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Abstract
The disruptive innovation in the ever-growing and developing automotive industry
has centralised advanced driver assistance systems (ADAS) and autonomous driving
(AD) concepts. The innovations are only enhanced by the rapid electrification of
powertrain systems due to strict environmental regulations, allowing for extended
functionalities in vehicle motion control.

This master’s thesis investigates the possibilities of vehicle motion control systems
for future electric vehicles using an over-actuated vehicle with four individual electric
motors in both simulations and real-time in a test vehicle. Three different concepts
for yaw and lateral motion control are developed. The first concept is geometric path
tracking, where two controllers are developed to control the vehicle’s lateral motion
in an AD scenario. The second concept is a steer by torque vectoring controller
where the lateral motion of the vehicle is controlled using only differential torque
to act as a backup safety system in case of steering actuator failures. Finally, an
energy-efficient torque vectoring controller is developed to evaluate the possibility
of reducing the vehicle’s energy consumption by optimising the torque allocation.

The controllers were developed in Matlab Simulink and evaluated in a simulation
environment consisting of a vehicle model of the test vehicle in IPG CarMaker. The
comparison between the two path tracking controllers, i.e. the Pure Pursuit and
the Stanley controller, were evaluated based on precision, comfort and robustness.
The steer by torque vectoring controller was developed with experimental data from
simulations and the test vehicle to design a look-up table for the steering capability.
Finally, to develop the energy-efficient torque vectoring controller, an offline optimi-
sation strategy was used to construct a rule-based and a look-up table method for
the torque allocation.

The work proved that the Pure Pursuit controller was superior to the Stanley con-
troller and could remain within limits given by regulations, both in the simulations
and the test vehicle. Integrated with the steer by torque vectoring controller, the
vehicle’s lateral motion could be controlled using only differential torques. The
possibility of reducing energy consumption by optimising the torque allocation was
highly dependent on compromising the precision performance of the path tracking
and the torque allocation. With tuning, the controllers could be combined to reduce
the vehicle’s energy consumption by 1.14 %.

Keywords: Path tracking, Torque vectoring, Pure pursuit controller, Stanley con-
troller, Control allocation, Centralised control, Energy efficiency, Over-actuation
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1
Introduction

The automotive industry is constantly evolving when automakers develop safer,
more comfortable and more efficient vehicles to meet customer demands and stay
competitive. In recent years the transition from conventional combustion engines
to electric powertrains has increased as regulations and automakers strive to lower
emissions. Climate change has been acting as a basis for the recent electrification.
However, in recent years, customer demands and disruptive innovations have also
made Advanced Driver Assistance Systems (ADAS) and Autonomous Driving (AD)
development central in the automotive sector. The advancement of these demands,
together with rapid electrification, has extended functionalities and presented new
possibilities for vehicle motion control systems [1]. In parallel with the public de-
mand for highly advanced vehicle systems, the demand for better range and charging
infrastructures makes it essential to keep developing new vehicle motion control sys-
tems to continuously improve energy efficiency and AD/ADAS systems for future
electric vehicles.

Active vehicle motion control systems are an important development area as it con-
cerns the enhancement of safety, comfort and efficiency during driving and involves
the application of several sensors concerning environment perception and vehicle mo-
tion sensing. Autonomous vehicles are becoming customary, which means that all
their subsystems are being developed and optimised at a fast rate. A Path Tracking
controller (PTC) constitutes one of these subsystems and is required to ensure safe
traffic behaviour. The initial focus of path tracking studies was on steering actua-
tion, which was primarily developed with the purpose of driver modelling. However,
with the upcoming demand on Advanced Vehicle Systems (AVS) in conventional
vehicles, the research focus switched from driver modelling to autonomous driving
applications [2]. Autonomous driving requires a thorough understanding of vehi-
cle motion control. More specifically, as associated with this thesis, lateral motion
control. Lateral vehicle control refers to the steering of the vehicle. [3] describes
the design of steering controllers as either an imitation of the human driver or as
dynamic models of a vehicle and control methods based on linear control theory in
the same manner as [2]. More specifically, designing an autonomous four-wheel drive
Electric Vehicle (EV) is concerned with the modelling of a control law to manoeuvre
the car accurately and smoothly along a reference path [4].

As far as the propulsion systems of EV’s go, a wide range of topologies can be im-
plemented. A single Electric Motor (EM) propelling the front or rear axle or even
individual motors on each wheel are two possible configurations of propulsion archi-
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tectures [5]. According to [6], the layout with four-wheel hub motors appears to be
the most attractive configuration due to the simple and efficient torque distribution
to each wheel. The distribution of individual wheel torques is often referred to as
Torque Vectoring (TV) in the literature. TV can generate a yaw moment on the
chassis and therefore controls the yaw motion of the vehicle to increase lateral sta-
bility and improve vehicle handling. As the numbers of actuators increase, the level
of functional integration can be increased because each wheel provides tractive and
braking forces independent of each other, allowing for the control of yaw motion to
improve the vehicle’s directional stability. However, [1] states that an increase in
vehicle behaviour flexibility indicates an increased number of possible failure modes
that can transpire during the appliance of these systems. Therefore in the current
development stage, it is of a compromising nature.

The configuration and design of the actuator and sensor architecture included in
AD/ADAS and AVS are constrained by environmental aspects. All of the actuator
and sensor energy consumption should be balanced and optimised with the driving
dynamics. To some extent, this is applied to the sensors and electronic devices but,
more importantly, to the electric actuators converting electrical energy to kinetic
energy. It is described in [7] that a configuration of four EM’s can enhance the
energy efficiency using wheel torque control allocation algorithms. The motor power
losses, tyre slip power losses or even a combination of these are used as examples. An
efficient understeer characteristic design, i.e. energy-efficient reference yaw rate, can
be implemented in any control allocation algorithm. According to [8], the understeer
characteristic design alone can reduce the vehicle’s energy consumption as much as
the energy-efficient control allocation algorithms.

1.1 Background
Lateral motion control in terms of path tracking is not a new concept in the auto-
motive industry and is well-researched in the literature. In a self-driving scenario,
the vehicle has to be equipped with some algorithm to guide the vehicle without
the steering inputs from a human driver. To accomplish such a task, one can imple-
ment a PTC. The purpose of a PTC is to apply appropriate steering motion to a
vehicle executing a geometrically defined path and thereby guide the vehicle along
that path. The goal is to minimise the difference in the vehicle’s heading angle and
the heading angle of the predefined path, or minimise the lateral error between the
vehicle and the path while maintaining stability, depending on the PTC [9].

There are various types of path tracking methods; some are simpler, and others are
more complex. Either can be sufficient, however, depending on the scenarios. What
method to choose or how they can be combined will affect the performance of the
path following. It can lead to instability or a loss of precision if the surrounding
circumstances changes, i.e. the vehicle velocity. It is, therefore, essential to have a
good understanding of what type of path tracking controller to use or how they can
be combined to improve the path tracking performance. As mentioned previously,
one of the initial purposes of developing path tracking for steering control was to
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model a human driver, as the human driver can be seen as an advanced adaptive
path tracking controller [2], which is described in more detail in [10]. However, path
tracking has evolved to become one key factor in developing successful autonomous
vehicles [11]. Today, different path tracking techniques can be divided into con-
trollers based on simple geometric relationships that make use of either a kinematic
or a dynamic vehicle model. The well-known linear single-track model or kinematic
bicycle model is often used. These controllers could obtain the characteristics of
a conventional feedback controller or even be modelled with more optimal control
formulations such as the linear quadratic regulators with or without feedforward
contributions [9], [12]. Using these relatively simple control laws for path tracking
has already been proven successful in some well-known autonomous vehicle projects.
In 2004-2005, the vehicles that finished in the top positions in the DARPA Grand
Challenge, a competition where teams compete with autonomous robots/vehicles
across an unrehearsed off-road terrain, utilised simple geometric controllers based
on simple kinematic vehicle models. However, as the design objectives changes, new
development challenges are presented when the precision and vehicle dynamics in
other operating windows, i.e. higher speeds, must be considered. As an example,
the autonomous vehicle that won the DARPA Urban Challenge, which has other
challenges to consider compared to the previous competition, used a much more ad-
vanced model predictive control strategy. The comparison between different PTC’s
has been well documented in the literature. Both [2] and [9] give a detailed com-
parison of the performance and when different methods can be successful.

In an AD scenario, the steering wheel actuator commonly controls the lateral motion,
which receives actuation inputs from the PTC. The lateral motion control is possible
due to the power-assisted steering, which can apply torque to the steering system and
thereby control the steering wheel angle. However, the steering capability would be
affected if a failure occurred in the power steering system. Therefore, power-assisted
steering is one of the vehicle’s critical safety systems. A failure could mean that the
vehicle drives off the road. Hence, to prevent catastrophic outcomes, it is required
to have a backup system that can be activated if a failure occurs in the primary
system. The backup systems are often designed based on redundancy, which means
that the safety-critical system is duplicated to minimise the risk of both systems
failing simultaneously. The secondary system can therefore take over if the primary
system fails. However, previous research has also investigated the possibility of
designing a backup system that can control the vehicle’s lateral motion completely
separated from the conventional steering system.

In [13], the possibility of utilising differential friction braking to control the vehi-
cle’s lateral motion to provide a fail-operational ability for self-driving vehicles is
investigated. The report presents the capability and the suspension’s effect on the
steering capability. The results showcase that differential friction braking can be
used to steer the vehicle but that there are limitations on how large curvature is
achievable. Another research by [14] also develops a backup system using selective
braking. However, this research focuses on mitigating errors in a steer-by-wire sys-
tem. In [15], differential braking-assisted steering is also investigated to reduce the
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effort from the human if the power steering system fails. Common in the previous
research is that the friction brakes are utilised as a backup system. However, new
electric powertrains enable new possibilities to use electric motors to control the
vehicle’s lateral motion instead of friction brakes. Finally, in [15], it is also stated
that the advantage of a backup system for steering that uses differential braking,
either by friction brakes or regenerative braking with the electric motors, is that it
only requires software implementation but no hardware modifications.

Another use case when having multiple electric motors is to distribute the torque
between them to improve, for example, the vehicle’s handling. A control system that
distributes the individual motor torque is called a torque vectoring controller. TV
as a general concept is relatively intuitive with regard to a basic understanding of
lateral dynamics. With a vehicle drivetrain layout of four individual onboard EM’s,
one could describe turning manoeuvres as nothing more than torque differences on
each side. However, this general explanation of TV does not regard precision and
excludes the different possibilities associated with TV. The most common use case
with TV is to control the vehicle’s yaw motion to improve, for example, the corner-
ing ability and the vehicle’s stability. The main blocks constituting a TV control
framework according to [16] are the reference generator, a high-level controller and a
low-level controller. The reference generator defines a target yaw rate and a sideslip
angle. The high-level controller calculates the required total torque and yaw mo-
ment in a complete vehicle sense, and the low-level controller calculates the required
force and yaw moment to individual torque demands for the wheels. However, TV
control algorithms can be modelled with regard to specific performance require-
ments. Safety, stability, optimised energy efficiency or a combination of these and
other properties could be used as a basis for the TV control algorithm. [16] states
that most reference yaw rate generators focus on tuning the understeer coefficient.
However, as stated, TV control algorithms can be modelled based on specific perfor-
mance properties. For example, [6] proposes two different control strategies for TV.
The first logic is based on optimal control theory, and the second control strategy is
on the understeer/oversteer behaviour of the vehicle using a dynamical yaw index
associated with measured dynamical vehicle properties. In the first logic, vehicle
sideslip and yaw rate are estimated using lateral acceleration measurements and roll
stiffness distribution of the vehicle. The second control strategy uses a proportional
regulator for the purpose of keeping the vehicle in steady state cornering conditions,
which leads to a prevention of excessive increase of sideslip angle. This method is
advantageous in the way that it does not estimate the friction coefficients since that
is only required to avoid excessive longitudinal force demands and also avoid the
estimation of the sideslip angle since the regulated quantity is a yaw index being
proportional to the lateral acceleration and inversely proportional to the yaw rate
and vehicle speed.

TV can also be combined with the PTC. However, the combination of a PTC and a
Torque Vectoring Controller (TVC) is not a well-documented system which [2] em-
phasises. There have been some appropriate investigations with gainful results. [2]
compares the integration of TV with different steering-based PTC’s during obstacle
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avoidance tests. Single point PTC’s without a look-ahead point and multiple-point
preview PTC’s are implemented as both independent of the TVC, where the TVC
receive the steering angle output of the PTC to generate a reference yaw rate and
also as a merged system with integrated steering and direct yaw moment control.
The performance indications of the different configurations were evaluated concern-
ing several quantities, including the entry speed of the vehicle into the different
reference paths and the root mean square values for two different quantities, namely
the position error relative to the reference path and the yaw angle error between
vehicle trajectory relative to the reference path. The yielded results are partly
evaluated with the entry speed of the vehicle. The path tracking controllers with
preview had the highest entry speeds for the basic reference path. However, when
the reference path obtained a further smoothed-out shape, the controllers without
preview achieved the highest entry speeds. The implementation of torque vectoring,
both integrated and separate multi-layer concepts, improved the entry speed by 1
to 3 km/h. Another study diving into the combination of path tracking and TV is
described in [17], which proposes a control scheme consisting of three parts. The
different parts are a non-linear model predictive PTC to generate the steering angle
and the desired longitudinal force of the EV, a lateral stability controller to provide
an extra yaw moment to balance stability and mobility with the use of a lateral
stability criterion to judge vehicle stability and a TVC. This integrated model pre-
dictive and torque vectoring control was tested for different scenarios and improved
lateral stability by maintaining control in a combined steer and brake process in a
sharp turning manoeuvre on high friction roads. The path tracking precision was
enhanced for the lane change test and the turning test with low friction road due
to improved vehicle mobility at relatively bad road conditions, which reduced the
vehicle side slip.

Even though the efficiency of EM’s is superior to internal combustion engines and
is more environmentally friendly due to the exclusion of fossil fuels, there is still
room for improvement. Utilising four onboard independent EM’s allows the imple-
mentation of optimal force allocation algorithms to reduce the energy consumption
further while cornering. The engineering of energy-efficient systems is a continuous
development area, and even with a transition to environmentally friendly energy
sources, i.e. electric powertrains, and a significant increase in propulsion system
efficiency, there is still room for improvement in terms of energy optimisation. This
idea stems from the fact that electric vehicles have a relatively low mileage per charge
[18]. An attempt to improve the efficiency was made in [19], where it is explained
that a configuration of four individual EM’s results in an over-actuated system, i.e.
a mathematically under-determined problem [1], leading to an infinite amount of
torque distribution combinations to achieve the requested output. This property
allows for optimisation opportunities. [19] improves the efficiency of a TVC by dis-
tributing the tractive/braking forces and the yaw moment requests according to an
energy-efficient control allocation strategy which was based on drivetrain power loss
measurements. The results showed a 4 % reduction in energy consumption during
cornering conditions.
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Finally, it is evident that there has been a lot of research and development previously
regarding the topic of yaw and lateral vehicle motion control. The ever so advancing
development of the different path tracking methods for autonomous vehicles with
various success in different applications have played a key role in developing safer
and smother autonomous vehicles. However, the development and comparison of
different PTC’s are often conducted independently of other motion control systems
focusing on front-steered vehicles. More research can still be conducted comparing
different methods of path tracking and how to combine them with other vehicle
motion control systems.

Furthermore, it is also evident that with the growing number of electric vehicles and
the possibilities in yaw control that the electric powertrain enables, rapid research
and development are ongoing on the topic of torque vectoring. The purpose of this
development has mainly been on driving dynamics, such as controlling understeering
for better cornering performance. Another focus area when developing TVC is its
potential to improve energy efficiency. New electric powertrains also enable new
backup systems for lateral motion control to be developed and the capability of
such systems is not very well researched in the literature. Even though there has
been research on combining PTC with TVC, which has been presented earlier in this
report, merging these two vehicle motion control functions into one is still a new
research area which requires more attention in the development of new autonomous
electric vehicles. In the research presented in this section, the focus area in merging
these functions has also previously been focusing on improving the handling qualities
of the vehicle with regards to, for example, stability, comfort or safety in specific
manoeuvres rather than improving energy efficiency.

Consequently, from the research presented in this section, it is evident that there
exists a potential for vehicle dynamics enhancement when further developing path
tracking and torque vectoring. The handling qualities can be improved beyond the
conventional stability control systems of today’s vehicles. Moreover, when consid-
ering the possibility of improving energy efficiency with TV, combining the two
yaw and lateral vehicle motion control functions into one centralised framework for
controlling different actuators enables improvements in both driving dynamics and
energy efficiency. Therefore, this is an important research area in developing safe,
comfortable and energy-efficient electric vehicles of the future.

1.2 Research problem
In future EV’s, the number of active vehicle control functions, as well as sensors for
vehicle motion sensing and environment perception, are expected to increase. Com-
bining this with different actuator configurations concerning EM’s that are possible
with EV’s enables various numbers of different active vehicle motion control func-
tions. These functions could be used to enhance the level of safety, comfort and
energy efficiency. However, even though there has been much independent research
on PTC’s and TVC’s, with some presented in the previous section, there is still
room to develop new PTC’s and TVC’s to improve the path following and energy

6



1. Introduction

efficiency of future EV’s. Furthermore, how different motion control functions can
be combined and how new electric powertrain configurations can be used as backup
systems need more research. There should also be a balance between the energy
consumption of all these sensors and actuators with the driving dynamics in both
manual and autonomous driving scenarios. The energy efficiency in these driving
scenarios can be optimised by combining different actuators. The redundant sensors
and actuators also enable the design of a safer and smoother fall-back system if an
actuator or a sensor stops working.

This thesis project focuses on these problems, specifically concerning how yaw and
lateral motion control in terms of PTC and TVC can improve the primary and
backup path following and the vehicles’ energy efficiency in a centralised framework
in the car. Both as separate controllers or in a combination. Moreover, the theoret-
ical research is also extended to include a practical implementation in a test vehicle.
The research problems can be summarised in the following questions:

• Which of the evaluated geometric path tracking algorithms are superior for
path following concerning precision comfort and robustness?

• Can torque vectoring be used as a safety backup steering system to ensure
fail-operational ability if the steering system fails?

• Can an optimised torque vectoring controller reduce the vehicle’s energy con-
sumption?

• Can path tracking control be combined with torque vectoring control in a
centralised control system for optimal path following and energy consumption?

The project is divided into different topics, each aiming to address the research
questions. Technical content included in the first research problem is evaluating and
implementing different PTC’s utilising only front-wheel steering. The performance
of the PTC’s are evaluated concerning precision, comfort and robustness, which will
be examined in both mild and dynamic driving conditions to appraise the robust-
ness of the PTC’s. The second research problem includes the development of an
integrated path tracking controller and a torque allocator with the purpose to steer
the vehicle as a backup system using differential torques only. Considering that
this is a backup safety system, the requirement of this integrated controller is to
keep the vehicle within an arbitrary distance on a reference path and not focus on
energy efficiency, comfort or robustness. The third and fourth research problems
can be summarised as structuring and formulating the energy optimisation problem
to design a torque vectoring controller for both optimal path following and energy
consumption.

1.3 Aim
The main work expected here is to design and implement a centralised controller
for vehicle yaw and lateral motion control in manual driving, as well as a handful of
AD/ADAS scenarios. Centralised means that all the motion requests are calculated
centrally at the vehicle motion control layer, where one specific actuator request,
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e.g. target steering angle, will be generated and sent to the steering actuator control
module. The goal is to fulfil the manual and AD driver-requested trajectory in an
energy-efficient and safe way when deploying different actuators.

1.4 Limitations
The PTC’s that are to be evaluated are the Pure Pursuit controller (PPC) and
the Stanley controller (SC). However, several other PTC’s could provide useful
knowledge and reinforce the expected results based on the purpose of this thesis.
Nevertheless, the time frame in which this thesis will be conducted will not allow for
a thorough investigation of more path tracking concepts. Consequently, it will not
fulfil the purpose of this thesis if more than the two PTC’s in question are studied and
evaluated. Suppose some fundamental functional changes that are characteristics
of the controllers mentioned above are to be made to acquire a slightly altered but
different PTC. In that case, that one will be evaluated in the same manner.

Implementing optimal torque allocation algorithms to reduce the vehicle’s energy
consumption is comprehensive and open for development. The algorithm can be
based on several variables to optimise, and multiple methods can be applied. There-
fore, a unique energy-efficient torque allocation algorithm will not be derived in this
project due to the time constraints and a small precision compromise of studying
and evaluating existing methods concerning the actuators and the system in general
of the test vehicle. For example, if a torque allocation algorithm is based on the mea-
surement of road friction coefficient using optical sensors to measure light absorption
[20], then that method would be excluded since this equipment is unavailable in the
test vehicle.

1.5 Societal, ethical and ecological aspects
The electric vehicles of the future play an important role in making the vehicle fleet
more environmentally friendly. As new regulations for car manufacturers get more
strict and when countries plan to implement a ban on selling combustion cars [21],
the requirement to develop new electric vehicles increases. Meanwhile, automakers
also develop new technologies in active safety and autonomous driving, which strive
to improve the safety standards for road and traffic occupants. Consequently, the
importance of safe and sustainable vehicles also requires a discussion on how a
concept may comply with apparent environmental and ethical issues that can affect
the society it is operated in.

This thesis project focuses on the development of yaw and lateral motion control
systems for electric road vehicles. It is important that the societal, ethical and
ecological aspects of these systems are not overlooked. When developing a control
system that acts on different actuators to control the vehicle’s motion, it is crucial
to ensure that it is safe. In 2016 approximately 1.3 million people died as a result of
road traffic accidents [22], and one big incentive for developing new ADAS and AD
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systems is to reduce this number. AD has the potential to make driving safer for
both vehicle and traffic occupants, and level 5 autonomous vehicles will eventually
be available for a broader market. However, more development is still required to
ensure its safety and path tracking algorithms are one part of this development.
Developing path tracking algorithms can, therefore, contribute to a better society
with reduced road traffic accidents and deaths in the long term.

Another aspect of electric vehicles is their ecological impact on the environment.
Some research shows that, on average, the life-cycle emissions from electric vehi-
cles are lower than newer petrol cars, and even inefficient electric vehicles are less
emission-intensive than the most energy-efficient new petrol car [23]. However, the
environmental aspects of electric cars still require attention. Especially as previously
mentioned, the vehicle’s energy efficiency can be improved by optimising the torque
allocation. The ecological aspects of this thesis are, therefore, also of importance.

Finally, to conclude this discussion, it is evident that this thesis has both an ethical
and an ecological aspect. It is crucial to ensure a safe and robust control system,
as errors could endanger human life. The design for energy optimisation will also
contribute to addressing the so apparent environmental issues as well. Develop-
ing a centralised yaw and lateral motion control system for torque vectoring and
path tracking will likely contribute to safer and more energy-efficient vehicles in the
future.
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Control Allocation

An essential part of this project is the fact that the vehicle used in this study is
over-actuated. With increasing electrification and higher demands on safety, the
number of actuators and how they are used in the vehicle have changed. Previously,
the actuators were used for only one task, for example, friction brakes to brake the
vehicle. Now, friction brakes are also used in safety functions related to stability
functions, such as rollover protection. When adding an electric motor, the braking
task can be performed by either the electric motor or the friction brakes. This
redundancy of actuators leads to control-related challenges. Which actuators should
be used, and how should the requests be allocated between them to achieve the
desired vehicle motion? In this chapter, the control architecture to solve this problem
is introduced, which is control allocation.

2.1 Definition of over-actuation
An easy-to-understand definition of over-actuation is based on the understanding
that with an over-actuated system, one has the possibility to choose how a specific
task is to be performed. From a theoretical point of view, if a task has less degrees
of freedom to control than there are actuators that could perform the task, then the
system is over-actuated. For example, suppose a vehicle is equipped with friction
brakes and electric motors. In that case, it is over-actuated regarding the deceler-
ation task since it could be performed by either the friction brakes or the electric
motors [24]. The degree of freedom when braking a vehicle is 1 (longitudinal mo-
tion), but 2 actuators can perform the task. Therefore, the vehicle is over-actuated.
Similarly, the vehicle can be over-actuated regarding the lateral motion. Ground
vehicles can be modelled as a rigid body with three degrees of freedom when the
steering is considered, which are characterised by three dynamic states: longitudinal,
lateral, and yaw motion [25]. A vehicle equipped with four independently actuated
electric motors for each wheel provides the freedom to allocate the wheel forces in-
dividually. Each actuator, i.e. electric motor, can give rise to each one of the states
and therefore, the vehicle is over-actuated concerning the longitudinal, lateral and
yaw motion. Adding the friction brakes and the steering wheel, there can be a total
of nine actuators to control the vehicle’s planar motion. Consequently, there are
many options to achieve the same vehicle motion.

