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Abstract

This thesis presents a novel maximum a posteriori receiver based on factor graphs and
expectation propagation (EP) technologies for the coherent optical communication system.
The receiver deals with the linear (AWGN) and nonlinear distortions in the desired system.
Comparison has also been made on SER between the EP-based receiver and other methods.
The discussions and analysis are given for the result in the end.
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CHAPTER 1. INTRODUCTION

Chapter 1
Introduction

1.1 Background

This section will give a brief introduction to coherent optical communication system and also
the corresponding techniques used in the thesis.

1.1.1 Coherent optical communication system

In coherent optical communication system, the multi-level quadrature amplitude modulation
(M-QAM) is employed because of its capability to provide a high data rate and spectral
efficiency compared to traditional binary optical communication system. M-QAM often needs
a high signal power to hold an acceptable signal-error-rate (SER) due to its more densely
packed constellation. Nevertheless, the optical system gives a limitation on the performance
while the input power increase, which is mostly due to the Kerr nonlinearity effect. The
impairments from the Kerr effect contain deterministic and stochastic aspect, such as
intrachannel four-wave mixing and the self-phase modulation (SPM) respectively [1, 2].

Additive white Gaussian noise (AWGN) which is often used to simulate the background noise
of the channel can be also applied to the coherent optical communication system in the thesis.

1.1.2 Factor graphs and Expectation propagation

Factor graphs and expectation propagation are two fundamental techniques employed in this
thesis. Factor graphs are a kind of graph models which can be used to transform the factorized
functions into the form of graph models. The advantage of factor graphs is that it offers an
efficient way to calculate the marginal distributions of the function [3].

Expectation Propagation (EP) is an algorithm which can be used together with factor graphs.
EP can iteratively make approximations for the desired distributions.

1.2 Purpose

The purpose of this thesis is to design and develop a novel receiver which is based on factor
graphs and expectation propagation for the coherent optical communication system with
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16-QAM constellation. The receiver aims to solve the linear (AWGN) and nonlinear (SPM)
distortions happened in the communication system. The simulations will be made in
MATLAB and the results will be compared with other existing methods. Comments will be
also provided in the end.

1.3 Structure of the thesis

This thesis is organized in a problem-solving structure. In chapter 2, details of the system and
the corresponding problem will be introduced. A MAP receiver is also suggested in the end of
chapter 2. Chapter 3 will explain the definition and details of factor graphs and show how to
use factor graphs to build the MAP receiver mentioned in chapter 2. Moreover, the problem
happened while using factor graphs will be also discussed in the end of chapter 3. In chapter 4,
expectation propagation (EP) will be introduced to solve the problem in chapter 3. In the end
of chapter 4, a general EP algorithm will be given for the optical communication system.
Chapter 5 explains the details on how to implement the EP algorithm for linear and nonlinear
system and a simplified EP algorithm will be given in the end of chapter 5. In chapter 6,
comparison is made between the EP and other existing methods. The analysis on the results
will be also provided. The last Chapter 7 talks about the conclusion of the thesis and the
suggested work which could be carried out in the future.
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Chapter 2
Coherent optical communication system

2.1 Introduction to the coherent optical communication model

As it’s mentioned in the last chapter, because of the special property of the coherent optical
communication system, the signal passing through the system will be distorted by a kind of
nonlinear interference called self-phase modulation (SPM) [1] which is due to Kerr effect.
And AWGN is also existed as the background noise of the system.

When considering long haul transmission in the optical fiber system, the system can be
divided into a number of blocks called Spans. Each span contains a single mode fiber (SMF),
a dispersion-compensating fiber, and an amplifier.

The thesis will focus on the interferences coming from the SPM and AWGN, which are also
considered to represent the nonlinear and linear noise respectively in the system model. The
figure below gives an example for a system with two spans.

mplifier

———————

I,

Figure 2.1 System model for optical communication system with two spans

2.2 SPM, AWGN and Polarization

SPM: In figure 2.1, the function for SPM block is:
SPM(R;—y) = exp(j * YLegs * ||Ri-111%) (2.1)

Here y is the nonlinearity parameter and L. is the effective lengthen factor of the single
mode fiber (SMF) for each fiber. From the system model the signal after the SPM can be

3
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obtained:
Xi =Ri_1 xexp(j * yLeps * ||Ri—1|%) (2.2)

AWGN: In the system, AWGN is considered to be a two dimensional Gaussian noise [4]:
N~NX;M,2) (2.3)

Therefore, the relationship between the input and the output of a span is:
. 2
Ri=Ri_y*exp (j* VLegr * |IRizal]”) + N; (24)

Polarization: The optical fiber communication discussed in the thesis is polarization
multiplexed, which means that more than one set of signals (more than one ray of light) can
be transmitted simultaneously in the system. Under this condition, the signal will be affected
by all the signals transmitted at the same time in SPM block. Take dual polarization for an
instance, the formula is as follows:

X'y =Ry xexp(j * YLeps * | |IRYal|” + |IR21] ) (25)

X?; = R?_y * exp(j * VLegs * [ [IRY-al|” + |IR241| ) (2.6)

Here, X'; and X?; denote two simultaneously transmitted signals.

2.3 The MAP Receiver

According to the system model, it can be expected that, when passing through the optical
system, the signals will be iteratively rotated and added Gaussian noise. The picture below
gives an example of a distorted 16-QAM constellation after passing through the system with
17 spans and 5dbm average input power.
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Figure 2.2 Distorted constellation of 16-QAM with 17 spans and average input power 5 dbm

To solve this problem and recover the distorted signals in the end, the thesis tries to design a
MAP receiver:

a(Ry) = argMAX(P(alRy)); a € © (2.7)

Here © is the constellation of the input signal, Ry is the observation and @ is the decision
made based on Ry.

Hence, the computation of the posterior P(a|Ry) turns out to be the main task. The thesis
introduces two technologies --- factor graphs and expectation propagation to deal with this
problem in next chapters.
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Chapter 3
Factor graphs

3.1 Introduction to Factor graphs

Factor graphs are a particular kind of graph model which can be used to represent the
factorized functions in the form of graphs. Moreover, factor graphs enable an efficient way to
compute the marginal distributions of the function with the algorithm called --- sum-product
algorithm [3].

This section will introduce the basic theory of the factor graphs and sum-product algorithm
with examples.

