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Reasoning about Mutability in Graded Modal Type Theory
Formalization of a graded modal typed A-calculus with array primitives
JULIUS MAROZAS

Department of Computer Science and Engineering

Chalmers University of Technology and University of Gothenburg

Abstract

Pure functional programming enables easier maintainability, parallelism, and reasoning
about programs. However, mutable state has historically been at odds with the functional
paradigm. Linear types provide a way to safely integrate mutable state into functional
programming languages. This thesis explores the intersection of functional programming
and mutable state, focusing on the challenges and innovations surrounding mutable
arrays in languages with linear or uniqueness types. We present a partial formalization
of a graded lambda calculus with array primitives. Graded modal types are used in an
attempt to show that efficient mutable operations are safe. We tried to prove bisimilarity
between copying and mutable operational semantics, but the proof is not complete.

Keywords: type theory, uniqueness types, linear types, graded type theory, Agda formal-
ization.
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1

Introduction

The focus of pure functional programming is compositionality, leading to increased code
readability, expressiveness, modularity, and correctness, as highlighted by Hughes [1].
However, pure functions often operate on immutable state to maintain their purity. While
immutable data structures work well in many programs and can lower the cognitive load
for the programmer, there can be significant performance penalties arising from worse
operational complexity and memory usage due to additional (de)allocations compared to
an imperative approach.

There are several ways to mitigate these performance penalties for immutable structures.
Fusion [2]-[4], for instance, eliminates intermediate structures, which are consumed
immediately after being produced. Consider, the following Haskell function:

sumTo n = sum (map square [1..n])

Running without optimizations, the program would create two intermediate lists: [1,2, ..., n]
(that is passed to map), and [1,4, ..., n?] (that is passed to sum). With fusion, both lists
can be eliminated:

sumTo' n=h01n
where
hain|i>n = acc
| otherwise = h (acc + square i) (i+ 1) n

Now, sumTo" does not allocate any lists and is thus more efficient in terms of both space
and time as compared to sumTo. Fusion is applied when a set of specific conditions are
met, including:

« producers ([ 1..n]) are directly composed with consumers (sum and map),
« function definitions (sum and map, in this case) can be inlined.

The above conditions are brittle in practise as small changes to the code might stop
them from holding, for instance, definitions might not be subject for inlining when
they are defined in separate modules or when they are recursive. The fact that fusion
is done automatically, makes reasoning about the performance of programs difficult.
Simply moving a function to a separate module might severly change the performance
characteristics of the program.

Another solution is to add in-place updates to a language directly while maintaining
referential transparency. This can be done by ensuring purity through the type system.
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For example, in Haskell mutable state is commonly used via monads like IO or ST.
This way, mutation is tracked explicitly and performance can be ensured with a higher
degree of certainty. However, monadic approaches suffer from making programs overly
sequential which prevents parallelization and compiler optimizations (such as reordering
instructions). Furthermore, some operations like freeze, which casts a mutable array to
an immutable one, or free, which deallocates an array, are unsafe, meaning that the type
system cannot ensure the safety of the program. Recently, Haskell has been extended
with linear types through the Linear Haskell [5] language extension. One of the core
motivations of Linear Haskell is modelling safe mutable state by enforcing that mutable
references are used exactly once. This is an exciting development, as it forgoes the
limitations of monadic-based approach, e.g., freeze is safe, as well as being arguably easier
to use. For instance, parallelism is much easier to achieve with linearly-encoded mutable
arrays [6].

Dependently-typed languages are also experimenting with substructural type theory
in the interest of allowing reasoning about resources. Idris 1 [7] and ATS [8] support
uniqueness types. Idris 2 [9] moved to a generalization of linear types instead, which is
based on Quantified Type Theory (QTT) [10], [11]. The new version of Idris also came
with a complete rewrite of the compiler, and Idris is now implemented in Idris itself
[12]. This has proven beneficial in ensuring that terms are always well-scoped (terms
are indexed by the number of free variables in their context). Additionally, to achieve
good performance, mutable arrays are used to represent the typing context inside the
compiler[13].

Meanwhile, there are also discussions [14] to add (some form of) linear types to Agda
as well. However, naively adding linear types (or QTT) to Agda is complicated by the
presence of the Cubical Agda extension: the syntactic nature of linearity conflicts with
the extensional nature of Cubical Type Theory [15]. The interest of introducing linear
types to Agda in a sound way has motivated further research [16].

Noticing the need for mutable arrays in pure functional (as well as dependently-typed)
languages, we explore the design space of safe mutable array primitives and provide
a formalization of a language with array primitives. For simplicity, we chose to work
with a graded simply-typed lambda calculus, but with the possibility of extending the
language to a dependently-typed setting in the future. The existing formalization by
Abel et al. [16] was used as a starting point for the project.

1.1 Goals

The primary goals of the thesis are as follows:
1. Investigate how languages with linear/uniqueness types deal with mutable arrays.
2. Formalize a graded lambda calculus with array primitives in Agda.

3. Formulate and prove correctness properties of the language.
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1.2 Outline

The structure of the thesis is as follows:

1. Chapter 2 provides an overview of different ways to model safe mutable state,
focusing specifically on mutable arrays. The deficiencies of common approaches
in Haskell, like the ST monad, are presented. Type systems based on substructural
type theories (uniqueness and linear types) are presented as an alternative. Finally,
graded modalities are motivated as a generalization of linear types.

2. Chapter 3 presents the main part of the thesis: the formalization. After presenting
the syntax and rules of the language, the semantics are defined in terms of heaps.
Finally, the bisimilarity theorems are stated.

3. Chapter 4 investigates possible approaches of extending the formalization, such
as, adding an untyped language for a separate optimization step, moving to a
dependently-typed setting.

4. Chapter 5 summarizes the results of the study and outlines future work.

Disclaimer. The formalization presented in Chapter 3 is a work in progress and is not yet
complete. Hence, the presented results (e.g. the reduction rules) may look different if the
formalization is finished.
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Background

In this section, we will look at how introducing mutable state into a language can lead to
impurity and the loss of referential transparency. We will then discuss how monads can
be used to encapsulate mutable state in a pure functional language, and the limitations
of this approach. We will then introduce substructural type systems, such as linear and
uniqueness types, and show how they can be used to model safe mutable state APIs.
Finally, we will discuss graded modal types, a generalization of linear types, and how
they can be used to model more fine-grained properties of mutable state.

2.1 Naive mutable state

Let’s take a very naive interface for mutable arrays, where the write operation performs
an in-place update.

type MArray a

newArray ::Int - a - MArray a
readArray :: MArray a — Int — a
writeArray .. MArray a — Int - a — ()

Now, consider the following program that simply counts the values passed to it:

frequencyCounter :: Int — Int — Int
frequencyCounter n =
let freqs = newArray n 0

in Ai -
let count = readArray freqs i + 1
'() = writeArray freqs i count
in count

frequencyCounter n creates n counters for values from 0 to n — 1, and returns a function
that increments the counter at a given index each time it is called, returning the new count
as a result. In the context of pure functional programming, this presents a problem—on
the outside (looking at the type) the function looks as though it is pure, but its behaviour
is anything but: calling the function performs a side-effect (mutating the array in its
closure), which makes multiple calls with the same argument produce different results.
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We would like to resolve this discreptancy by making the function’s type reflect its
impurity.

Doing this directly, would yield something like the following:

type State = MArray Int
frequencyCounter .. Int — (State, (State, Int) — (State, Int))
frequencyCounter n = (newArray n 0, count) where
count (fregs, i) =
let count = readArray freqs i + 1
'() = writeArray freqs i count
in (fregs, count)

In this version, we track the internal state of the counter explicitly: the state of the
counter is returned when it is first created, while for updates, the previous state is passed
as an argument and the updated state is returned. Now, the function’s signature is a bit
more truthful about its behaviour, but for it to be called pure, the user still has multiple

obligations to fulfill:
« the state should not be inspected or modified by other parts of the program,
« the state should not be used multiple times.

The presence of such obligations makes frequencyCounter unsafe, we would like to use
the type system to get rid of them. The first obligation could be solved by making the
state opaque (i.e., defining a new type and making the constructor private), but solving
the latter one is more complicated and we will look at some methods to do so in the
following sections.

2.2 Mutable state with monads

One possible way to ensure that mutable state is carefully threaded (without being
duplicated) through the program is to use monads. A common example is the ST monad
[17]. ST provides a safe way to embed an imperative algorithm that uses in-place mutable
state inside a pure functional program. Looking at its simplified definition (Figure 2.1),
ST is a state-passing function that takes an initial state and returns a new state along
with a result.

newtype ST s a = MkST (s — (s, a))
runST :: (Vs.ST s a) — a
instance Monad (ST s)

Figure 2.1: The ST monad in Haskell (simplified). Note that the constructor MkST is
private.

IST stands for state transformer, or state thread
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ST can be classified as a region-based approach for ensuring safe mutable state. The
region-based approach is based on the idea that mutable state is only valid within a
certain region of the program. In the case of ST, the region can be seen as the scope of the
s type variable introduced by the explicit forall in the runST function. This way, runST
ensures that the state is not leaked outside the monadic context so that all references and
arrays (which are also annotated with an s) stay local as they cannot be used in separate
runST calls.

