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Bayesian Multi-Lane Road Geometry Estimation
OSSIAN ERIKSSON

Department of Some Subject or Technology
Chalmers University of Technology

Abstract

Advanced Driver Assistance Systems (ADAS) are automotive technologies that im-
prove driver comfort and road safety. Many such features, like adaptive cruise con-
trol and automatic lane keeping rely on knowledge about the geometry of the road
around the ego vehicle. This purpose of this work is to design and evaluate a model
based algorithm to estimate the center curves of highway lanes as well as on ramps
and off ramps based only on internal vehicle sensors and a front camera system
detecting lane markings. In particular, we design a novel road model with support
for describing any number of lanes of the ego road, on ramps and off ramps within
some range of the ego vehicle. To evaluate whether this road model is suitable for
tracking with a Bayesian filter, a multiple hypothesis coupled multi object tracking
filter is designed specifically for the chosen road model. Multiple hypothesis are used
to deal with data association for detections of lane markers and coupling lanes is
useful for modeling parallel lanes. The filter additionally deals with object spawning
and death in a way inspired by multi-Bernoulli mixture filters by giving each lane
within each hypothesis a probability of existence. The filter is evaluated on highway
driving scenarios provided by the Zenseact company and is demonstrated to track
the ego lane and parallel lanes well, but sometimes struggles to distinguish main
road lanes from on or off ramps since the filter only knows about lane markings and
not e.g. road edges or guard rails. The current filter implementation is also com-
putationally intensive and does not reliably run in real time on consumer hardware,
but demonstrates the potential of the road model used to track multiple lanes and
branching roads.

Keywords: Multi-Lane Road Geometry, Sensor Fusion, Bayesian Filtering, Coupled
Multi-Object Tracking.






Acknowledgements

I would like to thank my academic supervisor, Lars Hammarstrand as well as Yuxuan
Xia, both at the Department of Electrical Engineering, Chalmers, for many ideas,
discussions and useful feedback on my work and writings. I would also like to
thank my industry supervisor, Junsheng Fu at Zenseact for always being supportive
and helping in many practical aspects of my work. Additionally, I thank Sachin
Madhusudhana, Valentin Kovbas, Markus Eriksson, and the rest of team Skalman
at Zenseact for support and discussions.

Ossian Eriksson, Gothenburg, June 2023

vii






List of Acronyms

Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

ADAS Advanced Driver Assistance Systems
EKF Extended Kalman Filter

FP False Positive

GM-PHD Gaussian Mixture Probability Hypothesis Density
IMU Inertial Measurement Unit

LSTM Long Short-Term Memory

MBM Multi-Bernoulli Mixture

MHT Multiple Hypothesis Tracker

MOT Multi-Object Tracking

NEES Normalized Estimation Error Squared
PMBM Poisson Multi-Bernoulli Mixture

PPP Poisson Point Process

RANSAC RANdom SAmple Consensus

RFS Random Finite Set

RMS Root Mean Squared

ROI Region Of Interest

TP True Positive

70D Zenseact Open Dataset

ix






Contents

List of Acronyms ix
List of Figures xiii
List of Tables XV
1 Introduction 1
1.1 Structure of This Work . . . . . . . .. . ... ... ... ... .... 1
1.1.1 Notation . . . . . . . . . . . 2

1.2 Related Work . . . . . . . .. 2

2 Theory 5
2.1 Bayesian State Estimation . . . . . .. .. ... ... 5
2.2 The Kalman Filter . . . . . . .. .. ... ... ... ... .. .... 6
2.2.1 The Extended Kalman Filter . . . .. ... ... ... .... 7

2.3 Tools of Object Tracking in Clutter . . . . .. ... ... .. ... .. 8
231 Gating . . . . .. 8

2.3.2 The Poisson Point Process . . . . . .. .. ... ... ..... 9

2.3.3 The Bernoulli Process . . . . . .. ... .. ... ....... 10

2.4 Gaussian Sum Filtering . . . . . .. ... 0oL 10
2.5 Pruning, Merging and Capping . . . . . . .. .. ... ... .. ... 11
2.6 The Multi-Bernoulli Mixture Filter . . . . . . . . ... .. ... ... 12
2.7 Normalized Estimation Exrror . . . . . .. .. .. ... .. ... ... 14

3 Methods 15
3.1 Inmputdata . . . . ... ... ... 15
3.1.1 Internal Vehicle State . . . . . . ... ... ... ... ..... 15

3.1.2 Lane Marking Detections . . . . . . .. ... ... ... .... 15

3.2 Road Model . . . . . . . . . . ... . . 17
3.2.1 Clothoid Splines and Their Extension to 3D . . . . . . .. .. 17

3.2.2 Parameters of the Road Model . . . . . .. . ... ... .... 18

3.2.3 Multi-Lane Dynamic Model . . . . . . .. ... .. ... ... 20

3.2.3.1 Geometry Transition Model . . . . . . ... .. ... 20

3.2.3.2 Lane Spawning Model . . . . . .. .. ... ... .. 20

3.2.3.3 Lane Death Model . . . . . ... ... ... ..... 21

3.2.3.4 Dynamic Model Summarized . . ... ... ... .. 21

X1



Contents

4

3.2.4 Multi-Lane Measurement model . . . . . . ... .. ... ...
3.3 Filter Design . . . . . . ... .
3.3.1 Prediction Step . . . .. ...
3.3.2 Update Step . . . . . . . .
3.3.3 Additional Lane Housekeeping . . . . . . . .. ... ... ...

Results
4.1 Evaluation Data Sets and Methodology . . . . . . . .. ... ... ..
4.1.1 Extracting Parameter Estimates . . . . . . . . ... ... ...
4.1.2 Ego Lane Evaluation Methodology . . . . .. ... ... ...
4.1.2.1 Baseline RANSAC Lane Estimator . . . . .. .. ..
4.1.2.2 Learning Based Lane Estimator . . . . . . .. .. ..
4.1.3 Topology Evaluation Methodology . . . . .. ... ... ...
4.2 Road Topology . . . . . . . .. ..
4.2.1 Common Failure Cases . . . . . . .. ... ... ... .....
4.3 Ego Lane Geometry . . . . . . . . .. .0
4.3.1 Estimation uncertainty . . . . . . ... ... oL

Discussion

5.1 Evaluations . . . . . . . . . ..o
5.2 Choice of Road Model . . . . . . . ... ... ... . ... ......
5.3 Computational Performance of the Filter . . . . . .. ... ... ...
5.4 Conclusion . . . . . . . . .

Bibliography

A

xii

Appendix 1

29
29
29
29
30
30
30
32
34
35
37

39
39
40
40
41

43



2.1

3.1

3.2

3.3

3.4

4.1

4.2

List of Figures

Bayesian network description of a state space model. . . . . . . . ..

The top image show an example front camera image taken from the
Zenseact Open Dataset (ZOD) [25] with the addition of reprojected
manually placed lane marker detections. The detections illustrate
typical output of a 3D lane marking detection algorithm. The bottom
figure shows a birds eye view of the same 3D lane marking points
which were reprojected into the top image. . . . . . . . . ... .. ..

An example clothoid curve, a curve with a constant rate of curvature

Visualization of the road model. Each subfigure shows a different
subset of the parameters used. This example road has two main
road lanes and one branch. The curvature and width of the ego
lane and branches are described by continuous splines being linear
interpolations between set values at the edge of each spline segment.
Here, the main road splines have four segments and the branch two
as illustrated in the top right subfigure. In this birds eye view, the
parameters controlling the vertical position of the road as well as roll
and pitch of the ego vehicle are omitted for visual clarity. . . . . . . .

[lustration of lane delimiters. Each differently colored dashed line is
considered a separate delimiter. . . . . . . .. .. .. ... ... ...

[ustration of topology evaluation methodology. Evaluation is per-
formed within a rectangular region of interest area with side lengths
a and b aligned with and centered in front of the ego vehicle. Ground
truth lanes with an estimated lane center within the gate distance g
are considered detected. Estimated lanes not within a distance g of
any ground truth lanes are considered false positives. . . . . . . . ..

Snapshots from the filter tracking an off ramp, overlayed over satel-
lite images of the intersection fetched from Google Maps. First, the
off ramp is represented by an extra main road lane which then gets
replaced by a branch. Only lanes with sufficiently high probability of
existence are shown. . . . . .. ... .. . L

xiii



List of Figures

Xiv

4.3

4.4

Al

Some typical failure cases. In the top image, the number of lanes is
increasing back up from two to three after a narrow underpass. The
fast increase in road width causes a “ghost” branch to spawn. In the
center image, the model believes that a merge is in fact a heavily bent
diverge. In the bottom image a on ramp is mistaken for two main
road lanes. Satellite images have been fetched from Google Maps.
Logarithmic plots of normalized estimation error squared (NEES) for
lateral error at a few different distances in front of the ego vehicle as
indicated above each plot. Additionally, 95 percent confidence inter-
val bounds calculated according to (2.40) are shown. The magnitude
of the NEES varies throughout the sequence, and decreases as the
distance from the ego vehicle increases, suggesting the filter is under-
confident in its long range estimations, but overall the NEES is in
line with expectations. . . . . . . . . . ...

Merge from the same intersection as Figure 4.2. Satellite images
fetched from Google Maps. . . . . . . . . .. ... L.

36



4.1

4.2

4.3

List of Tables

Mean true and false positive fractions as defined in Section 4.1.3 for
different region of interest longitudinal extents a and gate sizes g.

The lateral extent of the region of interest is fixed at b =80m. . . . .

Comparison of the ego lane center tracking performance between
method proposed in this work (Our), a learning based method (NN)
and a baseline method (BL). The table shows lateral offset errors
to a high-resolution ground truth provided by Zenseact, both root
mean squared errors (RMS) and median absolute errors (median).
The horizon indicates the distance in front of the ego lane vehicle at

which the errors were evaluated. . . . . . . . . . . .. ... ... ...

Lateral estimation errors of ego lane features at various longitudinal
distances, horizons, from the ego vehicle along the road given by the
column headers. The evaluated ego lane features are center (Center),
as well as the left (Left) and right (Right) lane marker lines. The
lateral offsets are presented both as root mean squared errors (RMS)

and median absolute errors (median). . . . . ... ...