10
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2.2 Definition of control allocation

Control allocation goes hand to hand with over-actuation as it refers to the different
methods to allocate a given control variable to solve the over-actuation problem.
Control allocation distributes the total control demand between the different actu-
ators. There are different control allocation methods, for example, pseudo-inverse,
daisy-chaining, and direct control allocation [24]. Other examples of control allo-
cation worth mentioning include online solvers using active-set algorithms or offline
optimisation using look-up tables. Control allocation can be described as actuation
selection of the control effort in the sense that the control effort is primarily decided,
which is then allocated to the different actuators with consideration to an arbitrary
characteristic of the system [24]. The control variable could be allocated concerning
comfort, performance and/or energy efficiency. This project’s primary interest is
to allocate the torque request to the different EM’s to increase the vehicle’s energy
efficiency, which is enabled by the fact that there are an infinite number of torque
allocation combinations available. Utilising an optimised control allocation method
can reduce the vehicle’s energy losses. Worth to note is that this will be done online,
where the allocation will be decided instantaneously, not prematurely.

2.3 A Centralised Control Architecture

Historically, vehicles have had decentralised control architectures, meaning that each
actuator has one specific purpose and control module, which receives requests and
allocates them to the actuator to achieve the desired motion. However, this is
unsuitable for an over-actuated system [24], and therefore, this is changed to a more
appropriate control architecture which centralises the allocation of the actuators.

As the name would suggest, the centralised control architecture centralises the co-
ordination and allocation of the different actuators in one place in the vehicle, i.e.
the selection and allocation of the steering wheel angle, the motor torques, and the
friction brakes are centralised in the control allocation. One advantage with control
allocation is that it separates the actuator selection and regulation tasks in the con-
trol design, which implies that the regulation tasks are done prior to the actuator
selection [24]. Consequently, the centralised controller consists of two main parts:
the reference generator and the control allocation. The reference generator inter-
prets the driver inputs and sensor data and regulates/computes reference signals,
which are the inputs to the control allocation. The control allocation then coor-
dinates and allocates the outputs to the different actuators based on the reference
signals and sensor data to achieve the desired vehicle motion.

Another benefit of this architecture is the arbitration of different requests from dif-
ferent control algorithms, which means how they are prioritised and coordinated
between the actuators. Furthermore, the individual control modules in the de-
centralised control structure are often manufactured by suppliers, making it more
complicated to develop new control algorithms. The centralised control architecture
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enables the integration and development of new vehicle motion control systems with
existing software, which is essential in this project.
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3
Methodology

This chapter introduces the methodology for the project. The chosen simulation
environment where the controllers are developed is presented in section 3.1, which
includes the driver and vehicle model and the chosen control architecture structure.
The test vehicle utilised to evaluate the controllers in the project is presented in
section 3.2. Finally, a simplified vehicle model for the test vehicle, which is used in
the initial development stages, is derived in section 3.3.

3.1 Simulation Environment
The simulation environment is developed in IPG CarMaker and Matlab Simulink,
which is illustrated by the block chart in Figure 3.1. IPG CarMaker contains the
driver model, the surrounding environment and most of the vehicle model. The
control architecture is developed in Matlab Simulink, which consists of a reference
generator and a control allocator. The actuator control block consists of the pow-
ertrain model and the steering wheel angle control and is also developed in Matlab
Simulink to complete the vehicle model.

Figure 3.1: Block chart illustration of the simulation environment and control
architecture

The IPG CarMaker driver model can control the vehicle’s planar motion by the
steering wheel angle δreq, accelerator pedal apedal, and brake pedal bpedal requests.
The driver request signals are bundled in a vector dreq as displayed in Figure 3.1.
The use cases include a driver-in-the-loop, which means that the IPG CarMaker
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driver model follows a predefined path and velocity profile. Therefore, the driver
acts as the feedback control, which closes the control loop by, for example, increasing
the accelerator pedal position if the desired vehicle motion is not met.

dreq =

 δreqapedal
bpedal

 (3.1)

The reference generator processes the requested signals from the driver, dreq, to
interpret the desired vehicle motion and generate reference signals to the control
allocator. The driver always controls the longitudinal motion throughout this study
with the accelerator and brake pedal. In the reference generator, the requested
pedal positions are translated into a reference longitudinal force request, Fx,ref by
the driver interpreter using a simple linear model given by

Fx, req(apedal, bpedal) =


c1 · apedal, if apedal > 0
0, if v = 0
c2 · bpedal, otherwise

(3.2)

0 ≤ apedal ≤ 1, 0 ≤ bpedal ≤ 1 (3.3)

where c1 and c2 are constants. The reference generator also computes a reference
curvature ρref describing the curvature of the reference vehicle trajectory. The
reference curvature is computed by the geometric path tracking controller, which
will be described in more detail in chapter 4. The final reference signal is the
reference yaw moment, Mz,ref , which will be described in chapter 6. The reference
signals are bundled in the vector vref .

vref =

 ρref
Fx, ref
Mz, ref

 (3.4)

Once the reference signals are acquired, the control allocator computes the torque
distribution between the different EM’s, TEM,1...4 and the steering wheel angle, δSW ,
based on the reference signals. Note that the control allocation will allocate the
request signals differently depending on the configuration. In this project, three
different controllers are developed, a path tracking controller, a steer by torque vec-
toring controller and an energy efficient torque vectoring controller. Consequently,
the utilised controller will determine the output of the control allocation. If, for
example, the torque vectoring controller is not utilised, the control allocation will
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allocate an equal torque request to each motor based on the reference longitudinal
force request, Fx,ref . The vector u contains all the requested control signals from
the control allocator. The architecture for each controller and how the reference
signals and the control allocation is computed is described in more detail for each
respective controller in chapter 4, 5 and 6.

u =


δSW

T1, EM, req

T2, EM, req

T3, EM, req

T4, EM, req

 (3.5)

The request signals in u are then processed in the final Matlab and Simulink model,
i.e. the actuator controller. The actuation control block models the actuator hard-
ware, which means that it calculates all the power losses throughout and confines the
control signals within their respective actuator limits. The EM and inverter losses,
transmission losses and battery efficiency are modelled. The losses are described in
detail in chapter 6.

The actuator controller outputs are then sent to the vehicle model in IPG CarMaker,
which will feed the vehicle and environment data back to all the blocks in the system.
These signals are compiled in the vector w.

w =


vx
ψ
Xpos

Ypos
...

 (3.6)

The first four elements of w are the most significant signals that will be included
in calculations and discussions. vx is the vehicle’s longitudinal velocity, ψ is the
vehicle’s yaw rate, Xpos and Ypos is the vehicle’s position. However, several other
variables are also used throughout the model that utilises other feedback signals
from the vehicle model and the environment, hence the ellipsis points at the end of
w. These signals are, however, not discussed in the report.

3.2 Test Vehicle
The test vehicle used in this study is a modified Polestar 1 where the originally
mounted front axle combustion engine has been replaced with two Permanent Mag-
net Synchronous Machines (PMSM). Therefore the test vehicle is equipped with four
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identical PMSM’s connected to each wheel respectively, with a fixed transmission
ratio and a half-shaft. Each EM can be controlled independently by allocating the
torque requests. The test vehicle is modelled both in IPG CarMaker and in Matlab
Simulink. However, the process of developing the vehicle model is not covered in
this report as it was not included in this project. The relevant vehicle parameters
are presented in Table 3.1.

Description Symbol Value Unit
Vehicle mass m 2159 [Kg]

Distance rear axle to CoG lr 1.22 [m]
Distance front axle to CoG lf 1.523 [m]
Rear cornering stiffness Cyr 173390 [N/rad]
Front cornering stiffness Cyf 126950 [N/rad]
Vehicle yaw intertia Jzz 4860 [kgm2]
Wheel radius (static) rw 0.33 [m]
Transmission ratio nt 10 [1]
Steering wheel ratio nsw 16 [1]

Trackwidth w 1.645 [m]
Max motor speed ωmax 12000 [rpm]
Max motor torque TEM,max 270 [Nm]
Min motor torque TEM,min -270 [Nm]

Table 3.1: Vehicle and actuator parameters

The test vehicle is equipped with a GPS sensor to obtain the necessary real-time
variables. Figure 3.2 is a schematic view of the vehicle drivetrain and GPS sensor.
The test vehicle is also equipped with a MicroAutoBox from dSpace, which enables
testing of the developed controllers in real-time in the test vehicle. The MicroAuto-
Box is suitable when testing new functions in a rapid prototyping scenario where it
acts as an interface that bypasses and sets different signals on the CAN bus in the
vehicle.

InverterEM

EM

EM

Inverter

Inverter

Transmission

Transmission

Transmission

Battery
InverterEM

Transmission

1

2

3

4

GPS Front

Figure 3.2: Schematic view of the test vehicle drivetrain and GPS sensor
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3.3 System Modelling
As mentioned previously, the process of developing the IPG CarMaker vehicle model
is not described in this report. However, the process of developing the controller
concepts in this study and integrating them for real-time applications consists of
several steps. A good approach can, therefore, be to use a simplified vehicle model
and simulation environment in the initial development stages before utilising the
IPG CarMaker simulation environment and then evaluating the controllers in the
test vehicle. Therefore, a simplified vehicle model is developed and used to develop
the PTC, which is described in the following sections.

3.3.1 Kinematic bicycle model
A regularly exploited vehicle model in the development of geometric PTC’s is the
kinematic bicycle model, which is a simplification of the Ackermann kinematic vehi-
cle model in the way that the wheels on each axis are combined to form a two-wheeled
model [9]. The kinematic bicycle model is visualised in Figure 3.3.

Figure 3.3: Kinematic bicycle model

Note that in Figure 3.3, the local reference frame is positioned at the vehicle’s
centre of mass, which would allow for simple application of the laws of motion.
Also, assuming small steering angles, the following simplifications can be made:

sin(δ) ≈ δ, cos(δ) ≈ 1, tan(δ) ≈ δ. (3.7)
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As illustrated in Figure 3.3, free-body diagrams are used to describe the physical
models. The deriving equations of the free-body diagram are presented in equations
3.8 - 3.14. Equations 3.8 and 3.9 make up the equilibrium equations of the model

m · ay = Fyf · cos(δ) + Fyr ≈ Fyf + Fyr (3.8)

Jzz · ψ̈ = lf · cos(δ) · Fyf − lr · Fyr ≈ lf · Fyf − lr · Fyr (3.9)

where

ay = v̇y + ψ̇ · vx. (3.10)

Equation 3.8 describes the lateral force dynamic equilibrium and is obtained by
applying Newton’s second law of motion. Note that the term describing the lateral
force produced by the front tires utilises the small steering angle simplification. The
lateral acceleration as derived in equation 3.10 is a sum of the lateral acceleration v̇y
in the body frame and the centripetal acceleration of the vehicle. Since all the forces
in the X-Y plane rotate around the centre of gravity of the vehicle, the moments
produced by the tire forces act in opposite directions and equation 3.9 demonstrates
that the difference of these moments is equal to the moment produced by the inertia
Jzz.

The constitutional equations describe the relations between forces, moments and
motions, which in this case refers to the tire model described by equations 3.11 and
3.12, which defines the lateral tire forces as the product of the tire cornering stiffness
and the tire slip angle. The tire model falls under the type of constitutional cases
describing dry friction contact.

Fyf = −Cf · αf (3.11)

Fyr = −Cr · αr (3.12)

The compatibility equations describe the relations between motions, such as posi-
tions, velocities and accelerations. Equations 3.13 and 3.14 apply the simplifications
of small steering angles to define the tire slip angles as a function of the motion-
related variables.

αf = arctan
(
lf · ψ̇ + vy

vx

)
− δ ≈ lf · ψ̇ + vy

vx
− δ (3.13)
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αr = arctan
(
−lr · ψ̇ + vy

vx

)
≈ −lr · ψ̇ + vy

vx
(3.14)

The mathematical model of the physical system as presented in equations 3.8 -
3.14 act as a basis for the derivation of the state-space form of the specific derived
continuous linear time-invariant system, which is a linear representation of the dy-
namic system. Expressing the system in state-space form is a basis for dynamics
processing. Equations 3.15 and 3.16 displays the state space form

ẋ = A · x+B · u (3.15)

y = C · x+D · u (3.16)

Where x is the state vector with states x ∈ Rn and state derivatives ẋ = dx
Tp
∈

Rn. The output vector is denoted by y ∈ Rj and the input vector u ∈ Rm. The
dimensions of the matrices A, B, C and D are presented below

A ∈ Rn x n, B ∈ Rn x m, C ∈ Rj x n, D ∈ Rj x m (3.17)

with n being the number of states, m the number of inputs and j number of outputs.

The state variables are the local lateral vehicle velocity vy, the vehicle yaw rate ψ̇,
the vehicle yaw angle ψ, and the global lateral position Y . Note that the state
variables could be any arbitrary variable, provided that the variable can describe
the state of the system. The state vector is defined as

x = (vy ψ̇ ψ Y )T ∈ R4 (3.18)

and the state derivative variables are defined according to equations 3.19 - 3.20
respectively.

v̇y = vy(−Cyr − Cyf ) + ψ̇(Cyr · lr − Cyf · lf −m · v2
x)

m · vx
+ Cyf · δ

m
(3.19)

ψ̈ =
vy(lr · Cyr − lf · Cyf ) + ψ̇(−Cyr · l2r − Cyf · l2f )

Jzz · vx
+ Cyf · lf · δ

Jzz
(3.20)

The expressions for v̇y and ψ̈ are derived by factoring them out and substituting the
appropriate variables in equations 3.8 - 3.14.
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The input and output variables are chosen with regard to the objective of the system.
Since the vehicle model is the plant model, which is more commonly known as the
process of the control system, the output variables, i.e. the control variables, are
chosen to be identical to the state variables, namely the local lateral vehicle velocity
vy and the vehicle yaw rate ψ̇. Having numerous outputs provides the freedom to use
several methods to find the optimal controller with respect to precision and comfort,
amongst other measurable qualities. Also, the outputs should be a representation
of the vehicle motion. The actuating variable, which is the input variable to the
vehicle model, is chosen as the steering angle δ as it is frequently used as the output
of the PTC [11], [2], [9], and the input to the kinematic bicycle model [26], [27]. The
input vector u and output y are therefore defined as

u = δ ∈ R1 (3.21)

y = (vy ψ̇)T ∈ R2 (3.22)

and using the general state space form as presented in equations 3.15 and 3.16 and
the expressions for the state derivative variables defined by equations 3.19 and 3.20,
the matrices A, B, C and D are derived and presented below.

A =
 −Cyr+Cyf

m·vx

Cyr·lr−Cyf ·lf−m·v2
x

m·vx

Cyr·lr−Cyf ·lf
Jzz ·vx

−Cyr·l2r+Cyf ·l2f
Jzz ·vx

 ∈ R2 x 2 (3.23)

B =
( Cyf

m
lf ·Cyf

Jzz

)
∈ R2 x 1 (3.24)

C =
(

1 0
0 1

)
∈ R2 x 2 (3.25)

D =
(

0
0

)
∈ R2 x 1 (3.26)

All the terms in equations 3.15 and 3.16 are now defined, and the state space model
of the physical system is presented in equations 3.27 and 3.28.

(
v̇y
ψ̈

)
=
 −Cyr+Cyf

m·vx

Cyr·lr−Cyf ·lf−m·v2
x

m·vx

Cyr·lr−Cyf ·lf
Jzz ·vx

−Cyr·l2r+Cyf ·l2f
Jzz ·vx

 · (vy
ψ̇

)
+
( Cyf

m
lf ·Cyf

Jzz

)
· δ (3.27)


vy
ψ̇
ψ
Y

 =
(

1 0
0 1

)
·
(
vy
ψ̇

)
+
(

0
0

)
· δ (3.28)
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The relationship between the output signal of a control system and the input signal
is represented by a transfer function. Since transfer functions represent linear time-
invariant systems in the frequency domain, the transfer function is acquired by
dividing the numerator polynomial, i.e. the output variable in the frequency domain,
by the denominator polynomial, which is the input variable in the frequency domain.
The transfer functions from steering angle to local lateral vehicle velocity vy and
the vehicle yaw rate ψ̇ are defined by equations 3.29 and 3.30, respectively. The
parameters used in the matrices A and B given by equations 3.23 and 3.24 are
presented in Table 3.2.

Parameter Value Unit
m 2159 [Kg]
lr 1.22 [m]
lf 1.523 [m]
Cyr 173390 [N/rad]
Cyf 126950 [N/rad]
vx 60 [km/h]
Jzz 4860 [kgm2]

Table 3.2: Parameter values used for kinematic bicycle model

Gδ→vy(s) = vy(s)
δ(s) = 58.8s− 241.8

s2 + 15.17s+ 60.57 (3.29)

Gδ→ψ̇(s) = ψ̇(s)
δ(s) = 39.78s+ 345.3

s2 + 15.17s+ 60.57 (3.30)

The yaw angle ψ is another variable that could be used to handle the position and
state of the vehicle. Luckily it is easily derived since the transfer function of the
yaw rate ψ̇ is already defined. The time derivative of the yaw rate is equal to the
yaw angle, and in the frequency domain, an integration is represented by the factor
1/s. Therefore the yaw angle is defined as

ψ = ψ̇ · 1
s
→ Gδ→ψ = ψ(s)

δ(s) = 39.78s+ 345.3
s3 + 15.17s2 + 60.57s (3.31)

3.3.2 Frequency response analysis
The bode plots for the transfer functions from steering angle to lateral velocity, yaw
rate and yaw angle are shown in Figures 3.4 - 3.6 respectively.
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Figure 3.4: Bode plot for transfer function from steering angle to lateral velocity

Figure 3.5: Bode plot for transfer function from steering angle to yawrate

Figure 3.6: Bode plot for transfer function from steering angle to yaw angle
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The phase margin is positive for each system, and the gain margin of Gδ→ψ̇ and
Gδ→ψ are infinite, meaning that these systems are stable. However, the gain margin
of the transfer function Gδ→vy is negative, which does not necessarily mean that
the system is unstable. There is much more to stability analysis than observing the
sign of the gain margin because unstable systems are undefined for this method.
For a LTI system to be stable, the transfer function of that system must have all
poles on the left-hand side of the complex plane. Poles at 0 mean that the system
is marginally stable. Positive zeros of the transfer function do not directly insinuate
instability, only a negative phase shift, which could eventually lead to instability.
The poles and zeros of the transfer function Gδ→vy are shown in Figure 3.7.

Figure 3.7: Pole-Zero plot for Gδ→vy

As can be seen from Figure 3.7, there is a zero with a real value of approximately
4.1. With two already stable transfer functions, i.e. Gδ→ψ̇ and Gδ→ψ, the use of the
transfer function Gδ→vy will be excluded from the development of the controllers.

The robustness of a system can partly be characterised by its delay margin. The
delay margin is the critical value where a closed-loop system transitions from stable
to unstable conditions. In [28], it is explained that this critical value is acquired by
using a first-order Padé approximation, with the final formula given by

τmax = φm
ωc

[s] (3.32)

where φm is the phase margin at the crossover angular frequency ωc, i.e. the angular
frequency where the transfer function gain is 0 dB. For the transfer function Gδ→ψ,
which will be widely utilised throughout this project, the delay margin is
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τmax = φm
ωc

=
56.1 · π

180
4.81 = 0.203 [s] (3.33)

A high delay margin is synonymous with high robustness, and it is desired that the
control plant of the system is robust in order to be able to handle delays that are
introduced as the complexity of the systems increase.
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Geometric Path Tracking

In this chapter, two concepts for geometric path tracking are described and evaluated
both in the simulation environment and in the test vehicle that was presented in the
previous chapter. The concepts evaluated in this study are the Pure Pursuit and
the Stanley controller. The path tracking controllers’ task is to control the vehicle’s
lateral motion in an AD scenario by allocating the steering wheel angle to follow a
specific reference path. There are three essential attributes of the controllers that
are evaluated in this study: the controller’s precision, comfort and robustness.

4.1 Geometric Path Tracking Controllers
There are various methods to formulate a geometric path tracking control law. The
different PTC’s could differ in how the reference point on the vehicle is placed on the
front or rear axle or any arbitrary point on the vehicle. Another characteristic of a
PTC is how the target point is defined. The target point can be defined somewhere
along the path, or there is no target point. The used control and tuning parameters
could also vary for different PTC’s. In this section, all characteristics of the PPC
and the SC will be presented and described.

4.1.1 Geometric Vehicle Model
One essential variable for the PTC’s that will be used throughout this project is the
curvature ρ and its relation to the front tire steering angle δ. The curvature is the
vehicle’s rear axle trajectory for a certain steering angle. The geometric relation-
ship between the front tire steering angle and the curvature can be formulated by
simplifying the vehicle to the bicycle model according to Figure 4.1.

Figure 4.1: Geometric vehicle model
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As displayed in Figure 4.1, the front tire steering angle can be formulated as

tan(δ) = L

R
(4.1)

and the curvature is inversely proportional to the radius of the vehicle’s trajectory
R, according to

ρ = 1
R
. (4.2)

Consequently, the relationship between the curvature and the front tire steering
angle can be formulated as

tan(δ) = L · ρ→ ρ = tan(δ)
L

. (4.3)

4.1.2 Pure Pursuit Controller
The PPC is a common geometric PTC [11] describing how a human driver would
turn to a point in front of the vehicle. This point is referred to as the look-ahead
point, and its distance depends on the vehicle velocity since this is consistent with
the look-ahead point of an actual driver as a driver looks further ahead at higher
speeds. Geometrically, this can be drawn as displayed in Figure 4.2.

Figure 4.2: Geometric visualisation of the Pure Pursuit Controller
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Deriving the equations for the PPC is introduced by recognising that the law of sines
can be applied to find a relation between the radius R and the angle α according to
equation 4.4.

ld
sin(2 · α) = R

sin(π2 − α) →

ld
2 · sin(α) · cos(α) = R

cos(α) →

2 ·R = ld
sin(α) ≈

ld
α

(4.4)

The radius R is the distance from the instantaneous centre of rotation denoted as A
and the rear axis of the vehicle B, describing the arc C in which the vehicle travels
in an arbitrary instance. The angle α is the angle between the vehicle heading, i.e.
the line from B to the look-ahead point E, and the line from B to the target point
on the path D. δ is the front tire steering angle, and L is the wheelbase. ld is the
look-ahead distance, which is the distance from B to E and is defined as

ld = Tp · v (4.5)

where Tp is the look-ahead time, and v is the vehicle speed along its longitudinal
axis. Consequently, the look-ahead distance changes with the velocity and the length
of this distance can be tuned by the look-ahead time parameter. The expression
for the radius can now be inserted in equation 4.2 to obtain an expression for the
required curvature according to

ρref = 2 · sin(α)
ld

≈ 2 · α
ld

. (4.6)

The curvature ρref is the reference from the controller, hence the notation ρref . The
curvature can then be transformed into a steering angle according to the relation in
equation 4.3. The steering angle formulation for the PPC can therefore be defined
according to

δPPC = arctan(2 · sin(α) · L
ld

) ≈ 2 · α · L
ld

. (4.7)

However, an extended version of the steering angle defined in equation 4.7 can
be derived by adding the understeer gradient term to the reference steering angle.
The understeer gradient Ku is defined as the additionally needed steering angle
input per increase of lateral force units [29]. Practically it could be understood
as the additional steering angle input needed to keep the same curve radius as the
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operating velocity is increased due to the increased slip at the front tires. Intuitively,
the understeer gradient formulation should be dependent on the vehicle velocity. In
a mathematical context, the added term is described as the additional steering angle
needed for a certain curvature R−1 at low speed, and consequently, Ku is interpreted
as a measure of how much the additional term R−1 is changed with an increase of
vehicle velocity. The extended reference steering angle δKu is defined as

δKu = arctan(L
R

+ Ku · v2

R
) ≈ L

R
+ Ku · v2

R
(4.8)

with the understeer gradient defined as

Ku = m · Cr · lr − Cf · lf
Cf · Cr · (lf + lr)

. (4.9)

Substituting R in equation 4.8 with R derived in equation 4.4 yields the steering
angle formulation for the PPC with the understeer gradient term according to

δPPC,Ku = 2 · α · (Ku · v2 + L)
ld

. (4.10)

In the later stages of development, the PPC is used in the IPG CarMaker simulation
environment. That entails replacing the kinematic bicycle model with the fully
non-linear vehicle model used in IPG, which takes moving masses, aerodynamics,
scrub radius effect and several other psychical phenomenons into account. A more
comprehensive vehicle model such as this enables the use of large steering angles.
Therefore the small angle approximation is disregarded, and the resulting steering
angle formulation for the PPC is

δPPC = arctan(2 · sin(α) · L
ld

) (4.11)

or with the understeer gradient Ku,

δPPC,Ku = arctan(2 · sin(α) · (Ku · v2 + L)
ld

). (4.12)

Now that the steering angle formulation for the PPC is derived, the actual construc-
tion of the controller is commenced. The closed-loop control system consists of the
primary development stages of the lateral controller and the kinematic bicycle model
presented in section 3.3.1. The development of the PPC is initialised with the path
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definition, which is externally pre-defined outside of the actual lateral controller
block. A reference path is initially represented by a set of vectors representing the
longitudinal and lateral coordinates of the reference path. A straight road would
therefore consist of a linearly spaced vector with an arbitrary amount of elements
in the longitudinal direction, i.e. the x-axis and the vector representing the lateral
position of the elements is simply a vector of zeros.

