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Development of a Numerical Solver for Stationary and Frequency Domain Dynamic
Two-Group Neutron Diffusion Problems
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Abstract

Molten salt reactors represent one of the so called Generation IV concepts. In this
design the fuel is dissolved in a molten salt, which also acts as a coolant. The
moving fuel introduces a new physical phenomenon not present in reactor designs
with stationary fuel. Delayed neutrons, emitted through the decay of certain fission
fragment nuclei, called precursors, will in this case be emitted down-stream from
where the original fission event occurred. Since the precursor nuclei have mean lives
comparable to the temporal scale of the velocity, this will affect the neutron flux
in the reactor. There is also the possibility of precursors reentering the core since
the molten salt is circulating in the system. This thesis describes the process of
developing a novel numerical simulation tool, using the diffusion approximation for
neutron flux, for the calculation of the neutron flux and precursor concentration of
a one dimensional heterogeneous reactor core. The tool solves the diffusion equa-
tions with two energy groups and one group of precursors in the stationary case
and for a monochromatic perturbation in the frequency domain, respectively. The
eigenvalue problem arising in the stationary case with no external sources is solved
using the power iteration method with a Wielandt’s shift technique and the inver-
sion of matrices is done using an LUPQ factorization. For the purpose of testing
the implementation, a scaled down solver for one energy group and one group of
precursors was developed in the same way as the full solver. When tested, the full
solver reproduces the results of a previously developed similar solver for the case
of zero fuel velocity and the scaled down version reproduces the results of a pre-
viously developed one-group solver as well as the analytical solution to the special
case of infinite fuel velocity. A condition on the mesh resolution was found that
greatly impacted the dynamic solution for the precursor concentration as its spatial
distribution exhibits an oscillatory behaviour.

Keywords: Molten Salt Reactors, two-group neutron diffusion theory, neutron noise,
numerical reactor modelling
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1

Introduction

The climate crisis is one of the biggest issues of our times and hence the importance
of cleaner energy production cannot be understated. Electrifying the transport sec-
tor, as well as reducing the use of fossil fuels in other areas of society, will require
a substantial increase in low-emission electricity production. The total energy con-
sumption is estimated to increase by about a third until 2060, and today more than
half of the electricity production in the world (and about 80% of the total energy
consumption) comes from coal, oil and gas [1]. Replacing this high-emission produc-
tion while also expanding the production of energy is a very challenging task. Fission
technology could have a huge impact on speeding up the process of replacing the
fossil fuels in energy production. While currently utilized technology carries with it
some very serious and well known problems, such as the risk of meltdowns and the
storage of the nuclear waste for hundreds of thousands of years, new techniques can
dramatically improve the situation. New fission reactor concepts, generally referred
to as generation IV reactors, are being developed around the world, that could be
cheaper to build and run, be safer and produce less waste than current running
reactors.

In the beginning of this century, the Generation IV International Forum (GIF),
today consisting of experts from a wide range of countries including the US, the UK,
Japan, China and Euratom (the collaboration for atomic energy research within the
European Union), chose six reactor concepts that were deemed promising and should
be investigated further. These concepts are all referred to as Generation IV fission
reactors but vary greatly in function and design. From the Supercritical-Water-
Cooled Reactors (SCWR) that resemble the water-cooled reactors in use today, to
more novel concepts such as the Lead- and Sodium-cooled Fast Reactors (LFR and
SFR), designs with helium cooled reactors (GFR and VHTR) and Molten Salt Re-
actors (MSR) with liquid fuel circulating in the primary system. They were however
chosen with a common set of goals in mind, concerning sustainability, economics,
safety and reliability as well as a goal to be an unattractive route to extract weapons-
usable material [2]. Common to all the chosen concepts is the higher efficiency in
fuel usage and some of them could even be used as burner reactors, which could be
loaded with nuclear waste from presently running reactors, decreasing the amount
and storage time of high-level waste.

The Molten Salt Reactor concept with fluid fuel circulating through the core
offers many advantages. The salt acts as both a solvent to the fuel as well as a
coolant, offering passive cooling and containment of the radioactive fuel and fission
products. It is also one of the concepts offering the possibility of burning nuclear
waste, reducing the amount and storage time [3]. Molten Salt Reactors have one
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distinctive feature, setting them apart from the other concepts. In these reactors
the nuclear fuel is dissolved in a molten salt which is circulating in the primary
system of the reactor. Two important upsides of this are that the fuel is always
cooled passively and that the reactor may be constructed to turn itself off in case of
overheating [4]. The molten salt mixture will then simply cool and solidify, trapping
the radioactive material and preventing far spreading of toxic material.

The velocity of the fuel impacts the modelling of the neutron flux, which governs
the behaviour of the reactor, due to the mechanism of delayed neutrons. In a fission
reaction induced by the absorption of a neutron by the target nucleus, two to three
new neutrons are released. However these are not always released instantly. A small
fraction of them, called delayed neutrons, are released through the decay of certain
fission fragments, called precursors, created at the moment of fission [5, p. 345]. The
precursors then flow with the molten salt and decay at a later time, and thus, at
a different position in the reactor. This fact is the key difference in modelling the
neutronic properties of a Molten Salt Reactor as opposed to a reactor with solid
stationary fuel. Taking this feature into account is the goal of this thesis.

A tool, CORE SIM [6], for modelling the neutron flux in reactors with stationary
fuel was previously developed by the task force on Deterministic REActor Modelling
(DREAM group) at Chalmers University of Technology. This tool solves the system
for the neutron flux, using two-group diffusion theory, meaning that the neutrons
are divided into two energy groups, and the properties of each group are weighted
averages. The system is solved both in a stationary case as well as for a perturbation
in the frequency domain. An extended version of the tool, called CORE SIM+,
is under development, with the objective to model reactors with greater spatial
resolution [7].

The aim of this thesis work was to develop a similar tool to CORE SIM, that can
handle moving precursors, for a 1-dimensional heterogeneous system. This solver
will, given the input of the spatial distribution of material properties as well as
properties of the system, solve the two-group diffusion equations with one averaged
group of precursors. Since many of the properties, such as cross-sections, depend on
the thermo- and fluid dynamics of the system, it is assumed that these properties
are given. In order to fully model an MSR system one would have to couple this
tool to other ones that handle the modelling of these properties given the neutron
flux. The ambition has been that the neutron solver should be able to handle a very
general input, with spatially heterogeneous material properties and fuel velocity, so
as to allow for the most general systems to be investigated. It should also be able
to handle external point-wise noise sources at any position in the reactor, as well
as a possible external source of precursors at the inlet. The user is able to define
properties of the system, such as reactor size and recirculation properties.

In Chap. 2, the basics of fission reactors and the concept of MSRs is described
in more depth. Then, in Chap. 3, the equations governing the neutron behaviour in
the reactor core are presented as well as a derivation of a simpler set of equations
implemented in the simulation tool. In Chap. 4, the implementation of the equations
into a numerical solver is described, together with an analytical solution to a special
case problem. Finally the solver is presented with some key features of the solutions
as well as comparisons to the reference solutions in Chap. 5.
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Molten Salt Reactors

Fission reactors are complex multi-scale and multi-physics systems. From the small
scale of the fission reactions to the large scale of the fluid dynamics. In nuclear
fission reactors, heat is produced through the splitting of atoms. The total mass of
the particles produced is smaller than the mass of the atom that was split and the
mass difference is released primarily as kinetic energy of the fission products. These
fission fragments then collide with other atoms in the fuel, heating it up. The heat
generated in the fuel in turn heats up the coolant, which is pumped through the core,
transporting the heat away. This heat is then used to boil water, creating steam
at high pressure that drives a turbine, generating electricity. Simple as this may
sound, there are certain complications. The material quantities that determine the
neutron behaviour are all strongly dependent on the temperature of the reactor core.
This means that the neutron transport, the thermodynamics and the fluid dynamics
are all interdependent, and have to be solved simultaneously. In this chapter, some
basic principles of fission reactors are presented, with emphasis on the neutronic
behaviour in the reactor core, especially in the case of molten salt reactors.

