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Generalizability for Representation Learning on Downstream Tasks
A Study of Downstream Performance in a

Nonlinear ICA setting using Contrastive Learning

Anton Levinsson & Ziyuan Wang

Department of Computer Science and Engineering

Chalmers University of Technology

Abstract

We study the theoretical generalizability of representations learned by contrastive
learning by analyzing their performance in downstream linear regression tasks. To
quantify the quality of these learned features, we provide rigorous proofs for the
worst-case and expected downstream performances under specified assumptions.
These results offer theoretical results for analyzing the quality of features by look-
ing at downstream tasks. To empirically verify the theory, we conduct experiments
on both simulated and real-world data, following time-contrastive learning (TCL)
strategies, which solve the problem of nonlinear independent component analysis
(nonlinear ICA). In the real-world setting, we construct nonlinear source separation
tasks using mixed audio signals from different instrument categories. Then, we pro-
pose some specific downstream tasks to verify our theories using our learned features
from the TCL method and compare with the observed features. The results show
that most of the defined downstream tasks are located in the confidence level of the
expected performance and are bounded by the worst case, which indicates that our
theory aligns with the real-world setting.

Keywords: contrastive learning, generalizability in downstream, nonliear ICA | linear
regression.
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1

Introduction

Obtaining effective features that are generalizable from neural networks has always
been a challenging problem. One of the possible solutions is self-supervised learn-
ing [2, 3], which is an effective learning paradigm to learn high-dimensional repre-
sentations from data without labels. In paper [2, 4, 5], the learned features from
self-supervised methods can achieve competitive results and generalizable features
in downstream tasks, with regard to image and text datasets.

Contrastive learning (CL)[6, 7] is a particularly successful subgroup of self-supervised
techniques that use the representational distance between sample pairs. The goal
of contrastive learning is to construct a representation space, where similar data
points (positive pairs) are close together, and dissimilar data points (negative pairs)
are far apart. Independent component analysis (ICA) [8] has been analyzed using
contrastive learning as a tool to achieve blind source separation from observations
with a demixing function f~!. However, compared to linear ICA, nonlinear ICA
tasks can help to find complex independent components if f is nonlinear. But the
biggest hindrance is that the model would not be identifiable (capacity to recover the
latent variables that generate the data) if there is no temporal or similar structure in
the data[9]. Some solutions [10, 11] are made using deep learning to solve nonlinear
ICA. Recently, a new framework has been proposed to achieve identifiability[1, 12,
13] through contrastive learning. Some auxiliary variables are introduced, making
latent variables conditionally independent if the distribution of sources is provided,
like the exponential family. Solving nonlinear ICA through contrastive learning
allows for the recovery of features up to a linear transformation, making it a powerful
tool for studying contrastive learning.

However, a systematic understanding of how different CL objectives influence gen-
eralizability across diverse downstream tasks is still lacking. We will therefore seek
new theories based on previous works and conduct experiments on both synthetic
and real-world data to guide us to study learned representations from contrastive
learning under nonlinear ICA settings. The next step is to investigate the worst
and expected performance of the learned representations in downstream tasks in a
regression setting.

Our project comprises four main contributions. First, closed-form theoretical ex-
pressions are derived that characterize the worst-case and expected downstream
performance of contrastive learning representations. Second, we performed exten-
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sive experiments on synthetic data to verify that the results align with our theory
and analyzed the potential factors that impact the quality of learned representa-
tions. Finally, we also performed experiments in a real-world setting in order to
generalize our theorem, using the specific downstream tasks. The results showed
that most of our downstream tasks fell within the confidence region defined by our
bound.

1.1 Context

There is a sizeable body of work to understand contrastive learning and its effec-
tiveness in downstream tasks [6, 14]. Multiple works are to prove the bound for the
sample complexity in the downstream tasks. Others attempt to unravel the roles
of negative samples when conducting contrastive learning or connect contrastive
learning to the data generating process. The authors in [15] argue that the learned
representations from CL can reduce the complexity of the labeled sample on down-
stream tasks with InfoNCE loss. Additionally, [16] showed that contrastive learning
is closely relevant to the data-generating process. However, as suggested by Evgenia
Rusak et al. in [17], there is still a gap between theory and practice when conducting
CL and the extent to which CL produces features that generalize across downstream
tasks remains an open question. An (e, d)-measure in paper [18] is proposed to prove
the upper bound of the population loss for the downstream classification task - that
is, with probability at least 1 — ¢, the population loss does not exceed the empirical
loss by more than € - and the authors in paper [19] demonstrated that the general-
ization bound for CL does not depend on negative examples, but up to logarithmic
terms, better than in paper [15].

To close this gap, this study is about whether contrastive representations retain
meaningful information about latent source variables in a nonlinear ICA setting.
Our focus is not only on how well these representations support downstream tasks,
but also on when and why they fail to do so. By analyzing both worst-case and
expected downstream performance mainly in a controlled simulation setting where
the true sources are known, we aim to better understand the conditions under which
contrastive learning generalize.

1.2 Problem

The first part of our problem is illustrated in Figure 1.1, which includes the mixing
step and the learning steps. In the mixing step, the source data z is mixed by a cer-
tain nonlinear function, for example, a multilayer perceptron with activation ahead,
to obtain the observed data x. This mixing step is part of the data-generating pro-
cess and is not under our control. For the learning step, the use of a neural network
aims to reverse the mixing step and recover the source variables s. As mentioned
in Section 1 we will work in an ICA setting in which prior work [1, 12, 13], has
shown that the source data z, assumed to consist of statistically independent com-
ponents, can be recovered up to a linear transformation. This affine identifiability is
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crucial in our setting, as it guarantees that the learned features have a meaningful
structure from the original sources, making it possible to evaluate their usefulness
in downstream tasks.

) ) )
)
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(a) Mixing step: The source data is transformed by a nonlinear function to produce observed
signals.

Jl-- e

 S— R — | S

(b) Learning step: A neural network attempts to recover the original sources by learning a
mapping that approximates the inverse of the transformation.

Figure 1.1: Mixing step (a) versus learning step (b). The figure illustrates part of
our problem setup. In the mixing step, latent source data is transformed by a non-
linear function to produce observed signals. In the learning step, a neural network
attempts to recover the original sources by learning a mapping that approximates
the inverse of the transformation.

Hence, it is intuitive to investigate how well our learned features capture the latent
variables that are relevant for downstream tasks, where labels in the downstream
are linearly determined by the latent variables. In order to quantify how good our
learned representations are, we resort to find the worst downstream task and also
the expected downstream performance given by a certain learned model.

More specifically, we attempt to answer the following questions in this thesis:

1. How can we identify the worst-case downstream task, that is, the linear func-
tion of the true latent variables for which our learned model performs the
worst? What is the loss for the worst downstream task? What factor affects
the performance of the worst downstream tasks?

2. How to quantify expected downstream performance in all possible downstream
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tasks? What kind of information does expected downstream performance con-
vey to us?

3. How far are our assumptions from real-world data” How does our theory
generalize in the real-world case, given a specific downstream tasks?

1.3 Limitations

Linear Downstream Task In this work, we focus on evaluating tasks defined by
a linear function of the true latent variables. This setting does not always hold in
real-world applications. For example, hard classification tasks often require complex
nonlinear decision boundaries, which are typically handled by adding multilayer
perceptrons or other neural network architectures to model these nonlinearities.
Hence, for our linear downstream task, the loss may be high even for an oracle
model, which might not be evident and promising when analyzing a deficient model.

In the background of ICA Most of our research is conducted under the as-
sumption of ICA, that is, data generated according to a group of (conditionally)
independent components. However, in a real-world setting, the latent variables may
not always be independent in a nonlinear setting. Although clear conclusions can
potentially be drawn under our ICA setting, the performance of downstream tasks
under conditions where the assumptions of ICA are violated remains unknown.

Noisy Latent Variables One notable point is that, in all related work, source
noise is never mentioned. In other words, it remains unclear how the presence
of noise in the sources would affect both the model and the corresponding down-
stream tasks. Here, we refer specifically to the noise added to the latent variables
z themselves. However, if the noise is not complicated, for instance, noise that is
independent of sources or white noise that is uniformly distributed in the sources,
the algorithm can treat this noise as another component or can separate sources
because of the independence of noise.

Simulated and Real-World Data A key limitation when analyzing the per-
formance on downstream tasks and the relationship between downstream loss and
contrastive learning loss is the differences between simulated and real-world data. In
simulated settings, we have full control over the data generation process, allowing us
to explicitly define the independent components and test theoretical assumptions.
This enables us to quantify how well contrastive learning recovers the underlying
structure and how it affects downstream performance. For real-world data, the true
latent structure is unknown, and factors such as noise and dataset biases are pos-
sible additional challenges that are not present when it comes to simulated data.
This gap between simulated and real world-data highlights the importance of our
proposed theorem to understand how well our controlled experiments translates to
practical downstream tasks.
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1.4 Notation

Throughout this report, capitalized letters are used to represent matrices, and vari-
ables in lowercase represent vectors, unless otherwise stated. Below, the main sym-
bols, operators, and notations used throughout this thesis are presented.

Table 1.1: Notation used throughout the thesis.

Functions and Operators

P(-)
E()
Var(X)
(.

Probability of certain event.

Expectation operator over a random variable.
Variance of a random variable X.

Trace of a matrix.

Observed and Latent Data

A A A

P=HHTH'HT

The observed time series data at time t.
Ground-truth independent components that generate
the observed signals (simulated data).

The learned representation extracted from x; by the
model h.

