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Superconducting Levitating Objects

AMANDA CARLSSON SALOMON

Department of Physics
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Abstract

This thesis investigates the light scalar boson, with mass between 1.24 - 1071% and
4.14 - 10712 eV, as a wave dark matter candidate. For such low masses, the bosons
can be described as a classical wave instead of individual particles, which motivates
a field description of the dark matter. The scalar boson is assumed to interact
only with neutrons in a charge-neutral test object, giving it a time-dependent EP-
violating acceleration that can be detected in a direct detection experiment. The
focus of this thesis was to develop a theoretical and statistical framework for the
scalar boson by deriving this EP-violating acceleration, and applying the principle
of detection to a potential experiment at Chalmers University of Technology using
levitated magnetomechanics. The achievable experimental sensitivity could then be
estimated for the hypothetical experiment with analytic derivations of exclusion and
discovery limits for the scalar-neutron coupling constant. The purpose of the limits
was to determine for which values of the coupling constant the dark matter candidate
could be detected or not, and they were derived analytically with the help of a
likelihood formalism utilising the so called Asimov data set. Comparing the results
with a similar analysis done for the same dark matter candidate, the achievable
sensitivity for the proposed magnetic levitation experiment could be concluded to
be relatively high.

Keywords: Wave dark matter, light dark matter, scalar boson, EP-violation, direct
detection, levitated magnetomechanics, experimental sensitivity, Asimov data set,
exclusion limit, discovery limit.
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Introduction

Dark matter is one of the most elusive mysteries in astrophysics and cosmology.
While there is a large amount of evidence for its existence, the nature of it is still
unknown. In particle physics, dark matter particles are actively searched for, both in
colliders and dark matter detection experiments, but no such particles have as of yet
been discovered [1]. To detect dark matter would be one of the greatest achievements
in modern physics, as it would confirm an hypothesis decades long in the making
and supported by a large amount of evidence. A variety of dark matter theories
and candidates exists, and while many candidates have already been dismissed as
unlikely, many are also still examined and tested. One candidate which has not
been tested as much is the scalar boson, a type that stems from the wave dark
matter theory in which dark matter is believed to behave classically wave-like. This
candidate is explained and examined in the following thesis, based on a theoretical
model that is constructed in Chapter 2.

Before going into the scalar dark matter theory, however, this chapter gives an
overview of the history of dark matter that has lead up to today’s theories. First
the evidence for dark matter is explained, followed by some of the most popular
dark matter candidates over the years up until today. Then a short description of
searches for dark matter and detection experiments is given. Finally, a thorough
thesis description is made, explaining the details of how the scalar candidate is
tested, as well as making a connection to a hypothetical detection experiment.

1.1 History of dark matter

The history of dark matter is usually centred around two contributors: Fritz Zwicky
and his work on galaxy clusters in the 1930s, and the work of Vera Rubin on galactic
rotation curves in the 1970s [2]. While their research can be said to be the main
foundation for evidence of dark matter, the historical path that lead them to their
findings is much longer and the scientific discoveries that followed are still not en-
tirely understood by today’s scientists. A brief summary of the history that led
Zwicky and Rubin to their discoveries will be given here, and the interested reader
is referred to [2] for a more complete account.

While the existence of what is today called dark matter has not been known for more
than a century, scientific work since the 1700s have contributed to the discovery of
it. During the 1700s and 1800s astronomers and mathematicians made predictions
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of the existence of invisible astrophysical objects, using the published work of Isaac
Newton on gravity and motion in 1687, many of which were later observationally
proven to be correct. Then, with the invention of astronomical photography in the
1800s, astronomers got their first glimpse of the uneven stellar distribution and dark
structures in the sky. The discovery of these dark regions prompted many questions
and one of the leading hypothesis to what they were was that there was some type
of matter that absorbed the light in the line of sight — a “dark” matter.

1.1.1 Evidence for dark matter

While astronomers in the 1800s suspected that there could be non-visible matter in
the Universe, it was far from certain and little evidence had as of then been found.
But that was about to change in the 1930s, when two astronomers made observations
of galaxy clusters that gave a strong indication to the existence of a “missing” mass.
Following this, observations of flat galactic rotation curves solidified the belief in the
existence of dark matter.

1.1.1.1 Galaxy clusters and galaxy masses

Fritz Zwicky studied the redshift of galaxy clusters, in particular the Coma cluster,
which exhibited a large velocity dispersion compared to other clusters. This had
already been observed, but none had a good answer for why. In his attempt to
explain this, Zwicky applied the virial theorem to the cluster in order to estimate
its mass, using the average mass of 10° M, (solar masses) per galaxy as suggested
by Edwin Hubble. With a size estimation of 10° light-years of the spherical cluster
system and 800 observed galaxies, he calculated that the system should have a
velocity dispersion of 80 km/s. But what he observed was an average velocity
dispersion of about 1000 km/s, from which he concluded that there appeared to be
a much larger amount of “dark” matter than luminous matter in the cluster. This
was one of the first concrete signs of existing non-visible matter in the Universe.

Zwicky continued his study of the Coma cluster and in 1937 he instead tried to
estimate the average mass of the galaxies, now assuming that the cluster contained
1000 galaxies within a radius of 2 - 10° light-years and using the observed velocity
dispersion of 700 km/s. He obtained an average galaxy mass of 4.5 - 10 M,
somewhat higher than Hubble’s proposal. Assuming an average absolute luminosity
of 8.5 107 L, (solar luminosities) for cluster galaxies, he arrived at an estimated
mass-to-light ratio of approximately 500. With today’s more exact values of the
Hubble constant than the one Zwicky used to relate redshift and distance, results
show that his estimated mass-to-light ratio was too large by a factor of about 8.3.
Despite this error, however, a very high mass-to-light ratio is still implied, which
indicates the existence of some form of “dark” matter.

At about the same time, Sinclair Smith studied the Virgo cluster and estimated the
average mass per galaxy to about 100 times larger than that calculated by Hubble a
few years earlier, which presented astronomers with a problem. A very large amount
of non-visible matter seemed to be needed in galaxies to explain their high mass,
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which many thought was unlikely. Many solutions were suggested, among others
that the more massive galaxies found were not permanent members of the clusters,
but none of them were entirely satisfactory. Yet, while the “dark” matter theory
was not accepted, it was not entirely rejected either and scientist began to speculate
on what this missing mass could be.

1.1.1.2 Rotation curves of galaxies

The flatness of galactic rotation curves at large radial distance from the galactic
centre has probably been the most convincing piece of evidence for dark matter in
astronomical observations [2]. The rotation curve of a galaxy is a way of showing the
circular velocity at different radii, and by studying its form one can infer the mass
distribution of the galaxy. In ordinary Keplerian systems, such as planetary systems,
the rotational velocity of objects decline with distance from the centre, reflecting
the decreasing mass distribution of the systems [3]. Galaxies, however, do not have
this Keplerian fall-off in velocity. The rotational velocity is constant far from the
centre all the way out to the largest radii of the galaxy, giving a flat rotation curve
[1]. This is illustrated in fig. 1.1 (from [4]), where the rotation curves for spiral
galaxies of various luminosities are seen to level off further from the galactic centre.
The flat profile so far from the galactic centre reflects that the mass distribution
increases with the radius, indicating that there is a large amount of matter in the
outer regions of the galaxy.
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Figure 1.1: Rotation curves of high luminosity spiral galaxies shown to the left,
and low luminosity spiral galaxies to the right. Rotational velocity is plotted against
the optical radius R,y describing the extension of the luminous matter in the disc.
Credit: Persic et al. (1999).

The first clear arguments of flat rotation curves indicating the existence of what
is today called dark matter began to appear in the 1970s, based on observations
of galaxies done both in the optical and radio range [2]. The optical observations
could only provide rotation curves as far out as the visible radii of galaxies, but



1. Introduction

even within this range the flat profile was visible. This pointed at the existence of
some invisible matter — dark matter — within the visible part of the galaxy at least.
The most famous work done on rotation curves with optical observations is that of
Vera Rubin, Kent Ford and Norbert Thonnard in 1978, in which they constructed
rotation curves for ten highly luminous spiral galaxies, all of them with clear flat
profiles [2, 5]. With radio observations, however, the flat rotation curve could be
shown to extend beyond the visible radius of the galaxy, giving strong indications
for some invisible mass extending further out than just the visible stars and gas —
a dark matter halo. The collective evidence from galaxy cluster observations and
galactic rotation curves now clearly pointed at the existence of dark matter.

1.1.2 Dark matter candidates

Having been largely accepted in the physics community, dark matter became an
established term for the particles making up the majority of the mass in the Universe
that had previously been unaccounted for, as opposed to “dark” meaning objects
too faint to be detected with available telescopes. Yet the nature of dark matter
was still unknown, and by the late 1980s the most popular theory became that dark
matter was some yet-unknown subatomic particle or particles, a hypothesis that still
stands strong today. A number of dark matter candidates have been suggested, but
not all are compatible with observations of the Universe.

1.1.2.1 Neutrinos

The neutrinos of the standard model were some of the first dark matter candidates
to be considered, as they exhibit the most important characteristics for a viable
dark matter candidate: they are long lived and do not interact electromagnetically
or strongly [2]. There is, however, a problem with these candidates that relates to
the structure formation of the Universe.