XV



List of Tables

Xvi



1

Introduction

As computer hardware in cars continue to progress, it allows for an increasing
amount of effort to be put into the development of Advanced Driver Assistance Sys-
tems (ADAS). Features such as driver drowsiness detection and automatic breaking
are becoming ever more important to drivers and are in some cases starting to be
required features in new sold cars [1].

Many active safety systems such as adaptive cruise control and automatic lane keep-
ing are reliant on having some knowledge of the road surrounding the vehicle. Thus,
increasing the accuracy and redundancy in road estimation systems is therefore cru-
cial to improving driver safety and comfort. On the other hand, faulty road geometry
estimation could have potentially fatal consequences for people on the road.

There are multiple approaches to road geometry estimation, such as using an offline
[2] or crowd sourced map [3], or using on board sensors such as cameras to get a live
view of the space around the vehicle [4]-[7]. Having multiple approaches to the same
problem is good for redundancy. For map based descriptions of the road geometry, it
is natural to include all lanes surrounding the vehicle. However, for on-board sensor
systems many algorithms such as the ones discussed in [5], [8] are only concerned
with estimating the ego vehicle lane, sometimes also including directly neighboring
lanes [9]. The aim of this work is to develop a model based technique for estimating
an arbitrary number of lanes on the ego road in highway scenarios, as well as any
merges or diverges from the main road.

1.1 Structure of This Work

This works purpose is to investigate a Bayesian approach to multi-lane tracking in
highway scenario. To this end, the Zenseact company has provided a closed data set
of highway drives in various European countries. From this data set, the scope of this
work is limited to focus on two groups of data: Internal vehicle signals such as speed
and angular velocity, and lane marking detections originating from an algorithm
processing images from a front facing camera. The desired output of the proposed
algorithm is a representation of the centers of the lanes of the ego road and merges
and diverges up to 200m in front of the ego vehicle.

To this end, a state representation of highway road is first constructed. Also, a
motion model describing the motion of the ego vehicle over the road is presented
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and a measurement model describing the expected output from the lane marking
detection algorithm given parameters of the road are needed. The model chosen is
a coupled one, where all lanes are represented by a joint state vector and covariance
matrix. Second, a multiple hypothesis multi object tracking filter is designed to
track the state. This filter has multiple interesting features which arise from the
specific tracking scenario, for example the way that lane markings detections are
not connected to the tracked objects (lanes) directly, but to borders between these
objects. Finally, the designed approach is evaluated on the data set provided by
Zenseact.

This report is split into five chapters. In this first chapter the problem is introduced
and related work is reviewed. In the theory chapter, relevant theory on Bayesian fil-
ters, object tracking in clutter and multi object tracking are reviewed. The methods
chapter describes the design of the road model, motion and measurement models as
well as the filter algorithm. Finally, evaluation results are presented in the Results
chapter, and the final chapter discusses the implications of the results and areas of
possible improvement.

1.1.1 Notation

Some common typesetting rules used throughout this report are as follows: Random
variables are displayed in upright sans serif fonts. Vector variables are displayed as
lower case boldface italic symbols, and matrix variables as uppercase upright letters.
Sets are denoted by calligraphic uppercase letters. For example, x is a scalar random
variable and its realization z. Additionally, x is a vector random variable and its
realization x. Furthermore, X is a matrix, and X a set. Random matrices are not
used in this work, but random finite sets are and are denoted like X. Finally, a
sequence of values (z;)Y, may alternatively be written as z1.y.

1.2 Related Work

Road geometry estimation methods based on on board sensors can be roughly split
into three categories: Those based fully on Bayesian filters such as the Kalman fil-
ter, those using other methods of estimation such as polynomial fitting or neural
networks and those using a hybrid of Bayesian filters and other methods. Addition-
ally, the methods can be categorized by whether multiple lanes or only the ego lane
geometry is estimated, and by whether the algorithm tracks lane marking lines or
lane center lines.

A purely Bayesian approach to estimating the ego lane center is presented in [5].
Here the curve of the lane is parameterized, and those parameters estimated by
means of a Kalman filter based tracker. Input to the filter is left and right lane
marking detections as well as static radar detections and dynamic objects detected
by a camera-radar fusion system. Multiple hypothesis are introduced in order to deal
with the static radar observations. This work is built upon in [4], which extends the
scope of [5] by also tracking on and off ramps in highway scenarios. To this end, the

2
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multi object tracking GM-PHD [10] and PMBM [11] filters are employed, however
the filters presented do not also track lanes adjacent to the ego lane.

A novel hybrid Bayesian approach to tracking multiple lane marking lines of the
ego road and also supporting on and off ramps is presented in [12]. This method is
interesting and illustrative in a couple of ways. Firstly, it tracks lane marking lines
which is a simpler tracking problem than tracking lane centers since the marking
lines can be detected directly and are more easily defined, whereas lane centers can
often only be described indirectly by multiple marking lines. It is not always easy
to extract lane centers from a representation of the lane marking lines if one does
not know which lines are supposed to define the left and right border respectively
of each lane. Second, it identifies the concept of parallel lanes or lane markings as a
topic of consideration. Lanes are often, but not always parallel, and in cases where
they are this can be used to improve the road geometry estimation. In [12] each
marking line is independently tracked by and extended Kalman filter, and as a post
process step lane markings believed to be close to parallel are adjusted to be more in
line with each other. Other methods taking alternate approaches to lane parallelism
are [7] where parallelism is always assumed, and [13] where lane parallelism is not
considered.
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Theory

2.1 Bayesian State Estimation

What is the true state of a control system? This is the question which the methods
of state estimation set out to answer. One may be able observe some properties
of the system, like the pressure of gas in a container, without explicitly knowing
other properties, like the temperature of the gas. However, knowing the pressure
should let us narrow down the possible range of temperatures, even if we do not
know all properties of the gas and even if we know that the pressure sensor is not
perfectly reliable in that it adds noise to the measurements. Thus between some
uncertainty in the inner workings of the control system and the uncertainty in the
measurements, the state estimation game becomes one of probability. This section

is dedicated to introducing the concept of Bayesian State Estimation as explained
by [14].

There are multiple interpretations of the concept of probability, of which Bayesian
probability is one. In this framework, all events have a prior probability of occurring
which allows for expressing the probability of an event even when none or finitely
many experiments have been done to test the ratio between positive and negative
outcomes. Crucial to Bayesian probability is Bayes theorem

p(alb)p(b) = p(bla)p(a) (2.1)
which may be derived from p(a, b) = p(alb)p(b).

For the purpose of state estimation, we assume our control system is described by
a discrete state space model. In each time step k we typically represent the state
estimate by a random variable x; and receive measurements also in the form of
a random variable y,. A Bayesian network representation of a state space model
with the Markov property is shown in Figure 2.1. The Markov property means
that future states are influenced only by the current state, and not by any past
states. The network of Figure 2.1 visualizes this fact, along with the assumption
that measurements only depend on the current state. These two properties can be
written as

P(Xk[Xk-1, Y1:-1) = P(Xk[Xp-1) (2.2)
and
P(YrlXk, Yi—1) = P(YgIXE). (2.3)
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Figure 2.1: Bayesian network description of a state space model.

The goal of recursive Bayesian state estimation is to express the posterior state
density p(xg|y;.;) given a prior p(Xg_1|y;.,—;) (and measurements from time 1 to
k). However, to find p(xg|y;.,) we first seek an expression for p(xx|y;,_,). Using
(2.2) and the law of total probability we arrive at what is known as the Chapman-
Kolmogorov equation

POl i) = [ Pl (@il ) dwics (24

where we have made use of equation (2.2).

Further, (2.3) in combination with Bayes theorem (2.1) gives

P\Ye | Xks ¥Y1:6—1 )P\ Xk |¥Y1:—
p(xelyys) = POEXE I PO L) (e (a)
p(Yk|Y1:k—1)

Here p(y;|xx) is known as the measurement likelihood. Since we are only interested
in the density with respect to x;, we may view the denominator as a constant
normalization factor and discard it. It can later be recreated by enforcing that
p(xx|yy.) should integrate to one.

Thus, the basic building blocks of a generic Bayesian state estimator have been laid
down. In time step k given a prior density p(xx_1|y;.,_;) one first performs what is
known as the prediction step of the estimator by applying the Chapman-Kolmogorov
equation (2.4) to obtain p(xx|y;.,_1). From a known likelihood, one next performs
what is known as the update step by applying (2.5) to obtain p(xx|y;,). This
procedure is then repeated recursively for time steps k + 1, £+ 2 and so on. For the
initial time step, an expression for the initial prior p(x¢) needs to be provided.

2.2 The Kalman Filter

The Kalman filter is a Bayesian state estimator specialized for linear and Gaussian
systems [15]. A linear Gaussian state space model is given by

Xp = Apxp—1 + Bruy + qp (2.6)
Yi = Cixp + Dyug + 1 (2.7)

where Ay, By, Ci, Dy are constant matrices, u is a control signal and q; ~
N(0,Qp), rp ~ N(0,Rg), xg ~ N(Zojo, Pojo) are independent random vector vari-
ables. Here, (2.6) and (2.7) are known as the motion and measurement model
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respectively, while g, and r; are known as the process noise and measurement noise
[14].

It can be shown [14] that the state estimates will also be Gaussian distributed for
all time steps, i.e.