3.1.1 Marginals, Function factorizations, Factor graphs

Marginal: For function: f(Xy,X,,,,Xn_1,X,), the marginal of variable x, can be
calculated by summing out all other variables:

Be () = ) f(X0,Xa 0 Xnor Xo); (3D
{\xn}

Here B, (Xy) is the marginal of X, and {\X,} means the set of all possible values of all
variables expect X,,.

Function factorization: Assume the function f(Xy,X,,,,X,_1,X,) can be factorized as a
product of K sub-functions (factors), therefore:

K
FO0 X Xna ) = | [ e (3:2)
K=1
Here V, is the set of variables and V, € {X;,X5,,,X,_1,Xn}. One thing should be
mentioned is each function may have more than one factorization form.
Factor graphs: Factor graphs provide a one-to-one mapping from a factorized function. In
factor graphs, neighborhood is an important concept which indicates that with a factorized

function:

» The neighborhood of the factor f;,: N(f;), means a set of variables which appear in f;.
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» The neighborhood of the variable X,,: N(X,,), means a set of factors which include X,,.
For an instance, a function can be factorized as:
f(X1, X3, X3, X4, X5) = f1(X1, X3 ) * f2(X3, X3) * f3(X1'X4, Xs) (3.3)

In this case, the neighborhood of the variable X;: N(X;) = {f1, f3}, while the neighborhood

When mapping a given factorized function such as formula (3.2) into the corresponding factor
graph, the process can be carried out as follows:

» Draw a vertex for each variable X,,, which is called variable node.
» Draw a vertex for each function f;, which is called function node.

» Draw an edge between the function node f;, and every variable node X,, € N(f}).

The following example will show the process of mapping the factorized function into factor
graph:

Assume the function can be factorized into 4 factors:

[ (X1, X3, X3, X4, X5, X6) = f1(X1, X2, X3) * (X1, X)) * f35(X1, X5, X¢) * fa(X2);
(3.4)

Then the corresponding factor graph is:

fa

(%)

(D

Figure 3.1 the factor graph of the function 3.4
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The factor graph obviously shows that the neighborhood of X;: N(X;) = {f1, f., f3} and the
neighborhood of f5: N(f3) = {X1, X5, X¢}-

3.1.2 Sum-product algorithm in Factor graphs

The sum-product algorithm introduces a concept named ‘Messages’ which are passing over
the edges between the variable nodes and function nodes in factor graphs and can be used to
compute the marginals of the variables. In factor graphs the messages are functions of the
related variable.

>

>

The message from the function node f;, to the variable node X,, € N(f;) is denoted as

Mfk—>Xn (Xn);

The message from the variable node X,, to the function node f, € N(X,,) is denoted as

MXn—>fk (Xn)a

The messages can be calculated as follows:

f

MfkeXn(Xn) = Z fx ({Xm = xm}xmgzv(fk)) * Mxmefk(Xm)
\{Xn} XmEN(Fi)\{Xn}
(3.5)
MXnafk(Xn) = MfreXn(Xn)
FreENEXO\ {1}
(3.6)
T MXn_’fk (Xn) T Mfk_’Xn (Xn)
Mfl—’Xn (Xn) Mfz—’Xn (Xn X1=fk (Xn) MX2—>fk (Xn)

X X fi X
=\ U=

Figure 3.2 Messages passing from variable to function node and function to variable node

In factor graphs the marginal of a particular variable B, (X,) can be obtained by the
multiplication of the in-coming and out-going messages between the variable node X,, and
the function node f, € N(X,,):

an(Xn) = MfkeXn(Xn) * MXnafk(Xn)

(3.7)
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Here B, (Xy) can also be called the belief of X,.
Finally, a general sum-product algorithm can be:

» Initialization:
Each leaf function node f, send the message to its neighborhood variable node X,
with Mg, _x (X,) = fi(Xn). While each leaf variable node X, send the message to its
neighborhood function node f with My _ (X,) = 1. Notice that leaf node only has
one neighborhood node.

» Compute the message:
Compute all the messages passing through the graph by using the formula (3.5) and
(3.6).

» Compute the Marginal:
Finally, the Marginal of the variable X,, can be obtained by formula (3.7).

Take figure 3.1 for an example. The algorithm can be processed as follows:

Initialization:
Assume the message coming from the leaf function nodes:

Mf4—>x2(X2) = fa(X3)
Assume the message coming from the leaf variable nodes:

MX3—>f1(X3) =1
MX4-—>f2(X4) =1
Mysr3(Xs) =1
MX6—>f3(X6) =1

Compute all the messages:
From the figure 3.1, following messages can be obtained:

MXZ—»fl(Xz) = Mf4—>X2 (X2)

My, (X0 = ) fi0X0, X Xa) 5 My, g, (X) + My g, (X3)
\{X1}

Mg, _x, (X1) = 2 f2(X1,X4) *My,r, (X4)
\{X1}

Mo, () = ) FiHy, X5, Xe) * Mo, (Ks) My, (Xe)
\{X1}
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Myq,51(X1) = Mpax1(X1) * Mpp_x1(X1)

Compute the marginal:
Hence, the marginal of variable X;:

By1(X1) = Mgy x1(X1) * Mx151(X1)

3.2 Factor graphs for the optical communication system

This section will apply the factor graphs and sum-product algorithm to the optical
communication model discussed in the last chapter. And some problems happened in the
message computation will be mentioned in the end.

3.2.1 Factorization and Graphs

According to the last section, the factor graphs can be applied to the optical communication
system described in figure 2.1. The distribution P(a, X1, R1,X2|R;) can be factorized:

P(a,X1,R1,X2|Rz) = Zp * P(a) * P(X1]|a) * P(R1]1X1) * P(X2|R1) * P(R;1X2) (3.8)

Here Z, isa constant. The factor graphs can be draw as follows:

@ P(X1]a) —@— P(Ry1Xy)
P(R2|X2)4@7 P(X;|Ry)

Figure 3.3 Factor graphs for optical communication system

P(a)

Here R, is the observation and a denotes the input signal. The task is to get the marginal of
variable a based on the observation R,. One thing should be mentioned is formula (3.8) and
the factor graphs can be easily extended according to the number of spans in the system.

