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Optimizing and Scheduling Quantum State Tomography Experiments with Graph
Coloring Heuristics
Sumukh Suresh Moudghalya
Department of Microtechnology and Nanoscience
Chalmers University of Technology

Abstract
Quantum State Tomography (QST) is the standard tool for reconstructing an un-
known quantum state-typically represented by a density matrix-through the mea-
surement of expectation values of a set of observables (data acquisition step), fol-
lowed by suitable post-processing. One of the key challenges in QST is to determine
an optimal set of quantum circuits (unitary operations) to measure a tomograph-
ically complete set of observables-a task that becomes computationally hard due
to the exponential scaling of the Hilbert space with the number of qubits. In this
work, we recast the task of identifying an optimal set of quantum circuits in QST
as a graph coloring problem. Within this framework, we explore a variety of algo-
rithms and heuristic approaches to optimize QST experiments, including Degree of
Saturation (DSATUR), Recursive Largest First (RLF), Integer Linear Programming
(ILP), Graph Neural Networks (GNNs), Spectral Clustering (SC), and a range of hy-
brid methods that aim to balance solution optimality with computational efficiency.
Our results demonstrate that the graph coloring heuristic not only determines and
substantially reduces the number of required quantum circuits but also guides ap-
propriate priority-based experiment scheduling that maximizes information gain per
experimental setting for efficient QST. Furthermore, the optimization process com-
pletes within minutes for systems of up to five qubits on a standard laptop, offering
a substantial speedup over brute-force methods, which can take several hours. This
highlights the heuristic’s potential as a practical and scalable solution for character-
izing noisy intermediate-scale quantum (NISQ) devices.
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1
Introduction

Quantum State Tomography (QST) is a fundamental technique for characterizing
quantum systems in quantum computing and quantum information science [1, 2]. It
provides a standard method to completely determine the state of a quantum system
without prior assumptions. This is crucial for tasks such as verifying the output of
quantum algorithms, benchmarking quantum devices, and studying entanglement
and decoherence in quantum experiments [3, 4]. In practice, QST involves preparing
many identical copies of a quantum state and performing a series of measurements
on different bases. From the collected data, one can reconstruct the density matrix
(or state vector) that describes the quantum state. The importance of QST lies
in its universality - it can, in principle, fully characterize any quantum state, en-
abling researchers to validate quantum gates, calibrate qubits, and gain insights into
complex quantum phenomena. However, this power comes at a steep cost: QST is
notoriously resource-intensive. The number of measurements and the classical post-
processing effort scale exponentially with the number of constituents (e.g. qubits)
[5]. For example, an n-qubit system has dimension 2n, and a general (mixed) state
is described by a 2n × 2n density matrix with 4n independent parameters. Conse-
quently, the measurement settings and samples required for full tomography grow
exponentially as the system size increases, making standard QST infeasible beyond
only a handful of qubits [6, 7]. This introduction provides an overview of QST
and its challenges, reviews recent advances toward more efficient tomography, and
motivates a new approach using graph coloring heuristics to optimize and schedule
QST experiments.

1.1 QST: Process and Challenges
In QST, one seeks to determine an unknown quantum state by performing a com-
prehensive set of measurements. The basic process of QST for an n-qubit system
typically involves selecting a set of measurement bases (or observables) such that
the outcomes are informationally complete, meaning they provide enough indepen-
dent equations to reconstruct the 2n-dimensional density matrix [8]. For a single
qubit, a simple example is measuring spin along the X, Y , and Z axes; the result-
ing probabilities determine the Bloch vector coordinates of the qubit’s state. For
multi-qubit systems, a common approach is to measure tensor product bases such
as combinations of single qubit Pauli operators (e.g. X, Y , Z on each qubit). In
a naive scheme, one might perform 3n distinct measurement settings (each setting
being a choice of basis for each qubit) to collect statistics for all 3n Pauli strings,
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1. Introduction

Quantum state

Perform measurements

Reconstruct state via tomography

Analyze errors

Figure 1.1: Flowchart of the quantum state tomography procedure.

which is sufficient to reconstruct an arbitrary n-qubit state [9, 10]. This number,
however, grows exponentially with n for instance, for n = 10 qubits, 310 = 59, 049
separate measurement configurations would be required in a brute-force approach.
In general, the parameter space of an n qubit mixed state has dimension 4n − 1
(the number of free parameters in a 2n×2n density matrix minus one normalization
constraint). The experimental effort to gather enough data for these parameters is
enormous, as is the classical computational effort to invert the data to find the state.
Indeed, quantum state tomography is an indispensable but costly part of many quan-
tum experiments, typically requiring a large number of measurement settings on a
fixed setup. Often the collected data is vastly overcomplete - many measurements
are redundant, which points to significant inefficiencies in the naive approach [11].
As quantum processors grow in qubit count, this “curse of dimensionality” makes
conventional QST impractical, motivating the search for more optimal strategies to
reduce measurement overhead while still obtaining an accurate reconstruction of the
state.

1.1.1 Recent Advances in QST
Researchers have developed a variety of methods to ease the computational bur-
den of QST [8, 9, 10, 12, 13, 14, 15, 16, 11, 17, 18]. Broadly, these advances fall
into two categories: (1) improved post-processing algorithms that reconstruct states
from data more efficiently or with fewer measurements, and (2) optimized measure-
ment strategies that reduce the number of measurements or settings needed in the
first place. We review key developments in both areas below, highlighting their
advantages and limitations.

1.1.1.1 Post-Processing (Reconstruction Algorithms)

A straightforward approach to QST is linear inversion by solving the linear equations
from measurement outcomes but this can yield unphysical states due to statistical
noise. To address this, Maximum Likelihood Estimation (MLE) [19] is often used
to find the physical density matrix that best fits the data, imposing positivity and
normalization constraints. MLE ensures a valid quantum state but still requires a
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1. Introduction

full data set and can be computationally intensive for large systems [20]. In recent
years, more advanced algorithms leverage prior knowledge or assumptions about the
state to reduce the number of measurements needed for reconstruction. One major
development is compressed sensing tomography, which assumes the quantum state is
of low rank (for example, nearly pure) and uses convex optimization to reconstruct
the state from an incomplete set of measurements [21]. The rationale is that if
the state has significantly fewer degrees of freedom than the 4n maximum, one can
infer the state from far fewer measurement outcomes than a full tomography would
require. Gross et al. [22] and others demonstrated that for states that are nearly
pure, the number of measurements can scale only linearly in the Hilbert space di-
mension (on the order of O(2n)) rather than O(4n). Empirical studies [23] showed
that compressed-sensing estimators can achieve higher fidelity reconstructions than
standard MLE given the same data, and using fewer measurements leads to faster
classical processing with negligible loss of accuracy.

Another promising direction is the use of machine learning in tomography. Neu-
ral network-based methods can represent quantum states in compressed forms (e.g.
using restricted Boltzmann machines or variational autoencoders) and learn to re-
construct states from measurements. For instance, Torlai et al. [24] used a neural
network to perform QST with far fewer measurement settings by training the net-
work on measurement outcomes to predict the density matrix, effectively generaliz-
ing from sample data. Similarly, Bayesian approaches treat the state as a random
variable and update a probability distribution (the belief over states) as measure-
ments come in, often yielding an accurate estimate with fewer total measurements by
adaptively focusing on the most uncertain parameters [25]. These post-processing
techniques significantly extend the range of QST: they allow targeted or partial
tomography, estimating only certain properties or assuming structure in the state
to reduce resources. However, while such methods can improve the reconstruction
efficiency, they often do not fully escape the exponential scaling in the worst case.
Many compressed sensing and machine-learning approaches become inefficient or
even more complex than standard tomography when extended to arbitrary mixed
states. For example, algorithms tailored to low-rank states may fail or require many
more measurements if the state is actually highly mixed (full rank). Thus, these
methods excel in special scenarios (e.g. states that are pure or nearly pure), but a
general solution for all states still demands further innovation.

1.1.1.2 Measurement Optimization Strategies

In parallel with better algorithms for reconstruction, significant research has fo-
cused on optimizing the choice of measurements to maximize information gain and
minimize redundancy. Rather than using a fixed, brute-force set of measurements,
these approaches ask: which measurements should we perform to get the most in-
formation about the state with the least effort? A notable example is measuring in
Mutually Unbiased Bases (MUBs), which are pairs of bases where each basis state
is an equal superposition of the states in the other basis [26]. It is known that
performing projective measurements in a complete set of MUBs (when they exist
for a given Hilbert space dimension) is very efficient for state estimation, as each
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1. Introduction

measurement outcome yields a maximal amount of new information [27]. In fact,
for a d-dimensional system (such as a single qudit of dimension d), there exist d+ 1
MUBs (when d is a prime power) that together provide an informationally com-
plete measurement set. Measuring in all d+ 1 MUBs gives a highly symmetric data
set that minimizes overlap between measurements and thus maximizes information
gain per measurement. This approach has strong theoretical justification and has
been experimentally demonstrated for small systems (for instance, tomography of
photonic qubits and qutrits using MUB settings). However, a limitation is that
complete sets of MUBs are known to exist only for Hilbert spaces of prime or prime-
power dimension [28, 29]. Multi-qubit systems have dimension 2n (which is a prime
power), so in principle, MUBs can be constructed; but implementing the joint mea-
surements corresponding to MUBs for multiple qubits can be challenging in practice.