P(XklY1) ~ N (Zrje, Prje) (2.8)
P(XelY16-1) ~ N (@rje—1, Prjp-1), (2.9)

where &y, Pyr and Z,—1, Prr—1 are the means and covariance matrices of the
prior and predicted state densities respectively. As such, the Kalman filter is a
conjugate prior filter, meaning the prior and posterior densities are of the same
family, Gaussian in this case. For linear and Gaussian systems, it can also be shown
[14] that the Bayesian state estimation equations discussed in Section 2.1 specializes
to

Prediction:
Zyjk—1 = ApZp_1jp—1 + Bruy (2.10a)
Pujio1 = APrip1 AL + Qi (2.10Db)
Update:
Ur = Cppjp—1 + Dyuy (2.10c)
St = CyPy—1Cy, + Ry, (2.10d)
K; = Py;1CL S, ! (2.10e)
e = Tpp—1 + Ki(ye — 9i) (2.10f)
Pir = Pre—1 — KeHp Py (2.10g)

2.2.1 The Extended Kalman Filter

The extended Kalman filter (EKF) is a variation of the Kalman Filter adapted for
nonlinear state space models given by

xp = [e(Xp—1,ur) +qy (2.11)
Yie = D (Xp; wg) + 1. (2.12)

The process and measurements noises q, and r; are as in the ordinary Kalman
Filter. In every time step the motion and measurement models are linearized around
the mean of the prior. The ordinary Kalman filter equations are the applied to
the linearization. This results in an approximate solution to the state estimation
problem where all densities are assumed to be Gaussian. According to [14], the full
EKF equations are

Prediction:

Zpp-1 = fr(Tr-1jk-1, Ur) (2.13a)
Pip1 = FPr_1p 1 FL 4+ Qy (2.13b)
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Update:
U = hi(Tppp—1, wr) (2.13¢)
Sk = HyPyp H] + Ry (2.13d)
K; =Py H.S;! (2.13e)
Zpke = Trpp—1 + Ke(ye — 1) (2.13f)
Pij = Pri—1 — K Hg P (2.13g)

where
T x| o K z| - (2.14)
T=Tf—1|k—1,U=Uk T=Tp|k—1,U=UL

2.3 Tools of Object Tracking in Clutter

Filters such as the Kalman filter and its variants are suitable for tracking the state of
a single object, such as a car or other vehicle, in environments with no clutter [14], i.e.
where every measurement is known to originate from the tracked object. However,
many real world scenarios involve sensors which introduce clutter, or sometimes
doesn’t detect the real object [16].

A typical example to illustrate clutter and the possibility of not detecting the tracked
object is the use of a radar sensor to track a single airplane. Every time the radar is
polled it returns a variable length list of distance angle detection pairs made since
the last time step. Even given that we know for sure that only one airplane is present
within the field of view of the radar, the sensor when polled may yield zero, one, or
multiple detections due to disturbances. This stands in contrast to simple sensors
such as IMUs and encoders which always return a fixed size data structure when
polled. Those radar detections which are due to disturbances and not associated to
the object we desire to track are called clutter. Given a set of detections from the
radar, it is possible that none of them correspond to the true object. This would
obviously be the case if the radar did not detect anything at the current time step,
and could for example be the result of the object holding an unfavorable angle to
the radar, or that something is blocking the view from the radar to the object. In
order to make use of such sensors as the radar in a tracking system, methods of
handling clutter and missed detections need to be formulated.

2.3.1 Gating

One way to deal with clutter is to simply discard detections that are unlikely to
originate from the plane given the prior. This is known as gating, and forms an
important part of clutter rejection measures in many more complex filters [16].

For single object tracking in scenarios with low clutter intensities and high probabil-
ity of detecting the object, using a simple Kalman filter in combination with gating
may be enough to achieve good tracking performance [14]. To illustrate the concept
of gating, we thus start from an ordinary Kalman filter. Now however, at each time

8
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step the object we desire to track may sometimes not be detected, and sometimes
we receive extra measurements due to clutter.

At the start of the time step the ordinary Kalman filter update step is performed.
Then, assuming that the object was in fact detected at time k, the Kalman filter
gives us the likelihood of measuring data y; as

1 1

planlen) = Nani g S1) = (-
k

(27) 2(yk — ) Syt (yr — Qk)> (2.15)

where d = dim y,. One may then discard measurements where p(yg|zy) < I' where
I is some threshold. However, it is often better to drop the first factor of (2.15)
when performing gating such that the gate does not discard measurements because
of uncertainty in the prior state [17]. We are left with the condition

1 N - N
exp(—5 (=908 =) < T (216)

or equivalently

da(yi) = v/ (e — ) TS (we — 1) < T (217)
where dy(yx) is known as the Mahalanobis distance [17]. If there are no remaining
measurements after gating, no update step is performed at time k. This corresponds
to the sensor not detecting the object at time k. Otherwise, one of the remaining
measurements corresponds to the real object. In the case with low clutter intensity,
you would expect there to only be one remaining measurement in most timesteps.
In this case, it may be sufficient to perform the Kalman filter update with the most
likely of the remaining measurements, discarding the rest.

2.3.2 The Poisson Point Process

Using gating on its own to deal with clutter may be feasible in scenarios with low
clutter intensities, however as the amount of clutter increases it becomes more impor-
tant to model the clutter in order to reject it with higher accuracy. One commonly
used model of clutter is the Poisson Point Process (PPP). In this model, the clutter
measurements are independent and identically distributed. At each time step, the
number of clutter measurements n in the volume )V surveillance by our sensors is
Poisson distributed with expected value

A= /v)\(y) dy (2.18)
where \(y)/\ is the probability density function of each of the clutter measurements
[18]. Here A(y) is known as the intensity of the Poisson point process.

Given that we received n = n clutter measurements
YO ={yf ...y} (2.19)
the joint probability density function of the set of those measurements would be
n!

p(Y[n) = nt TT o) = £ TTAG5) (2.20
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where we note the addition of the n! factor to account for the disregarding of the
ordering of the clutter measurements. Since n itself is Poisson distributed with

parameter A, -
AT
p(n) = P g (2.21)

the complete probability density of measuring the set Y is [18]

p(YC) = p(YC‘n)p(n) = f[1/\(yJC) (2.22)

Sets such as Y© where n = ‘YC‘ < oo is a random variable are generally known as
Random Finite Sets (RFS) [18]. In particular, Y© is a PPP RFS.

2.3.3 The Bernoulli Process

In addition to introducing clutter measurements, an imperfect sensor may also not
detect the tracked object at each time step. This property is nicely modeled with a
Bernoulli Process. Using the Bernoulli Process model, at time step £, the object is
detected with probability p and undetected with probability 1 — p. Given that the
object is detected, it is distributed according to some distribution with probability
density function g(y) [11].

The set of detections originating from the object is also a random finite set Y° with
probability density
po(y®) i Y ={y"}
p(YP)={1-p ifYP=9 (2.23)

0 otherwise.

2.4 Gaussian Sum Filtering

The Gaussian sum filter is a filter capable of tracking a single object in scenar-
ios with high clutter intensities. In the filter, the state densities are represented
as as superposition of multiple Gaussian densities [19]. For example, the prior is

parameterized by
Hy _1jk—1

(<wllgfl|k71>:%Zfl\kflvpzfukfl»h:l (2.24)
where the w’k[”kfl, :%qukfl and PZ&\kq are the weight, mean and covariance of
the h:th component in the Gaussian mixture [20]. One way to interpret the prior is
to view the mixture components as hypotheses, where within each hypothesis the
density is Gaussian. As such, the Gaussian sum filter is an example of a multiple
hypothesis tracker (MHT).

In the prediction step of the linear Gaussian sum filter, the number of hypoth-
esis stays constant, i.e. Hpp_1 = Hyp_1x—1. The weights are also unchanged,
Wik—1 = Wk—1)k—1, While the ordinary Kalman filter prediction step is applied to
each hypothesis separately to acquire iiﬁ w1 and PZ| w1 120].
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For the update step, one is given a set of J measurement vectors,

Ve ={Yr1,--, Yrs}- (2.25)

Now, assuming point object tracking, that is there is at most one detection corre-
sponding to the real object, there are J + 1 different possible cases: Either one of
the measurements yj, ; correspond to the real measurement and the rest are clutter,
or all measurement vectors are clutter.

To perform the update step, for each prior hypothesis h, each of these J + 1 so
called data association hypotheses are considered. In total, Hy = Hyp—1(J + 1)
new hypothesis will be created from these combinations of possibilities. For the case
where measurement yy, 4 corresponds to the real object in hypothesis h, the weight
of the resulting hypothesis is

Wi X Wy PPN (Ya; Crip_r, SIS (Ve \ {Ya}) (2.26)

where PP is the probability of detecting the object in time step k, and f{ is the
clutter probability density function, and the hypothesis mean and covariance may
be updated according to the standard Kalman filter update with y; 4 as measure-
ment vector. For the case where no measurement correspond to the real object in
hypothesis h, the weight of the resulting hypothesis is given in [20] as

wify, o Wiy (1= BP)fE (D), (2.27)

while the hypothesis mean and covariance remain the same. The updated weight
are then normalized to sum to one in order to account for the denominator in (2.5).

With PPP clutter, (2.26) and (2.27) become

whly o< Wl PPN (yi.a; Colye_r SEe™ TT Myny). (2.28)
j#d
and
wﬁ[k X wZ\k—1(1 - Pl?)e_/\ H AMYr.j)- (2.29)
J

respectively. When implementing the filter, it is often more efficient to divide (2.28)
and (2.29) with e *[T; A(y,;), since this does not affect the normalized weights.

2.5 Pruning, Merging and Capping

When making a naive implementation of a MHT such as a basic Gaussian sum fil-
ter, one quickly runs into the problem of an exploding number of hypothesis. In
the update step of the filter discussed in Section 2.4 the number of hypothesis is
multiplied by J + 1 every time step where J is the number of measurements. To
combat this exponential growth in computational complexity some approximations
are introduced to make filter implementations more tractable. The techniques dis-
cussed here, pruning, merging and capping, are general techniques which are used
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in many different MHT algorithms for reducing the number of hypothesis, often in
combination with each other [21].

Pruning is the process of discarding those hypothesis which are relatively unlikely. If
for example the posterior consists of Hy, hypotheses with weights w,ﬁ i, one simply
discards the hypotheses which does not fulfill

h prune h'
wyy, > T MAX Wy, (2.30)

meaning the most probable hypothesis needs to be at least 1/T'P™"® times more
likely then hypothesis h for h to survive. After pruning, the remaining weights are
renormalized.

Merging is the process of summarizing two or more similar hypothesis in a single
hypothesis [22]. First, similar hypothesis are identified using some criteria. Then
these hypothesis are merged into a single hypothesis. For example, with Gaussian
hypothesis H = {hi, ..., hy} with weights w", mean 2" and covariance P" merging
consists of approximating this Gaussian mixture with a single Gaussian with mean
™8 and covariance P™'#¢, This can for example be done with moment matching
[22], resulting in

gmerge _ Z whi:h’ prmerge _ Z wh (Ph + (;ﬁh . :ﬁmerge)(:ﬁh . ac:merge)"l'). (2‘31)
heH heH
The weight of the merged hypothesis is the sum of the weights of the individual
hypotheses,
wmE = Ny wh (2.32)
heH

Finally, capping is perhaps the most straightforward way of reducing the number of
hypothesis. If the number of hypotheses exceeds I'*P, we discard all but the ['“*P
most likely hypotheses. The remaining weights are then renormalized. Capping
guarantees that the number of hypotheses will always be bounded by I'**P.