The angle α is the only unknown variable in the steering angle formulation given by
equation 4.11 and 4.12, and therefore the main objective of the PPC is to calculate
α. Studying Figure 4.2, it is evident that α is the angle between the line from B
to E and the line from B to E, defined as ∠DBE. The look-ahead point is defined
as the point in which the vehicle will find itself in the next iteration, given that
the yaw angle is constant, making the line from the rear axle to the look-ahead
point instantaneously perpendicular to the longitudinal axis of the vehicle. The
look-ahead point is calculated as

Xprev = Xrear + v · Tp · cos(ψ) [m] (4.13)
Yprev = Yrear + v · Tp · sin(ψ) [m] (4.14)

with Xrear and Yrear being the coordinates of the rear axle. Recall that the product
v · Tp describes the look-ahead distance ld. Therefore, higher operating velocities
will increase the distance from the rear axle to the calculated look-ahead point. The
look-ahead time Tp could be seen as a tuning parameter. The target point is the
second unknown coordinate required to calculate α. Two methods were used to
acquire the target point.

1. A vector of length ||ld|| with one end fixed on the rear axle of the vehicle
is rotated iteratively with an arbitrarily small angle, starting from the look-
ahead point. When the end of the vector is as close as it could be to a point
on the reference path, the target point is found.

2. The Pythagorean theorem is used to calculate the distances between the look-
ahead point and the points of the reference path. The target point is therefore
acquired by choosing the point on the reference path closest to the look-ahead
point.

Method 1 requires more computational power than Method 2 since it requires a
nested loop but provides a theoretically more accurate approximation of the target
point. The two methods are illustrated in Figure 4.3 and 4.4, respectively.

As the reference path is a set of discrete points, i.e. not continuous, the target
point found from Method 1 as described above will never coincide with the exact
point of the reference path. The discrete set of points will also affect the target
point found using Method 2 since the target point on the path with a theoretical
minimum distance will create a line orthogonal from the target point to the look-
ahead point, which will not be with a discrete set of points. The issues experienced
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Figure 4.3: Method 1: Iterating
both angle and distance in nested
loop to find minimal distance

Figure 4.4: Method 2: Iterating dis-
tance in simple loop to find minimal
distance

in these methods are solved using interpolation to extract the theoretically accurate
target point. However, the difference in precision between the different methods is
close to zero, and Method 2 was therefore implemented in the controller.

The first vector from the vehicle’s rear axle to the look-ahead point and the second
vector from the vehicle’s rear axle to the target point is now defined, and conse-
quently, α is obtained. Note that the reference orientation recognises a left turn as
a positive steering angle. Therefore the controller needs to recognise the position
of the vehicle. Either it is on the left or the right side of the reference path. The
method utilised to identify the vehicle position relative to the path is presented in
Appendix A.

4.1.3 Stanley Controller
The SC is based on two operating terms to be adjusted in parallel [11] as opposed
to the PPC, which only adjusts the relative angle between a target point and a
look-ahead point. The first term refers to an error in heading ψe, and the second
term handles the lateral error df of the vehicle relative to the reference path. Figure
4.5 interprets the SC geometrically.

The first control variable is the heading error ψe, which describes the error in the
vehicle heading relative to the heading of the line tangent to the point closest to the
front axle of the vehicle. Using the notations in Figure 4.5, It can be described as
the angle ∠DAE. This term has a different characteristic since it aims to correct the
relative angle between the vehicle and the direction of the path itself. Consequently,
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the vehicle will not be steered towards the actual path, only the direction of the
tangent line, i.e. the line from B to C (or A to D).

Figure 4.5: Geometric visualisation of the Stanley Controller

The second control variable is the lateral error df . The lateral error deals with the
adjustment of a pure lateral displacement between the vehicle’s front axle and the
reference path. In contrast to the PPC, the SC does not steer towards any target
point as it does not include a target point. However, the steering angle formulation
for the lateral error df depends on the same variable that the PPC used to define its
look-ahead point ld, as can be seen by equation 4.5. The added steering following
the lateral error df is represented as δdf

as seen in Figure 4.5. Note that the angle
δdf

is given by ∠ACB in the right-angled triangle ABC. The part of the steering
angle formulation that is represented by the lateral error df is therefore given by

δdf
= arctan(df

ld
) = arctan( df

v · Tp
). (4.15)

The steering angle formulation for the SC is the sum of the steering angle additions
as a result of the heading error ψe and the lateral error df .

δSC = ψe + δdf
(4.16)
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Note, however, from equation 4.16 that in order to obtain δdf
, the lateral error df

needs to be calculated. So correctly speaking, δSC is a function of ψe and δdf
(df ) as

δSC = f(ψe, δdf
(df )). (4.17)

The reference curvature can then be obtained by the relation in equation 4.3 ac-
cording to

ρref = tan(δSC)
L

. (4.18)

Adding the understeer gradient Ku to the steering angle formulation for the SC
requires more steps or, more specifically, conversions than the derivation for the
PPC steering angle formulation with Ku did. By replacing the radius R in equation
4.8 with the curvature and then substituting the curvature with the expression in
equation 4.18, the final steering angle formulation for the SC with the understeer
gradient Ku is given by

δSC,Ku = arctan(tan(δSC) · (L+ ·Ku · v2)
L

). (4.19)

The lateral error df is the first unknown entity and is acquired by utilising Method
2 given by Figure 4.4. The method is consistent, but the visual difference is that the
vehicle’s front axle is used to find the closest point to the path, not the look-ahead
point as visualised in Figure 4.4. Remember that the reference path is a set of
discrete points; therefore, the point found using Method 2 is interpolated between
the neighbouring points on the path to find the actual minimum distance between
points A and B.

The heading error ψe, being the second unknown, is a simple angle between two
lines in its core aspect; therefore, these lines must be defined. The first line starts at
point A and ends at point E, i.e. the vehicle heading. Note that the heading error
ψe is independent of the length of the line AE. Therefore, the only requirement on
this line is its direction. For the sake of simplicity, point E is defined by equations
4.13 and 4.14.

The second line is the line tangent to point B, i.e. the line from point B to point
C. Calculating the line tangent to the point on the reference path requires finding
the slope of that line with high precision since sudden changes in the slope due
to relatively large inaccuracies results in undesirable oscillating steering behaviour.
Since the reference path is defined in a global coordinate system, the slope would
be equal to infinity when driving in parallel with the vertical axis of the global
coordinate system. That issue is resolved using a rotational matrix to rotate the
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fragment of the curve around the point of interest on the path to operating with
small values where no complications occur. The process of obtaining the relative
angle between the tangent line and the vehicle’s heading using the transformation
matrix is thoroughly described in Appendix B. The vehicle’s position relative to the
path is obtained using the derivation conducted in Appendix A, as used in the PPC.

4.2 Control architecture - Lateral Motion Control
Illustrated in Figure 4.6 is the control architecture for the PTC’s. The PTC gener-
ates the reference curvature ρref in the Reference Generator block, which is defined
by equation 4.6 and 4.18 for the PPC and SC, respectively. The curvature refer-
ence is then converted into a requested steering angle δSW in the Control Allocator
according to

δSW = arctan((L+Ku · v2) · ρref ) (4.20)

which is obtained by replacing R in equation 4.8 with the curvature.

The longitudinal motion is controlled by the driver. The accelerator and brake pedal
positions apedal and bpedal are translated into a longitudinal force request Fx,ref in
the Reference Generator, which is then processed to a torque distribution to achieve
the desired speed in the Control Allocation block.

Figure 4.6: Control architecture of path tracking controller

Finally, the controllers can be tuned in two ways. As mentioned previously, the
controllers can be tuned with the look-ahead time, Tp. The other method is to add
the understeer gradient term, Ku, in equation 4.20.
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4.3 Path Tracking Evaluation
The method of evaluating the different PTC’s is presented in this section.

4.3.1 Quantifying attributes of evaluation
To evaluate the two geometric PTC’s that have been presented in the previous
section, i.e. the PPC and the SC, a set of different test cases are utilised. They
are defined to be able to compare the performance of the controllers according to
different attributes. These attributes and the evaluation methods are presented in
this section.

Attribute 1: Precision
The first attribute that is evaluated is the controller’s precision, which is evaluated
by comparing the lateral distance between the vehicle and the reference path for
the two controllers. The precision, therefore, displays how good the controller can
follow the reference path. The lateral distance between the vehicle and the reference
path is called the lateral deviation, which is defined as the shortest distance between
the reference path and a reference point on the vehicle. The middle point on the
vehicle’s rear axle is used as the reference point when calculating the lateral deviation
to compare the controllers. This attribute is essential since the vehicle has to stay
within the road markings and not deviate from the road either by corner cutting or
applying steering too late. UN regulations for wheeled vehicles [30] state that the
acceptable lateral deviation when using an automated lane keeping system should
be within 0.375 m of the centre of the driving lane. Therefore, this limit is used as
a threshold for maximum lateral deviation. The lateral deviation for the test cases
is displayed both as the maximum lateral deviation achieved during the manoeuvre
and the Root Mean Square Error (RMSE) for the lateral deviation according to
equation 4.21.

RMSEprecision =
√√√√ n∑
j=1

d2
fj

j
(4.21)

where n is the number of iterations, and df is the lateral deviation. Both the RMSE
of the lateral deviation and the maximum lateral deviation MAXprecision of a drive
cycle will be used to grade the precision of the PTC’s as shown in equation 4.22

Pprecision = a1 · PRMSE,precision + a2 · PMAX,precision (4.22)

where Pprecision is a weighted value of the RMSE and maximum lateral deviation.
a1 and a2 are weighting coefficients set to 0.8 and 0.2, respectively, as it is de-
cided that the grade of the precision PRMSE,precision has a greater effect on the
evaluated attributes than the grade of the instantaneous maximum lateral devi-
ation PMAX,precision during the test cycle. The thresholds for PRMSE,precision and
PMAX,precision are listed in Appendix C.
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Attribute 2: Comfort
The second attribute that is evaluated is related to passenger ride comfort. Comfort
in this context is normally associated with a lateral jerk, amongst other variables,
which is the rate of change of the vehicle’s lateral acceleration. For a given test case,
the RMSE of the lateral jerk and the maximum lateral jerk will be measured. UN
regulations [31] states that the moving average over half a second of the lateral jerk
generated by the vehicle should not exceed 5m/s3 instantaneously. Considering that
the test cases to be conducted are modelled with the intention of handling dynamic
manoeuvres, this threshold is well suited as an extreme limit. According to [32],
the threshold for comfort is around 0.5 m/s3. However, mild driving conditions
were considered when defining that threshold. A fair evaluation should increase
the comfort threshold as a result of all dynamic test cases. The lower limit for the
RMSE is therefore set to 0.8 m/s3. Equation 4.23 shows the relation that will be
used to grade the comfort concerning lateral jerk.

Pjerk = a1 · PRMSE,jerk + a2 · PMAX,jerk (4.23)

where Pjerk is a weighted value of the grade of the lateral jerk RMSE PRMSE,jerk

and maximum lateral jerk PMAX,jerk. This method, however, cannot differentiate
between low-frequency and high-frequency components of the signal (drive cycle).
According to [33], frequencies of 0.2 Hz and above of the lateral acceleration are
considered uncomfortable. Therefore, the area under the Fourier Transform signal
(energy spectral density) of the lateral acceleration above 0.2 Hz will be used as
a measure of comfort and the lateral jerk. The Fourier Transform provides the
amplitude and the frequency of all lateral acceleration components and is, therefore,
an indication of how uncomfortable the PTC’s are for a given test case. This quantity
will be graded similarly to the lateral jerk, i.e. with thresholds. The lateral jerk and
energy spectral density thresholds are listed in Appendix C.

Attribute 3: Robustness
The final attribute which is evaluated is robustness. Robustness, in this case, refers
to how much the performance of the previously mentioned attributes changes with
different circumstances. If the PTC is robust, then the performance should stay the
same if the velocity is increased or if a time delay to the control signals is introduced.
For example, if the controller can handle more extensive delays for input signals (for
example, GPS position) and still maintain its performance compared to another
PTC, it means that the PTC has a higher robustness.

Finally, to summarise the evaluation, three attributes are evaluated when comparing
the PPC and the SC: precision, comfort, and robustness.

4.3.2 Test cases
Three types of test cases are utilised to evaluate the PTC’s, which are presented in
this subsection.
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Test case 1: Step response with 1 m lateral offset
The first test case is a step response in the reference path of 1 m. This test case
is used to evaluate the different characteristics of the two controllers when they
are introduced to a step input, i.e. how they turn into the reference path when
it suddenly changes. The comparison in performance is evaluated concerning the
robustness and turn-in behaviour. The reference path definition is presented in
Figure 4.7 and 4.8. The reference path consists of x-y-coordinates with a 1 m
spacing between each coordinate. Note that a step of 1 m is not a very realistic
scenario for the controllers. They are expected to have a lower lateral deviation and
not experience this type of discrete step in the reference path.

Figure 4.7: Test case 1: Step re-
sponse with 1 m lateral offset in IPG
CarMaker

Figure 4.8: Test case 1: Step re-
sponse with 1 m lateral offset, refer-
ence path

Test case 2: 90◦ turn
The 90◦ turn evaluates the effect of look-ahead time Tp on the steady-state error.
Important to note also is the fact that there is a threshold lateral acceleration
associated with ride comfort. According to [34], a study on lateral acceleration
thresholds for ride comfort, the average limit of comfort is 1.8 m/s2. The limit
used in this study will therefore be set to 2 m/s2 for simplicity. To evaluate the
robustness of the controllers in more dynamic manoeuvres, a lateral acceleration ay
of 4 m/s2 will also be used. Using the formula for centripetal acceleration ay given
by

ay = v2

R
(4.24)

the radius of the 90◦ turn can be calculated by choosing an arbitrary velocity. Two
90◦ turns are chosen for this test case. The first has a radius of 50 m, and the
second one has a radius of 312.5 m. The reference path for the 50 m radius turn is
displayed in Figure 4.9 and 4.10.
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Figure 4.9: Test case 2: 90◦
turn, radius = 50 m in IPG
CarMaker

Figure 4.10: Test case 2: 90◦ turn,
radius = 50 m reference path

Test case 3: Hällered Proving Ground - Handling Track 1
The handling track course is used to test the PTC’s when the road curvature is
changing. This specific road course corresponds to the handling track located at
Hällered Proving Ground and is used to evaluate the PTC’s in the test vehicle. The
simulation results can, therefore, be compared to those obtained from driving with
the test vehicle.

Figure 4.11: Test case 3:
Hällered Proving Ground -
Handling Track 1 in IPG Car-
Maker

Figure 4.12: Test case 3: Hällered
Proving Ground - Handling Track 1
reference path

Figure 4.13: Test case 3: Hällered Proving Ground - Handling Track 1
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4.3.3 Test matrices
Since the PTC’s are evaluated in three different environments, i.e. Matlab Simulink,
IPG CarMaker and the actual test vehicle, only some test cases will be used for all
environments. Below are the specific test cases with relevant parameters for each
test matrix.

Environment 1: Matlab Simulink
The test case that will be conducted in the Matlab Simulink simulation environment
is the step response with a 1 m lateral offset, i.e. test case 1. Table 4.1 presents the
test case settings and tuning.

Test case Tuning Velocity
1: Step response Tp ∈ [0.6, 0.8, 1.0] [s] v = 90 [km/h]

Table 4.1: Test cases to be simulated in Matlab Simulink

Environment 2: IPG CarMaker:
The test cases to be conducted in the IPG Carmaker/Matlab Simulink simulation
environment are presented in Table 4.2. Note that the notation ”w Ku” means
that the understeer gradient term is included in equation 4.20 when the reference
curvature is converted into the requested steering angle.

Test case Tuning Velocity
1: Step response Tp ∈ [0.6 w Ku, 0.6, 0.8, 1.0] [s] v ∈ [36, 90] [km/h]
2: 90◦ turn - R=50 m Tp ∈ [0.6 w Ku, 0.6, 0.8, 1.0] [s] v = [36, 51] [km/h]
2: 90◦ turn - R=312.5 m Tp ∈ [0.6 w Ku, 0.6, 0.8, 1.0] [s] v = [90, 128] [km/h]
3: Handling Track 1 Tp ∈ [0.6 w Ku, 0.6, 0.8, 1.0] [s] v = 50 [km/h]

Table 4.2: Test cases to be simulated in IPG Carmaker

Environment 3: Test vehicle
In the test vehicle, the PTC’s will be evaluated at Handling Track 1. This test case
is presented in Table 4.3.

Test case Tuning Velocity
3: Handling Track 1 Tp ∈ [0.6 w Ku, 0.8 w Ku, 1.0 w Ku] [s] v = 50 [km/h]

Table 4.3: Test cases to be simulated in the test vehicle
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4.4 Path tracking results
The results for the different PTC’s are presented in this section. The results are
obtained by performing the different test cases presented in the previous section in
all environments, i.e. Simulink, IPG CarMaker and the test vehicle.

4.4.1 Simulink - kinematic bicycle model
The kinematic bicycle model of Figure 3.3 is used as a vehicle model, specifically the
transfer function Gδ→ψ, along with the steering angle formulations for the PPC and
the SC, given by equations 4.11 and 4.16 respectively. The resulting manoeuvres
for the step response with 1 m lateral offset at the look-ahead time of Tp = 0.6, 0.8
and 1.0 is visualised in Figure 4.14. The behaviour of the PTC’s are consistent since
the PPC overshoots regardless of the look-ahead time, and the exact opposite for
the SC, as it never overshoots. The precision of the SC is insignificantly superior to
the PPC, and both PTC’s exhibit robust, smooth and stable behaviour due to the
absence of oscillations and rapid turning manoeuvres.

Figure 4.14: Step response of PTC’s when v = 90 km/h, Tp = [0.6, 0.8, 1.0]

4.4.2 IPG CarMaker - Simulation Results
This subsection presents the simulation results from the IPG CarMaker environment.
The results are divided into the different test cases with their corresponding test
matrices defined in section 4.3.3.

Test Case 1: Step response with 1 m lateral offset
The first test case displays the step response for the two controllers when they are
presented with a step error of 1 m in lateral deviation. The simulation results are
presented in Figure 4.15 and 4.16 for one lower velocity of 36 km/h and a higher
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velocity of 90 km/h. Note that the figures display different results for both the PPC
and the SC with the available tuning of changing the look-ahead time and adding the
understeer gradient term. Not all results from the test matrix are displayed. Only
the best and worst results to showcase the differences between the controllers. In
Figure 4.15, where the velocity is low, the results showcase that the SC experienced
an overshoot of 0.37 and 0.16 m for Tp = 0.6 and 1.0 s, compared to the PPC, which
experienced an overshoot of 0.05 and 0.06 m for Tp = 0.6 and 1.0 s. Comparing
this with the results in Figure 4.16 at 90 km/h, the SC does not have any overshoot
anymore, but it is still present for the PPC. Looking at both figures, it is evident
that the PPC performs similarly in both low and high velocities, meaning that the
SC is sensitive to velocity changes and is, therefore, not as robust as the PPC for
this particular case. For the PPC, the overshoot and the time it takes to converge
with the step in the reference path increase when the look-ahead time is increased.
Furthermore, the results also showcase the different behaviour between the two
controllers. The PPC starts to turn before the step, which means it will have corner
cutting in contrast to the SC, which starts to turn later than the PPC. Note that
the behaviour of the controllers, as illustrated in Figure 4.16, is consistent with the
behaviour displayed in Figure 4.14 for the same speed even though the simulation
environments differ.

Figure 4.15: Step response for v =
36 [km/h]

Figure 4.16: Step response for v =
90 [km/h]

Test Case 2: 90◦ turn with 50 m radius
The lateral deviation simulation results for the 90◦ turn with a radius of 50 m are
presented in Table 4.4 and 4.5. For this scenario, the velocity is 36 km/h and 51
km/h, respectively, meaning that the lateral acceleration is 2 m/s2 for the lower
velocity and 4 m/s2 for the scenario with a higher velocity. When comparing the
lateral deviation, it is evident that the SC has a lower lateral deviation than the PPC
in terms of RMSE and maximum deviation for both the lower and the higher velocity.
However, the difference in lateral deviation between the controllers is reduced when
the look-ahead time, Tp, is reduced. When adding the understeer gradient, Ku,
the PPC improves even further, consequently reducing the difference between the
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RMSE [m] Max error [m]

Tp PPC SC Tp PPC SC

1.0 0.079 0.029 1.0 0.246 0.069
0.8 0.054 0.018 0.8 0.161 0.047
0.6 0.035 0.007 0.6 0.095 0.026

0.6 (Ku) 0.014 0.015 0.6 (Ku) 0.060 0.028

Table 4.4: Test Case 2: 90◦ turn, R = 50 m, v = 36 km/h, ay = 2 m/s2, lateral
deviation simulation results

RMSE [m] Max error [m]

Tp PPC SC Tp PPC SC

1.0 0.221 0.137 1.0 0.591 0.298
0.8 0.156 0.109 0.8 0.403 0.236
0.6 0.104 0.080 0.6 0.248 0.173

0.6 (Ku) 0.029 0.032 0.6 (Ku) 0.111 0.077

Table 4.5: Test Case 2: 90◦ turn, R = 50 m, v = 51 km/h, ay = 4 m/s2, lateral
deviation simulation results

controllers. The reduction in lateral deviation with an added Ku term implies that
the best RMSE for the PPC is 0.1 cm higher than the SC at 36 km/h and 0.3 cm
higher than the SC at 51 km/h. Another observation is that the understeer gradient
term worsens the performance of the SC at lower velocities. The smallest difference
in the maximum lateral deviation between the PPC and the SC is that the PPC is
3.2 cm higher than the SC at 36 km/h and 3.4 cm higher than the SC at 51 km/h.
Consequently, the difference in lateral deviation when the controllers are tuned is
insignificant. However, when the controllers are not tuned, the SC is more precise.
The lateral deviation of the drive cycle is shown in Figure 4.17 and 4.18.