Another theoretically optimal scheme uses a symmetric informationally-complete
positive operator-valued measure (SIC-POVM), which for a d-dimensional system
consists of d2 non-orthogonal measurement outcomes that are spread "as evenly as
possible" in the state space [30]. A SIC-POVM is informationally complete and
is minimal in the sense of having exactly d2 outcomes (equal to the number of pa-
rameters of a density matrix). Recent work by Stricker et al. [31] demonstrated
single-setting QST on a trapped-ion quantum processor using a SIC-POVM, effec-
tively performing full tomography with one complex measurement configuration. In
their experiment, they mapped the SIC-POVM to a sequence of standard operations
and readouts, obtaining tomographically complete data from a single measurement
basis and using a classical shadows approach to efficiently compute many properties
of the state. This is a remarkable illustration that by clever choice of measurements,
one can dramatically reduce the number of distinct settings required.

Apart from using special measurement bases, there are strategies that adapt or re-
strict the measurement process to reduce effort. Adaptive tomography techniques
dynamically choose the next measurement based on previous measurement outcomes
[32]. The idea is that once a rough estimate of the state is obtained from some data,
subsequent measurements can be focused on the parts of the state space with the
highest uncertainty, thereby extracting maximal information. Adaptive schemes (of-
ten Bayesian or machine-learning-assisted) have shown improvements in the number
of measurements needed for a given estimation accuracy. There is also the concept
of selective or partial tomography, where instead of fully characterizing the state,
one targets specific features (for example, measuring only certain few-qubit reduced
density matrices). The overlapping tomography approach is an example: one can
reconstruct an N -qubit state by performing tomography on overlapping subsets of
qubits (e.g. all k-qubit groups for some small k) and then combining these marginals
to infer the global state. This reduces the complexity if the state has structure such
as limited k-body correlations [33]. Experiments using overlapping tomography
have demonstrated reconstruction of all two-qubit marginals of a multi-qubit state
with fewer measurements than full tomography, focusing on local properties of the
state.
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Another notable measurement reduction strategy focuses on the fact that many
quantum states of interest are nearly pure. Studies have investigated the minimal
number of measurement settings needed to identify a pure state uniquely. In theory,
a pure state in a d-dimensional Hilbert space is specified by 2d− 2 real parameters
(much fewer than d2−1 for a general mixed state). Protocols have been proposed to
use as few as 2d− 1 or 2d− 2 measurements (instead of d+ 1 bases) to determine a
pure state. In practice, however, such schemes may require adaptive measurements
or entangled measurements that are difficult to implement, and they break down
if the state is not exactly pure. In summary, recent methods in QST have made
great strides by either improving the reconstruction algorithms or by optimizing
the measurement procedure. Despite these advances, each method has limitations.
Techniques that assume special structure (pure states, low entropy, etc.) are not
applicable to general mixed states. Adaptive and overlapping methods can reduce
redundancy, but they often add experimental or computational complexity and may
not scale well to very large systems. Even optimal basis choices like MUBs or
SIC-POVMs face practical constraints in implementation and are limited to certain
system dimensions. And while brute-force optimization (e.g. using integer linear
programming) can find minimal measurement sets for small cases, it becomes in-
tractable for larger n due to the combinatorial explosion of possibilities. Therefore,
there is a pressing need for new approaches that can bridge the gap - approaches
that generalize to arbitrary states, scale to moderately large qubit numbers, and
leverage all these insights (informational completeness, adaptive selection, etc.) in
a more tractable optimization framework.

1.1.2 Limitations and the Need for New Approaches
Given the state of the art summarized above, it is clear that no single existing strat-
egy completely overcomes the exponential complexity of QST. Each innovation offers
only a piece of the solution. Post-processing improvements like compressed sensing
require assumptions (e.g. low rank) that may not hold, and they can struggle when
noise causes the true state to deviate from the assumed model. Measurement opti-
mizations like MUBs or adaptive schemes can indeed reduce the number of settings
or samples, but for a general unknown state one often still faces an exponential scal-
ing of effort, albeit with a smaller base or improved constant factors. In practice, for
medium-scale quantum systems, full tomography remains extremely challenging: the
number of measurements needed for statistically reliable reconstruction can be as-
tronomically large, and experiments must balance limited time and qubit coherence
against the thoroughness of tomography. Furthermore, some sophisticated methods
trade one type of complexity for another: for example, using a single SIC-POVM
setting requires very complex measurement apparatus and classical post-processing
of high-dimensional outcomes [34], while adaptive methods demand real-time clas-
sical computation and feedback between measurements. To push QST toward larger
systems and practical applications, we need new approaches that can optimally al-
locate measurement resources and exploit all possible structure in the problem.

One promising direction is to view the design of QST experiments as a combina-
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1. Introduction

torial optimization problem that can be tackled with tools from computer science
and graph theory. The problem of choosing an optimal set of measurements (or the
optimal grouping of observables into measurement settings) has a discrete, combina-
torial character: one must pick subsets of observables to measure together such that
overall information is maximized and the number of measurements is minimized.
This resembles problems in other domains like scheduling, resource allocation, and
code design, hinting that algorithms from those domains could be repurposed for
QST. In particular, as we elaborate next, the task of grouping quantum measure-
ments can be mapped to a graph coloring problem. This mapping provides a fresh
perspective and access to a rich toolkit of graph-theoretic algorithms and heuristics
that have been successful in many hard optimization problems.
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2
Theory

The full quantum state of a system is represented by a density matrix from measured
data. In practice, one performs a set of measurements on identical prepared states to
estimate the expectation values of a tomographically complete set of observables, and
then uses those measurements to infer the density matrix of the state. This section
reviews the formalism of density matrices and measurements, the Pauli operator
basis for multi-qubit systems, and the concept of informational completeness, which
together form the theoretical foundation of QST.

2.1 Quantum States and Density Matrices

Figure 2.1: Bloch Sphere Representation of a Qubit state |ψ⟩ [35].

A density matrix (or density operator) ρ is the mathematical representation of a
quantum state, generalizing both pure states and classical probabilistic mixtures.
By definition, ρ is a Hermitian operator, positive semi-definite with no negative
eigenvalues, and has trace one. Such an operator can always be expressed in an
eigenbasis as

ρ =
∑

j

pj

∣∣∣ψj

〉〈
ψj

∣∣∣ with pj ≥ 0,
∑

j

pj = 1, ⟨ψj | ψk⟩ = δjk. (2.1)
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2. Theory

Any Hermitian, unit-trace, positive operator meeting these criteria corresponds to
a physically valid quantum state. Any 2-level Qubit State can also be represented
as a vector on the Bloch sphere as shown in Figure 2.1

2.1.1 Properties of density matrices:
• Hermiticity: ρ† = ρ. This guarantees that ρ has real eigenvalues and is an

observable operator in quantum mechanics.

• Unit trace: Tr(ρ) = 1, reflecting total probability 1 for the state. This condi-
tion fixes the normalization of the state.

• Positivity: ρ ≥ 0, meaning ⟨ϕ|ρ|ϕ⟩ ≥ 0 for all |ϕ⟩. Equivalently, all eigenvalues
pj satisfy pj ≥ 0. Positivity ensures ρ can be interpreted as a probability-
weighted mixture of pure states.

Example 2.1 (Single-qubit state reconstruction):
Consider a qubit prepared in the state |0⟩ (the computational basis state). The
density operator is

ρ = |0⟩⟨0| =
(

1 0
0 0

)
(2.2)

. To characterize ρ, one can measure the expectation values of the Pauli X, Y ,
and Z operators. In this state, Tr(ρZ) = +1 (since |0⟩ is an eigenstate of Z with
eigenvalue +1), and Tr(ρX) = Tr(ρY ) = 0 (since |0⟩ is an equal superposition of ±1
eigenstates of X or Y ). From these three measurements, we determine the Bloch
vector r = (0, 0,+1), implying ρ = 1

2(I + 1 ·Z) as expected. In general, a minimum
of three independent measurements (in the X, Y , and Z bases) are needed to fully
determine an arbitrary single-qubit density matrix, consistent with the fact that a
2× 2 Hermitian matrix has three free real parameters.

2.1.2 Pauli Operators and the Multi-Qubit Pauli Basis
The Pauli matrices are a fundamental set of single-qubit operators that, together
with the identity, form a basis for 2 × 2 Hermitian operators. They are typically
denoted:

X =
(

0 1
1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0
0 −1

)
, I =

(
1 0
0 1

)
(2.3)

Each Pauli matrix is Hermitian and unitary, with eigenvalues ±1. For a single
qubit, I,X, Y, Z forms an orthogonal operator basis (with I typically excluded when
considering the space of traceless deviations). This idea generalizes to multi-qubit
systems: the N qubit Pauli group PN is defined as the set of all N -fold tensor
products of single-qubit Pauli matrices (including the identity on any subsystem).
For example, for N = 2 qubits one element is X ⊗ Y (often written XY for short),
and in general an element of PN can be written

Pi1 ⊗ Pi2 ⊗ · · · ⊗ PiN
(2.4)

8



2. Theory

where each Pij
∈ {I, X, Y, Z}. For example, in a two-qubit system, a typical

observable such as X ⊗ Z is expressed explicitly as seen in Equation 2.5

X ⊗ Z =
(

0 1
1 0

)
⊗
(

1 0
0 −1

)
=


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

 (2.5)

There are 4N such tensor-product Pauli operators in total, which indeed form a
basis for all 2N × 2N matrices. Restricting to the subspace of traceless Hermitian
operators (relevant for state reconstruction since the identity has fixed trace), there
are 4N − 1 independent Pauli observables.

