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Large-Scale Noise Simulation in Urban Environments
Using a Preconditioned Helmholtz Solver

MARINA SAHAKYAN

Department of Mathematical Sciences

Chalmers University of Technology

Abstract

This thesis studies the finite element solution of the time-harmonic Helmholtz equa-
tion for acoustic wave propagation in urban environments. The discretized Helmholtz
equation gives rise to large, complex-valued, indefinite linear systems, for which
standard iterative methods may converge very slowly. The aim of this work is to
implement and evaluate a preconditioned GMRES solver for such systems, with
focus on solver performance, parameter choices, and practical memory limitations.

The solver uses a two-level restricted additive Schwarz preconditioner with a
spectral coarse space, following the RAS/MS-GFEM approach of Ma, Alber, Sche-
ichl, and Zhang. The implementation is first verified on an exact plane-wave prob-
lem, then tested on a controlled rectangular box domain, and finally applied to
realistic city-domain meshes representing part of Gothenburg. The experiments
investigate how mesh resolution, frequency, and the choice of coarse space affect
convergence and computational cost.

The results show that the two-level coarse correction considerably improves GM-
RES convergence compared with a one-level method and with plain GMRES without
preconditioning. On the box domain, the method gives stable algebraic convergence
up to 30 Hz, although the acoustic field is not fully mesh-converged at the higher
frequencies. On the city geometry, the 5 Hz case gives the clearest mesh-refinement
behaviour, while the 10 Hz, 20 Hz, and 30 Hz cases become increasingly demand-
ing. The largest city runs show that explicit storage of the coarse basis can become
memory-limiting. The study therefore shows that the two-level spectral Schwarz pre-
conditioner is promising for large Helmholtz problems in urban acoustics, but that
higher-frequency simulations require careful choices of mesh resolution, coarse-space
size, and memory-efficient implementation.

Keywords: Helmholtz equation, urban acoustics, finite elements, GMRES, precon-
ditioning.
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1

Introduction

Urban noise is a major environmental problem in modern cities. Road traffic, rail-
ways, construction work, and industrial activity all contribute to sound fields that
interact with buildings, terrain, and the ground. Long-term exposure to environmen-
tal noise is associated with negative effects on health and quality of life, including
annoyance and sleep disturbance [19]. Reliable prediction of sound propagation is
therefore important for urban planning, environmental assessment, and the design
of quieter cities.

In practical environmental acoustics, many prediction tools are based on ge-
ometrical or semi-empirical propagation models. Such methods are efficient and
are widely used in engineering practice, for example in standardized outdoor noise
prediction methods [10]. However, wave effects such as interference, diffraction,
and multiple reflections become important in complex urban geometries, especially
at low frequencies. Wave-based models provide a more direct representation of
these effects. For steady time-harmonic sound fields, the governing equation is
the Helmholtz equation, which is a standard frequency-domain model in acoustics
[13, 16, 9].

Solving the Helmholtz equation numerically on realistic three-dimensional urban
geometries is computationally difficult. Finite element discretization leads to large
sparse complex-valued linear systems. As the frequency increases, the wavelength
decreases, so the mesh must be refined to resolve the wave field. This increases
the number of degrees of freedom. At the same time, the Helmholtz operator is
indefinite, and standard iterative solvers can converge slowly or unreliably without
suitable preconditioning [6, 7].

The motivation for this thesis is to investigate whether a recently proposed two-
level domain decomposition preconditioner can make such Helmholtz solves practi-
cal for large-scale urban noise simulation. The implementation follows the restricted
additive Schwarz and multiscale spectral generalized finite element method precon-
ditioner proposed by Ma, Alber, Scheichl, and Zhang [12]. The method combines
local subdomain corrections with a global coarse correction constructed from local
spectral basis functions. In this work, the method is implemented and tested on
both controlled box geometries and real city-domain meshes.

1.1 Problem formulation

The central problem studied in this thesis is how to solve finite element discretiza-
tions of the time-harmonic acoustic Helmholtz equation efficiently and robustly on
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large three-dimensional geometries. The application setting is urban noise simula-
tion, where the computational domain may contain buildings, ground surfaces, and
open-air regions.

The main computational challenge is not only to assemble the finite element
system, but to solve the resulting linear system with reasonable memory use and
wall-clock time. Direct solvers are often too expensive for large three-dimensional
problems; while unpreconditioned iterative solvers may converge very slowly for
indefinite Helmholtz systems. This makes preconditioning a central part of the
numerical method.

This motivates the main task of the thesis: evaluating whether a two-level spec-
tral domain decomposition preconditioner can make finite element Helmholtz solves
practical for large-scale urban acoustic simulations, and identifying the limitations
that appear as the frequency, mesh resolution, and coarse-space dimension increase.

1.2 Aim and research questions

The aim of the thesis is to implement, test, and evaluate a two-level preconditioned fi-
nite element solver for the Helmholtz equation, with emphasis on large-scale acoustic
problems on realistic city geometries. It is addressed through the following research
questions, which guide the design of the numerical experiments in Chapter 4:

1. How does the two-level preconditioner affect GMRES convergence for Helmholtz
problems on controlled box geometries and realistic city-domain meshes?

2. How do frequency and mesh resolution influence the solution behaviour, re-
ceiver convergence, and solver performance?

3. How do preconditioner parameters such as the spectral threshold, oversam-
pling size, number of subdomains, and number of retained local modes affect
convergence and computational cost?

4. What memory limitations appear when the spectral coarse space is stored
explicitly for large three-dimensional city problems?

1.3 Scope and limitations

The thesis focuses on the numerical solution of finite element discretizations of the
Helmholtz equation. The main object of study is therefore the linear solver and the
two-level preconditioner, rather than a complete physical model for outdoor noise
prediction.

The acoustic model is kept deliberately simple. The experiments use time-
harmonic linear acoustics with constant material parameters, a localized Gaussian
source term, sound-hard solid boundaries, and absorbing conditions on selected outer
boundary facets. Detailed source calibration, finite-impedance or porous ground
models, atmospheric effects, and validation against measured sound levels are out-
side the scope of the thesis.
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The numerical experiments are designed to study solver behaviour: GMRES con-
vergence, mesh and frequency dependence, preconditioner parameters, and memory
limitations. The city-domain simulations are therefore interpreted as realistic ge-
ometry tests for the numerical method, not as final validated predictions of urban
sound levels. Receiver values are used as internal diagnostics for mesh refinement
and solution consistency, not as comparison with physical measurements.

1.4 Thesis outline

Chapter 2 introduces the theoretical background: acoustic wave propagation, the
time-harmonic Helmholtz equation, boundary conditions, finite element discretiza-
tion, GMRES, and preconditioning. Chapter 3 describes the implemented numerical
method, including the finite element model, domain decomposition, spectral coarse
space, two-level restricted additive Schwarz preconditioner, and offline-online solu-
tion procedure.

Chapter 4 presents the numerical experiments and results. It starts with verifica-
tion on an exact plane-wave problem, then studies the method on a controlled rect-
angular box domain, and finally applies it to realistic city-domain meshes. Chapter 5
discusses the results in relation to the research questions, including solver conver-
gence, acoustic convergence, parameter choices, and memory limitations. Chapter 6
summarizes the main findings and outlines possible directions for future work.
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2

Theory

2.1 Acoustic wave propagation

Sound propagation in air can be described as a small perturbation of an ambient
equilibrium state. Let pii(x,t) denote the total pressure at position x € Q C R?
and time t. It is written as

Drot (2, 1) = po + p(a, t), (2.1)

where pg is the constant atmospheric pressure and p(«,t) is the acoustic pressure
perturbation.
Similarly, the total density is written as

ptot(w7t> :P0+P1(337t)7 (22)

where pg is the ambient air density and p;(x,t) is the density perturbation. In
the small-amplitude regime, where nonlinear effects can be neglected, acoustic wave
propagation is governed by the linearized equations of mass and momentum con-
servation [13, 16]. If v(x,t) is the acoustic particle velocity, these equations can be
written as

dp1
E— . p— 2-
5 +poV-v =0, (2.3)
and p
v
— +Vp=0. 2.4
Po BN + Vp (2.4)

To close the system, pressure and density perturbations are related by the linear
equation of state

p=<cp, (2.5)
where ¢ is the speed of sound.
Combining (2.3), (2.4), and (2.5) gives the acoustic wave equation

1 0%p

c? Ot?

where s(x,t) represents an acoustic source term. This equation models the propa-

gation of pressure waves through a homogeneous medium. It is a standard starting

point for outdoor sound propagation models when the acoustic amplitudes are small
compared with the ambient pressure [13].

In the context of urban noise simulation, the pressure field is affected by reflec-

tions from buildings, ground surfaces, and terrain. Geometrical acoustic methods

—Ap=s in ), (2.6)
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are widely used in environmental noise prediction and are also part of standardized
engineering models [10, 16]. However, in geometrically complicated regions such as
street canyons, courtyards, and dense urban environments, wave effects and multiple
reflections can become important. A wave-based model such as (2.6) is therefore a
natural mathematical model when the aim is to resolve the acoustic pressure field
in a complex geometry.

The full time-dependent problem is often more information than is needed for
steady or tonal sources. For such sources, it is common to study the response at
one frequency at a time. This leads to a frequency-domain formulation, which is the
starting point for the Helmholtz equation introduced in the next section.

2.2 Time-harmonic Helmholtz equation

For steady or tonal sources, the acoustic field can be studied at a single frequency.
This frequency-domain formulation is standard in acoustic scattering and time-
harmonic wave propagation [13, 9]. In this case, both the acoustic pressure and
the source are assumed to oscillate sinusoidally in time with angular frequency w.
Instead of solving for the full time-dependent pressure field, one solves for complex
amplitudes that contain the spatial variation, phase, and magnitude of the oscilla-
tion.
The pressure perturbation is written as

p(@,t) = Re (u(x)e ™), (2.7)

where u(x) is the complex-valued pressure amplitude. Similarly, the source term is
written as

s(x,t) = Re (q(z)e ™), (2.8)

where g(x) is the complex source amplitude. The physical quantities are obtained
by taking the real parts of these expressions. The complex notation is used only as
a convenient way to represent both amplitude and phase.

The angular frequency w, frequency f, wavenumber k, and wavelength A are

related by
w 2 c

w=2rf, k:E’ - :?. (2.9)

Thus, increasing the frequency decreases the wavelength. This is important for the
numerical problem, since a shorter wavelength requires a finer mesh in order to
resolve the oscillations of the solution.

Substituting the expressions for p(x,t) and s(x,t) into the acoustic wave equa-
tion gives

e l;gﬁ (u(w)e_i“t) —A (u(w)e_i”t>] = Re (q(w)e‘i‘”t> : (2.10)

Since u(x) is independent of time,
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o (u(@)e™") = —wu(@)e . (2.11)
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After cancelling the common time-dependent factor, one obtains

2

~Au(z) — %u(m) = ¢(). (2.12)
Using k = w/c, this becomes
—Au(x) — k*u(x) = ¢(x) in Q. (2.13)

Since the right-hand side ¢(x) represents an acoustic source, (2.13) is an inhomo-
geneous Helmholtz equation. If no source were present, then ¢(x) = 0, and the
equation would be homogeneous. The Helmholtz equation is the standard frequency-
domain model for linear time-harmonic acoustics [13, 9, 16].

It is used in this thesis because it describes the acoustic field at one fixed fre-
quency. This is different from the wave equation, which describes how the pressure
changes in time. For a time-harmonic source, the time dependence is already known:
the field oscillates like e ™. Therefore, the unknown part is only the spatial complex
amplitude u(x).

Solving for u(x) gives the magnitude and phase of the acoustic pressure at the
chosen frequency. This is useful for urban noise simulations when selected frequen-
cies are studied separately, for example low frequencies or tonal source components
[16, 13]. The disadvantage is that the Helmholtz equation is numerically difficult
to solve. The term —k?u makes the operator indefinite, and the difficulty increases
as the frequency f, and therefore the wavenumber k, increases [9, 6]. This issue is
discussed later in this chapter.

2.3 Boundary conditions for acoustic domains

To obtain a well-posed acoustic boundary value problem, the Helmholtz equation
must be supplemented with boundary conditions. In outdoor sound propagation,
different parts of the boundary have different physical meanings. Solid surfaces, such
as rigid building facades or hard ground, may be modeled as reflecting boundaries.
Artificial outer boundaries, introduced only because the computational domain must
be finite, should instead allow outgoing waves to leave the domain with as little
reflection as possible [13, 16, 9].

A common idealization for a rigid surface is the sound-hard boundary condition.
Physically, this means that the normal component of the acoustic particle velocity
is zero. For the frequency-domain pressure amplitude u(x), this gives the Neumann
condition

Vu(z) n=0 only, (2.14)

where n is the outward unit normal vector and I'y is the sound-hard part of the
boundary. This condition represents perfect reflection at the boundary and is a
standard first approximation for rigid acoustic surfaces [13, 16].

For an open acoustic domain, the physical domain is unbounded, while the nu-
merical domain is finite. The boundary introduced by truncating the domain is not

7
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a physical wall. It should therefore be modeled so that waves can leave the compu-
tational domain. A simple first-order absorbing, or impedance, boundary condition
is

Vu(z) -n —iku(x) =0 on [g. (2.15)
This condition is exact for a plane wave leaving the boundary in the normal di-
rection, but only approximate for more general outgoing waves [9]. More accurate
treatments of artificial boundaries include absorbing layers, perfectly matched lay-
ers, and infinite elements [9, 16].