The difference in comfort for the two PTC’s can be distinguished by the results
presented in Table 4.6 and 4.7. The jerk RMSE and the maximum jerk are lower
for all cases with the PPC. The PPC also experiences less high-frequency lateral
acceleration changes as the area under the Fourier Transform is significantly lower.
For visualisation, the jerk and Fourier Transform signals for driving at 36 km/h in
the 90◦ turn with a 50 m radius are included in Appendix D.
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RMSE Jerk [m/s3] Max Jerk [m/s3] Area [m/s2]

Tp PPC SC Tp PPC SC Tp PPC SC

1 0.436 0.854 1 1.450 3.916 1 0.021 0.061
0.8 0.497 0.865 0.8 1.864 3.960 0.8 0.029 0.062
0.6 0.595 0.882 0.6 2.556 4.026 0.6 0.040 0.063

0.6 (Ku) 0.600 0.924 0.6 (Ku) 2.632 4.142 0.6 (Ku) 0.041 0.065

Table 4.6: Test Case 2: 90◦ turn, R = 50 m, v = 36 km/h, ay = 2 m/s2, comfort
simulation results

RMSE Jerk [m/s3] Max Jerk [m/s3] Area [m/s2]

Tp PPC SC Tp PPC SC Tp PPC SC

1 0.976 2.068 1 2.944 8.811 1 0.054 0.168
0.8 1.125 2.104 0.8 3.823 8.954 0.8 0.074 0.171
0.6 1.348 2.161 0.6 5.200 9.163 0.6 0.102 0.176

0.6 (Ku) 1.358 2.330 0.6 (Ku) 5.485 9.453 0.6 (Ku) 0.106 0.184

Table 4.7: Test Case 2: 90◦ turn, R = 50 m, v = 51 km/h, ay = 4 m/s2, comfort
simulation results

Figure 4.17: Radius 50 m, lateral
deviation at 36 km/h

Figure 4.18: Radius 50 m, lateral
deviation at 51 km/h

Test Case 2: 90◦ turn with 312.5 m radius
The two velocities used in the 90◦ turn with a radius of 312.5 m are 90 km/h and
128 km/h, corresponding to a lateral acceleration of 2m/s2 and 4m/s2 respectively.
The simulation results for the lateral deviation in these scenarios are presented in
Table 4.8 for 90 km/h and in Table 4.9 for 128 km/h. The results show that
the lateral deviation is generally higher than in the test case with a 50 m radius
with lower velocities. Similarly to before, the lateral deviation is also improved
when the look-ahead time Tp is reduced. It is also evident that the SC is better

42



4. Geometric Path Tracking

RMSE [m] Max error [m]

Tp PPC SC Tp PPC SC

1.0 0.359 0.229 1.0 0.547 0.315
0.8 0.255 0.185 0.8 0.399 0.254
0.6 0.167 0.142 0.6 0.274 0.193

0.6 (Ku) 0.016 0.104 0.6 (Ku) 0.049 0.146

Table 4.8: Test Case 2: 90◦ turn, R = 312.5m, v = 90 km/h, ay = 2 m/s2, lateral
deviation simulation results

RMSE [m] Max error [m]

Tp PPC SC Tp PPC SC

1.0 1.263 0.685 1.0 2.046 0.958
0.8 0.882 0.557 0.8 1.465 0.774
0.6 0.568 0.526 0.6 0.985 0.724

0.6 (Ku) 0.055 0.299 0.6 (Ku) 0.122 0.415

Table 4.9: Test Case 2: 90◦ turn, R = 312.5m, v = 128 km/h, ay = 4m/s2, lateral
deviation simulation results

than the PPC concerning precision. However, when the understeer gradient term
is added, the PPC improves drastically and performs better than the SC in terms
of both maximum lateral deviation and RMSE. When the understeer gradient term
is added, the RMSE for the SC is 7.8 cm higher than the PPC at 90 km/h and 23
cm higher than the PPC at 128 km/h. With an increased lateral acceleration, it is
clear that both the absolute value and the difference for the lateral deviation have
increased. At 90 km/h, the maximum lateral deviation is 9.7 cm higher, and at 128
km/h, it is 29.2 cm higher for the SC compared with the PPC.

For both 90 km/h and 128 km/h with Tp = 0.6 and with the understeer gradientKu,
the SC tends to oscillate. Also, the oscillations are more significant at 90 km/h than
at 128 km/h. With the PPC, this is not present in any configuration. The comfort
evaluation results are shown in Table 4.10 and 4.11, where the PPC is superior.

In Figure 4.19 and 4.20 the lateral deviation is presented for the entire test case.
Comparing these results with what was presented in Figure 4.17 and 4.18, it is clear
that the understeer gradient term has a much higher effect on the performance at
higher velocities where the PPC performs much better than the SC. The figures also
showcase that the SC oscillates more than the PPC when the look-ahead time is 0.6
s and the understeer gradient is added.
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RMSE Jerk [m/s3] Max Jerk [m/s3] Area [m/s2]

Tp PPC SC Tp PPC SC Tp PPC SC

1 0.384 0.864 1 1.438 6.471 1 0.014 0.058
0.8 0.446 0.875 0.8 1.951 6.411 0.8 0.023 0.061
0.6 0.560 0.924 0.6 2.973 6.856 0.6 0.034 0.064

0.6 (Ku) 0.532 1.396 0.6 (Ku) 3.156 8.001 0.6 (Ku) 0.035 0.101

Table 4.10: Test Case 2: 90◦ turn, R = 312.5 m, v = 90 km/h, ay = 2 m/s2,
comfort simulation results

RMSE Jerk [m/s3] Max Jerk [m/s3] Area [m/s2]

Tp PPC SC Tp PPC SC Tp PPC SC

1 0.924 2.004 1 2.845 9.443 1 0.036 0.143
0.8 1.064 2.081 0.8 3.672 9.716 0.8 0.053 0.150
0.6 1.309 2.068 0.6 5.057 9.513 0.6 0.081 0.151

0.6 (Ku) 1.271 3.637 0.6 (Ku) 5.814 9.381 0.6 (Ku) 0.087 0.170

Table 4.11: Test Case 2: 90◦ turn, R = 312.5 m, v = 128 km/h, ay = 4 m/s2,
comfort simulation results

Figure 4.19: Radius 312.5 m, lateral
deviation at 90 km/h

Figure 4.20: Radius 312.5 m, lateral
deviation at 128 km/h
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Test Case 3: Hällered Proving Ground - Handling Track 1
In Table 4.12, the simulation results for the lateral deviation are presented when
driving at a constant velocity of 50 km/h on Handling Track 1 from Hällered Proving
Ground. Comparing the PPC and the SC results shows that the difference in lateral
deviation is reduced when the look-ahead time, Tp, is reduced similarly to the results
presented before. For Tp = 0.6 s, the difference in RMSE is 3.2 cm, and the difference
in maximum deviation is 5.5 cm. Tuning the controllers with the understeer gradient
reduces the difference even further to 0.6 cm and 0.4 cm for the RMSE and the
maximum lateral deviation, respectively. The SC, however, consistently have a lower
lateral deviation than the PPC. Furthermore, the SC does not change in performance
as much as the PPC with different look-ahead times, i.e. the look-ahead time has a
larger impact on the performance of the PPC than the SC. The difference in lateral
deviation between the controllers is also illustrated in Figure 4.21 and 4.22, where
the PPC is visually more affected by the look-ahead time. However, when tuned, it
performs similarly to the SC regarding the lateral deviation.

RMSE [m] Max error [m]

Tp PPC SC Tp PPC SC

1.0 0.345 0.265 1.0 0.811 0.625
0.8 0.241 0.216 0.8 0.567 0.506
0.6 0.163 0.131 0.6 0.385 0.330

0.6 (Ku) 0.083 0.077 0.6 (Ku) 0.200 0.196

Table 4.12: Test case 3: Lateral deviation simulation results from Handling Track
1 at 50 km/h

Table 4.13 presents the comfort evaluation results. Similarly to test case 2, the
PPC is still more comfortable with less jerk and high-frequency lateral acceleration
components than the SC.

RMSE Jerk [m/s3] Max Jerk [m/s3] Area [m/s2]

Tp PPC SC Tp PPC SC Tp PPC SC

1 1.663 1.829 1 5.298 6.127 1 0.062 0.071
0.8 1.704 1.834 0.8 5.569 6.107 0.8 0.062 0.071
0.6 1.743 1.819 0.8 5.723 5.777 0.8 0.065 0.068

0.6 (Ku) 1.740 1.867 0.6 (Ku) 5.843 5.984 0.6 (Ku) 0.065 0.068

Table 4.13: Test case 3: comfort simulation results from Handling Track 1 at 50
km/h
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Figure 4.21: HPG: Handling Track
1 PPC, Lateral Deviation, IPG

Figure 4.22: HPG: Handling Track
1 SC, Lateral Deviation, IPG

4.4.3 Test Vehicle Results
The test vehicle results are presented in Table 4.14. Comparing the results from
the test vehicle in real-time, which are presented in Figure 4.23 and 4.24, with the
simulation results, the results are consistent concerning tuning as lower values of
the look-ahead time Tp improves the precision. In comparison, higher values of Tp
allow for more comfortable manoeuvres, as can be seen in Table 4.15, which shows
the quantification of the comfort for this test case. Figure 4.27 - 4.29 illustrates the
lateral acceleration, lateral jerk and Fourier transform of the lateral acceleration,
respectively, which clearly demonstrates the superiority of the PPC. The lateral
acceleration in the body frame oscillates at a relatively high frequency with high
amplitudes as well, leading to a worsened experienced comfort. In Appendix D,
similar figures are listed for a configuration in the 90◦ turn.

The velocity profiles of the test runs are shown in Figure 4.25 and 4.26. The de-
sired speed is 50 km/h for the test cases conducted at Handling Track 1, which is
mentioned in Table 4.3, but this was manually controlled by the driver in real-time,
and therefore, a constant speed could not be withheld.

RMSE [m] Max error [m]

Tp PPC SC Tp PPC SC

1.0 (Ku) 0.205 0.588 1.0 (Ku) 0.499 1.129
0.8 (Ku) 0.181 0.525 0.8 (Ku) 0.466 1.100
0.6 (Ku) 0.147 0.411 0.6 (Ku) 0.356 0.852

Table 4.14: Test case 3: Lateral deviation test vehicle results from Handling track
1 at 50 km/h
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Figure 4.23: HPG: Handling Track
PPC, Lateral Deviation, Test vehicle

Figure 4.24: HPG: Handling Track
SC, Lateral Deviation, Test vehicle

RMSE Jerk [m/s3] Max Jerk [m/s3] Area [m/s2]

Tp PPC SC Tp PPC SC Tp PPC SC

1 (Ku) 1.309 1.857 1 (Ku) 4.158 5.325 1 (Ku) 0.039 0.044
0.8 (Ku) 1.475 2.322 0.8 (Ku) 4.870 5.771 0.8 (Ku) 0.040 0.086
0.6 (Ku) 1.668 3.256 0.6 (Ku) 5.273 7.352 0.6 (Ku) 0.048 0.101

Table 4.15: Test case 3: comfort test vehicle results from Handling track 1 at 50
km/h

Figure 4.27: HPG: Handling Track, Lateral acceleration, Test vehicle
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Figure 4.25: HPG: Handling Track
PPC, Longitudinal velocity, Test ve-
hicle

Figure 4.26: HPG: Handling Track
SC, Longitudinal velocity, Test vehi-
cle

Figure 4.28: HPG: Handling Track,
Lateral Jerk, Test vehicle

Figure 4.29: HPG: Handling Track,
Fourier transform, Test vehicle
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4.5 Influence of delay
Controller applications use digital implementation, meaning that Analog/Digital
(AD) converters are used for sensors, and Digital/Analog (DA) converters are used
for the actuators. Both of these converters introduce time delays. In a simulation
environment, these time delays are often neglected. Therefore, an extra test case
is performed where the delays are included in the model. Conclusions can then
be drawn regarding the robustness of the controllers, and also as an attempt to
confirm the behaviour of the controllers as seen from the results in section 4.4.3.
The critical value where the closed loop system transitions from stable to unstable
are called delay margin as specified in section 3.3.1. The delay is added in IPG
CarMaker by applying a transport delay to the input signals of the PTC’s. The
tests were conducted by introducing a 1 m lateral error step input. The test cases
are presented in Table 4.16, where both the PPC and the SC will be evaluated.

Test case Tuning Velocity
1: Step input Tp ∈ [0.6, 1.0] [s] v ∈ [36, 90] [km/h]

Table 4.16: Delay margin test cases

Figure 4.30 and 4.31 display the behaviour of the different controllers in X-Y plots
for the test cases explained before. At low velocities, the SC has the slight edge
independently of the look-ahead time as it becomes unstable at a delay of 650 and
795 ms, respectively, with a look-ahead time of 0.6 and 1.0 s as opposed to the PPC,
which becomes unstable at 500 and 780 ms for each respective look-ahead time. For
high velocities, however, the delay margin of the SC is reduced drastically to 32 and
37 ms for each look-ahead time, whereas the PPC is only reduced to 158 and 350
ms for a look-ahead time of 0.6 and 1.0 s. The robustness of the PPC is superior
to the SC concerning handling delays to a broader range of speeds. However, the
performance of the PPC is affected more than the SC at different look-ahead times
Tp. The results are summarised in Table 4.17.

Delay margin [ms] (36 km/h) Delay margin [ms] (90 km/h)

Tp PPC SC Tp PPC SC

1.0 780 795 1.0 350 37
0.6 500 650 0.6 158 32

Table 4.17: Delay margins of PPC and SC in the case of a 1 step input
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Figure 4.30: PPC - Step response
for different Tp and velocities vx

Figure 4.31: SC - Step response for
different Tp and velocities vx

4.6 Chapter Conclusion

The results display that the difference in precision between the PPC and the SC
is insignificant at lower velocities, even though the SC performs marginally better.
However, at higher velocities, the PPC has a superior performance compared to
the SC. Relating the precision results to the initial threshold for maximum lateral
deviation of 37.5 cm listed on the requirements of an automated lane keeping system
stated in the UN regulations, there are several instances where this limit is not
exceeded. The SC maintains within the threshold in more cases than the PPC, but
as mentioned, the PPC becomes superior at higher velocities.

The comfort evaluation is consistent in how the PPC is always more comfortable.
The lateral jerk is always less severe, and the oscillations within the uncomfortable
regions are always higher for the SC. The characteristics of the controllers and their
effect on comfort are independent of the velocity. However, an increase in the look-
ahead time seems to smoothen the vehicle’s trajectory. Therefore, the trade-off
between comfort and precision is apparent as an increase in look-ahead time seemed
to worsen the controllers’ precision.

When evaluating the controllers’ robustness, the results showcase that at low veloc-
ities, both controllers have a high delay margin. However, at high velocities, the
delay margin for the SC is drastically reduced compared to the PPC. Consequently,
the PPC is more robust to signal delays than the SC.

Table 4.18 and 4.19 shows a simplification of the evaluation of the different attributes
at low and high velocities, respectively. These tables summarise all the results using
simple descriptive words and originate from Appendix C, where all results have
been quantified with a "grade" from 1-5, whereas 5 is excellent and 1 is inadequate.
Note that only the best tuning configuration for each test case is considered when
summarising the results. The scaling goes from very bad to very good, where
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very bad is close to grade 1, and very good is close to grade 5. Table 4.20 presents
the controllers’ robustness evaluations. The scaling is simply Passed or Failed.

Precision Comfort
Pure Pursuit Controller Very Good Good

Stanley Controller Very Good Bad

Table 4.18: Low velocities, final comparison

Precision Comfort
Pure Pursuit Controller Very Good Very Good

Stanley Controller Good Bad

Table 4.19: High velocities, final comparison

Robustness
Pure Pursuit Controller Passed

Stanley Controller Failed

Table 4.20: Robustness final comparison

The final conclusion from this evaluation is that the difference between the con-
trollers at low velocities is negligible concerning precision. However, the SC does
have a marginally better precision due to the corner cutting present for the PPC.
At higher velocities and more dynamic driving with changing road curvature, the
difference between the controllers is more noticeable. In this scenario, the PPC per-
forms better than the SC concerning all attributes, as displayed in Table 4.19. The
PPC can maintain good ride comfort and precision in higher velocities and is more
robust to signal delays. The SC have good precision but drops its ride comfort and
will be more affected by signal delays. Because of the controller design, the PPC
and SC have different characteristics. The PPC can have corner cutting depending
on the look-ahead time, which will affect the precision compared to the SC, which
does not have the same corner cutting behaviour. However, the ride comfort for the
SC is affected since it turns later and can have more oscillations. When tuning the
controllers, the trade-off between precision and ride comfort must be considered; it
can be good to have less precision in favour of ride comfort.

Finally, at low velocities, one can choose either the SC or the PPC since there is
no significant difference in performance. However, since the PPC is more robust
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to signal delays at higher velocities, the PPC can be applied at a broader range of
driving scenarios where it maintains its ride comfort and stability compared to the
SC. The evaluation of robustness refers to a maintained performance at a variety
of velocities at different magnitudes of signal delays. Consequently, the PPC is the
superior PTC in this study. Therefore, when path tracking is used in the centralised
controller in the remainder of the project, it implies using the PPC.
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Steer By Torque Vectoring

The PTC’s presented in the previous chapter utilise the steering wheel actuator to
control the lateral motion of the vehicle in an AD scenario. As a human driver does
not steer the vehicle in this case, it is crucial to ensure a fail-operational ability in the
control design to account for potential risks. This chapter presents a new method
of controlling the vehicle’s lateral motion, which is Steer by Torque Vectoring. This
system aims to steer the vehicle by applying differential torque, ∆T , to the EM’s
instead of using the steering wheel and thereby serve as a backup system to ensure
fail-operational ability in case of steering actuator failures.

5.1 Safety Critical Systems
A modern vehicle has many safety-critical systems, for example, the power steering
and the brake system. It is required that these safety-critical systems have a backup
function that can be activated if the primary system fails to prevent catastrophic
failures. Often these backup systems are based on redundancy, meaning that if the
primary system fails, the redundant system is not affected and can take over. For
example, in a hydraulic brake system, the redundant backup system can be designed
with a dual-circuit brake system with separated brake lines to different wheels. In
conventional power-steered vehicles, the mechanical connection between the steering
rack and the steering wheel is the secondary redundant mechanical link that enables
the driver to still be able to steer the vehicle without power-assisted steering.

In an autonomous vehicle, the human driver is not in control of the steering wheel,
and as the autonomous systems get increasingly sophisticated, the human driver
can be less alert to take over the steering if the autonomous system fails. With
an increased level of autonomy in the future, a driver may not even be present in
the driver’s seat. Furthermore, with the development and potential implementation
of a steer-by-wire system in future vehicles, the mechanical link (steering column)
between the steering wheel and the steering rack is removed since this is the goal
of such a system. Therefore, the fail-operational ability with this kind of steering
system must rely on other redundant systems. The potential risk with autonomous
vehicles and steer-by-wire systems is, therefore, failures leading to a loss of steering
capacity. The failures can be caused by, for example, steering actuator faults, com-
munication errors and power blackouts. Consequently, if a fault occurs, the vehicle
should have a backup system that can take over the control of the steering actuation
and control the vehicle to a safe state.
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The redundancy to enable a fail-operational system has previously mainly focused
on duplicating components on all levels, a method used extensively in aircraft. How-
ever, this solution adds cost and significant complexity to the systems and may not
even remove all possible failure modes [35]. An alternative solution is to use exist-
ing actuators and control systems to have an independent backup steering system
instead of duplicating components. As mentioned before, previous research utilises
selective braking or propulsion wheel torque to steer the vehicle as a backup system,
which can be done by using friction brakes and/or EM’s. In modern vehicles, there
are already available control systems for selective braking with electronic stability
systems, for example, ABS, which utilises sensors and actuators that also can be
used by the backup systems. These stability systems are, however, only used to
avoid a loss of control by keeping the vehicle within limits regarding body slip and
roll. They help to stabilise the vehicle in an oversteer or understeer situation. How-
ever, they do not take over the steering actuation, which is the task of the backup
system presented in this research.

Since the vehicle in this project is equipped with four EM’s, each connected to an
individual wheel, this enables steering by applying differential torque to the motors.
The car is also equipped with friction brakes that can be utilised in combination or
independently with the EM’s to control the lateral motion. Therefore, the backup
system’s task is to utilise the EM’s and/or the friction brakes to steer the vehicle
to bring it to a safe state after a steering actuator failure. As mentioned previously,
the name for this backup system is Steer by Torque Vectoring (SbTV) since the EM
can allocate both regenerative braking and/or propulsion torque when controlling
the lateral motion. TV refers to the controller allocating the total torque request
between the four motors and the friction brakes to achieve the requested lateral
motion. The following sections present the design and capability of this backup
system.

5.2 Steering Failure Characteristics
The test vehicle in this project has a mechanical steering system that is assisted elec-
tronically with a motor, referred to as Electronic Power Assistance Steering (EPAS).
This system adds an extra steering torque in addition to the driver input to the
steering wheel. The added torque from the EPAS reduces the steering torque that
the human driver has to apply. A failure in this system can have different charac-
teristics. Too much or too little steering torque will affect the vehicle’s trajectory.
Furthermore, a more severe scenario would be if the steering torque from the steering
actuator is lost completely. If this occurs when the vehicle is driving autonomously,
the driver may not intervene and take control of the vehicle, meaning there will be
no steering wheel torque applied. In this project, the only steering failure charac-
teristic considered is when no steering wheel torque can be applied, i.e. neither the
EPAS nor the human driver applies any steering wheel torque.

The severity of a failure will depend on the vehicle’s initial motion, which are states
regarding velocity, position and heading relative to the road. Additionally, the road
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curvature, boundaries and obstacles ahead will also affect the outcome of the poten-
tial failure. Another aspect of the failure is the detection time and its correctness.
The delay between detecting and categorising the failure to actuator action will also
affect the severity of the failure itself. There can also be environmental disturbances
that affect the ability to manage a failure, such as wind gusts, rutted roads and
varying road friction. In general, the vehicle’s ability to manage a steering fail-
ure depends on the following characteristics; the character of steering failure, the
initial motion of the vehicle, road boundaries ahead, vehicle characteristics, failure
detection, control algorithms and disturbances. However, in this thesis, failure de-
tection and environmental disturbances are not included in the design of the SbTV
controller.

5.3 Steering Capability
The steering capability is defined as the cornering curvature that can be achieved
when a certain difference in longitudinal force is applied to the wheels. The differ-
ence in longitudinal wheel force can be obtained by applying different amounts of
friction braking and/or applying different amounts of motor torque at the wheels.
When doing one or both of these things at the different wheels of the vehicle, some
contributing aspects will determine the resulting cornering curvature for the vehicle.
These factors and how to determine the capability will be described in more detail
in the following subsections.

5.3.1 Contributing factors
When applying differential torque to the wheels, the vehicle’s steering capability has
two contributing factors. The first factor is called the scrub radius effect, and it is
determined by the front axle suspension geometry. When a torque is applied to the
wheel, the longitudinal tire force will induce a yawing moment around the vertical
axis of the tire because of the moment arm, which is called the scrub radius. This
yawing moment around the vertical axis will affect the steering angle and, therefore,
the cornering curvature. The scrub radius is a suspension parameter defined as the
lateral distance between the centerline of the tire and the tire’s centre of rotation.
The scrub radius is negative if the centre of rotation is outside the tire’s centerline
relative to the vehicle, which is determined by where the kingpin axis intersects with
the road plane. An illustration of the scrub radius and the suspension geometry for
a left front tire is displayed in Figure 5.1.

In addition to the yawing moment induced by the longitudinal tire force and the
scrub radius effect, the lateral tire force will also create a yawing moment around
the tire’s vertical axis. Due to the lateral shear stress in the contact patch of the
tire, the lateral force acts behind the tire’s centerline, and this distance is called the
pneumatic trail, which is illustrated in Figure 5.1. The resulting yawing moment
from the lateral tire force and the pneumatic trail is often called aligning moment
because it usually aligns the tire in the direction of zero side slip. Furthermore, since
the tire is on a steered axle, another moment arm exists for the lateral force due to
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Figure 5.1: Left front tire suspension geometry, illustration with a negative scrub
radius and a positive mechanical trail

the suspension linkage design. This moment arm exists because of the longitudinal
distance between the tire’s centerline and its centre of rotation in a side view, see
Figure 5.1, which is called the mechanical trail. The lateral tire force, therefore,
has a moment arm comprised by adding the pneumatic trail and the mechanical
trail, which will induce a moment around the tire’s vertical axis, called the steering
moment. The mechanical trail is often designed to be positive, making the steering
and aligning moments act in the same direction. When manoeuvring in a curve,
the steering and aligning moment tend to make the steering wheel align itself in the
direction of the vehicle’s motion if the driver removes the hands from the steering
wheel.

