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Sequential Normalising Flows for Approximating Smoothing Distributions
Evaluating Sequential Normalising Flows as a Cost-Efficient Alternative for Smooth-
ing Distribution Estimation

Fredrik Boman

Department of Mathematical Science

Chalmers University of Technology

Abstract

This thesis addresses the smoothing problem, in which the goal is to estimate a time
series of latent variables from a corresponding time series of noisy observations.
Traditional methods such as the Kalman Smoother and the Unscented Kalman
Smoother can solve this problem, but rely on Gaussian assumptions that introduce
bias when applied to nonlinear systems, motivating the development of faster and
more flexible alternatives. Hence, the Sequential Normalising Flow (SNF) is created,
a model that allows sampling from an approximation of the smoothing distribution
rather than computing it analytically. The SNF consists of an embedding model,
implemented as a Gated Recurrent Unit (GRU), which encodes future observations
into a fixed-dimensional representation, and a generative model implemented as a
normalising flow. While training requires substantial computational resources, infer-
ence is significantly cheaper. The SNF is evaluated on two cases: a linear Gaussian
state-space model and a nonlinear Gaussian state-space model. In both cases, tradi-
tional methods serve as a reference point. For the linear case, the SNF approximates
the smoothing distribution well, with computational times comparable to those of
the Kalman Smoother. In the nonlinear case, the SNF has more difficulty accurately
estimating the smoothing distribution, which is believed to stem from the embed-
ding model’s limited ability to represent the observations. The thesis concludes that
the SNF shows promise for certain cases and identifies the key difficulties in scaling
the approach to nonlinear and more complex problems.

Keywords: bayesian smoothing, variational inference, normalising flows, deep learn-
ing, sequential normalising flow
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1

Introduction

The ability to detect and track unknown objects is a critical component of mod-
ern defence systems, providing situational awareness and enabling timely decision-
making. A fundamental building block of such systems is radar, which detects
airborne objects by analysing reflections of emitted radio waves. These reflections
give rise to measurements that carry information about the object’s state, such as
its position and velocity. However, the relationship between the true state and the
observed measurement is corrupted by noise, meaning the measurement is not an
exact representation of the state. A principled framework for estimating the hidden
state from noisy measurements is Bayesian inference, which represents uncertainty
as a probability distribution. Given a probabilistic model of the state’s dynamics
and the measurement process, Bayesian inference combines these two yielding a pos-
terior distribution that better estimates the state given the observations.

Depending on which measurements are used to form the posterior, Bayesian state
estimation falls into two categories: Bayesian filtering and Bayesian smoothing. Fil-
tering estimates the current state using all measurements up to and including the
current time, making it naturally suited to online applications where estimates must
be updated as new data arrive. Smoothing, by contrast, estimates the state at each
time point using both past and future measurements over a fixed time window, yield-
ing a more accurate estimate than filtering alone. This improved accuracy makes
smoothing particularly valuable for offline tasks such as refining state trajectories,
estimating hidden parameters, and object classification.

Computing the posterior is in general intractable. A range of algorithms has been
developed for this purpose. The Kalman smoother provides an exact solution when
the system dynamics and measurement model are linear and the noise is Gaussian.
For nonlinear systems, the Unscented Kalman Smoother offers an approximate so-
lution by propagating a set of deterministic sample points through the nonlinear
transformations. Particle smoothers instead approximate the posterior using a set
of weighted random samples, enabling the representation of highly non-Gaussian dis-
tributions, but at a computational cost that scales poorly with the state dimension.
As the complexity of the state estimation problem grows, these methods become
increasingly expensive, motivating the search for more computationally efficient al-
ternatives.

The challenge is compounded by the growing number of objects present in modern
airspace. In particular, unmanned aerial vehicles (UAVs) have seen increasing use
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in military operations in recent years. Their small radar cross-sections and irregular
flight trajectories make them difficult to detect and track reliably. As the number
of objects to be monitored increases, radar systems must process a larger volume of
data within a fixed computational budget, placing further demands on the efficiency
of state estimation algorithms.

Machine learning has in recent years demonstrated strong capabilities in approxi-
mating complex functions from data. A model’s parameters are tuned to minimise
a given objective during a training phase, which may require substantial compu-
tational resources due to high-dimensional gradient computations. Once trained,
however, the model consists only of efficient, simple operations, enabling fast infer-
ence at prediction time. This asymmetry between training cost and prediction cost
makes machine learning models particularly attractive for problems that require re-
peated or real-time computation, such as state estimation in radar tracking.

Variational inference recasts posterior inference as an optimisation problem by in-
troducing a parametrised family of distributions to approximate the intractable tar-
get distribution. Rather than computing the posterior analytically, the parameters
are optimised so that the approximate distribution is as close as possible to the
true smoothing distribution, typically by minimising a divergence measure between
them. The parametrised distribution can, in principle, be any model that defines
a sufficiently flexible family. A common choice is a Gaussian distribution, which
is characterised entirely by its mean and covariance and is therefore limited in its
ability to capture complex, non-Gaussian structure. In this thesis, normalising flows
are used instead, as they parametrise an invertible and differentiable mapping from
a simple base distribution to a complex target distribution, enabling the approxima-
tion of highly non-Gaussian posteriors. Specifically, a Sequential Normalising Flow
(SNF) is employed to approximate the Bayesian smoothing distribution in state-
space models, aiming to achieve both flexibility and computational efficiency.

1.1 Aim and objective

The aim of this thesis is to create a model that, through variational inference, can
approximate the true smoothing distribution. Thereby providing a substitute for
traditional methods, such as the Kalman Smoother. In addition, the model aims to
achieve shorter computational times than traditional variants.

Accomplishing this consists of both developing and evaluating a model. This is
achieved by introducing the Sequential Normalising Flow (SNF), a model developed
in this thesis. The primary objective is to investigate the feasibility of using the
SNF to approximate the Bayesian smoothing distribution. To evaluate the SNF,
it is trained and evaluated for two scenarios, each defined by a distinct Gaussian
state-space model. One with linear Gaussian dynamics and one with nonlinear
dynamics. Training samples are generated by simulating the state-space models.
The approximation quality is assessed by comparing the SNF output against refer-
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ence distributions obtained from established Bayesian smoothing algorithms. The
Kalman smoother for the linear Gaussian case and the Unscented Kalman smoother
for the nonlinear case.

1.2 Relevance to other fields

The context of this thesis is military-inspired, however, the project is not limited
to this domain. State estimation is used across a wide range of fields, and replac-
ing traditional methods with faster, more efficient alternatives could benefit other
domains. Two such examples are given below.

o Finance: State estimation is widely used to infer latent variables such as
market trends and volatility from observed data, for example in modelling
and predicting stock prices [5].

« Robotics: State estimation is fundamental to tasks such as simultaneous
localisation and mapping (SLAM), where a robot must estimate its position
and orientation from noisy sensor measurements while simultaneously building
a map of its environment [15].

1.3 Thesis outline

The thesis begins in Chapter 2 with the problem setting, starting with Markov pro-
cesses and state-space models. State estimation is then presented, followed by the
Bayesian smoothing equations that describe the recursive solution to the state esti-
mation problem and by established Bayesian filtering and smoothing algorithms for
computing the smoothing distribution, which serve as reference methods through-
out the thesis. Chapter 3 introduces variational inference, recasting the problem
as an optimisation problem, with the Kullback—Leibler divergence presented as the
optimisation criterion. Chapter 4 presents the machine learning models used in the
thesis, beginning with neural networks, which form the foundation for all subsequent
models, followed by the Gated Recurrent Unit (GRU), which enables embedding of
sequential data, and normalising flows. The chapter concludes with a discussion of
how these models are trained via gradient descent and backpropagation. Chapter 5
presents the methodology, detailing the two state-space models and the structure of
the Sequential Normalising Flow. Chapter 6 presents the results and discusses the
findings.
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Bayesian smoothing

This chapter presents the problem formulation and theoretical framework for Bayesian
state estimation. The chapter begins with Section 2.1, which presents the Markov
chain and the Markov property. Section 2.2 introduces state-space models and de-
scribes the transition and measurement models. Using the Markov property, the
state-space model can be expressed as a joint distribution over the states and obser-
vations. In Section 2.3, the focus shifts to inference, where we seek the distribution
over states given the observations. The smoothing distribution is presented and
shown to be expressed in terms of forward and backward passes. Thereafter, Sec-
tion 2.4 introduces the Bayesian smoothing equations. Sections 2.5 and 2.6 introduce
Bayesian filtering and smoothing algorithms. The chapter concludes by showing how
the marginal likelihood can be computed using the Bayesian filtering algorithm.

2.1 Discrete-time Markov process

Assume a discrete-time stochastic process in which the state X; € R? is indexed by
the discrete time variable ¢t > 0. The process is said to have the Markov property if
the next state depends only on the current state and not on the full history of past
states.

Definition 2.1 (Markov property (discrete time)).

A stochastic process (X, X1, Xo,...) with X; € R? is said to have the
Markov property if, for all ¢ > 1,

p(xt | Lig—1y .- ,IEO) = p(xt | $t—1)a

for all zg, ..., z, € R%.

The Markov property is often described as memoryless, though it can equivalently
be interpreted as all relevant history being encoded in the current state x; ;. The
conditional density p(x; | z;_1) is referred to as the transition density and is assumed
to be time-homogeneous, meaning it does not depend explicitly on ¢. The Markov
property is fundamental to this thesis, as many key definitions and derivations rely
on it.
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2.2 Gaussian state space model

Let 2, € R% denote a latent variable describing the state of a system at time ¢
and let y, € R% denote the corresponding observation. The state evolves over
time according to a dynamical system governed by a transition function f : R% —
R% and is observed through a measurement function h : R% — R%. Both the
state evolution and the measurement process are corrupted by independent Gaussian
noise. This setting is formalised as a State Space Model (SSM), given by

w1 ~ N (o, Po),

vy = f(xeo1) Vs, Ve~ N(Ov Q), (2.1)

v = h(zy) +wy,  wy ~ N(0, R),
where v; and w, are mutually independent and independent across time, QQ € R4
is the process noise covariance and R € R%*% is the measurement noise covariance.
The initial state z; is drawn from a Gaussian prior with mean ;o € R% and co-
variance Py € R%*d= The additive Gaussian noise in (2.1) allows the SSM to be
described equivalently in terms of probability distributions,

zy ~ p(z1),

z ~ p(Ty | Ti-1),

Ye ~ p(ye | 1),
where p(z1) = N(z1; 10, Fo), p(as | 2-1) = N(g; f(20-1),Q), and p(y; | 1) =
N (ys; h(x;), R). The transition density p(z; | 2;_1) encodes the state dynamics, while
the measurement density p(y; | x;) describes how observations are generated from
the current state. Crucially, both densities satisfy the Markov property: z; depends
only on x;_1, and ¥, depends only on z;. Together, these conditional independence

assumptions allow the joint distribution over all latent states and observations to be
factorised as

T T

plerr, yur) = pley) [[p(@e | ze1) [T p(ye | 20), (2:2)
=2 =1
where T' denotes the sequence length and z1.0 = (x1,...,27), y1.r = (Y1, .-, yr)-

Given a known SSM, one can sample the joint distribution using the SSM. In prac-
tice, however, the latent states xi.r are unknown, and only the measurements y;.1
are available. The problem of interest is therefore inference: estimating the latent
states z1.p given the observations y;.p.