2.1 Fission Reactors

The basis of fission reactors is that a neutron induced reaction produces 2 to 3 new
neutrons which in turn can induce fission in other nuclei, causing a chain reaction. In
each such event, about 200 MeV of energy is released, some as radiation, but mostly
as kinetic energy of the fission fragments, i.e. the nuclei resulting from the fission
event. The fission fragments then collide with other atoms in the fuel, heating it up.
The more neutrons moving around in the reactor core, the more fission events can
occur, leading to more heat being produced. A very important part of modelling
nuclear reactors is therefore the modelling of the neutron flux, which is strongly
interdependent on the temperature distribution in the reactor [8]. The heat created
in the fuel is transferred to some coolant, transporting the heat away to be used to
generate electricity. In Light Water Reactors (LWR), which are the most common
type of commercial reactors in use today, the fuel is in the form of solid pellets and
the coolant is ordinary water which is either liquid under high pressure, or allowed
to boil in the core, at lower (but still high) pressure.

The neutrons produced in fission reactions are almost exclusively fast neutrons,
with a mean energy of about 2 MeV, but the highest fission cross-sections are en-
countered for the slower thermal neutrons with energies of a few tenths of an eV
and below [5, pp.344-345]. Therefore, neutrons created in fission reactions gener-

3
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ally have to slow down before they induce new fission reactions. The creation of
neutrons in the high end of the energy spectrum, the neutrons slowing down and
the absorption of the thermal neutrons are together referred to as the neutron cycle,
which is very important for the behaviour of the reactor.

2.1.1 Criticality

In nuclear reactors it is of great interest to look at the ratio of neutrons in one
generation of this cycle compared to the previous. This number, denoted kg, is
the effective multiplication factor and describes the evolution of the reactor [5, p.
346). If kg < 1 the reactor is said to be sub-critical. The neutron density in the
reactor will then decrease exponentially and the reaction will die out. If keg > 1,
the reactor is said to be super-critical. In this case the neutron density will increase
exponentially and the reaction will quickly diverge unless the growth is quickly
countered by introducing some neutron absorption, e.g. by inserting control rods
of some highly absorptive material. During normal operation the reactor will be
critical with k. = 1. In this case the neutron density is constant over time.

The neutrons are not all produced at once though. Most of them, called prompt
neutrons, are produced more or less instantaneously at the moment of fission, but
there are also delayed neutrons [5, p. 345]. These are produced through the decay of
certain fission fragments, known as precursors, created at the moment of fission. The
half life of these may vary but is on the order of tenths of a second to tens of seconds.
This is of great importance for the stability of the reactor. If there was only prompt
neutrons keeping the reactor critical, any deviation from criticality would cause a
very fast increase in neutron density [5, pp. 349-350]. Much faster than the control
rods could be operated to safely counter the deviation, even if some other feedback
mechanisms (such as the Doppler effect) would prevent any accidental situation. In
practice however, the reactor is constructed to be sub-critical if disregarding the
contribution of delayed neutrons. It is the delayed neutrons that push the system
to be critical and due to the mean-lives on the order of seconds, deviations do not
grow as fast and the system can be safely monitored and controlled.

2.2 Molten Salt Reactors

Molten Salt Reactors (MSR) are a Gen.IV concept in which the fuel is in liquid
form, dissolved in a molten salt. This sets them apart from other concepts, where
the fuel is solid and stationary, introducing physical effects not present in other
types of reactors. However, MSR systems offer several advantages over traditional
reactors. The molten salt acts as a coolant and is circulated through the core region
in a primary loop, carrying the fissile fuel particles with it. Inside the core, fission
takes place and criticality is achieved, heating up the molten salt. This heat is
then extracted outside the core through the use of heat-exchangers and used to
generate electricity. It is also possible to process the fuel on-line, e.g. removing
fission products or continuously refueling, while the reactor is running. The fuel is
also always cooled passively by the molten salt and since it is already in a liquid
state, which the system is built to handle, it cannot melt down [9]. Instead, it is

4
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possible to construct the reactor to turn itself off in the case of overheating, without
the need for external interaction or even power. This can be done by inserting a
plug of frozen salt at the bottom of the reactor, which is cooled externally to keep
it solid during normal operation [9]. In the case of overheating, the cooling will not
be enough and the plug will melt, draining the molten salt and dumping it into
cooling tanks with sub-critical conditions. In these tanks the salt will simply cool
and solidify. This would trap the radioactive material, preventing far spread of toxic
material.

Another advantage of molten salt reactors is that they operate at, or close to,
atmospheric pressure. This means that there is no risk of a large explosion happening
as a consequence of any malfunction. The molten salt also allows for operation at
higher temperatures, possibly offering higher efficiency in the electricity production.

While the velocity of the fuel is very important for the thermo- and fluid dynamics
of these types of reactors, this project is only concerned with the modelling of the
neutron flux, which is also affected by this property. Since the precursors move with
the fuel, delayed neutrons will be emitted downstream from where the fission event
took place. Due to the comparable time scales of the decay and the fuel movement
this becomes important when modelling the neutron distribution of these reactors.
There is also the possibility of precursors exiting and reentering the system as well
as the possibility of some on-line processing during operation.
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Neutron transport and diffusion

The distribution of neutrons in a nuclear reactor is governed by the neutron transport
equation. This is a balance equation depending on position, direction of movement,
energy and time. These seven degrees of freedom, three for position, two for direction
and one each for energy and time, make calculating general solutions a cumbersome
task. For this reason, the simpler diffusion equation is often used. The basis of the
diffusion equation is integrating the directional properties of individual neutrons,
effectively replacing them with a net movement of neutrons through the concept of
diffusion. The energy dependence can also be handled by simply integrating over
the energy in certain intervals, called energy groups, yielding a set of equations for
the neutron flux which now only depend on position and time, leaving four degrees
of freedom.

This chapter describes the derivation of the neutron diffusion equation from the
transport equation. The important quantities concerning the modelling of neu-
tron distribution in nuclear reactors are explained. From the diffusion equation, a
stationary equation is shown, as well as the equation in phase space determining
the response of the system to a monochromatic local perturbation. The necessary
boundary conditions for solving these equations are also discussed.

3.1 Neutron Transport

The neutron transport equations for a system with one group of delayed neutrons
are derived as a balance equations per unit solid angle and energy in a short time
interval dt and are given by [10, eq. 2:29]

1 0
@adj(ra Q) Ea t) + Q ' v¢(ra $27 Ea t) + Et<r7 E7 t)qu)(r? 97 E7 t) (31)
_ / /OOO So(r, QY — QE — B, )b(r,Q, B t)dE dSY
(4m)
rompt 7E o / / !
g Xormn 8By g0 [ e, B ), B, )
- 4171_Xdelayed(r7 E)\o(r)C(r,t)
and
aaf(r,t) = ﬂo(r)/o vi(r, E,t)o(r, E,t)dE — X\o(r)C(r, t). (3.2)
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These equations determine the angular neutron flux ¢ (r, 2, E, t), which is the den-
sity of neutrons at point r moving in the direction €2, having energy E at time ¢
multiplied with the neutron speed v(E) = {/2E/m. They also contain the scalar
neutron flux
or, B, 1) = /z/;(r,QE,t)dQ. (3.3)
(4)

Together with the precursor concentration C(r, t), these quantities are the unknowns
of these equations. Additionally there are several other quantities that need to be
explained. The macroscopic total cross-section ¥; accounts for all ways that neutrons
can disappear from the region around (r,€2, E) (e.g. absorption and scattering
out of the region) except for traveling out of it spatially which is handled by the
second term of eq. (3.1). The macroscopic scattering cross-section ¥4 accounts for
the neutrons that are scattered into the region, i.e. it determines the number of
neutrons scattered from direction €2’ and energy E’ to direction Q and energy E.
The third cross-section is the macroscopic fission cross-section X, accounting for
the neutron production due to fission. This quantity is combined with the average
neutron production per fission event v. The fission production term in eq. (3.1)
is also multiplied with a factor (1 — fBy(r)) and a factor fy(r) in eq. (3.2), where
Bo is the fraction of delayed neutrons produced through fission. In addition, A\g is
the average decay constant for the precursor nuclei. Lastly Xprompt and Xdelayed are
the energy spectra of produced neutrons coming from prompt and delayed neutrons
respectively.

