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Dynamic Dependence Among Economic Sectors in Equity Markets
Capturing lower-tail dependence using a Markov regime-switching copula model
with transitions conditioned on a market-sentiment indicator
Marcus Möller
Department of Mathematics
Chalmers University of Technology

Abstract
This study investigates the dynamic dependence structure between equity market
sectors using a Markov regime-switching copula framework. The analysis focuses on
return distributions across economic sectors and their lower-tail dependence, par-
ticularly across different market regimes. The proposed model builds on empirical
evidence that market drawdowns can be contagious and that pairwise dependence
between assets tends to increase during periods of market stress. Modeling dynamic
dependence can provide a more robust risk framework for portfolio evaluation and
asset allocation. In this setting, dependence is allowed to vary over time through
regime shifts and is linked to market sentiment.

This thesis extends Bubbles and dependence between international equity markets by
Wuyi Ye, Lingbo Gao and Xiaoquan Liu (2024) by applying a similar framework to
a different data sample. Specifically, the model is applied to equity market sectors
(S&P 500 sub-indices: Industrials, Materials, Energy, Healthcare, Financials, In-
formation Technology, and Consumer Non-Cyclical) rather than a geographic cross
section, using daily returns over the period 1989-2026.

Empirically, the conditional regime-switching copula provides a better fit for many
index pairs than an unconditional regime-switching copula and a static copula bench-
mark. However, in an out-of-sample asset allocation exercise, we are unable to repli-
cate the economic gains reported in Wuyi Ye, Lingbo Gao and Xiaoquan Liu (2024):
portfolios based on the conditional model do not consistently achieve higher risk-
adjusted returns, evaluated by their Sharpe ratio, than equally weighted portfolios
or portfolios constructed using a static copula model. Nonetheless, the model-based
portfolios often exhibit lower maximum drawdowns, indicating that the framework
can capture and mitigate some tail risk.

Keywords: Markov regime-switching, copula, tail dependence, equity sector indices,
market contagion, bubble index, market regimes
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1
Introduction

Understanding the interdependence between financial markets and assets has long
been a central concern in both academia and practice. This is especially relevant
during periods of market distress, where co-movements between markets tend to
increase, amplifying systematic risk and challenging the notion of diversification, as
shown in Cappiello, Engle and Sheppard (2006), Forbes and Chinn (2004), and Ang
and Bekaert (2002). Correlation is a commonly used measure of dependence between
assets, however, it has important limitations. In particular, it assumes stationarity
over time and an identical dependence structure across the return distribution, as-
sumptions that are often violated in financial data. Global market shocks following
the 2008 financial crisis, the COVID-19 pandemic, and Trump’s announced tariffs
in April 2025, highlight the inadequacy of linear correlation measures and static
models in capturing the complex and time-varying nature of financial markets.

Copula functions offer a flexible mathematical framework to model non-linear de-
pendence between variables, given their marginal distributions. Copulas are widely
used in financial econometrics to capture asymmetric dependence (e.g. Jondeau and
Rockinger (2006), Christoffersen et al. (2012), Lucas et al. (2017) and Koopman et
al. (2018)). Yet, a standard copula function assumes a static dependence structure
over time, which is inconsistent with empirical evidence of time variation in depen-
dence.

In response, dynamic models have been proposed, such as Bauwens and Otranto
(2016), who explore several dynamic models with conditional correlation between
stock returns and show that market volatility is a central factor in determining the
dependence structure. A subset of the tested models is based on Markov regime-
switching models, which perform well empirically and have a clear economic in-
terpretation. This study builds upon the Markov regime-switching approach by
assuming regime-specific copula parameters.

Moreover, Longin and Solnik (2001) provide evidence that dependence and corre-
lation in financial markets are largely driven by market trends. Motivated by this,
regime transition probabilities are conditioned on an exogenous proxy for market
sentiment (the bubble index). Further, Brunnermeier and Oehmke (2013) recount
that financial bubbles and asset price booms tend to form before periods of crisis,
typically characterized by low volatility and eased monetary policy. To capture such
dynamics, the bubble index defined by Wong (2011) is utilized. This index is con-
structed to measure deviations of asset prices from their long-term trend, acting as
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1. Introduction

a proxy for speculative excess. By linking regime transitions to an observable vari-
able, the model enhances economic interpretability and can be evaluated directly on
observed data.

Figure 1.1: Schematic of the proposed time-varying Markov regime-switching cop-
ula model with transitions conditioned on an exogenous sentiment proxy (the bubble
index). AR-GARCH models specify the marginal return distributions, while a Hid-
den Markov model governs regime dynamics and the associated copula parameter.

The analysis is carried out on sub-indices of the S&P 500, segmented by GICS
sectors: Industrials, Energy, Materials, Healthcare, Financials, Information Tech-
nology, and Consumer Non-Cyclical. The sample consists of daily total returns in
USD from 1989-09-11 to 2026-01-16. The indices are weighted by the constituents’
float-adjusted market capitalization and rebalanced quarterly.

The empirical implementation proceeds in two steps. First, marginal return dy-
namics are estimated using AR-GARCH models, and the implied cumulative prob-
abilities are used to construct copula observations. Second, dependence is modeled
using a two-state Markov regime-switching copula, where regime-specific copula pa-
rameters capture changes in lower-tail dependence and transition probabilities vary
with the bubble index. Model performance is assessed both statistically, through
likelihood-based fit comparisons, and economically, through an out-of-sample port-
folio allocation exercise comparing model-based allocations to simpler benchmark
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1. Introduction

strategies.

Contributions. This thesis contributes by applying a sentiment-conditioned Markov
regime-switching copula framework to S&P 500 sector indices, extending earlier ap-
plications on international equity markets. Evaluating whether conditioning regime
transitions on an observable sentiment proxy improves empirical fit. Finally, quan-
tifying the economic value of the resulting dependence forecasts in an out-of-sample
portfolio allocation setting.
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2
Theory

The following section describes the model framework, and the following statistics
that are used to evaluate the model’s goodness-of-fit.

2.1 The Bubble index
A price bubble is a market phenomenon in which asset prices rise substantially
above levels justified by fundamentals, driven primarily by investor behaviour and
expectations of further price appreciation. Such episodes are often followed by sharp
drawdowns when the bubble collapses, Blasques et al. (2022). In practice, identi-
fying bubbles and distinguishing them from rationally high valuations is difficult.
A range of indicators has therefore been proposed to proxy market sentiment or
valuation pressure, including the Buffett indicator, the Fear and Greed index, the
CAPE ratio, and statistical approaches such as LPPLS and GSADF.

The sentiment proxy used in this thesis aims to measure deviations of the observed
price from a time-varying equilibrium level. Wong (2011) proposes estimating this
equilibrium level using a filtered moving-average benchmark computed over a dy-
namic window size. The window length is defined as

m = min
[

stdev(St, St−1, . . . , St−1000)
stdev(St, St−1, . . . , St−2000)

· 2000, 2000
]

. (2.1)

A window of 2000 trading days corresponds to roughly eight years, which is shorter
than the time between major crises such as 1987, 1997, and 2007. The window length
is scaled by the ratio of a four-year standard deviation to an eight-year standard
deviation. Intuitively, if recent volatility is low relative to longer-run volatility, the
ratio decreases and the window shrinks, making the benchmark more local. Con-
versely, if recent volatility is elevated, the window expands toward the cap of 2000
days.