In particular, Pauli operators either commute or do not commute with each other.
For instance, ZZ and ZI commute (they act on different qubits or identically on
the qubit in common), whereas XZ and ZZ do not commute (since X and Z an-
ticommute on the same qubit). Commutation relations of Pauli operators play a
central role in designing efficient tomography schemes, as discussed later.

The Pauli basis is very convenient in QST because expectation values of Pauli op-
erators correspond to various spin projections or correlation measurements of the
quantum system. Any N -qubit density matrix ρ can be expanded in the Pauli basis
as shown in Equation 2.6, with real coefficients cP .

ρ = 1
2N

(
I⊗N +

∑
P ∈PN

cP P
)
, cP = Tr(ρP ). (2.6)

Thus, if one can experimentally determine Tr(ρP ) for each of a spanning set of Pauli
operators, one can reconstruct ρ by inverting this linear expansion. In practice,
measuring all 4N − 1 Pauli observables individually is inefficient for large N , but
the Pauli basis remains a conceptual foundation for many tomography and state
estimation techniques.

2.2 Informationally Complete Measurements
A set of measurement observables is said to be informationally complete (IC) for a
quantum system if the data collected from measuring those observables is sufficient
to represent the state in all its degrees of freedom. In other words, an IC set of ob-
servables provides a complete linearly independent set of equations for the unknown
state. Mathematically, if we treat the unknown density matrix ρ as a vector in a
(d2 − 1)-dimensional space (for a d-dimensional Hilbert space) and likewise vector-
ize the measurement outcomes, informational completeness means the measurement
operator vectors span that space. One way to verify informational completeness is
by checking the rank of the sensing matrix (or design matrix) that relates the state
parameters to the measured expectations: for an IC measurement set, this matrix
has full column rank (equal to d2 − 1 for a single state parameter space). If the
rank is deficient, there is at least one direction in state space that the measurements

9



2. Theory

cannot distinguish, meaning the measurements are not fully informative.

For example, measuring only the Z observable on a single qubit is not information-
ally complete, because it provides no information about the X or Y components of
the Bloch vector (many different ρ yield the same Z expectation). By contrast, mea-
suring X, Y , and Z for a qubit is an IC set, since together these three measurements
determine the full Bloch vector. In general, for N qubits one simple IC scheme is to
measure each qubit in the X, Y , and Z bases (i.e., perform all 3N combinations of
local Pauli measurements). This yields 3N distinct measurement settings, which is
sufficient to determine all 4N−1 parameters of an N -qubit density matrix. Although
a general N -qubit density matrix has 4N − 1 real parameters (after enforcing unit
trace), each local measurement basis of the form {I, Rx, Ry}⊗N yields 2N outcome
probabilities but only 2N − 1 of these are independent. Since there are 3N such
bases, the total number of independent data points is 3N × (2N − 1) = 6N − 3N ,
which for all N ≥ 1 exceeds 4N − 1. Thus the resulting linear system relating mea-
surement outcomes to density-matrix entries is overdetermined (and generically full
rank), guaranteeing a unique reconstruction of all 4N − 1 parameters from only 3N

measurement settings. As this scales exponentially (represented in Figure 2.2), it
is necessary to find a way to perform tomographically complete measurements in an
optimal way. This is possible when multi-qubit (global) measurements are allowed,
as we will see.

Figure 2.2: Exponential Growth of Measurement Settings in QST.

Example 2.2 (Informational completeness check):
Suppose we have a two-qubit system and we choose as our observables the set
X ⊗X, ;Y ⊗ Y, ;Z ⊗ Z. We have to check if this measurement is informationally
complete. Each of these observables is entangled across the two qubits (global Pauli
operators), and they certainly provide some information about two-qubit correla-
tions. However, this set is not IC, because it consists of only 3 measurements,
whereas a general two-qubit state has 15 independent parameters. Indeed, one can

10
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confirm that the [3× 15] sensing matrix (mapping the 15-dimensional Bloch vector
of ρ to these 3 measured expectations) has rank at most 3, far from full rank 15. By
contrast, the complete set of 15 Pauli observables [X1, Y1, Z1, X1X2, X1Y2, . . . , Z1Z2]
is informationally complete (in fact over-complete). The central challenge for prac-
tical QST is to choose a minimal such IC set and an efficient way to measure it.

2.2.1 Problem Formulation
The goal of optimized tomography is to find the optimal (minimum) number of mea-
surement settings or quantum circuits that still yield full information. Since many
of these observables in the IC set can be measured simultaneously on a suitable basis
(by making use of the commutative property of operators), the number of measure-
ment settings required can be reduced. We therefore translate our motivation to
find a smarter way to perform QST into a nontrivial partitioning problem, which
results in a combinatorial optimization challenge. In Chapter 3 and beyond, we
recast this task of grouping commuting Pauli operators into common measurement
settings as an equivalent graph coloring problem to find an optimal (minimal) set
of measurements.

2.3 Graph Theory and Graph Coloring
The task of optimizing QST measurements can be translated into a problem in
graph theory. In this section, we introduce basic graph-theoretic concepts [36]
and the graph coloring problem, then explain how the commutation relationships of
Pauli operators can be mapped to a graph. We also overview several graph coloring
algorithms and heuristics that will be used to solve the measurement optimization
problem in later chapters.

2.3.1 Graph Basics and Terminology
In discrete mathematics, a graph G = (V,E) consists of a set of vertices V (also
called nodes) and a set of edges E, where each edge is an unordered pair of vertices
in V . If an edge E = v1, v2 connects vertices v1 and v2, we say v1 and v2 are adjacent
(neighbors) and that the edge is incident on those vertices. The degree of a vertex is
the number of edges incident to it (i.e. the count of its neighbors). A graph is often
represented visually by dots (vertices) connected by lines (edges) when adjacency
exists, as seen in Figure 2.3.

2.3.2 Graph Coloring and Chromatic Number
A graph coloring is an assignment of labels (traditionally called “colors”) to the
vertices of a graph such that no two adjacent vertices share the same color. This is
also known as vertex coloring [37]. The fundamental optimization question is how
to minimize the number of colors used while maintaining a proper coloring. The
smallest number of colors needed to color a graph G is called the chromatic number
of G, denoted χ(G). Determining χ(G) for an arbitrary graph is a famous NP-hard

11



2. Theory

Figure 2.3: Representation of an Arbitrary Graph Construction

problem – in fact, the decision version (“can G be colored with k colors?”) is NP-
complete (one of Karp’s original 21 NP-complete problems). This means that no
polynomial-time algorithm is known for graph coloring in general, and the problem
is believed to be intractable for large graphs. Consequently, practical approaches
rely on clever algorithms and heuristics to find colorings that are optimal or near-
optimal for a given graph.

Graph coloring has numerous applications in scheduling, register allocation, fre-
quency assignment, and, as in this thesis, in grouping compatible quantum mea-
surements [38]. A coloring of a graph can be viewed as a partition of the vertex
set into disjoint color classes, where each color class is an independent set (no edges
within a class). In the context of QST, a color class will correspond to a set of
observables that can be measured together without conflict. We next make this
correspondence precise by constructing the Pauli graph for a set of operators.
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In this chapter, we detail the methodology and implementation of our approach to
optimize and schedule Quantum State Tomography (QST) experiments using graph
coloring heuristics. We first describe how the problem is formulated as a graph
problem by constructing a Pauli graph from a given set of Pauli operators. We
then present the graph coloring methods explored Degree of Saturation (DSATUR),
Recursive Largest First (RLF), Graph Neural Network (GNN), Spectral Cluster-
ing, and Integer Linear Programming (ILP) based exact coloring, each in its own
section with a description of the algorithm, pseudocode, implementation details,
and complexity analysis. Finally, we summarize the overall implementation archi-
tecture, describing how experiments are organized. The results and comparative
performance of these methods are deferred to Chapter 4.

3.1 Constructing the Pauli Graph for QST

Figure 3.1: Graph Coloring Representation for an arbitrary Graph.