The development of numerical simulations in the 1980s made it possible to predict
the evolution of a large number of dark matter particles influenced by gravity in an
early expanding Universe [2]. This allowed scientists to discriminate between some
of the dark matter candidates based on the evolution of large scale structures. In
simulations, the most important characteristic for a given dark matter candidate is
whether it was relativistic, hot, or non-relativistic, cold, when structure formation
took place in the Universe [2]. The standard model neutrinos were very abundant
in the early evolution of the Universe, but only those with very high temperature,
and thus energy, in order to maintain an equilibrium between the creation and
annihilation of neutrinos [6]. These were therefore predicted to have been highly
relativistic in the early Universe, and are thus an example of hot dark matter.

Numerical simulations show that if dark matter was hot, it would tend to collapse
first and form very large structures, and then later fragment into smaller structures,
such as galaxy-sized halos [2]. If it was cold, however, dark matter would form
smaller structures first and later larger structures through mergers. Cosmological
observations, such as [7], show that in order to explain the apparent structure of the

4
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Universe, small scale structures will have had to appear first, evolving into larger
scale structures. That makes the standard model neutrinos, or any hot dark matter,
unlikely as candidates. While hot dark matter could still exist, it cannot be what
makes up the dark matter in galactic halos important for structure formation. Some
other type of cold dark matter is therefore needed to explain this.

1.1.2.2 WIMPs

When dark matter began to be discovered, a strong theory was that it consisted
of massive astrophysical compact halo objects — MACHOs — that was just normal
baryonic matter but with very low luminosity [2]. With the discovery of the cosmic
microwave background in 1965 and an increased interest in the Big Bang nucleosyn-
thesis, however, the cosmological baryon density began to be a subject of interest
[1, 2]. Measuring the baryon density would prove to be the final evidence that also
showed the non-baryonic nature of dark matter.

The first restraints on the baryon density were done in the 1970s and has since then
been refined considerably [2]. Most recently, the Planck Collaboration’s analysis of
data collected with WMAP [8] gave a restraint on the baryon density that, when
compared to the total matter density, inferred that less than 20% of matter is bary-
onic in the Universe. With this fact, the conclusion became that dark matter could
not be baryonic in nature, strengthening the hypothesis of dark matter being some
unknown subatomic particle [2].

Based on previously mentioned restriction of the majority of dark matter needing
to be cold, together with it being long lived and at most only weakly interacting,
the leading candidates are weakly interacting massive particles — WIMPs [2]. With
masses in the MeV-TeV range, there are several WIMP candidates that over the
years have been thoroughly studied theoretically and many experiments have been
made in search of evidence for WIMPs.

In classifying dark matter candidates, there is another important distinction made in
whether the dark matter is thought to have been created thermally or non-thermally
in the early Universe [9]. WIMPs are an example of thermally created dark matter.
They would have been created in very large amounts and in the early epochs of the
Universe they would have been in thermal equilibrium, annihilation and creation
processes happening at equal rates. As the Universe expanded and temperatures
dropped below the WIMP mass, production would stop and as expansion continued
annihilations would also cease due to the increased spatial separation of the dark
matter particles [10], causing a “freeze-out” of the dark matter density. For this
freeze-out to have given today’s measured relic abundance of dark matter, the par-
ticle mass would have to be in the MeV-TeV range as for WIMPs. But that does
not exclude the possibility of lighter particles as dark matter; they just have to have
been created differently.
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1.1.2.3 Axions and ALPs

Non-thermal creations of cold dark matter would require either production at low
temperatures, without thermal equilibrium, or an extremely weak interaction with
the surrounding plasma so as to be effectively decoupled from it [1]. As an example of
a non-thermally created dark matter candidate, the axion, with mass less than 1073
eV, is probably the most well-known. It was first introduced to solve the strong
CP-problem in quantum chromodynamics, but being stable over large timescales
and expected to be extremely weakly interacting, it could also constitute the dark
matter [2, 3]. Accurate calculations of expected axion relic density depends on the
production mechanism assumed, for which there are a few suggestions, but it is still
possible to get a density range for which the axion satisfy all necessary constraints
to be a dark matter candidate.

The axion has in turn lead to the theory of axion-like particles (ALPs) as dark
matter, also non-thermally created and with very small masses. The difference
between the original axion and ALPs essentially lies in whether their small mass
comes from non-perturbative effects or explicit symmetry breaking, but they are
both equally fitting cold dark matter candidates [11]. A question one could ask,
however, is whether particles this light could be non-relativistic and hence cold [1].
Neutrinos, for example, were thermally created and are expected to have decoupled
from the surrounding plasma at high temperatures due to its tiny mass, which would
make them relativistic. But since axions and ALPs were non-thermally created, non-
relativistic velocities would not be a problem to produce, making them still viable
cold dark matter candidates.

1.1.2.4 Wave dark matter

Axions and ALPs are both examples of very light dark matter candidates and can
be grouped into a category of dark matter models called wave dark matter [12]. This
is a group that has gotten more attention recently, and a number of candidates have
risen from it, one of which is the focus of this thesis. What all wave dark matter
candidates have in common is that they are bosons with masses below the eV scale.
The difference between these type of candidates and the previously mentioned ones
is that since they have such small masses, they can be viewed as waves rather than
as individual particles, allowing for a field description of dark matter.

The theory behind wave dark matter models will be explained in more detail in
Section 2.1, as it will be central to building up the theory of the dark matter candi-
date of this thesis. In general, though, wave dark matter models have the advantage
of the wave description on galactic scales, making for easier theoretical analyses of
small-scale observations and even allowing for non-cold dark matter behaviour on
small scales. On large scales, however, the dark matter still behaves like cold dark
matter, fitting current theories on structure formation. Candidates of this type
are therefore extremely versatile since the wave nature of them offers a rich new
phenomenology.

6
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1.1.3 Searches for dark matter

Even though the exact nature of dark matter remains a mystery, searching for dark
matter candidates has become an increasingly large field in experimental physics.
Detecting it would be the best way to prove the dark matter hypothesis, and could
also answer the question: what is dark matter? Possible detection experiments have
been discussed since the late 1970s and many are tested today [2]. When searching
for dark matter, there are three processes to consider that are either detectable
or give detectable products [2, 13]. Detection can be done directly or indirectly
depending on which process that is being considered, but all three processes are
dependent on how dark matter couples to ordinary matter.

1.1.3.1 Collider production and annihilation or decay products

One process to consider is the production of dark matter particles when colliding
standard model particles in particle accelerators [13]. Experiments at LHC have for
example been colliding protons in the hope of detecting new particles since 2008,
resulting in the discovery of the Higgs boson. To infer the presence of dark matter in
such collisions, one would need to observe events with missing transferred momentum
and energy. While this has yet to occur, the search for such events continue.

Apart from standard model particles producing dark matter particles in colliders, the
reverse could also be detectable via dark matter self-annihilation or decay [13]. The
annihilation or decay of dark matter particles into standard model particles could
produce a measurable particle flux, and measuring this flux would constitute as an
indirect detection of dark matter. Mostly, the additional decay of these annihilation
or decay products into gamma rays, neutrinos, electron or proton pairs would give
the observable flux that is searched for in indirect detection experiments.

These indirect signals of particle or gamma ray fluxes are searched for in astro-
physical objects, such as stars and galaxies, where dark matter has gravitationally
accumulated and the increased dark matter density can produce a measurable flux
[13]. Searches for gamma ray fluxes were proposed as early as 1978 [2], and recently
the search for neutrino fluxes from the Sun has been given a lot of attention.

1.1.3.2 Direct detection of scattering processes

The third process to consider is dark matter scattering of nuclei [13]. Searches
involving this process use direct detection methods that look for direct effects of
this interaction. A lot of attention has been put recently on designing experiments
that use this method, mainly looking for elastic scattering of WIMPs.

When using direct detection in scattering processes to look for dark matter particles,
any detectable signal produced in the process will depend on the type of interaction
between the dark matter and the target of the scattering [14]. When looking at
experiments involving WIMPs scattering elastically of nuclei, one seeks to detect
the nuclear recoils caused by the WIMP interacting with neutrons or protons in a

7
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detector. When searching for lighter dark matter candidates in the sub-GeV range,
however, the effect of the particle interaction with the individual nucleons in the
detector would be to small to detect. Instead most models suggest looking for light
dark matter scattering of electrons, which could give a detectable signal [13]. So far,
though, no such signal of either kind has been detected.

In the case of wave dark matter, however, one could actually use nuclear recoil
experiments to search for dark matter signals. As individual particles, the dark
matter would not be able to produce a detectable nuclear recoil signal, but due to
its wave nature a signal could be detected by the dark matter field interacting with
the whole detector. Such experiments have not been explored much, but there are
suggestions, for example in [15], on how one could proceed in this direction.