10
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3.2.2 Sum-product algorithm

As discussed in section 3.2, the messages passing over the graph in figure 3.3 can be
computed. For simplification, only one span is considered this time. Hence the factor graph is:

h f2 f3

P(a) 4@— P(X;la) @ P(R;1X1)

Figure 3.4 Factor graphs for optical communication system with one span

According to formula (3.5) and (3.6), the message computation can be simplified to:

»  For variable nodes, the outgoing message is equal to the incoming message.
»  For function nodes, the outgoing message is an integral of the product of the function and
the incoming message.

For instance, in figure 3.3:
Mgy x1(X1) = Myq,53(Xy) (3.9)

Mp2a(@) = [ £ (@K * Myy s (i), (3.10)
After all the messages have been obtained, the marginal of a can be calculated as

P(a|Ry) = Myi,4(a) ¥ Mq_p1(a) (3.11)

3.2.3 Challenges

As is known in chapter 2, the optical fiber will introduce SPM and AWGN when signals are
passing through. For factor graph in figure 3.3, the function node f, and f; represents the
nonlinear effect and Gaussian noise separately:

fol@ X)) = 6 (X, —axexp(j * yLess « |lal]*)) (3.12)

1 2
fil R = € xexp (== | 1Ry = X,1[7) (3.13)
0

Hence, with formula (3.10) the message M,_,,(a) can be computed as:

11
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Mpra(a) = f £, Xy) * Myg o (Xp)doxy

- f 8Ky — a* exp( * yLegs * [1al])) * My1op2 (X)doxy

= My1p2(a* exp(j * VLess * llall?))

What’s more, because of the Gaussian function node f; the message My, r,(X;) also
belongs to Gaussian family:

1 2
MX1—>f2(X1) =C=* exP<—N—||X1 - R1|| )
0
Here the observation R; can be seen as a constant. Finally the message My,_,,(a) is:
1 . 2
Mfyq(a) = Cxexp (—N—O||a xexp(j * YLess [lall?) — R1|| ) (3.14)

It is obviously that the function of Mg,_,,(a) is complicated and one can imagine that after a
number of spans the messages will be too hard to compute and the final result of the marginal
will be too complicated to use. That is why Expectation Propagation is introduced in the next
chapter.

12
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Chapter 4
Expectation Propagation

4.1 Introduction to Expectation Propagation

Expectation Propagation (EP) is an algorithm which can iteratively make approximations for
the desired distributions. This section will discuss the basic theory of EP [6, 12] and give an
instance to show the general process of EP [7].

4.1.1 Why Expectation Propagation

In the end of the last chapter a problem of computing messages has been thrown out. In a
more general model, assume X is continuous unknown sample which need to be decided,
A=1{Y,Y,,,,, Y., Y.} denote observations of the system and all belong to i.i.d..

According to Bayes’ rule:

p(x14) «pCO | [0 (4.1)

Here p(X|A) is already normalized. Assume p(X) and p(Y;|X) are prior and likelihood
function respectively. It can be seen that it will be unpractical to directly multiply a number of
likelihoods. For instance, assume p(Y;|X) is the mixture of two different distributions:
p(Y;|X) = G; + G, hence the complexity of the calculation will dramatically increase along
with the growing of the number of observations. Actually, 500 observations need 25° times
of multiplication of two distributions. Therefore, the result formula for p(X|A) (normalized)
is hard to access by directly computation. One reasonable method to deal with this problem is
to make an approximation h(X) which could be close to the true p(X|A):

p(X]4) =~ h(X) (4.2)

This is the main strategy of EP for solving this kind of problem as in the last chapter.

4.1.2 Exponential family and Kullback-Leibler divergence

When making approximations, one may consider which kinds of the distributions can be
selected to make the approximation and how to do it. These concern two basic concepts of EP:
Exponential family and Kullback-Leibler divergence.

13
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Exponential family: Exponential family is often used to make approximations in EP. The
exponential family has the form:

r(xl6) = h(x)exp | ) m(OT) - A(©) (43)

Here 0 is called the parameter of the family. Function n;(8) presents the weight of the
potential function T;(x). Function A(8) is a normalizing function which ensures that the
value of the integral or summation of r(x|@) results to be one.

Exponential family is often used because it contains many famous members such as Gaussian,
Poisson, Bernoulli, etc., which is suitable to be applied to many different kind of models.
What is more, the use of exponential family can simplify the computation when making the
approximation. Because of the property of the exponential family, the multiplication or
division of two distributions from the same exponential family results a distribution belonging
to the same family with a normalizing factor. An example of the multiplication and division of
two Gaussian distribution is given below [5]:

N(x; my,01) * N(x; my,0,) = N(my; my, 01 + 05) * N(x; mg,03) (4.4)

03 = (0 +0o, 7!

ms = 0-30-1_1m1 + 0-30-2_17’”2

N(x; my,01) o,
N(x; my,03) (02 —0)N(my; my, 05 — 0y)

* N(x; ms,03) (4.5)

o3=(0y ' =g, 1)7?

mz = 0301 'my — 030, 'm,
The formula above also can be extended to two-dimensional Gaussian distribution.
Kullback-Leibler (KL) divergence: When approximating the distribution to a certain
exponential family, the Kullback-Leibler (KL) divergence is often used. The KL divergence
can measure the difference between the existing distribution and the desired exponential

family.

A general form of KL divergence is:

KL(p(OIIp' (X)) = f X *log<p((X))> (4.6)

Here p’(X) is the approximation of p(X).

14



CHAPTER 4. EXPECTATION PROPAGATION

In order to make the approximation, one should try to minimize the KL divergence:
0' = argg min KL(p(X)Hp’(X)) 4.7

Moment matching is considered to be an optimal way to minimize the KL divergence:

f p(X) + T(x) dx = f D' (X) + T(x) dx (4.8)

The formula can also be rewritten as:
Ep[T(x)] = E,[T(x)] (4.9)

Hence, it can be seen that minimizing the KL divergence is equal to mapping the desired
moments of the existing distribution to a certain exponential family. Take Gaussian
distribution for an example. The Minimization of the KL divergence is just computing the
mean and covariance of the existing distribution and using the results to be the mean and
covariance for the Gaussian distribution.

When talking about KL-divergence, another related concept --- Projection is often used,
which can denote the process of moment matching:

p'(x) = Projection|[p(x)] (4.10)

Here p’(x) is the approximated distribution with the same moments mapped from p(x).

4.1.3 Expectation Propagation

It has been said that EP makes approximations ‘iteratively’. Why “iteratively’?