For the purpose of MSRs where the fuel is moving, we need, however, to change
eq. (3.2) to account for the fact that the precursors flow with the fuel. This means
that an advection term V - [u(r,t)C(r, )] is needed and we can restate eq. (3.2) as

%(;(r, t)+ V- [u(r,t)C(r,t)] = Bo(r)/ v3s(r, B, t)o(r, E,t)dE — X\o(r)C(r, 1),
’ (3.4)
where u(r) is the velocity of the fuel.

The above stated transport equation determines the distribution of neutrons in
three space coordinates, two directional coordinates, energy and time. Altogether
this makes seven degrees of freedom, making it a very difficult task to solve these
equations. A simpler approximation, the diffusion equation, can be derived by
making some assumptions about the system. This approach entails the loss of some
information, such as the angular flux. It is however possible to extract the neutron
current density vector J and from this approximate the angular flux. This is not as

complete as the actual angular flux though.

3.2 From Transport to Diffusion

The first step in reaching the diffusion equation is to get rid of the angular depen-
dency by integrating over the solid angle €2 in eq. (3.1). Using eq. (3.3), in all terms
whose angular dependency comes only from ), this quantity can just be exchanged
for ¢ directly. Terms with no angular dependency, i.e. the two last terms on the
r.h.s. get multiplied by 47. This leaves the second term on the L.h.s. and the first

8
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term on the r.h.s. to be handled separately. The former can be handled by noting
that Q- Vi) = V - [Q] (since Q2 is independent of position) giving

/Q Vi(r, Q,E, )dQ =V - /Q@/;rQEt)dQ V-J(r,E, 1),
(47) (im)

where the last uses the definition of the neutron current density vector

I(r, B ) = /Qw(r,Q,E,t)dQ.

For the scattering term it is assumed that the medium is isotropic (i.e. behaves
the same in all directions). This means that the macroscopic cross-section only
depends on the angle between Q and €. If, additionally, it is assumed that the
scattering is isotropic in the laboratory system, the cross-section can be rewritten

as
1
Yy(r, Y - Q F — Et) = 4—2570(1“, E — Et),
7

allowing the simplification of the scattering term as

/ / / (r,Q = Q,E — E, O, ¥, 1) dE dQdSY =

(47)(4m)

/OO So(r, B — B, t)p(r, E', t)dE'
0

where again eq. (3.3) was used to evaluate the € integral. Applying Fick’s law [11],
J = —DV ¢, the full equation now reads

1

o )ggb(r, Et)+ V- [—D(r, E)Vo(r,E t)] + 3(r, E, t)o(r, E, t)

_/ Seo(r, E' — E,D)o(r, B t)dE'

+ Xorompe (s B)[1 — Bo(r)] /0 T US(r, B e, B 1) dE
+ Xdelayed (I‘, E) >\0 (I‘)C(I’, t)?

where D(r, E) is the diffusion coefficient, assumed to be time independent.

The validity of Fick’s law is based on the assumption of a medium that is not
strongly absorbing, source free, infinite and homogeneous. In practice though, the
approximation holds as long as these conditions are met on the scale of a few mean
free paths.

The equation has already become much simpler, but there is still the energy
dependence to be handled. This can be done through a multi-group formalism. The
idea is to integrate the equation over a discrete set of energy intervals [E,, E, 1],
also called energy groups. Doing this allows for defining a set of group averaged
quantities:

o The scalar neutron flux integrated over group g

Eg1

¢g<r>t):/A o(r, E,t)dE.

Eq
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e The group averaged total macroscopic cross-section

1 Eg—1
Siy(r,t) = %(”)/E Su(r, B, D)o(r, B, )dE,

which can also be written as

2t,g<r7 t) = Ea,g(ry t) + Z 2s(],g%g’ (I‘, t),

gl

where ¥, 4 is the macroscopic absorption cross-section, describing all neutron
absorption in the material.

o The group averaged scattering cross-section from group ¢’ to group g

9— E,
Suogoslrt) = o [ [ Sl B B )6 B A

¢g

o The group averaged macroscopic fission cross-section for fission events caused
by neutrons in group ¢

1 Eg’—l
VS (1, 1) = ) / VS (r, B 1) b(x, B t)dE". (3.5)

¢g/(r>t E

o The group averaged diffusion coefficient

Dy(r,t) = ol / (0, B 1) [Vor, B D)l dE

!V%

o The integrated fission spectrum for delayed and prompt neutrons over group
[

Eg1
Xg :/ X(raE>dE-

Eyq

Using two energy groups, fast and thermal (meaning Fy = oo, Fy = 0 and Ej is
the boundary between the two groups), neutrons will be emitted as fast neutrons,
ie. x1 = 1 and x2 = 0 for both prompt and delayed neutrons. Furthermore it
is convenient to define a removal cross section, representing the net scattering of
neutrons from the fast to the thermal group, as

230 2—)1( )¢2( )
(bl (I‘, t) .

Zr(ra t) = ZsU,lHQ(rv t) -

10



3. Neutron transport and diffusion

The diffusion equations can then be written as

ﬁ%dm(r,t) =V - [Di(r,t)Voi(r,t)]

H(1 = Bo(r) v2pa(r, 1) = o (r,t) = 5 (r,8)] 1 (r, 1)

+ (1 = Bo(r)) vXo(r, t)pa(r, t) + Xo(r)C(r, 1)

s w02, 8) = V- [Da(r, ) Voo (r, )] + X, (r, ) (r., ) (3.6)
—Yga(r, t)pa(r, t)

50, 1) + V- [up(r)C(x,1)] = Bo(r) V811 (r, 1) (r, 1)

+vEfo(r, t)pa(r,t)] — Ao(r)C(r, 1)

where eq. (3.5) was used to replace the energy integral in eq. (3.4).

3.3 The Diffusion equation

In two-group diffusion theory with one group of delayed neutrons, the equations
become a system of three equations. One for each of the fast and thermal neutron
fluxes, respectively, and one for the concentration of precursor nuclei. The system
of equations to be solved is then eq. (3.6).

3.3.1 Boundary conditions

Finding distinct solutions to eq. (3.6) requires spatial boundary conditions for the
fast and thermal neutron fluxes ¢, as well as for the precursor concentration C'. For
the neutron flux, the Marshak boundary conditions can be used, which are given by

Jg(rb,t) Ny = ;gbg(rb, t), Vit (37)

where r;, is a coordinate on the boundary and n, is the outward unit normal to the
boundary. This condition states that, in general, the amount of neutrons that leave
the system (the L.H.S.) is equal to half the scalar neutron flux at the boundary
(the R.H.S.). Another possible boundary condition is to set ¢4(ry,t) = 0 which
will be used for most of the verification, due to its simplicity. For the precursor
concentration the boundary condition

C(I‘m, t) = Cm(rm, t), Vit (38)

is used. Here Cj,(ry,,t) is some function that may or may not depend on the
precursor concentration C(ry,,t < t) at the outlet of the system. This freedom
of choice is necessary because certain models consider an on-line reprocessing of
the fuel, filtering out certain components and adding others. Mathematically, the

11



3. Neutron transport and diffusion

simplest case would be that of a closed primary system without fuel reprocessing.
This would mean that the precursor concentration is reduced through decay while
the fuel circulates outside the core. In that case, we could use the simple formula
Cin(Tin,t) = C(rou,t — 7)exp (—Ao7), where 7 > 0 is the recirculation time, i.e.
the time the fuel spends outside the core each circulation. In the general case, the
function takes the form

C(Tin,t) = Cinext(t) + NC(Tous, t — 7) exp (—AoT) (3.9)

where Cj, ert is a source of precursors added at the inlet and n € [0, 1] is a fraction
of precursor nuclei filtered out in a potential on-line process.