2.3 State estimation via Bayesian smoothing
State estimation is the problem of estimating a latent state through the observa-

tions. Depending on the available observations, different state estimation problems
arise: filtering, prediction, and smoothing. In filtering, the measurements arrive

6
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sequentially, and the latent state is estimated using observations up to time ¢. Pre-
diction shares the same setting as filtering but estimates the latent state at ¢ 4 1
with observations up to t. In contrast, smoothing incorporates both past and future
observations, thereby estimating the latent states using all available observations.

Estimating the latent state from all observations means obtaining the joint condi-
tional distribution p(z1.7 | yi.7). In principle, this distribution can be calculated
using Bayes’ rule. The distribution can be expressed as the posterior

p(yrr | Trr)p(21r)
p(ylzT)

where p(y1.7r) = [pyrr | z1.0)p(21.0)d27 is the marginal likelihood. The prior
p(z1.r) and likelihood p(yy.r | z1.7) come from the SSM and factorize as

p(l'l;T ’ yl:T) = 5 (23)

p(x1.r) = p(x1) 1:[229(9% | T41)
p(ylzT | $1;T) = 1:[1]7(% ‘ It)a

and when multiplied together yiled (2.2). Computing (2.3) requires evaluating the
marginal likelihood, an integral over all possible state trajectories. This integral is
generally intractable and becomes increasingly complex as more observations are
introduced. The posterior distribution can be expressed using the chain rule as

T
p(rrr | yrr) = p(zy | yrr) Hp(l"t | T1:4-1, Y11)-
t=2
where T is the sequence length. By the Markov property, p(z; | z1..—1) = p(x; | 4-1)
and p(zy | yi.r) = p(zy | yer). This results in the equation being written as

T

P(%;T | ylzT) = p(m | y1;T) Hp(xt | xt—layt:T).
=2

where each factor depends only on the previous latent state. This yields a recursive
calculation that allows the full posterior distribution to be expressed in terms of
conditional distributions. The individual factors can further be decomposed into

P(xt ’ xt—layt:T) 0.8 p(xt | If;—1)p(yt:T | xt)

where the likelihood term can be further decomposed as

P(Yer | re) = p(ys: | xt)p(ywrl:T | 7).

Together, these expressions reveal three distinct terms within the marginal distribu-
tion. Two of them define a forward pass and the third defines a backward pass. This
shows that the smoothing distribution is obtained by using the filtering distribution
as the prior:
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(e | o1, yer) X D@ | 2021) P(Ye | 20) PYerrr | 20) -

forward pass backward pass

It has now been shown that the Bayesian posterior distribution can be factorised via
the chain rule into a product of conditional distributions, leading to a computation-
ally efficient way to obtain the smoothing distribution. Furthermore, each factor
is composed of a value from the forward pass and the backward pass. The follow-
ing section presents how these passes are constructed via the Bayesian smoothing
equations.

2.4 Forward-backward equations

The Bayesian smoothing equations describe how to compute the conditional distri-
bution p(z; | z;_1, ye.r) derived in the previous section. Computing this distribution
requires first obtaining the filtering distribution, which is the result of a forward
pass. Afterwards, a backward pass is performed, updating the filtered distribution
by incorporating future measurements. The update yields the smoothing distribu-
tion, which provides a more accurate estimate than the filtering distribution alone.
The following is a definition of the Bayesian smoothing equations.

Definition 2.2 (Bayesian smoothing equations).

1. Starting with a prior distribution p(zy).

2. Prediction: With a dynamical model, a predictive distribution over
the state x; at time ¢ can be obtained via the Chapman—Kolmogorov
equation:

(e | Yru—1) = /p(xt | 2 1)p(@i-1 | Yree—1)day g
3. Update: When a measurement y; at time ¢ is available, the predicted
distribution can be updated. This is known as the update step.
With Bayes’ rule, we calculate the posterior distribution

1
(e | y1e) = 7?(% | z0)p(z¢ | Y1:0-1)
t

where Z, is a normalisation factor defined as

Zy = /P(yt | 20)p(2s | Yr:e—1)day

Store the distribution p(z: | y1.¢)-

4. Return to step 2 and repeat until all timesteps have been accounted
for.
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5. Starting at ¢ = T', compute the smoothing distributions by iterating
backwards. At each ¢, the smoothing distribution is

P Tt+1 ’ SUt ($t+1 | ylzT)
$t+1 ‘ Yi: t)

p(ift | ?/1:T) l”t | y1 dwygq,

which adjusts the filtering distribution p(x; | y14) to account for
future observations.

6. Decrement ¢ by one and return to step 5, repeating until ¢ = 0.

In this definition, steps 1 to 4 constitute the Bayesian filtering equations, and the
addition of steps 5 and 6 defines the Bayesian smoothing equations. Together, they
are referred to as the forward filter backwards smoother, as the algorithm first com-
putes all filtering distributions forward in time and then refines them backwards
in time. The backward pass exploits the Markov property: given x;.1, the future
observations y;,1.7 are conditionally independent of x;, which makes the backward
recursion possible.

Together, the Bayesian filtering and smoothing equations form a theoretical foun-
dation for solving the state estimation problem. However, both involve integrals
that are analytically tractable only under restrictive assumptions. In the following
chapter, we present closed-form solutions to both the filtering and smoothing equa-
tions under the assumption of a linear Gaussian SSM, known as the Kalman filter
and Kalman smoother, respectively. For nonlinear systems, where closed-form solu-
tions are generally unavailable, the Unscented Kalman filter and Unscented Kalman
smoother are presented.

2.5 Bayesian filtering algoritms

The filtering algorithms presented here are solutions for computing the distribution
p(z¢ | y1.4). They operate recursively, with each iteration consisting of two steps:
a prediction step and an update step. The choice of algorithm depends on the
assumptions made about the system. For linear Gaussian systems, the Kalman
filter is the optimal solution. For nonlinear systems, no closed-form optimal solution
exists and we instead present the Unscented Kalman filter. The presentation of
these algorithms is inspired by Simo Séarkké and Lennart Svensson book Bayesian
Filtering and Smoothing[16].

2.5.1 Kalman filter

The Kalman filter was first presented by Rudolf Emil Kalman in 1960 in his paper A
New Approach to Linear Filtering and Prediction Problems [11]. He derived a closed-
form solution to the Bayesian filtering equations under two assumptions: that both
the transition and measurement functions are linear, and that all noise is Gaussian.
The filter operates on the linear Gaussian SSM,
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where A € R% 4= ig the transition matrix describing the linear state dynamics, and
H € R%*% is the measurement matrix mapping the state to the observation space.
Under these assumptions, both the transition density p(x; | x;—1) = N (xy; Ax;_1, Q)
and the measurement density p(y; | x;) = N (y;; Hx;, R) are Gaussian, which en-
ables the filtering distribution to be computed exactly in closed form. The following

X =Axi1 + vy, vi~N(0,Q),
N HXt + Wi, Wyg ~ N(OaR)v

algorithm describes how this is achieved.

10

Algorithm 2.1 (Kalman Filter).

Given the initial mean m, € R% and covariance Py € R%*% defining the
prior p(xg) = N (xg; mg, Py), the transition matrix A € R%*4= the mea-
surement matrix H € R%*9 _ the process noise covariance Q € R4
the measurement noise covariance R € R%
sequence yi.7, repeat the following steps for t =1,...,T"

*dy and the measurement

1. Predict. Propagate the prior mean and covariance through the

linear dynamics to obtain the predictive distribution p(x; | y1.4-1) =
N (x4; my , Py), where

mt_ = Amt—17

P, = AP, AT + Q.

. Innovate. Compute the innovation v; and its covariance Sy,

Vi =Yt — Hmt_7
S,=HP,H' +R,
where v, is the difference between the actual observation and the

predicted observation, and S; captures the total uncertainty in the
innovation.

. Update. Correct the predictive distribution using the innovation to

obtain the filtering distribution p(x; | y1.4) = N (x; m;, P;), where
K, =P,H'S ",
mz = mt_ + Ktvt,
P; =P, - K:S\K/,

and K, € R%*d is the Kalman gain, which weights the relative
uncertainty between the predicted state and the observation.

4. Set m;_; < mj and P;_; < P} and proceed to the next time step.
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For linear Gaussian systems, the Kalman filter computes the exact filtering distri-
bution in closed form and is therefore the Minimum Mean-Square Error (MMSE)
estimator. When nonlinear dynamics are introduced, however, the exact filtering
distribution is no longer tractable, and the Kalman filter can no longer achieve this
optimal solution. Approximate methods must therefore be employed, one of which
is the Unscented Kalman Filter, presented in the following section.

2.5.2 Unscented Kalman filter

The Unscented Kalman Filter (UKF) is designed to handle nonlinear state space
models of the form

Xy = f(xt—l) + Vi, Vi~ N(07 Q)7
yi = h(x¢) +wy, wy ~N(0,R),

where f : R%= — R% is the nonlinear transition function and h : R% — R% is
the nonlinear measurement function. As in the linear case, v; and w, are mutually
independent Gaussian noise terms, independent across time.

The UKF’s ability to handle non-linear dynamics stems from the Unscented Trans-
form (UT). Rather than linearising the nonlinear functions directly, the UT repre-
sents the prior distribution through a set of deterministically chosen points, called
sigma points, that capture its mean and covariance. These sigma points are propa-
gated through the non-linear functions, yielding an approximation of the predicted
distribution. The sigma points are positioned as

Xt(g)l =My,
X0 =m + Vit A [Ptlfﬂz ;
Xt(f{n) =m; ;1 —Vn+A {P;ﬁ]l )
for i =1,...,n, where m;_; is the mean and P;_; is the covariance of the previous
filtering distribution. The matrix Pi / 21 denotes the Cholesky factor of P;_1, satisfy-
ing P,y = Ptlﬁ (Piﬁ)T, and []; denotes its i-th column. For a state of dimension

n, this yields 2n + 1 sigma points in total. The scaling parameter A controls the
spread of the sigma points around the mean and is given by

A=a*(n+k) —n,
where o and k are tuning parameters. Each sigma point is assigned a mean weight

W™ and a covariance weight I/VZ-(C), given by

(2

W =
(c) A 2
=4+ (1- 2.4
WO n+)\+( Oé—i_ﬁ)a ( )
1
Wi =W = i=1,...,2
(2 7 2(n+)\>7 ? Y 7n7

11
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where [ is a parameter that incorporates prior knowledge of the distribution. The
weights within each class sum to unity. Compared to a Monte Carlo approach, in
which a large number of randomly sampled particles must be propagated to achieve
a reliable estimate, the UT achieves an accurate approximation of the mean and
covariance using only 2n + 1 deterministic sigma points. With the UT defined, the

UKF algorithm is presented below.

12

Algorithm 2.2 (Unscented Kalman Filter).

