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Abstract
Nuclear systems consist of strongly interacting protons and neutrons. The general
structure of these many-body systems can often be described by the nuclear shell
model. The shell model predicts that there are certain nucleon numbers, referred
to as magic numbers, which result in particularly stable configurations. These
configurations are well described by spherical mean-field methods such as Hartree-
Fock. Nuclei that are singly or doubly non-magic may, however, exhibit emergent
deformations or pairing correlations, making the typical spherical mean-field approach
insufficient. Deformations are conveniently captured by allowing the mean-field
solutions to break rotational and/or parity symmetries. Pairing correlations are
incorporated with the Hartree-Fock-Bogoliubov method, which employs Bogoliubov
quasiparticles that potentially break particle number conservation. The broken
symmetries must be restored to obtain physical states with good quantum numbers
and to accurately calculate certain observables.

Contemporary models of the nuclear Hamiltonian are based on chiral effective field
theory and involve free parameters referred to as low-energy constants. Exploring
the continuous parameter space of these interaction models becomes computationally
expensive with Hartree-Fock or Hartree-Fock-Bogoliubov solvers. The purpose
of this project is to develop Eigenvector Continuation emulators for symmetry-
breaking and symmetry-restored states, to approximate ground-state energies at
a significantly reduced computational cost. In this work we vary only the C1S0

low-energy constant, and thus explore a one-dimensional parameter space. We find
that our emulators perform well using only three to six training points. For example,
interpolation of the 18O ground-state energy with restored particle number gives
∼ 0.7 MeV error on average within an output energy range of approximately 400
MeV. Emulators constructed from states with broken angular momentum (without
restoration) perform similarly, giving ∼ 0.7 MeV errors on average. In conclusion,
emulators can accurately reproduce Hartree-Fock-Bogoliubov ground-state energies
before and after symmetry restoration with errors on the order of 1 MeV for nuclear
systems with mass number ≈ 20.

Keywords: Nuclear Systems, Hartree-Fock, Deformations, Pairing, Bogoliubov,
Symmetry Restoration, Eigenvector Continuation, Emulator.
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1. Introduction

Atomic nuclei consist of strongly interacting protons and neutrons. The structure
of nuclei can be modeled using the nuclear shell model, in which nucleons occupy
single-particle orbitals characterized by a set of quantum numbers [1]. In the shell
model, nucleon energies appear in the form of discrete energy levels, known as shells.
For some shells, the energy gap to the next is unusually large, making it especially
energetically unfavorable for a nucleon to occupy the next. This leads to particularly
stable configurations at certain nucleon numbers, known as magic numbers. The
first magic numbers are

N,Z = 2, 8, 20, 28, 50, 82, 126. (1.1)
Nuclei with these proton and neutron numbers are referred to as having closed shells.
Note that a nuclear system could have zero, one, or two closed shells.

Accurate and precise modeling of nuclei is relevant for calculating observables and
predicting the limit of stability [2]. Experimental data obtained via atomic mass
evaluation [3] is limited to nuclei with sufficiently long lifetimes to perform physical
measurements on, as shown in Figure 1.1. Exact calculations are feasible only for
few-body systems, as the computational complexity increases exponentially with the
number of nucleons [4].

Mean-Field Methods

In quantum many-body physics, there are several methods that address the problem
of exponential scaling, such as In-Medium Similarity Renormalization Group, Coupled
Cluster, and Many-Body Perturbation Theory [4]. These methods scale polynomially
with the number of nucleons, and they start from a reference state. This is usually a
mean-field solution found through Hartree-Fock (HF) or Hartree-Fock-Bogoliubov
(HFB) solvers. In this project we specifically investigate the mean-field approaches.

The HF method is suited for the modeling of approximately spherical nuclei, often
corresponding to closed-shell nuclei. In contrast, many open-shell nuclei exhibit
emergent deformations, rendering spherical mean-field methods non-viable [6, 7].
Deformations are incorporated by allowing the intrinsic state to break rotational
symmetry. This broken symmetry is reflected in the nucleon density distribution
within the body-fixed frame.

Open-shell nuclei can also exhibit pairing correlations through the formation of
Cooper pairs mediated by the nuclear force [8]. This is analogous to Cooper pairs
formed between electrons, where the interaction is mediated by phonons. Bardeen-
Cooper-Schrieffer theory states that pairing correlations can be modeled within a

1
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Figure 1.1: A nuclear chart showing the extent of experimental measurements
(Atomic mass evaluation). For ab initio approaches there is no strict criterion:
“all nuclei for which a reasonable calculation has been published” [5]. Taken
from [5], courtesy of B. Bally.

mean-field picture by introducing the Bogoliubov quasi-particle basis [9]. In this basis,
the particle number is not conserved, which is not a problem in condensed-matter
systems with the approximately infinite atomic lattice. For nuclei, however, the
particle number must be constrained to be in average the one of the physical system.
The conservation of the average particle number is achieved by a tunable Lagrange
multiplier [8].

HFB unifies HF and Bardeen-Cooper-Schrieffer theory, capturing pairing correlations
and deformations [8]. As mentioned, the deformation is conveniently described by
breaking of rotational symmetry, specifically not conserving the quantum numbers
angular momentum and parity [7]. The change of basis to Bogoliubov quasiparticles
can lead to breaking of particle number. The physical state can not break any of
these symmetries. Therefore, when calculating observables, these quantities must be
conserved, meaning that the broken symmetries must be restored.

Incorporating the restoration of symmetries in the HFB calculations can be achieved
in two different ways. During the variational calculation, one may restore the
symmetry at each iteration step, named variation after projection (VAP) [10]. The
other option is to restore the symmetries only after finding the symmetry-broken
variational solution, called projection after variation (PAV) [7]. PAV is the simpler
and cheaper approach, whereas VAP will lead to a more accurate result including

2



1. Introduction

more correlations.

Emulators

Certain interactions described by the nuclear Hamiltonian are parametrized [2, 6,
11]. The Hamiltonian is constructed through systematic expansion of nuclear and
electroweak forces with chiral effective field theory [12]. The long-range interactions
such as the Coulomb interaction and those governed by pion exchanges are treated
explicitly, but the short-range parts are given by a set of contact interactions with
strengths governed by coupling constants referred to as low-energy constants (LECs).
The Hamiltonian can be written as

H = H0 +
∑

i

xiHi, (1.2)

where H0 contains constant terms and Hi is the short-range part corresponding to
the LEC xi. Typically the LEC values are fitted such that the interaction model can
reproduce low-energy two-nucleon scattering data.

A typical parametrization of the Hamiltonian includes a total of 17 LECs [2]. A
ground-state calculation of a single point in the continuous parameter space can
take minutes or hours with HF or HFB. The high computational cost makes LEC
sensitivity studies unpractical. Therefore, it is convenient to employ some sort of
emulation or surrogate model.

Emulators using eigenvector continuation (EC) are well-fit for studying the space of
LECs [13]. EC constructs a low-dimensional basis spanned by eigenvectors generated
from a small set of different parameter points. This reduced basis model is used to
approximate solutions at new parameter values. In this case, the parameters are the
LECs, and the eigenvectors are the ground states of a specific nucleus. Emulators
allow for accurate interpolation and even extrapolation of observables.

In previous works, emulators have been constructed with HF on closed shell [11]
and axially-deformed nuclei, the latter along with restoration of angular momentum
[6]. However, closed-shell and axially-deformed nuclei only constitute a subset of
all observations. Developing an EC emulator for HFB or octupole deformed states
would enable analysis of many more nuclear systems.

Specific aim

The goal of this project is to develop an HFB emulator framework that employs EC
along with projection of symmetries. The exact objectives are:

• Implement PAV for restoration of particle number, angular momentum, and
parity on HFB states.

• Develop and construct HFB emulators using EC on different nuclei.

• Analyze the performance of the emulators.

3



1. Introduction

Limitations

The first limitation concerns nuclear mass number. The variational computation
can become expensive for heavier nuclei. For this project nuclear systems with mass
number ≈ 20 will be analyzed. Furthermore, the proton and neutron numbers will
always be even for all calculations.

When it comes to analyzing the performance of the emulators there are some
further limitations. Emulation of HFB has never been extensively explored, so these
emulators will also be compared to previous HF emulators with the expected result
being a slightly worse performance due to higher complexity.