3.3.2 External sources

In certain cases, it is important to model a system with an external neutron source
present. Adding a source term in the form of a monochromatic point neutron beam
Sext (T, Q, E 1) = Sext0(r — 15)0(Q2 — Q4)0(E — E) to eq. (3.1) and performing the
same steps as for the rest of the equation, it is easy to see that the corresponding
term in the diffusion equation becomes

Sext(r> = Sg,extd(r - rs);

where ¢ is the energy group containing the beam energy Fj.

In molten salt reactors it is also possible to introduce a source of precursors. Since
this source would have to be introduced outside the core region, it can be modelled
as an extra term in the boundary condition as shown in eq. (3.8).

3.3.3 Stationary equation

To find the stationary solution to eq. (3.6), we simply set the time derivatives to
zero and remove the time dependencies from all quantities. In the source-free case, a
stationary solution is only possible for a critical reactor (with keg = 1) in which the
number of neutrons is constant. If the reactor is not critical, the process is either
dying or escalating exponentially. We can however rescale the neutron production
terms, i.e. the ones containing vXy,, with a factor 1/k.s, the reciprocal of the
effective multiplication factor. This will, mathematically, make the system critical
and thus a stationary solution can be found, giving valuable information about
the properties of the equivalent critical system. The system of equations for the
stationary problem without sources is thus

0=V [Dio(r)Vero(r)] + [(1 = Bo(r) 2 — 5,1 (x) = 3(r)] 61.0(r)

keff

+ (1= Bo(r)) 2286, 5 (x) + Ao (r) Colr)

koft

0=V - [Dso(r)Veoo(r)] + X, (r)p10(r) — Lg2(r)d20(r)

V- [ug(r)Co(r)] = 2 (1541 (r)d10(r) + 1852 (1) da,0(r)] — Ao(r)Colr)

kot

(3.10)

12



3. Neutron transport and diffusion

which is linear in the unknown quantities ¢, ¢ and C, allowing the problem to
be stated in the form of a matrix eigenvalue problem as will be described in the
following chapter.

In the case of a source, the rescaling with kg is not needed or even possible. The
appropriate source terms are simply added to the r.h.s. of the equations and the
problem can be stated in the form of an ordinary matrix equation. However, in this
case, a solution is only possible if the system is sub-critical in the absence of sources,
since otherwise the solution would blow up exponentially.

3.3.4 Dynamic equations in the frequency domain

For solving the dynamic case we assume small variations around a stationary mean,
that is, for all time-dependent quantities we make the substitution

X(r,t) = Xo(r) + 0 X(r, 1)

and insert into eq. (3.6). Eliminating terms using eq. (3.10), disregarding higher
order terms in the small perturbations and transforming to the frequency domain
yields the set of inhomogeneous equations

3001 (r,w) = V - [Dy9(r) Vi (r,w)] + (1 — B(r))”zf“ 5o (r,w)

U1 O(r
+ (1= B(r)) 222 — 53, 1) = o (r)] 6 (x,w) + A()0C(r, w)
+[(1 = B) 222 53, (r,w) — 65, (r,w)] Gr(r)
+(1 - 5(1'))M¢20 +651(r)

Zw 5¢2(1“ w) =V - [Dag(r)Vigs(r,w)] + %, (r,w)p1 o(r) (3.11)

v20

—0Xa2(r,w)P20(r) + 2y 0(r)dd1 (T, w) — Xy 20(r)0p(r, w) + 652(r)

iwdC(r,w) + V - [ug(r)dC(r,w)] + A(r)dC(r,w) =

ror [0S 11(r,w)d10(r) + 0B 2(r,w)d20(r)]

+ 2 871(0)861(r, w) + V12 (r)0s(r, w)]

where kg is the same eigenvalue obtained from solving the stationary equations. If
the stationary problem contained a source, this rescaling of course disappears here
too. Note that the stationary source does not appear here since it cancels out when
eliminating the stationary equations. With the exception of the source terms (those
independent of ¢y, d¢2 and §C') and the terms containing iw, the structure of these
equations is the same as for the stationary problem.

13



3. Neutron transport and diffusion

14



4

Solving the Diffusion Equations

The system of equations derived in the previous chapter can be readily solved by
dividing the reactor core into cells, defining node-averaged quantities for these cells
and constructing matrices to solve one of two types of matrix equations. In the
case of no external source driving the system the neutron contribution from fission
is scaled by the effective multiplication factor k.g to yield an eigenvalue equation.
If, on the other hand, the system is driven by an external neutron source or added
precursor nuclei the problem is an ordinary source equation. In both cases the solu-
tion is a vector containing the discretized values for the neutron flux and precursor
concentration.

This chapter describes the process of deriving these matrices and how the matrix
equations are solved numerically. Starting by defining the node averaged quantities
and the node averaged equations, the coefficients of the matrices involved are de-
rived. The Power Iteration method for solving eigenvalue matrix equations is then
presented. Lastly, the verification process is described.

4.1 Discretization of the equations

As both egs. (3.10) and (3.11) are systems of linear equations they can be converted
to matrix equations. The stationary problem becomes an eigenvalue equation in the
case of no external sources, while in the presence of such sources it is an ordinary
source equation. The dynamic system always has source terms by definition and
thus always becomes an ordinary source equation. However, in order to convert the
systems into matrix equations they have to be discretized on some mesh. One way
to do this is to use node-averaged quantities.

4.1.1 Node average

The node average of a certain quantity is defined as a volume average
1
An= - / A(r)dV (4.1)
nVn

where V}, is the volume of the node. Applying node averages to eq. (3.10) or eq. (3.11)
will for most terms just exchange the continuous quantities for their node averaged
counterparts, resulting in one equation per node. The special cases are the terms
containing V. From now on, the generality of three spatial dimensions is dropped
and the systems considered will be one-dimensional and in the z-direction. In this
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4. Solving the Diffusion Equations

case, a node is defined by its boundaries, i.e. node n is the region z € [z, 1, z,],
where 2, = z, 1 + Az. Starting with the diffusion term, applying the node average
gives

1 s | 0 1
EZ/Z B % [DQ,U(Z)aZ¢g,O(Z)] dz = _IZ [ngo(zn) — Jg,O(znfl)] ,

where the fundamental theorem of calculus was used together with Fick’s law J =
—DV¢p = —D%qﬁ (in this 1D case, J is the net current in the positive z-direction).
The advection term for the precursor concentration can be handled similarly as

1 Zn 8 1
N /an E[UO(Z')C(Z)]C&’ = [u0(2,)C(20) — to(20-1)C(2n-1)] -

4.1.2 Mesh definition

The mesh is defined by dividing the system into NV cells of size Az. A schematic of
the mesh and definition of the values used in computations is shown in Fig. 4.1. The
node averaged quantities over these cells are then defined in the center. However,
since the boundary condition in eq. (3.8) is defined by the outlet and inlet surface
values and since the advection term contains the node surface values, the most
natural points to use for the precursor concentration is at the edges of the cells.
These are also the most natural points at which to define the velocity distribution
Uo,n, Which also needs to be set at the inlet. Since the precursor concentration at the
inlet, Cyy, is given directly by the boundary condition, there is no need to explicitly
include this value in the computations giving /N points for C' just as for ¢. Using
the surface values for C' requires an approximation to be made for the node value,
which also enters into the equations. The approximation made is simply taking the
average of the surface values of each cell to get the cell volume average, i.e.

On + Cn— 1

The perturbations d¢,, and dC,, are defined analogously to their stationary coun-
terparts.

Cn,node - (42)

Cin Cy Ch C, Cn-1 Cy
by, Py.n g,
Inlet o] ! #Q—N{ Outlet
S wﬂ S
Az Az Az

Figure 4.1: Schematic of the mesh used to discretize the diffusion problem.