Given the initial mean my € R% and covariance Py € R%*% defining the
prior p(xg) = N (xo; mg, Py), the transition function f, the measurement
function h, the process noise covariance Q € R%*9%  the measurement
noise covariance R € R%*% and the measurement sequence y;.r, repeat
the following steps for t =1,...,T":

1. Sigma points. Compute the 2n+ 1 sigma points from the previous

filtering distribution with mean m;_; and covariance P;_; according

to (2.4).

. Predict. Propagate the sigma points through the non-linear tran-

sition function,
Xt(l) — f(Xt(i)l> 3 Z — O, e ,2”,
and compute the predictive mean and covariance,
2n .
m; = Z Wz‘(m) Xt(Z)a
i=0
SEN 0 T
P, => W, (Xt _m;)(Xt —m;) +Q,
i=0

defining the predictive distribution p(x; | y14-1) &= N (x¢; m; , P;).

. Innovate. Propagate the sigma points through the nonlinear mea-

surement function,
V' =h(x"), i=0,....2n,

and compute the predicted observation mean p,, the innovation
covariance S;, and the cross-covariance Cy,

=0
S = % VVi(C) (yti) - Ut) (yt(l) - 'Ut)T + R,
=0

Co= YW (40— ) (40 =)
=0
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4. Update. Correct the predictive distribution using the observation
y: to obtain the filtering distribution p(x; | y1.) = N (x;; m}, P}),
where

K, =C,S;",
m; =m; + K (y: — ),
P; =P; - K,SK/,
and K; € R%*% is the Kalman gain.
5. Set m;_; + mj and P;_; + P} and proceed to the next time step.

The UKF is well-suited to non-linear systems and can approximate the filtering dis-
tribution using the UT. For non-linear systems, other solutions include the Extended
Kalman filter (EKF). The EKF operates by linearization and therefore requires the
derivatives of the transiton function and measurement functions. This is something
the UKF avoids by using the UT. The UKF, compared to the EKF, is computation-
ally more expensive because each step requires Cholesky factorisation.

2.6 Bayesian smoothing algoritms

Thus far, the focus has been on computing the filtering distribution p(x; | yi.4).
When the full observation sequence y;.7 is available, we can instead seek the smooth-
ing distribution p(x; | y1.1), which incorporates both past and future observations,
obtaining a more accurate estimate at each time step. The smoothing algorithms
presented here build directly on the filtering algorithms of the previous section. The
filter is first run forward in time to obtain the filtering distribution p(z; | y1.¢), af-
ter a backward pass is performed to refine these estimates by incorporating future
observations, yielding the smoothing distribution p(z; | y1.7).

2.6.1 Unscented Kalman smoother

The Unscented Kalman Smoother (UKS) is an approximated solution to the Bayesian
smoothing equations. The UKS first requires calculating the filtered distribution
using the UKF, as presented in the section above. With these distributions, the
backward pass can be performed. The recursion is initialised at time 7" using the
final filtering distribution and proceeds backwards to ¢ = 1. The following is a defi-
nition for the Unscented Kalman smoother.

Algorithm 2.3 (Unscented Kalman Smoother).

Given the filtering means m; and covariances P; for ¢t = 0,...,T, ob-
tained from the Unscented Kalman Filter (Algorithm 2.2), and the pro-
cess noise covariance Q € R%*4% initialise the smoothed mean and co-
variance at the final time step as m% = my and P75 = Py, and repeat
the following steps for t =T —1,...,0:

13
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1. Sigma points. Compute the 2n+ 1 sigma points from the filtering
distribution with mean m, and covariance P; according to (2.4).

2. Predict. Propagate the sigma points through the nonlinear tran-
sition function,

X9 =f(x"), i=o0,... o,

and compute the predictive mean, covariance, and cross-covariance,

2n )
m,, = > W™ A,
=0

2n . .
Pt_+1 = Z:o VVz'(C) (Xt(j—)l - mt_-i-1> (Xt(j-)l - fn;u)T + Qa
D, = % VVZ‘(C) (Xt(i) - mt) (Xt(jr)l - mt_ﬂ)T )
1=0

defining the predictive distribution p(X¢41 | ¥1:¢) & N (Xe41; my, 1, Pry).
3. Smooth. Correct the filtering distribution using the smoothed es-
timate at t + 1 to obtain the smoothing distribution p(x; | y1.7) ~
N (xi; mi, P5), where
—1

G, = Dy [Pt_—&-l] ;
m; = m; + Gy (mtsﬂ - mtjrl) )

P} =P, + Gy (Pfﬂ - Pt_—i-l) G,

and G; € R%>% i the smoothing gain. Compared to the Kalman
gain K; in the filtering step, which balances the influence of the
observation and the prior, the smoothing gain G, balances the in-
fluence of the filtering distribution at time ¢ and the predictive dis-
tribution at time t + 1.

4. Set m; ; < m; and P} ; < P} and proceed to the previous time
step.

The UKS thus provides a tractable approximation to the smoothing distribution
for non-linear systems, extending the UKF with a single backward pass at a small
additional cost.

2.7 Marginal likelihood

The marginal likelihood p(y;.7) appears as the normalising constant in Bayes ’ the-
orem when computing the full smoothing distribution p(z1.7 | y1,). As presented
above, this constant is generally intractable as it requires integrating over all possible
states

p(ylzT) = /p(xlsT:ylzT) dxy.7.

14
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However, using the UKF, an approximation of the marginalised likelihood can be
obtained. Via the chain rule, the marginal likelihood can be expressed by the fac-
torisation as

p(y1r) = Hp(yt | Y1:e—1)-

where each factor p(y; | y14—1) is the predictive likelihood of observation y,; given
all past observations. This can be obtained by marginalising the predictive state
distribution

p(yt ‘ yl:tfl) = /p(yt | l’t)P(%t | 3/1:1&71) dx,.

where both terms can be obtained from the UKF. Since the UKF approximates
distributions with Gaussians, the integral reduces to a Gaussian. Therefore, the
solution becomes closed-form. The predictive state distribution is approximated as

(e | Yra—1) ~ N (x, ’ T|t—1, Pt\tfl)

and the predictive observation mean yu; and innovation covariance S; are computed
from the forward propagated sigma points as

Mt = h(l't|t—1)
Sy =Y WiV — ) (Vi — )" + Ri—s

giving the predictive likelihood

PWe | Yre—1) = N(ye | Ygje—1, St).

The approximated marginal likelihood is then computed as the product of the pre-
dictive likelihood over all timesteps as

T
pyir) = [T 2 |y, S0

i=1
Since the marginal likelihood is a product of many probability densities, it is numer-
ically advantageous to work on the logarithmic scale, converting the product into a
sum to avoid potential numerical instability. It should be noted that for nonlinear
systems, the marginal likelihood obtained through the UKF is an approximation, a
consequence of the Gaussian approximation made at each step of the filter. For lin-
ear Gaussian systems, the marginal likelihood can be computed exactly by replacing
the UKF with the Kalman filter, following the same procedure outlined above.
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3

Variational inference

This chapter presents variational inference as an alternative approach to obtain-
ing the intractable smoothing distribution. Rather than computing the distribution
directly, a parametrised variational distribution is introduced and optimised to ap-
proximate the target, recasting the intractable inference problem as an optimisation
problem.

The chapter begins by introducing variational inference and the Kullback—Leibler
(KL) divergence as the optimisation objective. The asymmetry of the KL divergence
is then examined through the forward and reverse KL divergences, which differ in
how they penalise discrepancies between the variational and target distributions,
leading to qualitatively different approximation behaviours. Thereafter, the evi-
dence lower bound (ELBO) is derived, showing how the intractable posterior can be
bypassed to yield a tractable optimisation objective.

3.1 Variational inference

Variational inference is a method for approximating probability distributions by re-
casting inference as an optimisation problem [10]. The core idea is to approximate
a target distribution p with a parametrised variational distribution g4, where ¢ de-
notes the variational parameters. The optimal parameters are found by minimising
a measure of discrepancy between ¢, and p,

¢ = arg md}n Dxr(gs 1 p) -

A common measure of discrepancy between two distributions is the Kullback—Leibler
(KL) divergence. Given two continuous distributions ¢, and p with densities defined
on the same domain, and assuming absolute continuity ¢, < p (ensuring p(z) =0
implies g,(z) = 0, so that the ratio gs(x)/p(z) is well defined), the KL divergence
is given by

qs(7)
Praas 1) = [ a0 (540 o = oy o) ~ (o)
The KL divergence has two important properties. First, it is non-negative and
equals zero if and only if g4 = p everywhere, meaning the optimisation objective
reaches its minimum precisely when the approximation is exact. Secondly, the KL
divergence is asymmetric, meaning that Dkr,(¢e || p) # Dxr(p| ¢5) in general. This
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asymmetry gives rise to two distinct variational objectives, the forward and reverse
KL divergences, whose differing properties and implications for the approximation
are discussed in the following section.

3.2 Forward and reverse Kullback—Leibler

In practice, distributions are often not available in closed form, and only sampling
and density evaluation are possible. The asymmetry of the KL divergence means
that the choice of which distribution to sample from gives rise to two distinct variants
of the optimisation objective. Minimising Dxr,(p|| ¢s), known as the forward KL,

¢" = argmin Drr(pllgp) = argmin ., [log p(z) — log gy ()],

requires samples from the target p. Minimising Dky,(¢e || p), known as the reverse
KL,

¢" = arg m¢in Dxw(gs || p) = arg m¢in Eyng, [log gg(z) —log p(z)],

instead requires samples from the variational distribution g4, which is accessible by
construction. The two variants differ fundamentally in how the variational distri-
bution distributes its probability mass. The forward KL is mean-seeking, since it
penalises regions where p(z) > 0 but g,(z) ~ 0, the approximation is encouraged
to spread mass across all modes of p. The reverse KL is mode-seeking and instead
penalises regions where g,(z) > 0 but p(z) ~ 0, the approximation is encouraged
to concentrate mass on a single high-probability region of p, avoiding placing mass
where p is low.

Mode-Seeking Mean-Seeking
14 14
p() p(z)
0.8 | 0.8 1

—  Target p(x) —  Target p(z)
--- Mode-seeking ¢(z) - - - Mean-seeking ¢(x)

Figure 3.1: Illustration of mode-seeking vs. mean-seeking behavior for a bimodal
target distribution.

This distinction becomes particularly pronounced when the target distribution is
multimodal. Figure 3.1 illustrates both variants when approximating a bimodal
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distribution with a parametric Gaussian. In the mode-seeking case, the Gaussian
concentrates around one mode, as placing mass in the low-density region between
the modes would be heavily penalised by the reverse KL. In the mean-seeking case,
the Gaussian spreads across both modes, covering the full support of p at the cost
of also assigning mass to the low-density region between them.

