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Quantum state tomography with gradient descent
Manuel Sebastian Torres Hernandez

Department of Microtechnology and Nanoscience - MC2
Chalmers University of Technology

Abstract

Quantum technologies, particularly quantum computing, are advancing by leaps
and bounds in recent years. Quantum computing can be implemented using two ap-
proaches: one with discrete variables utilizing qubits and the other with continuous
variables inspired by the components of the electromagnetic field. A crucial aspect
of quantum computing is knowing the system’s quantum state. With the quantum
state, it is possible to understand and control the system, and know if an algorithm
was executed correctly. However, since it is a quantum system, we cannot know
the quantum state directly, but we need to infer it from different measurements.
Eventually, with the collected data from the measurements, the state of the system
can be reconstructed. This reconstruction process is known as quantum state to-
mography, which is not trivial.

Different approaches have been implemented to solve the reconstruction task. The
most standard approach is the maximum-likelihood method. However, it has been
shown that there may be other methods that outperform this standard method in
different aspects, e.g., a recently proposed machine-learning method with a con-
ditional generative adversarial neural network (CGAN). In this thesis, we propose
three methods based on gradient descent to perform quantum state tomography.
We benchmark these methods against the standard method of maximum likelihood;
for continuous variables, we also benchmark them against the CGAN-based method.

Our results indicate that in certain parameter regimes, some gradient descent-based
methods are more efficient and/or reconstruct the state better than the maximum-
likelihood method and the CGAN method. The advantages we find are in terms of
better overall reconstruction times, using fewer measurement operators, and recon-
structing effectively even in the presence of noise in the system.

Keywords: quantum computing, quantum state tomography, maximum likelihood,
machine learning, gradient descent, measurement operators, discrete variables, con-
tinuous variable.
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1

Introduction

One of the theories that has most captivated the attention of mankind since its
inception at the beginning of the last century is quantum mechanics. Such capti-
vation is not spontaneous; rather, it is due to the fact that since the emergence of
this theory our understanding of light and the universe has changed drastically. The
subject of light, which was thought to have been explored, underwent a transfor-
mation due to Planck’s ideas. In 1900, Planck demonstrated that energy is emitted
and absorbed in discrete packets, known as quanta [1]. This quanta concept made
us realize that we had a limited understanding of light and, consequently, of the
universe, setting the stage for a revolution in how we perceive and understand the
phenomena of nature. As a result, the theory was applied to describe things such as
atoms [2], elementary particles [3], the generation of matter in the universe [4, 5],
how the sun works [6], nuclear energy [7], materials [8], and so on.

The quantum theory is built on a few key components: the observables which are
represented as operators O, a probabilistic nature, and the wave functions that
are represented as state vectors or state kets |U) in a complex Hilbert space using
the Dirac notation [9]. The state kets contain all the information of the physical
state [10]. Applying operators to the state vector determines how the system be-
haves; in particular, observable operators establish the connection between the nano
world and the macro world. For this reason, knowing the state vector is crucial in
order to understand any quantum system.

This great theory, besides having served to solve fundamental questions about the
universe and natural phenomena, has also been of crucial importance for the devel-
opment of new technologies, thanks to the descriptions of materials as well as how
electrons and photons behave and interact. This new understanding of materials and
electrons led to the creation of possibly the greatest invention of the last century,
the transistor, which is a fundamental part of computers. The transistor became the
basic unit of computation with the idea of having two values, 0 or 1, and was called
the bit. With computing, many advances have been achieved in humanity, helping
in day-to-day life thanks to cell phones and computers. These technologies assist in
many aspects of science, such as simulations of chemical reactions and collisions [11],
as well as new implementations of artificial intelligence and machine learning [12].
It is almost impossible to live without them these days. Although computation has
been a great tool, it has some limitations that make it difficult to perform certain
calculations efficiently [13].
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Various limitations of computation have led to the consideration of new ways of do-
ing computation, but one in particular led to the approach of computation based on
quantum mechanics. That particular limitation appeared in the attempt to simu-
late quantum systems, where it was realized that computers could not perform such
simulations in a practical way, due to the exponential growth of the size of quantum
states. Based on that, in 1982, Richard Feynman suggested a type of computer that
uses quantum logic to simulate quantum systems [14]. Given its quantum nature, it
is logical to think that such simulations can be done easily. However, the idea of a
quantum computer remained in the air until the major breakthrough came with Shor
in 1994, who came up with a quantum algorithm with a lot of potential. Shor’s al-
gorithm, in theory, showed much better efficiency in solving the prime-factorization
problem, a crucial pursuit in cryptography. It achieves prime-factorization in polyno-
mial time, while in the case of classical computing, it is accomplished in exponential
time [15]. The significant reduction in processing time has triggered the aspiration
to continue exploring this new computing approach to identify other systems that
can benefit from quantum computing. Its potential applications are being investi-
gated in various fields, including simulation of quantum field theory [16], quantum
communication [17], simulations in chemistry [18] and pharmacy [19], finances [20],
and more.

For quantum computing, several changes have to be made, the biggest one being its
fundamental unit, where the bit in a classical computer does not have the desired
quantum nature. Therefore, a quantum bit (qubit) has to be introduced, which is
a two-level system that is represented by a wave function, leading to it being repre-
sented as a state vector [21]. This type of system does fulfill the required quantum
nature, giving it the possibility of being in a superposition between the two energy
levels. Although qubits are the most popular way to contain information in the idea
of quantum computing, other quantum systems have also been explored to serve
this purpose. The other systems are based on terms from quantum optics and are
called continuous-variable quantum computation [22].

From the quantum theory, we know that the state vector contains the information of
the system, but unfortunately, this representation only works for closed systems. In
real terms, it is known that there are many interactions between the quantum sys-
tem and its surroundings, which is why it is pertinent to define a new more complete
component to have the information that the state vector had plus the information
due to the interactions. This new object is known as the density matrix p. p is
essentially an operator that characterizes the quantum state of the system. In the
world of quantum computing and quantum information, p serves us to understand
and control the system, design and execute quantum algorithms, implement quan-
tum error correction, explore quantum teleportation [21], and manage a wide array
of operations within this context.

Knowing the density matrix is of vital importance for quantum computation, but
extracting it from experiments is complicated because of the interaction of quan-
tum systems with measurements. Measuring a quantum state causes the state to
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collapse, so we only get a limited amount of information about the system in one
measurement. Not having all the information can be harmful to quantum computing
because in the case that an algorithm has been applied, we do not know exactly if it
has reached the expected state, generating doubts about this quantum technology.
To solve this lack of knowledge of the system, we use quantum state tomogra-
phy, which reconstructs the complete description of the quantum state by obtaining
the density matrix from the measurement of a set of observables associated with the
system. The measurements have to be repeated several times in order to obtain
statistics of the observables, which turns the problem into a data-processing task.

Reconstructing the density matrix is not a trivial task. At first sight, it could be
considered as a simple system of linear equations, which by inverting the term con-
taining the measurement operators would give the corresponding density matrix,
but that is not the case because with that approach we obtain a matrix that is not
physical. To achieve a proper reconstruction we have to resort to different mathe-
matical methods or algorithms to obtain a matrix that does represent a quantum
system and that is not just a matrix with meaningless numbers. In addition to
the physical matrix problem, there is a processing problem due to the exponential
growth of the system dimensions. For example, if it is a 1-qubit system it is simply
a 2 X 2 density matrix, with operators having the same dimension. The problem
occurs because a quantum computer needs many qubits, so it will no longer be a
2 x 2 system but a system with matrices 2V x 2, where N is the number of qubits.
Not only the dimensions of the matrices are growing exponentially, but also the
number of measurement operators needed to do the reconstruction have that kind
of growth. Hence, each time the system grows the task of reconstructing the density
matrix becomes more and more complicated and computationally demanding.

To solve the problems encountered in quantum state tomography, different methods,
and algorithms have been proposed over the years, where the maximum-likelihood
method has become the standard in the field as proposed in Refs. [23-30]. But just
because it is the standard does not mean that it is the definitive method, which is
why more methods are being explored to perform the reconstruction of the density
matrix in a more optimal and accurate way. A clear example is presented in Ref. [31]
which reconstructs the state of a continuous-variable system with fewer iterations
and fewer measurement operators using a machine-learning method. Seeing that it
is possible to find methods that are better in at least some aspects compared to the
standard, creates the opportunity to further explore a better option.

1.1 Thesis aim

The aim of this thesis is to propose new methods to perform quantum state to-
mography based on the gradient-descent algorithm. To compare the performance of
these new models against maximum likelihood and also with the machine learning
model of Ref. [31] for the continuous variable case. The goal would be to benchmark
these gradient descent methods with respect to the number of iterations, total time,
and number of measurement operators needed to reconstruct with an accuracy of
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more than 99% the original density matrix of the system.

The idea of working with gradient-descent was inspired by the results in Ref. [32],
where a benchmark was made with a gradient-descent model for quantum process
tomography (the process of reconstruction of operators based on the measurements).
Additionally, we also explore these methods and not other machine-learning meth-
ods, because we want to know exactly what the model is doing, to have clearer
explanations than a machine-learning model which can be considered as a black box.



2

Quantum information and
quantum computing

Since its origins, quantum mechanics has revolutionized the world of science, from
giving a better idea of how to properly understand light to understanding more about
how the universe is composed. One of the principal components of the quantum
theory is the wave function represented by a state vector |¥). The state vector can
be described with a discrete orthonormal basis in the following form:

U) =D cm|m) (2.1)

where ¢, are complex-valued probability amplitudes, and it has the condition of
Smleml? = 1. In the case of multiple quantum systems, the total state can be
expressed from the tensor product [¢) = |[¢1) ® [1h2) ® ... ® [1),,). It is important
to clarify that the previous representation is not valid in all cases, specifically when
there is an interaction between systems that generates entanglement. In these cases,
the states cannot be described independently.

This great theory has also been very influential in many technological issues, such
as the creation of various components of computers and cell phones, among other
things. However, it has been kept in mind that even more technological advances
can be made with the quantum theory. Therefore, there has been a lot of research
on the subject of quantum computing and quantum information, which is why this
chapter is dedicated to explaining those terms of quantum mechanics that are useful
for this new technology based on quantum. This chapter will introduce the new basic
unit for computation, its states, and the theory of how to reconstruct that state.

