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On cosmic censorship for the Einstein-Vlasov system

A numerical study of the spherically symmetric Einstein-Vlasov system for dust-like
initial data

Edvin Martinson

Department of Mathematical Sciences

Chalmers University of Technology

Abstract

Already in the first solution of the Einstein field equations of general relativity, sin-
gularities appeared. A great deal of effort has since been put into understanding
these objects. If there exist singularities from which matter or light could escape,
it would lead to a breakdown of the predictability of the Einstein field equations.
The concept of cosmic censorship, which asserts that no such singularities exist, is
thus fundamental to the theory of general relativity and has been debated in the
community ever since it was first conjectured. In this thesis, cosmic censorship is
investigated numerically in the spherically symmetric, asymptotically flat Einstein-
Vlasov system. The Vlasov matter model is compared to the more primitive dust
model, which is known to generate naked singularities that contradict cosmic cen-
sorship. The Einstein-Vlasov system is simulated with a Particle In Cell method.
The results indicate that initial data that is known to produce naked singularities
in dust matter does not give naked singularities in Vlasov matter with large initial
velocity dispersion. Moreover, it is shown that the Einstein-Vlasov system can ap-
proximate the dust system arbitrarily well up to numerical accuracy. In order to
show that cosmic censorship holds even for Vlasov matter that is initially arbitrarily
close to dust, better precision in the simulations and a combination of numerical and
analytical studies are needed.

Keywords: Einstein-Vlasov, cosmic censorship, naked singularities, Particle In Cell
(PIC), general relativity, kinetic theory, black holes.
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List of acronyms

Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

ADM Arnowitt—Deser—Misner (mass)

EFE Einstein Field Equations

ODE Ordinary Differential Equation

PG Painlevé-Gullstrand (coordinates)
PIC Particle In Cell (method)

SCCC Strong Cosmic Censorship Conjecture
WCCC Weak Cosmic Censorship Conjecture
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Nomenclature

Below is the nomenclature of quantities, indices, parameters, and variables that have
been used throughout this thesis.

Tensors & scalars

Abstract index notation and Einstein summation notation is used, see section 2.1.4
and 2.1.3 for details. Latin indices a, b, ... act as a reminder of the tensor type while

greek indices p, v, . ..

Gy OF ds®
Ty
Ry,
Ripeq
I
K

R

are used for tensor elements in a specific basis.
Spacetime metric tensor
Stress-energy-momentum tensor

Ricci curvature tensor

Riemann curvature tensor

Christoffel symbol

Kretschmann scalar

Scalar curvature

Einstein-Vlasov system

TEF TS ONE sk o

Time coordinate
Area radius
Comoving radius
Metric function
Metric function
Used for notational purpose: A := a% — 32
Density function
Radial momentum
Angular momentum
Energy density
Current of particles
Radial pressure
Tangential pressure

System mass within radius r
ADM mass

X1



ty
'

Apparent horizon

Boundary radius

Initial data parameters and other quantities

ty
7?.
'

K limit

Initial velocity dispersion parameter

Initial energy density amplitude in homogeneous data

Parameter in Eardly-Smarr data (fixed to 3/2 in PG coordinates)
Parameter in Eardly-Smarr data

Critical value of ¢ s.t. { > (. gives naked singularities in dust
Dust singularity time in Eardly-Smarr data

Vlasov singularity time

Choice of initial radius for calculating null geodesics

Choice of grid point to represent r

Numerical Kretschmann scalar singularity limit

PIC simulation

Indices
)
k

m

Parameters

Particle index
Time step index
Spatial element/Grid point index

Number of particles

Number of time steps

Number of spatial grid elements

Number of different initial momentum sizes
Number of different initial momentum angles
Minimum area radius

Maximal area radius

Final time

Temporal grid size

Spatial grid size
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1

Introduction

Ever since Einstein first presented his field equations of general relativity in 1915,
people have tried to solve these equations to gain insights about our universe. The
FEinstein field equations (EFE) are

1 T

Ry, — §Rgab = 8C4GTab ) (1.1)
where indices a,b = 0,1,2,3 denote the four dimensions of spacetime, R, is the
Ricci curvature tensor, R is the scalar curvature, g, is the spacetime metric ten-
sor, (G is the Newtonian gravitational constant, ¢ the speed of light and T, is the
stress-energy-momentum tensor. In simple terms, (1.1) connects the curvature of
spacetime, described by the left hand side, to the matter content in spacetime, de-
scribed by the right hand side. The unknown is in principle the spacetime metric,
Jap, but since this depends on the matter content, the equations need to be solved
for the metric and the matter content simultaneously.

The first solution of (1.1) was presented by Schwarzschild, who in 1916 solved the
equations for a static, spherically symmetric, vacuum case [1]. Already in this
solution, singularities appeared. Initially, these singularities were regarded as just a
mathematical curiosity of the EFE and something that could never exist in reality.
However, in 1939, Oppenheimer and Snyder [2] showed for the first time how matter
could collapse to form what is now known as a black hole. In their solution, they used
a matter model known as dust (a pressureless perfect fluid) with homogeneous initial
data and could show that a so called trapped surface formed around the singularity.
Put simply, a trapped surface is a region in spacetime that is so curved, that no
particle, or even light, can escape it.

If there exist singularities from which matter or light could escape, it would lead to a
breakdown of the predictability of the Einstein field equations. Since the equations
"blow up” at singularities, there would be no way of predicting the behaviour of a
light ray that escapes from a singularity. Thus, in 1969, Penrose [3]| formulated a
conjecture known as the weak cosmic censorship conjecture (WCCC). It asserts that
all physically realistic gravitational collapses are covered by an event horizon, and
hence can not be observed by a distant observer. The validity of this conjecture has
been discussed by researchers ever since.

In 1979, Eardly and Smarr [4] used numerical methods to show that a spherically
symmetric dust system forms so called naked singularities for a certain set of in-
homogeneous initial data. Naked singularities are singularities from which light
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can escape to a distant observer, and their existence thus contradict weak cosmic
censorship. The results achieved by Eardly and Smarr were shown analytically by
Christodolou in 1984 [5]. At first glance, these results appear to disprove the WCCC.
However, since they treat a very simplified case, which may not be physically real-
istic, they are not enough to disprove the conjecture in general. In the framework
used by Eardly and Smarr, only one element of T}, is non-trivial in the dust case,
which indicates the simplicity of the dust model [6]. Eardly and Smarr themselves
write that their results concerning cosmic censorship are likely to change in more
advanced matter models [4]. In the last decades, mathematical studies of cosmic
censorship have mainly been focused on using more general fluid models or dust
cases where the symmetry is perturbed [6].

An alternative phenomenological matter model comes from the Vlasov equation,
which originates in kinetic theory, and gives a statistical description of a collection of
particles [7]. In kinetic theory, particle systems are described by a density function,
f = f(t, z, p), which represents the density of particles for a given time, ¢; position,
x; and momentum, p. Macroscopic properties, like the energy density, are easily
obtained by integrating f over momentum space [8]. The time evolution of the
system is determined by the relevant force fields which are generated by all the
particles collectively. Which force fields are relevant and which type of particle that
is described, depends on the field of research. In for example plasma physics, the
particles are normally electrons or ions and the dynamics are given by the Maxwell
equations. This project is interested in the case of astrophysics, where the particles
are stars and the field equations are those of general relativity [7].

Kinetic theory has been studied intensively in other areas of research and is thus
relatively well known mathematically. Until the 1990s, it was, however, rarely used
as a matter model in mathematical studies of general relatively, despite having some
fundamental advantages [8]. In the Einstein-Vlasov system, four components of T,
are non-trivial, which shows that the Vlasov model is more complex than the dust
model. Moreover, it is still an open question if naked singularities can form in the
Einstein-Vlasov system [6]. This thesis aims to help in answering this question, and
more specifically to answer if initial data that results in naked singularities in the
spherically symmetric dust case also gives naked singularities in the Vlasov case.

Recent studies by H. Andréasson and G. Rein [9], suggests that the Vlasov system
can approximate the dust system arbitrarily well. It is therefore natural to ask
what happens in regards to cosmic censorship for a Vlasov system that is initially
arbitrarily close to dust. Earlier this year, C. Kehle and R. Unger [10] published a
related study, in which they consider critical collapse in the Einstein-Maxwell-Vlasov
system. They show that, depending on the initial mass of the system, the Vlasov
matter either disperses or collapses to a black hole and that no naked singularities
are formed as the critical parameter value is crossed. The result is obtained by
considering a certain dust solution, which is "desingularised” by Vlasov matter in a
similar fashion as done in this work.
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1.1 Purpose

The overall purpose of this project is to analyse the Einstein-Vlasov system numer-
ically to see if naked singularities are formed with this matter model. As described
above, this is still an open question and the hope is that the results will help in
future analytical investigations planned by H. Andréasson et.al. Specifically, there
are two main questions that are to be investigated. Namely, if the Vlasov model
can approximate dust arbitrarily well and if instances where dust is known to give
naked singularities also give naked singularities with the Vlasov matter model.

1.2 Goals

As indicated by the purpose, there are two main questions to be answered and the
work is thus divided into two parts. The first part considers homogeneous initial
data as in the Oppenheimer-Snyder solution. Here, the numerical results can be
directly compared with the analytical results in [2]. The goal is to show that the
dust model can be estimated arbitrarily well by the Vlasov model.

In the second part, inhomogeneous initial data in the form proposed by Eardly and
Smarr is studied. The first step is to replicate the work with dust matter done in [4]
and to translate this into the framework of this thesis. This is done to gain a deeper
understanding of the results presented by Eardly and Smarr and to find the specific
instances of initial data that give naked singularities with dust in our framework.
Once the form of the initial data is known, it needs to be shown that the numerical
method is numerically sound with this initial data. The final goal is to analyse the
Einstein-Vlasov system with initial data that gives naked singularities for dust.

1.3 Limitations

In this project, only the case of spherical symmetry in an asymptotically flat space-
time is considered. This work is focused on the effect of the matter model, with
respect to cosmic censorship. It is therefore of interest to see what happens in cases
where naked singularities are known to appear with a dust model, i.e. in the spher-
ically symmetric case. Furthermore, the system of interest is a group of stars that
collapse to a black hole. Whatever is far away from this system, like the global
shape of the universe, is not of interest. This motivates the asymptotical flatness,
which in physical terms means that there are no gravitational effects far away from
the system.

The Vlasov model is not compared to any other phenomenological matter model
than the dust model. Dust is one of the most popular matter models used by
mathematical physicists, but there are also others such as perfect fluid models and
scalar fields. More specifically, the comparison is focused around the well known
works by Oppenheimer-Snyder [2] and Eardly-Smarr [4], since these are typical
examples.



1. Introduction

To show that the Vlasov model can approximate dust arbitrarily well, only one
error measurement, based on the theoretical trapped surface and boundary radius
is used. The error is measured only in the first (in time) point where a trapped
surface appears. There are a number of more sophisticated error measures that
could be used, e.g. an L? error measure of the entire apparent horizon or an L2
error measure of the metric functions over the entire domain. In regards to cosmic
censorship, the crucial point is, however, where the trapped surface crosses the
boundary radius. Moreover, H. Andréasson and G. Rein [9] have during the course
of this work shown analytically that Vlasov matter can approximate dust arbitrarily
well. The numerical studies here are thus of less interest and only constitute a small
part of the project. Hence, we suffice with the chosen error measure.

Following [9], we use Painlevé-Gulistrand (PG) coordinates. Previous analysis by
H. Andreasson and G. Rein has shown that this is preferable over using comoving
coordinates, which are used in the original paper by Eardly-Smarr, due to problems
with local existence in the Vlasov system. It is, however, not possible to in general
translate the initial data prescribed in [4] to our framework in PG coordinates. An
overview of the system considered in [4] is presented in Appendix C and the initial
data depends on two parameters p > 0 and ( > 0. Specifically, the translation
is not possible for general p. As shown in [9], the expressions become particularly
manageable for p = % and we thus restrict our analysis to this case. This is in
principle not a restriction, since the exact parameter values are not important as
long as it can be shown that naked singularities in the dust case disappear with

Vlasov matter for the same parameters.

Furthermore, there is an infinite set of parameters that give naked singularities with
dust. Namely, naked singularities occur for all { > (..;;. We restrict our investigation
of cosmic censorship in Vlasov matter to two different zeta values and merely discuss
how further investigations could be conducted for a more general result.

Finally, we limit the investigation to Vlasov matter that is relatively far from dust.
The effect of using Vlasov matter instead of dust does not come into effect until
very close to the singularity. To see this effect numerically, higher precision would
be needed, which would require more computer power or simulation time. In section
7.1, we discuss how to show that cosmic censorship holds even for Vlasov matter
that is arbitrarily close to dust by a combination of analytical and numerical studies.

1.4 Outline

In the following chapter, the mathematical structure of general relativity and im-
portant concepts in astrophysics are introduced. A brief overview of the EFE and
kinetic theory is given to present the Einstein-Vlasov system. In chapter 3, a general
description of the PIC scheme is outlined before this is specified in the context of
this thesis in chapter 5. The main system of this thesis is presented in chapter 4
and the numerical methods used to simulate it are specified in chapter 5. The main
results are presented and discussed in chapter 6, and the implications of them are
summarised in chapter 7 together with an outlook on further analysis required.



2

Theoretical background

In this chapter, the theoretical framework of the project is presented. First, a
background of important mathematical concepts in general relativity, such as ten-
sor calculus, metrics and manifolds, is given. These mathematical concepts are then
concretely connected to the structure of spacetime, where general relativity is briefly
compared to the picture in pre-relativistic physics and special relativity. For context,
some relevant terminology used within the field of astrophysics is then presented.
A brief overview of the Einstein field equations and kinetic theory is given before
they are put together to form the Einstein-Vlasov system. Note that, unless other-
wise stated, geometrised units are used in all the physical formulas in this chapter.
Specifically, we set Newtons gravitational constant G = 1 and the speed of light
c=1.

2.1 Tensor calculus and manifolds

The theory of general relativity frequently uses tensors to describe the equations.
Here, some of the key concepts of tensor calculus are presented. Moreover, a brief
introduction to manifolds and the metric tensor is given. The formalism follows that
presented by Wald in [1].

2.1.1 Tensors

Tensors can be seen as a generalisation of vectors and matrices. To precisely describe
them, some formalism is needed. Let V' be a finite dimensional real vector space.
The dual space, V*, can then be defined as the space of all linear maps f: V — R.
In other words, V* := {f|f : V — R, f linear}. An element v* € V* is called a
dual vector. Furthermore, if {vy,...,v,} is a basis of V, then {v!",... 0" } is a
basis of V*, where v"'v; = 0¢. Here, 0 is the Kronecker delta. This implies that
dim(V) = dim(V*) = n, and since the basis elements are directly correspondent,
there is an isomorphism between V' and V*. However, this isomorphism depends on
the basis, so more structure is needed to define it. To add this structure, a metric
is introduced, which is described in section 2.1.8. Note that the dual of the dual
vector space, (V*)*, is naturally isomorphic to the original vector space V. Thus,
(V*)* can be directly identified with V.
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With this formalism, we can define the notion of a tensor. A tensor, T, of type (k, )
is a multilinear map

T:V*x---xV*xVx---xV->R. (2.1)

k times [ times

A dual vector is thus a (0, 1)-tensor. If we define vectors as column vectors in some
basis, we see that dual vectors can be viewed as a row vectors. Moreover, the linear
map defined by them is the scalar product. To illustrate, let x € V and y € V*.
Then, y : V — R, and

y$:|:y1,..-;yn:| | =gty €R, (2.2)

xn

where, by convention, subscripts denote the components of dual vectors and super-
scripts components of vectors. Also note that a (1, 0)-tensor would be an element of
(V*)*, but since (V*)* is identified with V', a (1, 0)-tensor is just an ordinary vector.

Due to this identification, tensors of higher type can be thought of in several equiva-
lent ways. By fixing an element v € V' in the (1, 1)-tensor 7', we get T'(-,v) : V* — R.
Thus, T(-,v) € (V*)*, which, by the identification, implies T'(-,v) € V. T is thus a
linear map from V to V', ie. T': V — V. To illustrate this, 7' can be thought of as
an n X n matrix in a given basis. With x and y as above, T can be described either
as in (2.1),

Ty .o TV 2!
T(y,z)=yTz=[y,..,mn] | 1 . ||| €R, (2.3)
™ ... 1" | |="
or as a linear map 7" : V — V,
T, ... T [« R e e
T(,z)=Tx= | .. = : ceV. (2.4)
™, ... IT" | |a” Tyl + - T 2"

Vectors and matrices are thus low-level tensors, which can be formalised by the
following. Given a basis {vy,...,v,} of V and a basis {v",... 0¥} of V* a (k,1)-
tensor can be expressed as an object with n**! elements.

2.1.2 Tensor transformation law

Naturally, the tensor elements depend on the coordinate system used. If the coor-
dinate system is changed, the tensor elements are changed accordingly, which is de-
scribed by the tensor transformation law. Let {xq,...,z,} be the initial coordinate
system and let {Zo, ..., Z,} be another coordinate system related to {zo,...,x,} by
some map. If T'is a (k, [)-tensor with tensor elements 7#1-# = in the initial co-
ordinate system, the tensor elements in the new coordinate system can be calculated
as
oo ozt 9x™ gz ox™

n
_ T e e )
B8 Z . ViVl Ot Oxte OFb1 ozh
By =

(2.5)
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2.1.3 Einstein summation notation

To handle tensor operations more easily, Einstein introduced an index notation in
which summation over repeated indices is implied. As an example, consider the
summation in (2.2). The sum would in normal matrix notation be written as

yr = Z Yili . (2.6)
i=1

In Einstein notation, however, the sum over repeated indices is implied and the
above is written as
yr = yx' (2.7)

where the sum is understood to run over z = 1,...,n. In this simple example, not
much is gained from the simplified notation. Consider now the matrix multiplication
in (2.4). Let b = Tx, then the elements of b in normal matrix notation would be
written as

n
bi=> Tyz;, i=1,....n. (2.8)
j=1
In Einstein notation, this is written as
V=T, (2.9)
where it is understood that the sum runs over the repeated index j = 1,...,n and

that it is true for allt =1,...,n.

As the level of the tensor increases, the implied summation notation becomes more
and more useful. This notation is used throughout this report, unless otherwise
stated.

2.1.4 Abstract index notation

When doing operations on tensors, it can quickly become difficult to keep track
of which indices are involved in a specific operation. Furthermore, as described in
section 2.1.1, a high level tensor can be viewed in different ways. One way of simpli-

fying the notation is by introducing a basis {vy,...,v,} of V and {v'",... v"} of
V*. Then each (K, [)-tensor can be expressed by its basis components 7%t~ =~ .

However, an equation that is true for the tensor elements in a specific basis, may
not be true as a general tensor equation. Note that the reverse is always true.

To distinguish between pure tensor operations and operations on tensor elements in
a specific basis, the abstract index notation presented in [1] is used. A (k,[)-tensor,
T, is denoted by T, . The latin indices do not denote the elements in a
specific basis, but rather act as a reminder of which type of tensor 7" is. Greek indices
are instead used to denote the tensor elements in a specific basis. For example T*,
denotes the (u,v)-th basis component of the tensor 7% .