3.3 Evidence lower bound

Minimising the KL divergence requires evaluating the intractable smoothing distri-

bution p(xi.7 | y1.r). By defining p(x1.7 | y1.7) = p(X1.1, y1.7)/P(y1.1), allows the
KL divergence to be expanded as

Dxi(qs (X1 | yir) || (X1 | Y1:7))
= Eq, log qy(x1.1 | y1.r) —log p(x1.7 | y1.7)]
= Ky, [log g3 (x1.7 | y1.7) — log p(x1.7, y1.1) + log p(y1.7)]
= Eq, [log g¢(x1.7 | y1.7) — log p(x1.7, y1.7)] + log p(y1.1),

(3.1)

where log p(y1.7) is pulled outside the expectation since it does not depend on x;.7.
Although log p(y1.7) is constant with respect to ¢, it is generally intractable and can-
not be evaluated directly, meaning the KL divergence cannot be minimised directly.
Rearranging (3.1) yields

logp(}’l:T) = DKL(Q(b(Xl:T | Y1:T) ||P(X1:T | Y1:T))

3.2
+ Eq, [log p(x1:7, y1:7) — log gy (X171 | y1.7)] - (3:2)

Since log p(y1.r) is constant with respect to ¢ and Dy, > 0, the second term on the
right-hand side constitutes a lower bound on log p(y1.7). This term is known as the
Evidence Lower Bound (ELBO),

£(¢) = EQ¢ [logp(XI:Ta y1:T) - IOg C]<Z>(X1:T | y1:T>] S 1ng(y1:T)'

Maximising £(¢) is equivalent to minimising the KL divergence, since the two sum
to the constant log p(y1.7) by (3.2). This is the key insight of variational inference:
rather than minimising the KL divergence directly, which requires evaluating the
intractable posterior p(x1.7 | y1.r), one can instead maximise the ELBO, which
depends only on the joint distribution p(xi.7, y1.7) and the variational distribution
¢4, both of which are tractable.
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4

Machine learning models

This chapter introduces different machine learning models. These serve as build-
ing blocks for the model that is developed in this thesis. Machine learning models
are parametrised functions whose parameters are optimised to approximate a tar-
get function or a probability distribution. Building on the variational inference
framework introduced in the previous chapter, we now present the specific model
architectures that realise this approximation in practice.

The chapter begins with neural networks and their fundamental unit, the perceptron,
which underlies all models presented here. Then, recurrent neural networks are
introduced, extending basic neural networks to handle sequential data by capturing
temporal dependencies, with a particular focus on the Gated Recurrent Unit (GRU).
Next, normalising flows are presented, which create an invertible mapping from
a simple base distribution to a more complex target distribution. The chapter
concludes by discussing how these models are trained via gradient descent and how
backpropagation updates their parameters.

4.1 Neural networks

Neural networks are parametrised models that learn to approximate a mapping
f:R®™ = R™, where n and m are integers. The number of parameters is determined
by the chosen architecture, and with a sufficiently large number of parameters,
the model can approximate difficult functions. A neural network is composed of
several interconnected units called perceptrons, which are the fundamental building
blocks of all parametrised models of this type. This section begins by presenting the
perceptron, before discussing how multiple perceptrons can be combined to construct
a Fully Connected Neural Network (FCNN).

4.1.1 Perceptron

An individual perceptron takes an input vector x = R™ and produces a scalar output
y, expressed as

y=o <Zwixi+b>

i=1
where the input undergoes a linear transformation via the weights w; and bias b,
hence shifting and scaling the input. Since the ability to approximate a non-linear
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function is favourable, the linear transformation is followed by a non-linear activa-
tion function, denoted as ¢. Training the perceptron is achieved by defining w and
b as parameters. Figure 4.1 illustrates this computation graphically.

1
w1
Z2 w2
> >@ yy
wy T
b
TN

Figure 4.1: Illustration of a perceptron with weighted inputs, bias, summation,
and activation function.

A single perceptron is limited in its expressive capability, as it produces a scalar
output and can only represent a single non-linear function of its inputs. To increase
expressiveness, multiple perceptrons are grouped into layers, and multiple layers are
stacked in sequence. This construction yields the Fully Connected Neural Network
(FCNN), which is presented next.

4.1.2 Fully connected neural network

A Fully Connected Neural Network (FCNN) is a structure consisting of multiple
perceptrons arranged in layers. The number of perceptrons per layer is referred to
as the width, and the number of layers is referred to as the depth. A single percep-
tron defines a mapping P : R™ — R!, the FCNN defines a more general mapping
NN : R™ — R". The first and last layers are called the input and output layers,
respectively, and the layers in between are called hidden layers. The input is prop-
agated sequentially through all layers, so that each layer receives the output of the
previous one. An illustration of an FCNN with three inputs, three hidden layers,
and two outputs is shown in Figure 4.2.

Compared to a single perceptron, the FCNN has considerably greater expressive
power. The activation function ¢ introduces nonlinearity into the network, which is
essential. Without it, each layer would perform only a linear transformation, and the
entire network could be collapsed into a single equivalent linear mapping, rendering
depth meaningless. Due to this nonlinearity, an FCNN can in principle approximate
any continuous function, as stated by the Universal Approximation Theorem. In
1989, George Cybenko showed in Approximation by Superpositions of a Sigmoidal
Function that a single hidden layer with a sigmoid activation function suffices to
approximate any continuous function on a compact domain [2]. Later that same
year, Multilayer Feedforward Networks are Universal Approrimators extended this
result, showing that the approximation property is not specific to the sigmoid but
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Hidden layers

N\ NN

Figure 4.2: Fully connected feedforward neural network with input layer, three
hidden layers, and output layer.

Input layer <

holds for any non-linear activation function [9]. An entire proof is beyond the scope
of this thesis, but a simplified statement is provided below.

Theorem 4.1 (Universal approximation theorem).

Let I C R™ be a compact set and ¢ : R — R a non-constant, non-linear,
bounded, and continuous function. Then the set of functions G : I — R
defined by

G(z) = ;aia(w;fm%—ﬁi) (x €I

and the constants w; € R™, 0;,a; € R, is dense in C(I). That is, for each
continuous function f : I and € > 0, there exists a GG of the above form
such that
sup |G(x) — f(x)] <e.
zel
While the universal approximation theorem guarantees that an FCNN can approx-
imate any continuous function, it does not specify the size of the network required
or the amount of training data and computation needed to achieve this. It therefore
does not account for practical constraints such as model complexity, computational
cost, or sample size.

So far, the activation function has been discussed only in terms of the property it
must satisfy, namely, nonlinearity. We now present a selection of activation functions
that are particularly relevant to the models used in this thesis.

4.1.3 Activation function

Commonly used activation functions include the sigmoid, hyperbolic tangent (tanh),
and rectified linear unit (ReLU). In this thesis, the tanh and LeakyReLU activation
functions are used. The tanh is defined as
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et —e "
e 4 e’

and maps any real input to the range (—1,1). The LeakyReLU is defined as

tanh(z) =

kx ifz <O

LeakyReLU(x) = { £ 2>
r ifz >0,

where k determines the slope, which, when equal to 0, becomes the commonly used
ReLU function. The LeakyReLU is a variant of the standard ReLLU that permits a
small, non-zero gradient for negative inputs. Thereby addressing a known limitation
of the standard ReLLU called the dying ReLLU problem, in which neurons become per-
manently inactive during training as the gradient equals zero for all negative inputs.

4.2 Recurrenct neural network

So far, neural networks have been presented as mappings of the form NN : R" —
R™. Now consider a sequence X = {x1,Xa,...,Xr}, where x; € R", whose elements
exhibit temporal dependencies. Although an FCNN could process each x; individ-
ually, it lacks a mechanism to retain information across time steps, so the temporal
structure of the sequence would be lost. We therefore require an architecture capa-
ble of mapping the full sequence to an output, R™*7 — R™,

Several architectures are capable of processing sequential data. This thesis focuses
on Recurrent Neural Networks (RNNs), a class of models designed to handle se-
quential inputs by maintaining an internal hidden state that is updated as new data
arrives. The most widely used RNN architectures are the Long Short-Term Memory
(LSTM) network and the Gated Recurrent Unit (GRU), both of which employ gating
mechanisms to control the flow of information through the hidden state. This al-
lows the model to selectively retain or discard information from previous time steps,
producing an embedding that captures temporal dependencies across the sequence.
The GRU is generally considered a simplified variant of the LSTM with comparable
performance [1], and is therefore the architecture adopted in this thesis.

4.2.1 Gated recurrent unit

The GRU processes a sequence X = {X;,Xs, ..., X7}, consisting of vectors x; € R?
at time ¢. The model works through the sequence sequentially. The key component
is to retain information about the previous data point when processing the next,
hence accounting for temporal dependencies. At each time step, the GRU outputs
the embedding h; € R®. During the recurrent processing, the same architecture is
used at each time step. Figure 4.3 illustrates the recurrent computation and the
computation that is described below. The GRU consists of two gates. One is called
the Reset gate and the other Update gate. The reset gate controls the extent to
which the previous hidden state is forgotten when computing the new candidate
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state. It takes as input x; and an embedded representation h;_; of x;_;. For the
first data point h;_; is commonly set to a vector filled with zeros. The reset gate is

defined as

Ty = U(Wirxt + bir + Whrhtfl + bhr)

where W,,. € R®*? and W, € R°*¢ are weights matrices and b,, € R® and by, € R®
are biases. The output ry represents how much of h;_; is used. After the Reset
Gate, the Candidate hidden state is calculated. This is an initial representation of
the embedding output. Using r;, x; and h;_; as inputs the function is defined as

hy = tanh(W;,x; + by, +1: © (Wphiq + byy))

where @ is the element-wise product and W;,, € R*? and W}, € R**¢ are weights
matrices and by, € R® and by, € R® are biases. The output h; is the Candidate
hidden state. The next step is the Update gate, which decides the balance between
the Candidate hidden state and the previous hidden state. While the update gate
is similar to the reset gate, the weights are different and is defined as

Z; = O'(WiZXt + biz + thhtfl + bhz)

where W, € R®*? and W,, € R°*¢ are weights matrices and b,. € R® and by, € R®
are biases. The last step is calculating the new hidden state. With the output from
the update gate, the new hidden state is calculated as

ht:(l—zt)Qh;k+Zt®ht_1

where h;_; is the previus hidden state and hy is the candinate hidden state. The
equations presented above define a single GRU unit and computes the hidden state
for a single step. By stacking units, the hidden state is updated with new informa-
tion, yielding a representation of all previous states.

Single GRU unit (detailed)

hey I hip l N
' GRU GRU r; hj

L
- l “
IREN - o

Figure 4.3: GRU architecture. Left: Recurrent computation. Right: Computation
for each recurrent.

4.3 Constructuing ditributions
Using neural network-based models to approximate or construct distributions has

a wide range of applications. Several model families exist for this purpose. Varia-
tional Autoencoders (VAEs) employ an encoder-decoder architecture to map data to
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and from a latent space distribution [12]. Generative Adversarial Networks (GANs)
operate through an adversarial process between a generator and a discriminator,
producing samples that resemble the training data [7]. Diffusion models, popular
for image generation, can learn a transformation that maps images to noise. Then,
by reversing the transformation, we instead gain a model capable of generating im-
ages from only noise [8]. While these models implicitly construct a distribution over
the data, they cannot explicitly evaluate the likelihood of a given sample. A model
which can evaluate likelihoods is a normalising flow.

