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Compactifications of String/M-Theory and the Swampland:
A Study of the AdS,; Mass Spectrum of Eleven-Dimensional
Supergravity on the Squashed Seven-Sphere

Joel Karlsson
Department of Physics
Chalmers University of Technology

Abstract

The landscape of possible four-dimensional low-energy effective theories arising
from compactifications of string/M-theory seems vast. This might lead one to
believe that any consistent-looking effective field theory coupled to gravity can be
obtained as a low-energy limit of string theory. However, a set of “swampland”
conjectures suggests that this is not true and that, in fact, there is an even larger
set of effective field theories that cannot be obtained in this way. In particular, the
AdS instability swampland conjecture asserts that nonsupersymmetric anti-de Sitter
vacua are unstable. These swampland criteria can have implications for, for instance,
low-energy physics and cosmology.

M-theory is a nonperturbative unification of all superstring theories. Its low-energy
limit, eleven-dimensional supergravity, admits two compactifications on the squashed
seven-sphere. One of the solutions has one unbroken supersymmetry (N = 1) while
the other has none (N = 0). Due to the AdS instability swampland conjecture, the
latter should be unstable. However, this has not been demonstrated explicitly. To
study the stability of the N’ = 0 vacuum, we investigate the mass spectrum of the
theory. The main advancement compared to previous attempts is the realisation that
all mass operators in the Freund—Rubin compactification are related to a universal
Laplacian, allowing us to relate Weyl tensor terms to group invariants. One limitation
of the group-theoretical method we employ is that it can lead to false roots. This
is remedied, at least in part, by demanding that the fields form supermultiplets in
the N/ =1 case. Although we arrive at an eigenvalue spectrum for all operators of
interest, there is a hint that the results may be incomplete. Thus, we do not reach a
decisive conclusion regarding the investigated type of instability.

Keywords: squashed seven-sphere, mass spectrum, flux compactification, M-theory,
string theory.
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1. Introduction

The perhaps greatest challenge in fundamental physics is quantum gravity. During
the twentieth century, two theories transformed the scientific worldview radically.
The first, Einstein’s theory of relativity, tells us that space and time are not absolute
but relative to the observer and that only spacetime, not space and time separately,
is physically meaningful (special relativity). Furthermore, spacetime is dynamical: it
curves as a result of the presence of matter and energy and gravity is a manifestation
of this curvature (general relativity). The second is quantum theory!, describing
matter by wavefunctions with nonclassical properties such as entanglement and only
giving probabilistic predictions for observable measurement outcomes.

General relativity and the Standard Model of particle physics, a (special-)relativistic
quantum field theory, are often considered the two most successful theories in all
of physics. Yet, they seem incompatible [1]. Due to the nonclassical properties of
reality, demonstrated for instance by experiments that violate the Bell inequality [2],
the consensus is that gravity has to be quantum or emergent from more fundamental
quantum degrees of freedom. Still, the quantum nature of gravity remains unclear.
There are, however, several approaches to quantum gravity, including string/M-theory
[1] and loop quantum gravity [3]. This thesis is concerned with the former.

String theory is a framework that generalises quantum mechanics to extended one-
dimensional objects, strings.? There are five (critical) string theories with fermions,
known as Type I, Type ITA, Type IIB, heterotic SO(32) and heterotic Eg x Eg, which
all live in ten dimensions [1]. These are related by various dualities, for instance
T-duality (inverting the radius of a compactified dimension) and S-duality (inverting
the string coupling constant) [4]. Thus, they may be viewed as perturbative regimes
of an underlying nonperturbative theory known as M-theory [5]. Remarkably, the
low-energy limit of M-theory is eleven-dimensional supergravity, which, as the name
suggests, is formulated in eleven dimensions rather than the ten of the superstring
theories [4]. Eleven is special in the sense that it is the maximum number of
dimensions in which one can have supersymmetry without particles with spins
greater than two and the highest dimension that admits super p-branes [5].?

One may ask how string theory in ten dimensions and supergravity in eleven can
have any prospect of describing the four-dimensional universe we perceive, with

!Quantum theory is not a physical theory but a theoretical framework. Similarly, there is a
theoretical framework subsuming general relativity.

2String theory also contains higher-dimensional extended objects known as branes.

3This depends crucially on the assumption of Minkowski signature and can be avoided in twelve
dimensions with two timelike directions, a fact that is used in F-theory [5], [6].
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three dimensions of space and one of time. One possible answer is that some of
the dimensions are small and compact and, therefore, not observed in experiments.
This is known as Kaluza—Klein compactification [1]. A useful analogy is the surface
of a rope, which looks one-dimensional from afar but is really two-dimensional.
Another, not mutually exclusive, possibility is the brane-world scenario, in which
our four-dimensional spacetime corresponds to a defect created by branes [1].4

Although compact dimensions can solve the problem of why we do not observe ten
or eleven dimensions in experiments, it also gives rise to another problem, namely,
the problem of choosing a compact manifold. When compactifying M-theory to four
dimensions, one obtains a low-energy effective theory which depends on the specifics
of the compactification. One estimate suggests that there is at least 1027299 such
vacua [7], although it is unclear whether they are all distinct or if some are related
by dualities [6]. It is then reasonable to ask whether any consistent-looking effective
field theory coupled to gravity can be obtained as a low-energy limit of an M-theory
vacuum. A set of “swampland” conjectures claims, to the contrary, that the space of
effective field theories that cannot be obtained in this way is even larger [6], [8]. In
contrast to the string landscape, these are said to belong to the swampland.

When compactifying eleven-dimensional supergravity to four dimensions, the internal
space, that is, the compact dimensions, is of course seven-dimensional. Thus, the
seven-sphere, S7, may be used as internal space. In the Freund-Rubin ansatz, a
special form of flux compactification, the compact manifold has to be an Einstein
space, R, X Gmn, to satisfy the supergravity field equations. The seven-sphere
admits two Einstein metrics, the usual maximally symmetric round one and a
squashed metric with fewer isometries. There are two vacua with the squashed
seven-sphere as internal space, related by “skew-whiffing”, that is, by reversing the
direction of the flux. One of these has one unbroken supersymmetry while the other
has none [9]. We will refer to the N/ = 1 solution as the left-squashed vacuum
and the N = 0 solution as right-squashed. Since the metric on the internal space
is a spacetime scalar, the four-dimensional theories obtained from the squashed
sphere can be viewed as spontaneously broken phases of the N' = 8 maximally
supersymmetric theory obtained from the round S7 [9], [10].

One swampland conjecture, which we will refer to as the AdS instability swampland
conjecture, asserts that nonsupersymmetric anti-de Sitter (AdS) vacua are unstable
and, hence, belong to the swampland [11]. Accordingly, the right-squashed vacuum
described above, which is AdS, is expected to be unstable. However, no instability
has been explicitly demonstrated for this vacuum. For instance, due to the relation
with the left-squashed A/ = 1 vacuum, the Breitenlohner-Freedman bound [12], [13]
is not violated [14]. If present, the instability must, therefore, arise in some other
way. One possibility is that the vacuum is shifted significantly by an instability
indicated by a tadpole. For the shift to be significant, the field with the tadpole has
to correspond to a global singlet marginal operator (GSMO) in the conformal field

4In such scenarios, there may be noncompact extra dimensions. If the space is a warped product,
one can still get four-dimensional gravity with an inverse-square law [1].
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theory (CFT) dual to the supergravity theory [15]. Other possibilities for instabilities
include the formation of a “bubble of nothing” [16] and brane-jet instabilities [17].

In this thesis, we focus on tadpole instabilities related to GSMOs. As explained in
[18], such instabilities can occur not only for the elementary scalar fields in the theory
but also for composite fields. Hence, one needs detailed information of considerable
parts of the Kaluza-Klein mass spectrum to investigate whether any GSMO-related
instability occurs. Since the masses are determined by the eigenvalue spectra of
certain differential operators on the internal space [19], we aim to derive said spectra.

1.1 Thesis outline

The thesis is structured as follows. In the remainder of this chapter, we provide
some context for the problem and elaborate on the kind of instability we are going
to investigate. The reader is assumed to be familiar with quantum field theory and
general relativity. Also, familiarity with some aspects of string theory is assumed, at
least on a conceptual level. Detailed knowledge of supersymmetry and supergravity
is not a prerequisite and we, therefore, present some relevant background, including
the superspace construction of eleven-dimensional supergravity, in chapter 2.

In chapter 3, we discuss compactifications of eleven-dimensional supergravity, in
particular the Freund—Rubin ansatz. We also discuss the concept of mass in AdS
and present the expressions for the mass operators, in terms of differential operators
on the internal space, and the N’ = 1 supermultiplets in AdS,. In the last section of
the chapter, section 3.2.4, we relate the mass operators to a universal Laplacian that
later proves to be of great use. This realisation is not present in the literature as far
as we know.

In chapter 4, we review aspects of the geometry of and harmonic analysis on
homogeneous spaces G/H. Some of the material is based on [20] but we generalise
the discussion to an arbitrary G-invariant metric. We also derive the equations,
in section 4.3, that are later used to find the eigenvalue spectra of the squashed
seven-sphere.

Two constructions of the squashed-seven sphere are presented in chapter 5. We use
the above to realise the squashed S7 with arbitrary squashing parameter as a coset
space G/H with G = Sp(2) x Sp(1) and H ~ Sp(1) x Sp(1). The Einstein-squashed
seven-sphere, on which we compactify eleven-dimensional supergravity, is of course
of particular interest. However, we also see that the round S” comes from a metric
of indefinite signature on G.

The eigenvalue spectra of all operators of interest on the (Einstein-)squashed seven-
sphere are derived in chapter 6, using the coset construction of the previous chapter
and the equations derived in section 4.3. We do not solve any differential equations
explicitly but rather use group theoretical techniques. A limitation of the method is
that it can lead to false roots.
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Recently, large parts of the eigenvalue spectra of the squashed seven-sphere were
uploaded to arXiv [21], although substantial parts were known before that as well
[19], [22], [23]. Our calculations, which are completely independent, agree with all
previous results and extend them by providing eigenvalues for i, /2 independent, of
supersymmetry requirements.

Having investigated the squashed seven-sphere in detail, we return to eleven-dimen-
sional supergravity and derive the mass spectrum and supermultiplet structure upon
compactification on the squashed S7 in chapter 7. We focus on the left-squashed
N = 1 vacuum and use the fact that the fields must fall into supermultiplets to
eliminate false roots. In this way, we arrive at eigenvalue spectra that are consistent
with supersymmetry. However, there seem to be degeneracies that we have not been
able to explain. This could be taken as an argument for our results being incomplete.

The analysis regarding whether GSMO-related instabilities can occur in the right-
squashed vacuum is not completed. We end with some concluding remarks and a
discussion on what is needed for this in chapter 8. Further results will hopefully be
presented in a future publication [24].

Conventions, notation and some mathematical preliminaries are presented in appen-
dices A to F. In appendix G we solve the Bianchi identities of eleven-dimensional
supergravity, a calculation too long to fit in the main text.

We do not attempt to always give complete lists of original references. In particular,
several textbooks are used for well-known results, especially when of mathematical
nature. Also, the review article [19] is used for large parts of the background material
regarding compactifications of eleven-dimensional supergravity.

1.2 The swampland

As already mentioned, the swampland program aims to demonstrate that not all
consistent-looking effective field theories (EFTs) coupled to gravity can be obtained
from M-theory compactifications. Theories that cannot be obtained in this way are
thought to not admit a finite UV-completion and are therefore considered inconsistent
[6]. Some swampland conjectures are concerned with quantum gravity more generally
while others are concerned with string/M-theory more specifically. In this section,
we provide some background regarding the swampland program to put the project in
a wider context and expand on some details concerning GSMO-related instabilities.

Before turning to specific conjectures and their consequences, we note that many
of the swampland conjectures have not been rigorously proven. Indeed, the lack
of a complete, nonperturbative definition of M-theory is a significant obstruction
to such proofs. Instead, the conjectures are motivated by, among other things,
realisations and examples from string theory and black hole physics [6]. To be
able to claim predictions from string theory based on swampland conjectures, one
must be confident enough of the validity of the relevant conjectures, within the

4



1.2. The swampland

theoretical framework, to believe that the fault lies in string theory itself, and not
the conjectures, in the event that repeated experiments would violate the prediction.
Otherwise, the experiments can only be said to test the swampland conjectures and
not string theory. This motivates further theoretical study of the subject to refine
and strengthen the conjectures.

1.2.1 The weak gravity and AdS instability swampland
conjectures

The weak gravity conjecture states, loosely, that gravity is the weakest force in any
consistent theory of quantum gravity [25]. More specifically, for a U(1) gauge field,
the conjecture asserts that there must be a state of mass M and charge @) such that

M

<1l (L)

where Mp, is the Planck mass [25]. Several arguments motivate the conjecture [6],
[11], [25]. Firstly, it agrees with what is observed in nature and known string theory
compactifications [25]. It can also be motivated by black hole physics as follows.
A Reissner—Nordstrom black hole, that is, a charged black hole in 4 dimensions, is
described by the metric

rZ o\ !
ds? = _(1—2W+§)dt2+ (1—2W+§> dr? + 7%y, (1.2)
r T r r

where ry; = lpy M /Mp) = 1g/2 is half of the Schwarzschild radius, rg = {pQ is the
length scale associated with the charge and d), is the usual metric on S%. We see
from the metric that there are horizons at

r=ryEA\TY T (1.3)

If we imagine turning up the charge from ) = 0, corresponding to a Schwarzschild
black hole, the outer horizon shrinks while the inner one grows. When ré =73,
corresponding to M /Mp; = |Q)|, the two coincide and the black hole is said to be
extremal. For larger charges, there is no horizon and we get a naked singularity,
violating the cosmic censorship hypothesis. Thus, for extremal black holes to be
able to evaporate via Hawking radiation without violating the cosmic censorship
hypothesis, there has to be a state satisfying (1.1). For macroscopic black holes
with M > Mp,, such evaporation is expected to be possible to avoid large numbers
of Planck scale black hole remnants and large numbers of exactly stable objects
not protected by symmetry [25]. This does not apply to Bogomol'nyi—Prasad—
Sommerfield (BPS) states, which saturate (1.1) and whose stability is protected by
supersymmetry [4], [11]. The weak gravity conjecture applies to charged branes in
string theory as well; the gravitational attraction is conjectured to be weaker or
equally strong as the electric repulsion [11].

There is a sharpened version of this conjecture that states that equality only occurs for
BPS states in supersymmetric theories [11]. This can be motivated by the argument

5



1. Introduction

presented above since the phase space of the emission of particles saturating (1.1)
vanishes [11]. Note that not all states must satisfy (1.1); it is only required that
there exists some state satisfying it.

The sharpened weak gravity conjecture has a consequence related to nonsupersym-
metric AdS and holography. To see this, we consider Maldacena’s [26] original
construction of the AdS/CFT correspondence. The conformal field theory lives on a
stack of N coincident branes and decouples from the bulk theory in the low-energy
limit. The geometry is described by a black brane supergravity solution, valid
for large N, whose near-horizon limit typically reduces to a product of AdS and a
sphere. In the nonsupersymmetric setting, the electric repulsion between the branes is
stronger than the gravitational attraction, by the sharpened weak gravity conjecture
[11]. This renders the system unstable. Furthermore, the lifetime approaches zero in
the near-horizon limit due to the gravitational time dilation [11].

Although the above depends somewhat on the specific construction, [11] conjectures
that nonsupersymmetric AdS holography with a low-energy description in terms of
finitely many matter fields coupled to Einstein gravity belongs to the swampland. If
true, this means that all nonsupersymmetric AdS vacua of M-theory are unstable.
We refer to this as the AdS instability swampland conjecture®.

1.2.2 The swampland, the Standard Model and cosmology

Some swampland conjectures can be related to the Standard Model of particle
physics or cosmology. Here, we describe a couple of examples of this. The first
example comes from considering compactifications of the Standard Model to three
or two dimensions. At first, this might seem peculiar but if the Standard Model
can be obtained from M-theory so can its compactifications. Thus, if stable AdS
vacua can be obtained from compactifications of the Standard Model, the Standard
Model itself belongs to the swampland according to the AdS instability swampland
conjecture. Aspects of this are investigated in [31]-[33]. In particular, [31], [32] find
that the Standard Model augmented with Majorana neutrino masses gives rise to
AdS vacua after compactification with current values of the neutrino masses and the
cosmological constant. However, [32] also finds that this can be avoided by adding
a light beyond-the-Standard-Model particle or if the neutrinos are Dirac fermions
and the lightest neutrino is sufficiently light.® As pointed out in [32], the above
argument can be reversed to provide a lower bound on the cosmological constant
based on the neutrino masses. Note that the above constraints only apply if the AdS
vacuum obtained from compactification of the Standard Model is stable, as discussed
in [32], [33].

®Not to be confused with the (gravitational) AdS instability conjecture, which asserts that AdS
is unstable to black hole formation under arbitrary small perturbations [27], [28] and has been
proven for some gravity-matter systems [29], [30].

SNote that the smallest neutrino mass is not bounded from below by current neutrino oscillation
experiments.

6



1.2. The swampland

The implications of swampland conjectures have also been studied in the context of
cosmology. This is based, for instance, on the swampland conjecture known as the
refined de Sitter conjecture which states that the effective low-energy potential V' (¢)
for scalar fields ¢; must satisfy

C C
VV|>-—V  or min V2V < ——V, 1.4
VvV = Mo ST, (1.4)

for universal positive constants ¢, ~ O(1), in any consistent theory of quantum
gravity [34]-[36]. In these expressions, |[VV|? = ¢Y(¢)V,VV,;V where ¢”(¢) is
the field-space metric from the kinetic term in the Lagrangian, that is, Ly, =
—g7(¢)/20,¢:0"¢;, and the minimum refers to the minimum eigenvalue of the
Hessian V2V in an orthonormal field-frame. The name of the conjecture comes from
the fact that it excludes (meta-)stable de Sitter vacua [34], [36]. If true, this would
imply that the state of the universe is unstable. One possibility is a quintessence
model where the cosmological “constant” asymptotically goes to zero with cosmic
time, which would have consequences for the dark energy equation of state [6].
Notably, recent studies based on observations suggest an evolving equation of state
for dark energy [37]. However, in [38], it is argued that a metastable de Sitter vacuum
produced by the KKLT (Kachru-Kallosh-Linde-Trivedi) mechanism [39] avoids the
problems motivating the swampland conjecture and KKLT could, therefore, still be
a viable mechanism for producing de Sitter vacua in string theory. They further
note that many proposed quintessence models, including those presented in [35], are
excluded at high significance by cosmological data.

In [40], the refined de Sitter conjecture is applied to single-field inflation models.
They consider, in particular, the ratio between scalar and tensor modes in primordial
fluctuations, r, and the scalar spectral index, ng, parameterising the scale dependence
of the scalar fluctuations. For consistency between observational data and the single-
field slow-roll inflation model, they find that ¢ < O(0.1) or ¢ < O(0.01) depending
on which inequality in (1.4) applies to the inflaton potential. Depending on the
precision of the statement that ¢, ~ O(1) in the swampland conjecture, this result
is in considerable tension with the conjecture. As stated above, the refined de Sitter
conjecture should apply to this model. The validity of this application has however
been questioned in [38].

1.2.3 Unstable nonsupersymmetric AdS vacua and GSMOs

As already mentioned, the AdS instability swampland conjecture asserts that non-
supersymmetric AdS belongs to the swampland. Here, we elaborate on the kind of
instability we aim to investigate for the squashed seven-sphere compactification of
eleven-dimensional supergravity, namely, instabilities related to tadpoles and global
singlet marginal operators (GSMOs).

Consider an M-theory vacuum dual to a conformal field theory (CFT) in the N —
oo limit. At large N < oo, there can be tadpoles in the supergravity theory,
corresponding to 1/N corrections of the S-functions of the dual CFT, that signifies
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a shift of the true vacuum [18]. This does not happen in supersymmetric cases but
can lead to an instability for nonsupersymmetric theories [18]. The question is then
whether there is a 1/N perturbed vacuum close by in parameter space or not, the
latter signalling instability. In [15], it is argued that only fields dual to operators
that are marginal in the N — oo limit can give rise to such instabilities. This is
based on the 1/N expansion of the S-functions, which is of the form

Blg) ~ (A=d)(g—g.)+ 1+ (15)
for a coupling constant g ~ g, of some operator O, where g = g, at the N — oo
conformal fixed point, d is the spacetime dimension of the CFT and A is the scaling
dimension of the operator O [18]. From this, we see that the correction to the
fixed point is of order 1/N and, thus, goes to zero in the large N limit, as long as
A —d # 0. For a marginal operator, A = d and the 1/N correction of the S-function
may eliminate the conformal fixed point completely. This implies that the limit
N — oo cannot be taken smoothly since the theory would flow to a point far from

gs for all finite N [18].

If the S-function of a marginal operator has a saddle point at g. or the 1/N correction
is in the right direction in the case of a local extremum, the fixed point would only
receive a small 1/N correction [15]. Thus, the presence of a marginal operator does
not imply that the vacuum is unstable [18].

A tadpole instability can only develop for fields that are neutral with respect to the
gauge symmetries in the supergravity theory since it would, otherwise, explicitly
break gauge invariance [15]. Thus, the corresponding operator need not only be
marginal but also invariant under the global symmetries of the CFT, that is, it
has to be a GSMO [15], [18]. However, as emphasised in [18], the GSMO can be a
multi-trace operator, corresponding to a composite field in the supergravity theory.

To be able to examine the presence of GSMO-related instabilities from the super-
gravity side, we need the relation between the scaling dimension A and properties of
the fields in AdS. For this, the picture of the AdS/CFT correspondence presented in
[41], [42], where it was realised that the CFT lives on the conformal boundary of
AdS, is useful.” The scaling dimension of an operator is then seen to be related to
the asymptotic behaviour of the dual field [41] and coincides with the dimensionless
energy Ejy of the field [18]. Thus, in the case of an AdS, vacuum, GSMOs correspond
to (possibly composite) fields with Ey = 3. In [18], an argument that such a GSMO is
always present in nonsupersymmetric vacua related to A/ > 2 vacua by skew-whiffing
is presented. However, the situation for the N' = 0 vacuum of eleven-dimensional
supergravity compactified on the squashed seven-sphere, whose skew-whiffed partner
has A = 1, remains unclear.

"Note that the Lie algebras of the isometry group SO(d — 1,2) of AdS; and the conformal group
Conf(d — 2,1) are isomorphic.
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2. Supersymmetry and
supergravity

Supersymmetry is a symmetry that relates bosons and fermions, that is, commuting
and anticommuting fields. It has been proposed as a possible solution to a number
of current problems, for instance, dark matter, and is needed in string theories
with fermions [1]. Also, supersymmetry can ensure stability and finiteness of a
theory. For example, N' = 4 super-Yang-Mills, a supersymmetric quantum field
theory, is finite to all orders in perturbation theory [43]. Although some argued
that superpartners, particles predicted by supersymmetry, would be experimentally
discovered at the Large Hadron Collider [1], there is, as of today, no experimental
evidence for supersymmetry [44], [45]. Still, supersymmetry remains a large area of
interest for theories beyond the Standard Model.

Supergravity combines supersymmetry with ideas from general relativity. These
theories can be formulated on supermanifolds, a generalisation of ordinary manifolds
that uses both ordinary (commuting) and fermionic (anticommuting) coordinates,
or as field theories with gauged supersymmetry on an ordinary spacetime manifold.
Although there are renormalisable and, as noted above, even finite supersymmetric
quantum field theories, supergravity theories are in general nonrenormalisable and,
therefore, considered as effective field theories [6]. Some of these, in the landscape,
arise as effective low-energy descriptions of (possibly compactified) M-theory while
others, in the swampland, are thought to not admit a finite UV-completion and are,
thus, deemed inconsistent as quantum theories [6]. Specifically, five supergravity
theories in D = 10 are the massless tree-level approximations of the five consistent
superstring theories [1]. Apart from these ten-dimensional supergravity theories, there
is an eleven-dimensional supergravity theory which is an effective low-energy limit of
M-theory. M-theory is a quantum theory, first conjectured by Witten, that unifies
the string theories and whose quantum structure is inherently nonperturbative and
remains largely unknown [5]. The eleven-dimensional supergravity theory is related to
the ten-dimensional supergravity theories via duality transformations. The simplest
such relation is that type ITA supergravity can be obtained by dimensional reduction
of D = 11 supergravity [1] and the relations to other supergravity theories can be
understood via string dualities [1], [4], [6]. The eleven-dimensional supergravity
theory is the theory with which this thesis is concerned.

This chapter gives an introduction to supersymmetry and eleven-dimensional super-
gravity. In this thesis, we are interested in supersymmetric theories in an anti-de
Sitter (AdS) spacetime (after compactification). Still, we start by considering the
simpler case of supersymmetry in Minkowski spacetime. Due to the limited scope



2. Supersymmetry and supergravity

of the thesis, the presentation here is incomplete in many ways, although relatively
self-contained. For more thorough introductions to supersymmetry, see for instance

[46], [47].

2.1 Supersymmetry in Minkowski spacetime

In this section, we give an introduction to supersymmetry. For simplicity, we do
this in the setting of a four-dimensional Minkowski spacetime. From a theoretical
perspective, the interest in supersymmetry is motivated by the Coleman-Mandula
theorem [48]. This theorem states, under quite general assumptions, that the Lie
algebra of a connected symmetry group of the S-matrix containing the Poincaré
algebra is locally isomorphic to the direct product of the Poincaré algebra and a
Lie algebra of internal symmetries.® Essentially, this means that the spacetime
symmetries can only be extended with internal symmetries in a trivial way. One
way around this is to not consider a Lie algebra but a Lie superalgebra. A Lie
superalgebra is a generalisation of a Lie algebra that allows for “anticommuting”
generators as well as ordinary “commuting” generators.® Formally, it is a Zy-graded
vector space equipped with a bilinear Lie superbracket [-, -} satisfying [50]

(X, Y} = —(—D)XIV[x v}, (2.1a)
()M Y, 23 + (-0 Z X Y+ ()Y [Z, X3 =0, (2.1Db)

where X, Y and Z are elements of the Lie superalgebra which are pure in the grading
and | X| denotes the degree (0 or 1) of X. (2.1) are the natural graded generalisations
of the anticommutative property and the Jacobi identity of the ordinary Lie bracket.

Given an associative superalgebra, a Lie superalgebra can be constructed by defining
[50]
(X,Y} =XV — (—D)XIVy x, (2.2)

This means that, if a Lie superalgebra is represented by linear operators on a vector
space, the superbracket corresponds to the anticommutator if both elements are of
odd degree and the commutator otherwise.!’

The generalisation of the Coleman—-Mandula theorem to the Lie superalgebra setting
is the Haag—t.opuszanski-Sohnius theorem [51]. This theorem gives a classification
of possible Lie superalgebras generating symmetries of the S-matrix for a theory in
Minkowski spacetime. To give an introduction to supersymmetry, we consider, in
particular, the super-Poincaré algebra.

8Note that, since the theorem is concerned with symmetries of the S-matrix, it does not apply to
spontaneously broken symmetries [48], see [49] for a counterexample.
9We have put quotes around (anti-)commuting since the generators may fail to (anti-)commute, as
measured by the superbracket.
10This is similar to how bosonic creation and annihilation operators commute with fermionic
creation and annihilation operators.
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2.1. Supersymmetry in Minkowski spacetime

2.1.1 The super-Poincaré algebra

The super-Poincaré algebra (in four dimensions) is a Lie superalgebra with neither
central charges nor internal symmetries that can be used to describe supersymmetry
in a four-dimensional Minkowski spacetime. The generators of this algebra are the
translations P,, Lorentz generators L, and supercharges Q', and their conjugates

Qai = (Q)T. Here, a is a Weyl-spinor index while i = 1, ..., A" where A is the
number of supersymmetries. The nonvanishing independent superbrackets are [46]

[Lab, L = —2(Lgp)! LI, (2.3a)
[Lap, PC] = _<Lab)cdpd7 (2.3b)
[Lab, Q) = —(Lab) " Q, (2.3¢)
{Qh, Qs = 205005 P, (2.3d)

where o are the Pauli matrices (see appendix B.3 for conventions and some identi-
ties).!! From this, it is easy to see that, if the super-Poincaré algebra is realised as
operators on a Hilbert space, the energy is bounded from below. To calculate the
energy, we must fix a direction of time. This introduces §°% as an invariant under
spatial rotations. Contracting (2.3d) with §*° gives

FHQL Q) = (-D(-H) = H= QLG (24)
From this, .
(WIHIG) = 0" WIQLGs: + QaQilv) 2 (25)

since

(WIQLSQuld) = Y 1Qatl?,  (1Qu0™ QL) = X IQuv > (2.6)

Note that a global minimum of H is attained if Q°[1) = 0 = Qgs|t0), in which case
|1) is a supersymmetric vacuum. Such a state |¢) might, however, not exist in which
case the supersymmetry is said to be spontaneously broken [46].'?

Since Q°, and Qg; are spinor generators, they raise or lower the spin of a state by
1/2. To see this explicitly, consider the commutator with S, oc L'2, the spin operator
in the z-direction.’® By (2.3c)

i

2
Since 0'? = —ig* and 7'% = ic?, Q) and Qs; lower while Q} and Qj; raise S, by a
half unit. By the spin-statistics theorem, this implies that the fermionic () operators
interchange bosons and fermions.

i

;007 27

[SZv Qla] = (Ul2>aBQ,i87 [SZv Qdi] =

"Here, we have written the superbrackets in an almost convention-independent way although (2.3d)
reveals that P, is Hermitian and, hence, identified with —id,.

2Note the difference between this and, for instance, the spontaneously broken symmetry in the
Standard Model. In the latter, an invariant state exists but does not minimise the energy.

13With the normalisation of the Lorentz algebra from appendix A.2 and the conventional [S;, S;] =
ie; ;5 S*, the exact relation is S; = —ie;j5L7*, which explains the factors in (2.7).

11



2. Supersymmetry and supergravity

2.1.2 Supermultiplets

We now turn to the possible particle contents of supersymmetric theories, with super-
symmetry implemented by the super-Poincaré algebra, referred to as supermultiplets.
Particles are identified with the nontrivial irreducible unitary representations of the
Poincaré algebra. Physically, this means that, given a particle, it will not change into
another particle under translations, rotations or boosts. That the representations
are required to be irreducible corresponds to the fact that we are interested in
elementary particles. To investigate the particle content, we will therefore consider
irreducible representations not of the complete super-Poincaré algebra but, rather, of
a subalgebra £ which leaves the momentum p“ invariant, that is, we consider particles
in a specific frame. The subalgebra ¢ includes, P?, Q',, Q4 and the subalgebra of
the Lorentz algebra leaving p® invariant.

As explained in [47], the above procedure induces a unique representation of the
complete algebra. We will only consider supermultiplets consisting of a finite number
of particles and will assume that p® # 0.4 Note that P*P, is a Casimir of the
superalgebra, whence all particles in a supermultiplet have the same mass.!®

Before investigating the massive and massless supermultiplets in more detail, we
give a final remark. Consider the fermion parity operator (—1) acting by +1
(—1) on bosonic (fermionic) one-particle states in an irreducible finite-dimensional
representation of € [46]. From the above remarks, it follows that (—1)MQ! =
—Q' (—=1)™ and similarly for Q4;. Using this and cyclicity of the trace', we find
that

20502 spa tr(—= D)™ = tr[ (= D)V{QL, Qu;}] = tr[(-1)M(QLQp; + Q, Q)] =0
(2.8)
Since p # 0, this implies that the number of bosonic and fermionic states in the
representation are equal.

Massive supermultiplets

To get the particle content in the massive case, we follow [46] and consider the rest
frame in which p* = (m,0,0,0)*. This corresponds to a choice of a timelike vector,
whence Spin(3,1) is broken to Spin(3) ~ SU(2) and §* becomes invariant. Thus,
the subalgebra of the Lorentz algebra contained in £ is isomorphic to s0(3). By

defining
, 1 . 1 -
i . i T Q
@ Vom ¢ \V2m ( )

we obtain, from (2.3d), the canonical anticommutation relations
{ah, al;} = 0j0ea,  {al,ah} =0, {alal }=0. (2.10)

14The case p = 0 corresponds to the Minkowski vacuum since the only finite-dimensional unitary
irreducible representation, in this case, is the trivial representation.

15Since we do not observe superpartners with identical mass in nature, this means that supersym-
metry must be spontaneously broken if implemented in nature.

16This is valid since the trace is over the Hilbert space and matrix elements are complex (not
Grassmann) numbers.

12



2.1. Supersymmetry in Minkowski spacetime

Since we consider finite-dimensional representations, there exists some state [(2),
known as a Clifford vacuum, which is quenched by all annihilation operators, a’,|Q) =
0. From (2.3c), we see that, given one such state, there must be a complete so(3)-
representation of such states, describing the same particle but with different S.-
eigenvalues. To get an irreducible representation, this so(3)-representation must be
irreducible [46].

We begin by considering the case when the Clifford vacuum has spin 0, that is, the
case in which there is precisely one state Q) such that a’|Q) = 0. This is known as
the fundamental supermultiplet [52]. Note that it contains 22V states since there are
2N anticommuting creation operators.

(2.10) is manifestly (SU(2) x U(N))-invariant. There is, however, a larger invariance
group that can be found by defining

. 4 Nt ,
I = azl + CLL., I i alz + aTQi’
F2N+i _ i(ai _ aJiri>’ F3N+i

(2.11)

=i(ab — a;i).

These are Hermitian and satisfy {I'",T*} = 26", where r,s = 1,...,4N, which we
recognise as the generators of a Clifford algebra with invariance group SO(4N\). The
22N states transform under the Dirac spinor representation of this SO(4N), with the
irreducible Weyl spinor representations corresponding to bosons and fermions [52].

To understand the physical content of the representation, we want to label the
particles by their spin. Thus, we wish to keep the original SU(2) manifest. It is,
however, convenient to consider a larger subgroup of SO(4A) than the originally
manifest SU(2) x U(N), namely SU(2) x Sp(N) [46].}7 To this end, define

q, =d., g\t = eap6Mal,. (2.12)

These satisfy the (SU(2) x Sp(N))-invariant anticommutation relations

(a0 qh} = —€asA™, A :(_1 0) , (2.13)

where m,n =1,...,2N. When breaking SO(4N) to SU(2) x Sp(N) the Dirac spinor
representation decomposes as [52]
24 N
2V 5 PV +1-k, d), (2.14)

k=0

where the first label, '+ 1 — k = 2s + 1, is the dimension of the irreducible spin-s
representation of SU(2) and the second label,

dM) = <2£/> - (;ﬁ;), (2.15)

17Sp(N) is sometimes, for instance in [46], [52], denoted USp(2N).

13



2. Supersymmetry and supergravity

is the dimension of the irreducible representation of Sp(A) consisting of traceless'®
completely antisymmetric tensors 1., . . Hence, the number of spin-s particles

is df{}?zs.

The number of particles with each spin can also be calculated directly with combina-
torics by analysing the spin in the z-direction. Due to (2.7) it is clear that, since we
start from an s = 0 Clifford vacuum, the highest S, eigenvalue in the supermultiplet
is N'/2 which occurs with multiplicity 1. This implies that there is exactly one
spin-N /2 representation with dimension A/ + 1 corresponding to the k = 0 term in
(2.14). Similarly, there are 2N states with s, = (N — 1)/2 since we can either use
all raising operators, ai., and then one of the lowering operators, a;i, (N choices) or
all but one raising operator (N choices). Generalising this to s, = n/2 we see, by
Vandermonde’s identity, that there are

2 ()02 @19

states. The terms in this sum are interpreted as raising the s, eigenvalue n + k
times and then lowering it k& times. Since there is one s, state for every irreducible
representation with s > s,, the multiplicity of the spin-s representation is the number
of s, = s states minus the number of s, = s + 1 states. Hence, the multiplicity of
the representation with spin s =n/2 is

2N 2N

which is consistent with the above result from the group-theoretic approach.

Now consider the general case of a spin-s Clifford vacuum |Q,). The s, eigenvalues
can be obtained as all possible sums of one s, value from the vacuum and one from the
creation operators, whence the supermultiplet is given by angular momentum addition
with the fundamental supermultiplet. The dimension of the general supermultiplet is
given by 2%V (2s + 1). In table 2.1, massive ' = 1 and N = 4 supermultiplets with
spin at most 2 are presented; a complete list can be found in [46]. Note that N' = 4
is the maximal number of supersymmetries if we require that the spin is at most 2.

18The trace is of course taken with the antisymmetric invariant A™".
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2.1. Supersymmetry in Minkowski spacetime

Table 2.1: Multiplicities of the spin representations, that is, the number
of particle types of each spin, for the irreducible massive N' = 1 and N =
4 supermultiplets. () specifies the spin, s, of the Clifford vacuum of the
representation.

N=1 N =4
Spin ) Q1/2 0 Q3/2 Qo
0 2 1 42
1/2 1 2 1 48
1 1 2 1 27
3/2 1 2 8
2 1 1

Massless supermultiplets

In the massless case, p> = 0, the particles have no rest frame. Instead, again
following [46], we analyse the situation in the frame in which p* = (E,0,0, E)*. This
corresponds to a choice of a lightlike vector, which breaks Spin(3,1) to the double
cover of SE(2) [53].1? Since we only consider finite-dimensional representations, they
are labelled by their helicity, which coincides with the spin in the z-direction due to
our choice of coordinates. From (2.3d) we see that

{Qh, Qp} = 26 (20E 8) - (2.18)
af

Since the a = 2 operators anticommute with everything they act by 0 on any
representation [46] whence no new states are obtained by applying them. Thus, we
need only introduce N creation and annihilation operators

1 ; Y
= = ) ai 7
2\/E 1 \/— 12

where a lowers and &I raises the helicity by a half unit. Introducing a Clifford
vacuum [€2,) with helicity A, we see that we get a total of 2V states and (j;/ ) states of

(2.19)

helicity A + k/2. These supermultiplets are, in general, not CPT-invariant since they
are not symmetric around helicity 0 [46]. To create CPT-invariant supermultiplets,
two supermultiplets with opposite helicities can be added. In table 2.2, the CPT-
invariant AV = 1 and N = 8 supermultiplets with spin at most 2 are presented. Note
that A/ = 8 is the maximal number of supersymmetries if we require the spin to be
at most 2. This assumption is often, but not universally, employed due to no-go
theorems for higher spins [54].

19E(n) denotes the isometry group of Euclidean space.
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2. Supersymmetry and supergravity

Table 2.2: Multiplicities of the helicities for the massless CPT-invariant N’ = 1
and N = 8 supermultiplets. 0, specifies the helicity, A, of the lowest-helicity
Clifford vacuum of the representation. The N = 8 supermultiplet is irreducible
while the /' = 1 supermultiplets contain two irreducible parts to make them
CPT-invariant.

N=1 N =38
Helicity Q_o Q_3/0 Q-1 Q_yp Qo
2 1 1
3/2 1 1 8
1 1 1 28
1/2 1 1 56
0 2 70
—1/2 1 1 56
—1 1 28
-3/2 1 1 8
-9 1 1

2.1.3 The Wess—Zumino model

Here, we give an example of a supersymmetric theory in Minkowski spacetime
known as the Wess—Zumino model [55]. The theory consists of a massless N' = 1
supermultiplet with two scalar and two spinor real on-shell degrees of freedom, see
table 2.2. We formulate the theory using a Weyl spinor 1, and a complex scalar
¢. Note that the spinor has four real off-shell degrees of freedom but only two real
on-shell degrees of freedom. The Lagrangian of the free theory is

L=—0,0"0"¢ — 5" Da1), (2.20)
which is real since
(i&daﬂdﬁa&ﬁ]ﬁ)* = in}aO—aaBaaquB = 1@055‘15&3(11/@ (221)

where, in the step indicated by ~, we have used integration by parts and disregarded
boundary terms.

The supersymmetry transformation can be written as

5§¢ = ﬂ€a¢a’ 651/}04 - ﬁiagggﬁaaﬁb’ (222)
where the factor v/2 is purely conventional. Note that the transformation parameter
&* is fermionic since supersymmetry interchanges bosons and fermions. The above

implies that o . .
0™ = V26U, Gl = V2i0"E50,0". (2:23)
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2.2. Superspace formalism

From this, we see that the Lagrangian is, indeed, supersymmetric since

0eL = —V2£0,00" ¢ — V20,0 €0™ ) — V204" €50t + V20050 €0, 0pp ~
~ —V/280,00"¢ — V20,0 €0 + V20,0"E0Y + V20,4€0°¢ =0, (2.24)

where we have integrated by parts and used properties of the Pauli matrices.

To see the relation to the super-Poincaré algebra, consider the commutator [d¢, d.] of
two supersymmetry transformations. From 6¢0.¢ = 2ie0?¢0,¢, we immediately find

[0, 0.1 = (€787 — £°€7)207 5 (~i0,) . (2.25)

Similarly, 6¢0.¢0 = 2i0® Bgﬂ'gvaa% whence

[0, 8cJtba = 210 10767 (F°€° — E%) 0, (2.26)

Writing the deltas using afg’é&f 7= —25}55 and then using 0%5° = —2n® — ¢%G? this
becomes

[0, 6.1 = (£°6° — £°€7)20% (10, )0 — i(E0°E — 20E) T Dt (2.27)

By writing a supersymmetry transformation as 6, = £Q) + £Q [46], we find, from
(2.3d),

[0, 0] = £{Qa, Q" — €{Qu, Q" = (€787 — c°€%)20% 4 P (2.28)

Identifying P, with (—id,), we see that this agrees with (2.25) and (2.27) except for
the last term in (2.27). Note that this term vanishes on-shell since, then, v satisfies
the Weyl equation 60,1 = 0. Hence, the supersymmetry is said to close on-shell.
This is expected from the representation theory of the super-Poincaré algebra since
there is always an equal number of bosonic and fermionic states in a representation.
In the Wess—Zumino model, as presented here, their numbers are equal on-shell but
not off-shell. Thus, we expect that we can make the algebra close off-shell by adding
an auxiliary complex scalar field with no on-shell degrees of freedom. In section 2.2.2,
we will see that this is indeed the case.

2.2 Superspace formalism

In this section, we introduce the formalism of superspace and superfields. With
this formalism, one can construct manifestly supersymmetric theories. For instance,
one can add interaction terms to the Wess—Zumino model without having to check
that the Lagrangian is supersymmetric by hand, as we did in section 2.1.3. Fur-
thermore, it provides insight into the quantum theory by simplifying calculations
and explaining seemingly miraculous cancellations in component calculations by
keeping the supersymmetry manifest [43], [47], [56]. It is also the language that we
will use to construct eleven-dimensional supergravity. We will not attempt to give
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2. Supersymmetry and supergravity

a mathematically rigorous presentation of supermanifolds?® but provide the tools
necessary to formulate supergravity theories.

Superspace?! is parameterised by supercoordinates zM = (xm,9“79_ﬂ)M or M =
(2™, 0M)M | where 2™ are real and Grassmann-even (bosonic) while 6# and 6, are
Grassmann-odd (fermionic), see appendix F. In dimensions and signatures in which
the irreducible spinor(s) are Majorana, 0" can be taken as real and, then, the
supercoordinates are (z™,6"). For extended supersymmetry, that is, with ' > 1,
one adds additional anticommuting coordinates [47].