The boundary conditions used in this thesis are based on these two ideas: sound-
hard conditions for reflecting surfaces and first-order absorbing conditions for arti-
ficial open boundaries. The precise assignment of these conditions in the computa-
tions is described in Chapter 3. More detailed acoustic boundary models, such as
frequency-dependent facade absorption or impedance models for porous ground, are
outside the scope of this work. The aim here is to keep the physical model controlled
while studying the numerical solution of the resulting Helmholtz systems.

2.4 Finite element discretization

Closed-form solutions of the Helmholtz equation are available only in special cases,
such as simple geometries, homogeneous media, and idealized boundary conditions.
For realistic three-dimensional urban geometries, no such analytical solution is avail-
able, and a numerical discretization is required. The finite element method is well
suited for this purpose because it can handle unstructured meshes and complicated
geometrical boundaries [2, 9].

Consider the Helmholtz problem

—Au—k*u=¢q in Q, (2.16)

with sound-hard boundary condition on I'y and absorbing boundary condition
on I'g. To derive the weak form, the equation is multiplied by a complex-valued
test function v and integrated over the domain:

/ (—Au — k:Qu) vdx = / qude. (2.17)
Q )
Here 7 denotes the complex conjugate of v. The normal derivative is defined by

ou
— = Vu-n, 2.18

o (2.18)
where m is the outward unit normal vector. Integrating the Laplacian term by parts
gives

/Vu-VUda:—k:Q/u@dw—/ —vds—/qua} (2.19)
Q Q o0 On

On the sound-hard boundary, du/0n = 0. On the absorbing boundary, using
(2.15) gives

ou .
5 = iku on T'g. (2.20)
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Therefore the weak formulation is: find v € V such that

a(u,v) =L(v) Yv eV, (2.21)
where
a(u,v) = / Vu-Vode — k2/ wodx — ik [ wvds, (2.22)
Q Q Ir
and
((v) = / g dz. (2.23)
Q

The finite element method approximates the infinite-dimensional space V' by a finite-
dimensional space Vj,. In this thesis, V} consists of continuous piecewise linear
Lagrange basis functions on a tetrahedral mesh. Let {gzﬁj};-vzl be the finite element
basis. The discrete solution is written as

up(x) = Z:uj@(w), (2.24)

where u; € C are scalar unknown coefficients. These coefficients are collected in the
vector

u = [ul Uy - uN}T e CV. (2.25)
Substituting this finite element approximation into the weak formulation and
testing with each basis function ¢;, for i = 1,..., N, gives a linear system
Au =b. (2.26)
The entries of the matrix A are
Ai; = aloj, ¢i), ,7=1,..., N, (2.27)
and the entries of the right-hand side vector b are
b =0(¢;), i=1,...,N. (2.28)

It is useful to decompose the matrix into stiffness, mass, and boundary contri-
butions:

A=K - kM — ikB. (2.29)
Here the entries of the stiffness matrix K are
K = / Vo, - Vo, da, (2.30)
Q
the entries of the mass matrix M are
Q
and the entries of the absorbing boundary matrix B are
Ir

This matrix structure is important for the numerical solution. The matrix K
comes from the Laplacian term, while M comes from the k*u term. The negative
contribution —k2M is one reason why the Helmholtz matrix A is indefinite. This
makes the resulting linear systems more difficult to solve than the positive definite
systems that arise from elliptic problems such as the Poisson equation [9, 6].
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2.5 Why Helmholtz problems are difficult

The matrix structure in (2.29) explains why Helmholtz problems are harder to solve
than many elliptic finite element problems. The main difficulties are the oscillatory
nature of the solution, the indefiniteness of the algebraic system, and the accumu-
lation of numerical phase errors [9, 6].

To explain indefiniteness, it is useful to first recall the meaning of positive defi-
niteness. A Hermitian matrix K is positive definite if

w Kw >0 for every nonzero w. (2.33)

The quantity w*Kw can be interpreted as an energy associated with the vector
w. For positive definite elliptic problems, such as the Poisson equation, this energy
is always positive. This gives the problem a stable minimization structure and is
one reason why many standard iterative methods and preconditioners work well for
elliptic problems [15, 18].

A matrix is indefinite if the corresponding quadratic form can be positive in some
directions and negative in others. That is, for an indefinite matrix there may exist
vectors w; and wqy such that

wi]Aw; > 0, (2.34)

while
wi Awsy < 0. (2.35)

In geometric terms, a positive definite problem behaves like a bowl with a single
energy minimum, while an indefinite problem behaves more like a saddle: some
directions increase the quadratic form and other directions decrease it.

For the Helmholtz equation, this indefiniteness comes from the negative k%u term.
Ignoring the absorbing boundary contribution for the moment, the finite element
matrix has the form

A=K - kM, (2.36)

where K is the stiffness matrix and M is the mass matrix. Both K and M are
positive matrices in the usual finite element setting, but the Helmholtz operator
subtracts the mass contribution. Therefore,

wAw = w Kw — Fw*Muw. (2.37)

For some vectors w, the stiffness contribution dominates and the expression is pos-
itive. For other vectors, the mass contribution dominates and the expression is
negative. This is the algebraic meaning of the indefiniteness of the Helmholtz prob-
lem.

This matters for iterative solution. For positive definite problems, many meth-
ods can be understood as reducing an energy or damping error components. For
indefinite Helmholtz problems, this simple damping picture breaks down. Some
error components are not naturally reduced by classical relaxation or elliptic pre-
conditioners, and they may persist or even be amplified. This is one reason why
classical iterative methods that are effective for Poisson-type problems can perform
poorly for Helmholtz problems [6].

10



2. Theory

The difficulty increases with frequency. The wavenumber is

_ o
_xt

k (2.38)
Thus, increasing the frequency f increases k, and the negative mass term —k?>M
becomes stronger. At the same time, the wavelength is

A=-—. (2.39)
S
A higher frequency therefore gives a shorter wavelength, so the acoustic field os-
cillates more rapidly in space. The mesh must be fine enough to resolve these
oscillations. A useful measure is the number of mesh intervals per wavelength,

A
N=2=—

T (2.40)

where h is the mesh size. If N, is too small, the discrete space cannot accurately
represent the wave field.

Even when the wave is locally resolved, Helmholtz discretizations can suffer from
pollution error. This means that the numerical wave may propagate with a slightly
incorrect phase velocity. Over many wavelengths, small phase errors can accumulate
into a significant global error. As a result, Helmholtz problems often require finer
meshes than a simple local points-per-wavelength argument would suggest [9].

Thus, increasing the frequency makes the problem harder in two ways. First, the
mesh must be refined, which increases the number of degrees of freedom. Second,
the algebraic system becomes more indefinite and more difficult for iterative solvers.
The computational cost therefore grows not only because the matrix is larger, but
also because the matrix is harder to solve. This is why robust preconditioning is
essential for large-scale Helmholtz simulations.

2.6 Iterative solvers and GMRES

For the large sparse systems considered in this thesis, direct solvers may become too
expensive in both memory and computational time. Iterative methods are therefore
commonly used for large sparse systems [15].

GMRES is a Krylov subspace method for general nonsymmetric linear systems
[14, 15]. Given an initial guess w, the initial residual is

Ty = b— A’U,O. (241)
The m-th Krylov subspace is
Km(A,ry) = span {ro, Arg,. .., Am_lro} ) (2.42)

GMRES chooses the approximate solution from wug + KC,, (A, 7) that minimizes the
residual norm:

- i b— Awl,. 2.4
un =arg  min wl, (2.43)

11
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GMRES is appropriate for the Helmholtz systems considered in this thesis be-
cause the matrices are complex-valued and indefinite, and they are not generally
symmetric positive definite. However, for Helmholtz problems, the number of iter-
ations can grow rapidly as the frequency and problem size increase [6]. Therefore,
GMRES is usually used together with a preconditioner.

2.7 Preconditioning

For Helmholtz problems, the convergence of GMRES depends strongly on the prop-
erties of the matrix A. Since this matrix is large, sparse, complex-valued, and
indefinite, applying GMRES directly may require many iterations or may converge
unreliably. A preconditioner is introduced to transform the system into an equiva-
lent system that is easier for the iterative method to solve [15, 18].

A left preconditioner is a matrix or linear operator M ™! that approximates the
action of A™'. Instead of applying GMRES directly to the original system, one
applies GMRES to the left-preconditioned system

M Au=M""b. (2.44)

The exact solution is unchanged, but the convergence behaviour of the iterative
method can be significantly improved if M ™' A has more favorable properties than A.
In an ideal case, one would choose M ™' = A~!. Then

MTA=T, (2.45)

and the preconditioned system would be trivial to solve. In practice, constructing
and applying the exact inverse is too expensive. A useful preconditioner must there-
fore be much cheaper to apply than solving the original system, while still capturing
enough of the structure of A to improve convergence.

For positive definite elliptic problems, many standard preconditioners are very
effective. Helmholtz problems are more difficult because the operator is indefinite
and wave-like. In particular, local error components and global wave components can
both affect convergence. A preconditioner that works well for the Poisson equation
may therefore perform poorly for the Helmholtz equation [6].

This motivates preconditioners that combine local and global information. Local
components are useful because they are relatively cheap and can exploit the sparsity
of the finite element matrix. However, local corrections alone may not remove error
components that extend across the domain. For large Helmholtz problems, especially
at higher frequencies, an effective preconditioner must also include a mechanism for
representing global wave-like error components.

The specific preconditioner used in this work is a two-level domain decomposition
preconditioner with a spectral coarse space. The next chapter describes this method,
following the construction of Ma, Alber, Scheichl, and Zhang [12], and explains how
it is implemented for the numerical experiments.

12
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Methods

3.1 Overview of the numerical method

This chapter describes how the finite element Helmholtz formulation from Chapter 2
is used in the implemented solver. The purpose is not to repeat the derivation of
the Helmholtz equation or GMRES, but to describe how the discrete problem is as-
sembled, decomposed into local patch problems, enriched by a spectral coarse space,
and solved with a two-level preconditioned Krylov method. The overall workflow is
shown in Figure 3.1.

The mesh, frequency, source term, and boundary markers define the global finite
element system

Au =b. (3.1)

The mesh is then decomposed into non-overlapping core subdomains. These are
enlarged by cell layers to form overlapping patches and oversampled patches,

Qe c Q C Q. (3.2)

Here 27°¢ is the core subdomain, §2; is the overlapping patch used for local Schwarz
corrections, and €27 is the oversampled patch used for local operators and local
spectral problems.

Selected local spectral modes are weighted by partition-of-unity functions and
assembled into a global coarse basis Fy. GMRES is then applied to the global system
using a two-level preconditioner that combines local restricted additive Schwarz
corrections with a global coarse correction.

3.2 Finite element model used in the experiments

All main experiments use first-order Lagrange finite elements on tetrahedral volume
meshes. The discrete space is

Vi, = span{epy,...,on} C H' (2 C), (3.3)

where N is the number of finite element degrees of freedom. The numerical solution
is written as

up(x) = ;ujcpj(w), w = (uy,...uy)’ € CV, (3.4)

13
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Overview of the implemented solution pipeline

Input:

. Finite element Domain
Mesh, physical parameters, s
solver parameters assembly decomposition
Coarse basis Local spectral Local subdomain and
construction eigenproblems oversampled problems
Two-level RAS/MS-GFEM Preconditioned Output:

solution, receiver values,

preconditioner GMRES solve iteration counts, timings

Figure 3.1: Overview of the implemented solution pipeline. The mesh, physical
parameters, and solver parameters define the finite element problem. The domain
is partitioned into overlapping subdomains, local spectral problems are solved to
construct the coarse basis, and the resulting two-level preconditioner is used within
GMRES.

The coefficients u; are complex pressure amplitudes.
The implementation assembles the discrete variational problem

ah(uh, ’Uh) = Eh(vh) for all vy, € Vj,. (35)

The bilinear form used in the reported experiments is
ap(u,v) = / aVu-Vodx — k2/ v2ut de
Q Q

—ik Y /F Bum ds. (3.6)

T€TR
Here k = 27 f /¢, with sound speed ¢ = 343ms~!. In the reported experiments,
a=1, v=1, B =1. (3.7)

The absorbing boundary term is applied only on the outer boundary facets whose
mesh markers belong to

7;% = {_27 _3a _4a _5’ _6} (38)

All other physical boundary facets are left as natural Neumann boundaries, corre-
sponding to sound-hard walls or ground surfaces in the simplified acoustic model.
No Dirichlet boundary condition or anchor point is used in the reported experiments.

14
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The source term in the main experiments is a localized Gaussian forcing term.
The right-hand side is

() = — /Q gn(@)vdz, (3.9)
where )
gn(x) = Asexp (—W) . (3.10)

The numerical source parameters are
As =1, o =>5m. (3.11)

With the sign convention used here, the effective source in the Helmholtz equation
is q, = —gn. This sign affects the phase of the complex solution, but not the
magnitude-based diagnostics used in the results.

Unless the source location is specified explicitly, it is chosen from the mesh
bounding box. If

Lmin = (:Emina Ymin, Zmin); Lmax = (mmaxa Ymax, Zmax)v (312)

then the default source position is

T = (xmin + Tmax Ymin + Ymax
0=

S T 0.9 2 + 0.1zmax> . (3.13)

Using the basis functions in (3.3), the discrete problem becomes
Au =b, (3.14)

with entries
Aij = ah(%’a 901)7 bz = gh(%) (315)

3.3 Domain decomposition and partition of unity

The preconditioner is based on a cell-wise domain decomposition of the tetrahedral
mesh. The mesh cells are first divided into M non-overlapping core subdomains
using METIS.! The partition is constructed on the cell adjacency graph, so neigh-
bouring tetrahedra define the graph connectivity.