4.1.3 Matrix form of the discretized problem

Constructing matrix equations from the node averaged equations requires writing
the neutron current J, o(2,) in terms of the node averaged quantities ¢,,. This is done
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4. Solving the Diffusion Equations

by defining a temporary boundary value ¢, and then approximating J using Fick’s
law and an ordinary finite difference scheme. We then demand that the estimation
is the same from above as from below and get

¢b - (bgn an—l-l - be
—Dypn——-—=1J,0l2n) = —Dypi1———.
7 Nz)2 50(zn) 9Nz )2
Eliminating ¢, gives
J O(Z ) _ Dg,an,n+1 ¢g,n+1 _ ¢g,n
97 n :

Dg,n + Dg,n+l AZ/Q

Letting n — n — 1 gives J, o(z,—1) and the full term can then be written as

- Alz [Jg.0(2n) — Jg0(2n-1)] = Alzg(anﬁbgm + bnPgnt1 + CnPgn-1),
where
W - 2Dy 1Dy, B 2Dy Dy pi1
" Dg,n—l + Dg,n Dg,n + Dg,n+1 7
2Dy Dy i
" Dyn+ Dynia
and
2Dy 1Dy
= Dyn-1+ Dyy

However, at the top and bottom of the system (node N and node 1 respectively)
one of the nodes, n + 1 or n — 1, respectively, is missing. In this case the boundary
conditions for the neutron flux has to be employed. The Marshak condition in
eq. (3.7) gives for the bottom node

0 — ¢4(0
—_ ¢g2( ) — Jg,O(O) — _Z)g71 (bg,lAZ;bél]( )

and again, eliminating ¢4(0) and combining with the expression for J,(z1) yields

2Dy41D, 1/2

Dg,1+Dg72 Aiz+4D

1
9,1

a; = 9

1= 7 | N
Dy + Dy

and
cl = 0.

A similar derivation for the top node gives

2D, -1 Dy 1/2

1 1
Dygn-1+Dgn 7z + 4Dy N

an )
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and

Dg,N—l + Dg,N.

The discretized stationary source-free equations can now be stated as

CN —

0= ﬁ[angbl,n + bnél,n—&—l + Cn¢1,n—1] + [(1 - Bn) Viz;’n - Ea,l,n - Er,n] le,n

+(1 = Ba) 22 o + 22 (Cot + Ch)

0= ﬁ[angbln + bn¢2,n+1 + Cn¢2,n71] + Er,n¢1,n - 2a,2,n¢2,n

uAO’; Cn . UO,AnZ—I ] = %[sz,l,n¢1,n + VEf,Q,n¢2,n] — )\7"(0”,1 —+ Cn)
and by defining a solution vector

¢1
¢: ¢2 )
C

where ¢1, ¢o and C' are column vectors of length N (the number of nodes), the
problem can be reshaped into a matrix equation.

Since ke is an unknown eigenvalue it is convenient to define two different ma-
trices. The matrix F' contains all terms rescaled by keg (but does not contain the
factor 1/keg) and the matrix M represents all other terms. The matrix equation is
then written as

1
Keft
where the matrices M and F' have coefficients as presented in App. A.1. Multiplying
with kegM ! from the left gives the ordinary eigenvalue problem

M¢ =

F¢ (4.3)

M™'F¢ = kego.

This equation has many solutions, in fact 3N solutions, but the most interesting is
the solution corresponding to the highest eigenvalue, which is the true multiplication
factor of the system.

4.1.3.1 Source problem

In the case of an external source, the problem is no longer an eigenvalue problem.
Instead a source vector S is added to the equations, giving

Mé+S=F¢

which has the solution

The source vector is
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where S¢1 - S¢1,neutr0n + [/\lcin,ext/27 07 07 ) O]Ta S¢2 = S¢2,neutron and

U A T
— | A Y
SC - [Oln,ext [ AZ + 2 ‘| 70, O, ceey 0‘| 5

where u in this case is the fuel velocity at the inlet. It is thus possible to have
neutron sources in any of the two energy groups as well as a source of precursors at
the inlet.

4.1.3.2 Dynamic matrix equation

In the dynamic case there is always a source term in the equations, caused by one
or more of the possible perturbations. Due to the similar structure of the equations
it is possible to use the same matrices used in the stationary case, only having to
add the terms containing —iw on the diagonal and multiplying terms affected by the
precursor boundary condition with exp[—iwT| due to the time lag between outlet
and inlet. The details can be found in App. A.2 but the equation becomes

5S,,
(M' — F)o¢ = 6S = |6S,,]
5Sc

where 4.5 is given by
0Spin=—1(1—=PB0)0vEs1n— 08010 — 05, 0] Go1m — (1 — Bo)0vEsanpo2n + 051,

0Spym = =02 nP0,1,n + 02020002, + 052

and
6Scm = Bol0vEs 1 n®o,1,n + OVEf2000.2,n)-

We also have to add the term Mg0Ciy, const/2 10 0.5¢,1 and AgdCip const t0 0S¢ if we
want to account for noise in the external precursor concentration source. To run
the solver, only one of these terms is required to be non-zero, but combining several
terms is possible. The equation has the solution d¢ = (M’ — F)~14S.

4.2 Numerical methods

In order to solve the matrix equations, numerical methods need to be employed
to invert matrices and solve eigenvalue equations. To preserve the sparsity of the
matrices, LUP(Q decomposition can be used to handle the inversion of matrices. If
we want to calculate A~! for some N x N matrix A we begin by employing LUPQ
decomposition to write

PAQ=LU = A=P'LUQ !,

where L and U are lower and upper triangular matrices, respectively. The permu-
tation matrices P and () correspond to permutations of the rows and columns, and
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are employed to make use of the sparsity of the equations. This decomposition is
handled by the matlab function 1u(A). We can then write

Al =Qu-iL'p

which can be easily calculated.

To solve eigenvalue equations we can use the power iteration method. This is a
very robust method for finding the largest eigenvalue of a matrix A and its corre-
sponding eigenvector if the largest eigenvalue is relatively well separated from the
second largest. The method consists of repeatedly applying the matrix A to an
initial vector x and normalizing with the euclidean norm in every step, i.e.

Ty —

As long as the initial vector xg, which we will choose to have all elements equal
to 1/ V/N, has a non-zero component in the direction of the eigenvector we seek
(i.e. the one with the largest eigenvalue) this vector will be amplified most in every
step and for a large number of steps z, will approach the solution. If, however
the highest eigenvalues are closely spaced, the convergence of this method can be
very slow. This can be remedied by employing the Wielandt’s shift technique [6],
through which convergence can be sped up by guessing the eigenvalue we seek. By
estimating an eigenvalue k. and subtracting tF from both sides of eq. (4.3) we
can rewrite the problem as

(- ) (- ) o

kest keff kest
which can be stated in the form of an ordinary eigenvalue problem as
1 -1 1 koft Kos
(M_kF) e S U s
est <keﬁ — kest) est eff

If the estimation is close enough to the value we seek this will generate a very large
eigenvalue for this equation, making the power iteration method much more stable.
The only requirement is that the estimation is closer to the eigenvalue we want
than any other eigenvalue. This also makes it possible to use the power iteration
method to extract all the eigenvalue-eigenvector pairs of the problem as long as no
eigenvalues are degenerate.

In order to get a good initial guess for the eigenvalues, the Arnoldi method is
used [6]. Tt is based on building a Krylov subspace from the repeated applications
of the matrix whose eigenvalues are to be computed, i.e. the space is spanned by
the set of vectors { A"z}, where N is generally much smaller than the dimension
of A. We can then project the matrix A onto the Krylov subspace, and compute
the eigenvalues of the projection. From these we can then estimate the N largest
eigenvalues of the original matrix.