2.2.1 Superfields

Here, we introduce the concept of superfields. We consider the case of flat superspace
with 4 bosonic dimensions and supercoordinates z4 = (2%, 6, 6,)*, although several
aspects naturally generalise to arbitrary dimension. Similar to how translations
and rotations can be implemented as differential operators on ordinary space, we
wish to realise the supercharges, Q, and Qg, as differential operators on superspace.
Following [46], we define

Qo = 0 — 10?300, Qu = —0a +10°0%,0,, (2.29)
from which we find the single nonvanishing anticommutator
{Qa, Qp} = 2102 ;0. = =202 5 P,. (2.30)

Note the difference in sign compared to (2.3d). However, by changing coordinates
% — —x% which implies P, — —P,, we recover the super-Poincaré algebra as
previously defined.

The partial derivate d; does not anticommute with Q,. Hence, we introduce
supercovariant derivatives

Do = 0, +i0°46°0,. Do = —8s —0°0%,0., (2.31)

satisfying
{Da, Dy} = =2i0% 50, {D,,Ds} =0, (2.32a)
{Da,Qs} =0, {D.,Qg} = 0. (2.32h)

We raise and lower the indices on D, and _Dd using the usual convention for spinors,
in contrast to how the indices on 9, and 9% are raised and lowered, see appendix F.

Now that we have defined the supercharges as differential operators and introduced
supercovariant derivatives, we are ready to introduce superfields. A superfield
F(z,0,0) is a Grassmann-even function on superspace. Since « can only take two

20For such a treatment, see for instance [57].
21With “superspace”, we refer to any supermanifold, not necessarily flat superspace.
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2.2. Superspace formalism

values, we can form 6% = 60, but *¢* = 0 and similarly for dotted indices.?> Hence,
we may expand F'in powers of # and 6 and only get a finite number of terms

F(2,0,0) = f(z) 4 0(x) + Ox(x) + 0*°m(z) + 00, (x) + 8*n(x)
+ 020X (x) + 0%0n(x) + 0%6*h(z). (2.33)

Here, the z-dependent expansion-coefficients are referred to as component fields.

The supersymmetry transformation of a superfield is defined as [46]

G F = (€Q +EQ)F, (2.34)
while the supersymmetry transformations of the component fields are defined by

0eF' = 0cf + 0 6c0 + 06X + 0% 5em + 00°0 5¢v, + 0° ¢
+ 020 5\ + 020 5¢n + 62607 5¢h. (2.35)

(2.34) is so important that we do not call functions of z, § and 6 superfields if they
do not obey it (similarly to how the word tensor is used in physics). Thus, J,F is,
for instance, not a superfield since {Q”?,d,} # 0. Given two superfields F and G,
a linear combination of them is, however, a superfield since @, and Qg are linear
operators. Similarly, the product F'G is a superfield since the supercharges are graded
derivations, that is, they satisfy the super-Leibniz’s rule. Also, the supercovariant
derivative of a superfield is again a superfield since D,, and D, anticommute with

Qoe and Qd-

Since the supersymmetry transformation is linear, the space of superfields transform
under a representation of the superalgebra. However, as is clear from (2.33), an
unconstrained superfield contains quite many spacetime fields and the representation
is not irreducible [46]. To get an irreducible representation, the superfield must be
constrained. To not break Lorentz invariance or supersymmetry, the constraining
equations should be Lorentz invariant and respect supersymmetry in the sense that
the variation d¢F" also satisfies the constraints [46]. If the theory should be kept off-
shell, the constraining equations should, furthermore, not imply differential equations
for the remaining component fields. Two possibilities are

D® =0, V=1V, (2.36)

where @ is called a chiral superfield while V' is called a vector superfield. It turns
out that every supersymmetric renormalisable Lagrangian can be written in terms of
chiral and vector superfields [46].

22Note that §20° = ke“6? since there is only one antisymmetric combination. By contracting with
€ap, One finds k = —1/2.
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2. Supersymmetry and supergravity

2.2.2 Revisiting the Wess—Zumino model

Now that we have introduced superfields, we demonstrate the formalism by studying
chiral superfields in more detail. As it will turn out, we will find a superspace
formulation of the Wess—Zumino model. As stated above, a chiral superfield satisfies
D® = 0. Naturally, this forces the #-dependence of the field. To see this explicitly,
define

T = exp(—i00®00,) = 1 — 0500, + ieQéZD, (2.37)

which sa‘gisﬁes TD4 = —0,T. With a short calculation, one can verify that T-! =
exp(i0o®00,), as expected. Thus, since T is invertible, Dq® = 0 is equivalent to
05T® = 0. Hence, T® can be expanded, in terms of component fields, as

Td(x,0,0) = ¢(x) + V200 () + 602 F (), (2.38)

where the /2 might seem arbitrary at this point. Acting with 7! gives, in agreement
with [46],

®—¢+w@mW+¥F+Wd@@¢+V%W@Waw+iW@D¢ (2.39)

To derive the supersymmetry transformation of the component fields, note that they
are obtained as the analogous components in the f-expansion of 0¢ F', see (2.35). Since
¢ = ®|y_g_g, this means that de¢p = 6®|,_o_g. Henceforth, we will omit § = 0 = 0 at
the evaluation bar and simply write, for instance, ®| to save ink. Note that, acting
with (£Q + £Q) and (€D + £D) gives the same result when evaluated at § = 0 = 6
since only the 0, and J, terms survive. Using this, and that ¢ is chiral, we find

Sed = (£Q + Q)| = (€D +ED)D| = £DD| = V2. (2.40)

We recognise this from (2.22), which explains why we normalised ¢ with a factor of
V2 in (2.38). Next, we note that D <I>| = /29, whence

(wa—} (6Q+EQ)B| = (D +£D)D.0| -

¢ DgD,, — &° {Dﬂ,D 13 <I>‘ (26 €agF + 2108 ;¢ $0u0) =

7 7

= V26, F 4 /210 ,£%40,¢. (2.41)

Here, it is important that we move D,, to the right of the supercharges before we

replace them with covariant derivatives. This is reminiscent of (2.22) but there is

an extra term involving the field F'. More on this later. In the above, we used that

D,Dgsb? = 2¢p,. This implies that F' = —1/4 D?*®|, which we now use to compute
the supersymmetry transformation of F,

SF = — 1 D(EQ + EQ)| =

— ig_"’(DQDd —2{D,, Dﬁ}Dﬁ)CI)‘ = V2i€%04,0,0° =
- \/Eiga-a a’@b' (242)

1 __ 1--
— €D+ 5D)D2<I>| - —ZSDDQQD’ =
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2.2. Superspace formalism

Having found the supersymmetry transformations of the component fields we would
like to construct a supersymmetric Lagrangian. To obtain an ordinary spacetime
Lagrangian, £, that does not depend on the Grassmann variables, we integrate over
6 and 6. For this, we use the Berezin integral, see appendix F. Therefore, we want to
know what quantities can be integrated to a supersymmetric Lagrangian. Note that

/d29 4298, =0, /d2e 4298, =0, (2.43)

since the integral is only nonzero for §26%-terms. Hence, any superfield integrated over
6 and 6 transforms into a total z-derivative under a supersymmetry transformation.
Thus, the integral of any superfield gives a supersymmetric Lagrangian, disregarding
boundary terms. We can now write a Lagrangian for a chiral superfield ® as

L= /d20 420 ., (2.44)

As we will soon see, this is a kinetic Lagrangian, even though it does not contain
any explicit derivatives. Instead, the derivatives will come from (2.39). Note that ®*
is an antichiral superfield, D,®* = 0, whence ®*® is neither chiral nor antichiral.
However, it is a superfield, which is all that matters for £ to be supersymmetric. To
calculate the integrals, we use that

R
/d29 @0 = - D*D?|, (2.45)

where the difference, which comes from the f-term in D, is a total -derivative. Using
that @ is chiral
_ 1 _ _ _
/d29 A%0 d*® ~ 1—6((021)2@*)@ — 2(D,D*®*)(D*®) + (D2<I>*)(D2<I>))’ =
= 0¢") + 10,9769, 4 + F*F ~
~ —0,00"6 — 05", + F*F, (2.46)

where, in the second step, we have used

DoD*®* = (D*Dy + 2{ Dy, D} D)@ = —4ic? ,0,D° 0", (2.47a)
D*D*®* = —4io?;0,D° D ®* = —85° ;6"7°0,0,8* = 16010, (2.47D)

Since no derivatives of F' enter in £, we say that F' is an auxiliary field. Note that
if we impose the Euler-Lagrange equation F' = 0, we recover the Lagrangian and
supersymmetry transformations of the Wess—Zumino model in section 2.1.3. Without
imposing F' = 0, the supersymmetry transformations close off-shell due to (2.30).%
Thus, we have realised the supersymmetry off-shell by introducing an auxiliary field
F', as alluded to in section 2.1.3.

ZDue to how we define supersymmetry transformations of component fields, d¢0.®| = 6.0¢¢ and
similarly for ¢ and F' [46]. Thus, [J¢, d.] gives the same result as in section 2.1.3 due to the sign
difference between (2.3d) and (2.30).
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2. Supersymmetry and supergravity

Interactions

At this point, it might seem like we have not gained much by introducing the
superspace formalism. To illustrate part of the power of the formalism, we consider
supersymmetric interactions. As noted above, the superspace formalism also provides
insight into supersymmetric quantum field theories.

To only get renormalisable interactions, we require that the coupling constants have
positive momentum dimensions. For this analysis, we need to define [f]. As usual,
in momentum dimensions, [x] = —1, [¢] = 1, which implies [®] = 1. From this,
and [¢] = 3/2, we get [#] = —1/2 which is consistent with the dimensions in (2.29)
and (2.31). Hence, if we integrate with respect to both 62 and #?, the integrand must
have dimension 2 since [£] = 4.?* Such a term can, hence, only have two powers
of ®. However, from (2.45), we see that any chiral integrand will only contribute
with boundary terms. Similarly, any antichiral integrand will only contribute with
boundary terms since the integration over 6 and 6 can be carried out in any order.
Thus, the only possible term of this kind is the kinetic term.

To construct interaction terms, we instead use [ d?@ + c.c. Such an integral will, in
general, not produce a 6-independent result. However, if the integrand is chiral, any
term containing § will be a total z-derivative, as seen from (2.39), that we disregard.
A term of this kind in the Lagrangian is supersymmetric due to (2.43) and the fact
that 6;® can be written without Os-terms since Dy® = 0. Since we only integrate
over # or 6 in the interaction terms, the integrand must have dimension 3. Hence,
we write

m

Ling. = /d2¢9<)\<1>+%c1>2+%<p3) —l—/d2§()\(1)*+ .

(%) + %(@*)3), (2.48)

where [A\] =2, [m] =1 and [g] = 0. Using that [ d?# and —1/4 D?| differs by a total
x-derivative, we compute the component field interactions

1

/d29<1> ~ — D[ = F. (2.492)
1

/ 9 &% = — (D" DD, + DDD)| =~y + 20F. (2.49b)

/ d?0 @3 ~ —i(Z@D“@Dan + <I>2D2<I>)‘ = —3pY Yy + 3¢*F. (2.49¢)

Generalising this to multiple chiral superfields ®¢, we can write the most general
renormalisable supersymmetric Lagrangian as

L= [E0gaiar+ | [0 (NG + Jmi®d + Sgpd@I00) 4 co.| =

= —0%¢;0,¢" — 1100’ + Fy F'+
+ [/\in — §mz’j¢21/)] + mijgble - gz‘jkﬁbzl/ﬂ@bk + gijkﬁbZCbJFk + C-Cl ) (2-50)

2Note that [ d?6 contributes +1 to the dimension due to how the integral is defined.
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2.2. Superspace formalism

where m;; and g, are completely symmetric [46].%5 Note that even after adding
interactions, F* are still auxiliary fields without dynamics. The Euler-Lagrange
equation for F* reads

Ef + N\ +mij¢? + gijrd’¢* = 0. (2.51)

We can now eliminate the auxiliary fields from the theory by inserting the solution
into (2.50).2° The Lagrangian then becomes

L= 0 010u6 — "0 — s — St
— GBI — Gl — FYO)F(6). (25

Here, the last term is a potential term containing powers of ¢ from order zero to four.
We recognise the kinetic and mass terms for the scalars and spinors, the Yukawa
interactions and the scalar potential from quantum field theory. Note that, due to
the supersymmetry, there are very particular relations between the masses, Yukawa
couplings and parameters in the potential.

The last term is the only term where a vacuum expectation value can enter. From the
Lagrangian, we can see explicitly that the conclusions regarding nonnegative energy
and spontaneously broken supersymmetry in section 2.1.1 are valid. If (F*) = 0
we get a vacuum with 0 energy which is supersymmetric since a supersymmetry
transformation leaves all fields unchanged. If, on the other hand, (F*) # 0, the
ground state energy is positive and the supersymmetry is spontaneously broken since
" is not invariant under a supersymmetry transformation. Spontaneously broken
supersymmetry can only be guaranteed if \;, m;; and g;;, are such that there is no
solution to (2.51) with F* = 0 but can also be obtained as a metastable vacuum
where the energy is only minimised locally [58].

2.2.3 Superdifferential forms

Having introduced the concepts of superspace and superfields, we turn to superdif-
ferential forms, or superforms, which we will use to formulate eleven-dimensional
supergravity. Supersymmetry transformations form a subgroup of the diffeomorphism
group of a supermanifold [46]. Thus far, we have only considered flat superspace
and global, or rigid, supersymmetry transformations. To be able to formulate super-
gravity theories that are manifestly invariant under general diffeomorphisms, that is,
coordinate transformations, we introduce superdifferential forms.?” Superforms are
not only useful for formulating supergravity, but supersymmetric Yang—Mills theories
as well. These formulations are super-analogous of Cartan’s formulation of general
relativity and Yang—Mills theory formulated with differential forms, see appendix E.

25 An equivalent way of constructing supersymmetric Lagrangians is by picking out a component of
a superfield that transforms into a total z-derivative under supersymmetry, see [46].

26The dynamics remain the same when eliminating the auxiliary field, as can be proven in general.

2"Note that a diffeomorphism is an active coordinate transformation. Any theory can be formulated
in a way invariant under passive coordinate transformations, that is, changes of coordinates.
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2. Supersymmetry and supergravity

In the following, we will no longer separate commuting and anticommuting coordi-
nates. Instead, we work directly with supercoordinates z = (2™, 0", 6,)", where 6
may be omitted if we impose a Majorana condition on #,%® satisfying

MN = (—1)IMINI N M (2.53)

where [M| is 0 for M = m and 1 for M = p, /1. Hence, the coordinates are
said to be graded-commutative. Similarly, we write dz" = (dz™,d##*,d6,)" and
O = (O, Oy, 07) yr and introduce a “graded-anticommutative” wedge product

dzM A dzN = —(=D)MINIQN A d2M, (2.54)

A general superdifferential p-form can now be written as

Q= ;!dle A A Qa o (2) = d2MT Q0 (2), (2.55)
where My is a multi-index, dz"" = dzM AL dz™ and Qpy, = Q. ar, /P! Note the
order of indices and placement of (2. This is purely conventional but will turn out to
be practical. For Grassmann-even superforms, (1), is Grassmann-odd if the number
of spinor indices is odd and Grassmann-even otherwise.?? The wedge product is, of
course, extended bilinearly to arbitrary superforms. It is a straightforward exercise
to show that the wedge product is associative, AA (QAZ) = (AAQ) AZ, and satisfies
QAAN=(=1)PA A Q for a super p-form €2 and super g-form A [46], like the wedge
product of ordinary differential forms.

The exterior derivative of a superform €2 is defined as
dQ = dzM A d2N oy, (2.56)

and is a super (p + 1)-form where p is the form-degree of ). Note that this differs
from the conventional definition in ordinary space since dz¥dy is to the right of
dz™r. This implies that

AQAAN) =QAdA+ (=D)MAQ A A, (2.57)

where |A] is the form-degree of A. As usual, d*> = 0 which, together with (2.57) and
dF = dz™9,,F for super 0-forms F', provides an alternative definition of the exterior
derivative [46].

Connection form, covariant derivative and field strength tensor

In gauge theory, one considers transformations under a gauged structure group
G. The structure group is a compact Lie group in case of Yang—Mills theory and
the Lorentz group in Cartan’s formulation of gravity. In the superspace setting,
we use right-action, so a tensorial super p-form Q! transforms under some right-

representation p of the group, that is, " = Q7p(g) ji where g is a group element.

28This comment naturally applies throughout the rest of this section.
29When considering, for instance, a vector superform V™ = dzM VNIM , this is complemented
according to whether M is bosonic or fermionic.
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2.2. Superspace formalism

The use of a right-action is motivated by our convention for the exterior derivative.
Henceforth, we will not write the representation explicitly but instead simply write
Q" = Jg," or, dropping the indices as well, ' = Qg. Note that dQ’ is not a tensor,
since d(Q2g) = Q Adg + dQ g. To remedy this, we introduce the Lie algebra-valued
(local) connection 1-form ¢ and a covariant exterior derivative

D=d+ ¢, (2.58)
which acts on a tensor as DQ = dQ2 + Q A ¢.3° To make DS a tensor, that is,
DY =(d+¢)(Q9) =dQg+QAdg+ Qg A ¢ = (dQ+ QA d)g, (2.59)

we need

¢' =g pg —g'dg. (2.60)
In this equation, which defines how the connection form transforms, g '¢g is the
adjoint right action of a Lie group element on a Lie algebra element and, hence, a
well-defined element in the Lie algebra. The second term is also an element in the
Lie algebra.

With T,. generators of g = Lie(G), the connection 1-form may be written as ¢ = ¢"iT,
where ¢" = dz¥¢%,.3! The action on Q is then

QA ¢ =dzM A dzN Qg iT,. (2.61)

Next, we define the g-valued field strength, or curvature 2-form,
1
F=Fril, = §dzM AN AN F AT, = dé + ¢ A . (2.62)

Note that we define the wedge product between Lie algebra-valued forms using the
associative product3? of the universal enveloping algebra U (g) whence it is, in general,
U(g)-valued, not g-valued. F' is, however, Lie algebra-valued as is seen from

NG = ¢"iT, A T, = ;gb’” A G, 1T,] = ;[(b A ], (2.63)

where [- A -] is a wedge product defined using the Lie bracket. Using the definition of
F, the transformation law of ¢ and 0 = d(g~'g) = g 'dg+dg g, it is straightforward
to show that [’ = g~'Fg, whence F is a tensor carrying the adjoint representation.
Hence, ¢ acts on F' as

Fhuaod=[FA@ =F AN[T,,iT)| = FAd— ¢ AF. (2.64)

30Tn the super Yang-Mills context, the connection could be denoted by A in analogy with the
conventional notation in ordinary Yang—Mills theory.

31Here, we use the convention that a group element is g = exp(iT') but keep the i close to the
generator to be able to switch conventions without effort.

32(Given a representation, this corresponds to matrix multiplication.
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2. Supersymmetry and supergravity

Using the definition of F' to calculate dF', this implies

DF =d(dg+dAd)+[FAP =dAdp—dopAd+ [FA@ =
=0, (2.65)

which is known as the Bianchi identity of the second type [46]. The Bianchi identity
of the first type is

D*Q=DdQ+ QA ¢) = (QANdd —dQAG) + (AQA P+ QA PN @) =
=QAF. (2.66)

If we define F as the operator acting as FQ = Q2 A F, the first Bianchi identity reads
D? = F while the second Bianchi identity reads [D, F] = 0 and follows immediately
from the first.?® Also, from the definition of the covariant derivate, it is clear that
D' = gDg~! where the juxtaposition denotes operator composition (D is not acting
on g~1) from which it follows that F’ = gFg~!. This is consistent with the above
F' = g7'Fg since F acts from the right, F’'QQ = QA g 'Fg.

Spin connection, vielbeins and torsion

Thus far, we have used the coordinate frame as a basis for tangent vectors. Now, we
consider another frame, related to the coordinate frame by a local change of basis
that is, in general, not induced by a change of coordinates,

Ey=E Moy, EA = dME,, 4, (2.67)

where E,ME,,? = 68 and E,,AE N = 6},. The vielbein E, generalises the concept
of vierbeins from four-dimensional spacetime. We define the vielbeins to transform
covariantly under local Lorentz transformations. Going forward, we use A, B, C, ...
for Lorentz indices (flat) and M, N, P, ... for “Einstein” indices (curved). As in the
case of ordinary manifolds, globally defined vielbeins £4 do not exist in general [57]
but only for parallelisable supermanifolds, for instance, flat superspace. Instead,
the vielbeins are defined locally and related by local Lorentz transformations on
intersections of patches.

Since we are interested in fields carrying a spin-representation, we need a spin
connection w. The curvature 2-form of the spin connection is denoted by R. In
gravity, w is dynamical and the only connection we are concerned with, while in
super Yang—Mills, in a fixed background, there is a dynamical Yang-Mills connection
while w is fixed. Note that a Lorentz transformation A ;£ does not mix the bosonic
and fermionic parts of tensors, that is, A, is only nonzero when both indices are of
the same type. Splitting the index A = (a, a, &) each part transforms under its usual
vector or spinor representation. Hence, the spin connection w,? = E€weg.(L%) 5,
where L% are the Lorentz generators, and the curvature 2-form R,Z are only

33Here, we distinguish the 2-form F from the operator F. Note, however, that the situation is
similar for the connection, where we use ¢ for both the operator and 1-form.
34We use the geometrical convention that a group element is A = exp(L) for the Lorentz group.
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2.2. Superspace formalism

nonzero when both indices A B are either bosonic or fermionic. Explicitly, the
nonzero components of (L9),5 are

€ (4 € 1 €
(Ld )ab = 5c[zd77 }b7 (Ld )aﬁ = Z(Fd )aﬁa (268)

whence all Lorentz algebra-valued quantities have this relation between their compo-
nents.

Given a spin connection and vielbeins, one may define the torsion 2-form as
T4 =DE* = dEA + EP Awp?. (2.69)

The torsion transforms covariantly under local Lorentz transformations. From the
Bianchi identity of the first type (2.66), we see that

DTA = EP A Rp4, (2.70)

which is known as the Ricci identity (with torsion).

2.2.4 Coordinate transformations in superspace

To conclude this section, we review the transformation laws for various fields under
an infinitesimal coordinate transformation?®

M M= Mg M (2.71)

The transformation of a scalar field ¢(z) is, as usual, defined by ¢/(z') = ¢(z). This
is interpreted as moving the field: the value of the moved field, ¢’, at the moved
point, 2/, is the same as the value of the original field, ¢, at the original point, z. For
the infinitesimal transformation in (2.71),

0 = =M g, (2.72)

where 0:¢ = (¢'(2) — #(2))|o(e) (that is, only terms up to first order in £ are kept
when computing d¢¢).

Similarly, the transformation of a vector field is defined by V'™ (2)9}, = VM (2)0ny
and that of a covector by dz’"MU},(2") = dz™Uy(z). Using the chain rules

0zM 9 oz
o0zN"’ M= oM

dZM = dN Iy, (2.73)

one finds

OVM = —NoNVM + VNN M, Uy = —ENonUy — 0uENUn.  (2.74)

35We consider active transformations, that is, diffeomorphisms in superspace. Thus, 2’ and z
describe different points in superspace and we only consider a single coordinate system.
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2. Supersymmetry and supergravity

These equations, which agree with [46], can be generalised to arbitrary tensors. Then,
one picks up signs when moving factors through dz™ and 9,;, for instance

0eQun = —EP0pQun — O Qpy — (—1)MIINHPD G ePQpp =
= —&P0pQunn — 200" QP ), (2.75)

where the last equality only holds in general for graded-antisymmetric 2,5, corre-
sponding to a 2-form ). Here [M N) denotes graded antisymmetrisation of M N,
that is, ordinary antisymmetrisation but picking up an extra sign when fermionic
indices pass through each other.3¢

Now, we consider fields that carry some representation of the Lorentz group.?” When
transforming a Lorentz vector field V4, we must combine the above with a local
Lorentz transformation to ensure that the result is Lorentz covariant. Therefore, we
write

0 VA = =Moy VA + VELt = =MDy VA 4 (—1)MIPIEMY By oA+ VEL A,
(2.76)
Demanding Lorentz covariance, that the expression is linear in £ (there cannot be a
constant term since V' =V for £ = 0) and linearity in V, that is, d¢ (VA + U4) =
§VA+6:.U4, we find L = —&Mw,,; 3. We now require that all Lorentz tensors
transform with this local Lorentz transformation and find that, for a covector Uy,

0cUs = —EMOy U + EMw ) ,BUR = —EMDy U . (2.77)
This generalises to multiple indices.

Since £M is a Lorentz scalar, the covariant derivative acts on it by a partial derivative.
Hence, the above rules for variations of fields with only curved indices generalise
to tensors with Lorentz indices by replacing all partial derivatives with covariant
derivatives. Thus, the vielbein transforms as

Se Byt = —ENDNEyA — DyNENA. (2.78)

By noting that
Dyt = Du(§V Ey) = DugVEy* + (—1)MINIEN Dy B A (2.792)
Tyn™ = 2D By = DBy — (-1)MWIDy By A (2.79b)

we see that (2.78) can be written as

0Byt = =Dy — N Ty (2.80)

36Similarly, (M N] denotes graded symmetrisation. The idea behind this notation is that the left
(right) symbol indicates what to do with bosonic (fermionic) indices.
3TParts of the following naturally generalise to the case of an arbitrary structure group.
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2.3. Eleven-dimensional supergravity

Lastly, we turn to the transformation of the connection. Remembering the inhomo-
geneous term in the Lorentz transformation of the connection,

Sewpra” = —ENOnwy 4 ” — 0N wy P+
+ wp s (= wpe®) = (N wy A wpe® — O (=N w4
= —2¢" (a[NWM)AB - W[N|A\CWM)C’B> =

= "Ry (2.81)

")

2.3 Eleven-dimensional supergravity

Eleven-dimensional supergravity, the theory this thesis is mainly concerned with,
was first formulated as a spacetime theory [59] and then later in superspace [60].
Here, we give a superspace formulation. The theory is invariant under the dif-
feomorphism group of a curved supermanifold, similar to general relativity but
in the setting of supermanifolds. We will construct the theory as a completely
geometrical theory in superspace with supercoordinates 2™ = (2™, 0*)M | where x
has D = 11 real Grassmann-even components and 6 has 32 real Grassmann-odd
components. In section 2.3.3, we summarise the theory in component form with
left-action conventions.

Similar to what we did when formulating the Wess—Zumino model in superspace, see
section 2.2.2, we wish to reduce the number of component fields by placing constraints
on the superfields. This time, however, the constraints will imply equations of motion
for the remaining component fields and put the theory on-shell. Having constrained
the fields, there are Bianchi identities that are no longer automatically satisfied.
These give relations between the remaining components, including the equations of
motions.

After solving the constraints and Bianchi identities, we want the spacetime metric
Gmn to remain as a physical field.®® The metric has

;(0_1)(0—2)—1:44, (2.82)

independent on-shell degrees of freedom, since they sit in the traceless symmetric
transverse part [1]. Since spinors in D = 11 have 32 components and the graviton is
massless, we expect a total of 232/4 = 256 on-shell degrees of freedom, by an argument
analogous to that in section 2.1.1.3° Hence, there should be 128 fermionic degrees
of freedom and another 84 bosonic ones. The bosonic ones can be obtained from a
3-form B Abelian gauge potential. Gauge invariance then implies that there are

1

§(D —2)(D-=3)(D—4) =84 (2.83)

38We will work the vielbein, from which the metric is constructed as g, = nabem“enb.

39256 degrees of freedom is also the number we expect if maximal A" = 8 supergravity in D = 4
should be obtainable via dimensional reduction of eleven-dimensional supergravity.
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2. Supersymmetry and supergravity

degrees of freedom since only the transverse directions contribute. Lastly, we need
the fermionic degrees of freedom. 128 is precisely the number of on-shell degrees
of freedom of a massless spin-3/2 field in D = 11 [59], since the tensor product
of a transverse vector and spinor is 9 ® 16 ~ 16 © 128 [1]. Hence, we expect a
spin-3/2 gravitino v,,* associated to some gauge invariance corresponding to local
supersymmetry [1].

In superspace, we have a dynamical vielbein E,,;4. The metric will then be obtained
form the § = 0 component of £ * and we can hope to similarly obtain the gravitino
from E,_ *. It is, however, not immediately clear how the 3-form B should be obtained
from the geometrical quantities in superspace. Therefore, we introduce a Lorentz
scalar 3-form B in superspace. This might seem to contradict the above claim that
the theory is entirely geometrical but, as we will see, this is not the case.

Starting from the vielbein, spin connection and 3-form, we can construct the curvature
2-form R B, the torsion T4 and the Abelian field strength H = DB = dB. These
satisfy the Bianchi identities

D14 =E° ARyY, DR,P=0, DH=0, (2.84)

where the middle equation is the Bianchi identity of the second type, (2.65), while
the other two are Bianchi identities of the first type, (2.66). According to a theorem
due to Dragon [61], these are not independent equations. Specifically, R, can be
expressed in terms of the torsion by using the first identity and the second identity
is then automatically satisfied.*"

2.3.1 Constraints

As mentioned above, we constrain the superfields to reduce the number of component
fields. This will put the theory on-shell. We arrive at the constraints motivated
by the field content of the theory and dimensional analysis, similar to [63]. Due to
Dragon’s theorem, we do not constrain the curvature 2-form, only the torsion and
the 3-form. Note that, since we expect the gravitino v,,“ to be related to the 6 =0
component of £ ¢, the corresponding field strength S,,,“ should be related to 7,,,,*.

For the dimensional analysis, we use mass dimensions, so [dz"| = —1. Since, in the
superalgebra, the commutator of two supercharges is a translation in spacetime, we
need [dz#] = —1/2. Starting from a superform 2 with dimension [Q2] = n, we can
deduce the dimensions of the components. For each bosonic index, the dimension of
the component is raised by 1 unit to balance the dimension of dz™. Similarly, the
dimension is raised by a half unit for every fermionic index. To be able to contract
upper with lower indices, the dimension of upper indices must contribute in the
opposite way.

WEB A DRBA = 0 follows directly from Bianchi identities of the first type. One then has to check,
using that R 4P is Lie algebra-valued, that this implies DR 42 = 0. The theorem holds in D > 3
but fails in three dimensions, see for instance [62].
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2.3. Eleven-dimensional supergravity

As usual, the derivatives have dimensions opposite to those of the coordinates, whence
the exterior derivative is dimensionless, [D] = 0. From their definitions, it is clear
that the dimension of the curvature and torsion components come solely from their
indices, which we may write as [R] = [T] = 0. Since the 3-form, B, and its field
strength, H, are nongeometrical, we cannot derive their dimensions from the above.
However, it will turn out to be reasonable to set [H,,pp,] = 1, which implies [H] = —3.

We will constrain the components with flat indices. Still, we only keep components of
T and H corresponding to the field strengths S,,,* and H,,,,, as dynamical. Apart
from that, we allow nondynamical components expressed in terms of I'-matrices.
To not introduce dimensionful constants, these components must be dimensionless.
Thus, for H, we have the nonzero components

Habcdy Habwts = 2i(rab) (285)

76

where the second equation determines the normalisation of H.*"*? For T, we can
also form a nonvanishing component using the dynamical component of H, which
leads to the nonzero

T’ Tag® =205 Tu" = Hyeae (k1oL (I**) 7 + ka(I,07),7), (2.86)
where k1 and ky are, as of yet, undetermined dimensionless constants that will be
fixed by the Bianchi identities. Here, T, ;¢ = 2i(I*°),4 is motivated by that flat
superspace should be a solution to the theory [64].43

Since Taﬁ“Y is expressed in terms of the only dynamical component field in H, the
theory could have been formulated without H, something we alluded to above. At
this point, it is not clear whether we, in that case, would have to implement additional
constraints on 7" or if it follows from the Bianchi identities that T,;" can be written
in this way. By a more careful analysis, one can show that the 3-form, B, and its
field strength, H, do not have to be introduced by hand without adding additional
constraints [64]. In fact, the theory can be derived, without introducing the 3-form
by hand, from the single constraint T 3¢ ~ (I'“)ap [65].

“INote that the notation here differs from chapter 3 and appendix B.4. Here I'* denotes the
eleven-dimensional I'-matrices.

42 being a real 4-form implies that H,pys is imaginary due to how Grassmann-odd quantities are
complex conjugated.

43Flat superspace has nonvanishing torsion, see for instance [46], [47].
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2. Supersymmetry and supergravity

Solution to the Bianchi identities

To solve the Bianchi identities (2.84) subject to the constraints, we first write them
as tensor equations. For the torsion,

DY = ;D(EC NEPTpoP) =
= ;EC ANEBANEADATy P + ;EC ANTPTy P — ;TC NEPTyP =
= ;EC NEBNEADATR P + EY NTPTy P =
= ;EC ANEBNEADAT P + ;EC ANEPNEAT, 55Ty P. (2.87)

By completely analogous calculations for the curvature 2-form and the 4-form, we
find that the Bianchi identities on tensor form are

D[ATBC)D +Tiap ET\E|C)D = R[ABC)D, (2.88a)
DiaRpeyp” + Tiup " Ripjoyp” =0, (2.88b)
D[AHBCDE) + 27—’[143 FH|F|CDE) = 0 (288C)

As noted above, the second of these follows from the first due to Dragon’s theorem.

To proceed, one splits the equations into all different index types. Here, we present
the results of this analysis, a detailed derivation can be found in appendix G (see also
[63]). One finds that the only dynamical independent component fields of R, H and
T are the = 0 components of Rupeq, Hapea and T,,”. The partially undetermined
components of the torsion, see (2.86), are found to be

1
Yo [b/ede]y v bedey v
T,5" = 288Hbcde(85a (D) 37 4 (T,%) 7). (2.89)

The field strengths satisfy Bianchi identities

Ry =0, (2.90a)
DioHpeae) = 0, (2.90b)
D[aTbc} ’ - ir[abETc]sg =0, (290C)
and equations of motion

Rup — SR = —H. H," — . F? (2.91a)
ab = STa = 75 T ap'la ) Jla

b 277 b 12 acde *1b 967] b

1 sdgeijesese

DdeabC = _TE)2€Lzbt:d1d2ddd4 ° 4Hd1d2d3d4He1€263647 (291b>
T,," (D) 4 = 0. (2.91c)
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2.3. Eleven-dimensional supergravity

2.3.2 The spacetime theory

Now that we have discussed eleven-dimensional supergravity in superspace, we turn
to the component formulation in spacetime. To distinguish between superfields and
spacetime fields, we put a hat on all superfields. The spacetime fields are defined
as the 8 = 0 components of the corresponding superfields with curved form-indices
[63]. This is motivated geometrically since we, at least locally, can embed spacetime
in superspace by ™ ~ (2™, 0)" and the definition then ensures that spacetime
fields are tangent to the spacetime in this embedding. Lie algebra-indices, like
AB on w47, and the flat indices on E4 and T* are, however, kept flat. Local
supersymmetry corresponds to local translations in the 6-directions in superspace
whence invariance under gauged supersymmetry corresponds to invariance under the
choice of local embedding.

The first step in converting the superspace theory into a spacetime theory is to
impose gauge conditions. Then, we compute the supersymmetry transformations
and, lastly, derive the equations of motions for the spacetime fields. Note that this
section uses right-action conventions even in spacetime. In section 2.3.3, we switch
to left-action conventions and summarise the component formulation of the theory.

Gauge fixing

Consider an infinitesimal superspace coordinate transformation &M (z) combined with
an infinitesimal local Lorentz transformation L ,%(z). From (2.81), we find

B = —fo%NMAB + @MACECB - [A’AC@MC’B - éMIA/AB- (2.92)

0psa
Since the theory in spacetime will contain gravity, we keep manifest invariance under
arbitrary spacetime coordinate transformations £™(x) and local Lorentz transforma-
tions L ,P(x). For M = /r, we can, however, use the f-component of L 48 to set the
last term to a tensor C), 4 B(x) which is arbitrary apart from being Lie algebra-valued
in its last two indices. Hence we can use that term to gauge away @, 4P| and then
maintain that condition for transformations with arbitrary # = 0 components of £ EM
and L B 44

Similarly, from (2.80),

Here, we can use the f-component of 4 to set Eu“| = 0 and Eua\ = 0,. It is

not trivial that this is possible. For an infinitesimal transformation, we can indeed
transform E#A| in any desired direction. This does, however, not imply that we can
set the corresponding components to whatever we like. For instance, we cannot set
EMA| = 0 since that would render £ 1 noninvertible. With the above gauge choice,
there is, however, no such singularity and we therefore expect it to be viable. In the
following, we assume this to be the case. Similar remarks apply to the other gauge
conditions.

44 A1l evaluation bars denote evaluation at 6 = 0.
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2. Supersymmetry and supergravity

Lastly, we turn to Buyp. Since only the field strength H = dB enters the theory,
we have an Abelian gauge symmetry

A

55\E = 615\, < 5}§MNP = 36[M/A\Np)7 (294)

that leaves H invariant. Combining this with an infinitesimal coordinate transforma-
tion, see (2.75), we get

SBuynp = _éQéQEMNP — Sé[MgQB|Q|NP) + 33[M:\NP) =
=~ Hounp — 30 (E9Bigve)) + 30 dwp)- (2.95)

In this transformation, we use the §-component of A, to gauge away éunp|.

The gauge we have arrived at can be summarised as

EMA‘:<ema<x> wm%x))Mﬁ EAM':<eJE<x> —w(SZ(x))AM’ (2.06)

D47 =0, Bynp| = 0. (2.96b)

Similar gauges are used in, for instance, [46], [66], [67]. Note that, on spacetime
fields, we convert between curved and flat indices using e,,* and 47, for example,
V® = €,%051,". In superspace, on the other hand, curved and flat indices are

converted using E v, which illustrates the importance of keeping spacetime fields
and ¢ = 0 components of superfields apart.

Since we have only used the #-components of éM L 48 and Amn, we can still make
transformations with § = 0 while maintaining the gauge with #-components. From the
above, it is clear that £™(z) corresponds to coordinate transformations in spacetime,
L ,P(x) local Lorentz transformations and \,,,(z) Abelian gauge transformations
of By Since #(x) is fermionic, it must correspond to a gauged supersymmetry
transformation.

There are still some transformations that we have not considered, including higher
f-components and A,y with one or two fermionic indices. However, we are only
interested in e,,*, ¥,,%, Bynp and w,, and these are invariant under such transforma-
tions.

Supersymmetry transformations

The (gauged) supersymmetry transformation is generated by &#(z). Note that
ol = drék = €% and £ = 0, since £4 = EME, A From (2.93), we find

5§ema = _gﬂTpma

(2.97)

At this point, we need a torsion component with curved indices. As already mentioned,
flat indices in superspace are converted to curved ones using F,,4, with sign factors
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2.3. Eleven-dimensional supergravity

similar to those in (2.75). For the torsion
1+ AN 1A NP 1r ya I VI A
§d2N ANdEMT = 5EB ANEAT, ;¢ = 5dzNENB NAEME AT 5 €

Thus, the torsion component of interest is, see (2.86)

and the supersymmetry transformation of the vielbein
el = 2060 ") ap),,”. (2.100)

For the spin-3/2 field, again using (2.93),
Oeth,” = —Dm&® — €'T,,,° (2.101)
By (2.89) and (2.98), the relevant torsion component is

T, | = €000 T, = (2.102)

(S (5 (009) ) |

288°m

To express this in terms of the spacetime fields, we first relate the components of H
with flat and curved indices, similar to (2.98) but for H. We find

HMNPQ — <_1)(|N|+\B\)|M\+(|P\+\C|)(|M\+\N|)+(\Q|+\D|)(\M\+|N|+\P\).
- EyPE Y ENPEy* Hapep, (2.103)
whence the spacetime field H,,,,, is given by, see (2.85),
Hmnpq == E DE CEA'nBEmAﬁABCD‘ =
= eqdep e e, @ Hapea| + 6¢[q5¢p76nbem]a(Zi(Fab)Wg)
= Hapea + 12100, (Vo) s g = Habea: (2.104)

This equation illustrates, explicitly, the importance of distinguishing between 6 = 0
components of superfields (Hgpeq|) and spacetime fields (Hgpeq). Putting the above
together, we find the supersymmetry transformation

— Habcd

1 .
5£¢ma _ _Dmga . @Sﬁema (8(5([1b1 (szbsbzﬂ)ﬁa + (Fab1b2b3b4)ﬁa)Hb1b2b3b4 _
= —D,,£%. (2.105)

Lastly, we turn to the supersymmetry transformation of B,,,,. From (2.95),
5§anp - _égﬁamnp‘~ (2106)

The relevant component of H is, by (2.85) and (2.103),

f{amnp = _3€[pcenb¢m}a(sgf{5abc == —61<F[mn)|ga|¢p}a, (2107)
whence the supersymmetry transformation is
6§anp = Giga(r[mn)\aﬁ\'@bp]ﬁ- (2108)
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2. Supersymmetry and supergravity

Equations of motion

Now that we have found the supersymmetry transformations, we derive the equations
of motion for the spacetime fields. We begin by examining the torsion. From (2.86)
and (2.98),

T = 0,0, T1 5% = =20, (T st (2.109a)
Tn® = €T | + 20, e, T,5°). (2.109D)
By the definition of the torsion, T, 2D[m 1“l = 2D, whence (2.89)

and (2.109b) gives

Taba‘ =2e,"¢," [D[mqvb “ 288¢[n| ( (5|[]7)nl](Fmpgpél]),é’V + (F|m]p1p2p3p4>6’7> ﬂp1p2p3p4] =

— 2¢,"¢," Dy )y (2.110)

n]
with D,, as defined in (2.105). Thus, the equation of motion for T,,¢, (2.91c), gives
the equation of motion for ¢, ¢

Dyih,” (™) 5% = 0. (2.111)

Writing the spin connection as w,,,* = @,,,,° + K,,,,°, where & is the unique torsion-free
spin connection and K, ° the contorswn tensor, the definition of the torsion gives
T, *=2K [mn}a. Since the contorsion is Lie algebra-valued, K. = Kap)e — Kacp —

Kppge- Hence, by (2.109a),

Kope = _i@DaQ(FC)aB@Dbﬁ + i¢aa(rb)aﬁ¢cﬁ + wjba(ra)aﬂwcﬁ (2-112)

Turning to the equation of motion for H, we need to convert between curved and flat
indices on the derivative. The covariant derivative in spacetime is D,,, = Dm| where
the result is evaluated at 6 = 0 after D,, has acted. In superspace, Dy=EF M AD,,
whence D,,,| = e, “D,| + 1, *Dy|. Thus, using (2.110) and (G.10),

= nabDaﬁdee — ’r]abl/J a(-lZiﬂb 6(Fd€])6a>’ =
= D" Hyege + 2410" (Tppe) japiea™ e "Dyth, . (2.113)

ab A P
n DaHbcde

To write the equation of motion with curved indices, we have to move vielbeins
through the D® derivative. As explained in appendix E.3, we need to replace the
Lorentz connection with an affine connection to be able to do this. Thus, the equation
of motion (2.91b) becomes

~ . ~ 1 ~
vamnpq + 241@/’ma(F[mn>\a5\Dp¢q]B == € T1r2T3T451825384Hr1r2r3T4Hs1s28354'

1152 ¥
(2.114)

Lastly, we turn to the equation of motion for R, given in (2.91a). From the above,
it is clear what happens to the right-hand side when switching from superspace to
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2.3. Eleven-dimensional supergravity

spacetime. For the left-hand side, we need to relate R,,p,q to }?abcd\. For arbitrary
indices
Ryne® = (=1D)INHBIMIR BE AR D (2.115)

whence

A

Rmncd + wnﬁwmaéaﬂcd

+ 26 [nbwm] ¢ Rabcd

= e, “Ropeq . (2.116)

Using (2.110) and (G.24) we find that the middle term is

2 € [nb wm} “ -Rabcd

= 4iecp€dq¢[m|a ((Fﬂp\ )aﬁblq}%n}ﬁ — (T )aﬁﬁ‘"]w\q]ﬁ — (L )aﬂﬁ[p%ﬁ) ;
(2.117)

where, in all terms, the antisymmetrisations are [mn] and [p¢]. By (2.104) and (G.11),

the third term is

4i

= oo (241 (T g + (Do ™ ) ) Hasasagas (2118)

B,, af
wn wm Raﬂcd 288

Defining Rapeq = f%abcd| and collecting the above terms, we find

®, 4i a 1T r3T T1T2T3T. 7
Rmnpq = Rmnpq - T%wm (245plq2 (P ’ 4>C¥5 + (qu e 4)a5>wnﬂHT1T2T3T4+

- 4i¢[m|a((F[p\)aﬁﬁlq}¢|n}ﬁ — (Cp)asDmyy” = (Cpn)asDptdy” ) (2.119)
With this definition, the equation of motion reads

~ 1 - 1. 1 .
Rmn . mnR = —H H P — — mnH2, 2.120
29 1 mpgr - n 969 ( )

where R,,, = Rpmnp and R = R, ™%

2.3.3 Component formulation with left-action

In this section, we give the most important equations from section 2.3.2 but in
left-action conventions. The crucial insight to convert a right-action to a left-action
is that (g1g2)"" = g5 g1 *. Thus, given a right-action, we can define a left-action by
acting with ¢! from the right and, given a right-representation (v - ¢)% = v°g,?, we
get a left-representation (g - v)* = v*(¢g~1),% Hence, we need to replace all group
elements by their inverses and all Lie algebra elements by their negatives when
switching conventions.