Another limitation concerns how many of these symmetries are projected at the same
time. For this thesis, only one symmetry will be projected at a time. This is purely
due to how much time is available, but a natural next step would be to extend the
framework to restore multiple symmetries at once.

Lastly, we make the choice of varying only one LEC. The chosen LEC is C1S0 which
is expected to have the highest impact on ground state energies.

Structure

This thesis is divided into three main chapters containing theory, method, results,
and discussions. Chapter 2 will introduce basic many-body formalism and the
theory behind the HF and HFB methods. Chapter 3 contains the theory and
implementation of the projection operators, including selected results for calculated
observables. Chapter 4 describes the development of the EC emulators.

We end with a brief summary and conclusive statements in Chapter 5, along with
suggestions for improvements and future work.

4



2. Many-Body Physics

We start this chapter by reviewing the quantum many-body formalism. Later we
introduce the mean-field methods used in this project. In the end we present ground-
state energy calculations where the intrinsic state may or may not break symmetries
of the Hamiltonian.

2.1 Slater Determinants
Let us quickly remind ourselves of symmetric and antisymmetric states. A symmetric
two-particle state is defined as

|Ψs⟩ = 1√
2
(
|ψ1⟩ |ψ2⟩ + |ψ2⟩ |ψ1⟩

)
, (2.1)

where we have the particle 1 and particle 2 states. Clearly, under the permutation of
the two particles the permuted state remains exactly the same since we get

|Ψ′
s⟩ = 1√

2
(|ψ2⟩ |ψ1⟩ + |ψ1⟩ |ψ2⟩) (2.2)

=⇒ |Ψ′
s⟩ = |Ψs⟩ . (2.3)

An antisymmetric two-particle state reads

|Ψ⟩ = 1√
2

(|ψ1⟩ |ψ2⟩ − |ψ2⟩ |ψ1⟩), (2.4)

which under the exchange of the two particles

|Ψ⟩ = − |Ψ′⟩ . (2.5)

Antisymmetric states are of primary interest here, as they describe fermionic systems,
such as many-nucleon states.

The state in equation (2.4) can be written as a determinant [14]

|Ψ⟩ = 1√
2

∣∣∣∣∣|ψ1⟩ |ψ2⟩
|ψ1⟩ |ψ2⟩

∣∣∣∣∣ . (2.6)

This form for expressing an antisymmetric state is known as a Slater determinant
[14]. The general expression for a many-body state in an independent-particle picture
is

|Ψ⟩ = 1√
A

∣∣∣∣∣∣∣∣∣∣∣

|ψ1⟩ |ψ2⟩ · · · |ψA⟩
|ψ1⟩ |ψ2⟩ · · · |ψA⟩

... ... . . . ...
|ψ1⟩ |ψ2⟩ · · · |ψA⟩

∣∣∣∣∣∣∣∣∣∣∣
, (2.7)

5



2. Many-Body Physics

where A is the number of fermions.

A more powerful way of expressing many-body states is through second quantization;
a formalism in quantum mechanics in which particles are described by creation
and annihilation operators acting on occupation-number states. The fermionic
creation(annihilation) operator c†

k(ck) creates(removes) a particle in state k. The
operators c†

k, ck encode antisymmetry through the anticommutation relations [15]

{c†
k, c

†
l } = 0, {ck, cl} = 0 (2.8)
{c†

k, cl} = δkl. (2.9)

Using these operators, a Slater determinant can be expressed as

|Ψ⟩ =
∏
k

(c†
k)nk |0⟩ , (2.10)

with nk ∈ {0, 1} being the occupation number of single-particle state k, and |0⟩ being
the vacuum. Occupied single-particle states are often referred to as holes whereas
unoccupied states are referred to as particles.

2.2 The Model Space
In nuclear physics, the harmonic oscillator (HO) basis provides a convenient rep-
resentation of single-particle states. With the HO basis the individual orbitals are
defined by the following set of quantum numbers [10]

|i⟩ ≡ |ti ji mi li ni⟩ (2.11)

where the variables t, j,m, l, n each correspond to the quantities shown below

t → Isospin
j → Total angular momentum
m → Magnetic number
l → Orbital angular momentum
n → Radial quantum number.

The list of all single-particle states employed in the many-body calculation is called
the model space. In principle, the model space is infinite but in practice it must be
truncated.

The energy levels are defined by the radial quantum number n and the orbital angular
momentum l as [16]

E = (2n+ l + 3
2)ℏω = (e+ 3

2)ℏω, (2.12)

where ω is the oscillator frequency. The truncation of the model space is achieved by
limiting the maximum energy of single-particle states as

2n+ l ≤ emax. (2.13)

6



2.3. Hartree-Fock

Due to this truncation, the choice of oscillator frequency ω affects the convergence
of the calculation and should be optimized to minimize the energy. Throughout this
project, the oscillator frequency is fixed to ℏω = 20 MeV, because for HF (introduced
in section 2.3) it is the value that gives the lowest energy for the nuclei and interaction
of interest.

We realize that filling the basis states with the lowest single-particle energies does not
necessarily correspond to the many-body ground state due to interactions between
single-particle states [8]. To find the Slater determinant that best represents the
ground state, a unitary transformation is necessary to express each single particle
orbital as a superposition (linear combination) of the basis states as [8]

|ψj⟩ =
∑

i

Cij |i⟩ , (2.14)

where C the matrix of coefficients defining the linear combination. What ends
up becoming the variational problem of finding the ground state, is finding the
coefficient matrix C that minimizes the energy of the many-body system. The other
option, which is more complicated, is to find a more general solution in the form of
a superposition of Slater determinants [8]:

|Φ⟩ =
∑

i

ai |Ψi⟩ , (2.15)

where |Φ⟩ is a many-body state, but not a single Slater determinant.

2.3 Hartree-Fock
The HF method is a well known mean-field method for finding an approximated
ground state of an atomic nucleus. The idea is to find the one-body density matrix
[8]

ρkl = ⟨Ψ| c†
l ck |Ψ⟩ , (2.16)

such that the energy functional

E[Ψ] = ⟨Ψ|H |Ψ⟩
⟨Ψ|Ψ⟩

= ⟨Ψ|T + V |Ψ⟩
⟨Ψ|Ψ⟩

(2.17)

E[ρ] =
∑
pq

tpqρqp + 1
2
∑
pqrs

ρrpvpqrsρsq, (2.18)

is minimized. Note that T and V denote the kinetic energy and the two-body
interactions of the Hamiltonian, respectively, typically specified by chiral effective
field theory [12]. tpq and vpqrs are the matrix elements of T and V . The indices
p, q, r, s correspond to single-particle basis states.

As mentioned, the HF method minimizes the energy functional with respect to ρ,
and to perform this minimization we consider a variation δρ. The variation of the
energy can then be written as [8]

δE = E[ρ+ δρ] − E[ρ] ≈
∑
pq

∂EHF[ρ]
∂ρqp

δρqp. (2.19)

7



2. Many-Body Physics

We can define the matrix elements of the HF single-particle Hamiltonian as [8]

hpq = ∂EHF[ρ]
∂ρqp

= tpq +
∑
rs

vprqsρsr = tpq + Γpq. (2.20)

However, not all variations of the density matrix are allowed, as they are limited by
the constraint [8]

(ρ+ δρ)2 = ρ+ δρ, (2.21)

due to the idempotency requirement ρ2 = ρ. The constraint expanded up to linear
terms is

δρ = ρδρ+ δρρ. (2.22)
The above means that if a diagonal ρ matrix is found with eigenvalues 1 or 0, the
only allowed variations are the particle-hole elements in the density matrix resulting
in a block-off-diagonal δρ. A diagonal ρ results in a block-diagonal HF Hamiltonian
h, separating particle and hole subspaces, and thus [8]

δE =
∑
pq

hpq δρqp = 0. (2.23)

In practice, the minimization can be solved iteratively as follows.

• Step 0: Make an initial guess for the one-body density matrix ρ(0).