Matrix for latent features for the underlying genera-
tion process; each row is one observation of the latent
variables.

Matrix of recovered latent variables, where each row
is the model’s estimate of the latent variables for one
observation.

Projection matrix onto the column space of the recov-
ered latent features H.

Downstream Task Variables

A downstream task vector in the source space that rep-
resents a direction along which target values are de-
fined.

ith component of the downstream task vector.

The optimal linear predictor trained on the learned fea-
tures h(z).

The true downstream label.

The predicted downstream label.

Worst downstream loss where the index w indicates the
worst-case task.

Expected downstream loss, where the bar denotes an
average over downstream tasks or data.
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1.5 Outline

In this chapter, we have introduced our motivation for the thesis, to study the
generalisibility of contrastive learning in the setting of ICA. In Chapter 2, we will
introduce the problem formulation mathematically, and a relevant background is
provided to better understand our attempt to solve the problems. In Chapter 3, we
present the main theoretical results from our work, including our proof for the close
form of the worst downstream and expected downstream. In Chapter 4, the ex-
perimental setup is introduced for both simulated and real-world data. Afterwards,
Chapter 5 presents the results of simulated data and real-world data, to support
our findings from Chapter 3 and answer our research questions. In Chapter 6, we
discuss our theoretical limitations and give suggestions for our future work. Finally,
in Chapter 7, the conclusion of our thesis is provided.



2

Background

For the background section, we begin by recalling linear regression along with some
useful corollaries, which is essential for our following theorem in Chapter 3. We will
also cover the basic idea of independent component analysis and the time contrastive
learning method (TCL) from paper [1].

2.1 Linear Regression

Linear regression is a fundamental machine learning method that is used to model
the relationship between a set of input variables and a continuous output variable.
In the context of our theoretical framework, it provides a basis for analyzing how
well learned representations can capture target information. The following subsec-
tions introduce key concepts in linear regression, including ordinary least squares,
projection matrix, and the coefficient of determination.

2.1.1 Ordinary Least Squares (OLS)

In our project, we focus mainly on the generalizibility of the regression downstream
task of contrastive learning. In this section, we briefly introduce the basic idea of
linear regression and relevant theories.

We begin with the standard linear regression model, where the observed labels Y €
RY are assumed to follow a linear relationship with the feature matrix X € RV*9:

Y = X3 +-¢,

where 3 € R? is the true (but unknown) regression parameter, and ¢ € RY is the
error term capturing the discrepancy between the model and the observed data.

In order for the linear model to provide valid estimates, the following classical as-
sumptions are typically made [20]:

1. Linearity and additive errors: The relationship between the dependent
variable Y and the input variables X can be captured linearly. The error term
is additive.
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2. Independence: The errors ¢; are independent across observations.

3. Homoscedasticity: The error terms have a constant variance for all, i.e.,
Var(e;) = o? for all i.

4. No multicollinearity: The columns of X are linearly independent, i.e., X T X
is full rank and invertible.

5. Zero-mean errors: The error term has zero mean, i.e., E[¢] = 0.

Under these assumptions, we derive the OLS estimator B by minimizing the residual
sum of squares:

b= argmin [ X5 - Y];.
Expanding the objective:

IX6-Y[3=(X5-Y) (X5-Y),

then take the gradient with respect to § and set it to zero:
Vs (IXB=Y[3) =2XT(XB-Y) =0.
Solving the normal equation results in:
X'Xpg=X"y, (2.1)
from which we obtain the closed-form solution:

B=(X"X)'XTY. (2.2)

The estimator from 2.2 is unbiased under the assumptions above, satisfying:

E[B] = E[(X'X)"'XT(XB+¢)] =E[8] + (X" X)X "E[e] = 3.

However, for the fitted model, estimates of the error terms are called residuals, which
are defined as:

E=Y — XB. (2.3)

A useful corollary about residuals is
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which directly obtains from 2.1 by moving terms on both sides and factorizing X .
This corollary reveals that the observation vector for each feature is orthogonal to
the residual vectors. If the intercept is considered in the model, i.e. X includes
column of ones, then 17& = 0, which means that

2.1.2 Projection Matrix

Given a feature matrix X € R™? with full column rank, the projection matriz is
defined as [21]:

P=X(XTX)'XT,

This matrix P € R™" projects any vector Y € R™ onto the subspace spanned by
the columns of X, i.e:

Y = PY.

The projection matrix P satisfies the following properties:

1. Idempotent: P?> =P

Proof. We compute P?:

PP=XX"X)'XTX(X"X)'Xx"
= XXX (XTX) (xTx) T
(X" X)YXTX)=1.

Thus, P is idempotent. O
2. Symmetric: PT = P

Proof. We compute the transpose of P:

PT = (X(XTx)'x7)’
= (7)) (&) X
=XX'X)'X" =P

Proving that P is symmetric. 0
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2.1.3 Coefficient of Determination

Once the estimated coefficients B are obtained, the predicted response vector is given
by Y = Xz.

The coefficient of determination, denoted R?, is a statistical metric that evaluates
how well the regression model explains the variability in the dependent variable
based on the independent variables. It is defined as:

Iy Y3

RP=1- 12
Y =Y1|3

(2.4)

where Y = % » 1 Y; and where Y is the actual observed value, Y is the predicted
value from the model.

Intuitively, R? measures the proportion of variance in the target variable that is
explained by the model. An R? value of 1 indicates perfect prediction, which means
that all predicted values exactly match the observed values. An R? of 0 implies that
the model performs no better than simply predicting the mean Y for all observations.
Negative R? values suggest that the model performs worse than the mean predictor,
indicating a poor fit.

2.2 Nonlinear Independent Component Analysis

Our goal is to study the downstream performance for representation learning. In or-
der to develop theoretical guarantees, we make use of nonlinear ICA as a framework
and make use of identfiability guarantees made in the literature.

Theoretical setting We study a setting similar to [13], where we assume that the
data instance x; and the auxiliary variables u; € R? are generated by a nonlinear
smooth and invertible transformation f through a latent variable z. The process
can be defined as f : Z — X, where z C R” is the space of observations and z C R"
is the space of latent variables, n < k. The auxiliary variable can be either a vector,
a categorical label, or combination of both. We assume that the latent variable z;
is conditionally exponentially distributed given wu;:

Ql(zz) M
Ziu) + 2 BN w)

log P(zi]u;) = log

where g; ;, A\ j, Q; and Z; are scalar-valued functions and T is the order of exponential
distribution.

One special case of this is the data generating distribution for TCL [1] where the
auxiliary variable is the time index of a stationary time series, such as

10
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log P(2zi|T) = qio(2:) + Z ¢ij(8i)Xij (1) —log Z(Nia(T), .o, Aim (7)), (2.5)

j=1

where 7 indicates the segment index, g; o is the stationary baseline log-pdf of latent
z; and Z is a normalization constant.

Dataset We observe the dataset D = {(x;,u;)}; € [N] for contrastive learning,
where x; represents the observed data samples and u; denotes the auxiliary variable.

Contrastive learning for ICA Contrastive learning is a well-known solution for
nonlinear ICA. Potential solutions make use of the auxiliary variable to invert the
transformation f. In the example case of TCL, a feature extractor h(z) is trained
with a multiclass linear classifier to predict the auxiliary variable [1]. They have
shown that such a training process inverts the data generating process and identifies
f ~1 as a linear transformation of h. The TCL framework is shown in Figure 2.1
from [1].

Segments: T Predictions of segment labels
1 3 1 ...1 cee 3...34 cee
Vil - : M 1
Source  Fr TR i ‘ foccece- = | Multinomial logistic regression: W, b
signals i : T i T H
S , { | Theorem 1
n MM‘- (kb !
T * T E 1 Lindhiat) ML&
- X — ] = eeeeeeed s T il
| Nonllnea$|xture. f(s) | Felature : bl
values
1 S B m kadl i
Observed - vl !
signals ~ #uy “-rr‘u['r‘-'1 vl - W *
X b ‘ I Feature extractor: h(x; 6) |
n Ww e (M |
: Time (t) | | |
A Generative model B Time-contrastive learning

Figure 2.1: A nonlinear ICA model is learned with TCL. (A) The generative model
assumes observed signals result from a nonlinear transformation of independent
sources. (B) TCL trains a feature extractor to capture this nonstationarity using
multinomial logistic regression, classifying data points by segment labels 1, ... | T

[1].

2.2.1 ICA in Real-World

A classic example of blind source separation is the cocktail party problem, where
multiple speakers talk simultaneously and we observe only mixtures of their voices
through several microphones[22]. The goal is to recover the individual sources, each
speaker, from the observed mixtures, each microphone, without knowing the mixing
process or having access to clean source signals.
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2. Background

In such real-world scenarios, the observed signals are nonlinear and often lack access
to clean source references or to the mixing process itself. Nevertheless, certain struc-
tural assumptions can make unsupervised separation feasible. One such assumption
is segment-wise nonstationarity, where the distribution of the sources changes over
time, which can be used to extract meaningful representations.

TCL is possible to use in such settings. When the data can be segmented into
time intervals with statistically distinct source behavior, and when multiple views
or mixtures are available per segment, TCL can be used to learn features that align
with the underlying sources.

2.3 Downstream Performance

We are interested in studying the downstream task performance of representa-
tions learned from contrastive learning and developing theoretical guarantees for the
learned representations. In the ICA literature, it is studied that using contrastive
learning can invert the data generating process f up to certain transformations
[1], our goal is to use these identifiablity guarantees to quantify the quality of the
learned representations through different methods of contrastive learning, such as
multinomial classification [1], regression [9], and InfoNCE loss [23].