2.6 The Multi-Bernoulli Mixture Filter

The Multi-Bernoulli Mixture (MBM) filter is an algorithm for tracking multiple
separate objects in the presence of clutter, a so called Multi-Object Tracking (MOT)
problem. So far, the examples discussed in this work have mostly focused on single
object tracking, like tracking a single airplane using radar. A natural extension is to
also consider the possibility of multiple object, and an unknown number of objects.
This section is dedicated to a brief explanation of the MBM filter as described by
[23].

The filter represents the state as a superposition of hypothesis, where each hypothe-
sis is a union of Bernoulli processes. Each such Bernoulli process may be interpreted
as one possible object track. For Gaussian Bernoulli densities, the prior is a can be
represented by

h.i i hi NP \ ) et
<<wl}£1|k17 (<pk71|k—1mk—1|k717 Pk71|k71>)i:k1 " 1>> : (2.33)

h=1
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Here p" are the Bernoulli existence probabilities. In each hypothesis h the expected
number of objects is the sum of p"® over i. Here each hypothesis represents a
Bernoulli mixture RF'S, that is a union of Bernoulli RF'S. Within hypothesis h each
Bernoulli RFS i contains an element with probability p, and if the element exists
it is distributed according to N (2", P?).

The prediction step of the MBM filter is very similar to Gaussian sum filtering in
that the number of hypothesis and hypothesis weights are unchanged, while the ordi-
nary Kalman filter prediction step is applied to each object of each prior hypothesis
separately. However, the MBM also includes two new features as part of the predic-
tion step, both connected to the fact that the number of objects in each hypothesis
may change. First, some of the previously tracked objects may have disappeared
between the previous time step and the current one. This property is called object
death. Let the probability that each object survives from one time step to the next
be PS. We call this quantity the probability of survival. Then we may update the
existence probabilities of the previously tracked objects as

h.i h.i
Prlk—1 = Pspk\k—l' (2.34)

Additionally, some new objects may have appeared from the previous time step to
the current one. This is handled by adding some new components to the Bernoulli
mixture of each hypothesis where we believe new objects may have appeared. This is
called object birth, and the number of birth components N® as well as their density
and probability of existence can be arbitrarily chosen to best represent the birth
density of the specific scenario one is designing a filter for. Thus the number of
Bernoulli components is increased in the prediction step, V, ,?‘ 1 =NV, ,?_1‘ w1 + NP

The update step of the MBM filter is also similar to Gaussian sum filtering. In its
most basic form, for every hypothesis one considers every possible valid combination
of assigning measurement data to either one of the objects in the Bernoulli mixture,
or to clutter. With the point object assumption, a data association is only valid if no
object has multiple measurements associated to it. Consider for example the prior
hypothesis h and one of the possible data associations under it. Assume also that
we use a PPP clutter model with intensity A“. We are given a set of J measurement
vectors

Ve =A{Yr1-- - Yrs}- (2.35)

Let i(j) = 0 if measurement j was associated to clutter and the index of the Bernoulli
mixture component associated to measurement j otherwise. Then we may add one
hypothesis A’ to the posterior where the mean and covariance of each object is either
updated independently according to the standard Kalman filter update if it had a
measurement associated to it, in which case we say it was detected, or copied straight
from the prior if no measurement was associated to it. The existence probability
pz‘,kz is set according to

PZ;;; =1 If object i was detected (2.36)
h,i D
‘s Y =
PZU’; = hfklk ! T S If object ¢ was not detected, (2.37)
L= ppjk—1 + Prjer P
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where PP is the probability of detecting each object as introduced for Gaussian sum
filtering in section 2.4. The number of objects will be the same as in the prior, i.e.
N, ,f}‘/k =N ,?‘ w_1- Finally, the weight of the resulting hypothesis is set according to

L~ ahii hyi
wk\k OCwlqk 1 H PP pk|k 1N(yk7jﬁckwk|kfl7sk )X

i€IP
II (1 pk|k 1) 11 A (Yr.5)

i€T\IP JjeTC

(2.38)

where T = {1,..., N/, } are the indices of all objects, Z® = {i(j) : j € J} are the
indices of the detected detected objects and J¢ = {j € J : i(j) =0} is the set
of clutter measurement indices where J = {1,...,J}. Finally, the weights of all
posterior hypothesis are normalized.

It should be noted that when implementing the filter on a computer, one should not
directly apply the methods presented here, but instead look to a more optimized for-
mulation such as a track oriented one instead of the hypothesis oriented formulation
given here. It is also often not desirable to consider all possible data associations
for each hypothesis, it is enough to consider only the most likely, and these can be
computed very efficiently using a cost matrix. It is also recommended to periodically
remove objects with low probability of existence from each hypothesis to improve
computational performance.

2.7 Normalized Estimation Error

An important property of Bayesian filters is that the state of the filter is a probability
density. Thus it is possible to not only extract parameter value estimates from the
state density, but also the uncertainty in those extracted values. When evaluating
tracking performance of a filter, it is important not only to evaluate the accuracy of
the extracted parameters, but also the accuracy of the uncertainty estimates.

Only method of testing the accuracy of uncertainty estimates of Gaussian filters
is by computing a quantity known as the Normalized Estimation Error Squared
(NEES). Given a sequence of means and covariance matrices (&, Pr))i, of the
estimated state density and a corresponding ground truth state sequence (xy),_,
we may compute the NEES sequence

Er = (g’ka — CUk>TP];1(C?3k — wk) (239)

If the the state estimate @, is consistent with Py, ), should be samples from a y?
distribution with n = dim(xy) degrees of freedom [24]. If this is indeed true, then
the ratio of time steps such that g lies within the confidence interval [rq, 7] to all
time steps is approximately 1 — o where

r = F1 <‘;‘n> ry = F~1 (1 - % 2) (2.40)

where F is the cumulative density function of the x? distribution [24].
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Methods

The method of this work is split into three steps. First, the data sources to be used
for geometry estimation is surveyed. Second, a model of the road is chosen to suit
the aim of the project and the available input data. Finally, a filter is designed to
estimate the parameters of the road model.

3.1 Input data

This work uses two main sources of input data provided by Zenseact, internal vehicle
signals and lane marking detections. Understanding of the available input data is
needed for the design of a suitable road model as well as the filtering algorithm.

3.1.1 Internal Vehicle State

A Zenseact algorithm provides a set of preprocessed internal vehicle signals, the
most interesting of those being vehicle speed and angular rates. As these signals are
already filtered, they are almost free from noise and can be considered very accurate.
Therefore this data will be used as the control signal input for the update step of
the proposed filter, thus eliminating the need for states to track the rate of change
of the vehicle pose in relation to the road.

3.1.2 Lane Marking Detections

The other main data source are lane marking detection, a set of world coordinates
corresponding to the position of lane markers produced by a neural network based
on camera images from a front mounted camera. An illustration of a typical front
camera image and the output of the lane marking algorithm are shown in Figure 3.1.
In more detail, the output of the lane marking detection algorithm is a set of 3D
coordinates along with uncertainty estimates of these coordinates. As uncertainty
estimates are provided, this motives the choice of using lane marking detections as
measurements in the update step of the proposed filter.
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Figure 3.1: The top image show an example front camera image taken from the
Zenseact Open Dataset (ZOD) [25] with the addition of reprojected manually placed
lane marker detections. The detections illustrate typical output of a 3D lane marking
detection algorithm. The bottom figure shows a birds eye view of the same 3D lane
marking points which were reprojected into the top image.
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Figure 3.2: An example clothoid curve, a curve with a constant rate of curvature
change.

3.2 Road Model

As the goal of this work is to estimate lane centers, the description of lane center
curves is central in the choice of model. Additionally, since the lane markings are
measured, it should also be possible to extract the possible locations of lane markings
from the model.

3.2.1 Clothoid Splines and Their Extension to 3D

Many previous works have focused on describing only the ego lane center, or de-
scribing the lane center or marking lines of the road as independent objects. There
are multiple common ways to parameterize the curve of a lane center of marker
line, such as polynomials [12], lateral offsets at fixed longitudinal points [26], [27] or
clothoid splines [4], [5]. In this work, clothoid splines are used as a building block
in the road model. A clothoid, illustrated in Figure 3.2 is a 2D curve with constant
rate of curvature change along the curve. A clothoid spline is thus a chain of multi-
ple connected clothoid curves constrained such that the curvature is continuous. To
find the geometry of the clothoid spline, the following differential equation is solved:

d x(l) cos ¢(1)
3 [v| = |sino(D), (3.1)
(1) k(1)

where z(l), y(I) are the Cartesian coordinates of the point a distance [ along the
curve, ¢(1) is the heading angle of the curve and x(l) is a continuous piecewise linear
function describing the curvature of each segment — within each segment the slope
of k, i.e the curvature rate, is constant.

In this work, after some initial testing with a 2D road model it was decided to
attempt a 3D model since lane marking detection coordinates are given in 3D. To

17



3. Methods

this end, the 2D clothoid described by (3.1) was extended to 3D according to

z(l) cos (1) cos O(1)

d y(l) sin ¢(1) cos O(1)

¥ z(D)| = sin 0(1) (3.2)
(1) K1)
o(1) (D)

where we have introduced the elevation angle 6(l) with its corresponding piecewise
linear curvature ~(I).

3.2.2 Parameters of the Road Model

A visualization of the proposed road model and its parameters is shown in Figure 3.3.
Starting from the description of the ego lane center as a 3D clothoid parameterized
by curvatures sy at the edge of each segment (these curvatures are then varied
linearly in between the segment edges), we then move on to describe the width of
the lane in order to describe the possible locations of lane markers. The ego lane
markers would be located next to the ego lane center, at a parallel offset to the lane
center by half the lane width. We here notice the opportunity to also model other
lanes next to the ego lane by the same method: By using their width to describe
them as parallel offsets from the ego lane. Each so called main road lane m is given
its own width profile as a piecewise linear function parameterized by segment edge
widths wy,,. The length of both the clothoid and width segments are L{}, and there
are Ny main road segments in total. Finally, the number of main road lanes is M
and the index of the ego lane within these m lanes is my.