1.2 Thesis motivation

The interest of searching for wave-like dark matter in direct detection experiments
involving nuclear scattering is what motivates this thesis. With a light scalar boson,
with mass in the sub-eV range, as a dark matter candidate, this thesis seeks to
analyse the experimental sensitivity of a hypothetical direct detection experiment
at Chalmers University of Technology. The experiment under consideration would
be performed in the Quantum Technology Laboratory (QTL) at MC2, in which
current research includes levitating superconductive micro-particles [16]. The set-
up would consist of a test object in the form of a superconductive lead micro-sphere
being levitated in a superconducting magnetic trap [17]. The suggested scalar boson
candidate is assumed to interact only with the neutrons in the test object, inducing
a time-dependent equivalence-principle violating acceleration of the the test object.
This acceleration can then in theory be detected by measuring the motion of the
levitated micro-sphere.

Details of the suggested experimental set-up can be found in [17], but the main parts
include a magnetic trap, in which the superconducting test object levitates. The
trap is constructed of two superconducting coils in which a current flows, generating
a magnetic field with the test object levitating near the minimum of the field. The
motion of the object is detected via two pickup loops, where the current induced
in the loops changes as the magnetic flux threading the loops changes due to the
object’s motion. The flux is then transduced into a measurable voltage via a com-
mercial de-SQUID magnetometer connected to the pickup loops.

Two sizes of the test object are considered; one that of a lead sphere with radius 1 pm
and mass 5-107!* kg, and the other a sphere with radius 100 pm and mass 5-10~% kg.
The test object is assumed to be levitated at a temperature of Tiepyp = 10 mK, with
a trap frequency of wy/(27) = 100 Hz, and two values of the mechanical quality
factor Qy, are assumed: 107 and 10*'. The test object is also assumed to be subject
to a thermally-limited acceleration noise given by:

8
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gtherm _ o Tiomp (1.1)

Qmmt.o
with kg being the Boltzmann constant and my, the mass of the test object. With
two values of the quality factor and two sizes of the test object, four different thermal
noise contributions can be considered. This noise is used as a background term in

the analytical testing of the dark matter model constructed in Chapter 2.

In modelling the scalar dark matter, a likelihood function-based framework is used
to relate the theoretical descriptions in the model to a detectable signal in a hypo-
thetical experiment. The theoretical dark matter induced acceleration of the test
object is derived in Chapter 2, based on the work in [15], after which a likelihood
function is derived in Chapter 3 with this acceleration as input, based on the work
in [18]. Using the likelihood, the experimental sensitivity of the proposed exper-
iment is calculated with pure analytical methods. This is done in Chapter 4, in
which statistical tools are constructed that make analytic predictions of exclusion
and discovery limits of the scalar-neutron coupling constant describing the inter-
action strength between the dark matter and neutrons. The limits of the coupling
constant needed to either exclude the possibility of a signal or confirm discovery of a
signal are calculated in Chapter 5, with experiment dependent parameter values set
according to the proposed experiment at QTL. Natural units are used throughout
the thesis unless otherwise stated.
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Modelling the dark matter

The following chapter gives an overview of the light bosonic dark matter model,
explaining the bosonic and wave-like nature of the dark matter candidate under
consideration, as well as showing how the dark matter couples to neutrons. The
chapter ends with a concrete description of the EP-violating acceleration of interest
for the detection experiment discussed previously, resulting in an expression for the
acceleration used in the likelihood framework of the next chapter.

2.1 The light bosonic dark matter model

When modelling dark matter, dynamical measurements are a central part in making
a good model that fits with observational results. Measuring the mass density of
dark matter is of special interest. A reliable value of the local density in the solar
system has long been a goal in astrophysics, since most models of dark matter used
for experimental searches has a dependence on the local density value [19]. Several
galactic mass models for the Milky Way has been proposed over the years, in which
suggested density distributions for both baryonic and dark matter differ. Estimating
a local value for the dark matter mass density is therefore difficult, as it will depend
on the chosen model. Many different values have been given in literature, ranging
from 0.3 GeV/cm? [20] to 0.49 GeV/em? [21]. In this thesis the value 0.4 GeV/cm?
is used, as used in [18].

Given that the local dark matter density ppy is known, the average separation
between the dark matter particles can be estimated and compared to the de Broglie
wavelength of the particles [22]:

2

mpwmvU ’

AdB =

with mpy being the dark matter particle mass and v the velocity of the dark matter
in the galactic halo. For the the local galaxy, the velocity is v ~ 1073, assuming
the dark matter has virialised to the galaxy [15]. The de Broglie wavelength can be
shown to exceed the particle separation if mpy < 30 €V [22]. This means that, for
mpy <K 30 eV, the average number of particles in a de Broglie volume, given by

3  PDM

Nus = X (2.1)

will be large enough that the particles are best described as classical waves. The
classical wave-like behaviour of such light particles motivates a field description of
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2. Modelling the dark matter

light dark matter with mpy < 30 €V, also called wave dark matter, similar to how
the photon can be described by classical electromagnetism. The high occupancy
number Ngg also implies that wave dark matter must be bosonic in nature, due to
the Pauli exclusion principle [22]. Furthermore, the mass needs to be constrained
by being approximately > 10722 eV, as smaller masses implies that the de Broglie
wavelength would be larger than the average size of the smallest observed dark
matter dominated galaxies [12]. Lighter particles could exist, but would have to
constitute a small fraction of the total dark matter to fit with observations [22].
The lower bound on mass varies in literature and depends on the specifics of the
model under consideration, but 10722 eV will be a sufficient lower bound in this
thesis, as used in [15].

Describing this bosonic light dark matter as a classical (non-relativistic) field means
that an angular oscillation frequency of the field can be introduced, which is com-
monly identified with energy in quantum mechanics [18]. The full expression for the
angular frequency is

U2

With a small, non-relativistic velocity v ~ 1073 and masses in the range 10722 eV
S mpum S 1€V, the second term in eq. (2.2) can effectively be neglected in favour
of the approximation,

WDM ~ MDM, (23)

as long as one is not specifically interested in studying the velocity distribution of
the dark matter [14]. The field description is applicable to all types of light bosonic
fields, but to produce concrete results, not all types of bosonic fields are studied
here. Even with restricting it to the light part of the spectrum, there are only a few
possible types of fields that this model allows the dark matter to be [14]. One of
these is the spin-0 scalar boson, which is the focus of this thesis.

2.2 The scalar boson

The coupling and interaction of the scalar boson with the standard model parti-
cles give four experimentally detectable effects: spin effects, electromagnetic effects,
variations of fundamental constants, and accelerations [14]. The focus here is on
the latter; or more specifically, detecting time-dependent equivalence-principle (EP)
violating accelerations caused by bosonic dark matter interacting with standard
model particles. This acceleration can be detected with the use of a charge-neutral
classical test object of ordinary matter that experiences a very small displacement
from the dark matter interaction, which is manifested as an EP-violating force on
the test object. The force is EP-violating as the coupling with the whole test ob-
ject is not exactly proportional to the object’s mass, which will become apparent in
Section 2.2.2.

12



2. Modelling the dark matter

2.2.1 The interaction potential

The scalar boson can couple to the standard model via derivative and non-derivative
interactions [15]. The leading order non-derivative interactions with protons and
neutrons, which are Yukawa interactions, will produce the EP-violating force of
interest [14]. Assuming that the proton and neutron couplings are different, one
could for simplicity and concreteness study the case where one of these couplings
is zero and only one interaction contributes to the force. In this thesis, the proton
coupling is assumed to be zero, leaving only the scalar-neutron interaction for study.
While a coupling to protons would also produce the desired effect, the investigation
of scalar-neutron interaction has a wider motive. Although not studied in this thesis,
other wave dark matter candidates, such as the vector boson, could also produce a
detectable EP-violating force, but then only with neutron coupling [15]. As such, it
could be of interest in the future to make a comparison of the EP-violating effect from
different dark matter candidates. In addition to this, the scalar-neutron coupling has
not been studied much, meaning that results in this thesis could be a new addition
to the research field. There are, however, studies made of scalar-quark couplings in
general, such as [23] and [24], which can be compared with results here.

For the scalar boson model with only a Yukawa interaction with neutrons, the theory
can be described by the Lagrangian:

L= ; GOV P — ;mgqﬁ + Ypnpnn. (2.4)
Since the dark matter is assumed to be classically wave-like, the scalar field ¢ is a
real field and so the first term can be identified as the kinetic term for the scalar
field, and the second as the mass term of the boson with mass m,. The third is
the Yukawa interaction with neutrons, represented as n and n for the anti-neutron,
with coupling constant yg,.

The scalar-neutron interaction is represented in the S-matrix describing neutrons
scattering of an external, classical scalar field. For the case of a single neutron
scattering of the space-time-dependent field ¢(x), the S-matrix derived through
quantum field theory (QFT) takes the form:

ST = iy [ dro(@) flnl), (2.5)

where the interaction Hamiltonian has been taken from the Lagrangian in eq. (2.4),
and f and ¢ stand for final and initial state for the neutron, respectively. Note
that eq. (2.5) uses Wick contractions, which can be deduced from the first order
Feynman diagram of the scattering process in figure 2.1.

Expanding the S-matrix using Feynman rules for fermions (see for example [25]) and
notations in figure 2.1 results in:
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2. Modelling the dark matter

¢

Figure 2.1: Feynman diagram of neutron-scalar scattering process. An incoming
neutron n with momentum k and spin s scatters of the classical scalar field ¢, and
the outgoing neutron (here represented as an anti-neutron n) leaves with momentum
k' and spin s’.