For each core subdomain, two larger regions are constructed by adding layers
in the cell adjacency graph. The first enlargement gives the overlapping patch €2,
which is used for the local Schwarz correction. The second enlargement gives the
oversampled patch ¥, which is used when assembling local operators and solving

7

the local spectral problems:
Qe C Q, C Q. (3.16)

The overlap and oversampling have different roles. The overlapping patch de-
termines where the local correction is inserted back into the global vector. The

IMETIS is a graph partitioning library used here to divide the finite element cell-adjacency
graph into non-overlapping subdomains with approximately balanced cell counts and relatively
small interfaces between subdomains.
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Figure 3.2: Schematic relation between a core subdomain, its overlapping patch,
and its oversampled patch.

oversampled patch gives a larger local region for the spectral problem, so that the
selected modes are less sensitive to artificial patch boundaries.

Because overlapping patches share degrees of freedom, local corrections and local
basis functions are combined using partition-of-unity weights. The implementation
uses a graph-layer ramp based on the distance from the core subdomain inside the
overlapping patch. Let /,, denote the number of overlap layers. For a cell K C §;,
let d;(K) be the cell-graph distance from K to the core cells of 2§°", measured inside
;. Thus d;(K) = 0 on the core cells. The raw cell weight is

by +1

The raw nodal weight is then obtained by taking the maximum raw cell weight over
the cells incident to the degree of freedom,

Xi(a) = Tﬁgg‘i Xi(K), (3.18)

and the raw weight is set to zero outside the overlapping patch. Degrees of freedom
belonging to the core are explicitly assigned raw weight one.

The raw weights are normalized over all patches that contain the degree of free-
dom:

Xi(K) = max (0, Y. ) : (3.17)

() = xi(a)
Xi(a) SUank (3.19)

Consequently, on all covered degrees of freedom,

Z:Xi(a) =1 (3.20)

It is important to distinguish the raw and normalized weights. The raw weight is one
on the core degrees of freedom of a patch, but after normalization the final weight
x; may be smaller than one at a degree of freedom also covered by other overlapping
patches. The final normalized weights are the ones used in the solver.

The same weights are used in two places. First, they weight the local Schwarz
corrections before these corrections are inserted into the global vector. Second, they
weight the selected local spectral modes before the modes are assembled into the
global coarse basis.
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3.4 Spectral coarse space

The local Schwarz correction removes error components that are local to each patch.
For Helmholtz problems, however, global wave-like error components can extend
across many subdomains. The purpose of the coarse space is to represent such
components with a smaller set of global basis functions. The construction used here
follows the spectral MS-GFEM idea of Ma et al. [12], but is implemented directly
on the finite element degrees of freedom of each oversampled patch.

For each oversampled patch 2, the implementation assembles three local ma-
trices. The local stiffness matrix is

(S:)mn = /ﬂ* aV, - Vo, dz. (3.21)
The positive Helmholtz energy matrix is

(H)n = |

aVy, - Vo, dx + k:2/ V20, @m de. (3.22)
Qr Qr

k3

The local Helmholtz matrix is
(B = [ aVin - Vomde =k [ vo,zmda

— ik / B ds. (3.23)
i

Here I’f’imp denotes the parts of the patch boundary where an impedance term is
applied. This includes artificial patch boundaries and physical absorbing facets.
Physical sound-hard facets are left as natural Neumann boundaries.

The partition-of-unity weight is included in the local spectral problem. Let

X, = diag(x:) (3.24)
on the degrees of freedom of {27. The weighted energy matrix is
H,= X'H,X;. (3.25)

The augmented spectral problem also uses a restriction matrix C;, which selects
the interior degrees of freedom of the oversampled patch:

C; € Rmxn (3.26)

where n7 is the number of patch degrees of freedom and m; is the number of interior
patch degrees of freedom.
The augmented matrices are

S, BIC;
e -] B o)
and _
_|H; 0
g, = l : O] . (3.28)
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The local spectral problem is solved numerically as

i,7 Ni;
Here € is a small regularization shift used in the eigenvalue solve. The vector ¢, ;
contains the local mode values on the oversampled patch, while 7, ; is an auxiliary
vector associated with the interior constraint. Only ¢; . is retained for the coarse
space.
The computed eigenvalues are ordered by decreasing real part. In the threshold-
based version, the retained modes satisfy

0,

Re(\;;) > p?, (3.30)

where p is the spectral threshold parameter. In fixed-mode experiments, the same
eigenproblem is solved, but instead of applying the threshold rule a prescribed num-
ber n; of modes is kept on each patch. Since the modes are ordered by decreasing
real part of the eigenvalue, this keeps the n; largest modes on each patch.

After selection, each local mode is normalized using the local stiffness matrix:

Re (7 ,Sip;;) = 1. (3.31)

Each retained local mode is embedded into the global finite element vector on the
degrees of freedom of €27, multiplied by the corresponding partition-of-unity weight,
and then inserted into the global coarse basis:

¥ = In (Xihy ;) (3.32)

For the first-order Lagrange elements used here, this corresponds to nodal multipli-
cation by ;.
The global coarse basis matrix is

EO = |:,l?b]_,1 e ”7[)17TL1 ¢2,1 T 'lpM,’n]\/[:| . (333>
Thus,
M
E, € CNVxne, ne=>y_n. (3.34)
i=1
For fixed-mode experiments with the same number of retained modes on each patch,

ne = Mn;. (3.35)

3.5 Two-level preconditioner

The coarse basis from Section 3.4 is used together with local patch solves to define
the preconditioner applied inside GMRES. The preconditioner is not stored as a
full inverse matrix. It is applied as an operation mapping an input residual to an
approximate correction.
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Let » € CV be the input vector. The first part is a local restricted additive
Schwarz correction. For each patch, the residual is restricted to the oversampled
patch, a local Helmholtz problem is solved, the result is restricted back to the
overlapping patch, weighted by the partition-of-unity weights, and inserted into the
global vector:

M
Zic = »_R[(D;P;B]'R; .. (3.36)
=1

Here R;, restricts a global vector to the oversampled patch €7, B; is the local
Helmholtz matrix on that patch, P; restricts the local patch solution to the over-
lapping patch ;, D; is the diagonal matrix of partition-of-unity weights on §2;, and
RZQ injects the weighted local correction into the global vector.

After the local correction, the remaining residual is

To=7T— Azloc- (337)
The coarse matrix is formed by Galerkin projection:
Ay = E;AE,. (3.38)

The coarse correction is
Zcoarse — EOA(;IESTO- (339)

The complete two-level preconditioner action is therefore
M7lr =z, + EgAJ E} (r — Azy.) . (3.40)

Thus, the coarse correction is applied to the residual remaining after the local
Schwarz correction.

In the reported experiments, the local patch problems and the coarse problem
are solved by sparse LU factorization.? For one-level comparison runs, the same
local correction is used but the coarse basis is disabled:

Ml?)};’r = Zloc- (341)

3.6 Offline and online solution procedure

Each preconditioned solve is separated into an offline stage and an online stage.
The offline stage constructs and stores the data needed by the preconditioner. The
online stage loads this data, assembles the global system for the chosen case, and
applies GMRES with the preconditioner from Section 3.5.

The offline stage depends on the mesh, frequency, boundary markers, domain
decomposition parameters, and spectral coarse-space parameters. It constructs
the finite element matrix, builds the domain decomposition and partition-of-unity

2LU factorization writes a matrix as a product of a lower triangular matrix and an upper
triangular matrix. Omnce this factorization has been computed, linear systems with the same
matrix can be solved efficiently. A sparse LU solver is used here because each GMRES iteration
requires repeated local solves and one coarse solve.
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weights, assembles the local patch operators, solves the local spectral problems, and

forms the coarse basis
Eq, € CN¥ne, (3.42)

The stored offline data include the decomposition, the partition-of-unity weights,
the local patch matrices, the retained local spectral modes and eigenvalues, and the
explicit coarse basis matrix.

The online stage starts by loading the stored data and checking that the number
of finite element degrees of freedom agrees with the current mesh. The global finite
element system is then assembled:

Au=b. (3.43)

The two-level preconditioner is rebuilt as an operator from the stored local patch
data and the coarse basis.
GMRES is applied to the left-preconditioned system

M Au = Mb. (3.44)

The matrix M ™' A is not assembled explicitly. Each GMRES matrix-vector product
is applied as
x— M (Ax). (3.45)

The right-hand side is also preconditioned:
bprec = M'b. (3.46)

The relative tolerance used for the reported GMRES solves is 107%. After GMRES
terminates, the solution is checked using the true, unpreconditioned relative residual
defined in Section 3.7.

3.7 Post-processing and comparison measures

The numerical results are compared using both solver diagnostics and solution diag-
nostics. The main solver diagnostics are GMRES iteration count, final true relative
residual, number of finite element degrees of freedom, and coarse-space dimension.

The true relative residual is computed after the solve using the original, unpre-
conditioned system:

b — Au||2
Tltrue = . (347)
' 6]

This is the residual reported in the result tables.
The size of the computed acoustic field is summarized using the coefficient RMS
value

LN 1/2
Urms = (N Z ‘Uj‘Q) s (348)
and the maximum coefficient amplitude

Unax = MAX |u;|. (3.49)
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These are numerical measures of the computed complex pressure amplitude; they
are not calibrated physical sound pressure levels.

For comparisons between two solutions on the same finite element space, the
relative coefficient difference is

B Hu(l) — u(2)H2

rel = 3.50
€rel ||’U,(2)||2 ( )

This is used only when the two coefficient vectors are defined on the same mesh.
For mesh-refinement studies, coefficient vectors cannot be compared directly, be-

cause different meshes have different finite element spaces. Instead, the solution is

evaluated at fixed receiver points in the physical domain. If u{") is the vector of com-

plex solution values at receiver points for mesh size h, and u(< is the corresponding

vector on the reference mesh, the receiver error is

‘u(h) — q(red)

rec rec

(ref)

rec

.

‘2. (3.51)

Receiver errors are used as mesh-refinement diagnostics, not as validation against
measured sound levels.

For the exact plane-wave verification problem, the numerical solution is com-
pared with the known exact solution. The relative L? error is

. ||uex - uh||L2(Q)

€2 = s (352)
||UeX||L2(Q)
and the relative H'-seminorm error is
Uex — U
e = | nlin@) (3.53)

Uex | 111 (02)

These errors are used only for the verification problem with a known exact solution.
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Numerical experiments and results

This chapter presents the numerical experiments used to evaluate the finite element
Helmholtz solver and the two-level preconditioner. The experiments are organized
in increasing order of complexity: first an exact plane-wave verification problem,
then controlled box-domain studies, and finally realistic city-domain simulations.

The purpose is to separate three aspects of the numerical method: whether the
finite element implementation gives the expected convergence behaviour, how the
two-level preconditioner affects GMRES convergence, and what practical limitations
appear on large three-dimensional urban meshes. The diagnostic quantities used in
the experiments are defined in Section 3.7.

4.1 Experiment design

The experiment design is guided by the research questions stated in Section 1.2.
The tests are organized in three stages, shown in Figure 4.1, so that the numerical
method is first checked on a problem with a known exact solution and then applied
to increasingly realistic geometries.

The first stage is an exact plane-wave verification problem on the unit cube.
Since an analytical solution is known, this test verifies that the finite element im-
plementation gives the expected convergence rates under mesh refinement.

The second stage uses a rectangular box domain. This provides a controlled
three-dimensional acoustic geometry for studying mesh refinement, frequency de-
pendence, and preconditioner parameters. The box experiments are also used to
compare the two-level method with simpler solver variants.

The third stage uses realistic city-domain meshes representing part of Gothen-
burg. These experiments test whether the same solver pipeline remains practical on
geometrically complex urban domains and expose the main memory limitations of
the current implementation.

4.1.1 Frequencies and wavelength resolution

The experiments use frequencies between 5Hz and 30 Hz. With sound speed ¢ =
343 ms~ !, the wavelength is

\ = 7 (4.1)

The corresponding wavelengths are shown in Table 4.1. As the frequency increases,
the wavelength decreases, so the same mesh size gives fewer degrees of freedom

23
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(a) Unit cube. (b) Box domain. (c) City domain.

Figure 4.1: Geometries used in the numerical experiments: (a) the unit cube
used for exact plane-wave verification, (b) the rectangular box domain used for
controlled parameter studies, and (c) the realistic city-domain mesh representing
part of Gothenburg.

per wavelength. Higher-frequency cases are therefore more demanding both for the
acoustic discretization and for the iterative solver.

Table 4.1: Frequencies used in the experiments and corresponding wavelengths for
c=343ms™'.

Frequency Wavelength

5Hz 68.6 m
10Hz 34.3m
20Hz 17.15m
30 Hz 11.43m

4.1.2 Domains used in the experiments

Three types of computational domains are used. The first is the unit cube, which is
used only for verification. The verification problem has a known exact plane-wave
solution and is used to check that the finite element discretization gives the expected
convergence rates.

The second is a rectangular box domain with dimensions approximately 200 m x
200m x 80 m. This domain is used as a controlled three-dimensional acoustic geom-
etry. It is simple enough for systematic parameter studies, but large enough for the
Helmholtz systems to show the difficult behaviour expected in acoustic simulations.

The third is a realistic city-domain mesh representing part of Gothenburg. This
geometry contains ground, building surfaces, and open-air regions. The city domain
is used to test whether the two-level preconditioner remains practical on realistic
three-dimensional urban acoustic geometries.