The API for mutable ST arrays is presented below.

type STArray s a

newArray ::Int - a — ST s (STArray s a)
readArray :: STArray sa — Int - ST s a
writeArray .: STArray s a = Int - a — ST s ()

Notice that the return type of each primitive is wrapped in a monadic context ST s.
Intuitively, STArray s a is simply a pointer to an array in memory, and array primitives
represent actions (allocating, reading, mutating) on the array, which are only executed in
the ST s context. Rewriting frequencyCounter with ST primitives, forces us to change
the type of our function:

frequencyCounter :: Int — ST s (Int — ST s Int)
frequencyCounter n = do
freqs < newArray n 0
return $ i - do
prev < readArray fregs i
let count = prev +1
() « writeArray fregs i count
return count

Now, frequencyCounter returns a function that, when executed in the ST context, will
return a new counter. The function incr is also monadic, as it performs actions on the

array fregs.

2.2.1 Limitations of the monadic approach

However, there a several problems when it comes to programming with ST. The core
issue lies in the definition ST—the state token is globally threaded through the whole ST
program.

Sequencing prevents compiler optimizations. In pure non-monadic code, the com-
piler is free to reorder or even automatically parallelize independent operations. However,
in ST (and IO) programs, the state token constrains the order of operations by adding
an artificial dependency between them. For example, when a program contains multi-
ple arrays, some operations might be independent of each other and could be prone to
optimizations, but the compiler will have a hard time applying them.
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Harder to parallelize. It is difficult to parallelize an ST program without losing the
ability to return to the “pure world” (which can be done with ST but not IO). In his book
Parallel and Concurrent Programming in Haskell, Marlow [18] writes: “..it is typically
difficult to use parallelism within the ST monad, and in that case probably the only
solution is to drop down to concurrency..”

Limited safe primitives. Some operations are inherently unsafe in the ST monad due
to the lack of guarantees it can provide. For instance, the operation to freeze? an array is
one such example:

unsafeFreeze .. STArray s a — ST s (Array a)

Since nothing prevents the programmer from mutating the array through the STArray s a
variable, unsafeFreeze is not safe as its usage can break the immutability invariant that
the type Array a should ensure.

2.3 Substructural type systems

In order to solve the inadequacies of the monadic approach, we could look at the problem
of modelling mutable state in a pure way from another viewpoint. Instead of tracking
mutability as a side effect of the returned value, we can view it as an effect on the context—
the consumption of the array variable. Effects on the context are better known as coeffects
[19], and substructural type theory provides a way to model them. A type system is
called substructural [20] when at least one of the following rules are not admissible:

'Ht:B Ix; :A,x, tAFt:B
WEAKENING
ILx:AFt:B [,x:AFt[x;:=x][x,:=x]:B

CONTRACTION

Iy:B,x:AFt:C
ILx:Ay:BFt:C

EXCHANGE

Weakening serves as a way to discard a variable (by introducing an unnecessary as-
sumption in the context), contraction allows a variable to be used more than once (by
combining two identical assumptions into one), and exchange enables variables to be
reordered in the context.

As previously noted (Section 2.1), we want to ensure that mutable array variables are not
duplicated, that is, we want to disallow contraction.

Contraction can be restricted through uniqueness types and linear types. Linearity and
uniqueness are two common flavours of substructural type systems: both restrict contrac-
tion and weakening. They have been implemented in several languages, e.g., Clean [21],
[22], ATS [8], Linear Haskell [5], Granule [23] and Idris [9]. Linearity and uniqueness are

%Freezing is a coercion of a mutable array to an immutable one without copying the underlying data in
memory.
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closely related concepts, and as a result, they are often confused between each other, but
they are in fact dual from the perspective of time. Marshall et al. [24] explain the duality
on a more intuitive level:

“Linear types provide a restriction on what can be done with a value in the future
whilst uniqueness types provide a guarantee about what has been done with a value in
the past”.

We will cover both systems and their applications to mutable arrays in the following
sections.

2.3.1 Uniqueness types in Clean

Uniqueness types were introduced by Smetsers et al. [25] as a way to embed safe destruc-
tive updates in a pure functional language. Clean [26] is largely similar to Haskell® but
one of its main innovations is support for uniqueness types. Values of a unique type (types
annotated with a star *) are guaranteed to have no other references. This is achieved by
changing the uniquenes of a variables* according to its usage:

- if a variable is used once, the uniqueness at the usage site can be preserved,

« otherwise (using a variable more than once), makes all references of the variable
non-unique.

The loss of uniqueness (from the latter point), can be seen in the ill-typed cannotShare
and well-typed shareWithoutUniqueness examples (Figure 2.2).

Remark. Note that uniqueness is propagated outwards, i.e., for any type constructor T
and type A, T (xA) is the same type as (T (xA)).

discard :: *a — ()
discard x = ()

cannotIntroUniqueness .. a — *a forgetUniqueness :: xa = a
cannotintroUniqueness x = x forgetUniqueness x = x
cannotShare .. *a — (*a, *a) shareWithoutUniqueness :: xa — (a, a)
cannotShare x = (x, x) shareWithoutUniqueness x = (x, x)

(a) Ill-typed programs in Clean. (b) Well-typed programs in Clean.

Figure 2.2: Example programs in Clean.

One of the core motivations of uniqueness types was the ability to perform destructive
updates on unique arrays. As an example, the program below doubles the elements of a
unique array (starting from a given index).

double :: *{Real} Int — *{Real}
double arr 0 = arr

3In terms of syntax, lazy semantics.
*By uniqueness of a variable, we mean whether the type of the variable is unique (*A) or not (A).
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double arr i
# (x,arr) = arr ! [i]
#arr ={arr &[i] = 2.0 * x}
= double arr (i— 1)

The function double takes two arguments, a unique array and an index i, and returns
a unique array. If the index is zero, the array is returned immediately. Otherwise, the
element x at index i is looked up in the array through the indexing operator —![ — | which
consumes the unique array and returns a “new” unique array (but which represents
the same location in memory). The array is then updated at the index in-place and the
function continues recursively until i reaches zero.

While arrays and their operations have dedicated syntax in Clean, we can write out the
array interface explicitly (see Figure 2.3).

newArray ::Int — a - *{a}
readArray ::x{a} — Int - (a,*{a})
writeArray .. x{a} - Int - a —> *{a}
freezeArray :: «{a} - {a}

Figure 2.3: Signatures for array primitives in Clean.

Note that freezeArray can be implemented safely in Clean. It is simply the identity
function, since a unique value can be implicitly converted to a non-unique one by
forgetting the guarantee of uniqueness.

2.3.2 Necessarily unique values

There is a caveat with uniqueness types, which complicates the type system: when a
unique variable is captured in a function’s closure, the function may not be shared (called
multiple times), since the captured variable must be unique. Thus, functions with unique
variables in their closures can neither be unique nor non-unique as both options would
permit sharing. Instead, Clean makes such functions necessarily unique which have to
remain unique and cannot be sutyped into a non-unique function.

As an example, consider the function for appending an element into a unique array
(reallocating the array with a larger size):

append :: x*{a} —> a — *{a}

Partially applying the function (given an unique array arr :: *{a}), we get a necessarily
unique function append arr :: a — *a. The resulting function can only be used (called)
once—it cannot be implicitly converted to a non-unique function, contrary to unique
values. Without necessary uniqueness (if append arr was simply unique), we would lose
safety—the first call would reallocate the array and subsequent calls would use memory
that has been freed (use-after-free).

10
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Another way [27] to understand the problem is to think of a function capturing variables
as a container, and variables in the closure as their elements. In terms of uniqueness,
containers (e.g., arrays) have a property that uniqueness is propagated outwards—as soon
as a value inside a containers is marked unique, the whole container becomes unique”.
Or, in other words, if we want to extract a unique value from a container, the container
itself has to be unique. Hence, a function that captures a unique variable (and uses it
uniquely in its body) has to extract a unique value when it is called, and, thus, has to be
unique. Crucially, a container cannot be shared without also sharing its elements. But
since it might not be possible to share a captured variable (the body might require it to
be unique), a function capturing a unique variable must remain unique.

2.3.3 Linear types

Linear types originate from Girard’s linear logic [28]. In contrast to uniqueness types,
which originally appeared out of practical needs for safe destructive updates [25], linearity
has been first explored in a more theoretical setting [29] and it appeared in mainstream
programming languages relatively recently (Linear Haskell [5]).

At the core of linear types, we have the idea of linearity—a guarantee that a value will
be used exactly once®. Following Wadler [29], the function space is represented with a
linear function arrow, denoted by A — B, which indicates that the argument (of type A)
will be used exactly once in the body of the function. The rules for the core A-calculus
are as follows:

ILx:AFt:B A 'Ft:A—-B AFu:A

VAR BS Aprp
X:AFXx: A 'HFAx.t:A—B I ,A+tu:B

The variable rule contains only necessary assumptions, and in the application rule I', A
indicates that ¢t and u have distinct sets of free variables. As a consequence of the above
rules, weakening and contraction do not hold, in general.