This work also aims to estimate the center of lanes merging into or diverging from
the main road. To this end, we introduce branches to our road model. A branch b
can attach to any one of the main road lanes, my;, at a parameter controlled distance
ap along and angles ¢, (azimuthal) and 6, (elevation) to the lane. From the root
of the branch, its curve can similarly to the ego lane be described by a 3D clothoid
spline with curvatures x. The width of the branch is also described by a piecewise
linear function, parameterized by wy', but constrained to have the same width as the
main road lane it connect to at its root. Thus we omit wj. The length of both the
branch clothoid and width segments are Lj', and there are N, main road segments
in total. The number of branches is B.

Finally, the pose of the ego vehicle in relation to the road needs to be parameterized.
This is done by describing the vehicle pose in relation to the initial point of the ego
lane. The vehicle is given three spatial coordinates x, y and z as well as three Tait-
Bryan angles ¢, ¢ and 1 representing yaw, pitch and roll respectively. Note that
while the ego vehicle thus is allowed roll in relation to the road, the road itself is
entirely flat and does not change its banking angle. Neglecting road banking is done
in order to limit the number of road model parameters somewhat.
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Figure 3.3: Visualization of the road model. Each subfigure shows a different
subset of the parameters used. This example road has two main road lanes and
one branch. The curvature and width of the ego lane and branches are described
by continuous splines being linear interpolations between set values at the edge of
each spline segment. Here, the main road splines have four segments and the branch
two as illustrated in the top right subfigure. In this birds eye view, the parameters
controlling the vertical position of the road as well as roll and pitch of the ego vehicle
are omitted for visual clarity.
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3.2.3 Multi-Lane Dynamic Model

To formulate the dynamic model we first define the state space representation of
the road model. All continuous parameters of the road model, those being x, y,
z, ¢, 0, Y, ¢p, O, KT, V', Wi, wy and oy, are concatenated into the state vector
x. Furthermore, all discrete parameters of the road model, L}, M, B, N; and
m; are concatenated into a metadata vector £&. Finally, the road model is also
extended with auxiliary variables p. € [0, 1] which model the existence of each lane
c=1,..., M+ B, main road lanes and branches, of the road geometry. This in the
sense that given the rest of the road model, lane ¢ only exists with probability p.
independent of the existence of the other lanes. This is inspired by the existence
probabilities introduced for the MBM filter, but note that in contrast to the MBM
filter the object state of the proposed filter is not described by Bernoulli random finite
sets. These existence variables are concatenated into the vector p. The complete
augmented road model state is thus [£7 &' p']T. The control signal u; at time
step k consists of vehicle speed vy, as well as roll, pitch and yaw rates wy j, w, , and
Wz k-

3.2.3.1 Geometry Transition Model

The purpose of the geometry state transition model is to describe the expected
change in parameter values from one time step to the next based on the control
signal. Neglecting process noise, the motion model only consists of updating the ego
vehicle pose,

Tp = Tp_1 + At vy, cOS Pp_1 coS O _1 (3.3a)
Yi = Yr—1 + At v sin ¢p_y cos O (3.3b)
2k = Zp—1 + At vy sin 05—y (3.3¢)
Pok = Pok-1+ Atws g (3.3d)
0o = Oop—1 + At wy (3.3e)
Yok = Yok—1+ At wy g (3.3f)

where At is the time step, and with all the other components of « remaining constant
except for process noise.

To compensate for motion of the ego vehicle along the main road, whenever the
vehicle has progressed far enough along the main road a segment is removed from
the back of the road and simultaneously one is added to the front. When this
happens, all the state variables connected to segments of the main road are shifted
backwards in the state vector and «y, are reduced by the segment length to reflect
the new segment layout. In order to aid with merging, branches do not change
their length or number of segments, and instead always retain the length they were
initialized with.

3.2.3.2 Lane Spawning Model

To account for that the number of lanes in the road may increase from one time
step to the next, the state transition adds some new lanes to the state every time
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step. As we do not expect the number of lanes to grow very rapidly, these new
lanes are given very low probabilities of existence p.. In this work, we choose to
spawn one additional main road lane at the very left and very right of the main
road. The state parameters controlling the width of the main road lanes as well as
the indices m; are shifted over accordingly. Furthermore, we spawn one diverging
and one merging branch starting from the rightmost main road lane with sufficient
width and existence probability. For computational performance reasons we neglect
spawning of branches to the left of the main road. Such on ramps or off ramps are
not common in countries with right hand traffic.

3.2.3.3 Lane Death Model

Inspired by the MBM filter we introduce a probability of survival P° representing
the probability that each individual lane survives from one time step to the next.
The probability of survival is then used to update the probabilities of existence of
each lane according to

per = Pper—1 c=1,...,My_1+ Bi_1. (3.4)

Additionally, lanes whose widths are entirely less than some threshold, as well as
branches where «y, has become negative are removed from the state.

3.2.3.4 Dynamic Model Summarized

Finally, we summarize the geometry transition model of Section 3.2.3.1, the spawn-
ing model of Section 3.2.3.2 and the death model of Section 3.2.3.3 into three tran-
sition equations

xy = fo(Tr-1,&k—1, Pr—1, Up) (3.5a)
&r = fe(@rp—1,&-1, Pr—1, Ur) (3.5b)
Pr = fo(®r—1,&r—1, Pr—1, Up) (3.5¢)

where process noise have been excluded. In particular, f, is mostly given by (3.3),
disregarding spawning and cases where the road segments are shifted to avoid neg-
ative Ly and when the number of segments in a branch is increased. The complete
dynamic model including noise is

Xi = fo(Xr—1,&1_1, Pr_1, k) + qy (3.6a)
& = fi(xk—la&c—la Pr_1, Uk) (3.6b)
Pr = fp(kal,Ek—p Pr_1, Wk) (3.6¢)

where q, ~ N (0, Q) is the process noise.

3.2.4 Multi-Lane Measurement model

The measurement model describes the measurements y, here the coordinates of
points on the lane markings, one would expect to receive given a value of the state
vector. In the proposed model, except for clutter, lane marking measurement may
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Figure 3.4: Illustration of lane delimiters. Each differently colored dashed line is
considered a separate delimiter.

only occur on either edge of a lane, separated from the lane center by half the width
of the lane, i.e. on the dashed lines indicated in Figure 3.4. These lines will be
known as delimiters. For the measurement model, we will describe the expected
position of one lane marking coordinate given that it is known which delimiter it
is associated to. The process of associating real measurement to delimiters of the
model will be handled by the filter discussed further on in this work. For notational
brevity, we drop the time step index k in this section.

First, a discussion on which delimiters are detected. We begin by noticing that only
existing delimiters can be detected. From p we can only directly get the probability
that each lane center exists, but here we assume that given that a lane exists, both its
right and left delimiter also exists. Of the existing delimiters, each has probability
PP of being detected. A detected delimiter produces at least one measurement,
while an undetected delimiter gives rise to no measurements. We next need to
describe the measurements produced by each detected delimiter.

We start by describing the geometry of the delimiters in the local coordinate frame
of the ego road. As the delimiters of the main road are described in relation to
the ego lane center, we first need the geometry of this center line. This is done by
integrating (3.2) for the lane center parameters using the Euler method with step
size Al, with the initial conditions for coordinates and angles set to zero as we are
working in the local coordinate frame of the ego road. We get

_xo,i_ _Io,i—f [cos ¢0,z’-1 Cos 90,7;—1_

Yo,i Yo,i—1 sin ¢g ;1 cos b1

G I e BN T A i=1,2 (3.7)
%ﬂ' Cbo,i—l Ho(lo,i—1) ’ T

90,i 90,1'71 ”Yo(lo,zel)
[ lo,i | | lo,i—1 ] i 1 |

where k(1) and y(l) represent linear interpolation over the xj and ~{ parameters
respectively.

In order to get the sequences of widths (wqy, ), corresponding to the previously com-

22



3. Methods

puted ((%o,i, Yo,i5 Z0.i, D0, 00,35 loi)); of the different main road lanes, the parameters
wy,, are simply interpolated at distances (ly;), similar to how rg(l) is an interpo-
lation of k. We are now able to give the coordinates of points on the main road
delimiters as

To; 0 || Woi,
Ta; = |Yoi| + R:(d0:) |Ad : (3.8)
20,i 0 WoM,i

where R.(¢) € R3*3 is the rotation matrix representing rotation an angle of ¢
around the z axis, and A; € R™M is a matrix used for calculating the offset of
delimiter d from the ego lane. Since we have M main road lanes, we have M + 1
main road delimiters. For M = 2 and the ego lane index my = 2 we would for
example have

Ap=|-1 —05|, Ay=[0 —05], As=1[0 05]. (3.9)

The coordinates of point on the branch lanes are computed in a very similar fashion
by first solving the differential equations of the center line clothoid and lane width
using the Euler method. As initial condition for the clothoid, the position is cal-
culated by linear interpolation of the center polyline of the parent main road lane
(which is computed similarly to (3.8) but with the A matrix modified accordingly)
a distance a3 along the ego lane center (see the bottom left subplot of Figure 3.3).
The initial angle is similarly computed by interpolating the main road lane angles,
and then adding the initial angles ¢, and 6, of the branch. The initial curvatures
are directly given as k) and 7. For the initial width of the branch, this is also
interpolated from the width of the parent main road lane. In total, counting both
the main road and branch delimiters there will be D = M + 1 + 2B delimiters with
coordinate sequences (r,;)

.
So far, the description of the road geometry has all been in relation to the road
frame. Our measurements, however, are given in the ego vehicle frame. This frame
is aligned with the vehicle with its origin on the center of the rear axle, the x
axis pointing forward, the y axis left along the axle, and z upwards. However,
the parameters of the ego vehicle pose, z, y, z and ¢, 6, v it is relatively easy to
transform the road-aligned lane delimiter geometry (rq;), into the ego vehicle frame,
giving us the sequences (77;);.