This notation can be seen as a convenient mixture between the purely mathematical
notation, writing tensors as letters without information of the type, and the element-
wise notation, which potentially loses information by only considering the tensor
elements in a specific basis.
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With this notation, we again consider equation (2.2). The left hand side would now
change from the purely mathematical notation yx to y,z*. With Einstein notation,
this would imply summation over a. It could thus directly be seen that this is a
scalar, even if the basis is not known. The notation y,x* would also be a scalar,
although, it would be the summation over the tensor elements in a specific basis. In
the same way, the left hand sides of equation (2.3) and (2.4), would be written as
y, T% x° and T% x° respectively. Note here that in the second expression the index b
will be summed over, leaving a super-scripted a, which then directly indicates that
the object is a (1, 0)-tensor (i.e. a vector).

The abstract index notation is, as the Einstein summation notation, used for the
remainder of this report, unless otherwise stated.

2.1.5 Tensor operations

Here, some of the most important tensor operations are presented. The contraction
operation reduces the dimension of the tensor, by summing over a vector index, 7,
and a dual vector index, j. For a (k, [)-tensor, T*"*, ,  the contraction operator
C with respect to the i-th and j-th indices gives

A15.,0k g L 01,e05—1,C, Qg 15,0k
O(T b1,...,by 72’]) - T b1,...,bj,1,c, bj+1,...,bl

_ Ual,.-~,ai—1yai+17"'7ak’ (210)

bi,bj—1, 654150501 0

where U is a (kK — 1,1 — 1)-tensor. Note that summation over ¢ is implied. For a
(1, 1)-tensor, which we associate with a n x n matrix, the contraction T is just the
trace of the matrix.

Another important tensor operation is the outer product. The outer product op-
erator takes a (k,[)-tensor, T, and a (m,n)-tensor, U™, and

constructs a (k + m, [ + n)-tensor,
@1,e.,0k,C15---,Cm _ G1,...,a ClysCm
S brobidiedn = 1 b U (2.11)

In a given basis of V and V*, the elements of Sk m are given
) b1,..sbk,d1 e ydn

by the product of the elements of 7* ~  and U*“", ;. In other words,

Sal,~~~,oék7u1,~~~,#m — Talv-wakﬂl ..... 8 UHB1sbm (2‘12)

BB V150 Vn Vlyeosln °

Using abstract index notation, the "®” in (2.11) can thus be omitted.

To illustrate the outer product, let {v;, v} be a basis of V and {v!",v?"} a basis
of V*. A (0,1)-tensor, T, and a (1,0)-tensor, U®, can then be represented by their
basis components as

Ul
Ta = [Tl TQ] ) Ub = [U2‘| ’ (213)
and the outer product, S%, is given by
T,U' T U1]
S =T, U= |} 2 2.14
b b lTI U2 f]’v2 U2 ( )
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2. Theoretical background

2.1.6 Manifolds and tangent spaces

In the above discussion, we always assume a general vector space V. However, in
general relativity the more general concept of manifolds is needed (see section 2.2.1).
An n-dimensional manifold, M, is a topological space that locally resembles R™.
Specifically, near each point p € M there is a neighbourhood that is homeomorphic
to an open subset of R™. Recall that two spaces, X, Y, are homeomorphic if there is
a bijective map f : X — Y such that f and f~! are both continuous. This concept
allows for the use of local properties of R” without making global assumptions on
the structure of spacetime.

Note that a manifold is not a vector space. For example, the sphere, S = {(z,y, 2) €
R3|2? + 9% + 2% = 1}, is not a vector space since there is no natural way of adding
two points p,q € S such that p+ ¢ € S. Locally, however, the surface of the sphere
will look like R?. This can be made precise with the notion of a tangent space, V,
at the point p € M. Briefly, the tangent space, V,, consists of all tangent vectors
at p. Since it is not the focus of this report, readers are referred to [1, Chapter
2] for details on how this is formally defined. Nevertheless, the tangent space V/,
has the properties of a vector space and by assigning a tensor over V, for each point
p € M, a tensor field is defined. Moreover, the tangent spaces V), of all points p € M
can be collected into the so called tangent bundle, T'M, which is itself a manifold.
Specifically, TM = {(p,y) |p € M,y € V,}.

2.1.7 Metric tensor

A metric is intuitively the infinitesimal squared distance associated with a infinites-
imal displacement. This infinitesimal displacement can be described precisely by a
tangent vector. The metric at p € M should thus be a linear map g : V, x V,, = R,
which is a (0,2)-tensor. Moreover, the metric needs to be symmetric (g(v,w) =
g(w,v) Yv,w € V,) and non-degenerate (g(v,w) = 0Vv € V, <= w = 0). The
metric on a manifold is thus a symmetric, non-degenerate, (0,2)-tensor field. In
particular, this means that a metric, g, on a manifold, M, is an inner product on
V, for each p € M. Note that the inner product here is not assumed to be positive
definite.

Now, let xzg,...,z, be the coordinate basis. Then the metric tensor g, can be
written in terms of its components, Gy B8

Jop = D YGpdada” . (2.15)

pv=1

Note that the metric tensor is sometimes also denoted ds?.

For a metric g, it is always possible to find an orthonormal basis {vy,...,v,} of V,
for each p € M. Note that since positive definiteness is not assumed, an orthonormal
basis fulfills

0 ,u#v

. 2.16
+1 ,pu=v ( )

g(UN, UV) = {



2. Theoretical background

The number of + and — signs that occur in (2.16) is the signature of the metric.
Positive definite metrics (+ + ---+) are called Riemannian, while metrics of the
form (— + +---+) are called Lorentzian.

2.1.8 Metric tensor operation

Above, we define the metric tensor g, as a linear map, ¢g : V,, x V, = R. However,
recall from section 2.1.1 that such a tensor may also be viewed as a linear map from
Vp to VS, by v = g(-,v) (since g(-,v) : V, = R = g(-,v) € V). Here V" is the
dual tangent space, also known as the cotangent space. Due to non-degeneracy of
the metric, this map is a bijection, meaning that the inverse map exists. There is
thus a one-to-one correspondence between vectors and dual vectors through g, .

The inverse of g,, is a (2,0)-tensor which we denote g*. As described above, by
acting with g, on a vector v, we get a dual vector, which we denote v,. This then
defines the index lowering and index raising operations given by the metric. To
clarify,

g’ =1 v, (2.17)
g%, = 0" . (2.18)

The same applies when the metric acts on a general tensor. For example, consider
Jab acting on the (4, 3)-tensor T, ;. The result will be the (3,4)-tensor 7% ¢, ,
ie.

9anT g =T i (2.19)

g a fgi

2.2 Spacetime structure

The dimensions of space and time can be put together to form a continuum of events,
known as spacetime. Each event is a point of space, (z,y, z), at an instance of time,
t. In pre-relativistic physics, spacetime was divided into three parts. Past events,
future events and simultaneous events. The past and future events were divided
by the hyperplane of simultaneous events. If the event p lies in the present, it was
thought that any observer in the past could go to p and that an observer of p could
go to any point in the future. It was, however, impossible for an observer to be at
two different simultaneous events. This structure is illustrated in Figure 2.1a.

When special relativity was presented, and it was understood that nothing can travel
faster than the speed of light, this picture changed. Only material particles in the
past light cone could go to the event p, and a material particle at p could only go to
events in the future light cone. The boundary of the future light cone are events that
could be reached by light emitted from p, and similarly the boundary of the past
light cone are events from which light can reach p. These events are called lightlike
or null related to p. The concept known as null infinity is the abstract region where
a lightlike path ends up in infinite time. Events outside of the light cones are said
to be spacelike related to p and can never affect the future of p. Events within the
cones are instead said to be timelike related to p. This is illustrated in Figure 2.1b.

10



2. Theoretical background

Note that there is no notion of absolute simultaneity in special relativity, since time
depends on the observer.

Future

time i
Future time

y p ® Simultary space Spacelike
Past
(a) Pre-relativistic picture (b) Special relativity

Figure 2.1: Spacetime structure in pre-relativistic physics and special relativity.

In general relativity, the picture becomes more complicated due to the curvature of
spacetime. The central idea of general relativity is that gravitational forces are not
properties of a gravitational field, but rather properties of the structure of spacetime
itself. The curvature of spacetime depends on the matter content, as described by the
EFE in (1.1). In the presence of matter, the light cones in Figure 2.1b are therefore
altered and point more inward towards the mass. The extent of this alteration
depends on the size of the mass, and in a black hole, the curvature is so large that
all of the light cone points inwards. This is explained more formally in section 2.3.1.
The remainder of this section is devoted to presenting the mathematical structures
needed to handle curved spacetimes by concretising concepts from section 2.1.

2.2.1 Spacetime manifold

In pre-relativistic physics and special relativity it is assumed that any event in
spacetime can be characterised by four numbers, (¢, z,y, z). Hence, spacetime is in
one-to-one correspondence to R*. However, in general relativity, no such global as-
sumptions are made. Instead, spacetime is assumed to be a 4-dimensional manifold,
which allows the use of local properties of R* without making global assumptions
on the structure of spacetime. Moreover, this allows for the spacetime to be curved.
Specifically, spacetime is a manifold with a Lorentz metric g,, (see section 2.1.7).

2.2.2 Spacetime metric

In pre-relativistic physics, both the time interval between events, At, and the spatial
interval between simultaneous events, |Ax|, are observer independent. The distance
between events in spacetime can thus be defined as in Euclidean space. However,

11



2. Theoretical background

in special relativity, neither At nor |Ax| are observer independent. Instead, the
spacetime interval,

1
2

I=—(A1)?+ 5 [(A2)* + (Ay)® + (A2)?] |, (2.20)
is the observer independent quantity. Here ¢ is the speed of light. By consider-
ing infinitesimal changes, this can be defined as the metric of spacetime in special
relativity. The path of an inertial observer in this spacetime is a geodesic of the
spacetime metric, and the curvature associated with the metric is flat. Remember
that a geodesic is the curve that represents the shortest path between two points
in a manifold. Note as well that the spacetime metric is a Lorentzian metric of
signature (— + ++). The flat spacetime of special relativity is also known as the
Minkowski spacetime. The concepts of spacelike, timelike or lightlike (null) paths can
be specified as if the spacetime interval of the path is > 0, < 0 or = 0 respectively.

In general relativity, the observer independent properties of spacetime are also de-
scribed by the spacetime metric and the paths of inertial observers are given by
geodesics of the spacetime metric. However, since gravity is a consequence of the
curvature of spacetime, the flat metric of special relativity can not be the spacetime
metric of general relativity. Moreover, since the curvature of spacetime depends on
the matter content of spacetime (as postulated in the EFE), the spacetime metric is
not just a set arena, but instead a dynamical variable that changes with the matter
content. Hence, to solve the EFE for the motion of matter, the equations need to
be solved for both the metric and the matter distribution simultaneously.

2.2.2.1 Geodesics equation

Given a coordinate basis, {z!,..., 2"}, a geodesic of a metric can be mapped onto a
curve, z#(7), parametrised by some 7. The curve can be determined by the geodesic
equation,

d?xH dx? dx¥
r =0, (2.21)

dr? + Vdr dr

where I'*_ is the Christoffel symbol specified in (2.35). Given initial values for a*

and ‘Z”—:, (2.21) has a unique solution [1]. As discussed above, a null geodesic must
also satisfy

dx* dx”
—— =0. 2.22
Iy dr dr 0 ( )

2.2.2.2 Schwarzschild solution

To concretise the notion of a spacetime metric, we consider the Schwarzschild solu-
tion, presented by Schwarzschild in 1916. Schwarzschild considered a static, spheri-
cally symmetric case. In a static spacetime, all metric components are independent
of t and the geometry is unchanged by time-reversal (t — —t). The concept of static
spacetimes will not be explained further in this context, and readers are referred to
[1, Chapter 6.1] for more details. However, since this thesis is also concerned with
spherically symmetric spacetimes, more effort is put into explaining this concept.

12
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The physical interpretation of spherical symmetry is that the spacetime metric is
invariant under rotations. The spacetime metric then induces a metric on each
orbital sphere. Due to the symmetry, the induced metric must be a multiple of the
metric on the unit sphere and can thus be characterised by the area, Ag, of the orbit
sphere. For this, we define the area radius as

r = <i’j)% . (2.23)

Note that, in Euclidean space, the area radius is just the radius of the sphere, but
this is not necessarily true in curved space.

In spherical coordinates, (7,6, ¢), the metric on each orbit sphere becomes
ds® = r*(df* + sin®(0)d¢?) (2.24)

where r > 0, 0 € [0,7] and ¢ € [0,27]. To choose coordinates for the entire
spacetime, we choose an initial sphere with spherical coordinates. These coordinates
are then translated along the geodesics orthogonal to the initial sphere to spheres
with different . This method is described more thoroughly in [1, Chapter 6.1],
but the resulting spacetime metric for a static, spherically symmetric spacetime in
(t,r,0,¢) coordinates is

ds® = —hy(r)dt? + hy(r)dr® + r?(d6* + sin?(0)d¢?) . (2.25)

Here r, 6 and ¢ are as before, while t € R. For clarity, this is written in tensor form
as
—hi(r) 0 0 0
. 0 hg (T’ ) 0 0
Gab = 0 0 7,.2 0 ;
0 0 0 r?sin?(0)

(2.26)

in accordance with (2.15). Note that the functions h; and hs do not depend on ¢,
since the metric is static. Morover, these functions are determined by solving the

Einstein field equations. By solving for a vacuum case (7,, = 0) they become

—1

m) = (1-20)  hy = (1-21) (2.27)
r r

where M is the total mass of the Schwarzschild field. This mass is defined by

coinciding with Newtonian gravity for large r. This can be done due to asymptotical

flatness of the metric, i.e. as r — oo the metric will be that of special relativity

in spherical coordinates (compare to (2.20) with ¢ = 1). This is known as the

Arnowitt-Deser—Misner (ADM) formalism of defining mass in general relativity.

By examining the functions hy; and hs in equation (2.27), we see that the metric
components become singular as r = 2M or r = 0. The singularity at r = 2M is
caused by a breakdown of the coordinates, whereas the r = 0 singularity is a true
singularity. The difference between a true singularity and a coordinate singularity
is discussed further in section 2.2.3.
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2.2.2.3 Painlevé-Gullstrand coordinates

An alternative coordinate system for the Schwarzschild solution is the Painlevé-
Gullstrand (PG) coordinates, which are used in this thesis (see chapter 4). An
advantage of using PG coordinates is that the Schwarzschild coordinate singularity
at r = 2M 1is removed. For instructive purposes, we here derive the Schwarzschild
metric in PG coordinates. Starting from the Schwarzschild coordinates (¢,r,0, ¢),
let £ = t + 7(r) for some function 7(r). In other words, consider the coordinate
transform

t =t+7(r),

rTo=r,

i o (2.28)
(b =

The metric in the new coordinate system, g,,,, is given by the tensor transformation
law in (2.5) as,
. 0z® 0z
gltu - gaﬂ aji':u‘ ajy Y <229)
where z is the original coordinates and = the new ones. Note that only the diag-

onal elements of g,5 are non-zero (see (2.26)), and that the only non-zero partial

9z0 __ ot __
ozl — or

_ 0x° 0x° ot Ot
Jo1 = goo@@ = —hl(r)a—fﬁ
~ 0z 02 ot Ot )
910 = goo@@ = _h1<7")%87t~ = hy(r)7'(r),
- 0x° 02° oxt Ot

911 = QOO@@ + 911@@

Ot oror
aror |2\ o7 or
g,uy = Gap> if,U:VZOéZﬁZO,Q,?).

—7'(r) and §§Z for a« =0,...,3. By this, we get

derivatives are

= ha(r)r'(r),

= —ha(r) =~ (r) (7'(r))" + ha(r),

By ignoring the tildes in the new coordinates, the Schwartzschild metric in PG
coordinates becomes

ds? = _hl(r)dt2+27’(r)h1(r)dtdr+{h2(r) — hq(r) (T/(T'))Q} dr®+r*(d9*+sin®(0)d¢?) .
(2.30)
ha(r)—a?

To simplify the expression, choose 7(r) such that 7/(r) = ) for some a =

a(r). Then, a® = {hg(’f’) — hy(r) (7'/(7’))2] Furthermore, note that hy - hy = 1 in the
Schwarzschild solution (2.27), so

27 (1)) =2, "2 (;)a2h1<r> = 2/(ha(r) = @) () = 2/1 = a2l (1) =

1 —a?hy(r)
4

=2a°

=203, (2.31)

a
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where § 1= /=m0 Thus by (r) = <a% — 62(12) and the metric can be written as
1
ds> = — (a2 _ a2[32> dt? + 2a2Bdtdr + a>dr® + r*(d6® + sin®(0)d¢?) . (2.32)

This derivation is mainly presented to show the form of the Schwarzschild metric in
the PG coordinates. The exact form of the metric used in this thesis is presented in
chapter 4.

2.2.3 Singularities and the Kretschmann scalar

A singularity is a geodesically incomplete point in spacetime, i.e. a point from which
the geodesics can not be extended smoothly. As seen in section 2.2.2.2 and section
2.2.2.3, classifying when a singularity occurs is not trivial. The metric can become
singular solely due to the chosen coordinate system, as the r = 2M singularity in
the Schwarzschild case. To remove such cases, a quantity that is invariant of the
coordinates should be considered to define a singularity. One such choice is the
Kretschmann scalar, which is defined by

K= RabcdRade’ (233)

where R, is the Riemann curvature tensor of the spacetime manifold. At a
singularity, the curvature becomes infinite which means that K — oo. In the
Schwarzschild case, K = 48M?/r® from which it follows that r = 2M is not a
real singularity.

2.3 Horizons and cosmic censorship

As shown in section 2.2.2.2, singularities appeared already in the first solution to the
Einstein field equations presented by Schwarzschild in 1916. It was, however, not
until 1939 that Oppenheimer and Snyder showed how matter could collapse to form
what is now known as a black hole. The debate around the nature of singularities and
black holes then really started kicking off in the 1960s, with e.g. the Kerr solution
of a rotating black hole being presented in 1963. The purpose of this section is to
introduce some important concepts needed to understand these discussions.

2.3.1 Trapped surfaces and horizons

A black hole is characterised by the formation of a trapped surface, which is a region
in spacetime from which no particle, not even light, can escape. It is formed when
matter becomes so concentrated, and thus the spacetime so curved, that all the
null geodesics from the region converge. The boundary of the union of all trapped
surfaces of a black hole is called the apparent horizon. 1t is defined as the boundary
between where outward directed light rays actually move outwards and where they
instead move inwards. An apparent horizon is thus a property of spacetime that is
local in time. Its existence can be shown by showing that light rays originating in
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the trapped surface always move inward, whereas light rays originating outside can
move outwards. This is what is normally done in numerical relativity [11].

The more commonly known concept of an event horizon, is instead a global property
of spacetime. An event horizon is defined as the boundary of a region from which
light can not reach the future null infinity. In other words, a light ray originating
from inside an event horizon can not escape even in infinite time. An event horizon
can thus not be be located with local experiments in finite time. In stationary
spacetimes an apparent horizon coincides with an event horizon, but this is not true
in general. However, in the context of general relativity, the existence of an apparent
horizon implies that a future event horizon will form outside of it [11].