Instead, weakening and contraction only hold for non-linear values, which are behind a
new type constructor !. This also allows us to define the usual non-linear function space:
A—-B=!A—-B

ITHt: A 't:B
—— PROMOTION WEAKENING
ITHt:1A Ix:!'A+t:B
ILx:AFt:B ILx:!Ay:!1A+-t:B
DERELICTION CONTRACTION
Ix:!AFt:B I'x:!AFt:B

In the rules above, promotion is a !-introduction rule, the rest are !-elimination rules.
The three elimination rules correspond to possible uses of a non-linear value: used once
(dereliction), none at all (weakening), or many times (contraction). ! I' means that all
variables in the context I" are non-linear.

SIn Clean, this means that writing {a} is the same as *{*a}.
®Uniqueness types, for contrast, guarantee that a value has not been shared.

11
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Uniqueness vs linearity. Clean’s uniqueness types can be slightly reformulated such
that the relationship with linear types becomes more apparent, as shown by Marshall
et al. [24]. This can be done by introducing an explicit share :: *A — A operation and
removing the rules for implicitly changing the uniqueness of a variable (when it is used
more than once). Additionally, if we remove the weakening rule for unique values (we
can still recover it by using share), we get a system, that is still equivalent to that of
Clean, but is almost the same in presentation to linear types. More concretely, the unique
fragment (in uniqueness types) behaves exactly the same as the linear fragment (in linear
types). But the difference lies in how the restricted types interact with their unrestricted
counterparts: converting to (or from) non-linear and non-unique values. Namely, a
unique value can be converted to a non-unique one (through sharing which forgets the
guarantee of uniqueness); but for linear values the opposite is true—a non-linear value
can be converted to a linear one (through dereliction). And importantly, going back (from
non-unique to unique, or linear to non-linear) is disallowed, in general.

Unique value Linear value
sharing dereliction
Non-unique value Non-linear value

The fact that discarding a linear value in general is not permitted allows for reasoning
about resources such as file handles or network sockets, since we often want to ensure
that they are eventually closed. This is not possible with unique types, since they cannot
provide a guarantee “in the future”, e.g., that a resource will eventually be closed.

2.3.4 Unique vs linear arrays

At first glance, it does seem that the notion of uniqueness is more fitting for modelling
state with destructive updates. A unique array guarantees that it has not been shared,
which forces mutations to be local and thus retains referential transparency. On the
other hand, a linear array only guarantees that it will be used exactly once, its type does
not guarantee that it has not been shared before. So, it is perhaps a little less obvious
how to exploit the linearity property for modelling mutable state. With linear types,
the responsibility of ensuring safety falls on the design of the mutable array interface,
instead of the type system. A linear array interface has to be defined in such a way that
any value that is capable of mutating an array is linear. Otherwise, mutations could be
done non-locally, which would break referential transparency.

There are also some subtle differences in regards to how an immutable array type should
be defined in such systems. With uniqueness types, it is enough to have a single array
type, where the mutable variant is the unique version and the immutable one is non-
unique. But in the case of linearity, this is not possible due to the fact that the dereliction
rule allows for converting a non-linear value to a linear one. In our case, dereliction
would correspond to casting an immutable array to a mutable one without any way to
ensure that the immutable array is not used somewhere else. A common way to fix this
is to have completely separate types for mutable and immutable arrays.

12
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2.3.5 Linear arrays in Linear Haskell

Linear Haskell [5] is a language extension for Haskell, which adds support for linear
functions. By enabling the extension, functions can be annotated by a multiplicity:
either 1 (linear) or w (unrestricted). In other words, the ordinary function type a — b,
representing a function that can use its argument any number of times, is now defined to
be a %w — b; and a new linear function type a %1 — b is introduced which guarantees
that the argument will be used exactly once.

Additionally, it’s possible to represent unrestricted values (not just function arguments).
This can be done by defining a new type Ur (unrestricted) which corresponds to ! in
linear logic:

data Ur a where
MkUr :: a%w — Ur a

The constructor MkUr demands that the argument is non-linear, allowing Ur a to be
passed linearly which, after unpacking to a, becomes non-linear. This can be seen in
action in the mutable array API (Figure 2.4).

type MArray a

type Array a

new ::a— Int > (MArray a— Ur b) — Ur b
readArray .. MArray a — Int — (MArray a, Ur a)
writeArray .. MArray a — (Int, a) - MArray a
freeze :: MArray a — Ur (Array a)

Figure 2.4: Signatures for linear array primitives [5]

The array is allocated by new which takes a linear continuation with a linear mutable array
as its argument. The continuation is expected to return an unrestricted (non-linear) value
Ur b, preventing the array itself from being returned. The final result is also wrapped
with Ur to allow the caller to use the value as many times as needed. The same is the
case for readArray which returns the original linear array and an unrestricted element,
as well as freeze which consumes the mutable linear array and returns an immutable
non-linear array (without copying).

2.3.6 Linearly - source of uniqueness
Spiwack et al. [30] identified the following shortcomings of the above interface:

« readArray and writeArray consume the input array, and produce a new one, creating
unwanted boilerplate for the programmer,

- nested array allocations are cumbersome to handle, as the linear array cannot be
returned from the inner continuation.
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2. Background

To address the first issue, the authors change the API so that instead of the array being
linear, it is the capabilities (access to read or write the array) that are linear. The second
point is addressed through a new Linearly constraint:

linearly :: (Linearly %1 = Ur a) — Ur a
consume . Linearly %1 = a — ()
duplicate :: Linearly %1 = a — () A Linearly A Linearly

data a A (c :: Constraint) where
Wrap :: ¢ %l = a%l - aAc

The data type aAc, defined above, allows linear contraints to be packed together with some
value, in order for them to be returned. Linearly, introduced with linearly, acts as a source
of uniqueness, permitting allocation of resources such as arrays with new (from Figure 2.5).
Additionally, Linearly forms a comonoid: it can be consumed or duplicated’, but only
a finite number of times, i.e., one cannot satisfy a constraint Linearly at multiplicity w.
Furthermore, the paper models read/write permissions with linear constraints as well,
which allows for more fine-grained control over the array operations.

class Read
class Write
type RW n = (Read n, Write n)

newArray :: Linearly %1 = a — Int — 3n.UArray an ARW n
writeArray :: RW n %1 = UArray an — Int > a— ()ARW n
readArray :: Read n %1 = UArray an — Int — Ur a A Read n
freeArray :RW n %1 = UArray an — ()

Figure 2.5: Signatures for array primitives with linear constraints

Due to the linear constraint Linearly on newArray, the resulting capability-constraint
RWn will be linear. Furthermore, due to Linearly being a comonoid, newArray can be
easily called multiple times in a single continuation (of linearly), thus making the API
less cumbersome to use.

2.4 Graded modal types

Linearity in type theories can be viewed as a modality—a qualifier that modifies a type,
just like in modal logic where modalities qualify statements. This perspective has been
explored and generalized by Abel and Bernardy [31]. The authors introduce a general way
to define graded modal typed lambda calculi by using a semiring structure to represent
modalities (multiplicities). The following definitions are based on Abel and Bernardy [31],
Abel et al. [16], and McBride [10].

7 Although presented here explicitly, these operations are implicit and are able to be inferred by the
compiler [30].
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2. Background

Definition 2.4.1. A modality semiring is a 6-tuple (M, +, -, A, 0, 1) consisting of a set
M, three binary operations: addition +, multiplication -, and meet A; and two elements
zero (0 € M) and unit (1 € M); with the following structure:

« (M,+,-,0,1) forms a semiring:

- (M, +,0) forms a commutative monoid: addition is associative and commu-
tative, with 0 as identity element.

- (M, -,1) forms a monoid: multiplication is associative, with 1 as identity
element.

- 0 is an absorbing element for multiplication: p-0=0-p =0.

— Multiplication distributes over addition: p(q +r) = pq + pr and (p + q)r =
pr +qr.

« (M, A) forms a semilattice: meet is associative, commutative and idempotent.
« Addition distributes over meet: (p Aq)+r=(p+71)A(q+7T).

« Multiplication distributes over meet (like for addition).

def

Definition 2.4.2. A partial ordering on multiplicities, defined as (p < @) = (p = p A Q),
which is standard for semi-lattices.

Definition 2.4.3. A modality context (denoted ¥, &, {) is a map from variables to modali-
ties. Addition, meet and scaling by q is lifted to act pointwise on modality contexts:

(y +8)(x) = y(x) + 6(x)
(¥ A 8)(x) = y(x) A 8(x)
(q-8)(x) =q-6(x)

Additionally, a modality context forms a left semimodule over M, satisfying the following
laws:

l-p=p (p+q@Q-y=p-vy+q-y p-0=0
0-p=0 (p@) -vy=p(q-7) p-(y+8)=p-y+p-96
(bAQ-y=p-y+q-vy p-(yA8)=p-yAp-§

Here 0 denotes a modality context mapping all variables to 0.

2.4.1 Examples

As an example we can model linearity with a modality semiring ({0, 1, w}, +, -, A, 0, 1)
where 0 > w < 1 with addition and multiplication operate according to Table 2.1 (which
simply comes out from the laws). Such modality corresponds to the same system as in
Linear Haskell but with an added 0 multiplicity for erased values.
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2. Background

(+) 0 1 w () 01 w
0 0 1 w 0 0 0 O
1 1 o w 1 01 w
w W w w w 0 w w

Table 2.1: Addition and multiplication for linearity modality.