The bubble index is constructed as follows:
1. Compute the logarithmic daily return

rt = ln
(

St

St−1

)
,

where St denotes the index level at day t.
2. Set the window length m according to (2.1).

5



2. Theory

3. Within the window, filter out extreme returns by truncating observations be-
low the 5th percentile and above the 95th percentile:

r̂t =

rt, if P5({rt−i}m
i=0) < rt < P95({rt−i}m

i=0) ,

0, otherwise.
(2.2)

4. Construct the “filtered” price

Pt−1 = St

exp(r̂t)
.

5. Define the equilibrium benchmark price as the moving average of the filtered
price over the window:

µt = 1
m

m∑
i=1

Pt−i+1.

6. Define the bubble index as the proportional deviation from the benchmark,

Bt = St

µt

− 1.

2.2 Independent Asset Dynamics

In the proposed framework, a copula function combines marginal distributions into
a joint multivariate distribution. The first step is therefore to estimate the marginal
dynamics of sector index returns. Each marginal is modeled using an AR-GARCH
specification for the conditional mean and variance, where autoregressive and GARCH
orders up to five lags are considered. The final model is selected using the Bayesian
Information Criterion (BIC). Empirically, the majority of indices are best described
by an AR(0)-GARCH(1,1) specification. The general AR(m)-GARCH(p, q) model
is given by

ri,t = φ0 +
m∑

j=1
φjri,t−j + ei,t,

ei,t = σi,tzi,t, zi,t ∼ Skew-t(ν, ζ)

σ2
i,t = α0 +

p∑
k=1

αke2
i,t−k +

q∑
l=1

βlσ
2
i,t−l

(2.3)

where {φj}m
j=0 are autoregressive parameters and {αk}p

k=0 and {βl}q
l=1 are GARCH

parameters. Here, ri,t denotes the daily log return of sector i at time t.

To allow for skewness and heavy tails in returns, the innovations zi,t are assumed
to follow a skewed Student-t distribution. Using the parametrization in (2.4), its
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2. Theory

density is

q(x | ν, ζ) = ξκ

1 + 1
ν − 2

 ξx + α

1 + ζ sign
(
x + α

ξ

)
2


− ν+1
2

,

α = 4ζ
ν − 2
ν − 1 ,

ξ = 1 + 3ζ2 − α2,

κ =
Γ
(

ν+1
2

)
√

π(ν − 2) Γ
(

ν
2

) .

(2.4)

A key characteristic of the skew-t distribution is that it allows for both skewness and
heavier tails relative to the normal distribution, while being standardized to have
mean zero and unit variance. When ζ = 0, it reduces to the Student-t distribution,
and as ν → ∞ it converges to the normal distribution.

Skewness and kurtosis summarize asymmetry and tail heaviness, respectively. For
a random variable X with mean µ = E[X] and variance σ2 = E[(X − µ)2], they are
defined as

S = E[(X − µ)3]
σ3 ,

K = E[(X − µ)4]
σ4 .

(2.5)

Skewness measures the asymmetry of a distribution around its mean, a normal dis-
tribution is symmetric and therefore has skewness equal to zero. Kurtosis measures
tail heaviness, higher kurtosis indicates a higher prevalence of extreme outcomes.
The normal distribution has kurtosis equal to three.

2.3 Copulas
A copula is a multivariate cumulative distribution function (CDF) with uniform
marginal distributions on [0, 1]. Copulas are used to model dependence between ran-
dom variables separately from their marginal behaviour. By Sklar’s theorem (Sklar,
1959), any multivariate joint distribution can be written in terms of its univariate
marginals and a copula that captures the dependence structure. This representa-
tion allows the modeling problem to be separated into estimating the marginals and
estimating the copula.

In the bivariate case, let X and Y have marginal CDFs F and G, and define U =
F (X) and V = G(Y ). Then U, V ∼ U(0, 1) and there exists a copula C such that

C(u, v) = P(U ≤ u, V ≤ v) = P(X ≤ F −1(u), Y ≤ G−1(v)).

Equivalently, the joint CDF H of (X, Y ) can be written as H(x, y) = C(F (x), G(y)).

7



2. Theory

Definition 1. A function C : [0, 1]d → [0, 1] is a d-dimensional copula if C is a CDF
on [0, 1]d satisfying:

1. C(u1, . . . , 0, . . . , ud) = 0 whenever any entry equals 0.
2. C(1, . . . , 1, ui, 1, . . . , 1) = ui for each i = 1, . . . , d.
3. C is d-increasing: for every rectangle B = ∏d

i=1[xi, yi] ⊆ [0, 1]d, the C-volume
is non-negative, i.e. VC(B) ≥ 0.

Applications often focus on tail dependence, i.e. the tendency of variables to expe-
rience joint extreme events. The (upper and lower) tail dependence coefficients are
defined by

λu = lim
u→1−

P
(
Y > G−1(u)

∣∣∣X > F −1(u)
)

,

λl = lim
u→0+

P
(
Y ≤ G−1(u)

∣∣∣X ≤ F −1(u)
)

.
(2.6)

Hence, λu, λl ∈ [0, 1] measure limiting probabilities of joint upper- and lower-tail
events, respectively.

2.3.1 Sklar’s Theorem
To represent a multivariate joint distribution using its univariate marginals and a
copula, the copula must capture all cross-sectional dependence, and the joint distri-
bution must be recoverable from the decomposition. Sklar’s theorem (Sklar (1959))
establishes these results.

Theorem 1. Sklar (1959): Let H be an d-dimensional joint distribution function
with univariate marginal distribution functions F1, . . . , Fd. Then there exists an
d-copula C : [0, 1]d → [0, 1] such that

H(x1, . . . , xd) = C
(
F1(x1), . . . , Fd(xd)

)
, ∀(x1, . . . , xd) ∈ Rd. (2.7)

Furthermore, C is uniquely determined on Range(F1) × · · · × Range(Fd), and in
particular is unique if all marginals are continuous.

Consequently, any multivariate CDF H can be decomposed into its marginals and
a copula. Under the assumption of continuous marginal return distributions, the
copula describing the dependence structure is also unique.

Moreover, if the joint distribution admits a density h and each marginal admits a
density fi, then the joint density factorizes by the chain rule

h(x1, . . . , xd) = ∂dH(x1, ..., xd)
∂x1...∂xd

= c
(
F1(x1), . . . , Fn(xd)

) d∏
i=1

fi(xi), (2.8)

where c denotes the copula density.

8



2. Theory

Proof. (continuous marginals), Durante, Fernandez-Sanchez and Sempi (2013):

Let X = (X1, . . . , Xd) have joint CDF H and continuous marginals F1, . . . , Fd.
Define the generalized inverse

F −1
i (u) ≡ inf{x ∈ R : Fi(x) ≥ u}, u ∈ [0, 1],

and define C : [0, 1]d → [0, 1] by

C(u1, . . . , ud) = H
(
F −1

1 (u1), . . . , F −1
d (ud)

)
.

We verify that C is a copula:
1. If some coordinate is zero uj = 0, then F −1

j (0) = −∞, and hence

C(u1, . . . , 0, . . . , ud) = H(. . . , −∞, . . . ) = 0.