Rewrite formula (4.1):

p(x14) < p(0 | [prin =] [r 0 (411

4

Here ry(X) = p(X), n(X) = p(";1X),,,, ;(X) = p(Y;]X). An approximation h(X) needed
to be made for p(X|A). As it already known in the last section, a projection can be made to
get the approximation;

h(X) = Projection[p(X|A)] (4.12)
Here h(X) is the normalized version of H(X). Because p(X|A) consists of a bunch of

15
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distributions 7;(X), the moment matching is not easy to carry out directly. EP introduces a
method to get the final approximation h(X) iteratively.

Assume approximation H(X) also consists of a bunch of sub-approximations #;(X):

H(X) = ﬂﬁ- x) (4.13)
_ L @)
h(X) = TTL7 0 dx (4.14)

Each 7;(X) is an approximated distribution for r;(X). Hence, after all #(X) have been
obtained, the final approximation can be calculated by formula (4.13).

EP algorithm firstly initializes all #;(X) to an exponential family. In each iteration, one can
choose any of 7;(X) to make a new approximation and then refine that #;(X). When
approximating 7;(X), EP makes a projection on the multiplication of the true r;(X) and the
term h\(X) which denotes all sub-approximations except #;(X):

h(X)

R0 o 7 (X)

(4.15)

EP will continuously process the iteration until all 7 (X) converge.
Hence, a typical EP process can be:

1. Initialization of the sub-approximation term #;(X):

2. Calculate the posterior of x:

s
MO = T 00 dx

3. Do iterations until all 7;(X) converge:

» Pickupany 7 (X) for updating
> Divide h(X) by #(X) and normalize to get the ‘lack’ posterior h\(X):

h(X)

R0 o 7 (X)

> Make a projection on the Multiplication of h\(X) and r;(X), which will produce
the new mean, covariance and a normalizing factor K; for the new h(X):

16
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h(X) = Projection[h\'(X) = 1;(X)] (4.16)

» Update 7 (X) with the new h(X):

Lo Kixh(X)
7 (X) = TN (4.17)
4. Compute the final approximation for p(X):
p(X) ~ h(X) « H(X) = Hfi x) (4.18)

4

4.1.4 Potential problem

One problem may happen when making the projection: The moments of the desired
distribution may not be easy to calculate mathematically. Then other technique such as Monte
Carlo sampling needed be introduced to assist the approximation. This will be discussed later
in the thesis.

4.2 An example of Expectation Propagation: clutter problem

This section presents the process of Expectation Propagation with factor graphs by solving a
classic problem — clutter problem [7].

4.2.1 The Problem

A bunch of signals are transmitted through an added Gaussian noise channel which can cause
the clutter problem. Assume that the distribution of the observed signals on the condition of
the sent signals is a Gaussian distribution mixed with another Gaussian distribution caused by
the clutter:

pY|X) =axN{Y;X,0,*xIg)+ (1 —a)*N(Y;0,0, *Iy) (4.19)
N(Y;M, 5 ) = 2| 5|2 * exp (—%(Y —M)E1(Y - M)T) (4.20)

In formula (4.19) Y and X are observed and sent signal respectively. The first part of the
formula is useful for later research while the second part presents the influence of the clutter.
Finally, parameter a shows the ratio between the first and second part in the finally
distribution. Moreover, p(Y|X) also can be considered into Gaussian family because it is a
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mixture of two Gaussian distributions.

Suppose a set of independent signals A = {Y;, Y, ,,,,, Y,—1, Y,} has been observed in the
end. Hence, the joint distribution of observation A and X is:

pa,x) «pC0 | [0 =] [n 0 (4:21)

4

Here rp(X) = p(X), n(X) = pM1X),,,, n(X) = p(Y;|X). Finally, the task becomes to
compute the probability density function p(4,X) while r;(X) is known.

4.2.2 Factor Graph

According to Chapter 3, formula (4.21) can be represented into factor graph below:

p(X)

p(11X) pAX) | | e P(Yn-11X) p(nlX)

Figure 4.1 Factor Graph of clutter problem

4.2.3 Processing Expectation Propagation

From the last section, the following formula can be obtained:

4

4

[ [r0=pm0] [poun «p@an ~ e <cnm =] [rnm @22

It can be seen that 1, = p(X) =T, and r;(X), i = {1,2,3,,,n— 1,n} consists of Gaussian
distributions. Therefore the approximation component #;(X) can also be approximated to be
Gaussian-like:

RiX) = Coxeap (—5 (X = M) 27 (X — M)T) (4.23)

18



CHAPTER 4. EXPECTATION PROPAGATION

What is more, because the result of the multiplication of Gaussian distributions is still an
Gaussian distribution (not normalized). Hence, p(A4, X)(normalized) can be approximated to
be a Gaussian distribution. The formulas for Gaussian multiplication and division can be
found in formula (4.4) and (4.5).

According to section 4.2.3, the EP can process as follows:
1. Initialization of the mean and covariance matrix of the approximation term #;(X).

1
» Assume M, = 0,X, = 1014 C, = 2m|X,| 2 forthe 7,(X) term.

» Because the rest of the approximation term are unknown at the beginning, the mean
and covariance matrix are initialized to be M; = 0,2; = 1000I; - o,(; =1 to
make the probability of #;(X) be approximately identical in the data space at first.

2. According to formula (4.14) and (4.23):
h(X) = N(X; my, oy * Iq), my = mg, 0 = 0.

3. Doing loop from #, ..., 7, untilall 7 converge:

» According to formula (4.15) and (4.5), Dividing h(X) by #(X) and
normalizing to get the mean and covariance of the ‘lack’ posterior h\!(X):

a,}l = (o' =g

\E N g \i -1
m, =0, 0y My — 0, O; "M;

> Multiply h\(X) and r;(X) which equals to formula (4.23). Make a projection
and get the new mean, covariance and a normalizing factor K; for the new
h(X):

h(X) = Projection[h\'(X) = 1;(X)]

Ki=(1—a)*N(Y;0,0, xIg) + ax NVymy, (0, + 0)lg)

ax o)« (i —mY) s N(tymY, (0 + o)lq)
K; * (g, + 1)

m, = m,\cl +
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_ v ar @) Nmy (o + o)la)
Ox = O0x — \i
K; * (ax + 1)

* [1

(1—a) « N(¥;0,0, ¥ Ig) * o) *|Y; = m)'|?
K; * (a;i + 1)

]

> According to formula (4.5) and (4.17), update 7 (X) = K; * h(X)/ h\'(X):

- in—1\"1
0; = (Ux 1— (Gx\l) 1)
_ - iN—1,,,\i
m; = 0,0y lmx - Ui(ax\l) 1Tnx

1 .
m) oy * 14|™2 * 0, \

(Ux\i - Ux)N (mx; my\ci'o-x\i - Gx)

Ci = *Ki

» Compute the approximated distribution --- p(4, X):

pAax | [700

1

4.3 Expectation Propagation for the optical communication system

In the last chapter, the factor graphic model and message computation method has been
introduced to deal with the optical communication model. This section will firstly extend EP
algorithm to the message computing in factor graphs, then develop an method with EP for the
message computing in chain-like model such as optical communication system.