• Step 1: Construct the mean-field Hamiltonian and solve the eigenvalue equation

h[ρ(0)] |ψj⟩ = εj |ψj⟩ , (2.24)

where εj is the single-particle energy of orbital |ψj⟩. The above can be expressed
in the HO basis with the coefficient matrix as

h[ρ(0)]C = diag(ε⃗)C. (2.25)

• Step 2: Construct the new density from the orbitals

ρ(1) =
∑

j∈occ
|ψj⟩ ⟨ψj| , (2.26)

or in the HO basis
ρ

(1)
kl =

∑
j∈occ

CkjC
∗
lj. (2.27)

• Step 3: Check convergence by comparing the densities (or energies)

||ρ(1) − ρ(0)|| < ϵρ,
(
|E[ρ(0)] − E[ρ(1)]| < ϵE

)
, (2.28)

where ϵ is a small tolerance parameter. If the criterion above has been reached,
then the ground state is found. If not, set the new guess for the density
ρ(0) = ρ(1) and repeat steps 1 − 3.

8



2.4. Broken Symmetries

The following results are from an HF-solver developed by Alberto Scalesi [17]. A
nucleus like 16O is doubly magic (N = 8, Z = 8), making spherical HF well suited
for its mean-field description. Table 2.1 shows the calculated spherical HF energies
for 16O, 18O, and 20Ne with truncation emax = 8. The used Hamiltonian model is
called NNLOgo(394) [18].

Table 2.1: Ground state energy calculations with spherical HF for three
different nuclei.

Nucleus 16O 18O 20Ne
HF-Energy [MeV] -146.855 -160.901 -176.739

We will realize that allowing 16O to break symmetries, as discussed in the next
section, will not have an effect on its calculated energy. For other cases though, like
18O and 20Ne, there exists a lower energy configuration that cannot be found through
spherical HF.

2.4 Broken Symmetries
Because the HF Hamiltonian h is not only dependent on the original Hamiltonian,
but also the density ρ, it does not necessarily have the same symmetries as the
original Hamiltonian. This is reflected in the solution having one or more broken
symmetries. The breaking of symmetries allows for approximate incorporation of
many-body correlations while still remaining in the independent-particle picture [8].
The concerned symmetries are rotations, parity, and particle number. In this section
we discuss mainly rotations and parity, whereas the framework used for breaking of
particle number is discussed in section 2.5.

In HF theory there are certain conserved symmetries referred to as the self-consistent
symmetries. For any matrix S corresponding to a symmetry operator

Ŝ =
∑
kk′
Skk′c†

kck′ , (2.29)

that commutes with the Hamiltonian

[H, Ŝ] = 0, (2.30)

the field h has the property

Sh[ρ]S† = h[SρS†]. (2.31)

This means that if ρ(0) has a symmetry S, then so does h[ρ(0)] [8]. Because ρ(1) is
constructed by diagonalizing h[ρ(0)] it also preserves the symmetry. The consequence
is that if the initial density ρ(0) has a certain symmetry, then so does the solution.

9



2. Many-Body Physics

However, in practical HF calculations tiny perturbations in the form of numerical
errors can accumulate [8]. If the symmetry-preserving solution is stable in the full
variational space, then the tiny errors decay. However, if the solution is not a local
minimum in the full space, then the perturbations grow over iterations, resulting
in a symmetry-broken solution. This means that starting with a spherical initial
density ρ(0) could still lead to a deformed solution if that is energetically favorable.

2.5 Quasiparticles and Bogoliubov Theory
Certain nuclei with partially filled shells exhibit pairing correlations through the
formation of Cooper pairs. The pairing correlations can be captured within a single-
particle picture by introducing the Bogoliubov quasiparticle basis. The quasiparticle
creation and annihilation operators are defined as [8]

β†
k =

∑
l

(
Ulk c

†
l + Vlk cl

)
(2.32)

βk =
∑

l

(
U∗

lk cl + V ∗
lk c

†
l

)
, (2.33)

where U and V are matrices of coefficients. Using this change of basis and working
with the same principles as HF leads to the HFB method. The introduction of the
Bogoliubov quasiparticles leads to broken particle-number symmetry.

In the case of nuclei, the particle number is an important defining part of the system.
In order to obtain a realistic description of the system we conserve the average
particle number. This is achieved by adding a Lagrange multiplier λ term to the
Hamiltonian [8]

H ′ = H − λN̂. (2.34)

The Lagrange multiplier λ is tuned such that the average particle number is that of
the physical system N

⟨N̂⟩ = N. (2.35)

Let us introduce the HFB vacuum |Φ⟩ defined as the state that is annihilated by the
quasiparticle annihilation operator [8]

βk |Φ⟩ = 0. (2.36)

Due to the change of basis, the extra degree of freedom that allows for breaking
of particle number results in the HFB vacuum being a superposition of Slater
determinants with good particle number [8]

|Φ⟩ =
∑

k

gNk
|ΨNk⟩ , (2.37)

where gNk
is the weight corresponding to the state with particle number Nk.
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2.6. The Gradient Method

With the HFB vacuum we can introduce the normal density matrix ρ along with the
anomalous density matrix κ

ρkl = ⟨Φ| c†
l ck |Φ⟩ , κkl = ⟨Φ| cl ck |Φ⟩ , (2.38)

or expressed with the coefficient matrices

ρ = V ∗V T, κ = V ∗UT. (2.39)

Starting from κ, we can introduce the pairing field

∆pq = 1
2
∑
rs

vpqrsκrs, (2.40)

and the HF Hamiltonian
h = t+ Γ − λI, (2.41)

where I is the identity matrix.

The fields introduced above appear in the HFB equations [8](
h ∆

−∆∗ −h∗

)(
Uk

Vk

)
=
(
Uk

Vk

)
Ek, (2.42)

where Ek is the energy of quasiparticle state k. These equations can also be solved
until self-consistency is reached, except now the energy functional to be minimized
is [8]

E[ρ, κ] =
∑
pq

tpqρqp + 1
2
∑
pqrs

ρrpvpqrsρsq + 1
4
∑
pqrs

κ∗
pqvpqrsκrs, (2.43)

leading to equation (2.42). However, with a larger and more complicated system of
equations, one might want to use a more convenient way of finding the ground state
energy than the self-consistent method.

2.6 The Gradient Method
In both HF and HFB, self-consistently solving the eigenvalue equation can be unstable
and convergence is not guaranteed [8]. One issue that may arise is that the iterative
solutions oscillate around the ground state without converging to it as shown in
Figure 2.1. A more reliable way of reaching convergence is the gradient method [8,
10].

The gradient method works by taking a step towards the steepest descent of energy in
each iteration. Let us express the Hamiltonian in terms of the quasiparticle operators

H = H0 +
∑
k1k2

H11
k1k2β

†
k1βk2 +

∑
k1<k2

(
H20

k1k2β
†
k1β

†
k2 + h.c.

)
+ . . . , (2.44)

where the dots indicate interaction terms, and H ij is a prefactor for the term with i
creation operators and j annihilation operators. We also introduce the theorem of

11



2. Many-Body Physics

−4 −2 0 2 4

Density matrix distance ||ρn − ρGS|| [a.u.]

0

5

10

15

20

E
n

er
gy

,
[a

.u
.]

Self-consistent iterations

Ene
rg

y
la

nd
sc

ap
e

Ground state

Figure 2.1: Shows how trying to solve the HF or HFB equations self-
consistently could lead to oscillations around the ground state.

Thouless, which states that an HFB state can be rotated into another HFB state
that is not orthogonal to the original one as follows [8, 19]

|Φ′⟩ = exp
 ∑

k1<k2

Zk1k2β
†
k1β

†
k2

 |Φ⟩ . (2.45)

With this, the energy may be expressed as

E(Z) = ⟨Φ′|H |Φ′⟩
⟨Φ′|Φ′⟩

= H0 +
(
H20∗, H20

)(Z
Z∗

)
+ . . . (2.46)

Starting with the HFB state |Φ0⟩, the goal is to rotate to the state |Φ1⟩, which
corresponds to a step towards the steepest descent in energy. The coefficients Z1k1k2

are chosen as the negative derivative of the energy [8, 10]

Z1k1k2 = −η ∂

∂Z∗
k1k2

E(Z)
∣∣∣∣∣
Z=0

= −ηH20
k1k2 , (2.47)

where η is a parameter deciding the size of the step. Note that this is also an iterative
method, and it uses the same convergence criterion as the self-consistent method for
HF.

2.7 Ground-state Results
All the results in table 2.2 are calculated with an HF/HFB solver developed by
Alberto Scalesi [17]. In these results the truncation is emax = 8 and the interaction is
NNLOgo(394). The different methods discussed until now are used, which we refer
to as:

• Spherical HF → conserves all symmetries.