We also switch conventions for the index order on differential forms. Here, we employ
the usual convention

1
Q==dz™ A Az, . (2.121)
p:

45Recall that we are working in right-action conventions, whence this definition agrees with R < 0
for AdS.
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2. Supersymmetry and supergravity

We demand that the 3-form, B, is the same when switching convention. This implies
that we must replace B,,,, with —B,,,, and H,,,,, with —Hmnpq.46 Since the spin
connection is Lie algebra-valued, it should be replaced with its negative. This implies
that the curvature 2-form is unchanged while its components R,,,,,,” change sign.*” In
these conventions, we define the Ricci tensor R, = R,,,.F. Due to how we defined

the Ricci tensor in the other set of conventions, it does not change sign.

In this section we will, moreover, not write out spinor indices explicitly. Spinors
have an implicit subscript index (x means Y,), Dirac conjugated spinors have an
implicit superscript index (y means ) and [-matrices have their indices in the
usual positions (I'* means (I'?),%).4

From (2.112) we find that the spin connection, with these conventions, is

Wape = djabc - i(&arcwb - &arbwc - &brawc)a (2122)

where &y, is the torsion-free spin connection. The Lorentz covariant derivative is
D,, = O + wy, and V,,, denotes the associated affine connection, see appendix E.3.
R,npq denotes the curvature tensor of the spin connection wy,.

The supersymmetry transformations are, by (2.100), (2.105) and (2.108),

0ce,” = =200 P, (2.123a)
O¢thm = —Diné, (2.123D)
O¢ Binnp = 61T (), (2.123¢)
and equations of motion, by (2.111), (2.114) and (2.120),
"D, 4, = 0, (2.124a)
V" Hympg + 240" T (un Dpthg) = @enpq””m7"431825384ﬁr1T2T3,4F181825334 (2.124b)
~ 1 - 1 - ~ 1 ~
Ry — =GmnR = —H, . H " — — g, H? 2.124
2g 19 megrin 969 ( C)
where, by (2.104), (2.105) and (2.119),
. 1 -
_ o [n1pnan3ng] ninongng
’imf - DMf 288Hnin2n3n4 (85m F . Fm 3 )f, (2125&)
Hmnpq = Hmnpq + 121w[mrnpwq}a (2125b)
D, 4i - n r1re 3T r1T2r3T
Rmnpq = Rmnpq - ﬁHrlTﬂsmwm (2461) q I"s —+ qu 3 4)wn+
+ 41| (TP pn) — Lip Dpnjig) — Din Pipthy) (2.125¢)

where, in the last line, the antisymmetrisations are [mn] and [p¢].

46Note that Hynpg = 46[mBnpq] in both conventions due to the difference in the definition of the
exterior derivative.

47This is consistent with Lie algebra elements being replaced by their negatives due to the additional
change of conventions for differential forms. '

48Due to how we raise and lower spinor indices in D = 11, the Majorana condition y, = §° XTB can
be written as x* = —x® (see appendix B.4).
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3. Supergravity compactifications

If eleven-dimensional supergravity describes reality (at low energies) an obvious
question that arises is why we perceive reality as having only four dimensions.
Historically, this question arose as early as 1921 when Kaluza [68] proposed a
unification of gravity and electromagnetism by introducing a fifth dimension.*? To
obtain Einstein’s and Maxwell’s field equations, Kaluza assumed, ad hoc, that all
fields are independent of the fifth dimension. This would also explain why we cannot
see the fifth dimension since there can be no dynamics in a direction in which
everything is constant. Still, it seems like an unmotivated assumption; if nature is
truly five-dimensional, why should all fields be constant in a specific direction?

A more satisfactory explanation was put forward by Klein [70] in 1926. Klein assumed
that the fifth dimension is periodic, that is, that the topology of spacetime is that of
R* x S!. Then, all fields can be expanded in Fourier series in the periodic coordinate
and ordinary gravity and electromagnetism correspond to the zero-modes in the
expansion [69]. Klein’s idea also explains the quantisation of electric charge, which
corresponds to momentum in the periodic dimension and is naturally quantised due
to the periodicity [71]. Assuming that the smallest unit of charge is that of the
electron, Klein derived the period of the compact dimension to be of order 1073° m.
This also explains why we do not observe five dimensions in experiments since physics
at much larger scales would be averaged over the compact dimension. However,
momentum in the periodic dimension also gives the fields masses. With the above
period, these are of the same order as the Planck mass [69], that is, about 10%? times
the electron mass.

The situation for string and supergravity theories is similar. If some of the dimensions
form a compact manifold, this explains why we only observe four dimensions, provided
that the extra dimensions are sufficiently small. Similar to how electromagnetism
arises in Kaluza—Klein theory, isometries of the compact manifold, or internal space,
give rise to, possibly non-Abelian, gauge fields in spacetime [19]. As explained in
more detail in section 3.2.2 and also analogous to Kaluza—Klein theory, momentum
in the internal directions contribute to the mass of spacetime fields.

In this chapter, and the remainder of the thesis, we use slightly different notation and
conventions than in section 2.3.3. Uppercase indices are used as eleven-dimensional
spacetime indices, not superspace indices. In compactifications, Greek indices
(o, 8,7,...and p,v,p,...) are used for the resulting spacetime and Latin lowercase
(a,b,c,... and m,n,p,...) for the internal manifold, that is, the extra dimensions.

49The theory also contains a dilaton. At the time, this was, however, inconsistently set to zero [69].
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3. Supergravity compactifications

Letters from the beginning of the alphabets are used for flat indices and letters from
the middle for curved ones. Spinor indices are not written out.

To distinguish between the components of the eleven-dimensional I'-matrices in
the internal directions and the I'-matrices on the internal manifold, we denote the
eleven-dimensional I'-matrices by fA, similar to appendix B.4. Furthermore, we
denote the 3-form by A instead of B and its field strength by F'instead of H. We also
rescale the gravitino ¥y, — 105 /v/2 and the supersymmetry parameter & — —&/+/2.
Lastly, x denotes coordinates on the spacetime and y on the internal manifold.

With these conventions, the bosonic equations of motion, resulting from setting
Yy = 01n (2.122) and (2.124), are

1 1 1
RMN_ igMNR: EFMPQRFNPQR_ %QMNFQ, (31&)
1
V¥ Fanpg = 1152 enpo R TSRNN b Rore Fisasssy (3.1b)

where the curvature and covariant derivative are those of the torsion-free connection,
and the supersymmetry transformations are, by (2.123),

deept = 1Ty, (3.2a)

SeApnp = SiELnp), (3.2b)
~ 1 ~ A

S¢thar = D€ ~ Dy — %FNPQR(%E\JJVFPQR] -1, (3.2¢)

where, in the step indicated by ~, we have dropped terms containing ;. These
conventions (apart from how the Dirac conjugate is defined), equations of motion
and supersymmetry transformations agree with [1].

3.1 Freund—Rubin compactification

In theories with extra dimensions, we wish to achieve what is known as spontaneous
compactification. In contrast to ad hoc compactification, we do not simply postulate
that some dimensions are compact but instead look for stable ground state, or
vacuum, solutions to the field equations that describe, at least locally, a product
space My x My, [19]. Here, D = d + k is the dimension of the complete reality in the
theory, d the dimension of spacetime (after compactification) and & the dimension of
the internal manifold. We will work towards the Freund—-Rubin ansatz [72], which
is a way of achieving spontaneous compactification, but make some more general
comments before arriving at the full set of assumptions in the ansatz.

The first assumption we will employ is to assume that the vacuum spacetime M, is
maximally symmetric.?® This is motivated experimentally and is a generally accepted

50We may add, as a zeroth assumption, that we assume M, and My, to be spin manifolds so that
spinors can be defined globally. See [73] for an introduction to spin geometry.
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3.1. Freund-Rubin compactification

assumption.’® The assumption implies that the vacuum expectation values of the
various fields can only be constructed from scalars, the metric and the Levi-Civita
tensor in the external space. We do not consider the possibility of topological phases
with vanishing vacuum expectation value of the metric.

The D = 11 spinor decomposes into the tensor product of the spinor in spacetime
and the spinor on the internal space when Spin(D —1, 1) is broken to Spin(d—1,1) x
Spin(k), see appendix B.4. Hence, a spinor in D = 11 can be written as a sum of
terms on the form ¢ ® n, where ¢ is an anticommuting spinor in spacetime and 7 a
commuting spinor on the internal manifold.?? Since a nonzero spinor or vector-spinor
in spacetime would break maximal symmetry [19], we set QZ;M = 0, where the overset
circle denotes that it is a vacuum value. Since 1, is the only fermion field in the
theory, this clearly solves its equation of motion. Note that this does not imply
that the vacuum expectation value of fermion bilinears vanish, that is, there can be
fermion condensates [75].% In the following, we assume that all fermion bilinears
vanish as well, which implies that the relevant equations of motion are those in (3.1)
and, by (2.122), that the spin connection is torsion-free in the background.

Maximal symmetry forces the the z-dependence of the spacetime vacuum metric g,
to be either that of Minkowski, de Sitter (dS), or anti-de Sitter (AdS) spacetime,
corresponding to R =0, R > 0 and R < 0, respectively [19].>* In general, there may
also be a y-dependence, whence we write g,, = f(y)g*(r) where f > 0 is known
as the warp factor and g;* () is maximally symmetric.’>% Since a nonvanishing
spacetime vector field would break maximal symmetry, the mixed components of
the metric vanish, g,, = 0. Also, since the internal components §,,, are spacetime
scalars, they must be x-independent to not break maximal symmetry.

Consider now the 4-form Fianpo = (Fuvpos Fuvpgs Fuvpgs Funpgs Finnpg)- Here, maximal
symmetry forces Z%mnpq to be z-independent. Furthermore, any of the other compo-
nents can only be nonvanishing if it is a product of the completely antisymmetric
e-tensor in spacetime aond a tensor on the internal manifold. Thus, with d = 2, 3,4

we may have nonzero F),,,q, Flupq and F wpo Tespectively. For other values of d, all
three of these vanish.

o

At this point, we make the additional assumption that F wpg = 0= Fpe. Thus, we
can set I, = —6mé,,,», with m = 0 in d # 4 where é,,,, does not make sense.

51 A cosmology with a Big Bang singularity is clearly not maximally symmetric. However, this is
due to the matter content, not the vacuum.

52Gee [74] for a general discussion on the spinor bundle of product manifolds.

53Non-vanishing vacuum expectation values of fermion bilinears have consequences for the cosmo-
logical constant [75].

54Note that these are local considerations, that is, the spacetime is locally isometric to Minkowski,
dS or AdS.

55Here, we require that the spacetime metric is of constant signature (d — 1,1). Signature changing
metrics have been discussed in the context of cosmology and quantum gravity, see [76]-[78].

56Intuitively, we glue together copies of My with different sizes over M. For instance, S? without
the poles is a warped product of a circle (the equator) and a line (a meridian).
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3. Supergravity compactifications

Note that, for dimensional reasons, m has dimension mass and it is independent
of y due to the Bianchi identity d;y;Fypor) = 0. The Bianchi identity also implies

anpq = anpq(y) which, as noted above, also follows from maximal symmetry, and
a[m npgr] = 0.

We now turn to the Einstein equation (3.1a). It is convenient to write the equation
for the vacuum values as

1 o

. 1
PQR
Ryn = 12FMPQRFN 1449MNFPQRS FPeRS (3-3)

Using that F wwpo = —06Mé€,e and that M, is Lorentzian, we find

ooy B P = —6(6m)%,,, B ERTN = _24(6m)2. (3.4)

ppo upo
Since the vacuum metric is block diagonal, (3.3) splits into

1

144
1

5 pgr __ _ 2 pqrs 2
Rom = 35 By U 0 g (Fpgrs 707 — 864m2), (3.5b)

Ry =0. (3.5¢)

R, = gw,(123m + F

Frmee), (3.5a)

By choosing f(y) appropriately, we can make Rig € {-=1,0,1}, where R is the
Ricci scalar of the maximally symmetric metric gj;,*. Contracting (3.5a) with ¢,
we find, since é;w is independent of f(y),

Riay(y) = f@) = —114(12% + Frppg () P (y) ). (3.6)

Since f > 0, ]%(d( ) is of constant sign. Furthermore, R y(y) is only zero at a

point y if both m = 0 and anpq( ) = 0 and, then, anpq = 0 at all points due to
R( (y) having constant sign. Thus, the only Minkowski solution, under the above
assumptlons is the zero flux case I vmnpg = 0 with a Ricci flat internal manifold,
Rmn = 0. In all other cases, R( 4) < 0, the spacetime is AdS and the internal manifold
has everywhere positive scalar curvature Foi(k) > 0.

Now, we assume that m # 0 and that there is no internal flux, that is, Z%mnpq = 0.
These are the last assumptions in the Freund-Rubin ansatz. As noted above, the
former forces d = 4 and k = 7 while the latter implies that f is independent of y by
(3.6). Under these assumptions, (3.5) immediately gives

R, = —12m%,,, Ry = 6m2Gym. (3.7)

Thus, the spacetime is AdS; and the internal manifold an Einstein manifold with
positive scalar curvature. Hence, assuming that the internal manifold is complete
implies, by the Bonnet—Myers theorem [79], that it is compact and of finite diameter®?

5TThe diameter of a Riemannian manifold (that is, pseudo-Riemannian with Euclidean signature)
is the supremum of all distances.
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3.1. Freund-Rubin compactification

The last part of (3.5), }o%w = 0, is trivially satisfied since the only nonzero Christoffel
symbols of the Levi-Civita connection are F ¥, (z) and Ion *,(y). Note that there not
being any other nonzero Chrlstoffel Symbols 1mphes that the affine connection splits
as V M= V @ Vm, where V and V are the Levi-Civita connections of AdS, and
Mo, respectlvely. For nontrwlal warp factors, this is not generally true.

Note that the equation of motion for F, (3.1b), is satisfied since the right-hand side
immediately vanishes and VH €uvpe = 0. With anpq # 0, there would have been a

nontrivial equation
o o 1

V™ E g = ienpqmwﬁm. (3.8)

Unbroken supersymmetries

Thus far, we have not paid much attention to the gravitino, 1), as its background
value is 0. For supersymmetry, it is, however, crucial. Since the supersymmetry
parameter is fermionic, each term in the transformations of the bosonic fields must
contain the gravitino, as is also evident from (3.2). Thus, all bosonic fields are
invariant under supersymmetry transformations in the vacuum. That the gravitino
is also invariant under a supersymmetry transformation in the vacuum is, therefore,
equivalent to the corresponding generator being unbroken.

As noted above, the spinor in eleven dimensions decomposes into a tensor product
of a four-component spinor in spacetime and an eight-component spinor on Mj.
Explicitly, we write the eleven-dimensional ['-matrices as

=791, [*=—"®I", (3.9)
where, as in appendix B.4 but with slightly different notation, v* are the four-
dimensional y-matrices, 7% = —i€ap,57*77°/24 and I'* are the seven-dimensional
[-matrices.

In the Freund—Rubin vacuum, the supersymmetry transformation of the gravitino is
dethp = D€, Here, and in the following, we drop the overset circle to reduce clutter;
all quantities refer to vacuum values. Putting d¢¢/p; = 0, we obtain the (generalised)
Killing spinor equation

D€ = D€ + CUARSCES WIS IE (3.10)

2886””””

Since My is compact, (x,y) can be expanded as &(z,y) = x'(z) ® A(y) where
Ar(y) is a complete (infinite but countable) set of linearly independent spinors on
M. Using ew,poFV P7 = —6iy°y, ® 1 and that the spin connection in D = 11 only
has nonzero components w,qs and wy,qp, the M = p part of (3.10) gives

(D#XI — im75mxl> ® A =0, (3.11)

where, by abuse of notation, we use D, to denote the covariant derivative in AdS,.
Since A; are linearly independent, the parenthesis must vanish for every I. In
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3. Supergravity compactifications

AdS,, this equation admits four linearly independent solutions £'(z) for y, which
is the maximal number in d = 4 [19]. Due to the linear independence of these, we
may reorder the terms in the expansion and write &(z,y) = &'(x) ® n;(y), which
is now a sum of just four terms. The M = m part of (3.10) then reads, using
€ppol P = —24i1 @ T,

& (D + i%l“mni) — 0. (3.12)

Again the parenthesis must vanish for every ¢, now due to the linear independence of
e’. Hence, the most general solution £ to ¢ty = 0 is a sum of terms e(x) @ n(y)
where

D, = D,e — im~*y,e = 0, (3.13a)

D) = Do) + i%an —0. (3.13b)

Since, as noted above, AdS, admits four Killing spinors, we get four linearly indepen-
dent supercharges forming a spinorial supersymmetry generator () for each linearly
independent solution to (3.13b). Accordingly, the number of supersymmetries, N, is
the number of linearly independent solutions to the Killing spinor equation (3.13b)
on the internal space Mj.

Consider now thepurvature of the connection Y?m on the spinor bundle of M. By
extending D,, to V,,, which acts on spinors as D,,, and on vectors as V,,, and using
that V,, is torsion-free, the curvature of D,, may be computed as

2

~ ~ .m .m m
_ i( Ry, — 22300 Ty, (3.14)

where we have also used that V,,(I',) = 0 and that I',,/4 are the Lorentz generators
in the spinor representation. Recall that the Weyl tensor, in arbitrary dimension
d>2,1is
4 2
PA — R P4 _ R -
=20 (d—1)(d-2)

Thus, for our seven-dimensional Einstein manifold with R,,, = 6m%gmn,

W,

. o+ RSP 1. (3.15)

m

w,

mn

Pl= R P 2m*P 4 (3.16)

mn mn?

which we recognise from (3.14). Hence, any solution 7 to the Killing spinor equation
(3.13b) also satisfies the integrability condition

W, P pen = 0. (3.17)

The holonomy of a connection V on a vector bundle E, with fibre F', at a point

A

p € M, Hol,(V), is defined as the subgroup of GL(E,) obtained by all possible
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3.1. Freund-Rubin compactification

parallel transports®® around closed loops in M starting at p. For a proper introduction
to holonomy, see [81].>? For an introduction to bundles, see appendix E.1. If M
is connected, which we assume for our My, the holonomy group is independent
of the base point p (up to conjugation) and we simply write Hol(V) C GL(F).
The restricted holonomy group Hol’(V), defined as Hol(V) but restricted to null-
homotopic loops, is a connected Lie subgroup of GL(F) [81]; it is the identity
component of Hol(@). For a principal connection, the holonomy is a subgroup of
the structure group [81]. In our case with D, the holonomy group Hol(D) is the
subgroup of invertible linear transformations on the space of 8-component spinors

obtained by the parallel transport maps defined by D.

The Lie algebra of the restricted holonomy group, f)o[(@), is related to the curvature
of the connection. From pseudo-Riemannian geometry, this seems plausible since
the curvature gives the change of a vector when parallel transported around an
infinitesimally small parallelogram [82]. More precisely, the Lie algebra-valued
curvature 2-form take values in bo[p(@) C gl(E,) [81] and, by the Ambrose—Singer

theorem [83], bo[p(@) is spanned by the curvature 2-form at all points connected to
p by piecewise smooth curves, parallel transported to p.%°

Putting the above together, the integrability condition [V,,, V,]n = 0 implies that
the number of unbroken supersymmetries is at most the number of singlets in the
decomposition of the spinor when restricting so(7) to hol(D). Furthermore, by (3.14)
and (3.16), hol(D) is spanned by W, ®%,, where ¥, are the generators of s0(7)
[19]. Note that D,,n = 0 is stronger than [V,,, V,]n = 0, so there might be fewer
supersymmetries than singlets in the decomposition. Also, there can be at most
eight supersymmetries since spinors on M+ have eight components and the value
of n at a point determines its differential at the same point by the Killing spinor

equation (3.13b) [19].

For each vacuum with m # 0, there is another vacuum obtained by skew-whiffing,
that is, reversing the direction of the flux, m — —m. One can show that, except
for S7 with its usual round metric, at most one of the two solutions related by
skew-whiffing can admit Killing spinors and, hence, at most one of the solutions can
have unbroken supersymmetries [19]. This is known as the skew-whiffing theorem.

The above considerations are local. If the space My is not simply connected®!, there
may, in addition, be global obstructions to the existence of Killing spinors [19].

58Parallel transport is defined by demanding that the covariant derivative along the curve vanishes.
See for instance [80], [81].

%9 As an example, the holonomy of the Levi-Civita connection on the sphere S? is SO(2), that
is, parallel transport can rotate vectors arbitrarily but not change their lengths nor turn a
right-handed pair of vectors into a left-handed pair.

60Tt is, of course, important to consider the curvature not only at p since one can have a flat region
on a generally curved manifold with nontrivial holonomy.

61A connected manifold is simply connected if all closed loops are null-homotopic. The circle, S,
is not simply connected.
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3. Supergravity compactifications

3.2 Anti-de Sitter, mass operators and
supersymmetry

A general feature of Kaluza—Klein compactifications is that there are infinite towers
of fields obtained by expanding the D = 11 fields in modes on the internal space
[19]. The masses of these fields are related to certain differential operators on the
compactification manifold M. Before we turn to the specific expressions for these,
we should define what we mean by mass in AdS,. In Minkowski spacetime, the
mass is simply defined as (the nonnegative root of) M? = —p,p*. For perturbative
stability, that is, stability against small field fluctuations, M? > 0 is needed.%? In
AdS,, the situation is more complicated since the isometry group is SO(3,2), which
does not contain momentum operators p*. There are two ways forward, one can
study the field equations in AdS to try to come up with reasonable definitions of the
masses or one can investigate the unitary irreducible representations of Spin(3,2)
to characterise the particles. Below, we review aspects of both approaches. As in
section 3.1, we use conventions in which the cosmological constant is A = —12m?,
that is, the curvature radius is 1/(2m) and R, = —12m?g,,.

3.2.1 Defining mass in AdS

Following [19], we define the masses for different spin s through the linear, free field
equations

s=0: Ao — 8m2p + M?*¢ = 0, (3.18a)
5= ;: V'V, — My°x =0, (3.18Db)
s=1: AA, + VYV, VYA, + M?A, =0, (3.18c¢)
s = 2: PN b, — MAPy*ah, = 0, (3.18d)
s =2: Avhy 42V, V?hyy, — Vi Vi h, + 24mhy,y, + M?hy,, =0, (3.18e)

where A, is the Hodge-de Rham operator, see appendix D .4,
V, =V, —imy*y,, (3.19)
as in (3.13a), and Ay, is the Lichnerowicz operator
Aphy,, =-0h,, —2R /. h, + 2R(uphy)p. (3.20)

For s = 0, 1/2, these equations with M = 0 are Weyl invariant® (if ¢ and y given
proper Weyl weights) and they can be generalised Weyl-invariantly to arbitrary
dimension [85].% As explained in [84], Weyl invariance together with diffeomor-
phism invariance implies conformal invariance (although conformal invariance and

6202 > 0 does not imply perturbative stability since the potential could have nonzero slope.

63A Weyl transformation is a local rescaling of the metric g, — Q2(z)g,., [84].

64Without transforming m, (3.18a) with M = 0 should be written as Agp + R/6 ¢ = 0 to be Weyl
invariant.
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3.2.  Anti-de Sitter, mass operators and supersymmetry

diffeomorphism invariance do not imply Weyl invariance [84], [86] as sometimes
claimed [87]). One can show that (3.18a) and (3.18b) with M = 0 imply that ¢ and
X propagate on the local light cones in AdS by using that ds? = 0 is Weyl invariant
and that AdS, is related, locally, to four-dimensional Minkowski spacetime via a
Weyl transformation [85].

While for s < 1, we may define masslessness by requiring propagation on the local
light cones, the situation for s > 1 is different. Here, we instead define masslessness
by requiring gauge invariance. In d = 4 Minkowski space, p? = 0 implies, via the
group theory of the Poincaré group, that the particle only has two states (helicity),
see section 2.1.2. However, to reduce the number of propagating degrees of freedom
to two for s > 1, gauge invariance is needed, whence propagation on the light cone
and gauge invariance coincide [85]. This is not the case in arbitrary spacetimes.
Maxwell theory, that is, s = 1, is Weyl invariant in precisely d = 4 and photons,
therefore, propagate on the local light cones in AdSy4, by the above argument [85].
The gauge-invariant s = 3/2, 2 theories are, however, not Weyl invariant in d = 4
and the fields propagate not only on but also in the interior of the light cone [85].

Another peculiarity regarding masses in AdS is the bound for perturbative stability.
For s > 0, the requirement is M? > 0, just as in Minkowski spacetime [19]. Remark-
ably, for s = 0, only M? > —m? is required to avoid exponentially growing modes
for small field fluctuations [12], [13]. This is known as the Breitenlohner—Freedman
bound. A theory in which all scalar fields satisfy the Breitenlohner—Freedman bound
and all s > 0 fields satisfy M? > 0 is said to be BF stable. BF stability does not
imply perturbative stability since the slope of the potential can be nonvanishing, as
signalled by a tadpole.

3.2.2 Masses from operators on the internal space

As stated above, the masses of the fields in AdS, are related to differential operators
on the internal space. We will not give a derivation of the mass operators for the
Freund—Rubin ansatz but make some comments on the derivation. For details, see
[19]. To derive the mass operators, one writes the D = 11 fields as their background
values plus a fluctuation (for instance, gy n(x,y) = gun(z,y) + hyn(z,y) for the
metric) and derives the linearised field equations from D = 11 supergravity using the
background values of the Freund—Rubin ansatz. Then, gauge conditions are imposed
and the fluctuations are expanded in modes on the internal space, similar to what
we did when discussing supersymmetry in section 3.1. Finally, the mass operators
are derived by analysing the equations resulting from inserting the expansions in
the linearised field equations and comparing with (3.18). The result is presented in
table 3.1.

To make the below results plausible, note that, for instance, h,, is a scalar on the
internal space and will, hence, be expanded in scalar modes. Since s = 2 corresponds
to the transverse and traceless part of h,,, the s = 2 mass operator must act on
scalar fields on M.
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3. Supergravity compactifications

The operators appearing in table 3.1 are the Hodge-de Rham operator A, acting on
transverse p-forms with p = 0, 1, 2; the Lichnerowicz operator Ay, acting on transverse
traceless symmetric rank-2 tensors; the Dirac operator iJ? acting on Majorana spinors
and transverse ['-traceless Majorana vector-spinors and the operator @) acting on
transverse 3-forms (defined in (3.35)).%° At this point, we switch to consider fields
with flat indices on the internal space. In particular, iP5 /2 acts both on the vector
and spinor index of the vector-spinor. All operators should be interpreted in terms
of their eigenvalues. Note that all of the operators are self-adjoint and respect the
transversality and tracelessness conditions, whence there are bases of eigenmodes
with real eigenvalues spanning the corresponding function spaces. We discuss this
further in section 3.2.4.

In the derivation of table 3.1, some special cases arise. In the table, the subscripts
label various towers of fields with the first (second) subscript referring to the top
(bottom) sign or, for i and @, the positive (negative) part of the spectrum of the
operator.% The eigenvalues 7m? of Ag in 0f and —7m/2 of iP; , in 1/2; correspond
to singletons [19]. Singletons have no Poincaré analogue and are topological in the
sense that the fields have no degrees of freedom in the bulk, only on the boundary [88].
Still, as explained in [10], they must be kept in the theory. The last exception is the
eigenvalue 0 of Ag in 07, which should be omitted from the physical spectrum [19].

Table 3.1: Mass operators in Freund—Rubin compactification of D = 11
supergravity. Here, s denotes spin, p parity and ¢ labels the tower. The
operators are understood in terms of their eigenvalues. Singletons correspond
to 7m? eigenvalues of Ag in 0] and —7m/2 of i, /2 in 1/2;. The eigenvalue 0
of Ay should be omitted from 07 .

s¥ Mass operator

2t AN

3 . m

2, Pty

1, Ay +12m® & 6my/ Ay + 4m?
1" Ay

1 . Im

2 Py

1 . 3m

550 Pont Ty

0, Ao+ 44m? £ 12my/Ag + 9m?
O;_ AL - 4m2
037 Q%+ 6mQ + 8m?

65 Transversality means that V™Y;,, = 0 et cetera and a vector-spinor is I-traceless if I"1,,, = 0.
66Note that the labels of the towers agree with [19] although other conventions differ.
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3.2.  Anti-de Sitter, mass operators and supersymmetry

Note that there is precisely one massless spin-2 field, that is, graviton, since Ag has
precisely one zero-mode. This is reassuring. From (3.13b), we see that each unbroken
symmetry gives a mode of i, /2 with eigenvalue 7m/2. As is clear from table 3.1, this
eigenvalue corresponds to massless spin-3/2 fields, that is, gravitinos, the gauge fields
of gauged supersymmetry [19].57 Similarly, unbroken gauge symmetries correspond
to 12m? eigenvalues of A; in 17 (A; has no zero-mode on compact Einstein spaces
with positive curvature [19]). There can be additional unbroken gauge symmetries
from zero-modes of Ay in 1*. These come from the Abelian gauge invariance in
D =11 and all fields are, thus, neutral under them [19].%®

Note that the masses of spins 3/2, 1/2 and 0~ are sensitive to skew-whiffing, m —
—m. Also, by the skew-whiffing theorem, there are no spin-1/2 singletons for
supersymmetric vacua except for the round S”. By the same argument, a vacuum
with A/ = 0 related to a supersymmetric vacuum by skew-whiffing has exactly as
many spin-1/2 singletons as there are supersymmetries in the other vacuum. As we
will see below, the only supermultiplet containing singletons is the Dirac singleton
supermultiplet. Thus, there are no spin-0 singletons in supersymmetric vacua, except
for the round S7, nor their skew-whiffed partners since the 0 spectrum is insensitive
to skew-whiffing. In fact, one can prove that the first nonzero eigenvalue of A is at
least 7m? with equality only for the round S7 [19], whence there are never spin-0
singletons in any other cases.

From table 3.1, one can also draw some conclusions regarding BF stability. Firstly,
there cannot be any negative M? values in 2¥, 3/215, 15, 17, 1/2; 534 nor 03 since
A, is nonnegative and i is Hermitian. One can prove that A; > 12m? [14] which
is precisely what is needed to ensure M? > 0 for 1. Since Q has real eigenvalues
and Ay > 0, the 0f and 01, towers satisfy, but might saturate, the Breitenlohner—
Freedman bound M? > —m?2. The only remaining tower is 03, for which the BF
stability criterion reads Ay, > 3m?. This criterion is not satisfied by all compact
Einstein spaces with positive curvature [14]. If the vacuum is supersymmetric, it
is perturbatively stable (see below) [19]. Since the 05 spectrum is insensitive to
skew-whiffing, N' = 0 skew-whiffed counterparts of supersymmetric vacua are BF
stable. As remarked above, this does not imply that they are perturbatively stable.

One class of unstable solutions are Riemannian products. If M7 = M) x My
with the product metric, that is, g,,, is block diagonal over the two factors, then
there is a mode of Ay, with eigenvalue 0 < 3m? corresponding to one of the factors
expanding while the other contracts [14].

5TFrom (3.2c), we see that the supersymmetry transformation of the gravitino is 0y = 15“5,
analogous to the transformation of the gauge potential in Yang—Mills theory.

68 This is true of the supergravity fields; the M2 and M5-branes of M-theory, and the corresponding
supergravity solutions, are electrically and magnetically charged under this symmetry, respectively.
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3.2.3 Spin(3,2)-representations and supersymmetry

Similar to what we described in section 2.1.2, elementary particles in AdS, correspond
to nontrivial irreducible unitary representations of Spin(3,2), the double cover of
the identity component of the isometry group SO(3,2) of AdS;. We denote the
generators of Spin(3,2) by M o3 Where &, B,... are 5-dimensional indices. AdSy is
the universal cover of the connected hyperboloid 7, B:z:‘ixﬁ = —1/(2m)? [89].9?

We split the 5-dimensional index as & = (a, 5) in the basis in which 7,5 is block-
diagonal with blocks 7,3 and —1. By considering the Poincaré limit m — 0, one sees
that M,s and P, oc mM,5 are the AdS analogues of the Lorentz and momentum
generators of the Poincaré algebra, respectively [85]. Hence, M5 is identified as a
dimensionless energy operator. We consider representations with energy bounded
from below, that is, for which there is a smallest eigenvalue Ey of My;. The algebra
50(3,2) is of rank 2 and irreducible representations can, hence, be specified by the
eigenvalues of two Casimir operators [91]. Equivalently, and more physically relevant,
the irreducible representations can be denoted by D(FEy, s) where Ej is the lowest
energy eigenvalue in the representation and s the spin™ of the particle [89]. A
representation is said to be unitary if there exists an invariant, positive definite
scalar product on it. One can start from 2s 4 1 lowest energy states and construct
an invariant scalar product by declaring that these are orthonormal and that the
generators are (anti-)Hermitian (depending on conventions). Demanding that the
scalar product is positive definite then leads to unitarity bounds on Ey [89].™" The
result of this analysis is that

1
s <1: E025—|—§, s>1: Ey>s+1. (3.21)
There are some special representations. These are the massless D(2,0) and, for all s,

D(s+1,s) and the Dirac singleton representations D(1/2,0) and D(1,1/2) [89].

The lowest energy eigenvalue, Ej, characterising a representation can be related to
the AdS mass M discussed above. Here, we do not give a derivation but simply
quote the result in table 3.2 [19]. The sign ambiguities for s < 1 arise from a
quadratic equation and are eliminated for s > 1 by the unitarity bounds.” For
unitarity and Ey € R, we see that M2, > —m? is required for the plus sign, again
the Breitenlohner—Freedman bound, and —m? < M2 ; < 3m? for the minus sign.
For the spinors, all real M,_;, are allowed for the plus sign and |M,—, 2| < m for the
minus sign. One can prove that the absolute values of the eigenvalues of i, /2 on My
are greater than or equal to 7|m/|/2 [19]. Thus, M,_3/, as given in table 3.1 cannot
violate the unitarity bound in the table below. Lastly, for s = 1, 2, unitarity requires

M? > 0 in agreement with the above stability criteria. Note that the unitarity

59For example in [90], AdS is used for the hyperboloid and CAdS for the cover.

"0The spin is, as usual, defined via the Casimir of the s0(3) corresponding to spatial rotations.

"1 Actually, it is sufficient to demand positive semi-definiteness and then factor out the zero norm
states. This leads to multiplet shortening and corresponds to saturating the inequalities in (3.21).
See [89] for details.

"The different signs correspond to different boundary conditions [13], [41], [92].

50



3.2.  Anti-de Sitter, mass operators and supersymmetry

bounds for s > 1 correspond to masslessness while for s < 1/2 they correspond to
the singleton representations.

Table 3.2: Relation between energy, Ey, and mass, M, for various spins, s, in
AdS,. The corresponding Spin(3, 2)-representations, D(FEy, s), are unitary for
Ey > Ey™.

S EO Eénin
3 1 |M? 1
O F e Tl g
1 3 1M
o
2 2 2lm
3 1 | M?
1 54‘5 W—i_l 2
TSN
2 2 2lm 2
3 1 | M?
2 §+§ W—I—9 3

The above representations D(Ep, s) can be combined into supermultiplets. The
superalgebra in AdS, is not the super-Poincaré algebra of section 2.1.1 but the
orthosymplectic Lie superalgebra osp(N]4). This algebra is the graded extension
of s0(N) and sp(4,R) ~ s0(3,2) where N denotes the number of supersymmetries
as usual. Accordingly, there are, apart from the 10 generators M ap Of 50(3,2),
N (N —1)/2 generators T of so(N') and 4\ supercharges Q° (with a suppressed Dirac
spinor index). The supersymmetry generators are Majorana and the nonvanishing
superbrackets are [89]

{Q,Q"} = —ldijAdBC*lMdé +iCc™'1Y, (3.22a)
(M5, M7] = din M, }‘” (3.22Db)
(M5, Q'] = *7@362’ (3.22¢)
[T, Th) = 4i6, 7). (3.22d)
T35, Q%] = 2i03,Q, (3.22¢)

where 4% are the y-matrices of 50(3,2), that is, 4% = v* and 4° = i7®, and C is the
50(3,2) charge conjugation matrix, C44C~t = +4%T.™ By tracing with C9g5 and
contracting with d,; one finds

Mys = 5i;Q'CH05Q” > 0, (3.23)

2/\/

"3Here, we use the convention with an i in the exponent when exponentiating to a group element.
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3. Supergravity compactifications

since C'4p5 is symmetric and positive definite.”™ Taken as a relation for the quantum
operators, this implies perturbative stability for supersymmetric vacua, that is, vacua
annihilated by the supersymmetry generators Q°.

By a method similar to that for the representations D(Ey, s) one can determine the
possible unitary irreducible supermultiplets with energy bounded from below, see
[89]. The results for A/ = 1 were first obtained by Heidenreich [93] and for N/ = 8 by
Freedman and Nicolai [94]. We present the results for A/ =1 in table 3.3.

Table 3.3: The unitary N/ = 1 supermultiplets in AdS; with Spin(3,2)-
representations ordered decreasingly by spin.

Class Multiplet name and unitary Spin(3, 2)-representations

1 Dirac 1singleton1
p(1.3)@D(3)
2 Wess—Zumino supermultiplet for Ey > 1
D(EO, 1) ® D(E0 + 1,0) ® D(EO _ 1,0)
2 2 2
3 Massless higher spin supermultiplets for s > 1
D(s+1,s) @D(s—l— 1,3— 1)
2 2
4 Massive higher spin supermultiplets for s > 1 and Ey > s+ 1
D(Ey, s) @D(EO + ;,s — ;) & D(Eo — ;,s — ;) ® D(FEy,s—1)

3.2.4 Differential operators and a universal Laplacian

Here, we discuss some properties of the operators appearing in table 3.1 and relate
them to a universal Laplacian. We assume that the compact manifold M7 is without
boundary or that the boundary conditions are such that all boundary integrals vanish.
To see where the universal Laplacian comes from, consider first the Hodge—de Rham
operator, or Hodge Laplacian,

A, = 6d + dJ, (3.24)

acting on p-forms. Here, d is the exterior derivative and § the codifferential, see
appendix D. A p-form « is transverse if da = 0, which follows from the definition
Dbabal_,_apﬂ = 0 of transversality and the component formula for da. Thus, A, maps
transverse p-forms to transverse p-forms since A, = ddda. Also, A, is manifestly
self-adjoint and nonnegative since ¢ is the adjoint of d.

" Note that C is only well-defined up to a sign. The other sign gives Mys < 0 and we must then
associate the energy with —Mjs if we demand it to be bounded from below rather than above.
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3.2.  Anti-de Sitter, mass operators and supersymmetry

By using the definitions of the exterior derivative d and the codifferential § we
immediately find

Apa/al...obp - _Daal...ap - p[D[m y Db]a\b\ag..,ap}u (325)

where D is the torsion-free spin connection. Using the Ricci identity [D,, D] =
Rapea X, this can be written as

Apaal...ap - _Daal...ap - p(p - 1)R[a1b1a2b2a\b1b2|a3...ap] + pR[alba|b|a2...aP]a (326)

which is known as a Weitzenbock identity. There is another way of writing A,. For
this, note that the second term in (3.25) can be written as

P[Days D’)Wpjas..ap) = [Pers Des )00 510 0s 0 = [Pers Do) 242y gy (3:27)
Again using the Ricci identity, we find

b1b
ApOéal...ap = _Dam...ap - [Db17Db2]E ! 2aa1...ap ==

= _Daal...ap - Rb1b2610226102Zblb20¢a1..ﬂ,p' (328>

This form of the Laplacian can be generalised to a field carrying any representation
of Spin(7). Thus, we define

A=-0- [Dau ,Daz]zala2 =-0- Rala2b1b2za1a22l)lb2' (329)

We refer to this as the universal Laplacian since it can act on a field carrying any
representation of Spin(7) and, as we will see, is related to all the other Laplacians
we are interested in.

Let us show that A is self-adjoint. To this end, let Y4 be a field carrying any
finite-dimensional real representation of Spin(7).” Since Spin(7) is compact, the

representation is unitary and there is an invariant symmetric nondegenerate 5472
with Euclidean signature. We have an L? inner product defined by
(Y, X) = / vol Y4648 X 5. (3.30)
To see that A is self-adjoint with respect to this inner product, note that
(Y, -0X) = — / Vol Yad4P0X 5 = + / Vol D, Y6648 Dy X 5 =
. / vol Y4648 X = (—0Y, X), (3.31a)

(Y, ~D,Dyx XY = — / Vol Ya(S®)ABD, Dy X 5 =
=+ [ Vol DY, (S D, X =

_ / Vol DD YA(S)AE Xy = (—D, D7, X),  (3.31b)

5We restrict to the real case since that is what we are interested in and for notational convenience.
What follows is easily generalised to the complex case by replacing the symmetric invariant 542
with a Hermitian invariant 645,
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3. Supergravity compactifications

where we have used 4P to raise an index on (X%)4%, that 642 and (X%)48 are
invariant tensors and, in the last step, that (3%)4? is antisymmetric both in a b and
A B. The last statement follows from §47 being a symmetric invariant. Thus, glossing
over some mathematical subtleties regarding the distinction between symmetric and
self-adjoint unbounded operators on infinite-dimensional Hilbert spaces [95], A is
self-adjoint and there is a basis of eigenmodes of A with real eigenvalues.