4.3.1 Expectation Propagation for message computing

An example will be given below to show how to deal with the message computing with EP.
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—_—
fr f2
f3
Figure 4.2 Message computing with EP
According to the sum-product algorithm, the belief of X,, is:
an(Xn) = MfkaXn(Xn) * MXnefk(Xn)
=[] Mot (4.24)
frEN(Xn)
be () [ | My, ) (4.25)
JrEN(Xn)

Here b, (X,) is normalized from B, (X,). Now the task is to compute b, (X,). It can be
seen that b, (X,) is the multiplication of a number of distributions, as it’s discussed before,
make computation or approximation on b,_(X,) directly is not reasonable. EP algorithm can
do approximation iteratively.

Assume:

My, () < hD ~ by ()« [ | Moy () 426)
freN(Xn) freN(Xn)

Here, I'\Zfrﬁxn (X,,) is the sub-approximation for each message.

As in EP algorithm, do iteration until all messages converged. In each iteration, choose one
message to refine by EP algorithm as discussed in section 4.1.3:

For example, move Mfkﬁxn (X,) infigure 4.2:
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h(X
hVE(X) o6 =————— ) (4.27)
MfkaXn(Xn)
h(X) = Projection[h\k(X) « My, _x (X,)] (4.28)
My x, (Xn) = W) (4.29)
After all messages converged, then b, (X;) can be obtained:
by (Xn) ~ h(X) 1_[ oy (Xy) (4.30)

frEN(Xn)

Obviously, the example in figure 4.1 in section 4.2 can also be translated into message
computing where approximation and computation are made for b, (X,).

4.3.2 Message computing for chain-like model with Expectation Propagation

In last section, one thing should be noticed that, according to the sum-product algorithm, the
message: My, _x, (X;) informula (4.28) is equal to:

MfkeXn(Xn) = Z fx ({Xm = xm}xmgzv(fk)) * 1_[ Mxmefk(Xm)
\{Xn} XmgN(fk)\{Xn}

= Z fre (X1, X2, X3, X)) * My 5, (X1) * My, ¢, (X3) * My, ¢, (X3)
\{Xn}
(4.31)

From formula (4.31), it can be seen that in a chain-like model, more messages
(Mx, 5, (X1), Mx, ., (X3), Mx, 5, (X3) in this case) need to be computed or approximated
before the message: My,_x (X,) can be used to make the approximation. Hence, in a
chain-like model [8] (optical communication) the EP algorithm will be modified from the one
discussed in beginning of this chapter.

Take the optical communication model with one span for an instance.

S —
f i f> fx
1 —_— —
P(X) :@-1 P (XX —— rxz\ P(Xglxz)—@
— | — — U «— -
e N

Figure 4.3 Factor graph for optical communication model with one span

22



CHAPTER 4. EXPECTATION PROPAGATION

Figure 4.3 can be simplified as:

X oo x X3
h msg_f(X,) i f2 msg_b(X,) fa msg_f(Xs)
P(X,) ; P (XX} —— P(X3|X)———
msg_b(X,) i msg_f(Xz) msg_b(Xs)
e e e e e e e e e e e e e e e e e e e >

Figure 4.4 Simplified factor graph for optical communication model with one span

In figure 4.4, the direction from f; to f; is define as ‘forward’ and message passing in this
direction is written as: msg_f (X,,). While the opposite direction is ‘backward’ and the
message is: msg_b(X,,).
In figure 4.4, the target is to get the belief of X;:

Bx,(X1) = msg_f (X,) * msg_b(X;) (4.32)
Take figure 4.4 for an instance, the EP process can be carried out as follows:
1. Initialize the forward and backward messages passing through the factor graph.

2. Do aloop until all the messages converged:

» Make approximations for the messages of the last function block in the end of the
model.

» Move to the backward function block and obtain the corresponding messages block
by block until finish the message approximation for the second function block of the

model (block £,).

» From block f,, move to the forward function block and approximate the messages
block by block until reach the last function block in the end of the model.

3. Calculate the belief of X;:

Bx,(X1) = msg_f (X,) * msg_b(X;) (4.33)
This process can also be seen in Figure 4.4. What’s more, according to the algorithm

discussed above, it can be seen that the two outgoing messages computed in each function
block can update the backward and forward incoming message of its left and right function
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block respectively in the model. Hence, the messages passing through the model can be
refined block by block in iterations.

The method for message computation and approximation for each function block is described
below:

Xn-1 Xn
msg_b(X,_1) fo msg_f(X,)
P(Xp|Xn-1)
—_— —
msg_f (X,_1) msg_b(X,)

Figure 4.5 Message computation and approximation for one function block

According to figure 4.5, the task is to get the outgoing messages msg_b(X,_;) and
msg_b(X,_1), while the incoming messages msg_f (X,,—1) and msg_b(X,) are given.