Finally, some additional notes about the measurement model. Lane marking de-
tections are assumed to be produced by the points along the polylines defined by
(T‘Ijvi)z" Throughout this work, we will assume that given a lane marking measure-
ment coordinate y; originating from delimiter d, it was produced by the point on
the delimiter polyline closest to y,. Also, as previously mentioned, the raw mea-
surements come in the form of 3D coordinates. In order to reduce the dimension
of the measurement vector, we seek to find a more compact representation of the
innovation than the difference between 3D points. The chosen representation of the
innovation is the vector of distances between the measured lane marking coordinates
and their corresponding delimiter polylines. The measurement function h(x,§) is
thus always the zero vector. The measurement model does, however, also include
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additive measurement noise 7 ~ N(0, TRT"), where R is the covariance matrix
of the 3D coordinates y; and T is an association dependent matrix which is used
to transform R into the covariance of the distance between y; and the delimiters,
further defined in Section 3.3.2.

3.3 Filter Design

With the road model defined we turn to the design of a filter to estimate the pa-
rameters of the model. The proposed filter is a multiple hypothesis tracker. In each
hypothesis h, the x portion of the state is represented by a single Gaussian density
with mean #" and covariance matrix P", drawing inspiration from Gaussian sum
filtering. Thus, all the lanes of the road are coupled. The rest of the state, & and
p are assumed to be known and equal to é and p respectively within each hypoth-
esis. The uncertainty in these variables is instead represented by the ensemble of
hypotheses.

The prior state density of the filter is described by

Hy_1jk-1
h=1

(<w1]§_1|k_17 P 11> Eh e 1s Bl 11 PZ—l\k—1>) (3.10)

where wZ_l‘ x—1 are hypothesis weights.

For simplicity, we assume that the probability of survival PS is constant and lane
independent, and a PPP clutter model is used with constant intensity A°. The filter
algorithm itself does however support state dependent probabilities of survival and
other clutter models than the PPP. For the probability of detection, we let it be
state dependent such that it is greater for lanes in front of, and near, the ego vehicle
and trails off outside this region. Again for simplicity, we do not bother evaluating
the probability of detection for the entire state density, but only evaluate it for the
estimation mean &.

3.3.1 Prediction Step

The prediction step is relatively simple as it simply consists of for all hypotheses,
making an EKF prediction of (&, P) according to the motion model (3.6a), while &
and p are updated according to (3.5b) and (3.5¢) respectively. The weight of each
hypothesis is unchanged.

3.3.2 Update Step

The input to the update step is a set of prior hypotheses, coordinates of lane marking
detections and their corresponding covariances. Here, the update step for a single
hypothesis is described. The same procedure gets applied in all hypotheses, and the
resulting posterior hypotheses are concatenated at the end of the update step. For
the update, we are supplied J lane marking coordinate measurements y; € R* and
their joint covariance matrix R € R3/*3/,
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The first half of the update step is to produce a number of data association hy-
potheses. To simplify this work, the measurement points y; are first gated. This is
done first by considering each point individually and comparing it to all available
delimiters d. The point is only allowed to be associated to the delimiters where
the Mahalanobis distance is below a threshold, and only to a capped number of
delimiters determined by maximizing the likelihood of association as approximated
by N(A;4;0; S?), where A 4 is the closest distance between y; and delimiter d and
S? the corresponding innovation covariance. Next, the points are clustered using a
confidential Zenseact provided algorithm, and a similar gating process takes place
for each cluster. Clusters are however also allowed to be associated to both a branch
delimiter, and the main road delimiter of the parent lane of the branch at the same
time. In this work, we do not make the point object assumption. Thus it is possible
to associate multiple lane marking detections to each delimiter. After performing
these step, each cluster has a set of possible associations of points within the cluster,
either to delimiters or to clutter. Next, all possible combinations of cluster associa-
tions are produced to create a first set of data association candidates. Finally, these
candidates are then restricted further by not allowing two likely incompatible lane
marking points to be associated to the same delimiter. Compatibility between lane
marking clusters is checked by fitting a third degree polynomial to the markers of
the two clusters and checking the fraction of inliers from each cluster.

Now, focus on a single data association hypothesis. Assign a unique index to all the
delimiters of the road model and let d(j) be the index of the delimiter associated to
measurement y; in this hypothesis, d(j) = 0 if y; is associated to clutter. First, the
goal is to perform an EKF update step. In order to reach this point, we construct
the innovation vector A by concatenation of A4y for d(j) # 0. The matrix H
(see (2.14)) is constructed by finding the gradient of the point on delimiter d(j)
closest to y; in the direction a; q(;) of y;. Finally, the measurement noise is TRT'
where T is the subset of rows j such that d(j) # 0 of the block diagonal matrix of
ade( i) Using these vectors and matrices, we can compute the innovation covariance

S and the posterior mean and covariance §32|/k, PZ[,C Here A’ is the index of the
posterior hypothesis which originated from h and the data association considered in
this section. Note that because of the coupledness of the state, it is not possible to
reuse S? from the gating stage when computing S, however it is possible to reuse

the H? matrices also computed in the gating stage in order to find S?.

It now only remains to compute the updated hypothesis weight wﬁk and existence

probabilities p?fk‘k. Given the data associations, it is known which subset of all
delimiters D where detected, namely

DY ={d(j) : j € T, d(j) # 0} (3.11)
where J = {1, ..., J}. If we let C be the set of all lanes ¢, then the possible com-
binations of lanes which could have existed for us to get measurements from the
delimiters in DP are

c® ={c"eP(C) : D" cd(c?)}, (3.12)
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where P(C) is the power set of set C and d(C¥) is the set of delimiters belonging to
any of the lanes in C®. The probability that exactly the lanes in subset C® € CP
exist and that out of the delimiters of those lanes, exactly DP were detected is

- DD d(CE)\DP
UCE — (PD)| |(1 _ PD)| | H Pekihot H (1 _ pc,k|k—1)- (313>
ceCE ceC\CE

Note that we have assumed delimiter independent probability of detection in this
equation, while the evaluated filter does have different probability of detection for
each delimiter. Given that we know that C* must be an element of CP we can
calculate the corresponding conditional probabilities by normalizing

L (3.14)

— —
DB e ac

To summarize the progress so far, CP contains the possible combinations of lanes
which are compatible with our data association. Each combination has weight u”.
However, to obtain recursive filtering recursions we would like the existence of lanes
in the posterior to be independent. We can either add new hypotheses for all the
‘CD‘ cases, but since the state density in these hypotheses would all have the same
mean and covariance this seems inefficient. Therefore we summarize all the cases in
a single hypothesis where we approximate the lane existences as independent. The
updated existence probabilities are computed as

’ E
p?,k|k: Z u e (c), (3.15)

CEeCP
where 1ce is the indicator function on CE.

For the completion of the update step, it now only remains to compute the new
hypothesis weight w,ﬁk To it we have four contributing factors: The prior weight,
@, the probability of the data association, the clutter intensity and the measurement
likelihood. Putting these together we get

/ _CE {i€T :d(5)=0}|

w,}j‘k X Wfk—1 ( > ) ()\C) N(A;0,S). (3.16)
CEeCP

Combining all the resulting hypotheses, and normalizing the weights wﬁ[k such that

they sum to one, we get our posterior density.

To keep the number of hypotheses manageable, capping and pruning and merging
are employed after the update step. For the merging step, all pairs of hypothesis with
compatible geometry and similar values of the continuous road model parameters
are merged. Geometries are considered compatible if they contain the same number
of main road lanes and branches, all lanes have the same number of segments,
and whether those branches are either merges and diverges (determined by the
magnitude of ¢,) matches. Merging of hypotheses is done according to (2.31).
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3.3.3 Additional Lane Housekeeping

Some additional housekeeping is done to make the filter more stable when evaluating
it’s performance on real world data: Lanes with low probability of existence are
removed. Lanes spawned just prior to the update step which did not get associated
to any data are also immediately removed after the update step. Main road lanes
that are too wide get automatically split into two lanes. Pairs of neighboring main
road lanes whose common width is too small get merged. Branches that are too wide
or too thin are pruned. Additionally, if at some point the ego vehicle is deemed to
be traveling on a branch instead of the main road, the entire model is reinitialized
to replace the branch with a the new main road. Whether the vehicle is traveling
on a branch is determined by checking whether the distance between the branch
center and ego vehicle is closer than between the current ego lane and ego vehicle,
and whether the vehicle is a minimum distance away from the current ego lane.
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Results

This chapter presents evaluation results for the proposed model and also compares
these results to alternate methods when possible. For these evaluation, the main
road is configured to always contain seven segments, each 50m long for a total of
350m of estimated road. Of this distance, 200 m lies in front of the ego vehicle and
the rest behind. The road behind the vehicle is not observed by any sensor, but
serves as attachment points for branches. Each branch is given a fixed length of
300 m split over six segments, also making each branch segment 50 m long.

4.1 Evaluation Data Sets and Methodology

The filter is evaluated on closed source data sets provided by Zenseact. For each
data set there is high accuracy ground truth geometry available for the ego lane as
produced by a smoothing filter applied to on-board sensor data. This ground truth
data will be used for evaluating tracking performance on the ego lane. Additionally,
for some data sets there is also a full ground truth map available, which is less
precise but contains not only the ego lane but all lanes around the ego vehicle. This
data set will be used to evaluate the estimated road topology. Since only 2D ground
truth data has been provided, all evaluations will consider the estimated 3D road
geometry projected onto a horizontal flat plane aligned with the ego vehicle.

4.1.1 Extracting Parameter Estimates

As the filter to be evaluated outputs is a distribution, a method of extracting single
parameter values from this distribution is needed. This is done by finding the
most likely hypothesis in the posterior, and selecting the lanes of this hypothesis
with probability of existence greater than a threshold. This approach to parameter
extractions has some problems, namely that the most likely hypothesis may not
be representative of the density as a whole. But due to the difficulty of merging
hypothesis with varying state lengths (and minor differences in state representation),
this method was deemed acceptable.

4.1.2 Ego Lane Evaluation Methodology

In order to put the evaluation results into context, a comparison will be made two
another ego lane tracking algorithms developed at Zenseact by [27]. The first method
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is a simple baseline algorithm, and the second a deep learning based approach.

4.1.2.1 Baseline RANSAC Lane Estimator

This simple baseline ego lane estimation method developed by [27] uses RANSAC
to fit straight lines to the lane marking detections, then applies a basic criterion
to identify the ego lane left and right marker lines and finally computes the center
between these lines. In case only one of the ego lane markers are detected, the other
marker is assumed to be parallel to the first with the ego vehicle driving perfectly
in the middle of the road. If no ego lane markers are found, the estimated lane is
completely straight and aligned with the ego vehicle.