We would also like to show that A respects the various conditions (transversality,
tracelessness, et cetera) placed on the fields. We do this separately in the cases of
interest. Since A = A, when acting on p-forms and A, respects transversality, A
can be restricted to transverse p-forms.

Turning to symmetric rank-2 tensors, a short calculation shows that
Ahgy, = Aphay = —Ohay — 2R, heq + 2R, by, (3.32)

where Ay, is the Lichnerowicz Laplacian as defined in (3.20) but here for the internal
space. By contracting a and b one immediately sees that Ay, maps traceless tensors
into traceless tensors. To show that Ay, respects transversality, that is, that D%h,, = 0
implies D*Aphy, = 0, first note that

D" (R, hiye) = 0, D(R,%"hea) = R, "Dahea. (3.33)

Here, we have used that the manifold is Einstein, Ry, = 6m?2d,,, which implies that
D*Rapea = 0 by contracting the Bianchi identity D, Rpgqse = 0. When computing
D*Ay,hgp, the first term in (3.32) gives

D Ohgy = DD Dehay + R, Dyhgy + R, Dehay + R, Dehag =
= D( R, hap + Ry o) + R, Dehaa = 2R*,*Dohaa. (3.34)

Since the right-hand sides of (3.33) and (3.34) cancel when combined as in (3.32),
Ay, can indeed be restricted to the space of transverse hy,.

Next, we turn to the 3-form operator @), defined as
Q = *d, (3.35)
which maps 3-forms into 3-forms. If « is a transverse 3-form,
Asa = dda = xd xda = Q%a, (3.36)

since ¢ is acting on the 4-form da. This gives the relation between () and the
Laplacian A. In seven dimensions and Euclidean signature, x> = 1, * is self-adjoint

and, thus,
Q" = 6% = x> = Q, (3.37)

that is, Q is self-adjoint. Also, () maps into transverse 3-forms since §Q = —%d? = 0.

Turning now to half-integer spins, the relevant operator is the Dirac operator

iD= il*D,. (3.38)
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3.2.  Anti-de Sitter, mass operators and supersymmetry

The Dirac operator iJp maps Majorana spinors to Majorana spinors. This is easily
seen in the basis from appendix C.1 since the Majorana condition then reduces to a
reality condition for each component and I';, are purely imaginary. It also maps the

space of transverse I'-traceless vector-spinors, that is, vector-spinors v, satisfying
D, = 0 =T, to itself since

[ Pip, = —iPI*p, + 21D, = 0, (3.39a)
Daiwd}a = iZDDa,lvba + iRabchbFCdd]a + inRabacdjc = 07 (339b)

where, in the last step, we used that R,j.q) = 0 and that My is Einstein. Furthermore,
i is self-adjoint. To see this, let 14 and y 4 be Majorana tensor-spinors, where A is

an arbitrary (flat) tensor index and we have suppressed the spinor indices, and note
that®

(. iBx) = [ Vol p5Co*PiPyp = [ voliD"pirice y, =
= /Vol (iPa) T Co* P xp = (iDY, x). (3.40)
Here, the sign from the integration by parts cancels the sign from CT, = —I'IC.

Lastly, we investigate the relation between i? and A. The square of the Dirac
operator is

1
(iP)? = —TI'"D,Dy, = -0 — §F“b[Da,Db]. (3.41)
Acting on 14, this gives
. 1w 1
(IZD)%DA = _qubA - 51—‘ ' 2Rawzblb2 (4Fb1b2w14 + (Eble)ABwB> =
1 1
= Ot +  Ripa — §Ra1a2””’21““1“2(Eble)ABwB. (3.42)

Acting instead with the Laplacian A from (3.29) on 14, we find, after a short
calculation,

1 1
Apa=—DWa+ RYs - §Ra1a2b1b2F“1“2(Zble)AB¢B+
_Ra1a2blb2(EalaQ)AB(ZIHbQ)BC@ZJC =

= (D) — (Ris — Ry (5,5 (S ve. (3.43)

Thus, for spinors and vector-spinors, respectively,
() = A+ 2rmy, (3.44a)
()4 = Ay — S, (3.44b)

76The Dirac operator can also be considered in the context of Dirac spinors. In this case, one
should use the Dirac conjugate instead of the Majorana conjugate in the L? inner product. The
eigenvalues are the same since the Majorana eigenbasis provides an eigenbasis for the space of
Dirac spinors as well.
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3. Supergravity compactifications

where we have used that Ry, = 6m?d,,. Note that, for Einstein spaces, the eigenvalues
of A and (iP?)? on spinors and vector-spinors are related by a constant. This seems
to break down for higher tensor-spinors since the difference between A and (i)? will
contain contributions from the Weyl tensor from the last term in (3.43). However,
we are only interested in spinors and vector-spinors, whence this is not a problem.

To conclude, we have seen that all of the operators A,, Ar, @ and i are self-adjoint
and can be restricted to the relevant functions spaces which, thus, have bases of
eigenmodes with real eigenvalues. Moreover, we have found that all of the operators
are related to a universal Laplacian A (3.29)

A = —0— Ryyayp5, 572 5N%2, (3.45)

which differs from ()2 only by a constant when acting on spinors and vector-spinors
and coincides with A,, Ay, and Q% = Aj.
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4. Homogeneous spaces

Homogeneous pseudo-Riemannian”” manifolds are a rich, yet particularly simple, set

of manifolds. Due to this, they are often used as the internal space in string and
supergravity compactifications. Examples of homogeneous spaces include Euclidean
spaces, spheres, flat tori and hyperbolic spaces in Euclidean signature; Minkowski,
de Sitter (dS) and anti-de Sitter (AdS) spaces in Lorentzian signature and super-
Minkowski and super-AdS superspaces.

A homogeneous space is, intuitively, a space in which all points are equivalent, or
“look the same”, in some sense appropriate to the setting. Technically, it is a space
M on which a group G of automorphisms acts transitively and effectively, that is,
for every x,y € M there is a ¢ € G such that gr = y and there is no ¢ € G which
acts trivially on M. That G acts by automorphisms means that it preserves the
structure of M and we require G to act effectively since, otherwise, it is really G/N,
where N is the kernel of the G-action, that acts on M.™

Since we are interested in connected oriented pseudo-Riemannian manifolds, the
automorphisms are orientation-preserving isometries of M, that is, G C Iso, (M). So,
a homogeneous (pseudo-Riemannian) manifold is a manifold on which the isometry
group acts transitively. The isometry group is a Lie group [96], [97], whence, in the
following, we consider Lie groups G.

The stabiliser H, of y € M, that is, the subgroup of G fixing y, is called the isotropy
group of y. It is easy to see that the isotropy groups of different points in M are
conjugate subgroups in G. Thus, we often need not distinguish between them and
simply write H for the isotropy subgroup, which is a closed subgroup of G [80].” Note
that the isotropy group H, is a subgroup of SO, (7, M), where g is the G-invariant
metric on M.8 This follows from the fact that an isometry of a connected manifold
is determined by its value and differential at a single point [80]. Thus, since an
element of H, fixes y, it is completely determined by its differential at y. Since H,
preserves the metric and orientation on M, and particularly on the tangent space at
the fixed point, T}, M, there is a natural homomorphism H, — SO,(7,M) and we
may view H, as a subgroup of SO,(T,M).

G is a principal H-bundle over M [98]. For an introduction to fibre bundles, see

""We include all signatures of the metric in “pseudo-Riemannian”.

"8When considering spinor fields, we will have reason to loosen the latter requirement slightly.

™A closed subgroup of a Lie group is a Lie subgroup by Cartan’s theorem.

80With SO, (V) we mean the orientation-preserving subgroup of GL(V') that leaves the metric g on
V invariant.
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4. Homogeneous spaces

appendix E.1. Similar to the frame bundle, we may view G as the bundle of H-frames
over M. To see this, pick an orthonormal frame at a point o and use the pushforward
by every element in g to get a set of frames. This set is naturally in one-to-one
correspondence with G since G acts effectively and isometries are determined by
their value and differential at a single point. Due to G preserving the metric of
M., the set will only contain orthonormal frames. Thus, G is a subbundle of the
orthonormal frame bundle and we have a reduction of the structure group from

SO, (dim M) to H.

By choosing an origin o € M we get a natural map ¢: G/H, — M by ¢(gH,) = go.
It is easy to see that ¢ is a well-defined bijection and it is, in fact, a diffeomorphism
[80]. The G-action on M is realised on G/H by left-multiplication. By pulling back
the G-invariant metric on M to G/H, the two spaces become isometric whence we
do not distinguish them in the following.

Instead of starting from a manifold M and then realising it as a coset space (provided
that the isometry group acts transitively), one can start from the groups G and H
and construct a homogeneous manifold as G/H. We do this in section 4.1. Note,
however, that there might exist a proper subgroup of Iso (M) which acts transitively
on M [99], in which case M can be described by different cosets G/H. Also, if we
loosen the requirement that G acts effectively, it may be possible to describe M by
additional cosets [19]. In section 4.2, we discuss harmonic analysis on coset spaces.

4.1 Geometry

Let G be a Lie group and H a closed subgroup with Lie algebras g and b, respectively.
We will assume that the algebras are reductive, that is, that there exists an Ad(H)-
invariant subspace m of g such that g = h @ m [80]. Here, Ad is the adjoint
representation of G. Thus, reductivity means that the adjoint representation of
G splits, when restricted to H, into a direct sum of the adjoint representation
of H and another representation. The latter is a H-representation on m ~ T, M
called the isotropy representation [99]. This implies that [h, m] C m while the
converse implication holds for connected H [99]. Reductivity is not a very restrictive
assumption: every homogeneous space admitting a G-invariant metric with Euclidean
signature is reductive [99]. Since we are, in this thesis, interested in compact manifolds
with Euclidean signature to be used in a Kaluza—Klein compactification, we find this
assumption acceptable.

In the above, we assumed that the G-action on M is effective. When constructing a
coset space, it is natural to ask what this means for G and H. Since any element
g € G which acts trivially on M in particular fixes o, it follows that ¢ € H,. Since
an element of H, is determined by its differential at o, that is, its action on T, M,
this implies that the G-action is effective if and only if the isotropy representation of
H is faithful.

We wish to put a G-invariant metric on G/H. By a theorem [80], G-invariant tensor
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4.1. Geometry

fields on G/H are in one-to-one correspondence with H-invariant tensors of the same
type on m. Thus, for a G-invariant metric on G/H we need a H-invariant symmetric
nondegenerate rank-2 tensor. Note that, if there is only one such tensor (up to a
constant factor), the coset space G/H, equipped with the G-invariant metric, is an
Einstein space, since the Ricci-tensor will also be proportional to the invariant [19].
This happens if the isotropy representation is irreducible [100].

In this section, we use indices A, B,C, ... for g, a,b,c,... for m and 4, j, k... for
h. With T4 generators and f,5z¢ structure constants of g, [h,m] C m and the
fact that b is a subalgebra of g implies that mj =0 and f;;* = 0. We use gu to
denote the H-invariant tensor that defines the G-invariant metric on G/H and raise
and lower indices a,b,c... using g, and its inverse g**. Since, ad, splits into ad,
and the isotropy representation when restricted to b, the latter representation is,
explicitly, (T})s® = — fia’. Note that g, being b-invariant is equivalent to fi,, being
antisymmetric in ab. Thus, the isotropy algebra is the subalgebra of so,(m) given by

Ti = —fin 2", (4.1)

where X, are the generators of so,(m),3 since the isotropy representation is faithful.

Following [19], [20], we can write a group element close to the identity as

g = exp(y - T(m)) exp(h - Tiy)) (4.2)

where (T(y)); = T; and (T(m))os = T, are the generators of g in h and m, respectively,
and y and h are coordinates on ;. Note that y - T{y) and h - T are simple sums,
there are no vielbeins to convert the curved indices of the coordinates to flat indices,
like the ones on the generators.®? Still, the coordinates are “curved” due to the
noncommutativity of the generators. By writing a group element as in (4.2), we get
a natural representative of each coset gH

Ly = exp(y - Tim))- (4.3)
Since L, dL, is a g-valued 1-form [19], we can define 1-forms e* and ' by
@ = L, 'dL, = T, + Q'T;. (4.4)

Note that e are left-invariant by construction. The G-invariant metric on G/H is,
in this local coordinate patch, given by

Imn = gabemaenba (45)

where e, * are the components of e?, that is, e* = dy™e,,*. Here, the left-invariance
of e* ensures that G acts by isometries on G/H. We also see that the metric is
invariant under right-multiplication of L, by h € H due to gq being H-invariant.
This means that the metric is independent of which representative we choose for a
coset, which is needed to globally extend the metric on m ~ 7, M to G/H [99].

81See appendix A.2 for conventions regarding the normalisation of the generators of so,(m).
82A familiar example is a SU(2)-group element close to the identity, exp(igo! + i§02 +i%03).

59



4. Homogeneous spaces

Note the similarity between @ and the Maurer—Cartan form. In fact, @ satisfies the
Maurer—Cartan equation
do+oANnw =0, (4.6)

which follows from differentiating (4.4) by using
0=d(L;'L,) = dL;" L, + L;\dL, (4.7)

By using @ = €T, + Q'T; and reductivity the Maurer—Cartan equation splits into

1 , , 1 N :
de® = _561) Aecf,. b — e’ NS0, O = —56“ ANePf i — 593 ANQFfit (4.8)

From this, we can find an expression for the Levi-Civita spin connection w, that is,
the unique torsion-free spin connection. Since it is torsion-free, 0 = de® + w% A e’.
From this and (4.8), one can read off that

1 ,

Wiy " = _§fcba — Q™ (4.9)

Since wype is antisymmetric in its last two indices Wape = Wiapje — Wiadp — Wipda, Where
we have lowered the last index using g,;, whence

1 )
Wabe = _EFabc - Q;fibm Fabc = 2fa[bc] - fbca- (41())

Note that the Jacobi identity and reductivity implies that all nonvanishing parts of
Fag® (s ¥, f© and f;;*) are h-invariant tensors. Thus, F. is also b-invariant
since ggp is.

The curvature 2-form is, per definition, R, = dw,” + w,® A w.2.% By direct compu-
tation, we find from (4.8) and (4.10)

1 1 . 1 , L. ;
dwab = ed N e <4fdeCFcab + ifdel iab) B ied A szich ' - 59] A Qkfjkz ’

ca ia )

(4.11a)

c b 1 d e c b d i 1 cr b 1 c b i J c b
w," N\ w, :Ze Ne‘F, °F..° +e"NQ §Fda ie — 5tia F, 7+ Q" ANV, e -
(4.11Db)

When adding these, the mixed terms e? A QF cancel due to F;. being h-invariant

and the Q' A Q7 terms cancel since (7;),> = —f,, in the isotropy representation and
TyTj = f;;"T/2. Thus,

1, . 1 1
Rab = ed A ee<2fdelfiab + ZfdeCFcab + 4FdacFecb> : (412)
The curvature 2-form is related to the Riemann tensor by
1
R} = §Rcdabdxc A dz, (4.13)

83Note that we use Rqp to denote both the curvature 2-form and the Ricci tensor; it should be clear
from the context which is being referred to.
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whence

, 1 1
Rcdab = demeb + EfcdeFeab + §F[C\a| eFd]eb’ (414)

Lastly, we mention that there is a special class of G-invariant metrics which are
particularly simple. Consider a positive definite G-invariant tensor g45. One can then
take m as the orthogonal complement of f. This makes g45 block-diagonal on h ® m
and g., the restriction to m, H-invariant. Such a metric g, is said to be a normal
homogeneous metric on G/H [99]. Since gap is G-invariant and block-diagonal, fp.
is completely antisymmetric and Fup. = fupe. Then, (4.14) simplifies to

, 1 1
Rcdab = fcdlfiab + ifcdefeab + Ef[c\affd]@b’ (415)
which agrees with [20].

Spin geometry

To be able to globally define spinors on M = G/H, it must admit a spin structure,
that is, a lift of the structure group from SO,4(m) to Spin,(m).** Not all coset
spaces G/H admit a spin structure, for instance CP? ~ SU(3)/U(2) does not [98].
Therefore, like [98], we assume that there is a covering group G of G such that the
embedding of H in SO,(m) lifts to an embedding of the corresponding cover H of H
in Spin,(m). This implies that M ~ G/H where H is a subgroup of Spin,(m). The
G-action on M is not effective since the lift is nontrivial. However, it is infinitesimally
effective in the sense that the isotropy representation of h = b is faithful.

Analogous to what we saw above, G is a principal H-bundle over M and we have
a reduction of the structure group from Spin,(m) to H [98]. Correspondingly, the
associated vector bundles of the principal bundle of spin frames split into direct sums
of vector bundles carrying irreducible H-representations. This means that tensor
and spinor fields on M can be decomposed (globally) into pieces transforming under
some representation of H.

4.2 Harmonic analysis

In this section, we discuss harmonic analysis on coset spaces, a generalisation
of Fourier series and spherical harmonics. Harmonic analysis on coset spaces is
important in Kaluza—Klein compactifications since, if the (4 + k)-dimensional theory
is compactified on a manifold which is locally isometric to My x My, the fields can
be expanded on M using harmonics with spacetime fields as coefficients, yielding a
4-dimensional theory, see for instance [19], [98].

We assume that the manifold is spin and that the group of effective isometries lifts
as described in section 4.1. Since we will only be concerned with the lifted groups,

84For a proper introduction to spin structures and spin geometry, see [73].
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we denote the lifted isometry group by G and the lifted isotropy group, which is a
subgroup of Spin,(m), by H. Also, since the isometry group of a compact manifold
is compact [101] and the representation theory of compact Lie groups is particularly
well behaved, we restrict our attention to compact GG. The relevant theory is based
on the Peter—Weyl theorem and the fact that G is a principal H-bundle over G/H.

The Peter—Weyl theorem

Recall that every representation of a compact Lie group G is unitary in the sense that
there exists a G-invariant positive definite scalar product, that is, dpg is invariant.
This can be seen by Weyl’s unitarian trick [102]. The Peter-Weyl theorem [103] for
compact groups states that an orthogonal basis for L?(G), that is, complex square-
integrable® functions on G, is provided by the matrix elements of all irreducible
representations. The orthogonality relation is

Vo

5<f’ 65098 416
dlmp PR ) ( )

(032, p)%) / dg p P (g)p" =

where p(?) and p{™) are irreducible representations of G; o and 7 label®® all inequiva-

lent irreducible representations of G337 P,Q, R, S are indices for the corresponding
representations; bars denote complex conjugation and

/ dg = Ve (4.17)
G

is the volume of G. Thus, (p%)?),.pg is an orthogonal basis for L*(G) and we may
expand a function X : G — C as [105]

Zp‘ﬂ P2 X P (4.18)

Using that p)(g) »25)(g) Rg 005 = Opp, that is, that the representations are unitary,
one finds the coefficients®®

o dim p©) o —
X2 = T [ag 0o X (a). (4.19)

Coset harmonics

Consider now a tensor (or spinor) field on a coset space G/H, that is, a section of a
vector bundle over M carrying a particular representation of Spin,(m). As explained
above, these bundles split into direct sums of vector bundles carrying irreducible
H-representations due to the reduction of the structure group from Spin, (m) to the

85The integration measure on G is known as the Haar measure. See [104] for details.

86We think of o and 7 as labels and do not employ the Einstein summation convention on them.

8TNote that there are infinitely many inequivalent irreducible representations of (nonfinite) compact
Lie groups.

88With G = U(1) this is ordinary Fourier series.
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subgroup H. Thus, we wish to find a basis for vector bundles with H as structure
group. Such bundles are constructed from a vector space V, which H acts on
by a representation pp, and the principal H-bundle G via the associated bundle
construction, see appendix E.1, and will be denoted G x,, V' [98]. A basis can then
be constructed by noting that sections of G' X,V are in one-to-one correspondence
with V-valued functions on G satisfying the equivariance condition [98]

Xp(gh) = pu(h™1), X,(g). (4.20)

Here p, ¢ are indices for the H-representation py. By the Peter—Weyl theorem, each
component X,(g) can be expanded as®

= 3 h (g OXY” (421)

Imposing the equivariance condition and using that all functions p(®)(g~1) PQ are

independent, we find that
X370 = pu(h), XEHT p@ (B g". (4.22)

Hence, for each fixed o and @), Xé”gzp is an intertwiner between py and the restriction
(@)|y of the G-representation p(°) to H. By Shur’s lemma, the only such intertwin-
ers are linear combinations of projections from the restricted G re resentatlon to

subrepresentations equivalent to py. Thus, we can write Xp &P 5 p P where

PS(U) is the projection onto the £’th subrepresentation of p(®)| that is equivalent to
pu, and

Zp g7, XSE (4.23)

In this expansion, we refer to the basis functions p(*) (g_l)ng as harmonics on the
coset.

There is a left G-action on X, defined by §-X,(g) = X,(g"*g). This G-representation
is said to be induced from the H-representation pgy [98], [104]. By identifying
X,(g) with the coefficients Xg)g via the above expansion, we see that the induced
representation splits into a direct sum of irreducible G-representations, each Xé;)g,
for fixed o and &, transforming under p(*). That the multiplicity of p(®) in the induced
representation coincides with the multiplicity of py in p(® |y is known as Frobenius

reciprocity [104].

Lastly, we expand on the link between sections of G' x,, V', that is, fields carrying the
H-representation pg, and H-equivariant V-valued functions on G. This is explained
in more detail in appendix E.1. Given a local trivialisation of G, considered as a
principal H-bundle over M, we get local embeddings ¢*: U* — G, where {U* }
are coordinate charts on M [98]. Locally, a section of G x,,V is equivalent to a
V-valued function on M and the section corresponding to X,(g) is simply given by

Y (y) = Xp (¥ (y))- (4.24)

89Here, we apply the above expansion to X,(g~') for later convenience.
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The H-equivariance of X, is needed to ensure that Y, defines a global section of
G x,, V. In the above chart, with local embedding given by y — L,,, the expansion
(4.23) reads

Yoly) = 0L, ), X5, (4.25)

which agrees with [105] apart from irrelevant normalisation of the coefficients.”

4.3 The coset master equation

In this section, we discuss what we will refer to as the coset master equation, which
we will use to compute the eigenvalue spectrum of the squashed S7 in chapter 6. The
equation is based on the fact that the tensor and spinor fields can be expanded in
terms of harmonics that come from the irreducible representations of GG, as described
in the preceding section. For reasons explained below, we restrict our attention to
normal homogeneous metrics, so that F . = fu is completely antisymmetric, and
compact Euclidean manifolds M.

As explained above, GG is a principal H-bundle over M. There is a natural principal
H-connection on this bundle induced by the splitting g = h @ m [98]. In our local
coordinates, the H-connection is given by [20]

Dy = O + VT, (4.26)
Let p be any representation of G. Then, by (4.4),
Dap(Ly)p'? = (L) p (L, )5, (4.27)

where D only acts on the first index of p(L; 1), which we indicate by the parentheses
around (). This is what we will refer to as the coset master equation. From (4.1)
and (4.10), we see that the torsion-free spin connection D, is related to the principal
H-connection D, in (4.26) by

. 1
Da - Da + §fabczbc7 (428)

since Fp. = fape in the normal homogeneous case. Note, however, that this relation
only is valid when D, acts on a tensor carrying a Spin,(m)-representation since,
otherwise, the right-hand side is not defined. In particular, it cannot be used directly

in (4.27).

Since T, are the generators of m, which are not block-diagonal over the irreducible
H-representations in p|y, T, cannot act as matrices on the harmonics. However, if
multiple generators are combined to an element in the universal enveloping algebra,
U(g), which is block-diagonal over the H-representations, the corresponding analogue

90 A well-known example is the expansion of a scalar field on S? ~ SO(3)/SO(2) ~ Spin(3)/Spin(2)
in terms of spherical harmonics.
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4.3. The coset master equation

of (4.27) can be restricted to any particular H-representation and then applies to
the harmonics. A short calculation shows that”!

T,Tip(L,") = =Tu(3 + QT)p(L, ) =
= (0 + QT Tup(Ly ") — D foi“Tep(Ly ') =
= (0 + i)Dap(Lyl) bfmCDcP(Ly )=
= ﬁbﬁap(Lgl). (4.29)

Now we will make use of the assumption that the metric is normal homogeneous,
that is, that g,, comes from the restriction of a G-invariant g4g. Then,

g, Ty, = —Cy + Gy, Cy = —g*PTuTs, Cy = —g"T/T;, (4.30)

where Cy and Cy are quadratic Casimir invariants of g and b, respectively.”?% Here,
C, acts by a constant on any particular G-representation p and Cy acts by a constant
on every irreducible part of p|g. Thus,

(Cq — Cy)Y = 1T, (4.31)

where Y is a field (with suppressed index) carrying a representation of Spin (m) and

[J = ¢"D,D,. We will refer to this equation as the quadratic master equation.%*

As noted above, the field Y splits into irreducible H-components each carrying an
induced G-representation. Cy acts by a constant on each irreducible H-component
and can thus be implemented as a matrix acting on the spin-index of ¥ while C,
acts by a constant on each irreducible G-representation in the decompositions of the
induced representations and cannot be implemented as a matrix.

As we saw in section 3.2.4, the mass spectrum of a Freund—Rubin compactification
is related to the eigenvalue spectrum of a universal Laplacian (3.45)

AY = kY, A = 0 — Rgpeg X2 (4.32)

Since M is compact and Euclidean, both Spin (M) and G are compact, the finite-
dimensional representations of Spin, (M) are unitary and the fields carrying such
representations form a unitary G-representation, with respect to the appropriate L?
inner product, which is, thus, completely reducible. Hence, the eigenmodes of A fall
into irreducible representations of G since A is manifestly invariant under isometries.

To be able to use (4.31) to compute the eigenvalues of A, we wish to relate OJ and 0.
Using (4.28), that g, and f,,° are H-invariant and that p(X,;) is an SO4(m)-invariant

9n (4.29), Dy acts not only on the first index of p(L;!) but also on the a-index.

92For semisimple g, Cq is some linear combination of the quadratic Casimirs of the simple constituent
Lie algebras, see appendix A.3.

93The normalisation here might not be conventional for concrete cases.

94This has been referred to as the squared coset master equation in, for instance, [21]. Since only
the operators are squared, we use “quadratic” instead.
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for any representation p, we find
~ NG 1 be 1 ade 1 beya
0= D*(D + 5 fueE™) = O+ 3/ SaDa + 3 furc S =
v 1
== |:| + fabCEbCDa - Zfabcfadezbczde- (433>
Combining this with (4.31) and (4.32) gives
berya abyed 1 adexbe
JapeX D = A —Cy + Cy + RopeaX""E + Zfabcf Y e (4.34)

We can simplify (4.34) a bit further. For this, note that, by (4.15),

. ce

. 1 1
RabcdzabECd = f'ab flCdZabzcd + ifabc ade EbCEde - 5 abd fa EbcEde? (435)
whence, by (4.1),%
beya 3 a bexde 1 a bexde
fabcZ D :A_Cg—i_z.fabc deE by _5 abdfcez 2. (436>

Remarkably, C from [] was cancelled by the first term in (4.15). As mentioned above,
fape is an h-invariant and, hence, H%invariant, where H? is the identity component
of H. There may, however, be a larger group H leaving fus. and gq invariant, such
that HY C H C Spin,, (m). This can lead to significant simplifications, as we will see
explicitly for the squashed seven-sphere in chapter 6. At this point, it is, however,
not clear that C, will not re-enter in the calculation from O or [75@, 751,] Note that
the last two terms in (4.36) can, for any Spin,(m)-representation p, be expressed in
terms of projection operators that project onto the H-irreducible parts of p| i, by
Shur’s lemma, since fop. is H-invariant.

For symmetric spaces’, which have f,;,¢ = 0 [19], this reduces the problem of finding
the eigenvalues of A to the problem of decomposing the induced G-representation
into irreducible G-representations on which Cy is just a number. However, the case
we are ultimately interested in, the squashed seven-sphere, is not a symmetric space.

Curvature and torsion of D

Lastly, we give some properties of D. We have already seen, in (4.28), that

3 1
D=d+o, O =w+F, Fabe = 5 fabes (4.37)

9We also use the fact that it does not matter whether X, acts on X.4, as in p(Xap - ECd) =
25[Z|Zp(25‘d])+p(2ab)p(26d), or is U(s0,(m))-multiplied by S.4, as in p(Xap02?) = p(Sap)p(X4),
as long {ab} {cd} are symmetrised (as in, for instance, Raped = Redab)-
A space is said to be (locally) symmetric if there exists, for each y € M, a (local) isometry that
fixes y and reverses all geodesics through y [99]. By a theorem due to Cartan, a space is locally
symmetric if and only if D, Rpeqe = 0 [99].
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4.3. The coset master equation

where # is the Lie algebra-valued contorsion 1-form of D. The torsion of this spin
connection is, as usual, defined by 7% = De® = de® + % A e®. Since D is torsion-free,

v v

Ta - /\%ab /\ €b, Tabc - _2,\%[(217]0 - _fabc- (438)
The Lie algebra-valued curvature 2-form is, per definition R =do+ & A. Thisis
related to the curvature 2-form R of the torsion-free spin connection by (E.21)

R=R+Di—kNFk, R,'=R,"+ Qﬁ[ckd]ab + 71,5k, — 2k Ky (4.39)

where the index expression follows from D(e%,) = T°%,,’ — e° ADk,. Using (4.15)
and that D, freq = 0 since fup. is h-invariant, this simplifies to

éabcd = fabificd = (Ti)ab(Ti)cd' (4-40)
The Ricci identity D2Q = R A Q can thus be written as
[,[)aa ,Zab] = éadech - Tab CZ50 = (Ti)abn + fabcbca (441)

since D2 = D(e*D,2) =T N D, — e A D, D, Q. Note that we raise and lower
b-indices using g;;.
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5. Squashed sphere geometry

In this chapter, we study the geometry of the manifold on which we will compactify
eleven-dimensional supergravity: the squashed seven-sphere. With squashing, we
mean a smooth deformation of a homogeneous manifold, that is, a deformation of the
metric (the topology is unchanged), that keeps the manifold homogeneous. Although
homogeneity should be preserved, the isometry group may change when squashing.
For instance, when we squash the round S”, part of the SO(8) isometry is broken.
Note that the existence of a squashing deformation is nontrivial. For instance, one
cannot squash S? [19].

Below, we present two constructions of the squashed seven-sphere. First, it is realised
as a nontrivial principal SU(2)-bundle over S* and, second, as a coset space (the
subscripts are explained below)

Sp(2) x Sp(1)c
Sp(1)a x Sp(1)s1c

We also discuss the relation between these constructions and an isometric embedding
in the quaternionic projective space HP?2.

(5.1)

5.1 Squashed S” as a principal bundle

This construction is based on the fact that S7 can be realised as a principal SU(2)-
bundle over S* and starts from the fact that the group of unit quaternions, which is
isomorphic to SU(2), has the topology of S®. Let U be a unit quaternion, parametrised

by Euler angles as [19]
U — ek¢/2€i9/2€k’¢)/2’ (52)

where i, j and k are the imaginary units of H. Consider the Lie algebra-valued 1-form
o =2U"'dU =io' +jo? + ko® = h;o’, (5.3)
which is proportional to the Maurer-Cartan form. Here, o are left-invariant 1-forms

and h' = (i,j,k)".9 Using 0 = d(U'U) =dU U+ U*dU and h;h; = =, —&—eijkhk
we immediately find

1 1. .
do = —3° No = —ihieljkaj Ao, (5.4)
which is essentially the Maurer—Cartan equation. Because of (5.4), we say that the

1-forms o' satisfy the su(2) algebra.

9The explicit expressions for ¢ in terms of the Euler angles can be found in [19].
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5. Squashed sphere geometry

The quaternionic left-invariant 1-form o and the invariant ¢;; allows us to construct
a metric on S? as”®

ds?(S?) = ||o||* = oi0". (5.5)

In fact, this is the standard metric on S® up to a constant conformal factor [19]. That
o is left-invariant, that is, invariant under U +— aU where a € SU(2), is immediate
from (5.3). The metric ||o||? is, however, right-invariant as well, that is, invariant
under U + Ua, since then o — a~!oa. Thus, the metric is said to be bi-invariant.

From the above metric on S3, the metric on S* can be written as [19]
1 -
ds?(S*) = dp® + 1 sin® 11 || %)%, (5.6)

where 0 < ¢ < 7 and ¥ is a quaternionic left-invariant 1-form satisfying the
su(2) algebra. This construction uses that S* without the north and south pole
is diffeomorphic to (0,7) x S and the sin? i factor gives the three-spheres their
correct sizes, smaller close to the poles and larger closer to the “equator”.?® The
coordinate patch described by these coordinates is a warped product space (compare
to section 3.1).

Now that we have briefly discussed the metrics on SU(2) ~ S* and S* we turn to
the real case of interest, that is, an SU(2)-bundle over S*. We now have two S*
manifolds and use one real coordinate, i, and two unit quaternions U, V. Hence,
there are two independent su(2) algebras and we need two sets of imaginary units,
AU and hY. Let & = hUG" and ¥ = hY %% be the su(2)-forms, constructed as in (5.3),
corresponding to the two unit quaternion coordinates. A metric can then be written
as

1 ~
ds? :d/f—l—zsinZuHE||2—|—)\2H&—A||2, (5.7)

where A = hiﬁ A’ is a Yang—Mills SU(2) gauge potential. With A = 0 this would just
be S* x 83, with X determining the relative size of the factors, but if the potential
describes a topologically nontrivial instanton, the topology of the bundle is affected
[19]. In particular, with

A" = cos? g >, (5.8)

the topology is that of S7 [19]. Note, however, that the topology of the chart covered
by our coordinates is still that of (0,7) x S x S3. The parameter X in (5.7) will be
referred to as the squashing parameter.

Rewriting the metric

Before computing the Riemann tensor, we rewrite the metric in (5.7) as [19]

1 1
ds? :d,u2+zsir12,u||w||2—|—1)\2||1/+cos,uw||2, (5.9)

98Note that, by writing the metric like this, we have chosen a length unit. Thus, we work in a
dimensionless unit system.

99The construction is analogous to glueing together circles of various sizes along a semicircle to
make a sphere.
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5.1. Squashed S” as a principal bundle

where

V=o' + 3, w' =0 -3, (5.10)
where o and ¥ are quaternionic left-invariant 1-forms satisfying the su(2) algebra
related to two unit quaternions U and V', respectively, as in (5.3). This form of the
metric comes from an isometric embedding of the squashed S” in the quaternionic
projective space HP? [19]. In the isometric embedding, only 0 < A\? < 1 is possible
[19], although there seems to be no such upper bound on A? in (5.7).

Note that we could not have written (5.10) as is without indices since o contains hY
while 3 contains h). To remedy this, we indicate which set of imaginary units is
being used with a superscript as oV = hVo?, 0V = hY o', @w" = 0¥ — &V and so on.
Since ||o|| = 0;0° regardless of which set of unit quaternions is being used, we need
not worry about this in the metrics (5.7) and (5.9). The relation between the two
constructions is

gV =-vxVv-l 3 =va'v (5.11)

To see this, first note that the first and middle terms of the metrics (5.7) and (5.9)
are equal since V' is a unit quaternion. That the last terms are also equal follows
from

H& — cos® g fJHQ = HZ + cos? g w”2 = HE + ;(0 -X)+ ; COS (4 sz -
= i||1/+cosuw||2. (5.12)
Furthermore, that ¢ from (5.11) satisfies the su(2) algebra is seen from
dg =—dVASV ! —VAEV '+ VEAV ! =
= —;VE ATV + ;VE ATV — ;VZ ASVH= —;6 NG,

where we have dropped the superscript but A} are the only unit quaternions appearing.
Similarly,

A =dV AV '+ VdoV ' = Vo AdV ! =
1 1 1
- 5vz Ao =)W — 5V(a ANo—S AV + 5V(a —OAXV =

1 1o -
= —§V(U—Z) Ao—-X)W = —52/\2.

The spin connection and curvature
Now, we derive expressions for the spin connection, Riemann tensor, Ricci tensor
and curvature scalar, starting from the metric (5.9)

1
4

From this metric, we see that an orthonormal frame is provided by

1
ds? :du2+zsin2,u||w||2+ M|y + cos 1 @ (5.13)

i

s 1 A : 1 .
e = iA(VZ + cos p w’), e’ = dy, € =3 sinp @', (5.14)
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5. Squashed sphere geometry

where we have split the seven-dimensional index as a = (7,0,7). Note that, from a
covariant perspective, the index on the first e should be ¢ due to the right-hand side.
However, in the index split, we need to distinguish between i and 7. Therefore, the
notation is not completely covariant and, to avoid confusion, we will only use indices

A

7,J,k,... on seven-dimensional objects and not on the SU(2)-invariants €, and d;;.

The torsion-free spin connection can be determined from
0="T":=De" =de" + w* A e (5.15)

To determine w, we first have to compute de®. To this end, we compute dv’ and dw’
using

Viij+wiij:2(Ji/\0j+ZiA2j), (5.16a)

VAT + @ v =2(0" Aod - BT AYY), (5.16b)
and express the results in terms of e* by inverting (5.14),

w' = Sii#ei, V= —2cotpe’ + iei. (5.17)

Using also that o and X satisfy the su(2) algebra, we find

dvt = —;eijk(aj Ao+ X9 A Ek) = —ieijk(uj AVE + @l A wk> =

1 20 . 2 I T
= —meljkej Aek+ X cot p € el A et — ﬁe’jkej A eF (5.18a)
) 1 . . . 1 . .
dwo’ = —ie’jk(aj Aot + 30 A Ek> = —ie’jkuj Awh =
Cosft ; 2 i .
_ Qsmzuejkea A — Asmuejkeﬂ AeP. (5.18Db)
Thus, since du = €°,
de’ =0, (5.19a)
de’ = cot e’ Ae' — Xezjkej A e¥ + cot p € e’ N e, (5.19b)
de = - Al — §ezjkej Ael — ﬁeljkej Ae”. (5.19¢)

Reading off wiee from (5.15) and (5.19), using the standard trick wepe = Wiap)e —
Wlacp — Wbcla, W€ find

wy' = —cot p e + ;\ei, (5.20a)
W' = ;\e (5.20b)
w;j = cot i eijkek + (;\ - i\)eijkef“, (5.20¢)
Wy = —Qi\eijkek, (5.20d)
Wiy = —;\51']'60 — ;\eijkek. (5.20e)
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5.2. Coset construction with arbitrary squashing

The curvature 2-form and Riemann tensor are defined by

1
R} = §Rcdabec ANet =dw, +w,Awl. (5.21)

Using (5.19) and (5.20), we find

‘ 3 1 TR
I e T -
i N o ] 2\ i i A Ok
R, =7 Ne —Z(l—A)ejke Nev, (5.22b)
. 3 , o1 i s
. 1 iy 1 ) ) 1 . A
RY = 5(1 — A P Ak 5(1 —A)e' Ael + wez Ne, (5.22d)
ij 1 NI 2\ i N
R :—Z(l—)\ Je e’ Ne +1(1_)\ Je /\e]—l—ze A e+
1 - ;
+Z(1 — A)6Y g0k A et (5.22¢)

From this, it follows that the nonzero components of the Ricci tensor, Ry, = R
are

c
ach

A2 A2 , 1

Finally, the curvature scalar is

3 , 1
R= 2(8—2)\ +A2). (5.24)

Note that, for sufficiently large A2, the curvature scalar is negative.

The Ricci tensor is diagonal in the basis we have chosen. In particular, we see that
the manifold is Einstein if and only if A2 = 1 or A> = 1/5. The A\? = 1 solution
corresponds to the ordinary round S7 [19] while A2 = 1/5 corresponds to what we
will call the Einstein-squashed or simply the squashed seven-sphere.

5.2 Coset construction with arbitrary squashing

As mentioned above, the squashed seven-sphere can be isometrically embedded
in HP2. More precisely, it can be realised as a distance-sphere, that is, as all
points at a fixed distance from an origin, in HP? for squashing parameters in
the range 0 < A* < 1 [19]. This realisation provides insight into the isometry
group of the squashed sphere. In suitable inhomogeneous coordinates on HP?,
one finds that left-multiplication by quaternionic unitary 2 x 2 matrices and right-
multiplication by unit quaternions leave both the metric of HP? and the embedding
equation invariant [19]. Thus, the isometry group of the squashed sphere contains
Sp(2) - Sp(1) as a subgroup, where Sp(n) ~ U(n,H) is the compact real form of
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5. Squashed sphere geometry

Sp(2n,C), isomorphic to the quaternionic unitary group.!®® Note that, by well-
known exceptional isomorphisms Sp(2) ~ Spin(5) and Sp(1) ~ Spin(3). The group
Sp(2)-Sp(1) C SO(8) acts transitively and effectively on the squashed sphere, whence
the latter is a homogeneous space.

In this section, we use the theory from section 4.1 to construct the squashed S7, with
arbitrary squashing parameter, as a coset. As prescribed in section 4.1, we work with
spin groups, that is, Sp(2) x Sp(1) C Spin(8), since the manifold is spin, although
we will almost exclusively be concerned with the Lie algebras.

If we denote the (lifted) group of isometries by G' = Sp(2) x Sp(1)¢c and break Sp(2)
to Sp(1)a x Sp(1)p = Spin(4) (corresponding to fixing a SO(5)-vector), the isotropy
subgroup of G is H = Sp(1)4 X Sp(1)p+c, where Sp(1)p.c denotes the diagonal
subgroup of Sp(1)g x Sp(1)¢. Again, this is seen from the embedding in HP? [19].
Thus, the squashed seven-sphere, with any squashing parameter 0 < A2 < 1, is
isometric to the coset space

G Sp(2) x Sp(1)c

H = Sp(D)a x Sp(Dprc’ (5.25)

with an appropriate metric. We will now demonstrate this in detail and find that
this is the case even for A> > 1. The construction is similar to that of [20] but we
generalise it to an arbitrary squashing parameter.

The metric

As explained in section 4.1, we need an h-invariant symmetric tensor gq, to construct
the metric on the coset (gq is the metric with flat indices). By using, for instance,
[106], [107] one finds that the so(7)-representation 79% ~ 1 & 27 contains two b-
singlets.!®! Two is also the number of simple factors in g whence there are two
g-invariants gﬂ; and gfg corresponding to the two quadratic Casimirs of g. Hence,
all G-invariant metrics on the coset are of normal homogeneous form.'%? To get a
metric on the coset, we, therefore, start by finding the invariants gg%. To this end,
we compute all commutators and the Cartan—Killing metric of g and then relate the

latter to the invariants via the Casimirs of sp(2) and sp(1)c.

To make everything explicit but not lose generality, we work in a faithful repre-
sentation. Recall that y-matrices of s0(5) can be constructed by joining +° to the
~v-matrices of s0(4). We use the tensor product of the spinor representation of
50(5) ~ sp(2) and the 2-dimensional spinor representation of so(3) ~ sp(1)c. Thus,

100Here Sp(2) - Sp(1) = Sp(2) x Sp(1)/Zs where Zs is the diagonal subgroup of the centre. This
comes from the fact that left-multiplication by diag(—1, —1) and right-multiplication by —1 are
equivalent.

101The decomposition of the relevant so(7)-representations can also be found in [10].