2.1 Qubit

In classical computing, the basic unit of information is the bit, which represents
binary information by taking the value of 0 or 1. This binary representation is
enabled in practice by using transistors, working with the simple concept of allowing
or blocking a flow of current. In the case of quantum information and quantum
computing, the binary representation (bit) is no longer the basic unit, instead, the
new basic unit is the quantum bit, also called qubit. The qubit is a two-level system,
in which one of its main characteristics is to be able to be in a state of superposition
between states 0 and 1 [21]. The state can be represented using the equation (2.1)

5



2. Quantum information and quantum computing

as follows:

) = a0 . 2.9
V) 0) + 6 [1) [5] (2.2)

where a and 3 are complex numbers with |a|?+|3|> = 1. That constraint is because
when a measurement occurs |«|? gives the probability of getting the result 0 and
|3|? the probability of obtaining the result 1 (that generally applies to all ¢,, and
Im)) [33].

The state of a qubit can be represented using the Bloch sphere as a useful way of
visualization. In this representation, in the poles of the z-axis lie the states |0) and
|1), while along the x-axis it has in the poles a superposition of states denoted as
|+) = %(|0> +11)) and |-) = %(|O) —|1)). Similarly, along the y-axis, one finds
superposition states |+i) = %(|0> +i]1)) and |—i) = %(|0> —4]1)). These states
are illustrated in figure 2.1.

11)

Figure 2.1: Bloch-sphere representation of a qubit state, with the parametrization
of [¥) = cos(%) [0) + e sin(£) |1). The image is adapted from [34].

The potential of using qubits as a new technology appears more clear in the case
of N qubits for a couple of reasons: First, the presence of entanglement that can
occur between multiple qubits, implying a dependence between them; something
that does not happen in its classical counterpart in which the bits are independent.
Second, the superposition that has already been mentioned is “enhanced” in the
sense that with N qubits, the state of the system might be a superposition of 2V
different states. In contrast, only one of the 2%V possible states can be achieved with
N classical bits. This implies that at least 2V classical bits would be required to
represent the quantum states.



2. Quantum information and quantum computing

Quantum computing involving qubits is also called discrete-variable (DV) quantum
computation.

2.2 Density matrix

As anyone begins to learn about quantum mechanics, they find that the postulates
and equations are written with the state vectors using the Dirac notation, which
describes very well the closed systems that are characterized by a single state vector
and which are called pure states. However, continuing with this notation would limit
us in the analysis of other systems that can be described by a set of several state
vectors, e.g. an open quantum system. If it is desired to specify a set of state vectors
with their probability value of occurrence (mixed state system), it is necessary to
introduce the density matrix. This is essentially an operator that characterizes the
quantum state of the system either pure or mixed, where the pure is represented as
just the product p = |[¢) (1| and the mixed as follows

p =2 Paltha) (Yal (2.3)

where p, is the probability of finding the quantum system in the [¢;) state, and
p will have dimensions M x M given by the dimension M of the states involved.
Additionally, the maximum rank of this matrix is given by the dimension of its vec-
tor space generated by its columns. In this case of density matrices, the rank also
means the number of |1,) states that constitute p.

Fortunately, all the postulates of quantum mechanics can be reassembled with the
expression of density matrix [21]. This matrix must satisfy three conditions to be a
physical density matrix. First, its trace must be equal to one due to the nature of
the probabilities

Trip] = > (1Y paltha) Wal l7) = pa =1 (2.4)
j (6% «
second, it must be Hermitian

Zpa [tba) (Yal)! Zpalwa (ol = p (2.5)

and third, it is a positive semi-definite matrix, i.e. all of its eigenvalues must be
positive.

To understand the power of the density matrix, it is helpful to determine the elements
of the matrix p;;. These elements can be represented as:



2. Quantum information and quantum computing

= ) = {61 ) vl ) 2.0
@%pa e ) (ml ) 2.1

=S pacte (ifn) (mli) 0.9

_ zpmcﬁ 2.9

where ¢} represents the probability amplitudes of the ath state expanded in a basis
|n), and it is obtained by applying Eq.(2.1) in Eq.(2.3). The diagonal elements p;;
are the population terms, that tell the probability of the system being in the ith
state [36]:

(il p i) Zpalca|2 (2.10)

The other elements, the off-diagonal, are the coherence components that has the
details of the relative phase of various components within the superposition [36]. In
the case of a qubit interacting with an environment, it can tell us the relaxation,
excitation, and dephasing rates.

pi = (il pl7) = 3 palciclrle’ =) (2.11)

This representation of the system becomes pertinent when considering the determi-
nation of expected values of observables in quantum systems. The expected value
of an observable represents the average measurement outcome, and it is denoted as
(A). This is also called the Born rule, which can be expressed either using the state
representation or the density matrix.

AY =3 pa (Vo] Altha) (2.12)
- Zzpa (%Ml]) (71 |¥a) (2.13)
:Zzpa (71Ya) <1/}a|*’21|]> (2.14)

=2_(l (Zpa |Ya) <%\> Alj) (2.15)

= Tr[pA] (2.16)

2.3 Measurement
The measurement theory for quantum systems rests on this postulate: It is possible

to select any basis and determine the system’s state accordingly. After measure-
ment, the system will be found in one of these basis states, even if it was initially

8
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in any state [¢)). The basis state found is random. If the system starts in [¢),
the probability of observing state |m) is given by |c,,|* (see Eq.(2.1)) [37]. That
kind of measurement receives the name of von Neumann measurement. This is the
most traditional description of measurement and it can also be seen as a projective
measurement. We can take an observable A, which can be diagonalized

A=S")10, (2.17)

where II, is the projector onto the eigenspace of A with eigenvalue \,. The projec-
tors are orthonormal fulfilling I1,II, = d,311,. In the condition that the eigenvalue
set is non-degenerate, the projector operator would be I1, = |a) (a| [38]. This rank-1
projector is the von Neumann measurement.

In the case of a pure state, the probability of obtaining the result \, is expressed as:

P(Aa) = (¢[Ma]¢)) (2.18)
After the measurement, the state [¢)) collapses to:
Ly (2.19)
(¥ [a|e))

More generally, for any state, we can have the probability as p, = Tr[Il,pll,], and
the state after the measurement is given by:

_ I, pIl,
Pa =

= Tl (220)

This is the most common way of measuring, at least for discrete variables.

The description provided by von Neumann is generally not sufficient because most
observations that we can perform do not align with this nature. For that reason, it
is important to define a set of operators E, = fllffd which must fulfill the following
properties:

1. Hermitian operators E T = E,
2. Complete 3, Ea =1
3. Positive operators fla >0

This set, known as the positive operator-valued measure (POVM), is apt for deter-
mining the probability of a generalized measurement outcome, i.e. with a POVM E,
we can have from the postulate the probability of outcome as p(a) = (¥|E,|¥) [21].
An example illustrating the validity of these POVMs is by considering the case of
rank-1 projective measurements. Due to orthonormality and completeness, we have
E, = ITII1, = 11, [21], that brings us back to Eq. (2.18).
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2.4 Continuous variables

Another way to approach quantum information is through continuous variables
(CVs), which has shown potential as another basic unit for encoding information in
quantum computing, making it interesting to explore and broadening the research
to address more than just qubits. CV is based on concepts of quantum optics and
in this paradigm, information is encoded in observables that are characterized by a
continuous spectrum. These observables may include the quadratures of the elec-
tromagnetic field, which are represented as amplitude # = (a + a')/v/2 and phase
p = (a—a")/(iv2), and they follow the commutation relation [, p] = i [40].

The quadratures introduce the non-Hermitian annihilation @ and creation a' op-
erators, which satisfy [a,af] = 1. Moreover, the combination of the creation and
annihilation operators gives the number operator 7 = afa. This indicates that they
will not have only two levels but infinite levels, resulting in a Hilbert space of infinite
dimensions even for just one bosonic mode [40].

For the single-mode bosonic field, the states are represented as |n) which are called
Fock states or number states, and it appears from the quantization of the electro-
magnetic field satisfying

nin) =n|n) (2.21)

where n represents the number of photons in that mode. These states are orthogo-
nal, and one special case is the |0) that receives the name of the vacuum state.

As it was expressed the operators of annihilation and creation have an important role
and it is natural to think that they would have an eigenstate, this one is expressed
as |a) and it is called coherent state

ila) = ala) (2.22)
(ala’ = a* (af (2.23)

where « is a complex number, because a is not hermitian. The coherent state can be
expanded in terms of Fock states. Furthermore, |«) is widely appreciated for their
notable similarity to classical states, by producing expectation values that closely
resemble those of the classical electric field [41], while containing only vacuum noise

o0
o]

o)=Y 55 n)

n=0

(2.24)

the coherent state can also be defined as the displacement (D(«)) of the vacuum
state |a) = exp(aa’ — a*a) |0) [42]. With the coherent state, it is possible to create
other states from a combination of two of these, that is the case of the cat state that
it is represented as follows

lcat) = N (|a) + |—a)) (2.25)

10
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with A as a normalization factor. The cat representation has been important for
encoding quantum information, and this design allows to correct problems of single
photon losses and some phase errors. Also, one of the most important results of this
encoding is that it has been able to maintain the coherence longer time than the
qubits [43].

In CV it is possible to represent the density matrix in terms of the coherent states
via the Glauber-Sudarshan P(«) function

p= /P(a) &) (a| d*a (2.26)

where P(«a) is a weight function, that can be considered analogous to the phase-
space distributions of statistical mechanics. The values of P(«) are real, due to the
hermiticity of the density matrix. Additionally, P(«) can be negative, these cases
are categorized as “nonclassical” [41].

For operators that depend on coherent states, we can represent those in a similar
way as the density matrix in the P-representation

B= /Bp(a,a*) la) (a] d?a (2.27)

To have the average of B, the same idea as in Eq. (2.16) is used

(B) = Tr(Bp) (2.28)
=3l [ Byla,a”) ) (al pln) da (2.29)
J
= [ By(.a) (al pla) d*a (2.30)
In that expression, the term representing the expectation value of the density matrix

with respect to the coherent state defines the phase-space probability distribution.
Moreover, that term is called the Q function, or Husimi function

Q) = = (alpla) (2.31)

In practice for the measurement of optical states, one can apply a displacement with
some amplitude § and after some time ¢ measuring the photon number distribution,
this procedure at the ends gives a general form of the Q function [44]

Qn = Tr(|n) (n| D(~=B)pD" () (2.32)

2.5 Quantum state tomography

At this point it is already known how a quantum state is expressed and we know
that when measuring a system the information given by the operator A acting on

11
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the state is limited, i.e. we do not obtain the expression and the complete informa-
tion of the density matrix. Not knowing the complete expression of the system is a
big problem for the experimental part, since it is not possible to properly track the
processes that are applied to the system. Therefore, a method is needed to obtain
all the information of the system and that method is known as quantum state to-
mography.