This method is very powerful, and by an iterative scheme it would be possible to
close in on the true eigenvalues. However, the method does not guarantee conver-
gence, which is one reason it is only used to get estimates in this case. Another is
that, in the one dimensional case studied, the matrices do not generally become suf-
ficiently large to warrant using this method, as may be the case in three dimensions,
and thus the large speedup offered by the Arnoldi method is not as significant.
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4.3 Steps of verification

In order to check the validity of the solver, three steps of verification have been
carried out. Firstly, the full two-group solver was tested using ug = 0 against the
already existing CORE SIM [6] developed for reactor cores with stationary fuel.
This requires changing the boundary conditions for the precursor concentration to
be proportional to the fission neutron production at the inlet (in accordance with
the Marshak boundary condition) instead of the recirculation condition of eq. (3.9).

Secondly, the solver was simplified to only handle one group of neutrons. This
simpler version was then tested against a one-group solver for a homogeneous MSR,
developed and verified [12] by A. Mylonakis of the Chalmers DREAM group. The
method of converting the full two-group solver into a one-group solver amounts to
simply removing the matrix blocks concerned with the second group, ending up with
2N x 2N matrices.

Thirdly the one-group version of the solver was tested against an analytical so-
lution to the special case of uy = oco. The reference solution presented by Pazsit
and Jonsson [13] amounts to analytical expressions for the neutron flux and precur-
sor concentration of a stationary critical system (kog = 1) as well as an analytical
expression for the dynamic problem in the frequency domain. The noise solution
is given in the form of a Green’s function solving the equations in the case where
the perturbation of the absorption cross-section is a delta function in position at a
given frequency w. Since the noise source term in general is of the form

08 = 636(z — 20)po(2),

multiplying the Green’s function by 6X¢g(z0), where ¢y is the stationary solution,
gives the correct solution for the noise. In both the stationary and dynamic cases,
due to the infinite velocity, the solutions for the precursor concentration will be a
constant given by integrating the solutions for the neutron flux.
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Performance of the Solver

The MSR solver developed has very general capabilities in terms of the inputs. It
is able to handle heterogeneous distributions in all material properties, including
cross-sections, diffusion coefficients, decay constant A, delayed fraction § and fuel
velocity ug. The solver is also able to handle several types of hypothetical sources.
Neutron sources in either energy group can be introduced as point sources in any
node of the mesh and a source of precursor nuclei can be introduced at the inlet of
the system. For the noise problem, the calculation is carried out at a set frequency
for a perturbation to any cross-section and/or source. The full details of the format
and options regarding the input are enclosed in App. B.1. It is worth noting that
the solver is not capable of handling varying mesh size Az and thus it is not possible
to have a more refined mesh in one part of the reactor.

The solver outputs the stationary distribution for neutron fluxes and precursor
concentration, together with the effective multiplication factor kg if no source was
given. If a perturbation is supplied, the output also contains the noise solutions for
these quantities. The format of the output is enclosed in App. B.2.

5.1 Verification test results

To check that the solver performs as expected, three steps of verification have been
carried out.

5.1.1 Benchmark case 1

First, the solver was tested on a heterogeneous two-group system with stationary
fuel (ug = 0cm/s) and of height about 366 cm. The solution was then compared to
the result of the previously developed CORE SIM and the static solution is shown
in Fig. 5.1. The neutron flux solution can be seen to agree well with the stationary
CORE SIM solver. Since the precursor concentration is not explicitly calculated
in CORE SIM, the reference is evaluated by inserting the neutron fluxes into the
equation for the precursor concentration in eq. (3.10) and eq. (3.11). In this case,
due to instability in the MSR solver for uy = Ocm/s, the node averaged value
Chodeo (given by eq. (4.2)) is used. This instability is probably due to the boundary
condition given by eq. (3.9), which states that for uy = 0cm/s (implying 7 = c0),
the precursor concentration at z = 0cm is zero at all times. This is not true in this
case. Instead, the concentration should be proportional to the neutron fluxes at the
boundary, as seen from setting uyp = Ocm/s in eq. (3.10). In conjunction with the
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. ¢1 MSR solver| | ¢ x1073
/// — - ‘ ¢2 MSR solver MSR solver
, N - —-¢) CORE SIM N - —-CORE SIM
03 / N ¢ CORE SIM / .
/ \ / ~
/ \ h
/ \ " / N
/ AN = 1 ,I AN
Z0.60 \ = / N\
& | \ =) / A
N | \ _g / \\
S04+ ,’ \ g / \
/ \ g 0.5+ 1 \
I \\ / \
I
o2y \ I \
.................................................. \ \
oL ‘ ‘ o 0 ‘ ‘ |
0 100 200 300 400 0 100 200 300 400
z [cm] z [cm]

Figure 5.1: Static solution for the neutron fluxes (left) and the precursor concen-
tration (right) for a heterogeneous system with 4y = 0cm/s. Comparison between
the developed MSR solver and the 1D CORE SIM stationary solver.

fact that only Coqe,n enters into the equations, the face values C), are not determined
correctly. To compensate for the value used at the inlet being too low (zero instead
of proportional to the fluxes), the value C; is determined to be slightly higher to
compensate, causing C5 to be too low and so on, creating a discontinuous oscillating
solution for the face values C,,. Implementing the correct boundary conditions to fix
this issue is not trivial and since the purpose of the solver is not to handle stationary
fuel, this has not been done. However the node averages are still determined well,
as can be seen in Fig. 5.1.

The noise solution to the same problem is shown in Fig. 5.2. Here, the noise source
was a perturbation to the removal cross-section at a frequency of 1Hz, located at
2z ~ 189 cm. The amplitude of the perturbation was set to 1% of the static removal
cross-section at that point. The results show good agreement between the solvers,
but again, the 6C\ o4 values have been used. This is due to the same reasons, related
to the boundary conditions, as in the static case.

5.1.2 Benchmark case 2

For the second step, the one-group version of the solver was tested on a homogeneous
system with a fuel velocity ug = 50cm/s. The parameters chosen were those of a
typical, slightly sub-critical (keg &~ 0.9998), thermal reactor. In this case, a zero
boundary condition was used for the neutron flux. The solution was compared to a
one-group homogeneous solution by A. Mylonakis [12] and the result for the static
solution is shown in Fig. 5.3. Here, the provided reference solution uses a 300 cell
mesh, while the MSR solver has been set to 901 cells. The two solutions show good
agreement in both neutron flux and precursor concentration.

The noise solution for a perturbation to the absorption cross-section with fre-
quency 1 Hz, located at z = 150 cm, is shown in Fig. 5.4. Here the amplitude of the
perturbation is 1% of the static absorption cross-section. For the neutron flux noise,
the reference solver was run with a 300 cell mesh, while the precursor concentration
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Figure 5.2: Noise solution for a heterogeneous system with ug = 0 cm/s. The noise
source is a perturbation in the removal cross-section, positioned at z ~ 189 cm, with
an amplitude of 1% of the static cross-section at a frequency of 1Hz. Comparison
between the developed MSR solver and the 1D CORE SIM solver.

noise is shown for both 300 and 4800 cells. The reference solution for 4800 cells
was obtained by supplying the reference noise solver with the static MSR solver
solution at this resolution. This more refined solution still agreed well with the
lower resolution solution provided with the reference solver. In all cases, the MSR
solver was run at 901 cells. The agreement in the neutron noise is very good, but
in the precursor concentration, a clear mesh dependence is present in the reference
solver. This dependence is also present in the MSR solver, however the effect is not
as prominent at a few hundred cells and above. This will be investigated further
in Sec. 5.2, but for now it suffices to say that both solvers seem to agree at high
mesh resolution. Tests were also carried out at different velocities and for different
frequencies. All of these gave similar agreement, with the same mesh dependence
being visible for quickly varying solutions for 6C'.
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Figure 5.3: One-group static solution for the neutron flux (left) and precursor con-
centration (right) of a thermal reactor with fuel velocity ug = 50 cm/s. Comparison
to the solution developed by A. Mylonakis.