0 0 \ / 1
0 1
\ / 1 0..1
@
) @
(a) Linearity modality (b) Affine modality (c) Combined modality

Figure 2.6: Hasse diagrams of some modality semirings.

Other examples include affinity, where the unit modality (1) represents “0 or 1 uses”,
effectively permitting weakening. The lattice structure of linearity, affinity, as well
combined modality, are visualized Figure 2.6.

In the rest of the thesis, we will mostly focus on linear types (and graded modal types).
This is mainly due to the original motivation, which was to add mutable state in a
dependently-typed setting. Combining dependent types with linear types has been
explored much more in the literature [10], [11] compared to doing the same but with
uniqueness types. Furthermore, graded modal type theory is a generalization of linear
types, and as such, it is more natural to start with linear types as a foundation.
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3

Formalization

Motivated by the fact that mutable array APIs with linear types (by [5], and its later
modification by [30]) has not been formalized before(to the best of our knowledge), we
present an Agda formalization to verify the correctness of such APIs. More specifically,
we will focus on defining a linearly-style [30] mutable array API (Section 2.3.6) with
graded modal types. For simplification, we will not model read/write access capabilities
for arrays, but these could be added in future work.

The Agda formalization? consists of a A-calculus language with primitive array operations,
and graded arrows over a modality semiring. We rely on previous work by Abel et al. [16]
in formalizing modality semirings and contexts. We will first define the syntax, then give
the typing rules, and, in the style of Abel et al. [16], give the usage rules (that count the
resources consumed by a term). After that, the semantics of the language will be defined
in terms of heaps which will allow us to explore properties such as bisimulation.

In the formalization, the syntax is defined in an intrinsically-typed manner, meaning that
the syntax and the typing rules are merged together. This ensures that all expressible
terms are also well-typed without doing any extra work®. In this section, however, we will
present the syntax and typing rules separately for clarity. Furthermore, the formalization
uses de Bruijn indices to represent variables.

Disclaimer. The formalization is a work in progress and is not yet complete. The syntax
and semantics are fully defined, but the proof of bisimilarity and some other things have not
been completed.

'Bernardy et al. [5] do include proofs of their results, but they only appear in the unpublished appendix
and are quite brief.

2“Formalization of graded modal type theory extended with mutable arrays” (2024), [On-
line]. Available: https : / / github . com / jullu5 / graded - type - theory / tree /
9ff712147e99a11449fdbb83cd95df505ef2b28d (visited on 09/23/2024).

3An alternative would be to first define the raw terms of the language (the syntax), and then, separately,
define the typing relation. However, this requires us to prove properties like type-preservation, requiring
more code. Wadler [33] estimates that this approach uses about 1.6 as many lines of Agda code as the
intrinsically-typed one. One possible complication with the intrinsically-typed approach is that it is harder
to come up with a way to define the terms (e.g., encoding intrinsically-typed dependently-typed terms is
an active area of research [34]), but in our case this does not complicate things.
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3. Formalization

The language consists of the following terms:

tz=x| APt | tPu
| zero | suc t | natcase, ¢ ¢ ¢
| x| let* =tint
| [Pt] | let [P]=tint
| (t,t) | let(,) =tint
| linearly ¢ | consume ¢ | duplicate ¢

|new tt|readtt|writettt|freet (terms)

Let bindings are defined as follows:

let, tin u = (Pu)Pt

We will explain them in the following section with the typing rules.

Disclaimer. In the formalization, only w-specialized boxes ([“t]) are included, natcase is
also currently missing.

3.1 Typing rules

The typing judgement I' - ¢ : A shows that under context I' a term ¢ is of type A.

First, we will cover the types:

AB#= A=, B|N|Unit|0,A|A®B | Lin|Arr (types)

Compared to the simply-typed A-calculus, the function arrow is replaced with a graded
one, annotated with a multiplicity grade p representing the grade of the argument.
Besides the natural numbers, and the unit type, there is: a box type containing a value
with a given modality, a linear product type where both elements have to be consumed
linearly, the Lin type corresponds to the linear constraint seen in Section 2.3.6, and Arr
type represents arrays of arbitrary size consisting of naturals numbers*.

As an example, the linearity modality (“none-one-tons” [10], see Figure 2.6a) can be used
for the modality semiring. But the language is parameterized over a modality semiring
which allows us to use other semirings as well such as the affinity modality. In general,
we require that there is some element w with 0 > w < 1 in the semilattice structure.
Later, when introducing the semantics, we will add some additional restrictions.

To be more concise, we will denote A =; Bby A — B, and [],, A by ! A (which is also
the same as Ur in Linear Haskell), following Girard’s [28] notation for linear logic.

The contexts are defined as follows:

Fs==¢|T,A (contexts)

*We restrict to natural numbers instead of arbitrary types to simplify the formalization.
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3. Formalization

As usual, a context can either be empty or be a context extension with a variable (', A).

The judgement x : A € I checks that variable x is inside the context I" with type A, and
is defined below:

x.:AeTl
0:Ae€eTl,A x+1:A€I,B

At the core of the language are the following A-calculus typing rules:

x.:AeT ILA+t:B FI—t:A=>pB 'ru:A

AR BS Aprp
T'Hx:A Fl—/lpt:A:pB I'tPu:B

Lambda abstractions and applications are annotated by the grade of the arrow, following
Abel et al. [16].

Next, we have constructors for the natural numbers, together with its eliminator:

I'kn:N
NAT-Z NAT-S
' zero : N T'Fsuc n: N

Tz:A TFs:N=,A I'kFn:N

T'F natcase, z S n A

NAT-CASE

The introduction and elimination rules for the unit type, boxes, and products are straight-
forward:

I'Ft:Unit TFHu:A

——— UnrIt-I - Unit-E

' - % : Unit 'Fletx=tinu: A

T'HFt:A 't:0,A ILAFu:B

Box-1 - Box-E
CH[Pe]:0,A F'let[’]=tinu:B
't:A I'u:B 't:AQ®B ILA,Bru:C
Prob-I Probp-E

' (t,u):A®B F'klet(,)=tinu:C

Note that the eliminators let [P] = ¢t in u and let (,) = t in u do not contain variable
names for the newly bound variables because we are using de Bruijn indices.

Below are the rules for the Lin type, which correspond to the operations of Linearly
constraint [30] from Section 2.3.6:

ILLinkFk:!A I'1: Lin I'1:Lin
'k linearly k : 1A I' - consume [ : Unit I' - duplicate [ : Lin ® Lin

For the Lin type, we have linearly k for introducing a Lin value inside a continuation k,
and its comonoidal operations: consume [/ and duplicate [. Lin allows resources (arrays)
to be introduced and tracked linearly.
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3. Formalization

I'l:Lin THn:N I'ka:Arr TFHIi:N
F'Hnewln: Arr I'kreadai: Arr® !N

I'ta:Arr THi:N I'kn: N I'ka: Arr
I'writeain: Arr I' - free a : Unit

The array operations are new [ n for creating an array of size n containing zeros, the
linear Lin argument [ ensures that the array is linear. read a i for reading from an array
a at index i, write a i v for writing a value v to an array a at index i, and free a for
freeing an array. Compared to Figure 2.5, Lin is explicit, and we do not model read/write
capabilities, although the formalization could be extended to include them.

3.2 Usage rules

The usage rules govern how resources are allowed to be used in our system. A term ¢ is
well-resourced iff it satisfies the relation y » ¢t where y is a modality context (a map from
variables to modalities, see Definition 2.4.3). The rules follow previous conventions from
Abel and Bernardy [31] and Abel et al. [16].

Remark. Compared to the rules presented for linear types Section 2.3.3, the usage rules
are defined separately from the typing rules, and the use of a modality semiring allows
us to track usages of variables in a more general way:.

Starting again with the core A-calculus, we have:

,p»t >t > U
e > X; » PPt + po» tPu

Here e; represents a unit modality context, where all variables are mapped to 0, except
for the i-th variable which is mapped to 1. The annotation p on the lambda abstraction,
requires the body ¢ to use the argument with grade p. The application rule accounts for
every use of the argument u in the body ¢ of the lambda by multiplying the resources
of the argument by p: pc.

Next, we have the naturals:

>t »zZ O,p»S > n

0 » zero » suct (¥ AO)+ p7 » natcase, zsn : A

The constructors simply reuse the resources of their arguments (zero has none, so its
usage is 0). The eliminator uses the meet operation to account for the resources used in
both branches, also adding the resources p7 used by the scrutinee n.

The rules for the unit type are straightforward.

» [ > U
0» % +orletk=tinu
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3. Formalization

The usage rules for the box allow us to capture a value with a specific modality.

>t > [ ,D» U
py » [Pt] +orlet[P]=tinu

Introducing a box demands that there are enough resources to capture the value ¢ with
grade p. Meanwhile, the elimination rule allows the continuation u to use the captured
value x with the same grade p. For instance, taking linearity as the modality semiring,
if we need to construct a box [, A, this restricts us from using values of 1 or 0 grade.
However, once we have the box, even if it is linear (its grade is 1), we can unpack it and
use the inner value without any restrictions.

Crucially, the product type behaves differently to the ordinary product type in a non-
linear/non-graded setting:

>t > U »t o,1,1»u
+ o> (t,u) +orlet()=tinu

Since the constructor consumes the resources of both elements, the elimination rules
requires that both elements are also consumed. This prevents us from having projection
functions that would allow us to use only one of the elements’. This is also why the
tensor product notation (®) is used instead of the product one (X).