2.3.2 Cosmic censorship

The notion that an event horizon forms around spacetime singularities is fundamen-
tal to the entire theory of general relativity. A singularity without an event horizon,
from which light could escape to the future null infinity, is called a naked singularity.
If naked singularities exist, it would lead to a breakdown of the predictability of the
Einstein field equations. Predictability is a fundamental feature of a physical model,
and in pre-relativistic physics, everything, past or present, can be predicted by the
laws of physics given sufficient initial data. However, since the EFE "blow up” at
a singularity, there would be no way of predicting the behaviour of a light ray or
particle that escapes from a singular region.

By several researchers in the field, it had thus implicitly been assumed that an event
horizon is always formed around a singularity so that no distant observer could see
the singularity [12]. In 1969, Penrose [3] formulated this as a conjecture known
as the weak cosmic censorship conjecture (WCCC). More specifically, in physical
terms, it asserts that all physically realistic gravitational collapses are covered by
an event horizon and hence can not be observed by a distant observer [12]. A more
precise mathematical definition can be found in [1], but we highlight the requirement
of regular, asymptotically flat initial data and a ”suitable” matter model. Exactly
what constitutes as a suitable matter model is not settled, but some conditions are
that it is governed by deterministic equations and that it has locally positive energy
density. Note that perfect fluid models, which can generate naked singularities, can
obey both these conditions. In order to exclude these, some researchers have tried
to impose extra conditions on the matter model in the conjecture [12].

In 1979, Penrose formulated another conjecture concerning the predictability of gen-
eral relativity. In physical terms, it asserts that in any physically realistic spacetime,
no singularity (apart from an initial "big bang”) is ever visible to any observer [1]. In
other words, it states that, despite singularities, the theory of general relativity is a
generically deterministic theory. This conjecture is known as the strong cosmic cen-
sorship conjecture (SCCC), and again a more precise mathematical formulation can
be found in [1]. Note that this conjecture is stronger than the WCCC in the sense
that it applies to any observer in any spacetime, as opposed to a distant observer
in an asymptotically flat spacetime.
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Despite this, strong cosmic censorship does not in general imply weak cosmic cen-
sorship, since it is possible to construct examples that would obey the detailed
conditions of the SCCC but not the detailed conditions of the WCCC. Weak cosmic
censorship does also not imply strong cosmic censorship. Furthermore, in this thesis,
only WCCC is considered. The SCCC is only presented in order to guide the reader
who might encounter these concepts in other literature.

2.4 Einstein-Vlasov system

In this section, the Einstein-Vlasov system is introduced. First, the Einstein field
equations and concepts concerning them are presented in some more detail. Then,
kinetic theory and the Vlasov equation are introduced. Finally, we present how to
use the Vlasov equation as a matter model in the EFE to form the Einstein-Vlasov
system.

2.4.1 Einstein field equations

With geometrised units, the Einstein field equations are
1
Rab - iR gab - 87TTCLb y (234)

where Ry, is the Ricci curvature tensor, R is the scalar curvature, g, is the spacetime
metric tensor and T, is the stress-energy-momentum tensor. The left hand side is
also defined as the FEinstein tensor Gg,. In cosmological solutions, there is a term
of Ag,, included in the left hand side to account for the acceleration of expansion
of the universe. A is called the cosmological constant and is negligible at the scale
of a galaxy or smaller. It is thus set to zero in this thesis. In general, (2.34) is a
system of 10 coupled non-linear partial differential equations, where the metric g,,
is the unknown. Moreover, the system needs to be solved for the spacetime metric
and the matter distribution simultaneously [1].

As discussed before, the left hand side of (2.34) describes the curvature of the
spacetime. Since differential geometry is not the focus of this thesis, the definition
of the Ricci curvature tensor from the Riemann curvature tensor is not covered, and
readers are referred to [1, Chapter 3|. In simple terms, the Ricci tensor describes
how a volume element in flat space changes due to curvature. The different tensor
components represent the change along geodesics in different directions [13]. The
scalar curvature is just the trace of the Ricci tensor, i.e. R = R,*. The Ricci
tensor components can be expressed in terms of the Christoffel symbol, which is a
tensor field associated to the derivative operator on the manifold and the coordinate

system. Given a coordinate system {z°,...,2"}, the components of the Christoffel
symbol can be expressed as
1 99,,  99,, Og
re = —g” o 2 =) 2.35
w =99 <8x“ + ox” ox° ( )

The dependence of R, on the metric is thus highly non-linear and involve derivatives
up to second order [1].
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In the right hand side of the equation, we find the stress-energy-momentum ten-
sor, T,,. It is a symmetric tensor and its components, T, , describe how energy’
and momentum flow through a spacetime volume. The first index describes which
component of the four-momentum is being considered, while the second describes
in which spacetime direction the flow is. Note that the 0-th component of a four-
momentum vector is the energy, while the others are the momentum in each spatial

direction. The components of T, can then be identified as:

o T4, is the energy density, i.e. the energy per spatial volume unit.

. Ty,

tion.

is the energy flur in the p-direction, i.e. energy flowing in a spatial direc-

o T, is the momentum density in the O-direction, i.e. momentum flowing

through time.

 T,, is the pressure (or force) in the p direction.

» T,,, v # pu,is the shear stress, i.e. the rate of change of y-momentum in the

v-direction.
Here the the indices u, v represent the spatial directions, i.e. p,v =1,2,3.

The interpretation of these components depends on the chosen reference frame and
coordinates, since in general relativity, the notion of time and space depend on the
observer. To solve the EFE, the components of T, thus first have to be expressed
in terms of g,,. How this is done depends on which system is being studied, but
in the end, a system of equations for the unknown metric g, is set up. For the
Einstein-Vlasov system, this is done explicitly in section 2.4.3.

2.4.2 Kinetic theory and the Vlasov equation

Kinetic theory has been studied extensively as a mathematical subject for several
decades. Its purpose is to model the time evolution of a system of particles, and
it is, together with fluid models, one of the most used mathematical models for
this. As described in the introduction, it is, for example, commonly used in the
field of plasma physics. In plasma physics, the particles are electrons or ions whose
interactions are governed by the Maxwell equations. In mathematical studies of
general relativity, it is, however, more common to use simpler fluid models, even
if interest in kinetic theory has increased in the last decades. In astrophysics, the
particles can be considered to be stars and their interactions are governed by the
Einstein field equations [8]. This section presents some general concepts about
kinetic theory and the Vlasov equation.

In kinetic theory, the particles are modeled statistically. The particle system is
described by a density function, f = f(¢,x,p), which represents the density of
particles in phase space for a given time, t; position, z; and momentum, p [8]. Note
that if there are three spatial dimensions, phase space is a six dimensional space
with coordinates (z', 22, 23, p', p?, p?). Macroscopic quantities of the system can be

Note that in geometrised units (¢ = 1) energy and mass are the same, since E = mc?.
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calculated from f by integrating it with respect to momenta and some kernel x(p)
[6]. This differs from fluid models, where the system quantities do not depend on p,
only the spacetime-position (¢, x) [8]. To clarify, the quantity Q(¢,x), related to the
kernel k(p), can be calculated as

Qt,z) = /R3 k(p)f(t,z,p)dp . (2.36)
The energy density, p(t,x), is given in the case where x(p) = 1 [6]. This makes
sense intuitively, since p(t, z) is the particle density at spacetime position (¢, x) for
all particles, regardless of their momenta. To get p(t,z), f is therefore integrated
over all momenta at (t,x).

In 1938, Vlasov proposed a kinetic model with no direct interaction between par-
ticles, in order to model plasma more accurately. In particular, no collisions are
included in the model, which differs from other models in kinetic theory based on
the Boltzmann equation. Instead, each particle is acted on only by fields which are
generated by all the particles collectively [7]. In this setting, the density function
f is conserved along a flow-curve, (x(t),p(t)), in phase space. The Viasov equation
(also known as the collisonless Boltzmann equation) is then, in general, simply

d
%f(t, z,p) =0, (2.37)

which in a coordinate system {z!,..., 2" p',...,p"} becomes

of da* f dp* Of
ot T dr oo T dt opt 0 (2.38)

Note that the time derivative of the position, ‘é—f,
the time derivative of momentum, Z—IZ, is the force acting on the particle. This force
is governed by the field generated by the collection of particles and can be denoted

Fe(t,x). With the velocity as v, the Vlasov equation can be written in its more

familiar form
0 0 0
i + Uﬂi + Fﬂi —
ot oz Op*
This equation does not say much without putting it into a physical context where

the field that generate F(t,x) is specified. In the next section, we show how this is
done in the case of general relativity.

is the particle velocity and that

0. (2.39)

2.4.3 Einstein-Vlasov equations

To present the Einstein-Vlasov system, we follow the review in [8]. Let M be a
four dimensional manifold and g, a metric with signature (— + ++). Assume all?
particles have the rest mass m. The possible values of the four-momentum of a
particle form a hypersurface in the tangent bundle called the mass shell. Denote

2Tt is possible to generalise the equations to particles of different masses, see [8].
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2. Theoretical background

the four-momentum p®, the tangent bundle 7'M and the mass shell P,,. The mass
shell is then defined by

P, := {(z% p") € TM|g,,(2*)p°p® = —m?>c?, p* is future directed.} , (2.40)

and can be understood as the set of all future directed timelike vectors with length
cm. Note that in normalised units, m = ¢ = 1, P, is the set of all future directed
unit vectors and if m = 0 it is the set of all future directed null vectors. Now
introduce the local coordinates (2%, p*) on P,,, where a = 0,1,2,3 and a = 1,2, 3.
That is, 2° = t is the time coordinate, whereas p° is expressed with p® and the

metric using the relation g, pp® = —m?c?.

Since the system considered is a collisionless gas, the particles can be considered
free test particles in spacetime. They thus follow the geodesics of spacetime, which
will be projections of the curves in P,, defined by

dx®
alT~
dp®
dr

a

=r,

= —T%p"p°, (2.41)
where I'%,, is the Christoffel symbol. Since no collisions are included, the density

function f = f(z% p?) on P, is invariant along the geodesics, which implies

OF _pa popp 9t =0. (2.42)

al’a abp p apd

d a . a\ __ .a
%f(l’,p)—p

This is the corresponding Vlasov equation, which can be compared to (2.39). To see
this more clearly, let 2° = ¢ and divide (2.42) by p°. Then,

0 o, 1 0
U Fabcpbpcaz;é —0. (2.43)

ot pd ozt pd

To couple the Vlasov equation to the Einstein equation, the stress-energy-momentum
tensor 71}, needs to be expressed in terms of f and g,,. This is done by

I 1
T,Lw =cC |gab|/R3 fpupy;dpldlﬁdps? (244>
0

where |g,,| is the absolute value of the determinant of g,,. Remember that p, =
9P’ The equations (2.43) and (2.44) in (2.34) then constitute the Einstein-Vlasov
system, with the unknowns being a non-negative function f defined on FP,, and a
Lorentz metric g,, on the manifold M.
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3

Particle In Cell method

In this chapter, the general scheme of the Particle In Cell (PIC) method is presented.
The PIC method is mainly used for simulating systems with a large number of
particles, N ~ 10° — 10'°, that interact via some force field. It is commonly used in,
for example, plasma physics, where the Maxwell-Vlasov system is considered [14].
How the PIC method is applied to the Einstein-Vlasov system, is described in detail
in section 5.1.

One of the advantages of the PIC algorithm is that the number of operations per time
step is O(N log(N)), which can be compared to the O(N?) calculations per time
step needed in the naive approach of calculating the force generated by each pair
of particles [15]. Other advantages include reducing the number of assumptions to
a minimum and being able to simulate high dimensional cases [14]. It is, however,
a relatively noisy method in the sense that a finer grid size does not necessarily
translate continuously to more accurate results.

Due to the large number of particles considered, the physical particles are usu-
ally collected into super-particles which are used as computational particles. These
“clouds” of physical particles can be thought of as pieces of phase space and their
movement in phase space are determined by the PIC method. The PIC method can
thus, in some sense, be thought of as a finite element method, where the elements
themselves are moving [16]. In the following, the computational particles are just
particles, regardless of whether they are physical particles or super-particles.

3.1 General setup

Starting from the Vlasov equation (2.39), this can be written in its characteristic
form for each particle, 2 =1,..., N, as

dey
ar P
dp;l a a a a

where we normalise m = 1 such that v* = p®. Note that the superscripts here follow
abstract index notation and only indicate that we are dealing with vectors. F? is
as before the force acting on the particle. Moreover, B* is some macro field which
depends on some macro quantity of the particles, Q = Q(¢,z¢,p¢#). For simplicity,
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3. Particle In Cell method

we assume that only one quantity is needed to determine B¢, but the same method is
used if more quantities are needed. In this thesis, we assume that () can be calculated
as in (2.36), but in general, any rule for calculating @ from z{,... 2%, p{,..., 0%
and B* from @ would constitute a setup for a PIC method [14]. The total density
function, f(t,z,p), is considered to be the superposition of the density function of
each particle, f;(t,z% p®), i.e.

16] .

In the PIC algorithm, time is discretised into time steps, t;, = to + kAt, where
k=0,1,...,N; and At is the time interval. Furthermore, the spatial domain, €2, is
discretised into some grid elements 2y, ...,Qy,. From these elements, a number of
grid points x{, ..., x4, are defined (e.g. at the centre of each element). The particles
are distributed onto phase space in some initial distribution and are given some
shape function, which describes how it is spread out in phase space. As discussed
previously, the particles can thus be thought of as clouds in phase space rather than
point particles [14]. The time evolution of the particles is determined by an iterative
scheme, where each of the steps presented in Figure 3.1 is performed in each time
step. The PIC method can thus be broken down into four main steps: particle
weighting, field solver, field weighting and particle mover [16]. The remainder of
this section consists of a more detailed presentation of these steps.

Particle Mover

Solves the equations of motion
for each particle and calculates

(xk+1 , pk+1 )
Particle Weighting Field Weighting
Given particle position, Calculates field strength at each
(xk, pk), distributes particle parficle posit'ion by
quantities onto grid points interpolation

Field Solver
Solves field equations on
each grid point

Figure 3.1: Iteration cycle for the k-th time step in the PIC method.
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3. Particle In Cell method

3.1.1 Particle weighting

The purpose of this step is to associate quantities depending on the particle position
with the grid points x{,...,x%,. This is done by associating the particle densities
with some shape function in phase space, i.e.

it 2%, p") = Wiy (2 — 27 (1)) Sp(p" — pi (1)) , (3-3)

where x¢, p? are the position and momentum of the particle and W; is the weight of
the particle. The weight is defined as

Wi = f(t7 xgvp?)dv; s (34)

where dV; is the phase space volume element occupied by the particle. Note that
dV; is invariant in time, meaning that only the initial volume element is needed.
In standard PIC, the momentum shape function, 5,, is defined by a Dirac delta
as S, = 0(p* — p}), which means that all physical particles in the computational
particle have the same velocity [17]. The spatial shape function, S,, has to fulfill
certain requirements and the choice of S, strongly affects the stability and speed
of the PIC simulation [14]. A common choice is to use the b-spline functions. The
simplest b-spline, by(&), is the so called flat-top function

1 )¢ <d
e =4 (35)
0 ,else
The general b-splines, b;, can be calculated from
() = [ bole = €)bra(€)de (3.6)
and by is commonly referred to as the hat function,
1- 5 ) 5 <1
AGEE ML (3.7)
0 ,else

Let A, be the scale-length of the support (or size) of the particle, then the shape
function based on the [-th b-spline can be defined as

% — ¢

Sp(x* —28) = Alpbl < A ) (3.8)

[16]. Now, let @ be a relevant quantity needed to calculate the field B®. By (2.36),
this can be calculated for each particle as

Qift, %) = /Rg R(p") fit, % p")dp® = w(pi (1)) Wile (2 — 2i(1)),  (3.9)

where the function forms in (3.3) have been used. The total distribution of @ is
given by summing over all particles as

Q(t,2") = 3 _ k(p; (1)) WiSa(z" — (1)) - (3.10)

=1
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3. Particle In Cell method

The value of ) at the grid point x? is then taken as the average over the spatial
grid element €2,,. Specifically, if V,, is the volume of €2,,, we have

N

Qi) =Y KOEOWig [ Sula® —at(0)do
- Vlm S KO W23, ~ (1) (3.11)

Here, Z, is the interpolation function [17]. Note that in some literature (e.g. [14])
Z is called the shape function. If S, is defined as in (3.8) and A, = Az®, where
Ax® is the size of the grid element, we get Z, as

Zo(Xon — 77 (1)) = b (X’”Ax> : (3.12)

which follows from (3.6) [17].

The particle weighting process can be illustrated in one dimension as in Figure 3.2.
The density from the particle centered at position z; is described by the shape
function in (3.8) with [ = 0 and A, = Axz. The interpolation function, Z,, is
thus the hat function defined in (3.7). Due to the symmetry in this setting, the
value of the interpolation function at the grid points, is the same as the fractional

distance from z; to xo and x; respectively. More clearly, Z,(x1 — z1) = MT_:U”
and Z,(xs — r1) = ‘XlT;‘“'. In particular, this allows for quick calculations of the

desired quantities at the grid points by the weighted average of the distances from
x1 to its closest grid points, i.e. by linear interpolation. Due to its simplicity
and accuracy, the hat function is the most commonly used interpolation function
in PIC implementations and it is commonly known as the cloud in cell scheme
(14, 15, 16, 17].

A
1 + Z,(x-xp)
i @ i i >
X0 X1 X7 X2 3
Ap=Ax

Figure 3.2: Illustration of the particle weighting step in a one dimensional grid.
The density of particles centered at x; is described by a b-spline interpolation func-
tion of order 1. In this setting, with A, = Az, the value of the shape function at
the grid points closest to x1, is directly proportional to the distance between z; and
the grid points.
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3. Particle In Cell method

3.1.2 Field solver

After distributing the quantities to the grid points x{,..., x%,, the field equations
are solved at each grid point [14]. The method for this depends on the field equations
of the system considered and will thus not be specified in this general overview. For
the system considered in this thesis, details are given in section 5.1.2.2

3.1.3 Field weighting

From the field solver, the field is known at the discrete grid points x{,...,x%,.
Since the particles are not necessarily placed exactly on the grid points, the field
needs to be extended to any point. In other words, we want to go from discrete
B*(x{), ..., B*(x%,) to continuous B*(x®) [14]. This is usually done by assuming
that the field is constant in each cell and that the value is that of the cell averaged
value obtained at the grid point. The field strength at the particle centered at z¢ is
then calculated by averaging over the shape of the particle in phase space. If S, is
chosen as in (3.8) and A, = Az®, this is given by

BU(st) = 30 B ()0, — %), (31

where Z, is the interpolation function in (3.12) [17]. From this, the force, F, acting
on each particle can be calculated. Everything in (3.1) is now known, and the new
positions can be calculated [14].

3.1.4 Particle mover

The purpose of the particle mover is to update the position and momenta of every
particle. This is done by discretising and solving (3.1). In the simplest case, this
can be done by simply using the values at the previous time step as

2§ (thy1) = 27 () + Py (trg1/2) At
pi(tiyr) = pi(te) + Filte, ¥y, iy, B*(Qr))AL . (3.14)

In more advanced implementations, it is common to use more sophisticated tech-
niques to achieve higher accuracy. One such alternative is a leap-frog method, which
achieves second order accuracy by calculating the momenta at half time steps. How-
ever, the particle mover is the most time consuming part of the PIC method, since
it needs to be applied to every particle and the number of particles is usually large.
It must therefore be fast and is generally where most optimisation efforts are put
[14].