The purpose of quantum state tomography (QST) is to reconstruct the complete
description of a quantum state by obtaining the density matrix p. This process
is done by measuring some properties of the state, i.e., measurements of a set of
observables associated with the system [45], and therefore becomes a data processing
task [46]. The data for the process are the outcomes of single shots from positive-
operator-valued measures (POVMs); these measurements are repeated many times
on an identical quantum state to obtain some statistics. The statistics lead to getting
the frequencies d; that are proportional to the expectation value, and with that, we
obtain d [31]:

Kp;=d (2.33)
py=K'd (2.34)

where p; is the flattened density matrix and K is the sensing matrix that is deter-
mined by the choice of POV Ms.

The linear inversion in Eq. (2.34) “looks easy” on paper, but doing the linear in-
version does not guarantee a physical matrix. Additionally, due to the complexity
of the set of measurement operators and noise in the system or measurements, the
reconstruction of the density matrix has to be approached by other methods that
could surpass the complexity and facilitate the estimation of this operator. Further-
more, in the case of qubits, the amount of data needed increases exponentially with
the number of qubits. This leads to problems in data management and storage,
which in turn complicates the process of properly reconstructing the system.

2.5.1 Distance measure

After reconstructing the density matrix from the values of its measurement, it is
important to know if this matrix is physical and how well it was reconstructed. In
other words, how similar this new matrix is to the original one? To assess this, it is
pertinent to employ some distance measures, with fidelity being the most common

in QST.
Fidelity serves as a distance measure between two density matrices p and o, indicat-
ing the degree of similarity between the two states. A value of 1 means the states

are very similar, while 0 means they are quite different. Mathematically it is defined
as:

F(p,o)=Tr { ﬁa\/ﬁ] (2.35)

12
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The significance and range of the values become clearer when considering the exam-
ple of a pure state:

P @l p) = Tr [\l p 1) 10 @l = (@l p 1) (2.36)

13
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3

Optimization and
machine-learning algorithms

The problem of quantum state tomography has been approached by various algo-
rithms over the years. Among these, the Maximum likelihood estimation (MLE)
method, introduced by Hradil in 1996, has emerged as the most popular, offering a
flexible approach [48]. Since its introduction, efforts have been made to refine the
MLE technique [23-30] or explore alternative approaches such as the integration of
Machine Learning (ML), particularly through neural networks [31]. This alterna-
tive has demonstrated distinct advantages compared to traditional MLE algorithms.

This chapter aims to provide a brief overview of the theoretical part of these two
algorithms (MLE and ML neural networks) in a general context. We will not go
into too much detail because we are only looking to compare against these two
algorithms; these methods are not new and they were simply implemented to have
a benchmark base. Then we will introduce the primary method employed in this
thesis, which is gradient descent (GD). A detailed explanation of how this gradient-
descent technique operates will be provided.

3.1 Maximum likelihood estimation

The MLE is a technique that is employed to estimate the parameters of a certain
probability distribution, using some observed data. In a more general way, this is a
technique of data analysis to determine the probability distribution most likely to
have produced the sample data.

To formulate the MLE technique, it is important to first define a set of M observa-
tions X = {x1, 29, ..., xps } that comes from a probability distribution. It is assumed
that the joint probability density function (pdf) follows a known parametric func-
tional form, and will be denoted as p(X'|@), with a parameter 6 that is unknown
and the purpose is to determine its value [49]. Given the parameter ¢, the proba-
bility of observing data X is represented by the pdf [50]. This pdf in the context of
MLE is known as the likelihood function, and it can be expressed in terms of the
M observations as:

L(0) = [] p(x10) (3.1)

k=1
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As the name says, the idea is to find the parameter that maximizes this likelihood
function. This expression can become very complex for the calculations. Because if
you want to maximize, many product derivatives will appear. For that, we can use
the logarithm function, since it is a monotonic and increasing function [49]. Then,
it is easier to look for the maximum of this because we would no longer have the
multiplication of several components. Instead, we will now have the sum of the
different components as a result of the properties of the logarithm.

0(0) = z_: In p(x|0) (3.2)
0% g = arg max 0(0) (3.3)

MLE is a powerful method, however, it has its disadvantages, the main one is that
this technique does not give you any measure of uncertainty in the estimate.

3.2 Generative adversarial networks

Machine learning is one of the most popular topics nowadays, and it has been imple-
mented in a lot of different areas. That is because the conceptual idea of learning,
acquiring new or modified knowledge and skills from experiences, can be applied to
a wide range of existing areas, and it is something natural in life. Therefore, ex-
trapolating that fundamental idea, we can take the importance of machine learning,
which we can see as a field that investigates algorithms that improve their perfor-
mance as they are given more data, that is, they learn by experience [51]. This
process involves recognizing patterns within data and using them to make decisions
or predictions. Generally speaking, there are three types of machine learning: Su-
pervised, where the dataset to be used is labeled, as in the case of image recognition;
Unsupervised, where, contrary to the previous case, there are no labels, so it gen-
erates knowledge, which is effective in cases of clustering; Reinforcement learning,
which learns by rewards and can be seen in cases such as video games.

Just as the idea of learning was borrowed from a natural biological process, ma-
chine learning borrows another concept from biology, the connection and function
of neurons in the human brain [51]. With this idea in mind, the concept of machine
learning with neural networks arises. These networks are connected in different lay-
ers, where the output of one layer becomes the input of the next, until the last one,
where the output is the final result. The structure of a neuron can be written as
follows:

y=1r (Z WiT; + b) (3.4)

i=1
where w; are the weights of the connections, x; represents the input value, b is the

bias of the neuron, N is the number of connections to that neuron and y is the
output of the neuron. The f(-) means the function that the neuron will perform
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Input Layer Output

Figure 3.1: A feed-forward neural network with one hidden layer, the symbols in
the neurons in the layer represent the sum of the inputs with the weights and bias,
and then the application of the function f. Inspired by the illustration from [52].

with the inputs. One common structure of a neuron in a network is shown in Fig. 3.1.

The neural network model has a broad spectrum, but in this thesis only the gen-
erative adversarial networks (GANs) [53] will be mentioned. This focus is because
that model was the one implemented to benchmark the CV cases in QST, and will
be mentioned to provide a context for comparison with the newly proposed models.
We will follow the description of GANs given in Ref. [47].

The GAN model is characterized by two separate neural networks, one of which has
as input a noise vector z to introduce stochasticity, while the second one has as
input the original data distribution p(x). The first network is the generator G(z;6),
where G is a differentiable function [47], and as the name suggests generates some
data from the random input. This generator is trained by the second neural network
called discriminator D(z'; ¢), which evaluates the outputs of the generator [47]. The
outputs of D represent the probability that 2’ comes from the original distribution
p(z), see Fig. 3.2.

Both networks have to be trained, so this training is given alternatively, in which
the discriminator has to optimize the probability of assigning the labels correctly,
by maximizing the value of expectation with respect to the parameter ¢ [47]

Eomp(z) I(D(2; 0))] + E.opzy [In(1 — D(G(2;0); 0))] (3.5)

and the generator has to produce data similar to the data of the original distribution,
this is given by varying 6 to minimize the expectation [47]

E.vp(s) [I0(1 — D(G(2:6);9))] (3.6)

Finally, the discriminator evaluates the data given by the generator and with a
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Data

Generated data Fake/
. Real

Generator Discriminator

Figure 3.2: Structure for the GAN model. The generator assembles some data
from noise, which is then evaluated and trained by the discriminator. Illustration
from [47].

boolean output tells us if it is similar or not.

3.3 Gradient descent

The gradient-based optimization method is one of the most widely used today and
one of the most reliable methods. This powerful method is based on basic ideas of
vector calculus which recovers the concept that the gradient (V) of a differentiable
function f, denoted as the vector of partial derivatives of f, points in the direction of
the highest growth of the function f. By knowing in which direction the function has
the fastest growth, we can deduce the direction in which it decreases most rapidly by
taking the opposite direction. This decreasing direction is denoted as the negative
of the gradient and thereby we take steps to update the value of the parameter to
be optimized. In recursive form, the model can be expressed as:

ot = 0t — V(6" (3.7)

with 6 as the parameter to optimize, n > 0 as the step size (or learning rate),
and f the cost/loss function. This model is known as the vanilla gradient descent
algorithm. The choice of the value of the step size has to be in a way to ensure
convergence in the minimum point [49], see Fig. 3.3.

This method is divided into three categories. The first one, called batches, evaluates
all the data of the system to perform one update, which results in a long processing
time. Secondly, the stochastic method evaluates one example at a time and updates
the parameter with each evaluation, producing a slow convergence, but it is more
capable of avoiding local minima as shown in Refs. [54, 55]. Finally, the mini-batch
method updates with batches of data from n examples. This combines the best of
batches and stochastic to converge faster and reduce processing time.

3.3.1 Modifications

The vanilla gradient descent is very simple in many aspects. Therefore, it has
been explored ways to enhance its performance regarding arriving at the global
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f(9)

Figure 3.3: Illustration of gradient descent with small learning rate arriving at the
global minimum.

minimum and convergence times. Momentum is one of the most popular approaches
to accelerate gradient descent, guiding it in the appropriate direction and dampening
oscillations around local minima. [47]. This is possible by adding a fraction 7 usually
with a value of 0.09 and a vector v that modifies the update rule [56]

vy = yu_1 + nV f(6") (3.8)
ot = 0" — v, (3.9)

these momenta will continue to accumulate and increase depending on whether the
direction of the gradient coincides with that of the momentum. Consequently, a
faster convergence will occur.

Another modification that can be made to the gradient descent is the adaptive gra-
dient method (AdaGrad), which as its name indicates adapts the learning rate for
different parameters considering the information of the previous step [56]. This leads
to an n depending on the ¢ step in the algorithm.

From the two modifications mentioned above, it is possible to have a combination
of these, which is called adaptive moment estimation (Adam). Aside from using
adaptive learning, Adam maintains an exponentially moving average of the previous
gradients m; and of the square gradient v, [56] that are given by

my = Prmu—1 + (1 — 1) g (3.10)
vy = Povy—1 + (1 — 62)91&2 (3.11)

where 31, O are coefficients close to 1 and ¢g; = V f(#"). The vectors m; and v, are
estimates of the first moment and the second moment, representing the mean and
the uncentered variance, respectively. At the initialization of m; and v; in the value
0 a bias is generated, and to correct it the following expression is used

1=
U

16

my

(3.12)

(3.13)

6t:
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With all these modifications, the new update expression looks like

gl =g — 5 3.14
S et (3:14)

where ¢ is a value of numerical stability, that it is usually around 1078,

3.3.2 Stiefel manifold

The GD method with Stiefel manifold is a concept borrowed from differential ge-
ometry that restricts the gradient so that, after any update, the parameters never
leave the manifold. This is possible because of the notion of the manifold, which is
a set containing the idea of closeness between elements [32]. The topic of manifolds
and the application of differential geometry is quite extensive, therefore we will only
mention the necessary parts without going into details. If you want to explore more
on this topic, it is recommended to review the supplementary material of Ref. [32]
which shows the steps to obtain the final expression, and Ref. [57] for more concep-
tual details.