102This is not entirely true in the strict sense of section 4.1 since the g-invariant may not be of
Euclidean signature. Also, there can be exceptions in degenerate cases.
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the generators can be written as

o _ i <ai 0>®12’ Ti(B):_% (0 0>®12’ Ti(C):—%h@Ui

@ _1(0 =1, @ _ 1[0 o
T, = 5 (12 0 ) ® 1o, T, = 5 <a@- 0] ¢® 1, (5.26)

where the labels A, B, C indicate which sp(1) algebra the generators belong to, T(@)
are the remaining generators, 1, is the n x n unit matrix and o; are the Pauli
matrices. To see this, note that the y-matrices of so(4) can be obtained from those
of 50(3,1) by multiplying v° by i. The generators of s0(3, 1), which are proportional
to v*?, are block- dlagonal in the Weyl-basis of appendix B.3. The blocks 1n these
six generators are io* and by appropriate linear combinations, T ) and T( can be
obtained.!®® This explicitly demonstrates the well-known exceptional isomorphisms
50(4) ~ su(2) @ su(2). The last generators of so(5) are proportional to v*° and
are the ones denoted 7@ above. The normalisations of the three commuting sp(1)
algebras are such that [T}, T}] = €, T}.

Apart from the sp(1 ) commutation relations, there are nonvanishing Lie brackets
between T(@) and TW-(B).(Q) " By straightforward computation

A 1 A) (@ 1 Q , 1 Q
Y, 1= 5T< ), T, 119 = §5ijT0< >+§el.j’“T,§ ), (5.27a)
B) B 1 1
[ ( TéQ }_ 77‘;(@)7 {T'Z( )77}(Q)} — _iéijT(gQ) + ieijlesQ)7 (527]1))
[T(Q TO } _ z(A) . ]}(B)’ {771(@)77"']((9)} _ Eijk( IEA) + Tk(B)) (527C)

From these commutation relations, it is easy to see that the Cartan—Killing metric
kap = fac®fep®, where A, B,C,... are g-indices, is block diagonal in our basis.
For instance, the (A), (Q)-block vanishes since 7Y only has nonvanishing brackets
[T, TA] ~ TW and [TW, T@)] ~ T@ while [T@,T™] has no T part and
[T(@ T@)] has no T@ part. A short calculation gives,

kap = diag(—3 - 13, -3 - 13,—2-13,—6 - 14) a5, (5.28)
where we have ordered the generators as (7)), TB) () T@)),
We define the quadratic Casimir of g by
= 658 Tp. (5.29)

Since g = sp(2) ® sp(1)¢, Cy is a linear combination of Cyy2) and Cyy1),. To find
the coeflicients, we compute ady(Cy). From the definition, we immediately find that
ady(Cy) is 6 - 13 on the (C')-block, that is, the sp(1)c part. After a short calculation,
we find that ady(Cy) is 6- 13 on the (A)-block as well, whence it is 6 - 11, on the sp(2)

103Note that we use the convention in which a group element is g = exp(T).
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part by Shur’s lemma. With the normalisation of the Casimirs from appendix A.3,
we conclude that

Cg =2 Cgp(g) + 3Csp(1)c> (5.30)
since Cop(2)(adsp2)) = 3 and Cyp(1)(adspr)) = 2 and ady = adgp(a) @ adep(1)e -

The Casimirs Cp2) and Csp1), can be written as
Copv)e = —904) TaTp, Cop(2) = —9{3y TaT, (5.31)

where gé? = diag(0,0,13,0)48 and gé’)g = diag(13, 13,0, 1,4/2)48 are g-invariant
tensors. From these, we can form the invariants
o'\ = diag(0, 0, 13, )4, ¢'5 = diag(1s, 13, 0, 2 14) ap. (5.32)

Note that %"} is not the inverse of 94y Rather, PMC = gggggg, for n = 1,2, are
the projection operators onto sp(1)c and sp(2), respectively. Since there are two

simple factors in g, these span the space of g-invariants gp.

We now write the g-invariant that we will use to define the metric on the coset as

9aB = si111(0) (cos 094} + sin Hgfg), (5.33)
where 6 is referred to as the squashing angle for reasons that will soon become
apparent. Apart from an overall constant factor, which is irrelevant for the geometry,
this is an arbitrary g-invariant except that we have to exclude § = 0 due to the
prefactor. We need only consider half a revolution for the squashing angle since
0 — 0 + 7 leaves gap invariant. At this point, we thus have two relevant regions
0<60<m/2and m/2 < 0 < 7 in which gap is of signature (13,0), that is, Euclidean,
and (10, 3), respectively, as well as the midpoint § = 7/2 in which gap is degenerate.
As we will see, this will change when we go over to the metric on the coset.

Following section 4.1, we now wish to split g into a direct sum h & m such that
[h,m] € m and gap is block-diagonal over the terms. At the same time, we will
switch to a basis in which g, = dap, Where g, is the restriction of gap to m (we use
a,b,c... for m-indices). To this end, we write the generators of g as

h Ti(A), E(BJrC) —_ 77@(3) 4 T;(C), (534&)
m: 7@ T = (0T —tan0 £(0)T, (5.34b)
where
/ 2
0) = ——. 5.35
1) 1+ tand ( )
(B+0C)

Note that T; generate sp(1)pic, the diagonal subalgebra of sp(1)p @ sp(1)c.
Here, we need to exclude the region in which tanf < —1 and 6 = 7/2 where tan
diverges. In the new basis for g,

JAB = dlag(]l3/2, (1 + cot 9)]13/2, ]17>AB7 (536)

104We use C to denote the Casimir operators and C for its eigenvalues.
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5.2. Coset construction with arbitrary squashing

where the index A is split as A = (R,a) where R is an h-index and a an m-
index. The index R is further split as R = (r,7) corresponding to the terms in
h =sp(1)s @ sp(1)pic. The metric in (5.36) is computed from (5.32) and (5.33)
by matrix multiplication, ¢,z = M 2“MgPgop, where M 4P is the matrix relating
the two bases, T = M 4BTg. Note that the split h @ m is reductive since g4z is g-
invariant which implies that fip”gpc is completely antisymmetric whence fg,” =0
follows from g4p being invertible and h being a subalgebra of g.

Before we turn to the Riemann and Ricci tensors, some comments about the range
of values of f. Due to tanf < —1 being excluded and 6§ ~ 6 + 7, it is convenient to
consider 6 in the interval —7/4 < 6 < 7/2. The quotient between the coefficients
of T® and T in T are determined by requiring gap to be diagonal in the
new basis while the factor f(6) and the prefactor in (5.33) ensures go, = 04p. Since
there are two h-invariants g&))’(m, we conclude that —7/4 < 6 < 7/2 corresponds
to linear combinations of these such that the result has signature (7,0), that is,
Euclidean, while /2 < 6 < 37/4 corresponds to signature (4, 3). Similarly, the points
0 = —7/4, m/2 corresponds to degenerate linear combinations. This situation is
precisely what one expects from there being two h-invariants gfj}’@). Recall, however,
that we also had to exclude # = 0. Without the diverging prefactor in (5.33), gap
would only have rank 3 for 8 = 0. Clearly, such a gap cannot be restricted to a
nondegenerate metric on . However, it seems like § = 0 will not be problematic
when we forget about g4 and only consider the coset since the divergences sit in
JRrs, N0t gap, and there is no singularity in the basis in (5.34) at 6 = 0. This agrees
with the above remark that the h-metric is degenerate for § = —7 /4, 7/2, not 6 = 0.

Note that the coset is Euclidean even when g4p is non-Euclidean (but nondegenerate)

)

as long as TZ-(B+C are time-like. The problematic # = —7 /4 corresponds to light-like

T(B+C)

1

The Riemann and Ricci tensors

To compute the Riemann tensor, we use (4.15). Thus, we first need to compute the
structure constants in the basis in (5.34). We use the index split A = (R, a) = (1,7, a)
described above and further split a as a = (7,0, ), where T; = Ti(T), Ty =T éQ) and
T, = 7@,

Since TZ-(C) commute with everything else, all commutators are easily computed

using the sp(1) commutation relations and (5.27). We find that the nonvanishing
components are

Tst = €r5t7 ff'i = Efgt', (537&)
1 1 1
E__ k 0 _ E_ k
fro” = _557"’ i T §5m‘> ri T 9%
1 1 1
i f= 557]'?’ fjo - _55@7 fjk = §Eq'~jka (5.37b)
fwk = Efjka
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5. Squashed sphere geometry

i 1y f(0)

b gt P S | kT sk
sz i) fz 1—|—C0t9 79 fz 2 i
.4t:€‘.t Ht::;e..i EZMGE
! v ! 14 cotf ™ ! 2 (5.37¢)
PRSP (U} 10
20 9 7 i 2 R i 9 iy
. 2 . N .
Mt - _ = Mt Mk’ — 1 _ Mk:
1] 1+C0t667,]7 1] f(e)( tan 9)62] Y

where we have grouped the components based on whether they come from [f, b],
[h, m] or [m,m], in that order. Here, some of the #-dependence comes from

FO o o 1 mro fOT

1+tan® © % " 1+tanf ! 1+tan@ °
(5.38)

(B) tan6 (510

¢ :1+tan9 ! +

Computing the Riemann tensor using (4.15), we find

R, = MQO e+ meijkej A ek, (5.39a)
Ry = W@O el — meijkej AeF, (5.39b)
' 85(1+ftt:rrllg) cne 41(;12;;:23) ¢ N, (5:39¢)
ey e I
= _81(1++2E:1rqlg) e ne 81(1++2tt:23) ‘Nt R +1tan 5y e
1+2tand 536, seF A el (5.39%)

+8(1 + tand)

where we, as in section 5.1, have dropped hats on indices on the su(2)-invariants and
it is understood that, for instance, 7 and 7 take the same value when they appear
in the same equation. This result agrees with (5.22) after identifying the relation
between the squashing parameter \ and the squashing angle 6 as

9 1

A2 = S0 tand) (5.40)

The squashing parameter \? takes all values in the interval (0,00) and decreases
monotonically for § € (—xw/4,7/2). The values A\* = 1, 1/5 for which the coset
manifold is Einstein, correspond to tanf = —1/2 and tanf = 3/2, respectively.
Hence, the round metric is not normal homogeneous in the strict sense since g45 has
indefinite signature for tan§ = —1/2. The Einstein-squashed sphere, on the other
hand, is not only normal homogeneous but standard homogeneous, that is, gap x Kap
for tan@ = 3/2. More specifically, gap = —k4p/6 in the Einstein-squashed case.
Note that the two Einstein metrics are separated by 8 = 0, corresponding to the
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5.2. Coset construction with arbitrary squashing

only G-invariant metric on the coset that cannot be obtained from an invariant gapg.
Lastly, note that, for the Einstein-squashed S7,

c 1 c
fab = _ﬁa’ab ) (541>

where aq,. are the octonion structure constants from appendix C. That fu. is
proportional to au. only happens for the Einstein-squashed sphere since it depends
crucially on (1 —tanf) = —1/2.

79



5. Squashed sphere geometry

80



6. Eigenvalue spectra of the
squashed seven-sphere

In this chapter, we derive the eigenvalue spectra of the universal Laplacian of the
squashed seven-sphere. We will only consider the Einstein-squashed sphere and,
henceforth, refer to it simply as the squashed S7. We will consider eigenmodes of the
Laplacian, A, from section 3.2.4 and use (4.36) to determine the possible eigenvalues.
As mentioned in section 1.1, the spectra of all operators we consider except i, /2
are already known [19], [21]-[23].

On a high level, the derivation goes as follows. First, assume that we have an
cigenmode of A with some eigenvalue k2. Since, as explained in section 4.3, the
eigenmodes of A fall into irreducible representations of G = Sp(2) x Sp(1)¢, Cy can
be replaced by its corresponding eigenvalue Cy on the relevant representation. We
will not investigate which irreducible G-representations occur in the G-representation
induced by the relevant irreducible H-representations. It has, however, been done
using Young tableaux techniques [10]. Replacing A by x? and Cy by Cj, we are left
with a linear map that acts on the spin-index of the mode in the right-hand side
of (4.36). In the left-hand side, however, we have a first-order differential operator.
To get rid of this, we will use various techniques, such as squaring it, acting with
projection operators and combinations thereof. This will, eventually, result in a
polynomial equation for 2.

In general, there can be false roots, that is, solutions to the polynomial equation
that are not actual eigenvalues of A. We will not deal with this in the current
chapter. Note, however, that, as long as we do not introduce any assumptions in the
derivation, as we will not, x? being an eigenvalue of A implies that it is a root of the
polynomial. Thus, although we can get false roots, we cannot miss any eigenvalues.

In chapter 5, we used a dimensionless unit system such that, for Einstein-squashing,

(5.23)

27 189
b= O, = 1
Ry = J50u R= > (6.1)

To connect this to chapter 3, in which the internal manifold has R, = 6m?d,, we
see that the dimensionless system results from setting

s 9

(6.2)

Here, we will mostly continue to use the dimensionless system for convenience. Note,
however, that there is a sign choice in (6.2) which is relevant for skew-whiffing and the
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6. Eigenvalue spectra of the squashed seven-sphere

number of Killing spinors. In this chapter, we only concern ourselves with operators
on the squashed seven-sphere. The sign choice will become important in chapter 7,
where we investigate the number of unbroken supersymmetries and masses in the
compactifications of eleven-dimensional supergravity on the squashed seven-sphere.

We begin by concretising some details from section 4.3 for the case of interest. Note
that the g = sp(2) @ sp(1)¢ invariant is gap = —rap/6 for the Einstein-squashed S7.
The metric with flat indices is d4, in the basis from section 5.2. Thus, comparing the
normalisations of the quadratic Casimirs C; and Cy in section 4.3 and appendix A.3
gives the quadratic master equation'® (4.31)

—0Z = (Cy — Cy) Z. (6.3)

Next, the relevant structure constants are, as remarked in section 5.2,

1
abc = — 7 =0abc,
Jab 5 e

where a,p. are the octonion structure constants from appendix C. Hence, the covariant
H-derivative is (4.28)

(6.4)

v

D, =D, — Aape 2. (6.5)

1
2/5
As explained in appendix C, the largest group that leave aq. and d,, invariant is
Gs = H D H. Therefore, Gy will play an important role in the derivation of the
spectrum. In table 6.1, the decompositions of the relevant Spin(7)-representations
restricted to Go are given. These can be found by using [106] or [107] or by looking
n [10]. Note that, since H is a subgroup of Gj,

Zv)aabcd = 07 ,[)acbcde = O; (66)

where ¢ = xa, see appendix C. For this reason, it will be convenient to work with D,
instead of D,.

Table 6.1: Decomposition of irreducible Spin(7)-representations when restricted
to G. 1, 7, 21 and 35 are p-forms for p = 0, 1, 2, 3; 27 is traceless symmetric
rank-2 tensors; 8 spinors and 48 vector-spinors. Each irreducible representation
is specified both using its dimension (in bold) and its Dynkin labels.

Spin(7) irrep. — G5 rep

1:(0707()) ( )

7=(1,0,0) =(1,0)

8 =(0,0,1) 1697 (0,0) @ (1,0)

21 =(0,1,0) 7Td14=(1,0)® (0,1)

27 =(2,0,0) 27 = (2,0)

35 =(0,0,2) 1o7®27=(0,0)®(1,0) ® (2,0)
48 = (1,0,1) 7@ 14027 =(1,0)® (0,1) @ (2,0)

105Referred to as the squared coset master equation in, for instance, [21].
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6. Eigenvalue spectra of the squashed seven-sphere

In the coming sections, the projection operators onto the various irreducible Gs-
representations in the Spin(7)-representations will appear. We denote these by P,,
where n is the dimension of the Ga-representation and the Spin(7)-representation
is understood from the context or index structure. Of immediate interest are the
projection operators Py and Py from 21 = 72, the adjoint representation of Spin(7),
to 7 and 14, respectively. Since aq. is a Go-invariant, it can be viewed as an
intertwiner between 21 and 7. Thus, the projection operator P;: 21 — 21 that
projects onto the 7 C 21 is proportional to ag,q,.a*'??. Working out the normalisation
through P2 = P; gives!®

(Plaas™ = F,502% = 2005 + 20y 0% (67)

- 6 aiaz “c - 3 aiaz 6 aiaz

Since P; + P4 = 157, it immediately follows that

2 1
<P14>a1a2b1b2 = 5621222 6Ca1a2b1b2' (68>

The Weyl tensor of the squashed sphere is, by (3.16), (4.1) and (4.15)

9 1 9

¢ ¢ C % [¢ 1 e c ce c
Wab 4= Rab - Eéag = (T )ab(T'i) I + Toaab Qe ¢ + Ea[a ab}ed o To(saz =
’ 6
= (T)an(T)™ = 2 (Pra) . (6.9)
This implies that, using the Casimirs from appendix A.3,
6
Wapea 202 = = Co. = Gy (6.10)

Since H C Gy, ag.(T;)* = 0. This is seen by noting that a.,. can be interpreted as
an intertwiner from 21 to 7 while (7;)% can be interpreted as an intertwiner from 21
to ady C ady, = 14. Similarly, a®e(Pyy)p.%® = 0, whence also a®“W,,.% = 0.

The Ricci identity (4.41) reads

6

. . . 1 “ “
(Do, Dy = (T T; — ﬁaabch - (Wabcd + 5(P14)abcd) Yo — D.. (6.11)

1 C
—a
\/g ab
An important special case of this, which follows immediately from the above remark,
is

3

NG

a,*DyD, = ——=D,. (6.12)

Lastly, since aa[bda“c]e = —308° + 6(Pr4)pc, (4.36) becomes
1 b A4 6 3
_ ﬁa“bcza D = A — Cg — 5 650(7) + 5 CQQ. (6.13)

This is the equation we will use to derive the operator spectrum of the squashed
seven-sphere.

106y this chapter, we make heavy use of the octonion structure constant identities from appendix C.2.
We will, for the most part, not give references to these equations when using them.
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6. Eigenvalue spectra of the squashed seven-sphere

6.1 O-forms

The scalars, or O-forms, are trivial since all Casimirs vanish and p; (%) = 0. For a
0-form satisfying AY = £?Y and C,Y = C,Y, (6.13) immediately gives

K? = C. (6.14)

The G-representation induced by the scalar H-representation, that is, the G-repre-
sentation carried by scalar fields on the squashed S”, contains precisely one copy of
each irreducible G-representation (p, ¢;r) with p = r [10]. Thus, we know exactly
which values of Cy are possible. In this case, there are no false roots.

6.2 1-forms

We now turn to transverse 1-forms, Y,. Transversality means that D*Y, = 0 which
is equivalent to DY, = 0. Since Cyo(7y(7) = 3 and Cy,(7) = 2, a 1-form eigenmode
of A satisfies, by (6.13),

" 3
@1}/;1 = aabchYL = —\/5(/4}2 - Cg - 5)3/;1 (615)

Squaring the operator ®; gives

@12Ya e aablb2bb2 (a/blclc2bc2)/q> = —lea + bbban + Cablb2b3ﬁb1’1§b2}/b3 =
24

1 .
=(Cy—Ch+ — — —=D )Ya+DanY, 6.16
<g R b (6.16)

where we have used that the Ricci identity (6.11) for 1-forms,

v v 6 1 ~
D.. DY, = (W, 1+ (P d)Y — —agpaD,, 6.17
[ b] ( abe + 5( 14)abc d \/ga bd ( )

implies

12 1

DY, D,]Y, = Yot %911@, (6.18a)

v 12 2
Cab1b2b3Db1Db2Yb3 - EYG a ﬁ
since the Weyl tensor is traceless and W,gq = 0. Note that Cy re-entered the
calculation. However, (6.10) applied to 1-forms shows that

9,Y,, (6.18b)

12
W, Y, = (5 - Ch)Ya. (6.19)

Since the Weyl tensor is traceless, CyY, = 12/5Y,. Using this, (6.15), D*Y, = 0 and
Y, #0, (6.16) gives

2
S IR RIS R

84



6.3. 2-forms

7 1/ 49
2 = — 4+ —. 21
k= Cy+ TR Cy + 50 (6.21)

Note that, from this calculation, we cannot determine whether both solutions occur
as eigenvalues of A;.

with solutions

6.3 2-forms

Let Y,, be a transverse eigenmode of the Hodge-de Rham operator, satisfying
AYy, = k7Y, CgYap = CyYy, and DY, = 0. Since Coo(7)(21) = 5, Cy,(7) = 2 and
Cy,(14) = 4, the rewritten quadratic master equation (6.13) becomes'”

Dy Vara = pgy“DeYijar) = —=(Cy — 52 + 3P:) Yaras. (6.22)

=
V5
The transversality condition D*Y,;, = 0 can be written as

. 1
DY, = ——=a Y. 6.23
=575 b (6.23)

Define another differential operator ©[2} by
Dy Yarar = apg,"* Dag) Yors. (6.24)

By using the definitions, the transversality condition and the projection operator in
(6.7), we find

3 ~
b1b2@[2}%1b2 = ﬁp7ya1a2 + 2@[2]Ya1a2 — 2@{2}}21@2. (625)

Taking the appropriate linear combination with DY, 4, to get Pr®(gYy 4, in the
left-hand side and rearranging gives

ca1a2

~ 3
DY =2019Y — 3P0 1Y + —=PF;Y. 6.26
2] 2] DY + 5=l (6.26)
Note that, if Y is an eigenmode of A with vanishing 7-part, D5} = 0 since the
other terms in this equation trivially vanish. This depends on Y being transverse
since we used that in the derivation. We will not assume that Y has vanishing 7
part. However, this remark will prove useful later.

Using (6.22) to write the right-hand side of (6.26) in terms of Y and P;Y" gives

DY = ‘f {2(0g — ) - 3(0g Sy §>P7]Y. (6.27)

107We put brackets around the 2 in Dy to indicate the antisymmetrisation. Dy will be defined
similarly but with symmetrisation.
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6. Eigenvalue spectra of the squashed seven-sphere

Define Y, = a,*Y;.. We then immediately see that aab1b25~3[g]Yb152 = %,Y,, with ,
as defined in (6.15). (6.27) thus implies

12
D.Y, = —‘f(cg N 5)Ya. (6.28)

The situation is now very similar to that in section 6.2. The only differences are that
Y, might not be transverse and can be 0. If Y, = 0, then D3Y,, = D,Y, = 0 and,
by (6.27), k? = Cy, since Yy, # 0. Going forward, we hence assume Y, # 0.

To handle that Y, might not be transverse, we contract (6.28) with D and use (6.12)
to find
2 18 Ny
(Cg — K"+ 5)2) Y, =0. (6.29)
Hence, either k* = Cy +18/5 or DY, = 0. If DY, = 0, the calculation in section 6.2
can be reused and gives (6.30c) below. Thus, the possibilities are

K® = C, (6.30a)

1
K? = Cy + é, (6.30b)

5
12 49
2
= —+ = — :
K (Jg+5 7 Cg+20, (6.30c)

where the first one applies to modes with P;Y = 0, the second applies to modes with
DY, # 0 and the third possibility applies to modes with Y, # 0 but D*Y, = 0. As
in section 6.2, we cannot, at this point, say whether all of these occur as eigenvalues

of Ag.

6.4 Symmetric rank-2 tensors

Now we turn to the eigenvalues of the Lichnerowicz operator. Let X, ., be a
transverse symmetric traceless rank-2 eigenmode of A, satisfying AX = x?X and
DXy = 0. Since Coo(7)(27) = 7 and Cy, (27) = 14/3, (6.13) becomes

V5

D) Xaja, = a b1b2ﬁ62Xb1|a2) - 9

7
(Og — K>+ 5>Xa1a2 = kXaa,  (6.31)

a1l

The transversality condition in terms of D, reads

DX, = 0. (6.32)

Now define, for any rank-2 tensor Z,,,,,'%

(D22) aras = g, Dy Zpy 0 (6.33)

108We put the free indices outside parentheses around D27 to indicate that (D7), might not
have the same symmetries as Z,;. Note that, as usual, we drop the parentheses and write, for
instance, D,Y; instead of (D,Y), when there is no risk of confusion.
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6.4. Symmetric rank-2 tensors

An arbitrary rank-2 tensor consists of a trace, Z = Z,% a traceless symmetric
part, Zp) — 0apZ/7, and an antisymmetric part, Zp;. The corresponding Spin(7)-
representations are 1, 27 and 21, respectively, where the last one splits into 7 & 14
when restricted to Gs.

Consider (D2X)q. The scalar part of this, that is, the trace, vanishes since X, is
symmetric and agp. antisymmetric. By contracting (DyX )5, with a®%2) one sees
immediately that the 7 part vanishes as well due to X being traceless, symmetric
and transverse. Define

}/(11(12 = (©[2]X)a1a2 = (QZX)alaz - kXQICQ? (634)

which is a 2-form with vanishing 7-part by the above remarks and (6.31). Using
(6.12), we see that 5 o
DY (DX )op = a,"*D*D, Xeyp =0, (6.35)

by transversality of X,,. Thus, Y, is a transverse 2-form.

We will now compute D52X. To this end, note that (6.10), applied to a traceless
symmetric rank-2 tensor, gives

28
2W,, %, X, = (

al agz 5

—w%>x;NT (6.36)

Using this, the symmetry properties of the Weyl tensor, the projection operators
(6.7) and (6.8) and the Ricci identity (6.11), we find

<©2X)a1a27 (637&)
2
NG

Squaring ®,, using the above, properties of X, and the quadratic master equation
(6.3), we get

Dbapal X az — =C Xa1a2 + —=

e 1
CalblebSDthszsaz - icbXalaz - (QQX)MM' (637b)

(®22X)a1112 = _lea1a2 + ,Zv)b,[)mXbaQ + CalblebBbbl’i)bsz?,az =

1
= CoXaray — —=(D2X ) a1y 6.38
5 ,ﬁ(z) (6.38)

Remarkably, the Cy from the quadratic master equation was cancelled by the two
halves in (6.37).

Combining (6.34) and (6.38), we see that

k 1

kQXa1az + kYawz + (®2Y)a1az = (Cg - \/E)XU«IGQ - %

Y0 (6.39)

The antisymmetric part of this is

1

Di2)Yara, = Ay, NG

)Ya1a2 = _\/3<Cg_/12+9>}/:11a2. (640)

blb?DbQYE)ﬂaQ] — —<k+ 2 5
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6. Eigenvalue spectra of the squashed seven-sphere

Since Y, is a transverse 2-form with vanishing 7-part, we see from (6.26) that
DY = 0. Hence, either Yy, =0 or S Cy +9/5. If Yy, = 0, the symmetric part
of (6.39) is

LE
V5
Note that this is not true if Y, ,, 7# 0 since (DY )44, can have a symmetric part
even though Y, ., is antisymmetric. Inserting &k from (6.31) and solving for x? gives
(6.42b) below, since X, # 0. Thus, we have arrived at

(k2 L Cg) Xoray = 0. (6.41)

9
K?=Cy+ =, (6.42a)

5

8 2 1
2 = -+ — 42b
K Cg+5 \/SCQJFQO, (6 )

where the top row applies when P4 (DX )a 7# 0 and the bottom one otherwise.

6.5 3-forms

A 3-form Y. belongs to the irreducible representation 35 of Spin(7), which splits
into 1 ® 7 @ 27 when restricted to G5. Computing the Casimir eigenvalues on the
relevant representations using table A.2, the rewritten quadratic master equation
(6.13) becomes

3 Y 36
ﬁa[aﬂbleDbznl\ams] = (CE — K’ + E — 3P — 7P27> Y;11<12a3' (643)

for a transverse mode Y. of A with eigenvalue 2. In section 6.3, we found a trick
that made the calculation very short. Here, we will use essentially the same method
but be a bit more systematic. We begin by analysing the irreducible parts of Y. and
deriving expressions for the projection operators. Then, we analyse what implications
the transversality of Y. has for the irreducible components. Lastly, we compute the
possible eigenvalues.

G>-components and projection operators

The Gy-scalar in Yy, is, of course,
Y = gttty (6.44)

whence P is proportional to ag,a,q,0"%2%. Using P;?> = P; to determine the constant
of proportionality gives

1 1
(Pl)a1a2a3b1b2b3 = Eaa1a2a3ablb2b37 PIYa1a2a3 = @amaza?,y (645>

Similarly, the 7-part is
Ya = —Cab1b2b3n1b2b3. (646)
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6.5. 3-forms

By P2 = P; we find that

(P7)a1a2a3b1b2b3 = _2140a1agagcccblb263 =
_ 15b1b2b3 1 b1babs 3 [b1b2553] 6.47
- Z aiazaz ﬂaalam&a +3 ] [a1a2 as]’ ( : a’)
1 C
P7Y(11(12(13 - ﬂcalazaﬁ )/C' (6'47b)
Lastly, the 27-part is
1
Kuves = 00" Yo~ s (6.48)

For this to be true,

(P27)G1a2a3b1b2b3 — (]l - P — P7) bibabs __

ajaza3

5b1b2b3 + ia ab1b2b3 _ §C b1b25b3] (649)

ajazas 56 ajazas 8 [a1a2 a3]

has to be proportional to

1 1
b c coc c1C2C;
((5[(a11ab2)a2a3] — *(sbleCLalaQag) ((5Ebiab2) 2c3] _ —(5b1b2a 1e2 3) =

C1 C2 C3 C1C2Cs 1 Ccic C; 1 C C2C:
= Ogyazas — ?aalaw:sa R 50[111&2[ 1 25aj + ia[alw[ laa’d] . (6.50)
Indeed, by (C.48), we see that the latter is 4/3 Pa7, whence
3 b
P27Ya1a2a3 = 4 [a1a2 Xa3]b7 (651)

since X, is traceless.

Since 1 = P; + P; + P»7, we can write Y. in terms of the irreducible components as

1 1 . 3 b
Yalagag = 42 alagaJY + 5 24 a1a2a3 Y; + Za[alag Xag}b' (652)
We have seen that 1 & 27 sits in the symmetric part of
Zavay = "Y1 (6.53)

Since there is no 14 in 73 = 35, we can immediately say that Py Z, 4, =0. This
can easily be verified by a direct computation as well. The 7-part of Z,,,, has to
vanish or be proportional to Y, by the representation theory. A direct calculation
immediately shows

Yo=0a,""Z,,, . (6.54)

Thus, Z,,4, is a rank-2 tensor with vanishing 14-components, containing all irreducible
components of Yy, 4,q,. Its irreducible components are

1
Y = be7 Xab = Z(ab) - ?5ava7 Ya = aableZblbg : (655)
Note that, since Z, has no 14-part,
1
Ziaras] = 6aa1a2be. (6.56)
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6. Eigenvalue spectra of the squashed seven-sphere

Transversality

The transversality condition D*Yy;,. can be written using Dva as

DYiaray = bib (6.57)

1
5t Yoo

In terms of the irreducible components, this reads

1 1 y 1 .
67\/5%1@1)% = E&aIQQbDbY -+ ﬁcala;nbzpbl%g"_
1 . .
+ ZaalaszDbQXble — §a[a1|b1b2’Db1Xb2‘a2], (6.58)

where we have used (6.52) and (6.56). This equation contains both a 7-part and a
14-part. The 7-part can be obtained by contracting with a.,. and the 14-part by
projecting with Py4. They are

1 § 1. 1 Ny
ﬁya = DX + =DaY + éaablbmblybw (6.59a)
Piy(DayYa, + 6ay, "Dy, Xipyjay)) = 0. (6.59b)

Computing the eigenvalues

(6.43) is a 3-form equation and hence contains a 1, 7 and 27 part. We begin by
analysing the former two and then turn to the last one. The scalar part of (6.43),
obtained by contracting with a®2% is

3

. 36
b ( 2 ) '
7 b Cy— K = )Y (6.60)

while the vector part, obtained by contracting with ¢ %23 is

4 1 5 5 21
=D.Y — éaablb@blm — 3D X}, = — (Cg — K%+ 5>Ya. (6.61)
Using (6.59a) to eliminate DX,, from the latter gives
b1bo 4N N 2 12
a2 Dy, Yy, — 3D,Y = V5(Cy — k2 + 5 )Ye (6.62)

Contracting this with D® and using (6.60) to eliminate D*Y,, we find

9 9 36

=GV = (Cg — K2+ 5) (Cg — K2+ 5)Y. (6.63)
Hence, either Y =0 or

9 3 81
2

— Oyt = E [ Cy + —.

K g g 20

= (6.64)
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6.5. 3-forms

If Y =0, (6.60) and (6.62) implies that Y, is a transverse 1-form satisfying

y 12
a,"2D, Y, = \/5(0 — K2+ - )Y (6.65)

Apart from numerical constants, the situation is identical to that in section 6.2.
Reusing that calculation, we find

(0 2 4 (G- 2) - (g BYrzo. oo

Thus, either Y, = 0 as well or

5 1 49

2 /

= - :l: — = — . .

K Cy + 255 Cy + 20 (6.67)

The only case remaining is when both Y = 0 and Y, = 0, that is, when Y. only has
a nonvanishing 27-part. From (6.52), (6.53) and (6.55), we see that

3

Xa1a2 = aalblbzyazblbw Sfalazas = EG[GIGQbXa?)]b' (668>
The 7 and 14 parts of the transversality condition, (6.59), become
DXy =0,  Pu(®gX)ws =0. (6.69)

The rewritten quadratic master equation (6.43), which now only has a nontrivial
27-part by (6.60) and (6.62), becomes

1

3a[a1|blb2bb2)/b1\a2a3} = \/E(Cg — I<L2 -+ 5>Ya1a2(z3- (670)

Contracting this as in the first half of (6.68) gives
1 N .
\/5(09 - HZ + 5)Xa1a2 = aa1b1b2 (aaQCIC2DC2}/C1b1b2 + 2ab101C2DcQ}/clb2a2) =

€162 coc1bo N
= Qg, ! 2,DC2‘XC1G1 + 2Ca1 2 21302}/0152@ =
_ c1¢279 —
= Qg DC2X61G2 - _(QQX)(M@? (671>

where we, in the second to last step, have used

bc1C2 _ 3 bC162
2c Y;3102a2 = 5¢€

d _ bd bd d b
al 2 al a[clcg XQQ]d - aal Xda2 + aa2 Xda1 + aalaz Xd ° (672)

From (6.69) and (6.71), we see that the situation is the same as that in section 6.4,
apart from numerical constants and the extra piece of information Pi4(®2Xa) = 0.
Hence, we can reuse that calculation but only get the two eigenvalues corresponding
0 (6.42b). This gives the eigenvalues in (6.73c) below. To conclude, we have arrived
at the eigenvalues

K2 =Cy+ = (6.73a)

/<;—C—|—

9
2
5

6.73b
¥ (6.73b)

o 5
%F

K? = 1 \}g,/ (6.73c)
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6. Eigenvalue spectra of the squashed seven-sphere

where the first line applies to modes with a nonzero 1-part, the second one to modes
with vanishing 1-part but nonzero 7-part and the last line applies to modes with only
a nonvanishing 27-part. Again, the list exhausts all possibilities but may contain
false roots.

6.6 Spinors

Now that we have dealt with all tensorial representations, we turn to the spinorial
ones, starting with the spinors. Thus, consider a spinor satisfying Ay = x2.1% The
spinor representation 8 of Spin(7) splits into 1 & 7 when restricted to G5. Here, the
1 is the Gs-invariant spinor 7 from appendix C. Since h C go, 25,177 = 0. With the
normalisation nn = 1, the projection operators are

P1 = 7]77, P7 = F“nﬁfa, (674)
where P; + P; = 1 by the Fierz identity (C.42). Hence, we define
Y =, Y, = —inl.1, (6.75)

so that
Y =Yn+iY, . (6.76)

Since Cyo(7)(8) = 21/8, the rewritten quadratic master equation (6.13) becomes

1 v 63
T — ( SE I 3p> 6.77
1 \/ga b {0 K+ 20 7). ( )
Recall from appendix C that
Agbe = iﬁrabcny Cabed = _flrabczﬂh (678>

while nl'yn = 0 = 40 since 'y and Iy, are antisymmetric. Using this, we find that
the scalar and vector parts of (6.77) are

3 63
=D, = — K2 )Y .
N (cg K+ )Y, (6.792)
S Py 4 g D, (0 I )Y (6.79b)
2\/— a 2\/— a b2 b1 - 20 as .

respectively. Contracting the latter with D gives, by using (6.12) and then eliminat-
ing D*Y, using the scalar equation,

_ 9\ Kay _ 9 2, 63
CY 2f< n+20)DYa_(C /$+20)<C m+20)y. (6.80)

109Recall that, for Einstein manifolds, (i%)? only differs from A by a constant when acting on
spinors and vector-spinor.
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6.7. Vector-spinors

Thus, either x? is given by (6.82a) below or Y = 0. In the latter case, DY, = 0, that
is, Y, is a transverse 1-form, by the scalar equation and the vector equation becomes

DY, —2\/3(0g e 230)Y (6.81)

This situation is identical to that in section 6.2 apart from numerical constants.
Reusing that calculation gives (6.82b). Thus,

9 3 81
K Cg—|—5 2\/6\/Cg+20, (6.82a)
1 1 49
20+ —+ —— O+ — 6.82b
SR TR V-1 ) (6.820)

where the top row applies to modes with nonzero scalar part, 71 # 0, and the second
otherwise.

6.7 Vector-spinors

Lastly, we turn to transverse I'-traceless vector-spinors. These carry the represen-
tation 48 of Spin(7) which splits into 7 & 14 @ 27 when restricted to Go. We
consider an eigenmode 1), of A with eigenvalue 2. The transversality and I'-
tracelessness conditions are D), = 0 and '), = 0, respectively. The so(7)-Casimir

is Cso(7)(48) = 49/8, whence the rewritten quadratic master equation, (6.13), becomes

1 3 147
0 Doty + 10, T Dy = V5 (Cg — K =3P — 6P - 7P27> Ve (6.83)

Before attempting to find x2 from this, we analyse the irreducible components and
the transversality condition.

Irreducible G>-components

Note that 7 @ 14 @ 27 fits in 72, that is, a rank-2 tensor. Since we are used to
working with rank-2 tensors from sections 6.3 to 6.5, we will, here too, translate the
problem into one involving a rank-2 tensor. The 7-part of v, is

Y, = in,, (6.84)
where, as in section 6.6, 7 is the Gy-invariant spinor. By the Fierz identity (C.42),
Ve = —1Yn + I Zyan, Zap = 1Ly (6.85)

From '), = 0, it immediately follows that Z,* = 0, that is, the 1-part of Z,, is 0.
The 14 and 27 parts of ¢, must be the corresponding parts in Z,; since they clearly
do not sit in Y,. By the same representation theory, the 7 part of Z, is either 0 or
proportional to Y,. Using the Fierz identity (C.42), I'*th, = 0 and agpe = il apen), we
find

a®* Zye = in0 % niT ), = —inl %, = Y. (6.86)
Hence, Z,;, contains all three irreducible components of 1,. We define
Xab = Z(ab) Yoo = Zay)s Y, = PrYa, Y= PuYy,. (6.87)
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6. Eigenvalue spectra of the squashed seven-sphere

Transversality

In terms of @a, the transversality condition is

1
a®, T%),. 6.88
8\/5 be w ( )
Picking out the 1 and 7 parts of this, by contracting with 1 and nI',, respectively,
1

V5

f)awa = -

DY, =0, DZp = DXy — DYpo = —=Y,, (6.89)

where we have used
L L%y = —a, YY)y — ¢,% Zoy + 0 2% — 0925, (6.90)
which follows from (6.85).

Computing the eigenvalues

To convert (6.83) into an equation for Z,,, we contract with 7I',. Again using (6.90),
we ﬁnd

1 1 - 7
Yi)‘" 7@[)01022)02 Zac1 - 7aaCIC2D02Zc1b = (Cg - ’%2 + 270 +P14 +4P7) Zab-

2J' e 2v/5
(6.91)

Note that 1 1
ﬁw;:wﬁmnzéan, (6.92)

and that (6.89) relates the divergences of X, and Yy, to Y,. We can get two more
relations involving divergences by contracting (6.91) with D* and DP. This should
suffice to relate Y, ZVDI’YEL to Y, and we will then be in a situation similar to
that in section 6.2 since Y, is transverse by (6.89). First, contracting (6.91) with D
and using the transversality condition, D’ X, and Dbe}f can be expressed as

y § 5 81
DW%:&%DW£+1:O%—K1+%JEJ (6.93a)
y y 5 93
ﬂW@——QDW£+¥:G%—HW+HJKJ (6.93b)
where we have used
ﬁbn:gy+ﬁww7 (6.94a)
a 5 a \/5 ba’ .
a[)cwzﬁbﬁ@zaq — ;)Y;“ (694b)
o 6 1, § L
c1c2Tyb _ - - b by 14 by 7
aam%%ﬁﬁﬁﬁ@&ﬁwm+wm) (6.94c)

Now contract (6.91) with D¢, The first and last terms in the left-hand of (6.91) side
give

3 <.« 3 12 1 - 3 -
—W@Y:@%—)Y, ———=a,""D"DyZ ey = —~—~DZs, (6.95
2\/5 b2\/gg 5b 2\/3 dZch 10 b( )
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6.7. Vector-spinors

respectively. Note that D¢Z, can be expressed in terms of V; and ﬁ“YJb by (6.93).
The right-hand side of (6.91) contracted with D can similarly be expressed in terms
of Y, and D*Y}. Lastly, the middle term in the left-hand side of (6.91) is proportional
to

DD Z e = 0,5 DyD Zoe + 0, D, Dy] Zae. (6.96)

Here, the commutator term is

.y 4 2
cd a cy 7 cy 14
a, " \D*, Dg|Zge = =Yy + —=D°Y  — —=DY,;", 6.97
’ [ d] ’ \/5 b \/5 b ( )

while the first term is, by (6.92) and (6.93),
cd1y Tya cd1y a7 2 87 Nay 7
a4, "Dy D Z oo = —4a,"DyDY, + 45 (Cg — K2+ 20)1) YE. (6.98)
In this expression, the first term in the right-hand side is

cd 1y Tya 1 cd  ef 7y 9 12 1 e
ab dDdD }/a’rc: 6% dac fDde}/e_ (C + 5 )n_\/gp }/Cz (699)

Putting the above together, we find

109 5 57\? 1 12
(Cg — Rt )@15/ _ g[@, B 20) - 4<cg + 5)]3/@. (6.100)

The situation is similar to that in section 6.2. Using (6.16), we get a fourth-order
equation in x2 with solutions

14 1 49 31 5 49
2_0 4+ -4+ o + = o0+ =+ —/C. + —. 6.101
WGt g s Gtgy = GrpEg |Gty (6101

If Y, = 0, both X,;, and Y}! are divergence-free by (6.93). The symmetric and
antisymmetric parts of (6.91) become

1 7
DX Y )ay = X 102
2\/—%) ab 2f( )ab = (C K2+ 20) s (6.102a)

1 27
DXy + ——DYsy = (C + )Ya. 6.102b
2\/_( 2] )b 2\/5 (2] L ab ’i 20 b ( )

From section 6.3, we know that Dy Y,, = 0 since Y, is divergence-free with vanishing
7-part. Using this, the above equations can be combined into

(D2 X )y — 3(DoY )y = NS(Og W 270>Xab _ 2\3/5 (09 e %)Yab. (6.103)

Recall from section 6.4, that (6.38)
1

D2 X))y = Cy Xop — —=
(2 )b g b \/5

(92X )op, (6.104)
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6. Eigenvalue spectra of the squashed seven-sphere

for transverse traceless symmetric rank-2 tensors X,. A short calculation shows
that this holds for transverse 2-forms as well. Thus, acting with ®, on (6.103) and
antisymmetrising the free indices,

25 9
CoYap = —\3/_ (Cg - K>+ ) (DX ) ab- (6.105)

20
Eliminating (DX )a with (6.102b), we find that

20 9 27
CgY;zb = Q(Cg - /‘€2 + 20) <Cg - /12 + 20>Y;11) (6106)

9 3 9
2 = —+ —. 1
K Cg+10 2\/5\/Cg+20 (6.107)

In the case Yy, = 0, (6.102) gives us the situation in section 6.4 but with the extra
information (DyX)w = 0. As in section 6.5, this implies that we only get two
eigenvalues, given in (6.108d) below. The possible eigenvalues are, therefore,

M:Cﬁ?iz\l@,mﬁ;i, (6.108a)
K2:Og+i’(1)12\5/5,/09+§8, (6.108b)
ﬁzcﬁﬁ)iz\?’@,mﬁi, (6.108c)
K2:09+§i2\1/5,/09+210. (6.108d)

Here, the top two lines apply to modes with nonzero 7-part, the third one to modes
with vanishing 7-part but nonzero 14-part and the last line to modes with only a
27-part.

whence either Y,; = 0 or

6.8 Spectrum summary

In table 6.2, we give a summary of the eigenvalues found in sections 6.1 to 6.7. Recall
from section 3.2.4 that the Laplacian A is the Hodge-de Rham operator A, when
acting on p-forms, the Lichnerowicz operator Ap, when acting on traceless symmetric
rank-2 tensors and related to (i) through

. 189 .
(1¢1/2)2 =A+ 20 (iPs2)” = A —

27
—, 6.109

20 (6.109)
in the dimensionless system in which m? = 9/20, when acting on spinors and vector-
spinors, respectively. For 3-forms, the operator directly related to the AdS, masses is
Q, related to As by Q? = As on transverse 3-forms. The possible eigenvalues of ) are

thus 43, where k32 are the eigenvalues of Az. Note that the eigenvalues of Ag are
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6.8. Spectrum summary

perfect squares, which we have used to simplify the expressions for the eigenvalues of
Q. This applies to (iP)? as well. We have switched back to the dimensionful system
by inserting appropriate powers of 20m?/9. Due to the limitations of the method we
have used, all eigenvalues of the operators should be present in the table but some
of the listed possibilities might not be eigenvalues.!!?