With the new coordinates for each particle, z¢(tx11), the particle quantities can
be distributed onto the grid points by particle weighting. Hence, the cycle can be
repeated for each time step until the final time ¢y, is reached.
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4

Main system in
Painlevé-Gullstrand coordinates

In this thesis, the system considered is that presented in [9]. The aim of this
chapter is to give an overview of how these equations are derived from the gen-
eral Einstein-Vlasov system. Moreover, we present the corresponding Einstein-dust
system and specifically the homogeneous Oppenheimer-Snyder and inhomogeneous
Eardly-Smarr cases which are studied in this thesis.

The system is considered in PG coordinates, (¢,7,0,¢), wheret € R, r > 0, 6 € [0, 7]
and ¢ € [0, 27]. We are interested in a non-static spacetime and consider a spacetime
metric of the form

ds* = — (1= a’%) dt> + 2a>Bdtdr + a*dr® + r*(d6” + sin*(0)de’) | (4.1)

where a = a(t,r) and 5 = f(t,r). To get asymptotic flatness and regularity at the
center we impose the boundary conditions

B(t,0) = p(t,00) =0, a(t,0) = a(t,o0) =1. (4.2)

Note that as a = 1 and g = 0 the flat Minkowski spacetime is recovered. For clarity,
the unknowns are a and [, so to solve the system, these need to be determined.

Note that if a = 1 and § = /2, the Schwarzchild solution in (2.32) is recovered.

4.1 Einstein-Vlasov system

In [9], the density function, f, is chosen to be defined on the cotangent bundle, T M*,
instead of the tangent bundle as in section 2.4.3. Similarly to the tangent bundle,
TM* is the bundle of all dual tangent spaces at each p € M. With the particle
mass, m, and the speed of light, ¢, normalised to 1, the mass shell is defined as

P o= {(2% p,) € TM*|g™(z*)p,p, = —1, p* is future directed.} . (4.3)

Like in section 2.4.3, local coordinates are chosen as (z?, pg) with pY expressed by
the metric. The geodesic equations become

dl,a _a __ _ab
dp; 1 dg’°

dr = 20gaPPe
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4. Main system in Painlevé-Gullstrand coordinates

which correspond to the characteristic equations of the Vlasov equation when f is
supported on P .

We choose a reference frame such that p, is the radial momentum coordinate. If w
is the radial momentum, we have p; = aw. The angular momentum, L := (p,)* +

m(})g)2 is conserved along the geodesics by spherical symmetry. Furthermore,

from the definition of P} we have ¢"’p,p, = —1. The only non-zero elements of
the inverse metric, g%, are the diagonal elements ¢"* and the off-diagonal ¢'°, ¢"!.
Thus,

—1 = g%popo + 6 pop1 + 9" °P1po + 9 PiPL + 97 Paps + 67 Dsps
1 1 1
o 2 2 2 2 2
—1= _(p0> + 25190271 - (ag - ) (pl) + ﬁ(pQ) + m(pa)
1 1
a2> (p)” + 2

1= —(p0)2 + 2B8pop; — 62(]91)2 + < <p2)2 + m(@zﬁ

L
—1:—(—po+5p1)2+w2+72
_ 0 2 s, L

—1——(9“]9#) —+ w +772

L
:>p0:\/1+w2+r—2. (4.5)

Note the first term inside the square of p° represents the particle mass, m = 1.

With f defined on T'M*, the equivalent of (2.44) is

[ 1
T,LLI/ - |gab|‘/Rg fplu,pyﬁdpldPde?, (46)

From this, the non-trivial elements of 7, can be calculated as

Tog = p—2af87 + a*Bp,

Ty = —aj +a’Bp, (4.7)
T, = a2p,
T22 = T2PT s

where we define p, j, p and pr as

p(t,r) == 12/00 /oopof(t,r,w,L)dew,
e J—ooJO

jt,r) = 12/ / wf(t,r,w,L)dLdw, (4.8)
e J—oo JO
T o0 [e.9] w2

p(t,r) = 772/_00/0 Ff(t,r,w,L)dew,

T oo L
= = L)dLdw .
pT(t7T) 27’4 Loo/[) po f(t,r,w, )d dw

In words: p is the energy density, j is the current of particles, p is the radial pressure
and pr is the tangential pressure. For instructive purposes, the derivation of the
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4. Main system in Painlevé-Gullstrand coordinates

expression for Ty, in (4.7) is presented here. The others elements in (4.7) can be
derived in similar fashion. To calculate T}y, , we first need to find an expression for
Do- By the metric identities,

Po = GouP" = goo?° + gop' = —(1 — a®B*)p° + a*pp’
Pl =9"p, = 9""po+ 9" = Bpo + (& — B*) py

= py = 1_1(%2 (=@ +(1—a®8)pp | = ="+ B . (49)
With this in (4.6), we get
Ty = % £(t, 2. D)popo— dprdpad
r2asin(f) Jrs p°
= r2aslmw) /Rs f(t2.p) (=0 + Bpy)’ plodpldpzdpg
= r2aslmw) /Rd f(t,x,p) (po —26p, + 62(191)2]91()) dpydp,dp;

= / / fter)(p—Zaﬁw—l—azﬁz 2 >dew

= p—2aBj +a’fp, (4.10)

where the last step follows from the chosen definitions in (4.8). The steps resulting
from the coordinate transform (pi,ps,ps) — (w, L, ps) are presented in Appendix
B.1.

4.1.1 Main system of equations

In the chosen coordinates, the Vlasov equation is given by

8f af Boa 0B 10a L |of
ot <_ﬁ> Ka@r—i_ﬁr_a(?t) +ap0r3]8w_07 (411)

which gives the characteristic equations

dr w
I 4.12
dw Boa 0B 10a L

o2 o 4.1
dt <a8r+8r a8t>w+ap0r3’ (4.13)
dL
— =0. 4.14
il (4.14)
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4. Main system in Painlevé-Gullstrand coordinates

Finally, in [9], they choose a suitable combination of the EFE and define the field
equations of Einstein-Vlasov system as

gt (r(1 = A)) = 8772 (5(/) +p)— (a52 + i) j) , (4.15)
(1~ ) = 80%(p— af). (4.16)
9 8% = (1 )+ dmrp, (417)
g;‘ - 5‘25 = —4rra?j (4.18)

where A := a% — 3%, There is also a fifth equation including pr, but since this is not
relevant for the main system, it is only presented in (B.22). Note that with (4.18),
the expression in (4.13) can be written as

dw 4 w4 op n
— =dnrajw + —w .
dt J or aplr3

(4.19)

The system of (4.12), (4.19) and (4.15-4.18) coupled to the initial conditions,

a(0,r) =1

B0, 7) = B(r), (4.20)
fO0,r,w, L) = f(r,w,L)

constitute the main system of equations considered in this thesis. Here, f and 5 are
arbitrary initial functions which, in this thesis, are chosen in a specific way in order
to approximate the dust model. See section 5.1.1 for details.

4.1.2 System mass and trapped surface condition

From (4.16), it follows that

8 T )
Alt,r) =1- I/0 (p — aBj),ss°ds . (4.21)

r

By comparing to the Schwarzschild metric, we have A =1 — % The mass of the
system within radius r is thus given by

M(t,r) = 4n /0 (0 — aB)es)s2ds (4.22)

The ADM mass, which is described briefly in section 2.2.2.2, represents the total
mass of the system. From (4.22), we define it as

M(t) .= M(t,00) = 4r /Ooo(p — afj)@yridr. (4.23)
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4. Main system in Painlevé-Gullstrand coordinates

If the spacetime is asymptotically flat and there is regularity at the centre, i.e. (4.2)
is fulfilled, M is a conserved quantity. A derivation of this is presented in Appendix
B.2. Finally, the condition for a trapped surface is given by

M(t,r) > (4.24)

N | 3

In words, this condition says that if enough mass M is confined into a small enough
volume of radius r, the spacetime will get so curved that no particles or light can
escape from within the volume.

4.1.3 Radial null geodesics

The null geodesics of the metric in (4.1) must fulfill (2.21) and (2.22). We are
interested in outward pointing radial null geodesics, meaning that 7 = r in (2.21)
and (2.22). From (2.22), we get

dt dt d dr\? b d
0:(—1+a252)<dr> +225%di a2<d:> + 72 . +r2sin2(9)%

dt\” 2a23  dt a?
0=(-—] + — +
dr (=14 a?p2)dr (=14 a?5?)
dt B a

—_ 4.25
dr  1—aB’ (4.25)
where spherical symmetry is used in the first step. This can also be verified with

the geodesic equation in (4.12). For a radial null geodesic, the angular momentum
and mass are zero, which means p = /0 + w? + 0 = w. Hence, (4.12) also gives

dr 1 dt 1 a

$:5_6$$:5—5:1—a5' (4.26)

4.2 Einstein-Dust system

In this section, we introduce some important concepts and equations of the Einstein-
Dust system. In the dust system, p is the only non-trivial matter quantity, which
greatly simplifies the equations. The dust system can be recovered exactly from
the Vlasov system above by letting f(¢,r,w, L) = L6(w? + %)p(t, ), where § is the
Dirac delta function. The density function is then not dependent on the momentum
and all particles have the same velocity as in dust. From (4.8), we just get

p(t,r) 2/ / 1+ w2+ =6(w? + )p(t, r)dLdw
o
= p(t,r) / \/1+w?+ w+ d S dw
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4. Main system in Painlevé-Gullstrand coordinates

From (4.8), it similarly follows that j = p = pr = 0, which is exactly the case in
the dust model. To initialise the Vlasov system arbitrarily close to dust, we thus set
f = Lo(u? + £)p(r), where p = p(0,r).

In the remainder of this section, we present the dust solutions with homogeneous
Oppenheimer-Snyder and inhomogeneous Eardly-Smarr initial data. The equations
are presented in the framework of this thesis, which follows [9], since we will need
them for our comparison to the Vlasov system. Specifically, we need to define the
initial data p. A brief overview of the original Eardly-Smarr solution in comoving
coordinates is given in Appendix C.

4.2.1 Oppenheimer-Snyder data

Oppenheimer and Snyder considered the collapse of a homogeneous dust cloud. This
corresponds to the homogeneous initial energy density

xL 0<r<i
pry=33 o ="=0 (4.28)
0 ,else

where ~ is a parameter. To have regular initial data, v needs to be chosen small
enough to avoid an initial trapped surface. The condition for a trapped surface is
that in (4.24), and the apparent horizon of the trapped surface which forms in the
Oppenheimer-Snyder case is given by

ty(r) = —=— — gr for r < ry(t). (4.29)

v2y 3

Here, 1y, is the boundary radius of the dust system which is given by

r(t) = (1= v2yt)3 (4.30)

9]. When ry(t) = 0, i.e. at t = ﬁ, all the dust particles have converged to
the centre and we have ”"blow up”. Note from (4.29), that the trapped surface is
formed before the blow up time, so the singularity will always be shielded from any
distant observer. For clarity, the trapped surface is given by the region {(¢,r) |t >
tr(r),r < ry(tg(r))}, and thus the first (in time) point of the trapped surface is the
intersection between tg(r) and r,(t). In other words, the trapped surface is formed

when the particles have converged close enough to the centre.

4.2.2 Eardly-Smarr data

For Eardly-Smarr data, we start from the comoving framework presented in [4] and
translate this into PG coordinates. For context, an overview of the original comoving
framework is presented in Appendix C. To be consistent with the rest of the report,
we let 7 be the area radius and denote the comoving radius by 7. From the comoving
metric in (C.1), it then follows that r = Y (¢, 7). Following [9], the metric transform
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4. Main system in Painlevé-Gullstrand coordinates

of (C.1) into (4.1) gives

0= X(t7) (ayéf; ”) (4.31)
vy
p—-2 (4.32)

AY (7

From the Einstein-dust equations in (C.2), we have X(t,7) = “5: ) which means

that a = 1 for dust. Furthermore, by (C.3), we have

wl—=

Yt 7) = (g) NI (to(7) — 1)} | (4.33)

where M and to are functions prescribing the initial data. Thus, 5 can be calculated
from (4.32) and (4.33) as

5= (2) 24 o) - 7F (-1
= gl(go)?'*iz\%(f)é*é 123(3)2]\?EV);= UG
(8)° M (tolr) —0)p Y () ;

where the last step uses that » = Y (¢,7). Note that 7 will be a function of r and ¢,
which needs to be determined.

In [9], they propose initial data on the form

- Mo 0<r<1 5 4 P L0<F<1
M(r) = 5 , to(f) =9 o, . , (4.35)
1 ,r>1 t+r—-14+¢ ,r>1

where ¢ > 0 and p > 0 are parameters and ¢ > 0 is a constant. This is the same as
proposed in [4], see (C.5), except for the constant time translation £. The physical
singularity occurs when t = ¢y(7), since the area radius r = Y (¢,7) becomes zero
for any constant matter shell M(¢) with fixed #. In [4], f = 0, so the singularity is
introduced in the centre at ¢ = 0. This is unnatural for numerical simulations and
by translating the time coordinate by ¢ > 0, the simulations can instead start at
t = 0 with regular initial data.

With (4.35) in (4.33) and r = Y'(¢,7), we get

F(E4 CFP — )5 0<i<1
P YR = PO 0SSl (4.36)
(t+7m—-14+(—-1)5 ,r>1
where ¢y := (9/2)3. From this, #(¢,r) can be determined. There is, however, no
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4. Main system in Painlevé-Gullstrand coordinates

explicit expression of 7(¢,r) for general p. For simplicity, choose p = 3/2, so that

:c()f<t°+(’f%—t>§

viw =3

¢ Z Co
72 (t r):—to_t+ (f_t)2+1<T>g (4.37)
’ 2¢ 4¢? C\co/ '

Note that from (4.36), t = to(7) implies that » = 0, meaning that the singularity
will occur at r = 0 in PG coordinates. The boundary radius is where 7 = 1, i.e. at

n(t) =Y (t,1) = co(C +1 — )5 . (4.38)

Since 7 is strictly increasing in r, 0 <7 <1 <= 0 <r < ry(f). Combining (4.35)
and (4.37) in (4.34), we thus get

\f ﬂ( e \/ t4ctz)2 2) 0 < r<n) - (4.39)

7> 1p(t)

T’

As for Oppenheimer-Snyder data, we wish to find an expression for the initial energy
density p = p(0,7). Noting that j = 0, in dust, the energy density can be calculated
from (4.22) as

1 oM
= —0— 4.4
pltm) 4mr? Or (4.40)
By (4.37) in (4.35)
- 2
3 1 5 <r<
1 r > (1)
which in (4.40) gives
3
| -y +z(;0)2>
0<7r<mt
p(t7 T) = % 3 (f-t)2 1 % ’ =rs 7’b( ) . <442)
8mey (r2 12 +Z (%)
0 , > (1)

Finally, as for Oppenheimer-Snyder, it is in the dust case possible to find an ana-
lytical expression for the apparent horizon. It is given in [9] as

r) =1+ C\/: — gr for r < my(t). (4.43)
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Numerical methods

In this chapter, the numerical methods used in this thesis are described. First, the
PIC implementation used to simulate the Einstein-Vlasov system presented in 4.1
is described in detail. This is followed by a description of the parameter search and
dust convergence simulations performed with homogeneous initial data. Finally, we
describe the numerical convergence and cosmic censorship simulations performed
using inhomogeneous initial data.

5.1 Particle In Cell implementation

In this section, the main numerical method used in this project is described. The
description follows the general setup in chapter 3, but presents the different steps in
the particular case considered. As in the general setup, the particles here represent
the computational particles, which for our purposes can be thought of as stars. In
order to simulate large numbers of particles efficiently, the PIC routine is imple-
mented! in C with parallel processes through pthreads. The effect of this on the
runtime is described briefly in section 5.1.3.

Due to spherical symmetry, only one spatial dimension needs to be considered.
Namely, the area radius, r. Furthermore, we consider two coordinates, u and «,
to span the momentum dimensions of phase space. Here, u is the norm of the
momentum and « is the angle to the radial coordinate. In other words, o € [0, 7],
describes how much of the momentum is pointing inwards or outwards from the
centre. If @ = m/2, the momentum is purely tangential and if & = 0 it is outwards
radial. In these coordinates, w and L from section 4.1 can be expressed as

w = ucos(a),
L = u*r?*sin*(a), (5.1)

which in particular means that u? = w? + 5.

5.1.1 Parameters and initialisation

In order to understand the PIC implementation and the results generated from it,
we begin with a brief overview of the important simulation parameters. Firstly,

!'Note that the implementation was provided by H. Andréasson. Only relatively minor modifi-
cations and bug fixes have been made by the author.
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5. Numerical methods

the spatial discretisation parameters are the interval [rpin, Tmax] and the number of
grid points N,. From these, the radial step length Ar, is given by Ar = Tmaxtmin
and the grid points are r,, = 7, + mAr for m = 0,...,N,. Similarly, for the
momentum space, N, and N, denote the number of grid points in these coordinates
and Au = “]‘{;—T‘, Aa = Nla Importantly, umax is controlled by the parameter € as
Umax = v/€. This means that as e — 0, all the particles will have an initial relative
momentum of 0, which is exactly the case in dust matter. The parameter € thus
describes the initial dispersion of the particle momenta. Finally, the time dimension
is discretised by a final time, tg,., and the number of time steps, N;. This gives

__ tfinal
At =l

At t = 0, the initial distribution of particles is given by introducing one particle mid-
way between each grid point in phase space. Specifically, one particle is introduced
at every

i = Tmin + (m — 0.5)Ar,
t; = (my, — 0.5)Au, (5.2)
&; = (ma — 0.5)Aa,

where m = 1,...,N,, m, = 1,...,N, and m, = 1,..., N,. The total number of
particles in the simulation is thus N = N, - N, - N, and at each spatial grid point,
rm, there are N, - N, particles with different momenta. The initial volume element
occupied by the i-th particle is

dV; = (472 Ar) (262 sin(&;) AuAa) . (5.3)

Note that the first factor is the area of a sphere times a height Ar and that the
second factor comes from the Jacobian of the coordinate transform in (5.1). The
missing 7? from the Jacobian is taken care of in (5.11).

The initial density distribution is given at each grid point by

=i (£) 7, 5.

where H is a sufficiently smooth non-negative function and p is the initial energy
density. Following [9], we define H as

Wa—n? n<l
Hy) = {52 (=) . (5.5)
, else

Note that H (“?2) —= — §(u?) as € — 0. As discussed in section 4.2, this would thus
exactly recover the dust system initially if p is chosen as the initial energy density
in dust. Furthermore, since

2 [ () =1 (5.6)
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we have from (4.8) that

1 oo oo L w? + &
S - J1+w?+ =H 2 ) 5(r)dL
p(0,7) 5\/_r2/ /0 +w +7"2 ( . )p(r)d dw

/ mﬂ< ) 2,2 sin(a)duda
w1+ 2H (Z) du

= Al 8\/_7”2/

T)&?\/E/o
)2 /0 VI T enH(n)dy —s p(r) as e — 0, (5.7)

in accordance with (4.27). Note that first the coordinate transform in (5.1) and then
n = u?/e is used. To initialise the Vlasov system with dust-like initial data we thus
set p as in the corresponding dust case. The exact choices of p for homogeneous and
inhomogeneous initial data are specified in section 5.2 and 5.3 respectively.