ST — iy / AUz (2) T (K)e™ = (0]u? (k)e~**|0)

N i‘%”/ d'wg(x)u (K )u (k)e' ™0
= iygnt” (K')u* () p(k' — k), (2.6)

where in the last line the transition from position to momentum space has been
made, with ¢(k' — k) being the 4-dimensional Fourier transform of the scalar field.
The bra and ket vectors (0| and |0) denote the ground states for the anti-neutron and
neutron, respectively. To the first order in momenta k and k' , the non-relativistic
spin-sum rules for the spinors @ (k') and w®(k) are u* (k')u®(k) ~ 2my,6**, where
my, is the mass of the neutron [26]. Eq. (2.6) then reduces to:

ST ~ iy 2ma 6 p(k — k). (2.7)

To extract an expression for the Yukawa potential of the scalar-neutron interaction,
the S-matrix derived through QFT needs to be compared to the corresponding S-
matrix derived from time-dependent perturbation theory in non-relativistic quantum
mechanics (QM) (see for example [27]). With the Born approximation, the non-
relativistic quantum mechanical expression for the S-matrix with a time-dependent
potential then becomes:

S ~ V(K — k). (2.8)
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An expression for the 4-dimensional Fourier transform of the potential can then be
extracted through comparison of eqs. (2.7) and (2.8). When comparing, however,
2m, needs to be divided from eq. (2.7), since this is a product of relativistic nor-
malisation of the ground state in QFT. As the neutrons in a neutral test object
are unpolarised, the spin is the same before and after the interaction, meaning that
8% = 1. The 4-dimensional Fourier transform of the potential can then be identified
as:

V(K — k) = —ygnd(K' — k). (2.9)
Inverse transforming yields a Yukawa potential of the form

V(z) = —ysno (), (2.10)

for one neutron scattering of the scalar field ¢(x).

2.2.2 The time-dependent EP-violating acceleration

The force F’:z, experienced by a (non-relativistic) neutron in this Yukawa potential
can be deduced by writing out the classical Lagrangian for this neutron:
1
L= §mn|x| —V(x). (2.11)

By applying the Euler-Lagrange equation on this Lagrangian, the sought after force
F can be identified with the term m,|Z| in the resulting equation of motion, leading
to the expression

Fy = —VV(z) = ysn V(). (2.12)

The force can be seen to depend directly on ¢(x), for which an explicit expression
needs to be found. For a real scalar field, the equation of motion for the free field is
the Klein-Gordon equation [28]:

(O +m3)e(z) = 0. (2.13)
The solution to this equation is a time-dependent plane-wave,

p(z) = Ae** 4 Be= e (2.14)

for some constants A and B. The wave oscillates with frequency wg, which follows
eq. (2.2) (but as was argued previously eq. (2.3) is a good approximation as long as
one is not interested in quantities of order the size of the frequency spread ~ myv?).
Requiring that the field be real means that eq. (2.14) can be simplified to:

o(z) =24 cos<w¢,t — k- 92") (2.15)

The normalisation constant A can be obtained by using the relation between average
energy and amplitude for wave dark matter [29]:

port = w247, (2.16)
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so that the constant can be seen to be:

A= L [ (2.17)
me 2

for w, &~ my. This leads to the full expression for the field ¢(x):

o(x) = n;\/Q'ODM oS (w¢t —k- f) (2.18)

With eq. (2.12) and the relation v = |k|/ w, between velocity and momentum, the
force on a neutron from the dark matter then becomes:

|ﬁ¢| = Fqg =\ 2pDM * YpnV sin(wd)t - IZ : f) (219)

The direction of the force will not matter from an experimental point of view, and
so only the scalar quantity will be considered. The spatial coordinate of the dark
matter field will also be of little consequence as its wave length would be larger
than the size of the experiment, and so one can without loss of generality drop the
Z dependence. Then the total time-dependent EP-violating force on a test object
containing N, number of neutrons becomes:

Fy(t) = Nuv2pDM - Ygn v sin(wept). (2.20)

In an eventual experiment, however, what would be indirectly measured is the ac-
celeration of the test object from this force. The object’s mass, my,, can be approx-
imated by the number of neutrons plus the number of protons times the neutron
mass:

Mo = (Ny + Np)my. (2.21)
By introducing a material-dependent parameter

N,
To =1+ 37, (2.22)

describing the ratio of protons and neutrons in the test object, the mass can be
expressed solely in terms of neutron-dependent constants and the parameter x;,
depending on the specific composition of the test object:

Mto = xt.oNnmn- (223)

The resulting expression for the acceleration is then:

(I¢(t) = F¢(t> ~ L AV 2PDM * YoV SiH(W¢t). (224)

Mt.o Tt.0Mnp

This EP-violating acceleration is used in the next chapter to derive a likelihood
function that can be analysed statistically. The analysis, which is done in Chap-
ter 4, determines the experimental sensitivity needed to either detect or reject the
possibility of detection of the scalar boson.
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Likelihood formalism

This chapter gives a description of the likelihood formalism that was used together
with the previously derived theoretical framework to analytically estimate the exper-
imental sensitivity of the proposed detection experiment. To search for dark matter
in direct detection experiments, one needs to be able to relate the theory with an
observable signal. Using the Fourier components of a time-series data as input, one
can construct a likelihood function to analyse the data. This is done in [18] and a
similar approach was made here, using the same analysis method to interpret sta-
tistically inferred results (in Chapter 4) from the derived likelihood function of this
chapter.

In this thesis, a hypothetical time-series data was used, consisting of data-points
containing information on the displacement of a levitated test object. In other
words, the hypothetical data Fourier transformed was the EP-violating acceleration
of the test object in the proposed experiment at QTL. Specifically, the actual inputs
used in the likelihood function was the power spectral density of the acceleration,
which in its definition contains the Fourier transform of the acceleration. This is
a useful description of the data, as the spectral shape of the Fourier components
contains information on the velocity distribution of the local dark matter in the
galactic halo [18].

3.1 Statistics of the scalar field

In order to derive a likelihood function containing statistical information of the
local dark matter, the statistics of the scalar field must first be reviewed. A general
expression for the scalar field describing the bosonic dark matter was given in eq.
(2.18). The local field is, however, comprised of an underlying distribution of fields
describing individual bosons. Assuming that there are Npy number of particles
making up the local field, each field contribution describing an individual boson will
have the form:

i 2ppMm
meg DM

oi(t) = cos(w;t + ), (3.1)
where ¢ € 1,2,..., Npy indexes the field, or mode, identified with a specific dark
matter particle. The density has been normalised for an individual particle, and the
Z dependence has been dropped as discussed in Section 2.2.2. For every mode, a
random phase ¢; € [0, 27) has also been introduced that describes initial conditions.
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3. Likelihood formalism

The velocity v; differs for each particle, giving a different angular frequency w; for
each field which follows equation (2.2). But as stated in Section 2.1, in most cases
the approximation w; ~ mg will be sufficient.

The total dark matter induced acceleration experienced by a test object, given in
eq. (2.24), can then be expressed as the sum of contributions from each field mode:

1 2
ag(t) = ; P / ]\[;DDE/[A%”% sin(w;t + ;). (3.2)

To make it easier to sum over all 4, it is advantageous to distribute the total number
of particles Npy into subsets §2; containing N, particles, as done in [18]. The
particles in each subset 2; have velocities between v; and v; + Av, with Av small
enough such that v; and v; + Av are effectively indistinguishable. As such, the
angular frequency w; will be the same for all field modes ¢;(t) in subset §2;, with
w; as in eq. (2.2). The only thing that differs between the fields in the subset €2,
will therefore be the random phase ;. The acceleration in this subset can then be
expressed as:

i 1 2ppMm .
T (t) = E Y Ui 1 ;) =
a¢< ) 5, Tt.oMn NDM Yo U] Sln((ﬂ] + 'Z )

1 2PDM iwit ey
= ———YpnU; Im { ™V g e . 3.3
Tt oMu | Npum Yol { ico, (3:3)

The sum over phases is equivalent to a two dimensional random walk, described by
a Rayleigh-distributed random number «;, giving the expression [18, 30]:

> e =aye, (3.4)
i€Q;
with «; distributed as:
204] _a2_/Nj
Play] = ——e “/"bm, (3.5)
Ny

By rescaling a;; — a1/ Niby;/2 under probability conservation, the N{,, dependence
can be removed from the distribution, so that the acceleration contribution from
field modes in subset €); can be written as:

a’ (t) = 1 pDMN]%Moz YenVj sin(w;it + ¢;) (3.6)
¢ Lt.0Mp Npwm JIonty ! 7 .
with «; distributed as:
Plaj] = aje_a?/Q. (3.7)

To finally sum over all j and get the acceleration from the total local field, it is
important to note that the velocities v; are drawn from the local dark matter velocity
distribution. In the standard halo model (SHM), this takes the form [18]:
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Ferma(v) e (vHvons) /U5 L (gAvvons/vG _ 1) (3.8)

v
B ﬁvovobs
with vy &~ 220 km/s being the speed of the local rotation curve, and vops ~ 232 km /s
the speed of the Sun relative to the halo rest frame. Using fsum(v), Ny can be
rewritten as Ny = Npwmfsam(vj)Av, which comes from the definition of j. This
finally leads to:

ag(t) = ! \NmM'%mE:%aﬂﬁkHM@DAUﬂH@%V+¢ﬂ (3.9)

Tt.0Mnp

for the EP-violating acceleration from the total local dark matter field, with «;
distributed according to (3.7). This expression for the acceleration is equivalent to
that of eq. (2.24), but highlights statistical variations of the scalar field needed to
analytically estimate the expected sensitivity of an experiment in Chapter 4.