For the model h that we learned for contrastive learning, we investigate the setting
of downstream tasks Dy, = {Y;}Y| with the indices i corresponding to the indices
of instances in the dataset D.

2.3.1 Downstream Regression Tasks

In particular, if the downstream task is approached using linear regression, we con-
sider the empirical loss of the optimal linear predictor (i.e. the OLS estimator) for
a given target direction .

A

£ ) = minEp[((BTh(r) ~ 572) 1] (26)

This problem can be solved using an OLS estimator, and the matrix solution is
added in the Appendix A.1.

Hence, it is interesting to ask what the worst case is given our learned features. We
will look into the worst-case linear problem, where y; = 87 f~!(x;):

s = max L(h; 9) (2.7)

or the expected downstream linear problem:

Lo =Esop [z(z}; 5)] (2.8)
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2. Background

where B = {8 € RY : ||3]| = 1} represents all unit-norm linear downstream tasks.
This normalization allows us to focus on the alignment between the learned rep-
resentations and the ground-truth rather than the magnitude of 5, which can be
scaled as desired. Equation 2.7 indicates that we want to find the potential worst
downstream task for any learned features and check how well we can achieve on
this worst case. The potential solution for 2.7 is through the optimization method
(eg: projected gradient ascent [24]). Equation 2.8 is used to measure the average
performance on all downstream tasks, which can be solved by sampling 5.

2.3.2 Max-Min Over Min-Max

While min-max formulations are often used in machine learning to account for dif-
ficult or uncertain tasks, our approach instead uses a max-min formulation. In a
max-min setup, we fix a solution, in our case the learned representations through
OLS and ask: What is the worst task we can face and how well can we perform on it?
This is what is later referred to as worst-case downstream performance. In contrast,
a min-max approach would instead aim to find a representation that performs well
under the hardest possible task.

One reason we chose the max-min approach is that the inner minimization is a
convex problem, meaning that it can be solved efficiently and exactly. The min-
max approach, on the other hand, would involve non-convex optimization, making
it harder to solve in practice.

2.3.3 Uniform Distribution on a Hypersphere

Our theories in Chapter 3 are based on the uniform distribution on the N-dimensional
sphere. Hence, several basic properties are introduced.

Theorem 2.3.1 (Uniform distribution on a hyper-sphere [25]). Let  ~ N(0, I,,)
be a standard multivariate normal vector in R™. Then the normalized vector

B
15112

is uniformly distributed on the unit sphere S = {x € R" : ||x||o = 1} .

u =

This result implies that a simple and efficient method to sample uniformly from the
unit sphere is to draw from a multivariate standard normal distribution and nor-
malize the resulting vector. Besides, Theorem 2.3.1 highlights the invariant rotation
of normalized vectors from standard multivariate normal distribution. Moreover, it
follows by symmetry that the expected value E (u) equals to zero.

Lemma 2.3.1. Let u ~ Unif(S"1) and let @ € R™" be any orthogonal matriz
(i.e., QTQ = 1). Then the rotated vector Qu also satisfies

Qu ~ Unif(S"1).
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2. Background

This property is known as rotational invariance. It implies that the uniform distri-
bution on the sphere is invariant under orthogonal transformations. For a rigorous
proof, see [25].

For spherical symmetry, due to the spherical symmetry (or orthogonal invariance) of
the uniform distribution on the unit sphere S*~!, all coordinates u; of u ~ Unif (S"~1)
have identical marginal distributions, and satisty E[u;) =0 for alli =1,... n.

14
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Methods

The central aim of this project is to evaluate the downstream performance of learned
representations in a nonlinear ICA setting. This setting provides access to ground-
truth latent variables, enabling a precise assessment of representation quality when
identifiability is achieved. Building on the TCL framework|[1], we analyze theoretical
bounds and performance guarantees for downstream tasks under this assumption.
Experiments are conducted through simulated data, and real-world will be backed
up in the following sections.

The composition of this chapter is divided into three parts, brief introduction of the
TCL theorem, theory for worst downstream performance, and theory for expected
downstream performance.

3.1 Time-Contrastive Learning and nonlinear ICA

As introduced in Chapter 2, Hyvérinen (2016) [1] proposed an intuitive but delicate
method of unsupervised learning for time series data by leveraging its nonstation-
ary structure. He also showed that nonlinear ICA can be solved up to a linear
transformation by using TCL, which is the first identifiability result for nonlinear
ICA.

Theorem 3.1.1. If the data generating process is defined as presented in Equation
2.5, with ¢;0(%) =0 and M =1, z and x having the same dimension, after learning
the parameters of the feature extractor iL, the learned features fz(x) are equal to z up
to a linear transform.

This theorem is based on three main assumptions. Data generation should be carried
out according to Equation (2.5), i.e. exponential family. Then, this family should
be in the case of ¢;o(z;) = 0 and M = 1, which means that in this exponential
family, each source is associated with a single modulating function ¢;; and remains
consistent across all sources.

Theorem 3.1.1 describes the success of TCL for nonlinear ICA. If it is possible to
distinguish between segments, the model should learn something useful and identi-
fiability of nonlinear ICA can be achieved.
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3. Methods

3.2 Regression Downstream Performance Guar-
antee

We will first conduct studies to examine the generalizability of our learned features
from contrastive learning in the regression setting.

Linear regression performance is evaluated using the estimated independent compo-
nents, and compared to the performance obtained using oracle features. This was
done in two different settings, expected downstream performance and worst down-
stream performance. To evaluate how well the learned representations generalize
to typical downstream tasks, the expected downstream performance was assessed.
This formulation serves as a baseline for downstream analysis before analyzing the
worst-case scenario.

3.2.1 Assumptions For Downstream Tasks

Before the theoretical contribution is presented, the underlying assumptions must
first be stated.

Assumption 3.2.1 (Linear and deterministic downstream task). The label in the
downstream task is given by the linear combination of source data, i.e. given a latent
vector, y; = B 2.

Assumption 3.2.2 (Spherical parameter domain). The parameter vector (3 for the
downstream task lies on the unit sphere, i.e., 3 € S™ 1.

Assumption 3.2.3 (Noise-free source data). The source data are assumed to be
noise-free. Although the sources are drawn from a distribution, no additional noise
is included in the generative process.

The above assumptions are made to simplify the analysis and enable tractable the-
oretical results. The linearity assumption ensures that the downstream task can be
interpreted directly in terms of the latent sources. Constraining the parameter g3 to
lie on the unit sphere makes it less difficult for us to reach the theoretical result.
Assuming noise-free source data eliminates confounding factors from the generative
process, though this may limit the direct applicability of the results to real-world
settings.

3.2.2 Worst-Case Downstream Performance

To assess the worst-case downstream performance, a max-min objective was formu-
lated, as shown in Formula 2.7, where the optimal B conditioned on a fixed [ was
found using an OLS estimator. Then, the worst-case [ that maximizes the loss was
calculated using gradient ascend. A closed-form was also shown in the next chap-
ter. The worst case [ corresponds to the eigenvector associated with the largest
eigenvalue of this matrix, which is stated formally in Theorem 3.2.1.

For the simplicity of illustration for our theorem, we stack all the latent variables
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into matrix and define the matrix H = [zy,...,2x] € RY*" as the matrix for
latent features for the underlying generation process and each row is one single
observation for latent variable. Similarly, H = [hy, ..., h,]T € RV*" is the matrix
for the recovered latent variables. Besides, we define the projection matrix P =
H (]f[ TH )_1131' T which has the same properties specified in the previous section.
The following mathematical derivation is based on matrix form. Especially, the
matrix form for R square is added in the appendix.

Lemma 3.2.1. max,1,.1 7' Avr = Anax(A) if A is a symmetric matriz, where
Amax(A) is the largest eigenvalue of matriz A [21].

Theorem 3.2.1. The solution to the worst downstream loss Ly, defined as 2.7, has
a closed form solution:

W Amee (HT(I - P)H)

ds = N )
and the worst downstream task Byorsy 1S the corresponding eigenvector.

(3.1)

Proof. We can write the problem in matrix form

. |[HB - HB||3
max min —— =

BEB 3 N
For the inner minimization problem, it is a classic linear regression problem, with
the label vector defined as HB. Hence, the OLS estimator is the solution and can
be plugged into the formula.

B (B)=(H"H)'H"Hp

We plug the OLS estimator in the problem and use the symmetric and idempotent
properties of the projection matrix, leading to the following result.
P~ DHBE _ FTH(I - PYHS

= Imax = 1m
ds " 5eB N FEB N

Because 5 € B, we can refer to Lemma 3.2.1 and the final result was concluded:

B BYH'(I - P)HB  Apa(H'(I — P)H)
FeB N N N

]

For Lemma 3.2.1, it is similar to the well-known Rayleigh Quotient, which is com-

T . .
puted as max xxé‘”. Our version requires the norm of x to be one.

For Theorem 3.2.1, the proof combines the first lemma with the application of the
OLS estimator. The true label in our case is defined as HB. This theorem gives
the closed form of loss in the worst downstream task, depending on one projection
matrix P and a source matrix H. If the source data is fixed, this loss only depends
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on the learned features output from the neural network. Moreover, the following
Theorem 3.2.4 points out that the linear transformation of the learned features does
not affect the downstream loss. This is aligned with the basic OLS estimator, which
depends only on the basis of the projection matrix, and linear transformation will
not affect its basis. This theory also reveals that even if we do not apply an ICA
for final features, the downstream loss stays the same under our above-mentioned
assumptions.