The other initial conditions in (4.20) are set as

a(0,r) =1, (5.8)

B(0,r) = | 20.1) (5.9)

r

which corresponds to the dust system. Here, M(0,7) is defined by (4.22) with
j(0,7) = 0 and is calculated numerically as in (5.12).

5.1.2 Time loop

As described in section 3.1, the time dimension is discretised into time steps, ty,
where k = 1,..., N;. In each time step, the procedure in Figure 3.1 is performed.
The implementation of these steps are presented in detail in here.

5.1.2.1 Particle weighting

Given the (initial) distribution of the particles, the properties p, j, p and pr need
to be calculated at each spatial grid point. From the previous time step (or ini-
tialisation), each particle has a position, 7;; momentum, w;, L;; and function value
f(tg, ri,w;i, L;). The desired quantities can be calculated for each particle by (3.9).
To calculate the quantities at each grid point as in (3.11), we use the interpolation
function

Zo(r — 1) = by (7" ;:m> , (5.10)

for the field and particle weighting. This is the hat function, which is defined in
(3.7) and illustrated in Figure 3.2. The momentum shape functions are chosen as
in standard PIC to S,(p* — p}) = 6(p* — p}). Furthermore, with the spatial grid
volume element V;,, = (4712, Ar), we calculate p, j, p and pr at the grid points as
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n (3.11). In particular,

N
T 0 o
e — E - . L. 7 .
p(tlmrm) 471'7'2 AT’ ‘ b; f(tlwrszza z)d‘/z r(rm Tz(tk))a

™

Li)AV; Zy (1 — 15 11
](tlm Tm) 47'('7"2 AT Z wz tku T, Wy, z)d‘/z r(rm rl(tk)) ’ (5 )
2
p<tk7 Tm) 47'('7’2 AT’ Z f tka T, Wy, Lz)d‘/zZ'r(rm - Tz(tk)) 5
s NooL .
pT(tknTm) - 47TTTQHAT Z:l 2p?f(tk‘7 Ty Wy, Lz)d‘/LZ’i"(Tm - rl(tk‘)) )

where p) = \/ 14 w? + L;/r?. Note that these correspond to (4.8) with the coordi-
nate transform in (5.1). The Jacobian of the coordinate transform Cancels a factor
4 in (4.8), which could be troublesome for small r. Furthermore, £ = u?sin?(a), so

also here the radius is cancelled from the denominator. Note that, due to the chosen
Z,, the equations in (5.11) are implemented by linear interpolation as discussed in
section 3.1.1. This is made explicit in the field weighting in section 5.1.2.3.

The mass is calculated at each grid point by discretising (4.22) as

M (tg,rm) = f: 42 Ar [p(te, ) — alty, 1) B(te, 70) 7 (e, o)) (5.12)

n=1

5.1.2.2 Field solver

The objective of the field solver is to solve the equations in (4.15—4.18) at the grid
points. This, in particular, means updating the function values of a, d“, %> 0 and
85 First, 2 and 8/3 are updated by (4.18) and (4.17) using the function values from

' ot
the previous time step Specifically,
0 0
a—?(tk,rm) = lﬁai — 47?7“a2j] . , (5.13)
kflv"'m)
0 0
—ﬁ(tk,rm) = ﬁ—ﬁ —|— — +dmrp : (5.14)
ot or t
k—lﬂ"m)
The function values of a and  in the current time step are then given by
0
Aty ) = tp_1, ) + a—j(tk, Fm) AL (5.15)
op
Bte,Tm) = B(tr—1,7m) + a(tk,rm)At. (5.16)

The boundary conditions in (4.2) are enforced as a(tx,0) = 1 and [S(tg,0) = 0.
Finally, the spatial derivatives are taken as

oa . a/<tk7 rm+1) B a(tk7 Tm)
E(tk’rm) N Ar ’ (5.17)
8 s I'm - y'm
8f (tkarm) = 6(tk r +1) , 6(tk r ) 5 (518)
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form =1,...,N, — 1. For m = N,, we simply use the values at rx, ;. Since the
spacetime is asymptotically flat, the difference should be small for large r.

5.1.2.3 Field weighting

Once the metric functions are known at the grid points, they need to be calculated
at the particle positions for the particle mover. This is done by (3.13) with the same
interpolation function as for the particle weighting, i.e. (5.10). In particular,

Ny

B(te,r3) = > Blte, m) Zr (1 — 13) (5.19)

m=1

where B is a placeholder for a, ga, %> B and g,@ Note that, as discussed in section

3.1.1, the choice of Z, in (5. 10) enables (5.19) to be implemented by linear interpo-
latlon between the closest grid points. Specifically, if r; € [rp,, rmi1], we calculate
B(ty,r;) as

Ty

Blty,ri) = Tmzir_

r, —

r
B(ty,ry) +
(k,T’) A7

"™ Bty Fs) - (5.20)

5.1.2.4 Particle mover

The final step in the time loop is to use the characteristic system of the Vlasov
equation to move the particles. In order to avoid problems close to » = 0, we define
local Cartesian coordinates (z', 2%, py, p2) such that x; is the radial direction of the
particle and x5 is the direction of the particle’s angular momentum. Concretely, for
each particle

ot (ty) =1, pi(te ) = w; (5.21)

P2(t) == 0, palty) = \/Li/r:

The Vlasov equation in these coordinates can be written as

of '\ of g B\ax'p,at B | Of
at -+ (0_57”) am“ [<4WTaj+m—r> . r‘f'rpp,‘| %:07 (522)

where p, v = 1,2. From this, the characteristic system is

det  pr ot op

dt apt r  apY

d 2 2
@ _ P gD (5.23)
dt ap r ap

Y

dp1 g B\ a'p,xt B

— = (4 —_— — = — + — 4

7 (mﬂajjt(% . A +rp 7T7’a]+a P1,
d a v 5 2

dt or r ror r r
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In the discretised version, the new positions are calculated from the values at the
previous time step as

P
Pti) = (1) + A (10 - ) ,
ap (trors)

% (thi1) = 22 (1) + At <p20> : (5.24)
P°J (ty.r)

. op
p1(ti1) = pi(te) + At (4nrajpr + ——m ;
or ()

pa(thi1) = pa(ty) + At (fm)

(trrs)

Finally, the new particle radius and radial momenta is given by

ri(tien) = /(') + (22)? ; (5.25)
(tet1)
1 2
wiltesr) = Tp1t 7P (5.26)
T
(te+1)

Note that L is conserved according to (4.14).

In the particle mover, we also update the particle density function. According
to the Vlasov equation, f is conserved along the geodesics. However, since we
choose a reference frame of non-canonical momentum coordinates (p; = aw), the
characteristic equations are not volume preserving. In order to calculate the phase
space integrals in (4.8) in the next time step, we need to know how phase space
integrals of f change over time in these coordinates. By [18, Lemma 2.1], we have

d da  Oadr\ 1
a/Qf(t,z)dz:—/Qf(t,z) <8t+8rdt>

where (2 is some region of phase space. With the expression in (4.12) for
update f in each time step by

dz, (5.27)

a

dr

o> we thus

f(trgr, i, wi, L) = f(tg, ri,wy, Ly) |1 — At da + da (2w: - p E :
ot or (i)

ap® a
(5.28)
Once the position, momentum and density function for each particle has been up-
dated, the time loop is finished. The new particle distribution is used in the next
time step and the cycle is repeated until g, is reached.

5.1.3 Runtime analysis

It is useful to do a quick runtime analysis in order understand how the grid parame-
ters affect the runtime of the simulations. In each time step, the particle weighting,
field weighting and particle mover involve every particle, whereas the field solver
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only involves every spatial grid point. To handle large numbers of particles, the
steps involving every particle are done in Nyeags parallel computational threads.
The runtime thus roughly scales like,

Runtime oc V; < . (5.29)

N, N, N,N, N, N,
+Nr):NtNr< —|—1>zt

threads threads N, threads

where the last step follows from N,N, >> 1. For fixed Niy eads, the runtime is thus
o« NyN,N,N,. Note that we fix Nipreads = 12, since this is the available threads in
the used hardware.

5.2 Homogeneous initial data

The main objective of the simulations with homogeneous initial data is to show
that the Vlasov system can approximate dust arbitrarily well as the initial momen-
tum dispersion € — 0. This is done by comparing numerical results from Vlasov
simulations to the analytical dust results presented in 4.2.1. We set p in (5.4) to

. C' < Timax
p(r) = : (5.30)
0 ,else

where C' is a parameter. By comparison to (4.28), the corresponding dust parameter
in section 4.2.1 is then v = 3nC.

We define two error measures based on the first (in time) point a trapped surface
appears. For Vlasov matter, this point is given by the first grid point (tx,7,,) such
that M (ty, ) > 7m/2 in accordance to (4.24). Denote this point (£, 7). In dust,
the first point of the trapped surface is given by the intersection between ¢y (r) and
r(t) in (4.29) and (4.30). Since, ty depends on r and 7, depends on ¢, we use the
numerical point in the dust functions to define the error. Specifically, we define

Error 7 := |ry(t) — 7], (5.31)
Error t := |ty(f) —t].

5.2.1 Parameter search

In order to show that the errors decrease to zero as ¢ — 0, we first conduct a
parameter search to see how the grid parameters N,, N,, N, and N, affect the
errors for a fixed €. Since the runtime is proportional to the number of particles,
see (5.29), we should make sure that the effort is put where it is most effective. As
a centre for the parameter search we use

N, =500, N, = N, =60, N; = 20000, (5.32)

Pamin = 0.01, P = 1t = 1.2, € = 0.1, £ = 1077,
and vary one of the grid parameters at a time. This parameter search is not a
complete picture of the multidimensional parameter space, but aims to suggest some

heuristics of which parameters to choose in the simulations. Some of the results are
presented in Appendix A.1, but we summarise the main takeaways here.
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The momentum parameters, N, and N,, appear to not affect the result much and
it is sufficient to choose N, > 30 and N, > 110 to achieve maximum accuracy.
This can be understood since umax = /2 << 1, so the dispersion in u will anyway
be small for small €. For «, the maximum value is always 7 so the interval [0, 7]
just needs to be sufficiently discretised in order to initialise particles with enough
directional dispersion.

From the set up of the PIC method, it is clear that the most important grid property
for minimising numerical errors is the spatial grid size, Ar, which is governed by
N,.. It is thus crucial to have a sufficiently large value of N,. From the parameter
search, we find N, > 1500 to be sufficient for the current setting.

It may be expected that increasing the number of time steps, N;, will always give
increased accuracy. However, in the parameter search we find that the optimal value
of N; depends on N,.. A too fine time discretisation in a rough spatial discretisation
leads to larger errors. There seems to be a positive correlation between the two
grids, in the sense that by increasing N,, an increase N, in is needed for the best
accuracy. If N, = 1500, a good choice of N; seems to be N; € [10000,20000]. If
N, = 2000, instead N; € [20000, 40000] is a good choice.

5.2.2 Dust convergence

Guided by the parameter search, we choose

N, = 2000, N, =40, N, = 120, N, = 40000, (5.33)
Poin = 0.01, Tmax = 1, tana = 1.2, C' = 0.1,

to show that the Vlasov system can approximate dust arbitrarily well, i.e. that
the errors in (5.31) approach zero as ¢ — 0. The simulations are performed for a
set of logarithmically decreasing e-values until convergence is reached. Note that
if Error r < Ar and Error ¢ < At, the best possible numerical values are found
and the Vlasov system can approximate dust arbitrarily well up to the available
numerical accuracy.

In addition to (5.33), some different parameters are used to show the effect on the
error if the grid is not sufficiently fine and if C is altered. Specifically, we consider
the same parameters as in (5.33) but with N, = 500 and two different values of
N;. Furthermore, we investigate the case of ¢ = 0.05 for a range of different grid
parameters to show that the increased error is due to increased numerical errors.

5.3 Inhomogeneous initial data

In this section, we describe how the results with inhomogenous Eardly-Smarr data
are produced. We follow the framework presented in section 4.2.2, where the param-
eter choice p = 3/2 is made for simplicity. Note that this value of p is not included
in the original paper by Eardly and Smarr (see [4, Table 1]). The first step is thus
to find the critical value (. for which ¢ > (. gives naked singularities with dust
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matter, so that this can be tested with Vlasov matter. To make sure that there is
consistency between the PG coordinate system used in this thesis and the comoving
coordinates originally used in [4], this is done in both coordinate systems. More-
over, the original results in [4] are reproduced in Appendix C. Once (. is known,
we move on to Vlasov matter, for which we first analyse the numerical convergence
and then specify the simulation setup for the cosmic censorship results.

5.3.1 Dust matter

The goal of this section is to calculate the outward pointing radial null geodesics of
the dust system. In PG coordinates these are given by (4.25) and for dust matter,
both a and (5 are known explicitly. Namely, a = 1 and /3 is given by (4.39). The null
geodesics are thus readily obtained by integrating (4.25) with the ode45 function
in MATLAB. The integration is started at # = 107%. Note that the ODE in (4.25)
becomes singular at 2 = r, which can be seen from considering (4.34) in (4.25)
with @ = 1. Hence, a termination criteria is implemented so that the integration is
stopped when the curve approaches the apparent horizon defined in (4.43).

To see if the singularity is naked, a null geodesic starting at the singularity, (£, #), is
plotted together with the apparent horizon. If the null geodesic avoids the apparent
horizon in the internal region 0 < r < ry(t), it will escape to null infinity and the
singularity is naked. The apparent horizon, ¢y, in (4.43) and the boundary radius,
Ty, in (4.38) intersect at r = 2, which means that if the null geodesic does not
intersect ty(r) for r < 2, the singularity is naked.

The critical value (., for which ( > (.3 gives globally naked singularities, is
determined by a trial and error numerical search. From [4, Table 1], it is given that
if p =1, (uit = 6.3084 and if p = 2, (i ~ 9.0307. For p = 3/2, we thus expect
Cerit € [6.3;9.1] and start the search in the centre ¢ &~ 7.7. If the singularity is naked,
( is decreased and if it is not, ( is increased. By repeating this couple of times, the
resulting (i ~ 7.4945 is found.

To show consistency, the same parameter values are used in comoving coordinates,
where instead the comoving geodesic equation (C.6) is integrated. Here, X (¢,7) is
given by X(t,7) = w as in (C.2) and Y (¢,7) is given by (4.36) as described in
section 4.2.2. We see that the same (. holds in comoving coordinates.

For simplicity, we set { = 0, and only note that the same results were obtained for
other ¢t. The results are presented in Appendix A.2.

5.3.2 Vlasov matter

For the results with Vlasov matter, the initial density in (5.4), is set as p(r) = p(0,7)
where p is as in (4.42). To make sure that the ADM mass M = 1, as in the dust
case, I'max 18 chosen as rop.c = 14(0) = (¢ + f)% in all simulations. In the following,
we first discuss some details concerning the ADM mass with Eardly-Smarr data
and how to show that the PIC method is numerically sound. We then describe the
simulation setup for the results regarding cosmic censorship.
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5.3.2.1 ADM mass with Eardy-Smarr data

As discussed in section 4.1.2, the ADM mass M is a conserved quantity given the
conditions in (4.2). However, in Appendix B.2, we show that the Eardly-Smarr data
violates the condition of regularity at the centre after the singularity (for ¢ > £). To
ensure that M is still conserved with Eardly-Smarr data, we therefore integrate
inwards instead of outwards when calculating the mass in the simulations with
inhomogenous data. Specifically, we define the mass as

M(t,r) =M — 4x /Oo(p — aBj)ss°ds (5.34)

so that M(t,00) = M = M(0) for all t. Before the singularity, i.e. for ¢ < f,
regularity at the centre holds and (5.34) is equivalent to (4.22). The discretised
version in (5.12) is modified accordingly to

Nr
M<tk7 Tm) = M - Z 47Trr21AT [p(tka Tn) - CL(tka Tn)ﬁ(tka Tn)j(tlm Tn)] : (535>
Note that M is calculated from (5.12) in the initialisation step in order to get
consistency between the methods.

5.3.2.2 Numerical convergence

To show that the PIC implementation is numerically sound, we investigate if the
ADM error decreases as the grid becomes finer. We define the ADM error as
’-/\o/l - M(tﬁnab OO)’

Errory = v , (5.36)

i.e. the relative difference in M before and after the simulation. Note that this will
trivially be 0 if M is calculated from (5.35). We therefore set tgn, < to, so that M is
always conserved, and calculate M from (5.12) when investigating the ADM error.

Since we use (5.35) to calculate M in the main simulations, we also show that (5.35)
is equivalent to (5.12) for t < £. For this, we define an error measure based on the L2
norm over all the grid points normalised by the number of grid points. Specifically,
we define the error as

HMNZNJ\KHQ - Nthr <i i(M(tk,Tm) - M(tk,rm))2>2 . (5.37)

k=1m=1

Error,, =

With the learnings from the parameter search in Appendix A.1 in mind, we choose
the parameters

3
N =40, No =120, p= 3. ¢ =76, (5.38)

tinal = 5.0, £ = 6.0, Tmin = 0.01, rmax = 75(0) = co(C +£)3 ~ 9.4065,

as our baseline and alter the number of temporal and spatial steps N, and N,.
Remember that the spatial and temporal grids are dependent, so we increase N,
and N; together in accordance to Appendix A.1. The simulations are performed for
different values of € to see if this has an effect on the numerical errors.
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5.3.2.3 Cosmic censorship

To show that cosmic censorship holds for Vlasov matter, we investigate if null
geodesics that originate from the singularity are caught by the apparent horizon
or not. As discussed above, dust matter gives naked singularities for all { > (.
We, however, restrict our investigation to two zeta values: ( = 7.6, which is just
above (i, and the larger ¢ = 15 & 2 - (3, to get an idea what happens for a large
(-value. The results are compared to the same parameter values in dust.

To calculate the null geodesics with Vlasov matter, we first run the PIC simulation
in C. The program outputs a and 3 at each grid point (tx, Xm), & = 0,..., Ny,
m = 0,...,N,.. This data is used with the linear interpolation function interp2
to solve the null geodesic equation (4.25) with ode45 in MATLAB. The trapped
surface is calculated from the output of M at each grid point as in (4.24).

As discussed in section 2.2.3, deciding when the singularity occurs is not trivial. It
is, however, crucial for the cosmic censorship results, since the starting point of the
null geodesic is essential to if the geodesic is caught by the trapped surface or not.
The origin point of the null geodesics is set to (t,7) = (fy,7), where f is the time
where the singularity first occurs with Vlasov matter and 7 is a small initial radius.

Importantly, the singularity time in Vlasov is not the same as in dust, i.e. fy # t.
To decide fy, we use the Kretschmann scalar, which is calculated from (2.33) for the
chosen metric in (4.1). With the EFE in (4.15-4.18), the additional field equation
(B.22) and (1 — A) = 22 it can be simplified to

48M?
- =

K

M .
+1287(p —pr — p) 5 - 647 (4% — 2(p* + p°) — (2pr —p — p)?) -
(5.39)

Note that the first term is the same as in the Schwarzschild solution. The derivation
of K is treated in more detail in Appendix B.3.