The rules for the Lin type and arrays are below.

,1»t >t (3 >t > U
» linearly ¢ » consume { » duplicate ¢ +ornewtu
>t > U >t > U » U >t
+orreadtu + 04 wn»writetuv » freet

In the rules for write, 7 is multiplied by w since elements in the array have to be
unrestricted—we allow multiple reads to the same element.

Last, but not least, we have the subsumption rule which allows us to approximate the
resources of a term:

>t <

>t

This corresponds to going down the semilattice structure of the modality semiring, as in
Figure 2.6.

SNote that defining projections is possible when elements are wrapped with a !. In linear logic terms,
this is a way to encode strong (&) products by the use of weak (&) products.
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3. Formalization

3.3 Example

As an example, we can rewrite the counter program (presented in Section 2.1) in our
language:

AL, An.
let, count = A, p.
let (arr, 1 p in
let (arr, c
let [w c] = ¢ in

let, arr = write arr i (suc c) in
(arr, suc c)

in (new 1 n, count)

) =
) =

read arr 1 in

Here we used explicit names rather than de Bruijn indices for clarity. Writing this directly
would result in the following:

A, A,

let, A,

let (,) = 0 in

let (,) = read 1 0 in

let [w] = 1 in

let, (write 2 3 (suc @)) in
(0, suc 1)

in (new 2 1, 0)

Let’s call the above term t. It is well-resourced (0 » t), and well-typed:

et Lin—-oN—-oAr® (Arr @ N — Arr ® N).

Since the internal state (the array) in the counter is always linear, we do not have the
problem of the state being potentially used multiple times. Although in our language we
do not have the ability to create private constructors (or any kind of custom data types,
for that matter), and the state has to remain exposed.

3.4 Heap semantics

To reason about the semantics of our language, we define an operational model based on
heaps. We adapt the model from Sestoft [35], which defines an abstract machine for a
lazy language®. Furthermore, taking inspiration from Marshall et al. [24], we adapt the
model to work with mutable array references.

We first define renamings and values.

®The Agda formalization of the heap model was based on the work done by Oskar Eriksson extending
the formalization of Abel et al. [16].
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3. Formalization

Definition 3.4.1 (Renamings). A renaming Ren I' A is an injective map from variables
in A to variables in I, defined as follows:

pPERenT'A x: A€l x¢&p
c€ERenle¢ p,x €ERenT (A,A)

where x € cand x € (0,y) < X#YAX Ep.

Importantly, the definition of renamings does not ensure that variables are renamed in an
order-preserving way which is unlike other standard tools such as OPEs (order-preserving
embeddings). This allows us to model arrays being allocated and freed in any order.

Definition 3.4.2 (Values).

Value t Value t
Value (AP t) Value zero Value (suc t) Value % Value [Pt]
Value t; Value t, x:Arrerl x:LineTl
Value (t1,t,) Value x Value x

The value predicate is used to restrict terms that are saved in the heap.

Definition 3.4.3 (Heap). A heap H € Heap I' is a mapping from variables to heap objects
(defined below) and their associated grades.

H € HeapI' 0 € HeapObjectT' A
€ € Heape H,~, 0 € Heap (I',A)

Definition 3.4.4 (Heap object). For a context I" and type A, a heap object 0 € HeapObjectI' A
is defined as follows:

AFv:A Valuev E€RenT A

- H-VaL
value v E € HeapObject I' A
H-ARR H-ERASED
[ng, ..., ng_1] € HeapObject T Arr 4 € HeapObject ' A
H-Lin

lin € HeapObject I Lin

H-VAaL takes care of the values in the heap that additionally contain the environment
(renaming to the heap context). H-ARR is used for arrays, where n, ..., n,_; are the
elements of the array of size k. Since we do evaluate erased terms (a term applied to a
function with grade 0), H-ERASED is used to represent such terms. H-LIN represents the
source of the linear constraint Lin, which is added to the heap when evaluating linearly.

Finally, we need to define what kind of heaps are well-resourced. This is realized with
the following relation:
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3. Formalization

Definition 3.4.5 (Well-resourced heap). A heap H is well-resourced if and only if y » H,
which says that the heap H contains y resources.
+po»H >, 0
0»c¢ ,p» H,—> pO

Obviously, an empty heap does not contain any resources. For a heap extension, we
require that the object 0 is well-resourced under the preceding heap H. As a result, some
resources of H may be consumed pc, leaving the rest / together with a new resource p.

Definition 3.4.6 (Well-resourced heap objects). For a modality context y, modality p,
and heap object o, the relation for well-resourced heap objects y », 0 is defined as follows:

>t p € {0,1} p € {0,1}
ren E ) », value t E 0», [ng,...,nx_1] 0», lin 0», 4

In the rule for values, the modality context has to be adapted to the context of the
preceding heap by renaming it.

Additionally, there are a few operations that can be performed on heaps:

Definition 3.4.7 (Heap lookup). Looking up a variable (or reference) x in the heap H,
resulting in an object 0 and the heap H’, is captured by the relation H - x |—>g o| H,
defined below.
p—q= HFxw—ho|H
H,~,0F0 |—>5 (to)|H,~,0 Hbp o Fx+1 |—>g (to)|H,—p o

Here p is the previous grade of the variable x in H, while g is the grade of the lookup’s
request (how much should be subtracted from p).

Since the context I' of the heap H € Heap I' has to match the context of the looked up
object 0 € HeapObject I' A, we weaken the object each time with the 1 operation.

Additionally, we introduce a few shorthand notations for the heap lookup:

(HF x — 0) Y@p.HFx—ho|H)
(HF x —P) Y EFo.HFxrho|H)
(HF x —P 0) Y  (Hrxehol|H)
(HI—x'—>q0|H’)d£f(Elp.Hl—x|—>30|H’)

The relation p—¢q = r is used to reduce the grade of resources in the heap. As the structure
for modalities forms a semiring (instead of a ring), we do not have a general subtraction
operation. Instead, we take the definition of subtraction’ from the graded-type-theory
[16] formalization project.

"Defined in Graded.Modality.Properties.Subtraction.
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3. Formalization

Definition 3.4.8 (Subtraction in a semiring).

def

(p—=q=r=(P—-q=<rANs.(p—q<s)=>r<s)

(p<r+q.

We require that subtraction is supported in the chosen modality semiring, meaning that
the following proposition holds for any p, g, r grades:

def

where (p—q <)

(p—q<r)=>3IIrp—q=r.

As explained to me by Oskar Eriksson, the above definition can be explained from a
quantitative perspective: p — q = r means that if we have p copies of some resource
and use q copies, we will have r copies remaining (where r is chosen in such a way that
leaves as many resources as possible). Choudhury et al. [36] also use subtraction-like
operation to manage resources in a heap, however their definition is non-deterministic,
contrary to the one presented above.

Note that both linearity and affine modalities support subtraction. For linearity, the
operation behaves in the following way:

(=) 01 w
0 O

1 1 0
W W W W

Lemma 3.4.1 (Lookup modifies the grade). If p—q =rand H F x |—>5 o | H', then
HFxm'o.

Lemma 3.4.2 (Unrelated lookup preserves grades). IfH - x Hg/ o|H andH F y P o,
butx # y,thenH F y —F o.

To model mutable arrays, an operation to update an array in the heap is needed, which is

defined below.

Definition 3.4.9 (Heap update for arrays). Replacing the array under the reference a (in
the heap H) with a new array xs, resulting in the heap H’, is denoted by H - a := xs | H',
with the following definition:

H,0 ~q [ng,..., 0] F a:=[mg,...,m] | H,a —q [mg, ..., my]

HF a:=[mgy,...,my] | H
H,~»,oFa+1:=[my,.. m]|H,~,0

Remark. The relation could be further restricted to only allow updates of an element in
an array (given the element’s index and its new value).

Lemma 3.4.3 (Updated array is live). IfH - x := xs | H', then H - x —! xs.
Lemma 3.4.4 (Unrelated update preserves grades). I[fH - x:=xs | H and H+ y =" o,
butx # y,thenH F y —P o.
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3. Formalization

Having defined the heap, we can now define the abstract call-by-value machine. The
machine operates on states, containing the heap, the term being evaluated, and the
surrounding evaluation context.

Remark. Call-by-value was chosen as a middle-ground option between call-by-name and
call-by-need evaluation strategies. Call-by-name for heap semantics in graded modal type
theory was explored before [31], however it does not work well in terms of mutability.
Call-by-need would be obvious choice, given that Haskell, being the main focus in
previous work [5], [30], uses call-by-need. However, call-by-value is much simpler, and
does not conflict with our original motivation of modelling pure mutable arrays.

Definition 3.4.10 (State). A state (H,t,E,S) € State I' A A B consists of
« aheap H € Heap I mapping variables to values and references to arrays,
« ahead term A F ¢t : A (the subject for reduction),
« an environment E € Ren I' A renaming variables (and references) from A to I, and
« astack S € Stack I' A B of eliminators.

An eliminator Elim I' A B is defined as a singular “term” constructor (in context A and of
type B) containing a single hole (of type A), together with its environment Ren I" A. The
full definition can be found in the Agda formalization.

