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Numerical Model Reduction with
Error Estimation in Computational Homogenization of Transient Heat Flow
Master’s thesis in Applied Mechanics
EMIL AGGESTAM
Department of Applied Mechanics
Division of Material and Computational Mechanics
Chalmers University of Technology

Abstract

In his thesis, a multi-scale analysis of the transient heat flow problem is considered. By using
First-order Computational Homogenization, applied on a Representative Volume Element, the micro-
scale problem is successfully solved with Numerical Model Reduction. The computational cost of
solving the micro-scale problem is reduced by reducing the number of linearly independent modes.
The spatial part of the modes is estimated with Spectral Decomposition, which implies that the mode
activity coefficients can be estimated by solving uncoupled ordinary differential equations.

An error analysis is performed in order to estimate the error that is introduced by reducing the
number of modes. Error estimates are implemented that are based on either using all modes or only
the reduced modes. The error is estimated with the energy norm as well as other quantities of interest
such as the average temperature, the average heat flux in one direction and the final temperature. For
the different quantities of interest, the error estimates are produced with the Galerkin orthogonality,
together with either Cauchy–Schwarz inequality or the Parallelogram law. With these error estimates,
the micro-scale problem can be solved as fast as possible by using the minimal number of modes that
are needed to be within a given error tolerance.

The reduced model and the pertinent error estimates are verified for several test cases, where
different materials and load cases are considered. These cases confirm (i) the gain in computational
cost using the model reduction strategy and (ii) the robustness of the proposed error estimates.

Keywords: computational homogenization, transient heat flow, numerical model reduction, error
analysis
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Nomenclature

Ω Domain for the macro-scale problem

Γ Boundary of the domain for the macro-scale problem

Ω� Domain for the micro-scale problem

Γ� Boundary of the domain for the micro-scale problem

ΓD Dirichlet part of the boundary

ΓN Neumann part of the boundary

Π Arbitrary potential

Π′ Directional derivative of an arbitrary potential

u Temperature

ū Macro-scale temperature

ḡ Gradient of the macro-scale temperature

uM Approximation of the macro-scale temperature within a Representative Volume Element

uµ Micro-scale temperature minus the estimated macro-scale temperature

δu Test function

x Spatial coordinate

x̄ Center spatial location of a Representative Volume Element

t Time

E Arbitrary vector space

R Space of all real numbers

C Space of all complex numbers

C Space of all continuous functions

P Space of all polynomials

U Sobolev space

U0 Sobolev space that is zero on the boundary of its domain

U� Sobolev space on the micro-scale

U0
� Sobolev space on the micro-scale that is zero on the boundary of its domain

UR
� U� for the reduced solution.

U
R,0
� U0

� for the reduced solution.

U� Space-time Sobolev space on the micro-scale

U0
� Space-time Sobolev space on the micro-scale that is zero on the boundary of the spatial domain

UR� U� for the reduced solution.

UR,0� U0
� for the reduced solution.
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L2 Space of square-integrable functions

∇ Spatial differential operator

dt Derivative with respect to time

f Heat source

q Heat flux field

Φ Stored volume-specific internal energy

K Conductivity

ρ Density

cp Heat capacity at constant pressure

k Thermal heat constant

n Normal

h Neumann boundary value

g Dirichlet boundary value

Φ0 Initial condition

λ Eigenvalue

u Eigenvector

ξ Mode activity coefficient

K Stiffness matrix

M Mass matrix

N Base functions

u Nodal values of u

δu Nodal values of δu

e Error between true and reduced solution

es Symmetric representation of the true error

Q� Quality of interest

E Error for a quality of interest

u? Solution to the dual problem

u?R Solution to the reduced dual problem

e? Error of the dual problem

e?,s Symmetric dual error

κ Non-zero constant

∈ Symbol meaning in or contained

∀ Symbol meaning for all
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1 Introduction

This chapter gives a background and a problem description to the thesis, followed by the purpose and
limitations. Thereafter the method is presented and finally the outline of the thesis is declared.