Another way to support our theorem is by utilizing projected gradient ascent to
solve for 3 and satisfy the constraint 3 € B = {3 € R" : ||8]|| = 1}.

BTHT(I — P)HB H™(I - P)HB
o CCACE LA L T

And the update step for [ is

Brow = Boa + & H'(I — P)HByq.

/!

o new
Bnew - ||/B/ ||
new
where o/ = %a is the step size, because N and 2 are scalars that can be included in

the original a.

In Figure 3.1, it is clear that even with different starting points, the results of the
projected gradient ascent always converge to our theoretical closed-form solution.
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Comparison of Iterative and Theoretical Results for Worst DS task
4.75 -

—— Different Starting points (10 runs)
----- Theoretical solution

0 10 20 30 40 50

Figure 3.1: Comparison between iterative results and closed form results with ten
different initialized points from standard multivariate Gaussian distribution with
dimension 20 before normalization with unit norm. « is set at 0.0005 and number
of iterations is set at 50 steps.

3.2.3 Expected Downstream Performance

For the analysis of expected downstream performance, it is done by sampling random
linear functions [, projecting the ground-truth sources and the estimated compo-
nents onto these directions, and fitting an OLS estimator to recover each projection
as shown in 2.8. Averaging this over many random [ directions provides an estimate
of how well the learned representation aligns with typical tasks that depend linearly
on the source signals.

Before going to theorems, several lemmas are needed to introduce for better under-
standing the following theories.

Lemma 3.2.2. If 3 € R" is uniform distributed on n-dimensional sphere, then for
the expectation over the monomial of components 3;, Bi, . . . Bi, is zero if k is odd, or if
any index j € {1,...,n} appears an odd number of times in the multiset {iy, ..., i}

Proof. Because 3 is uniformly on the n-dimensional sphere, we can flip the sign of
each component of (3, yielding 8’, which has the same distribution as 8 because of
symmetry of the distribution. Hence,

E (B Bl = (1) -E[B, ... 8.

If k£ is odd, this flips sign, so:
E[5;, ... 5, ) = —E[fi ... 5i,] = 0.
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Now suppose k is even, but there is an index j that appears an odd number of
times. Consider the reflection of § that flips the sign of coordinate j only. This
transformation preserves the distribution (rotational invariance) but flips the sign
of the monomial. Hence, the expectation remains zero. O

Lemma 3.2.3. If § € R" is uniform distributed on n-dimensional sphere, then for
the expectation over the product from its two arbitrary components 3; and j3;,

0 ifiti
E[ﬁzﬂj]Z{l z;zi‘;

x
[l 2

Proof. For every single entry (; =

E[8:8;] = Eu [“] ,

(Edl
where z is from the multivariate standard normal distribution N .
Then, we need to investigate the case if ¢ equals j.

If ¢ # 7, we resort to Lemma 3.2.2, both 3, and 3; appear one time, yielding zero.

Ifi=j, E[5iB;] = Evon [Hﬁ?} Because for each entry of z, they are i.i.d. Hence,

E,n [”ﬁd has the same value for all 7.

2 ; 2
E 3. - F 2 :Elw T — 1 Emw ldmn(m]
5:65) = B 87 = Eesl) = mm B | Tl
1 dim(B) ng 1 1
— WE%N Z:ZI ||$||2] - dim(B) ~n

]

Then, our theory for the expected loss on all possible downstream tasks is introduced.
As defined in 2.8, the downstream task is drawn from the uniformly distributed n-
dimensional sphere. The average loss is computed to serve as an indicator of the
overall alignment between the learned features and the latent structure.

Theorem 3.2.2. Ifx is drawn from a multivariate standard normal distribution N,
g = H%II’ Las defined in 2.8 can be computed by

tr(A)
N-n’

(3.2)

where matriz A is defined as H' (I — PYH, and N is the total number of samples in
the matriz.
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Proof. With the help of Theorem 3.2.1, we can simplify our formulated term in the
matrix form, changing the maximization problem into expectation problem.

_ 2 TgT(r _
o=y [WE D] g, [T P

S 8748 = RS

N VErn |2 854,
2y

1
= > Ay Ban [
N%: j=B~B J

1 1

=N ;AijEﬂNB [8iB;] + N Z Ai;Es o [8i5]
1] 1=)

_ tr(A)

n

(from Lemma 3.2.3)

=

O

The theorem for the expected downstream task is verified through simulation as
well. We first sample a group of beta from the standard multivariate normal distri-
bution and then normalize each [ with its norm. Afterwards, using each sampled
normalized [ to compute the downstream loss and then average the loss over differ-
ent $. The simulated results can be seen in Figure 3.2. As the number of sampled
[ increases, the average loss appears to converge to the closed-form value derived in
Theorem 3.2.2, represented by the red dotted line.

Comparison of Iterative and Theoretical Results for Expected DS task

2.810

2.805 A

2.800 A

2.795 A

2.790 A —8— Simulated Result
----- Theoretical Result

10 50 100 500 1000 5000 10000 50000
Number of sampled B

Figure 3.2: Comparison between simulated results and closed form results with
different number of 5.

Lemma 3.2.4. If € R" is uniformly distributed on n-dimensional sphere, then
for any two different components [3;, B;, the joint distribution of (B, 5;) is invariant

21



3. Methods

under orthogonal transformations in the (3;, 5;) plane. In particular,

d (Bi+ B Bi— B
(5%’76]’)_( \/5 ) \/§ )7

i.e., the joint distribution is rotationally invariant in any 2D coordinate subspace.

Proof. Let Q € R™™ be an orthogonal matrix that acts as the identity on all
coordinates except for the i-th and j-th, where it applies the 2D rotation:

Qi) = ;5 H _11] :
Formally, ) can be written as a block matrix:
Q = diag(l;_1, Qi) In—j)7
where I;_; and I,,_; are identity matrices of size i — 1 and n — j.
From Lemma 2.3.1, we have
B~ Unif(S"') = QB ~ Unif(S"™).
Let 5/ = Q. Then (' is uniformly distributed on the sphere, and its (i, j) compo-

nents are: B 48 B f
1 gy _ (Pt B P B

(85, 55) ( NI )

Therefore, by the invariance of the distribution under @,
Bi+ B; Bi— DB

V2 V2 )

(85, 5) (
]

Lemma 3.2.5. If § € R" is uniform distributed on n-dimensional sphere, then for
the expectation over its four different arbitrary components [3;, B3;, Bi and B,

3
E [8:8; 801 = nln+2)

Also, for the expectation over its two arbitrary components square,

1
==y
Proof. From Lemma 3.2.4, we can conclude
Bt B\ (B—B\*| 1
E[3165] = E ( 7 ) ( 7 ) = JE[(6i+5)° (81 - B2)’].
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Expanding the product and using symmetry gives:

E[5263] = ; (2E[5) — 2B(5253]).

which implies:

E[] = 3E[515;].

In order to compute these two expectations, we expand the square of the norm:

(57)

Since [ is uniformly distributed on the unit sphere, we have:

(E) ]

WE(BY] + n(n — 1) E[5262) = 1.
Combining this with the earlier identity E[3{] = 3E[3?/33], we obtain:

E =E

S gt zm?] _ WE[S £ n(n — ) (B8]

i=1 i£j

> B =1=E
=1

Therefore,

n - 3E[B1 53] + n(n — 1) E[B{ B3] = 1,

which yields:
1 " 3

E[Bi33] = - E[3] = n(nt2)

(n+2)
[

Theorem 3.2.3. Ifx is drawn from a multivariate standard normal distribution N,
b= H%II’ the variance of empirical downstream loss L(h; 3) defined in 2.6, 0%, can
be computed by

. 1 [2757“(%12) +tr(A)?  tr(A)? (3.3)

2 : ==
0j = varg~B ['CdS(hv 6)} - ﬁ n(n + 2) n?

where matriz A is defined as H' (I — P)H, and N is the total number of samples in
the matriz.

Proof. The variance of downstream loss is defined as

o = vorscn [£as )] = vran [5749] = an | (79743) | Ban [0

The second has been solved in Theorem 3.2.2, which is given by N%qﬁtr(A)?
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For the first term,

1 11 1
Es-B [(NBTAB) ] = 2 Es-n (5TAB)2} = yals~B (%ﬁiﬁjflij> (; 5k5114kl)
= ]\%QEﬂNB (Z ﬁiﬁjﬁkﬁlz‘lzjz‘lkl)
oy
= ]\%2 Z Es~g [8:8;c01] Aij Al
i gk

Refer to Lemma 3.2.2, we have that Eg g [5;3;5:/5;] = 0 whenever all indices ¢ #
j # k # | are distinct. The same conclusion holds when exactly two indices are
equal and the other two are distinct.

Finally, this term turns out to be :

1 2 1
Esm [(NBTA5> ] - N2 ZE5NB [514] A%+ EsBlBBilAuA
| o
1 343 Aii A
=N . from L 2.
N2 Xi:n<n+2)+%€:n(n+2> (from Lemma 3.2.5)
. ik 1
L 247 A |
=\ ; Nt 2) + % Dt (rearrange terms)
- LZ%P—F;ZA..ZA
SN2 n(n+2)5 7" nn+2) 54 Kk
L 2tr(A%) +tr(A)?
SN2 | n(n+2)

~ r 2 r 2 r 2
Hence, a}% =varf3 ~ B [ﬁds(h; 5)} - ﬁ {Zt (ﬁ(%fz)(“‘) ! 5;2‘) }

3.2.4 Downstream Property in our setting

Theorem 3.2.4. L% and Ly, is invariant to H with an invertible linear transfor-
mation.