The Stiefel manifold is defined as the set of matrices with p orthonormal columns in
R™, this condition can be expressed as: for K € R"*? such that KT K = 1, [57]. This
concept can be extended to a complex space, so now we take a matrix W € C"*P

such that WW = 1, [32].

To achieve the gradient restriction several terms must be rewritten to obtain a new
gradient expression to be used in GD. For that let us take G = Vy, f(WW) which
after each update has to be normalized by the L2 norm G = G/||G||. Then we
define the stacked matrices A = [G, W] and B = [W, —G] [32]. As a result, we have
the following expression for the gradient

—1
S FOV) = A (]1 + ZBTA> BiW (3.15)
This gradient is applied to the vanilla GD model, giving us

W =W — Vi, fWV) (3.16)

After each update of the values of W, the orthonormality condition is maintained,
ensuring that it remains in the manifold.
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Reconstructing the density matrix is quite complicated, and cannot be done with
a linear inversion because it does not guarantee a physical density matrix (see sec-
tion 2.5). That is why reconstructing the density matrix is performed with other
methods, as mentioned in Chapter 3. However, when those methods are directly
applied, they can regenerate a matrix with the desired dimensions, but that matrix
lacks the three characteristics that define a physical density matrix.

In order to achieve a correct functioning of the algorithms in the context of QST,
constraints from mathematics and physics must be integrated. These constraints
serve to guide the algorithms to operate within a defined space where each update
effectively reconstructs a physical density matrix. For example, a projection that
brings you back into the subspace of physical density matrices, a regularization
mechanism that penalizes deviations from the desired subspace, limitations imposed
on the search area, and a re-parameterization of the states; see Fig. 4.1.

Projection
Regularization

LO)+ \|ro —roll3

Restricted
search

(T()a Q, Qb)

(Re)parameterization

Figure 4.1: Representation of the defined space and some constraints to maintain
the points (updates) in that space. The green point is the final point and the black
points are trying to arrive at the green point with different constraints. Illustration

from [47].

This chapter will focus on using the algorithms discussed in Chapter 3 to perform
quantum state tomography. Therefore, it will explain how the algorithms have to be
rewritten and which constraints have to be applied in each one in order to reconstruct
a physical density matrix. The MLE and GAN algorithms are not new proposals;
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they are taken from Refs. [23, 24] for MLE and Refs. [31, 46] for GAN, in order
to be compared with the GD models which are proposed in this thesis, which are
GD-Cholesky, GD-manifold, and GD-projective. The purpose of this comparison is
to benchmark the new methods based on GD against MLE and GAN, taking into
account the fidelity values, the algorithm time, the number of iterations, the system
to be reconstructed, and the noises.

4.1 Quantum state tomography with maximum
likelihood estimation

For the case of maximum likelihood estimation for QST, we will follow the iterative
model shown in Ref. [24] and Ref. [23].

Let us first define the set of all POVM elements II; that corresponds to the measure-
ment of the system p [24]. Secondly, the frequency of occurrences for each outcome
is indicated by f; [23]. Finally, P; represents the conditional probability of measur-
ing outcome ¢ [24]. From the Born rule showed in Eq. (2.16), we can rewrite the
probability as P, = p(IL;|p) = (i|pli) = Tr[II;p]. This one will be the probability
density function of the likelihood function Eq. (3.1)

£(p) =TI Tl (@)

where in this case we are looking for the p that maximizes the likelihood (4.1). As
mentioned earlier, maximizing the log-likelihood function is preferred as it simplifies
calculations and ultimately transforms the task into a convex optimization problem.

(p) = Y filn(Te{IT,z)) (4.2)

The state py;p that maximizes the log likelihood must satisfy pyp = R(ﬁML)ﬁML
where R(p) is a positive operator that is represented as [24]
A 1 i 1
R(p) = Jipg,

IT; =

D=5k —M;ﬂﬁﬁn (43)

with M = 3, f;. The operator R and p are Hermitian, and because of that condition

A

the equation Py, = R(par)par leads to the following iterative algorithm

Prvr = N[R(pr) piR(py)] (4.4)

where N denotes normalization to a unit trace. This representation preserves pos-
itivity, ensuring that likelihood increases with each step. Furthermore, the matrix
obtained at each stage is a physical density matrix.

This model can run into difficulties in cases where Tr[II;p] = 0, giving a divergence

in the expression, so it is important to take into account the first ansatz used to
start the iterations, i.e., the first ansatz must be constructed with nonzero values
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in all inputs. In some cases of DV, the divergence can be present after the updates
of the values of p, for that it is important to check the average value of the specific
measurement, operator from the original case and the one that is constructing R
in Eq.(4.3). If both cases are zero, then there will be a zero contribution in the
reconstruction from that specific average of measurement operator. For example, if
we are reconstructing the state |0) and, in one part of the algorithm we are close
to the reconstruction meaning that we will have a value zero in the position piq,
then the average of the measurement operator |1) (1] is zero in both cases, telling
us that is not necessary to add that information again in R. Therefore, in the sum
of Eq.(4.3), a 0 is assigned multiplying the selected II; operator (0 - |1) (1] in the
example). With that, we are able to avoid a divergence in R.

4.2 Quantum state tomography with conditional
generative adversarial networks

We have already seen how to adjust the MLE method for QST, now we will look at
how to modify the machine learning method to be used in QST. The implementation
of the model of a neural network, based on GANs (see section 3.2), will follow the
description provided in Refs. [31, 46, 47]. For further details about this model, it is
recommended to consult these references.

Starting from the idea shown with the GANs method, it is now necessary to con-
dition the generator so that it does not have random values as input, but now has
inputs with respect to an x variable. This x variable input would also apply to the
discriminator, which will use those x values to check the similitude of the genera-
tor output. This modification is called conditional generative adversarial network
(CGAN). Therefore, the generator outputs are now of the form G(z, z;6) and the
discriminator outputs are D(x,y; ¢) [31]. Despite the modification, it remains with
the same concept of optimizing the equations (3.5) and (3.6).

For quantum state tomography, the conditions to be imposed are the average mea-
sure values (d = Tr[II;p]) and the measurement operators {II;}. The generator
takes both inputs and tries to create its own density matrix. For the creation of
this matrix, the generator must have two layers with specific tasks. The first one
which is called “DensityMatrix” layer is in charge of creating a complex lower diag-
onal matrix Tz, which must have real values on the diagonal [31]. In this way, by
applying the Cholesky decomposition with the matrix T; a semi-positive hermitian
matrix is recovered [58]. Then the matrix is normalized to fulfill all three conditions
of a physical density matrix. The normalized Cholesky decomposition is expressed
as:

TLTe

=TI 45)

pPaG

where TCT; is an upper complex diagonal matrix. By using this idea of creating T¢,
a constraint of a restrictive search is enforced, see Fig. 4.1.
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The second layer, which is called “Expectation”, takes the density matrix created
by the generated one and together with the measurement operators, calculates the
expectations values of these operators (d' = Tr[Il;pg]), which will be important for
the discriminator. The discriminator will take the data d and d’, to compare and
train the Generator based on the similarity of the two data sets [31]. The process is
represented in Fig. 4.2.

Generator, G Reconstructed
.= . =" data
’ ¢ 2 Ll
4—&‘0 e o O L] I
I Ol |~ ::
- - & 1 1 e . — — — —
x I | Il = I
Q L
d A S I | I N2 Y
. Similarity
DensityMatrix Expectation d Discriminator, D

Figure 4.2: CGAN structure for QST. With the data d and the set {II;} as the
inputs of the Generator and Discriminator, and with the inside process of the two
neural networks. Illustration from [31].

4.3 Quantum state tomography with gradient de-
scent

For the case of gradient descent, which is the primordial focus of this thesis, the main
aspect is to define the methods to maintain the physicality of the states and represent
that method in the cost function. The cost function has to take as input the data
of the average measured values d, the measurement operators, and an ansatz of the
density matrix. This function expresses the difference between the original data d
and the new data d’ that is being constructed from the newly reconstructed p using
Eq. (2.16). It is represented as follows:

F(€) =3 [di = Te[Mp(C)])” + Al[C] (4.6)

)

where p(C) serves as a general representation of the density matrix with a parametriza-
tion C acting as a constraint to ensure the system remains as a physical density
matrix, and A is a hyperparameter that accompanies the L1 norm (sum of all the
components of C). The term represented by the L1 norm serves as a regularization
constraint to penalize the updates in case that the updated term were trying to es-
cape the physical subspace. This is because the L1 norm shrinks certain coefficients
and adjusts others to a value of 0, trying to keep the most relevant features [59].
Hence, it promotes sparsity in the coefficients. L1 norm was selected over other
norms because it has been shown to be the preferred standard for data-driven con-
straints as shown in Ref. [60]. This L1 norm contributes in a minor way, which is
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why the most important term to keep the matrix in the physical subspace is the
parametrization with C.

The parametrization p(C) is obtained from the ansatz p, this ansatz is generated
taking into account the equation (2.3). Therefore, a list with N ket states is gener-
ated, in which each state has random values while maintaining the characteristics of
being physical states. In addition, a list with probabilities P; is generated, therefore
we have all the elements to represent the system as a density matrix, for instance
in the case of 1 qubit with N = 2 it would be:

(4.7)

ket list = [|¢1>] _ |7

|h2)

Probabilities list = (4.8)

p = Py i) (4n] + Pa ibs) (i (4.9)

with these three elements you can obtain p(C), which will depend on the method you
want to use and will be explained in the following subsections when each constraint
method is presented.

Another aspect to consider is that gradient descent will be applied with the mini-
batch mode, due to the balance offered by this mode and mainly to avoid getting
stuck in local minima (see section 3.3). This extra aspect leaves us with several hy-
perparameters (A, 7, decay of learning rate, size of mini-batches) in the GD model,
to which we have to find the best value to obtain the most optimal version of this
algorithm.

Additional aspects will be considered depending on the type of constraint to be
applied. In this thesis, we will employ three methods of GD to do QST: Cholesky
representation, Stiefel manifold, and projective normalization. Detailed examina-
tions of each follow below.

4.3.1 Cholesky representation

In the Cholesky approach, we use the idea of rewriting and restricting the ansatz
to a lower triangular complex matrix T¢ (see appendix A), similar to how CGAN
generates its density matrix, but the difference is that in this aspect the gradient
model focuses on updating the values of the matrix T by steps, keeping that the
values on the diagonal have to be real. Using Eq.(4.5) and implementing it in the
cost function Eq.(4.6), we have the following representation
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t 2
sty = 5[ -t [ ] Az (4.10)

i r[TeTe]

looking at it from the vanilla GD model, the updated Ty values would look like

TEH = TV (TE) (4.11)

After each update of values, it will always maintain the structure of a complex lower
triangular matrix and by the Cholesky decomposition, it provides a physical density
matrix.