The box and city domains are both represented by tetrahedral volume meshes.
The city meshes were generated from urban geometry data using the DTCC platform
and the dtcc-sim software package [5]. In all reported experiments, the acoustic
medium is treated as homogeneous, and the source is represented by the Gaussian
forcing term described in Section 3.2.
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The box domain is therefore used mainly to understand the numerical method in
a controlled setting, while the city domain is used to test the method in the intended
application setting.

4.1.3 Solver comparisons

The main method studied in the thesis is the two-level preconditioned GMRES
solver described in Chapter 3. In the box-domain experiments, it is compared with
a one-level method where the global coarse correction is removed. This isolates the
effect of the spectral coarse space.

Additional plain GMRES runs are used as a baseline. These solves use the same
finite element systems but no preconditioner. They are included to show how many
iterations are required when the Helmholtz system is solved without the two-level
preconditioning strategy.

4.1.4 Main output quantities

The main output quantities are those defined in Section 3.7. Solver performance
is measured using GMRES iteration counts, true relative residuals, coarse-space
dimensions, and wall-clock time. Here, wall-clock time means the elapsed real time
for the run, including the relevant setup and solve stages reported in the terminal
output.

The computed acoustic field is assessed using RMS values, maximum ampli-
tudes, and receiver comparisons. These quantities are not used as validation against
measured sound levels. Instead, they are used as internal numerical diagnostics for
studying how the computed solution changes under mesh refinement or changes in
solver parameters.

4.1.5 Computational setup

The computations were run on a Linux workstation with an Intel Xeon Silver 4110
CPU at 2.10 GHz, using 16 logical CPU threads and 376 GiB of RAM. The operating
system was Ubuntu Linux with kernel version 5.15.

The Python environment used Python 3.11.15, NumPy 1.26.4 [8], SciPy 1.17.1 [17],
DOLFINx 0.9.0 [4], and petscdpy 3.21.1/PETSc [1]. The implementation code for
this thesis was developed by the author. External software packages are used under
their respective licenses.

4.2 Verification on an exact plane wave

Before studying the box and city geometries, the finite element implementation is
checked on a problem with a known exact solution. This is a verification test: the
purpose is to confirm that the implementation gives the expected finite element
convergence rates when the mesh is refined.

The test is performed on the unit cube,

Q= (0,1)> (4.2)
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The exact solution is chosen as a plane wave,
Uex () = exp(ikd - ) , (4.3)
where d € R? is a unit propagation direction. Since
— AUy = K Uey, (4.4)
the exact solution satisfies
~ AUy — KUy =0 in Q. (4.5)

For this verification problem, the exact plane-wave field is enforced through
matching Robin boundary data on the whole boundary of the unit cube. More
precisely, the problem solved is

~Au—k*u=0 inQ, (4.6)
with boundary condition
ou . auex .
o tku = o 1kUex on 012, (4.7)

so that the plane wave ue, is the exact solution of the full boundary value problem.
The numerical solution is then compared directly with this analytical reference under
mesh refinement.

The test is performed at 5Hz. The mesh is refined, and the numerical solution
wp, is compared with ue,. The relative L? error is computed as

. ||uex - uhHL?(Q)

€r2 = s (48)
HuexHLz(Q)
where
) 1/2
s = unllziey = (] Jtox = unf? da) (4.9)
The relative H'-seminorm error is computed as
Uex — U
e = | nlm @) (4.10)
’uex‘Hl(Q)
with
, 1/2
e — a1y = (/Q Viter — V| dw) . (4.11)

For first-order Lagrange finite elements, one expects approximately second-order
convergence in the L? norm and first-order convergence in the H!'-seminorm, pro-
vided that the exact solution is smooth and the mesh is refined regularly [2]. The
numerical results are shown in Table 4.2, and the corresponding convergence plot is
shown in Figure 4.2.

The results in Table 4.2 and Figure 4.2 show the expected convergence behaviour.
The relative L? error decreases faster than the relative H!'-seminorm error, which
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Table 4.2: Exact plane-wave verification test at 5 Hz on the unit cube.

h N Relative L? error Relative H'-seminorm error
0.1250 729 8.78 x 1076 3.27 x 1073
0.0833 2197 3.96 x 1076 2.19 x 1073
0.0625 4913 2.24 x 1076 1.65 x 1073
0.0417 15625 9.99 x 1077 1.10 x 1073
0.0312 35937 5.63 x 1077 8.25 x 1074

Exact plane-wave convergence, physical f=5 Hz

1073 4 -ﬁ/
1
—
o
= 1074 4
(O]
(O]
>
3
£
(O]
— 10—5 4
10-6 4 —e— L2 error fitted: 1.98
—=— H! seminorm fitted: 0.99
3x1072 4x1072 6x 1072 10-1

Figure 4.2: Convergence of the exact plane-wave verification problem at 5Hz.
The L? error decreases approximately quadratically, while the H'-seminorm error
decreases approximately linearly, as expected for first-order Lagrange finite elements.
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is consistent with the theory for first-order finite elements. This confirms that the
finite element implementation behaves correctly on a problem with a known exact
solution.

This verification step is important before moving to the box and city geometries.
In those later experiments, no exact solution is available, so the computed acoustic
field is assessed through mesh refinement, receiver comparisons, and solver residuals
rather than by direct comparison with an analytical solution.
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4.3 Box-domain experiments

After the exact plane-wave verification, the solver is tested on a rectangular box
domain. The box is used as a controlled intermediate geometry between the unit
cube and the realistic city meshes. It uses the same type of Gaussian source and
absorbing-boundary treatment as the city-domain experiments, but the geometry is
simple enough that parameter studies are easier to interpret. The purpose of the
box-domain experiments is to study mesh refinement, frequency dependence, and
the influence of the main preconditioner parameters. The section also compares
the two-level method with simpler solver variants, including a one-level method and
plain GMRES without preconditioning.

4.3.1 Box-domain setup
The box domain has dimensions

200m x 200 m x 80m. (4.12)
The Gaussian source is placed near the lower part of the domain, at

xo = (100, 100, 8) m. (4.13)

The source amplitude, source width, material coefficient, and boundary treatment
are the same as described in Section 3.2.

The box meshes are tetrahedral volume meshes. The mesh family used in the
box experiments is summarized in Table 4.3.

Table 4.3: Box-domain meshes used in the experiments.

Mesh size h [m] Degrees of freedom N

5.0 28577
4.0 54621
3.0 129472
2.5 216513
2.0 418241

The frequencies considered on the box domain are 5 Hz, 10 Hz, 20 Hz, and 30 Hz.
Unless otherwise stated, the threshold-based two-level preconditioner uses

M =16, one overlap layer, three oversampling layers, p = 1.10.
(4.14)
Later fixed-mode experiments prescribe the number of retained local modes directly
instead of relying only on the threshold parameter p.

4.3.2 Mesh-refinement studies at 5, 10, and 20 Hz

The first box-domain study considers mesh refinement at 5Hz, 10 Hz, and 20 Hz.
The baseline preconditioner parameters in (4.14) are used. The goal is to test
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Figure 4.3: Example box-domain solution at 10 Hz on the h = 4 m mesh, showing
the magnitude of the computed complex pressure amplitude. The largest amplitude
occurs near the Gaussian source and the field decays away from it across the rectan-
gular domain. The view is from below the domain, as indicated by the coordinate

axes, so the visible face is the lower side of the box.

Table 4.4: Box-domain mesh-refinement study at 5 Hz.

h N

GMRES

n. Mean n; Residual  ||up|lms  max |up|
5.0 28577 32 2.00 27 2.85x107%  1.6402 20.7685
4.0 54621 35 2.19 32 2.60x107% 1.6571 21.6871
3.0 129472 30 1.88 36 5.85x107% 1.6730 21.0815
2.5 216513 30 1.88 40 893 x107% 1.6799 21.9844
Table 4.5: Box-domain mesh-refinement study at 10 Hz.
h N n. Meann; GMRES Residual  ||up|lms max |up|
4.0 54621 218 13.62 30 3.50x107% 1.3214 18.4780
3.0 129472 238 14.88 32 5.06x107% 1.3605 18.2762
2.5 216513 247 15.44 35 5.88x107% 1.3772 18.9800
2.0 418241 247 15.44 40 6.98 x 107 1.3933  19.3119
Table 4.6: Box-domain mesh-refinement study at 20 Hz.
h N n. Mean n; GMRES Residual  ||up|lms max |up|
4.0 54621 915 57.19 35 1.78 x107%  0.5095 11.4818
3.0 129472 1114 69.62 35 2.17x107% 0.5157 11.2833
2.5 216513 1219 76.19 35 3.59x107% 0.5186 12.0892
2.0 418241 1326 82.88 37 3.67x107% 0.5210 12.4252
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whether the two-level preconditioner gives stable GMRES convergence as the mesh
is refined and as the frequency increases.

The iteration counts remain moderate for all three frequencies. At 5Hz, the
count increases from 27 to 40 as the mesh is refined. At 10 Hz, it increases from 30
to 40. At 20 Hz, the iteration count remains between 35 and 37, but the coarse-space
dimension becomes much larger. For example, on the h = 4 mesh, n,. increases from
35 at H5Hz to 218 at 10Hz and 915 at 20Hz. This shows that the local spectral
construction retains many more modes as the Helmholtz problem becomes more
oscillatory.

The RMS values change smoothly under refinement at 5 Hz. At higher frequency,
especially 20 Hz, global RMS values alone are not enough to judge acoustic conver-
gence. Receiver-level comparisons are therefore considered next.

4.3.3 Receiver convergence on the box domain

Receiver convergence is measured using the relative receiver error defined in Sec-
tion 3.7. For each frequency, the solution is evaluated at a fixed set of receiver
points and compared with the finest available mesh used as reference. For 5 Hz, the
h = 2.5 solution is used as reference. For 10Hz and 20 Hz, the h = 2 solution is
used as reference.

Table 4.7: Receiver convergence for the box-domain mesh-refinement studies.

Frequency [Hz] ~ h Reference mesh Relative receiver L? error
)
)

2.0 2.5 4.93%

4.0 2.5 3.12%
5 3.0 2.5 1.38%
10 4.0 2.0 23.94%
10 3.0 2.0 10.84%
10 2.5 2.0 4.89%
20 4.0 2.0 108.60%
20 3.0 2.0 63.98%
20 2.5 2.0 35.79%

The receiver errors decrease under mesh refinement for all three frequencies. The
5 Hz case gives the clearest receiver convergence, decreasing to 1.38% on the h = 3
mesh relative to the h = 2.5 reference. The 10 Hz case also improves clearly under
refinement, but the errors are larger. At 20Hz, the receiver error remains high
even on the h = 2.5 mesh. Thus, the 20 Hz box results should be interpreted as
a solver and mesh-sensitivity study rather than as fully receiver-converged acoustic
predictions.
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4.3.4 Effect of the spectral threshold

The spectral threshold p controls how many local eigenmodes are retained in the
coarse space. The experiment is performed at 10 Hz on the A = 2.5 box mesh, with

M = 16, one overlap layer, three oversampling layers. (4.15)
Only p is varied.

Table 4.8: Effect of the spectral threshold for the box domain at 10 Hz on the
h = 2.5 mesh.

p N n. Meann; GMRES Residual  ||up|[rms max |up|
0.80 216513 476 29.75 22 7.68 x 1076 1.3772  18.9800
1.00 216513 312 19.50 32 5.80x 1076 1.3772  18.9800
1.10 216513 247 15.44 35 5.88x 1076  1.3772  18.9800
1.25 216513 152 9.50 41 488 x 1079 1.3772  18.9800

A smaller threshold keeps more local modes and gives a stronger preconditioner.
With p = 0.80, the coarse space has dimension n. = 476, and GMRES converges
in 22 iterations. With p = 1.25, the coarse space is reduced to n. = 152, and
the iteration count increases to 41. The RMS value and maximum amplitude are
unchanged because all runs solve the same discrete problem; only the preconditioner
changes.

4.3.5 Effect of oversampling

The next parameter study varies the number of oversampling layers used in the local
spectral problems. The experiment is performed at 10 Hz on the h = 2.5 box mesh,
with

M = 16, one overlap layer, p = 0.80. (4.16)

The number of oversampling layers is varied from 1 to 4.

Table 4.9: Effect of oversampling for the box domain at 10 Hz on the h = 2.5 mesh.

Oversampling N n. Meann; GMRES Residual = [Jup|lrms max |up|
1 216513 599 37.44 29 9.09 x 107 1.3772  18.9800
2 216513 430 26.88 29 7.47 x 1076 1.3772  18.9800
3 216513 476 29.75 22 7.68 x 1076 1.3772  18.9800
4 216513 455 28.44 22 5.83x 1076 1.3772  18.9800

With one or two oversampling layers, GMRES requires 29 iterations. With three
or four layers, the iteration count decreases to 22. The improvement is not explained
only by the coarse-space dimension: the one-layer case has the largest coarse space
in the table, but does not give the best convergence. This shows that the quality
of the local spectral modes depends on the oversampled domains on which they are
computed, not only on the number of retained modes.
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4.3.6 One-level and two-level comparison

To isolate the effect of the spectral coarse correction, the two-level preconditioner is
compared with a one-level variant. The one-level method uses the local restricted
additive Schwarz correction but omits the global coarse correction.

Table 4.10: Comparison between the one-level and two-level methods for the box
domain at 5 Hz.