Proof. For LY and Ly, they are all decided by the projection matrix P of the

learned features. Suppose that there is an invertible transformation CT € R™ ",
which transforms the feature matrix H into HC'
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When we compute the new projection matrix for the transformed features, we need
to replace H with HC'. Then, we have

P=HCICTHTHC) '\CTHT = HCC'ATH(CT) 'CTAT =P

which shows P remains the same and then concludes the theorem. O

Theorem 3.2.4 indicates that once the learned features are obtained, the downstream
performance is not affected by the application of ICA to the learned features to
obtain more separated sources. This theorem also coincides with the fact that there
exists a corresponding transformation of the regression coefficients such that the
prediction, and hence the performance metrics such as mean squared error, remain
unchanged. Therefore, whether or not ICA is applied to learned features does not
have an influence on downstream performance, as long as the downstream model is
flexible enough to adapt.

Theorem 3.2.5. L, specified in theorem 3.2.2 is equivalent to compute the average
performance for dim(f3) orthogonal sparse downstream tasks Lq,,, where each orthog-

0 ifk#t

onal sparse downstream task SOt € [1, dim(B)] is defined as 6,(:) =1 T
1 =

Proof. 1f the average loss for dim(/3) downstream tasks are computed, it follows
that:

1 dim(8) (t
Lovg = % A
9 N -dim(B) tz; p pY
1 dim(B) (t)
Ajj
"N dlm tZ:l %:B
1 dim(s8
A
" N -dim(3) ; "
1
=—1Ir(A
N - dim(g) "
= st

[]

This theorem highlights the underlying method to analyze expected downstream
performance. Rather than sampling from an n-dimensional sphere, we only need
to look at the sparse dim(f) downstream tasks. In addition to that, there is an
explanation for each downstream task, because HS® indicates selecting the ¢
column of source signals as label, which means that the downstream task is just to
predict the t*" dimension of the source data.
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Theorem 3.2.6. The empirical downstream loss /j(lAz; B) is sub-Gaussian with pa-

rameter o = %lus, and satisfies the following Gaussian tail bound:

P (|£(h; B) = Las] > t) < 2exp (—f) :

o2

Proof sketch. We omit the full proof here, but since E(iL;B) is supported on a
bounded interval [0, LY.], it follows directly that it is sub-Gaussian with parame-

L
ter o = ==, OJ

This implies that the concentration of the empirical downstream loss around its mean
L5 becomes tighter when the worst-case downstream performance £, is small.

Corollary 3.2.1. Given confidence level 1—a, the empirical downstream loss E(lAz; B)
satisfies the following confidence interval:

L(h; ) € [c‘ds— ;m Las + 5\/@]

with probability at least 1 — .
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Experimental Setup

This section describes the experimental setup used to evaluate our theoretical find-
ings. We begin by detailing how the simulated source signals were generated and
mixed following prior work. We then outline our real-world audio-based experi-
ments in both dataset construction and two different types of mixing. Finally, the
downstream tasks used in a real-world setting are presented.

4.1 Simulated Data

Source Data Visualization Sensor Data Visualization
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Figure 4.1: An example for simulated data generated from Laplacian distribution.
For sensor data, it is mixed by a three-layer MLP. In the picture, only the first ten
channels of signals are presented.

Data Generation The data generation process was carried out in the same way
as in [1], generating simulated source signals with 20 channels and 512 numbers
of observations in each segment from the Laplacian distribution. For each channel
of the source signals, they are mutually independent. In order to modulate in a
nonstationary manner, each channel within each segment of the source should be
modulated by a value (i.e. \;;(7) in Equation 2.5), randomly drawn from a uniform
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distribution. As for nonlinear mixing function, the number of layers for mixing is
decided first and the same number of orthogonal matrices are generated randomly
to do mixing. Before each linear mixing, the activation function (Leaky Relu with
negative slope 0.2) was used. A visualization of our simulated data in the first ten
channels is shown in Figure 4.1.

Training Procedure The multilayer perceptron is trained as a feature extractor,
as in the TCL paper [1], which is illustrated in Figure 1.1(b). The number of layers
(L) for feature extractor is the same as for the mixing-MLP in the mixing step in
Figure 1.1(a). The feature extractor uses the maxout activation function, which can
be seen as a form of implicit feature selection. Specifically, effectively double the
number of channels and then select the maximum over pairs before reducing it back
to the original size. As for nonlinear mixing function, the same function presented
in the previous paragraph was used, a mixing-MLP which is initialized by a group
of orthogonal vectors with activation function(Leaky Relu with negative slope 0.2)
ahead of each linear layer. To tune the hyperparameters, the entire dataset was
stratified and split into training, validation, and test sets with a ratio of 70:15:15.
Then the feature extractor was trained by feeding with the training set, and the
Adam optimizer was used with default betas of 0.9 and 0.95, weight decay of 0.0001
and learning rate of 0.001. The batch size is 4096.

Metrics For the results, we report the most commonly used performance metrics
for the evaluating of downstream tasks, including mean squared error (MSE) and
the coefficient of determination (R?). These two metrics are fundamental for linear
regression tasks, measuring the average prediction error and the proportion of vari-
ance in the labels explained by the model. In order to evaluate the recovery of the
source variables, we use the mean correlation coefficient (MCC), which calculates
the mean of the correlations resulting from a bipartite matching of source and re-
covered latent variables from a cross-correlation matrix of randomized dependence

coefficient (RDC) [26].

4.2 Real-World Data

In order to verify our theorems in the real-world case, practical datasets were used to
carry out similar experiments and certain downstream tasks are proposed to verify
our theory.

4.2.1 Data Preparation

In deciding which data to use in a real-world setting, three things were taken into
account. Firstly, we wanted the data to represent a realistic case of blind source
separation in order to be able to have meaningful downstream tasks. Second, in order
to be able to use TCL as a framework for feature extraction, our data should have
nonstationary structure. Finally, we wanted access to the original source signals
to perform different mixing and also to be able to evaluate how well our learned
representations perform in downstream tasks.
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Dataset For our dataset, several instrument pieces were selected using the "Musi-
cal Instrument’s Sound Dataset" available on Kaggle [27]. In this large dataset, four
types of instruments were selected to conduct experiments: piano, violin, drums,
and guitar. The sound waves for each instrument are shown in 4.2, with the am-
plitude on the y-axis and the x-axis representing time points. The sampling rate is
fixed at 20kHz.

A
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(a) Source data visualization for piano. (b) Source data visualization for drums.
(c) Source data visualization for guitar. (d) Source data visualization for violin.

Figure 4.2: One second audio samples for the four different instruments from the
dataset.

Mixing Method To satisfy the temporal nonstationarity, variations over time
were introduced by augmenting the source signals across segments. Individually,
each source in Figure 4.2 was repeated and segmented to match the specified number
of segments, and amplitude augmentations were applied independently to each of
the segments that were used as true source data, which is a similar modulation in
the simulated data. The sensor data was prepared in two different ways. The first
way was through linear mixing as illustrated in 4.3. z; and z, represent the true
source signals. The two microphones pick up one mixture each from the instruments
where the more distant source is attenuated by a factor w. In doing this, two
different mixtures were created and used as our sensor data. This setup was extended
and three and four instruments were used to carry out our experiments. In the
case with three instruments, for each microphone, the closest instrument used its
original sound wave, the second closest was reduced to 0.5 and the farthest was
reduced to 0.3. For four instruments, the setting was similar to that for three
instruments, with the additional instrument being reduced to 0.5. Regarding the
nonlinear mixing option, the same procedure explained in Section 4.1 was utilized,
the source was centered with zero mean and then modulated. Figure 4.4 first presents
eight segments of source data where each source has been modulated segment-wise
and the right figure visualizes the sensor data after nonlinear mixing.

Training Procedure The main difference in the real-world dataset compared to
the simulated data is that we now have 20.000 data points per segment, since the
sample rate is 20kHz, instead of 512 data points in the simulated data. Therefore, the
experiments were conducted with 4 and 8 segments, with a downsampled sampling
rate of 8000, resulting in fewer data points compared to the original raw sound track.
Four different instruments were used, and we used all possible combinations with

29



4. FExperimental Setup

Z1*W

Figure 4.3: Our mixing step for real-world experiments where two instru-
ments(piano and drums in this case) are used, z; and z, corresponding to the piano
and drums. They are recorded by two microphones where w describes a decrease in
amplitude for the instrument farther away. Piano icon by Vecteezy.com, drum and
microphone icons from SVGRepo.

three instruments, respectively, and conducted experiments, both in the linear and
nonlinear case. We also modified the feature extractor accordingly, as the author
did in [1]. Dropout(dropout parameter set to 0.2) [28] and batch normalization [29]
are used in every linear layer. For the activation function in the last linear layer, it
is replaced with PRelu for better flexible representations. The training parameters
remain the same as the simulated data.

Experimental Setup A realistic case of blind source separation is achieved using
musical instruments. Nonstationary sources are introduced through segment-wise
augmentation or modulation of the source data. Additionally, by creating a custom
dataset, it becomes possible to evaluate the effectiveness of the learned representa-
tions on downstream tasks. The next step was the execution of downstream task
experiments.