In order to get better results, it is pertinent to use the modification Adam in the
case of constraint by Cholesky representation.

4.3.2 Manifold

For the constrain with the Stiefel manifold we have to find the matrix WV such that
WIW = 1, (see subsection 3.3.2). For that, we use the fact that quantum states
have a probabilistic nature and that the sum of the probabilities has to be one, then
it already gives us an idea of how to rewrite the v states and the p, probabilities.
Resulting in a vector with a length of the Hilbert spaces times the number of states
in the ansatz, and each value is the complex amplitude of the state accompanied
by the square root of the probability of being in that state, e.g. the case of 1 qubit
with an ansatz of two states can be appreciated as

VPiaa
Voo (4.12)
VP22
/)
= pr(Jea* +1611*) + pa(laz|* + [ 5a]?) (4.13)
=pr+p=1 (4.14)

WIW = [piat yBiBi Ras v/Babs)

With this matrix/vector representation, it is pertinent to express the cost function
as follows

2

FOV) =37 |di = >~ {V/pathal i [y/Batha) | + AW (4.15)

1 e

and then apply Eq. (3.16).

4.3.3 Projective normalization

The last form of constraint explored is with the basic idea that in our system,
the sum of all probabilities has to be 1. So, we take the two lists created for the
ansatz: one with the complex-valued probability amplitudes (c,,) from all the states
|1;), and the other with the p; which are the probabilities of finding the system in
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|1;). For the first list (C}), after using GD with Adam, it is necessary to perform a
normalization (a projection) to the new values, i.e., the new values are divided by
S lem|?. For example, in the case of 1-qubit pure state Eq. (2.2), after GD the
state will be |¥') = o/ |0) + 8’ |1), now we have to do the normalization

- O/ /8/

W)= e Ot P 1P
In the general case of 1-qubit mixed states, a general ansatz represented by two
states can be adopted. This is because, for 1 qubit, the density matrix is 2 x 2
indicating that the maximum rank is 2. The entire process would then appear as
follows:

) (4.16)

- - - - - / - - -

/ s -
o o EAREEAE a1
51 Ad. GD 1 st 1 Projecti / 2/81 72 61
am S ep 1 I‘O_]eC 101N
|7 | Tor] ;w _ (4.17)
8] (@] ——— @
2 2 AREEAR 2
’ B4 2
|52 |72 Lfag2+552 ] |72

On the other hand, for the second list (P;) which is the same probability list showed
in Eq. 4.8, we applied the Adam GD; and after the update of the probabilities values
the softmax function will be applied. This function rescales the elements of the list
in a way that each element has values in the range [0,1], and that the sum of the
elements is one. Since the list is a set of probabilities, then the softmax function
suits perfectly well.

Pi
softmax(p;) = p; = Zi - (4.18)
P am ste Pl sortmax p
1| Adam GD Ustep, | 1] softmax |1 (4.19)
P P P,

with the two lists, we can now express the cost function, for that one we will use
the representation of the expectation value given in Eq. (2.12), which gives us

HCL ) =Y [dz- S P (T M Al (4.20)

and we already know how the Adam GD will update the values of the two lists and
how we are constraining those values.

4.4 Input values
To start doing quantum state tomography it is necessary to define the system we

intend to treat. Therefore, this work is divided into two parts, the first part consists
of a discrete variable system (section 2.1), for 2, 3, 4, 5, and 6 qubits, but focuses
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mostly on 4 qubits due to computational limitations. The second part takes a sys-
tem of a cat state with a value of & = 2. Based on these systems defined for discrete

variable and continuous variable (section 2.4), it will be performed the benchmark-
ing of the GD methods against the MLE and GAN models.

To use the algorithms we need some initial inputs. First, the measurement opera-
tors. Secondly, the d-values which are the average measure values of the original
density matrix (the one we want to obtain). Finally, an ansatz of a density matrix.
The elements and dimensions of the set of operators, of the d-values, and of the
ansatz for the density matrix will depend on the system defined, in the case of this
report those defined in discrete variable and continuous variable.

4.4.1 Input for discrete variables

In the case of discrete variables, the idea is to emulate what would be done in a labo-
ratory, so in this case, they measure the values at the poles of Z and then rotate the
qubit to look at the other values. Therefore, it is like taking the following set of mea-
surement, operators Iygue = {|0) (O[, [1) (1], [4+) (+|, [=) (=], [44) (il , [—7) (=i}
which are multiplied by a factor of 1/3 to be a POVM. In theory, it is possible to
use a smaller set, which would give the advantage of having to calculate fewer aver-
ages, but that would put off the idea of trying to emulate what would be done in a
laboratory for one or more qubits. For the case of more qubits (N qubits), we apply
the tensor product between the POVM components, that procedure gives a total of
6" measurement operators (1024 for 4 qubits). To give an example of how the mea-
surement operators would look, we take the following case |0) (0|®|1) (1| = ]01) (10].

Then a random density matrix is generated with dimensions of 2V x 2V and it is
taken as the original density matrix i.e. the one that we want to reconstruct. By
taking the original matrix and the set of measurement operators we can obtain the
d-values with the Eq.(2.16). Once we have the measurement operators and the d-
values, it is time to generate the ansatz, as indicated in section 4.3. This ansatz has
to be adapted to the different forms necessary to use the constraints correctly. In the
Cholesky case, the lower triangular matrix 7¢ is provided (see subsection 4.3.1), for
the manifold the vector W is constructed (see subsection 4.3.2), for the projection
the lists P, and C} are composed, for MLE is by taking the two lists of the ansatz and
then apply the Eq.(2.3) to obtain the matrix representation of papsatz. The ansatz
is adapted so that these models start with the same values in order to compare the
models in a more consistent way.

To simulate the poiginal, to create the ansatz, and to construct the measurement op-
erators, the QuTiP library for Python was used. QuTiP is an open-source framework
for numerical modeling of quantum systems, enabling the development of simula-
tions and calculations on the defined system. It is specifically designed for open
quantum systems [61]. This framework generates random density matrices using
the Ginibre ensemble and the algorithm of Ref. [62]. The Ginibre ensemble is a set
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of random matrices whose entries are independent and identically distributed from
the normal distribution. In the case of the random state vectors, they are generated
by applying a Haar random unitary to a pure state vector, following the algorithm
of Ref. [63]. This is based on the Haar measure, which is a measure that provides a
natural probability distribution on the set of unitary matrices U(N) [63].

4.4.2 Input for continuous variables

Now that we know the inputs for the discrete variable case, we will see how some
of these inputs change for the continuous variables case. For the case of continuous
variables, the measurement operators are given by the Husimi function, computa-
tionally the system has to be limited. Therefore, a Hilbert space with dimension
32 is taken (the same size as in the case of 5 qubits in a DV system), with 1024 3
displacements in a grid of dimensions 32 x 32, meaning that we have 1024 measure-
ment operators. Once the measurement operators have been defined, we proceed in
the same way as for the discrete variable case, by generating the original density
matrix, which in this case is the cat state with a = 2. Subsequently, the d-values
of this cat state are calculated.

Finally, the ansatz is generated and adapted for the different methods, as in the case
of discrete variables, with two differences. The first difference is that the size of the
kets is 32, and the second is that now, in continuous variables, the CGAN method is
introduced. CGAN is introduced in this case because the algorithm is designed and
optimized for CV with a fixed Hilbert space. For other cases, qubits or a different
Hilbert space, it would be necessary to restructure the code since the layers do not
adapt automatically and easily to another system. In the CGAN method, it is not
necessary to provide an ansatz since CGAN itself creates the density matrix with
its generator layer.

It was decided to use the cat state and those values for the Husimi function to make
an easier and more direct comparison of the results of the Ref. [46].

4.5 Benchmark

Now that we have defined how the different methods are going to be implemented
for QST, it is important to define with which parameters we can compare the dif-
ferent methods in order to perform the benchmark of the three methods based on
GD. Since all methods advance in steps to improve fidelity, the number of iterations
that it takes to reach a certain fidelity value can be evaluated. In addition, the time
spent in each iteration can also be known, allowing to know the time required to
reach the desired fidelity.

Another parameter that can be measured would be the number of measurement

operators needed to obtain a fidelity value close to 100% or close to an assigned
threshold value, so one can randomly select some measurement operators, starting
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from a relatively small number (depending on the total number of operators) and
start increasing the number of operators selected.

For the case of DV, we will look at how many ansatz kets have to be generated to
reconstruct the original mixed state. We will start with a low rank and increase
it until we reach the maximum rank of the system. For example, in the case of 4
qubits, the maximum value would be a rank of 16. In CV, we will look at the range
in another way. Because the cat state is a pure state, varying the range in CV will
involve adding thermal states to the system. These new states are represented by
Fock states, resulting in a mixed state. The mixed state would look like this:

223 ) dn (4.21)

n=0

p = 0.8|cat) (cat| +

where 1 is the rank and it has values greater than 2 because in the case of r =1 it
is just the cat state.

So far, it has been considered that all measurements are “perfect”. However, in
reality, there will always be noise in the expected values. That noise is present due
to the measurement signal distribution and the discriminator value taken in the
experiments to indicate the regions of the states. Therefore, to emulate the noise
that may occur in the measurement of expectation values, uncertainty is added to
the d-values by incorporating random values given by a Gaussian distribution with
a mean of 0 and a standard deviation of o.

dyoise = d + N<O; U) (422)

with this new case of noise addition, we will look at achievable fidelity values and
the number of iterations needed to reach the desired fidelity value.

Table 4.1: Values taken for the hyperparameters A, n, decay of learning rate, size
of mini-batches, for the cases of DV and CV.

Methods/Hyperparam | A n decay learning rate | mini-batches size
GD-Cholesky DV 1077 | 5x 1072 0.999 0.55x length(d)
GD-Manifold DV 0 1072 0.999 0.55x length(d)
GD-Projective DV 0 1071 0.099 0.55x length(d)
GD-Cholesky CV 107 107! 0.999 0.55% length(d)
GD-Manifold CV 1074 | 5 x 1072 0.999 0.55x length(d)
GD-Projective CV | 1075 | 5 x 1072 0.009 0.55% length(d)

Finally, in order to start benchmarking the different aspects mentioned above, it is
necessary to define the hyperparameters (A, n, decay of learning rate, size of mini-
batches) that the GD models need, these are selected after running the models 5 to
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10 times for each variation of the hyperparameter value, and the values with which
better reconstruction of the density matrix are taken. This analysis and the graphs
illustrating the values taken can be found in Appendix B. Table 4.1 shows the values
taken.