The first step is to model the QST experiment optimization problem as a graph
coloring problem. Let P = {I,X, Y, Z}⊗N be the set of all 4N Pauli strings on
N qubits (including the identity operator I⊗N). In our context, we exclude the
global identity, so the total number of non-trivial Pauli observables is |V | = 4N − 1.
Each vertex vi ∈ V of the graph GP = (V,E) represents a unique Pauli operator
Pi ∈ P . We then add an edge between two vertices whenever the corresponding Pauli
operators do not commute, as stated in Chapter 3. In other words, for vertices vi, vj

representing Pauli operators Pi, Pj ∈ P , the edge eij ∈ E is included if and only if
[Pi, Pj] ̸= 0. Equivalently, the graph has edges between every pair of non-commuting
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Pauli operators. The adjacency matrix A of this graph can be defined as mention
in Equation 3.1

Aij(GP ) =
1, if [Pi, Pj] ̸= 0 ,

0, if [Pi, Pj] = 0 ,
(3.1)

Here, a 1 entry indicates a pair of Pauli operators that do not commute (thus an edge
in the graph), whereas 0 indicates a commuting pair with no edge. In this construc-
tion, each color class in the graph will correspond to a set of mutually commuting
operators (since no two vertices in the same color class share an edge). By coloring
the graph, we effectively partition the Pauli observables into disjoint commuting
sets, each of which can be measured in a single experimental setting. In Figure 3.1
we represent G = (V,E) where χ(G) is 3, meaning all nodes can be partitioned
into 3 groups based on the imposed condition. For higher numbers of qubits, GP

grows exponentially (|V | = 4N − 1 vertices), and finding χ(GP ) is computationally
challenging (NP-hard in general).

In our implementation, we leverage the NetworkX library’s ’Graph’ data structure
to store vertices and edges for the Pauli graph. Pseudocode for constructing the
graph is straightforward: iterate over all pairs of Pauli operators and check the
commutation relation for each pair, adding an edge if they are non-commuting.
This approach runs in O(n2) time for n = |V | vertices. The subsequent sections
discuss the algorithms and heuristics we employ to color these graphs efficiently.

3.2 Heuristic Algorithms (DSATUR and RLF)
Efficient graph coloring algorithms are critical for solving combinatorial problems
across various practical domains. Among these methods, the Degree of Saturation
(DSATUR)[39, 40, 41] and Recursive Largest First (RLF)[42, 43, 44] algorithms
stand out due to their simplicity, effectiveness, and polynomial runtime complexities.
Specifically, DSATUR operates with a time complexity of O(n2), and RLF has a
complexity of O(n3), where n denotes the number of vertices in the graph.

3.2.1 Degree of Saturation - DSATUR
DSATUR, introduced by Brélaz [39], strategically orders vertices by prioritizing
those with the highest saturation degree, defined as the number of distinct colors
assigned to a vertex’s adjacent vertices. The method begins with all vertices un-
colored. At each step, the algorithm selects the uncolored vertex with the highest
saturation degree for coloring. If multiple vertices share the highest saturation de-
gree, the algorithm selects the one with the highest conventional degree (the largest
number of adjacent vertices). After vertex selection, the smallest available color not
assigned to neighboring vertices is applied. This iterative selection strategy tends
to reduce the number of colors required, making DSATUR particularly effective for
achieving near-optimal solutions on moderately large or structured graphs.
The pseudocode for the DSATUR algorithm is presented in Algorithm 1.
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Algorithm 1 DSATUR Graph Coloring Algorithm
1: Initialize all vertices as uncolored
2: while there are uncolored vertices do
3: Select the uncolored vertex with the highest saturation degree
4: if multiple vertices have the same saturation degree then
5: Select the one with the highest degree (most neighbors)
6: end if
7: Assign the smallest available color not used by adjacent colored vertices
8: end while

3.2.2 Recursive Largest First - RLF
In contrast, the Recursive Largest First (RLF) algorithm, introduced by Leighton
[42], builds color classes iteratively, focusing initially on vertices of maximal degree.
The approach starts similarly by considering all vertices as uncolored. It selects the
uncolored vertex with the highest degree and initiates a new color class. Vertices
that do not conflict (i.e., are not adjacent to any vertex already in the current
color class) are subsequently added to this color class. Once no more vertices can
be safely added to the current class without violating the commutation condition,
a new color is assigned, and these vertices are removed from consideration. This
procedure continues recursively until every vertex is colored.
The pseudocode for the RLF algorithm is provided in Algorithm 2.

Algorithm 2 RLF Graph Coloring Algorithm
1: Initialize all vertices as uncolored
2: while there are uncolored vertices do
3: Select the uncolored vertex with the highest degree
4: Initialize a new color class with this vertex
5: for all uncolored vertices not adjacent to any vertex in the current color

class do
6: Add them to the current color class
7: end for
8: Assign a new color to all vertices in the current color class
9: Remove vertices in current color class from the graph

10: end while

3.2.3 Application and Illustration of DSATUR and RLF
To contextualize these algorithms within the domain of quantum computing, we con-
sider their application to the commutation graph derived from a subset of 2-qubit
Pauli operators. Specifically, we analyze the set P1 = {XI, Y I, ZI,XX, Y Y, ZZ}.
In this setting, each Pauli operator is represented by a vertex in the graph, and
edges connect vertices representing non-commuting operators. This graphical rep-
resentation helps visualize the combinatorial constraints inherent in quantum state
tomography, highlighting operator compatibility and conflicts during measurement.
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Figure 3.2: Step-by-step graph-coloring of the two-qubit Pauli commutation graph
using (a) DSATUR and (b) RLF heuristics. Vertices represent Pauli operators,
and edges link non-commuting pairs. Colors correspond to joint measurement
groups—Orange = XX, XI, Green = YY, YI, Blue = ZZ, ZI. In (a), DSATUR
iteratively selects the uncolored vertex with the highest saturation degree, breaking
ties by vertex degree; in (b), RLF builds each color class by repeatedly adding ver-
tices with no conflicts to the largest available class.
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Figure 3.2 illustrates the step-by-step graph coloring process using both DSATUR
[panel (a)] and RLF [panel (b)] algorithms for the set P1. Both algorithms iteratively
assign colors based on their respective strategies, ultimately partitioning the graph
into distinct commuting operator groups. The illustrative example clearly shows
the iterative process and decision-making differences between the two heuristics.
Notably, despite their methodological differences, both DSATUR and RLF yield
identical optimal coloring solutions for this small example, resulting in three distinct
commuting sets:

Orange = {XX,XI},
Green = {Y Y, Y I},

Blue = {ZZ,ZI}.

This illustrative example underscores the effectiveness of these heuristic methods,
especially in domains like quantum computing, where minimizing measurement re-
sources through optimal operator grouping is critically important.

3.2.4 Complexity and Practical Implications

The polynomial complexities (O(n2) for DSATUR and O(n3) for RLF) make these
algorithms suitable for moderate-size problems, frequently encountered in practi-
cal scenarios such as combinatorial scheduling, frequency assignment in wireless
communication networks, and register allocation in compiler design. Despite their
polynomial nature, heuristic decisions in both algorithms imply they do not guar-
antee global optimality. Nonetheless, extensive empirical evaluations suggest that
DSATUR often provides close-to-optimal results quickly, while RLF, though com-
putationally slightly more demanding, typically provides equally robust solutions
for dense and structured graphs.

In conclusion, heuristic graph coloring algorithms like DSATUR and RLF offer ro-
bust, practical solutions for combinatorial optimization challenges. Their adaptabil-
ity to diverse problem structures and proven effectiveness in quantum computing
contexts demonstrate their broad applicability and continuing relevance in contem-
porary computational research.

3.3 Integer Linear Programming (ILP)
While heuristic methods such as DSATUR and RLF are widely used due to their
computational efficiency, they do not guarantee optimal solutions. In contrast, Inte-
ger Linear Programming (ILP) explicitly formulates graph coloring as a combinato-
rial optimization problem, capable of yielding provably optimal solutions. Although
ILP approaches have exponential complexity in the worst-case scenarios, making
them computationally infeasible for large graphs, their ability to provide exact solu-
tions is invaluable for verifying and benchmarking heuristic results on smaller-scale
problems [45, 7].
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3.3.1 ILP Formulation for Graph Coloring
The ILP formulation of the graph coloring problem encodes constraints and objec-
tives explicitly into an integer linear program. The primary objective is to minimize
the number of colors used, ensuring each vertex is assigned precisely one color, and
no two adjacent vertices share the same color.

Formally, consider a graph GP = (V , E), where vertices V represent the elements
(in our case, Pauli operators), and edges E represent non-commutation constraints.
The ILP algorithm explicitly introduces two sets of binary decision variables, xv,j

and yj, defined in Equation 3.2

xv,j =
1 if vertex v is assigned color cj,

0 otherwise,
yj =

1 if color cj is used,

0 otherwise.
(3.2)

We define the coloring function in Equation 3.3

χ : V → {c1, c2, . . . , ck}, (3.3)

where χ(v) = cj denotes vertex v is assigned color cj. Initially, we set k = |V|,
an upper bound representing the worst-case scenario where each vertex is assigned
a unique color and minimize ∑k

j=1 yj. We enforce ∑j xv,j = 1 so each vertex is in
exactly one group, and xv,j ≤ yj so that activating any xv,j forces yj = 1. For every
non-commuting pair (u, v), the constraint xu,j +xv,j ≤ 1 forbids them sharing group
j. Algorithm 3 outlines the step-by-step ILP-based graph coloring procedure.