Mathematically the steering system for the front axle can be described by a second-
order differential equation according to [13]:

Js · δ̈ + bs · δ̇ + lx · fy +Mf = ly · (fx,FL − fx,FR) (5.1)

The difference in longitudinal force, (fx,FL − fx,FR), as a result of the applied dif-
ferential wheel torque, will induce an alignment moment due to the scrub radius
arm ly. Furthermore, the equation display that the equilibrium contains inertia,
Js, damping, bs and friction torque Mf in addition to the alignment moment from
the lateral force, fy, due to the moment arm lx which is the sum of the pneumatic
and mechanical trail. In other words, this equation displays that, when applying a
certain difference in longitudinal force to the tires, the scrub radius will induce a mo-
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ment around the tire’s vertical axis, affecting the steering angle and, consequently,
the cornering curvature. The inertia, damping and friction torque, in addition to
the lateral force aligning moment, will "work against" this movement and therefore
determine the steady state equilibrium resulting in a certain steering angle on the
front tires.

In addition to the scrub radius effect on the steering angle, the second factor con-
tributing to the vehicle’s cornering curvature is the chassis yaw moment. The scrub
radius effect can be seen as a scenario of having no hands on the steering wheel,
i.e. not applying any steering wheel torque and letting the steering wheel move
freely. As explained, the steering wheel will then move by itself due to the aligning
moment from the difference in tire forces on the front axle, resulting in a certain
steering wheel angle and a curvature for the vehicle. However, even when applying
differential torque to the tires and having hands on the steering wheel, i.e. locking
the steering wheel to zero degrees, the vehicle will turn with a certain cornering
curvature. The vehicle will turn because the differential torque on the tires will
induce a yaw moment on the chassis. Consequently, the two factors determining the
vehicle’s cornering curvature when applying differential torque are the suspension
geometry and the scrub radius effect. The other contribution comes from the yaw
moment on the chassis.

It has been observed both in [13] and in this thesis that the scrub radius effect sig-
nificantly affects the cornering curvature. The difference between having hands-on
and hands-off the steering wheel, i.e. the difference in yaw moment and scrub radius
contribution to the cornering curvature, can be seen in Appendix E. The results in
Appendix E showcase that the scrub radius effect can double the cornering curva-
ture at lower velocities compared to only using the yaw moment on the front axle.
However, the difference decreases when the velocity increases or with a lower differ-
ential torque. Since the scrub radius acts on the front axle, the front axle differential
torque has a significant part of the steering capability, as opposed to applying differ-
ential torque on the rear axle, which will only increase the yaw moment contribution
to the cornering curvature. Consequently, the capability is affected by the utilised
configuration, i.e. only using the EM’s on the front axle and/or using all four EM’s
in combination with the friction brakes.

5.3.2 Different Configurations
Since the test vehicle in this thesis has four EM’s and friction brakes on both the
front and rear wheels, many different configurations can be utilised to achieve the de-
sired lateral motion from the backup system. Every configuration has the same goal
of ensuring a fail-operational ability in the case of a steering failure. However, the
capability to handle steering failures will vary between the different configurations.
The configurations can be divided into three groups. The first one is configurations
that only utilise the EM’s, and the second group are configurations that only utilise
friction braking. The third group utilises both friction brakes and EM’s. An exam-
ple of proposed configurations for the different groups of selective braking and/or
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Figure 5.2: Steer by torque vectoring configurations

propulsion torque is presented in Figure 5.2.

Note that the arrows representing the wheel torques are displayed in a left turn
scenario for all configurations, and that thick blue arrows represent the EM torque.
The thinner red arrows represent friction brake torque. Furthermore, the configu-
rations also differ if they keep a constant velocity or if they are braking the vehicle.
Depending on the desired vehicle motion, i.e. if the safe state is to keep a constant
velocity or braking, therefore affects which configurations that are possible to use.
For example, configuration A1 can keep a constant velocity with the rear motors
while the front motors are used to steer the vehicle. In contrast, configuration B1
use the rear motors to brake the vehicle instead while still using the front motors
to steer the vehicle. Group 2 will always brake the vehicle since it only utilises the
friction brakes, while configurations from group 3 have more options regarding the
vehicle’s velocity.

Additionally, since the torque on each side of the vehicle can have different am-
plitude, more options exist, further complicating the torque allocation. The most
common configuration in previous research is only to use friction braking to steer
the vehicle, i.e. configurations from group 2, but where the velocity also could be
kept by applying propulsion torque. The reason is that when using a more conven-
tional powertrain, it is much more complicated to apply the same differential torque
from the powertrain as displayed in Figure 5.2, which can utilise the potential of
having four EM’s. The unique electric powertrain in this project with four EM’s
enables the lateral motion to be controlled by only the EM’s, as displayed by group
1 in Figure 5.2. Therefore, in this project, the focus is only on configurations from
group 1. More specifically, the evaluated configuration is A1, meaning that the front
motors are used to steer the vehicle, and the rear motors are used to keep a constant
velocity.

58



5. Steer By Torque Vectoring

5.3.3 Finding the capability
It is essential to determine the steering capability to design the SbTV controller
as it will affect the controller’s ability to compute the wheel torque required for a
certain curvature. Different methods can be applied to determine the capability. It
can be mathematically modelled and obtained analytically, and it can be simulated
with a vehicle model or by performing tests with a test vehicle. Different methods
can supplement each other and serve as verification to validate the results. In this
case, the capability for configuration A1 is obtained by performing simulations and
tests with the test vehicle.

The steering capability corresponds to a certain curvature obtained by simulating
the vehicle at certain operating points. The operating points are obtained using
the same IPG CarMaker/Matlab Simulink simulation environment as in chapter 4.
They consist of different constant velocities ranging from 20 km/h to 90 km/h,
which are kept with the vehicle’s rear motors according to the configuration. For
each velocity, a constant differential torque is then applied at the front axle ranging
from 200 Nm to 1000 Nm, where applying 200 Nm means a negative braking wheel
torque of -100 Nm on one side and a positive propulsion wheel torque of 100 Nm on
the other side. The steering wheel torque is set to 0 Nm so it can move freely. The
resulting curvature of the vehicle is saved, and the simulation results are presented
in Figure 5.3 and 5.4.

Figure 5.3: Steer by Torque Vector-
ing - Capability as a function of dif-
ferential left-right torque

Figure 5.4: Steer by Torque Vector-
ing, Capability as a function of differ-
ential left-right torque in 3D

A similar process to the simulation setup is used for the test vehicle, with the same
operating points. While driving at a constant velocity, a constant differential torque
is applied on the front axle, while no steering wheel torque is applied. The curvature
is then calculated by,

ρ = ψ̇

v
(5.2)
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Figure 5.5: Steer by torque vectoring, test vehicle capability

and the test vehicle results are presented in Figure 5.5. Note that the data display
the results from one test run for each operating point. Also, some operating points
are missing from the test vehicle data because insufficient data were collected from
the test runs at these specific operating points.

The comparison between the simulation and the test vehicle results displays a similar
behaviour for the steering capability, where it decreases with an increase in velocity.
It is also evident that the steering capability is higher when the differential torque is
increased. In other words, the most significant curve possible with this configuration
is at lower velocities and high differential torques. The simulation results display
a maximum curvature of approximately 0.01 m, corresponding to a turn with a
radius of 100 m when a differential torque of 1000 Nm is applied at 20 km/h.
Furthermore, it is evident that the capability is higher for the test vehicle than the
simulation results at all operating points.

As explained before, the steering capability increases with a higher differential torque
and with the results showcased here, the limit is at 1000 Nm. In order to make
turns with larger curvatures, this means that the differential torque has to increase.
However, there are limitations on how high the applied differential torque can be.
The first limitation is when the actuators get saturated, i.e. reach their limit. In this
case, the power limit of the EM’s is the limitation. If the EM’s are saturated, the
control input may not be fulfilled, which means that the differential torque request
is not reached and the desired curvature is not fulfilled. The other limitation is the
traction limit of the tires. If the applied wheel torque exceeds the torque limited by
friction, the tire will slip instead and not contribute to turning the vehicle.

Finally, the curvature data for each operating point from the simulation and the
test vehicle results are used to make a 2D look-up table which outputs a differential
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torque for a given input of velocity and desired curvature. The following section
describes the integration of the look-up table with the rest of the control architecture.

5.4 Control architecture - SbTV
As mentioned in section 5.3.3, the configuration that was used to find the steering
capability was A1 which implies using the rear EM’s to maintain the desired velocity,
i.e. applying the same torque to the rear EM’s and applying a differential torque ∆T
on the front wheels to achieve a certain curvature. Therefore, the control allocator
is designed to apply a differential torque on the front axle. Note that the magnitude
of the torque to each front wheel is equal. However, the sign of the applied torque is
opposite to fulfilling the desired curvature, hence the notation differential torque.
The differential torque is calculated in the look-up table in the control allocator
block using the vehicle velocity and the reference curvature, which is generated by
the PTC. The architecture is illustrated in Figure 5.6. The sign of the reference
curvature determines which wheel to apply positive or negative torque, i.e. turning
left or right. Turning left would mean applying positive torque on the right wheel
and negative torque on the left. The rear motor torques are equal and determined
by the longitudinal force request from the driver interpreter.

Figure 5.6: Control architecture of steer by torque vectoring control system

5.5 Test Cases
The SbTV controller’s performance is evaluated by several different test cases. Since
this controller is a backup system, ride comfort is not the most critical attribute to
evaluate. In this case, the critical attributes are the controller’s capability to steer
the vehicle to ensure a fail-operational ability in case of steering wheel failures and
therefore maintain a lateral deviation lower than the road boundaries. Therefore,
in this case, only the controller’s precision is considered compared to the PTC eval-
uation.
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The first test case consists of the two 90◦ turns that were used when evaluating
the path-tracking controller in chapter 4. Consequently, the same reference road
definitions are used here as were presented in section 4.3.2, meaning a 90◦ turn with
a radius of 50 m and 312.5 m, respectively. The complete settings for the test case
are displayed in Table 5.1. For the radius of 50 m, the velocity is kept constant at
36 km/h, and for the 312.5 m turn, the velocity is set to 90 km/h such that the
lateral acceleration is 2 m/s2 in both scenarios. This test case aims to showcase the
SbTV controller’s behaviour in a steady state turn to evaluate its ability to steer
the vehicle if the steering wheel actuation fails while turning.

Test case Tuning Velocity
90 ◦ turn - R=50 m Tp ∈ [0.6, 1.0] [s] v = 36 [km/h]
90◦ turn - R=312.5 m Tp ∈ [0.6, 1.0] [s] v = 90 [km/h]

Table 5.1: 90◦ turn test cases for the steer by torque vectoring controller

The second test case used to evaluate the SbTV controller is a lane change ma-
noeuvre. This test case showcases the controller’s ability to change lanes without
using the steering actuator. If the controller can manage a lane change, it has a
fail-operational ability and can control the vehicle’s lateral motion to a safe state.
A safe state in this scenario is defined as a lateral deviation smaller than the road
boundaries, i.e. the vehicle can maintain its position on the road and either keep a
constant velocity or brake to a stop (vehicle velocity = 0 km/h). The reference road
definition is presented in Figure 5.8 and 5.7 and the test case settings are presented
in Table 5.2. The distance between the points on the reference path is 1 m.

Test case Tuning Velocity
1: Lane change Tp ∈ [0.6, 1.0] [s] v ∈ [30, 60] [km/h]

Table 5.2: Lane change test cases

Figure 5.7: Lane change, reference path
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Figure 5.8: Lane change, reference path in IPG CarMaker

5.6 Simulation Results
In this section, the simulation results for the SbTV controller are presented for the
different test cases.

Table 5.3 presents the results of the 90◦ turn with a radius of 50 m and 312.5 m,
respectively. The difference between the RMSE and the max error for the two look-
ahead times of Tp = 0.6 and Tp = 1.0 is insignificant for the first test case of a path
radius of 50 m relative to the second test case with a larger path radius. For the
larger path radius, the RMSE and the max error using Tp = 0.6 is approximately
reduced by half compared to when Tp = 1.0 is used. The most obvious outcome of
these results, however, is that the controller’s precision using SbTV is notably worse
than the precision using the steering wheel to control the lateral movement of the
vehicle. Figure 5.9 and 5.10 below shows the lateral deviation of the manoeuvres
mentioned above and Figure 5.11 and 5.12 the corresponding wheel torques.

90◦ turn (36 km/h, R=50 m) 90◦ turn (90 km/h, R=312.5 m)

Tp RMSE [m] Max error [m] Tp RMSE [m] Max error [m]
0.6 0.369 0.935 0.6 0.163 0.281
1.0 0.325 0.901 1.0 0.321 0.559
PPC 0.014 0.060 PPC 0.016 0.049

Table 5.3: Lateral deviation with steer by torque vectoring for the 90◦ turns

The simulation results for the vehicle’s trajectory relative to the reference path for
the lane change manoeuvre are presented in Figure 5.13 and 5.14 for 30 km/h and
60 km/h respectively. Note that the trajectory of two runs with different look-
ahead times is presented in each figure, as specified in the test matrix for test
case 1, which showcase the difference the look-ahead time has on the controller’s
ability to follow the reference path. The reference path is showcased with a single
yellow line in the figures. Comparing Figure 5.13 and 5.14, it is evident that the
SbTV controller’s ability to follow the reference path is better at lower velocities,
confirming the steering capability results displayed in Figure 5.3.
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Figure 5.9: 90◦ turn at 36 km/h,
lateral deviation using Differential
Torque and PPC (TV + PPC) or a
PTC alone (only PPC)

Figure 5.10: 90◦ turn at 90 km/h,
lateral deviation using Differential
Torque and PPC (TV + PPC) or a
PTC alone (only PPC)

Figure 5.11: 90◦ turn at 36 km/h,
wheel torques

Figure 5.12: 90◦ turn at 90 km/h,
wheel torques

Figure 5.13: Lane change at 30 km/h, trajectory
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Figure 5.14: Lane change at 60 km/h, trajectory

Figure 5.15: Lane change at 30
km/h, lateral deviation

Figure 5.16: Lane change at 60
km/h, lateral deviation

Lane Change (30 km/h) Lane Change (60 km/h)

Tp RMSE [m] Max error [m] Tp RMSE [m] Max error [m]
0.6 0.047 0.117 0.6 0.348 0.896
1.0 0.082 0.211 1.0 0.298 0.685
PPC 0.014 0.042 PPC 0.058 0.170

Table 5.4: Lateral deviation for the lane change manoeuvre
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Figure 5.15 and 5.16 displays the lateral deviation of the lane change manoeuvre
with the results presented in Table 5.4. The precision of the low-velocity manoeuvre
is noticeably higher than that of the high-speed manoeuvre but, once again, inferior
to the configuration of controlling the lateral movement of the vehicle using the
steering wheel.

5.7 Chapter Conclusion
The results showcase that the SbTV controller can steer the vehicle in both a curve
and a lane change scenario. Consequently, the SbTV controller has the capability
to serve as a backup system and ensure fail-operational ability in case of steering
actuator failures. The ability of the controller is, however, affected by the velocity.
When the velocity increases, the controller will eventually not be able to maintain
its ability to control the vehicle’s lateral motion and follow the reference path. The
decrease in capability when the velocity is increased is evident in Figure 5.3 for the
vehicle model and Figure 5.5 for the actual test vehicle. Comparing the results for
the 90◦ turn that were showcased in Table 5.3, the RMSE is greater than 0.3 m,
independently of the look-ahead time for the path with radius R = 50 m. When the
radius is increased to 312.5 m, however, the RMSE is decreased by approximately
half to about 0.16 m. Note that a higher path radius implies a lower path curvature
according to equation 4.2. With that being said, a path radius of 50 m results
in a path curvature of 0.02 1

m
, which is well above both the range of the wheel

torques given by the capability matrix shown in Figure 5.3. Consequently, the
motor torques increase beyond 1000 Nm, but they get saturated, which is visually
apparent in Figure 5.11 where the wheel torques are saturated at around 10 seconds.
However, when the path radius is larger, the requested torque is well within the
range of the look-up table, and the motors are not saturated. In that case, the
results are consistent with chapter 4, where a lower look-ahead time Tp provides
better precision.

An aspect of the results which could be deceiving is the manoeuvres where the
vehicle does not reach convergence. Figure 5.15, i.e. the lateral deviation of the
90◦ turn with a 50 m path radius, shows that the vehicle is not really in a steady
state condition at any point during the primary manoeuvre. A low look-ahead time
means rapid reactions with overshoot, and in short manoeuvres, the effect of a large
overshoot on the results could be deceptive. However, compared to controlling the
vehicle’s lateral motion using the steering wheel as done in chapter 4, this system is
much more unstable and less predictive. Some test cases could yield better results
using a higher look-ahead time.

The vehicle’s capability is also an important topic, as the capability is affected by
the configuration, i.e. what actuators are utilised. For the results presented in the
previous section, only the front motors were utilised to steer the vehicle, and the
rear motors had an equal torque distribution to keep a constant velocity. Using
another configuration can improve the results, for example adding friction brakes or
distributing the rear motor torques as well. However, most of the capability is from
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the front axle due to the scrub radius effect. Adding differential torque on the rear
axle would only increase the contribution from the yaw moment on the chassis.
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Energy Efficient Torque Vectoring

This chapter investigates the concept of reducing the vehicle’s energy consumption
by optimising the torque distribution between the four motors. The investigation
includes the development of a torque vectoring controller that can allocate optimal
wheel torques based on a reference yaw moment. Further, the torque vectoring con-
troller is coupled with the PPC to investigate if combining the controllers for lateral
and yaw motion control can reduce the vehicle’s energy consumption. Consequently,
in this chapter, the driver and the PPC can control the steering wheel actuation.
The optimisation-based control allocation is designed with two offline optimisation
strategies. The first is based on a set of distribution rules, and the other is based
on a look-up table.

6.1 The Vehicle’s Power Losses
The word optimal refers to the fact that an over-actuated system can obtain the
desired reference value in infinite ways. Therefore, one of these approaches will be
optimal concerning specific requirements. In this case, the requirement is energy
efficiency, meaning that the total energy consumption for an arbitrary driving cycle
needs to be reduced. The total energy consumption for a drive cycle can be computed
by integrating the total work, Ptot, produced over time (from t0 to te) to complete
the cycle, according to equation 6.1. Since the energy consumption is minimised
simultaneously, the power losses in the system are minimised. The purpose of the
TVC is to allocate the wheel torque to minimise the power losses in the vehicle. An
overview of the power flow for the vehicle used in this study is displayed in Figure
6.1.

Etot =
∫ te

t0
Ptot dt (6.1)

As shown in Figure 6.1, there are different losses originating from various places
in the vehicle, which can be categorised into different groups. There are electrical
losses (motor, inverter and battery), transmission losses (gearbox), and tire losses
(longitudinal and lateral slip and rolling resistance).
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Figure 6.1: Power flow of the test vehicle used in this study

The total power, Ptot, is the battery power defined according to 6.2. Positive power
is defined as a power flow from the battery to the wheels, and negative power is
defined in the opposite direction, i.e. regenerative braking.

Ptot =


√
ηbatPbat, if Pbat ≤ 0

Pbat√
ηbat

, if Pbat > 0
(6.2)

The efficiency of the battery, ηbat, is the round-trip efficiency, i.e. the ratio of power
flowing in and out of the system Pbat,out/Pbat,in. Pbat is the battery power going out
or in from the battery, and it is defined according to equation 6.3.

Pbat =
4∑
i=1

Pem,i + PEPAS + Paux, i ∈ {1, ...4} (6.3)

The battery power is a sum of the input power, Pem,i to motor i ∈ {1, ...4} and the
power to the EPAS as well as the auxiliary power, Paux to other systems such as
air conditioning. The auxiliary power is, however, neglected in this study and is
therefore set to zero, Paux = 0. The motor power is defined according to

Pem,i = Pgb,i + Pem,loss,i, i ∈ {1, ...4} (6.4)

where Pem,loss,i is the power loss from one motor and inverter pair i ∈ {1, ...4} and
Pgb,i is the input power to the gearbox which is defined according to
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Pgb,i =


Pw,i

ηgb
, if Pw,i ≤ 0

ηgbPw,i, if Pw,i > 0
(6.5)

where ηgb is the transmission efficiency and Pw,i is the input power to the tire. The
total power input to the tires is defined by

4∑
i=1

Pw,i =
4∑
i=1

(Psx,i + Psy,i + Prr,i) + Pmech + Pres (6.6)

where Psx,i is the longitudinal slip power loss, Psy,i is the lateral slip power loss,
Prr,i is the rolling resistance power loss for tire i ∈ {1, ...4}. Pmech is the mechanical
power required for the vehicle’s motion, and Pres is the power loss from aerodynamic
drag and friction.

6.1.1 Battery power losses
In Figure 6.1, it can be seen that the battery power is the sum of the four motor
power inputs and the power drawn from the EPAS module. The auxiliary power is
neglected in this study. The battery power losses depend on the resistance in the
battery cells, which varies with temperature, the state of charge and the current.
The battery current depends on the motor power, which means that if the motor
power consumption is reduced, it can be expected that the battery power losses will
also be reduced. However, the effects of temperature, state of charge and battery
current are neglected in this study. Instead, a round-trip efficiency for a lithium-ion
battery of 95 % is used according to [36].

6.1.2 Electric power losses
In the electric motor and inverter pairs, power losses also exist due to iron and copper
losses that will increase non-linearly with the torque and the motor’s rotational
speed. In this study, the electric losses are based on experimental data obtained in
test bench experiments. The test data construct a power loss map for the motor
and inverter pair, as shown in Figure 6.2. The power loss map shows that the power
losses depend on the motor’s torque and rotational speed.

6.1.3 Transmission losses
The transmission losses occur due to the friction in the gears and are acquired
by experimental measurements. The efficiency of the gearbox is instantaneously
calculated in a look-up table using the rotational speed and EM torque as input
variables. The efficiency is then multiplied by the EM torque, which outputs the
actual EM torque. The difference in torque before and after the gearbox efficiency
is considered the power loss.
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Figure 6.2: Test bench measured power loss data for inverter and EM pair

6.1.4 Tire losses
Rolling resistance, lateral slip and longitudinal slip power losses are all experienced
in the vehicle’s tires. Rolling resistance power losses occurs due to hysteresis. Hys-
teresis is a characteristic of deformable materials in how the deformation energy
of the deflecting rubber elements of the tire coming in contact with the ground is
greater than the energy of recovery when the rubber elements leave the contact
patch and regain their original shape [36]. There are many factors affecting the
rolling resistance losses. However, the most relevant factor for this project is the
tire load and applied torque to the wheels.

The deflection of the rubber elements enables longitudinal and lateral forces. The
longitudinal tire loss is a consequence of tire slip, which occurs due to a difference in
tangential speed and longitudinal speed of the wheel centre relative to the ground.

The lateral slip angle is the main reason for the lateral slip power losses. When
steering the vehicle, lateral tire forces will have to be developed, which is possible
due to the rubber element deflection of the tires. These forces, however, will yield a
co-directed force working against the direction of motion of the vehicle, resulting in
lateral slip power losses.

6.1.5 EPAS consumption
As mentioned in section 5.3, an aligning torque is induced on the tires due to the sus-
pension geometry, i.e. nonzero scrub radius and pneumatic trail. This phenomenon
is experienced during cornering manoeuvres when one lets go of the steering wheel,
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and the vehicle starts to align itself towards the instantaneous heading direction.
The EPAS reacts to the driver’s steering wheel angle input and produces a torque to
overcome the aligning torque. Without EPAS, the driver would need to rotate the
steering wheel and overcome the aligning torque without the aid of the EPAS, which
is significantly more difficult. That is why EPAS is used; consequently, the power
it consumes is needed to overcome the aligning torque. The direct yaw moment
produced by applying a differential torque on the tires will make the tires turn until
the aligning torque is equal to the direct yaw moment, assuming that the applied
force on the steering wheel is zero, i.e. zero EPAS power consumption. However, if
the EPAS is controlled by a driver model or a PTC with TV applied simultaneously
whilst cornering in both transient and steady-state manoeuvres, the total power
consumption of the EPAS could be reduced as the direct yaw moment produced by
the TV aids in rotating the vehicle.

6.2 Optimisation strategy
Many different strategies can be utilised to solve the optimisation problem of min-
imising the power losses in the vehicle by allocating the wheel torques. The optimal
torque distribution corresponds to an optimal yaw moment on the chassis; therefore,
the optimisation problem can also be formulated to obtain an optimal yaw moment.
As mentioned previously, the optimisation problem can be solved online or offline.
One common approach is to implement a cost function that minimises the power
losses by allocating the motor torques through online computations. Another online
optimisation variant uses a quadratic program that analytically provides a solution
through matrix operations. However, online optimisation methods can be more
challenging to implement in a vehicle due to their complexity compared to offline
optimisation strategies, which is why an offline strategy is chosen in this study. The
offline solution can, for example, be obtained either by implementing distribution
rules or by a look-up table that can be used online. The rule-based and the look-up
table offline methods are used in this study and will be further explained in the
following sections.