2. For any i, since F −1
k (1) = +∞ for k ̸= i,

C(1, . . . , 1, ui, 1, . . . , 1) = H(+∞, . . . , F −1
i (ui), . . . , +∞) = P(Xi ≤ F −1

i (ui)) = Fi(F −1
i (ui))

By continuity of Fi, we have Fi(F −1
i (ui)) = ui, so C(1, . . . , 1, ui, 1, . . . , 1) = ui.

3. d-increasing. For any rectangle [a, b] = ∏d
i=1[ai, bi] ⊂ [0, 1]d, let x−

i := F −1
i (ai)

and x+
i := F −1

i (bi). Then the C-volume of the rectangle is

VC([a, b]) =
∫

[a,b]
dC = P

( d⋂
i=1

{x−
i < Xi ≤ x+

i }
)

≥ 0,

so C is d-increasing.
Finally, for any x = (x1, . . . , xd) ∈ Rd,

C(F1(x1), . . . , Fn(xd)) = H
(
F −1

1 (F1(x1)), . . . , F −1
d (Fd(xd))

)
= H(x1, . . . , xd),

since continuity implies F −1
i (Fi(xi)) = xi. Thus (2.7) holds. Uniqueness follows

because C is determined on Range(F1) × · · · × Range(Fd), and this set equals [0, 1]d
when the marginals are continuous.

2.3.2 Clayton Copula
The Clayton copula is widely used in financial applications because it captures
lower-tail dependence, i.e. the tendency for joint extreme losses. By construction,
the Clayton copula exhibits zero upper-tail dependence. This feature is often consid-
ered suitable in equity applications, where dependence is frequently stronger during
market downturns than during upturns. For example, Fortin and Kuzmics (2002)
document relatively stronger lower-tail dependence and weaker upper-tail depen-
dence for stock index returns.

The bivariate Clayton copula with parameter θ > 0 is defined by

C(u, v; θ) =
(
u−θ + v−θ − 1

)−1/θ
, u, v ∈ (0, 1), θ > 0. (2.9)

9



2. Theory

Its tail dependence coefficients satisfy λu = 0 and λl = 2−1/θ. The independence
copula is obtained in the limit θ → 0, in which case C(u, v; θ) → uv.

The corresponding copula density is obtained by differentiating the copula in respect
to both arguments

c(u, v; θ) = ∂2

∂u ∂v
C(u, v; θ) = (1 + θ)(uv)−1−θ

(
u−θ + v−θ − 1

)−2− 1
θ , θ > 0.

(2.10)

(a) θ = 1 (b) θ = 3 (c) θ = 10

Figure 2.1: Clayton copula density for different values of θ. Larger θ implies
stronger dependence, particularly in the lower tail.

2.4 Markov Chain
A Markov chain is a stochastic process {Xt}t≥0 that satisfies the Markov property:
conditional on the present state, the future is independent of the past. Since both the
return dynamics and the regime process in this thesis are modeled in discrete time
(daily or weekly), the regime indicator is naturally represented as a discrete-time
Markov chain:

P(Xt+1 = xt+1 | Xt = xt, Xt−1 = xt−1, . . . , X0 = x0) = P(Xt+1 = xt+1 | Xt = xt).
(2.11)

The set of possible values of a Markov chain is its state space S. Depending on
the application, S may be finite, countably infinite, or continuous. For the process
{Xt}, we have:

• Xt ∈ S for all t, where S contains all possible states.
• Finite: e.g. S = {1, . . . , N}, a finite set of states.
• Countable: e.g. S = N, a countably infinite set of discrete states.
• Continuous: e.g. S = R, an uncountable state space; the process is then

typically referred to as a (continuous-state) Markov process.

For a finite state space S = {1, . . . , N}, transition probabilities are summarized by
the transition matrix P, defined by

P = (pij)N
i,j=1, pij = P(Xt+1 = j | Xt = i). (2.12)

10



2. Theory

The matrix satisfies the stochastic constraints

pij ≥ 0,
N∑

j=1
pij = 1 for each i = 1, . . . , N. (2.13)

2.4.1 Regime switching state model
Originally proposed in statistics by Lindgren (1978) and introduced to econometrics
by Hamilton (1989), regime-switching models are widely used to capture structural
changes in time series. The underlying idea is that the distributional properties of
an observed process may depend on an unobserved state (or regime). In financial
markets, “bull” and “bear” markets are common examples of regimes, characterized
by persistently rising and falling prices, respectively. Under the model assumptions,
the regime process can be represented as a Markov chain, where the probability
of switching regimes depends only on the most recent regime. Since the regime is
typically not directly observed, it is treated as a latent state and the resulting model
is a Hidden Markov model (HMM).

Following Ye, Gao and Liu (2024), the dependence between indices is captured
through a copula parameter that is allowed to be regime-specific. Econometri-
cally, one regime is interpreted as a high-dependence regime and the other as a
low-dependence regime. This is consistent with evidence that dependence tends to
increase in turbulent market conditions (see, e.g., Ang and Bekaert (2002)). Let st

denote the latent regime indicator at time t:

st ∈ {1, 2},

θt =

θh, st = 1,

θl, st = 2,

(2.14)

where θh and θl denote the copula parameters in the high- and low-dependence
regimes, respectively. Hence, the copula parameter is time-varying through the la-
tent regime process {st}, which is assumed to follow an HMM.

2.4.2 Conditional transition probability
In the two-state model, let pii,t denote the probability of remaining in state i from
t − 1 to t, and let pij,t denote the probability of switching from state i to state j
(i ̸= j). For a two-state chain, pij,t = 1 − pii,t. Transition probabilities are modeled
as a logistic function of the lagged bubble index Bt−1:

pii,t = P(st = i | st−1 = i, Bt−1) = exp(θ0,i + θ1,iBt−1)
1 + exp(θ0,i + θ1,iBt−1)

, i ∈ {1, 2}. (2.15)

The parameters (θ0,i, θ1,i) determine the baseline persistence in regime i and the
sensitivity of persistence to the bubble index, respectively. In this way, regime tran-
sitions are conditioned on an observable proxy for market sentiment.

11



2. Theory

Figure 2.2: Transition probability pii,t as a function of Bt−1 for θ0,i = 1 and
different values of θ1,i.

As illustrated in Figure 2.2, θ0,i determines the baseline probability of remaining in
state i when Bt−1 = 0:

pii,t

∣∣∣
Bt−1=0

= 1
1 + exp(−θ0,i)

.

The parameter θ1,i governs how the bubble index affects the transition probabilities:
if θ1,i > 0, higher values of Bt−1 increase pii,t (making regime i more persistent),
whereas if θ1,i < 0, higher values of Bt−1 decrease pii,t (making switches away from
regime i more likely).

2.5 Maximum likelihood estimation
Maximum likelihood estimation (MLE) is a method for estimating parameters of a
parametric model from observed data. Given a statistical model parametrized by
a vector θ, the MLE chooses the parameter value that maximizes the probability
density of the observed sample under the model.

Let x denote an observation with density f(x | θ). For an observed sample {xt}n
t=1,

the likelihood function is
L(θ) =

n∏
t=1

f(xt | θ), (2.16)

and the MLE is defined by
θ̂ = arg max

θ
L(θ). (2.17)

12



2. Theory

In practice, estimation is carried out using the log-likelihood,

ℓ(θ) = log L(θ) =
n∑

t=1
log f(xt | θ), (2.18)

which is numerically more stable. The maximizer of ℓ(θ) equals the maximizer of
L(θ) because the logarithm is strictly increasing.