As described in section 2.2.3, a singularity can be classified by K — oo. Numerically,
we therefore need a limit K, such that K > K, signifies a singularity. For this,
we use the dust case, where K is known analytically. Specifically, we define the limit
as

Kiimit = Kdust(toa 7") ) (540)

where the analytical expressions in (4.41) and (4.42) are used for M and p in (5.39).
Note that all the other quantities are zero in the dust case, i.e. 7 = p = pr = 0.
The singularity time fy is then defined as the first ¢ that fulfills

K(t,7) > Ky (5.41)

Since the singularity appears at (tOV,O), we need 7 to be small. However, due to
the numerical implementation, it is not reliable to use the values at the first grid
points rg,71,79,... . To mitigate the effect of numerical errors close to r = 0, we
therefore ignore the first grid points and choose 7 = rg, i.e. the 8th grid point.
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5. Numerical methods

This can essentially be understood as choosing r,;, = rg instead of r,;, = 9. The
first grid points are included for stability in the simulations, but disregarded in the
post-processing. This choice is motivated further in Appendix A.3, but it can be
noted that for the dust case, K changes dramatically for small r as ¢ crosses . If, N,
is chosen sufficiently large so that rg is small, it should therefore be a stable method
to determine fy .

As seen in the parameter search in Appendix A.1, an increase in N, requires an
increase in NV;. From the above, we need to choose N, large (i.e. Ar small), so NV,
also needs to be chosen large so that At is sufficiently small. If the grid parameters
are unmatched, the program crashes due to numerical instability. Trial and error is
used to decide which parameters are possible. Moreover, as can be seen in Table 5.1,
max and tgna need to be relatively large, meaning that very large N, and N, are
needed to achieve sufficiently small Ar and At. The limiting factor of N; and N, is
the runtime of the simulations, which is approximately proportional to N;-N,.-N,,- N,
as discussed in section 5.1.3.

To counterbalance the increased runtime, we decrease N, and N, from previous
simulations. As indicated by the parameter search in Appendix A.1, these do not
affect the accuracy much, but have a sizeable effect on the runtime when N, - N, is
large. For context, the change of N, from 40 to 30 and N, from 120 to 90 decreases
the runtime with ~ 44%. With the estimated runtimes in Table 5.1 reaching several
hours, this makes a significant difference.

The final time, tg,.1, is decided from when the particles have converged to the centre
in the dust case (i.e. ry(t) = 0, which occurs at t = ¢ 4 £, see (4.38)). Note that
if € is increased, the dispersion of the particles increases which increases the time
for the particles to converge. To capture this, some margin is included in tg,,. The
Tmax parameter is, as discussed before, chosen as 1. = r5(0) = (¢ + f)%. This
means that both r,, and t4,. need to be increased if  or { are increased. To keep
At and Ar constant, N, and N; thus need to be increased. To simulate the system
with large (-values thus becomes difficult from a runtime point of view.

With this in mind, we choose parameters for all simulations such that

3 .

3 t =1, min = 0.0001, Ar = 0.00125 = rg =7 = 0.01, At =5-10"°. (5.42)
This in particular, leads to the grid parameters presented in Table 5.1 for the two
different (-values. For context, we also include the estimated runtime which is
calculated from previous simulations and the proportionality in (5.29).

p:

Table 5.1: Grid parameters for the cosmic censorship simulations and estimated
runtime of the PIC simulation.

C ‘ T'max ‘ tﬁnal ‘ Nr ‘ Nt ‘ Nu ‘ Na H Est. runtime

7.6 | 6.9301 | 10 | 5544 | 2-10° | 30 | 90 6.3 h
15.0 | 10.4830 | 20 | 8386 | 4-10° | 20 | 60 85h

Note that V; always denote the time steps in the PIC simulation. To keep the data
size manageable for post processing, only every 40th time step is printed.
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Results & Discussion

The main results of the thesis work are presented and discussed in this section.
First, we present results indicating that the Vlasov system can approximate the
dust system arbitrarily well up to numerical accuracy. The PIC implementation is
then shown to be numerically well-behaved. Finally, it is shown that some instances
of naked singularities in the Eardly-Smarr solution disappear by using Vlasov matter
with large initial velocity dispersion, and that the numerical precision is not enough
to show this for Vlasov matter that is initially arbitrarily close to dust.

6.1 Dust convergence with homogeneous data

To show that the Vlasov system can approximate the dust system arbitrarily well, we
first consider simulations with the parameters in (5.33). The results from these sim-
ulations are presented in Figure 6.1 and Table 6.1. The general trend is clearly that
the errors defined in (5.31) decrease as € decreases, which suggests that the Vlasov
system approaches the dust system. Furthermore, with ¢ < 107°, the difference is
smaller than the numerical accuracy used since Error » < Ar and Error ¢ < At.
Thus, for these parameters, the Vlasov system can approximate the dust system
arbitrarily well up to numerical accuracy.

3 -3
420 : : : ‘ ‘ 4 <10

Error t
— — At

Error r
— — Ar

1070 107

0 L L L L
107! 1072 1073 1071 107° 10°° 107
€ €

Figure 6.1: Error in r and ¢ as a function of the parameter ¢. Generated from
parameter values in (5.33).
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6. Results & Discussion

Table 6.1: Numerical and analytical values from simulations with parameters in
(5.33). Asterix (*) denotes error values that are smaller than Ar = 0.000495 and
At = 0.000030 respectively.

€

A

I

T‘b<l?)

Error r

A

t

ty (7)

Error ¢

101
1072
1073
1074
107
106
1077

x107%

0.839025
0.835065
0.836550
0.837540
0.837540
0.837540
0.837540

0.834756
0.833042
0.835957
0.837188
0.837578
0.837638
0.837638

0.004269
0.002023
0.000593
0.000352*
0.000038*
0.000098*
0.000098*

Error r

Error r
— — Ar

x107%

107 107

0.172860
0.174570
0.171660
0.170430
0.170040
0.169980
0.169980

x107%

0.169016
0.171656
0.170666
0.170006
0.170006
0.170006
0.170006

0.003844
0.002914
0.000994
0.000424
0.000034
0.000026*
0.000026*

Error t

Error t

—— At

(a) N, = 40000

Error r

— — Ar

Error r

1073 101

10° 10

-3
4 x10

Error t
— — At

(b) N; = 5000

Figure 6.2: Error in r and ¢ as a function of the parameter ¢. Generated from

parameter values in (5.33) with N, = 500 and different values of N;.
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6. Results & Discussion

A natural question is then if this is achievable for general parameters. In Figure 6.2,
the same parameters as in (5.33) are used but with the spatial grid reduced to
N, =500 and with two different number of time steps N;. In Figure 6.2a the error
initially decreases with decreasing e, but for ¢ < 107 it starts to increase. This may
seem to contradict the notion that the error should be arbitrarily small for small €.
However, it is merely an effect of a non-synchronized grid. As can be seen in the
parameter search in Appendix A.1, the error increases if IV; is too large compared
to N,. In Figure 6.2b, the number of time steps is adjusted for the rougher spatial
grid and the error again reaches values smaller than the numerical accuracy. This
example highlights the fact that the numerical method is somewhat noisy and that
it is important to tune the parameters well for high accuracy.

Both of the previous examples use the initial density C= 0.1, which is advantageous
in that the trapped surface appears relatively early in the simulation (at ¢ ~ 0.17,
see Table 6.1). To investigate if the above holds for general initial densities, we also
consider ¢’ = 0.05. With this initial density, the trapped surface appears later in
the simulation (at ¢ &~ 0.75), which results in overall larger errors. This can be seen
in Figure 6.3, where the simulation parameters in (5.33) and C' = 0.05 are used.
Note that the scale of the error axis is ten times larger than in Figure 6.1. The
overall trend is the same as before, with decreasing difference as € decreases, but the
errors never reach values below Ar or At. Note as well that a smaller ¢ is needed
before convergence is reached, although the difference in error between ¢ = 1077
and ¢ = 107? is minimal.

0.04 T T T T T T T 0.04

Error r
— — Ar

0.03 + b 0.03 -

Error r

0.01 -

0 vl oSl rrv i ur S Frvww s S rif ¥ waraf arai rove S el i Wil 0 L L
0t 102 10°* 10* 10° 10° 107 10°% 10° 107! : K v T o -0
[ 5

Figure 6.3: Error in r and ¢ as a function of the parameter . Generated from
parameter values in (5.33) and C' = 0.05.

To show that the increased error is an effect of increased numerical errors, and not
a contradiction of the notion that Vlasov can approximate dust arbitrarily well, we
consider the same simulation with different grid sizes (i.e. different accuracies). The
different grid parameters are presented in Table 6.2 together with the smallest errors
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6. Results & Discussion

achieved. The dependence of ¢ is shown in Figure 6.4, where both the y-axis scale
in Figure 6.1 and that in Figure 6.3 are used for comparison.

As can be seen from Figure 6.4a, the errors are more or less the same for the different
parameter values as € > 1073, The overall trend is also the same as in Figure 6.1 and
Figure 6.2b, indicating that the grid discretisation parameters are well synchronized.
From Figure 6.4b it is clear that for smaller ¢, the error decreases with finer grid.
Moreover, from the error values in Table 6.2, it appears as if the error in r is generally
of the same magnitude as Ar whereas the error in ¢ is approximately 10A¢. This
indicates that this is the best achievable numerical accuracy for ¢ = 0.05, which
then shows that Vlasov data can approximate dust arbitrarily well up to numerical
accuracy also in this case.

0.04 T T T T T T T 0.04 T T
Errorr: 1 Errort: 1
—— Ar:1 —— At:1
Errorr: 2 Error t : 2
—— Ar:2 — — At: 2
0.03 1 Errorr: 3| 0.03 Error t : 3|
Ar: 3 At : 3
- +
- -
S 0.02 S 0.02}
- —
<3| €3]

0.01 + g 0.01 \ g
0777’77‘777\77777‘777?7777 0 Jp—— e e e e
107t 1072 107 1074 107° 1076 1077 10°® 107 107! 1072 1073 1074 107 1076 1077 1078 107

€ €

(a) y-axis to scale with Figure 6.3

4 1073 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 4 x1072% ‘ ‘ ‘
\ Errorr: 1 Error t: 1
—— Ar:1 —— At:1
Errorr: 2 Error t : 2
— — Ar:2 — — At: 2
3r Errorr: 3| 3r Error t : 3|
At : 3

Error r
Error t

I I I L I I I U it I I I I it I
0t 102 10°* 10* 10° 10° 107 10°% 10° 10°* 10* 10°* 10* 10° 10°% 107 10°% 10°

(b) y-axis to scale with Figure 6.1

Figure 6.4: Error in r and ¢ as a function of the parameter . The number after :
denotes which parameter set in Table 6.2 is used to produce the data.
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6. Results & Discussion

Table 6.2: Specification of the different grid parameters used in the simulations
with C' = 0.05 together with the smallest achieved errors.

specified here are those in (5.33).

The parameters not

Parameter set | N, Ar Error r N; At Error ¢
1 500 | 0.001980 | 0.001935 | 5000 | 0.000240 | 0.002295
2 1000 | 0.000990 | 0.001481 | 10000 | 0.000120 | 0.001515
3 4000 | 0.000247 | 0.000359 | 30000 | 0.000040 | 0.000395
4 8000 | 0.000124 | 0.000159 | 50000 | 0.000024 | 0.000195

6.2 Inhomogeneous data

In this section, results obtained with inhomogeneous Eardly-Smarr data are pre-
sented. We first show that the numerical method converges well for this data by
showing that the numerical errors decrease as expected with increasing number of
grid points. We then present and discuss the main results regarding cosmic censor-
ship in Vlasov matter with dust-like initial data.

6.2.1 Numerical convergence

As described in section 5.3.2.1, we verify the numerical convergence by examining
the ADM error, Errory,, for different grid sizes. The number of grid points and
the resulting errors are presented in Table 6.3. In general, the error is quite small
regardless of the grid size. Moreover, it decreases as expected with increased number
of grid points. The convergence is further illustrated in Figure 6.5.

Table 6.3: Results of the conservation of mass tests. Parameters not specified here
are given in (5.38). The ADM error, Error,,, and Errory, are defined in (5.36) and

(5.37). 0* means the error is less than the numerical precision le-6.

€ N, N, M M (thnal) | Errorp Error
0.1 100 | 1000 | 1.016494 | 1.016876 | 3.7580e-4 | 5.9836e-7
0.1 500 | 5000 | 1.016502 | 1.016525 | 2.2627e-5 | 7.1922e-9
0.1 1000 | 10000 | 1.016502 | 1.016517 | 1.4756e-5 | 2.2098e-9
0.1 2000 | 20000 | 1.016502 | 1.016513 | 1.0821e-5 | 7.7222e-10
0.01 100 | 1000 | 1.001676 | 1.002307 | 6.2994e-4 | 7.9660e-7
0.01 500 | 5000 | 1.001684 | 1.001696 | 1.1980e-5 | 2.8578e-9
0.01 | 1000 | 10000 | 1.001685 | 1.001688 | 2.9950e-6 | 5.3221e-10
0.01 | 2000 | 20000 | 1.001685 | 1.001687 | 1.9966e-6 | 1.5720e-10
0.0001 | 100 | 1000 | 1.000028 | 0.999998 | 2.9999e-5 | 4.1803e-7
0.0001 | 500 | 5000 | 1.000036 | 1.000043 | 6.4001e-5 | 1.6866e-9
0.0001 | 1000 | 10000 | 1.000037 | 1.000038 | 9.9996e-7 | 1.8893e-10
0.0001 | 2000 | 20000 | 1.000037 | 1.000037 0* 3.3801e-11
le-6 100 | 1000 | 1.000012 | 0.999981 | 3.1000e-5 | 4.2031e-7
le-6 | 500 | 5000 | 1.000020 | 1.000025 | 4.9999e-6 | 1.3672e-9
le-6 | 1000 | 10000 | 1.000020 | 1.000021 | 9.9998e-7 | 1.4591e-10
le-6 | 2000 | 20000 | 1.000020 | 1.000020 0* 2.7921e-11
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10 ‘ ——— —

e=0.1
e=0.01
e = 0.0001
€ =1le-6
— — Numerical precision

Figure 6.5: The ADM error, Error,,, for different ¢ as a function of the number of
grid points. The parameters used are specified in (5.38) and Table 6.3. Note that
the axes are slaced logarihmically.

From Table 6.3 and Figure 6.5, we see that there is a clear trend of decreasing error
with decreasing €. For the smallest €, the error becomes smaller than the numerical
precision when the grid is sufficiently fine. This can be explained by understanding
the role of £. As shown in section 6.1, the Vlasov system approximates the dust
system arbitrarily well for small . This, in particular, means that all the quantities
that are trivial in the dust case will be close to zero throughout the simulation,
which leads to decreased numerical errors.

In Table 6.3, we also present the error measure of the difference between calculating
the mass as in (5.12) or as in (5.35). It is clear that the difference is negligible for
all the tested grid sizes, which verifies the use of (5.35) to overcome the difficulties
of non-regularity at the centre which occurs for ¢ >  with the Eardly-Smarr data.
Moreover, the error decreases with finer grid size, which indicates the decrease of
numerical errors. If there were no numerical errors, (5.12) and (5.35) would be
exactly equivalent, which can easily be seen from the equations.

6.2.2 Cosmic censorship

In this section, the central results of this thesis are presented and discussed. We
analyse two different values of ¢ that give naked singularities in dust and show that
these do not give naked singularities in with Vlasov matter, at least for large . In
Appendix A.2; it is shown that the critical value in dust is (. &~ 7.4595. If ( < (et
a null geodesic originating at the singularity is caught by the apparent horizon and
cosmic censorship holds. If ¢ > (., the null geodesic instead escapes to null infinity
and cosmic censorship is violated. This is illustrated in Figure A.5.

52



6. Results & Discussion

First, the case of ( = 7.6 > (. is considered. The results for dust and two instances
of Vlasov matter are presented in Figure 6.6. Here, the null geodesic originating at
the singularity is plotted together with the apparent horizon and the boundary
radius. For the dust case in Figure 6.6a, the null geodesic does not intersect the
apparent horizon before it crosses r,. It instead escapes to null infinity and hence
the singularity is naked. For the Vlasov matter in Figure 6.6b and Figure 6.6c, the
null geodesic is instead caught by the apparent horizon. By previous results [19],
this implies that an event horizon is formed around the singularity. The singularities
with Vlasov matter are thus black holes in accordance with the WCCC. Moreover,
the null geodesic is caught earlier for ¢ = 0.1 than for € = 0.01, which implies the
singularity becomes "less naked” for Vlasov matter further away from dust.

—— Singularity

— — Apparent Horizon
wy e rp(t) (comoving 7 = 1)
Null geodesics

+ 6 7/
4
/
/
/
'
/
!
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12 12
(=176 —— Singularity (=176 —— Singularity
p=15 — — Apparent Horizon p=15 — — Apparent Horizon
L —0.01

F

wf [ B m(t) of 2 e ro(t)
Null geodesics Null geodesics

r r

(b) e =0.1 (c) e =0.01

Figure 6.6: Null geodesics originating at the singularity in the case of ( = 7.6 for
dust and two instances of Vlasov matter.
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6. Results & Discussion

To illustrate the difference between Vlasov and dust more clearly, we in Figure 6.7
include the singularity, apparent horizon and boundary radius from dust. These
are plotted in gray together with the corresponding quantities from Vlasov in black.
Furthermore, we include two null geodesics calculated from the Vlasov data. One
originating at the Vlasov singularity (fy,7) as in Figure 6.6 and one originating at
the dust singularity (£,7#). The null geodesics starting from the dust singularity do
not cross the apparent horizon for any €. The key difference between dust and Vlasov
in regard to cosmic censorship thus appear to be that the singularity appears later
with Vlasov matter. In Figure 6.7, this is illustrated by the vertical lines at » = 0,
which represent the singularity in dust (gray) and Vlasov (black). More specifically,
the key difference is that the apparent horizon spreads out more horizontally for
small r with Vlasov matter, which is best seen by the miniboxes in Figure 6.6b and
Figure 6.7b.
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Figure 6.7: Null geodesics originating at the singularity in the case of ( = 7.6 for
different instances of Vlasov matter. Gray lines indicate the corresponding quantities
in the dust solution.
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It is no surprise that the difference between Vlasov and dust comes into effect close to
the singularity in the centre, since this is where the radial and angular momentum,
w and L (and thus j, p and pr), become large. Remember that these quantities
are zero in dust. The hypothesis is that even if the matter is arbitrarily close to
dust initially, using the Vlasov model instead of dust will make a difference close to
the singularity where the momenta increase drastically. From Figure 6.7b, we see
that already for ¢ = 0.01 the precision used in the simulations is barely enough to
capture this difference. For the smaller ¢, the difference between Vlasov and Dust
appear to be for » < 7 = 0.01. It is thus not really captured by the simulations,
which only include r > 7 as discussed in section 5.3.2.3.

For ¢ = 0.001, the Vlasov singularity is nevertheless non-naked due to the slight
increase in ty, compared to ¢, although the margin is minimal. For ¢ = 0.0001, the
Vlasov singularity is naked just as in dust. The results for small € presented here
are, however, not really representative since the key effects of Vlasov matter are
not captured with the precision used. Figure 6.7c and 6.7d are merely included for
completeness and to explain the need of better precision for small €.