Algorithm 3 ILP algorithm for Graph coloring
Require: Graph GP = (V , E)
Ensure: Optimal coloring χ : V → {c1, c2, . . . , ck}

1: Set k ← |V|
2: Define binary variables:

xv,j, yj ∈ {0, 1} ∀v ∈ V , j = 1, . . . , k

3: Objective: min∑k
j=1 yj

4: Constraints:
• ∑k

j=1 xv,j = 1 ∀v ∈ V
• xv,j ≤ yj ∀v ∈ V , j = 1, . . . , k
• xu,j + xv,j ≤ 1 ∀euv ∈ E , j = 1, . . . , k

5: Solve ILP using CBC solver
6: Assign χ(v) = cj if xv,j = 1
7: return χ

Practically, this ILP formulation is implemented using optimization solvers such as
Coin-or Branch and Cut (CBC), Gurobi, or CPLEX. These solvers employ advanced
branch-and-bound techniques, cuts, to efficiently explore the search space.
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3.3.2 Computational Complexity and Optimality
Graph coloring is a classic NP-hard problem [46], indicating that finding exact solu-
tions through ILP generally entails exponential complexity. The worst-case runtime
arises from the exponential growth of the branch-and-bound search tree, theoreti-
cally up to O(2n), where n is the number of vertices. However, practical performance
depends strongly on graph structure. Modern ILP solvers can efficiently solve graph
coloring problems containing up to a few hundred vertices, provided the graphs are
sparse or exhibit special structure (e.g., low maximum vertex degree, clustering,
or symmetry). For dense graphs or those with arbitrary structure, exact solutions
quickly become computationally intractable.

3.3.3 ILP in Quantum Computing Context
Within quantum state tomography (QST), graph coloring methods are pivotal for
partitioning Pauli measurement operators into minimal commuting groups, directly
reducing measurement resources. ILP’s capability to deliver guaranteed optimal
partitions for small qubit systems makes it invaluable for benchmarking heuristic
approaches. By confirming optimal partitions for modest qubit systems [7], ILP pro-
vides rigorous confidence that heuristic methods (like DSATUR and RLF) produce
solutions close to optimal in larger-scale, practically relevant quantum problems. Ad-
ditionally, ILP solutions often serve as valuable reference points to calibrate heuristic
performance, thus enhancing confidence in heuristic results for problem sizes where
ILP becomes computationally infeasible.

3.4 Graph Neural Network (GNN)
Heuristic methods like DSATUR and RLF, as well as exact methods like ILP, are
well-established classical approaches to the graph coloring problem. While heuris-
tics are computationally efficient, they don’t always guarantee optimal solutions,
and exact methods, though precise, can quickly become computationally infeasible.
Graph Neural Networks (GNNs), a modern class of machine learning models, offer
an alternative, leveraging learning-based methods to predict graph colorings effi-
ciently by recognizing structural patterns within graph data [47, 48, 49]. Here, we
explore the application of a GNN to graph coloring, specifically framing the problem
as a supervised node classification task.

3.4.1 Formulation of the GNN Approach
In our GNN-based framework, the coloring task is treated as a supervised learning
problem. Given a graph GP = (V , E), each vertex v ∈ V is considered as a data
point whose "label" corresponds to its assigned color. The graph structure itself
provides rich relational information through adjacency (commutation relations in
the quantum tomography setting). By training the neural network on graphs with
known optimal or near-optimal colorings, the GNN learns generalized patterns that
capture both local and global graph structures. Once trained, the model can rapidly
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Figure 3.3: Graph Neural Network Process Flow Chart: The uncolored, structured
graph is the input for the GNN. The central node gathers Feature Vectors and is
then aggregated to update the node’s current feature. The logits from the final layer
of GNN are transformed into scores to color the input graph.

infer colors for new graph instances via a single forward pass, as represented in
Figure 3.3 thereby significantly enhancing computational efficiency. Algorithm 4
summarizes the GNN approach in detail, highlighting each stage of the process. We
use one-hot encoding for the feature vector hv as represented by Equation 3.4
I 7→ (1, 0, 0, 0), X 7→ (0, 1, 0, 0), Y 7→ (0, 0, 1, 0), Z 7→ (0, 0, 0, 1),

Example : X ⊗ I ⊗ Z (n = 3) 7→ hv = [ 0, 1, 0, 0
∣∣∣ 1, 0, 0, 0

∣∣∣ 0, 0, 0, 1 ].
(3.4)

3.4.1.1 Message Passing and Feature Aggregation

At the heart of the GNN-based approach is the message-passing mechanism. We
represent each node and its degree in the graph using a one-hot encoding, which
is a binary feature vector. The core of the algorithm is the message-passing stage,
repeated for a fixed number of layers (l). In each layer, each node v aggregates in-
formation from its neighbors. Formally, the embedding of node v at layer l, denoted
as h(l)

v , is computed by using Equation 3.5

h(l)
v = fGNN

(
h(l−1)

v ,AGGREGATE
(
{h(l−1)

u : u ∈ N (v)}
))
, (3.5)

whereN (v) represents neighbors of node v, and the function fGNN is typically a small
neural network consisting of linear transformations followed by nonlinear activation.
The aggregation step commonly involves averaging neighbor embeddings as seen in
Equation 3.6

AGGREGATE
(
{h(l−1)

u : u ∈ N (v)}
)

= 1
|N (v)|

∑
u∈N (v)

h(l−1)
u . (3.6)

This aggregation enables the network to progressively integrate local neighborhood
information, effectively encoding complex graph structures into each node’s repre-
sentation.
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Algorithm 4 GNN Based Coloring
1: Input: GP , pretrained GNN with l layers
2: Output: A color label for each node
3: Initialize node features
4: For each node, set its feature to a simple encoding (one-hot encoding)
5: Message passing (repeat for each of the l layers)
6: For each node:
7: Collect the features of all neighboring nodes
8: Combine those neighbor features (averaging)
9: Update the node’s feature by feeding its previous feature and the combined

neighbor features into the GNN layer
10: Color prediction
11: For each node:
12: Apply the GNN’s final output layer to its feature to produce a score for

each possible color
13: Choose the color with the highest score and assign it to the node
14: Return the set of node to color assignments
15: Notes:
16: Each GNN layer is typically a small neural network block (linear layer +

activation).
17: The final output layer maps node features to a score for each color.
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3.4.1.2 Color Prediction and Inference

After completing l layers of message passing, the final node embeddings h(l)
v capture

both local and broader structural information. To predict the node’s color, a final
linear classifier transforms these embeddings into a vector of color scores with the
help of Equation 3.7

sv = Wh(l)
v + b, (3.7)

where W is a learned weight matrix, and b is a bias vector. Each component sv,i

represents the neural network’s confidence that node v should be assigned color i.
The color with the highest score is selected, providing the final node classification
result.

3.4.2 Training Methodology
The GNN is trained in a supervised manner using labeled training sets of smaller
graphs whose optimal or near-optimal colorings are known (from ILP or advanced
heuristic algorithms). Training involves minimizing a loss function (e.g., cross-
entropy loss) computed between predicted and actual colors. The network param-
eters (weights and biases) are adjusted iteratively using gradient descent, allowing
the model to generalize from the training examples to unseen graphs effectively.

3.4.3 Computational Complexity and Practical Advantages
The inference complexity of the GNN approach is O(l (|V| + |E|)), primarily deter-
mined by the number of layers l and graph size (number of vertices V and edges E).
This linear complexity in graph size makes GNN inference highly efficient, enabling
real-time color predictions for large-scale graphs once the model is trained.
However, the main computational bottleneck is the initial training phase, which
requires substantial time for gradient-based optimization, especially with extensive
training datasets. Despite this, once trained, the GNN can rapidly generalize to new
problem instances.

3.4.4 Application in Quantum State Tomography
Applying this method to quantum tomography, the GNN efficiently partitions large
sets of Pauli operators into commuting subsets by learning structural commutation
patterns. Consequently, the GNN approach directly facilitates rapid measurement
scheduling, an essential feature in real-time experimental setups (for pre-trained
models).
In summary, Graph Neural Networks provide a compelling approach to solving com-
binational graph-coloring problems by efficiently leveraging learned structural infor-
mation. Their capability for rapid inference, combined with high-quality predictive
accuracy after training, makes them a valuable addition to classical heuristic and
exact methods, particularly in dynamically evolving or time-sensitive applications
like quantum state tomography scheduling.
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3.5 Spectral Clustering

While heuristic methods, ILP, and Graph Neural Networks (GNNs) each provide
robust approaches to graph coloring, Spectral Clustering offers a distinct perspec-
tive leveraging spectral graph theory. Unlike traditional combinational heuristics
and optimization-based solutions, spectral clustering utilizes eigen-decompositions
of specialized graph matrices, capturing global structural properties of the graph to
effectively identify highly connected communities or clusters [50, 51, 52].
Spectral clustering is particularly useful in quantum state tomography (QST), where
the underlying problem reduces to partitioning observables (Pauli operators) into
groups based on commutation. By interpreting commutation relations as a similarity
metric, spectral clustering naturally aligns with the problem of identifying maximal
sets of commuting observables.