2.5.1 Likelihood under a copula model
Consider a bivariate vector (Xt, Yt) with marginal CDFs F (· | θx) and G(· | θy) and
corresponding densities f(· | θx) and g(· | θy). Let the copula density be c(·, · | θc).
By Sklar’s theorem and the factorization in (2.8), the joint density of (Xt, Yt) can
be written as

h(xt, yt | θx, θy, θc) = c(F (xt | θx), G(yt | θy) | θc) f(xt | θx) g(yt | θy). (2.19)

Define pseudo-observations

ut ≡ F (xt | θx), vt ≡ G(yt | θy).

Then the sample log-likelihood for the joint model becomes

ℓ(θx, θy, θc) =
n∑

t=1
log h(xt, yt | θx, θy, θc)

=
n∑

t=1
log c(ut, vt | θc) +

n∑
t=1

log f(xt | θx) +
n∑

t=1
log g(yt | θy).

(2.20)

This decomposition motivates a two-step estimation procedure. First estimate the
marginal parameters (θx, θy), then estimate the copula parameters θc conditional on
the estimated marginals.

Step 1: Marginal estimation: The marginal parameters can be estimated by
maximizing the marginal log-likelihoods:

θ̂x = arg max
θx

n∑
t=1

log f(xt | θx),

θ̂y = arg max
θy

n∑
t=1

log g(yt | θy).
(2.21)

In this thesis, each marginal is modeled using an AR(m)-GARCH(p, q) specification
with skew-t innovations. For an AR(m)-GARCH(p,q) series the recursion yielding

13
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the pseudo-observations ut is

et = xt −

φ0 +
m∑

j=1
φjxt−j

 ,

σ2
t = α0 +

p∑
k=1

αke2
t−k +

q∑
l=1

βlσ
2
t−l,

zt = et

σt

,

ut = F (xt | θ̂x) = Fz(zt),

(2.22)

where Fz denotes the CDF of the standardized skew-t innovation distribution. The
recursion is initialized using the unconditional variance,

E[σ2
t ] = α0

1 −∑p
k=1 αk −∑q

l=1 βl

, (2.23)

which requires ∑p
k=1 αk +∑q

l=1 βl < 1.

Step 2: Copula estimation: Let θc denote the parameters of the copula model.
In the regime-switching setting considered,

θc = {θh, θl, θ0,1, θ1,1, θ0,2, θ1,2},

where θh and θl are the regime-specific copula parameters and (θ0,i, θ1,i) govern the
conditional transition probabilities for i ∈ {1, 2}. The copula parameters are then
estimated by maximizing the copula log-likelihood,

θ̂c = arg max
θc

n∑
t=1

log c(ut, vt | θc), (2.24)

where (ut, vt) are the pseudo-observations constructed from the estimated marginal
models.

2.6 Evaluation measures
To evaluate the model, we use several statistics to assess the goodness-of-fit of
AR-GARCH model for the marginal sector index returns and the full copula-based
dependence model.

2.6.1 Marginal distributions
• Jarque-Bera test (JB): Presented by Jarque and Bera (1987), the Jarque-

Bera test is a hypothesis test for normality. It assesses whether a sample has
skewness and kurtosis consistent with a normal distribution (skewness: S = 0
and kurtosis K = 3). The JB statistic is defined by:

14
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JB = n

6 (S2 + (K − 3)2

4 ) (2.25)

Under the null hypothesis of normality, the JB statistic follows a chi-squared
distribution with 2 degrees of freedom. A low p-value then indicates rejection
of the null hypothesis, and normality is rejected.

• Ljung-Box test (LB): The Ljung-Box test is a hypothesis test used to detect
autocorrelation in a time series, up to a chosen lag. The null hypothesis is that
the h first autocorrelations are 0 (H0 : ρ0 = ρ1 = ... = ρh = 0).

LB = n(n + 2)
h∑

k=1

ρ̂2
k

n − k
(2.26)

where n is the sample size, h number of considered lags, and ρ̂k the sample au-
tocorrelation at lag k. Shown by Ljung and Box (1978) the LB statistic follows
a chi-squared distribution with v degrees of freedom, where v is the number
of lags h - estimated paramters in the AR/MA model. A high LB value im-
plies rejection of the null hypothesis and there is autocorrelation in the sample.

• ARCH Lagrange Multiplier test (ARCH LM): The ARCH Lagrange
multiplier test, introduced by Engle (1982), assesses the presence of autore-
gressive conditional heteroscedasticity in the residuals of a time series model.
Under the null hypothesis there are no ARCH effects, and the GARCH-model
captures the conditional heteroscedasticity.

ϵ̂2
t = ϕ0 +

q∑
i=1

ϕiϵ̂
2
t−i + ηt

LM = n ∗ (1 −
∑n

t=1 η2
t∑n

t=1(ût − ū))
(2.27)

The test statistic LM is chi-squared distributed with q (lags) degrees of free-
dom. A high LM implies rejected null hypothesis and further ARCH behaviour
in the residuals.

• Augmented Dickey-Fuller test (ADF): The ADF test, formulated by
Dickey and Fuller (1979), is a hypothesis test, assessing whether a time series
is stationary. The null hypothesis H0 is that there is a unit root present in the
time series sample. Consider an AR(1) process (rt = φo + φ1rt−1 + ei,t) where
a unit root corresponds to φ1 = 1, this implies the series is non-stationary,
i.e. time dependent mean and variance. Stationarity of the time series follows
from the alternative hypothesis H1. The ADF regression is:

∆yt = α + βt + γyt−1 +
p∑

i=1
δi∆yt−i + εt,

ADF = γ̂

SE(γ̂) .

(2.28)
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We test H0 : γ = 0 against H1 : γ < 0, where the ADF test statistic is the
t-statistic for γ̂.

• Kolmogorov-Smirnov test (KS): Kolmogorov (1933) and Smirnov (1939)
formulated the KS hypothesis test which compares two cumulative distribu-
tion. Under the null hypothesis the two samples are drawn from the same
sample and the Kolmogorov-Smirnov statistic is defined as the maximal ver-
tical distance between the distributions:

Dn,m = sup
x

|F1,n(x) − F2,m(x)| (2.29)

where F1,n and F2,m are the empirical distributions with n and m samples.
The null hypothesis can then be rejected at a level α if:

Dn,m >

√
− log(α

2 )1 + m/n

2m
(2.30)

The test is applied to the standard residuals obtained in the AR-GARCH
model, and compared to the Skew-t distribution.

2.6.2 Copula model
To evaluate the fit of the conditional Markov regime-switching copula model, com-
parative criteria are used, including the Akaike information criterion (AIC), the
Bayesian information criterion (BIC), and the likelihood-ratio (LR) test. The con-
ditional model is compared to an unconditional Markov regime-switching specifica-
tion. These measures assess in-sample fit while penalizing model complexity through
the number of estimated parameters.