Defined Downstream Tasks The next step, in order to verify our theoretical
results, was to perform downstream tasks. Since we worked with audio time series,
downstream tasks are not possible at each data point. Instead, a sliding window
was used to extract the labels. We set the window size to 500 data points with
500 hop size, which means that there is no overlapping between different windows.
Then we assigned labels to each data point using the extracted label. The following
downstream tasks were performed where T' denotes the time points in each window
i:
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Figure 4.4: Comparison of ground truth and mixed sensor signals nonlinear mix

e Mean Amplitude Prediction: Predict the average amplitude of each in-
strument within each window:

@ 1 ETI .
pt == Ll
Tt:l '

« RMS Amplitude Prediction: Predict the root mean square amplitude of
each instrument within each window, capturing both magnitude and energy:

RMSW = % 5 ()’
t=1

o« Max Amplitude Prediction: Predict the highest amplitude of each instru-
ment in each window. ' '
Max¥ = max |y

e Peak-to-Peak Amplitude Prediction: Predict the difference between the
maximum and minimum amplitudes of each source within each window:
PeakToPeak'V = max |zt| — min ||

e Standard Deviation: Predict the standard deviation of the amplitude values
for each source in the window:
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4. FExperimental Setup

These tasks were designed to evaluate how well the learned representations capture
relevant source characteristics in a blind source separation setting. By measuring
performance on these tasks, we can assess the informativeness and generalizability of
the representations with respect to the underlying generative factors, thus providing
empirical support for our theoretical analysis.
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Results

The reported results will showcase the effectiveness of the learned representations
for downstream tasks. For simulated data, the expected and worst downstream
performance is presented along with metrics that help to theoretically back up the
results. These are presented through different experiments that help explain how
various factors affect downstream performance. In addition to looking at the results
obtained, we also investigated potential causes behind this.

5.1 Simulated Data

To validate our theoretical framework and evaluate the quality of the learned repre-
sentations in practice, we examined a variety of experimental configurations and em-
pirical metrics, which are the same experimental settings as presented in Section 4.1.
Ranging the number of layers from 1 to 5, and also the number of segments from 8
doubling all the way to 512. Then, the MCC, MSE, and R? were computed. Our
baseline for experiments consisted of having the number of layers in the mixing-MLP
between 1 and 5 while having the feature-MLP between 1 and 5 layers, respectively.
This setup allowed us to look into how downstream performance is affected when
the feature extractor is of matching complexity as the mixing-MLP. The result in
this section presents both the worst and expected downstream performance.

5.1.1 Mean Correlation Coefficient

The MCC in Figure 5.1, between the learned features and the true sources, peaks
at intermediate depths and declines with higher segment counts, which is slightly
different from the results in the TCL paper [1]. The main reason is that there is
no dataset split in their original experiments and they computed the metrics based
on the training set, where there is a risk of overfitting. It is true that an increasing
number of segments can benefit the recovery of the source data, however, if the
number of segments is really large, it will jeopardize the learning step, indicating
that distinguishing between segments is a hard task.
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Figure 5.1: The reproduced results for mean correlation, having matching depth
of feature and mixing-MLP, the same settings used in the TCL paper.

5.1.2 Worst-Case Downstream Performance

For the worst downstream performance, the main result is shown in Figure 5.2,

which includes MSE before and after ICA and R2.

MSE MSE after ICA Coefficient of determination
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Figure 5.2: Worst downstream result followed the same setting as TCL paper,
across different feature extractor depths (1-5) layers, matched to mixing-MLP depth
across different number of segments.

As for MSE in the worst downstream task, it is obvious that the loss is decreasing
dramatically with the number of segments increasing for all settings with different
number of layers in the mixing and learning step. Especially for the number of
segments from 32 to 64, the loss decreases the most. Figure 5.2 shows that the MSE
after using ICA on the learned features is the same as the one without ICA, which
follows our Theorem 3.2.4. However, the R? score in Figure 5.2 inclines to decrease
to almost zero with an increasing number of segments, indicating that the worst
downstream task in a larger number of segments behaves like predictions for the
mean of the true label. This contradicts the intuition that a lower worst-case loss
should lead to higher explained variance, yet both are decreasing.
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However, a potential way to analyze how MSE changes is to decompose it into
two terms, the variance of the true label and the variance of the predicted values,

presented in Figure 5.3. The formula for decomposition is shown in the Appendix
AA4.
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(a) Distribution for true label and predicted label in the setting of layer 1.
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(b) Distribution for true label and predicted label in the setting of layer 5.

Figure 5.3: An example for distribution of the true labels and predicted labels in
the worst downstream tasks of simulated data generated from Laplacian distribution.

After decomposition of MSE into the two variance terms, it is intuitive to plot the
distribution for the true and predicted labels. From Figure 5.3, we drew the distri-
bution of labels in layers 1 and 5. Among the number of segments, the distribution
of true labels remains stable as a bell-shaped distribution. But for the distribution
of predicted labels, it begins to collapse to the mean of true label, which can also
be reflected by the results of R? in Figure 5.2 that its value reaches almost zero in
a large number of segments. And compare between layer 1 and layer 5, the former
shows slightly more collapsed according to the graph, which can also be reflected
from the lower R? in layer 1 from Figure 5.2.
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5.1.3 Expected Downstream Performance

Next, we will go through our expected downstream performance, where the same
metrics as those used for the worst downstream task were used, including MSE(before
and after ICA) and R?.

MSE MSE after ICA Coefficient of determination
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Figure 5.4: Expected downstream result followed the same setting as TCL paper,
across different feature extractor depths (1-5) layers, matched to mixing-MLP depth
across different number of segments.

It is clear that the results for MSE before and after ICA align with our Theorem
3.2.4, which is identical to each other. However, for the overall trend of MSE, it is
hard to conclude a consistent result regarding the number of segments, as well as
the coefficient of determination. However, the expected downstream performance
is lower and the R? value is higher than in the worst-case scenario, which is both
reasonable and expected. Given the analysis for the expected downstream, it is
difficult to analyze one downstream separately and draw the label distribution, as
in Figure 5.3.

Expected Downstream However, from Theorem 3.2.5, expected downstream
performance is equivalent to analyzing expected sparse downstream tasks, that is,
consider each dimension of source data as downstream labels and conduct analysis.
However, plotting the distribution of predictions for each downstream task makes
it difficult to assess the effects of the number of segments or mixing depth, as there
are too many individual tasks to analyze.

From the experimental results in Figure 5.4, it is shown that one and two layers stand
out from the rest and that the results of three to five layers exhibit a similar trend. In
order for better interpretation of the results mentioned above, we visualized the MSE
and R? for each sparse downstream task in Figure 5.5 for L = 1,2, 5, in ascending
order of MSE. It is true that if we increase the number of segments, the performance
differences between sparse downstream tasks diminish, but more variances of sparse
performances are introduced, due to the instability of distinguishing the segments
across all the segments. However, as we increase the number of mixing layers, the
variance for the performance or R? decreases. And, R? is not close to zero even if
MSE increases a lot, especially for 8 and 64 number of segments in five-layer mixing,
which means that these predictions from the model deviate from the mean prediction
and indicate that the model learned useful information from the recovered features.
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(a) 1-layer mixing case.
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(b) 2-layer mixing case.
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(c) 5-layer mixing case.

Figure 5.5: MSE and R? for each sparse downstream tasks in the case of 1,2 and
5 layer mixing. The tasks are sorting in ascending order of MSE.
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5.2 Ablation Studies

For ablation studies, we first intend to check the role of different number of layers
when mixing, with a fixed feature extractor. Because the same setting as TCL
paper [1] was kept, feature extractor has the same number of layer for mixture. It
is significant to check what happens when the mixing is complex, how it influences
the downstream tasks with a fixed feature extractor.

Then, recall our assumptions at the beginning, one of the biggest assumptions is
based on noise free source, which is impossible in the real-world data. Because,
it is inevitable to capture during recording. For the investigation of the affect of
noise, a Gaussian noise was added with different magnitudes to the source. For the
contaminated source, we will use this noisy version to train the inverted models.

5.2.1 Different mixtures with fixed extractors.

The same configuration presented in Section 5.1 was followed. However, it was
observed that the effect of using different feature extractors could influence the
validity of the conclusions, thus needing further experiments. The same results as
in previous experiments are reported, and the impact of different feature extractors
on downstream performance is investigated.
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Figure 5.6: Results for mean correlation, by fixing the feature extractor.

When it comes to MCC, mixtures with three layers have the highest values at 64
number of segments, and one-layer mixing has the worst MCC among all settings.
In addition, mixtures with different layers have the same turning points for the
decrease in MCC. However, as shown in Figure 5.2, the MCC results suggest that
using the same layer of the model to invert the data-generating process yields better
MCC values with more layer of mixing.

In Figure 5.7(a), it is obvious that the worst performance is decreasing with an
increasing number of segments, as well as for the coefficient of determination, which
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(b) Expected Downstream Performance.

Figure 5.7: Downstream performance followed the same setting as TCL paper
with feature extractor depth at three layers matched to mixing-MLP depths of (1-5)
layers.

has the same results as different feature extractors, more layers of mixing leading
to the prediction of the mean. Regarding expected downstream performance, high
values for MSE correspond to low R2, reflecting poor model performance or weak
fit to the data. However, 5-layer mixing consistently achieves a lower MSE and
higher R? across segments compared to models with fewer layers, as shown in Figure
5.7(b). Then the loss increases with decreasing number of layers in mixing. Possibly
indicating that deeper mixing introduces more complex nonlinear transformations,
which better suits the feature extractor to recover useful structure for downstream
tasks. It is also notable that there is no clear trend in the expected performance
as the number of segments increases. However, the curves for MSE and R? are
mirrored-higher loss corresponds to lower R*-which is consistent with the behavior
of a reasonable model.