3.5.1 Mathematical Formulation of Spectral Clustering
Given a graph GP = (V , E), vertices represent observables, and edges represent pairs
that do not commute. For spectral clustering, we invert this logic by building an
affinity (commutation) graph where edges represent pairs of commuting observables.
This transforms the original problem into a clustering task: nodes connected by
edges form potential commuting sets. We construct the affinity matrix W on the
condition seen in Equation 3.8. W encodes commutation directly as similarity.
The spectral clustering approach involves several key steps, clearly summarized in
Algorithm 5.

Wij =
1 if observables i, j commute (no edge in conflict graph),

0 otherwise, including i = j.
(3.8)

The normalized Laplacian matrix L is fundamental in spectral clustering. It can
be interpreted as a discrete approximation of a continuous differential operator,
measuring the "smoothness" of functions defined over the graph. Eigenvectors cor-
responding to small eigenvalues of L are associated with partitions that cut relatively
few edges. Nodes within a cluster have similar values in the spectral embedding,
whereas nodes in different clusters exhibit significant differences. Thus, eigenvectors
provide meaningful, low-dimensional representations of nodes, efficiently highlight-
ing intrinsic commutation structures. We then perform an eigen-decomposition of
L, extracting its k smallest eigenvalues and corresponding eigenvectors. Stacking
those k eigenvectors column wise into a matrix M produces an embedding, where
each row ofM is a k-dimensional vector representing the node’s projection. To en-
sure these embeddings are comparable, we normalize each row ofM to unit length.
Finally, we apply k-means clustering to these normalized row vectors: nodes whose
embeddings lie close together in this spectral space are grouped into the same clus-
ter. Because the affinity matrix was built from commutation relations, each resulting
cluster corresponds to a set of mutually commuting observables and thus to one joint
measurement setting in the tomography schedule.
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Algorithm 5 Spectral Clustering via Affinity Graph
Require: Graph GP where edges link non-commuting observables, desired cluster

count k
Ensure: A cluster label for each node (defines commuting measurement groups)

1: Build the affinity (commutation) matrix
2: For each pair of distinct nodes i, j:
3: If {i, j} /∈ E , set Wij = 1 (they commute), else Wij = 0
4: Set diagonal entries Wii = 0
5: Compute degrees
6: For each node i, let degi = ∑

j Wij

7: Form normalized Laplacian
8: Construct D as the diagonal matrix of degrees
9: Compute L = I −D−1/2 W D−1/2

10: Spectral embedding
11: Compute the k eigenvectors of L corresponding to its k smallest eigenvalues
12: Stack these eigenvectors column-wise into an |V| × k matrix M
13: Row normalization
14: For each row i of M, perform normalization so it has length 1
15: Cluster assignment
16: Run k-means on the rows of M to assign each node to one of k clusters
17: return The cluster labels for all nodes

24



3. Methods

Table 3.1: Affinity Matrix W for Arbitrary Pauli Operators

XI YI ZI XX YY ZZ
XI 0 0 0 1 0 0
YI 0 0 0 0 1 0
ZI 0 0 0 0 0 1
XX 1 0 0 0 1 1
YY 0 1 0 1 0 1
ZZ 0 0 1 1 1 0

3.5.2 Application with Example
We start with the six observables: XI, Y I, ZI, XX, Y Y , ZZ. Each string rep-
resents a Pauli operator on qubit 1 and qubit 2, respectively. We proceed with
building the Affinity Matrix W as described earlier and construct a 6× 6 matrix W
as shown in Table 3.1. The table displays a 1 wherever a commuting pair is found.
We then compute the Normalized Graph Laplacian L by calculating the degree of
each node: degi = ∑

j Wij and form D−1/2 from the degrees. L is computed using
Equation 3.9. This captures the smoothness of functions on the graph.

L = I −D−1/2 W D−1/2. (3.9)

For Spectral Embedding, we perform eigen-decomposition of L, yielding eigenvalues
λ1 ≤ λ2 ≤ . . . and corresponding eigenvectors. We take the first k = 3 eigenvectors
(those with smallest eigenvalues) and stack them as columns to form a 6× 3 matrix
and normalize each row to unit length; this gives a point-cloud representation of the
nodes in R3. Finally, we perform clustering in the Embedding Space using k-means
on the 6 row-vectors of the normalized embedding to obtain the following result:

Orange = {XX,XI},
Green = {Y Y, Y I},

Blue = {ZZ,ZI}.
In conclusion, spectral clustering offers a valuable analytical heuristic, particularly
suited for identifying commuting measurement groups in quantum tomography ap-
plications. Its integration within a comprehensive tomography optimization frame-
work complements classical and modern computational techniques, providing robust
solutions across diverse graph structures.
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Once sets of mutually commuting Pauli operators are obtained from the graph col-
oring heuristics, the next step is to convert these groups into an executable quantum
state tomography protocol. The goal is to design a measurement scheme (quantum
circuit) spanning the full state space with few measurement quantum circuits while
remaining numerically stable. The first part of this section details how each com-
muting group is used to construct measurement bases (unitary matrices), how the
overall sensing matrix A is built and verified, and how state reconstruction is tested
for accuracy and noise robustness. The procedure is validated through simulations:
we reconstruct known test states and evaluate fidelity, error, and stability under
noise.

In the second part of this chapter, we evaluate the protocol for Quantum State To-
mography (QST) experiments. Each partitioning method is applied to Pauli graphs
derived from the full N -qubit Pauli operator sets for N = 2 up to N = 5. We
compare the methods along several dimensions: the reduction in required measure-
ment circuits (relative to the naive baseline of 3N circuits and to the theoretical
optimum), the computational runtime of each algorithm, and the stability of the
tomography reconstruction (conditioning and noise robustness). Finally, we discuss
the practical significance of these results for QST on NISQ-era devices, including
an analysis of how incremental addition of measurement groups impacts reconstruc-
tion fidelity. The following sections present detailed results, with visualizations and
tables to illustrate key findings.

4.1 Quantum State Tomography Protocol
Our protocol for QST fundamentally relies on measuring sets of commuting ob-
servables, represented by Pauli operators P = {P (1), P (2), . . . , P (m)}, acting on an
n-qubit Hilbert space. When these operators commute, it implies the existence of a
shared eigenbasis. Hence, a single unitary matrix U can simultaneously diagonalize
all operators in P , facilitating efficient measurement.

4.1.1 Unitary Matrices

We begin by diagonalizing the first operator P (1), yielding its eigenvectors {|ϕ(1)
i ⟩}

and eigenvalues {λ(1)
i }. These eigenvectors constitute an initial basis, encapsulated

in a unitary matrix V (1). Subsequent operators are then iteratively diagonalized
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within the subspaces defined by previously diagonalized operators. This iterative
procedure refines the basis step-by-step, maintaining numerical stability via regular
orthonormalization as shown in Algorithm 6. Upon completion, the final matrix
U = V simultaneously diagonalizes the operators, satisfying numerical checks as in
Equation 4.1

∥U †U − I∥, U †P (k)U is diagonal for each k. (4.1)

Algorithm 6 Simultaneous Eigenbasis Computation
Require: Commuting Pauli operators {P1, P2, . . . , Pm}
Ensure: Unitary V simultaneously diagonalizing all Pk

1: Compute eigenvectors {ϕ(1)
i } of P1, assemble into V

2: Orthonormalize V via QR decomposition
3: for k = 2, . . . ,m do
4: Project Pk into basis V , obtaining block diagonal structure
5: for each degenerate subspace (block) do
6: Diagonalize within subspace, updating V
7: end for
8: Orthonormalize V again using QR
9: end for

10: Verify unitarity and diagonalization accuracy numerically
11: return V

4.1.2 Sensing Matrix
After identifying measurement settings through simultaneous diagonalization, we
construct the sensing matrix A. Each row of A is formed by vectorizing projectors
Π(k)

ℓ = |ψ(k)
ℓ ⟩⟨ψ

(k)
ℓ |, associated with each measurement basis defined by U , specified

in Equation 4.2

A =



vec(Π(1)
1 )†

vec(Π(1)
2 )†

...
vec(Π(K)

2n )†

 , with M = K 2n rows. (4.2)

M is the total number of projector-rows collected across all K measurement bases.
The pseudocode for constructing the sensing matrix is shown in Algorithm 7. A
singular-value decomposition (SVD) verifies the rank and condition number of A
where the rank of the sensing matrix gives the completeness of the protocol, and
the condition number indicates its robustness against noise.