For all performance metrics to be looked at, a statistic has to be taken to be able
to extract a concrete result. This is why the algorithms have to be run several
times. A run in the case of DV means to create a random matrix as the original
one and to create a random ansatz (see section 4.3), and then with the different
methods perform QST. In the case of CV, a run is to make the cat state with o = 2
and a random ansatz, to which the methods MLE, GD, and CGAN are applied to
reconstruct that cat state.
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Results

The complexity of quantum state tomography has forced the scientific community
over the years to explore different methods of performing a correct reconstruction of
the system state, and also to be an optimal method in terms of time, memory man-
agement, amount of data, and so on. The fact that an optimal method is desired in
several performance metrics, makes this a topic with a lot of room for exploration.
Therefore, the search for improvement in any of the aspects that have made the
reconstruction of quantum states difficult has been a great motivation to propose
and explore the GD algorithm with its different constraints.

In this chapter, we will compare the results obtained for the three cases (Cholesky,
manifold, projective) of gradient descent with the MLE of Ref. [24] model for the
discrete variable case. And, for the case of continuous variable, we will compare gra-
dient descent against MLE of Ref. [23] and CGAN of Ref. [46] (see subsection 4.4.2).
With these comparisons, we seek to benchmark the techniques proposed in this the-
sis with respect to the other models. The benchmark will be performed taking into
account the time and number of iterations required to reach a fixed fidelity value,
the number of kets needed to generate the ansatz of the density matrix and to obtain
a fidelity close to 100%, the fidelity after adding some thermal state, and lastly, the
fidelity that can be obtained in cases with noise.

5.1 Quantum state tomography for discrete vari-
able

The performance of MLE, GD Cholesky, GD manifold, and GD projection methods
for the first benchmarking case with 4 qubits is presented in Fig. 5.1. The data shown
are from 10 runs for each algorithm, in which it is observed that all methods reach
a fidelity close to 100%. More specifically, the final fidelities of the four methods
after 103 iterations are greater than 99.7%. With the possibility that by performing
more iterations a value of fidelity closer to 100% will be reached, however, to reduce
time and processing power we will limit the benchmark to 10? iterations.

Figure 5.1b shows that the GD-projective method reaches the value of 0.998 with
fewer iterations than the other three cases. This projective one is followed by GD-
manifold, then very close to manifold is MLE, and finally the case of GD-Cholesky
which on average does not reach 0.998 with 10? iterations, but reaches a value close
to it. In order to simplify the comparison, we will take 103 iterations as the value
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Figure 5.1: Reconstruction of a random density matrix for a system of 4 qubits,
comparing the reconstructed density matrix with the original by the fidelity oper-
ation. The fidelity depends on the iterations for the cases of GD-Cholesky (red),
GD-manifold (yellow), GD-projective (green), and MLE (blue). The solid lines are
the mean fidelity for 10 runs and the shaded areas are the standard deviation of
each mean. (a) shows the fidelity in the range between 0.7 - 1.00. (b) fidelity values
in the range of 0.997 to 1.00.

at which GD-Cholesky reaches a fidelity of 0.998. Having the number of iterations
is not enough to define which of the four methods is better for this case; we also
need to look at each method’s average time per iteration. These values of time and
number of iterations are summarized in table 5.1.

Table 5.1: Values of average time per iteration, number of iterations to reach a
fidelity of 0.998, and the total time that the four methods need to reach the 0.998
fidelity. For the case of 4 qubits.

Method | Average time per iteration (ms) | No. of iter for 0.998 fid | Total time (ms)
Chol 2.3912 1000 2391.2
Mani 9.826 185 1817.9
Proj 17.574 71 1247.7
MLE 6.478 220 1425.2

The data shown in Table 5.1 indicates that the fastest method per iteration is GD-
Cholesky and the slowest is GD-projective, which is the complete opposite of what
was seen with the measure of iterations. Taking into account both measures, it can
be seen that for 4 qubits the fastest method to reach the fidelity threshold of 0.998
was GD-projective, it is approximately 12% faster compared to the second fastest
method which was the MLE. In Fig. 5.1b it can also be seen that with 10? iterations
the GD-projective method comes close to convergence to a value closer to 1.0. The
other methods will require more iterations and time to achieve values closer to 1.0.
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Figure 5.2: Performance in the reconstruction of a random density matrix with
a fidelity value of 0.99 for the cases of 2, 3, 4, 5, and 6 qubits, using MLE, GD-
Cholesky, GD-manifold, and GD-projective. For each case, we run the methods 10
times. (a) average number of iterations needed to obtain the fidelity 0.99 and (b)
the average time per iteration. (c) total time for each of the methods to achieve a
fidelity of 0.99.

The analysis of the number of iterations needed to reach a certain fidelity value is
extended to the case of 2, 3, 5, and 6 qubits. Fig. 5.2 shows how the number of itera-
tions and the average time per iteration changes with respect to the number of qubits
to reach the fidelity value of 0.99. We reduced the fidelity value to 0.99 for simplicity
because arriving at 0.998 in 5 and 6 qubits required a lot more iterations and time.
In the case of iterations, Fig. 5.2a, it shows how GD-Cholesky is growing extremely
fast, while on the other side, GD-projective has not even passed to the next order of
magnitude (10?). The MLE case also starts to have a large growth in the necessary
iterations going from magnitude 10* to 10? and finally GD-manifold stabilizes at an
order of magnitude 10%. The difference between the projective method with respect
to the restrictive search methods can be due to the fact that by updating the values
it goes out of the physical subspace, and then by projection bringing it back to the
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physical subspace it can take “shortcuts” or be projected very close to the desired
value. In the other three methods, being restricted to move only in that subspace
limits the paths they can take.

In the case of the average time, it is quite the opposite, the GD-projective, GD-
manifold, and especially MLE methods have a very large growth when the number
of qubits is increased. While the GD-Cholesky method has a much smaller growth,
which in a way compensates a bit for the number of iterations that it has to per-
form to reach the fidelity value of 0.99. These differences can be due to various
reasons. In the case of MLE, it has to perform three matrix multiplications to up-
date the density matrix, a division for the R operator that must be checked to avoid
divergences (section 4.1), and then the operation of all the average measurement
operators, which is a multiplication of two matrices (p and II;) per measurement
operator. For the case of GD-projective and GD-manifold, each average measure-
ment operator must be calculated with equation (2.12). This involves the product
of two vectors with a matrix that has to be done m times, m being the rank number,
and this is for each average to be calculated. Additionally, in GD-projective, two
gradients must be calculated, one for each list. Finally, in the case of GD-Cholesky,
only a multiplication of two matrices is needed to obtain p and then operate all the
average measurement operators, which is a multiplication of p and the measurement
operator. It is known that multiplying matrices is computationally expensive, so
the method that requires fewer multiplications is the one that requires less time.

Table 5.2: Values of the fit for the cases of iterations, average time per iteration,
and total time for the reconstruction of the DV system with the function f(N) =
aeN +b.

Method c a b Method C a b

Iter: MLE 1.01 1.35 3.16 | Aver: GD-mani | 3.07 | 1.0x107° 3.87

Iter: GD-Chol | 3.70 | 9.1x107® | 80.6 | Aver: GD-proj | 2.85 | 5.0x107° 6.65

Iter: GD-mani | 1.21 0.11 98.1 Total: MLE 3.91 | 6.0x107% | 1.1x1072

Iter: GD-proj | 1.14 0.05 35.9 | Total: GD-Chol | 5.99 | 3.2x10713 0.19

Aver: MLE 2.91 | 4.2x1075 | 0.40 | Total: GD-mani | 3.74 | 4.6x10~8 0.65

Aver: GD-Chol | 3.2 | 1.4x1077 | 2.2 | Total: GD-proj | 3.38 | 1.8x107" 0.29

The total time for each method to reach a fidelity value of 0.99 is illustrated in
Fig. 5.2c. It shows that the MLE and Cholesky methods start being the fastest,
however after 5 qubits MLE starts to be the slowest one, and then at 6 qubits,
GD-Cholesky becomes the most time-consuming method to reach the set value. By
contrast, GD-manifold and GD-projective start being the slowest methods, but as
the system dimensions increase, they begin to show an advantage in the sense that
they start to require less time than MLE and GD-Cholesky by almost an order of
magnitude.
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Figure 5.3: Fidelity values for the cases of the ansatz density matrix with different
rank values for the reconstruction of a random density matrix of a system of 4 qubits.
The 4 methods performed 10 runs for each rank, and the mean fidelity of the runs
is represented by the solid lines. (a) Rank 1, (b) rank 8, (c) rank 12, (c) rank 16.

To get an idea of the growth of the time and iterations, we attempted to fit some
functions based on the values obtained in Figures (5.2a, 5.2b, 5.2¢). It would be
expected that since the quantum state grows exponentially, then the growth of the
algorithm should also be exponential. Therefore, in all these cases, we fit a function
of the form f(N) = ae®N + b, obtaining R-squared values greater than 0.99 in all
cases. This may not be the best model to define how the time values of the algo-
rithm grow, but it gives an idea of the growth trend of the system and tells us which
method tends to have a higher growth rate in case we want to know the behavior
for more qubits. For a more accurate model, we should do an analysis of the com-
plexities of the algorithms, see how they interact with the growth of the quantum
system, and have more data since 5 points may be too few values for a correct fit.
The values of the fit are shown in the table 5.2. By looking at the case of total time
we can again see that the method with the lowest growth is the GD-projective case,

while GD-Cholesky has the highest growth trend.
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5.1.1 Ansatz rank

Turning to the case where the ansatz is constructed by varying the number of kets
which is represented by the rank number r, Fig. 5.3 shows that by starting with a
very small r value the only methods able to reach a value relatively close to 1.0 are
MLE and GD-Cholesky because they are represented in matrix form, which allows
them to rank up by updating their values. Whereas GD-manifold and GD-projective
models cannot increase the rank and are too limited in the reconstruction. Then,
as the value of the rank increases, the methods improve and become more reliable,
giving values close to 1.0 for all methods. The best case is when r = 16 which is the
maximum rank value that can be taken for the 4-qubit system.

1.0

(a)

Fidelity
o
<

0.2-—1

1.04
43\0.9—
2
°
—— GD_chol -
GD_mani 0.87
—— GD_proj
—— MLE
e e 0.7
10 102 103
Number of measurement operators
(b)
—— GD_chol
1.000+ GD_mani
—— GD_proj
|/ —— MLE
2
3
i 0.9954
0.990-—
10?
(c)

—— GD_chol

1 — GD_proj
—— MLE

GD_mani

it

e 16
Number of measurement operators

b

Number of measurement operators

Figure 5.4: Average fidelity for the case of increasing the number of measurement
operators. The x-axis increases by 10 randomly selected measurement operators.
All the methods were fixed to 10% iterations and executed 10 times. (a) Full fidelity
plot, (b) zoomed-in for fidelity values ranging from 0.7 to 1.0, (c¢) zoomed-in for
fidelity values ranging from 0.990 to 1.000.
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Figure 5.5: The effect of adding Gaussian noise in the average fidelity values for
the case of 4 qubits. The noise has 3 different variances. (a) o =107, (b) zoom-in
of 0 =107% (¢c) 0 =5x107°, (d) zoom-in of 0 = 5x 1075, (e) 0 = 107?, (f) zoom-in
of o = 107°. Each case includes 10 runs per method.