6.2.1 Offline optimisation - Rule based
The rule-based optimisation problem allocates the four motor torques based on a
set of distribution rules. In this case, the distribution rules are defined in equation
6.7, and 6.8, where Fx,Left and Fx,Right are the longitudinal force requests on the
left and right tires. Fx,req is the total longitudinal force request and SWAthr is
the threshold for the steering wheel angle. In other words, these distribution rules
allocate all longitudinal force requests on the right side of the vehicle if the steering
wheel angle is above a certain threshold. If it is lower than the threshold, it will
allocate all longitudinal force requests to the left side. Consequently, if the steering
wheel angle is above, for example, 10 degrees, all torque requests will be sent to
the right motors, and if the steering wheel angle is less than -10 degrees, all torque
requests will be sent to the left motors. Note that the distribution rules presented
here do not consider any optimal yaw moment.
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Fx,right =

Fx,req, if SWA > SWAthr

0, if SWA < −SWAthr
(6.7)

Fx,left =

0, if SWA > SWAthr

Fx,req, if SWA < −SWAthr
(6.8)

The distribution between front and rear, i.e. the individual wheel force request Fx,ab
is done by using the distribution constant df−r ∈ [0, 0.5, 1] and equation 6.9 - 6.12.

Fx,FL = Fx,left · df−r (6.9)

Fx,FR = Fx,right · df−r (6.10)

Fx,RL = Fx,left · (1− df−r) (6.11)

Fx,RR = Fx,right · (1− df−r) (6.12)

When df−r = 0.5, for example, 50 % of the longitudinal force request is sent to the
rear and 50 % to the front. The indices a and b are notations for the different sides
and axles of the vehicle. The individual EM torques are then defined by

TEM,FL = Fx,FL · rw
nt

(6.13)

TEM,FR = Fx,FR · rw
nt

(6.14)

TEM,RL = Fx,RL · rw
nt

(6.15)

TEM,RR = Fx,RR · rw
nt

(6.16)

with rw being the wheel radius and nt being the transmission ratio. The steering
wheel angle threshold, SWAthr, and the distribution constant, df−r, can be seen as
tuning parameters. However, the steering wheel threshold is set to 5 degrees for all
scenarios to avoid oscillations in the torque request at small steering wheel inputs.

6.2.2 Offline optimisation - Look-up table
The look-up table is based on a brute force offline optimisation where a yaw moment
sweep is conducted to acquire the optimal yaw moment for each operating point. In
contrast to the rule-based strategy, this method is an optimal yaw moment controller
that allocates the motor torque based on an optimal yaw moment reference. In this
case, the brute force optimisation is based on the trial-and-error method regarding
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the control allocation because both the reference generator and the control allocation
require an optimal control design. The initial process of developing the brute force
offline optimisation is to define the operating points. First, an arbitrary front-rear
torque distribution is decided. Since this optimisation strategy is time-consuming,
a distribution constant, df−r, of 0.5 is decided, i.e. a 50/50 front/rear torque distri-
bution. A sweep of constant direct yaw moments, Mz,dir, ranging from -1000 Nm
to + 1000 Nm with increments of 100 Nm is then applied at a constant velocity
and curvature, which defines the operating points. The curvature and velocities are
then iterated for each yaw moment sweep. The torque allocation for the applied
yaw moment is derived by expanding the single-track vehicle model to a two-track
model according to Figure 6.3.

Figure 6.3: Force allocation for configuration used in the Energy Efficient Torque
Vectoring controller

The total longitudinal force request, Fx,tot for the vehicle can be expressed as the
sum of the left and right tire forces, which leads to the relation between the left,
right and total force requests, which is presented in equation 6.17.

Fx,tot = Fx,Left + Fx,Right

Fx,Left = Fx,tot − Fx,Right
Fx,Right = Fx,tot − Fx,Left

(6.17)

The direct chassis yaw moment, Mz,dir, is defined in equation 6.18.
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Mz,dir = (Fx,FR + Fx,RR) · w2 − (Fx,FL + Fx,RL) · w2 (6.18)

Since Fx,FR + Fx,RR = Fx,Right and Fx,FL + Fx,RL = Fx,Left, one can insert the
expressions for Fx,Left and Fx,Right from equation 6.17 in equation 6.18 and obtain
the following expressions for the left and right longitudinal forces:

Fx,Right = Fx,tot ·
w

2 + Mz,dir

w

Fx,Left = Fx,tot ·
w

2 −
Mz,dir

w

(6.19)

The individual wheel forces and motor torques are then computed by equations 6.9
- 6.13 that were presented for the rule-based distribution.

The yaw moment sweep is performed with the same IPG Carmaker/Matlab Simulink
model used in chapter 4 and 5, and for each sweep, the power consumption is mea-
sured. The yaw moment with a torque allocation that yields the lowest power
consumption is then saved for that specific velocity and curvature operating point.
The saved data containing the optimal yaw moments are then used to create a look-
up table. The look-up table, therefore, generates an interpolated optimal reference
yaw moment Mz,ref for each combination of instantaneous vehicle velocity and ref-
erence curvature ρref , assuming the requests are within the curvature capability of
the vehicle. The look-up table is visualised in Figure 6.4. Note that the look-up
table presented here is for a 50/50 front/rear torque distribution since df−r is set to
0.5. The possibility, however, exists to have one look-up table for different front/rear
torque distributions, but this is not evaluated in this study.

Figure 6.4: Lookup table for interpolating optimal reference yaw moments
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6.3 Control architecture - Energy Efficient TV
As the two optimisation strategies used in this study have been presented, it is time
to introduce the controller design. Since the purpose of the TVC in this concept
is to allocate the motor torques to generate an optimal distribution regarding the
power consumption, the controller is called an Energy Efficient Torque Vectoring
Controller (EETVC). The EETVC utilises both optimisation strategies presented
in the previous section, i.e. it can either use the rule-based or the look-up table
method to allocate the motor torques. As mentioned, the look-up table consists of
optimal yaw moments obtained offline through a brute force method. Consequently,
when the EETVC utilises the look-up table, it allocates the motor torque to achieve
the optimal yaw moment reference. However, the controller does not have any
feedback regarding the yaw moment, i.e. it is a feed-forward controller. When the
controller uses the rule-based method, it distributes the torques based on the total
longitudinal force reference from the driver model based on the distribution rules
presented in section 6.2.1. The control architecture for the EETVC is displayed in
Figure 6.5.

Figure 6.5: Control architecture for the energy efficient torque vectoring control
system

The EETVC architecture consists of a reference generator and a control allocator,
similar to the PTC and the SbTV control architectures. The reference for the rule-
based EETV is the total longitudinal force request, Fx,ref , computed by the driver
interpreter and the pedal position inputs from the driver. The longitudinal force
reference is used in the control allocator to distribute the EM torques, TEM,1...4,
based on the distribution rules that were presented in section 6.2.1. The look-up
table EETV also has the longitudinal force reference as an input. However, it also
has the optimal yaw moment reference, Mz,ref , from the look-up table as an input
which is computed based on the velocity and curvature reference. The optimal
yaw moment reference and the longitudinal force reference are used in the control
allocator, which will distribute the EM torques, TEM,1...4 based on equations, 6.9 to
6.16 and 6.19. The reference curvature is obtained either by the PTC, ρptc or by the
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driver model, which requests a steering angle δreq, which is later converted into a
requested driver curvature ρreq based on the relationship described in equation 4.3.

The reference curvature ρref is chosen depending on the configuration, i.e. either
a configuration where the PTC allocates the steering wheel angle request, δSW or
when the driver allocates the steering wheel angle request. The torque allocation
can also be changed between the rule-based or the look-up table optimisation strat-
egy. Consequently, four different configurations exist for the EETVC indicated by
switches 1 and 2 in Figure 6.5. For example, having both switches 1 and 2 in mode
A means that the steering wheel angle request is defined by the PTC, and the torque
allocation is made by the look-up table optimisation strategy.

Finally, with the EETV configurations presented here, the lateral motion of the
vehicle is controlled with both the steering wheel and the yaw moment produced
by the torque distribution. Consequently, the required steering angle to follow an
arbitrary curvature will be less with the added yaw moment than with no differential
torque distribution. Therefore, the driver can decrease the steering wheel angle and
maintain the same curvature. To account for the added yaw moment when using
the PTC, i.e. having mode A on switch 1, a correction term can be added to the
steering wheel angle formulation, which will counter the effect of the added yaw
moment. The correction term, Mz,cor, is defined in equation 6.20, and this is then
added to the wheel angle formulation in equation 6.21.

Mz,cor = Mz,ref · (Cyf + Cyr)
(Cyr · Cyf · L) (6.20)

δSW = arctan((L+Ku · v2) · ρref )−Mz,cor (6.21)

6.4 Test cases
The EETVC’s effect on the vehicle’s energy consumption is evaluated by two dif-
ferent test cases defined in this section. The test cases are evaluated in the same
simulation environment that was used to evaluate the PTC and SbTV controllers.

6.4.1 Test Case 1: Steady state power consumption
The first test case aims to evaluate the possible differences in power consumption
when applying different torque distributions by measuring the instantaneous power
consumption when driving at a constant velocity in a constant radius, i.e. the steady-
state power consumption. In this scenario, the four motor torques are allocated by
the control allocation block as a function of the requested longitudinal force and the
yaw moment reference, see Figure 6.5. However, the applied reference yaw moment,
Mz,ref , to obtain different torque distributions is set to a constant value for each
simulation run and not computed online through the look-up table. Instead, in
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this test case, a sweep of different constant yaw moments at different velocities is
applied, which results in different torque distributions that will affect the power
consumption. Therefore this test case will display the optimal yaw moment for a
particular torque distribution with optimal steady-state power consumption. The
test case will also display how the power losses change for different yaw moments.

A reference test run must be performed without the EETVC activated to enable a
comparison between the power consumptions with and without the EETVC. The
reference test case is therefore defined as having equal torque on the left and right
motors, which is done by setting the yaw moment reference to zero, i.e. the power
consumption when the yaw moment is zero is the reference test case. The test case
is performed at three different front/rear torque distributions of 0-100, 50-50 and
100-0, i.e. RWD, AWD and FWD. The radius for the test case is set to 100 m, and
the velocities are set to 51, 72, and 89 km/h. For this test case, the IPG Driver
model controls the steering wheel angle, i.e. switch 1 is in mode B. The velocity is
also kept constant by the IPG Driver model. The yaw moment sweep is performed
from -1000 Nm - 1000 Nm with increments of 100 Nm, and the test case matrix is
displayed in Table 6.1.

Test Matrix
Configuration Reference test case Yaw Moment Sweep

Velocity v = [51, 72, 89] [m/s] v = [51, 72, 89] [m/s]
Path radius r = 100 [m] r = 100 [m]
Lateral acceleration ay = [2, 4, 6] [m/s2] ay = [2, 4, 6] [m/s2]
Front/Rear distribution df−r = [0-100, 50-50, 100-0] df−r = [0-100, 50-50, 100-0]
Applied direct yaw moment 0 [Nm] Sweep -1000 [Nm] → 1000 [Nm]

Table 6.1: Test case 1: Test matrix using IPG Driver

6.4.2 Test Case 2: Energy consumption at HandlingTrack1
The second test case evaluates the energy consumption for the different EETVC
configurations at Handling Track 1 from Hällered Proving Ground, which was also
used in the PTC evaluation. The energy consumption for each configuration is
measured for one lap and compared to the reference test case, which is defined as
similar to the previous test case when the yaw moment is zero, i.e. the torque is
equal on the left and right motors. For this test case, the vehicle velocity is also
kept constant by the IPG Driver. The velocity is set to 50 km/h, which is the
same as in the PTC evaluation. The velocity is constant to separate this test case
from any transient manoeuvres, i.e. the longitudinal acceleration is constant, and
to ensure that the lateral acceleration is kept within reasonable limits. The lateral
acceleration for this test case is displayed in Figure 6.6.

The first configuration for the EETVC evaluated in this test case is when the steering
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Figure 6.6: Test Case 2 - Lateral Acceleration

wheel angle request is controlled by the IPG Driver and the rule-based optimisation
strategy is used, i.e. switch 1 and 2 are set on mode B in the control architecture.
The first configuration is evaluated for FWD, AWD and RWD, and the test ma-
trix for this test case is presented in the second column in Table 6.2, ”Rule-based
EETVC”. Note that the reference test case is defined by the two rows ”Reference
for TEM,1...4” and ”Reference for δSW ”. Consequently, for this case, the reference has
equal torque distribution on the left and right motors, and the IPG Driver controls
the steering wheel angle allocation for the path following.

The second configuration for the EETVC is when the vehicle still is steered by the
IPG Driver model. However, in this scenario, the EETVC is coupled with the look-
up table optimisation strategy, i.e. switch 1 is in mode B and switch 2 is in mode
A. Note that this configuration is only tested for a 50-50 front/rear distribution
since the look-up table is derived only with that configuration. The settings for this
configuration can be seen in column three in Table 6.2.

Test Matrix (IPG Driver)
Configuration Rule Based EETVC Look-up table EETVC

Velocity v = 50 [m/s] v = 50 [m/s]
Front/Rear distribution df−r = [0-100, 50-50, 100-0] df−r = [50-50]
Reference (TEM,1...4) Fx,Left = Fx,Right Fx,Left = Fx,Right

Reference (δSW ) IPG Driver IPG Driver
Steering Control (Switch 1) B (IPG Driver) B (IPG Driver)
Optimisation strategy (Switch 2) B (Rule Based) A (Look-up table)

Table 6.2: Test case 2 - Handling track 1: EETVC Test matrix coupled with the
IPG Driver

79



6. Energy Efficient Torque Vectoring

The third EETVC configuration is when the path following is done by the PTC,
which in this test case is the PPC, and the rule-based optimisation strategy is
used. The settings for this test case can be seen in column two in Table 6.3. Since
the EETVC is coupled with the PPC in this case, the tuning must be performed
with both controllers in mind. Therefore the reference case for this configuration
is defined by setting the look-ahead time, Tp = 0.6s, while the torque allocation is
equal on the left and right motors. The EETVC is then tested for two different PPC
combinations when Tp = 0.6s and when Tp = 1.0s. Also note that this configuration
is tested for FWD, AWD and RWD configurations.

The fourth and final EETVC configuration is when the look-up table optimisation
strategy is used together with the PPC. The settings for this configuration are
displayed in the third column in Table 6.3. Note that the reference in this scenario
is when Tp = 0.6s and that it is only tested for a 50-50 front/rear distribution.

Test Matrix (PTC)
Configuration Rule Based EETVC Look-up table EETVC

Velocity v = 50 [m/s] v = 50 [m/s]
Front/Rear distribution df−r = [0-100, 50-50, 100-0] df−r = [50-50]
Reference (TEM,1...4) Fx,Left = Fx,Right Fx,Left = Fx,Right

Reference (δSW ) (PPC, Tp = 0.6) (PPC, Tp = 0.6)
Steering Control (Switch 1) A (PPC, Tp = [0.6, 1.0]) A (PPC, Tp = [0.6, 1.0])
Optimisation strategy (Switch 2) B (Rule Based) A (Look-up table)

Table 6.3: Test case 2 - Handling track 1: EETVC Test matrix coupled with the
PPC

6.5 Simulation results

The simulation results for the different test cases are presented in this section.

6.5.1 Steady State Power Consumption
The steady-state power consumption simulation results for a radius of 100 m are
presented in Table 6.4. The table display results for the three different front/rear
torque distributions and three different lateral accelerations for a sweep of constant
yaw moment between ±1000 Nm, defined in section 6.4.1. Note that the table
presents both the difference in percentage and the total power saving for the optimal
yaw moment compared to applying zero yaw moment. The obtained optimal yaw
moment from the sweep, corresponding to each cell in Table 6.4 is displayed in
Figure 6.7. The power consumption saving at 2 m/s2 is deficient but increases with
a higher lateral acceleration. It is also evident that the power consumption difference
depends on which front/rear torque distribution that is used.
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Front/Rear Torque
Distribution

v = 51km/h
ay = 2m/s2

v = 72km/h
ay = 4m/s2

v = 89km/h
ay = 6m/s2

0 - 100 0.06 % (3.38 W) 0.12 % (15.52 W) 0.15 % (40.03 W)
50 - 50 0.04 % (2.45 W) 0.08 % (12.02 W) 0.17 % (45.77 W)
100 - 0 0.01 % (0.72 W) 0.05 % (6.15 W) 0.12 % (33.06 W)

Table 6.4: Steady state total power consumption difference in percent and absolute
power for a 100 m radius turn

Figure 6.7: Steady-state optimal yaw moment, Radius = 100 m

Figure 6.8: Total power consump-
tion for ay = 6m/s2 and 50-50 fron-
t/rear distribution

Figure 6.9: EPAS power consump-
tion for ay = 6m/s2 and 50-50 fron-
t/rear distribution

In Figure 6.8 and 6.9, the total power consumption and the EPAS power consump-
tion for the yaw moment sweep are presented for the 50-50 front/rear torque dis-
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tribution and a lateral acceleration of 6 m/s2. The total power consumption is
displayed in the unit kW and the EPAS consumption in W . The figure shows that
the total power consumption decreases when the yaw moment is increased. There is,
however, an optimal point for the power consumption, which means that when the
yaw moment is increased ”too much”, the power consumption will increase again as
displayed in Figure 6.8. The same behaviour is not valid for the EPAS consumption.
When the added yaw moment increases, the EPAS power consumption will continue
to decrease, as displayed in Figure 6.9.

6.5.2 Handling Track 1 Energy Consumption
This section presents the energy consumption for the simulation results from Han-
dling Track 1 for both EETV controllers. The test case configuration settings were
presented in section 6.4.2 for test case 2. However, only the results for a 50-50 fron-
t/rear torque distribution are presented in this section. The results from the other
distributions, i.e. RWD and FWD, can be found in Appendix F instead.

Test Case 2: Results with IPG Driver
The results from test case 2 with the IPG Driver scenario, i.e. what was described
in Table 6.2, are presented in Table 6.5 and 6.6 for the rule-based and Look-up
table EETV concepts respectively. The tables describe the comparison in energy
consumption for one lap at Handling Track 1 when no EETVC is activated and when
the Rule Based or the Look-up table EETVC is activated. Note that in this case, the
IPG Driver allocates the steering wheel angle request and that a negative value in the
”Difference" column indicates a decrease in, for example, energy consumption. The
rule-based EETVC reduces the energy consumption by 0.31 %, and the EPAS energy
losses are reduced by 9.98 %. The look-up table optimisation strategy yields similar
results, where the total energy consumption is reduced by 0.32 % and the EPAS
losses are reduced by 9.34 %. In Table 6.5 and 6.6, the lateral deviation in terms
of RMSE and maximum deviation is also presented. However, both strategies yield
similar results where the EETV neither worsens nor improves the path following.

In Figure 6.10 and 6.11, the difference for all energy losses that are present in the
vehicle is displayed for the rule-based and look-up table optimisation strategies.
Note that both the absolute and percentage differences in energy consumption are
showcased. It is evident that the EM and inverter losses reduce the most when the
EETV is activated. Consequently, the reduction in EM and inverter losses contribute
the most to the overall reduction in the vehicle’s energy consumption. For the rule-
based method, the EM and inverter losses reduce by 0.30 kJ ; for the look-up table
method, the losses are reduced by 0.27 kJ . Furthermore, the EPAS losses have the
most considerable reduction in percentage for both strategies. A final observation
when comparing the results is that the longitudinal slip losses, Sx, increase with the
rule-based strategy while it does not change with the look-up table method.
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EETV: Rule Based + IPG Driver - Energy Consumption [kJ]
Comparison No TV With TV Difference

Total Consumption 438.98 [kJ] 437.60 [kJ] -0.31 [%]
EPAS Consumption 0.69 [kJ] 0.62 [kJ] -9.98 [%]

Lateral Deviation (RMSE) 0.170 [m] 0.166 [m] -0.004 [m]
Lateral Deviation (Max) 0.517 [m] 0.498 [m] -0.019 [m]

Table 6.5: Handling Track 1 - Rule Based Torque Distribution, Energy Consump-
tion with IPG Driver for a 50-50 front/rear distribution

Figure 6.10: Difference in energy losses without EETV + IPG Driver compared
to with Rule Based EETV + IPG Driver for a 50-50 front/rear distribution

EETV: Look-up Table + IPG Driver - Energy Consumption [kJ]
Comparison No TV With TV Difference

Total Consumption 438.98 [kJ] 437.56 [kJ] -0.32 [%]
EPAS Consumption 0.69 [kJ] 0.63 [kJ] -9.34 [%]

Lateral Deviation (RMSE) 0.170 [m] 0.172 [m] +0.002 [m]
Lateral Deviation (Max) 0.517 [m] 0.520 [m] +0.003 [m]

Table 6.6: Handling Track 1 - Look-up Table Torque Distribution, Energy Con-
sumption with IPG Driver for a 50-50 front/rear distribution
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Figure 6.11: Difference in energy losses without EETV + IPG Driver compared
to with Look-up table EETV + IPG Driver for a 50-50 front/rear distribution

Test Case 2: Results with PPC
The simulation results from test case 2 with the PPC scenario, i.e. when the EETVC
is used in combination with the PPC is presented in Tables 6.7 - 6.10. In Table 6.7
and 6.8 the look-ahead time, Tp, is 0.6 s, and in Table 6.10 and 6.10 Tp = 1.0.
The configuration settings for this test case were described in Table 6.3. In this
scenario, the reference measurement is with no active EETV, i.e. equal torque on
all four wheels, and the PPC always has a look-ahead time of 0.6 s, i.e. Tp = 0.6.
When the rule-based EETVC is combined with the PPC, which has a Tp = 0.6,
it yields a reduction of 0.34 % for the vehicle’s total energy consumption for one
lap at Handling Track 1. With the same settings but instead using the EETVC
with the look-up table strategy, the results are similar, with an energy consumption
reduction of 0.33 %. Consequently, the total energy consumption reduction when
using the EETVC in combination with the PPC is similar to when combined with
the IPG Driver. The total energy consumption is, however, different. With the IPG
Driver scenario, the lowest total energy consumption is 437.56 kJ when the look-up
table EETVC is used, while for the PPC scenario, the lowest energy consumption is
441.35 kJ when the rule-based EETVC is used instead. Another difference between
the IPG Driver and the PPC scenario is that the lateral deviation is higher with the
IPG Driver than with the PPC. Similar to the IPG scenario, the lateral deviation
is not affected as much when EETV is activated in combination with the PPC.

In Figure 6.12 and 6.13, the different energy losses for the vehicle are presented
when Tp = 0.6 for the rule-based and look-up table strategy, respectively. Similar
to the previous results, the EM and inverter losses reduce the most, and the EPAS
losses have the highest percentage difference. Similar to the previous scenario, the
longitudinal slip losses also increase with the rule-based strategy while they stay
consistent while using the look-up table EETVC.
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EETV: Rule Based + PPC - Energy Consumption [kJ]
Comparison No TV (Tp = 0.6) With TV (Tp = 0.6) Difference

Total Consumption 442.87 [kJ] 441.35 [kJ] -0.34 [%]
EPAS Consumption 0.76 [kJ] 0.68 [kJ] -10.62 [%]

Lateral Deviation (RMSE) 0.061 [m] 0.059 [m] -0.002 [m]
Lateral Deviation (Max) 0.154 [m] 0.151 [m] -0.003 [m]

Table 6.7: Handling Track 1 - Rule Based Torque Distribution, Energy Consump-
tion with PPC (Tp = 0.6) for a 50-50 front/rear distribution

Figure 6.12: Difference in energy losses without EETV + PPC (Tp = 0.6) com-
pared to with Rule Based EETV+ PPC (Tp = 0.6) for a 50-50 front/rear distribution

EETV: Look-up table + PPC - Energy Consumption [kJ]
Comparison No TV (Tp = 0.6) With TV (Tp = 0.6) Difference

Total Consumption 442.87 [kJ] 441.42 [kJ] -0.33 [%]
EPAS Consumption 0.76 [kJ] 0.69 [kJ] -9.71 [%]

Lateral Deviation (RMSE) 0.061 [m] 0.061 [m] 0.000 [m]
Lateral Deviation (Max) 0.154 [m] 0.151 [m] -0.003 [m]

Table 6.8: Handling Track 1 - Look-up table Torque Distribution, Energy Con-
sumption with PPC (Tp = 0.6) for a 50-50 front/rear distribution
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Figure 6.13: Difference in energy losses without EETV + PPC (Tp = 0.6) com-
pared to with Look-up table EETV + PPC (Tp = 0.6) for a 50-50 front/rear distri-
bution

When the rule-based EETVC is combined with the PPC with Tp = 1.0 s, the
total energy consumption is reduced by 1.15 %. When the PPC with Tp = 1.0
s is combined with the look-up table EETVC instead, the energy consumption is
reduced by 1.13 %. Consequently, the energy consumption is reduced more with
a different PPC tuning. The lateral deviation is, however, increasing with a larger
Tp, which can be seen in Table 6.9 and 6.10. With a larger look-ahead time, the
RMSE for the lateral deviation has increased by 0.107 m when using the rule-based
strategy.