Table 6.2: Summary of eigenvalues of differential operators on the squashed
S” in conventions in which R,, = 6m?d,. Note that we have not proven that
the listed eigenvalues exist but rather that all eigenvalues are in the list. In
chapter 7, we find that some roots do not fit into supermultiplets and, hence,
are false. These are indicated by parentheses on + or F although there are
possibly some exceptions, see (7.7). Note that the sign in front of the square
root in the eigenvalues of the linear operators determine whether the eigenvalue
belongs to the positive or negative part of the spectrum.

Operator Possible eigenvalues

m?

Ao 75200,
2
A % (200g +1442,/20C, + 49)
2 2 2
Ay %200g % (200g + 72) % (200g +44 £ 4,/20C, + 49)

2 2
Ar " (200g 4 36) . <2OCg 1324 4,/20C, 1 1)
[m|
Q@ %( +,/20C, +1) e 3 (11,/200 +49)

L2 os 50
N R
L
I

HOWhen comparing the spinor eigenvalues to, for instance, [19], note that what is referred to as
the Dirac operator in [19] is —i7 in our conventions.
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6. Eigenvalue spectra of the squashed seven-sphere
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7. Mass spectrum and
supermultiplets

Having found the eigenvalue spectra of the various operators on the squashed seven-
sphere, see table 6.2, we return to eleven-dimensional supergravity. Since the squashed
seven-sphere is an Einstein space with positive curvature, the background with AdS,
as the spacetime and the squashed seven-sphere as the internal manifold is a solution
to the field equations in the Freund—Rubin ansatz. There are actually two solutions
related by reversing the direction of the flux, that is, by skew-whiffing, m — —m.
As remarked in section 3.1, at most one of these can have unbroken supersymmetry.
Here, we begin by demonstrating this explicitly for the two squashed seven-sphere
vacua and then turn to the mass spectrum and supermultiplets of the N” = 1 vacuum.

Recall from (6.2) that there is a sign choice when relating the dimensionless and
dimensionful unit systems. This comes from the fact that one can let m — —m in
the Freund—Rubin ansatz to obtain another solution to the field equations. However,
the geometry and eigenvalue spectra of the squashed seven-sphere is independent of
the flux-direction in the compactification. We, therefore, use the relation

3
— 7.1
Wi (7.1)
and insert appropriate powers of 2v/5m|/3 to translate from the dimensionless to the

dimensionful system. The solution with m > 0 will be referred to as the left-squashed
vacuum and the one with m < 0 as the right-squashed vacuum.

m| =

7.1 Unbroken supersymmetry

Recall that the number of unbroken supersymmetries is given by the number of
linearly independent Killing spinors 7, satisfying (3.13b)

Do = Don + i%l“an —0. (7.2)

To investigate whether there are any unbroken supersymmetries we start by consid-
ering the holonomy of D,, and the integrability condition (3.17)

Wan) = W, T eqn = 0. (7.3)
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7. Mass spectrum and supermultiplets

By (3.16), the Weyl tensor is given by W, = Ry — 2m?6%¢. With the Riemann
tensor of the squashed seven-sphere from (5.22), we find

8 o
Woi = §m2 <2F0i + €¢jkrjk), (748‘)
8 o ik
Wy = —§m (2F0i + 67;ij ), (74b>
16
16
Wi; = gmz (QFij + Iy + GiijOk)> (7.4d)
8 N ~
Wi = —§m2 (2F,~j +1' + eiijOk - 51'ij]€)7 (7.4e)

where we have used the index split a = (7,0,7) and that A\ = 1/5 for the Einstein-
squashed sphere. Here, we see that Wy, are linear combinations of the generators
of Gy from (C.26) to (C.29)."" Thus, the holonomy of D,, is G [19] and there is
exactly one linearly independent solution to (7.3), namely the Gy-invariant 7.

To check whether 7 is a Killing spinor, we have to consider (7.2) and not only the
integrability condition. Recall from section 6.6 that D,n = 0 since h C go, where

ba = Da - @aabczbca (75)
by (6.5). Using that the I'-matrices can be represented by octonion multiplication,
'y, = —iL,,, as described in appendix C.1, and that the G5 invariant then is identified
with the real unit oy = 1 € Q, we find

0 = D% = D%, + @aabcob(ocoo) = D%y + |m2|oa =Dn+ i|m2|Fan. (7.6)
The right-hand side is Doy for m > 0 and differs from D by imI'®n # 0 for m < 0.
Hence, D,n = 0 only for m > 0. Note that S7 is simply connected, whence there are
no global obstructions from the nonrestricted holonomy group. Thus, we conclude
that the left-squashed vacuum has one unbroken supersymmetry, N' = 1, while the
right-squashed vacuum has none, N' = 0, [19].

7.2 The left-squashed N =1 vacuum

We proceed by analysing the left-squashed vacuum with one unbroken supersymmetry.
The possible particle masses, presented in table 7.1, are calculated from the possible
eigenvalues in table 6.2 and the mass operators in table 3.1. Then, when calculating
the dimensionless energy Fjy, we restrict to G-representations with sufficiently large
quadratic Casimir Cy to be able to simplify expressions like | — 10 + v20C; + 49|,
in which the absolute value can be dropped if the root is larger than 10. The
strongest restriction needed for such simplifications is Cy > 243/20. Additionally,

Hlspeciﬁcally, WOi 0.8 T0i7 WQ@ 0,8 TOi; Wij 0.8 Tija Wij 0.8 Tij + EijkTOk/2 and VVij 0.8 Tij + EijkTOE.
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7.2. The left-squashed N' = 1 vacuum

there is a choice of sign in Ey for s = 0, 1/2 for small values of C;. To be able to,
unambiguously, choose the plus sign we further restrict our attention to Cy > 99/4.
We refer to this as the asymptotic part of the spectrum. The resulting possibilities
for Ey are presented in table 7.2.

Table 7.1: Possible particle masses (M? for bosons, M for fermions) in the
left-squashed vacuum based on table 3.1 and the eigenvalues in table 6.2. To get
a mass (squared) one value should be picked from each pair of braces. When
there are multiple braces in an expression, the same position must be chosen
in all of them. Each column in a pair of braces corresponds to one eigenvalue-
expression from table 6.2, while the rows correspond to different signs in the
expressions. The ordering is the same as in table 6.2. When applicable, the first
(second) subscript corresponds to the top (bottom) sign.

sy Possible masses

2
o+ %200g
3 m([11 9 49 81
212 3 {10 12}$J2009+{49 81})
_oom? 104 16
T 2009+{140 50 { V/20Ce + 49
_oom? 140 20
5 2009*{104 + 376 ( V200 + 49

2
T 2009+{0 & 44} 00 +i},/2009+49)
1 m 13 15 49 81
214 3( 14 12 J%C 49 81}
1 m (5357 1 9 49 49
225 3({4 6 4 2 J200g+{1 9 49 49}

2
0f 2(200 +396 — 36,/20C, +81>

2
+ m
0] 9(200 +396+361/2()Cg+81>

m2
9

0 +4
20C +{ _4},/2ocg+1)

_ 56 140 216 16 20 24 1 49 81
UE 9(200 92 104 108}]F{20 16 12}J2009+{1 49 81}

3{0
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7. Mass spectrum and supermultiplets

Table 7.2: Possible asymptotic (Cy > 99/4) values of Ej in the left-squashed
vacuum based on table 3.2 with notation and masses from table 7.1.

Possible values of Ejy

1
A (9 +,/20C, + 81)

3 1[4 6 49 81

2.6 {5 3}+J2009+{49 81})

3 1[4 12 49 81

2, 6 {13 15}+J2009+{49 81})

~ 1]+l

- {_1}+,/200g+49>

TR B ol RN TSR

2 6 17 g

1(f9 9 1 9 81 49
+ -
e e 49})
49 81

i+ {1 81})

DO | =
iy
| =
|
——
(G2 RN
w
—— —
+

[ =
| =
——

[\

DO

DO

g

49 81
e {8 81})

19 49 49
}*&00“{1 9 49 49})

~ Do

[\
)
| =
——

Loa( e (s B )
0f, é((9$18)+\/m>

i L) e ;})

o (e i )

o s e e 8 )
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7.2. The left-squashed N' = 1 vacuum

Now that we have the possible values of Ej (for large Cy), we investigate how
they fit into the N/ = 1 supermultiplets from table 3.3. Since the supersymme-
try generators are G-singlets, all fields of a supermultiplet must carry the same
irreducible G-representation [10]. That the irreducible pieces of the induced G-
representations fit exactly into supermultiplets has been verified in [10]. The irre-
ducible G-representations are labelled by Dynkin labels (p, ¢; 7). In [10], they also
found that, for sufficiently large and fixed p, g, there is one s = 2, six s = 3/2, six
s =17 and eight s = 11 massive higher spin supermultiplets and 14 Wess—Zumino
supermultiplets.

For sufficiently large Dynkin labels, the multiplicities of the irreducible G-representa-
tions appearing in the harmonics are independent of the exact values of p and ¢ [10].
The G-representations can be arranged as in table 7.3. If an eigenvalue expression
from table 6.2 is assigned to a box in one of these diagrams, there is a family of
eigenmodes of the corresponding operator with eigenvalues given by this expression.
Each such family has a constant difference between r and p and contains exactly one
irreducible G-representation (p, ¢;r) of eigenmodes for each sufficiently large pair
(p,q). If one eigenvalue expression is assigned to n different boxes, we say that it
has multiplicity n. Note that this does not imply that there are multiple irreducible
G-representations with identical eigenvalue since two boxes with the same eigenvalue
expression can have different r — p.

Table 7.3: Multiplicities, found in [10], of irreducible G-representations (p, q;r)
in the G-representation induced by the various Spin(7)-representations (in bold).
For large values of the Dynkin labels, the multiplicities are independent of p
and ¢ and are given, for the indicated value of r and Spin(7)-representation,
by the number of boxes in a row. To give the complete content of the induced
representations, not only for large p and ¢, each box can be replaced by a
diagram that specifies which values of p and ¢ that do not appear. Such
diagrams can be found in [10]. By the below supermultiplet analysis, eigenvalue
expressions can be assigned to the boxes marked by a cross without ambiguity
apart from permutations of the columns.

r=p+4 7 8 21 27
r=p+2 1 X | X X | X X | X

r=p ><>< X [ x| x| x| X | x| x | |
r=p—2 XX | [ X[X X | X

r=p—4

r=p+4 35 48

r=p+2 X | X X | X | x| X
r=p x[x| | [x]x] x[x|x|x| | |
r=p-—2 X | X X | X | x| X
r=p—4
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7. Mass spectrum and supermultiplets

The massive higher spin supermultiplet families are presented in table 7.4 and
the Wess—Zumino supermultiplet families in table 7.5. Each family of fields in a
family of supermultiplets, for instance the 2% fields in the s = 2 massive higher
spin supermultiplet family, has a specific eigenvalue expression. Analogous to the
multiplicities of the eigenvalue expressions, there is a multiplicity associated with
each supermultiplet family specifying the number of supermultiplets in that family
for fixed (p,q) but arbitrary r. By the above, the multiplicity is independent of the
exact values of p, q as long as they are sufficiently large.

To deduce some of these multiplicities, we use that there is only one eigenvalue
expression for Ay and it has multiplicity one. Furthermore, the multiplicities of
the eigenvalue expressions of i) o are known from [22], where the spinor eigen-
modes were constructed explicitly from the scalar eigenmodes. Still, we cannot
deduce the multiplicity of the 11 supermultiplet family and two of the Wess—Zumino
supermultiplet families.

The multiplicities found in this way are consistent with table 7.3. Assuming that
we have not missed anything in our calculations (see below), this implies that the
question mark in table 7.4 should be 8 and that the two question marks in table 7.5
should add to 12. Except for the possibility that one of the latter two is 0, it follows
that the only false roots in the asymptotic part of table 6.2 are those marked with
parentheses.

Table 7.4: Spins, parities and towers of fields in asymptotic massive higher spin
supermultiplet families that can be formed from the values of Ej in table 7.2.
A bracket [r, ¢] indicates which row, r, and column, ¢, are used in the braces in
table 7.2. The multiplicity of the supermultiplet family is denoted by n. The
case n = 3 applies only when p, ¢ are sufficiently large, see [10], [22].

n  Massive higher spin supermultiplets

| o ;’2[1,2] ‘;’1[1,2] 14[1,9)
3 N ) 1
350 13 1L ()
3 §[1,1] 15[1,2] 1+[1,3} 1[1,3]

29 53

3 17[2,1] ;2[1,4] ;1[1,1] 07[1,2]

3 (L] L[] 24 05[1,2

24 23
1 1
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7.2. The left-squashed N' = 1 vacuum

Table 7.5: Spins, parities and towers of fields in asymptotic Wess—Zumino
supermultiplet families, with notation as in table 7.4, that can be formed from
the values of Ej in table 7.2.

n  Wess—Zumino supermultiplets

1
21
1
24
1
> Ly o o)
29
1
23

The first thing to notice in tables 7.4 and 7.5 is which values of Ej are being used
and which eigenvalues these correspond to. We see that, in the towers corresponding
to linear operators on the squashed S7, that is, the spinorial fields and pseudoscalars,
only the top rows in the braces in table 7.2 fit into supermultiplets. The bottom
rows in the braces correspond to the signs in parentheses in table 6.2, which thus
are false roots. We also note that all possibilities in the towers corresponding to
quadratic operators on the squashed S7 fit into a supermultiplet. This implies that
every eigenvalue in the asymptotic part of the spectrum of the Laplacian A that we
found in chapter 6 fits into a supermultiplet. Furthermore, every value that fits into
a supermultiplet fits only into one supermultiplet.

There is a reason to believe that we have not found all operator eigenvalues. This
indicates that there might be subtleties in the approach used in chapter 6 that could
imply that we have missed eigenvalues in several calculations. Since all eigenvalues
of A that we did find fit into supermultiplets, any issue would likely be systematic.

The reason to believe that we might have missed something is the following. In the
case of a spinor on the squashed S7, that is, the representation 8 of Spin(7), [22]
found that each of the four columns in the corresponding diagram in table 7.3 can
be assigned a single eigenvalue expression, see [19].11%113 If one assumes that this
continues to hold for all Spin(7)-representations and that no two columns belonging to
the same Spin(7)-representations have the same eigenvalue expressions, the question
mark in table 7.4 can only be 3 or 5, not 8. Similar remarks apply to the question
marks in table 7.5. Thus, if our results are complete, some eigenvalue expressions
must be assigned to multiple columns and there are unexplained degeneracies. In this
case, the multiplicities can, however, be consistently and essentially unambiguously
assigned to the remaining boxes in the table without violating the assumption that
each column should have a single eigenvalue expression.

12The eigenvalue expressions are the ones of i, /2 without parentheses in table 6.2.
13The heights of these columns were used to deduce some multiplicities in tables 7.4 and 7.5.
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7. Mass spectrum and supermultiplets

Lastly, we turn to the low end of the spectrum. When Cy < 99/4 there are possibilities
to choose the negative sign in the expressions for Ej in table 3.2 for s = 0 and
s = 1/2. Also, as explained above, some simplifications of the expressions in table 7.2
are only valid in the asymptotic part of the spectrum. However, since p, ¢ and r
take nonnegative integer values, there are only a finite number of special cases. To
proceed with the analysis we have to assume that we have found all eigenvalues. In
the low part of the spectrum, it seems like not only the supermultiplets that are part
of one of the families in tables 7.4 and 7.5 are possible. In some of these, there are
even pseudoscalars of the type 0;,[2, ¢], that is, with a sign within parenthesis in
table 6.2.

The majority of the special cases occur for p = ¢ = r = 0. Some of these are,
however, easily excluded. Firstly, the G-singlet, of course, gives a H-singlet when
restricted to H. Thus, p = ¢ = r = 0 only occurs in the G-representation induced
by the H-singlet, by Frobenius reciprocity. The H-singlet only occurs in the Gs-
representations 1 and 27 [10], whence there are two G-singlet 3-form modes. Both
of these are transverse [10]. One of them is Y. = agp. From the Killing spinor
equation (7.2), it immediately follows that V,apeq = mcapeq. Thus, the 3-form aqp.
is transverse and has @Q-eigenvalue 4m. This is a [r, ¢] = [1, 3] eigenvalue of @) and
hence not an exception to the parentheses in the eigenvalue table.

By orthogonality, the other G-singlet 3-form mode has only a 27-part. The analysis
in section 6.5 implies that the eigenvalue has [r, | = [r, 1]. Since S” has Betti number
by = 0, there are no 0-eigenvalues of ), whence the possibilities are +2m /3. Thus,
the AdS, field is of type 07 [1,1] or 05[2,1]. However, no supermultiplet can be
formed using 05 [2, 1], even for small p and ¢. Thus, the only remaining possibility
for the second G-singlet 3-form is QY = —2m/3Y. The corresponding field belongs
to 07 [1, 1] which is not an exception from the asymptotic case.

The remaining special cases that fit into supermultiplets are

00[2,2]: (pogs7) = (1,0;1), (7.7a)
0,12,1]:  (p,q;7) € {(0,0;4),(0,3;0),(2,1;2),(0,1;0) }, (7.7b)
05[2,3]:  (p,q;r) € {(0,0;4),(0,3;0),(2,1;2) }. (7.7¢)

We have neither confirmed nor excluded the existence of modes with the corresponding
eigenvalues.

In the low part of the spectrum, there is also the possibility of massless supermultiplets
and Dirac singletons. By analysing the possibilities and using the above remark
regarding the occurrence of G-singlets in the induced representations, we find that
there is one massless 27 supermultiplet for (p,q;r) = (0,0;0), two massless 1~
supermultiplets with (p, ¢;r) € {(2,0;0),(0,0;2) } and no Dirac singletons. This is
precisely what is expected since there is always exactly one massless spin 2 particle, the
graviton, and the massless 1~ fields correspond to Killing vector fields that generate
isometries of M7 [19]. These massless supermultiplets are multiplet-shortened special
cases of the 27 and 1] supermultiplets in table 7.4.
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8. Conclusions

We have studied M-theory, or rather its low-energy limit, eleven-dimensional super-
gravity, compactified on the squashed seven-sphere, motivated by the AdS instability
swampland conjecture. There are two vacua, the left-squashed N' = 1 vacuum and
the right-squashed N = 0 vacuum, related by skew-whiffing. By the aforementioned
conjecture, the A/ = 0 vacuum should be unstable. One possible instability is related
to a tadpole and, in the dual conformal field theory, a global singlet marginal operator
(GSMO). To investigate whether such an instability can occur, considerable parts
of the mass spectrum of the theory are needed, which we thus aimed to derive. We
realised that all mass operators in the Freund-Rubin ansatz are related to a universal
Laplacian, (3.45), which, in particular, enabled significant simplifications by relating
Weyl tensor terms to group invariants, (6.10). This is the main advancement of the
thesis compared to [21], [108].

We have found possible eigenvalue spectra of all operators of interest on the squashed
seven-sphere. By requiring consistency with supersymmetry, some false roots of
the first-order operators were excluded and the asymptotic part of the eigenvalue
spectra, including the multiplicities of the eigenvalue expressions, could be almost
completely determined. From the perspective of the spectrum of irreducible isometry
representations, derived in [10], our results indicate that there are degeneracies that
we have not been able to explain. This could be taken as evidence that our results are
incomplete. That would, however, require that we have missed some eigenvalues of
the Laplacian A in such a way that those that we did find still fit into supermultiplets.
We hope to address this in [24].

As explained in section 1.2.3, GSMO-related instabilities may occur when there is
a gauge singlet field, possibly composite, with Ey = 3. Thus, as in [18], one has to
look for fields that can be combined into a gauge singlet scalar composite such that
the energies of the elementary fields add up to 3. From the unitarity bounds on Ej
in table 3.2, we see that s > 1 is immediately excluded by requiring that the field
is a spacetime scalar. Two spin-1/2 fields can be combined with up to two scalar
fields to form a composite scalar that, a priori, could have Ey = 3. Also, there is the
possibility of using only spin-0 fields. With the bound Ej > 1/2 there could be as
many as six scalar fields in the composite.

As discussed in section 3.2, the unitarity bounds for spins 0 and 1/2 correspond to
singletons and can only arise in 0f and 1/2;,. This implies, by the skew-whiffing
theorem [19], that there are no singletons in the left-squashed vacuum, consistent
with what we found in section 7.2, and only a single spin-1/2 singleton in the right-
squashed vacuum. Thus, there can actually be at most one scalar in a field dual to a
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8. Conclusions

GSMO containing two spin-1/2 fields and at most five when there are only scalars.

For large values of the quadratic Casimir Cy, the possible energies £ grow approxi-
mately as \/@. The number of scalars with Fy < 3 and spinors with Fy < 3/2 is
therefore finite. Hence, there are only finitely many combinations that could possibly
produce Ey = 3. Without paying attention to which G-representations appear in
the various towers, there seems to be plenty of candidates. However, many of these
might be easily excluded by a more careful analysis. A problem that remains is that
there are masses that are small enough that both signs in the expressions for Ej are
viable. If any of these have a multiplicity of at least two, the corresponding E values
add to 3 if different signs are used. To settle this, more work is needed. Note also
that the presence of a GSMO does not imply that there is an instability. Similarly, if
it turns out that there are no GSMO-related instabilities, other types of instabilities
would have to be considered to strengthen or weaken the AdS instability swampland
conjecture.

The swampland program aims to distinguish low-energy effective theories that are
consistent when coupled to gravity from those that are not. As we have seen,
swampland criteria can have significant implications for low-energy physics and
cosmology, including the role of de Sitter space in string theory. Thus, the swampland
program can bring string theory closer to experiment. As long as there is no complete,
nonperturbative description of M-theory and the stringy swampland conjectures
remain unproven, the question of whether such experiments test string/M-theory
or only the conjectures remains open. Still, it is possible to investigate which
conjectures are physically implemented in the observable part of the universe. This
could hopefully stimulate further theoretical developments.
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A. Conventions and representations

In this appendix, we present some conventions and notation used throughout the
thesis. We will always work in natural units in which ¢ = h = 1. For the metric,
we use the mostly-plus signature. Although most equations are covariant and
valid in any basis, we use the basis (if nothing else is specified) in which 7,5 =
diag(—1,41,...,41),s when a basis is needed.

When symmetrising and antisymmetrising tensors, we employ the weight-one defini-
tions and use parenthesis and bracket notation, respectively. For instance,

1
wiy?) = i(uuvv +utol), (A.1a)
1
ult) — i(uuvv — o). (A.1Db)
More generally,
1
T(/»‘l"'/"n) — T“ofl(l)--'“cfl(n) A2
n‘ U;n 7 ( a>
Tl — i; > signo THo et (A.2b)
toES,

In this notation, we define the generalised Kronecker delta as

Bt = gl o (A.3)

vi..-Vp vpl”

In the superspace setting, we use (...] and [...) to denote graded symmetrisation and
graded antisymmetrisation of indices, respectively. The grading means that there is
an additional sign when fermionic indices pass through each other.

A.1 Representations and index notation

We use index notation and employ Einstein’s summation convention throughout the
text. When elements of a vector space!' are denoted with lower indices (for instance
Va), dual vectors (covectors) are denoted with upper indices (for instance u®). If the
vector space carries a (left-)representation of some group G, the dual vector space
carries the dual representation and a group element g acts like

9 Vo = 9, vs, g-u®=u’(g7)", (A.4)

114Here we use “vector” in the general sense, not in the sense of an SO-vector, and, in the following,
a, 3, ... are not spinor indices but indices for an arbitrary vector space.
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where we, by abuse of notation, use the same symbol for the group element and
its representation. Thus, the dual representation is given by g% = (g7 5“.115
Note that right-multiplication by the inverse, g~!, is a left-representation since
grtgy " = (g291)". Also, we use the word representation to refer not only to the
actual representation but the representation space (module) as well.

Suppose that the vector space is complex. The complex conjugate vector, which is
an element of the complex conjugate vector space and whose coordinates are the
complex conjugates of the coordinates of the original vector, is then denoted by
(va)* = V5. The complex conjugate vector space and its dual carry representations
of G and a group element g acts like

U g-ut=u’(g")5" (A.5)
These transformation rules are summarised in table A.1.

Table A.1: Transformation of a vector v,, a dual vector v®, a complex
conjugated vector vz and a complex conjugated dual vector v5; under a group
element g and a Lie algebra element T'. Here, we use the convention g = exp(7)
without an i in the exponent. To switch to the convention with an i in the
exponent, let T+ iT (T + —iT).

Quantity Finite Infinitesimal

Vo g Ve = 9, 5 Srve =T, Pug

v g-v* = vﬁ(g_l)ﬁa opv® = vﬁ(—TBQ)
Va 9T =345 Srva = Ty 05

o g- v =g 6 = 0P (=T5%)

A.2 The Lorentz group and special orthogonal
groups

The Lorentz group''® in d + 1 spacetime dimensions, denoted SO(d, 1), is defined
through the (d+ 1)-dimensional vector representation consisting of matrices with unit
determinant that leave 7,, invariant. Therefore, we use 7,, and its inverse to raise
and lower vector indices as usual. We define the generators L of the corresponding
Lie algebra representation by

(L)ea = 0. (A.6)

Note that we use the geometrical convention that a group element is A = exp L,
without an i in the exponent. With this normalisation of the generators, the Lie

151 one raises and lowers indices using an invertible invariant M?  one must define g%; =
MaBgBA’M,Y(; for g“g to be the dual representation.

H6We use “Lorentz group”, a bit carelessly, to refer to the identity component SO™(d, 1) and its
double cover Spin(d, 1) as well.
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bracket reads
(L, Lea] = —26,0 L7 (A7)

The Lorentz group is, of course, the special case of Lorentzian signature of the more
general special orthogonal group SO(p, ¢) with arbitrary signature. We use the same
normalisation of the generators in the general case, that is, (A.6) and (A.7) are still
valid. Note, however, that the generators of the vector representation (L), differ
depending on the signature since indices are raised and lowered using the metric of
the corresponding signature.

A.3 Quadratic Casimirs

The Casimir operators of a finite-dimensional semisimple Lie algebra g are special
elements of the centre of the universal enveloping algebra, Z(U(g)). They are
elements of the form

c = tuan, T, (A.8)

g

that commute with all elements in g [91]. Due to the relation [T}, T} = fup“Te, one
can, without loss of generality, take t“'% to be completely symmetric. It is easy
to see that Cén) commutes with all of g if and only if ¢*%" is an invariant tensor.
One can show that, for an algebra of rank r, there are precisely r algebraically
independent Casimir operators, which together with 1 generate the centre of U(g)
via multiplication and linear combinations [91]. Since Cén) commutes with all of g,
it acts on an irreducible representation p by a constant, p(Cén)) = Cg(") (p) - 1. The
eigenvalues Cé") of the algebraically independent Casimirs can be used to uniquely
specify an irreducible representation [91], but for practical purposes we use Dynkin
labels for this.

In this thesis, we will only be concerned with quadratic Casimirs, that is, the above
t is a symmetric rank-2 tensor. A canonical choice is thus t* = k%, where Ky is
the Cartan—Killing metric of g. For a semisimple g consisting of multiple simple
Lie algebras, there is, however, one quadratic Casimir corresponding to each simple
Lie algebra. Still, we call the Casimir corresponding to the canonical t% = k% the
quadratic Casimir of g. The most well-known example of a quadratic Casimir is
perhaps J? of 50(3), the square of the angular momentum.

We are interested in the quadratic Casimirs of four Lie algebras: g = sp(2) @ sp(1)c,
h = sp(1)a @ sp(l)pic, s0(7) and go. See section 5.2 for an explanation of the
subscripts. The normalisations of the Casimirs of the relevant simple Lie algebras
are given in table A.2 and agree with [106]. As mentioned in section 5.2, we define
the G-Casimir by

Cy = 6k BTy T, (A.9)

which implies adg(Cy) = 6 - 1. As described above, g has two independent quadratic
Casimirs corresponding to sp(2) and sp(1). Thus, C, is a linear combination of these.
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Since adg ~ adsy(2) @ adsp(r) we find

Cy(p, q;7) = 2Cp(2) (D, @) + 3Csp(1y (1), (A.10)

where (p, ¢;r) are the Dynkin labels of g, see [10].

Since we are considering h as a subalgebra of g, it will be convenient to use the
restriction kgg of the Cartan—Killing metric k45 of g and normalise the Casimir as

Cf) = GHRSTRTS. (All)

There is another independent quadratic Casimir of b, since b consists of two simple
Lie algebras. It is, however, only this one we will be using.'!” With the index-split
R = (r,r) for h = sp(1)a @ sp(1)p+c we see from (5.28) that ks = —30,s and
Kps = —DH0ps, ' whence Cy is proportional to Cey1),/3 + O5P(1)A+B/5' To determine
the constant of proportionality, we compute pr|y(Cy) = 12/5 - 1, where pq|y is
the restriction of the vector representation pz of so(7) to b, using (4.1) and (5.37).
Comparing this with the above formula, using that 7 — (1,1)® (0, 2) when restricting
to h,'? we find

6
Cy(p,q) = 2051y, (p) + ngpu)Bm(Q)- (A.12)

Turning to Cy(7), We define!?°

Coo(r) = —OL1 21925, . (A.13)
Computing p7(Cse(7)), Where pr is the 7 = (1,0, 0)-representation of so(7), we find
that this agrees with the normalisation in table A.2.

Lastly, the generators of gy are

T92) = (P14)a1a2b1b2251b27 (A14)

aijaz

where Pyy is the go-projector onto 14 in 72 ~ 7 & 14, since 14 = ady,. Hence, Cy,
is proportional to (Pis),,q," 25" 5y,,,. Using the 7 = (1,0)-representation we find
that the normalisation that agrees with table A.2 is

CQZ = _<P14> bleZalaQZblbg' <A15>

ajaz

U7For arbitrary squashing parameter, the relevant Casimir would be obtained by restricting gap
from section 5.2, rather than k45, to b.

18Recall that kap is —3 on sp(1)4 g and —2 on sp(1)c which implies that it is —5 on sp(1)pc-

19T his decomposition is immediate from the structure of the generators presented in section 5.2.
It can also be found in [10].

120We use the analogous normalisation for s0(5) ~ sp(2) but not s0(3) ~ sp(1). For the latter, we
use the conventional S? = s(s + 1).
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A.3. Quadratic Casimirs

Table A.2: Casimir eigenvalues of the four simple Lie algebras of interest in
terms of Dynkin labels. In the rightmost column, the values on the adjoint
representations are given for convenience.

Casimir C(ad)

1 3
Coory (P, q,7) = §p(p+ 20+7r+5)+qlg+r+4)+ gT(T +6) 5

1

Co,(pyq) = gp(p +3q¢+5) +q(g+3) 4
1 1

Cop)(D.q) = Zp(p +2¢+4)+ iq(q +3) 3
1

Com(p) = Zp(p +2) 9
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B. Spinors

The vector representation of so(r,s) = Lie(SO(r,s)) is not the most elementary
s0(r, s)-representation in the sense that there is another representation, the spinor
representation, which cannot be constructed from it but can be used to construct it.!?!
At the group level, the spinor representations are only projective representations
of SO(r, s) but ordinary representations of Spin(r, s), the double cover of SO(r, s).
The Dirac spinor representation can be defined in terms of an irreducible complex
representation of the Clifford algebra Cf, s [73], that is, [-matrices I'* satisfying

{re, 7%} = 251, (B.1)

Since this implies that
a amb
% o) = —801°T",, (B.2)

where ['@+@n .= Tlar | Tl we get a representation S of so(r, s) by

S(L™) = irab. (B.3)

This is the Dirac spinor representation. Many properties of spinors depend on the
dimension, d = r + s, modulo eight'?? and signature. Here, we focus on Spin(3, 1)
and Spin(10,1) but begin with some general remarks. Spin(7), which is also of
importance for this thesis, is treated in appendix C. Furthermore, all considerations
in this appendix are local. To be able to define spinor fields globally on a manifold,
a spin structure is needed [73].

Arbitrary products of [-matrices can be computed by combinatorics. This is most
easily seen in a basis in which n = diag(—1,...,—1,1,...,1) but is valid in any
basis, as long as the results are written in a basis-independent way, and follows
directly from (B.1). The simplification comes from the fact that, in this basis, I'*
squares to +1 and I'® % =T* . ' as long as the indices are distinct. As an
example, consider I'®T'.;. Here, either all indices are distinct (1 possibility); one of
a, b coincides with one of ¢, d (4 possibilities) or both of a, b coincide with one of ¢,
d each (2 possibilities). Thus,

[T = I, — 467" — 20241, (B.4)

where the signs come from anticommuting I'-matrices with distinct indices. This
can be generalised to cases with contracted indices and more than two factors. For

12INote that with signature (r, s), we mean that the metric has 7 positive and s negative eigenvalues
in any basis.
122This is related to Bott periodicity [73].
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instance, I'*I", = d1 and
Lol = (—1)"(d — 2n)T %0, (B.5)

In the latter, there are d — n values of b that do not coincide with any of the a’s and
n values of b that coincide with one of the a’s. These identities can be used to see
that

dtr T = tp(TPT, [ = tr(Dy I 1?) = (=1)"(d — 2n) tr T (B.6)

which implies that tr ['*1%» = 0 if n # 0 and, for odd d, n # d.

B.1 Spinors in arbitrary even dimension

Let us, for a moment, consider the case of even dimension, d = r + s = 2k. The
dimension of the Dirac spinor representation is 2* [73]. A basis of End(Vg, Vi), that
is, 2% x 2F matrices after a choice of basis for the Dirac representation space Vs,
is provided by 1,T'* ... T['“% when restricted to antisymmetrically independent
index combinations. To see this, consider

d
X =) w0, (B.7)

i=0
where all z,, ,, are completely antisymmetric. From the above remarks on how to
compute products and traces of I-matrices, we see that z,, ., & tr(XTy, 4. ). Thus,
X = 0 implies that all the z’s are 0, whence we have established linear independence.

By counting, we now see that there are 2¢ = 2* . 2* linearly independent components
of X, which is precisely the dimension of End(Vs, V).

Chirality and Weyl spinors

Since there is only one antisymmetrically independent index combination with d
indices, we may define v by!'%

’yEal'“ad — ik+sl_‘a1'“ad. (B8)

It is easy to see that 4 = 1 and {7,T%} = 0. Note that (I'*)4®, where A, B are
Dirac spinor indices, is a so(r, s)-invariant, as seen from

1 1
Lo+ ()7 = §(Tl)7 = 7(Tw)," +65(C0)," = 0. (BY)

Thus, « is also an invariant and the Dirac spinor representation is reducible by Shur’s
lemma since v is not proportional to 1. We may form projection operators
==

Pe=0, (B.10)

123Tn d = 4, this is commonly denoted by ~°.
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projecting onto the invariant subspaces with y-eigenvalue +1, respectively. These
smaller dimensional representations are known as the left and right-handed Weyl
spinor representations. Note that, if Y& = +W, then y['*V = FI[*W, that is,
['* interchanges left and right-handed spinor. Thus, writing a Dirac spinor as
U4 = (Yo, X*) 4, where ¢ and y are Weyl spinors of the two kinds, this implies that

07 = (e 7). B.11)

where we have introduced chiral [-matrices. In this basis, we see explicitly that the
Dirac spinor representation of so(r, s) is reducible since I'? is block-diagonal. For
even d, one can prove that there is only one irreducible representation of the Clifford
algebra and that the Weyl spinor representations of so(r, s) are irreducible [73].

Invariant tensors and Majorana spinors

There are a few other invariants apart from . To see this, note that we can construct
a new set of matrices satisfying (B.1) by taking the negative, complex conjugate,
transpose or any combination thereof of all matrices I'*. Consider first the negative.
Since there is only one inequivalent irreducible Clifford algebra representation, there
exists a matrix M4? such that —I'* = MT?M~!, relating the two representations.
Note that this equation is linear in M, which is seen by writing it as M['* = —I"* M.
The space of solutions is one-dimensional by Shur’s lemma. From the above, we see
that M = ~ provides a canonical choice of M.

Similarly, there are two one-dimensional spaces of solutions (By) ;7 to
Bil® = £(I)* B (B.12)

These two spaces are related by B = B, . Taking the complex conjugate of (B.12),
we find that (B%)~! are also solutions whence (B%)™! = 2L B, for some zy € C.
Complex conjugating this relation, we find z. € R. Since the left and right-handed
spinor representations are inequivalent,'?* B, are either block diagonal or block
antidiagonal in the Weyl basis, v = diag(1,—1). With B_ = B,~, we find that
z_ = +z, in the two cases, respectively. By rescaling B, z4 is rescaled by a positive
real number whence we may scale By such that zo € {—1,+1} while maintaining
B_ = B,~.

Due to the index structure of B, we may ask whether there are any solutions to
¢ = B7!4*. To this end, define the antilinear (conjugate-linear) map R: Vg — Vg
by 1 — B~%)*. Squaring this gives

R*(¢) = R(B™'Y") = B~H(B") ™' = z1), (B.13)

where z = 41 after the above rescaling of B. Consider first z = +1 so that R? is the
identity map. We claim that there is a basis in which B coincides numerically with

124Note that v o €ayp,..apb, L2 ... T is a k’th-order Casimir with different eigenvalue on the
two Weyl representations.
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B. Spinors

the unit matrix, which motivates the notation B;” = 6%. To see this, pick any ¢ and
let x = R()). Suppose that ¢ and x are linearly dependent so that y = ¢y for some
constant c¢. By antilinearity and R? = 1, ¢ = R(x) = ¢x = |c[*®) whence ¢ = €%,
Now, with 9" = el%ep, R(v)") = €(?=2¥)y/. Thus, for an appropriate choice of ¢, we
get R(¢') = 1. Taking v’ as our first basis vector, B becomes block diagonal with a
1 in the upper left corner. If, on the other hand, 1) and y are linearly independent,
we find

R(Y+x) =x+1, Ry —iy) = —iy + iv. (B.14)

In this case, we get two basis vectors, ¥ 4+ x and iy — iy, which are mapped to
themselves by R. Proceeding by induction, we conclude that there is a basis such
that B is diagonal with 1s on the diagonal. Since BI'* = +(I"*)* B, the I'-matrices
are real (4) or imaginary (—) in this basis. In both cases, the generators of so(p, q)
are real. Furthermore, 1) = R(1)) reduces to the condition that the components of v
are real. This is known as a Majorana basis and the reality condition, 1 = R(%),
is the Majorana condition. If B is block diagonal in the Weyl basis, we can define
Majorana—Weyl spinors by requiring both ) = +¢ and R(¢) = . If B is block
antidiagonal, the Majorana condition gives a relation between the left and right-
handed components and there are no Majorana—Weyl spinors. In the above, B is
only well-defined up to a global complex phase. If B is redefined by B + ¢ B, the
real subspace defined by the Majorana condition is rotated by /2.

In the case z = —1, there is clearly no solution to ¢ = R(¢)) whence it is not possible
to define Majorana spinors. However, given two Dirac spinors ¥ and yx, one may
impose the relation y = R(¢), known as the symplectic Majorana condition.!?® In
this case, R can be used to turn Vs into a quaternionic space by defining ji» = R(v)).!2°
This has applications in extended supersymmetry, see for instance [110].

There are also invariants (A.)4? and (C)4? satisfying
ALl = (T AL, CI* = (T Cy. (B.15)

Note that these equations are linear in A and C' whence there are one-dimensional
spaces of solutions. Again, the different signs can be related by A_ = A, v and
C_ = C,. There is also a relation A oc (B~1)TC, as seen from the index structure
or a straightforward calculation. By defining the Dirac conjugate v = ¢t A and the
Majorana conjugate 1) = 1)TC, we find that the relation A = (B~')TC is necessary
for the Majorana condition ¢ = B~1¢* to take its usual form ¢ = 9.

It is casy to see that Al also satisfies (B.15), whence Al o Ay. When A is rescaled,
the phase of the proportionality constant changes. Thus, we can choose A Hermitian,
which makes it well-defined up to a real constant factor. In the case we are dealing
with Majorana spinors, this is not always convenient. In that case, instead note
that BYC*B = zoCy by an analogous argument. With the above normalisation

125When considering Grassmann-odd spinors, there is another generalisation of the Majorana
condition, the graded Majorana condition, which can be imposed on a single Dirac spinor [109)].
126Since R is antilinear, ij = —ji.
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B.2. Spinors in arbitrary odd dimension

(B*)~! = & B (with the plus sign in the Majorana case), it follows that |z¢| = 1. By
rescaling C, we set zo = 1. In the Majorana basis, B = 1, this means that C' is real.
Insisting that A = (B~1)TC, we find AT = (B~!)TC". By transposing the equation
for C'in (B.15), it is easy to see that CT = +C by using that the solution space is
one-dimensional. Thus, A is (anti-)Hermitian when C' is (anti-)symmetric. Again, A
and C' are only well-defined up to a real constant after imposing these conditions.