• Axial HF → can break angular momentum symmetry.

12



2.7. Ground-state Results

• Spherical HFB → can break particle number symmetry.

• Axial HFB → can break angular momentum and particle number symmetry.

Axial HFB allows for the inclusion of the largest amount of correlations, therefore it
should always result in the lowest energy. The investigated nuclei are 16O, 18O, and
20Ne.

In table 2.2 the energy for 16O remains the same even though more symmetries are
allowed to be broken. These results greatly suggest that the lowest-energy solution
for 16O does not break particle number or angular momentum.

Looking a bit deeper into 18O, the energy is slightly lower for axial HF than for
spherical HF, but the lowest is found at spherical or axial HFB. The fact that we see
a lower energy for axial HF than for spherical tells us that if we conserve particle
number, there exists a lower-energy configuration with broken angular momentum.
Because spherical HFB and axial HFB result in the same energy, we may deduce that
the lowest-energy configuration breaks particle number but not angular momentum.

For 20Ne we find the lowest energies when using axial HF and axial HFB. Using
the same logic here, it is clear that the lowest-energy configuration of 20Ne breaks
angular momentum but not particle number.

Table 2.2: Ground state energy calculations for three different nuclei with
different methods. The symbols stand for spherical (◦) and axial ( ).

Nucleus 16O 18O 20Ne
◦ HF [MeV] -146.855 -160.901 -176.739

HF [MeV] -146.855 -161.785 -187.698
◦ HFB [MeV] -146.855 -162.787 -177.764

HFB [MeV] -146.855 -162.787 -187.698

Though our observations are consistent with what one would expect for these nuclei,
we may also calculate some different parameters that inform us of the degree of
symmetry breaking. These parameters are the variance of the particle number Var[N̂ ]
and the measure of rotational symmetry breaking β2, defined in appendix A. Table
2.3 shows the calculated values of Var[N̂ ] and β2 for the three nuclei after finding the
ground state with axial HFB. It clearly shows that 18O is breaking particle number,
while 20Ne is breaking angular momentum.
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2. Many-Body Physics

Table 2.3: Calculated diagnostic parameters. The underlying mean-field
method is axial HFB.

Nucleus 16O 18O 20Ne
Var[N̂ ] 0.0 2.768 0.0
β2 0.0 0.0 0.3155
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3. Restoration of Symmetries

In the previous chapter, we explained how to incorporate certain nuclear correlations
and deformations exhibited in open-shell nuclei. This led to broken symmetries
like angular momentum and particle number. The symmetries need to be restored
because physical states must have good quantum numbers to be comparable with
experiments and to remove unphysical mixing. In this chapter we introduce the
restoration of symmetries with symmetry projection operators.

3.1 Projection Operators
As mentioned, a general HFB state with broken symmetries can be written as a
superposition of orthogonal states with good quantum numbers

|Φ⟩ =
∑

k

gSk
|ΨSk⟩ , (3.1)

where Sk is an arbitrary quantum number. The projection operators, denoted P̂ S0 ,
extracts one of these states as

P̂ S0 |Φ⟩ = gS0 |ΨS0⟩ . (3.2)

The projected energy is calculated via [8]

Eproj = ⟨Φ|HP̂ S0 |Φ⟩
⟨Φ| P̂ S0 |Φ⟩

. (3.3)

Now we will explain how a general symmetry projection operator is constructed.
Each symmetry corresponds to a symmetry operator Ŝ

Ŝ |ΨS0⟩ = S0 |ΨS0⟩ . (3.4)

Continuous symmetry groups can be generated with its symmetry operator and the
corresponding continuous angle Ω as [8]

R̂(Ω) = eiΩŜ. (3.5)

The action of the symmetry operator on the HFB state gives

eiΩŜ |Φ⟩ =
∑

k

gke
iΩŜ |ΨSk⟩ (3.6)

=
∑

k

gke
iΩSk |ΨSk⟩ (3.7)
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3. Restoration of Symmetries

A target quantum number S0 can be chosen by multiplying with e−iΩS0 and integrating
over the angle Ω ∫

dΩ eiΩ(Ŝ−S0) |Φ⟩ =
∑

k

gk

∫
dΩ eiΩ(Sk−S0) |ΨSk⟩ . (3.8)

Note that the integral on the right-hand side is equal to zero when Sk ≠ S0, therefore
we are left with ∫

dΩ eiΩ(Ŝ−S0) |Φ⟩ =
∑

k

2πδk,0 gk |ΨSk⟩ (3.9)

= 2πg0 |ΨS0⟩ . (3.10)

We thus find the projection operator for a symmetry S [8]

P̂ S0 = 1
2π

∫
dΩ eiΩ(Ŝ−S0). (3.11)

Projection operators are used to calculate symmetry-projected quantities. The
projected norm and energy are calculated via [20]

|gS0|2 = ⟨Φ| P̂ S0 |Φ⟩ = 1
2π

∫
dΩ eiΩS0 ⟨Φ| R̂(Ω) |Φ⟩ (3.12)

Eproj = ⟨Φ|HP̂ S0 |Φ⟩
⟨Φ| P̂ S0 |Φ⟩

= 1
2π|gS0|2

∫
dΩ eiΩS0

⟨Φ|HR̂ |Φ⟩
⟨Φ| R̂ |Φ⟩

⟨Φ| R̂ |Φ⟩ . (3.13)

A way to calculate the overlap ⟨Φ| R̂ |Φ⟩ for a general rotation operator R̂ and HFB
state |Φ⟩ must be found.

3.2 Calculation of Overlap
For an HFB solution, we start by constructing and diagonalizing the density matrix
ρ = V ∗V T. This gives the eigenvectors Dk and eigenvalues v2

k, which define the
canonical basis [8]. These eigenvalues represent occupation probabilities v2

k ∈ [0, 1],
so we extract the eigenvectors corresponding to nonzero eigenvalues, denoted Docc.
The eigenvectors are used to calculate the matrix of overlaps

O = D†
occRDocc, (3.14)

to then calculate the determinant det(O) [10, 21]. For an HF state, this would
conclude the calculation of the overlap, but because the occupation probabilities in
HFB can be between 0 and 1, further handling is required.

The partially occupied orbitals are handled by extracting their eigenvalues and
calculating the Pfaffian, explained in Appendix B, of a skew-symmetric matrix. In
the canonical basis, we end up with pairs identified by degenerate eigenvalues and
opposite values of the quantum number m [8, 21]. Particularly, if the pairs are
ordered such that they are adjacent, we have

v2
2n = v2

2n+1, (3.15)
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3.3. Calculation of Energy Element

where n is an integer. These pairs are referred to as canonical pairs [8], and are used
to construct the skew-symmetric matrix M [21]. Let us first express the elements
that will enter the matrix as mk = vk/

√
1 − v2

k. For N partially occupied orbitals,
the dimension of M is 2N × 2N . For a case with just one pair of partially occupied
orbitals, the matrix is constructed as [21]

M =


0 m0

−m0 0 −O−1
p

O−T
p

0 −m0
m0 0

 , (3.16)

where Op is the sub-block of the overlap matrix corresponding only to partially
occupied orbitals. The Pfaffian pf(M) is then calculated via an algorithm developed
by M. Wimmer [22], and the final overlap is

⟨Φ| R̂ |Φ⟩ = σ pf(M) det(O), (3.17)
where σ is a sign factor.