Frequency [Hz] h Method N n. GMRES Residual
5 5.0 one-level 28577 32 2.16 x 1076
5 5.0 two-level 28577 32 27 2.85 x 1076
5 4.0 onelevel 54621 - 37 3.85x 1076
5 4.0 two-level 54621 35 32 2.60 x 1076
5 3.0 one-level 129472 -~ 43 4.88 x 1076
5 3.0 two-level 129472 30 36 5.85 x 1076

At 5 Hz, the two-level method gives a moderate but consistent reduction in GM-
RES iterations. A stronger effect is observed at 10 Hz, as shown in Table 4.11.

Table 4.11: Comparison between the one-level and two-level methods for the box
domain at 10 Hz on the h = 2.5 mesh.

Frequency [Hz] A Method N n. GMRES Residual
10 2.5 one-level 216513 - 56 4.41 x 107°
10 2.5 two-level 216513 476 22 7.68 x 1076

At 10 Hz, the two-level method reduces the iteration count from 56 to 22. This
confirms that the spectral coarse correction is important for reducing global wave-
like error components that are not efficiently handled by local subdomain solves
alone.

4.3.7 Plain GMRES baseline

As a naive algebraic baseline, selected box-domain systems were solved using plain
GMRES without preconditioning. In these runs, GMRES is applied directly to

Au=b. (4.17)

The same finite element matrices and right-hand sides are used as in the precondi-
tioned runs.

Plain GMRES converges on this controlled box mesh, but it requires several
hundred iterations. For example, at 10 Hz on the same h = 2.5 mesh, plain GMRES
requires 694 iterations, compared with 56 iterations for the one-level method and 22
iterations for the two-level method. This shows that the main improvement comes
from the preconditioner, not from GMRES alone.
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Table 4.12: Plain GMRES baseline without preconditioning on the box domain
with h = 2.5.

Frequency [Hz] h [m] N GMRES iterations  Residual

5 2.5 216513 659 9.88 x 1077
10 2.5 216513 694 9.93 x 1077
20 2.5 216513 618 9.96 x 1077
30 2.5 216513 541 9.83 x 1077

4.3.8 Fixed local mode count and number of subdomains

The threshold-based experiments show that the number of selected local modes can
change when the frequency, mesh size, or subdomain size changes. To study the
effect of the number of subdomains more directly, a fixed-mode strategy is used.
The number of retained local modes is prescribed as

n; = 100, (4.18)

so that
ne = Mn;. (4.19)

The experiment is performed at 20 Hz on the h = 2.5 box mesh, with one overlap
layer and three oversampling layers.

Table 4.13: Effect of the number of subdomains for the box domain at 20 Hz and
h = 2.5, using n; = 100 retained local modes per subdomain.

M N n. n; GMRES Residual  ||up|/;ms max|u,| Time [s]

8 216513 800 100 27 199 x 1075 0.5186  12.0892 13524
16 216513 1600 100 31 291 x107% 05186 12.0892 8121
32 216513 3200 100 19 4.34x107% 05186 12.0892 7690
64 216513 6400 100 12 227x107% 05186 12.0892 8001

With fixed n;, increasing M increases the total coarse-space dimension. The
iteration count decreases from 27 for M = 8 to 12 for M = 64, although the
wall-clock time does not decrease monotonically. The M = 64 case has the lowest
iteration count, but it also has the largest coarse space, so each preconditioner
application is more expensive.

4.3.9 Effect of oversampling with fixed local mode count

The effect of oversampling is also tested with fixed local mode count. The experiment
is performed at 20 Hz on the h = 2.5 box mesh, with

M = 64, n; = 100, n. = 6400. (4.20)

Only the number of oversampling layers is varied.
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Table 4.14: Effect of oversampling for the box domain at 20 Hz, h = 2.5, M = 64,
and fixed n; = 100.

Oversampling N GMRES Residual  ||up|lms max|uy| Time [s]
0 216513 67 6.33x107°% 0.5186 12.0892 o875
1 216513 35 5.77x107% 0.5186 12.0892 6573
2 216513 23 390 x107% 0.5186 12.0892 6268
3 216513 12 227x107% 05186 12.0892 8001

Since M, n;, and n, are fixed, the reduction in iteration count is not caused
by a larger coarse space. Instead, it shows that local modes computed on larger
oversampled regions give a more effective coarse basis. The three-layer case gives the
lowest iteration count, while the two-layer case gives a useful compromise between
iteration count and wall-clock time.

4.3.10 Fixed-mode study at 30 Hz

The final box-domain experiment increases the frequency to 30 Hz. The setup is
fixed across the mesh sequence:

M = 64, one overlap layer, two oversampling layers, n; = 100. (4.21)

Thus,
ne. = Mn; = 6400. (4.22)

Table 4.15: Box-domain mesh-refinement study at 30 Hz using a fixed-mode coarse
space with M = 64, two oversampling layers, and n; = 100.

h n; GMRES Residual  ||up|[rms max |up| Apps  Time [s]
4.0 54621 31 7.32x 1077 0.1427 6.0831 — 1119
3.0 129472 43 1.03 x 1075 0.1248 5.5936  12.55% 2797
2.5 216513 52 121 x107% 0.1166 6.1516  6.53% 6080

All three 30 Hz box-domain runs completed successfully. The iteration count
increases from 31 on the h = 4 mesh to 52 on the h = 2.5 mesh. The RMS value
also changes under refinement, although the relative change decreases from 12.55%
to 6.53%. Since the wavelength at 30 Hz is only about 11.4m, these results should
be interpreted as a high-frequency feasibility and mesh-sensitivity study rather than
as a fully mesh-converged acoustic prediction.

4.4 City-domain experiments

After the box-domain experiments, the method is tested on a realistic city geom-
etry. The city-domain experiments are numerical solver tests on a more complex
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three-dimensional geometry. They are not intended as validation against measured
sound levels. The purpose is to test whether the two-level preconditioner remains
practical when the domain contains ground, buildings, and a strongly unstructured
tetrahedral mesh.

The city experiments have three main purposes. First, they test whether the
two-level preconditioner gives stable GMRES convergence on a real urban geometry.
Second, they show how the behaviour changes as the frequency is increased from 5 Hz
to 10Hz, 20 Hz, and 30 Hz. Third, they identify the practical memory limitations
caused by the explicit coarse basis on large three-dimensional city problems.

4.4.1 City-domain setup

The city-domain mesh represents a part of Gothenburg. The computational domain
has approximate horizontal size 500 m x 500 m and height 80 m. The source is
placed near the centre of the domain and close to the ground. As in the box-domain
experiments, the coefficient is kept constant and the right-hand side is a localized
Gaussian source.

The nominal city mesh sizes used in the experiments are

h e {54,3} m. (4.23)
The corresponding finite element dimensions are shown in Table 4.16.

Table 4.16: City-domain meshes used in the experiments.

Mesh size h [m] Degrees of freedom N

2.0 330073
4.0 634972
3.0 1466914

The city geometry is more demanding than the box geometry for two reasons.
First, the mesh is geometrically more complicated, because the subdomains may
contain buildings, ground surfaces, and open-air regions. Second, the number of
degrees of freedom is much larger for the same nominal mesh size. The city experi-
ments therefore test both the convergence behaviour of the preconditioner and the
practical memory limits of the implementation.

4.4.2 Mesh-refinement studies at 5 and 10 Hz

The first city-domain studies are mesh-refinement tests at 5Hz and 10Hz. The
corresponding wavelengths are

4 4
\s = 353 ~68.6m, A= 3103 ~ 34.3m. (4.24)

Thus, the same city meshes are significantly better resolved at 5 Hz than at 10 Hz.
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(a) View from one side of the city domain.

— 1.2e+01

(b) View from the opposite side of the city domain.

Figure 4.4: Example city-domain solution at 5 Hz on the A = 5m mesh, showing
the magnitude of the computed complex pressure amplitude from two viewing direc-
tions. The transparent volume view makes the building geometry visible inside the
computational domain. The largest amplitude is located near the Gaussian source,
while the surrounding buildings and ground shape the spatial distribution of the
field.
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For the 5 Hz study, the preconditioner parameters are kept fixed across the mesh
sequence:

M = 16, overlap = 1, oversampling = 3, p = 1.10. (4.25)
The results are shown in Table 4.17.

Table 4.17: City-domain mesh-refinement study at 5Hz with p = 1.10, M = 16,
one overlap layer, and three oversampling layers.

h N n. GMRES Residual  ||up|lms max |un|  Apms
5.0 330073 281 32 8.00x107°% 0.6972 12.3144 -
4.0 634972 338 33 1.81x107° 0.6926 12.2302 0.67%
3.0 1466914 545 36 323 x107°  0.6794 12.2239 1.90%

At 5Hz, the GMRES iteration count remains stable under mesh refinement,
increasing only from 32 iterations on the h = 5m mesh to 36 iterations on the
h = 3m mesh. The RMS value changes by 0.67% from h = 5m to h = 4m, and
by 1.90% from h = 4m to h = 3m. This makes the 5Hz city case the clearest
city-domain mesh-refinement result obtained in this work.

The 10 Hz study is more demanding because the wavelength is half as large. The
first two 10 Hz runs use the threshold-based setup

M = 16, overlap = 1, oversampling = 3, p = 1.10. (4.26)
The h = 3m run was instead performed with a fixed-mode coarse space:
M = 64, overlap = 1, oversampling = 2, n; = 50. (4.27)
This gives
ne. = Mn; = 64 - 50 = 3200. (4.28)

The completed 10 Hz results are shown in Table 4.18. The h = 5m and h = 4m
rows use the threshold-based setup in (4.26), while the ~ = 3m row uses the fixed-
mode setup in (4.27).

Table 4.18: Completed city-domain mesh-refinement study at 10 Hz. The h = 5m
and h = 4 m runs use the threshold-based setup with M = 16, while the h = 3m run
uses the fixed-mode setup with M = 64 and n; = 50 retained modes per subdomain.

h N n. GMRES Residual  ||up|lrms max|un| A
5.0 330073 696 30 9.24 x 1076 0.5447  10.6307 —
4.0 634972 732 33 1.04x107° 05329 10.7529 2.16%
3.0 1466914 3200 55 2.68 x 107°  0.5437 11.0465 2.02%

Compared with the 5 Hz city study, the coarse spaces are much larger at 10 Hz.
For example, on the h = 5m mesh, the coarse-space dimension increases from n, =
281 at 5 Hz to n. = 696 at 10 Hz. This is expected, because the Helmholtz problem
becomes more oscillatory as the frequency increases. The h = 3 m solve completes
with the fixed-mode coarse space, but the GMRES iteration count increases to 55.
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4.4.3 Receiver convergence on the city domain

The city solutions were also compared at the receiver points. The receiver error is
computed using the relative receiver error defined in Section 3.7. For both frequen-
cies, the h = 3 m solution is used as the reference solution.

The 5 Hz receiver results are shown in Table 4.19.

Table 4.19: Receiver convergence for the city-domain 5 Hz study using the A = 3m
solution as reference.

Mesh A Relative receiver L2 error

hd 5.0 9.14%
h4d 4.0 5.11%

The receiver error decreases from 9.14% on the h = 5m mesh to 5.11% on the
h = 4m mesh. This confirms that the local receiver values improve under mesh
refinement at 5 Hz.

The corresponding 10 Hz receiver results are shown in Table 4.20.

Table 4.20: Receiver convergence for the city-domain 10 Hz study using the h = 3m
solution as reference.

Mesh h  Relative receiver L? error

hd5 5.0 36.34%
h4 4.0 19.19%

The 10 Hz receiver errors also decrease under mesh refinement, but they are much
larger than in the 5 Hz study. This indicates that the receiver values are not yet
fully mesh-converged at 10 Hz on the coarser city meshes. The A = 3m solution
provides a useful reference, but a still finer mesh would be needed for a stronger
receiver-level convergence conclusion.

4.4.4 Effect of retained local modes at 10 Hz

The completed h = 3m, 10 Hz city run used a fixed-mode coarse space with M = 64,
one overlap layer, and two oversampling layers. This was motivated by the memory
cost of the threshold-based coarse space. When the frequency and mesh resolution
increase, the local spectral problems may select many basis functions, and the global
coarse basis can become very large. The fixed-mode strategy gives direct control of
the coarse-space dimension:

To study this tradeoff, the same offline data from the n; = 100 computation
was reduced to smaller fixed local mode counts. The mesh, frequency, number of
subdomains, overlap, and oversampling were kept fixed, while only the number of
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retained local modes was varied:

f =10Hz, h=3m, M =64,
overlap = 1, oversampling = 2, n; € {5,10,15,20,25, 30, 35,40, 45,50}
(4.30)

The results are shown in Table 4.21. The solution difference is measured relative
to the n; = 50 solution.

Table 4.21: Effect of the number of retained local modes for the city-domain
problem at 10 Hz on the h = 3m mesh. The setup uses M = 64, one overlap layer,
and two oversampling layers.

n; n. GMRES Residual Time (s) Relative difference vs. n; = 50

5 320 243 6.97 x 107° 4417 3.68 x 107°¢
10 640 197 1.28 x 107° 4363 4.86 x 107¢
15 960 179 1.65x 1075 4580 6.04 x 107¢
20 1280 169 1.88x 107° 4978 5.35 x 1076
25 1600 151 214 x107° 9265 491 x 10°¢
30 1920 112 291 x107° 5062 5.63 x 107°
35 2240 85 2.64 x 107° 4888 4.09 x 107¢
40 2560 72 227 x107° 5044 2.78 x 107¢
45 2880 63 2.48 x 107° 4840 1.98 x 107°
20 3200 55 2.68 x 107° 5070 0.00

The iteration count decreases strongly as more local modes are retained. With
only n; = 5, GMRES requires 243 iterations, while with n; = 50, only 55 iterations
are needed. This trend is shown in Figure 4.5. Thus, increasing the local spectral
content improves the quality of the preconditioner substantially.