B.2 Spinors in arbitrary odd dimension

Consider now d = 2k + 1. We may construct a representation of the Clifford
algebra by using the I'-matrices from d = 2k and taking a multiple of v as the
last T-matrix. By adding +v to a set of I'-matrices with signature (r,s) we end
up with signature (r 4+ 1,s). To instead get (r, s + 1), £iy should be used as the
last [-matrix. Since there is only one inequivalent representation of Cl, s but a sign
choice for the last I'-matrix when we go up in dimension, there seems to be two
inequivalent representations of Cl,; s and C/l, ;1. To see that the sign choice really
gives inequivalent representations of the d = 2k + 1 Clifford algebras, note that

MM=cy = D[%% =c(—f)Fsenaa, (B.16)

Thus, ¢, which can take two values once the signature is fixed, distinguishes the
two representations and they are indeed inequivalent. These representations are
irreducible [73]. The inequivalent Clifford representations are related by I'* — —I'.
Note that this implies that the so-representations generated by I'**/4 are the same.
Since there is no longer an invariant 7, the situation is reversed compared to
even dimensions; in odd dimensions, there are two inequivalent irreducible Clifford
algebra representations but only one irreducible spinor representation, the Dirac
representation.

Due to (B.16), [ and ['*+1% are not linearly independent but related by a con-
traction with €%, Thus, a basis for End(Vs, Vg) is provided by 1,T% ... T
where, in contrast to the even-dimensional case, there are at most k indices. Lin-
ear independence is proved analogously to the case of even dimension. Counting
the antisymmetrically independent index combinations, we find that the span of
1,7, ... e is 22 dimensional, which agrees with the dimension of End(Vs, Vs).

In odd dimension, there are only half as many invariants as in even dimension. More
specifically, only one of the signs in each of A, By and C. is viable. Since these
invariants intertwine representations of the Clifford algebra, it is easy to see which of
them exists by using that the inequivalent representations are distinguished by the
sign of ['“~%_ In appendix B.4, we demonstrate this explicitly for C'y in d = 11.
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B. Spinors

B.3 Spinors in four dimensions

In four dimensions, a Dirac spinor, W4, has four components and consists of a

left-handed and a right-handed irreducible Weyl spinor, v, and y®.127

A chiral basis
In the chiral (Weyl) basis, U4 = (o, X%)a and (note the factor of i)

g

B
a . 0 o%,
(74" =1 (—adﬂ Sﬁ) , (B.17)
A

where, in the basis we choose and with index structure o B the Pauli matrices are

o (-1 0 1 (01 o (0 —i 3 (1 0
a-(o_l,a—lo,a—io,a—o_l.(B.18)

In four spacetime dimensions, there is a useful exceptional isomorphism Spin(3,1) ~
SL(2,C). This means that the Weyl spinor representation of Spin(3, 1) is the defining
representation of SL(2, C), whence the antisymmetric tensor €,4 is invariant. This
isomorphism is indicated by the fact that there is a one-to-one correspondence
between real-valued vectors v, and Hermitian matrices V = v,0%. Given V, we can
construct another Hermitian matrix V' by

V' =AVAT (B.19)

In this transformation, a global phase of A is irrelevant whence we can demand
det A € Rxg. Since det V' = —v?, the transformations that preserve v?, or equivalently
Nap, are precisely those with det A = 1, that is, A € SL(2,C). However, A = —1 is
not effective on V', whence SL(2, C) is a double cover of SO(3,1).128

The above also explains the index structure o7 ;, which is needed for (B.19) to make
sense in index-notation, V! 5= AJTA B‘SV,Y(;. This being a Lorentz transformation, that

is, V' = v,0* where v), = A v, further implies that ¢* 4 is an invariant tensor under
Spin(3,1).

As already explained,

af
0 1 0 -1
aB _ _
€ = (_1 O) , €af = (1 0 )aﬁ, (B.20)

12THere, we use a dot instead of a bar on complex conjugated indices, as is common in Van der
Waerden notation.

128Note, however, that A = —1 is effective in ¥/ = A%, in perfect agreement with Spin(3,1) being
the double cover of SO(3,1).
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B.3. Spinors in four dimensions

are invariant tensors due to det A = 1 in the spinor representation. Therefore, we can
use them to raise and lower spinor indices.'?® We do this by left-multiplication, that is,
it is always the rightmost index of € which is contracted with the quantity whose index
is being raised or lowered (¥ = ¢*%¢)5). Note that €27e%e.5 = ¢’ # ¢*? whence
we cannot raise or lower indices on the e-tensors themselves. This peculiarity is not
a problem since two contracted e-tensors can always be written with a Kronecker
delta. Furthermore, these conventions imply that

VaX™ = Vac™xs = =P xs5. (B.21)

Because of this, we need a convention for how to place the indices when switching
between index notation and index-free notation. We use the convention that undotted
indices are contracted up-down, while dotted indices are contracted down-up, that is,

VX =1V Xa = X Vo = XV, VY = VaX® = Xa¥® = XV, (B.22)

for anticommuting (Grassmann-odd) spinors. Due to how complex conjugation is
defined on Grassmann numbers, see appendix F, this implies that (¢x)* = ¢¥x.

The complex conjugated Pauli matrices 6%¢? are obtained from o, by complex
conjugation and raising the indices. Numerically, in our basis and with the above
index structure, they are ¢* = (—1, —¢")®. In index notation, the statement that o®
are Hermitian reads o 5= 6§a.

One can show that

Ui%&b)M = —nabﬂ, 5(«1\@602’% = —nab5g‘, (B.23)

where the latter is obtained by complex conjugation of the former. This is equivalent

to the Dirac algebra {7, 7%} = 2, with 4 from (B.17). Using (B.23), we find

ol Gbha —2n since the left-hand side is symmetric in a b due to 0® being Hermitian.

We can also derive a type of Fierz identity by writing V, 5 = v,0 Contractmg with
g% we find —20° =V, abﬁo‘ and hence

0ls0 5 = —25755 (B.24)

Now define (0%). = aﬂfﬁbﬁﬁ, Using (B.23), it is straightforward to show that
(0%, 0] = 85[[gob]d], whence —c /4 are the Lorentz generators in the left-handed
spinor representation. Due to the subtleties When raising and lowering spinor
indices, (%)%, = 5 J[“‘may 5 and (69, Geq] = 85 d] Hence, 5% /4 are the Lorentz
generators in the right-handed spinor representatlon which is consistent with table A.1
since (0%)qp and (%), are symmetric in o 3 (& 3).130 This is precisely what is
needed for v%°/4 to be the Lorentz generators in the Dirac spinor representation.

129Dotted indices are raised and lowered using the complex conjugates €8 and €44+ Which, in our

basis, coincide numerically with ¢*? and €aB-
130Note that, due to how we raise and lower indices, —(Lab)aﬁ, rather than (L‘”’)‘J“ﬁ7 are the
generators of the dual of the left-handed spinor representation.
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B. Spinors

We may define the invariant

i
75 _ 4' Eabcd,yabcd (B . 25)

with the properties (%)% = 1 and {7®,7%} = 0.13! In the Weyl basis,
B
80
(7°) " = (o _5¢) : (B.26)
F/a

Hence, ® may be used to form projection operators Py = (1 4 +°)/2 onto the two
chiralities.

A real basis

In eleven-dimensional supergravity, we will use Majorana spinors. Thus, for the
compactification to four dimensions, it is convenient with a Majorana basis, in which
the y-matrices are real. Such a basis can easily be constructed for instance by letting

W =i?® o, YV =o'®o!, V=@, V¥ =1® o3, (B.27)
where the Pauli matrices are numerically the same as in (B.18). These satisfy the
Dirac algebra since the Pauli matrices anticommute and square to 1. From (B.25),
it is clear that the chirality projectors Py = (1 ++°)/2 are not real in any basis in
which y* are real. Hence, there are no Majorana—Weyl spinors in four dimensions
with Lorentzian signature.

B.4 Spinors in eleven dimensions

A spinor in eleven dimensions has 32 components. In a basis in which the eleven-
dimensional 7,5 splits block-diagonally to a four-dimensional 7, and a seven-

dimensional d 45, we may construct eleven-dimensional ['-matrices I'4 as
M=ol - oI, (B.28)

where 7 are the four-dimensional y-matrices and I' are the seven-dimensional
D-matrices.' If we use the Majorana basis from appendix B.3 for 4* and the basis
for I'* given in appendix C.1, we get a basis for ['4 in which they are real, that is, a
Majorana basis.!33

Note that o R
fwAl..AAll — _€A1~~~All]l' <B29>

This specifies which of the two inequivalent representations of the Clifford algebra
I'4 generate.

131Tn the context of Spin(3,1), the superscript 5 is not an index.

132That +° enters in ['4 corresponds to the fact that the Clifford algebra of the eleven-dimensional
space is the Zs-graded tensor product of the four and seven-dimensional Clifford algebras [73].

133Note that v* are real while I'® and 75 are imaginary in these bases.
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B.4. Spinors in eleven dimensions

Since there is precisely one irreducible Dirac spinor representation in eleven dimen-
sions, there must be precisely one irreducible invertible tensor (up to a constant
factor) C*?, where o and $ are spinor indices, by Shur’s lemma. Suppose that
there exists Cy such that C.T4 = £(I)TC,. Since +(I')T satisfy the Clifford
algebra, C are intertwiners between different representations of the Clifford algebra.
However, with [T At-An — (DAYT - (PA)T,

PrA-An - (PAu-ANT — 4 Aiedng (B.30)

whence ['T4 generate the other, inequivalent, irreducible representation of the Clifford
algebra. Thus, C cannot exist.!3 By a similar argument, C_ must exist since
there are only two inequivalent irreducible representations of the Clifford algebra
and ['4 and —'T4 generate equivalent representations since the representations are
distinguished by the sign difference between (B.29) and (B.30). In the following, we

write C' instead of C'_ since Cy does not exist.

Since C°? is the only nonvanishing invariant with that index structure, it must be
either symmetric or antisymmetric. Also, if CT = £(C 13

(CTAANT = £(DAYT | (DA)TC = (= 1) D2 ArAn, (B.31)

Using that (Cf‘A<i))?:0, where /Al(i) — (Ay,... A)) is a multi-index, is a basis for all
linear maps from the space of spinors to itself (that is, 32 x 32 matrices once a basis
has been chosen), we find that C = —(C%* see table B.1.

Table B.1: Number of symmetric (S) and antisymmetric (A) matrices in the
[-basis, found by (B.31), depending on the sign in CT = +C'". Since there are
528 (496) (anti)symmetric 32 x 32 matrices, we conclude that CT = —C'

C"=+C CT=-C
S A S A

C 1 1
cfAn 11 11
cTe 55 55
chde 165 165
cfdw 330 330
Ot 4e) 462 462

The above algebraic properties of C' is all that we will need in calculations. However,
they only define C' up to a nonzero constant factor. In the above Majorana basis,

134 Agsuming that Cy exists, we find I'T AvAn = CJFIA“[AlC;l e C+1A“A"]C;1 = —eA-AnT which
contradicts (B.30).
135The formula analogous to (B.31) for Cy has a factor (—1)™("~1/2 instead of (—1)™(n+1)/2,

123



B. Spinors

a particular choice of C' coincides numerically with [0, This is, however, merely a
coincidence since C' and I'Y transform differently under a change of basis.

We use C*? and its inverse to raise and lower spinor indices. Indices on spinors
are raised and lowered by left-multiplication (¢* = C*?1)5). We define raising and
lowering of the left (right) spinor index on a linear map M, # by multiplication from
the left (right), that is M*® = C*'M_# and M,; = M, C,3. This ensures that
contracted indices can be raised and lowered without picking up a sign as long they
stand next to each other, for instance, M, %y = M50 and M, MP® = M\, .
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C. Octonions

Here, we introduce the octonions and, in subsequent sections, relate them to Spin(7)
and the exceptional Lie group Gs. The interested reader can find more details in
[111]. The octonions @ are a real vector space spanned by one real unit, 1, and seven
imaginary units, o,, with multiplication defined by

040 = —Oab + Ay Oc (C.1)

and 1 acting as a multiplicative identity both from the left and right. Here, the
structure constants a,,. are totally antisymmetric with independent nonzero compo-
nents!3

Qe = 1, for abe = 123,257,536, 374, 761, 642, 415, (C.2)

and the multiplication is extended to all of @ as to be distributive over addition.
Using the index split a = (%, 0,4), this may be written as

Wizh = Eijh Q55 = —€ijk; agij = —0ij- (C.3)

As presented, the construction might seem arbitrary but the octonions fit into the
sequence R, C, H, O, S, ... where H are the quaternions, S the sedenions and every
entry is obtained from the previous one through the Cayley—Dickson construction
[111]. In each step in this sequence, some structure is lost. For instance, the
complex numbers cannot be ordered in a way compatible with multiplication and
the quaternions do not commute.'®” In the step to the octonions, associativity is
lost. This means that the associator

[z,y, 2] = (zy)z — 2(y2) (C.4)

is, in general, nonzero for x,y, z € 0. However, the associator is completely antisym-
metric, whence

r(zry) = (zx)y,  (vy)y = z(yy), (C.5)

for arbitrary x,y € @. Thus, the octonions are said to be alternative. This property

is lost in the next step; the sedenions are nonalternative.'3®
Octonion conjugation is defined as
1" =1, 0; = —0g. (C.6)

136We use 6§, and its inverse to raise and lower indices.

137 Another, purely algebraic, structure that is lost is that not every complex number is real in the
sense that * = z is not generally true for z € C.

138The sedenions do, however, satisfy the weaker property of power-associativity, x(zz) = (zx)x.
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C. Octonions

This lets us define a scalar product as

(z,y) = Re(z"y), (C.7)

which coincides with the standard scalar product on R® in the basis we have taken
and induces a norm
|z||? = (z,2) = 2"z = za™, (C.8)

which is then the standard norm on R®. This norm satisfies

[yl = [l llyll; (C.9)

whence the octonions are said to be a normed division algebra [111]. This implies
that there are no zero-divisors; if x and y are nonzero, xy is also nonzero. That there
are no zero-divisors can also be seen by noting that, due to alternativity,

v (wy) = (2" @)y = ||l=[*y, (C.10)

whence multiplication by a nonzero z is inverted by multiplying by

x*

z! = (C.11)

(e

Similarly, the proof of (C.9) is

lzyll* = (zy)(y"2") = a(yy )z = [l=[*[ly]|*. (C.12)

Here, we have used (zy)* = y*z* and the fact that x, y, 2* and y* all belong to the
associative subalgebra generated by Im z and Imy [111].

An automorphism of the octonion algebra is, per definition, an R-linear invertible
map g: @ — O preserving the octonion multiplication, that is,

Vr,ye O  g(wy) = g(x)g(y). (C.13)

The automorphisms naturally form a group, AutQ, with composition as group
multiplication. This is one way to define the exceptional Lie group G,, and the
definition we choose in this thesis. It is worth pointing out that g(1) = 1 for any
g € G9, which is immediate from the definition. Also, automorphisms preserve the
scalar product, d,, and aq.. The Lie algebra go = Lie(Gs) is the derivation algebra
0er(0) of Gy = Aut(0), that is, the linear transformations D: O — O satisfying

Va,ye O D(zy) = xD(y) + D(z)y, (C.14)

and is the compact real form of the exceptional Lie algebra with the same name.
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C.1. Spin(7), octonions and G

C.1 Spin(7), octonions and G

Denote the R-linear map from O to itself defined by left-multiplication by x € O by
L,. Two such maps can be composed but since the associator is nonvanishing

LoLy(2) = La(Ly(2)) = 2(yz) # (xy)z = Lay(2), (C.15)
in general. However, due to alternativity
{Lz, Ly}z = 2(y2) + y(wz) = (2y)z — [2,y, 2] + (y2)z — [y, 2, 2] =
= (zy +yx)z = Lz 2. (C.16)
Thus, since {04,0p} = —204,
{Lows L} = —260 (€.17)

This is almost identical to the anticommutator of two gamma matrices. To fix the
sign, consider the complexified octonions C ® O and define

T, = —iL,,. (C.18)

Since these satisfy the correct anticommutation relations, C® QO can be identified with
the Dirac spinor representation of Spin(7). To derive the matrix representation of
I, consider I',04 where A = (0,a) and 0y = 1 € O. From the definition, I';1 = —io,,
whence

T)% =0, (L)%= —id, (C.19)
and I',0, = —io,0p = 104 — ia,;, 0., whence
(Fa)f)b = i(salh (Fa)cb = _iaabc' (020)

Thus, (I'y) ap is antisymmetric in its spinor indices and the independent nonvanishing

components are'??
(Fa)bf) = —i(;ab, (Fa)bc = —Haabc. (021)
Here, we have used the invariant d 45 to lower indices. Note that
0ap(Ta)Pe = —(Ta)P 4050, 645(Ta)Pc = (T0)? 1050, (C.22)

where bars denote complex conjugation, compare to (B.15). Thus, Cap = dap is
symmetric. I', and I'y, are antisymmetric while 'y is symmetric and the ones with
more indices are related to these using €7,

(C.22) also implies that O is identified with Majorana spinors. Note, however, that
if ¢ is Majorana, then I';7) is not Majorana due to the different signs in (C.22).

Since there is only one spinor representation of Spin(7) and [['y, 4., ] = 0, it follows
that 'y, 4, X €4,..a,1 due to Shur’s lemma. Using (C.2) we find

(P1..7)50 = (—1)7 Re[1(01(02(03(04(05(05 (0r1))))))] = i, (C.23)

139With T, == +iL,, one gets (I'y),5 = £idap and (T'g)pe = Fiaap. where the latter sign changes to
+ if one uses right-multiplication (', := £iR,, where R,y = yx) instead of left-multiplication.
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whence
Fa1...a7 - i€a1...a7]l' (024)

Consider now the subgroup H of Spin(7) leaving oy = 1 € O invariant. Since the
gamma matrices are invariant under Spin(7), it follows that H is a subgroup of
G5. To find the generators of the corresponding Lie algebra we want to find linear
combinations k%T;, of Ty, such that k%T',n = 0 where n = 05. Note that k%T ;1
is an arbitrary homogeneous quadratic polynomial in the imaginary units where in
no term o.04 is ¢ = d, due to the antisymmetrisation. The polynomial must vanish
using the octonion multiplication but should be nontrivial in formal variables. Using
this, it is straightforward to construct the generators by inspecting (C.3). If we start
from ogo; we can cancel the result using

2000; + ¢/* 050, = (=2 + 2)0; = 0, (C.25)

whence ‘
Ty = 2T + ¢/°T; (C.26)
are three generators.'® Starting from 0[;05] = —eijkof~C we can similarly cancel the

result using of;05, resulting in generators
Tij = Tij + Ty (C.27)

Since 0yo;, 0;0; and 0;0; are the only ways to produce o;, all vanishing linear combi-
nations of them can be expressed as linear combinations of 7y, and 7;;. Analogously,
we find
ik
T()i = 2F[}Z + Ez'] ij, (028)

which is the only way to produce cancelling o; terms. Lastly, oy may be produced
from 0,05, 0;0; and o0,0". However, the two former also produce an o, term. We can
demand that this vanishes since the only other way to cancel it is by using oy0; which
can always be substituted by o0,0; and 0;0; terms by adding an appropriate multiple
of Ty;. Cancellation of the remaining og terms determines the prefactor of oko'%. We
find A

T;; = 31; — 3Ty — 26,1, (C.29)

Toi, Tvi, T;; and Tj; clearly span Lie(H). Since Tp; and Tpy; are the only ones containing
I'y; and I'y;, respectively, these are linearly independent. 7;; is antisymmetric and
independent of the previous ones while T}; is symmetric, traceless and independent
of the other generators. In total, we get 3 +3 + 3 + 5 = 14 generators for the
subgroup H. Recalling that H is a subgroup not only of Spin(7) but also of Gs,
the corresponding Lie algebra is a subalgebra of g,. Thus, since dim g; = 14, the
Lie algebras are actually the same. This holds at the group level as well: G5 is the
subgroup of Spin(7) leaving 1 € O invariant.

140Note that i, 7, k, ... and %, 3, k, ... transform under the same SU(2) whence, for instance, 2 can
be contracted with either ¢ or 3.

128



C.2. Structure constant identities

C.2 Structure constant identities

In this section we present some useful relations for the octonion structure constants.
Recall (C.21) and (C.24), which we repeat here for convenience

(Ta)yo = —idan, (La)be = +iaape, (C.30a)
Fa1...a7 = ieal...axy]l- (C?)Ob)

Let n =05 = 1 € O be the Ga-invariant spinor. We then have

Qabe = iﬁrabcn> (031)
since
Fabcn - (_1)30a<0boc) - _idbcoa - iaabc + iabcdaadeoe (C32>

and 7 picks out the o term.

Now define the dual of the structure constants
— — l efg _ 1 efg
Cabed = (*a)abcd - €efgabedd - 6€abcdefga

3!

Clearly, cqpeq is completely antisymmetric and the independent components are

(C.33)

Cabed = 1, for abc = 4567,1274, 2354, 3164, 1265, 1375, 2376, (C.34)
or, with the index split a = (7,0, 1),
Coijk = €ijks Coijk = —€ijks cijkl = —2521. (C.35)
From (C.30b) it follows that

1
Labed = _geabcdefgrefga (036)

whence
Cabed = _ﬁrabcdn' (037)

The outer product nn can be expanded in terms of gamma matrices. Lowering
the index on 7, this product is n4ng which is symmetric in AB since we consider
commuting spinors.!*' Hence, only terms containing 1 and I'y. can enter in the
expansion. Thus we write

i) = &1+ 27T gpe. (C.38)
Contracting the spinor indices with 1 and I'y., respectively, gives
1
nn = 8z == = gﬁ?% (C.39a)
1
ey = 2% tr (D Taep) = =482 — 2" = —ql™. (C.30b)

141Tn the compactification of D = 11 supergravity, 7 is a Grassmann-even spinor on the internal
7-dimensional manifold while spinors on the 4-dimensional spacetime are Grassmann-odd.
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Using the normalisation nmn = 1 we get

1 1

— 7_7Fabc Fac 4
M= 3= s (7 apen).- (C.40)

This implies, using I';Tpedl* = —(4 — 3)Tpea,

7 1
Lol = — + —T% (7T en). C.41
nn st (7L apen)) (C.41)

Adding these yields the Fierz identity
LConnl® =1 —nn. (C.42)

Since, I', and I'y, are antisymmetric, nl',n = 0 = nlyn. Using the Fierz identity, we
find

T aveni L0 = lap(1 — ni) D0 = —2055 + 7T 4, "1. (C.43)
Thus, using (C.31) and (C.37),
Qapea = 26% + ¢ % (C.44a)
Agpea”® = 662, (C.44b)
Aapea®™C = 42, (C.44c)

where the latter two follows from contracting the former. Through analogous
calculations, we find

CabedC™T9 = agpealI — 90[ab[ef5g — 60517, (C.45a)
Cabeac™™ =885 + 2¢,, (C.45D)
Capea™® = —246°, (C.45¢)
CabeaC™? = 168, (C.45d)
and
cabcdadef = 6a ab[eéﬁl, (C.46a)
Cabed0°% = = 4a,, (C.46b)
Cabea@®® = 0. (C.46¢)
Using the above, it is easy to show that
1
50/1“2 - @aalblbza’azbgbélcblbzbgbz;‘ (C47>
Lastly, there is a useful identity
bi bob 1 [brbs b
a[a1a2[ ' a3] ’ 3] = g a1a2a3ab1b2b3 - 20[(11(12 ' 250,:;]]7 (048>

which can be proven straightforwardly by checking it for all index combinations.
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Differential forms are essentially antisymmetric tensors. Here, we give a brief
introduction to some relevant concepts, state our conventions and introduce an index-
free formalism. Consider a connected oriented pseudo-Riemannian d-dimensional
manifold M without boundary and let QP(M) denote the space of (sufficiently
smooth) p-forms on M. On a coordinate chart, we may write a € QP(M) as

1
o= —'dxml A NP, m, (T), (D.1)
p!
where @y, ..m, is completely antisymmetric.'*? Since the manifold is oriented, there
is a canonical volume form

vol = ﬂs dz™ A .. A da™, (D.2)

d' =mi..mgq
where €,,, ., is the covariant Levi-Civita symbol, the covariant tensor density of
weight +1 with €4 = +1, and ¢ is the determinant of the metric of tensor-density-
weight —2. Equivalently, this may be written as

Vgl da™ AL A da™e = gyl (D.3)

where ™1™ is the contravariant Levi-Civita symbol, that is, the contravariant
tensor density of weight —1 with &'¢ = +1. Note that, since \/@ is a pseudo-tensor
density of weight —1, the volume form is a pseudo-tensor density of weight 0. Also, we
use different symbols € and € to distinguish between the covariant and contravariant
permutation symbols since

—ni..n =
Iming - - - Gmgng€ Lot = Emi..mg = 9Emy..my- (D4)

Using the metric, we may define a pointwise inner product of p-forms o and 3 as'#?

1
(Oé, B) = Haml...mpﬁnl...npg

mini

L gm, (D.5)

The normalisation here is chosen such that, in the flat Euclidean case, ¢, = 0mn,
the pointwise norm ||a||? = (a, @) is 1 for @ = dz' A ... A dz? where p < d. To see
this, note that the tensor representation of dz!t A... A dxz? has a &1 on every position
which is a permutation of 1,...,p, whence the contraction with the metric in (D.5)
gives p! which is then cancelled by the prefactor 1/p!.

142Note that we use different conventions for superdifferential forms in superspace, see section 2.2.3.
143For this to be positive definite, we need to restrict to Euclidean signature.
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D.1 The Hodge dual

Using the volume form and the pointwise inner product, we can define the Hodge

star operator x: QP(M) — Q4P(M) by
Va, € QP(M): a A (xf) = («a, B)vol. (D.6)

Here, %3 is referred to as the Hodge dual of 5. The Hodge star operator is linear
and well defined [112]. Note that x1 = vol since, by the definition,

*1 =1A%1=(1,1)vol = vol, (D.7)

where 1 is interpreted as the constant function on M with value 1. Explicitly,

g
*(¥ = i@my..mdgmlnl .. .ngnpOénl...npdxmp+1 A ..o Ada™e. (D8)

~ pl(d—p)!
This is seen from

1
a N *ﬁ = jamy..mpdxml AL o.da™PA
p

9]
A Wgnlmndgmql g By g da AL A da" =

pl(d —

! TN ZM1.-MpNp+t1..-Nq
= g giemem " e vol =
1
- jaml"'mpﬁmlmmpVOl = (057 ﬁ)VOL (Dg)
p

where, in the second to last step, we have used
Eny.mgE IR = pl(d — p)L oyt (D.10)

e Mp

Since *« is a (d — p)-form, its components are read off as

9]

(*a)mp+1---md = 7§m1...md

Q™ (D.11)

From this, it follows that

]
2 __ mi..mq— Md—p+1 mq __
* o= Emy...my (¥CY) pdg™d-r+ A A da™ =
pl(d = p)!
= p'2(6|ig|— p)!§m1...md§n1mnpmlmmd_panl...npdxmd_p-Fl /\ “ e /\ d.iEmd =
— (_1)p(d7p) Slgng énl...npmlu.md,poénl -
.np

p‘2<d o p)lgmd,erl...mdml...md,p

~dgMd-rtL AL A da™e =

1
= (—1)P“ P signg 0y, dz™ AL A d2" = (—1)P“"Psign g o,
p!

*2 = (=1)P4 P gign g. (D.12)

Thus, the Hodge star operator gives a natural isomorphism QP(M) ~ Q4=?(M).
Note that sign g only depends on the signature of the metric and is +1 (—1) for
Euclidean (Lorentzian) signature.
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D.2 The exterior derivative and de Rham
cohomology
Differential forms can be differentiated in a coordinate-independent manner without

the use of a covariant derivative. The exterior derivative, d, is the unique linear
operator d: QP(M) — QP M) satisfying

feQU), df=da"o.f, (D.13a)
d® =0, (D.13b)
a€WPM), dlanp)=daAp+ (=1)PaAdp, (D.13c)

where U C M is any coordinate patch [112]. In local coordinates, for a p-form «,

1

da = —'Gnamlmmpdx” Adz™ AL A da™, (D.14a)
p!

(da)nml---mp = (p + 1)a[nam1...mp]- (D14b)

Note that we may replace the partial derivative, d,, by the Levi-Civita connection,
that is, the unique metric-compatible torsion-free affine connection, V,,. This follows
from the Christoffel symbols being symmetric in their lower indices.

A p-form « is said to be closed if da = 0 and exact if « = df for some (p — 1)-
form 3. Note that all exact p-forms are closed since d?> = 0. Hence, the image of
d: QP71 (M) — QP(M) is a linear subspace of the kernel of d: (M) — QP (M)
and we may define

 ker(d: Q7(M) = @7FH(M))

H (M im(d: Qr-1(M) — QP(M)) .

(D.15)

HP(M) is a (quotient) vector space known as the p’th de Rham cohomology group
of M [112]. Each element of H?(M) is an equivalence class, known as a cohomology
class, [a] = {a+dB: g € QP"1(M) } where da = 0, that is, it is a closed p-form
modulo exact p-forms. Based on intuition from R", one may think that all closed
p-forms, for p > 0, are exact, which would render H?(M) trivial. Indeed, this is
true for sufficiently nice open subsets of R (star-shaped) by Poincaré’s lemma [112].
However, it is not true in general, the most obvious counterexample being df on a
circle, where 6 is the usual angular coordinate.'4*

Due to properties of the exterior derivative and since we do not need a metric on
M to define the cohomology groups, b, = dim H?(M) are topological invariants
of the manifold [112]. For compact manifolds, b, < oo is known as the p’th Betti
number. Since there are no —1-forms and the only closed 0-forms are locally constant,
dim H°(M) is the number of connected components of M (1 for connected M).

144Note that 6 is not a global coordinate on S'. Clearly, df is exact on the coordinate chart.
However, when writing df, we refer to the unique smooth global extension of this local form.
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Another useful result, which we will use below, is the (generalised) Stokes’ theorem

A[da :8///1 «, (D.16)

where OM is the boundary of M and « is a (d — 1)-form.'*® In particular, if M has
no boundary, the integral of an exact form vanishes. This explains why df on the
circle cannot be exact.

D.3 The codifferential

Define the codifferential on p-forms by [81]
§ = (—1)Px 'd* = sign g (= 1)@V xd x, (D.17)

Note that, while d raises the form-degree by one unit, § lowers it by one unit. Clearly,
62 = 0 by the analogous property of d. Using the (indefinite) pointwise inner product
on QP(M), we may define!46

(a, B) = / vol (, B). (D.18)

The codifferential is the formal adjoint of d since, by Stokes’ theorem and the
definition of «,

0= /d(a/\*ﬂ) _ /da/\*ﬁ— (—1)p/aAd(*5) -
= (da, ) — (@, 65). (D.19)
where a is a (p — 1)-form and § a p-form. If dav = 0, v is said to be coclosed and, if

o = 0, it is said to be coexact.

To find an index-expression for da, we first define the pseudo-tensor
1
gntMd = ——_gmi-d, (D.20)
gl

It easy to see that €™!'™d is covariantly constant with respect to any metric-
compatible connection since €, """ is a constant. From (D.11) and (D.14),
we see that

Vil

(*dOé)mpH...md = m§m1...md (p+ 1)V[m1a-~mp+1] _
ST T Do)

By using this to compute xd x«, keeping track of all signs, one finds
(0 mycmp1 = =V Oy s - (D.22)

145Note that any top form «, that is, a d-form, can be written as a(z) = f(x)vol.
146When we do not write out the integration domain, it should be understood that the integral is
over all of M.
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D.4 The Hodge—-de Rham operator and harmonic
forms

Here, we restrict to the case of compact manifolds with Euclidean signature, so that
(D.18) is the positive definite inner product of the Hilbert space of L?-integrable
p-forms [81]. Using the differential, d, and the codifferential, d, we can define the
Hodge—de Rham operator, or Hodge Laplacian,

A, = 6d + dd, (D.23)

which is a second-order differential operator from QP(M) to itself. Note that
A, is self-adjoint. Also, A, is nonnegative in the sense that (o, Aya) > 0 since
(a, 0day = (der, dar) > 0 and, similarly, (o, dda) = (da, da) > 0.

If a p-form « satisfies A,a = 0, we say that it is harmonic.'*” Clearly, a closed,
coclosed p-form « is harmonic. The converse is also true since, if A,a =0,

0= (a,Apa) = (a,0da) + (o, dda) = (da, da) + (dev, 0x), (D.24)
which implies da = 0 = da, since the L? inner product is positive definite [81].

There is an orthogonal decomposition (2’(M) = ker d, ®im d,41, where the subscripts
denote the form-degrees of the differential forms d and 9 are acting on. This is seen
by noting that o € kerd, that is, d,a = 0, is equivalent to 0 = (3, d,a) = (6,413, @)
for all 3, which per definition means that a € (imd,41)*. Hence, kerd, = (imd,41)",
the orthogonal complement of im d,4;. By a completely analogous argument, ker ¢, =
(imd,_1)*. Since all exact forms are closed, imd,_; is a linear subspace of ker d,,.
Thus, we can make the decomposition kerd, = imd,_; & HP, where H? is the
orthogonal complement of imd, ; in kerd,, that is, H? = kerd, N (imd,_;)*.14*
Putting this together, we have found the orthogonal decomposition

QP(M) =HP @imd,_; ®imdy1, HP = kerd, Nkerd,, (D.25)

known as the Hodge decomposition [81]. Since H? contains all closed, coclosed
p-forms, it is the space of harmonic p-forms. Also, kerd, = imd,_; & H? implies
that every cohomology class [«] contains precisely one harmonic form and

kerd,
im dp_ 1

HP (M) = ~ P (D.26)

Hence, the Betti number b, is the dimension of the space of harmonic forms or,
equivalently, the dimension of the 0-eigenspace of A,. Since connected manifolds
have by = 1, the only harmonic functions on M are constants. This depends crucially
on M being compact so that the integrals converge; the space of harmonic functions
on R" is infinite-dimensional.

147This should not be confused with the harmonics of section 4.2.
148Gimilarly, ker 6, = im 6,11 & HP.
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E. Bundles, gauge theory and
gravity

In this appendix, we give a brief introduction to the concept of bundles and Einstein—
Cartan gravity, also known as Cartan’s formulation of general relativity. To set the
stage for Einstein—Cartan gravity, we present a brief review of some aspects of gauge
theory after the introduction to fibre bundles. Although we give some mathematical
details, we do not attempt at a complete or mathematically rigorous presentation
but rather to give some intuition for the concepts.

E.1 Fibre bundles

A fibre bundle over a manifold is a space that locally looks like the product of
the manifold and a fibre but may have a different structure globally. Formally, it
consists of a total space E, a base space M, a typical fibre F' and a projection
map 7: F — M such that for each x € M there is an open neighbourhood U,
of z and a diffeomorphism!®® ¢: 771(U,) — U, x F satisfying m o ¢ = m, where
m: Uy X F'— U,, is the natural projection onto the first factor, (y, f) — vy, [101],
[112]. This means that U, x F and the preimage 7—!(U,), that is, the subset of
E that maps onto U, under the projection, are indistinguishable spaces. Such a
diffeomorphism 1 is called a local trivialisation and is the bundle analogue of a
coordinate chart of a manifold. We think of the total space E as glued-together
fibres with one fibre F, ~ F for each x € M.

A simple example of a fibre bundle is a cylinder, S* x [0,1]. Here, the (typical) fibre
is [0, 1] and the base space S!. Since this bundle is globally, and not only locally, a
product, it is said to be a trivial bundle. An example of a nontrivial bundle with the
same base space, S!, and the same fibre, [0,1], is provided by the Mébius loop. This
only looks like a product S x [0,1] locally.

There are two types of bundles we are especially interested in, namely, vector bundles
and principal bundles. A vector bundle F is a fibre bundle whose fibres, V, = 771(z),
and typical fibre, V = F'| are vector spaces. Further, it is required that there is
a trivialising cover, that is, an open cover of M consisting of local trivialisations,
such that the maps v — ¢ !(z,v) are linear maps between the vector spaces V and
n~1(x) [112]. An example of a vector bundle is the tangent bundle T'M, consisting of
all tangent spaces of the manifold. Given two local trivialisations ; ; on a pair Uj ;
of intersecting open sets in M, we may consider ¢;; = ¢; o <pj’1 which is a map from

14911 the setting of topological spaces this is instead a homeomorphism.
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U x F to U x F. By the properties of ¢, we see that ¢;;(z,v) = (z,t;;(z)v). Here,
t;; is known as a transition function [101]. For the tangent bundle, the transition
functions are GL(d, R)-valued, where d = dim M, and correspond to local changes
of bases on the tangent spaces.

A vector field is a special case of what is known as a section of a bundle. Technically,
it is a map X: M — T'M such that m o X = idn;. Whereas an arbitrary function
from M to T'M can assign a tangent vector in 7, M to a point z € M, the last
requirement ensures that X assigns a tangent vector in T, M to z. Differential forms
are sections of exterior powers of the cotangent bundle.

The other type of bundles we are interested in is principal bundles. For these, the fibre
is a Lie group F' = G, known as the structure group, which acts transitively, freely
and smoothly from the right on the total space P [101]. The group action is required
to be compatible with the bundle structure in the sense that the fibres are preserved,
that is, m(p-g) = 7(p), and that, for the local trivialisations ;: 7=1(U;) — U; x G, if
i(p) = (z,g1) then v;(p-g2) = (2, g1g2) or, equivalently, ;' (z, g1g2) = @; (x, 91)- go-
This means that the fibres G, = 7~ !(z) are G-torsors, that is, they are diffeomorphic
to G but lack a preferred choice of identity element. The transition functions of a
principal G-bundle are G-valued.

A local trivialisation of a principal bundle p: P — U x G determines an embedding ¢
of U in P by ¢(z) = ¢~ !(z,e), where e is the identity element of G.'*° This goes the
other way too, given an embedding ¢: U — P there is a (unique) local trivialisation
¢ defined by p~!(z,g) = ¢(x) - g. Hence, a principal bundle is trivial if, and only if,
it admits a global smooth section.

An example of a principal GL(d, R)-bundle is the frame bundle, consisting of all
bases of all tangent spaces of M [81]. If we have a metric g on M, we may consider
the bundle of orthonormal frames. The transition functions are then restricted to
O(d,R). The orthonormal frame bundle is a subbundle of the frame bundle and
we say that we have a reduction of the structure group from GL(d,R) to O(d,R).
Such a reduction is always possible since all manifolds admit a Riemannian metric.
In general, there may, however, be obstructions to structure group reductions. For
instance, consider the further reduction from O(d,R) to SO(d,R) of the structure
group of TM. This is only possible if there is a bundle of frames such that for every
x € M, all frames in the fibre over x have the same orientation, which is equivalent
to the manifold being orientable. The Mo6bius loop, now considered as the base
manifold, is not orientable. Another example is provided by considering a reduction
of the tangent group to { e }, the trivial group. If such a reduction exists, the tangent
bundle is trivial and we say that the manifold is parallelisable.

Similar to the above, one can construct a frame bundle associated with any vector

150This is true for any fibre bundle and one may choose any element of the fibre. For principal
bundles, there is a canonical choice provided by e. What follows does, however, not hold for
arbitrary fibre bundles.
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bundle, not only the tangent bundle. It is also possible to go in the opposite
direction and construct an associated vector bundle from a principal bundle. To this
end, suppose that we have a principal G-bundle with total space P. To construct
the associated vector bundle, we additionally need a vector space V and a left-
representation p: G — GL(V). Define the right-action (p,v)-g = (p-g, p(¢g~')v) of G
on P x V. This gives an equivalence relation (p,v) ~ (p,v) - g and we denote the set
of equivalence classes [p,v] by E = P x, V. E can be given a differentiable structure
[101] and is a vector bundle over M with fibre V' [81]. The projection 7g: F — M is
given by mg([p,v]) = 7(p). This is well-defined since, choosing another representative,
me([p-g,p(g " )v]) = 7(p- g) = n(p). To give a vector space structure to the fibres
of E, note that any two points in the fibre over x can uniquely be written as [p, v]
and [p, vo], for any p € 7~ (x). This follows immediately from the requirements on
the group action of G on P. Now define [p,v1] + ¢[p, v2] = [p, v1 + cvg]. That this
addition and scalar multiplication are well-defined is easily seen by taking other
representatives of [p, vy 5] and using that p is a linear representation.

A local trivialisation ¢: 77 1(U) — U x G of P induces a local trivialisation of F,
pp: 7 (U) = U x V, by

er(p,v]) = (m o @p), plrzoe(p)v), (E.1)

where 7 5 are the natural projections onto the first and second factors of U x G,
respectively. By the properties of ¢ and p, this is well-defined. Also, by restricting
to a single fibre, which amounts to fixing p € 7~!(z) by the above remark, we get a
linear map 7 0 p: 75 (r) — V (the inverse is v — ¢5'(7,v)), which shows that
the fibres are isomorphic to V. Lastly, the transition functions of £ are p(t;;), where
t;; are the transition functions of P, and take values in p(G) C GL(V).

Sections of an associated bundle /' = P x,V are in one-to-one correspondence with
G-equivariant functions P — V. A function f: P — V is said to be G-equivariant
if f(p-g) = p(g~")f(p). To see the correspondence, suppose that we have such a
function f. To construct a section of E, simply let = +— [p, f(p)] for any p € P,.
This is well-defined since any other point in the same fibre P, is of the form p - g
and [p- g, f(p-9)] = [p.p(9)f(p-9)] = [p, f(p)] by the equivariance of f. Since
me([p, f(p)]) = m(p) = x, this is indeed a section. To go in the other direction,
suppose that we have a section s of E. Note that s o m(p), which is an element of
Er(p, has a unique representative of the form (p,v) for some v € V. Thus, we can
define f(p) =v. Now, [p,v] = [p- g, p(¢g~")v] whence f(p-g) = p(g~')v, that is, f is
equivariant. These two constructions are clearly inverse.

As explained above, a local trivialisation ¢: 771(U) — U x G of P induces a local
trivialisation g : 75" (U) — U x V. For # € U we then have ¢ o s(v) = (z,v(x)),
whence we may, locally, think of the section s of E as a V-valued function v(x) on U.
Using that s(z) = [p, f(p)] for any p € P, and (E.1), we find v(x) = p(m2 0 ©(p))f(p).
By choosing p = ¢~ !(z,e) = ¢(z), where ¢ is the canonical embedding of U in P as
above, we get

v(z) = f(¢(x)). (E.2)
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E.2 Gauge theory

In a gauge theory with structure group G, the fundamental geometrical object is
a principal G-bundle over M. Fields that are charged under the gauge group
correspond to sections of associated vector bundles. Thus, to be able to, for instance,
write down a kinetic Lagrangian, we need a way of differentiating such sections.

The tangent space T, P of the principal bundle P at a point p contains a subspace
that is tangent to the fibre of P through p, called the vertical subspace and denoted
Vp. A principal connection on P is defined by assigning horizontal subspaces H,, to
each p such that V, ® H, =T, P, H, depends smoothly on p and is equivariant in
the sense that H,., agrees with the pushforward of H,, along p — p- g [101]. There is
a natural way of identifying V,, with g = Lie(G) and one can, by using this, define a
g-valued 1-form on P as the projection onto V), in the decomposition T,P =V, ® H,
[101]. Given a local trivialisation over U C M, this 1-form can be pulled back to a
local g-valued 1-form A on U. In what follows, we use this local description since it
is more well-suited for the calculations we are concerned with in the main text, even
though this somewhat obscures the geometrical nature of the subject.