3.2 The likelihood function

As stated in the beginning of this chapter, the form of the hypothetical data needed
to analytically construct a likelihood function is a power spectral density (PSD) of
the acceleration. This PSD relates the theoretical dark matter induced acceleration
of a test object to a observable signal of the scalar boson. The first step of deriving
the PSD is defining the following constant:

__PpM
L2 2
$t.0mn

Yin: (3.10)

for ease of notation, so that the acceleration in (3.9) can be written as:

ay(t) = \/EZ v/ fsmm(vj) Avsin(w;t + ;). (3.9

In an experiment, the data-points would be sampled discretely. Assuming that
N = fT data points are collected at a specific frequency f over a time period
T, they will be separated by a time spacing of At = 1/f, so that the discrete
acceleration can be written as:

al = VC S viaz/ fema(v;) Avsin(wnAt + ), (3.11)
J

for each data-point n € 0,1,..., N — 1. The discrete Fourier transform of this accel-
eration is:

F

al(; = age_ﬂ”k”/N, (3.12)
0

now with k € 0,1,..., N — 1. The PSD is defined as [18]:

n

(At)”

Sk =
aa T

jagl, (3.13)
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which with the definition of the Fourier transform in eq. (3.12) becomes:

2
At 2 [IN—-1
Sfa = C'( T) Z Zvja]\/fSHM(vj)Av sin(w;nAt + ¢;)e g~ i2mkn/N (3.14)
n=0 j

To calculate this quantity, it it easier to look at the PSD in terms of angular fre-
quency w (not to be confused with the angular frequency w; of the scalar field).
Using that k = wT'/(27) = wAtN/(27), the PSD takes the form:

fSHM(U') = A
=C Zvjaj %At Z sin(w;nAt + @;)e "3
j

By noting that the experimental frequency resolution A f depends on the time period
T as Af = 1/T, this expression can be simplified somewhat. With the definition
of wj, and large enough T, the frequency resolution can then be approximated as
Af =1/T =~ myvjAv/(2r), leading to:

2

Saa(w) (3.15)

2
v;)Mgv;
Zv]a]Av\/fSHM 0TI N Z sin(w;nAt + p;)e wnat

n=0

(3.16)

In reality, the time period T will be much larger than most other time-scales con-
nected to the experiment, allowing one to use T" — 00, and as a result also Av — dv
and At — dt. The sum over j then becomes an integral over v:

N-1
=C /dvvavw fSHM;WUdt Z sin(w,ndt + @, )e it
m n=0

where the index j is now replaced with v for o and ¢, as these will have been
randomly drawn for each value of v in the integral. The sum over n can be rewritten
and expanded to first order using (w, + w)dt << 1:

2

Saa(w) , (3.17)

N-1 (0o

4 dt (. el
. —iwndt __ Y 1Py —
dt nz:% sin(w,ndt + ¢,)e =3 (e i T
e 1 — 67%(“’“+W)T N Eez‘(goﬁ(wv—w)T/?) B sin((w, — w)T/2)+
1 — e~ lwotw)dt 2 H(wy — w)
. si w +w)T'/2
s o Sl T\ a8
3 (wy +w)

Taking the limit (w, + w)T — oo and using lim._,gsin(z/e)/x = wd(z) leads to

N-1 .
S singndt 4 ) T st
n=0
1 1
X —5(§(wv—w))+(5(§(wv+w)). (3.19)
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Keeping only the the term associated with positive frequencies (since w,w, > 0)
yields a short expression for the sum:

N-1
dt Y sin(wyndt + @, )" ~ —imel Pt/ 5, — W), (3.20)
n=0
and eq. (3.17) becomes:

2

/dv fSHM; )m¢v e (sov+(www)T/2)5(wv —w)| . (3.21)
™

To perform this integral, one can first use the relation between the dark matter
velocity and angular frequency in eq. (2.2) to rewrite the expression as an integral
over wy, then use integration rules for delta functions to evaluate the integral. The
result is a short and concise expression for the PSD:

Saa(w) = CWfSHiM(U)UOZ?

22
i , (3:22)

v=1/2w/mey—2
with C' according to eq. (3.10). The v-index on the Rayleigh-distributed number «
has been dropped as it is now only a single random number. Since « is exponentially

distributed according to eq. (3.7), the PSD in eq. (3.22) is also exponentially
distributed [18]:

P[Sua(w)] = A;w) oS se) (3.23)
with mean
M) = (Sua(w)) = ¢ T5mu0)Y . (3.24)

Mg v=1/2w/mey—2

In any experiment, one can expect some sort of background noise to manifest in
the data set. In general, the noise could come from a variety of sources, the two
most prominent ones being thermal noise and measurement-added noise [15]. If
the background is assumed to be Gaussian in nature (as in the case of thermal
noise), it would have an exponentially distributed PSD with mean Ag. With both
the individual dark matter signal PSD of eq. (3.22) and background PSD being
exponentially distributed, one can show that the total PSD, S%t°t of signal plus
background is also exponentially distributed (which is done in appendix A of [18])
and that the total mean is:

7TfSHM (U)U
Mg v=1/2w/mgy—2

Knowing that the full data set d of signal, arising from eq. (3.9), plus background
noise is exponentially distributed makes it possible to construct a likelihood function
that constrains a model M with model parameters @ for the signal and background.
The data set here is assumed to be given by N measured acceleration points of
the test object for each mass of the scalar boson at time intervals At. The PSD

)\(w) = )\s(W) + g =0C + AB. (325)
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distribution of this data set would be measured at frequencies given by w = 2wk/T
for k€ 0,1,..., N — 1, yielding a likelihood function for the model M:

N1 1 k,tot
L(d|M,0) = e~ Sad /A(0) 3.26
(d| ) kl;Il () (3.26)

The index k denotes quantities evaluated at a frequency w = 27k /T, and 6 include
parameters describing the signal, such as the coupling constant y,, and the velocity
distribution fspm(v), as well as parameters determining the background contribu-
tion. Note that the k¥ = 0 mode has been omitted in eq. (3.26). This is because the
signal could not contribute to this mode, as the velocity distribution in eq. (3.8) is
imaginary for k£ = 0. This mode would therefore only give a constant contribution
to the background, which can always be neglected without loss of experimental sen-
sitivity [18].

Having concluded a full likelihood framework, the likelihood function in (3.26) can
then be used to statistically infer the achievable experimental sensitivity by setting
a discovery and exclusion limit of the scalar-neutron coupling constant. This is the
subject of the next chapter.
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Experimental sensitivity

In the potential experiment searching for dark matter suggested in Section 1.2, one
would like to know the limits for which one can either say that detection of a dark
matter signal is possible or not. These limits determine the needed sensitivity of
the experiment and are termed exclusion limit, for likely exclusion of a signal, and
discovery limit for which one can claim the discovery of a signal. Determining these
limits is the focus of this chapter, in which a similar approach to [18] was made. To
help do this, a frequentist based analysis was performed, using two test statistics.
The analysis tested two models, one in which there is no signal (only background),
and one in which there is a signal and background. The purpose of the test statistics
was then be able to determine which of these models would fit the data best.

4.1 Introducing limits and test statistics

The limits for dismissing or confirming the possibility of a signal are more specifically
limits set on the value the coupling constant yg,. The reason for wanting limits on
Yen 1s that this constant determines the interaction strength of the dark matter with
the neutrons in the test object, and therefore with the object itself. The discovery
limit is therefore the lowest value of this coupling constant needed for which one
can say with some certainty that the interaction can be detected in an experiment.
Measuring a believed signal with this value as minimum for y4, in an experiment
would then mean that an actual signal for this type of hypothesised dark matter
has been detected.

When setting an exclusion limit, however, the goal is to see at which values of the
coupling constant the background can be said to overshadow a signal so that a signal
could not be detected. The limit set on y4, is then an upper limit on its value, as
one seeks to determine the highest value of the coupling constant for which one can
still say with some certainty that there is no signal and only background. Above
this limit, one can lean in favour of the dark matter hypothesis if a believed signal
is detected, but not claim discovery until one reaches the discovery limit.

4.1.1 The profile likelihood

The basic object for calculating the limiting values of the coupling constant is the
likelihood function in eq. (3.26) developed in Chapter 3. From this likelihood stems
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the frequentist tools in the form of two test statistics that will be used to set the
limits. The form of the likelihood that will be used is the profile likelihood:

O(mg, C) = 2[log L(d|M, {C,m4, 05} — log L(d| Mgz, 05)]. (4.1)

Here, some explanation is required. First of all, calculating limits for the coupling
constant is effectively the same as first limiting the constant C' defined in eq. (3.10),
and makes for easier notation. When limits have been found for C, eq. (3.10) can
be used to get the limits for y4,. Secondly, the mass mg of the dark matter will
affect the results of the limits. Hence, both C' and m, are important parameters to
consider and are therefore explicitly stated in the expression of the profile likelihood.