At the same time, the computed solutions are almost unchanged. The relative
difference to the n; = 50 solution is of order 107% for all smaller mode counts, as
shown in Figure 4.6. This indicates that the retained mode count mainly affects
solver efficiency, not the final converged solution, provided that GMRES reaches the
prescribed residual tolerance.

The wall-clock time is not monotone in n;. Although more modes reduce the
number of GMRES iterations, they also increase the cost of applying the precondi-
tioner and solving the coarse problem. The best choice is therefore not determined
by the iteration count alone. In this experiment, n; = 50 gives the smallest itera-
tion count among the successful runs, while still remaining small enough to fit in
memory.

Larger retained-mode counts were also attempted. The original offline run with
n; = 100 completed and produced the full coarse basis with n. = 6400, but the
corresponding online solve was killed during the setup stage because of the memory
required to load and use the coarse basis. A run with n; = 55, corresponding to
n. = 3520, also did not reach the GMRES iteration stage. Thus, for this city
problem and implementation, the practical limit for the explicit coarse basis lies
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City 10 Hz, h = 3: effect of retained local modes
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Figure 4.5: Effect of the retained number of local modes on the city-domain 10 Hz,
h = 3m problem. Increasing n; strongly reduces the GMRES iteration count, while
the online wall time is not monotone because the cost of the coarse correction also
increases.
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Solution stability
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Figure 4.6: Relative solution difference for the city-domain 10Hz, A = 3m
retained-mode study, measured against the n, = 50 solution. The differences re-
main of order 1079 showing that the retained mode count mainly affects solver
convergence rather than the final converged solution.

between n; = 50 and n; = 55. This memory limitation is discussed separately in
Section 4.4.5.

4.4.5 Memory limitations

The city experiments revealed a practical memory limitation of the current imple-
mentation. The global coarse basis is stored explicitly as a complex matrix

E, € CNxne, (4.31)

Since the real and imaginary parts are stored separately in double precision, the
storage required for the coarse basis alone is approximately

2.8-N-n, B. (4.32)

This estimate does not include the sparse finite element matrix, local operators,
local factorizations, the coarse matrix, or temporary arrays used during setup and
application of the preconditioner.

The individual columns of E, are not arbitrary global vectors. As described in
Section 3.4, each coarse basis function is constructed from a local eigenmode on one
oversampled patch, multiplied by the corresponding partition-of-unity weight:

#’i,j = Ih(Xi¢i,j)' (4.33)

Thus, each column of E\ has a patch-local origin. In the present implementation,
these patch-local functions are nevertheless inserted into one explicit global matrix.
This storage choice is simple, but it becomes expensive for large N and large n..
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The limitation became visible in the 10 Hz city experiment on the h = 3 m mesh,
where

N = 1466914 (4.34)

With M = 64 subdomains and n; = 100 retained modes per subdomain, the coarse-
space dimension is

ne = 64 - 100 = 6400. (4.35)

The corresponding explicit coarse basis requires approximately
2-8-1466914 - 6400 ~ 1.50 x 10'' B ~ 150 GB (4.36)

for E, alone. In practice, the online solve with this coarse space was killed during
the setup stage.
Reducing the retained mode count to n; = 50 gives

n. = 64 - 50 = 3200, (4.37)
and reduces the storage estimate for the explicit coarse basis to approximately
2.8-1466914 - 3200 ~ 7.51 x 10'°B ~ 75 GB. (4.38)

This reduced setup completed successfully and gave the h = 3m, 10 Hz result re-
ported in Table 4.18.

A slightly larger reduced coarse space with n; = 55, corresponding to n. = 3520,
did not reach the GMRES iteration stage. For this case, the coarse basis alone would
require approximately

281466914 - 3520 ~ 8.26 x 10'° B ~ 83 GB. (4.39)

Thus, for this city problem and implementation, the practical memory limit of the
explicit coarse basis lies between n; = 50 and n; = 55, or equivalently between
n. = 3200 and n. = 3520.

This result shows that the coarse space cannot be chosen based only on GMRES
iteration counts. Increasing n; can improve the quality of the preconditioner and
reduce the number of iterations, but it also increases the memory required to store
and apply the coarse correction. For large three-dimensional city problems, memory
is therefore a central part of the preconditioner design.

4.4.6 City-domain study at 20 Hz

The city-domain problem was also tested at 20 Hz. This frequency is more demand-
ing than the 5 Hz and 10 Hz cases because the wavelength is shorter:

343

The purpose of this experiment is to test how far the fixed-mode two-level precon-
ditioner can be pushed on the city geometry.
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The runs used M = 64 subdomains and n; = 40 retained local modes per
subdomain, giving

ne = Mn; = 2560. (4.41)

For the h = 5m and A = 4m runs, two oversampling layers were used. For the
h = 3m run, the oversampling was reduced to zero in order to keep the memory
cost manageable. Therefore, the h = 3 m result should be interpreted as a practical
feasibility refinement rather than a perfectly controlled mesh-convergence point.

Table 4.22: City-domain runs at 20 Hz using a fixed number of retained local
modes. The h = 3m run uses zero oversampling layers to reduce memory cost.

h N os GMRES Residual  ||upl|rms max|un| A
5.0 330073 2 131 5.78 x107%  0.1963 6.9577
4.0 634972 2 165 5.48 x 1076 0.1968 7.2175 0.27%
3.0 1466914 O 269 9.91 x 1076  0.1865 7.4910 5.21%

The h = 5m and h = 4m runs give very similar RMS values, with a relative
change of only 0.27%. However, the finer ~ = 3m run changes the RMS value by
5.21% relative to the h = 4m result. This indicates that the 20 Hz city solution
is not yet fully mesh-converged at h = 4m. At the same time, the iteration count
increases from 131 on the h = 5m mesh to 269 on the A = 3 m mesh, showing that
the linear systems become substantially more difficult as the mesh is refined.

The h = 3m run required about 8.92 x 10* seconds, or approximately 24.8h,
and the preconditioner data file reached about 60 GB before being deleted after the
successful solve. This makes the run an important feasibility result: the method
can solve a 20 Hz city-domain problem on the A = 3 m mesh, but the computational
cost is already very high.

4.4.7 City-domain feasibility study at 30 Hz

A final city-domain diagnostic was performed at 30 Hz. At this frequency, the wave-

length is

4
A= 3B am (4.42)
30

This makes the problem considerably harder than the lower-frequency city cases.
The aim of this study is therefore not to claim a fully mesh-converged 30 Hz city
solution, but to test the practical limits of the fixed-mode two-level preconditioner
on the largest city meshes.

The first set of runs used M = 64 subdomains, one overlap layer, one oversam-
pling layer, and n; = 60 retained local modes per subdomain. This gives

n. = Mn; = 3840. (4.43)

The results are shown in Table 4.23.
The h = 5m and h = 4m runs completed successfully. The h = 3m run
completed the offline construction of the preconditioner, but the online solve was
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Table 4.23: City-domain feasibility runs at 30 Hz using M = 64, one overlap layer,
one oversampling layer, and n; = 60 retained local modes per subdomain.

h N n. GMRES iterations Residual Time (s) Status
5.0 330073 3840 155 2.66 x 107° 11816  done

4.0 634972 3840 178 2.01x 107 34718 done
3.0 1466914 3840 - - 124023  killed

killed after loading the coarse basis. The saved preconditioner data for this case was
about 95 GB, showing that the explicit coarse basis becomes the limiting factor at
this frequency and mesh size.

To investigate whether the h = 3m problem could still be solved with a smaller
coarse space, the saved n; = 60 offline data were reduced by retaining fewer local
modes per subdomain. The reduced cases used the same mesh, frequency, partition,
overlap, and oversampling as the killed n; = 60 run. Only the number of retained
local modes was changed. The results are shown in Table 4.24.

Table 4.24: Reduced retained-mode online solves for the city-domain 30 Hz, h =
3m case. The reduced preconditioners were obtained from the saved n; = 60 offline
data.

n; n. GMRES iterations Residual Time (s) Status

20 1280 102 2.22 x 10°¢ 3685  done
30 1920 113 2.39 x 10°° 4618  done
40 2560 122 2.88x 107° 5819  done
20 3200 = - 2151  killed

The reduced h = 3m runs show that the 30 Hz city problem can be solved
when the coarse space is made smaller. However, increasing the number of retained
modes does not monotonically reduce the GMRES iteration count in this case. This
is not unexpected for a nonsymmetric, indefinite preconditioned Helmholtz system:
enriching the coarse space changes the full preconditioned operator, but it does not
guarantee a monotone decrease in GMRES iterations. The main conclusion from
this diagnostic is practical. For the 30 Hz city problem on the h = 3m mesh, the
implementation can solve reduced coarse spaces up to n; = 40, while n; = 50 and
the original n; = 60 case exceed the available memory during the online phase.

4.4.8 Plain GMRES baseline on the city mesh

As an additional reference, plain GMRES without preconditioning was tested on
the coarsest city mesh. In this baseline, the same finite element matrix and right-
hand side are used as in the preconditioned city experiments, but no local Schwarz
correction and no coarse correction are applied. The purpose is to measure the
algebraic difficulty of the unpreconditioned linear systems, not to propose plain
GMRES as a practical solver for city-scale simulations.
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The results for the city mesh with h = 5m are shown in Table 4.25. All cases
reached the prescribed relative residual tolerance, but only after thousands of GM-
RES iterations.

Table 4.25: Plain GMRES baseline without preconditioning on the city mesh with
h=5m and N = 330073 degrees of freedom.

Frequency [Hz] GMRES iterations Final residual Time [s]

5 8478 1.00 x 1076 1004
10 18324 1.00 x 1076 2269
20 24902 1.00 x 1076 2931
30 17440 1.00 x 1076 2142

The baseline shows that the unpreconditioned systems can be solved algebraically
on the coarsest city mesh, but the cost is very high. This should be interpreted only
as linear solver convergence: a small residual means that the discrete system has
been solved, not that the mesh is fine enough to resolve the physical acoustic field
at all frequencies. Compared with the two-level preconditioned city runs, where the
iteration counts are on the order of tens to hundreds, plain GMRES is not practical
for the intended large-scale simulations.
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Discussion

The purpose of this thesis was to evaluate how a two-level spectral domain de-
composition preconditioner performs for finite element Helmholtz problems aris-
ing in large-scale urban acoustic simulation. The results show that the method
can strongly improve GMRES convergence, but also that linear solver convergence,
acoustic mesh convergence, and memory cost must be interpreted separately. This
chapter discusses the main observations and relates them to the research questions
stated in Chapter 1.

5.1 Verification and role of the plane-wave test

The exact plane-wave test verifies the finite element implementation. Since the exact
solution is known, the error can be measured directly in the relative L? norm and
relative H'-seminorm. The observed rates are approximately second order in L?
and first order in the H'-seminorm, which is the expected behaviour for first-order
Lagrange finite elements on smooth solutions.

This result is important because the later box-domain and city-domain exper-
iments do not have known exact solutions. In those cases, the computed solution
can only be assessed through mesh refinement, receiver comparisons, residuals, and
consistency between runs. The plane-wave verification therefore checks the finite
element discretization before the experiments are used to study preconditioner per-
formance and acoustic resolution.

5.2 Solver convergence and acoustic convergence

A basic observation is that GMRES convergence and acoustic mesh convergence are
different properties. GMRES convergence means that the discrete linear system

Au=1> (5.1)

has been solved to the prescribed residual tolerance. It does not by itself imply that
the finite element solution is mesh-converged as an approximation of the continuous
acoustic field.

This distinction is clearest in the box receiver convergence study. At 5Hz, the
receiver errors decrease from 4.93% on the h = 5m mesh to 1.38% on the h = 3m
mesh when compared with the h = 2.5m reference solution. At 10 Hz, the receiver
errors are larger, decreasing from 23.94% on the A = 4m mesh to 4.89% on the
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h = 2.5m mesh relative to the h = 2m reference. At 20Hz, the receiver errors
remain much larger: 108.60%, 63.98%, and 35.79% for h = 4m, h = 3m, and
h = 2.5m, respectively. Thus, the higher-frequency solutions are more sensitive to
mesh resolution, even when the linear systems are solved to small residuals.

The same pattern appears in the city-domain experiments. The 5 Hz city case
gives the clearest mesh-refinement behaviour, with RMS values changing from 0.6972
on the h = 5m mesh to 0.6794 on the h = 3m mesh. The 10 Hz city case remains
solvable, but requires a much larger coarse space on the finest mesh. The 20 Hz and
30 Hz city cases are therefore best interpreted as feasibility tests of the solver and
preconditioner, not as fully mesh-converged acoustic simulations.

5.3 Effect of the two-level preconditioner

The first research question asks how the two-level preconditioner affects GMRES
convergence on controlled and realistic geometries. The experiments show that the
coarse correction is beneficial, especially as the problem becomes more difficult.
Across the successful two-level runs, the GMRES iteration counts generally remain
moderate and stable compared with the unpreconditioned baseline, even as the mesh
and geometry become more demanding.