In Figure 6.14 and 6.15 the different energy losses for the rule-based and the look-up
table strategy are presented when Tp = 1.0. In contrast to the previous scenarios, the
most significant energy loss reduction here is for the lateral slip losses, sy. However,
similar to before, the longitudinal slip losses increase by almost 30 % when using
the rule-based method, while it stays consistent using the look-up table method.

EETV: Rule Based + PPC - Energy Consumption [kJ]
Comparison No TV (Tp = 0.6) With TV (Tp = 1.0) Difference

Total Consumption 442.87 [kJ] 437.80 [kJ] -1.15 [%]
EPAS Consumption 0.76 [kJ] 0.66 [kJ] -13.93 [%]

Lateral Deviation (RMSE) 0.061 [m] 0.168 [m] +0.107 [m]
Lateral Deviation (Max) 0.154 [m] 0.612 [m] +0.458 [m]

Table 6.9: Handling Track 1 - Rule Based Torque Distribution, Energy Consump-
tion with PPC (Tp = 1.0) for a 50-50 front/rear distribution
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Figure 6.14: Difference in energy losses without EETV + PPC (Tp = 0.6) com-
pared to with Rule Based EETV+ PPC (Tp = 1.0) for a 50-50 front/rear distribution

EETV: Look-up table + PPC - Energy Consumption [kJ]
Comparison No TV (Tp = 0.6) With TV (Tp = 1.0) Difference

Total Consumption 442.87 [kJ] 437.85 [kJ] -1.13 [%]
EPAS Consumption 0.76 [kJ] 0.66 [kJ] -13.13 [%]

Lateral Deviation (RMSE) 0.061 [m] 0.170 [m] +0.109 [m]
Lateral Deviation (Max) 0.154 [m] 0.620 [m] +0.466 [m]

Table 6.10: Handling Track 1 - Look-up table Torque Distribution, Energy Con-
sumption with PPC (Tp = 1.0) for a 50-50 front/rear distribution

Figure 6.15: Difference in energy losses without EETV + PPC (Tp = 0.6) com-
pared to with Look-up table EETV + PPC (Tp = 1.0) for a 50-50 front/rear distri-
bution
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6.6 Chapter Conclusion

In this chapter, two torque vectoring concepts based on an offline optimisation strat-
egy have been presented. The first is the rule-based EETV controller that distributes
all torque requests to either the left or right motors, depending on the steering an-
gle. The second TV controller allocates the motor torques based on a look-up table
with predefined yaw moments obtained with measurement data for optimal energy
consumption. The two EETVC concepts aim to allocate the motor torque to min-
imise the power losses and thereby minimise the overall power consumption for the
vehicle.

The potential energy savings by allocating the motor torques were investigated and
presented by the first test case, which applies a range of constant yaw moments
for a constant radius and velocity. The results showcase the instantaneous steady-
state power consumption, and the conclusion is that the potential energy savings are
insignificant. The most considerable reduction for the power consumption is 0.17
% or 45.8 W at a yaw moment of 600 Nm. However, the total power consumption
at this operating point is 27.5 kW . Another conclusion from the results is that the
power consumption reduces more when the lateral acceleration increases and that the
optimal yaw moment increases with a 50-50 front/rear torque distribution. However,
there is no significant difference in the power consumption between having different
front/rear torque distributions. Finally, this investigation showcase that the power
consumption reduces when allocating more torque to the outer motors while turning
than to the inner motors, but it increases again when applying negative torque on
the inner motors since the regenerative braking losses are assumed to be equal in
this research. Consequently, the optimal torque distribution to minimise the power
losses is a yaw moment that yields an allocation that distributes more torque on the
outer motors and less on the inner motors while turning. The optimal distribution
found in this study is to apply all of the torque requests on the outer motors and
zero torque on the inner motors, i.e. when turning left, apply around 95 % of the
torque request to the right motors. Note that since the steps in the yaw moment are
relatively high, the utilised method indicates the optimal yaw moment but does not
yield an absolute optimal value, i.e. the optimal yaw moment can be between, for
example, 600 and 700 Nm. However, as aforementioned, the aim is to indicate the
potential power consumption savings rather than the exact optimal yaw moment.
Therefore, the resulting decrease in power consumption could have improved if the
smaller steps in yaw moments had been applied.

The EETV controller’s performance, i.e. how much the energy consumption changed
with the controllers activated compared to an equal torque distribution between the
left and right motors, was evaluated by simulating one lap at Handling Track 1, both
with manual steering with the IPG Driver or in combination with the PPC. The
results showcase that the vehicle’s total energy consumption was reduced by around
0.33 % while using the EETVC controller in combination with the IPG Driver, i.e.
manual steering. When the EETVC controller is combined with the PPC, the total
energy consumption is reduced by approximately 1.14 % instead.
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Consistent for all scenarios when evaluating the EETVC is that the EPAS energy
losses reduce when the controller is activated. On average, the EPAS energy losses
are reduced by 11.12 %, which is the most significant reduction in percentage. How-
ever, the EPAS consumption is relatively small compared to the other energy losses
in the vehicle. Otherwise, the EM and inverter losses reduce the most in absolute
energy, except for the case when the PPC has a look-ahead time of 1.0 s. In that
scenario, it is the lateral slip losses that reduce the most instead. It is also im-
portant that a significant energy loss reduction in percentage does not mean that
it contributes to the total energy consumption reduction for the vehicle. One such
example is the longitudinal slip losses. In percentage, it increases by approximately
30 % in some scenarios. However, the longitudinal slip losses are only approxi-
mately 0.05 % of the vehicle’s total energy losses, while the EM and inverter losses
are approximately 15 % of the total energy losses. Therefore, even though the lon-
gitudinal slip losses may have a significant percentage difference compared to the
EM and inverter losses, it contributes less to the total reduction of the energy con-
sumption. The most significant contribution to the reduced energy consumption, in
order of magnitude, is the EM and inverter losses, the gearbox losses and the lateral
slip losses. Another observation when comparing the results is that the difference
between using the rule-based or the look-up table optimisation strategies is insignif-
icant. The difference in the energy reduction is 0.02 percentage units between the
two methods in both the IPG Driver and PPC scenarios. With the rule-based strat-
egy, the longitudinal slip losses increase, however, compared to the look-up table
strategy, which has no significant difference.

When using the EETVC in combination with the PPC, the vehicle’s energy con-
sumption reduces the most when the look-ahead time is 1.0 s. One significant factor
contributing to why this configuration had such good energy consumption is the re-
duction of the lateral slip losses. When TP = 1.0, the lateral slip losses are reduced
compared to when Tp = 0.6, i.e. the vehicle trajectory results in more minor lateral
slip losses, which is why that configuration has a smaller energy consumption. How-
ever, the higher look-ahead time in this scenario, as the PTC evaluation in chapter 4
also showcased, means that the lateral deviation is increasing. Consequently, there is
a trade-off between having good precision for the path following and optimising the
vehicle’s energy consumption when combining the EETCV and PPC. The vehicle’s
trajectory will also affect the energy consumption, which means that if the reference
path also is optimised to reduce the energy consumption, both the path following
precision and the energy consumption requirements can be fulfilled. Comparing the
total energy consumption for all scenarios, the rule-based ETTVC, in combination
with the IPG Driver, have the smallest overall energy consumption of 437.56 kJ . In
comparison, the best EETVC and PPC combination is the rule-based method with
an energy consumption of 437.80 kJ . Therefore, how much the energy consumption
reduces also depends on which reference measurement it is compared with. For ex-
ample, comparing the EETVC combined with the PPC with the EETVC combined
with the IPG Driver would yield different results.
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Finally, from the study, it is evident that the potential reduction in the vehicle’s
power consumption is insignificant in a steady-state driving condition. However,
during a drive cycle, in this case, one lap of the Handling Track 1, it is possible to
reduce the vehicle’s total energy consumption by 1.14 %, and the EPAS energy losses
can be reduced by 11.12 %. The difference between the two evaluated optimisation
strategies is, however, insignificant. Furthermore, the study showcased that for the
test vehicle and powertrain used in this study, the optimal yaw moment reference for
the energy consumption is to allocate all torque requests on the outer motors while
turning. There is also a trade-off between the precision of the path following and the
energy consumption. The potential energy consumption reduction can increase when
using the EETVC in combination with the PPC. However, combining the controllers
requires tuning, where both the reference path, the PPC, and the EETVC can be
tuned to optimise the path following for precision comfort and energy.
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The concepts of geometric path tracking, steer by torque vectoring, and energy effi-
cient torque vectoring for lateral and yaw motion control have now been presented.
The concepts aim to serve as a centralised controller for precise and comfortable
path following, a backup system in case of steering actuator faults and distribute
the motor torques for an optimal energy consumption. In this chapter, the topics
presented in this study are discussed.

7.1 Geometric Path Tracking
This section discusses topics related to the geometric path tracking presented in
chapter 4.

7.1.1 Kinematic bicycle model
There are several reasons why the simplifications regarding small steering angles
were made. The primary and intuitive reason is associated with the fact that the
small steering angle approximation provides a linear system, as all the trigonometric
functions are replaced with their respective simplifications. A linear approximation
disentangles the process of designing a controller since the need to use complex
methods, such as Lyapunov’s method, to linearize the system is withdrawn. Linear
systems have analytical solutions, are intuitively interpreted, are quick to compute
and can be good approximations of non-linear systems. The second significant reason
for the validity of a linear system is derived from the fact that a path tracking
algorithm is to be implemented in the simulation software IPG CarMaker before
being tested in the actual test vehicle. Since IPG CarMaker is equipped with a fully
developed and comprehensive non-linear vehicle model, the simple kinematic bicycle
model is sufficient to ensure the proper functionality of the controllers, which is the
sole purpose of the early development stages.

7.1.2 Modified Path Tracking Controllers
Even though only the PPC and the SC were thoroughly evaluated in this project,
several modified concepts were developed during the study. All modified PTC’s
were developed with either the steering angle formulation of the PPC or the SC
as a basis. One concept that was developed but not included in the evaluation in
chapter 4 was the PPC as a PI-controller as opposed to all the previous concepts,
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which were developed as simple P-controllers. In this concept, the lateral deviation
from the reference point on the vehicle to the reference path is used as the measured
variable and controls the steering angle until the integral sum of error becomes
constant. The PI-controller made sure that the steady-state error was removed,
which was evident as the lateral deviation decreased drastically when implemented
and evaluated at Handling Track 1. However, the stability deteriorated as the vehicle
started oscillating with low frequencies at cornering manoeuvres. The reason was
that the PPC with the understeer gradient performed relatively well at cornering
manoeuvres but experienced small issues with corner cutting, which triggered the
integral term, leading to a relatively high or low instantaneous steering angle request
which resulted in oscillations. Therefore, this concept was not further evaluated and,
consequently, not included in the results.

Another interesting concept that was developed was the front-axle PPC. This method
used the front axle as the reference point on the vehicle instead of the rear axle.
Note that an important characteristic of the PPC is its use of a look-ahead point,
which is also the reason for its corner cutting tendencies. Using the front axle as the
reference point increased the magnitude of corner cutting. When the distance to the
look-ahead point was shortened, that issue was partly resolved, but oscillations were
introduced as the look-ahead distance was decreased. It was therefore decided that
the trade-off between stability and precision was not admissible, as the modification
of the vehicle’s reference point only worsened the controller’s overall performance.

Several other modifications were made, but eventually, the performance of the Pure
Pursuit and Stanley controllers using a simple P-controller was superior.

7.1.3 Tuning parameters
Tuning parameters have been widely mentioned and used throughout this project,
referring to the understeer gradient Ku but, more importantly, the look-ahead time
Tp. The look-ahead time is not constrained to a domain and ignoring the argument
of reasonable values as defined in the referred literature, the look-ahead time could
be set to any arbitrary value Tp ∈ (0, inf). However, the look-ahead time was set
between 0.6 s and 1.2 s throughout this project because of the statement made in
section 4.6, which explains that the tuning of the look-ahead time Tp is dependent
on the trade-off between precision and comfort. In section 4.4.2, it appears as
the precision of the controllers is improved as the look-ahead time is decreased.
However, the reason for using a look-ahead time of 0.6 s as a minimum is based on
the observation that the comfort of the controller deteriorates as the look-ahead time
decreases. Intuitively, using a lower look-ahead time would improve the precision.
However, looking at Figure 7.1, which is a rerun of the 90◦ turn test case at 128
km/h where the look-ahead time Tp = 0.4 s, the precision as well as the comfort
deteriorates when the look-ahead time is decreased below 0.6 s. For this reason, the
minimum set value of Tp is 0.6 s.
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Figure 7.1: Lateral deviation comparison for the Pure Pursuit Controller between
having a look-ahead time of 0.6 and 0.4 s

7.1.4 Precision performance - Geometric Path Tracking
Throughout this thesis, it has been concluded that the path tracking precision of
the PPC is superior to the SC, even though the precision is close at lower velocities.
In most test cases, the initial threshold for maximum lateral deviation of 37.5 cm,
which was listed on the requirements of an automated lane keeping system stated
in the UN regulations, was not exceeded. Hence, the precision is a solid argument
for the quality of the developed PPC in this project. The test cases used were more
dynamic, further strengthening the argument that the performance of the PPC was
up to the mark. In such a conclusion, however, it is very appropriate to discuss the
sources of error as well. The path tracking performance of the PPC depends on both
modelling and external factors. Even though a look-ahead time of 0.6 s yielded the
best result, concerning the precision, it was not tuned for optimal performance since
this would be very time-consuming. The same goes for the other tuning parameters.
The lateral deviation for the PPC occurs due to corner cutting. With a larger look-
ahead time, the corner cutting increases since the controller ”notice” the turn earlier
and starts turning. By reducing the look-ahead, the corner cutting behaviour can
be mitigated. For the external factors, when testing in the test vehicle, the weight,
road conditions, wind disturbances and accuracy of the GPS are all factors that
could not be controlled and therefore, it is assumed that for a single test case, the
path tracking performance could be improved.

7.1.5 Stanley controller at high velocities
The comfort of the SC, as specified in section 4.6, was worsened at high velocities.
Interestingly, at low velocities, it is slightly superior to the PPC due to two factors.
The first one is related to the steering angle formulation being a sum of two correcting
terms, namely the heading error ψe and the lateral error df , as opposed to the single
correcting term of the PPC. The second factor is the dominant one, referring to the
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fact that the SC does not have a look-ahead point but rather calculates a steering
angle request dependent only on the point on the path closest to the reference point
on the vehicle. Without a look-ahead point, the steering angle becomes sensitive
to sudden heading or cross-track errors, i.e. when the road ahead is not smooth.
At high velocities, this is visible even for smooth paths. Figure 7.2 below visualises
the trajectory of the SC at 90 km/h in the 90◦ turn, and Figure 7.3 is a zoomed
illustration which clearly shows the phenomenon of the instabilities of the SC at
high velocities.

Figure 7.2: 90◦ turn - SC: Reference
path and vehicle trajectory at high ve-
locities

Figure 7.3: 90◦ turn - Close-up of os-
cillations and overshoot of SC at high
velocities

Figure 7.4: 90◦ turn - SC: Reference
path and vehicle trajectory at low ve-
locities

Figure 7.5: 90◦ turn - Close-up of os-
cillations and overshoot of SC at low
velocities
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Comparing this with the vehicle’s trajectory at low velocities using the SC, oscil-
lations are absent, and the overshoot amplitude is significantly decreased, which is
visualised in Figure 7.4 and 7.5. Note that the range of the X-axis of Figure 7.3 and
7.5 is equal for a fair comparison.

7.1.6 Path definition
A vital area of this project is the path definition, i.e. the reasoning behind how the
reference path was defined and generated. In section 4.1.2, it is explained that the
reference path is a set of vectors constituting the x -and y positions of the different
coordinates that make up the path. The distance between each point on the defined
paths used in this project is 0.5 m. Figure 7.6 below shows how the controller
behaviour changes when the distance between each point on the reference path is
increased to 1m and decreased to 0.05m respectively. Table 7.1 presents each case’s
RMSE and maximum error.

Figure 7.6: Influence of distance between points on reference path

The precision is significantly worsened as the distance between the points is de-
creased. However, when the distance between the points is increased to 1 m, the
RMSE is slightly decreased, but the downside is that the vehicle experiences weak,
high-frequency oscillations. In conclusion, a distance of 0.5 m between each coordi-
nate of the reference path is a perfect compromise between precision and oscillations.
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RMSE [m] (128 km/h) Max error [m] (128 km/h)

dpoints PPC dpoints PPC

0.05 0.177 0.05 0.269
0.5 0.059 0.5 0.125
1.0 0.057 1.0 0.121

Table 7.1: RMSE and maximum error of test case with different distance between
points on reference path

7.2 Steer by Torque Vectoring
This section discusses topics related to the development of the steer by torque vec-
toring controller that was developed in chapter 5.

7.2.1 Influence of suspension geometry on curvature capa-
bility

In chapter 5, a steer by torque vectoring controller was created to explore the possi-
bility of a redundant backup steering system in the case of steering failures. It was
explained that a differential torque could be allocated to the vehicle’s left and right
EM’s, which would steer the vehicle laterally. The steering capability is affected
by the suspension geometry, i.e. the effect of having a non-zero scrub radius, pneu-
matic, and mechanical trail. The direct yaw moment on the chassis that is generated
from the differential torque also aids the amplitude of the lateral movement. If the
steering wheel is locked, i.e. when the steering angle is locked at 0 degrees, then the
steering effect of the suspension geometry becomes zero, and the lateral movement
of the vehicle is the result of a pure direct yaw moment on the chassis. Figure 7.7
shows the curvature capability when the steering wheel is locked.

The curvature capability is significantly lower with the wheels locked compared to
the curvature capability with the additional effect of the scrub radius, pneumatic
trail and mechanical trail shown in Figure 5.3. An interesting aspect of this phe-
nomenon is associated with the Group 1 configurations of torque allocation dis-
played in Figure 5.2. Note that the rear wheels do not induce additional steering
capability due to the suspension geometry because they do not rotate around their
vertical axis, i.e. no steering angle. The configuration used in this project applied a
differential torque on the front EM’s and used the rear EM’s to maintain the veloc-
ity, i.e. propel the vehicle with the same amount of torque on both rear EM’s. Using
this discussion as a basis for determining the best configuration for steering capabil-
ity, it is clear that E1 in Figure 5.2 should result in the highest curvature capability.
However, with such an unstable and fragile system, as mentioned in chapter 5.7, an
increase in curvature capability as in configuration E1 would result in an even more
unstable system. The capability of using configuration A1 is sufficient for the use
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cases defined as a result of steering failure, i.e. a lane change and a 90◦ turn.

Figure 7.7: Steer by Torque vectoring - Capability (locked steering wheel) as a
function of differential left-right torque

7.3 Energy Efficient Torque Vectoring
This section discusses topics related to the Energy Efficient Torque Vectoring con-
troller presented in chapter 6.

7.3.1 Offline vs Online optimisation
In this project, an offline optimisation method was used to determine the optimal
yaw moment for a given operating point. Offline optimisation refers to the fact
that complete information is assumed, i.e. the generated optimal output signal is
dependent on predefined results. In this project, this corresponds to the yaw mo-
ment sweep that was conducted in a nested loop with direct yaw moment applied,
road curvature and vehicle velocity as loop variables. This method will not math-
ematically provide the optimal value as the generated dataset (look-up table) is
discrete and uses interpolation and extrapolation to generate the optimal yaw mo-
ment. Luckily, the use of online optimisation methods for energy-efficient TV is well
documented, and a fair comparison can therefore be conducted to evaluate the level
of precision of the offline optimisation method conducted in this project.

7.3.2 Potential of decreasing power consumption
One vital point to understand about the energy efficient torque vectoring concept is
the fact that the energy efficiency in the context of this project is purely related to
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Figure 7.8: Motor/inverter power loss map - Operating points

the power losses of the vehicle. The energy consumption is compared for the same
drive cycle with identical velocities with and without the EETVC. By definition,
that means that the power required to propel the vehicle depends on the power
losses, such as motor/inverter, tire and drag losses. Taking an arbitrary test as an
example, imagine that the EM’s require a certain power request to maintain some
operating point. The amount of power loss from the tires, drag and transmission,
for example, is limited by the amount of power that is actually being delivered
by the power source, i.e. the battery. Consequently, if the power request is huge,
the losses, and therefore the potential to decrease the losses with an EETVC, are
increased. Figure 7.8 represents a test case of a constant radius with ay = 6m/s2

and a front-rear distribution of df = 0.5. It is clear that the operating points with
and without TV are located in a relatively low power loss region of the power loss
map. This is consistent throughout the test cases in this project due to the steady
state driving, i.e. constant velocity. However, if the driving manoeuvre were more
dynamic up until the point where the torque requests would be in the marked circle
in Figure 7.8, then the potential to reduce the power consumption would be more
significant. If, for example, the tire, drag and transmission losses were higher, the
potential to decrease the total energy consumption would be higher as well due to
the high energy loss operating point of the motors/inverters.

7.4 Future work

The technical part of this project has had an excessively conceptual basis. With
conceptual work comes questions and curiosity regarding methods and potential
improvements.
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With the conditions set in this project and the basis created for the path tracking
controllers, the dominant controller configuration for both the PPC and SC was
a simple P-controller. Even though a PI-controller was developed and proved to
perform worse than the simple P-controller, a PID or even a PD-controller could
be implemented and improve the path tracking performance and comfort. Other
control methods could also be compared, such as linear quadratic regulators or
model predictive control, which was mentioned in the background.

Another area that could be developed is the tuning of all the controllers. Tuning
the look-ahead time, the gain at the output of the several look-up tables and several
other in-code parameters could significantly affect the outcome, as seen by simply
changing the look-ahead time from 1.0 s to 0.6 s.

Unlike the test vehicle, most cars are not equipped with an EM on each wheel.
Therefore the method of steering the lateral motion of the vehicle using a differential
torque is outside the capability of most cars. There is, however, a method based
on the same concept where the yaw moment needed is obtained by friction braking
instead. In this method, the yaw moment is a function of pressure applied to the
brake discs, and since the majority of vehicles are equipped with brake discs, this
is a cheaper and easier method. How the capability of the configuration used in
this study compares to other configurations, such as friction braking, needs further
analysis.

Since no optimisation problem was defined for the energy efficient torque vectoring
controller but rather an offline optimisation using a look-up table, every single con-
figuration change was very time-consuming. A simple configuration change, such as
a change in the torque distribution, would be very inefficient regarding time. Devel-
oping and solving an optimisation problem, which would, by definition, optimally
allocate the torque, would not only have saved time but could also obtain better
results for each test case without needing a trial and error method.