A closer analysis of the difference between f and i, can be found in Appendix A.3.
Specifically in Figure A.8. For the tested £ > 0.001, the Vlasov singularity appears
after the dust singularity, i.e. fy > £. For e = 0.0001, it instead appears before the
dust singularity, i.e. f,, < . Moreover, the difference between f, and i decreases
with e, which is in alignment with the results in section 6.1 showing that Vlasov
can approximate dust arbitrarily well. Previous analytical arguments in comoving
coordinates by H. Andréasson et.al. consider ¢ << 1 and r << 1 in an attempt to
show that cosmic censorship holds for Vlasov matter. Their results indicate that
ty < t, which thus appear to be in alignment with this result. However, in order to
verify this argument, very small r need to be considered. This would require better
accuracy close to r = 0 than what has been achieved in this thesis and is discussed
further in section 7.1.

The effect of £ can also be seen in the difference of the boundary radius, 75, in Vlasov
compared to dust. In Figure 6.7, it is clear that the larger the e, the more 7, will
differ from its counterpart in dust. This is due to the dispersion induced by the
e parameter. In dust, all the particles initially have zero relative momenta, which
can be understood from the delta function in (4.27). From (5.5), we understand
that the approximated delta function used in the Vlasov matter, H (“?2) a\%’ allows
some spread in the initial relative momenta. The larger the €, the larger this initial
spread is and thus the larger the dispersion of the particles. This effect is exactly

what is seen in the boundary radii in Figure 6.7.

In physical terms, the value of € governs the largest initial relative momenta of the
particles. From (5.5), the maximum initial relative momenta a particle will have
is when v?/e =1 = u = /6 = Wnax = V€ by (5.1). In non-geometrised
units, this means that the particles with the largest initial momenta will have an
initial velocity of /e - ¢, where ¢ is the speed of light. The velocity dispersion of
galaxies is typically in the order of 100 km/s [20] which is approximately 0.0003c.
For a realistic system, we would thus need € ~ 10~ 7. In a realistic system, however,
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6. Results & Discussion

also factors such as stars of different masses and non-uniform velocity distributions
should be considered. This is a topic for a research paper in physics and not within
the scope of this thesis. Hence, it will not be discussed further here.

To investigate what happens as ( increases, we consider the larger ¢ = 15 ~ 2 (.
The null geodesics for dust and two instances of Vlasov matter are presented in
Figure 6.8. By comparing Figure 6.8a to Figure 6.6a, we see that the dust system
becomes "more naked” for the larger ¢ value. For ( = 7.6, the null geodesic narrowly
misses the apparent horizon whereas it for ( = 15 is far from it. For Vlasov matter
with ¢ = 0.1, the result is similar to the previous case. The apparent horizon
initially spreads out more horizontally and thereby intersects the null geodesic. The
singularity time (fy & 6) is significantly later than before (fy ~ 3) compared to
dust (f = 1). This can be seen by comparing the horizontal black lines at r = 0 in
Figure 6.8b and Figure 6.6b.
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Figure 6.8: Null geodesics originating at the singularity in the case of ( = 15 for
dust and two instances of Vlasov matter.
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Also for ¢ = 0.01, the singularity time (fy ~ 2.2) is later than in the ¢ = 7.6
case (fv ~ 1.5) and the apparent horizon initially spreads out more horizontally
than in dust. However, the singularity time is not close enough to the point where
the apparent horizon intersects r = 0 and thus the null geodesic diverges to null
infinity as in the dust case. In the minibox in Figure 6.8c, we include a null geodesic
originating closer to ty(r = 0) and see that this is indeed caught by the apparent
horizon due to the initial horizontal spread of ty.

We believe that there are two factors as to why the singularity becomes naked for
e = 0.01 in this case. Firstly, similarly to the above case with ¢ < 0.001, due to the
numerical precision and not being able to come close enough to r = 0. As indicated
by the dust solution, it becomes more difficult to get censorship for larger (-values
and thus the behaviour close to » = 0 becomes more important. Secondly, due to
the method used to determine #. Already in the first case, this method is somewhat
noisy in that there is not always a clear sudden blow-up of K for Vlasov like there
is in dust (see Appendix A.3 for details). In addition, since the difference between
dust and Vlasov is most prominent close to the singularity at the centre, it is not
obvious that the dust case can be used to define Kjip;;.

Morever, for larger (, the blow-up of K becomes more localised at » = 0. For
example, Ky = Kaust(t = £,7 = 0.01) = 8488 if ¢ = 15 and Ky = Kaus(t =
t,7 = 0.01) = 33065 if ¢ = 7.6. If # is decreased by a factor 10, these limits increase
by a factor 10®, which would be a more distinguishable Kji. The importance of
7 to be small in the calculation of f;, thus increases as ¢ increases. In section 7.1,
we discuss how future studies could potentially improve on the method used for
determining iy .

Finally, we include the dust apparent horizon and boundary radius in gray in Fig-
ure 6.9. The takeaways are more or less the same as in the case of ( = 7.6 in
Figure 6.7. Specifically, the singularity is formed later for large €. The apparent
horizon also forms later and spreads out more horizontally than in dust for small r.
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Figure 6.9: Null geodesics originating at the singularity in the case of ( = 15 in
Vlasov matter. Gray lines indicate the corresponding quantities in the dust solution.
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Conclusions

The concept of cosmic censorship is fundamental to the theory of general relativity
and has been debated in the community ever since it was first conjectured. The
popularly used dust model is known to generate naked singularities but it is still an
open question if they can occur with Vlasov matter. The primary goal of this thesis
was to investigate if initial data that is known to give naked singularities in dust
also give naked singularities in the Einstein-Vlasov system.

We have shown that the Einstein-Vlasov system can approximate the dust system
arbitrarily well up to numerical accuracy. Morever, the cosmic censorship results
indicate that naked singularities do not form in the Einstein-Vlasov system, at least
for Vlasov matter with a large initial velocity dispersion. This is due to the increased
momenta close to the singularity. In order to show this in general and for Vlasov
matter that is initially arbitrarily close to dust, better precision close to the centre
is needed.

7.1 Further developments

In this section, we discuss how to improve on the results obtained in this thesis.

Due to the limitations discussed in section 5.3.2.3 and 6.2.2, we have not been able
achieve a more general cosmic censorship result for the Einstein-Vlasov system. For
a conclusive result, it needs to be investigated if naked singularities can form in any
Vlasov matter, even one that is initially arbitrarily close to dust. An analysis of
the Einstein-Vlasov system with a small initial velocity dispersion is thus needed.
As discussed in section 6.2.2, this seems to require analysing the behaviour for very
small » which would require significantly better precision than has been achieved
here. Since this is a recurring theme, possible efforts to improve the precision for
small r are discussed later in this section.

A first step towards a more general result would be to verify a previous analytical
argument by H. Andréasson and G. Rein. The argument is based on trapping the
inhomogeneous solution between two homogeneous solutions for small r in order to
estimate when the inhomogeneous trapped surface and singularity are formed. The
argument is carried out in comoving coordinates, so to directly use the method in
this thesis, it would first have to be repeated in PG coordinates. Alternatively, the
work done in this thesis could be redone in comoving coordinates. This would in
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itself be of interest, since the comoving coordinate system is more popularly used in
the community. It should be kept in mind that previous analysis by H. Andréasson
and G. Rein has shown that local existence does not hold in these coordinates, but
it is possible that this is not a problem for numerical studies.

To achieve a more general result, also larger (-values need to be investigated. Since
the dust case becomes "more naked” for larger (, it is interesting to see how the
Vlasov matter behaves as ( increases. The results for ( = 15 indicate that the
singularity will occur later for larger values of ¢ and that the apparent horizon will
still spread out horizontally for small r, thus intersecting the null geodesic. However,
this needs to be verified more generally. As discussed in 5.3.2.3, an increased ¢ would
require a larger 7,., and thus a larger N, to keep Ar sufficiently small. In short,
this would require a larger computational effort.

A parameter that has been left unchanged for the cosmic censorship results is .
Since the dispersion of the particles increases with time, increasing ¢ for a fixed e
should be similar to increasing e for a fixed £. This is, however, not something that
has been tested extensively in this thesis and it could be of interest to see how a
change in ¢ affects the results. An increase in ¢ does, however, necessitate an increase
in tgna and thus an increase in N; to keep At constant.

A key improvement needed to conduct the suggested studies is to improve on
the method used to determine #;,. The method in this thesis is based on the
Kretschmann scalar and the K, calculated from dust. As discussed in section
6.2.2 and Appendix A.3, this method is quite noisy. Part of this comes from the
unstable numerical behaviour at the centre. For example, 5 and g—f are both set
to 0 at ry in the PIC simulation for numerical stability. As can be seen from the
dust case, 3 is not 0 for ¢ > ¢. This inconsistency arises from trying to simulate for
times after the singularity. Moreover, this affects the first couple of grid points since
%, which updates 3, depends on both g and %. Already in this work, alternative
implementations were tried but without success. To obtain a better precision for
small r an improvement of this implementation could be crucial.

An alternative approach of determining ¢ could come from analytical arguments. In
dust, it is known that the apparent horizon intersects r = 0 at , i.e. tg(r=0)= .
A similar result for Vlasov matter would simplify the numerical analysis and give
more confidence in the results. See Figure 6.8c for an example of where this would
completely change the cosmic censorship result. An indication to why this might
be true also for Vlasov is that the metric does not appear to be singular before
tg(r = 0), but this would need to be verified.

Finally, we discuss possible ways to improve the numerical precision for small r. As
can be seen by (5.29), the runtime depends heavily on the grid parameters NV; and
N,.. To improve the precision, both of these need to be increased which increases the
runtime drastically. One way of mitigating the increased runtime is by increasing
the computational power. By running the simulations on a computer cluster the
number of parallel processes, Ninreads, could be increased drastically. If necessary,
also the field solver could be done in parallel. Using a computer cluster would both
help in the analysis and decrease the feedback time for test simulations.
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Although the brute force approach of just increasing the computer power might
work, there are alternatives. Note that a combination of the two would probably
be the best approach. One alternative could be to use a non-uniform spatial grid,
with more grid points close to the centre and fewer further out. This is used in
other discretisation schemes where the computational effort is focused on the areas
of most interest.

Another idea could be to not initialise as many particles per spatial grid point, in
order to keep the total number of particles low even when N, increases. In the
current implementation, this can be done by decreasing N, and N,, as done in
Table 5.1. There is, however, a limit on how much N, and N, can be decreased
since these need to be large enough to ensure a sufficiently smooth dispersion of the
initial momenta. An alternative implementation could be to not initialise particles at
every spatial grid point. Another alternative to get a sufficiently smooth dispersion
in the initial momenta without introducing as many particles per grid point, could
be to initialise fewer particles at each grid point, and sample their initial momenta
from the momentum distribution. By then increasing the number of grid points,
the total momenta dispersion among all particles will be the same but Ar will be
smaller.
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A

Additional figures

In this appendix, we present some additional figures that are not relevant to the
main results, but may be relevant for the discussion or methodology.

A.1 Grid parameter search

Here, some figures produced during the parameter search discussed in section 5.2
are presented. In all figures, the error in r is given to the left and the error in ¢ to
the right. The errors are defined as in (5.31) and the parameters not specified are
as in (5.32). The values of At and Ar are included in order to see how the error
relates to the maximum achievable precision.

In Figure A.1, we see that the error is not affected much by changing N, as long as
N, is sufficiently large. The same is true for N,, but with a larger threshold value,
as can be seen in Figure A.2.

-3 —3
310 : : : ‘ ‘ : : 3 10

Error r Error t
— — Ar — — At

Error r
Error t

20 40 60 80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180 200
]Vu N“

Figure A.1: Error in r and t as a function of the number of grid steps in wu.
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Figure A.2: Error in r and ¢ as a function of the number of grid steps in «.

The spatial grid size governed by N,, has a greater effect on the error, which can be
seen in Figure A.3. This is expected, since N, is the main parameter for reducing
numerical errors. Moreover, the numerical value of 7 is used in the error measure of ¢,
meaning that sufficient accuracy in r is needed for a good Error ¢. With sufficiently

large N,, the best possible accuracy for the given time discretisation is achieved, i.e.
Error t < At.

Error r

200 400 600 800 1000 1200 1400 1600 1800 2000
N,

Error t

Error t
— — At

200 400 600 800 1000 1200 1400 1600 1800 2000
NT‘

Figure A.3: Error in r and ¢ as a function of the number of grid steps in r.

The number of time steps, Vg, also affects the numerical accuracy. However, increas-
ing N, does not necessarily lead to better accuracy unless the number of spatial grid
steps, N,, is sufficiently large. This is seen in Figure A.4, where the errors increas
if V; is chosen too large for a given N,. Nevertheless, as NV, increases, N, needs to
be increased sufficiently to achieve the best accuracy.
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A.2 Critical zeta value for p = 3/2

To find the critical zeta value when p = 3/2, we perform a numerical search described
in section 5.3.1. The resulting value is (i =~ 7.4945. This is illustrated for PG
coordinates in Figure A.5 and for comoving coordinates in Figure A.6. If { > (.,
a null geodesic originating at the singularity, (0,0), is not caught by the apparent
horizon and can thus escape to null infinity. If ( < (.4, the null geodesic intersects
the apparent horizon which, by previous results [19], imply that an event horizon
will form around the singularity. Note that, we here set ¢ = 0, but the same (uyt iS
found for other values of  as well.
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Figure A.5: Null geodesic originating at (0,0) for ¢ 2 (uit in PG coordinates.

-

7 7
7 7
5 4 5 4
’ ’ ? ’
+~ 7 -~ 7
/ /
7 6.16104 7 6.16113
’ P 7
/ e /
3t 2 6.16099 b 3k 2 6.16108
4 4
4 0.99999 1 4 0.99999 1
4 7
—— Singularity —— Singularity
1r — — Apparent Horizon s — — Apparent Horizon

—— Null geodesics Null geodesics

0 0.5 1 15 0 0.5 1 15

(a) C < Ccrit (b) C > Ccrit

Figure A.6: Null geodesic originating at (0,0) for ¢ 2 (.t in co-moving coordi-
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A.3 Kretschmann implementation

Here, the behaviour of the Kretschmann scalar, K, and specfically the suitability
of equation (5.40) as a measure of when the singularity occurs, is analysed. The
purpose is to motivate the method defined in section 5.3.2.3. From section 2.2.3, we
know that K — oo at a singularity. We use the case of { = 1 and { = 7.6 to analyse
how K behaves close to ¢ and #y .

We first consider the dust case, where K is known analytically by (4.41) and (4.42)
in (5.39). To illustrate how Kjn;e depends on 7, K(t,7) is plotted as a function
of t for different values of 7 in Figure A.7. For all 7, K(¢,7) goes from negative
to large positive values just before t crosses £. The smaller the 7, the closer this
shift is to t = ¢. Moreover, the values taken at t = i (i.e.  Kymit) appear to
increase exponentially as 7 decreases. This can be seen from Figure A.7b, where
a logarithmic scale is used and the Kj,;; for each r is depicted. This sudden shift
thus looks promising as an indicator for singularity.

0.9 (].‘95 ; 1.‘05 1.‘1 0.9 ()‘1]') ; 1.63 1.1
(a) Linear scale (b) Logarithmic scale

Figure A.7: The Kretschmann scalar K (¢,7) in dust plotted for different choices
of . To the left, linear scale is used on the y-axis and to the right a logarithmic
scale is used. The vertical black dotted line represents the dust singularity time
¢ and the horizontal coloured dotted lines represent the values of Kjmi in (5.40)
corresponding to each 7.

In Vlasov matter, the issue becomes more intricate. We use the simulation data
from the results in section 6.2.2, i.e. the simulation parameters in (5.42) and Ta-
ble 5.1. Let ry; denote the specific grid point chosen as 7, i.e. # = r;. The idea of
(5.40) and (5.41) is that as long as 7 is chosen small enough, the result should be
relatively independent of exactly which grid point is chosen. To avoid some numer-
ical instability at the centre, which propagates to the first couple of grid points, the
grid index m needs to be chosen sufficiently large. As discussed in section 5.3.2.3,
the choice of m becomes a trade-off between runtime and accuracy as increasing m
means that N, needs to be increased for 7 to still be sufficiently small.
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In Figure A.8, we illustrate this for Vlasov matter with different £ and the grid index
m € {1,4,8,16}. The vertical dotted lines represent the singularity time ty from
each choice of m as determined by (5.40) and (5.41). Ideally, these lines would be
close together, to verify the above. We see that this is generally the case and that
for ¢ > 0.01, fy is far from # for all . With 7 = 1, K(t,7) appears to behave
somewhat irregular, which is a sign of the numerical instability close to the centre.
Moreover, for £ > 0.01, K (t,r) appears to shift from small (or negative) values to
large positive values quite long before reaching K. It does therefore not give the
same clear break in trend close to f as in the dust case or for the larger 7.

For the smaller ¢ values, the different choices of m still give ¢y values that are
close to each other, but also closer to ¢. The relative distance to ¢, is significantly
different for different choices of m. This indicates that better precision is needed for
an accurate analysis in these cases and is why they are not considered in this work.
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Figure A.8: The Kretschmann scalar K (¢,7) in Vlasov matter, plotted for different
choices of r,;, = 7. Vertical dotted lines show the corresponding {y determined from
(5.40-5.41). The vertical black dotted line represents the dust singularity time £.
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Additional derivations

In this appendix, derivations that are too lengthy for the main text are presented.
Specifically, this consists of the coordinate change in the derivation of 7}, in the
Einstein-Vlasov system, a formal calculation of the conservation of mass and the
derivation of the Kretschmann scalar.

B.1 Coordinate transform in the macroscopic quan-
tity integrals

Here, the coordinate transformation (py,py,p3) — (w, L, p3) and how it is used in
(4.10) is presented. We follow the proof in [21, Lemma 8.3].

Let (w, L, p3) — (py, py, p3) be described by

1
w = —
apla
1
L =p2+——p° B.1
p2 +Sin2(€)p3 ’ ( )
Ps =Ds3-

The determinant of the Jacobian of this transformation is then

1 1 1
9 py = 2=\ L — ———py? B.2
o2 \/ sin2(0)p3 (B-2)

a

and thus the Jacobian of the inverse transformation (p,, py, p3) — (w, L, p3) is

a
2 \V L— sin%(e)p32
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(B.3)



B. Additional derivations

Wauth this transformation in (4.10), the T}, integral becomes

= 1 0 2 2 1
Ty = r%sin@)/w f(t,z,p) <p —208p, + B%(py) p°> dp,dp,dps

1 a

1
1 ; I _ 9 252, 2 L
r2asin(f) /11{3 f(tr,w, L) (p W+ ap ) QW

=:xk(w,L)

__ /OO 2/oof(t L)w(w, L) /ﬁm(e) ! dp, | dLd
- 27=2 Sln(‘g) oo 0 , T W, K W, —\/fsin(ﬂ) I, _ ﬁpﬁ pS w,

dLdwdp,

=:1

(B.4)

where the limits of p; comes from when L — mpf > (. The extra factor 2 in the

integral over L comes from the fact that (p,, py, p3) — (w, L, py) is a one-to-one map
for both R x (—00,0) x R — R x (0,00) x R and R x (0,00) x R — R x (0,00) x R.
Note that (B.4) is true for general kernels, x(w, L), which, in particular, means that
it holds for the other elements of T, .