4.1.3 State Reconstruction Verification
We use basic linear inversion to perform QST and reconstruct a density matrix ρ
by solving the linear relation in Equation 4.3

b = A vec(ρ), (4.3)

27



4. Results

Algorithm 7 Sensing Matrix Construction
Require: Measurement settings Sk, Pauli operator tuples, qubit number n
Ensure: Sensing matrix A

1: Initialize empty list rows
2: for each setting Sk do
3: Compute unitary U via SimultaneousEigenbasis for operators in Sk

4: for each eigenvector ψℓ of U do
5: Compute projector Π = ψℓψ

†
ℓ

6: Append vec(Π)† to rows
7: end for
8: end for
9: Assemble matrix A from rows

10: Verify numerical properties (SVD) to check rank and condition number
11: return A

where b contains measurement outcomes and A is the sensing matrix. To validate
reconstruction accuracy, a known density matrix ρtrue is simulated to generate ideal
measurements bideal. Reconstruction metric is quantum fidelity F (ρ, ρ̂), assessing
statistical overlap with ideal values near 1. In order to assess measurement robust-
ness under realistic conditions, we introduce Gaussian noise (Equation 4.4)into ideal
measurement outcomes.

bnoisy
i = btrue

i + ηi (4.4)

Pseudo-code for the same is provided under Algorithm 8. Metrics such as fidelity
F and reconstruction error E under noise reveal the sensitivity and stability of to-
mography procedures. Repeated trials provide statistical confidence in performance
metrics, ensuring reliability when transitioning from simulation to experimental en-
vironments.

Algorithm 8 Noise Robustness Evaluation
Require: True state ρtrue, sensing matrix A, noise levels {σk}
Ensure: Fidelity and error distributions at each noise level

1: for each noise level σ do
2: for each trial t do
3: Generate noisy outcomes b(t) = A vec(ρtrue) + η(t)

4: Solve least squares for ρ̂(t), enforce physicality
5: Compute error E(t) and fidelity F (t)

6: end for
7: Analyze statistical distribution of F (t)

8: end for
9: Report robustness analysis and interpret physical implications
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Table 4.1: Optimal commuting sets for measurement of 3 qubits obtained by ILP

Setting Pauli Operators

1 IIZ, XYI, XYZ, YXI, YXZ, ZZI, ZZZ
2 IXZ, IYY, IZX, ZII, ZXZ, ZYY, ZZX
3 IIX, XXI, XXX, YZI, YZX, ZYI, ZYX
4 IXX, XYY, XZZ, YYZ, YZY, ZIX, ZXI
5 IIY, IZI, IZY, XII, XIY, XZI, XZY
6 IYI, XIX, XYX, YIY, YYY, ZIZ, ZYZ
7 IYZ, XXY, XZX, YIZ, YYI, ZXX, ZZY
8 IXI, XIZ, XXZ, YIX, YXX, ZIY, ZXY
9 IXY, IYX, IZZ, YII, YXY, YYX, YZZ

4.2 Reduction in Measurement Circuits

Figure 4.1(a) represents the number of measurement circuits required by each
method compared with the naive 3N baseline, for N = 2 to 5 qubits. The bar
chart compares the absolute circuit counts for DSATUR, RLF, Spectral, and GNN
methods, alongside the naive baseline of 3N circuits. We observe an exponential
growth in the baseline: for example, N = 2 requires 32 = 9 distinct measurement
settings, and this balloons to 35 = 243 settings by N = 5 in the naive scheme. All
four heuristic methods drastically reduce this number by exploiting commutation
to group measurements. For N = 2, each method found 5 circuits (versus 9 base-
line), already a 44% reduction. The advantage grows with N : at N = 5, DSATUR
and RLF needed only 59 and 72 circuits respectively, around 75% reduction from
the 243 baseline. In absolute terms, this means that for N = 5 the heuristics
cut the required measurement rounds from hundreds (naively) down to only a few
dozen. These results confirm that graph-coloring heuristics can significantly com-
press the measurement requirements for QST. Even the worst-performing method
(Spectral) achieved over an order-of-magnitude fewer circuits than the naive ap-
proach by N = 5. Such reduction is crucial for scaling QST to higher qubit counts,
since fewer circuits translate directly to less experimental time and data needed.

Figure 4.1(b) shows the optimality ratio between the heuristic circuit count and
theoretical minimum for each coloring method, for N = 2 to 5 qubits. Each cell in
the heatmap shows the ratio of the number of measurement circuits obtained by a
given method to the optimal (minimum) number of circuits for that N -qubit Pauli
set. The optimal circuit counts correspond to the chromatic number of the commu-
tation graph (i.e. the size of a minimum commuting partition). For example, the
optimal number of circuits for full tomography is 5 when N = 2, 9 for N = 3, 17 for
N = 4, and 33 for N = 5. These optima match the known result that 2N + 1 mutu-
ally unbiased bases constitute a minimal informationally-complete measurement set.
As shown in Figure 4.1 DSATUR and RLF achieve or nearly achieve the optimal
grouping in all cases (ratio ≈ 1.0 across N = 2 to N = 5). In contrast, Spectral
Clustering shows a slightly higher ratio, especially at larger N . For instance, at
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Figure 4.1: (a) Optimality ratios of different ordering methods; (b) Circuit-count
reductions compared to the naive baseline.

N = 5 spectral clustering required about 10% more circuits than the minimum (op-
timality ratio ≈ 1.7), indicating a small suboptimality in its grouping strategy. The
performance of the graph neural network was sub-optimal, producing circuit counts
within a few percent of optimum (ratio < 2.9 for all tested N), but can be further
improved by choosing the right training method and appropriate hyperparameters.
Overall, these results demonstrate that the graph-coloring heuristics (particularly
DSATUR, RLF, and the GNN) are very effective at finding near-minimal partitions
of the Pauli set into commuting measurement groups.

4.2.1 Runtime Benchmarks

Figure 4.2 illustrates the runtime breakdown of the graph coloring methods as a
function of qubit count. We measured the computation time required by each step
of the scheduling procedure: (i) Pauli set generation (enumerating all 4N − 1 Pauli
operators for N qubits), (ii) Graph construction (building the commutation graph
by determining edges between non-commuting Pauli pairs), and (iii) Partitioning
(running the coloring algorithm or heuristic to find commuting sets). Figure 4.2
presents these timings for each method at N = 2, 3, 4, 5, with plot lines showing the
contribution of each component. Several trends are evident. Total runtime grows
with N for all methods, roughly following the expected exponential growth in the
problem size (the number of Pauli operators is O(4N) and potential graph edges
O(16N)). For example, at N = 5 (1023 Pauli operators), the overall scheduling time
ranges around a few hundred seconds depending on the method. The optimization
or partitioning phase dominates the runtime at larger N , accounting for the majority
of the time by N = 5 in most methods. This is unsurprising, as it constitutes the
heavy process of the algorithm. In our implementation, partitioning took on the
order of 2 to 3 minutes at N = 5.
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4.3 QST Stability Analysis
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Figure 4.3: (a) Comparison of original and reconstructed density matrices for
a 3-qubit system (Top Rows); (b) GHZ state tomography results indicating near
perfect state reconstruction (Bottom Rows). These outputs are taken for the cases
of zero added noise to account for the reconstruction metrics under ideal conditions.
Fidelity of 0.999986 was achieved under this condition.

In addition to reducing the number of measurements, an optimal grouping strat-
egy should preserve the stability and accuracy of the tomography reconstruction.
We assess this by examining the condition number of the sensing matrix for each
method’s chosen measurement sets, as well as by performing noisy simulation of
QST and measuring the reconstruction fidelity. The sensing matrix here relates
the true state parameters to the expected measurement outcomes; a high condition
number implies that small errors (noise) in the measurements could lead to large
errors in the reconstructed state. Table 4.2 summarizes the condition number of
the tomography design matrix for each method from N = 2 to N = 5. (A lower
condition number is better, indicating a well-conditioned, stable tomography prob-
lem.)

All methods produce a full-rank measurement scheme (the condition numbers are
finite), but there are notable differences. Spectral clustering and Neural Network
groupings yield the lowest condition numbers at each N , indicating the most stable
reconstructions. In fact, even for N = 5 they achieve condition numbers close to
10, meaning they are optimally conditioned in those cases. This reflects that these
methods found mutually unbiased or otherwise optimally independent measurement
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Table 4.2: Condition Numbers per Qubit and Partitioning Method

Qubits DSATUR Spectral RLF NN
2 2.236 068 2.449 490 2.236 068 2.645 751
3 21.293 945 8.289 094 21.921 213 7.607 628
4 23.910 216 12.632 150 16.071 691 18.951 958
5 21.421 791 14.528 083 25.080 870 14.549 314

bases for tomography. The higher condition numbers for DSATUR and RLF sug-
gest that the measurement bases chosen by these methods are not as orthogonal
or well-balanced, leading to some nearly redundant information in the sensing ma-
trix. In other words, their grouping produces measurement outcomes that are more
correlated, making the inversion for state reconstruction more sensitive to noise.
Nevertheless, all condition numbers up to N = 5 remain relatively moderate, indi-
cating that all methods yield workable tomography configurations.

Figure 4.4 showcases reconstruction fidelity with respect to measurement noise (av-
erage over random states). We simulated QST experiments by generating random
density matrices for each N and adding Gaussian noise to the ideal measurement
outcomes, then reconstructing the state via linear inversion for each grouping strat-
egy. Figure 4.4(b) plots the average state fidelity (between the reconstructed state
and the true state) as a function of noise standard deviation, for a representative
case of N = 3 qubit GHZ state. The results confirm that noise affects each method’s
tomography accuracy in line with the conditioning analysis. At zero noise, all meth-
ods trivially achieve fidelity F ≈ 1 (exact reconstruction) and as noise increases, the
fidelity drops. For example, at a modest noise level in the range 10−2, the grouping
yield an average reconstruction fidelity around F ≈ 0.95, but crosses the 0.99 mark
for noise levels of 10−3 and from levels beyond 10−4 we achieve F ≈ 1. In sum-
mary, our noise simulations indicate that our protocol produce reconstructions that
degrade gracefully with noise, but optimal performance can be observed for noise
levels over 10−3.