Using the local connection form A, we define a covariant exterior differential,
D=d+ A, (E.3)

acting on the tensor product of the bundle of differential p-forms and a bundle
associated with the principal bundle. Locally, a section of such a bundle can
be written as V' = da™ A ... A da™V,,, m,"/p!, where ¢ is an index of some
representation of G.1%2 The covariant exterior differential acting on V* reads

DV =dV'4+ A, AV, (E.4)

Note that the special case of a 0-form is a section of an associated bundle. A change
of local trivialisation of the principal bundle induces a change of trivialisation of
the associated vector bundles corresponding to V' — V" = ¢";V7, where g € G
depends on the spacetime point.!>® Demanding that the covariant exterior derivative
is covariant, that is, DV +— D'V’ = gDV, we get, dropping indices,

DV =d(gV)+ A ANgV =gdV +dgAV + A ANgV =g(dV+AAV) (E.5)
whence
A= gAg~! +gdg, (E-6)

where we have used that 0 = d(gg~!) = (dg)g~' + gdg~'. This transformation law
can also be derived from the properties of the global connection form on the principal
bundle [101].

151n physics, G is often referred to as the gauge group (for instance the U(1) x SU(2) x SU(3) of
the Standard Model). We reserve the term gauge group for the gauged structure group, that is,
the group of gauge transformations.

152WWe always put the form-indices closest to the symbol on components of p-forms with additional
indices.

153 A change of local trivialisation is a passive gauge transformation.
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E.3. Einstein—Cartan gravity

Given a principal connection, we define its field strength, or curvature 2-form, as
F=dA+ANA. (E.7)
Define the operator F by FV = F'AV. Then,
DV =DV +AAV) = (dAAV —AANAV) +(AANAV +ANAANV) = FAV, (E.8)

that is, D? = F, which is known as the Bianchi identity of the first type. Since D
D' = gDg~!, this implies that F' +— F’ = gF ¢! under a change of local trivialisation.
Thus, F' is a tensorial 2-form transforming under the adjoint representation. This
can also be seen by a straightforward calculation,

F'=d(gAg" 4+ gdg™") + (gAg "+ gdg ") A (9Ag " + gdg™") =gFg~". (E.9)

Clearly, [D, F] = 0, which for the 2-form F' is equivalent to DF = 0. This is the
Bianchi identity of the second type and can also be shown as

DF =DdA+ANA)=(dANA—-—ANdA)+[ANF] =0, (E.10)

where [AANF] = AANF — F N\ A appears since F' transforms under the adjoint
representation.

E.3 Einstein—Cartan gravity

In Cartan’s formulation of general relativity, one uses the language of principal
bundles and gauge theory to formulate Einstein’s theory of gravity. On a spacetime
of dimension d, the structure group is Spin(d — 1,1). The principal connection is
referred to as the spin connection and is denoted by w. The curvature 2-form is
denoted by R. Given a metric of signature (d — 1,1), the structure group GL(d) of
T M may always be reduced to SO(d — 1, 1), provided M is orientable. Essentially,
this amounts to restricting the frame bundle to the subbundle of positively oriented
orthonormal frames. Spinor fields are, however, sections of a vector bundle associated
not to SO(d — 1, 1) but Spin(d — 1,1). Thus, we need a lift of the structure group
SO(d — 1,1) to the double cover Spin(d — 1,1), that is, a spin structure, to be able
to define spinors. Apart from the obstructions to orientability [73], [80] and the
existence of a Lorentzian metric [80], there can be further obstructions to such
a lift. Specifically, there is such a lift to Spin(d — 1,1) if and only if the second
Stiefel-Whitney class of M vanishes [73].

Assuming that we have a spin structure, there is a bundle of spin frames and we
can take a local section e, = €,™0,,. There is a dual frame of the cotangent bundle
e® = da™e,,* such that e,"e,,’ = (53 and e,;,%e,” = 0" . These are known as vielbeins
or, in the case d = 4, vierbeins.'® The Lorentz indices a, b, c, . . . are referred to as
flat and coordinate indices m,n, p, ... as curved. The vielbeins are used to convert
between the two types of indices. However, the Lorentz covariant derivate D acts

1544Vijel” is German for many while “vier” means four.
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E. Bundles, gauge theory and gravity

only on flat indices. This means that we distinguish between, for instance, T'M and
the associated vector bundle of Spin(d — 1, 1) carrying the vector representation and
view e, as an isomorphism between them. In Einstein—Cartan gravity, we therefore
only use curved indices as form-indices.

Since we have reduced GL(d) to SO(d — 1,1) by restricting to orthonormal frames,
the vielbeins are orthonormal and

G = €,,%€, "ap. (E.11)

The word orthonormal is perhaps only appropriate for 7y, = diag(—1,+1,...,+1).

However, any metric tensor with flat indices and the correct signature can be used.
The torsion 2-form of the spin connection is defined by

Ta = Dea, — Tmna = Za[men}a + 2w[m|abe|n}b’ (E12)

which implies that Ty = 2€,"0g)€ne — 2wWiap)e- Since the spin connection is antisym-
metric in its last two indices, which follows from it being a principal so(d — 1,1)
connection, we get

o n n n
Wabe = €p 8a] €nc — €[c 8a] €nb — €[c ab} €na,

_; (Tabc - Tacb - Tbca)7

Wabe = (jjabc + Kabe, (E13)

Rabe =

where & is the unique torsion-free spin connection and kg, is referred to as the
contorsion tensor. Note that Top. = —2k(4p).. As we will see, this formalism reduces
to the ordinary formalism of general relativity if the torsion is constrained to 0 so
that w = w.

Next, we define the affine connection!® V by
V. V" = e "D, V. (E.14)
We can express V,, V" as
ViV =€, (0nV" +w, V) = €, 0n(VPe,") + e, w,,"e," VP =

=0, V" + (ea"wm“bepb +e," mep“)Vp =

— 0, V" T, V", (E.15)
where I is the gl(d)-valued connection form of the affine connection.'®® Thus, the
Christoffel symbols of the affine connection, that is, components of the connection

form, are!®”
n n a b n a
L7 =e'w, e, + e, Ome,". (E.16)

155WWe refer to a linear connection on the tangent bundle as an affine connection. The term affine
connection could perhaps more appropriately be used for what [101] refers to as a generalised affine
connection, namely a principal connection on the bundle of affine frames with an aff(d)-valued
connection form.

156We use I' rather than T to distinguish the Christoffel symbols from I'-matrices with three indices.

157The placement of indices on I' is not conventional. We follow the previously stated convention
that form-indices are placed first.
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E.3. Einstein—Cartan gravity

We write V also for the total covariant derivative, V,,, = 0,, + I}, + wy,, acting on
both flat and curved indices. Since the covariant derivate obeys Leibniz’s rule and
the definition of the affine connection reads, in terms of the total covariant derivative,
VoV =e,"V,,V this definition implies that

Ve, =0, Vme," = 0. (E.17)

This is sometimes referred to as the vielbein postulate. Since gmn = Napemen’,
it immediately follows that V,,g,, = 0, that is, the affine connection is metric
compatible. Note that the Lorentz covariant derivate D can always be replaced by
the total covariant derivate V but the opposite direction is only possible if all indices
that V acts on are Spin(d — 1, 1)-indices, that is, flat. In particular, 7% = Ve® and,
by the vielbein postulate,

T =¢,"T* =Vda™ =I" Adz". (E.18)

Hence, the torsion vanishes precisely when I},,”,,) = 0. This is just the statement that
the unique metric-compatible torsion-free affine connection, that is, the Levi-Civita
connection, is symmetric in its lower indices.

The curvature 2-form R,’ = dw,? + w,® A w.’ has components given by

R b+ 2w (E.19)

b c b
na 2a[mw mla w|n]c :

m nla

This expression is structurally identical to the expression for the Riemann tensor in
terms of the Christoffel symbols of the Levi-Civita connection. As remarked in [113],
the relation (E.16) between the affine connection and the spin connection has the
structure of the gauge transformation in (E.6). The calculation that the curvature
2-form transforms tensorially goes through even though e, is not a local Lorentz
transformation. Thus, the Riemann tensor is obtained by converting the flat indices
on the curvature 2-form of the torsion-free spin connection to curved ones using the
vielbeins, as expected. Hence, the framework of general relativity is obtained by
demanding that the torsion vanishes.

Lastly, consider the action
1
S = o /dDIL’ eR, (E.20)

where e is the determinant of e,,%, e = \/m cand R = R,* = Ry is the curvature
scalar. This is known as the Palatini action. Clearly, it reduces to the Einstein—
Hilbert action under the constraint of vanishing torsion since, then, all quantities
can be expressed in terms of the metric. However, we may view the vielbein and
spin connection as a priori independent, thereby obtaining a first-order formulation
of gravity. To see that this is classically equivalent to the Einstein—Hilbert action,
we need to show that the equation of motion for the spin connection forces it to
be torsion-free. To this end, let w be the torsion-free spin connection and write
w = W + Kk, where k is the contorsion. We can make a change of variables and view
the contorsion and the vielbein as the fundamental quantities. Thus, we wish to
show that x = 0 on-shell. By the definition of the curvature,

R=d(@+k)+@+r)A(@+k)=R+Di+kAk=R+Drk—rAr, (E21)
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E. Bundles, gauge theory and gravity

where R is the curvature 2-form of .8 Thus, the action can be written as
1 m_n(p a 2 a ac
S = %/dD:c €€, €y (Rmn by 2Dk b 2K, "fn]cb) (E.22)

Since the contorsion is antisymmetric in its last two indices, the middle term can be
written as 2@ml-€nm”, which is a total derivative not contributing to the equation of
motion. Thus, the equation of motion for « is given by the variation of the third
term in (E.22). A straightforward calculation shows that k,q, = 0 on-shell.

When matter is added to the Palatini action, there can be extra terms in the equation
of motion for the contorsion. As long as there are no new terms containing derivatives
of k, we can still solve for the contorsion in terms of the other fields through its
equation of motion. This means that there are no independent propagating degrees of
freedom in the contorsion and that we can eliminate it from the theory by substitution
in the Lagrangian. The interaction terms arising in this way would not be present
if we instead constrain the torsion to 0. However, keeping x dynamical, we could
just add the negative of these terms to the original Lagrangian to eliminate these
interactions ad hoc. This is essentially the method of Lagrange multipliers.

158Gince k is a 1-form in the adjoint representation, Dk = dk + w Apg k = dk + W A K + Kk A w.
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F. Grassmann numbers

Grassmann numbers are graded-commutative objects crucial to, for instance, the
path integral formulation of theories with fermions and superspace formulations of
supersymmetric theories and supergravity. The Grassmann numbers form a graded
algebra over the real or complex numbers. Here, we introduce some conventions re-
lated to Grassmann numbers, in particular concerning differentiation and integration
with respect to Grassmann variables.

Let %, a =1,...,n, be Grassmann variables with a multiplication satisfying
0°0° = —0°9, (F.1)

generating the Grassmann algebra. The grading of the algebra simply counts
the numbers of Grassmann variables appearing multiplicatively in an expression.
Elements that are even in the grading, for instance 1 and %67, are called Grassmann-
even while elements that are odd in the grading, for instance % and §%0°67, are
Grassmann-odd. For instance in D = 11 supergravity, we use real Grassmann
variables but here we focus on the complex case since the real case is easily inferred.
We define complex conjugation such that

(60°6%)* = 6°¢°. (F.2)

We define differentiation with respect to 8% and 8% by

0 0 0
= — 0 =P — 9% =

Oa 06>’ 00 o 00 0

- A 0 (F.3)
0y = —, — % =47, — 67 =0,

004 004 004
linearity and the graded Leibniz rule. Thus,

Da (07 ... 0%) = aia(eﬁl 0Py = noPreBe gl (F.4)

If we insist on (F.2) being valid for Grassmann operators and functions as well, this
is consistent with

(0a)" = —0s (F.5)
since then
(Ga(0...0%)" = (o0 .. 0%])" = nd1go . g%l
(1) (0P . 0P = (—1) gl ghar P (F.6)
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and an n-cycle has parity (—1)""!.

In d = 4, we can raise and lower the indices using the antisymmetric €,5. Contrary
to how we raise and lower indices on other quantities, the indices on 0, and 0, are
raised and lowered from the right. This ensures that

905 = 65 00, = 5. (F.7)

We also want to be able to integrate over Grassmann variables. For this, we use the
Berezin integral

/ 6, 0° = 67, / 4, 6° = §°. (F.8)

Note that df, should be interpreted as the integration measure for 8%, even though
the index position is different. Also, the dimension of the measure is opposite to
that of the Grassmann variable to make the integral dimensionless. The integration
measure df, should not be confused with the superdifferential form d#*; it should
always be clear from the context which of the two is being referred to. If we make
a change of variables 6 +— Saﬁﬁﬁ we see that the measure has to transform like

b, — df3S™" . This also motivates
do™ = dfsze’, (F.9)
similar to how the index on d, was raised.
By requiring graded linearity we get
/ 40, 0% ... 6% = nalhgle oo (F.10)

Note that this means that the integration operator and differential operator can be
identified
/d&a = 9. (F.11)

These considerations go through completely analogously for dotted indices. In
particular, this means that

(/ d0,)" = —/déd. (F.12)

In d = 4 dimensions we also define
/d20 6% = 1, /d2§§2 = 1. (F.13)

This is consistent with 1
/ @20 = e / a6, / d6; (F.14)

since

e / do, / d0se.,5070° = 2¢Pe 5 / d6,, 650 = 2¢%¢ 5677, = 4. (F.15)
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From the above, it is also clear that

</ d20)*: /d2é. (F.16)

Hence, we can identify

/ 420 = iaaaa - ia?, / 424 = iéaéd — iéz. (F.17)
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G. Solving the supergravity
Bianchi identities

In this appendix, we solve the Bianchi identities

DaTpey” + Tap " Tipiey” = Bupey”s  Pulpeos) + 204" Hiricps) = 0,
(G.1)
see (2.88), of eleven-dimensional supergravity subject to the constraints that the
only nonzero components of Hpcp and Ty BC are

Habcda Hab’y5 = Qi(rab)yéa (GQ&)
Tab’ya T ,BC — Qi(rc)aﬁa T B’y _ Hbcde (kldgb(FCdE])ﬁ’y + k2(rabcde)5’7)’ (G.Qb)

« a,

as in (2.85) and (2.86). We begin by writing the Bianchi identities for all combinations
of bosonic and fermionic indices. Using the constraints, these read

(ABC, D): D[ATBC)D + T[ABET|E|C)D = R[ABC)D=
(afpy,d): 0 + 0 = 0, (G.3a)
(B, 0): 0 + 2i%,4T.,° = Rugy  (G.3b)
(aBv,d) 0 + AT, 5TL, = Rz’ (G.3¢c)
(aB7,6): 2D T,,° + 2%.T,° = 2R, (G.3d)
(aby, d) 0 + 2T, TZ = 2R " (G.3e)
(aby,d): 2DuTy,° + DT, + 2T.,T.’ = Ry (G.3f)
(abe, d): 0 + 0 = R[abc]d, (G.3g)
(abe, 6): D[aTbc]5 + T[abgT|E|c](S = 0, (G.3h)
and

(ABCDE): DiaHpepr + 2T[ABFH|F|CDE] = 0,
(afpryde): 0 + 0 = 0, (G.a)
(afyde): 0 — 815 T papse) = 0, (G.4b)
(abyde): 0 + 0 = 0, (G.4c)
(abcde): 0 + AT Hpae — 6T, Toagerc) = 0, (G.4d)
(abede) : D Hapea + 1217}, Tege = 0, (G.e)
(abcde) Do Hpede) + 0 = 0, (G.4f)

where we have dropped the parentheses around I' to save space. The result of the
following analysis is presented in appendix G.1.
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G. Solving the supergravity Bianchi identities

(G.4b)

We start with (G.4b), which does not even contain any dynamical field. Contracting
with all symmetric matrices 7%, where c; is a multi-index,

1 1 1
PCI’Y(SF?,ByFwaME) _ EF%WFCI’Y5Fba68 + 6F%5P0167Fbm€ + EFbSFCIv(SFba(SW
1 1 1
+ LT Toasg + GTLT Ty + S0 5T Ty =

1
== 4T Tha ) ge) + tr (D Toa) T + tr (T'T) Dy |, (G.5)

and computing the terms

tr ( Fcl)Fbaﬁa = 32]_—‘61@56, (G6a

tr (T°T1°2) Ty 5. = 0, (G.6b

tr (F Fcl“'c5)Fba5€ = O, <G6C

tr (D1 D) T = 0, (G.6d
ci1c2 b c1 CQ]

tr (T2, )1, = 64617157,

(
tr (DT, )T, = 0, (G.6f
(T Tha) (g2) = —8T 4 e
(PP T 2Ty, ) 5oy = — 1601175,
(LT The) (ge) = — (5 — BT 5. =0, (G.6i

£

we see that (G.4b) is indeed an identity.

(G.4d)

Next, we use (G.4d) to solve for k; and ks in (G.2b). Expanding 7,
and contracting with all symmetric ['%=°

using (G.2b),

aa’

0 = TUTE Hopypops + 6Hc1,..C4Fd165(/f15[cbll|r"'c45< + kQF[bl|CIWC45C>F|b2b3]C6 = (G.7)
=tr (PdIFG)Hab1b2b3 + 6Hc1...C4 (]Cl(;{gll tr (I‘|dl‘FCQC3c4}I’b2b3]) + ko tr (I‘dll“[blcl...cz;FbeS]))‘

Calculating the terms

tr (DNT) Hap, by = 32H®, 40 (G.8a)
tr (FdldQFa)Hablebs = Oa (G8b)
tr (Fdlmdsra)Hablbzbg = 07 (G8C)
Ot tr (Tl eeseslry 1) = =32 60yl hle2gyyal = 192phler gzyapal, (G.8d)
5[[12 tr (F|d1d2|F620364]Fb2b3]) =0, (G8e)
Mo [[er T (F|d1md5|F026304]|Pb2b3]) = —32- 5!77[171\[015?21533251&2%?} (G-8f)
tr (l—\d11—‘[blcl...c4rb2b3]) — 07 (G8g)
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tr (l—xd1dzr[blc1...c4rb2b3]) — 07 (G8h)
tr (FdlmdsF[bl|Cl...C4‘Fb2b3]) = _877[131‘[01 tr (FdlmdsFCQCng‘bgbg]) —
=32-5!- 87)[1)1\[015?2153,233%2%2}' (G'Si)
Thus, (G.7) becomes
1
0=32H", , , (1+36k) T (G.9a)
0=0, (G.9b)
_ [d1d ..ds) k1
0=—192-5l6y !, Hy, " (k1 — 8ks) = k= 3 = 88 (G.9c)
This solves (G.4d) completely.
(G.4e)
From (G.4e), we immediately find
D Hapea = —12iT},, Teqice- (G.10)

Here, one could act with another covariant derivative and use the Bianchi identity
of the first type. However, DH = 0 implies D?H = 0 whence no information not
already contained in (G.3) and (G.4) can be extracted in this way. Similar remarks
apply to (G.4f) whence we now turn to (G.3).

(G.3c)
This equation gives Rﬁwd in terms of Hgpq as

i babsb. b1...b
Rﬁvad — _iHbl...b4(8521F 2b3 4(ﬁ|€ + Fa 1 4(B|E)Fd6|7) _
1

72

Note that the right-hand side is antisymmetric in a d, which means that (G.3c) puts
no constraint on H and that we have solved it completely. Had we not put in H in

the theory by hand, (G.3c) would have constrained some irreducible components of
T.".

Hip (AT 4T, 0, @)

(G.3b)

Since R is Lie algebra-valued in its two last indices, Rﬁ,yaé = iRﬁmdF“dof . Hence,
using (G.11), (G.3b) becomes

b ai...aqs O ai...as O\ __
2Hay..aa T R0y T )" 4 Ty %) =

= Hal...a4(3k15§§a2ra3a4(a5| + kzrbcal"m(am)Fbcw)é- (G.12)

Contracting with all symmetric %7 using (G.9c) and
1
P res 0 = g(2rb‘frdfr“f< + tr (TP T9r)rer) 9, (G.13)
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we get
0 = Ha1...a4< 32Pa1FdIF...a4 + 16 tr (Falrdl)r...a4+

+ AT, T, % 24 (TPTg, )T, %+
— 48112, 19894 — 24 tr (D% Dg, )T 4

— 20, Ty, T — tr (I, 4Ty, )T™)). (G.14)
There are eight terms to compute for each number of d-indices. The first one is
plaip, peail — R 5([;1111‘..114} _ 35([jtzllr...a4] _
= T, @ — gglpeail, (G.15a)
Tl g g, T4 = Ty ™ 4 2657, ) 4 665172, =+
b algrel ol =
=T g," " — 46,57, (G.15b)
plap, Tl = o 55[[§11F“.d5]...a4] B 155511Pa2md5]...a4]+
0T 05T
— 180031524 o ™+ 6003192527 |+ 1200920 Ty ) =
T =100 — 120ser ey

+ 1205&1‘222‘2‘3‘: Ly

(G.15c¢)
The second one is
tr (DT, )T = 3201 7a1], (G.16a)
tr (DD, g, )T = 0, (G.16b)
tr (DD, g )Tl = 0. (G.16¢)

The third one is
Fdelrba1...a4 - _(6 _ 1)Fd1a1...a4 _4. 75([£1r...a4] _
= _5Fd1a1...a4 _ 285C[ZIF'"G4], (G17a)
Fbrd1d2[‘ba1,..a4 = (5 — 2)Fdld2a1...a4 — 8(6 — 1)5{;111‘\@]...(14} —12. 75([;11;:2P...a4] _

= 3Fd1d2a1"'a4 —_ 405[[311Fd2]--‘a4] _ 8455?161112,21—\”@4]7 ( )
G.17b

['Ta,..a, 1" = —(2 - 504 4" ™ —20(3 — 4)5{Z:F...d5}ma41+
12000 BT, 4 20005 - DEEET
—120(6 — 1)5[631%!22?13;2Fd5] =
= 3Fd1md5a1...a4 + 205[[;111Fmd5]...a4} + 1205[[311322F...d5}ma4]+
+ 72080502 T g™ — G003 D
(G.17¢)
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The fourth one is

tr (DT, )T, "% = 32T, “ ™, (G.18a)
tr (DT g, g, )T, = 0, (G.18b)
tr ([T, )T, = 0. (G.18c)

The fifth term is
P[a1a21ﬂd11ﬂa3a4} _ Fdlal...a4 . 256[;11F...a4] + 266[21111...(14] _
o, (G.19a)

rlae, g rool =,  or-os _gglapes ol gglapeees oy
— 20Tl — gl 4 oo =
= Ty, 0% + 40f e (G.19b)
F[a1a2fd1...dsra3a41 =Ty 0" = 56[[31111@.”(15]..@4} + 55[[;11Pa2a3...d5]a4}+
—200fT ol ) sosre
— 120830200 g™ 12087000 ) 12060550 T =
=Ty 4"+ 405[[3115511'“(15]...@4] + 120073 Godnds L ds)

(G.19¢)
The sixth one is
tr (T2, YT = 0, (G.20a)
o (D192, 4, ) T = — 6485214, (G.20b)
tr (Tlaazp, g resl =0, (G.20c)

The seventh term is
Dy 4T, T = —(6-5 — 2 6)T™ %, 4 4(7 - 6)35 4] =
= — 18T, ™" + 1680, T, (G.21a)
Dy g, T = (54 — 4+ 5+ 20", +8(6-5 —2-6)aj5 T, +
+12(7 - 6)o 2l =

= —2Fd1d2a1...a4 . 1445[[211Fd2]..,a4] + 5045511;;2F...a4]’
(G.21D)

[, g T = —(2-1=10-2+5-5), %+
+20(3-2—8-3+4-3)85' T+
+120(4-3—6-4+3-2)552 T+
—240(5-4—4-5+2- 1)ageere |+
—120(6 -5 — 26+ 1-0)31 %% Ty, =

=20, 4" — 1205[[311F...d5]ma4} - 7205[[311;22F...d5]ma4}+
- 4805[[311;;;;F___ ds]“‘*] — 2160873495 T .
(G.21c)
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Finally, the eighth term is

tr (I, Ty, )T = 0, (G.22a)
tr (1), T g,0,) T = 0, (G.22b)
tr (D™ Ty gy )T = _32€bca1ma4d1...d5rbc =

= —640, ., (G.22¢)

where we have used
al...a1l—m __ bi...by, ai...a11—n

which follows immediately from (B.29). Inserting (G.15) to (G.22) in (G.14) the
parenthesis vanishes in all three cases. Hence, (G.3b) follows from what we already
knew and does not constrain H 4.

(G.3e)

Since Ry 4pq is antisymmetric in its last two indices, Ryqpq = Ryfatja — Byjadp — Ryfpdja-
Thus, (G.3e) can equivalently be written as

R’yabd - iTabEFdE’y - iTadEFbE’}’ - indEFas'y- (G.24)

Since the right-hand side is antisymmetric in bd, this solves (G.3e) completely.

(G.3d)

This equation can be expressed only in terms of T,,” since, from (G.10) and (G.24)

1
6 cd § __
R —_— _ZRﬂach ~y —_—

apy
i
= (Toi Tazp = T Tz + Ty Tees ) T4, (G.25a)
DsT,0" = —DgHe, .y (k10 TR0 + L, 7102300 7) =
— 12if17[6162 CFC3C4]<ﬂ(k1621FC2CSC4A{5 + k21—\a0102036476>. (G25b)

Inserting (G.25) in (G.3d), contracting with all symmetric FdIB 7 and suppressing the
spinor indices, we get

48T 10, T Ty (R0 T4 4 oDy 4) 4 dtr (TOT'g, ) T =
= T,yTg, T — 2T, Ty, T, (G.26)
Splitting the first term as

485£61T[ClCQF%CdFdIF'“C‘*] = 24T}, Ueye, D, 1?3 + 24T, Ty, g, T4 (G.27)

C3C4

and using (G.9a) and (G.9c¢), (G.26) becomes

0= _4TbCQF0304FdIFC2C3C4 o 4TC3C4FchFdIFC2CSC4 o TClCQF6304Fd]FbCL“C4+
+ 24 tr (FardI)Tab — 6Tclczl“b1"d11"c1cz + 12T02b1"61 I“dIFCICQ‘ (G28)
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G. Solving the supergravity Bianchi identities

We have six terms to compute for each number of d-indices. First, we decompose
T,,” into its irreducible components

T bv - Tabv + Qﬂa 5Fb]67 + Té]‘jabzivv (G29)

a

where ) )
T,'T%, =0, T,°Tr%, = 0. (G.30)

When computing the six terms above, we will need to contract one or both bosonic
indices on 1" with I'-matrices with various numbers of indices. To not have to redo
the calculation, we compute the general contractions here. First,

T = (Tyy + Ty — Ty 4+ TT )T = 9T, + 10TT,. (G.31)
Now,

T, Dbercn — Tab(Fchl...cn . nnb[clr...cn]) _
= (9T, + 10TT,)Ie e — nT, 1] =
= 9T, Dern 4 10T, + 10nT 8 T+
—nT, [ereen] _ nT, rleapenl 4 ppleap el njﬂpa[clr...cn] _

— _nT, ey
+ (9 _ n)TaFCL‘.Cn + nj”[q Fa...Cn] + n(n _ 1)T[c1 (SZQF"'C"M—
+ (10 = n)TT, o 4 (11 — n)To T, (G.32)

When contracting both indices, we get

ba _ ba [a 0]

=n(n — Dol o) — 20(10 = n)T, T . + (110 — 21n + n*)TT,, .,

—n(n— 1607 o)) = (G.33)

where we have used

TI" = T, T = (9T, + 107T,)I* = 1107, (G.34a)

Tadle T === DTl e+ (11 = 20T T+ (11 = n)TT, o,
(G.34b)

TS o ) = Tierealcn) + 2006, T} + TTg, e, (G.34c)

Since we might get constraints on some of the irreducible components of T, we
calculate all six terms with a single d-index first

Tyer Loy L, [P = Ty, (9007 + 5417, ) =
= —QO(del + Tbl“dl — le I'y + TI‘bdl)—i—
+ 54(=Tpg, + 8TyTa, 4+ Ty, Ty + 9TToa, + 10T 15q,) =

= —144T}y, + 342T,0y, + 1447, Ty, + 3961 T4, + 5407 1pq, ,
(G.35a)
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T,
= +6(2Tpq, — 16Ty, + 16Ty, Ty + 721 Thq, )+
+ 8(110Tpq, )+

— 14(—de1 + 8Tde1 + lel“b + QTdel + 10T77bd1)+
+ 16(de1 + TbI‘dl + 8Td1 Iy — QTdel + 10T775d1)+

=+ 18(de1 + TbF,h — le Fb + Tdel) =

= 60Tpq, — 174TyTg, + 19274, Ty 4 180T T, + 90070, ,

TClCQF FgllrbclmC4 = Tlclc2 (28F6102bd1 — 1125([;11 FCZ}b _ 56nbdlrcw2) —

= —28(2de1 — 16Tde1 + 16Td1 Iy + 72TPbd1)+

C€3C4

— 112(Tyg, + Tylg, + 8Ty, Ty — 9T g, + 10T, )+

+56(110T s, ) =

voen Doy Dy D923 = T (— 61, % — 81, T — 145,57 41685517, + 185526

(G.35b)

= —168T}4, + 33671y, — 13447, Ty — 10081 Ty, + 50407 54,

tr (DT, )Ty = —32T g, =
= —32T3q, — 32Ty, + 32T, Ty — 32T T4y, ,
Torea Do, T = Ty (D, 4 100, T2 — 40T, 2 — 26'52) =
= —1(2Tpq, — 16Ty Ty, 4+ 16Ty, Ty + 721 Ty, )+
— L1107, )+
+ 4(=Tpay + 7Tl ay))+
— 2(Tyay + Tyl — T, Ty + TThg,) =
= —8Tpq, + 28Ty Ty, — 28T, Ty — 38T Tyg, — 110T14q,,
Topp Do, Ty T2 = Ty (=80, — 1065) =
= —8(—=Tpq, + 8Ty T, + Ty, Ty + 9T g, 4+ 10T 10q, )+
—10(Thg, + TyTq, — Ty, Ty + TThq,) =
= 18T3q, — 54T Ty, — 18Ty, Ty — 621 g, — 80T g,

Collecting the terms, (G.28) becomes

0 = 0Tpq, — 25921, T4, + 7207, Ty — 25807 Tyg, — 111007134,

(G.35c¢)

(G.35d)

(G.35¢)

(G.35¢)

(G.36)

Contracting b d; immediately gives 7' = 0 whence 2592Tde1 = 7207, 4, I'p. Contracting

the latter with T we find T, = 0 since 2 - 2592 # 11 - 720.

Having found that T,,” = T,,”, we move on to the case with two d-indices. When
contracting 7" with I'-matrices, we now only get the first terms in (G.32) and (G.33).
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Hence,

Theo Do Day s T2 = Ty (=261 1,1, + 108083 Ty ) =
= —26(—2Tha, Tay)) + 108(Tb[d1)szl =
— 160T}4, Ty, (G.37a)
TegesTbes Tayay D70 = T, (AT 4,0+
+ 120500, Dy @ + 1001°T 1,0, + 240157, +
+ 32y, 03 ) — 2807764 Ty — 160552T) =
= 4(—6T1,0,T) + 12 - 0+ 10(—2T 30, Tty +
+ 24(=T g4, + Tiay o) Ta)) + 32 - 0 — 28T, Ty +
— 16Ty, 4,y =
= —48Ty, 4,y — 88T, Ty,

C3C4

(G.37h)
ToesTesea Taras Dy = Ty (—8T g™ + 560, T gy 1 — 11205 T, +
+ 22477414, 05T + 1120321, =
= —8(—6T(aya,1'¢)) + 56 - 0 — 112(=Tip 4, T + Tjay oy Tta) )+
+224 -0 + 112(Ty,4,T3) =

= 2407, 4,T + 144T}4, ),
(G.37¢)

tr (F“FdldQ)Tab = O, (G37d)
TC1C2 Fbrdldz e = TClC? (deldQCICQ + 27]17[611 Fdz}qc2 + 25[01 11d1dzc2] - 45[[21 sz]CZ}b_}_
+ Ay, ST — 46712 Dy — 205:2T) =
- 1(—67%[6[1512]_—‘[,}) + 2- 0 + 2(—2Tb[led2])—|—
— 4(—Ta,a, 0 + Tiayp o)) +4 - 0 — 4(Thja, L)) — 2(Tiy0, 1) =
= —8Td1d2Fb — 16Tb[d1FdQ],

(G.37e)
T62bF01 Fdld2FClc2 = Tczb(6FCQd1d2 166[031 Fdz ) -
= 6(2Th(¢, Tay)) — 16(—Thja,Tay)) =
= 28Tyja, I'ay)- (G.37f)
The terms sum to 0, so we get no new information.
Lastly, we do the calculation with five d-indices
Tbczrcsc4rd1 d5PCQC3C4 = TbCQ(lordl d502 + 306[031 )
= 10(5Thja, T _as) + 30(Tb[d1F...d51) =
= 80Th4, I as), (G.38a)
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TeyerToesTatras T2 = Ty (<20 0, 4 Oy, Dy 9 — 2015+
+ 080T ™+ 1008 Ty + 80y, 05°T o 1+
— 4087358, + 2400010, 0364 T ] ) =
= —2(=30T 10,0, T .asp) — 2(5T0a, T i) + 10(Thya, T )
+ 80<3nb[d1ngd3F.“d5]) — 4O(T[d1dgr...d5]b)
— 240 (Myiay Ty T ty)) =
= _QOTb[dl I g+ OT[cllng...dr)]b + 48074, ngd3r...d5]a
(G.38D)
Tererlesealay.as Ty = Toyey (4Fd1...d5b0162 + 40, Ty ™" = 805[5?...(15}1)62]4’
- 16077b[d15c[1(;1r...d5]62] — 80043, 1z
+ 48014, 632 T 1) =
= 4(=30T (4,0, .asty) + 40(— 12040, Ttpa, ..
— 80(5T(aya,T...asty) — 160(30bia, Tty L)
— 80(Tjaya,T...as)p) + 480(Mpjas Tupas T ..a5) =

= 120Tb[d11—‘...d5] - 480j—‘[d1dzr...d5]b - 48077b[d1Td2d3F..‘d5}7
(G.38¢)

tr (F“Fdlm%)Tab == 0, (G38d)
7ﬁc1cz1—‘brd1...d51—‘0102 = Tc1cz (del...d50162 - 251[301 1—Wdl...d562} + 105[[21Fd5}b02]+
+ 5y I g™ ? — 106, 3, T ag) + 200053 T g ppt+
— 407, O T g ™ = 600y, Of 2T ) =
= (_SOT[ble...dg,]) — 2(5Tb[d1F“_d5]) + 10(5T~[d1d2F,,_d5b])
+ 5(—=60m(a, Ty I .a5) — 10(Thja, I az) + 20(T{aya, L o)
— 40(3Mja, Taods T ...ds]) — 60(Moja, Tods L. as]) =
= —40Tq, T..a5) + 80T 1a,a, . aspp — 240mpja, Tapas .. ay),

(G.38e)

Tcgbrclrdh.dsrqcz = Tcgb(ordl...d562 - 106[Cd21Fd5]) =
= 10Ty(q,I"...a5)- (G.38f)
Again, the terms sum to 0. To conclude, we have solved (G.3d) completely and

found that T,," consists of the single irreducible part Tabw. Equivalently, this can be
expressed as

T, T % =0, (G.39)
as can be seen from (G.32) and (G.33). This is the equation of motion for 7,,".
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(G.3f)

The equation reads

D,T,° = Ry’ +2T,,°T,.° — 2D, Ty, °, (G.40)

~[a

where the right-hand side can be expressed in terms of Rg,.q and Hg.q by using
(G.2b) and that Rgpeq is Lie algebra-valued.

Contracting (G.40) with §7, we find

DT, +2T,,°T " = 0. (G.41)

~la
Contracting (G.40) with 5", using T, = —T,¢, (G.41) and R, == R,

— 16Raq = 2T, T} + 27,10 Ty T04s” + 2Dy, T 5" (G.42)

~[a

Using the previous results, only I'-algebra remain to get the equation of motion for
R. First,
D[aTb}'y 6de6’y =0, (G.43)

since T;,,° only contains I'® and I'®)| that is, -matrices with three and five indices.
Next,

Tyt T = Hoy o HO R 0 (0T, T e,) + k3 tr (0,7 " T, ey

4-5!
:Hbl...b4HCI"'C4[ 32 - 6k2(5b177d] (51’2173”44_327]€2 ol a5b1bzb3b4}

c1%cacscy d] caczeq
192 e 3072 e
— ﬁchqc,g[aHd] 2t — WHCQCSQ[aHd] =

~0. (G.44)
The second term in the right-hand side of (G.42) is
201, Ty Tl =t (LI, — TLLIY) =t [T, - T8,T3)],  (G45)

where we have suppressed spinor indices and treated Taﬁ7 as a matrix (77) ﬁﬂ’. Since
T, only contains I'® and T'®, we need only keep I'®%68)_terms in the parenthesis.
Dropping other terms that do not contribute to the trace, indicated by ~ below, we

compute

Tbed = Ha1... ( 6&11’\ a41’\ p + k‘QF ai. ..a4de) ~

~ Hal... a4 {(3]?1 - 28k2 501F a4 + ( kl + 6k2)rda1...a4}’ (G46a)
deTb = Hal... 4<k‘ 5&1der as ]{JQF dF aji.. a4> ~

~ Hal. {( 3k1 - 28k2 (salr .a4 + ( kl — 6k2)rda1--.a4}’ (G46b)

159We contract the outermost indices of the curvature tensor to define the Ricei tensor due to the
right-action convention. Thus, R gets its usual sign: for instance, R < 0 for AdS.
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whence
tr [To(TIy — T T3)] = tr [TuHy, oy (6k1 05T + 12k,T )] =
- Hel...e4HCIMC4 [615%52177@1 tr (P626364Fc2c3c4) + 12k§ tr (Fa61me4rdc1...04)} -

— 3132 6k? Hoygpene, Ha o +
+ 4132 12k H? — 41 - 32 - 4 - 12k2 Hgepeye, H, 2 =

= —;LHaCQCSC4HdCQC3C4 + ;nadH2, (G.47)
where H? == H,, ., H* % and we used, in the second to last step,
0 (0y Ty, e,) = Maa tr (D Tye,) = 467" 00 (00 e). (GAB)
Inserting the above in (G.42), we find
—16R,q = ;nadHQ - ;lHa6203C4HdCQCSC4‘ (G.49)

To write this with the Einstein tensor in the left-hand side, we contract this and find
—16R = —H?/9. Thus,
1 1

1
Rup — =Ny R = — Hyego Hy*% — —n H>. G.50
b Mlabtt = g Hacde b = g Tlab (G-50)

We now turn to the equation of motion for H. The strategy is similar to the R-
equation but we contract (G.40) with other combinations of I'-matrices. First contract
with I' ;" and then antisymmetrise abec. Since the curvature tensor is Lie algebra-
valued in its last pair of indices, R[abm‘sfc] 5 = 0. Similarly, 2Dy, T, ‘Tc] s = 0 since
T,,° only contains I'*%). Lastly,

2T, Ty Ty’ = 2k3 Hay ., Hey e, tr (r[adl---dﬁlrdﬁ---%rd) —
= _64]{:;Hd1...d4Hel...646ad1md4belme4c =
1
- _T%eabcdl.“d4elme4Hd1...d4H61...e47 (G51)
whence the contracted and antisymmetrised (G.40) becomes
1 e €.
D’YT'[ab(SFC](;/ = 12966(zbcdlmd4 b 4Hd1...d4He1...e4- (G52)

Now we contract (G.40) with T, " and then antisymmetrise acd. The term
containing R is again zero since R, is Lie algebra-valued. Using (G.52), the term in
the left-hand side of (G.40) gives

el...e4f1...f4H

1
b
DWT[a\b|5F cd]6’y = _Q,D“/T[ac(gF T = eresHpi g (G.53)

d)é _@Gacd
The last term in the right-hand side of (G.40) splits into

DbT[ahﬁFbcd} 5) = k1D’ Higjepeges tr (D29 Tyi0g) = —32 - 651 D Hopeq =

- _gprbacda (G54)

160



G. Solving the supergravity Bianchi identities

and
— Doy Ty, T gs” = —k1Dla Hyereyey tr (T2 Tyjeq)) = 0. (G.55)

The second term in the right-hand side of (G.40) splits into T
T,°
tentially nonvanishing contributions come from products TTG)G) and TEITETG),
However,

ETbE 6Fb|cd} 67 and

‘SFde] s - Since the components of T only contain I'® and T'® the only po-

[al

ela

Hey e Hyy.. gy tr (52T, 510 ) = 0, (G.56)

since this is really only 9 I'-matrices due to the contracted b’s. On the other hand,

Ho, o Hy,.. gy tr (D, 46T ) = 32€,,, TP H,, o Hy, gy, (GU5T)

whence 1
b er...eqf1...
T’Y[alsTbs(SF |cd}5’Y = _@%cd Ll f4H61-~~64Hf1~~f4' (G.58)
TviTE[a‘SFbcd] s is similar. As above, only the term where the b-index is on the ¢ is
nonzero. Hence
T’ybETs[aérbcd]Sw = k1k2H€1-~e4Hf1~~f4 tr (651F.“€4F[aflmf4rbcd}) = (G59>
1 €]...€e

= _ﬁeacd reeaft f4H61---64Hf1---f4' (G60)

Inserting the above terms in (G.40), we get

1

N c 61---e4f1---f4H
1152 b

Ddeabc = e1...e4Hf1---f4' (G61)

The Bianchi identity of the second type

Although the Bianchi identity of the second type, DRz4 = 0, is not independent of
the above, it can be used to extract D.Rg.q. Alternatively, this could be obtained
from (G.40) by applying another covariant derivative and using the Bianchi identity
of the first type. From (2.88b),

DsRabcd + 2D[I)R|s|a}cd + TabCRﬁecd + 2T,

ela

“Ricipjea = 0. (G.62)

Using (G.2b), (G.11) and (G.24), we see that D.Rgp.q can be expressed in terms of
Haped, T, " and their D,-derivatives.
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G. Solving the supergravity Bianchi identities

G.1 Solution to the supergravity Bianchi
identities

To conclude, we have found ((G.2b) and (G.9))

1
Yo _ [byede] v bede
Tos" = ~ g Hicic (CL NEPUE W B (G.63)
the Bianchi identities for the field strengths 7,7, R,,.* and H,,_; ((G.3g), (G.3h)
and (G.4f))
Dy T *+ UINAVIRE *=0, (G.64a)
R[abc]d = 07 (G64b)
D[aHbcde} =0, (G64C)

the equations of motion ((G.39), (G.50) and (G.61))

T, T =0, (G.65a)
1 1 1
Rab - §nabR = EHacdeHdee - %nabH27 (G65b)
1 e [&
DdeabC - _Tweabc peealt f4H€1---€4Hf1--~f47 (G65C)

as well as equations relating the D,-derivatives of the field strengths to their values
and D,-derivatives ((G.10), (G.40) and (G.62)). This implies that only the § = 0
components of the field strengths are independent component fields.
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