• Akaike information criterion (AIC): As presented by Akaike (1974) the
AIC is a comparative estimator of the predictive performance of a model.
The selection rule is motivated by information theory, and selects the model
expected to lose the least information from the actual distribution. Consider
the data {x}n

i=0 generated by the true distribution g, with the model f(x|θ)
fitted by maximizing the likelihood θ∗ = arg maxθ L(θ). The measure of
discrepancy between the truth g and fitted model f is the Kullback-Leibler
information loss, Kullback and Leibler (1951):

DKL(g||fθ) =
∫

g(x) log g(x)
f(x|θ)dx (2.31)

While not being possible to compute, with unknown g Akaike showed for large
n minimizing the expected KL divergence of a fitted model, is equivalent to
minimizing 2k − 2 log(L(θ)) where k is the number of parameters. Thus, the
AIC estimate for a model is:

AIC = 2k − 2 log(L(θ)) (2.32)
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Where the model with the lowest AIC therefore indicates the preferred model.

• Bayesian information criterion (BIC): Similar to AIC, the Bayesian in-
formation criterion (BIC) can be used to compare models, with smaller val-
ues indicating a preferred trade-off between fit and complexity. Presented in
Schwarz (1978), BIC is derived as a large-sample (Laplace) approximation to
−2 log p(x | M), where p(x | M) is the marginal likelihood under model M :

p(x | M) =
∫

p(x | θ, M) π(θ | M) dθ, (2.33)

where π(θ | M) denotes the prior under model M . Let Ln(θ) = p(x | θ, M)
and ℓn(θ) = log Ln(θ), and let θ̂ denote the MLE that maximizes ℓn(θ). A
second-order Taylor expansion of ℓn(θ) around θ̂ yields

ℓn(θ) ≈ ℓn(θ̂) − 1
2(θ − θ̂)⊤Jn(θ̂)(θ − θ̂), (2.34)

where
Jn(θ̂) = −∂2ℓn(θ)

∂θ ∂θ⊤

∣∣∣∣
θ=θ̂

(2.35)

is the observed information matrix. Using a Laplace approximation and as-
suming π(θ | M) is smooth and positive in a neighborhood of θ̂,

p(x | M) ≈ exp
(
ℓn(θ̂)

)
π(θ̂ | M)

∫
exp

(
−1

2(θ − θ̂)⊤Jn(θ̂)(θ − θ̂)
)

dθ

= exp
(
ℓn(θ̂)

)
π(θ̂ | M) (2π)k/2 |Jn(θ̂)|−1/2,

(2.36)

and therefore

log p(x | M) ≈ ℓn(θ̂) + log π(θ̂ | M) + k

2 log(2π) − 1
2 log |Jn(θ̂)|. (2.37)

Under standard regularity conditions, log |Jn(θ̂)| = k log n + O(1) as n → ∞,
so

−2 log p(x | M) ≈ −2ℓn(θ̂) + k log n + O(1). (2.38)
Dropping terms that are O(1) in n, the BIC is

BIC = −2ℓn(θ̂) + k log n = −2 log Ln(θ̂) + k log n, (2.39)

and the preferred model is the one with the smallest BIC. Compared to AIC,
BIC applies a larger penalty for additional parameters through the log n term.

• Likelihood ratio test: The likelihood-ratio test is a hypothesis test com-
paring the goodness-of-fit of two models. Typically the comparison is made
between a simpler model and a more complex model, where the null hypothesis
states that the simple model is sufficient H0 : θ ∈ Θ0, H1 : θ ∈ Θ1.

Λ(x) = supθ∈Θ0 L(θ)
supθ∈Θ1 L(θ) = L(θ̂0)

L(θ̂1)
LR = −2 log Λ = 2(log Lc − log Ls)

(2.40)
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Where Ls is the likelihood of the simpler model, Lc the likelihood of the
more complex model. For large sample sizes Wilks (1938) showed, by Wilks’
theorem, that the LR statistic asymptotically approaches χ2

d distribution if
the null hypothesis is true, where the degrees of freedom d are the number of
additional parameters in the complex model. The likelihood ratio test requires
the models to be nested, i.e. the more complex model can be transformed to
the simple by setting constraints on some parameters, often setting them to 0.
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3
Methods

This section outlines the calibration procedure and explains how the estimated model
is used to generate predictive return distributions and to evaluate its usefulness in
an investor portfolio allocation setting.

3.1 Calibration
The model specified by Ye, Gao, Liu (2024) and described in the Theory is imple-
mented and solved numerically. The AR-GARCH parameters are solved using the
Python package arch, where the order is selected by the optimal BIC. The dynamic
Markov regime-switching is, however solved recursively because the latent regime
follows a Hidden Markov model and depends on the previous filtered state. We
implement the quasi-maximum likelihood method and forward algorithm described
by Kim and Nelson (1999).

1. Initialize the unconditional state probability

P (s0 = 1) = 0.5 (3.1)

2. Formulate the prediction probability

P (st = i, st−1 = j|It−1; Θc) = P (st−1 = j|It−1; Θc) ∗ P (st = i|st−1 = j, It−1; Θc)
(3.2)

This is used to evaluate the dynamic Markov regime copula as:

E[c(ut, vt|It−1; Θc)] =
∑

i

∑
j

c(ut, vt|st = i, It−1; Θc)∗P (st = i, st−1 = j|It−1; Θc)

(3.3)
The conditional switching probability P (st = i|st−1 = j, It−1; Θc) is simply
the transition probabilities defined by the logistic function in eq. 2.15. The
filtered probability P (st−1 = j|It−1; Θc), i.e. the expected state probability
given observed variables, is obtained via Bayes’ rule using the copula density
and calculated by:

P (st−1 = j|It−1; Θc) =
2∑

i=1
P (st−1 = j, st−2 = 1|It−1; Θc) =

2∑
i=1

c(ut−1, vt−1|st−1 = j) ∗ P (st−2 = i|It−2, Θc) ∗ pi,j,t−1

E[c(ut, vt|It−1; Θc)]

(3.4)
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3. 1) and 2) are used to formulate the log likelihood of the copula as a function
of the parameters Θc. Implemented as Algorithm 1, which is then maximized
under Θc:

Algorithm 1 Copula log likelihood
α0 = [0.5, 0.5] ▷ Initial state probability s0
log L = 0
for t = 1 → T do

c̄t = [c(F (xt), G(yt), θ1), c(F (xt), G(yt), θ2)]
ct = αt ◦ c̄t ▷ Expected copula
logL += ln(ct)
αt = αt◦c̄t

ct
▷ Filtered state probability st given It

p11 = logistic(Bt, θ1,0, θ1,1)
p22 = logistic(Bt, θ2,0, θ2,1)

P =
[

p11 1 − p11
1 − p22 p22

]
▷ Transition matrix

αt+1 = P T αt ▷ State probability st+1 given It

end for
return logL

In the regime-switching model, the likelihood function exhibits an inherent sym-
metry due to the unobservable regimes. Specifically, the regimes labelled as s = 1
(high) and s = 2 (low) are interchangeable, equivalently, the model can be described
by swapping these labels as s = 1 (low) and s = 2 (high).

Let us partition the parameters into two sets: Θ1 = {θ1, θ0,1, θ1,1} and Θ2 =
{θ2, θ0,2, θ1,2}. The liklihood function L(Θ1, Θ2) then satisfies the symmetry prop-
erty

L(Θ1, Θ2) = L(Θ2, Θ1) (3.5)

This symmetry implies that if (Θ̂1, Θ̂2) is a global maximizer, then so is (Θ̂2, Θ̂1).
Consequently, the model does not admit a unique solution.