3.3 Calculation of Energy Element
For the calculation of the energy element

EΩ = ⟨Φ|HR̂(Ω) |Φ⟩
⟨Φ| R̂(Ω) |Φ⟩

, (3.18)

we start by defining the transition densities [10]

ρ01
ij =

⟨Φ0| c†
jci |Φ1⟩

⟨Φ0|Φ1⟩
(3.19)

κ01
ij = ⟨Φ0| cjci |Φ1⟩

⟨Φ0|Φ1⟩
(3.20)

κ10∗
ij =

⟨Φ0| c†
ic

†
j |Φ1⟩

⟨Φ0|Φ1⟩
, (3.21)

where |Φ1⟩ corresponds to the rotated state R̂ |Φ⟩ and |Φ0⟩ to the unrotated state
|Φ⟩. The transition densities expressed in terms of the U and V matrices are [10]

ρ01 = V ∗
1 (AT )−1V T

0 (3.22)
κ01 = V ∗

1 (AT )−1UT
0 (3.23)

κ10∗ = V0A
−1U †

1 , (3.24)

where A = U †
1U0 + V †

1 V0.

The energy element is now calculated in a similar way as the energy functional
introduced in equation (2.43). As used before, the matrix elements of the Hamiltonian
operators can be expressed as a one-body part t and a two-body part v. The energy
element becomes [10]

EΩ =
∑
ij

tijρ
01
ji + 1

2
∑
ijkl

vijklρ
01
kiρ

01
lj + 1

4
∑
ijkl

vijklκ
10∗
ij κ01

kl . (3.25)
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3. Restoration of Symmetries

3.4 Particle Number
We focus on the neutron number N . The same principles can then be applied for
proton number Z. Neutron number only has one symmetry operator N̂ , whose gauge
rotations are associated with the group U(1)N . With the gauge angle φN ∈ [0, 2π] a
group element can be represented as [8, 20]

R̂(φN) = eiφN N̂ . (3.26)

As it follows from section 3.1, the neutron number projection operator is [8, 20]

P̂N0 = 1
2π

∫ 2π

0
dφ eiφ(N̂−N0), (3.27)

with N0 being the target neutron number.

An important step is to represent the rotation operator eiφN N̂ as a matrix when
calculating the overlap. An HFB state is represented by the U and V matrices,
where each row corresponds to a set of quantum numbers in the HO basis. Rotated
U and V can be written as a function of the non-rotated ones as [10]

UφN
i = e+iφNUi (3.28)

V φN
i = e−iφNVi. (3.29)

If the rows are ordered in such a way that the top half correponds to neutrons, and
the bottom half corresponds to protons, the rotation matrix can be expressed as [10]

R(φN) =
(
eiφN Id/2 0

0 Id/2

)
, (3.30)

where d is the dimension of the model space. Note that the V matrix is rotated with
R†.

Discretization of neutron number projection: In a numerical implementation
of the projection operator, integrals can be discretized to evenly spaced and weighted
points. One can start with performing the variable exchange

φ(n) = 2π n

Mφ

(3.31)

dφ = 2π
Mφ

dn (3.32)

=⇒ n ∈ [0,Mφ], (3.33)

where Mφ is for now an arbitrary parameter. We end up with the integral

P̂N0 = 1
Mφ

∫ Mφ

0
dn e

2πi n
Mφ

(N̂−N0)
. (3.34)
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Since we have Mφ as a tunable parameter, we can choose this as an integer value, and
take the discrete limit for dn → ∆n = 1. The discrete neutron number projection
operator is [20]

PN0 = 1
Mφ

Mφ∑
n=1

e
2πi n−1

Mφ
(N̂−N0)

, (3.35)

where Mφ is now the number of points in the integral.

3.5 Spatial Symmetries
For the spatial symmetries we have four different operators. Three of these are
Cartesian components of the total angular momentum operator Ĵx, Ĵy, Ĵz. The
fourth symmetry operator is the parity operator Π̂.

The parity projection operator works differently as it is associated to a discrete
symmetry. It can be written as [7]

P π = 1
2
(
1 + πΠ̂

)
, (3.36)

where π ∈ {−1, 1} is the target parity. In this case, the rotation operator can be
modeled as

R̂Π(p) = (Π̂)p, (3.37)

where p represents the angle 0 (p = 0) or 180◦ (p = 1).

For the angular momentum we have three operators and thus three angles, meaning
the group element can be represented as [7, 8]

R̂J(α, β, γ) = eiαĴzeiβĴyeiγĴz . (3.38)

Once again we apply the same principles. The integral factor e−iΩS0 in this case is
given by the Wigner functions DJ

MK as explained in [8, Appendix A]. This results in
the angular momentum projection operator [20]

P̂ J0
M0K0 = 2J0 + 1

8π2

∫ 2π

0
dα
∫ π

0
dβ sin(β)

∫ 2π

0
DJ0

M0K0(α, β, γ)eiαĴzeiβĴyeiγĴz . (3.39)

The target quantum numbers are: the total angular momentum J0, the component
of the angular momentum along a fixed axis in the lab frame M0, and the component
of the angular momentum along a fixed axis in the intrinsic frame K0 [23].

Once again, in order to calculate the overlap, the effect of the rotation operators
applied to an HFB state must be handled. For the parity rotation, we need to express
the effect of the parity operator Π̂ in matrix notation, which is done through [7]

RΠ(p)kl = δklπ
p
k, (3.40)
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3. Restoration of Symmetries

where πk is the parity of the kth orbital. For the full angular momentum rotation
operator, we end up with the matrix also given by the Wigner functions DJ

MK [7]

RJ(α, β, γ)kl = Djk∗
mkml

(α, β, γ) δtktl
δjkjl

δπkπl
δnknl

. (3.41)

Discretization of angular momentum projection: We start by separating the
individual parts of the integral using the relations

R̂J(α, β, γ) = R̂α(α)R̂β(β)R̂γ(γ) (3.42)
DJ0

M0K0(α, β, γ) = e−iαM0 dJ0
M0K0(β) e−iγK0 , (3.43)

and we notice that the α and γ integrals are essentially the same. Focusing on the
integral over α, we realize that it is analogous to the neutron number integral in
equation (3.35), so making a similar change of basis and going to the discrete limit
gives

P̂x
M0 = 1

Mα

Mα∑
k=1

eiα(k)M0R̂α(α(k)), (3.44)

and analogously for γ

P̂z
K = 1

Mγ

Mγ∑
l=1

eiγ(l)K0R̂γ(γ(l)), (3.45)

where

α(k) = 1
Mα

2πk (3.46)

γ(l) = 1
Mγ

2πl. (3.47)

For the integral over β, we employ Gauss-Legendre quadrature as it is suited for this
case [20] ∫ 1

−1
f(x)dx ≈

n∑
i=1

wif(xi), (3.48)

where wi is the Gauss-Legendre weight of the ith point in the integral. The β part of
the integral can be expressed as

P̂ J0y
M0K0 = 2J0 + 1

2

∫ π

0
dβ sin(β) dJ0

M0K0(β) R̂β(β), (3.49)

and a change of variable can be performed[
β = arccos(x) → dβ = − dx

sin(β)

]
(3.50)

P̂ J0y
M0K0 = −2J0 + 1

2

∫ −1

1
dx dJ0

M0K0(β(x)) R̂β(β(x)) (3.51)

= 2J0 + 1
2

∫ 1

−1
dx dJ0

M0K0(β(x)) R̂β(β(x)). (3.52)
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Finally taking the discrete limit using Gauss-Legendre quadrature, i.e dx → wn gives
the discrete integral

P̂J0y
M0K0 = 2J0 + 1

2

Mβ∑
n=1

wn d
J0
M0K0(β(xn)) R̂β(β(xn)). (3.53)

The three operators combine into a three-dimensional sum (note that α, β, γ are now
functions of the new variables) [20]

P̂J0
M0K0 = 1

MαMγ

2J0 + 1
2

Mα∑
k=1

Mβ∑
n=1

Mγ∑
l=1

wn D
J0
M0K0(α, β, γ)R̂(α, β, γ). (3.54)

In the case of axial symmetry, the integral above reduces to [6]

P̂J0 = 2J0 + 1
2

Mβ∑
n=1

wn d
J0
00(β(n))R̂(0, β(n), 0). (3.55)

3.6 Projected HFB - Results
The results consist of calculations of weights |gS0|2 for different target quantum
numbers, and symmetry-projected HFB energies. The investigated nuclei are 18O,
which breaks particle number symmetry, and 20Ne, which breaks angular momentum
symmetry. Because so few nuclei spontaneously break parity, we enforce it on 22Ne
in order to investigate it, instead solving the constrained HFB equations [8]. Note
that the resulting energy calculation for 22Ne will not be the global minimum of the
unconstrained HFB equations. The model space truncation is emax = 8 and we use
the interaction NNLOgo(394) for all results.

Particle number and angular momentum

The weights for 18O, seen in Figure 3.1, are converged at Mφ = 11. The highest
weight can be found at neutron number N0 = 10, which is expected since 18O has
10 neutrons. Using 11 points for the integral and projecting on N0 = 10 results in
the energy −161.623 MeV, as seen in table 3.1. This is higher than the HFB energy
without projection (−162.787 MeV), which is not necessarily a problem as in [20] we
see a slight increase in energy for some cases. This increase could, however, be due
to the fact that PAV is implemented instead of VAP.