4.3.1 Normalising flow

Let pz and px be probability distributions living on spaces Z and X, respectively.
A normalising flow is a differentiable, parametrised, bijective function M : RY — R?
that maps samples z from p; to samples x from px. Since M can be chosen flexibly,
a simple distribution p; can be transformed into a rich distribution px. Because
M is bijective, the inverse mapping z = M ~!(z) also exists, so samples can equally
be mapped back from X to Z. The base distribution pz is chosen so that both
sampling and density evaluation are straightforward, whereas the target distribution
px is typically intractable. It can be evaluated but not sampled from directly. By
parameterisation, the flow can be shaped so that samples produced through M
follow the target distribution py. This transformation is written as

xr=M(z2), z~Dpz. (4.1)

Equation (4.1) only describes how individual points are mapped from the base space
to the target space; it does not by itself give the density px(z). To obtain px(z), the
base density pz(z) must be transformed to account for the local change of volume
induced by M, subject to the constraint that total probability mass is conserved:
since pz and px are both probability measures, [pz(z)dz =1 and [px(x)dz =1,
and the transformation can redistribute probability mass but never change its total.
Since M is differentiable, the change-of-variables formula gives the density at a point
r = M(z) as

px () = pz(z) [det Ju(2)] ", (4.2)

where Jy/(2) is the Jacobian of M at z, i.e. the matrix of partial derivatives of each
output dimension with respect to each input dimension,

oM, oM,
0zy 0z
Iu(z)=| o
oMy oMy
0zy 0z

Intuitively, the Jacobian determinant captures the local change in volume induced
by the transformation M at a given point. As M reshapes the space, the determi-
nant of the Jacobian det Jy,(z) quantifies how volumes are stretched or compressed
at z, ensuring that the total probability mass is conserved under the transformation.
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An illustration of how M bends the space into the target distribution is shown in
Figure 4.4. The base distribution is bent to accommodate the banana distribution.
The grid shows how the probability mass is stretched and squeezed to best approx-
imate the target distribution.

Figure 4.4: Left: The base distribution used by the normalising flow, with an
overlaid grid. Middle: The normalising flow at an early stage of training on the
banana distribution, where the grid begins to deform toward the target. Right: The
normalising flow at the final stage of training, having constructed a close approxi-
mation of the target distribution.

The transformation M can be constructed in various ways, provided it remains
differentiable and invertible. Several approaches have been proposed in the liter-
ature, including RealNVP [4], NICE [3] and MADE [6]. In this thesis, ReaNVP
is employed, chosen for its simplicity and balance between computational cost and
expressive power.

4.3.2 RealNVP

RealNVP defines the transformation M as an affine transformation. Let z € RY, and
split its dimensions at index n (with 1 <n < N) into 21, € R" and z,,1.y € RV,
The affine transformation uses a scale function s : R¥=" — R"™ and a translation
function ¢ : R¥=" — R™ to transform zi.,, while leaving z,,1.xy unchanged. This
construction keeps M invertible, since one part of the input is used to transform
the other, and the transformation can therefore also be computed in reverse. The
forward transformation is written as

Z>1k;n = t(zn—l—l:N) + S(Zn-i-l:N) @ ARY (43)

* —
“ntl:N = “n+LN;

where ® denotes point-wise multiplication. A consequence of the affine transforma-
tion is that the Jacobian of (4.3) takes the form

- . 075,
T = a(zlzrw Zn—i—l:N) _ dlag(s(’ZTrFl:N)) o L
M= """~ = Zn+1:N | >
a(zlzna ZnJrl:N) 0 I
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where the point-wise multiplication yields the diagonal matrix, and the identity
matrix results from the unchanged part z; ..y = z,41.8. Because Jy; is lower
block-triangular, its determinant depends only on the diagonal blocks and can be
expressed as

n

det(Jy) = H Si(Zn+1:n),
i=1
where s; denotes the i-th component of s, and the product arises from the diagonal
structure of Jj,.

The absolute value required in (4.2) can be accounted for by replacing s with exp(s),
which always produces positive values regardless of the sign of s. Since s does not
itself need to be differentiable, it can take the form of a neural network, and the
same holds for ¢. Once parametrised in this way, we denote the resulting neural
network-based functions as sy and ty, so that M becomes a function parametrised
by the network weights 6.

To transform all dimensions, several such coupling layers are stacked, with each layer
M® | =1,... K, applying its own affine coupling transformation with functions
s(gk) and t((,k). Between layers, the roles of the transformed and untransformed parti-
tions are alternated, so that, for example, the first layer transforms z;., conditioned
on z,i1.n, and the next transforms z,,,.n conditioned on the updated z;.,. The
full transformation is then the composition M = MM o ... o M) An illustration
of this can be seen in Figure 4.5. Since the Jacobian of a composition of functions
is the product of the individual Jacobians, the log-determinant terms accumulate

across layers, giving

log px (x) = log pz (=) = Y. 3 exp(s)”),

where n is the number of transformed dimensions within each coupling layer, and
K is the number of coupling layers composing M.

4.3.3 Conditional normalising flow

So far, the normalising flow has been presented as a way to approximate a distribu-
tion px () by transforming samples from a base distribution pz(z) through M. We
now extend this to approximate a conditional distribution px(z | y), where y € R™
is an observed conditioning variable. The conditioning is incorporated directly into
the transformation, so that M becomes a function of both 2z and y,

M :RY x R™ — RV,

denoted x = M(z | y), where z ~ pz(2) is still sampled from the base distribution
and y enters as an additional input rather than a transformed variable. Since y
is not part of the state that is transformed, the invertibility of M and the block
structure of its Jacobian are unaffected by the conditioning; only the values of sy
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z — M Y My —— - S My > X
det|J;| - det|Js| - - det|Jy| = det|J|

Figure 4.5: Diagram illustrating the transport of point z from the distribution p,
to point x in the distribution p,(z). The diagram also illustrates how the Jacobian
from each individual transformation is summed to obtain the total Jacobian.

and ty now also depend on y.

For the RealNVP architecture, this is realised by concatenating the condition y with
the untransformed partition, so that the neural networks sy and ty take [z,41.n, Y]
as input instead of z,,1.5 alone,

Sp = Se(zn—i-l:N | y)7 t@ = t9<zn+1:N | y)

The conditioning variable y itself is never transformed; it is instead passed as an
additional input to every coupling layer M®*) k = 1,..., K, so that each layer’s
scale and translation networks sék)( - | y) and ték)( - | y) are conditioned on the same
Y.

The conditioning now allows us to approximate different distributions depending on
the conditional input. It also extends the learning of the correlations of how the
change in conditional input changes the output distribution.

4.4 Training

Training refers to the process by which a model’s parameters are adjusted to obtain
the best possible approximation. Given an optimisation objective, also called a loss
function, the quality of the current parameter values can be evaluated and iteratively
improved. Neural networks are typically trained using gradient descent, which seeks
the minimum of the loss function and thereby the optimal parameters. This section
presents Stochastic Gradient Descent (SGD), a gradient descent method that uses
batches of data to escape local minima.

4.4.1 Stochastic gradient descent

Gradient descent (GD) is an iterative algorithm for finding the minimum of a func-
tion. The algorithm proceeds by repeatedly moving in the direction of steepest
descent, the negative gradient, under the assumption that this leads towards a min-
imum. For neural networks, the gradient is computed with respect to the model
parameters # and the loss function £. The training objective is to find the optimal
parameters
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0" = arg mein L(0),

which is achieved iteratively via the update rule

Ort1 = O — Vo L(6),

where 7, > 0 is the learning rate, controlling the step size at each update, and
VoL(0) is the gradient of the loss with respect to the parameters at iteration k.
When the loss is large, the gradient is typically large and the parameter update
is correspondingly large. When the loss decreases and approaches a minimum, the
gradient diminishes and the updates become smaller.

Standard GD computes the gradient using the entire training dataset at each iter-
ation, which makes the optimisation surface smooth but increases the risk of con-
verging to a local minimum. To mitigate this, Stochastic Gradient Descent (SGD)
replaces the full-data gradient with an estimate computed on a randomly sampled
subset of the data, called a batch. The stochasticity introduced by batch sampling
causes the optimisation trajectory to fluctuate, which helps the algorithm escape
shallow local minima. A further practical benefit is that when the training set is
large or effectively unbounded, as is the case when sampling from an SSM, batches
are the only computationally feasible approach to training.

A widely used extension of SGD is the Adaptive Moment Estimation (Adam) opti-
miser [13], which uses running estimates of both the first moment (mean) and second
moment (uncentred variance) of the gradients. By adapting the learning rate for
each parameter, Adam typically achieves faster convergence and greater robustness
to the choice of learning rate than standard SGD.
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Method

The purpose of this chapter is to present the Sequential Normalising Flow (SNF) in
detail and specify the test cases used to evaluate it, with Figure 5.1 providing an
overview of the workflow. The chapter begins by introducing two test cases, case A
and case B, where case A is a linear Gaussian model and case B is a nonlinear Gaus-
sian model. The sampling procedures for both models are then discussed, followed
by preprocessing, which describes how samples are normalised to obtain numeri-
cally favourable values. Attention then turns to the SNF itself, which is used to
approximate the smoothing distribution for the two cases. Its architecture consists
of two parts: embedding and distribution construction. The embedding is described
first: it encodes future observations into a fixed-dimensional representation, which
is then passed to individual normalising flows to obtain the smoothing distribution.
Finally, the training procedure is described, including the training setup and hyper-
parameters used to optimise the SNF parameters.

Test cases Training Evaluation

( N 7

Model Output
;@
™S \d

J\ AN J

Figure 5.1: Illustrated overview of the method. Left: test cases and sampling.
Middle: normalisation of sampled data, SNF model and optimisation objective.
Right: after training, the model’s outputs are evaluated using a metric.

5.1 Test cases

We now introduce the two test cases used in this thesis. The first is a linear Gaussian
model (Case A), chosen as a verification tool to assess the SNF. The second model is
non-linear Gaussian model (Case B) and presents a more complex inference problem.
For each case, the transition and measurement functions are presented, along with
the parameter values used to sample.
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5.1.1 Case A

The linear model represents a coupled oscillation model of position and velocity.
The model describes a 4-dimensional hidden state that is described as

Uy

Uy
Xt =
Uy

Vy

where u,,u, € R are the positions and v,,v, € R are the velocities. The hidden
state evolves according to

Xip1 = AXy + €

where the matrix A is defined as

095 0.05 0.20 0.00
A 0.04 090 0.00 0.25
—-0.20 0.00 095 0.03
0.00 —-0.25 -0.02 0.90

where positions are updated with respect to themselves, their corresponding veloc-
ities, and the other position. The matrix yields a linear transition. The transition
noise ¢; is sampled as

€ ~ N(O, 14),

where I, denotes the 4 x 4 identity matrix.

The measurement function is a full-state observation. The measurement is obtained
via

y: = Bx; + ¢

where the matrix B is defined as

B:I4.