We thus turn to the integral over p,, defined as I above. By standard integration,

V/Lsin(6) 1
—/Lsin(8) , /[, — WPSQ
\/Zsin(e) 1
- sin2(0)p3

Sll’l

3\

dp3dp3
\/ L sin?

arcsin
\/— Lsin(6

2sin(6) arcsin(1)
= msin(f). (B.5)

‘| V/Lsin(0)

sww

With (B.5) in (B.4), we arrive at the final expression in (4.10),

_ %/_w /0°° f(t,r,w, L)x(w, L)dLdw | (B.6)

where x(w, L) is determined for the specific element of T, considered. For Tj,, i
is as defined in (B.4).
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B.2 Conservation of mass

In this appendix, we investigate the conservation of the ADM mass, M, defined in
(4.23). The ADM mass should be conserved in time, meaning that aa/\t/‘
oM

0. To evaluate %7, we use the Vlasov equation (4.11) and the definitions of p, j, p

and pr in (4.8). Remember that p® = /1 + w? + T% We start by first considering
the dust case, before moving on to the full Vlasov case. Note that this is not a
rigorous proof, but rather a formal calculation. We assume that all the functions
are sufficiently smooth and that f has compact support in phase space.

B.2.1 Dust matter

In the dust case, we have j = p = pr = 0 and a = 1. From (4.23), we thus get the
ADM mass

M =A4r /Ooo p(t,r)r3dr . (B.7)

By using the Vlasov equation (4.11) with a = 1 we get

ﬂ =47 /OOO gﬁﬂdr =47 /Oo / / —dewd’r’
T ) (e ] s

_47r/// —w+ Bp° 8£ (gfp0w+r3>§fdm dr.

Add and remove [ %—If f in the integrand, and note that %—7;0 = —pol; 5
o oo oo Jf of  op’ op° op of
i [ A )0 O o (e ) e
Tl o w0r+ﬁp8r+8r P or / Grpw+3 A e
—_— —
Z(pOf) =——3

Use the definitions of p, j, p and p in (4.8), to simplify as

:471'2/000 [-5(/2/0°°wdedw> +B§</Zémpodedw>

_r2;

T2p
+g/_0;/om;dedw> //(850 T3>gdedw

_ 2r4
=5 Pr

dr
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Now use partial integration with respect to w on the last term and note that f has
compact support in w
o0 o (r* o (r? 26
=47T2/ o\ ) T o)+ —pr
0 or\m or\ m

OOOK% Ow L) r dL+—/ / < p0>dedw

dr

2 .2
=T+

=0
since w? f—0 as w—>4o0

0 0
( 2') +ﬁar<r2p> +aﬁr p+aﬁr p+20rp |d
=0 —0

=2 (Br2p)

[e.e]

=47 /OOO 087“ <Br2p> dr = 4w [ﬁ(t, r)r?p(t, r)}o
= 47° lim < t,r) /_O:O /Ooopo f(t,r,w, L) dew) - 47rli£r(1J (ﬁ(t,r)r2p(7’, t))

—0 —0
by (4.2)
In conclusion, for general dust data
M _4n lim (B(¢,7)r*p(r,1)) - (B.8)

ot
In the case of Eardly-Smarr data, both 5 and p are known analytically by (4.39)

and (4.42). The above limit can thus be evaluated explicitly as

oM , 2 it (i—t)2  1/r\2
—— = —4rlim ( —|—\J 12 +C(Co>

ot r=0 |\ r 2(
o 3 2
i, Ja 1 ()3
32 .2 ( x +\/ @ +e(s) )
= e b | Th . 3
2c2¢ " it 1(r\2
06 \/ @ te(s)
o 3 2
_i=t (=t 4 1 (r)\2
3 ( % +\/ w e(5) )
= 1m
V2(§)53¢ 0 (=t 1 ()}
? @ e(s)
i (i-1)?
-3 (_t2<t Ty )
CV2(9): (i—1)?
V2(5)2¢ o
- i\ 2 0
_;1(—%+%) _Jo <t (B.9)
¢ % 2=t t>t’
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which shows that the ADM mass is not preserved. The reason is that for ¢ > £, we
do not have regularity at the centre, which requires lim,_,o 5(t,7) = 0, see (4.2). To
verify the above calculation and to illustrate the effect of M not being conserved,
we define a correction term by

0 t<i
mt) =4, B.10
(t) {(tz;y P (B.10)
so that .
8( 0 <t
g M+m(t)) 0 s . (B.11)
ot Z-D+5(Y2E) =0 t>i

In words, by adding m(t) to the mass function, the ADM mass is conserved. In
Figure B.1 we plot the mass, M(¢,7), calculated either as in (4.22) or as in (4.41)
and add or remove m(t). Note that (4.22) and (4.41) should be equivalent.

M(t,r) M(t,r) +m(t)

1.2

12

(a) M(t,r) = (4.22) (b) M(t,r) = (4.22) + m(t,r)

M(t,r) —m(t)

1.2 12

(c) M(t,r) = (4.41) (d) M(t,r) = (4.41) - m(t,r)

Figure B.1: Dust mass function calculated in different ways with and without the
correction term.
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We see that without the correction term, the mass calculated from (4.22) vanishes.
By adding the correction to M from (4.22), the mass that equals the analytical dust
mass in (4.41) (except for the top region, which occurs after all the particles have
converged to the centre, i.e. r,(t) = 0), see Figure B.1b and Figure B.1c. Similarly,
by assing —m to the mass in (4.41), the result equals that of M (¢,r) calculated from
(4.22), see Figure B.1d and Figure B.1a.

Finally, in the Oppenheimer-Snyder dust case, f(t,r) = ZT\/%T (1 — \/2_ct)71 9].
With M(t,7) = %2 and p(t,7) = ;25 %% we by (B.8) get

oM
ot

— Ay }«1—% (ﬁ(t, rp(r, t))
= —A4Ar 71}51) (5(t’r) A2 Or (; 2>>

=—;;igg)(/3< >( 5 4 g2 ))
= i}ig% (ﬁ?’(t, P) + 2838, ) 320 (1- \/2_015)_1)

3
= 1}41_1}1%6 (t,r)=0. (B.12)

The ADM mass is thus conserved with homogeneous data, since regularity at the
centre is always fulfilled. This explains why no vanishing mass problems occur in
the Oppenheimer-Snyder simulations presented in section 6.1.

B.2.2 Vlasov matter

In the Vlasov case, the derivation becomes more complicated since j, p, pr and a
are non-constant. The time derivative of the ADM mass in (4.23) becomes

oM o (0
W:M/o (J—(aﬁy))

:471'/0 {g@’z ( B+a 6)7‘—@5 ] (B.13)

=11 =:1s

where we expand I; and I, separately with the same techniques as in the dust case.
Note that I, is the same as in the dust case plus some extra terms arising from a
no longer being constant. Specifically,

oo o fw %_ B da 6 10a L g
7T/oo/o b ( (apo )87" [<a8r+8r a ot w+ap07"3 ow dLdw

(e g0\ O |(BOa 98 10a) o o L |Of

_ﬂ-/—oo/(] < a+ﬁp>8r [(aar—i_ar a Ot pw+ar3 adedw
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Add and remove A% f in the integrand, and note that = pOLr -
B oo [0 waf 0Of  op° >
=7/ [ a@r—l—B( o "ol )P ]
(Pof) 0,3

foa 0B 10a) , of
l(a@r +E9r_a6t>p w+ar31 ow dLdw.

Simplify with (4.8) as

_ﬂ[_aar</ / wdedw>+ﬁ </_O:O/Ooop0dedw> //dedw)

P - T
=%J =%°P pr

(B.14)
B 800 08 10a\ ,  L]0f
/ / [(a@r or a@t)pw+ar3] dede'

Use partial integration with respect to w on the last term and compact support of

finw

2 2
LR () o
a or

Bda 098 10a) , L\,
_/ l((a@r 87"_8t> w—l—% f_OOdL
=0
since w? f—0 as w—3o0

f0a 0B 10a
+<a8r+8r a@t)

_ 1o (. 9 (2 poa 96 10a
N a@r(r‘7>+2rﬁpT+/B (T'O>+T <a87"+8r a8t>(p+p)
op Ié] S0a 10a
N L O [ op o OP 4 poa 1oa
- 3<M>+5a (T”>+arm+a + <a87’ aat>(p+p)+2rﬂpT
2 (Br2p)
_ 105N O oy OB, 5, (B0a 10
N a@T<T]>+3T(6Tp>+0TTp+T aldr aot (p+p)+2rfpr.

(B.15)

Note that the dust case is recovered when j = p =pr =0 and a = 1.
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Now the same thing can be done for I5 as,

w af B da 8 10a L | 0f
/0 w(— (apo_ )37‘_Kaar+8r a@t)w—i_apor?’] 6’w>de
/ 0

o0 w? f B 0a 5 10a 9 of
0 <_aﬂ)+ﬁw>3r [<a8r+37”_a& v +apr3 8ded

Add and remove — a2 6@ ( ) f in the integrand, and note that 2 (z%) = (p%

Y373

LG ()0 S e )l

_ L
%(p%f) T @033

Boa OB 10a\ , wL | Of
[<a8r+8r ac?t)w + ]

[‘m(/ L ded“’) s [ Gyt

Q oo oo B da _18& s  wL | Of
ﬂ@r(/—oo/o wdedw> / / Kaar or a@zﬁ)w—i_aporiglﬁwdl/dw

™

where we define the integral I3 for notational convenience. Using partial integration
with respect to w on the last term, together with compact support of f in w,

_ _ }L:@[ Zfi + 44}4,] + K34§1 Zfi'

-7 aor 7rp ar3™? or 7Tj
<[((B0a, 05 100\ . wi) "
0 K(a@r—i_ar a8t>w+ap0r3 f_OOdL

=0
since w? f—0 as w—3o00

oo oo | (B0a 0B 10a L (1 w2
+/_oo/0 [(a@r—i—ar aat>2w+ar3<po_(po>3 JdLdw
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10 (r? o (r? 1 Boa 0B 10a oo
= {—aar@p)+%<H>+aﬂf?’+2<aaﬁm‘am>/ |, whdtde

+=5 / / 7dedw—$ / / (’ZZ)[; fdLdw

=I3

— 7'
= br

__}Q 2 9 5. 5. (B 0a 8ﬁ_10a 2r
= a@r(r p>+68r<r j>+2T]<a87“+87“ a0t>+apT' (B.16)
Thus, the sought after —af1l, in (B.13) is
_ 19 poa OB 10a) 2
—apl = aﬂ[_Q&’( >+5 ( >+2r]<a8 +87" a8t>+apT]
= ogr () — g () - 22 (5 4 a0~ 651 ) 2.
or or

(B.17)

We now gather the terms in the integrand of (B.13). To keep track, we use violet
colour for terms from (B.15) and blue colour for terms from (B.17). Then,

< B+a (‘35) ir? —afly

(dr p) + 65 < > + ;er ((152 + Cll) §<r2j> — <ﬁzgi +2aﬁg/j> r?j

2 (Br2p)

f0a 10a

0 0
+77% <—52 . 5(% *5 ﬁ) +r <a87 - a@t) (p+p)+ (2rf = 2rB) pr.

Add and remove - ( )r j = =392

2o S (ur ) 22 (em )
~ & [(aB2+5)r2i]

. 0 0 0 0 10
+r23<(——62> - 6£ “af)J”z(fai_aa?)(“p)’

and by linearity gather all the — terms

_ ; [7«2 <B(,O+p) - (“52 + a) ]H

+T2j<_<1+52)8a B@_ %>+r2

S0a 10a
ot (a@r a0t>(p+'0)
=:14

_ 5; [72 <5<p+p> _ (a62 4 i) gﬂ VL. (B.18)
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where we gather all the extra terms in I, for convenience. We proceed to show that
Iy = 0 by combining the Einstein equations (4.15-4.18) as follows

I4=r2j< (1+B2> - B@— 85>+r2<68a—18a>(p+,0)

ot adr aodt
=47nraj
by (4.18)
1 0 0
=r?j ( ( +52> ¢ 57 - af) +4rriaj(p + p)

:r2j< <1+52>8a ﬁactb—aaaf+47rm(p+p)>.

By (4.17), & 5 6 +(1— A) + 47rp, so
5* —a (586 +—(1-A4)+ 47r7’p> + dmra(p + p))

:T2j<_<;+5> or 2

a
ar
=72 (_ (;_,_5)24_58@ ﬂ% 2i(1—A)+47rmp> )

By (4.18), % =

Jda 2
o —4mratj, so

1 ,
= r?%j ( ( + %32> ga + <30f — 47rm2j> - G/B*ﬁ ~L1- ) +47rrap>

2100 OB @ Y
]( . B 2r<1 A) +4rra(p —aBy) | .

Remember that A = a% —B%s0(1-A)=1- ;12 + 32

= ;arj ( — T(;gi + 2525) —(1—A)+8mr*(p — aﬁj))
aap 9
(1)
= ;arj ( — [r;r (1 — A) + (1 - A)] +87r?(p — aﬂj))
:%(r(l—A))

arj(—aar('r(l—A)) —|—87r7’2(p—a5j)) =0 (B.19)

N | —

=0
by (4.16)

XVI



B. Additional derivations

With I, = 0 in (B.18), we can finally write (B.13) as

e[ 2o - (o 1))
=an [ (84 - (a2 +2)5)]
_ 471—7«11_)1?0 [7,2 (B(P‘f‘p) _ (aﬁQ + 1) j)] — 47rlirr(1] [7*2 (5(,0—1—]9) - (aﬁ2 + clL) ])}
:47T2T1LIEO[ tr/ / p_|_ ter)dde

by(

_ (a52+a) /_O:o/ooowf(t,r,w,L)dde

—0
by?i?)
— 4r lim {Tz (ﬁ(ﬂﬂo) - (aﬁ2 + Clb) \.7/)}
—0
= —arlim [ B(t,7) (0 + P - (B.20)

which, as in the dust case, would give a conserved ADM mass if lim,_,o 3(¢,7) = 0
in accordance with (4.2). As seen in the dust case, this is however not true for ¢ > ¢

in the Eardly-Smarr case. Note that the dust case (B.8) is recovered from (B.20)
with p = 0.
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B.3 Derivation of the Kretschmann scalar

In this appendix, some details of the calculation of the Kretschmann scalar is pro-
vided. The main calculation and initial simplification should be credited to T.
Béckdahl, who performed them with Mathematica. For the metric in (4.1), the
Kretschmann scalar is calculated from (2.33) as

(A —a? 4 57)? 4 (0Oa 9B\ (0Oa
K_4( rt _a4r2<8t @B ay )(&_5 >

R I C )

r2 \ a3 Or
1 (0%a 0adp 8@65 Oa 0f3 85 0%a
+a2<8t?_8r8t_28t o ¥ arar T\ ar) P or
PP a0 826
a5+ B o +aps . (B.21)

To simplifiy the expression, we complement the subsystem of the Einstein field
equations presented in (4.15-4.18), with a field equation involving the tangential
pressure, pr. It reads,

Oa 0f

[ S TR
a3<a6 +a —a (1—1—@6)a + a’r T

ot ot~ VT oe

op Ja d Ja dp 2B
_9,.3p9" 2 20,207 3. 2
2000y 2 T3, “(m)
0? 0B Pa 0B
94,2 a 3 2B 3 = 2or. B.22
+aﬁrata +ar8t8r a“fBr e a’PBr ) 8mrpr ( )
With (4.15-4.18) and (B.22), the expression in (B.21) can be simplified to
K-t 3(1— A2 + 16772 ( (p — pr — p)(1 — A)
= mr?((p—pr — p

—r* (457 =200 + %) — pr —p— pf))] , (B.23)

where we note that A = 2 — (32 as defined in section 4.1.1. By (4.22), it is, however,
also true that A =1 — % With this in (B.23), we finally get

48 M*
r6

M .
K= +1287(p — pr — p) 5 — 64m(45> = 20> + p) — (21 —p = p)?).

(B.24)

which is the expression used in this thesis. Note that the first term is the same as
in the Schwarzschild solution.
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C

Eardly-Smarr solution

In this appendix, the main equations from the paper by Eardly and Smarr are
presented as in [4]. This is a complement to the main analysis, presented in section
4.2.2, where this is translated to the framework used in this thesis. Eardly and Smarr
use spherically symmetric comoving coordinates to describe a collapsing dust system.
Only the main equations of interest are presented here and readers are referred to
[4] for details. Note that we here use the same notation as in [4], meaning that the
r here is what is denoted 7 elsewhere in this thesis.

Consider a metric on the form

ds® = —dt* + X?(r, t)dr* + Y?(r,t)(d6? + sin*(0)do?). (C.1)
The Einstein field equations can then be written as
ay 1
X(rt) = ———
"0 = S Wiy
oY% (r,t) 9 2 u dM (7)
Y _wrr) -1 | wi dr C.2
ot (r) * Y(r,t) Jo () ar (C-2)
dM
20 s, 01X ()Y (0.

where M is the proper mass within r, W is the relative binding energy and Y is
the area radius. Assume the marginally bound case (W (r) = 1), then (C.2) can be
written as

3

Y(r,t) = <9MQ (") (4o ) — t)2> , (C.3)

x0) = () - 0+ 23100 57 (o0 - 0)

where to(r) is an integration function which will determine the proper time at which
the singularity is hit. Note that for any r > 0, the area radius Y (r,t) = 0 as
t= to (7’)

The trapped surface condition is the same as in (4.24), which in the notation used by
Eardly-Smarr is written as Y (r,t) < 2M(r). The apparent horizon can be derived
from Y (r,t) = 2M(r) in (C.3) as

ty(r) =to(r) — =M(r). (C4)



C. Eardly-Smarr solution

For the numerical results, Eardly and Smarr propose using data of the form

M(r) =

3 <r<i
{7“ ,0<r< 7 (C.5)

1 ,r>1

¢rP ,0<r<1
) to(T’): 2
r*—=1+¢ ,r>1

where ( > 0 and p € N, are parameters. Unless ( = 0 (for which case the data is
homogeneous as in the Oppenheimer-Snyder solution) this prescribes inhomogeneous
data in the collapsing dust core 0 < r < 1. In [4, Table 1], they show that if
p € {1,2,3} there are threshold values, (i, such that if { > (., globally naked
singularities are formed. In principle, this means that the trapped surface expands
too slowly compared to a radial null geodesic that originates from the origin of the
singularity (r,t) = (0,0).

A radial future-pointing null geodesic of (C.1) satisfies

dt

pi X(rt). (C.6)
By inserting (C.5) in (C.3), we have an expression for X (¢,r) and can solve (C.6)
with ode45 in MATLAB to get the null geodesics. We test one of the threshold
values given in [4, Table 1]. Namely, for p = 1, the threshold value is (it =~ 6.3. In
Figure C.1, null geodesics are plotted for p = 1 with ( = 6.1 < (5 and ¢ = 6.6 > (it
respectively. In both cases, a radial null geodesic is released from the centre at the
time of the singularity, i.e. at (0,0). Note that for the numerics, we start at (7,0)
where 7 = 0.0001. If ¢ < (qit, this light ray is caught by the apparent horizon and
will eventually converge into the singularity. However, for ( > (., the apparent
horizon does not expand quickly enough and the light ray can escape to null infinity.
For ¢ > (uit, the dust system thus gives naked singularies.

-
T

—— Singularity
-1 — — Apparent Horizon
—— Null geodesics

—— Singularity
— — Apparent Horizon
Null geodesics

N N

L L L L L ) L L L L L '
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 0 0.2 0.4 0.6 0.8 1 12 14 1.6
r r

(a) C < Ccrit (b) C > Ccrit

Figure C.1: Radial future pointing null geodesics for p = 1 and ¢ 2 (et
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