For calculations based on 20Ne, once again, Mβ = 11 points in the integral are
sufficient to get converged results for the quantities of interest. The weight seems
quite low for the ground state J = 0+, with the highest weight being at the excited
state J = 2+. This tells us that J = 2+ contributes the most to the calculation.
What is important is which of the contributing states gives us the lowest energy, and
that is J = 0+ with −197.078 MeV as seen in table 3.1. It is lower than the energy
calculated with axial HF/HFB before projection (−187.698 MeV).
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Figure 3.1: 18O calculations of weights |gN0|2 for different target neutron
number N0 and number of quadrature points Mφ.

0 1 2 3 4 5 6 7 8 9 10
J0

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

|g J
0
|2

20Ne

Mβ = 1

Mβ = 3

Mβ = 5

Mβ = 7

Mβ = 9

Mβ = 11

Figure 3.2: 20Ne calculations of weights |gJ0|2 for different target total
angular momentum J0 and number of Gauss-Legendre quadrature points Mβ.

Table 3.1: Ground state energy calculations for two different nuclei with
different methods. Spherical (◦) HF, axial ( ) HFB, and symmetry-projected
axial ( PAV ) HFB.

Nucleus 18O 20Ne
◦ HF [MeV] -160.901 -176.739

HFB [MeV] -162.787 -187.698

Target N0 = 10 J0 = 0
PAV HFB [MeV] -161.623 -197.078
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3.6. Projected HFB - Results

Parity

For 22Ne, the HFB calculations were constrained with β3 = 0.1, defined in Appendix
A, which biases the solution towards an octupole deformation (parity breaking).
When performing the parity projection we get a higher weight for positive parity
(+) and also a lower energy (E+ < E−), shown in table 3.2. A higher weight and
lower energy for positive parity is expected, as it corresponds to the physical ground
state of 22Ne. We also see that the energy after projection (on Π0 = +) is lower than
before the projection.

Table 3.2: Energy calculations for 22Ne with enforced parity breaking. First
the resulting energy with axial ( ) HFB with enforced parity breaking, and
below are the weights and energies after projection for each of the quantum
numbers (+ and -).

HFB -214.337 MeV

Target Π0 Weight gΠ0 Energy EΠ0

+ 0.887 -217.558 MeV
− 0.113 -189.091 MeV
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4. Emulation

This chapter covers the mathematical idea behind EC, and shows how this emulation
approach is implemented for an HFB solver. We once again mention the additive
splitting of the Hamiltonian into a constant term H0 and short-range interaction
terms Hi [2, 6] multiplied by LECs x = {xi}

H(x) = H0 +
∑
i>0

xiHi. (4.1)

4.1 Eigenvector Continuation
The idea of EC is to create a reduced basis representation of a high-fidelity model
[13]. Say we have an N ×N−dimensional parameter-dependent Hamiltonian matrix
H(x), the eigenvectors would be of dimension 1 × N , the full eigenvalue problem
would be

H(x)︷ ︸︸ ︷
H11 H12 · · · H1N

H21 H22 · · · H2N
... ... . . . ...

HN1 HN2 · · · HNN



v︷ ︸︸ ︷
v1
v2
...
vN

 = E

v︷ ︸︸ ︷
v1
v2
...
vN

 . (4.2)

To emulate the high-fidelity model, we first find a few (three is used as an example)
solutions a,b, c (snapshots) generated by their corresponding parameter values xk,
(k = a, b, c) 

a1 b1 c1
... ... ...
aN bN cN

 . (4.3)

These snapshots are now used to create a reduced Hamiltonian matrix HRB(x)

a1 · · · aN

b1 · · · bN

c1 · · · cN



H11 H12 · · · H1N

H21 H22 · · · H2N
... ... . . . ...

HN1 HN2 · · · HNN



a1 b1 c1
... ... ...
aN bN cN

 =

HRB(x)︷ ︸︸ ︷Haa Hab Hac

Hba Hbb Hbc

Hca Hcb Hcc

 . (4.4)
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4. Emulation

Note that the vectors a,b, c are not orthogonal, so the eigenvalue problem must be
properly normalized. We calculate the matrix of inner products NRB

a1 · · · aN

b1 · · · bN

c1 · · · cN



a1 b1 c1
... ... ...
aN bN cN

 =

NRB︷ ︸︸ ︷Naa Nab Nac

Nba Nbb Nbc

Nca Ncb Ncc

, (4.5)

and get the new eigenvalue problem [13]Haa Hab Hac

Hba Hbb Hbc

Hca Hcb Hcc


ṽ1
ṽ2
ṽ3

 = Ẽ

Naa Nab Nac

Nba Nbb Nbc

Nca Ncb Ncc


ṽ1
ṽ2
ṽ3

 , (4.6)

where Ẽ contains the emulated eigenvalues. The reduced Hamiltonian matrix is
referred to as the Hamiltonian kernel, and the matrix of inner products is the norm
kernel.

Now we apply the EC framework such that we can efficiently approximate eigenvalues
and eigenvectors of the nuclear Hamiltonian at different LEC values. The reduced
basis is built from a number nRB of accurate ground state solutions. This time, for
HF (or HFB) there is the additional complexity of the coefficient matrix (or matrices)
that appears in the calculation of the Hamiltonian and norm kernels [6, 11]

Ñαβ = ⟨Φα|Φβ⟩ (4.7)
H̃αβ(x⊙) = ⟨Φα|H(x⊙) |Φβ⟩ , (4.8)

where |Φα⟩ is a ground state snapshot and α = 1, 2, ..., nRB. The generalized
eigenvalue equation can then be solved to find the emulated ground state energy

H̃(x⊙) |Ψm,⊙⟩ = Ẽm,⊙Ñ |Ψm,⊙⟩ , (4.9)

where m labels the spectrum and |Ψm,⊙⟩ are emulated energy eigenstates made up of
linear combinations of the reference snapshot states |Φα⟩. Ẽm,⊙ are the eigenvalues
where the lowest one typically corresponds to the energy of the physical state.

In order to quickly evaluate different Hamiltonian kernels for different LEC values,
the original kernel can be split up as

⟨Φα|H(x⊙) |Φβ⟩ = ⟨Φα|H0 |Φβ⟩ +
∑
i>0

xi,⊙ ⟨Φα|Hi |Φβ⟩ (4.10)

= H̃0,αβ +
∑
i>0

xi,⊙H̃i,αβ. (4.11)

For a certain set of snapshots, the set of Hamiltonian kernels H̃i, i = 0, 1, ... only
need to be calculated once. The kernels can then be used to approximate energies
for many different sets of LECs x⊙.
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4.2. Extending Emulators with Symmetry Projection

4.2 Extending Emulators with Symmetry
Projection

To incorporate symmetry projection, one may construct the kernels with the desired
projection operator P̂ S0

ÑS0
αβ = ⟨Φα| P̂ S0 |Φβ⟩ (4.12)

H̃S0
αβ(x⊙) = ⟨Φα|H(x⊙)P̂ S0 |Φβ⟩ . (4.13)

Now when solving the generalized eigenvalue equation (4.9), the target (physical)
eigenstate |ΨS0

⊙ ⟩ represents a state with preserved symmetry and quantum number
S0.

The calculation of these kernels follows the same principles as equations (3.12) and
(3.13)

⟨Φα| P̂ S0 |Φβ⟩ = 1
2π

∫
dΩeiΩS0 ⟨Φα| R̂(Ω) |Φβ⟩ (4.14)

⟨Φα|HiP̂
S0 |Φβ⟩ = 1

2π

∫
dΩeiΩS0

⟨Φα|HiR̂ |Φβ⟩
⟨Φα| R̂ |Φβ⟩

⟨Φα| R̂ |Φβ⟩ . (4.15)

For the energy element, the calculation is analogous to the procedure in section 3.3,
but in this case |Φ0⟩ = |Φα⟩ and |Φ1⟩ = R̂ |Φβ⟩, keeping in mind that the Hamiltonian
is split in different parts.