Take the outgoing message msg_f (X,) for an example:

According to the sum-production algorithm discussed in section 3.2.2, the belief of X, can
be calculated as:

By (X,) = f P(XplXpo1) * msg_f(Xn_s) *msg b(Xp) drn_y  (4:34)

A projection can be made on By_(X;), which results an approximated distribution b(X,)
and a normalizing factor K,.

b(X,) = Projection|By_ (X,)] (4.35)
The outgoing message of X, can be computed as:

K, * E(Xn)

msg_f(X,) = msg b(X,) (4.36)

The outgoing message msg_b(X,_,) can be obtained in the same way. One thing should be
mentioned that the algorithm above is possible to be simplified in some particular case, which
will be discussed in the next chapter.
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Chapter 5
Implementation of Expectation
Propagation

5.1 Optical communication model with linear block

In this section, the optical communication system model involving linear (AWGN) function
block will be discussed. The details of the message approximation for linear block will be
talked about. The linear system model and the corresponding factor graph for two spans are as
follows:

AN N

N N N N

Figure 5.1 System model with only linear block

h f2 f3

P(a) @ P(X;|a) @ P(R,|Xy)

Figure 5.2 Factor graph for model with only linear block

5.1.1 System setup

As discussed in chapter 4, the initialization should be done before the main process will be
carried out. For this system, choose two dimensional Gaussian distribution from the
exponential family as the approximation term for the messages:

#(X) = C; x exp (— % X-M)z ' (x- Mi)T) (5.1)

Obviously, the message passing through factor graph is the mean and covariance matrix of the
Gaussian distribution.
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Initial all the forward incoming messages of each function block to have:

o 0
0 oo

Mean: M = [0,0], Covariance: Y = [

Considering the implementation, make oo to be 100. What’s more, the back incoming
message from the observation R to the last function block in the end of the model can be seen
as a Gaussian distribution with:

Mean: M = [Xg, Yg], Covariance: ¥ = [g 8

5.1.2 Message approximation for linear block

Xn—l Xn
msg_b(Xn_1) Jn msg_f(Xy)
—— —

P(XnlXn-1)
—_— —
msg_f (Xn-1) msg_b(X,)

Figure 5.3 Message computation and approximation for linear function block
According to figure 5.3, the task is to get the outgoing message: msg_b(X,_;) and

msg_f(X,) by using the incoming message: msg_f(X,-1) and msg_b(X,). And the
function f,, is:

1 2
FuCto X ) = K exp (= |1 = X[ (5.2)
0
msg_f(X,): For the reason that msg_f (X,,_1) has:
g . w_Joo O
Mean: M = [0,0], Covariance: Y = [0 Oo]

This makes the Gaussian distribution actually to be a uniform distribution. Consider that the
function f,, is Gaussian-like, therefore the message should be still a uniform distribution
after passed the function. Hence, in this case:

msg_f(Xn) = msg_f (Xn—1) (5:3)

msg_b(X,_1): Refer to the formula (4.34):
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By (Xn_1) = f P (X Xn_1) * msg_f (Xn_1) *msg_b(Xy) dx,

Because the components involved in the formula above are all Gaussian-like, hence the
message can be computed directly without any approximation.

msg_b(Xn1) = | PCaIXo) ¥ msg_b(Xy) dy (5.4)
According to formula (5.1) and (5.2)
msg_b(Xn_1) = f N (Xn; Xn-1, No) * N(Xn; My, Zp) dx, (5.5)
With formula (4.4), one can obtain:
mSgbCn-1) = [ NOuosi Mo Ny + 50 s NG M D) dx, (56)

= N(Xn—l; MnJ NO + Zn)

5.2 Optical communication model with linear and nonlinear block

This section will introduce the nonlinear block (SPM) into the system discussed above. Monte
Carlo method will be discussed to solve the message approximation for the nonlinear block.
Finally, solutions will be given respectively for the optical communication system with single
and dual polarization. The system model and factor graph for one span are as given below:

| |
| I | |
T — NL 4-—==-| NL an l R

| | | [

| I | | T [

| | | |

| | | [

| | | |

| | | |

L__N__ N LN _ N 1
Figure 5.4 System model with nonlinear and linear block
fi fa f3

P(a) @ P(X;|a) @ P(R,|Xy)

Figure 5.5 Factor graph for model with linear and nonlinear block
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In figure 5.5, f, and f5 represent the nonlinear and linear block respectively in one span.

5.2.1 System setup

The initialization for the system with nonlinear block is the same as in section 5.1.1.

5.2.2 Message approximation for nonlinear system with single polarization

Consider the picture in figure 5.3 again, the function block f,, now is:

fn(Xn;Xn—l) = 6(Xn - Xn—l * exp(j * VLeff * ”Xn—lllz)) (5-7)
msg_f(X,): As discussed in section 5.1.2, the incoming message: msg_f (X,_1) is actually
a uniform distribution. Meanwhile the effect of function f,, is a rotation for the incoming
message according to message computation method discussed in chapter 3. Hence, formula

(5.3) can be still applied in this case.

msg_b(X,_1): Refer to the formula (4.34):

{ By, (Xn_1) = ] P(XnlXn_1) * m5g_f (Xn_r) * msg_b(X) dx,

U P(nlXno1) = 8(Xp — Xnoy * €xp( * YLeps * || Xno1l1?)

By,_,(Xn—1) = msg_f(Xn_1) * msg_b (X +exp (J * yLes * [1Xnsl]*)) (5:8)

According to the EP algorithm discussed in section 4.2.2, By _ (X,_;) should be projected
into a Gaussian distribution:

N(Xp-1; Mp_1,%n-1) ~ b(X,_1) = Projection|By__ (X,_,)] (5.9)

In formula (5.10), the mean: M,,_, and covariance: X,_; matrix of By  (X,_;) should be

calculated for the approximation term: b(X,_;). In this case, the mean and covariance matrix
is not easy to figure out mathematically, hence, the importance sampling and Monte Carlo
integration [9, 10] are introduced to deal with the problem.

Assume:

By(X) =msg_f(X) » msg_b (X = exp (j = yLesy +|1XI|"))
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= Ny (X) * N, (X * exp (f *VLers * ||X||2))

=N (X) *Q(X) (5.10)
1. Draw L samples from Q(X): {x®,,,,,, x®}

> Draw L samples from N,(X): {y®,,,,,, y®}

2

> Rotate the samples:  x® = y® x exp (—j *YLoss * |y(’)|| ) (5.11)

2. Compute weights for samples: {x®,,,,,, x®}:
w® = N, (x®) (5.12)

3. Normalize the weights:
0

w-_"

v S w® (5.13)

L. :
The set: {x®, v} is called the representation of By (X).

4. Calculate the mean and covariance by Monte Carlo integration:

( L
= Z oD 5 x®
5 =1 (5.14)
5= Z p® x (xO — i) x (x© — )"
=1

After the mean and covariance matrix have been approximated the message: msg_b(X,,_1)
can be made as in formula (4.36).