The measurement noise ¢, is sampled from

€o ™ N(O,I4)
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5.1.2 Case B

The nonlinear model is chosen to be a simplified version of a ballistic missile de-
fined in a 2D Cartesian coordinate system, where the two axes represent height
and horizontal distance, denoted u,,u, € R respectively, describing the position of
the missile. The velocity components along the same axes are denoted v,,v, € R.
Together, these define the state of the ballistic missile at the discrete time ¢ as

o u; o Uy
Xt = =
Vi (%

The position and velocity are updated separately. Each transition advances the
state forward by a time step At = 1, according to the transition function

Uy = uy + vy At
Vipr = Vi + (—gz — C([[ve]|) vi) At

where g is the gravitational acceleration, z is the unit vector in the vertical direction,
and C(||v¢]|) is the drag coefficient, given as a function of the missile speed ||v;]|.
The drag term is the source of nonlinearity in the transition function. The drag
coefficient is given by

Co ifo< M
C(v) =Co+ (C1 — Co)(&520) if M <v<11M
Cre7Gr=1D if v>1.1M
where the constants are defined as Cy = ﬁ, C, = ﬁ, M = 344 ms™! and

v = 0.3. The drag model is intended to capture the air resistance experienced at
speeds around and above the speed of sound. A realisation of the drag function with
these parameter values is shown in Figure 5.2.

The transition noise is added to the velocity and propagates into position through
integration, coupling the two via a structured covariance matrix. The transition
function with additive noise is written as

¥ o0 ¥
At3 At?

U1 Uy 0 3 0 9 2
fd + y NN 0, 2 3 2

) =1 () ree ol 5 5 T
0 22 o At

where o7 is the transition noise scale.

The measurement function h is modelled as a ground-based, stationary radar that
measures three channels: the range to the target, the radial velocity, and the eleva-
tion angle. Assuming the radar is placed at the origin of the coordinate system, the
measurement function is given by
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Figure 5.2: Graph showing the function C(v).
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where r is the range, i is the radial velocity, and « is the elevation angle. Figure
5.3 illustrates both the placement of the radar and the three quantities it measures.
The nonlinearity stems from the square roots and inner products in the range and
radial velocity terms, and since the mapping from the four-dimensional state to the
three-dimensional observation is not invertible, the velocity components v, and v,
are not directly observed, only their projection onto the range vector.

The measurement noise is modelled as a multivariate Gaussian with a diagonal
covariance matrix, since the three channels are assumed independent:

o2 0 0
R=1|0 o 0],
0 0 o2
where 02, 02, and 02 are the variances of the range, radial velocity, and elevation

angle measurements. The variances used for both the transition noise and measure-
ment noise are shown in Table 5.1.

5.1.3 Sampling

The two cases, case A and case B, are sampled according to the same procedure
but with different parameters. A trajectory begins by sampling the initial state x;
from a prior distribution p;, after which the SSM generates the remaining states xo.7
and the corresponding observations y.7 sequentially according to the transition and
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Ballistic trajectory

Uy

Uy

Radar Ground

Figure 5.3: Ballistic trajectory observed by radar.

Table 5.1: Transition and measurement noise with their corresponding physical
uncertainties.

Parameter Realistic representation
Transition (o) +7.1m/s
Range (o,) +10 m
Radial velocity (o) +3.2m/s
Angle from ground (o) +2.2°

measurement functions defined above. For both cases, the trajectories are generated
for 25 steps. The prior p; is a multivariate Gaussian with a diagonal covariance
matrix, reflecting the assumption that the initial state components are independent:

x1 ~ p1 = N (po, Xo),

where oy and Yy are the initial mean and diagonal covariance matrix. The values
used for each SSM are shown in Table 5.2.

Table 5.2: Sampling distribution p; for case A and case B.

Case A Case B
Dimension | Mean | Std | Mean Std
Uy 0 1 0 10 m
U, 0 1 0 10 m
Uy 3 3 400 | 10 m/s
U, 3 3 400 | 10 m/s
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5.2 Preprocessing

Before training the SNF, the observation data is preprocessed to obtain more favourable
values for the model. Large magnitude differences across measurement channels can
lead to unstable training and slow convergence, which is particularly relevant to
the radar measurement function, as it yields large range values but small elevation
angles. To address this, each dimension of the measurement vector is normalised
independently using Z-score normalisation. Prior to training, a large set of trajecto-
ries is sampled from the SSM, and for each measurement dimension 7 a single mean
and standard deviation are computed by pooling the values across all timesteps and
trajectories:

p=Ely], o' =/ Varly],

where y! denotes the i-th dimension of the observation at time ¢, and the expectation
and variance are taken over all sampled timesteps and trajectories. The resulting
statistics p¢ and ¢! are then applied uniformly across all timesteps to normalise the
raw measurements y to 9, and to invert the normalisation when needed:

Gy DR S R
Y = tgi ) Y =Y0o + .

5.3 Sequential Normalising Flow

We now present the Sequential Normalising Flow (SNF), a model that approxi-
mates the full smoothing distribution p(x1.7 | y1.7). The SNF is constructed from
two main components: the embedding of future observations and the generation of
the approximating distribution. The embedding transforms observation sequences
of varying length into a fixed-size representation, which is then used to condition a
normalising flow that generates the approximate distribution.

Approximating the smoothing distribution with a single model across the entire
state sequence is computationally expensive and prevents the observation sequence
length from varying. The SNF therefore factorises the approximation, exploiting
the Markov property of the state-space model so that each factor depends only on
the previous state and the future observations:

T

p(XLT | Y1:T) ~ (¢, (Xl | Y1:T) H fon (Xt | Xt—laYt:T)-
t=2

An overview of this architecture is shown in Figure 5.4.

We now proceed to present the embedding procedure for the future observations,
followed by how the SNF architecture generates the approximating distribution.
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Yir X1.T

Figure 5.4: Overview of the SNF architecture. Future observations y;.r enter the
model, which sequentially generates the state sequence xi.7 through the chain of
conditional distributions ¢y, ..., qr.

5.3.1 Embedding observations

The SNF is viewed as two components: an embedding model and a generative
model. The embedding model’s purpose is to represent the future observations y;.r
as a fixed-dimensional representation, since the generative model requires fixed-size
inputs regardless of how many future observations remain. This embedding is re-
alised using a GRU, presented in Section 4.2.

A property of the GRU is that it represents information from the end of the se-
quence more strongly than information from the beginning. Since the most recent
observations are the most informative for estimating the current state, the obser-
vation sequence is reversed from y;.r to yr.; before being passed to the GRU. The
GRU then outputs an encoded representation e; for each time step, and the resulting
sequence of hidden states is reversed back to restore the correct temporal order:

€17 = l"eV(GRU(YT;l))7

where rev(-) denotes reversing the order of the hidden state sequence. This ensures
that e;, the embedding used at time step t, places the strongest emphasis on the
observations closest to t. For notational convenience, this reversal is left implicit in
the remainder of the thesis, and the embedding is instead written as

€T = GRU(le)

The GRU is constructed with 25 individual units, matching the sample sequence
length T'. Each hidden state e; is a 256-dimensional vector, and the input dimension
is either 4 or 3, corresponding to the dimensionality of y; in case A and case B,
respectively.

5.3.2 Sampling trajectories

Each individual unit of the SNF follows the RealNVP architecture, as presented in
Section 4.3.2, with the number of layers per unit, denoted k, held constant across
all units. The architecture of the scaling network sy and the translation network %,
which together parameterise each flow, is presented in Table 5.3.

Figure 5.5 illustrates the inputs and outputs of both the SNF (top row) and the
GRU embedding model (bottom row). Since the final normalising flow requires the
output of the previous one, the full observation sequence must be encoded by the
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Table 5.3: Layer-wise architecture of the scaling network sy and the translation
network tg.

Sp to
Layer Type Output Shape Type Output Shape
1 Input - Input -
2 Linear 256 Linear 256
3 LeakyReLLU 256 LeakyReLLU 256
4 Linear 256 Linear 256
) Tanh 4 Output 4
T T2 Tr
41 ¥ 42 > » 4T
21 hy 29 ho 27 ho
GRU ¢ GRU ¢ ¢ GRU
Y1 Y2 Yr

Figure 5.5: GRU-conditioned sequential normalising flow with latent variables.

GRU before any samples from the SNF can be generated.

Rather than letting each conditional distribution ¢; generate the next state x; di-
rectly, ¢; instead generates a residual r, relative to the prior mean f(x;_ 1), obtained
by propagating the previous state through the transition function f. The state is
then recovered as

x = f(x—1) + 1o, Te ™~ Q.

The model therefore learns to correct the dynamical prior rather than generate the
state from scratch.

Each ¢; is conditioned on three inputs at time t¢: the embedding e;, obtained as
described in Section 5.3.1; the normalised observation y;; and the residual between
the predicted and observed measurement,

(f(xi1)) = 90
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where the predicted measurement h( f (Xt_l)) is normalised, denoted h, to match
the scale of y;. This gives

Ty ™~ Qt(' | fl(f(&—l)) — ¥, Yo, €t> .

The first unit, ¢;, has no previous state to condition on and is therefore conditioned
only on the embedding and the first observation. To keep its structure consistent
with the remaining units, its residual is instead defined around the mean g of the
prior distribution p;, presented in Section 5.1.3:

X1 :M0+7"m7
e ~qi( | Y1, e1).

By defining each unit’s output as a residual relative to a state-dependent prior,
rather than as an absolute state, every ¢; solves the same local problem regardless
of t: correcting a predicted mean given the current observation and embedding. This
allows the same architecture, and the same parameters 6, to be reused recursively
across all time steps, rather than requiring a separate model for each. At each time
step, ¢; thus defines a distribution over r,, from which a sample is drawn and added
to the prior mean to obtain x;; this state is then propagated forward through f
to condition ¢;11, and the process repeats until the full trajectory x;.r has been
sampled. The joint density ¢(x1.7 | y1.7) used during training follows directly from
the factorisation over ¢, ..., qr.

5.4 Training

Training the SNF begins by sampling from the selected SSM, as described in Section
5.1.3. The sampled observations are propagated through the SNF model, and the
parameters are then updated according to the optimisation objective. To update
the parameters, the ADAM optimiser, presented in Section 4.4.1, is used.

The optimisation objective used to train the SNF is the ELBO, described in Sec-
tion 3.3. With the ELBO, batch training is used. For each update, a batch of N
individual observation sets is sampled. In PyTorch, the optimiser minimises the
given optimisation function. Therefore, the ELBO is rewritten from maximising to
minimising and takes the form

1N
N > <10g 4o x1|y1T —l—ZlOg qg (24|70 17y£12>

t=2
log p(x1) Zlogp:vt\xtl Zlogp \ﬂ%)

where ¢ is the timestep and n is the index of the measurement set in the batch. The
latent state is obtained by x1.0 ~ ¢4(y1.7). Training of the model is performed until
convergence is reached.
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Additional hyperparameters are introduced to stabilise training. A learning rate
scheduler is used. The learning rate scheduler monitors the optimisation objective’s
value and, if it has not decreased over several updates, reduces the learning rate.
The reduction consists of multiplying the active learning rate by 0.8.
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Results

This chapter presents the results of the SNF’s ability to approximate the smoothing
distribution. It begins by describing the evaluation metrics, and thereafter, the SNF
is evaluated on the two test cases from Chapter 5.

6.1 Evaluation

The performance of the SNF is evaluated using three metrics. These are the Mean
Squared Error (MSE), the Kullback—Leibler Divergence, and a visual interpretation
of the dimensional reduction using t-SNE.