The calculation of the rotated overlap

⟨Φα| R̂ |Φβ⟩ (4.16)

becomes more complicated, explained in detail in [21]. In short, the matrix of
overlaps, introduced in section 3.2, is now

Oαβ = D†α
occRD

β
occ. (4.17)

An example for the skew-symmetric matrix M , also introduced in section 3.2, in the
case of just one pair of partially occupied orbitals in each of the states is

M =


0 mβ

0
−mβ

0 0 −Oαβ−1
p

Oαβ−1
p

0 −mα
0

mα
0 0

 . (4.18)

The rotated overlap is then

⟨Φα| R̂ |Φβ⟩ = σ pf(M) det(Oαβ), (4.19)

with σ as a sign factor.
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4. Emulation

4.3 Regularization
In some cases, when constructing the emulator, some snapshots could be nearly
linearly dependent, leading to an ill-conditioned norm kernel [11]. To handle this, we
employ a regularization method called singular value decomposition, which allows to
express the norm kernel as

NRB = LΣRT , (4.20)

with L and R being orthogonal matrices and Σ a diagonal matrix containing the
singular values si ≥ 0 of the norm matrix. Next, the matrices L, R and Σ are
truncated so that only the columns of L and the rows of R corresponding to the
k largest singular values s > smin are kept. We use smin = 10−8. Denote these
new matrices as L′

(nRB×k), R′
(k×nRB) and Σ′

(k×k). The reduced basis Hamiltonian is
transformed as

H̃ ′(x⊙) = Σ̃−1/2L̃T H̃(x⊙)R̃Σ̃−1/2, (4.21)

resulting in a standard eigenvalue problem [11]

H̃ ′(x⊙) |Φ⊙⟩ = Ẽ ′ |Φ⊙⟩ , (4.22)

where Ẽ ′ is now the regularized emulated energy.

As mentioned, the benefit is the handling of the ill-conditioned norm kernel, while
also turning the generalized eigenvalue problem into a standard eigenvalue problem.
There are however some considerations concerning the choice of snapshots. When
one wishes to use emulators, the goal is to perform as few full calculations as possible.
Snapshot choices that result in linear dependency means that redundant calculations
have been performed. The emulation approach is computationally less costly if
singular value decomposition can be avoided. Note also that a too high value of smin
could result in ignoring important information about the space.

4.4 Emulating HFB Ground State Energies
For all the emulation results, the only LEC being investigated is C1S0 . The Hamilto-
nian of the different solutions is constructed as

H(C1S0) = H0 + C1S0H1, (4.23)

where H1 is specifically the part corresponding to C1S0 , and H0 is the part corre-
sponding to the constant term and all other LECs. H0 and H1 are specified by the
∆NNLOgo(394) interaction [18]. Note also that the vertical dashed lines in Figures
4.1, 4.3, and 4.5 correspond to the NNLOgo(394) interaction. The investigated range
is C1S0 ∈ [2, 4] using a total of 41 HFB calculations, with some being used for training
and the rest as validation. The energy truncation is emax = 8. Also note that the
neutron number projection operator had Mφ = 11 integration points.

Emulation on 18O with neutron number projection:
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Figure 4.1: Predictions from different HFB emulators with neutron number
projection on 18O. (a) shows the result of including only one training point, it
becomes a linear equation. (b) shows the emulator performance when including
six nearby points. In segment (c) the emulator is using nine equidistant points
in C1S0 space. In (d) four out of the nine training points in (c) remain.

For the modeling of 18O we use spherical HFB. As mentioned in section 3.6 this
approach results in the breaking of neutron number but not proton number for this
system. The kernels for the emulator that we construct include the neutron number
projection operator P̂N0 with N0 = 10.

The emulator predictions shown in Figure 4.1 already exhibit noticeable extrapolation
capabilities by selecting six nearby points. Perhaps more interesting is the accuracy
when the chosen training points are spread out over the range. With nine training
points we achieve accurate approximation over the whole investigated range. We
realize though that for the higher end of the range, the energy surface does not
change much. We remove some points to exercise the interpolation capabilities of
the emulator. Four points, as shown in Figure 4.1.d, is sufficient to represent the
whole range.

Figure 4.2 presents a quantitative evaluation of the performance of the emulator.
The errors are always less than 2 MeV, with an average error of 0.74 MeV, over a
400 MeV range of outputs.

Emulation on 22Ne with parity projection:

For 22Ne we use axial HFB with enforced parity breaking. The result is a state that
breaks angular momentum and parity. Here the kernels include the parity projection
operator P̂Π0 with Π0 = +1.
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Figure 4.2: Direct comparison between the emulated energies and the neutron
number projected HFB energies for 18O. The red circles represent the selected
training points, corresponding to Figure 4.1.d.

Predictions of different emulators with parity projection are shown in Figure 4.3.
We restrict our investigation to the C1S0 range that does not break particle number.
Demonstrated here is also the effect of choosing two snapshots that are nearly
orthogonal. This results in the emulator predictions exhibiting the behavior of
separate straight lines, rather than a smooth curve. With enough points (≥ 3), the
emulator can represent the output over the full range.

A quantitative investigation of the errors for the parity projected emulator is shown
in Figure 4.4. Here the errors are at most ∼ 2.2 MeV, with an average error of 1.3
MeV. The investigated energy output range is still roughly 400 MeV.

Emulation on 20Ne with broken angular momentum:

The modeling of 20Ne was performed with HFB including axially-symmetric defor-
mations. This results in broken angular momentum and, for certain values of C1S0 ,
broken particle number. No projection operator is included in the emulator kernels.
The output energies are emulated for states with broken symmetries.

In Figure 4.5, we demonstrate the extrapolation capabilities with six adjacent
training points, and we also show the consequences of choosing two nearly orthogonal
snapshots. In panel (d) we see the space being well represented by just a few (six)
snapshots. For this efficient emulator we used a high concentration of snapshots
in the low energy regime, since there is a superfluid phase transition that implies
broken particle number as we lower C1S0 .

Once again, we investigate the errors for the emulator. Figure 4.6 again shows errors
of up to ∼ 2 MeV, this time with an average error of 0.75 MeV. The investigated
energy range was roughly 400 MeV.

The errors of the emulators are summarized in table 4.1. We may compare this
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Figure 4.3: Predictions from different HFB emulators with parity projection
on 22Ne. (a) shows the result of including only one training point. (b)
shows what happens when using two nearly orthogonal snapshots. (c) shows
extrapolation capabilities. (d) is the result when including points with
appropriate spacing.
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Figure 4.4: Direct comparison between the emulated energies and the parity
projected HFB energies for 22Ne. The red circles represent the selected training
points, corresponding to Figure 4.3.d.
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Figure 4.5: Predictions from different HFB emulators on 20Ne without
symmetry projection. (a) shows the result of including only one training
point. (b) shows the performance when including six adjacent points. (c) is
the result when choosing two nearly orthogonal snapshots. (d) showcases the
interpolation capabilities.
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Figure 4.6: Direct comparison between the emulated energies and the HFB
energies for 20Ne. The red circles represent the selected training points,
corresponding to Figure 4.5.d.
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to results in [11], in which they construct HF emulators with ten training points.
The energy landscape is simpler and the energies span from −600 MeV to −200
MeV, meaning no small magnitude energies. The relative errors reported in [11] are
between 0.02% and 0.08%, which corresponds to roughly 0.1 − 0.5 MeV. Comparing
only the absolute errors, our HFB emulators has a 3 − 4 times larger inaccuracy than
the HF emulators in [11]. The less accurate result for our case is expected due to the
higher complexity of HFB. Comparison with [11] serves as more of a sanity check
than a benchmark. The average of the different mean-absolute errors is ≈ 0.92 MeV.

Table 4.1: Errors of the different emulators corresponding to the Figures
4.1.d, 4.3.d, and 4.5.d.

Nucleus Mean-Absolute Error [MeV] Maximum Error [MeV]
18O 0.740 1.70
22Ne 1.32 2.22
20Ne 0.714 1.80

4.5 Computational Efficiency
All emulator predictions in the previous section involved 1000 evaluations. These
computations were effectively instantaneous (< 0.1 s). The full HFB calculations
take between 5 seconds to a few minutes for emax = 8, mostly dependent on the
conserved symmetries. Note also that the evaluation time of the emulators is
completely independent of the model space truncation, making them very favorable
as we increase emax. Though of course, the time for calculating the snapshots and
constructing the kernels is dependent on the truncation. In this section we perform
a more extensive time study to give a clear idea of the efficiency. Note that the time
study was made on a laptop with an i5-1335U processor.