5.2.2 Noisy Source

For the noisy source setting, the data are generated from a Laplacian distribution
and then contaminated with Gaussian noise of varying magnitude(0.01, 0.1, 1).
Then, the same training strategy is used to train the neural network and estimate
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the performance of downstream tasks.

Before going through the downstream performance, results for the mean correlation
are listed below in Figure 5.8. With less noise, MCC is similar to that in Figure
5.2. However, with a larger noise level, MCC for settings with less layer of mixing is
not able to achieve the same level as less noise case and more number of segments
are needed to improve the MCC, which indicates that classifying more segments can
relieve the influence of the noise. Then, after increasing the magnitude to 1, the
variance of MCC tends to increase for all the settings of segments, but the value of
mean correlation is not decreasing as expected.
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Figure 5.8: Results of MCC for simulated data generated from Laplacian distri-
bution under different noise level.

When it comes to the worst downstream performance, the noise does not affect
the overall trend of mean squared errors, except for 16 and 32 segments, with a
huge jump of decreasing. However, when the noise level increases from 0.01 to 0.1,
the coefficient of determination behaves differently. When the noise level is 0.1,
the value for R? is much smaller and close to zero, indicating that noise ruins the
worst downstream tasks, making its prediction a mean value as shown in Figure 5.8.
However, for noise level 1, the result is even better than noise with fewer magnitudes
and shows similar trend close to the free-noise situation.

The expected downstream performance with different magnitudes of Gaussian noise
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(c) Worst downstream with noise magnitude 1

Figure 5.9: Results of worst downstream task for simulated data generated from
Laplacian distribution under different noise level.

is presented in Figure 5.9, with each row presenting the corresponding MSE and
R? values for a given noise level. Note that the general trend, that more layers in
feature and mixing MLPs result in lower loss and higher R?, follows the pattern of
Figure 5.9. Furthermore, the MSE when the noise level is 0.01 and 0.1 are quite
similar but change slightly when increasing the noise magnitude to 1, where the
results are more similar and slightly lower.

5.3 Real-world Data

To evaluate how our method performs beyond the simulated setting, we include
experiments on real-world audio data. This section presents the results from using
instrument recordings in a blind source separation setup, with the goal of under-
standing how well the learned features support downstream tasks. All of the results
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are from settings for three and four instruments. We report the gold standard losses
for our learned features in the tables. Then, we performed our defined downstream
tasks and computed the losses for them. We wanted to see if the losses for our de-
fined tasks situate in a reasonable place with the estimation of expected and worst
downstream tasks.

5.3.1 Expected and Worst Downstream Performance

Table 5.1: Table for one-layer linear mixing setting and four-layer nonlinear setting
with number of segments 4 and 8. V: Violin, D: Drums, P: Piano, G: Guitar. These
results are computed from the test dataset and are used as gold standard bound for
the following specific downstream tasks.

Mixing Set. Seg. L AvgR® L Worst R® MCC Acc.
PV 0T s 02 oot 00 03
PEDYG ¢ 080 o1 295 026 0% 046

.

B R o e B L
DHVEG O Ui 013 om0 016 070 040
PEDEVEC ¢ 0m 0 om 03 om0
POV o 01 0at 006 0 ot
PEDEC o ol 0mr 025 001 061 040

Nonlinear PAVAG 4 0.19 0.15 0.38 0.01 0.69 0.52

8 0.13 0.21 0.24 0.03 0.74 0.38
DAVEG ¢ 01h oa 021 001 060 0t
PDAVHG ¢ 0T 0a1 0o om0t

The golden-standard results for our real-world data under different instrument set-
tings with linear mixing are shown in Table 5.1. Nonlinear setting achieves lower
loss than the linear setting overall, which coincides with our simulated results that
more layers of mixing tend to have lower losses. But for the mean correlation, the
linear setting is better than the nonlinear, which is intuitive because of the difficulty
to recover a nonlinear transformation of the sources. It is also the same case for the
accuracy; linear transformation is easier for the model to make classifications. For
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Figure 5.10: Bar chart for one-layer linear mixing setting and four-layer nonlinear
setting with number of segments 4 and 8. V: Violin, D: Drums, P: Piano, G: Gui-
tar. Presenting the expected and worst-case loss in the four different experimental
settings.

easier comparison, Figure 5.10 presents the expected downstream loss in a bar-chart.

We observe for the average downstream loss and the average R? score that there is
no clear trend with an increasing number of segments. The worst downstream loss
is, with the exception of P+D+G and P+D+V+G(linear setting), decreasing with
increasing number of segments, matching our theoretical results. For the nonlinear
setting, it is noticeable that with an increasing number of segments, the average loss
in downstream tasks decreases, which does not align with our theoretical results at
the beginning, but the decreasing average R? is similar to our results in Figure 5.4.

5.3.2 Defined Downstream Tasks

Figure 5.11 presents the expected downstream performance across different sensor
settings, the number of segments (4 and 8), and the types of mixing (linear vs. non-
linear). When increasing the number of segments from 4 to 8, the overall downstream
losses remain similar in the linear setting, but decreases in the nonlinear setting, ev-
idenced by a lower average loss and a tighter confidence interval. This suggests that
a finer segmentation enhances the representational quality of the learned features
under nonlinear mixing. Figure 5.11 (a) shows the results for the linear mixing
setting. Noticeably, the majority of the MSE for the downstream tasks lies within
the confidence interval except for some prediction of Peak to Peak Amplitude and
Max Amplitude prediction. However, in this case, the improvement from additional
segments is limited, and the performance becomes more sensitive to the choice of
sensor combinations.

In Figure 5.11 (b), among all the possible downstream tasks, most of them sit in the
specified confidence intervals and few of them exceeded our theoretical worst cases.
Especially for the P4+-D+G setting, numerous defined downstream tasks exceed the
worst downstream loss, which is an indication of a violation of the theory that the
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Figure 5.11: Expected downstream performance(blue line) with confidence
interval(cw = 0.01). Yellow line indicates the worst downstream performance. Other
points represent the specific downstream tasks. Light green stripe(Sub Gaussian CI)
indicates the confidence level computed from sub-Gaussian tail bound from Corol-
lary 3.2.1. Light blue stripe(Gaussian CI) indicates the confidence level under the
assumption that L4, (h; 8) ~ N (Lys, o?) .
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label is a linear combination of the latent variables. The outliers of our defined down-
stream tasks are still maximum amplitude and peak-to-peak amplitude prediction.
The potential reason is that the maximum amplitude is unstable as the peak value
can easily be affected by noise, outliers, or other sources of contamination. Since
it relies on a single extreme point, even small disturbances or artifacts can signifi-
cantly distort the measurement, making it less reliable. For increasing the number
of segments, it is shown that the total variance of the downstream performance is
decreasing, with the exception of P+D+G in the linear setting, which indicates that
the model tries to learn some fine-grained features for better representations. For
specific downstream tasks, the variance also decreases and the loss is closer to the
theoretically expected one.

For the confidence intervals, we come up with two ways to compute them. One is
due to the fact that the empirical loss in our case is a sub-Gaussian variable and
we can easily compute the confidence interval given a confidence level a. The other
way to compute the interval is to assume that the distribution of the empirical loss
is from a Gaussian distribution with a mean of £y and a variance of 0;21 as stated
in Theorem 3.2.2 and 3.2.3. We actually do not know how the empirical loss is
distributed due to the random variable of learned features.

For these two Cls, they are close to each other. But in the linear setting, the
confidence interval from sub-Gaussian tends to be bounded by that from Gaussian.
That is due to the larger sub-Gaussian parameter in the linear case. In the nonlinear
setting, sub-Gaussian CI has even larger ranges than that of Gaussian, yielding more
defined downstream tasks.

5.3.3 Learned Features vs Sensor Data

Finally, we want to investigate how well our learned features compare to the sensor
data. Despite nonlinear or linear case, most points lie above the diagonal, indicating
that learned features consistently outperform raw sensor features in downstream
tasks. This pattern holds across both linear and nonlinear mappings and for both
segment settings (4 and 8 segments). The advantage is particularly noticeable in the
nonlinear cases, where the learned representations demonstrate significantly lower
MSE. These results suggest that the learned features are more informative and
robust, offering improved generalization in downstream applications compared to
features derived from sensor data.
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Figure 5.12: Scatter plot for the downstream tasks. X-axis represents the loss
using the learned features. Y-axis represents the loss using the sensor data. Point
situating in the dotted line indicates equal performance between learned features

and sensor data.
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Discussion

To analyze the results and better understand their causes, we first discuss how the
theoretical assumptions and limitations affected performance. We then examine the
worst-case and expected downstream results, before concluding the chapter with
directions for future work.

6.1 Theoretical Assumptions and Limitations

Our theoretical framework is based on a set of simplifying assumptions that make the
downstream performance analysis in the nonlinear ICA setting tractable and allow
for closed-form expressions for both expected and worst downstream performance.
Specifically, we assume that the downstream tasks are linear functions of the latent
sources, that the task parameter vectors lie on the unit sphere, and that the source
data are noise-free. However, they also introduce limitations when conducting real-
world experiments.

The assumption of linear downstream tasks, combined with squared-error evalua-
tion, allows the problem to be analyzed through ordinary least squares regression.
Under this setup, both expected and worst-case performance can be expressed in
terms of how well the learned features align with the true sources via linear pro-
jections. This not only makes the analysis clean, but also restricts its relevance to
settings where the relationship between features and targets is approximately lin-
ear. In other domains, such as frequency prediction, downstream tasks are often
nonlinear and extracted from features. As a result, the performance guarantees de-
rived under this assumption may not be transferred directly to these more complex
settings.