In eq. (4.1), M denotes the model that has been constructed under previous chap-
ters, in which bosonic scalar dark matter hypothetically exists and can be detected
as a signal. Mp instead denotes a model in which no such dark matter exists and
there is only background sources. In this model, the coupling constant is zero and
hence C' = 0. The variable O denotes the background parameters with values that
maximise the likelihood for that specific data-set d and model.

The profile likelihood in eq. (4.1) is central in the coming definitions of the test
statistics, as it encodes the properties of the dark matter. Explicitly, using the
derived likelihood in eq. (3.26), it has the form:

1 A
O(my, C) =2 Z lsk stot ( ) log ’“] (4.2)
Y )\B
with A; being the mean of the PSD for signal and background as in equation (3.25),
and A\g the mean for background only. The data is represented by the total PSD
Sk and the statistical behaviour of the data is encoded in the random number «,

which is Rayleigh-distributed according to eq. (3.7).

4.1.2 Definitions of the test statistics

For establishing an upper exclusion limit on C' (or yg4,), the following test statistic
is defined [18, 31]:

O(mg,C) — O(my, C) C > C,

~ 4.3
0 Cc<C. (43)

qe(m¢’ C) = {
' is the value of C' that maximises the profile likelihood O©(mg, C) at a fixed mass
mg. The reason for setting the test statistic to zero for C' < C' is that only values of
C larger than the best fit C would indicate that the background-only model Mgy is
incompatible with the data because the signal model M is a better fit [31]. While
C' < C would still be considered evidence against the background-only model Mg,
it would not be considered evidence in favour of the signal model M, and as such
the test statistic can be set to zero for this case. The definition then shows that this
test statistic stands for the degradation of the likelihood as C' is increased beyond
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the best fit point C for the model Mp. Note also that g, is defined to be negative.
For the discovery limit, a second test statistic is defined as [18, 31]:

Qd(m¢) = ®(m¢7 é)v (4'4)

which is a quantity that describes how much the model M, which includes the scalar
dark matter boson, fits better to the data than the model Mg without the scalar.
In general, one can say that a larger value of ¢gq means that the model M with the
scalar is more preferred.

4.2 The Asimov method

In an actual experiment, the profile likelihood in eq. (4.1) can be used directly to
determine the probability of a signal in an experimental data set. The purpose of
the test statistics defined above, however, is to make it possible to find out what
the expected sensitivity of the experiment is before it is carried out, through exclu-
sion and discovery limits. This is often done through Monte Carlo simulations of
the experiment, from which the expected distributions of ¢, and ¢q can be deduced
over many simulated data sets. The distributions can, however, also be deduced
analytically, as done in [18], which in turns follows likelihood-based statistical tests
developed in [31]. This thesis follows this approach, in which the expected sensi-
tivity was calculated analytically with the use of a method utilising the so called
Asimov data set [31]. This set is an artificial replacement representative for all the
simulated data sets obtained through simulations, and is defined such that when
used to evaluate the parameter estimators the true parameter values are obtained
[31]. Using the Asimov data set, one can therefore analytically derive asymptotic
distributions of the test statistics, otherwise deduced from many runs of a simula-
tion, from which expected exclusion and discovery limits can be calculated.

Since the profile likelihood is central in both definitions of the test statistics, a
natural step towards finding exclusion and discovery limits through the Asimov
method is to first find the profile likelihood’s asymptotic distribution. With the
Asimov method on this particular problem, the data set S¥" is assumed to contain
a signal and set to equal the mean prediction of the dark matter model, neglecting
statistical fluctuations [18]:

7 fsmm (v)v

Sk,ASimov = )\t — Ct
aa k
me

+ Ap. (4.5)

The index t indicates that the parameter takes the true value, as per definition of
the Asimov data set. This is the same relation as eq. (3.25), and this expression

should also be evaluated at v = \/ Ak /(myT) — 2. With this artificial data set, the
profile likelihood takes the asymptotic form (:)(m¢, C):

Nl 1 1 hy
O(my, C) =23 | AL < _ > “log 2k | (4.6)
M pw
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with maximum at C' = C;:

mgx(:)(m¢,0) = O(my, Cy). (4.7)

Assuming that the experiment has run long enough for the width of the frequency
bins to be much smaller than the range over which A\; or Ag varies, the sum over
k modes can be approximated into an integral over v. Using eqs. (3.25) and (4.5),
and the relation between v and k:

O(my, C) = nf/dvv[(QW + )\B> (1 — 1 >_

me )\B Ct 7ﬂfs?7$;(v)v + )\B
—log (1 + Oﬁf;ﬂ&(w”)} -
$AB
7 fsum (v)v
myT 7 fsam (V) v t mMB 1
:7/61”“ G o 7 VLT o @y ]
" mov | OB T O
#AB
— log (1 + CW)] (4.8)
$AB

In any individual frequency bin, an eventual signal will most likely be much smaller
than the background, C7 fsum(v)v/mg, Cymfsum(v)v/my << Ap, allowing one to
expand eq. (4.8) to leading order in C' and C}. This yields the simplified expression

é(m¢,0) CTr <Ct— >/d SfSHM ) (49)

If the background is frequency 1ndependent, Ap can be extracted from the integral:

6. €)% T8 (0= ) [ ao Fo(0). (410

m¢/\2
As the background to be used in Chapter 5 is the thermal acceleration noise of the
proposed experiment of Section 1.2, a frequency independent background can be as-
sumed from now on, since the acceleration noise is seen to be frequency independent
in eq. (1.1). Eq. (4.10) is the final asymptotic form of the profile likelihood and is
used in coming sections to derive exclusion and discovery limits.

4.3 Exclusion limit

The goal of this section is to derive an upper exclusion limit for the coupling constant
Yen for which a signal can be rejected; in other words rejecting the dark matter plus
background model M in favour of the background-only model Mg. In this case,
the Asimov data set to use is a background-only distribution, in which C; = 0
In accordance with most high-energy physics experiments, the confidence interval
chosen for excluding a signal is 95%, corresponding to a p-value no larger than 0.05
[32]. Only a one-sided p-value is considered, as any downward fluctuations of the
background mean would not be considered evidence against the background.
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4.3.1 The value of ¢,

From the definition of the test statistic in eq. (4.3), and using the maximum of eq.
(4.7), the test statistic for the 95% exclusion limit of a signal takes the simple form

(:)(m¢,095%) C > C’,

. (4.11)
0 c<C.

Ge(meg, Cos%) = {
Having this equality with the asymptotic profile likelihood, one would like to use
the asymptotic distribution of the test statistic to find the value of ¢. at a 95%
confidence interval, and from there use eq. (4.11) to calculate the explicit upper
limit 095%.

The asymptotic distribution of the test statistic g, is in this case straightforward
to deduce using Wilks’ theorem [33]. The probability density function (PDF) of
this test statistic is according to Wilks’ theorem asymptotically a half-chi-squared
distribution with one degree of freedom, at a fixed mass m, (only half from the
definition of ¢.) [31]. An explicit form of the PDF is given in [31] but for a test
statistic defined with opposite sign, from which the PDF for ¢, in this thesis can be
seen to be:

1 11 1
e) — —o(— o) t -—F——F——=¢
Its cumulative distribution function (CDF) is then found to be equal to that of the
standard normal distribution with respect to the square root of minus g:

9/2, (4.12)

F(ge) = (V—=e)- (4.13)

The p-value is then given by [31]:

p=1=F(g)=1=®(V—q). (4.14)
Having chosen to find the exclusion limit with a confidence interval of 95%, the
p-value can be set to 0.05 to find the corresponding value of ¢,:

q35% = qe(mg, Cos%) = _((I)_l[0~95])2 ~ 2.7l (4.15)

4.3.2 The upper limit of y,

Now having explicit forms for both sides of eq. (4.11), the upper exclusion limit on
Yen can be explicitly calculated. Using the asymptotic form of the profile likelihood
in (4.10), with C; = 0, and ¢?°” in eq. (4.15) with no statistical variations, the
upper limit on C becomes:

—2. q%% . 1, \2 -1
Coso :J quW 078 l / dvv3 ngM(v)] . (4.16)

Solving for the coupling constant in (3.10), the form of the 95% exclusion limit of
Yon becomes:
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g 9. 9% . -1\ 1/4
ygi%—wt.omn sy ( q l/dUUBfSHM )] ) : (4.17)

Note that the integral over velocity should be evaluated from 0 to oo, giving an
analytic result of

672vgbs/v0

/0 dvv® e (v) = 7(97}0 + 4vgys)+
vV 2T \/§U b
15 4002 16 f 1 ~1.003-107° 4.18
327U0U0bs< UO + U obs + Uobs) €r Vo ) ( )
95%

that can be used to get a concrete expression for yz™. In the next chapter, this

result is used to show how y32% varies with different values on the mass mg, using

realistic values of A\g and z, based on the QTL experiment.