Offline

The offline stage is separated into two parts, with the first being the time for
generating snapshots. As mentioned, for the simplest case of HFB with emax = 8,
meaning only particle number symmetry can break, a full calculation can be as quick
as 5 seconds. Breaking more symmetries can lead to a full HFB calculation taking a
few minutes. We call the time it takes for one full calculation THFB.

The second part of the offline stage is constructing the emulators. There are several
factors that affect the offline time: model space truncation emax, symmetries, number
of snapshots, and number of points in the projection integral. We simplify the study
by only investigating spherical HFB with truncation emax = 8.

In the explored region of nRB < 20, the time with respect to number of snapshots has
a quadratic and a constant contribution. In Figure 4.7 a second order polynomial
curve has been fitted to time measurements, resulting in

Tbuild(nRB,Mφ) = 97
104Mφn

2
RB + 2.6, (4.24)

33



4. Emulation

where Tbuild is the time to construct an emulator with Mφ points in the projection
integral. In this offline time model we assumed that the constant term does not
depend on the number of integral points, which is validated in Figure 4.7. The time
to construct the kernels remain within the same order that it takes to perform an
HFB calculation. We may add the time for generating snapshots as an offset to get
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Figure 4.7: The black ×-markers are time measurements for constructing
emulators without a symmetry-projection operator with the fitted red curve.
The green curve is time predictions for constructing emulators including a
symmetry-projection operator with 11 points in the discrete integral, along
with the green markers showing the measured time.

the simple time model

Toff(nRB,Mφ) = Tbuild(nRB,Mφ) + nRBTHFB, (4.25)

where THFB ≈ 5 in this case.

Online

Similarly, one could model the online time; the time it takes to make predictions
using emulators. In the explored regime of nRB < 20, the time with respect to
number of snapshots nRB scales quadratically, along with linear and constant terms.
In Figure 4.8 a second order polynomial curve has been fitted to time measurements,
resulting in

Ton(nRB, Nvals) = (3n2
RB + 18nRB + 520)Nvals

107 , (4.26)

where Ton is the time the number of evaluations Nvals takes in seconds, assuming a
perfect linear scaling with Nvals. Note that this time model is only reliable in the
investigated nRB range. We may still approximate, for example, that 106 evaluations
with nRB = 15 will take ∼ 150 seconds. The same amount with HFB in emax = 8
would take roughly 107 seconds.
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Figure 4.8: The black ×-markers are time measurements for 500 000 em-
ulator evaluations, with the red curve fitted to these. The blue curve is
time predictions for 100 000 emulator evaluations with respect to number of
snapshots, along with the blue markers showing the measured time.

4.6 Structure Changes and Phase Transitions
When attempting to emulate energies, there are some considerations to keep in mind.

When performing full HFB calculations and varying the LEC, the wave function
can differ greatly. Choosing snapshots that are too far away in parameter space can
cause low mutual overlaps. The consequence of this is disconnected interpolation
regions, demonstrated in Figures 4.3.b and 4.5.c.

A similar situation is when a phase transition occurs while varying the LEC. In
such a case, the output domain typically consists of two separate regions, with the
emulator requiring training points in both (and close to the phase transition) for
accurate emulation. Figure 4.9 shows what the case looked like for 20Ne, a phase
transition to a superfluid (broken particle number) state as we decrease C1S0 .
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Figure 4.9: Separate regions denoting superfluid and axially-deformed states
for 20Ne, depending on C1S0 .
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5. Concluding Remarks

This chapter summarizes the work performed in this project and presents the main
conclusions from the emulator constructions. Possible improvements and suggestions
for future work are also outlined.

5.1 Summary and Conclusions
Chapter 2 reviewed the many-body formalism underlying the mean-field description
of atomic nuclei. The HF and the more general HFB methods were introduced as the
approaches used in this work. By breaking different symmetries of the Hamiltonian
(particle number, angular momentum, and parity symmetry), the variational space
explored by the solutions of these methods was extended to able to study open-shell
nuclei.

In Chapter 3 we described how the broken symmetries of the intrinsic states can be
restored with projection operators. This chapter also illustrated the implementation
of these operators. As a result, intrinsic states with broken symmetries were projected
onto states with good particle number, angular momentum, and parity quantum
numbers for the calculation of ground-state energies.

Finally, in Chapter 4, we developed emulators for HFB ground-state energies based
on EC, including particle-number and parity projection. An emulator without a
projection operator was also constructed for an axially-deformed nucleus. The
underlying mathematical framework of EC was introduced and applied to our case.
In conclusion, the constructed emulators approximated the ground-state energies
with an average absolute error of 0.92 MeV across an output energy range of ∼ 400
MeV using only three to six training points. Furthermore, the low computational
cost was demonstrated, with an explicit example showcasing increased efficiency by
five orders of magnitude compared to full HFB.

5.2 Outlook
The framework developed in this thesis could be extended to include breaking of
more symmetries. Also, the projection operator for angular momentum needs to be
adapted for calculation of the projected norm kernel. Additionally, the simultaneous
breaking or projection of multiple symmetries remains an interesting development
for future work.

The current implementation of EC selects the subspace eigenstate with the lowest
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eigenvalue for a given value of the LEC. This selection rule can be unreliable for
certain subspace constructions that include multiple eigensolution branches. An
improvement would be to develop a selection algorithm that identifies the correct
physical branch regardless of the eigenvalue.

In this project we used the symmetric formulation of EC, whereas in [11] an asym-
metric formulation was used. Their results indicated that emulators with asymmetric
kernels are more accurate than the symmetric variants. Implementing asymmetric
EC could further improve the accuracy, and therefore calls for further investigation.
The results from the symmetric formulation in [11] were used for comparison in
section 4.4.

A natural extension of this work would be to include the possibility of varying
different LECs in the emulator at the same time. Unlike many approaches that
construct parametric models from data, EC does not require an explicit functional
ansatz for the energy landscape. This makes EC potentially well-suited for higher
parameter dimensions.
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A. Diagnostic Parameters

There are a few different diagnostic parameters of interest in this thesis. They include
the variance of the particle number Var[N̂ ], the measure of quadrupole deformation
(rotational symmetry breaking) β2, and the measure of octupole deformation (parity
breaking) β3.

We start by quickly defining the particle number variance. It is defined by the
standard statistical definition of variance, which gives

Var[N̂ ] = ⟨N̂2⟩ − ⟨N̂⟩
2
. (A.1)

The higher the variance, the more contributions from different particle number states.

Before defining the measures of deformation, we need to introduce the multipole
operators. They are defined by [10]

Qlm =
∑
ij

⟨i| rlYlm |j⟩ c†
icj, (A.2)

where l is the multipole order, m is the magnetic number, |i⟩ is a single-particle basis
state, Ylm is the spherical harmonic, and r is the radial coordinate. The multipole
operators have the property

Q†
lm = (−1)mQl−m. (A.3)

So the hermitian average is

Q̃lm = 1
2(Qlm + (−1)mQl−m). (A.4)

Using the hermitian average of the multipole operators we may now define the
measures of deformation. These measures are defined by [10]

βlm = ClQ̃lm, (A.5)

where
Cl = 4π

3Rl
0A
. (A.6)

Here A is the atomic mass number and R0 = 1.2A1/3 fm. The specific measures of
mentioned in this thesis are the ones for m = 0, l = 2 (quadrupole deformation) or
l = 3 (octupole deformation) [10]. These are β20(≡ β2) and β30(≡ β3).
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B. Pfaffian

A matrix M is skew-symmetric if its negative transpose is equal to itself M = −MT .
The polynomial of the skew-symmetric matrix M entries is called the Pfaffian Pf(M).
The square of the Pfaffian is the determinant [22]

det(M) = Pf(M)2. (B.1)

This is not the full definition, as the it also includes a unique choice for the sign. The
Pfaffian of a 2n× 2n skew-symmetric matrix (which was used in this thesis) is [22]

Pf(M) = 1
2nn!

∑
σ∈S2n

sgn(σ)
n∏
i

mσ(2i−1),σ(2i), (B.2)

where mk,l is a matrix element of M , and S2n denotes all permutations of the integers
1, . . . , 2n. Note that for a permutation σ, the notation σ(k) denotes the kth entry.
One could calculate the Pfaffian using equation (B.2), but the computational cost
scales as O(n!). M. Wimmer develops a polynomially scaling algorithm [22] used as
a black box in this thesis.
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