5.2.3 Message approximation for nonlinear system with dual polarization

In the system with dual polarization, two signals are transmitted simultaneously. The rotation
phenomena caused by the nonlinear block for each signal is not only dependent on the signal
itself but also on the other one. The formulas are given below:

X' = Koy v exp (o Ylepr * [[IX sl + |12l ])  (5.15)

X2 = X2y nexp (o vheps = [IXall” + IX20l[])  516)

29



CHAPTER 5. IMPLEMENTATION OF EXPECTATION PROPAGATION

Xln—l Xln
msg_b(X',q) ___ Jn msg_f(X'a)
1 1
P(X nlX n-1)

—_— —
msg_f(X*,_1) msg_b(x',)

—

msg_b(X*,) = N*;(x*)

Figure 5.6 Message computation and approximation for nonlinear function block, dual polarization
According to figure 5.6, it is obvious that the analysis method and the result of the message:
msg_f(X1,) is the same as in the last section. The only difference is in the message:
msg_b(X',_1) when processing the importance sampling and Monte Carlo integration in

step 1:

1. Draw L samples from Q(X): {x®,,,,,, x®}

» Draw L samples from N,(X): {yl(l),,.,,,yla)}

> Draw L samples from N?,(X?): {yz(l),,,myz(l)}

» Rotate the samples:

|y1(1)||2 N ||y2(”|

2
) e

The following steps are the same as discussed in the last section. And the message:
msg_f(X2,), msg_b(X*,_1) can be obtained in the same way above.

l 1
O 210 o <_j VLogy * [

5.3 Simplification on EP algorithm

From the discussion on initialization and message computation and approximation method
above, it can be easily computed that all the forward messages passing through the system
have:

o 0

0 o

Mean: M = [0,0], Covariance: X = [

Therefore, the messages (mean and covariance matrix) will be converged in only one way
from the end to the beginning of the model without iteration. Hence, the EP algorithm
discussed in section 4.3 is simplified:
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4. Initialize the forward and backward messages.
5. Make approximations for the messages of the last function block in the end of the model.

Move to the backward function block and obtain the corresponding messages block by
block until finish the message approximation for the second function block of the model

(block f£5).

6. Calculate the belief of X,,:
Bx,(Xn) = msg_f (Xn) * msg_b(Xn) (5.18)

Note that the algorithm can be easily extended to dual polarization system.
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Chapter 6
Data analysis and comparison

6.1 Introduction to ML, SBP, BP method

In the following sections of this chapter, the results from the EP implementation will be
analyzed together with some other methods such as ML (Maximum Likelihood), SBP
(Stochastic Back Propagation) [11] and BP (Back Propagation) [11]. This section will give a
short introduction of these technologies. Moreover, some simulation parameters will be also
mentioned in the end.

6.1.1 ML, SBP and BP

ML: ML (Maximum Likelihood) is a common used method for the receiver design. It simply
compares the ‘distance’ between the observation ry and every possible original signal s,
finds the smallest “distance’ and makes decision:

$ =argmin||ry — s||?, s € N? 6.1
)

SBP: SBP (Stochastic Back Propagation) [11] is a new method developed for solving the
problem in optical communication system. It is based on the factor graphs and particle
technology which draws a number of samples (particles) for each observation in the end.
Then all the particles are propagated backward to the beginning of the model and try to
compensate for the distortions when passing through the system model. Finally, Monte Carlo
integration is applied. And the result is compared with all possible original signals in order to
make a decision.

BP: BP (Back Propagation) is similar to SBP, the main difference is that BP does not consider
the AWGN in the model and does not use particles while SBP dose.

§ =argmin||ry — s * exp(j * YLeps * N * ||s||2)||2, s € 0? (6.2)

6.1.2 Simulation parameters

During the simulation, the system has: 16-QAM constellation, 22 spans, N, = 4.89 *
1077 W/Hz for AWGN block, y =1.25W~'km™' and L. = 17.36 km for the
nonlinear block, Num = 100 for importance sampling.
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6.2 System with linear block

The figure below presents the result SER along with the input power P;, in dBm for the
linear system equipped with EP and ML receiver.

10° :
—O— EP |
—— ML []
10" \
B
o
.
5 10” \
[9p] S
\\Q\
\
10° ‘\\Q
\\
\
\
X;
10" }

-10 -9 -8 -7 -6 5 -4 -3 -2 -1
P.. (dBm)

Figure 6.1 SER as a function of P, with 16-QAM

The figure shows that the two curves coincide with each other. The EP and ML receiver has
the same performance with each other. This is reasonable, because in EP process, the
observation ry is just the mean matrix of the first message. According to the message
approximation method for linear block in section 5.1, the mean of the message won’t change
while passing through the factor graph while the covariance of the new message is the
covariance of the old message plus Ny (covariance of AWGN).

Hence, the final message used to make the decision has the mean matrix which is equal to ry
and covariance matrix which is equal to the sum of N, (covariance of AWGN). Therefore,
the decision from EP is expected to be the same with the result from ML receiver which
measures the ‘distance’ between the observation r, and all possible original signals.

One more comment in this case can be given is that the process of EP is more efficient than
SBP. The reason is that in SBP a number of samples should be generated and transmitted back
through the model. For each linear block, every sample should be added an AWGN in order to
compensate for the distortion caused by the linear block. And finally Monte Carlo integration
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has to be used. While for EP, only the mean and covariance are transmitted and changed in the
factor graph.

6.3 System with linear and nonlinear block

This section will firstly show how the message is changed when passing through the factor
graph. And the influence of the number of samples in Monte Carlo in nonlinear block will be
also discussed. The comparison between EP and other methods in SER is given at last.

6.3.1 Message changing through the factor graph

It has already been mentioned that the message passing though the factor graph is
approximated into Gaussian distributions. The figures below displays how the message
(Gaussian distribution) is changed from the end to the beginning of the factor graph in one
polarized system.
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Figure 6.2 Message changing from the end to the beginning of the model
The Observation and original signal in the case of figure 6.2 are:
ry = [0.0906,—-0.0093], s = [—0.0634,0.0634]

From the figure, one can see that the approximated Gaussian distribution finally reach the
original signal step by step. Actually, a correct decision can be just made from the fifth
subplot of figure 6.2 for the reason that the value of the Gaussian distribution for the original
signal is already the maximum one among the 16-QAM constellation.