4.1.2.2 Learning Based Lane Estimator

The learning based approach to estimating the road geometry by [27] takes in ego
vehicle signals and lane marking detections, the same as the method proposed in this
work, as well as the median heading angle of nearby vehicles, and outputs deviations
of the ego lane center from a straight line at fixed anchor points 0-100 m in front of
the ego vehicle. This method is thus specialized for estimating the ego lane center,
and does not also estimate other lane centers or lane delimiters. The neural network
architecture mainly consists of convolutional layers which act upon a 2D occupancy
grid representation of the lane marking detections from a birds-eye view, followed
by LSTM layers to provide temporal information.

4.1.3 Topology Evaluation Methodology

In order to compare the estimated road topology to a ground truth map, the fol-
lowing method is used: First the evaluation is restricted to only concern the parts
of the estimated road geometry which falls inside a rectangular region of interest
centered in front of the ego vehicle as illustrated in Figure 4.1. This restriction is
introduced in order for the estimation uncertainty within the region of interest to
be relatively low so that the matching of estimated lanes to ground truth lanes is
less ambiguous. The lateral extent of the region of interest is denoted b and its
longitudinal extent a. Then, around every ground truth lane center a gate of half
width ¢ is created. For every point on the ground truth lane, if any estimated lane
falls within this gate then this point is said to be detected. Otherwise it is missed.
Again, refer to Figure 4.1 for an illustration of this methodology. We then compute
the fraction of the length of detected ground truth lanes to the total length of the
ground truth lanes within the region of interest, as well as the fraction of estimated
lane length that does not fall within any ground truth lane gate. In this context we
call the former quantity the true positive rate (TP) and the latter the false positive
rate (FP). These quantities may then be averaged over a time sequence.
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Figure 4.1: Illustration of topology evaluation methodology. Evaluation is per-
formed within a rectangular region of interest area with side lengths a and b aligned
with and centered in front of the ego vehicle. Ground truth lanes with an estimated
lane center within the gate distance g are considered detected. Estimated lanes not
within a distance g of any ground truth lanes are considered false positives.
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4.2 Road Topology

To illustrate the tracking performance of the filter, Figure 4.2 shows the filter track-
ing an off ramp at an intersection. The off ramp is first modeled as a new main road
lane, before this new main road lane spawns a branch which then takes over the off
ramp. A merge from the same intersection is shown in Figure A.1 of Appendix A.
From visual inspection in general, the filter does well with tracking many main road
lanes, both in simple scenarios with a one or two lanes, as well as more complex
scenarios with many (five or six) lanes. The filter also performs well even the main
road is particularly curved, or when the line of sight more than just a couple of
meters in front of the ego vehicle is blocked such as in queuing scenarios. However,
while the filter does manage to also track merges and diverges using branching lanes,
the branch tracking is not very robust. In particular, there are many false positive
branch detections. This among other typical failure cases will be discussed further
in Section 4.2.1.

Next, we look at the topology evaluation according to the metric defined in section
4.1.3. The evaluation is performed with the lateral extent of the region of interest
(ROI) fixed to b = 80m, while the longitudinal extent a was either 50, 100 or
150 m. Data used for this evaluation is a set of drives totaling 15 minutes of driving.
About 60 percent of this duration is on two lane highway, with the rest on three
lane. In approximately 27 percent of the data, there is queuing on the road and poor
visibility as a result of densely packed cars. In total, it contains four merges and four
diverges, all to the right. The results of this evaluation are shown in Table 4.1. In
this table we for example see that the true positive fraction decreases as we expand
the region of interest. This is largely due to less accurate lane estimates at longer
ranges, increasing the likelihood that the estimated lanes are outside the ground
truth lane gates. Therefore, the smaller regions of interest may be more useful when
gauging the filters ability to detect multiple lanes. However, even at shorter ranges,
the fraction of true positives is very much decided by the intersections present in
the evaluation data set. The filter is very good at tracking main road lanes when
there are no on or off ramps present, but tends to struggle more with intersections.
The false positive fraction is mainly influenced by three factors: The first is that the
filter sometimes spawns “ghost” branches when there is no corresponding lane in
the real world. This phenomenon will be discussed more further on in Section 4.2.1.
The other factor is model mismatches. For example, when two lanes merge into one,
the filter might for a while still report two lanes, only where one of the lanes has a
very small width. This extra lane will be counted towards false positives. Another
example is that a main road lane either exists as a whole or doesn’t exist. This
becomes a problem when a branch splits off from a main road lane where after in the
real world the main road lane doesn’t continue, but in the model it still has to. The
third factor is similar to model mismatches, and is due to differing representations
of the lane center by the model and ground truth. For example, exactly where a two
lanes merge may be ambiguous, and depending on how you choose to represent the
two lanes merging, they may either be two slowly joining lanes or one wide, slowly
narrowing lane. Finally, it is worth noting that all these results also depend on the
accuracy of the lane marking detections and their corresponding uncertainties as
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Figure 4.2: Snapshots from the filter tracking an off ramp, overlayed over satellite
images of the intersection fetched from Google Maps. First, the off ramp is repre-
sented by an extra main road lane which then gets replaced by a branch. Only lanes
with sufficiently high probability of existence are shown.
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Table 4.1: Mean true and false positive fractions as defined in Section 4.1.3 for
different region of interest longitudinal extents a and gate sizes g. The lateral extent
of the region of interest is fixed at b = 80 m.

Mean True Positive Fraction Mean False Positive Fraction

ROI extent a
50m 100m 150 m

ROI extent a
50m 100m 150m

S 0.75m | 0.924 0.874 0.808 3 0.75m | 0.090 0.139 0.205
+ 1.00m|0.945 0.918 0.875 % 1.00m | 0.068 0.095 0.138
O 1.25m|{0.957 0.941 0.913 © 1.25m|0.056 0.071 0.010

reported by the lane marking detection algorithm.

4.2.1 Common Failure Cases

The filter does show some fairly common failure cases, exemplified in Figure 4.3. In
the top image, the road is just rewidening to three lanes after a narrow underpass.
The road width is however expanding too fast for the road model to accurately
describe the lane width with the linear spline width profiles given to each lane.
Therefore the filter spawns a branch. It is a common phenomenon that when some
measurements don’t fit any other delimiter according to the filter, it sometimes
mistakenly spawns a branch to explain these measurements instead of attributing
them to clutter. When tuning the filter there is a trade off involving the clutter
intensity A® and the probability of existence of birth components which could po-
tentially make these “ghost” branches less likely to appear, but this may cause knock
on effects elsewhere, such as not spawning branches when really needed. Branches
are generally more flexible in their geometry than main road lanes since they are
not constrained by parallelism. This additionally gives rise to conflicts between the
branches and the main road, where a human might say that one lane should be a
main road lane, but a branch being more flexible is able to explain the measurement
data better.

The second failure case of Figure 4.3 shows what in the real world is a merge, but
which the filter tries to explain with a very twisted diverging branch. This problem
is most likely caused by the choice of distribution of the parameters of the spawn
branches. In order to reduce the number of spawn components for computational
performance gains, the uncertainty in each spawn component is high in order to cover
more possible cases. However this has the knock on effect of the spawn branches
sometimes being too flexible and having the ability to bend into unnatural trajec-
tories. This failure case also illustrates another issue which could also probably be
remedied somewhat with more compute power: The filter is not punished for lanes
which cross one another. One reason this is not included in the current algorithm
is that computing which lanes cross is very computationally intensive.

The third failure case of Figure 4.3 is typical with merges, but also happens for a
few diverges. The branching lane is mistaken for two main road lanes. This happens
because the filter has no way of knowing (other than the shape of the marker lines)
that the space between the main road and the branch should not contain any lane.
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Table 4.2: Comparison of the ego lane center tracking performance between method
proposed in this work (Our), a learning based method (NN) and a baseline method
(BL). The table shows lateral offset errors to a high-resolution ground truth provided
by Zenseact, both root mean squared errors (RMS) and median absolute errors
(median). The horizon indicates the distance in front of the ego lane vehicle at
which the errors were evaluated.

Horizon [m] 0 10 20 30 40 50 60 70 80 90 100

BL (RMS) [m)] 0.281 0.401 0.630 0.888 1.112 1.379 1.624 1.936 2.310 2.731 3.176
NN (RMS) [m] 0.157 0.142 0.137 0.169 0.243 0.355 0.502 0.684 0.903 1.156 1.451
Our (RMS) [m] |0.212 0.223 0.241 0.271 0.321 0.392 0.487 0.607 0.756 0.936 1.150
BL (median) [m] | 0.145 0.094 0.086 0.097 0.124 0.142 0.169 0.204 0.239 0.296 0.358
NN (median) [m] | 0.089 0.075 0.074 0.099 0.124 0.150 0.171 0.203 0.246 0.304 0.376
Our (median) [m]|0.049 0.054 0.063 0.075 0.092 0.116 0.146 0.182 0.227 0.278 0.334

This failure case could be mitigated by informing the filter about which spaces are
expected to not contain any lanes, such as feeding it information about barrier or
road edge detections. The type of lane marking line also carries some information
which in the current filter is not utilized: Typically for example, a solid line indicates
the edge of the road while a dashed marker indicates that there probably is a lane
on either side of it.

4.3 Ego Lane Geometry

The ego lane geometry was evaluated on two different data sets provided by Zenseact.
The first consists of 823 sequences of highway driving without lane changes, each
30s long. For every sequence, the filter was given the first 10s to converge, after
which evaluation started. After also removing some time steps with invalid ground
truth, the remaining sequences totaled 3.4 hours in length. This is the test data set
also used for evaluating the learning based lane estimation algorithm presented in
Section 4.1.2.2. A comparison of the ego lane center tracking performance between
method proposed in this work and the learning based method is presented in Ta-
ble 4.2 for the range 0-100 m. From this data it is evident that the method proposed
in this work performs ego lane center tracking at least on par with a neural network
specialized for ego lane tracking.