6.1.1 Mean square error (MSE)

In this thesis, the MSE is used in two ways. The first compares, at each time step ¢,
the mean of the SNF’s approximating distribution pi~¥ to the mean produced by
the Kalman smoother, pf:

MSEtSNF—KS — (“?NF o HFS)Q'

For the linear Gaussian case, the Kalman smoother is optimal, so this quantity is
expected to approach zero as the SNF converges to the true smoothing distribution.

The second compares, at each time step ¢, the mean of the Kalman smoother and
the SNF to the true hidden state x;:

MSE?S-true — (llffs . Xt)2a MSEtSNF-true — ( tSNF o Xt)2-

Unlike the linear Gaussian case, the Unscented Kalman Smoother is not optimal for
the nonlinear ballistic case, so its mean is not guaranteed to lie closer to the true
state than the SNF’s. Comparing MSEFS " and MSEN""""" therefore provides a
way to assess whether the SNF approximates the true hidden state better or worse
than the Unscented Kalman Smoother.

6.1.2 Kullback—Leibler Divergence

The second evaluation metric is the Kullback—Leibler (KL) divergence, introduced
in Section 5.4. Here, it is used as a measure of distributional similarity between the
generative model output and the true smoothing distribution. After training, the

41



6. Results

KL divergence between the SNF and the joint distribution is computed over a fixed
set of observations. The KL divergence is defined as

D1 (Q¢($1:T | y1:T) || p(951:T | yl:T)) =
Em~q¢ [log %(%;T | yl:T) —log P($1:T | yl:T)] + 10gp(y1;T)
————

Constant

where log p(y1.7) is constant. The KL divergence yields the logarithmic marginal
likelihood if the approximation yields an exact representation. The logarithmic
marginal likelihood can be computed via the Kalman filter for linear Gaussian sys-
tems, as described in Section 2.7 and provides a tractable reference for evaluating
the approximation of the smoothing distribution by the SNF.

6.1.3 T-SNE

The third metric is a visual assessment of the embedding space produced by the
GRU. Recall from Section 5.3.1 that, in the SNF, a GRU is used to produce a se-
quential representation e; of the information contained in a backward pass of the
future measurements. Since this representation is high-dimensional, direct inspec-
tion is not feasible. T-Distributed Stochastic Neighbour Embedding (t-SNE) is a
dimensionality reduction algorithm that projects a high-dimensional space into two
or three dimensions while preserving the local structure between data points, allow-
ing clusters in the high-dimensional space to be identified visually. As t-SNE is an
established method used here solely as a visualisation tool, the reader is referred to
the original paper for a full description [14].

6.2 Case A

We now present the results for the linear Gaussian case. The setting of this scenario
is presented in Section 5.1.1. The following parameters are used when generating
samples: transition noise, o0, = 3 and measurement noise, 0, = 3. In this case, the
Kalman smoother serves as a ground-truth reference for the smoothing distribution.

6.2.1 Training

Training of the SNF was performed according to the method presented in Section 5.4.
During training, a batch size of 256 was used, with batches generated before each
update. Each sample in the batch contains a unique set of observations. A learning
rate scheduler was used, which reduces the learning rate by a factor of 0.8 if the
loss does not decrease within a window of 25 epochs, after which the window resets
and the process repeats. Beyond its role in reducing the learning rate, the scheduler
therefore also provides an indication of when the loss has stopped decreasing, since
the learning rate is repeatedly decreased whenever the loss fails to improve. A
learning rate that keeps decreasing towards the end of training shows that the loss
is no longer decreasing by more than a marginal amount. The loss function during
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training of the SNF is seen in Figure 6.1. The model was trained several times, and
it was concluded that within 500 updates, the model had converged. This is further
supported by the learning rate schedule. After 200 updates, the learning rate begins
to decrease consistently, indicating that the loss has plateaued.

Loss Curve and Learning Rate

0.0010

Loss

Learning Rate

6% 10?

Loss

Learning Rate

4% 10?

3x10%

0 100 200 300 400 500 600 700
Epoch

Figure 6.1: Graph showing the objective function (loss) value when training on
the linear SSM, illustrated in blue. The red curve represents the change in learning
rate during training.

6.2.2 One observation sequense

After training, the SNF was evaluated on a single observation sequence yq.;r sam-
pled from case A, alongside both the KF and KS solutions, which were given to
the same sequence. The result is shown in Figure 6.2. The lines show the mean at
each timestep and the fill shows the standard deviation. For the KF and KS, this
is given from the diagonal of the respective covariance matrix, while for the SNF, it
is computed from 500 generated trajectories.
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Figure 6.2: Solutions for one sequence for case A. Orange: KF. Blue: KS. Red:
SNEF.

The KS yields a better estimate of the latent states than the KF. The SNF outputs
an almost identical distribution to the KS, with the mean lines overlapping through-
out. The only notable deviation occurs near the end of the sequence, visible across
all dimensions in both the mean and the standard deviation.

The KS yields an optimal solution in this linear case. Therefore, the SNF should
match the KS solution if its approximation of the true smoothing distribution is
exact. In contrast, the KF' is only optimal given observations up to each respective
time, and consequently differs from the KS precisely by the extent to which future
observations improve the estimate. Table 6.1 shows the MSE between the true state
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from the SSM and each of the three solutions. The SNF achieves an MSE close
to that of the KS and clearly below that of the KF, confirming that it successfully
incorporates future observations.

Table 6.1: MSE between the true state and the KF, KS, and SNF, for one sequence
from case A.

Model | KF KS | SNF
MSE || 6.212 | 3.920 | 4.030

The distributional similarity between the SNF and the true smoothing distribution
is further assessed by comparing the KL divergence and the resulting marginal like-
lihood, as shown in Table 6.2. The KL divergence is computed with 5000 samples,
and the log marginal likelihood is estimated via the Kalman filter. The resulting
ELBO gap is small, indicating that the SNF closely approximates the true smoothing
distribution.

Table 6.2: KL divergence, log marginal likelihood, and ELBO gap for one sequence
from case A. A perfect approximation gives an ELBO gap of zero.

KL | log p(y1.r) | ELBO gap
302.807 | -301.684 1.123

6.2.3 Multiple observation sequences

To understand the SNF’s general behaviour when approximating the smoothing dis-
tribution, a study was conducted across 25 distinct observation sequences sampled
from case A. For each sequence, the SNF generated 500 samples, and the mean of
these samples was computed at each time step and compared to the KS mean using
the MSE. This comparison between the SNF and KS distribution means at each
time step was repeated for every observation sequence, and the resulting errors were
averaged across sequences to obtain a single error estimate per time step, shown in
Figure 6.3. The line shows this average error between the SNF and KS means at
each timestep, and the fill shows the corresponding standard deviation across se-
quences. The error remains nearly constant, below 0.1, for the first 80% of the time
steps, before growing rapidly towards the end: a larger error and standard deviation
appear around timestep 20, followed by exponential growth, with the final timestep
showing the largest error and standard deviation of all.

This behaviour is thought to arise from how the number of future observations
available to the model changes with the timestep. The final timestep, conditioned
on only the current observation, is easier to solve than earlier timesteps, which
must be estimated from several future observations. We attribute the growing er-
ror to how the embedding is constructed and how the normalising flow interprets
it. The GRU builds its representation through recurrent updates, so with fewer
future observations to process, the hidden state has undergone less transformation
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Figure 6.3: Average MSE between the SNF mean and the KS mean at each time
step, across 25 independent sequences. The shaded band shows the standard devi-
ation across sequences.

and therefore occupies a different region of the embedding space than it would for a
longer sequence. As a result, embeddings produced near the end of the sequence are
structurally dissimilar to those produced from longer subsequences, making it diffi-
cult for the shared normalising flow unit to generalise across all time steps. Based
on these results, the model maintains reliable performance for sequences with at
least approximately two remaining future time steps, beyond which the embedding
becomes insufficient for the normalising flow to produce accurate samples.

To test this explanation, the GRU was used to embed 256 independent observation
sequences, and the resulting 256-dimensional hidden state at each timestep was re-
duced to two dimensions using t-SNE. The result is shown in Figure 6.4, with points
colour-coded by timestep. A cluster can be observed, isolated from the rest of the
scatter. Figure 6.5 isolates individual time steps and confirms that this cluster cor-
responds to the final two time steps, 24 and 25, while all earlier time steps are mixed
throughout the rest of the embedding space.

This indicates that which timestep an embedding originates from does not matter,
except for the final two timesteps, which occupy a distinct region of the embedding
space. This is a desirable property: since the same normalising flow unit is ap-
plied recursively across all timesteps, the embedding should ideally be invariant to
timestep for the flow to generalise consistently. The final two timesteps break this
invariance, forcing the flow to reconcile two different relative distributions within
a region that constitutes only a small fraction of the full sequence, which explains
why the resulting error is concentrated and disproportionately large there. This
suggests that a more temporally consistent embedding would improve the SNF’s
performance.
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6.3 Case B

The SNF’s performance on the ballistic model is now presented. Since the ballistic
model has both a nonlinear transition function and a nonlinear measurement func-
tion, it poses a more difficult problem than the previous case. The model’s training
is presented first, followed by evaluation on a single fixed observation sequence and
then across several observation sequences. As a reference solution, the UKS is used
in place of the KS, since the model is nonlinear. Note that the UKS constrains
its prediction to a Gaussian, so unlike the KS in the linear case, its solution is not
optimal, but still serves as a good reference approximation.

6.3.1 Training

Asin the linear case, a learning rate scheduler was used, reducing the learning rate by
a factor of 0.8 if the loss did not decrease within a window of 35 updates the window
then resets and the process repeats. The model was concluded to have converged
after 2000 iterations, consistent with the scheduler’s learning rate decreasing as the
loss plateaued. The loss is shown in Figure 6.6. It decreased rapidly at the start
and exhibited oscillations while descending to its converged state; these oscillations
are believed to arise from training with a small batch size, resulting in a noisier loss
signal.

Loss Curve and Learning Rate

—4
2% 10% —— Loss 10

—— Learning Rate

102

Learning Rate

10°7

0 200 100 600 800 1000 1200 1400
Epochs

Figure 6.6: The loss function plotted against the update step (left axis), together
with the learning rate (right axis).

6.3.2 One observation sequence

After training, the SNF was evaluated on a single observation sequence, with the
results grouped by position and velocity. Figure 6.7a shows the SNF’s position es-
timates over time, compared with the UKS solution for the same observations. The
UKS mean and covariance are shown as a blue line and blue circles, respectively,
while the SNF is shown as both a mean and individual samples at each timestep.
The shape of the UKS distribution and the spread of the SNF samples both reflect
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the structure of the measurement function, uncertainty in the angle measurement
produces stretched distributions and the distributions rotate over time in a way that
reflects the radar’s position at (16000, 0). The SNF sample spread is smaller at the
beginning of the trajectory than at the end, whereas the UKS distributions remain
more consistent in size throughout. The SNF samples do, however, rotate in line
with the UKS, indicating that the model has correctly learned the structure of the
measurement function.
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(a) UKS (blue) and SNF (red) position estimates for one observa-
tion sequence.
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Figure 6.7: Comparison of UKS and SNF position estimates for the ballistic ex-
ample.