4.4 Application for NISQ-era Devices
Figure 4.5 represents the variation of reconstruction fidelity as a function of number
of measurement circuits (commuting sets) included, for N = 4. The measurement
settings are shown in Table 4.3 where their elements represent the labels of Pauli
operators of the 4-qubits case. This plot illustrates how the estimated state fidelity
improves as more commuting measurement sets are utilized (simulating an experi-
ment where one could decide to stop early if sufficient fidelity is reached). We see
that the initial measurement sets contribute the most (sets with the highest number
of operators) to improving fidelity. For example, in a typical random 4-qubit state
tomography, the first 15 commuting sets (out of the 25 sets) already recover approx-
imately 95% of the state fidelity. As more sets are added, the fidelity approaches
100% (for an ideal noise-free simulation, it would reach F = 0.999986 once all sets
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Table 4.3: Overview of the 25 Commuting Settings and their Operator Labels.

Settings Operator Labels

Set 1 142
Set 2 41, 149, 189, 221
Set 3 12, 16, 27, 28, 220
Set 4 52, 122, 128, 131, 201, 249
Set 5 1, 21, 107, 109, 121, 143, 233, 253
Set 6 98, 103, 117, 124, 172, 178, 196, 205, 218
Set 7 17, 40, 91, 102, 135, 153, 160, 197, 252
Set 8 24, 49, 69, 108, 115, 144, 185, 228, 251
Set 9 6, 15, 73, 76, 89, 92, 136, 141, 152, 210
Set 10 11, 14, 50, 59, 62, 63, 66, 75, 78, 123
Set 11 25, 37, 65, 87, 125, 150, 170, 206, 232, 242
Set 12 30, 32, 61, 85, 118, 132, 186, 203, 236, 241
Set 13 31, 35, 64, 129, 133, 161, 165, 194, 198, 226, 230
Set 14 7, 8, 47, 56, 191, 192, 199, 200, 239, 240, 248
Set 15 13, 36, 42, 86, 145, 155, 182, 184, 202, 223, 237
Set 16 10, 20, 29, 34, 39, 53, 127, 148, 157, 162, 167, 188
Set 17 9, 38, 44, 84, 94, 113, 119, 159, 169, 209, 215, 254
Set 18 22, 46, 55, 72, 93, 101, 112, 137, 156, 164, 177, 250
Set 19 51, 54, 67, 70, 111, 114, 151, 154, 171, 219, 231, 234
Set 20 2, 23, 26, 74, 79, 82, 163, 166, 187, 190, 238, 243, 246
Set 21 43, 77, 88, 97, 116, 138, 147, 174, 183, 204, 217, 224, 245
Set 22 5, 58, 60, 81, 83, 104, 110, 138, 140, 181, 216, 222, 225, 227
Set 23 18, 33, 48, 71, 90, 105, 120, 139, 158, 173, 195, 214, 229, 244
Set 24 19, 45, 57, 68, 80, 106, 126, 134, 146, 168, 193, 213, 235, 247
Set 25 0, 3, 4, 95, 96, 99, 100, 175, 176, 179, 180, 207, 208, 211, 212
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Figure 4.5: 4-qubit fidelity variation with respect to increasing number of mea-
surement settings for randomly generated state.
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are measured). However, the curve exhibits diminishing returns – the last few sets
only marginally increase the fidelity. This suggests a practical strategy: if one does
not require a fully exact state reconstruction, one could truncate the tomography
after a subset of measurements to save time, while still obtaining a high-fidelity
estimate of the state. In other words, the measurements can be prioritized such
that the most informative commuting sets (those contributing large portions of the
state’s characteristics, for example those capturing large Pauli expectation values)
are executed first. Real-world experiments might exploit this by setting a fidelity
threshold: measure groups until the incremental gain falls below a certain point.
Our grouping methods lend themselves to such prioritization, since they naturally
partition the measurement space – one can evaluate partial results after each group.
This approach is particularly relevant for NISQ-era devices, where resources are lim-
ited and one often seeks “good enough” state estimates rather than perfect ones. By
leveraging the grouping heuristics, experimenters can tailor tomography schedules
that balance completeness against practical constraints.

4.5 Comparison to Current State of the Art
A variety of specialized tomography protocols have demonstrated nominal scala-
bility by leveraging structure or randomized measurements. For example, tensor
network tomography (e.g. MPS-based methods) has been used to reconstruct one-
dimensional states by assuming low entanglement and performing only O(N D2)
local measurements and O(N D3) classical tensor contractions for tensor network
bond dimension D [53]. Classical shadow tomography goes further in principle,
using randomized Pauli or Clifford measurements to build a compact “shadow” that
can predict an arbitrary set of M observables with only O(logM) measurement
settings independent of N , though it does not yield a full density matrix [54].
Compressed-sensing QST exploits low-rank structure, requiring only O(r N logN)
random Pauli settings to reconstruct rank-r mixed states via semidefinite program-
ming, but incurs steep O(N6) worst-case classical overhead as N grows [55].
In contrast, our graph coloring approach remains ansatz-free and reconstructs the
entire density matrix with provably complete, near-optimal measurement groupings
in 3N bases. While presently demonstrated up to five qubits on standard hardware,
this method requires no assumption of low entanglement or rank, and its efficient
and learned heuristics suggest it can serve as a robust backbone for hybrid schemes
as well by combining various approaches mentioned above.
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In this thesis, we developed and analyzed a suite of graph coloring-based strate-
gies to optimize and schedule quantum state tomography (QST) experiments. By
leveraging the commutation structure of Pauli observables, we formulated the to-
mography measurement grouping problem as a graph coloring task, where each
vertex represents a Pauli measurement and edges link pairs of measurements that
cannot be performed simultaneously (i.e. non-commuting Pauli operators). This
combinatorial mapping allowed us to apply both classical and modern heuristics –
DSATUR, RLF, spectral clustering, and a Graph Neural Network (GNN) – to find
efficient groupings of commuting observables. These approaches enabled significant
reductions in the number of measurement circuits required for full state tomogra-
phy without loss of information. Crucially, we showed that intelligent grouping and
scheduling of measurements can dramatically alleviate the experimental overhead
of QST in the NISQ era. Fewer distinct measurement bases mean fewer experiment
re-configurations and shorter overall data collection time. This mitigates issues of
drift and decoherence: on NISQ hardware, long experiments are prone to calibration
drifts and accumulating errors, so minimizing the measurement rounds is critical.
Our scheduling approach also allows for parallelization and streamlined execution
of measurement circuits. For example, groups of commuting Pauli observables can
be measured simultaneously on all qubits, utilizing the hardware to its fullest in
each circuit and thus extracting maximum information per shot. This efficient use
of each quantum sample is particularly valuable when quantum resources (state
preparations and measurements) are limited or costly.

Equally important, we analyzed the quality and robustness of state reconstruc-
tions obtained with the optimized measurement schemes. By examining the condi-
tion number of the tomography fitting matrix and the fidelity of the reconstructed
states, we verified that grouping measurements did not degrade estimation accuracy.
The condition numbers associated with our grouped measurement bases were low
(comparable to standard mutually unbiased basis tomography), indicating that the
linear inversion needed to reconstruct the density matrix remains well-conditioned.
In practical terms, this means our choice of measurement groups yields stable solu-
tions: small fluctuations in measured frequencies (due to shot noise or device errors)
do not get excessively amplified in the reconstruction process. Consequently, high
state fidelities were obtained in simulated experiments.
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5.1 Future Outlook
Looking forward, the graph-theoretic framework presented here can be extended
beyond multi-qubit Pauli systems to arbitrary Hilbert-space dimensions and more
general sets of observables. For instance, one could apply the same protocol to qudit
tomography (where each subsystem has dimension d > 2) or to measurements drawn
from continuous variable (CV) operator families. It is particularly advantageous to
systems which are not well defined by Mutually Unbiased Bases (MUBs) - only ap-
plicable for systems with prime power Hilbert dimension d = pq. Our protocol is not
limited by the dimensionality of Hilbert space and thus can be utilized for arbitrary
dimensions.

On the machine-learning front, a particularly promising avenue is to scale GNN-
based approaches to much larger qubit counts by leveraging transfer learning, one
trains on smaller graphs (e.g., 3-4 qubits) and then fine tunes or even directly applies
those pre-trained models to higher qubit graphs (5, 6, or more qubits). Techniques
such as size-shift regularization, self-supervised local commutation prediction can be
incorporated to improve size transferability. Finally, integrating non-Pauli observ-
ables (e.g., entangling measurements or generalized-Pauli sets for quantum systems
with more exotic symmetries) into the same coloring paradigm offers a path toward
universally efficient tomography protocols in next-generation quantum hardware.
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