The second data set used for evaluating the ego lane geometry consists of 111 se-
quences varying in length from 0 to 5 minutes, gathered from highway driving and
including lane changes. Evaluating on the time steps with valid ground truth, the
sequences sum to 4 hours and 37 minutes of driving data. In comparison with the
previous data set used in Table 4.2, the lane marking detections are also less dis-
turbed by noise in these scenarios. The high-resolution ground truth also includes
the position of the left and right lane marking lines of the ego lane. Since the pro-
posed method also estimates lane widths, it is possible to extract estimated positions
of these lane marking lines from the filter. Table 4.3 thus shows the comparison of
both estimated lane center and left and right markers to the ground truth for the
full estimation horizon span of 0-200m. It should be noted that as opposed to Ta-
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Figure 4.3: Some typical failure cases. In the top image, the number of lanes is
increasing back up from two to three after a narrow underpass. The fast increase
in road width causes a “ghost” branch to spawn. In the center image, the model
believes that a merge is in fact a heavily bent diverge. In the bottom image a on
ramp is mistaken for two main road lanes. Satellite images have been fetched from
Google Maps.
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Table 4.3: Lateral estimation errors of ego lane features at various longitudinal
distances, horizons, from the ego vehicle along the road given by the column headers.
The evaluated ego lane features are center (Center), as well as the left (Left) and
right (Right) lane marker lines. The lateral offsets are presented both as root mean
squared errors (RMS) and median absolute errors (median).

Horizon [m] 0 20 40 60 80 100 120 140 160 180 200
Center (RMS) [m] 0.319 0.376 0.491 0.662 0.833 1.064 1.186 1.350 1.333 1.574 1.820
Left (RMS) [m] 0.376 0.424 0.529 0.686 0.841 1.061 1.175 1.337 1.316 1.554 1.799

Right (RMS) [m] 0.356 0.411 0.519 0.687 0.863 1.095 1.219 1.380 1.363 1.605 1.849
Center (median) [m] [ 0.049 0.059 0.081 0.120 0.177 0.248 0.331 0.422 0.526 0.641 0.755
Left (median) [m] 0.074 0.076 0.086 0.116 0.163 0.227 0.305 0.393 0.496 0.609 0.721
Right (median) [m] [0.112 0.119 0.138 0.178 0.235 0.303 0.381 0.470 0.566 0.678 0.790

ble 4.2, the RMS and medians shown in this table were only taken over ranges that
were deemed valid at each time stamp. Data outside the valid range at each time
stamp was discarded. Which ranges are considered valid is provided by Zenseact
based on many factors related to visibility of the road. Because of this, the tracking
performance does not deteriorate very drastically at long horizons. One notices the
accuracy of the estimated left lane marker is often better than for the right. This
is probably due to the real road having more splits and merges on the right side,
affecting the placement of the lane markers. Generally, it is possible to have about
a one meter accuracy of the ego lane road geometry at 200m in front of the ego
vehicle given that the visibility is good.

4.3.1 Estimation uncertainty

For evaluating the estimation uncertainty estimates provided by the filter, we study
a representative drive from the set of 111 highway sequences. In this approximately
150s long drive, the main road mostly consists of two lanes, with a couple of off
and on ramps to the right, thus sometimes bringing the number of main road lanes
up to three, and the visibility is mostly good. Plots of the NEES and 95 percent
confidence interval bounds for this sequence is shown in figure 4.4. In this figure we
notice a few things: Firstly, the NEES seems a lot more time correlated at shorter
horizons. This may be due to slight biases between the ground truth definition of
the lane center and the definition used by the proposed method, which is the center
between the lane marking lines, or be the result of not directly observing the road
underneath the ego vehicle and thus “locking in” whatever guess was made the last
time each piece of road was seen. Secondly, the magnitude of the NEES seems to go
through different phases during the drive. This is natural since both the visibility
and road layout changes throughout the drive, and the filter may be better adapted
for some scenarios than to others. At around time step k& = 2500 for example,
the road goes from being slightly curved to almost completely straight, perhaps as
an indication to why the magnitude of the NEES seems to drop around this point.
Thirdly, especially at longer horizons the filter seems under confident. This could be
remedied by tuning the filter parameters, but it is likely that this underconfidence
is beneficial in those scenarios where the distant road is more difficult to predict.
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Figure 4.4: Logarithmic plots of normalized estimation error squared (NEES) for
lateral error at a few different distances in front of the ego vehicle as indicated above
each plot. Additionally, 95 percent confidence interval bounds calculated according
to (2.40) are shown. The magnitude of the NEES varies throughout the sequence,
and decreases as the distance from the ego vehicle increases, suggesting the filter is
underconfident in its long range estimations, but overall the NEES is in line with
expectations.

All told, the NEES as computed from this scenario seems to be reasonably in line
with expectations.
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Discussion

The discussion goes over some of the lessons learned from the choice of road model
and filter design, as well as from the evaluations presented in this report. Through-
out we touch on areas of future work, and the chapter is ended with a conclusion
section.

5.1 Evaluations

The evaluations of the proposed method was mainly split into two parts, the first
focusing on comparisons to satellite images and the second on ego lane accuracy.
It is perhaps slightly surprising that the proposed method seems to outperform
the learning based approach discussed in Section 4.1.2.2 at 60-100m, which are
still quite moderate ranges. The two methods have access to the same input data,
the learning based approach is specialized for the ego lane center tracking task,
and finally, the lane marking measurements do not follow the typical assumptions
needed for a Bayesian method to perform well, namely their uncertainty is very
difficult to model. Although the measurement are provided along with estimates
of their noise covariance, the reality is that these detections likely originate from
some neural network with very complex internal behavior. One might expect that a
learning based lane tracker may learn the intricacies of this lane marking detecting
network and therefore make better use of its output.

As for evaluating the full estimated road geometry, this becomes difficult even when
one has access to a ground truth map of the full road network. One then has
to compare two graphs, and these graphs may not be defined in the same way.
For example, how one defined the lane center may differ, especially at complex
intersections. The herein used evaluation metric of false and true positive fractions
as defined in Section 4.1.3 is simple but flawed. For example, it allows for one
estimated lane center to be within the gate of multiple ground truth lanes. It
doesn’t take estimation uncertainty into account and also doesn’t explicitly compare
the topology of the estimated lanes to the ground truth topology, as in e.g. checking
that a branch originates from the correct main road lane. For making possible
broad comparisons between multi-lane tracking algorithms, it would be useful to
have a standard evaluation measure for full road geometries, similar to how lateral
offsets to ground truth are currently broadly used for single lane tracking. However,
a good evaluation metric for full geometries would likely need to be much more
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complex. As for the evaluation results themselves, the current filter does a good job
at estimating the correct number of main road lanes, but is not very robust when it
comes to detecting merges and diverges. This is likely partially due to not having
a very clear distinction between which lanes should be considered main road lanes
and which should be considered branches.

Sometimes the tracking algorithms also makes mistakes which could be remedied
by feeding it more information. For example, in some scenarios where there are two
parallel but disconnected lanes, the tracking algorithm also inserts a middle lane
which is not present in the real world. From the perspective of the filter, this makes
sense since the lane marking lines are not affected by whether the middle lane exists
or not. By feeding the filter information about the type of lane marking, road edges
or guard rails, the filter may be able to make more informed decisions as to which
spaces should be filled with lanes and which not. This type of information would
probably also be helpful to distinguish main road lanes from branches.

5.2 Choice of Road Model

This report mainly boils down to the description and evaluation of two things: A
road model and a filter to estimate the parameters of this model. It is sometimes
difficult to say what is a feature of the road model and what is a feature of the
filter. One problem encountered when working with the road model is that there
is no obvious distinction between which lanes are main road lanes and which lanes
are branches. The filter therefore understandably sometimes confuses the two, and
e.g. spawns another main road lane instead of a branch when it first detects the
start of an off ramp. In the real world this distinction is also sometimes very much
undecided. But the benefit of the choice of splitting lanes into main road lanes and
branches, besides from deciding parallelism, which is an important point, is that
it becomes easier to model where it is possible to change lanes. If all lanes were
meddled as branch-like, one would have to make a decision for when two branches
are close enough together so that a lane change between them is possible. This being
said, the road model would be much simplified if there was no distinction between
main road lanes and branches. There is also the question of whether one should
choose to primarily describe the lane center geometry or lane marking geometry
when selecting a road model. From a filtering perspective it would be easier to track
lane markings since these can be directly detected, but one then has to do some
heuristic post processing steps in order to arrive at the lane center geometry. All
told the proposed road model is satisfactory in that it successfully models parallel
lanes between which you can make lane changes as well as merges and diverges.

5.3 Computational Performance of the Filter
However, with one big coupled road model it becomes a challenge to estimate all its
parameters efficiently. Firstly, the number of parameters in each hypothesis is very

large, often over one hundred. It is therefore slightly surprising that the MATLAB
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implementation of filter is able to run at only around one order of magnitude slower
than real time on a 2.6 GHz Intel Core i9 processor. Also negatively contributing
to the computational performance situation is the fact that the proposed filter is
inherently hypothesis oriented. This means that filter state has to be implemented as
a list of hypothesis, as opposed to track oriented where the filter state is implemented
as a list of object tracks, each hypothesis then picking and choosing some subset
of those tracks. Since the entire state is coupled, one also has to make sure that
innovation covariance matrices are correctly computed taking the entire state into
account. Inverting and finding determinants of these big matrices can also cause
some numerical stability issues. For this report these were sidestepped by carefully
tuning the process noise covariance matrices. Surprisingly, the main computational
performance bottleneck of the current filter implementation does not seem to be
the matrix inversions, but the computation of the lane delimiter lines discussed
in Section 3.2.4 and corresponding gradients. It is likely that large performance
optimizations can be done in this area, particularly with memory management since
the matrices to store the gradients can grow quite large, and are also somewhat
sparse.

5.4 Conclusion

In summary, this work presents a novel multi-lane road model which classifies lanes
as either main road lanes or branches. A multiple hypothesis tracking filter has also
been developed to track the road geometry. The filter estimates the main road lane
geometry well and tracking performance for the ego lane center is very good, even at
long ranges. The algorithm also successfully detects and tracks merges and diverges,
however in its current state the filter sometimes spawns false branches. It is probable
that the filter could be improved in many ways, both in terms of computational
complexity and tracking performance, like adding inputs for road edge or barrier
detections. Overall, this work demonstrates the potential of a road model based on
a main road supplemented with branches, but more work is needed, perhaps first in
defining rigorous methods of evaluating the full estimated road geometry of general
multi-lane tracking algorithms.
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A

Appendix 1

This appendix contains some additional plots of filter evaluations.
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Figure A.1: Merge from the same intersection as Figure 4.2. Satellite images

fetched from Google Maps.
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