5.1.2 Number of measurement operators and noise

We now look at how the four methods behave when the number of measurement op-
erators is limited, which in other words, is limiting the information available about
the original system. Fig. 5.4 shows how the methods improve as more measure-
ment operators are added, but it is evident that the case of MLE is very dependent
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on needing all the information from the original system (all the set of measure-
ment operators see subsection 4.4.1) to reach a fidelity value above 0.99. While
GD-projective requires 21%, GD-manifold requires 24%, and GD-Cholesky requires
48% of the measurement operator set to reach a fidelity of 0.995 or higher. The
big difference between MLE and GD models is that MLE looks for the parame-
ter that maximizes the likelihood function. Not having the complete description
of the system, it finds the parameter that maximizes that subsection, which is not
necessarily the one that maximizes the likelihood of all the average measurement op-
erator values. This means that it finds a different p than the one to be reconstructed.

This leads us to wonder whether it is better to have more measurements on fewer
measurement operators or to have fewer measurements on each measurement opera-
tor but have more of them. Having too few measurements per measurement operator
can lead to a large statistical noise o, making the QST task more difficult. To ob-
serve how the methods for QST behave in the presence of noise, we take 3 different
values of o, which were chosen based on the maximum value in the d-values. This
means that o/max(d-values) in a range between 0.09 to 0.001 with max(d-values)=
0.001542, in order to have a noise that does not change abruptly all the data and
make them look like a different system. That is why we take o = 1074,5x 1075, 1075.

From Fig. 5.5 we observe that for o = 107* it is complicated for all the methods to
reach a fidelity value higher than 0.98. For the second case with o =5 x 107°, they
reach a value of 0.99 but do not extend to higher values. In the case of 0 = 1075
we can see values much closer to 0.999 but not as high as those obtained in the first
case without noise represented in Fig. 5.1a. Also comparing with that first case, the
behavior of the different methods are very alike, with similar times and a similar
number of iterations.

5.2 Quantum state tomography for continuous vari-
ables

Moving on to the case of CV, where the big difference that will be presented in
this analysis with respect to the case of DV is the inclusion of the CGAN method.
Figure 5.6 shows the large contrast of CGAN compared with MLE and GD-based
methods. CGAN reaches fidelity values of 0.99 with a small number of iterations in
comparison to the other methods. Considering that machine-learning models based
on neural networks are a kind of black box, it is not possible to know precisely why
there is such an advantage in the case of the number of iterations. The number of
iterations for the other methods shows a behavior similar to the DV case, where
the “shortcuts” that can be taken due to the projections mean that fewer steps are
needed to reconstruct the state.

By contrast, the CGAN method is quite slow, this can be seen in Table 5.3 which
illustrates the average time per iteration of the 5 methods being compared. Of these
5 methods, the one that needs less time in total to achieve a value of 0.99 is the
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Figure 5.6: Reconstruction of the cat state with o = 2, with the distance mea-
surement of the fidelity depending on the iterations for the methods CGAN (black),
MLE (blue), GD-Cholesky (red), GD-manifold (orange), and GD-projective (green).
Average of 10 runs. (a) Full fidelity range and (b) fidelity values in the range of 0.990
to 1.000.

GD-projective, which is below the time of the others almost by an order of mag-
nitude. Another aspect that can be noticed about GD-projective is that it can be
said that it reaches a value closer to 1.0, but it presents a fidelity that exceeds the
value of 1 by a factor of magnitude 10~7, which would be incorrect. However, upon
examining the density matrices reconstructed by this method, they fulfill the three
characteristics of a physical density matrix. Moreover, by comparing the values of
the components of the original density matrix with those of the reconstructed one,
it is found that the values are the same or very close; the difference for those that
are not identical is on the order of magnitude of 107!5. This indicates that a correct
reconstruction of the system has been achieved. The value above 1 can be due to
different reasons, the first one is that when the original matrix is created in Qutip
it can be the case that some eigenvalues are -10~!% when they have to be 0 and be
positive. The second reason is that in the calculation of the fidelity, which is also
done by QuTip, there are errors for those small magnitudes.

Table 5.3: Values of average time per iteration, number of iterations to reach a
fidelity of 0.99, and the total time that the four methods need to reach the 0.99
fidelity. For the case of 4 qubits.

Method | Final average fidelity | Average time per iteration (ms) | No. of iter in 0.990 fid | total time (ms)
Chol 0.9985 32.6605 3950 129009.2
Mani 0.9999 19.1945 3154 60539.5
Proj 1.0000 21.1086 380 8021.2
MLE 0.9913 25.9182 2738 70964.0

CGAN 0.9999 210.5401 185 38949.9

By looking at the last values that the methods can obtain, it can be seen in Fig. 5.6b
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Figure 5.7: Reconstruction of a mixed state of continuous variables following
Eq. (4.21) with r = 3 for the original density matrix and for the ansatz.

that the MLE method does not reach values above 0.995, while the other methods
do. By observing the trend of MLE it can be seen that it has no more growth to
reach higher values even if the number of iterations is increased.

5.2.1 Mixed state continuous variables

Turning to the case where it is now a mixed state with a rank value of 3, Eq. (4.21),
Fig. 5.7 illustrates how the only cases to reach values close to 1 are the GD-projective,
the CGAN method, and the GD-Cholesky method. This is followed by MLE which
would need more iterations for a better fidelity value. Finally, the case of GD-
manifold has to be further explored because it is not doing a proper reconstruction.
This may happen because it is based on a vanilla GD model and the only way to
escape from local minima is through the mini-batches, so probably to improve the
result the size of the mini-batches could be tuned for mixed CV cases.

5.2.2 Number of measurement operators for continuous vari-
able

In Fig. 5.8 we consider the case of varying the number of measurement operators,
so it is observed that the GD-Cholesky, CGAN, and GD-projective methods are the
ones that need less measurement, but the only relatively reliable one would be the
GD-Cholesky because the other two have many fluctuations in the fidelity values,
therefore they depend a lot on the selected measurement operators. For MLE and
GD-manifold it is more noticeable that they need the whole set of measurement
operators to perform a proper reconstruction. This was expected for the case of
MLE and it was also observed in DV. An abrupt change in comparison with DV
is the necessary number of measurement operators for GD-manifold; in this model,
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operators. CGAN was performed with 10% iterations and the other methods with

104 iterations.

it is given that all measurement operators are needed, but also with the standard
deviation of the data, it can be seen that it is probably possible to make a correct
reconstruction of the original state with fewer number of measurement operators.
Therefore, we would need more statistics and possibly another calibration of the
hyperparameters to obtain a better idea of the behavior of GD-manifold for CV.
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Figure 5.9: Fidelity reconstruction for the cat state after the addition of noise by
a Gaussian function. (a) For a variance of 0.01, and (b) a variance of 0.001.

5.2.3 Noise for continuous variables

For the final case of adding Gaussian noise, the values are taken in a similar way as
with DV, where the maximum value of the d-values is 0.47364. By taking o with
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values of 0.01 and 0.001, it would give that the ratio of ¢ and the maximum value
is in the range of 0.002 to 0.02. Looking at Fig. 5.9 the method that best fits these
noises is the GD-Cholesky method achieving values above 0.95 for ¢ = 0.01 and
values very close to 1 (f > 0.99) for ¢ = 0.001. The other methods fail completely
for the first o value. For a smaller noise, which is the case of the second o, GD-
manifold comes quite close to reconstruction obtaining fidelity values greater than
0.97. MLE also comes close but does not exceed fidelity values of 0.95. Finally,
CGAN and GD-projective are not very stable, so they do not have a tendency only
to grow. Also, they cannot reconstruct anything close to the original density matrix.
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Conclusion and outlook

In this thesis, we proposed three different methods for quantum state tomography
based on gradient descent (Cholesky, manifold, and projective). These methods
achieve fidelity values of at least 0.99 in most cases, meaning that they are able to
perform a good reconstruction of quantum systems. Looking at the case of a system
defined by qubits and comparing it with the MLE method that is the standard in
the field, we start to notice an advantage of the GD-projective and GD-manifold
methods at 5 qubits and above with respect to MLE, at least in the case of total
time required and number of iterations to reach a fidelity value of 0.99, illustrated
in Fig. 5.2c.

In the case of 4 qubits, there is an advantage with GD-projective when it comes
to the total time to reach a value even closer to 1 (f > 0.998). Therefore, from 4
qubits onwards, the GD-projective method could be taken as the best method to do
QST in terms of time, followed by the GD-manifold method which also manages to
outperform the MLE method as the system becomes larger.

The big advantage of these GD methods is when we look at the amount of measure-
ment operators needed to achieve a reconstruction of the original system, as shown
in Fig. 5.4, which leaves the question of whether it is better to have more statistics
on a small set of measurement operators, or less statistics on each operator but
taking a set with more measurement operators. From the experimental perspective,
taking fewer measurement operators would save time. Other advantages may exist
from this perspective, but that depends on each experiment. AsI did not have direct
contact with experimental procedures, I cannot conclude more from the experimen-
tal point of view. From the computational side, it would be better to have fewer
measurement, operators due to the amount of memory and processing time issues.

Regarding the behavior of the methods with respect to the noise generated by a
Gaussian function for the case of 4 qubits, it has been found that in cases where o
is large (107%), none of the methods can achieve a proper reconstruction. Therefore,
o needs to have a value of 5 x 107° or smaller to be able to do a proper QST. It is
not possible to say that one of the methods is better than the others, they are all
very even and manage to have a good reconstruction of the system as long as the
noise is not too large. The last aspect of the DV case is that it is necessary to create
an ansatz with the maximum value of rank to achieve a correct reconstruction of
the original system of qubits for a random density matrix as the original. In the
case that, in an experiment, we know that the original system is not full-rank and
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we have knowledge of the approximate rank, we can adapt the ansatz to have that
rank value, allowing us some flexibility in designing the ansatz.