1.1 Background

During the last decades, the interest regarding mechanics of material on different length-scales
has grown a lot [1]. The methods that are used to describe materials on different length-scales,
called multi-scale methods, can work as a bridge between different scales and hence also be a bridge
between mechanics of materials and material science [2]. Relationships derived with the multi-scale
methods aims to predict properties on a seemingly smooth macro-scale by analyzing a heterogeneous
micro-structure that might be multi-phased and/or anisotropic. The most well known method for
finding such relationships is called Computational Homogenization and is nowadays well established,
see [1–14].

Computational Homogenization analysis is typically produced on a so called Representative Volume
Element (RVE). An RVE is a volume element that is large enough to be statistically representative,
but still smaller than the smallest dimensions of the macro-scale [15]. This means that a seemingly
homogeneous material on the macro-scale can be described by a heterogeneous RVE. The essence
of the Computational Homogenization method is basically to solve a Boundary Value Problem
(BVP) on an RVE. By solving the BVP local properties of the material at the macro-scale can be
drawn. It exists other methods that can be used instead of the Computational Homogenization,
e.g. the Taylor-Bishop-Hill estimates, asymptotic procedures and generalizations of self-consistent
schemes [1, 16]. These methods are less established than the ordinary Computation Homogenization
method, and therefore outside of the scope of this thesis.

1.2 Problem description

For simple problems, homogenization of the micro-structure can be used to obtain a closed-form
constitutive relation of the macro-scale continuum [17]. However, for more complex problems a closed-
form constitutive relation is not available and a FE solution is needed on both scales. In particular, for
non-linear and/or transient problems each macro-scale quadrature point contains a unique FE-problem
on the subscale [13]. This approach, known as FE2, is tremendously computationally heavy for a
fine macro-scale mesh. In order to reduce the computational cost of the problem, a reduced basis for
the RVE-problem is usually introduced, called Numerical Model Reduction (NMR) [13,18–22]. The
disadvantage with NMR is that it introduces an error. In this thesis, the theory of NMR is used and
extended by producing an a posteriori error estimate to the results.

1.3 Purpose

The purpose of this thesis is to reduce the computational cost of the RVE-problem by using Numerical
Model Reduction and to apply a posteriori error estimation to the results.

1.4 Limitations

The study is mainly restricted as follows:

• Only the transient heat flow problem is considered. Moreover it is assumed that there is no
heat source inside the Representative Volume Element.
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• Linear heat flow is assumed. Other heat flow equations are not considered. This implies further
that the Proper Orthogonal Decomposition method is not needed and the simpler Spectral
Decomposition method can be used instead.

• More sophisticated Representative Volume Elements, such as the Statistical Volume Element
and the Uncorrelated Volume Element, are not considered.

• The theory for the problem is derived in three spatial dimensions, but the numerical example is
only implemented in one spatial dimension.

• The numerical example is implemented in Matlab. Other programming languages are not
considered in this thesis.

• Only First-order Computational Homogenization is applied. Higher-order Computational
Homogenization, as well as other homogenization methods, are outside of the scope of this
thesis.

• The boundary conditions on the RVE are restricted to the Dirichlet boundary condition.

1.5 Method

To tackle the problem description, analysis of similar previous studies needs to be done [23]. Therefore,
the project work started with a literature study. In order to understand the most fundamental ideas
behind multi-scale modeling, the Representative Volume Element and Computational Homogenization
concepts were studied. Other considered theories were Spectral Decomposition, Proper Orthogonal
Decomposition, Numerical Model Reduction, Functional analysis and the transient heat flow equation.

To process the knowledge from the literature study, the homogenization section (Chapter 2) was
written simultaneously. Even more knowledge regarding the study was gained from weekly lectures
given by the supervisors. From these lectures, the specific multi-scale problem for this thesis was
introduced together with the concept of Numerical Model Reduction.

When the literature study was considered finished, a numerical implementation of the theory that
was covered so far, started along with writing other parts of the thesis. Different loading scenarios
were implemented to illustrate the results. When the micro-scale problem could be solved for an
arbitrary number of modes, the theory behind error analysis was studied. Finally, with the theory for
the error analysis in mind, proper error estimates of the result for different number of modes were
incorporated in the numerical example.