Definition 3.4.11 (Stack). A stack S € Stack I" A B is a sequence of eliminators such
that their types “match-up”: for each eliminator in the sequence, its type is equal to the
type of the hole of the preceding eliminator (if there is one).

SeStackTTAB eeElimIT'BC
ce StackTAA e,S e StackTAC

Now, we define when a state is well-resourced.

Definition 3.4.12 (Well-resourced state). A state (H,t, E, S) is well-resourced if and
only if the heap H has the enough resources needed for the term ¢ and the stack S (which
represents the surrounding evaluation context):

»H o»t n»S y<|S|-renEc +
;0sn» (H,LE,S)

The relation for well-resourced stacks as well as the modality of a stack |S| is defined
below. The last premise, in the above rule, ensures that the resources of the heap H are
enough to provide the resources needed in the term ¢ and the stack S.

Definition 3.4.13 (Well-resourced stack).

»S |S|-ore
0»c¢ +ore S

The definition of well-resourced eliminators 7 »¢ e is not included, but it follows the
definition of well-resourced terms, skipping the resources of the hole in the eliminator.
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3. Formalization

Definition 3.4.14 (Modality of an eliminator/stack).

el =1 [ =1=p
|linearly —, S| =1 P=1l=p
le, S| = le] - [S] le| =1

For the eliminators, the dash — marks the hole in the term. When evaluating an argument
we put the eliminator tP— on the stack, and multiply the current context modality with
the annotated modality p. The same applies for evaluating under the box [P—]. The
grade of the stack is reset upon encountering the linearly — eliminator to make con-
sume/duplicate/new rules go through. This works because the result of the continuation
of linearly is unrestricted—the result is well-resourced under any grade even though it
was originally produced in the 1-grade stack. Note that the grade of a well-resourced
eliminator is never 0, i.e., [t” — | and [P—] are well-resourced only if p # 0. This gives
rise to the following lemma:

Lemma 3.4.5 (No erased evaluation). Ifa stack S is well-resourced y » S, then |S| Z 0.
The operational semantics have three variants:

1. Ungraded (~+,): Basic semantics that do not modify the grades in the heap.

2. Pure (~,): Graded semantics where arrays are copied when writing to them.

3. Mutable (~,,): Graded semantics where arrays are updated destructively in-place.

For variables, we have the following reductions:

Ht ren E x — value v E’ HFren Ex g valuevE" | H’

U-VAR G-VAR
(H,x,E,S) ~, (H,v,E',S) (H,x,E,S) ~om (H',v,E',S)

The ungraded rule simply checks that the variable exists in the heap, while the graded
rule (pure and mutable semantics) requires that the variable in the heap has enough
resources.

The reduction rules for applications are a bit more involved:

App
(H,t’w,E,S) ~ (H,t,E,(~PuE,S)) = |

APP,,
(H,2° t,E',(-°u E,S)) ~ (H,~¢ 4),t,+ E,1 S)

P#O
(H, A t,E',(-PuE,S)) ~ (H,u,E,((A’ t)’ — E',S))

Arp,

Value u
(H,u,E",((A# t)P — E',S)) ~ ((H, oS valueu E"),t,t E',1 S)

Appy

The first rule App; pushes the argument (together with the current environment) on the
stack, and the left side of the application is left as the head term. When it is reduced to a
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lambda abstraction, there is a choice between two reductions—if the grade annotation is
0, then the argument is erased in the App,, rule. Otherwise, the App, rule is applied: the
argument is popped from the stack, and after it is evaluated, the third rule App; is applied.
The final rule adds the evaluated argument on the heap, and proceeds with the body of
the lambda. 1} and 1 denote the operations for lifting and weakening, respectively.

The rules for linearly are as follows:

L
(H,linearly k,E, S) ~», ((H, 1 lin),k, t E, (linearly 0,1 S)) INEARLYY

HFE x - lin Valuek
(H, k,E, (linearly x, S)) ~», (H,k,E,S)

LINEARLY,

The first rule adds the lin token to the heap with grade 1. Note that the rule does not
mention the grade of the stack |S|, so that linearly can be called from unrestricted contexts,
i.e. !linearly k is fine since the continuation will be evaluated only once and the lin
token cannot escape its scope. The final two rules remove the linearly x eliminator from
the stack.

Remark. The last rule could be made more precise by checking that lin has grade 0, which
in the context of linearity would mean that the token has been consumed. However,
this would require a more complex definition of the heap, and the current definition is
sufficient for the purposes of this work.

The full rules can be found in Appendix A, but as a final example, we can look at the
last step of evaluating the term write a i v. The reduction evaluates the arguments from
right to left, so in the last step we will have reduced a, and the final rule will apply the
write operation to the array in the heap.

HErenEawr xs xs' = (xsli] :==v)

U-WRITE
(H,a,E,(write — iv,S)) ~, (H,~, xs'),0,E,S) +
HkFrenEawr, xs|H xs' = (xs[i]:=v)
- - ; p P-WRITE,4
(H,a,E, (write — iv,S)) ~, (H,~; x5'),0,E, S)
HbFrenEa:=xs'"|H xs = (xs[i]:=0)
M-WRITE4

(H,a,E, (write — iv,S)) ~,, (H',a,E,S)

The ungraded and pure semantics are copying, thus with every write operation a new
array is allocated on the heap. However, in the case of pure semantics, the grade of the
original array is checked and subtracted by 1, meaning that the array cannot be of grade
0. In the mutable semantics, the array is updated in-place, without additional allocations.
xs[i] := v sets the element in the array xs at index i to v, note that the semantics get
stuck if i is out of bounds for the array xs.
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3.5 Bisimilarity

The goal of the overall formalization is to show that the three (ungraded, pure, mutable)
semantics are bisimilar to one another. In the context of our language, bisimilarity states
that starting with related states, a reduction step in one semantics can be matched by
a reduction step in the other semantics, with the resulting states staying related. This
ensures that different semantic interpretations of our language are consistent with each
other.

To state bisimilarity, we first need to establish a relation between the states of the two
semantics. Since we have three reduction semantics, we will define two bisimilarity
relations:

1. one between ungraded and pure states, and
2. one between pure and mutable states.

Proving bisimilarity for the two relations is enough to show that all semantics are bisimilar
to one another, since we can compose the two relations (as well as their bisimilarity
proofs) together.

Remark. Note that whenever we refer to states we assume that they are well-resourced.

3.5.1 Between ungraded and pure semantics

To relate ungraded and pure semantics we need to establish that reduction without
considering grades can be matched by reduction with grades. We define a relation
between the heaps of the two semantics, and then show that related states remain related
after a reduction step.

Definition 3.5.1 (Heap equality up to grades).

H~H
E~c¢ H,|—>po~H’,x»—>q0

Definition 3.5.2 (State equality up to grades). The relation s, ~ s, between states s, s
of the ungraded and pure semantics, respectively, simply relates the two heaps up to
grades.

H~H'
(H,t,E,S) ~ (H',t,E,S)

Lemma 3.5.1 (Reflexivity). s ~ s.
Theorem 3.5.2 (Bisimilarity between ungraded and pure semantics). For all s, ~ s,
- given any sy, with s, ~, 8y, there exists s, such that s, ~, s, and s, ~ Sp;

. ! . ! . !/ ! !/ !/
« given any s, with s, ~~, sp, there exists s,, such that s, ~>, s, and sy, ~ .
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3. Formalization

3.5.2 Between pure and mutable semantics

Given contexts I,, A, (pure) and [};,, Ay, (mutable), we define a relation s, ~ s, between
states s, € State I, A, A Band s, € State I};; A, A B of the pure and mutable semantics,
respectively.

Definition 3.5.3 (State equality up to renaming).
Hx,H renEt=renp(renE't'") S=renps’
(H,t,E,S)~ (H',t',E',S")

Lemma 3.5.3 (Reflexivity). s =, s.

For two heaps H,, € Heap [},, Hy,, € Heap [}, and a renaming p € Ren [, I};;, the heaps
are related under the renaming Hp ~, Hy, if and only if for all Xp i A€ xp,is either
dead or shared.

A variable x,, : Arr € I}, is dead if it has grade 0 in the heap (H, F x, —9) and there
is no x,, : Arr € T,;, such that ren p X, = x,. Meanwhile, x,, : A € I}, is shared iff
there is x,, : A € [},, with ren p X, = x, and objects 0,, € HeapObject [};, A with
0p = ren p oy, such that Hy, = x,,, =P 0, and Hy, = x, =P 0,

Now, we can state the bisimilarity on the above relation. Since the proof is not fully
formalized yet, we mark it as a conjecture.

Conjecture 3.5.4 (Bisimilarity between pure and mutable semantics). For all s, ~ sy,
- given any sy, with s, ~~, sy, then there exists s, such that s, ~~, S, and s, X Sy;

- and given any sy, with S, ~>, Sp, then there exists s, such that s, ~~, s, and

I~ o
Sp R Spy.-

Remark. The main missing piece in the partially formalized proof is in the final write rule
(P-WRITE4/M-WRITE,4). We want to show that we can remap the array variable from the
old location to the top of the context, in accordance to the copying semantics. For that
to work, we need to prove that the objects in the heap and eliminators on the stack do
not reference the array. This should not be difficult to formalize since Definition 3.4.12
ensures that if a linear resource (the array) is consumed in the head term of the state,
then neither the heap nor the stack is allowed to consume it.