Assuming that the trivial solution corresponding to a static copula—where Θ̂2 = Θ̂1
is not a global optimum then Θ̂2 ̸= Θ̂1. Under this assumption, the set of global
optima is non-convex, which further implies that the likelihood function L is non-
convex.

To effectively address this non-convexity, the optimization is carried out using both a
global constrained optimizer, namely SHGO, and an unconstrained gradient-based
method, BFGS. By comparing solutions from these two distinct approaches, and
with symmetric or identical results, we gain relative confidence that the identified
solution corresponds to a global optimum.

20



3. Methods

3.2 Application and Asset Allocation
This section describes how the model is applied in practice and how an investor
could use it for asset allocation. We also outline the backtesting scheme, which is
subsequently used to quantify the economic value of the model.

To emphasize tail risk, we consider an investor with constant relative risk aversion
(CRRA), following Patton (2006). Let S0 denote initial wealth and let Xt+1 and
Yt+1 denote one-period returns on the two risky assets. For portfolio weights ωx and
ωy, next-period gross portfolio wealth is

St+1(ω) = S0 (1 + ωxXt+1 + ωyYt+1) .

The CRRA utility function is then

Uη

(
St+1(ω)

)
=


St+1(ω) 1−η

1−η
, η ̸= 1,

log St+1(ω), η = 1,
(3.6)

where η is the coefficient of relative risk aversion. Since S0 is a multiplicative con-
stant, it does not affect the optimal weights; we therefore set S0 = 1. Figure 3.1
illustrates how larger values of η increase the penalty on negative outcomes and
reduce the marginal utility of large gains.

Figure 3.1: CRRA utility Uη(c), where c = S0(1 + ωxX + ωyY ). The parameter η
determines the level of risk aversion.

To obtain a one-step-ahead predictive return distribution and compute optimal
weights, we use the following Monte Carlo scheme:

1. Re-estimate the model. Using data available up to time t, estimate the
marginal AR-GARCH models and the regime-switching copula model, and
store the resulting parameter estimates in Θ̂t. Using the filtered state proba-
bilities, compute the one-step-ahead predicted regime probabilities αt+1.
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2. Simulate from the predictive copula. For i = 1, . . . , N (with N = 10,000),
draw a regime si ∈ {1, 2} from αt+1 and then sample pseudo-observations from
the corresponding copula:

(Ui, Vi) | si ∼ C(·, · | θ̂si,t), i = 1, . . . , N. (3.7)

3. Transform to return space. Using the fitted marginal models, map pseudo-
observations to returns via the inverse CDF functions:

Xi = F −1(Ui | θ̂x,t), Yi = G−1(Vi | θ̂y,t), i = 1, . . . , N. (3.8)

This yields a Monte Carlo approximation of the predictive joint return distri-
bution for (Xt+1, Yt+1).

4. Optimize expected utility. Portfolio weights are chosen to maximize sim-
ulated expected utility:

ω∗
t = arg max

ω∈Ω

1
N

N∑
i=1

Uη(1 + ωxXi + ωyYi) ,

Ω = {(ωx, ωy) ∈ [0, 1]2 : ωx + ωy = 1}.

(3.9)

The constraint set Ω implies no short positions and full investment in the two
risky assets in each period.

5. Backtesting. Steps (1)-(4) are repeated sequentially over the out-of-sample
period. At each re-estimation, the model is fitted using an expanding window
of data up to time t. For numerical efficiency, the previous parameter estimates
Θ̂t−1 are used as starting values in the optimization at time t.
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4
Results

This chapter presents the empirical results. Section 4.1 describes the bubble index
constructed from the S&P 500 and relates it to broad market phases. Section 4.2
reports estimation results and diagnostics for the marginal AR-GARCH models.
Section 4.3 presents the copula estimation results, comparing the conditional regime-
switching specification with an unconditional regime-switching model and a static
copula benchmark. Finally, Section 4.4 evaluates the models in an asset-allocation
exercise based on out-of-sample portfolio performance.

4.1 Bubble index
Figure 4.1 displays the bubble index constructed from the S&P 500 over the full
sample (1989-09-11 to 2026-01-16). High (low) values of the bubble index tend
to coincide with expanding (contracting) market conditions, consistent with its in-
terpretation as a proxy for deviations from a long-run benchmark and, by exten-
sion, speculative excess. Notably, elevated values are observed around well-known
episodes of market exuberance, while sharp declines coincide with major drawdowns
of the dot-com crash in early 2000s, great financial crisis in 2008, and the COVID-19
pandemic in 2020.

Figure 4.1: S&P 500 index level (blue, left axis) and corresponding bubble index
(grey, right axis), evaluated daily from 1989-09-11 to 2026-01-16.
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4.2 Marginal distributions
To estimate marginal return dynamics for each sector index, we fit AR-GARCH
models with skew-t innovations as specified in (2.3). This specification captures
time-varying conditional volatility and allows for heavy tails and skewness in the
standardized innovations.

Table 4.1 reports descriptive statistics and diagnostic test results for the daily log re-
turns. Mean daily returns range from 0.031% to 0.051%, while standard deviations
range from 0.95% to 1.68%. Information Technology has the highest average re-
turn and among the highest volatility, whereas Consumer Non-Cyclical exhibits the
lowest volatility (0.95%), consistent with common sector-level risk characteristics.
The return distributions are generally negatively skewed and strongly leptokurtic
(kurtosis > 3), indicating heavy tails. The Jarque-Bera test rejects normality for all
sector indices.

Serial dependence is assessed using the Ljung-Box test at lag 10. For most sectors
the p-values are below 5%, implying rejection of the null of no autocorrelation in
returns. (Materials is a partial exception, with a p-value of 0.0616 at lag 10.) The
ARCH LM test rejects the null of no ARCH effects for all sectors, consistent with
pronounced conditional heteroskedasticity and motivating a GARCH-type volatility
model. Finally, the ADF test rejects the unit-root null for all indices, providing no
evidence of non-stationarity in the return series.

Table 4.1: Descriptive statistics and diagnostic tests for sector indices, applied to
daily log returns from 1989-09-12 to 2026-01-16.

Sector Mean (%) Std Dev (%) Skew Kurt JB (p) LB(10) stat (p) ARCH (p) ADF t (p)

S&P 500 0.041% 1.14% -0.38 10.92 45,637 (0e-03) 57.65 (0e-03) 800 (0e-03) -17.53 (0e-03)
Industrials 0.040% 1.25% -0.40 8.46 27,491 (0e-03) 30.88 (0e-03) 665 (0e-03) -17.45 (0e-03)
Energy 0.036% 1.61% -0.56 14.47 80,276 (0e-03) 40.11 (0e-03) 444 (0e-03) -15.63 (0e-03)
Materials 0.031% 1.38% -0.29 7.91 23,981 (0e-03) 16.26 (0.0616) 603 (0e-03) -22.01 (0e-03)
Healthcare 0.043% 1.15% -0.20 6.43 15,808 (0e-03) 52.59 (0e-03) 764 (0e-03) -17.30 (0e-03)
Financials 0.035% 1.68% -0.18 17.19 112,638 (0e-03) 101.83 (0e-03) 976 (0e-03) -16.68 (0e-03)
Information Technology 0.051% 1.67% 0.03 6.03 13,868 (0e-03) 54.89 (0e-03) 643 (0e-03) -23.27 (0e-03)
Consumer, non-cyclical 0.040% 0.95% -0.23 9.62 35,372 (0e-03) 31.56 (0e-03) 1,053 (0e-03) -21.69 (0e-03)

Table 4.2 reports the estimated AR-GARCH and skew-t parameters. For all indices
except Consumer Non-Cyclical, the preferred specification under BIC is AR(0)-
GARCH(1,1), indicating that the conditional mean is adequately described by a
constant while volatility is time-varying. For Consumer Non-Cyclical, BIC selects
AR(2)-GARCH(1,1), suggesting mild additional predictability in the conditional
mean.