4.4 Discovery limit

Having a 95% exclusion limit for which a signal can be rejected in favour of only
background, the next step is to find the lower limit of y4, for which the background
is rejected in favour of the signal plus background model. Rejecting the background
model at a level of 5o would be considered a discovery, corresponding to a p-value of
2.87-1077 [32]. As for the exclusion limit, only a one-sided p-value is considered since
any upward fluctuations of the hypothesised signal mean would not be considered
evidence against the signal.

Finding an expression for the discovery limit y;?)% is straightforward. With the def-
inition of ¢q in eq. (4.4) and the same asymptotic form of the profile likelihood in
eq. (4.10), with C; = C’, one obtains the same expression as for the exclusion limit
but with a sign difference and another value of the test statistic:

A 2 —1 1/4

PDM

The threshold value ¢37 giving the discovery limit is not as easily calculated as ¢2°%,

and will be seen to be more experiment dependent.

4.4.1 The value of ¢q

To obtain the value ¢, one must first know the asymptotic distribution of the
test statistic, specifically the distribution under the assumption of background only.
This distribution determines how likely the background is to produce a value for ¢q,
which gives a lower threshold limit ¢37 that should be set to claim discovery of a
signal. However, unlike with the test statistic for exclusion, Wilks’ theorem cannot
directly be used to determine the asymptotic distribution, as gq has zero degrees
of freedom (instead of one). In order for Wilks’ theorem to be applicable to this
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definition of the test statistic, certain assumptions must be made that allows one
to find an alternative form of ¢q via a change of variables. This is done explicitly
in Appendix D in [18], where they show that the asymptotic distribution of ¢q is
actually also half-chi-squared with one degree of freedom:

1 5(qa) + 11 1

— ———c
) da 2 or NG
Note the sign difference to eq. (4.12) with ¢, defined to be negative. The associated
CDF is similarly

flga) = —1a/2, (4.20)

F(qa) = (\/qa), (4.21)

but with opposite sign inside the square-root. The Asimov data set to use is
background-only distributed, since the threshold value ¢}° searched for comes from
the asymptotic background-only distribution of gq. In practice, this means that the
data set is assumed to contain only background, but that there could be an upward
fluctuation in some frequency range that is better described by the model including
the dark matter signal. Realistically, in an experiment a number of independent fre-
quency windows would be scanned, corresponding to different scalar boson masses,
and in any of these windows, an upward fluctuation could occur [18]. One would
therefore like to know the probability of the background “faking” a signal with such
a fluctuation in any of these bins. The possibility of this happening is called the
look-elsewhere effect, and arises because the scanned frequency space is so large that
the chance of a statistically insignificant fluctuation in not negligible. Dividing the
frequency space into smaller windows minimises this effect. The probability of a
“faked” signal is given by the survival function [18]:

Sl = 1= Flg¥) = 1 - @(\/g), (4.22)
describing the chance that the test statistic takes a value greater than ¢}°, under the
assumption of background-only. Under the assumption of N, individually scanned
frequency bins, ¢37 needs to be set so that the probability of the background faking
the signal in any bin is 1 — ps,, with ps, ~ 2.87- 1077 for a 50 significance level.
Since ps, is very small, the probability that at least one value of ¢q is greater than
¢’ in any frequency set is

pso =1— (1= S[g}")"™ ~ N,.S[a)’], (4.23)

where the approximation uses a Taylor approximation around S[¢}°] << 1. This

with eq. (4.22) leads to
» 2
=120 . 4.24
4q [ ( N, ( )

Determining 5% then requires knowing the number of scanned bins N,,. Estimating
a proper value for N, is hard, however, since a continuum of frequencies can be
scanned in practice, even if not all points have independent data. A mass point
described by the frequency wy ~ m,, is expected to have a bandwidth related to its
escape velocity:
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1
Oy = SMgUse ~ Mgy, (4.25)

with vese ~ vy (the speed of the local rotation curve) in the SHM [18]. A set of
independent mass points can then be characterised by the relation [18]:

m((;) = méo)(l + Bud)’, (4.26)

with ¢ = 0,..., N, — 1. The parameter [ is a number of order unity that can
be tuned to Monte Carlo simulations. Tuning [ for larger p-values in simulations
allows one to analytically extrapolate to smaller p-values, for which the number of
simulations would not be manageable to calculate ¢3° directly. This step is not
done in this thesis, but § has been simulated to § ~ 3/4 in [18] with bandwidth
BugUens. Here, a similar value is used, revised to fit with the used bandwidth of SvZ,

so that 8 &~ 3/4 - vops/vo &= 0.791. N,, can then be estimated by relating mé)o) with

the minimum frequency wg min and mé)N’"‘_l) with the highest frequency wg max and

taking the logarithm on both sides of eq. (4.26):

= 1OgW _ 10g(1 + 5@2)(%71) _
We,min mg(bO) 0
= (Nm—1) log(l + ng) ~ Ny, log(l + Bug) ~

~ Ny 305

w
IOg ¢,max

]- max
= N, = —long

. 4.27
BU(% w¢>,min ( )

Using this expression for N,, (for N,, >> 1) depending on the chosen frequency
span scanned, ¢3° can be estimated with eq. (4.24), which in turn can be used to
determine the limit ygz for the coupling constant in eq. (4.19).

Now having explicit expressions for both the exclusion limit of yg, in (4.17) and
discovery threshold in (4.19), a full experimental sensitivity estimation can be made,
using only the analytical tools and frameworks derived in these past three chapters.
The method used here can in principle be applied to any experiment, and any wave
dark matter candidate, allowing for a powerful analytical testing of dark matter
models without having to run long simulations. The possible application of this
on an experiment at QTL is examined in the next chapter, where exclusion and
discovery limits for an eventual experiment are shown as a function of mass.
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Estimations of Exclusion and
Discovery Limits

Having concluded a full theoretical framework for the scalar boson candidate, as
well as having a statistical framework for testing its interaction strength with a
test object, this could then be applied to the proposed experiment at QTL, for
which the experimental sensitivity could be estimated. With the relevant equations
for exclusion and discovery limits of Chapter 4, these were plotted in Python in
a chosen mass interval for the dark matter, using the thermal acceleration noise
of eq. (1.1) in Chapter 1 as background term, having chosen to scale the total
time period in two ways. The resulting limits of the coupling constant were also
compared with result in [24]. The result used for comparison in [24] was an upper
limit calculated based on two experiments testing violations of the weak equivalence
principle (WEP) for scalar-quark couplings. This is the same type of EP-violation
investigated in this thesis for the scalar-neutron interaction. The experiments both
measured the differential acceleration of two test objects of different compositions,
one in a rotating torsion balance [34] and the other in free fall [35, 36]. The plotted
WEP-result was used to compare with results here, modified for a scalar-neutron
coupling using the neutron form factor in [26].

5.1 Parameters and variables

In eqs. (4.15) and (4.24), ¢2°”% and ¢3° can be seen to depend directly on the mean
background term Ag. To make the analytical results relevant for the the proposed
experiment at QTL described in Section 1.2, \g was assumed to be a thermal ac-
celeration noise (exponentially distributed), with values given by eq. (1.1). Two
values of the quality factor @), were assumed, as well as two sizes of the test object,
resulting in four background terms Ag = Se™ shown in tab. 5.1.

Radius of test object (nm) | m¢, (kg) | Qum | Ap = Sihem™ (eV)
1 5-107 | 107 8.2-107%
1 5-1071 | 101 8.2.107%3
100 5-107% | 107 8.2.107°°
100 5-107°% | 10M 8.2-107°

Table 5.1: Four background terms shown in the rightmost column in natural units
of eV, for each size and and quality factor stated in the leftmost columns.
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The other variable needed to be set according to experiment was xy ,,, describing the
ratio of protons and neutrons in the test object. The microspheres levitated at QTL
are made of lead. Using the proton number 82 for lead, and standard atomic mass
207.2, ¢, could be calculated to

82
Al ot A 165
. T o072 %2

For the discovery limit ¢}7, a mass range was also needed, in order to calculate N,,.
The whole possible mass range for wave dark matter was not investigated, as the
amount of data for such a large range would be unwieldy. Instead a smaller mass
interval was chosen with 1.24 - 1071? eV < m, < 4.14 - 107! eV, corresponding to
frequencies of 30 Hz up to 1 kHz that could be probed in the experiment at QTL.
With egs. (4.27) and (4.24), ¢5° could then be calculated to be approximately 56.1.
The maximum frequency of 1 kHz was optimistically chosen. A lower maximum of
200 Hz, corresponding to a mass 8.27 - 10713, would perhaps be more realistic but
the higher one was chosen in order to probe a larger mass range, and to compare
with result in [24].