On the box domain, the one-level and two-level comparison shows that the effect
is moderate at 5 Hz but substantial at 10 Hz. For example, at 5 Hz, the h = 5m case
changes from 32 GMRES iterations with the one-level method to 27 iterations with
the two-level method. On the h = 3 m mesh, the iteration count changes from 43 to
36. The improvement is more pronounced for the 10 Hz, h = 2.5 m case, where the
one-level method requires 56 GMRES iterations while the two-level method requires
22 iterations.

This behaviour is consistent with the role of the spectral coarse space. The local
Schwarz corrections reduce local error components, while the coarse correction rep-
resents global or slowly decaying error components that are difficult to remove using
local solves alone. For Helmholtz problems, these global components become more
important as the frequency and problem size increase. The results therefore support
the use of a two-level method rather than a purely one-level Schwarz preconditioner.

The plain GMRES baseline gives an additional reference point. On the box-
domain mesh with A = 2.5 m, unpreconditioned GMRES required between 541 and
694 iterations for the tested frequencies. This is much larger than the corresponding
preconditioned iteration counts. In particular, at 10 Hz, plain GMRES required 694
iterations, compared with 56 iterations for the one-level method and 22 iterations
for the two-level method. This comparison shows that the local Schwarz correction
already gives a large improvement over solving the unpreconditioned Helmholtz
system, and that the spectral coarse correction gives a further improvement.

The city plain-GMRES baseline reinforces the same conclusion on the realistic
geometry. Even on the coarsest city mesh, with A~ = 5m and N = 330073 degrees
of freedom, solving without preconditioning required between 8478 and 24902 GM-
RES iterations for the tested frequencies. In contrast, the two-level preconditioned
city runs required only tens to hundreds of iterations. Thus, the city baseline con-
firms that the preconditioner is essential for making the realistic city-domain solves
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practical.

5.4 Influence of frequency and mesh resolution

The second research question concerns how frequency and mesh resolution influence
solution behaviour, receiver convergence, and solver performance. The results show
a clear frequency dependence.

At a fixed sound speed ¢ = 343ms™!, the wavelength is

c

A 3 (5.2)
The wavelengths used in the thesis are approximately 68.6m, 34.3m, 17.2m, and
11.4m for 5Hz, 10Hz, 20 Hz, and 30 Hz, respectively. As the frequency increases,
the wavelength decreases, and the same mesh size gives fewer degrees of freedom
per wavelength. This affects both the acoustic solution and the linear solver.

The box-domain results show that the 5 Hz case is well resolved by the available
meshes. At 10 Hz, the receiver errors are still reduced by refinement, but the coarser
meshes are less accurate. At 20Hz and 30 Hz, the available meshes are too coarse
to claim full acoustic convergence. The 30Hz box study shows that the linear
systems can still be solved with the fixed-mode preconditioner, but the RMS value
changes by 12.55% between h = 4m and h = 3m, and by 6.53% between h = 3m
and h = 2.5m. This indicates improvement under refinement, but not full mesh
convergence.

For the city domain, the same trend is stronger because the geometry is more
complex and the number of degrees of freedom is much larger. The 20 Hz city run
on the h = 3m mesh required 269 GMRES iterations and used no oversampling in
order to keep the memory cost manageable. The 30 Hz, A~ = 3m run with n; = 60
retained local modes per subdomain did not complete the online phase. Thus, the
higher-frequency city cases reveal both acoustic resolution challenges and memory
limitations in the preconditioner.

5.5 Influence of preconditioner parameters

The third research question concerns the effect of preconditioner parameters: the
spectral threshold, oversampling size, number of subdomains, and number of re-
tained local modes.

In the threshold-based box-domain experiment at 10 Hz, increasing the spectral
threshold p reduces the coarse-space dimension but increases the GMRES iteration
count. For example, changing p from 0.80 to 1.25 reduces n,. from 476 to 152, while
the iteration count increases from 22 to 41. This shows the expected tradeoff: a
richer coarse space is more expensive but gives a stronger preconditioner.

Oversampling also has a visible effect. In the box-domain 10 Hz oversampling
study, increasing the oversampling from 1 to 4 layers changes the iteration count
from 29 to 22 and improves the final residual. In the fixed-mode 20 Hz box study
with M = 64 and n; = 100, the effect is even clearer: the iteration count decreases
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from 67 with no oversampling to 12 with three oversampling layers. This indicates
that oversampling improves the quality of the local spectral basis, although it also
increases the cost of the local eigenproblems and local operators.

The number of subdomains also changes the balance between local and coarse
costs. In the 20 Hz fixed-mode box study with n; = 100, increasing M from 8 to 64
increases n, from 800 to 6400 and reduces the GMRES iteration count from 27 to
12. However, the wall-clock time does not decrease monotonically, because the cost
of the coarse correction and preconditioner application also changes. Thus, iteration
count alone is not sufficient for selecting M.

The retained-mode city study at 10 Hz shows the clearest effect of n;. On the
h = 3m city mesh, increasing n; from 5 to 50 reduces the GMRES iteration count
from 243 to 55. The relative solution difference, measured against the n; = 50
solution, also decreases as more modes are retained. This confirms that the retained
local spectral modes are important for convergence on the city geometry.

However, the 30 Hz city diagnostic shows that this behaviour is not a simple
monotone rule in every case. For the reduced h = 3m, 30 Hz runs obtained from
the saved n; = 60 offline data, the cases n; = 20, 30, and 40 all completed, with
102, 113, and 122 GMRES iterations, respectively. This does not contradict the
usefulness of the coarse space. It shows that, for a nonsymmetric and indefinite
preconditioned Helmholtz operator, increasing the retained mode count changes
the whole preconditioned operator and does not guarantee a monotone decrease in
GMRES iterations. In this case, the main result is practical: smaller coarse spaces
made the finest 30 Hz city case solvable within the available memory, whereas larger
coarse spaces did not.

5.6 Memory limitations of the explicit coarse ba-
sis

The fourth research question concerns the memory limitations caused by the spectral
coarse space. The detailed estimates in Section 4.4.5 show that the dominant mem-
ory cost is the explicit storage of the global coarse basis E(. This cost scales with
the product of the number of finite element degrees of freedom and the coarse-space
dimension.

This explains why the largest city runs were not limited only by the mesh size NV,
but by the combined quantity Nn.. Refining the mesh increases N, while increasing
the number of retained local modes or the number of subdomains increases n..
Both therefore increase the storage required for the coarse basis. In the finest city
cases, this became the practical bottleneck before the linear iteration itself could be
completed.

The main consequence is that the richest coarse space is not always the best
practical choice. A larger coarse space can improve GMRES convergence, but only
if it can be stored and applied within the available memory. This was visible in
the city experiments: reducing the number of retained modes sometimes made a
run possible even when a larger coarse space failed. The parameter choice must
therefore balance three effects: convergence improvement, acoustic consistency, and
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memory feasibility.

The memory limitation is also connected to the current implementation strategy.
The local spectral modes are computed on local oversampled patches, but after
selection they are stored in one global matrix E(. Since these basis functions have
local support before being inserted into the global coarse basis, this suggests that
a more memory-efficient implementation should exploit the patch-local structure.
This point is returned to in the outlook part of Chapter 6.

5.7 Practical guidelines for parameter choice

The experiments suggest practical guidelines for choosing the preconditioner pa-
rameters for a given frequency. These guidelines are not universal, because the
best choice depends on the mesh, geometry, memory limit, and implementation.
However, the results show several clear trends.

The first requirement is that the mesh must resolve the acoustic wavelength. For
a frequency f, the wavelength is

A= ]f (5.3)

As f increases, A decreases, and both the finite element space and the coarse space
must become richer. Therefore, higher frequencies generally require finer meshes,
more robust preconditioning, and more careful memory control.

For the threshold-based coarse space, the spectral threshold p controls how many
local modes are retained. A smaller value of p gives a larger coarse space and usually
improves GMRES convergence, but increases memory use. In the box-domain 10 Hz
experiment, decreasing the threshold from p = 1.25 to p = 0.80 increased the coarse-
space dimension from 152 to 476, while reducing the GMRES iteration count from 41
to 22. Thus, p should be chosen as small as memory allows when robust convergence
is the main objective.

For fixed-mode coarse spaces, the number of retained local modes n; gives direct
control of the coarse-space dimension,

n. = Mn;. (5.4)

The city 10 Hz retained-mode experiment shows that increasing n; can strongly im-
prove convergence: on the h = 3m city mesh, the GMRES iteration count decreased
from 243 for n;, = 5 to 55 for n; = 50. However, the memory cost also increases
linearly with n;. Therefore, n; should be increased only until the iteration count is
acceptable and the solution is stable enough for the intended comparison.

Oversampling improves the quality of the local spectral basis, but also increases
the size of the local problems. In the box-domain 20 Hz fixed-mode experiment,
using M = 64 and n; = 100, the GMRES iteration count decreased from 67 with no
oversampling to 12 with three oversampling layers. This suggests that oversampling
is especially important at higher frequencies. However, on the largest city meshes,
oversampling may have to be reduced to keep the memory and setup cost feasible,
as was done for the 20 Hz city A = 3m run.

The number of subdomains M also affects the balance between local and coarse
costs. Increasing M reduces the size of the local subdomain problems, but increases

51



5. Discussion

the number of coarse basis functions when n; is fixed. For fixed n;, the coarse-space

dimension grows as
ne = Mn;. (5.5)

Thus, increasing M can improve local scalability, but may also increase the cost of
the coarse correction.
A practical selection strategy is therefore:

1. choose the finest mesh that is computationally feasible and gives a reasonable
number of mesh points per wavelength;

2. start with a moderate number of subdomains, so that local problems are not
too large;

3. use one or more oversampling layers when memory allows;
4. choose n; or p so that the coarse-space dimension fits in memory;

5. increase the coarse-space richness only if GMRES convergence is too slow or
if the solution changes significantly when more modes are retained.

For the city-domain experiments in this thesis, the results suggest the following
interpretation. At 5 Hz, the method is relatively robust and moderate coarse spaces
are sufficient. At 10 Hz, the finest city mesh requires a richer coarse space, and
n; = 50 was the largest retained-mode count that completed successfully in the
fixed-mode study. At 20Hz, the problem is more demanding, and the h = 3m
run required reducing oversampling to remain feasible. At 30 Hz, the city problem
should be treated as a feasibility test: A = 5m and h = 4 m completed with n; = 60,
but the h = 3m case required reducing the retained-mode count, and larger coarse
spaces exceeded the available memory.

Thus, the parameter choice should be frequency-dependent and memory-aware.
The best practical choice is not necessarily the richest coarse space, but the smallest
coarse space that gives stable GMRES convergence and acceptable solution consis-
tency within the available memory.
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This thesis studied finite element solution of the time-harmonic Helmholtz equation
for acoustic simulations in urban environments. The main focus was the imple-
mentation and evaluation of a two-level preconditioned GMRES solver based on
restricted additive Schwarz local corrections and a spectral coarse space.

The finite element implementation was first verified on an exact plane-wave so-
lution. The observed convergence rates agree with the expected behaviour for first-
order Lagrange finite elements, with approximately second-order convergence in the
relative L? norm and first-order convergence in the relative H'-seminorm. This con-
firms that the finite element discretization and the basic Helmholtz implementation
behave correctly on a problem with a known exact solution.

The box-domain experiments showed the expected frequency dependence of the
Helmholtz problem. At 5 Hz, the solution was well resolved by the available meshes.
At 10 Hz, the problem became more demanding, and at 20 Hz and 30 Hz, the avail-
able meshes were not sufficient to claim full acoustic mesh convergence. The two-
level coarse correction improved GMRES convergence compared with the one-level
method, especially for the more demanding cases. The experiments also showed
that the spectral threshold, oversampling, number of subdomains, and retained lo-
cal mode count all influence the balance between convergence and computational
cost.

The city-domain experiments demonstrated that the method can be applied to
realistic urban geometry, but also revealed the main practical limitation of the cur-
rent implementation. The 5Hz city case gave the clearest mesh-refinement be-
haviour, while the 10 Hz, 20 Hz, and 30 Hz cases became increasingly demanding.
The largest runs showed that explicitly storing the global coarse basis can become
memory-limiting. In particular, the 10 Hz and 30 Hz city experiments showed that
small changes in the number of retained local modes can determine whether the
online solve fits in memory.

Overall, the results show that a two-level spectral Schwarz preconditioner is a
promising approach for large Helmholtz problems in urban acoustic simulations.
However, they also show that solver convergence and acoustic mesh convergence are
separate issues: a small GMRES residual does not guarantee that local acoustic
quantities are mesh-converged. For higher frequencies and realistic city meshes,
parameter choices must therefore be both frequency-aware and memory-aware.

Several concrete directions remain for future work. The first step toward more
physically predictive simulations is source calibration. In this thesis, the source is
represented by a numerical Gaussian forcing term with fixed amplitude and width.
This is suitable for studying solver behaviour, but it is not yet a calibrated physical
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sound source. A natural next step is to calibrate the Gaussian source against an
analytical Green’s-function solution, for example a point source above hard ground
using the image-source construction. This would make the computed amplitudes
easier to interpret physically and would provide a better starting point for compar-
ison with measured or reference sound levels.

Another important direction is to reduce the memory cost of the coarse cor-
rection. In the present implementation, the local spectral problems are computed
patch by patch, but the selected modes are stored in one explicit global coarse basis
matrix Fy. This becomes the main bottleneck for the largest city problems. A more
scalable implementation should exploit the patch-local structure of the modes, for
example by storing the basis functions only on their local supports, applying FE,
and E| in a matrix-free way, or distributing the coarse-basis storage and coarse cor-
rection across several compute nodes. For very large problems, the coarse problem
itself may also need to be solved iteratively or by another domain decomposition
method instead of by a direct solver.