3.5.3 Combining the relations
Finally, to show that all semantics are bisimilar to one another, we combine them together:

Definition 3.5.4 (Equality between states of ungraded and mutable semantics).

Sy ~Sp Sp RSy

Now, combining Theorem 3.5.2 with Conjecture 3.5.4, we get bisimilarity® between all
three semantics:

8This is yet to be formalized.
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Conjecture 3.5.5 (Bisimilarity). For all s, Sp, Sy, With s, ~ s, and s, & Sy, the following
statements are equivalent:

. given any s, with s, ~>, S,,, then there exists s, such that s,, ~>, Sy, and s, &' Sy,;
« given any Sy, with S, ~>,, Sy, then there exists s;, such that s,, ~>, S;, and s;; &' Sp,.

Remark. Both directions follow from composing Theorem 3.5.2 with Conjecture 3.5.4.
But since one component is marked as a conjecture, the combined bisimilarity is also a
conjecture.

From the above conjecture, we can also conclude that evaluating a numeral in different
semantics produces the same value:

Conjecture 3.5.6. Given a well-resourced closed terme =t : N, ift evaluates to a value
in one semantics, then it evaluates to the same value in the other semantics. That is, the
following statements are equivalent, and values vy, Uy, Uy, are all equal:

o (g,t,8,€) ~7 (Hy, vy, E,, €) with Value v,
. (g,t,8,€) wz (Hp, Up,Ep,E) with Value vp,
o (g,t,8,€) ~7 (Hyy Uy Eyys €) with Value v,,,.
Remark. The above conjecture is not yet formalized.
The multi-step reduction ~~* used above is defined as follows:

Definition 3.5.5 (Transitive closure of the reduction relation).

§~=*s § s s
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Discussion

In this chapter, we revisit the core concepts discussed throughout the thesis. We explore
extensions, and alternatives found in related work.

4.1 Compilation step

Currently, the semantics of the presented language deals with primitives related to Lin:
linearly, consume, and duplicate. However, these high-level primitives only exist to
ensure safety of the source language, and, ideally, they would be optimized away in
the machine code. To formalize this, we would need to define a compilation step that
translates the high-level language to a low-level language with mutability that does
not contain these primitives. This would involve defining another abstract machine
(operating on the low-level language), and proving that the compilation step preserves
the semantics of the high-level language.

Furthermore, one could add a translation step to verify that mutable array operations
preserve resources (e.g. linearity) of the source language. This could be achieved by
translating the array primitives to a pure implementation (with no mutability): arrays
could be translated to nested pairs, then read and write operations would simply be
projections and updates. Note that if the target language of the translation is the source
language itself, the array type would have to be extended to include the size of the
array and have some kind of recursion (see Section 4.3). Alternatively, having the target
language be untyped would make things simpler, and we would get a guarantee that the
types could be erased at runtime. In any case, to prove that the translation preserves the
semantics we would need to use a weak bisimilarity allowing us to relate a single step on
one side with multiple steps on the other.

4.2 Progress and other properties

The formalization lacks a proof of progress verifying that the semantics do not get stuck
for well-resourced programs. Note that this should not be the case in general, since read
and write operations fail if the index is out of bounds for the array. The property could
be stated as follows:

IfT+t:Aand(ct,€¢) ~* (H,u,E,S), then either there is another step to take from
(H,u,E,S), or the term u is a value and the stack S is empty, or the top of the stack
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contains the final eliminator for read or write where the index points outside the array.

4.3 Extending the language

The language presented in this thesis is a minimalistic core calculus with the ability
to encode linearly-style mutable array API, originally presented by Spiwack et al. [30].
However, there are several ways in which the language could be extended to support
additional features and programming paradigms. One obvious extension would be to add
a fixpoint operator to enable recursive functions, which are essential for writing any kind
of algorithms. Without recursion, we cannot even iterate through a dynamically-sized
array. Furthermore, sum types could be introduced to allow for more expressive data
structures. Both of these extensions would not be too difficult to implement, as they do
not require any changes to the underlying type system and their reduction rules should
be straightforward.

4.4 Call-by-Need

Previous work on defining an abstract machine for graded modal type theory uses a
call-by-name evaluation strategy [31]. Mutability does not work well with call-by-name
semantics, since an expression to create an array could be substituted in multiple places
and potentially allocating multiple arrays, where only one is expected. Instead, call-
by-value evaluation strategy was chosen for the abstract machine in the formalization.
However, adapting the abstract machine to be call-by-need, would be more in line with
the original work (Linear Haskell [5]), thus this poses as an interesting extension to the
work presented in this thesis. In particular, this would require extending heaps to store
arbitrary terms, not just values.

4.5 Exploring other modalities

The language presented formalization is parameterized by a modality semiring (with
some restrictions). It has largely been explored in a context of linearity, but other modality
semiring could also be used such affinity. Affinity ensures that resources are used at most
once (whereas in linearity it is exactly once). Relaxing the restriction for the weakening
rule allows the array to be silently dropped (perhaps leaving it to be garbage collected
by the runtime of the language) which might be easier to use for the programmer while
still retaining the necessary safety guarantees. Furthermore, Bernardy et al. [5] proposed
introducing another grade 3 to the linearity modality for modelling borrowed types.

4.6 Extending to Dependent Types

Dependent types extend non-dependent type systems by allowing types to depend on
values. This enables programs to encode a wide range of program properties directly
within the type system. Dependent types can ensure stronger correctness guarantees
and facilitate formal verification of program behaviour.
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Integrating mutable arrays to a dependently typed language, such as Agda, would allow
implementing fast and provably correct algorithms. For example, it could be possible
to implement a type-safe matrix library, where the dimensions of matrices are encoded
in their types. This would prevent runtime errors caused by mismatched dimensions
and enable the compiler to optimize matrix operations based on their sizes. Currently,
the only way to reason about correctness in such settings in Agda is through the use of
linked list-like structure, which have a much worse complexity compared to arrays.

The presented semantics in Section 3.4 have been designed to be extended to dependent
types. In particular, copying (ungraded, pure) variant of the semantics could be used
at compile time, while the mutable variant could be used at runtime. This would be
somewhat akin to how natural numbers are treated in Agda: at compile time, naturals
are represented in a unary way (zero and suc n), but at runtime they become machine
integers.

To give a quick example of how mutable arrays could look like in Agda, we can define
a simply mutable array API, following the ideas from Linear Haskell and Spiwack et
al. [30]:

linearly : (Lin—-UrA)—oUrA
duplicate : Lin — Lin ® Lin
consume : Lin - T

new : Lin—o (Vec An— Arr A n)

read : ArrAn—o (Finn—-oUrAeArrAn)
write : Arr An — (Fin n — (A — Arr A n))
freeze: ArrAn—-oVecAn

Now we can equational rules for the API can be defined as follows:

linearly-consume : (e : Ur A)
— linearly (A I — case consume [ of A {tt — e})
=e

linearly-duplicate : (f : Lin — Lin — Ur A)
— linearly (A I — case duplicate lof A{<L;, L) — f L 1L})
= linearly (A I; = linearly (A I, = f I, 1))

write-new : (I : Lin) (xs: Vec A n) (i: Fin n) (x: A)
— write (new [ xs) i x
= new [ (xs[i]=x)

read-new : (I : Lin) (xs: Vec A n) (i: Fin n)
— read (new [ xs) i
= (mkUr (lookup xs i), new [ xs )

freeze-new : (I : Lin) (xs: Vec A n)
— freeze (new [ xs)
= case consume [ of A {tt — xs}
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With these rules, we could reason about the behavior of the program using mutable arrays
at the type level and prove properties about them. For instance, we could implement an
efficient in-place sorting algorithm and prove that it is correct, all in Agda. This presents
another area to explore in the formalization—showing that the above equations hold.

However, the fact that linearly takes a continuation is a bit problematic since function
extensionality has to be used (to apply rules under a binder), which is not provable in
Agda (unless additional extensions such as Cubical Agda are enabled). As an alternative,
uniqueness types do not exhibit this problem, since no continuation is necessary:

new :VecAn— *(Arr A n)

read : "(Arr An) — Finn — A x *(Arr A n)
write : *"(Arr An) —» Finn—> A — *(Arr A n)
freeze : “(Arr An) - Vec A n

The equational rules for the uniqueness-typed API are also simpler:

write-new : (xs: Vec A n) (i: Fin n) (x: A)
— write (new xs) i x

= new (xs [ i ]:=x)

read-new : (xs: Vec A n) (i : Fin n)
— read (new xs) i
= lookup xs i, new xs

freeze-new : (xs: Vec A n)
— freeze (new xs)
= xs

However, there is still a problem with necessarily unique functions (functions that capture
a unique variable, see Section 2.3.2) which can pose a challenge.