The variable T in egs. (4.15) and (4.24) stands for the time period for each frequency
f being scanned, corresponding to a mass mg. This means that for each mass bin
scanned, with bandwidth Smgvé according to the parameterisation in (4.26), the
scanning time 7' could be different. The total time period was chosen to scale with
the mass in two ways, in accordance with [18]: T' oc (mj)~" and T oc (m})~°. The
maximum time 7T}, chosen for the lowest mass bin was 1000 s in both cases, so
that T could be parameterised in the following two ways:

T™ " = Tax - (mg)" - (ml) ™", (5.1)
m75 i\ —
T™ " = Tax - (my)® - (mly) >, (5.2)

with mg =1.24-1071 eV. This lead to the highest mass bin for ™" being scanned
for T™ ' = 29.95 s, and for 7™ ° the lowest mass bin was scanned for 7™ ° = 24 ps.

Using the analytic expression in eq. (4.18), ppm =0.4 GeV/cm?, m, = 939.6 MeV,
and parameter values and scalings stated in this section, the exclusion and discov-
ery limits of eqs. (4.17) and (4.19) could be explicitly specified for the proposed
experiment at QTL:

T yP% =869 10" VL \/Ag - /g, (5.3)
Yoo = 1.84-102 &V g - /g, (5.4)
Ty =7.01-10% V2 g S, (5.5)
Y3 = 14810 V2 - [ -/, (5.6)

The coupling constant can be seen to be proportional to m;/ > or mz/ 2, with the
exclusion and discovery case differing only by a proportionality constant.
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5.2 Results and comparison with WEP

Plots of the resulting exclusion and discovery limits from eqgs. (5.3)—(5.6) are shown
in figs. 5.1 and 5.2. Fig. 5.1 shows estimated limits for the time period scaling 7™
of eq. (5.1), plotted against the scalar boson mass, for the four different background
terms. Fig. 5.2 shows the same for the time period scaling 7 of eq. (5.2).

Y39 for 1 um, Qm =107
10-18 4 y3q for 1 um, Qp, = 101!
Y35 for 100 um, Qp, = 107
10—19 4
35 for 100 um, Qy, = 101?
10-20 4 ygo% for 1 um, Qp =107
§ yga¥ for 1 um, Qp =10
10-21 4 y3a% for 100 um, Qp, = 107
y35% for 100 um, Q= 10
10722 4
10*23 4

Figure 5.1: Exclusion and discovery limits with T " plotted against the mass
myg, for four different backgrounds. Solid lines are discovery limits ¢3° and dashed
lines are exclusion limits ¢2*”, colour coded with red lines indicating the smaller test
object and blue lines the larger test object, each with two different mechanical quality
factors. The vertical grey line at 200 Hz indicate the lower maximum frequency

perhaps more realistic for the experiment at QTL.

— y39 for 1 um, Q=107
—— y3q for 1 um, Qy, = 10!
—— y33 for 100 um, Qm = 107
y35 for 100 um, Qp, = 10
=== yga% for 1 um, Qm =107
- yga% for 1 um, Qm =10
——= y2%for 100 um, Q, =107
¥ga7 for 100 um, Qp = 10

2:10713 10712 4-10712
my [eV]

Figure 5.2: Exclusion and discovery limits with 7 ° plotted against the mass Mg,
for four different backgrounds. Solid lines are discovery limits g5 and dashed lines
are exclusion limits ¢2°%, colour coded with magenta lines indicating the smaller
test object and cyan lines the larger test object, each with two different mechanical
quality factors. The vertical grey line at 200 Hz indicate the lower maximum fre-

quency perhaps more realistic for the experiment at QTL.
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Solid lines represent discovery limits from eqgs. (5.4) and (5.6), and dashed lines
represent exclusion limits from egs. (5.3) and (5.5). The top two results in red or
magenta in each figure are limits for the smaller test object with radius 1 pm, and
results in blue or cyan are limits for the larger test object with radius 100 pm. The
dashed vertical grey line indicate where the lower maximum frequency of 200 Hz
would cut of the results, here plotted up to 1 kHz.

As can be seen directly from egs. (5.3)—(5.6), the results scale with the square root
of the background, so that lower background gives a higher sensitivity in the form
of lower limit values. Also visible from these equations is the fact that the 7"
scaling will result in a faster loss of sensitivity for higher masses compared to the
™" scaling, which is seen as a steeper slope of the plots in fig. 5.2 compared to
that of fig. 5.1. The sensitivity lessens for higher masses in both cases, however, as
both scalings results in higher coupling constant values for higher scalar masses.

Comparisons of results with the WEP result are shown in figs. 5.3 and 5.4, but only
with discovery and exclusion limits for the smaller test object and Q,, = 107, giving
the highest thermal background contribution. The dashed green line is the WEP
upper limit, replotted for a scalar-neutron coupling with the use of a neutron form
factor and the web-based tool Plot Digitizer. The plot includes only the minimally
obtained limit for each mass from two calculated results for the two experiments.
As before, the vertical grey line indicate where the lower maximum frequency of 200
Hz would cut of the results, which would be just after the change in slope of the
WEP result.

10—2 .

——————————————————————— --- WEP
---------------- — y3g for 1 um, Qp, =107

-5

? -== yga% for 1 um, Qn =107
10—8 -

s

> 10—11 ]
10—14 4
10—17 ]

my [eV]

Figure 5.3: Exclusion and discovery limits with T™ " for the smallest test object
with mechanical quality factor 107, giving the highest background. The WEP ex-
clusion limit is plotted in a dashed green line for comparison. The vertical grey
line at 200 Hz indicate the lower maximum frequency perhaps more realistic for the
experiment at QTL.
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-2 4
S R S——
---------------- — y3g for 1 um, Qp =107
-5
B === yg,f% for 1 um, Q,, = 107
1078
s
> 10—11 ]
10—14 4
10—17 4

mg [eV]

Figure 5.4: Exclusion and discovery limits with T™ " for the smallest test object
with mechanical quality factor 107, giving the highest background. The WEP ex-
clusion limit is plotted in a dashed green line for comparison. The vertical grey
line at 200 Hz indicate the lower maximum frequency perhaps more realistic for the
experiment at QTL.

5.3 Discussion and analysis

Comparisons with the WEP-result show that the proposed experiment at QTL could
achieve a higher sensitivity in searching for scalar wave dark matter coupling to neu-
trons. Both discovery and exclusion limits are well below the WEP exclusion limit
by several orders of magnitude, including results for higher masses with the ™"
scaling. The experiment is therefore well motivated for EP-violating acceleration
searches of scalar dark matter. Some aspects of the analysis and assumptions made
during the derivation of the theoretical framework are worth considering though.

The loss of sensitivity for higher masses with the ™" scaling implies that this
choice of time period would not be as good for searches in larger mass intervals. For
very small mass intervals, the loss of sensitivity for larger masses is not as apparent
compared to the 7™ ' scaling, but even for the interval 30-200 Hz the difference
is still visible. This shows that the choice of time period has a clear effect on the
sensitivity. Choosing to scale the period with mass can result in a large difference in
sensitivity for lower and higher masses. Longer periods of scanning for each mass bin
will give an overall higher sensitivity, but scanning each bin for 1000 s, for example,
might not be feasible in practice, since the total scanning time would be too high
for the large amount of bins needed. Higher frequencies, corresponding to higher
masses, will however not require as long a scanning period as the lower frequencies
to achieve the same sensitivity. Finding a time period scaling that effectively takes
this into account could therefore be a good way of optimising the sensitivity.

Furthermore, the scaling of sensitivity with the square root of the background means
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that additional background contributions, apart from the thermal acceleration noise,
can easily be accounted for, leading only to a shift in results. This assumes, however,
that any additional background’s PSD would be exponentially distributed so that
the total data PSD is exponentially distributed, leading to that the total PSD mean
is the sum of signal mean and background mean as in eq. (3.25). If the background
would happen to be distributed differently than the signal, a new likelihood function
would need to be derived that accounts for this, but the sensitivity analysis done
here could just as well be applied to any likelihood. Additionally, the final results
for the limits are also based on that the background mean is a constant. In the
case of a frequency dependent background, the asymptotic profile likelihood of eq.
(4.9) would be needed for calculating exclusion and discovery limits, rather than eq.
(4.10).

Some assumptions done in the derivations of the likelihood and sensitivity should
also be considered. The assumed velocity distribution fsgy(v) for the dark matter
velocity is taken from the standard halo model, but other models with different
distributions could change the resulting sensitivity. In calculating the acceleration
PSD, the result was also dependent on that the time period 7" would be much larger
than other time scales in the experiment, allowing for the approximation 7" — oo
in eq. (3.17). It is therefore important to make sure that this approximation holds
when choosing time period. Since values of the local dark matter density ppy varies
in literature, the chosen value can also marginally affect the result, and the same
goes for the parameter x;, that is assumed to only depend on the neutron mass and
number of neutron in the test object. Finally, it should be remembered that the
framework development and analysis done was for only a scalar-neutron coupling.
Since the coupling in its basic form is actually a coupling between the scalar boson
and quarks, the analysis would be equally valid by assuming only a scalar-proton
coupling or a combination of the two.

In conclusion, the derived experimental sensitivity for the proposed experiment at
QTL can be said to be high enough as to motivate actually performing the exper-
iment, especially compared to the similar analysis done in [24] for the same dark
matter candidate. While some details need to be carefully chosen and analysed,
searching for EP-violating accelerations induced by scalar-neutron couplings can be
seen to be possible with this set-up, even allowing for exploration of a previously
unexplored parameter space of the scalar boson.
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