On the CV side, in which the GD methods are now compared against the CGAN
and MLE methods, it is found that GD-projective needs less time to achieve fidelity
values of at least 0.99 compared to the other four methods, at least for the case of
the cat state with the full set of measurement operators. However, if we take into
account all the other cases that were explored such as the rank, and the number
of measurement operators, the most reliable method is GD-Cholesky because in all
these cases it achieves an adequate reconstruction. The other methods fail in some
of these cases. The most important feature of GD-Cholesky is that it stands out
in the cases of the number of measurement operators and noise. By requiring few
measurement operators, as is the case with CGAN, it can give certain advantages
in the experimental aspect with respect to the time to make the measurements, as
discussed for DV. Although the case of CGAN also requires a few measurements, it
is not as consistent as GD-Cholesky. Finally, by being exposed to noises the only
method that can correctly reconstruct the density matrix under these conditions is
GD-Cholesky. Even though GD-Cholesky always requires more time, it is known
that at least it will perform a correct reconstruction.

Comparing specifically the GD methods with the CGAN case, we can see other
advantages from the technical side. The concept, implementation, and coding of the
GD methods are much simpler than the CGAN case, which requires more knowledge
to understand it, to be able to create a code of that complexity and to interpret it
because the methods based on machine-learning are like black boxes. Besides that
CGAN has the great disadvantage of being very rigid in the sense that it only accepts
as input a system with a Hilbert space of a fixed number (see subsection 4.4.2), in
order to use it in a system with other dimensions it would be necessary to change
several terms of the layers which makes it a not very versatile method. On the
contrary, the GD methods are very adaptable and adjust to any system dimension
without the need to change the code.

6.1 Further research

The analysis of these methods could be extended to the case of more qubits, but it
would require more computational power since a 40 GB GPU could only process up
to the case of 6 qubits. Another improvement that would be required is to increase
the statistics of each case, i.e. run more times the code to have more value for
the average and the standard deviation of this. The results obtained in this thesis
present in many cases a large standard deviation, so ideally it would be better to
have more statistics. But even so, with the statistics taken in this thesis, we can
already see patterns of how the proposed QST methods behave. In Ref. [31] they
have 100 runs, so it would be good to run the GD methods 100 times.

Concerning the case of DV, it would be convenient to compare GD models against su-
perfast MLE [25], compressed sensing (CS) [64], and projected gradient descent [65].
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Ideally adapting the codes to run in Python and that they start with the same ansatz
for all models, to make the comparison fair.

For the scope of CV, it would be ideal to see other states that are not only the
cat state, so there are still several tests to be able to reach general conclusions on
continuous variables.

It would be desirable that the three proposed methods could be implemented with
real values given from the experiments. Nevertheless, in that case, it would be nec-
essary to change the way in which we look if the reconstruction was done properly
because we do not know the original state. One way that could be used is to look
at the loss function and see if it becomes 0 or very close to 0.

From this work, we cannot say that GD is the definitive method. There could be
an algorithm with advantages over GD in some parameters, or perhaps a different
form of constraint could be found that is more efficient for GD. It is also possible
that there is another version of the GD algorithm, such as AdaMax, Adadelta, or
some other that converts the algorithm faster to the desired minimum.
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A

Cholesky decomposition

In this appendix, we will explain how to go from the matrix expression of p to the
matrix T¢. Usually, in the literature, it is easy to find the procedure to do it in the
case of the classical Cholesky decomposition 77, but in the alternative represen-
tation 71T, which is also valid, it is not very easy to find it. For that reason I will
show the procedure to do it in the representation used in the GD algorithm.

We start with p represented by a matrix upper triangular and one lower triangular,
in which the upper one is the conjugate transpose of the lower one, and the lower
one has real values in the diagonal and complex values in the other entries. We will
represent those with general values in the entries and with matrices 3x3.

Ty Ty Thl [T 0 0
p=T'T=|0 Ty Th| |Tu T O (A1)
0 0 Tss| [I31 139 Tis3

(T2 4 [T |? + | Tt |? T3 Too + T Tso T T
= | Ty + 1315 T3 + [T TiTss (A.2)
T33T31 T33T32 T323

Now we represent the values of the density matrix with general values in the entries.

P11 Py P TH + |Tor|* + [T |* T3 Too + T3y Tso T35, T3
P21 P22 P3| = | Taodo + 155,13 T3 + T TiTss (A.3)
P31 P32 P33 15315 15315 T323

Comparing we can obtain the value of T33 = |/p33, and with that one we can start
expressing the other ones.

T, 0 0 \/Pu — T |? — |T51|? 0 0
T = Ty, Ty 0| = (021 - T§2T31)/T22 \/ P22 — ‘T32‘2 0 (A-4)
T3 T3 T33 P31/ 133 P32/ 133 \/ P33

The values in the entries can be expressed in the following equations



A. Cholesky decomposition

N
Tii= |pi— > TiThs
k=j+1

1 QN .
T,; = ' (pi,j - > T,W-Tk,j) for i>j

k=i+1

where N is the number of columns or rows, and it is crucial to start the algorithm
with the last component, that is the one that we have the full information at the

beginning.
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B

Hyperparameters

The GD models have four hyperparameters which were necessary to adjust to obtain
values that made the three GD models more optimal. This appendix shows the data
that were taken in order to define the best values to use for the correct reconstruction
of the density matrices. The process of taking the data involved performing 10 runs
of each method and each hyperparameter value, and then comparing which value
was the most optimal. This procedure was done for the DV case and CV case.

B.1 Hyper-parameters DV

As there are three GD methods and four hyperparameters (A, Decay rate, Batches
size, ), we will go through each hyperparameter using GD-Cholesky first, followed
by GD-manifold, and finally GD-projective. For that, we take the case of 4 qubits.

B.1.1 ) hyperparameter

The selected values of A are: 1077 for GD-Cholesky from Fig. B.1, 0 for GD-manifold
from Fig. B.2, and 0 for GD-projective from Fig. B.3.
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Figure B.1: Random p for 4 qubits, starting with 16 states. Lambda hyperparam-
eter for GD-Cholesky. Taking A = 107",
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Figure B.2: Random p for 4 qubits, starting with 16 states. Lambda hyperparam-
eter for GD-manifold. Taking A = 0.
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Figure B.3: Random p for 4 qubits, starting with 16 states. Lambda hyperparam-
eter for GD-projective. Taking A = 0
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B.1.2 Decay

The selected value for the decay is 0.999 for the three methods GD-Cholesky Fig. B.4,
GD-manifold Fig. B.5, and GD-projective Fig. B.6.
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Figure B.4: Random p for 4 qubits, starting with 16 states. Decay hyperparameter
for GD-Cholesky. Taking decay = 0.999.
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Figure B.5: Random p for 4 qubits, starting with 16 states. Decay hyperparameter
for GD-manifold. Taking decay = 0.999.
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Figure B.6: Random p for 4 qubits, starting with 16 states. Decay hyperparameter
for GD-projective. Taking decay = 0.099.
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B. Hyperparameters

B.1.3 Batches

The selected value for the mini-batch size is 55% of the total set of measurement
operators for the three methods GD-Cholesky Fig. B.7, GD-manifold Fig. B.8, and
GD-projective Fig. B.9.
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Figure B.7: Random p for 4 qubits, starting with 16 states. Batches hyperparam-
eter for GD-Cholesky. Taking Batches 55%.
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Figure B.8: Random p for 4 qubits, starting with 16 states. Batches hyperparam-
eter for GD-manifold. Taking Batches 55%.
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Batch_s= 0.05
Batch_s= 0.15
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Figure B.9: Random p for 4 qubits, starting with 16 states. Batches hyperparam-
eter for GD-projective. Taking Batches 55%.
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B. Hyperparameters

B.1.4 [Initial learning rate (7)

The selected values of learning rate are: 0.05 for GD-Cholesky Fig. B.10, 0.01 for
GD-manifold Fig. B.11, and 0.1 for GD-projective Fig. B.12.
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Figure B.10: Random p for 4 qubits, starting with 16 states. Initial learning rate
hyperparameter for GD-Cholesky. Taking Ir = 0.05.
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Figure B.11: Random p for 4 qubits, starting with 16 states. Initial learning rate
hyperparameter for GD-manifold. Taking Ir = 0.01.
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Figure B.12: Random p for 4 qubits, starting with 16 states. Initial learning rate
hyperparameter for GD-projective. Taking [r = 0.1.
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B.2 Hyper-parameters CV

For CV we repeat the same procedure that was done with DV, with the difference
that here we adjust the hyperparameter values with a cat state a = 2.

B.2.1 )\ hyperparameter

The selected values of A are: 1079 for GD-Cholesky Fig. B.13, 0.001 for GD-manifold
Fig. B.14, and 10~* for GD-projective Fig. B.15.
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Figure B.13: Cat state a = 2, starting with 1 state. Lambda hyperparameter for
GD-Cholesky. Taking A\ = 1077,
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Figure B.14: Cat state a = 2, starting with 1 state. Lambda hyperparameter for
GD-manifold. Taking A = 0.001.
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Figure B.15: Cat state a = 2, starting with 1 state. Lambda hyperparameter for
GD-projective. Taking A = 1074,
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B. Hyperparameters

B.2.2 Decay
The selected values of decay are: 0.999 for GD-Cholesky Fig. B.16, 0.999 for GD-
manifold Fig. B.17, and 0.009 for GD-projective Fig. B.18.
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Figure B.16: Cat state a = 2, starting with 1 state. Decay hyperparameter for
GD-Cholesky. Taking decay = 0.999.
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Figure B.17: Cat state o = 2, starting with 1 state. Decay hyperparameter for
GD-manifold. Taking decay = 0.999.
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Figure B.18: Cat state a = 2, starting with 1 state. Decay hyperparameter for
GD-projective. Taking decay = 0.0009.
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B.2.3 Batches

The selected value for the mini-batch size is 55% of the total set of measurement
operators for the three methods GD-Cholesky Fig. B.19, GD-manifold Fig. B.20,
and GD-projective Fig. B.21.
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Figure B.19: Cat state a = 2, starting with 1 state. Batches hyperparameter for
GD-Cholesky. Taking batches = 55%.
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Figure B.20: Cat state a = 2, starting with 1 state. Batches hyperparameter for
GD-manifold. Taking batches = 55%.
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Figure B.21: Cat state a = 2, starting with 1 state. Batches hyperparameter for
GD-projective. Taking batches = 55%.
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B.2.4 Learning rate

Selected values of learning rate: 0.1 for GD-Cholesky Fig. B.22, 0.05 for GD-manifold
Fig. B.23, and 0.05 for GD-projective Fig. B.24.
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Figure B.22: Cat state a = 2, starting with 1 state. Learning rate hyperparameter
for GD-Cholesky. Taking ir = 0.1.
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Figure B.23: Cat state a = 2, starting with 1 state. Learning rate hyperparameter
for GD-manifold. Taking Ir = 0.05.
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Figure B.24: Cat state a = 2, starting with 1 state. Learning rate hyperparameter
for GD-projective. Taking Ir = 0.05.
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