4.6.1 More flexible arrays

Embedding mutable arrays in a dependently typed language would enable more flexibility
in terms of what kind of static guarantees could be tracked at compile-time. For instance,
Arend supports' immutable dependent arrays, which in Agda’s notation would look
something like this:

record DArray {len : Nat} (A : Fin len — Set) : Set where
field
at: (j: Finlen) —> Aj

!Array in Arend’s Prelude:
https://arend-lang.github.io/documentation/language-reference/prelude.html#array.
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4.7 Generalized uniqueness types for arrays

In Section 2.3 we introduced the concept of substructural types, focusing on linearity
and uniqueness. Graded modal types were presented as a generalization of linear types,
allowing for more flexible resource management. In the context of arrays, uniqueness
types can be used to enforce single ownership of an array, preventing aliasing and enabling
efficient in-place updates. One question to ask is if we can generalize uniqueness types
in the same vain, i.e., encode uniqueness in some modality semiring. This would allow
us to experiment with uniqueness types in the same formalization by simply using a
uniqueness semiring.

Marshall and Orchard [37] presented a generalization of uniqueness types by grading the
uniqueness modality with a fraction, which represents a share of ownership. Fractional
ownership can encode Rust’s model of shared immutable or exclusive mutable access.
Furthermore, a unique type can be split, shared among multiple parts of a program
(with a shared immutable access), and later rejoined, which recovers uniqueness (and
exclusive mutable access). This approach allows for more fine-grained control over array
access and modification, enabling concurrent and parallel programming paradigms while
maintaining safety and predictability.

Lorenzen et al. [38] present a different kind of generalization, where uniqueness together
with affinity and locality are all combined into a single semiring structure—the elements
of the semiring are triplets whose elements each represent different substructural axes.
This presents potential for a more unified approach to modelling uniqueness, allowing to
reuse extensive research devoted on modelling substructural types (like linearity) with a
modality semiring structure.
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Conclusion

In conclusion, this thesis has explored embedding mutable state in a pure functional
language, particularly focusing on the challenges and innovations surrounding mutable
arrays in programming languages with linear or uniqueness types. By investigating
existing solutions like the ST monad in Haskell and recent advancements such as Linear
Haskell [5], we highlighted some limitations of different approaches in safely integrating
mutable state within a purely functional paradigm.

The presented formalization of a graded lambda calculus with array primitives was
intended to demonstrate the correctness of a “linearly”-style [30] mutable array API.
However, unfortunately the formalization is incomplete.

This research contributes to the ongoing discourse on incorporating substructural rules
to functional programming languages enabling more robust ways of handling resources
as well as practical performance benefits while maintaining functional purity.

5.1 Future Work

The presented formalization is a bare-bones core calculus that has just enough features
to encode the linearly-style [30] mutable array API. There are several ways in which the
formalization could be extended:

« Prove additional properties like progress for the semantics.

« Add a compilation step to translate the high-level language to a low-level language
that does not contain linearly-style tokens.

« Add a fixpoint operator to enable recursive programs.
+ Add sum types for encoding branching computations.

« Explore other modalities (e.g. affine) to allow for more flexible resource manage-
ment.

« Investigate the integration of mutable arrays with dependently-types.

Lastly, as mentioned in the disclaimers, I have not proved all theorems that I present in
the text. Future work should focus on completing the formalization.
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Reduction rules

HF renE x — valuev E’ HFren EX g valuevE" | H'

U-VAR G-VAR

(H,x,E,S) ~, (H,v,E,S) (H,x,E,S) ~,m (H',0,E,S)

Aprp
(H,t°u,E,S) ~ (H,t,E,(~PuE,S)) = |

App,,
(H,° t,E',(-°uE,S)) ~ (H,~¢ 4),t,N E,1 S)

P#O
(H,# t,E',(-PuE,S)) ~ (H,u,E, (A t)’ — E',S))

Arp,

Value u App
(H,u, E", (¥ t)° — E',S)) ~ (H, )., value u "), , A E',18)
- - UNIT,
(H,let x =tinu,E,S) ~ (H,t,E,(let *x = —inu,S))
UniT
(H, *,E',(let *x = —inu, S)) ~ (H,u,E, S) 2
—Value ¢t Suc
(H,suct,E,S) ~ (H,t,E,(suc —,S)) !
Value t
SUC2
(H,t,E,(suc —,S)) ~ (H,suct,E,S)
NAT-CASE;
(H, natcase, z s n, E, S) ~ (H,n,E, (natcasep zs — E,S))
NAT-CASE
(H,zero,E’,(natcasep zs — E,S))~ (H,z,E,S) 2
Value ¢ NAT-CASE
(H,suc t,E',(natcasey zs — E,S)) ~ ((H,~q 4),S, M E,1 S) 3¢
Value t 0
aluef p# NAT-CASE3

(H,suct,E’,(natcase, zs — E,S)) ~ ((H,~, value t E'),s, f E, 1 S)



A. Reduction rules

p#0 —Valuet
(H’ [pt]’E’ S) ~ (H’ L E, ([p_]sS))

BOXI

Value t B
(H,t,E,(["—1.8)) —~ (H,[PtLE,S) =2

p#O
(H,let[’] =tinu,E,S) ~ (H,t,E,(let[°’] = —inu E, S))

Box-ELim;

o - Box-ELiMy,
(H,1let[°] = tin w, E, S) ~ (H, > 4),u,f E, 1 S)

Valuet p#0
(H, [Pt],E',(let [P] = —inu E, S)) ~ ((H, > s|., value t E'),u, t E, 1 S)
—1Value t V —1\Value u
Prop,
(H,(t,u),E,S) ~ (H,t,E,((—,u) E, S))
Value ¢ PROD
(H,t,E,((-u) E,9) ~ (H,wE ((t, =) B,S)
Value u PROD
(H,u,E,, ((t,—) E;,S)) ~ (H, (ren Ey t,ren E, ), id, S) 3
Prop-Erim;

(H,let(,) =tinu,E,S) ~ (H,t,E,(let(,) = —inu E, S))

Value t; Valuet, H' = H,r g valuet; E', g valuet, (1 E')
(Hs (tla t2)’Ela (let (’) =—inu E’ S)) ~ (Hl’u’ ﬂﬂ E’ TT S)

Prop-ELIM,

L
(H,linearly k,E, S) ~ ((H, 1 lin), k, * E, (linearly 0, 1 S)) INEARLYY

HF x—lin Valuek
(H,k,E, (linearly x,S)) ~», (H,k,E,S)

LINEARLY,

CONSUME
(H,consume t,E, S) ~» (H, t,E, (consume —, S)) !

HbF renE x +— lin
(H, x,E, (consume —, S)) ~, (H, %, E, S)

U-CONSUME,

IS|=1 HFrenExllin|H
(H, x,E, (consume —, S)) ~, .. (H', %, E,S)

G-CONSUME,

I

Box-ELim,



A. Reduction rules

- - DupLICATE;
(H, duplicate t, E, S) ~ (H, t, E, (duplicate —, S))

HFrenEx ~ lin

U-D
(H, x, E, (duplicate —, 5)) ~, (H, =g lin, > g lin), (1,0), M E, 11 S) UPLICATE,

S|=1 HFrenExllin|H
1

G-D A
(H,x, E, (duplicate —, S)) ~, ., ((H', 1 lin, > lin),(1,0), i E, 11 S) UPLICATE,

NEw
(H,new t u,E, S) ~ (H,u,E,(newt — E,S)) !

u = fromNat(n)
(H,u,E',(newt — E,S)) ~ (H,t,E,(new — n,S))

NeEw,

HFrenEx ~ lin
(H,x,E,(new — n,S)) ~, ((H,l—>|5| [0,...,0],),0,f E, T S)

U-NEw;

ISl=1 HFrenExw—1lin|H

G-New
(H,X,E,(new — n,5)) ~, . (H,+> [0,..,0],),0, % E, 1 S) 3
READ,
(H,read t u,E,S) ~ (H,u,E,(read t — E,S))
u = fromNat(i)
READ,

(H,u,E',(readt — E,S)) ~ (H,t,E,(read — i,9))

HbFren Ex— xs v = fromNat(xs[i])
(H,x,E,(read — i,5)) ~, (H,(x,!V),E,S)

U-READ;

IS|=1 HFrenEx ! xs v=fromNat(xs[i])
(H,x,E,(read — 1,5)) ~, ., (H,(x,!0),E,S)

G-READ;

WRITE
(H,write t uv,E, S) ~ (H,v,E, (write t u — E,S)) !

t = fromNat(v)

WRITE
(H,t,E,(write tu — E,S)) ~ (H,u,E,(writet — vE,S)) 2
t = fromNat(u)
- - WRITE3
(H,t,E',(writet — VE,S)) ~ (H,t,E,(write — uv,S))
HErenEt xs xs' = (xs[u] :=v)

- p U-WRITE,
(H,t,E,(write — uv,S)) ~, (H,~5 x5'),0,E,S)
ISl=1 HFrenEtw—1xs|H x5 = (xs[u]:="0)

P-WRITE,

(H,t,E,(write — uv,S)) ~, (H',~; x5'),0,E,S)

I



A. Reduction rules

HErenEt:=xs'|H x5 = (xs[u]:=v)
(H,t,E,(write — uv,S)) ~,, (H,tE,S)

M-WRITE4

FREE
(H,free arr,E,S) ~ (H,u, E, (free —, S)) !

HFrenEx B Xxs
(H, x,E, (free —1i,S)) ~, (H,star,E,S)

U-FREE,

IS|=1 HFrenExw—1xs|H
(H, x,E, (free —1i,5)) ~om (H',star,E,S)

G-FREE,

v
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