Further work is also needed on the physical model. The present experiments
use a homogeneous acoustic medium, sound-hard building and ground surfaces, and
absorbing outer boundary facets. More realistic urban sound propagation would re-
quire calibrated impedance boundary conditions, finite-impedance or porous ground
models, atmospheric effects, and improved open-boundary treatments. These exten-
sions should be introduced only after the source and simpler hard-ground cases have
been carefully verified.

The problem sizes studied here are relevant for realistic city-scale simulation. The
finest city mesh used in the thesis has approximately 1.47 x 10° finite element degrees
of freedom, and the coarsest city mesh already has more than 3.3 x 10° degrees of
freedom. These sizes are large enough to expose the computational bottlenecks that
appear in three-dimensional urban Helmholtz problems, especially the memory cost
of the spectral coarse basis. At the same time, the experiments show that even
larger and more highly resolved meshes would be needed for fully mesh-converged
simulations at higher frequencies.

The frequencies studied in the thesis are also relevant as low-frequency acoustic
test cases. Frequencies between 5 Hz and 30 Hz correspond to wavelengths between
approximately 68.6 m and 11.4m in air. These wavelengths are large compared with
many urban details, but they are useful for testing wave-based propagation effects
on city-scale geometries. The results show that the method is most robust at the
lower end of this range, while the higher-frequency cases already reveal the expected
increase in mesh resolution, coarse-space size, and memory demand.

Finally, the parameter studies in this thesis could be extended into a more sys-
tematic parameter-selection strategy. The results show that the number of retained
local modes, oversampling size, number of subdomains, mesh size, and frequency
must be chosen together. A useful next step would be to develop frequency- and
memory-aware rules for choosing these parameters, and to compare the resulting
solver with other preconditioning strategies on the same box and city-domain test
cases.

In the longer term, a scalable version of the solver could be useful as part of a
city noise-modelling workflow. The present work does not yet provide a validated
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engineering tool for environmental noise prediction, but it demonstrates solver com-
ponents that could support such a tool: finite element Helmholtz modelling on
city meshes, two-level preconditioned GMRES, and diagnostics for convergence and
memory cost. A natural implementation path would be to integrate a more scalable
version of the solver into dtcc-sim as part of the DT CC platform, so that practition-
ers could use the method together with existing city-geometry and mesh-generation
tools.
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Additional diagnostics

This appendix collects diagnostic experiments that support the main numerical re-
sults but are not part of the main experiment sequence in Chapter 4. The diag-
nostics are used to check solver behaviour, inspect the local spectral coarse-space
construction, and explain the source-amplitude normalization used for visualizing
the computed acoustic fields.

A.1 Damped Richardson diagnostic

All main solves in this thesis use GMRES applied to the left-preconditioned sys-
tem. As an additional diagnostic, a damped Richardson iteration was tested on one
representative Helmholtz problem. The purpose is not to replace GMRES, but to
illustrate why a Krylov method is needed for the indefinite systems considered in
this work.

The diagnostic was performed on the box-domain 20 Hz case with h = 4m,
M = 16, one overlap layer, three oversampling layers, and the threshold-based
coarse space with p = 1.10. The system size was

N = 54621, (A.1)
and the coarse-space dimension was
n. = 915. (A.2)
For a fixed damping parameter w, the preconditioned Richardson iteration is

wm = u™ L oM (b— Au™) (A.3)

where A is the finite element Helmholtz matrix, M ™! is the two-level preconditioner,
and w is a scalar relaxation parameter. The true relative residual monitored in the
diagnostic is

Jo - Aut],

ol (44)

Several damping parameters were tested for 30 Richardson iterations. The final
residuals are shown in Table A.1. None of the tested values reached the GMRES
tolerance 1075.
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Table A.1: Damped Richardson diagnostic for the box-domain 20 Hz case with
h =4m, M = 16, one overlap layer, three oversampling layers, and p = 1.10.

w Iterations Final relative residual Time (s)

0.5 30 5.52 x 10° 41.12
0.2 30 5.87 x 1072 41.20
0.1 30 2.36 x 107! 41.49
0.05 30 4.71 x 1071 41.26
0.02 30 6.89 x 107! 41.37
0.01 30 7.96 x 1071 41.17
0.005 30 8.78 x 1071 41.15

The residual histories for selected damping parameters are shown in Figure A.1.
The case w = 0.5 initially decreases the residual, but then diverges. Smaller damping
parameters are more stable, but converge very slowly. The best tested value, w = 0.2,
reduces the residual to about 5.9 x 1072 after 30 iterations, still far from the GMRES
tolerance.

Richardson diagnostic, cube 20 Hz, h=4
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Figure A.1: Damped Richardson residual histories for the box-domain 20 Hz, h =
4m diagnostic problem. The dashed horizontal line marks the GMRES tolerance
used in the main experiments.

This diagnostic confirms that the preconditioner improves the system but does
not make a simple stationary iteration robust enough for the Helmholtz problems
considered here. The indefinite and non-normal character of the preconditioned
Helmholtz operator makes the choice of damping parameter delicate. GMRES is
therefore used throughout the main experiments because it adapts the residual min-
imization over a Krylov subspace instead of relying on one fixed damping parameter.
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A.2 Local eigenvalue diagnostics

A second diagnostic concerns the local eigenvalue problems used to construct the
spectral coarse space. This diagnostic was motivated by correspondence with the
authors of the RAS/MS-GFEM preconditioner. They pointed out that the local
eigenvalues should be real and non-negative, up to numerical roundoff, and suggested
inspecting the computed spectra directly. This is useful because GMRES iteration
counts alone may not reveal small issues in the construction of the coarse basis.

The diagnostic shown here was performed for the box-domain problem at 20 Hz
on the h = 2m mesh. The setup used

M = 16, overlap = 1, oversampling = 3, p = 1.10. (A.5)
For this run, the total coarse-space dimension was
n. = 1326, (A.6)

corresponding to an average of approximately 82.88 retained modes per subdomain.

Figure A.2 shows the raw local eigenvalue spectrum for patch 13. This patch
retained 109 local modes. The eigenvalues are plotted on a semilogarithmic scale
to make the structure of the spectrum visible. This plot checks that the local
eigenproblem produces a reasonable ordered spectrum and that the retained modes
come from the expected part of the spectrum.

Raw local eigenvalues, patch 13

2 x10°

—e— patch 13
- p?=121

Re(A)

100 -

6x107!

(') 2'0 4'0 6'0 8'0 1(')0 léO 11'10 16")0
Raw eigenvalue index
Figure A.2: Raw local eigenvalue spectrum for patch 13 in the box-domain 20 Hz,
h = 2m diagnostic run. The spectrum is plotted on a semilogarithmic scale to

inspect the ordering and magnitude of the local eigenvalues entering the spectral
coarse-space construction.

Figure A.3 shows how many local eigenmodes were retained on each subdomain
by the threshold criterion. The retained mode count is not constant across patches,
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because each local eigenproblem depends on the local subdomain and its oversam-
pled region. This explains why a fixed spectral threshold can produce different local
coarse-space dimensions on different subdomains.

Kept local eigenvalues by patch

—e— patch 0 «— patch 9
patch 1 —+— patch 10

—=— patch 2 patch 11
—+— patch3  —e— patch 12
+— patch 4 —+— patch 13
—s— patch 5 +— patch 14
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-—— p?=121

1.9 x 10°
1.8 x 10°

1.7 x 10°

1.6 x 10°

=
o
« 1.5 % 10°

1.4 x 10°

1.3x10°

________________________________________________________________________

1.2 x 10°

(’) 2’0 4’0 6’0 8’0 1(’)0
Selected eigenvalue index
Figure A.3: Number of retained local eigenmodes for the box-domain 20 Hz, h =

2m diagnostic run with M = 16, one overlap layer, three oversampling layers, and
p = 1.10.

The diagnostic supports two points. First, the local spectra can be inspected
directly, instead of relying only on the final GMRES iteration count. Second, it
shows why the number of retained modes can become large at higher frequency
and finer mesh resolution. In the main city-domain experiments, this motivated the
fixed-mode strategy, where n; is prescribed directly in order to control the coarse-
space dimension and the memory required by the explicit coarse basis.

A.3 Source-amplitude calibration diagnostics

The numerical experiments in this thesis use a Gaussian right-hand side as a smooth
approximation of a point source. This is convenient numerically, because a true
Dirac delta source is singular and is not represented directly in the finite element
space. However, it also means that the source amplitude used in the code is not
automatically a calibrated physical sound-pressure level. The computed solution is
therefore initially a relative complex pressure amplitude.

This issue was discussed with Jens Forssén. A physically meaningful acoustic
calibration should relate the numerical source strength to an analytical reference
solution, such as a point source in free space or a point source above a reflecting
ground plane. The purpose of the diagnostic in this appendix is to explain how the
source amplitude was interpreted and why the final thesis uses a simple free-field
normalization.
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Free-space point-source reference

For the Helmholtz equation in free space, the Green’s function for a point source at

xg is
eik|m—m0|

a L —
(z, o) dr|x — 20|’

(A7)

up to the sign convention used for the time dependence. Since this thesis uses the
convention e~™*, the sign in the exponential is consistent with outgoing waves. The
magnitude of the pressure from a point source with complex strength () is therefore

u(r) = 14

4y’
The numerical source used in the experiments is not a Dirac delta source, but a
Gaussian source of the form

o) = A exp (—”f”‘”””) , (A9)

202

r=|x— x| (A8)

where A, is the numerical source amplitude and ¢ is the Gaussian width. The
effective free-space point-source strength associated with this Gaussian source is
approximated by

2 2
Qe = As(2m)%%0® exp (—k; > : (A.10)

This expression is the Fourier response of the Gaussian source at wavenumber k. It
gives a frequency-dependent effective source strength.

To normalize the computed solution so that the equivalent free-space point source
gives 1 Pa at r = 1 m, the numerical solution is multiplied by

B 47
|Qeﬂ|.

The resulting scale factors for the frequencies used in the thesis are shown in Ta-
ble A.2.

N (A.11)

Table A.2: Free-field source normalization for the Gaussian source with ¢ = 5m
and A, = 1. The scale factor @ multiplies the numerical solution so that the equiv-
alent free-space source gives 1 Pa at r = 1m.

f (HZ) k Qeff «

5 9.159 x 1072 1.773 x 10> 7.089 x 1073
10 1.832 x 107! 1.294 x 10> 9.709 x 1073
20 3.664 x 1071 3.677 x 10*> 3.417 x 1072
30 5.495 x 1071 4.515 x 10! 2.783 x 10~}

The scale factor increases with frequency because the Gaussian source has a
frequency-dependent effective strength. For the same numerical amplitude A, = 1,
the factor exp(—k?0?/2) becomes smaller as k increases. Thus, the effective point-
source strength decreases at higher frequency, and a larger scaling factor is needed
to obtain the same free-field reference pressure.
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Hard-ground image-source diagnostic

In the discussion with Jens Forssén, a second calibration idea was also considered.
For a point source above an ideal perfectly reflecting ground plane, the analytical
solution can be written as the sum of a direct source and an image source mirrored
below the ground. If the source is located at x, the image source is located at m}]mg.
The hard-ground reference field is then

. . img
ezk|w—w0| ezk\az—wo

An|z — x| i Arlx — 8|
This model is more appropriate than the free-space Green’s function when the
ground is treated as a perfectly reflecting boundary.

As a diagnostic, the numerical solutions were fitted to this hard-ground Green’s-
function model over several radial sampling shells. If the numerical source and
computational domain behaved like an ideal point source above an infinite reflecting
plane, the fitted source strength would be nearly constant across the shells and the
relative fit error would be small.

For the 20 Hz box-domain case on the A = 2m mesh, the source was located at

xo = (100, 100, 8), (A.13)
and the image source was therefore
xy"™® = (100,100, —8). (A.14)
The resulting fitted source strengths are shown in Table A.3.

Table A.3: Hard-ground Green’s-function calibration diagnostic for the 20 Hz,
h = 2m box-domain case. The fitted source strength should be approximately
constant if the numerical field behaves like an ideal point source above a perfectly
reflecting infinite plane.

Shell (m) Points |@Q| Scale to 1Pa at 1m Relative fit error
12-20 2318 263.12 0.0478 0.656
15-25 4313 240.41 0.0523 0.703
20-35 11505 213.46 0.0589 0.761
25-45 23670 194.69 0.0645 0.798
30-60 53214 173.41 0.0725 0.844

The fitted source strength is not constant. It decreases from approximately 263
to 173 as the sampling shell moves farther away from the source. The relative fit
error is also large, increasing from about 0.66 to 0.84. This means that the finite-
domain numerical solution does not match the ideal hard-ground Green’s function
closely enough to use this fit as a reliable physical source calibration.

There are several reasons for this. First, the numerical source is a Gaussian
volume source rather than an exact point source. Second, the computational domain
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is finite, so the side and top boundaries affect the field. Third, the hard-ground
model assumes an infinite flat reflecting plane, while the numerical problem also
contains artificial truncation boundaries. The same issue becomes even stronger in
the city geometry, where buildings and terrain introduce additional reflections and
scattering.

For this reason, the hard-ground Green’s-function fit is used only as a diagnos-
tic. The main calibration used in the thesis is instead the free-field Gaussian-source
normalization in Table A.2. This gives a consistent reference scaling for the nu-
merical amplitudes, while avoiding the misleading impression that the finite-domain
simulations are fully calibrated outdoor sound-pressure-level predictions.
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