As a distributional diagnostic, the fitted skew-t distribution is compared to the em-
pirical distribution of standardized residuals using the Kolmogorov-Smirnov (KS)
statistic. Since the skew-t parameters are estimated on the same sample used to com-
pute the KS statistic, the resulting p-values should be interpreted cautiously. For
Industrials, Healthcare, Financials, and Information Technology, the KS p-values
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fall below 5%, suggesting remaining discrepancies between the fitted skew-t and
the empirical residual distribution. In contrast, Energy, Materials, and Consumer
Non-Cyclical exhibit larger KS p-values, indicating closer agreement with the fitted
innovation distribution.

Table 4.2: Parameter estimations for the marignal distributions of the sector in-
dices. Calibrated on daily log-returns from 1989-09-12 to 16-01-2026.

Sector φ0 φ1 φ2 α0 α1 β1 ζ v KS test (p)

Industrials 6.250 e-04 1.556 e-06 0.0859 0.9042 7.5256 -0.0860 0.0195 (0.0018)
Energy 4.783 e-04 1.252 e-06 0.0641 0.9317 8.6899 -0.0574 0.0098 (0.3465)
Materials 4.936 e-04 1.967 e-06 0.0842 0.9057 8.3577 -0.0663 0.0120 (0.1394)
Healthcare 5.943 e-04 1.938 e-06 0.0876 0.8986 7.1815 -0.0628 0.0163 (0.0156)
Financials 6.689 e-04 2.149 e-06 0.0952 0.8967 6.7231 -0.0470 0.0165 (0.0135)
Information Technology 8.729 e-04 1.806 e-06 0.0868 0.9093 7.9823 -0.0964 0.0178 (0.0060)
Consumer N.C. 5.390 e-04 -0.0307 -0.0272 1.455 e-06 0.0834 0.8994 7.1922 -0.0578 0.0125 (0.1129)

Standardized residuals and calibrated
Skew-t distribution

Empirical and fitted cumulative density
function

Figure 4.2: Standardised residuals from the fitted AR(0)-GARCH(1,1) model com-
pared to the fitted skew-t distribution. Both the pdf and cdf indicate that the model
captures the main distributional features of the data

4.3 Dynamic copula
We estimate time-varying dependence between sector indices using the conditional
Markov regime-switching copula model (TV-MRSB) described in Section 2. The
conditional specification is evaluated against an unconditional Markov regime-switching
copula (TV-MRS) and a static copula benchmark. Model comparison is conducted
using AIC, BIC, and likelihood-ratio (LR) tests.

Across several sector pairs, the conditional specification provides a materially bet-
ter in-sample fit than the unconditional TV-MRS model. In particular, the pairs
Industrials-Information Technology, Industrials-Materials, Financials-Information Tech-
nology, Energy-Materials, and Materials-Information Technology exhibit the largest
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LR statistics and lower AIC/BIC under TV-MRSB, indicating that conditioning
transition probabilities on the bubble index improves explanatory power for these
dependence dynamics.

The dependence dynamics is shown in table 4.3 by the calibrated θ and λl -parameters.
There is a notable difference between λh

l and λl
l, implied by the regime-specific Clay-

ton parameters. A consistent pattern is that the high-dependence regime features
substantially larger lower-tail dependence than the low-dependence regime, sup-
porting the interpretation of the latent states as “stress” and “normal” dependence
regimes. For example looking at the TV-MRSB Copula for Information Technology
- Consumer, non-cyclical, the low dependence regime has very little dependence be-
tween the indices with only λl

l = 0.04 while significant co-movements in the higher
regime with λh

l = 0.58. The highest dependence in both high and low regimes we see
between Industrials - Materials (λl

l = 0.54, λh
l = 0.81) and Industrials - Financials

(λl
l = 0.59, λh

l = 0.84).

The strong dependence between Industrials - Materials is consistent with a shared
exposure to the global economic cycle, and coupling of their value-chains. Materi-
als companies supply key materials (metals, chemicals, construction materials) that
feed into industrial production, so both sectors respond to common drivers such
as global growth, capex cycle, and commodity prices. These common shocks tend
to be the main subject of sector-specific news implying high co-movements in both
regimes.

The high dependence between Industrials - Financials is more naturally interpreted
through macro-economics and the credit-cycle. Both sectors are strongly pro-cyclical
and sensitive to tightening financial conditions: higher risk-free rates, and wider
credit spreads raise the cost of capital constraining industrial investments, while
financials are affected by higher expected credit losses, deteriorating asset quality,
and lower risk appetite.

The transition parameters θ0,i are positive on a range [2.10, 5.58] indicating a per-
sistence of regimes, i.e. the probability is higher to remain in the current regime
than switching. The transition parameters θ1,i links the Bubble Index to the tran-
sition matrix and obtains both positive and negative values, which implies a mixed
dependence on the variable. The impact of the Bubble Index (B) to the transition
probabilities can be described by the partial derivative:

∂pii

∂B
= pii(B)(1 − pii(B))θ1,i (4.1)

We see a negative θ1,i implies a higher switching probability with increasing B.
Being in the low dependence state this can be congruent with the interpretation:
an increasing bubble index indicates the creation of a bubble, which precedes a
downturn and high dependency regime, thus motivating increased probability of
switching regime. However, it is mostly the high regime parameter θ1,1 that is
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negative, while the low regime parameter θ1,2 is positive. This indicates a higher
Bubble index increases the probability of switching from high dependency regime
to low, while decreasing the probability of switching from low to high dependency
regime. This challenges the result of introducing the bubble index in the model as
defined by Ye, Gao and Liu (2024), that with a rise in the bubble index, markets
exhibit stronger tendency to move to the high correlation regime (Note: Ye, Gao, Liu
(2024) constructs the Bubble index with MSCI World index while this study base
it of the S&P 500). The interpretation is rather that periods of market expansion,
and a high Bubble index, are persistent and coincide with a low dependency regime.
A low Bubble index coincides with turbulent times and a high dependency regime,
which can be observed in figure 4.1.
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4.4 Application and Asset Allocation
The proposed regime-switching copula model has practical relevance for risk man-
agement and asset allocation because it provides a forward-looking approximation
to the joint return distribution with time-varying dependence. In this section, the
model is applied in a weekly rebalancing backtest, where one-step-ahead predictive
return distributions are generated via Monte Carlo simulation and portfolio weights
are chosen by maximizing CRRA expected utility. The allocation exercise is con-
ducted on weekly returns over the out-of-sample period 2001-03-16 to 2026-01-16
(see Tables 4.4-4.5).