To examine this similarity more closely, the solutions are compared over the shorter
intervals t = [9, 11] and ¢ = [20, 22|, shown in Figures 6.7b and 6.7c. Both intervals
show the same pattern. The SNF distribution resembles the UKS in shape, but its
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mean is offset from the UKS mean. This suggests that the SNF captures the overall
shape of the smoothing distribution but struggles to place its samples accurately.

For the velocity dimensions, the SNF and UKS mean estimates are shown in Figure
6.8. The spread is omitted here and instead shown for the smaller intervals below.
The two estimates are misaligned throughout the trajectory, with a small offset at
the start that grows towards the end, reaching its largest value at the final timestep.
The UKS mean also progresses in more evenly spaced steps than the SNF mean,
which moves in larger, less regular steps between timesteps. The true latent state is
shown in grey for reference.
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Figure 6.8: UKS (blue) and SNF (red) velocity estimates for one observation
sequence.

The same comparison is repeated for velocity over the intervals t = [9,11] and
t = [20, 22], shown in Figures 6.9 and 6.10. Both intervals confirm the misalignment
seen in Figure 6.8. The SNF and UKS distributions do not align. Overall, the SNF
shows greater difficulty estimating velocity than position, which may be explained
by the reduced information available on velocity through the measurement function.

The MSE between the true latent state and the UKF, UKS, and SNF estimates,
computed over all state dimensions, is shown in Table 6.3. As in the linear case,
comparing the SNF to both the UKF and UKS indicates how well it incorporates
future observations. Here, however, the SNF has the highest error of the three
models, suggesting that it struggles to correctly interpret the input in this nonlinear
setting.

Table 6.3: MSE between the true state and the UKF, UKS, and SNF, for one
sequence from case B.

Model | UKF UKS SNF
MSE || 11137.7 | 2586.9 | 27357.4

For this sequence, the KL divergence and marginal likelihood were also computed,
shown in Table 6.4. The resulting ELBO gap is larger than in the linear case, con-
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Figure 6.9: Time steps 9 to 11. Figure 6.10: Time steps 19 to 21.

sistent with the misalignment observed above and the higher MSE, and indicates a
poorer approximation of the smoothing distribution despite the training loss having
converged. It should be noted, however, that the UKS is itself only an approxima-
tion of the true smoothing distribution, so the MSE comparison above should be
interpreted with this in mind.

Table 6.4: KL divergence, log marginal likelihood, and ELBO gap for one sequence
from case B.

KL | log p(yrr) | ELBO gap
313.01 | -297.76 15.25

6.3.3 Multiple observation sequenses

To assess the model’s general approximation capability, the SNF and UKS were
evaluated on 25 distinct observation sequences by comparing the mean of each solu-
tion with the true hidden state at each time step. The result is shown in Figure 6.11.

The UKS error remains roughly constant across all time steps, while the SNF error
increases over time, similar to the pattern observed for the final time steps in the
linear case. This suggests that the SNF’s error compounds over time due to earlier,
poorer estimates. The model generates distributions with the expected shape, but
their locations become increasingly misaligned.

To investigate the cause, the GRU embedding is analysed as in the linear case, 256
observation sequences are sampled and embedded, and the resulting representations
are reduced to two dimensions using t-SNE, shown in Figure 6.12. Unlike the lin-
ear case, a clear correlation between clusters and timesteps is seen here, indicating
that the GRU struggles to produce time-independent representations. Figure 6.13
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Figure 6.11: MSE to the true latent state. Left: UKS. Right: SNF.

confirms this at the level of individual timesteps. Since the SNF models a resid-
ual distribution relative to the dynamic prior, embeddings from different timesteps
should be similar whenever the underlying residual distributions are similar. The
clustering by timestep, therefore, suggests that the embedding fails to capture this
relative structure and, consequently, that the generative model struggles to correctly
interpret what a given embedding represents.

6.4 Running time

The running time of the SNF was compared with those of the KS and UKS for both
cases, averaged over 256 independent observation sequences. Comparing running
times is inherently difficult, as many factors affect computational cost; the results
presented here are therefore intended only to give a general sense of the SNF’s com-
putational cost relative to the classical smoothers, rather than a rigorous benchmark.
All times were obtained with the KS and UKS running on the CPU and the SNF
running on the GPU. The KS and UKS times correspond to computing the mean
and covariance at each time step, while the SNF time corresponds to sampling 500
trajectories. The results are shown in Table 6.5.

Table 6.5: Mean runtime over 256 sequences, comparing the SNF to the KS (case
A) and UKS (case B).

Case Method Runtime (seconds)
Case A Kalman Smoother 0.010586
Sequential Normalising Flow 0.033051
Case B Unscented Kalman Smoother 0.346570
Sequential Normalising Flow 0.147741

In case A, the KS is faster than the SNF, though the difference is modest, and fur-
ther optimisation of the SNF architecture could plausibly close this gap. In case B,
the relationship reverses: the SNF is faster than the UKS. However, since the SNF’s
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approximation is comparatively poor in case B, as shown in the preceding sections,
this speed advantage should not be taken as evidence that the SNF is currently
competitive with the UKS overall. It instead suggests that, if the approximation
accuracy could be improved without significantly increasing model size, for exam-
ple through a better embedding, the SNF could become competitive with classical
smoothers in both accuracy and computational cost.
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Discussion

This chapter discusses the findings and their interpretation, connecting the results to
existing literature. It begins by examining the factors believed to cause the observed
performance, as well as the constraints imposed by the data the model is trained on.
This is followed by a discussion of the project’s contributions to the research field
and how the work could be extended. Finally, the chapter concludes by outlining
potential future work and its relevance.

7.1 Aspects of model performance and usage

The SNF performs well in the first case, demonstrating the ability to approximate
the smoothing distribution. However, when applied to the more demanding ballistic
model, the SNF struggles to achieve an equally good approximation. The model
learns some correlation but does not converge to an optimal solution. The SNF’s
architecture consists of two components: the embedding model and the generative
model. The generated distributions in the results demonstrate good expressive capa-
bility, for example, in the case of the radar measurement function. This is consistent
with the literature, in which the RealNVP architecture has demonstrated strong ex-
pressiveness. The normalising flow is therefore not considered a bottleneck in the
SNF. The embedding model, on the other hand, appears to have difficulty providing
the normalising flow with useful representations. The results clearly indicate that
the embedding model struggles to produce time-independent representations, which
is believed to, in turn, confuse the generative model during sampling. This is con-
sidered the dominant limitation, and further investigation is recommended.

The choice of optimisation objective is another factor believed to affect SNF per-
formance. The training results indicate convergence, with no further improvement
beyond a certain number of updates, yet the model does not achieve a perfect ap-
proximation. Training is performed by approximating the full smoothing distribu-
tion, which yields a 300-dimensional space derived from 25 timesteps, 4 latent-state
dimensions, and 3 measurement dimensions. In contrast, the UKS computes the
marginal density p(z; | y1.7), which operates in a lower-dimensional space. Training
the SNF with an objective that targets only the marginal density could reduce the
risk of getting stuck in local minima, potentially leading to both better approxima-
tions and faster training. However, how this could be implemented is beyond the
scope of this thesis.
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Considering the use of such a model in a real-world setting, the SNF can only be
applied where training data is available and only for scenarios represented in that
data. This prevents it from being applied to previously unseen scenarios. Traditional
methods, by contrast, can produce a solution for any set of observations drawn from
a different distribution, provided the necessary inputs are available. This means
that for the SNF to generalise effectively, it either requires access to a very large
and diverse dataset or must be trained on dynamics broad enough to cover a wide
range of possible transition dynamics.

7.2 Research perspective

The aim of this thesis has been to construct a model capable of approximating
the full smoothing distribution, enabling a computationally cheap posterior. The
project has demonstrated how to construct and train the SNF such that it can,
in principle, approximate the target distribution. In practice, however, the model
struggles as complexity increases, performing well on simpler state estimation prob-
lems but losing approximation capability as problems become more demanding. The
literature on the individual components of the SNF is extensive, yet the literature
on model architectures similar to the SNF as a whole is limited. This may indicate
that the area is relatively unexplored or that previous attempts have had limited
success. Nevertheless, this project sheds light on both the potential and the limi-
tations of this architectural approach, and in doing so, presents a foundation upon
which future work could build.

7.3 Future work

The proposed future work focuses on potential solutions to the model’s identified
challenges, particularly those related to the embedding strategy and data represen-
tation. The following topics are believed to improve the model’s performance if
explored.

¢ Different test cases

Further investigation into the model’s performance is needed. Evaluating the
SNF on a wider range of scenarios and gradually increasing problem com-
plexity could yield a better understanding of the conditions under which the
embedding model performs poorly.

e Data representation

The difficulty in producing time-independent embeddings is believed to be
addressable if the influence of the transition function could be removed from
the input data, that is, if the data could be represented in a way that does not
reflect the transition dynamics. One candidate representation is the relative
residual between a predicted latent state and the corresponding observation,

defined as
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§ = h(f*(xe-1)) = yn

where k is the number of times the transition function f is recursively applied
to the most recent state z;_1.

Embedding model

Investigating alternative embedding architectures could lead to improved per-
formance. The GRU is a relatively simple model. Transformer-based architec-
tures have demonstrated strong capability in embedding complex sequential
structures by learning to weight different parts of the input sequence. In con-
trast, the GRU tends to place most emphasis on the most recently processed
inputs, which may contribute to the observed temporal dependency in the
representations.
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Conclusion

This thesis has investigated how variational inference can be used to approximate
the smoothing distribution, which describes the probability distribution of the latent
state conditioned on the noisy observations. A model called the Sequential Normal-
ising Flow was presented, consisting of an embedding model and a generative model
and evaluated on two Gaussian state-space models, one linear and one nonlinear.

The performance was evaluated based on the model’s ability to approximate the true
smoothing distribution, using traditional methods such as the Kalman Smoother
and the Unscented Kalman Smoother as reference points. The comparison was
conducted on both a single observation sequence and multiple sequences, and the
computational time of each method was also compared. In the linear case, the SNF
yields an approximation that is very close to the Kalman Smoother solution. A
small error is observed at the final time steps, which further analysis suggests is a
consequence of the embedding model’s representational capabilities. For the non-
linear case, the model struggles to obtain a good approximation across the entire
sequence, with analysis of the embedding model revealing a similar but more domi-
nant representational issue.

The main conclusion is that the Sequential Normalising Flow shows promising results
in the linear case but struggles with the nonlinear case. This difficulty is primarily
attributed to the embedding model’s inability to construct representations indepen-
dent of temporal position. It is therefore believed that an embedding which better
captures the relative difference between the dynamic prior and the future obser-
vations would improve overall performance. The model also shows potential as a
computationally efficient alternative for obtaining the smoothing distribution, given
further optimisation. More broadly, several avenues remain to be explored, includ-
ing alternative embedding architectures, reformulating the information provided to
the model, and revising the optimisation objective.

In summary, the Sequential Normalising Flow demonstrates promising attributes
but has key aspects that need further investigation. Addressing the embedding
problem, identified as the critical limitation, could yield a model that is competitive
with established methods in both approximation quality and runtime.
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