5.1.3 Benchmark case 3

Thirdly, the solver was tested against the analytical solution [13] for uy = oco. The
system chosen was again the same typical thermal reactor, but the analytical solution
involves a criticality equation that has to be fulfilled. This was achieved by adjusting
the fission cross-section to fulfill the criticality equation. The static solutions for
neutron flux and precursor concentration are shown in Fig. 5.5. Due to the nature
of the numerical methods, it is not possible to set the fuel velocity to infinity. This
has very little effect on the neutron flux solutions for sufficiently large velocity,
which in this case was set to 100000 cm/s, but the precursor concentration, which
analytically is constant at infinite velocity, will never become constant in the MSR
solver. For this reason, the precursor concentration is shown for a range of increasing
velocities.

The noise solutions, again calculated for a perturbation of the absorption cross-
section at 1 Hz and located at z = 150 cm, are shown in Fig. 5.6. The amplitude
of the perturbation was again set to 1% of the static cross-section value. As for the
static solution, the neutron flux solutions was calculated at 100000 cm/s, while the
precursor concentration noise is shown for a range of velocities. Additionally, the
absolute value of the neutron noise, calculated for a few other perturbations, are
shown in Fig. 5.7. Here, the solutions for a perturbation at z = 150 cm are shown
for different frequencies, 0.1 Hz, 5 Hz and 10 Hz, respectively, as well as a solution
at 1 Hz but where the position has been shifted to z ~ 183 cm. In all cases the
MSR solver was run at 100000 cm/s and the amplitude of the perturbations was,
as before, set to 1% of the static cross-section value. In all cases, the MSR solver
reproduces the analytical solutions very well, showing that the solver performs well
at high velocities.

26



5. Performance of the Solver

%1077
0.02 MSR solver 2f ‘ ]
/\ |- — —-Reference solver
N
4 \
0.015 - / \ 1.5¢ J
/ \
— ,/ \\ ';'
= / \. )
3 <
= 0.01} / \ = 1l ]
< / \ )
= / \ =
/ \
0.005- / \ 0.5 ]
: // \ ' MSR solver at 901 cells \
/ — — Reference solver at 300 cells
// \\ A PP Reference solver at 4800 cells A
0 ‘ . o ; : : - .
0 100 200 300 0 50 100 150 200 250 300
z [cm] z [cm]
4
2.4 MSR solver
N —Reference solver
2.3} /\ ]
/N ik
— / \ § %
! / \ ]
E22¢ / 1 i
i
< // \ i
= / \ 1
w0 211 / \ J i
—~ / ]
< / \\ i
/ |
9L / \\\ J \; MSR solver at 901 cells
J/ AN ] — — —Reference solver at 300 cells
/// N Y A (S Reference solver at 4800 cells
1.9 == . . . . . = 4 7 7 7 T .
0 50 100 150 200 250 300 0 50 100 150 200 25 300
z [cm] z [em]

Figure 5.4: One-group noise solution, at 1Hz, of a thermal reactor with fuel
velocity up = 50 cm/s. The noise source is a perturbation in the absorption cross-
section, positioned at z = 150 cm, with an amplitude of 1% of the static cross-section.
Comparison to the solver developed by A. Mylonakis.

5.2 Mesh dependence in the precursor noise

Returning to the mesh dependence in the precursor concentration noise, the result
of the MSR solver for the problem corresponding to the one considered in Fig. 5.4
are shown in Fig. 5.8 for varying numbers of cells. A clear dependence on the mesh
resolution is visible, and it is also clear that this is not just a problem with the so-
lution being unresolved. Instead, at low numbers of cells, N, the peaks are spatially
shifted towards the center. The most probable reason for this mesh dependence is
the approximations made in the equation for the precursor concentration. In the
MSR solver, the node values are estimated from the surface values using eq. (4.2),
which is a linear approximation. The error in this equation can be estimated by
applying the node average eq. (4.1) to the second order term in the expansion of

0C(z). We get

Ase o< AZ26C" (2).
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Figure 5.5: One-group static solution of a critical thermal reactor with very high
fuel velocity. The neutron flux (left) compares the MSR solver at ug = 100000 cm/s
to the (normalized) analytical solution for ug = co. The convergence of the precursor
concentration (right) is shown for a range of velocities.

This explains why the static solution is not affected since it does not have the
oscillatory behavior with larger second-order derivatives that the noise solution has.
To get an estimate of what number of cells are required we can assume that the
largest contribution to the second derivative comes from a sinusoidal function of
wavelength ug /(27 f). That the wavelength should have this form can be seen from
the fact that the oscillating source will cause the precursor concentration at the
source to vary with time, and these variations are then carried away with velocity
ug. Disregarding the amplitude of this sinusoidal (it will generally differ by at most
O(1) relative to the overall magnitude of the solution) we can estimate the maximum

relative error )
A (L)2 2nf
5C N ™

and formulate the requirement

2nfL 2
= 1.
« ( N > <
Values of « for the solutions shown in Fig. 5.8 are given in Tab. 5.1. It seems that
a < 0.01 would give good results, however, this should be seen as an indication

of the size of N, rather than an exact condition, due to the approximations made.
Checking the convergence will still be necessary.

Table 5.1: Values of o using f = 1Hz, ug = 50cm/s and L = 300 cm for varying
numbers of cells V.

N

31

o1

75

101

151

301

901

«

1.48

0.55

0.25

0.14

0.062

0.016

0.0018
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Figure 5.6: One-group noise solution of a thermal reactor with very high fuel ve-
locity. The noise source is a perturbation in the absorption cross-section, positioned
at z = 150 ecm, with an amplitude of 1% of the static cross-section at a frequency of
1 Hz. The absolute value (top left) and argument (bottom left) of the neutron flux
noise compare the MSR solver at uy = 100000 cm/s to the (normalized) analytical
solutions for uyg = co. The convergence of the precursor concentration absolute value
(top right) and argument (bottom right) are shown for a range of velocities.
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Figure 5.7: Absolute value of the one-group neutron noise, considering a perturba-
tion in the absorption cross section at different frequencies and location. The source
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the bottom right, the source is located at z ~ 183 cm. In all cases the MSR. solver
at up = 100000 cm/s is compared to the analytical solution for ug = co.
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Conclusions and outlook

The next generation of fission reactors, currently under development, offers great
improvements over, and solutions to several problems associated with, conventional
reactor types. As a very promising Gen. IV concept, molten salt reactors may prove
very important in the energy production of the future. The modelling of these
reactors is thus of great importance. In this work, a simulation tool for calculating
the neutron distribution in the core of MSRs, focused on simplicity and flexibility,
has been developed. This solver was built on the foundation of the previously
developed CORE SIM and the goal has been to handle very flexible inputs. The
solver is also able to handle sub- and super-critical systems, with or without sources,
and can also calculate the response of the system to perturbations in the frequency
domain.

The developed solver has been tested for a few special cases and performs as
expected. For the precursor concentration noise solution, a dependence of the mesh
size has been found and given a sufficiently high-resolved mesh, the solver gives good
results. In this area, however, there are additional tests that can be performed to
further validate the solver. Firstly, a comparison to analytical solutions for homo-
geneous one-group systems can be made at finite fuel velocities [13], which could
further verify the solver for a large range of fuel velocities. This would be similar to
the test at infinite velocity done in this work, but the analytical solution would be
more complicated. Secondly, it is possible to test the full heterogeneous two-group
solver by a method that also involves solving the adjoint equations for the system
[14]. This would require implementing the adjoint problem in the solver.