Limiting (8 to lie on the unit sphere means that we treat all directions in the latent
space equally when evaluating performance. This makes analysis and gives a general
baseline for how the learned representation performs across every possible task. With
clear upsides, real-world applications usually have specific goals that correspond to
specific directions rather than being uniform. Even though we use uniform sampling,
the theory can be extended to have other distributions for downstream tasks. Thus
making it possible to adapt our framework to task-specific settings. Furthermore,
limiting ||5]] = 1 ensures that the loss is independent of scale and focuses purely
on the alignment between the learned features and the source data, which is not
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dependent on the framework and can be modified depending on the need.

Regarding the noise-free source data, which is useful for our theory, this assump-
tion does not hold fully in real world settings. It helps to investigate the role of
representations in contrastive learning, but in practice both source and sensor data
are often affected by noise. In such settings, the theoretical guarantees might not
strictly apply, but rather provide meaningful insights and serve as a solid baseline.

6.2 Worst Downstream Task

The worst downstream task reflects the latent direction that is the least recover-
able from the learned features. This offers a valuable perspective on representation
quality in highlighting which linear task performs the worst. This is useful in set-
tings where reliability is important and can reveal blind spots that would not be
discovered by expected performance.

As seen in our results, the MSE for the worst downstream task decreases as the
number of segments increases. Theorem 3.2.1 helps formalize this observation, as it
captures the maximum error when predicting any linear target derived from the true
sources using the learned features. As the number of segments increases, the MLP
gains more contrastive information, intuitively improving its ability to recover the
underlying structure in the data. Although this is reflected in Figure 5.2, we also
found that with a larger number of segments the model begins to collapse towards the
mean, as shown in Figure 5.3. This indicates that the result stems from uniformly
low errors across tasks rather than a good generalization. A possible reason is that,
with larger number of classes, the model struggles to distinguish between segments
due to limited samples per class, leading it to minimize the contrastive loss by
learning the mean regardless of input. This effect is particularly noticeable when the
number of segments greatly exceeds the dimensionality of the learned representations
(i.e. 64, 128, 256 segments versus 20 dimensions), making it increasingly difficult
for the model to represent all classes distinctly. This is further supported by the
decrease in both R? and MCC with increasing number of segments.

The ablation study that was performed by fixing the number of layers for the feature
extractor and adding noise to the source data,to further investigate our results. It
was shown that when adding noise, a high MCC was achieved with fewer number
of segments then drastically decreasing. A potential explanation is that, with fewer
layers of mixing, the sensor data with noise are still able to be recovered by the
model because of the less complicated data structure. However, with more layers
of mixing, the data structure is more nonlinear and complicated with high-level
noise added, making it difficult to recover the source data. We also pointed out
that the worst downstream loss for noise level 1 is very similar to our noise-free
experiment; a possible explanation for it is that the Gaussian noise dominates the
data and makes the model discriminate segments from the Gaussian distribution
with Laplacian noise instead.
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6.3 Expected Downstream

The expected downstream performance offers a broader picture of how well the
learned representation supports typical tasks. This makes it a useful indicator of
general-purpose representational quality, especially when downstream tasks are not
known in advance. However, this averaging can also mask important differences
between individual tasks, which motivates a closer examination of the sparse down-
stream results.

It can be concluded from Figure 5.5 that among all the scarce downstream tasks,
their performance varies. That said, increasing the number of segments can relieve
the variance of performance for the sparse downstream tasks. Moreover, it is notice-
able that downstream with low loss also has a low R? except in the larger segment
setting, which indicates that those downstream tasks tend to predict the mean of the
true label and learn almost nothing from the data. When the number of segments
is large, for example 512, the decrease of R? synchronizes with the increase of loss.
This phenomenon can also explain why in Figure 5.4, R? rocketed when the number
of segments is 512.

However, counterintuitively, with more layer of mixing, sensor signals are more min-
gled and harder to separate, which can be reflected in the decreasing MCC in Figure
5.2. However, when it comes to downstream performance, even though the loss is
similar to the case of less mixing, the R? score improves, indicating that the down-
stream task is better captured by a certain linear model.

6.4 Future Work

Several directions emerge from this work that could extend both the theoretical
framework and the empirical evaluation of contrastive learning in a nonlinear ICA
setting.

First, the TCL framework[1] is not the only recipe to conduct self-supervised learning
to tackle nonlinear ICA problems. There are other literatures such as [12], [13],
which can be used to recover features up to a linear transformation. It is intriguing
to ask how these learned features perform in downstream tasks and what factors
could influence the quality of these learned features.

Second, a good extension would be to compare against a fully supervised baseline
trained directly on the downstream task. This approach skips the representation
learning step entirely and instead trains a model from scratch. By evaluating its
performance across increasing amounts of labeled data, such a comparison would
help assess the sample efficiency and practical value of the learned representations.

Third, the current analysis assumes linear downstream tasks, enabling closed-form
results. A natural extension would be to consider nonlinear downstream objectives,
such as imposing a kernel method on the learned features to model the nonlinear
relationship, which would better reflect real-world applications, where the relation-
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ship between latent factors and targets is rarely linear. In addition to that, in our
work, we only include downstream regression tasks. For classification tasks, due to
the lack of closed-form solutions, we leave it out currently. However, classification-
based downstream tasks are common in real-world applications, such as instrument
classification and event detection.

Finally, in a musical setting, it is challenging to define meaningful downstream
tasks at the level of individual time points, as relevant information is usually dis-
tributed over short time windows. Therefore, it becomes important to extract fea-
tures segment-wise rather than point-wise — something that the TCL method does
not directly support. This suggests a need for new contrastive learning approaches
that can produce meaningful segment-level representations.
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Conclusion

In our thesis, we commenced with asking the question how generalizable our learned
features are from the contrastive learning recipe TCL and planned to investigate how
the features are influenced with respect to the downstream tasks. To answer these
questions, we provided several theoretical results which are useful for generalizability
analysis. In particular, under our assumptions, we provided our theoretical close-
form solution for the empirical losses, which is considered as a standard to quantify
how good the learned representations are.

To summarize what we have done, we have first proved a closed-form solution for
the worst and expected downstream loss, which is a function of the learned fea-
tures. In addition, we derived the variance of the loss, which helps quantify how
much downstream performance varies across tasks. Afterwards, we conducted the
experiments on both simulated data(same settings from the TCL paper) and also
using real-world data, with instruments. For simulated data, we try to investigate
how different settings influence the learned features and losses. For real-world data,
we found some real musical tracks and applied our own mixing procedure. Then
we applied contrastive learning to obtain features to perform specific downstream
tasks. We define our downstream tasks, which are to predict the statistical metrics
of the music as in mean or maximum amplitude. Through our experimental results,
we found that our learned features can outperform the sensor data and most of the
defined downstream tasks situate in a specific confidence interval, which is a good
indicator that our assumptions still align with the real-world case.

In conclusion, the quantification of downstream performances is a useful topic for
understanding how well learned features can perform in downstream tasks, which
sheds light on the effectiveness and generalization capabilities across different set-
tings.
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Appendix 1

A

A.1 Closed-form for L(5;h)

Proof. We know the downstream is given by H 3. The solution of /3 can be given by
OLS estimator.

b=(H"H) H HB

Then, we can write the loss into the matrix form:

£(5:h) = - (A3 — H5) " (fB — Hp)
— - (PHB— H)" (PHS ~ Hp)
1

=5 (8"H'HB — 8" H PHp)

_iT T _
= OTH (I~ P)HP,

where P is the projection matrix for H.

Hence, £(; h) has a closed-form solution ~BTH" (I —P)Hp.

A.2 Proof for Lemma 3.2.1

Proof. We use Lagrangian multiplier y, then
L(z,p) = 2" Az — p(1 — a™x),

We can compute

gL = (A+AD)2 — 2u = 2Az — 2ux.
x
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We set the partial derivative to be zero and we have
pr = Az,

which indicates p is the eigenvalue of matrix A. Then, the original objective function
becomes

I,}lazil ,U“IT'r = MWmaz = )\maw(A>

A.3 Matrix form for R square in our setting

From definition 2.4 and with our setting for Y = HB and ¥ = I:IB(B) = PHJj, then
the matrix form of R square is computed as

Y'YV =p"H'H"(A"HA) 'HHB = p"H' PHS

V'V =8"H'P"PHB=8"H"PHB

B IIY—}7II§
1Y — Y13
YTY —2YTY +YTY
1Y = Y13
BTHTHB—2Y Y +YTY
Y — Y13
BTHTHB — BTHT PHB
1Y — Y13
BTH'(I-P)Hp
1Y = Y13

R =

=1

=1
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A.4 MSE Decomposition

1 ) 1 -
MSE==> (yi—9)"==-> (yi—y+y—18)°
= i
1 L, 2 I A
=S -0? =3 —9)@G -9+ =S (5 — )
iz iz i=1
. 2 & . _
= var(y) + var(g) — > (yi — i+ 9 — ) (9 — )
=1
. 2 & A
= Var(y) - var(y) T Z(yz - yz)(yz — y)
=1
. 2 . .
= var(y) — var(§) — > e — §) = var(y) — var(g)
=1
el(y—9)

where var(y) refers to the variance of true label, which is determined by the linear
combination by the source data and var(g) refers to the variance of predicted label,
which is from our worst downstream task. ¢; is the residual term for sample 1.
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