Note that the whole process has 44 steps for 22 spans. Figure 6.2 only shows 6 steps to
roughly present the way EP works.

6.3.2 Effect of the number of samples in Monte Carlo

It has been already discussed that the Monte Carlo method has to be used to make the
approximation for the messages for each nonlinear block. Hence, the number of samples drew
by using Monte Carlo is expected to affect the final result. Figure 6.3 shows the relationship
between the SER and the number of samples for the two polarized system with a fixed input
power in 4 dBm.

The figure shows that the SER goes down dramatically at first and doesn’t decrease much
after the number of sample reaches certain value. Because the number of sample in Monte
Carlo will obviously influence the speed of the process, a ‘cost-effective’ number of samples
should be chosen when considering the efficiency of the process. Figure 6.3 displays that a
number around 300 could be a reasonable one for the system. In this thesis, consider the
condition of the simulation equipment and comparison, the number of 100 is chosen
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Figure 6.3 SER along with the number of samples for dual polarization

6.3.3 Comparison with other methods

In this section, a comparison has been made between EP and other methods aiming to analyze
the different performance of these methods.

Figure 6.4 and 6.5 compare the SER along with the input power between ML, BP, SBP and
EP method for single polarization and dual polarization respectively. 100 particles (samples)
are used in SBP and EP in both single and dual polarization. From these two figures,
following comment could be obtained:

1. All the methods except ML have the lowest SER in the middle area along the X axis and
the performance roughly get worse while the input power decrease and increase from the
lowest SER point.

2. All the methods have better performance in single polarization system.

3. EP has a greater degradation in performance than SBP and BP dose when the system
extends from single polarization to dual polarization.
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4. In both single and dual polarization system, SBP and ML have the best and worst results
respectively. And BP and ML are comparable with each other.

5. The curve of BP method has oscillations in both single and dual polarization.

Firstly, because the ML method just neglects the nonlinear effect, so it is not strange that it
has the worst performance while the input power grows. All of the rest three methods have
taken nonlinear into consideration. AWGN and nonlinear effect are the main distortions for
which BP, SBP and EP try to compensate. When the input power is pretty small the AWGN
contribute the most to the distortion in the system. When the input power is getting bigger, the
effect of the AWGN becomes smaller and the SER goes down until it reaches the lowest point.
As the input power continues increasing, the nonlinear effect dominates the distortion and will
increase the value of SER. That is why the SER curve has “V’ shape in the figure.

In dual polarization the rotation caused by the nonlinear block is based on both two signals
transmitted simultaneously in the system (formula 2.5). Hence, the nonlinear effect in dual
polarization is stronger than that in single polarization and the obtained worse results.

Moreover, it can be found that the performance of EP obviously has a bigger degradation than
that of SBP and BP has from the single to dual polarization. The possible reason for this
phenomenon is that: In the dual polarization system, the nonlinear rotation effect is greater
than that in the single polarization case. Hence, the Gaussian distribution chosen to
approximated the message in the system may be no longer a good approximation term. And it
can be also expected that the performance of EP with Gaussian distribution as the
approximation term will have a great drop when the system extends to triple or quadruple
polarization system.

It can be seen from the figure that SBP give out the best performance in SER. The possible
reason is that:

Compared with BP, SBP has taken care of AWGN while BP doesn’t. In the nonlinear system
model each AWGN block is followed by a nonlinear block. When the input power is high, the
interaction between the AWGN and the nonlinear rotation also get bigger, which is supposed
to be the reason for the poorer performance for BP in high input power compared with SBP
and EP. Moreover, because of the natural uncertainty of AWGN, the uncertainty of the result
SER for BP is also expected. That can explain the oscillation happened in the BP curve in the
figure above.

Compared with BP, both SBP and EP have taken AWGN and nonlinear into consideration.
Nevertheless, SBP uses particles and makes a stochastic process in the model while EP makes
approximations block by block, in other words, EP process continues losing the accuracy
while it makes approximations for the blocks in the model. That is why EP obtains the SER
curve which has the same shape with SBP but a worse SER.
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One more thing should be mentioned is that the strategy of EP is making a balance between
the accuracy of the result and the efficiency of the process. In the linear system, EP
successfully makes a more efficient algorithm than SBP does. However, because of the use of
Monte Carlo method for the nonlinear block, the performance of EP in the nonlinear system is
more or less the same with SBP when it comes to the efficiency.
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Chapter 7
Conclusion and future work

7.1 Conclusion

The thesis works on factor graphs and expectation propagation (EP) and try to implement
these technologies into the coherent optical communication system aiming to deal with the
linear and nonlinear distortion existed in the system. The results indicate that factor graphs
and EP works well on both linear (AWGN) and nonlinear system. Moreover, Gaussian
distribution has also been proved a reasonable approximation term for EP to approximate the
messages in the system.

Comparison has also been made between EP and other existing methods. Generally, the
performance of EP is as expected.

7.2 Future work

According to the discussions in the thesis, the EP algorithm and the message computation
method could be improved to make a more efficient algorithm. Moreover, besides the linear
and nonlinear effect, other kinds of distortion and components in the system could also be
take into consider.

7.2.1 Expectation propagation

As discussed in chapter 6, the Monte Carlo method used in the message approximation for
nonlinear block makes EP algorithm less efficient. Hence, more work could be taken on how
to make message approximation process mathematically or use other methods which can be
more efficient than Monte Carlo.

What’s more, discussion shows that, as an approximation term, the performance of Gaussian
distribution degrades a lot in the multiplexed polarization system. Therefore, a better
distribution could be chosen from the exponential family for the multiplexed polarization
system.
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7.2.2 Other problems

Besides the linear and nonlinear distortion discussed in the thesis, other problems could also
be taken into consider.

Polarization dependent loss (PDL): PDL is also a significant distortion which influences the
performance of the system. PDL can be calculated as the ratio of the maximum and minimum
power amplitude to all the states of the polarization. In the optical system model, PDL exists
in each span of fiber and the PDL of the system cannot be obtained by just adding all the PDL
components together but should be considered separately [11].

More noise: This thesis only takes care of AWGN and nonlinear phase noise. In the future
work, more noise could be taken into consider for the system, such as photoelectron noise,

thermal noise and photon noise.

Moreover, the unitary channel [11] and the corresponding equalizer are also suggested to be
added into the system model.
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