To reduce model complexity in the allocation exercise, we impose an AR(0)-GARCH(1,1)
specification for the marginal return dynamics, which is the BIC-selected model for
all but one sector in the full-sample marginal analysis. This restriction provides
robust marginal filter while keeping the dependence model as the primary object of
interest.

Figure 4.3: Monte Carlo simulation Industrials - Information Technology indices:
weekly return distribution from 16-01-2026 to 23-01-2026. With state probabilities
P (s1) = 0.355 (high), P (s2) = 0.645 (low) and corresponding copula parameters
θh = 1.924, θl = 0.666

Figure 4.3 illustrates the simulated one-week-ahead return distribution for Indus-
trials and Information Technology over 2026-01-16 to 2026-01-23, using information
up to 2026-01-16. The marginal histograms exhibit skewness and excess kurtosis,
and Information Technology displays a higher variance and mean than Industri-
als. The dependence implied by the copula simulation is state-dependent: the
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predicted regime probabilities place more weight on the low-dependence regime
(P (st+1 = 2) = 0.645) than the high-dependence regime (P (st+1 = 1) = 0.355),
implying weaker joint downside clustering than would be expected under the high-
dependence regime, while still allowing for non-linear dependence.

Similar to Ye, Gao, Liu (2024), we evaluate whether the predictive distribution from
the dependence model can generate economic gain in portfolio allocation. Portfolio
weights are obtained by maximizing the expected CRRA utility with risk-aversion
parameter η = 3, using 10,000 Monte Carlo draws each period. For comparabil-
ity across strategies, Tables 4.4 and 4.5 report the mean weekly return, standard
deviation, Sharpe ratio, and maximum drawdown for each portfolio. While the
optimization criterion is CRRA utility, the Sharpe ratio provides a standard risk-
adjusted performance summary commonly used for benchmarking.

Table 4.4 compares fully invested portfolios (ωx + ωy = 1). The TV-MRSB Copula
model attains the highest Sharpe ratio in 5 out of 21 sector pairs, while TV-MRS
Copula is best in 4 pairs. However, the equally weighted benchmark achieves the
highest Sharpe ratio in 10 pairs, and the static copula strategy is best in several
additional cases.

Table 4.5 considers an expanded asset set where the investor may allocate to the
risk-free asset of US 3-month T-bills, i.e. ωx + ωy ≤ 1. Under this specification, TV-
MRSB Copula model attains the highest Sharpe ratio in 2 pairs, while the equally
weighted benchmark for the two indices is best in 13 pairs.

Overall, the results provide limited evidence that conditioning regime transitions
on the bubble index yields a consistent improvement in mean-variance risk-adjusted
performance relative to simple benchmarks.

Importantly, portfolio weights are obtained by maximizing CRRA utility rather than
directly maximizing the Sharpe ratio. CRRA preferences place relatively greater
weight on adverse outcomes, which can lead to allocations that sacrifice some ex-
pected return in exchange for reduced downside exposure. Consistent with this,
the model-based strategies frequently exhibit smaller maximum drawdowns than
the corresponding fully invested benchmark portfolios, indicating some improved
downside-risk control.

Figure 4.4 provides examples of the time series of log total wealth and portfolio
weights under TV-MRSB, illustrating how allocations shift toward the less risky as-
set and the risk-free asset, during periods of market stress. For Energy - Information
technology the model yields slightly lower returns than the equally weighted portfo-
lio, while with lower volatility from having an average 11.9% allocation to the risk
free asset. For Financials - Consumer Non Cyclical the TV-MRSB-Copula yields a
similar return to the equally weighted portfolio. This while having lower standard
deviation of 1.92%, compared to 2.50% of the equally weighted portfolio. Thus the
model has the same return, while at lower risk than equally weighted portfolio. We
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note the outperformance in particular stems from a decreased exposure to financials,
and increased allocation to the risk free asset during the 2008 financial crisis.

A key limitation of the allocation exercise is that it excludes transaction costs. Since
the optimal weights can vary substantially from week to week, turnover may be high,
and realistic rebalancing costs could materially reduce performance.
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4. Results

(a) Energy - Information Technology

(b) Financials - Consumer n.c.

Figure 4.4: Example evaluations.
Note: (Above) Total wealth (Log 10) for each respective index, equally weighted portfolio and
TV-MRSB Copula model, and (below) portfolio weights for TV-MRSB Copula. The evaluation
period is from 2001-03-16 to 2026-01-16.
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5
Conclusion

This study evaluates the Time-Varying Markov Regime-Switching Copula model,
with bubble-index-conditioned transitions (TV-MRSB), proposed in Ye, Gao and
Liu (2024) using sector sub-indices of the S&P500. The objective is to assess whether
a market-sentiment proxy, the bubble index, helps explain and predict time vari-
ation in cross-asset dependence, particularly joint downside risk. Marginal return
dynamics are modelled using AR-GARCH specifications with skew-t innovations,
while dependence is modelled via a Clayton copula with two regime-specific param-
eters. The regime states follow a Hidden Markov model with transition probabilities
conditioned on the bubble index, yielding interpretable high- and low-dependence
regimes.

Based on likelihood ratio tests as well as AIC and BIC, the conditional TV-MRSB
Copula model improves in-sample fit relative to the corresponding unconditional
regime-switching model (TV-MRS) for 5 sector pairs, to a high degree of certainty.
However, compared to the results obtained in Ye, Gao and Liu (2024) some sector
model parameters seem to indicate a high bubble index favours a low dependence
regime by the transition probabilities. The direction of the impact from the Bubble
index on the transition probabilities is not fully consistent as the parameters obtain
both positive and negative values.

The model is further evaluated in a portfolio allocation setting. Using one-step-
ahead predictive return distributions simulated from the fitted dependence model,
portfolio weights are chosen to maximize expected CRRA utility (with η = 3) in
a weekly rebalancing backtest over 2001-03-16 to 2026-01-16. Across sector pairs,
the regime-switching copula strategies do not deliver a consistent improvement in
risk-adjusted performance, as summarized by Sharpe ratios, relative to an equally
weighted benchmark, and the conditional TV-MRSB model does not consistently
outperform the unconditional TV-MRS model. However, model-based portfolios
frequently exhibit smaller maximum drawdowns, especially when allocation to a
risk-free asset is permitted, suggesting that the regime-switching dependence struc-
ture can help reduce exposure to lower tail-risk.

Several limitations of the study should be noted. In the portfolio allocation exercise,
the model is applied at a weekly frequency and the marginal dynamics are restricted
to an AR(0)-GARCH(1,1) model. While this model is selected for daily returns in
the marginal analysis, it need not remain optimal for weekly returns. Similarly, the
comparative in-sample fit improvements of the conditional copula model are doc-
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5. Conclusion

umented for daily returns, whereas the allocation exercise is conducted on weekly
returns. Moreover, the asset-allocation backtest excludes transaction costs, which
may impose a significant drag on performance given high portfolio turnover. Future
work could therefore evaluate the strategy under daily rebalancing, and incorporate
transaction costs or turnover constraints. Finally, since the model is primarily mo-
tivated by downside dependence and lower tail-risk, additional evaluation metrics
focusing on tail risk, such as Value-at-Risk and Expected Shortfall backtests, could
provide a more targeted assessment of whether the model improves the prediction
and management of downside risk.
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