dose is taken. We can see that the vector field remains flat
immediately after a dose is applied if the patient’s concentration is already at the
peak expected concentration. This is not realistic behavior, we would still expect
the concentration to rise after a dose is applied even if the patient already has a
positive concentration of the drug. This problem did not become readily apparent
until attempting to predict PK time series for dosing regimes with different times
between each dose, for example, 12 hrs or 48 hours between each dose instead of 24
hours between each dose. Our model failed to extrapolate in this instance because it
had to learned to associate higher concentrations in the blood with smaller increases
in concentration given a certain dosing size. Thus, in order to train a model that
could generalize to new dosing times, we had to make the flow depend on time since
the last dose rather than on the current concentration.

Our first attempt to do this was to remove the current concentration as an input
to our model and make the vector field independent of the current concentration.
However, this led to problems with generalizing to new dosing regimes. This is
because the current concentration of the drug in the body has a negative impact
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on the increase in concentration, so ignoring this entirely leads the model to vastly
overestimate the concentrations as the dose size increases. This led us to instead
use a polynomial to define the flow.

f(t) =at> + bt +c

f(t)=2at+b

(tbefore) = Tbefore

f(tafter) = Tafter

f (tapter) =0

f(toefore) = Thefore = aty, fore T Otvefore + € = Thefore =

-

2
C = Tpefore — atbefore - btbefore

!

f (tafter

~—

=0 = Qtaftera +b=0 = b= —2taftera (93)

f(tafter
at?zfter + tafterb + Lvefore — a’tgefore - btbefore —

~—

= Zgfter = Lafter =

Lafter — Lbefore — CL(tifter - tl%efore) + b(tafter - tbefore) -

a(tifter - tgefore) - 2taft€7“a(taft€7” - tbefore) =
Lafter — Lhefore

a(2taftertbefore - t%efore - tifter) == a= =

2taftertbefore - t%efore - t?zfter

b= S(Zafter - 'Tbefore)
tzfter + tl%efore - 2tafte'rtbefore

We can now define our flow independently of the concentration by setting it to
f (t) = 2at + b, with a and b determined from the data, while still ensuring that the
derivative approaches zero as we reach the expected maximum concentration time.
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Figure 9.4: Visualization of the TVF defined using the polynomial, for the increase
in the concentration after a dose has been taken.

XX



9. Appendix E

Results

Here we show all of the results related to the different training vector fields used when
training with the low matching algorithm and their comparison to the neural ODE
trained with backpropagation through the solver. Linear TVF denotes using the
slope for both the increase and decrease in concentration, exponentially decaying
TVF denotes using the TVF defined with exponential decay for the decrease in
concentration and the slope for the increase, while nonlinear TVF denotes using the
TVEF defined with exponential decay for the decrease in concentration and the TVF
defined with the polynomial for the increase in concentration, which was the model
used in the main body of the report.

g

(a) Neural ODE trained with backpropaga- (b) Flow Matching Neural ODE trained with
tion through the solver linear TVF

(c) Flow Matching Neural ODE trained with (d) Flow Matching Neural ODE trained with
exponentially decaying TVF nonlinear TVF

Figure 9.5: Comparison of the neural ODEs extrapolation across dose size with
different training methods
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The different TVFs all perform roughly the same at extrapolating to new dosing
sizes. The most significant difference in performance between the different types
of TVFs is observed when testing the model on a shorter time interval between
each dose. As noted in the method section, when using a linear TVF to model the
increase in concentration after a dose, the model learns to associate specific dose
sizes with a particular maximum concentration. Thus, it is not able to model the
accumulation of the drug in the body. The nonlinear TVF bypasses this by not
having the TVF depend on the current concentration, but as seen in the time series,
this does not lead to perfect extrapolation.

(a) Flow Matching Neural ODE trained with (b) Flow Matching Neural ODE trained with
exponentially decaying TVF nonlinear TVF

Figure 9.6: Visual comparison of the neural ODEs extrapolation to a smaller time
between doses
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