Having carried out these additional tests, the next natural step would be to
extrapolate the one-dimensional solver to the full three dimensions of a physical
system. The theory presented in Chap. 4 naturally extends to three dimensions and
while the implementation may prove more complicated, it should not be much more
so than the implementations made in the existing three dimensional CORE SIM
solver. The solver could also be expanded to handle several groups of precursors.
This may be of great interest in MSRs, since the distribution of precursors may be
very different for different groups, due to the transport mechanism. It may also be
valuable to, in the context of online processing of the fuel, be able to set different
removal fractions n for the different groups of precursors.
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A

Matrix coefficients

A.1 Static problem matrices

To solve
Mo(+S) = [1/kess] F o,

choosing either the () or the [] to be true depending on the input (S being an external
source vector), we have

o191 0 O
M= 201 202 0 |,
0 0 cCcC

consisting of nine N x N blocks, and where the block AB is the matrix determining
how quantity A depends on quantity B. The blocks are then constructed according
to eq. (3.10) as follows:

dl bl
Co Q2 b2
C3 a3 b3
¢9¢g = . . . 7
CN—-1 aN-1 bN—l
CN an |
where
~ 2Dg 1_Dg 2 1/2
“eT 4+ D) R N )
1 (A2)2(Dg1 + Dy2) Az + % gt (9—2)
~ 2Dg N_ng N 1/2
e | 7 - — Yy + (9= 2)5,
(A2)2(Dgy-1+ Dyy) Azt &P gt (9—2)
2Dg n—ngn QDg an a1
" 7 7 - — — g+ (9 —2)%,
(A2)2(Dyp-1+ Dyn)  (A2)%2(Dyn + Dyni1) s+ (9—2)
b g 2Dg7an7n+1
" (B2 (Dyn + Dyni)
and
2Dy 1Dy
Cp =

(AZ)Q(ng—l + ngu) '



A. Matrix coefficients

Further we have
¢2¢1 - dlag(Er,n)

and
dy nexp[—AoTler
€9 d2
cC = o ,
EN dN
where \
U, 0
dn = | A _ - |
[Az + 2 ]
_ —Un—1 &
n = [ Az + 2 ]

and nexp[—Ao7] € [0, 1] is the fraction of the concentration at the outlet left when
reaching the inlet.
Lastly

w‘é’
=4

For the fission matrix F we have
dlag[—(l — Bo)l/zf’lyn] dlag[—(l — Bo)VEf’Q’n] 0
F = 0 0 0f.
diag[ﬁoyZﬁl,n] diag[ﬁoyZm,n] 0

A.2 Dynamic problem matrices

Writing the dynamic problem as

0S4,
0S¢,
0Se

(M’ — F)o¢ = 68 =

Y

we can use the same matrix I’ as for the static problem and in a similar manner we

can write
01001 0 dp16C
M' = 02001 a0 0
0 0 0CoC

Making use of the similarities between the stationary and dynamic equations we can
then write

diag (:}’1“’) 0 0
M' = M(n — nexp|—iwt]) + 0 diag (‘;‘;) 0 :
0 0 diag(iw)
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where we have added a phase to the terms related to the precursor boundary con-
dition because of the time-lag 7.
The source vectors is then

5S¢1,n = - [(1 - 60)5V2f,1,n - 62(1,1,71 - 5Zr,n] ¢O,1,n - (1 - 50)5V2f,2,n¢072,n7

5S¢2,n - _5Er,n¢0,l,n + 52a,2,n¢0,2,n
and
8Scn = BolovEf1nPo1.n + OVEf2.0002.n)-

We also have to add AgdCip const/2 t0 0S¢, 1 and AgdCiy const t0 0S¢ if we want
to account for noise in the constant precursor concentration input.
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B.1 Input

B

Input and Output

The input to the program is divided over several matrices. Firstly the node size
Az is given separately, in cm, with the name DZ, in a matlab matrix file called
GEOM_data_LIQ.mat. The rest of the most basic input, required to run the program,
is given in the file XS\data\LIQ.mat and the contents is specified in Tab. B.1.

Table B.1: Specification of the input matrix file XS_data_LIQ.mat.

Variable Name Dimension | Description

Bo (1] BETA (1x1) Fraction of delayed neutrons.

No [57] LAMBDA | (1 x 1) Average decay constant of the
precursors.

Y1 [em™!] | ABS1 (N x 1) Absorption cross-section for group 1.

Yoo [em™!] | ABS2 (N x 1) Absorption cross-section for group 2.

¥, [em™! REM (N x 1) Removal cross-section.

v [em™t] | NUFIS1 (N x 1) Fission cross-section for group 1.

VYo [em™t] | NUFIS2 (N x 1) Fission cross-section for group 2.

Dy [cm] D1 (N x 1) Diffusion coefficient for group 1.

Dy [cm)] D2 (N x 1) Diffusion coefficient for group 2.
The fraction of precursors removed

n 1] ETA (1x1) through on-line I;1)91"ocessing.

T [s] tau (1x1) The recirculation time.
The fuel velocity, defined at the

up [em/s] u0 (N +1 x 1) | interfaces of the nodes,

including the inlet.

In order to run the program with external stationary sources, these need to be

specified in the matrix file S_data_LIQ.mat.

The possible sources are shown in

Tab. B.2 and several can be used at once. However, it is sufficient to specify one of
these sources to run the program.
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Table B.2: Specification of the input

sufficient to run the program.

matrix file S_data_LIQ.mat. One source is

Variable Name | Dimension | Description

External source of
- em3 i

Cin [em™] Cin | (1x1) precursors at the inlet.

S, [em=3s-1] | S1 (N x 1) External source of
neutrons in group 1.

S, [em—3s-1] | §2 (N x 1) External source of
neutrons in group 2.

For the noise calculations, the neutron speeds and the frequency at which the cal-
culations are performed are given in the matrix file DYN_data_ LIQ.mat as specified

in Tab. B.3.
Table B.3: Specification of the input matrix file DYN_data_ LIQ.mat.
Variable | Name | Dimension | Description
v fem/s] | vi (1x 1) Average speed of the neutrons
in group 1.
v [em/s] | v2 (1x 1) Average speed of the neutrons
in group 2.
Frequency at which the noise
1 [Hz] f (1x1) calculations are done.

For these calculations, a noise source needs to be specified in the file dS_data_ LIQ.mat.

The options for different noise sources are shown in Tab. B.4. Note that while it is
possible to define several sources, one is sufficient to run the program.

B.2 Output

The output of the program is saved to the matrix file RESULTS LIQ.mat.

The

description of these quantities are shown in Tab. B.5. The output files also contain
information about the numerical methods, e.g. convergence criteria and number of

iterations.
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Table B.4: Specification of the input matrix file dS_data_LIQ.mat. One source is
sufficient to run the noise calculations.

Variable Name Dimension | Description
65,1 [em™Y dABS1 (N x 1) Perturbat'lon of the absorption
’ cross-section for group 1.
650 [em™Y] JABS?2 (N x 1) Perturbatilon of the absorption
’ cross-section for group 2.
5%, [em™Y] dREM (N x 1) Perturbat.lon of the removal
cross-section.
6%¢1 [em™] | ANUFISI | (N x 1) Perturbat.lon of the fission
7 cross-section for group 1.
639 [em™] | ANUFIS2 | (N x 1) Perturbat.lon of the fission
7 cross-section for group 2.
85, [em™3s71] | dS1 (N x 1) Perturbation of the neutron
source for group 1.
65, [em™3s71] | dS2 (N x 1) Perturbation of the neutron
source for group 2.
§Chy [em=3] dC_in (1x 1) Perturbation of the external

precursor source.

Table B.5: Specification of the output matrix file RESULTS LIQ.mat. Note that
the units of all these quantities are only applicable in the case of an external static
source, in which case keg will not be calculated. Without static source all units are
arbitrary due to normalisation.

Variable Name Dimension | Description

$10 [em™?s7!| | FLX1 (N x1) Stationary neutron flux for group 1.

$20 [em™?s™!| | FLX2 (N x 1) Stationary neutron flux for group 2.

Cirode [cm~?] C node | (N x 1) Statlonary.node average precursor
concentration.

C [em™?] C (N x 1) Stationary precursor concentration.

keg [1] k eff (Ix1) The effective multiplication factor.

d¢1 [em~2s7!] | AFLX1 (N x 1) Neutron noise solution for group 1.

d¢y [em™?s7] | AFLX2 (N x 1) Neutron noise solution for group 2.

5C [em] ac (N x 1) Precgrsor concentration noise
solution.

0Chode [cm_3] dC node | N x 1 Node averaged precursor noise.

X (3N x 1) The full solution vector (only

included for debugging purposes)
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