Finally, much work in this project was spent on testing and implementing the con-
trollers in the test vehicle. Unfortunately, as this is a very time-consuming process,
this did not yield satisfactory results for the steer by torque vectoring and the energy
efficient torque vectoring controllers, which is why these results are absent in the
report. Consequently, more work is needed to further evaluate the controllers in the
test vehicle.
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In this project, three different concepts for centralised yaw and lateral motion control
have been developed and evaluated. The first concept is geometric path tracking
for lateral motion control in an AD scenario. Two geometric path tracking con-
trollers, i.e. the Pure Pursuit and Stanley controller, were developed and evaluated
concerning their precision, comfort and robustness when following a predefined ref-
erence path. The path tracking controller’s output is a curvature reference that is
converted to a steering wheel angle request in the control allocation for the primary
path following. The second concept investigates the steering capability of a backup
system for lateral motion control to ensure fail-operational ability in case of failures
in the steering system. In this concept, the curvature reference from the geometric
path tracking is used to control the vehicle’s lateral motion using torque vectoring
instead of the steering wheel, i.e. a steer by torque vectoring controller. The po-
tential benefit of this concept is to have a highly redundant steering system for AD
or steer-by-wire systems in future electric vehicles, which means that the vehicle
can follow the reference path even if the primary system fails. The third concept
is an energy efficient torque vectoring controller, which aims to reduce the vehicle’s
energy consumption by distributing the EM torques and thereby controlling the ve-
hicle’s yaw moment, i.e. an optimal yaw moment controller. An offline optimisation
strategy was used, and the lateral motion was controlled either by the driver or
the geometric path tracking controller. Consequently, the third concept investigates
the potential of combining torque vectoring with path tracking for optimal path
following and energy consumption.

The three controllers were developed in Matlab Simulink and evaluated in a simula-
tion environment which combines Matlab Simulink with IPG CarMaker consisting
of the Polestar 1 vehicle model. Furthermore, the control architecture was also
modified and implemented in the Polestar 1 test vehicle for further evaluation. The
conclusions drawn from the collection of results in this project indicate that a rela-
tively simple geometric path tracking controller can fulfil the precision and comfort
regulations for wheeled vehicles given by the UN. The backup safety system for
steering, i.e. the steer by torque vectoring controller, has the steering capability
to control the lateral movement of the vehicle in a curve and lane change manoeu-
vre. However, the steering capability deteriorates as the velocity increases. Finally,
the potential of reducing the vehicle’s energy consumption using an energy efficient
torque vectoring controller based on an offline optimisation strategy is very limited
and cumbersome. However, the results in this study showcase which torque distri-
bution that reduces the vehicle’s energy consumption and the potential reduction
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for one lap at the test track.

The comparison between the two geometric path tracking controllers, i.e. the PPC
and the SC, was done with simulations in both low and high velocities with more
dynamic driving for several different test cases. The controllers were tuned with
the look-ahead time and by adding the understeering gradient. Linking back to
the research problem stated at the beginning of this report, on which controller is
superior concerning precision, comfort and robustness, the evaluation has concluded
that the PPC is superior to the SC. Even though the precision of the SC is better
than the PPC at lower velocities, the PPC can maintain good precision and comfort
at higher velocities which is not the case for the SC. Developing a PTC for use
in real-time applications in a test vehicle also meant that a stability analysis was
conducted where the delay margins of the different PTC’s were acquired. It was
primarily calculated theoretically for the vehicle model to ensure stability in the
base of the entire architecture and subsequently for the PTC’s using the trial-and-
error method. Similar to the precision, both controllers have a high delay margin
at low velocities. However, the delay margin of the SC drastically reduces at higher
velocities compared to the PPC. Finally, the controllers were implemented in the
test vehicle and evaluated at Handling Track 1 at Hällered Proving Ground. The
results showcased that the PPC had a RMSE of ≈0.15 m for one lap, while the SC
had a RMSE of ≈0.41 m. More oscillations in the lateral acceleration and higher
jerk than the PPC was also experienced with SC. However, increasing the look-
ahead time increased the comfort but decreased the precision, which means tuning
the controllers is a trade-off between precision and comfort. Consequently, the PPC
is the superior path tracking controller as it can maintain its precision, comfort and
robustness in a broader range of driving scenarios.

The concept of controlling the vehicle’s lateral motion using only differential torque
can be constructed in many ways. In this project, several configurations of dis-
tributing differential torque on the vehicle were presented. However, the chosen
configuration in this study for the steer by torque vectoring controller was to apply
differential torque on the front wheels, creating a yaw moment on the chassis and a
steering wheel angle due to the scrub radius effect, which contributes to a resulting
curvature for the vehicle. The rear motor torques are instead equal to maintain the
desired velocity. This configuration is relatively effective with its low complexity
as there are several other configurations, illustrated in Figure 5.2 that include rear
differential torque, friction brakes and combinations of these configurations. The
differential torque ∆T was not obtained analytically but rather numerically, using
a look-up table based on experimental data from simulations and test data from
the test vehicle. The steering capability of the test vehicle is highest at low veloc-
ities and deteriorates as the velocity increases. Since the steer by torque vectoring
controller acts as a safety backup steering system, the system’s attributes do not
include any requirements on comfort. The most crucial attribute is instead that it
has enough steering capability to follow the reference path without deviating from
the road. Therefore, relatively simple turns and a lane change manoeuvre were used
to assess the functionality. Even though the steer by torque vectoring controller
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was more prone to unstable conditions than steering the vehicle using the steering
wheel, it could handle the defined driving scenarios at a range of velocities, using
different look-ahead times. Since this system should only be activated due to sys-
tem failure, basic path tracking without regard to optimal precision is sufficient.
In the evaluated scenarios, the deviation never exceeds 1 m, which shows that the
steering capability requirement is fulfilled. However, the capability will be affected
if the curvature is too small or if the velocity increases. The actuators can also get
saturated due to limitations of available power or traction, affecting the curvature.

Reducing the vehicle’s energy consumption using an energy efficient torque vec-
toring controller involves consideration of the different power losses present in the
vehicle, such as EM and inverter losses, longitudinal and lateral slip losses and
rolling resistance losses. Optimally distributing the wheel torques can reduce the
power losses, consequently reducing the vehicle’s energy consumption, which is the
aim of the developed energy efficient torque vectoring controller. The controller
was developed with two offline optimisation strategies, a rule-based and a look-up
table based method. The power losses reduce by allocating more torque to the outer
motors than the inner motors while turning. However, the results show that in a
steady-state driving condition, the potential reduction of the vehicle’s instantaneous
power consumption is insignificant. While applying the rule-based and look-up ta-
ble optimisation strategies to allocate the wheel torques during a drive cycle of one
lap at Handling Track 1 at Hällered Proving Ground, the potential energy saving
increased. The difference in the two optimisation strategies was, however, insignif-
icant. The simulation results showed that when using the EETVC combined with
the IPG Driver, the vehicle’s energy consumption was reduced by 0.33 %. How-
ever, when combining the EETVC with the PPC, the reduction increased to 1.14
% instead. Consequently, the combined PPC and EETVC provided a good insight
into how the losses depend on the manoeuvre itself since the power consumption
directly depended on the PTC’s performance. Even though the velocity profile and
the total distance travelled for two different test runs were relatively identical, a test
run with more tolerance for lateral deviation allowed for a more energy-efficient test
run due to the decreased power losses. The vehicle’s energy consumption can be
decreased but in more than one way. It can be done by directly minimising the dif-
ferent power losses associated with torque vectoring and also indirectly by changing
the tuning of the PTC. To answer the research questions stated at the beginning of
the project. An energy efficient torque vectoring controller can reduce the vehicle’s
energy consumption. However, at steady-state conditions, i.e. constant velocity, the
reduction in this study and for this powertrain is insignificant. However, combining
the EETVC with the PPC has the potential to save more energy when tuning the
controllers for both energy efficiency and optimal path following.
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Appendix A

A.1 Identifying position of point relative to line
The direction of an arbitrary line AB is defined as

~AB = (x2, y2)− (x1, y1) = (x2 − x1, y2 − y1)

A = (x1, y1)

B = (x2, y2)

The normal line ~n to ~AB will then be defined as

~n = (y2 − y1,−(x2 − x1))

It can be verified that ~n is normal to ~AB by ensuring that the vectors’ dot product
is equal to 0.

~n · ~AB = (y2 − y1,−(x2 − x1)) · (x2 − x1, y2 − y1) =
= (y2x2 − y2x1 − y1x2 + y1x1) + (−x2y2 + x2y1 + x1y2 − x1y1) = 0

Now imagine a point Z on any side of the line ~AB. One possible vector intersecting
the line ~AB and the point Z is V = AZ.

~AZ = ~V = (x− x1, y − y1)

Z = (x, y)

Note that the vector V can be written as a sum of two components, namely the
vector V || parallel to the line ~AB and the vector V ⊥ perpendicular to the line ~AB
as
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V = V || + V ⊥

The objective is to derive an expression that recognises which side of a line an
arbitrary point is and be consistent in the way that the expression will provide a
unique value for points on the right side of the line and another unique value for
points on the left side of the line. With that being said, the expression will be given
by

V · ~n = (V || + V ⊥) · ~n = V ⊥ · ~n

The term V || ·~n is equal to 0 since the lines are perpendicular. The expression given
by V ⊥ · ~n however indicates if the direction of ~n and V ⊥ are equal. If they are, the
expression will be equal to a positive value. Arithmetically, this is written as

V ·~n = V ⊥·~n = (x−x1, y−y1)·(y2−y1,−(x2−x1)) = (x−x1)·(y2−y1)−(y−y1)·(x2−x1)

Regarding relevance, point Z could be considered the current vehicle position. That
would, however, insinuate that the product V ·~n as defined above would change sign
the instant the vehicle crossed the hypothetical reference path ~AB. As a result of
inertia, steering capability and several other phenomenons and factors, the vehicle
would start to oscillate if the controller was absent any predictive behaviour. Solving
this without the need to alter the controller, Z is instead set as the preview point of
the vehicle in the formula given by V ·~n in order for the vehicle to steer appropriately
before it crosses the path. This slight change improves the smoothness and precision
of the controller alike.
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Appendix B

B.1 Transformation matrix and polynomial fit-
ting

A discretised curve consisting of an arbitrary number of points can be rotated or
transformed in euclidean space using a transformation matrix, defined as

R =
[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
(B.1)

whereas θ is the angle of rotation. Now imagine a discretised curve C with points
Px

~C = [P1 P2 P3 ... Pn] (B.2)

that needs to be rotated θ degrees. The rotated curve ~Crot is obtained by multiplying
the original curve C by the rotational matrix R

Crot = C ·R (B.3)

This is illustrated in Figure B.1.
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Tangent line

Vehicle heading
Tangent line

Vehicle heading

Rotate              degrees

y

x

Reference path

Reference path

Figure B.1: Rotational transformation

Using the curve fitting toolbox in Matlab, the curve Crot can be expressed by a
polynomial expression, which can be redefined with more points to increase its
resemblance to a continuous curve. If the point at which the tangent line is to
be acquired is placed at index n, then the tangent line is defined by

Ltangent = −−→PnP n+1 (B.4)
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This is illustrated in Figure B.2.

y

x

Tangent line

Point of interestidx = n

idx = n+1

Tangent line

Point of interestidx = n
idx = n+1

idx = ...
idx = n+3
idx = n+2

Interpolate and redefine

Reference path Reference path

Figure B.2: Redefined fitted curve

The tangent line Ltangent approaches the theoretically precise value as the number
of points in Crot approaches infinity. However, a sufficiently high amount of points
will suffice in terms of precision.

Note that the transformation is conducted to avoid outputs with the value of infinity
for when the polynomial fitting is to be applied to refine the curve. If the curve is
rotated ψ degrees, then the relative heading is directed along the longitudinal axis
in the global coordinate system. Figure B.1 visualises this operation. This simplifies
the calculations as the angle between a horizontal line Lhorizontal, which represents
the relative heading after the transformation and the tangent line Ltangent is easily
acquired.

V



C
Appendix C

C.1 Thresholds and grading results
Tables C.1 - C.5 shows the grading thresholds for:

• RMSE of the precision PRMSE,precision

• Maximum lateral deviation PMAX,precision

• RMSE of the lateral jerk PRMSE,jerk

• Maximum lateral jerk PMAX,jerk

• Energy spectral density PESD (Area)

PRMSE,precision (Grade)
= 5 if RMSEprecision ≤ 0.100 m
= 4 if 0.100 m < RMSEprecision ≤ 0.150 m
= 3 if 0.150 m < RMSEprecision ≤ 0.200 m
= 2 if 0.200 m < RMSEprecision ≤ 0.300 m
= 1 if 0.300 m < RMSEprecision

Table C.1: Grading thresholds for RMSE of the precision PRMSE,precision

PMAX,precision (Grade)
= 5 if MAXprecision ≤ 0.100 m
= 4 if 0.100 m < MAXprecision ≤ 0.200 m
= 3 if 0.200 m < MAXprecision ≤ 0.300 m
= 2 if 0.300 m < MAXprecision ≤ 0.375 m
= 1 if 0.375 m < MAXprecision

Table C.2: Grading thresholds for Maximum lateral deviation PMAX,precision

PRMSE,jerk (Grade)
= 5 if RMSEjerk ≤ 0.800 m/s3

= 4 if 0.800 m/s3 < RMSEjerk ≤ 1.200 m/s3

= 3 if 1.200 m/s3 < RMSEjerk ≤ 1.600 m/s3

= 2 if 1.600 m/s3 < RMSEjerk ≤ 2.000 m/s3

= 1 if 2.000 m/s3 < RMSEjerk

Table C.3: Grading thresholds for RMSE of the lateral jerk PRMSE,jerk
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PMAX,jerk (Grade)
= 5 if MAXjerk ≤ 2.000 m/s3

= 4 if 2.000 m/s3 < MAXjerk ≤ 3.000 m/s3

= 3 if 3.000 m/s3 < MAXjerk ≤ 4.000 m/s3

= 2 if 4.000 m/s3 < MAXjerk ≤ 5.000 m/s3

= 1 if 5.000 m/s3 < MAXjerk

Table C.4: Grading thresholds for Maximum lateral jerk PMAX,jerk

PESD (Grade)
= 5 if Area ≤ 0.030 m/s2

= 4 if 0.030 m/s2 < Area ≤ 0.050 m/s2

= 3 if 0.050 m/s2 < Area ≤ 0.070 m/s2

= 2 if 0.070 m/s2 < Area ≤ 0.090 m/s2

= 1 if 0.090 m/s2 < Area

Table C.5: Grading thresholds for Energy spectral density (Area)

Tables C.6 - C.11 show the grading results for all test cases regarding:
• Precision Pprecision
• Lateral jerk Pjerk
• Energy spectral density PESD (Area)

Pprecision Pjerk PESD

Tp PPC SC Tp PPC SC Tp PPC SC

1 4.6 5.0 1 5.0 3.8 1 5 3
0.8 4.8 5.0 0.8 5.0 3.8 0.8 5 3
0.6 5.0 5.0 0.6 4.8 3.6 0.6 4 3

0.6 (Ku) 5.0 5.0 0.6 (Ku) 4.8 3.6 0.6 (Ku) 4 3

Table C.6: Test Case 2 grading: 90◦ turn, R = 50 m, v = 36 km/h, ay = 2 m/s2,
simulation results
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Pprecision Pjerk PESD

Tp PPC SC Tp PPC SC Tp PPC SC

1 1.8 3.8 1 4.0 1.0 1 3 1
0.8 2.6 3.8 0.8 3.8 1.0 0.8 2 1
0.6 3.8 4.8 0.6 2.6 1.0 0.6 1 1

0.6 (Ku) 4.8 5.0 0.6 (Ku) 2.6 1.0 0.6 (Ku) 1 1

Table C.7: Test Case 2 grading: 90◦ turn, R = 50 m, v = 51 km/h, ay = 4 m/s2,
simulation results

Pprecision Pjerk PESD

Tp PPC SC Tp PPC SC Tp PPC SC

1 1.0 2.0 1 5.0 3.6 1 5 3
0.8 1.8 3.0 0.8 5.0 3.6 0.8 5 3
0.6 3.0 4.0 0.6 4.8 3.4 0.6 4 3

0.6 (Ku) 5.0 4.0 0.6 (Ku) 4.8 2.8 0.6 (Ku) 4 3

Table C.8: Test Case 2 grading: 90◦ turn, R = 312.5m, v = 90 km/h, ay = 2 m/s2,
simulation results

Pprecision Pjerk PESD

Tp PPC SC Tp PPC SC Tp PPC SC

1 1.0 1.0 1 4.0 1.0 1 4 1
0.8 1.0 1.0 0.8 3.8 1.0 0.8 3 1
0.6 1.0 1.0 0.6 2.6 1.0 0.6 2 1

0.6 (Ku) 4.8 1.8 0.6 (Ku) 2.6 1.0 0.6 (Ku) 1 1

Table C.9: Test Case 2 grading: 90◦ turn, R = 312.5m, v = 128 km/h, ay =
4m/s2, simulation results

Pprecision Pjerk PESD

Tp PPC SC Tp PPC SC Tp PPC SC

1 1.0 1.8 1 1.8 1.8 1 1 1
0.8 1.8 1.8 0.8 1.8 1.8 0.8 1 1
0.6 2.6 3.6 0.6 1.8 1.8 0.6 1 1

0.6 (Ku) 4.8 4.8 0.6 (Ku) 1.8 1.8 0.6 (Ku) 1 1

Table C.10: Test case 3 grading: Simulation results from Handling Track 1 at 50
km/h
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Pprecision Pjerk PESD

Tp PPC SC Tp PPC SC Tp PPC SC

1.0 (Ku) 1.8 1.0 1.0 (Ku) 2.8 1.8 1.0 (Ku) 4 4
0.8 (Ku) 2.6 1.0 0.8 (Ku) 2.8 1.0 0.8 (Ku) 4 2
0.6 (Ku) 3.6 1.0 0.6 (Ku) 1.8 1.0 0.6 (Ku) 4 1

Table C.11: Test case 3 grading: Test vehicle results from Handling Track 1 at 50
km/h
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D.1 Comfort evaluation figures
Figures D.2 - D.3 illustrates the evaluated quantities of the PPC and SC in test case
2 at a 50 m radius 90◦ turn with look-ahead time Tp = 1.

Figure D.1: Radius 50 m, lateral acceleration at 36 km/h

Figure D.2: Radius 50 m, lateral
jerk at 36 km/h

Figure D.3: Radius 50 m, Fourier
transform at 36 km/h
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E.1 Steering capability comparison
The difference between the contribution from the chassis yaw moment and the scrub
radius effect on the steering capability is presented in Figure E.1 and E.2 for the
simulation results. Note that Figure E.1 showcases the steering capability with both
yaw moment and scrub radius contributions, i.e. hands-off the steering wheel. In
contrast, Figure E.2 display the steering capability with only yaw moment contri-
bution, i.e. steering wheel locked to zero degrees (hand-on steering wheel). Conse-
quently, the difference between the figures is the contribution from the scrub radius
effect.

Figure E.1: SbTV, capability with
hands-off the steering wheel

Figure E.2: SbTV, capability with
hands-on the steering wheel

The difference between the yaw moment and scrub radius contribution for each
specific differential torque is showcased in Figure E.3 to Figure E.7. The figures
show that the scrub radius effect contribution on the steering capability is more
prominent at lower velocities and higher differential torque on the front axle.
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Figure E.3: SbTV, capability 200
Nm

Figure E.4: SbTV, capability 400
Nm

Figure E.5: SbTV, capability 600
Nm

Figure E.6: SbTV, capability 800
Nm

Figure E.7: SbTV, capability 1000 Nm
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F.1 Energy consumption with FWD and RWD
This appendix presents the vehicle’s energy consumption for one lap at Handling
Track 1 for FWD and RWD, i.e. 100-0 and 0-100 front/rear torque distributions.
The results compare the vehicle’s energy consumption between the rule-based opti-
misation strategy and applying no TV. Note that the total energy consumption is
lower than when AWD is used since the front, or rear motors are decoupled when
using RWD or FWD.

EETV: Rule Based + IPG Driver - Energy Consumption [kJ]
Comparison No TV With TV Difference

Total Consumption 416.96 [kJ] 416.21 [kJ] -0.18 [%]
EPAS Consumption 0.69 [kJ] 0.58 [kJ] -15.64 [%]

Lateral Deviation (RMSE) 0.170 [m] 0.166 [m] -0.004 [m]
Lateral Deviation (Max) 0.517 [m] 0.499 [m] -0.018 [m]

Table F.1: Handling Track 1 - Rule Based Torque Distribution, Energy Consump-
tion with IPG Driver for a 100-0 front/rear distribution

Figure F.1: Difference in energy losses without EETV + IPG Driver compared to
with Rule Based EETV + IPG Driver for a 100-0 front/rear distribution
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EETV: Rule Based + IPG Driver - Energy Consumption [kJ]
Comparison No TV With TV Difference

Total Consumption 416.34 [kJ] 414.79 [kJ] -0.37 [%]
EPAS Consumption 0.70 [kJ] 0.67 [kJ] -4.15 [%]

Lateral Deviation (RMSE) 0.170 [m] 0.166 [m] -0.004 [m]
Lateral Deviation (Max) 0.516 [m] 0.498 [m] -0.018 [m]

Table F.2: Handling Track 1 - Rule Based Torque Distribution, Energy Consump-
tion with IPG Driver for a 0-100 front/rear distribution

Figure F.2: Difference in energy losses without EETV + IPG Driver compared to
with Rule Based EETV + IPG Driver for a 0-100 front/rear distribution

EETV: Rule Based + IPG Driver - Energy Consumption [kJ]
Comparison No TV With TV Difference

Total Consumption 420.85 [kJ] 419.96 [kJ] -0.21 [%]
EPAS Consumption 0.76 [kJ] 0.64 [kJ] -16.14 [%]

Lateral Deviation (RMSE) 0.061 [m] 0.059 [m] -0.002 [m]
Lateral Deviation (Max) 0.153 [m] 0.150 [m] -0.003 [m]

Table F.3: Handling Track 1 - Rule Based Torque Distribution, Energy Consump-
tion with PPC (Tp = 0.6) for a 100-0 front/rear distribution
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Figure F.3: Difference in energy losses without EETV + PPC (Tp = 0.6) compared
to with Rule Based EETV + PPC (Tp = 0.6) for a 100-0 front/rear distribution

EETV: Rule Based + IPG Driver - Energy Consumption [kJ]
Comparison No TV With TV Difference

Total Consumption 420.24 [kJ] 418.59 [kJ] -0.39 [%]
EPAS Consumption 0.77 [kJ] 0.73 [kJ] -4.89 [%]

Lateral Deviation (RMSE) 0.062 [m] 0.060 [m] -0.002 [m]
Lateral Deviation (Max) 0.155 [m] 0.153 [m] -0.002 [m]

Table F.4: Handling Track 1 - Rule Based Torque Distribution, Energy Consump-
tion with PPC (Tp = 0.6) for a 0-100 front/rear distribution

Figure F.4: Difference in energy losses without EETV + PPC (Tp = 0.6) compared
to with Rule Based EETV + PPC (Tp = 0.6) for a 0-100 front/rear distribution
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EETV: Rule Based + IPG Driver - Energy Consumption [kJ]
Comparison No TV With TV Difference

Total Consumption 420.85 [kJ] 416.37 [kJ] -1.06 [%]
EPAS Consumption 0.76 [kJ] 0.61 [kJ] -19.36 [%]

Lateral Deviation (RMSE) 0.061 [m] 0.168 [m] +0.107 [m]
Lateral Deviation (Max) 0.153 [m] 0.616 [m] +0.463 [m]

Table F.5: Handling Track 1 - Rule Based Torque Distribution, Energy Consump-
tion with PPC (Tp = 1.0) for a 100-0 front/rear distribution

Figure F.5: Difference in energy losses without EETV + PPC (Tp = 1.0) compared
to with Rule Based EETV + PPC (Tp = 1.0) for a 100-0 front/rear distribution

EETV: Rule Based + IPG Driver - Energy Consumption [kJ]
Comparison No TV With TV Difference

Total Consumption 420.24 [kJ] 415.03 [kJ] -1.24 [%]
EPAS Consumption 0.77 [kJ] 0.70 [kJ] -8.33 [%]

Lateral Deviation (RMSE) 0.062 [m] 0.167 [m] +0.105 [m]
Lateral Deviation (Max) 0.155 [m] 0.610 [m] +0.455 [m]

Table F.6: Handling Track 1 - Rule Based Torque Distribution, Energy Consump-
tion with PPC (Tp = 1.0) for a 0-100 front/rear distribution
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Figure F.6: Difference in energy losses without EETV + PPC (Tp = 1.0) compared
to with Rule Based EETV + PPC (Tp = 1.0) for a 0-100 front/rear distribution
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