1.6 Thesis outline

The thesis is divided into 7 different chapters. Chapter 2 presents the multi-scale problem and Chapter
3 shows how the micro-scale problem can be solved and how its computational cost can be reduced
with Numerical Model Reduction. Chapter 4 presents the error analysis that is used to estimate the
errors that are introduced by Numerical Model Reduction. The theory is verified in the numerical
results, presented in Chapter 5. Finally, the summary and conclusions of the thesis can be found in
Chapter 6 along with suggestions to further work in Chapter 7.
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2 Homogenization of the transient heat flow problem

This chapter presents multi-scale modeling theory for the transient heat flow problem. The most basic
theories that are needed to introduce the multi-scale problem are the concepts of a Representative
Volume Element (RVE) and Computational Homogenization, which are given in Sections 2.1 and
2.2. The Hill-Mandel Macrohomogeneity condition, which is assumed to be valid in this thesis, is
presented in Section 2.3. Section 2.4 presents the strong and weak form of the considered transient
heat flow problem. With the concepts of an RVE and Computational Homogenization in mind, the
macro- and micro-scale problem are defined in Section 2.5 and 2.6.

2.1 Representative volume element

In order to calculate micro-scale properties that are locally valid on the macro-scale, some kind of
domain where the analysis can be done is needed [24]. The purpose of a Representative Volume
Element (RVE), also called a representative elementary volume or unit cell, is to serve as such a
domain. The RVE shall be representative independent of where it is spatially located and must
hence catch all micro-scale properties such as grains, inclusions, voids, fibers, etc. [25]. All these
heterogeneities introduce a lower limit of the length-scale of the RVE in order to make it statistically
representative. But the RVE cannot be arbitrary large since it also shall serve as a volume element of
continuum mechanics. The size of the RVE also affects the accuracy of the smoothness assumption in
the Computation Homogenization procedure, see Section 2.2. For simplicity, the RVE is typically
modeled as two different phases and the domain is a straight line in one dimension and a square in
two dimensions, see Figure 2.1.

Throughout this thesis the properties of the traditional RVE is assumed to be valid. However,
there are more general volume elements such are the Statistical Volume Element (SVE) and the
Uncorrelated Volume Element (UVE). For the interested reader a short presentations of the SVE and
UVE can be seen in Sections 2.1.1 and 2.1.2.

Ω�

Γ�

(a) The one-dimensional model.

Γ�

Ω�

(b) The two-dimensional model.

Figure 2.1: The figure shows how an RVE typically is modeled in one and two dimensions. The
domain is denoted Ω� and the boundary Γ�. The RVE is assumed to consist of two different phases,
which is indicated by the white and black areas.

2.1.1 Statistical Volume Element

The criterion that the length-scale of the RVE needs to satisfy are not always possible to meet [9]. If
there, for example, exists locally homogeneous or quasi-stationary random fields within the body, the
traditional RVE concepts cannot be applied. A proposed way to solve this has been to make a large
amount of scans of the micro-structure and from each scan compute an “RVE” that is valid in the
exact position [26]. Even thought this method has qualified accuracy, it requires large amounts of
both experimental data and pre-processing computations. In order to get a more computationally
efficient approach, the concept of a Statistical Volume Element (SVE), also known as a stochastic
volume element, is introduced. The purpose of the SVE is to capture randomness by producing
simulation on a domain which is smaller than the traditional RVE, but still larger than the length-scale
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of the micro-structure [27]. The simulations are performed by initially collecting micro-structural
information at different macroscopic domains and from this predict spatial correlations between
different random fields. Thanks to this procedure, the SVE can produce a more accurate prediction
of material properties, which has been of great important in material science [28].

2.1.2 Uncorrelated Volume Element

Even thought the SVE can predict more accurate material properties compared to the RVE, it does
not take the covariance between different micro-structures into account. Therefore, the Uncorrelated
Volume Element (UVE) is introduced whose purpose is to produce its analysis on such a length-scale
where the it can be assumed to be independent of its adjacent micro-structures [29]. The reason that
the independence of adjacent micro-structure is an important assumption, is that the mathematical
model becomes simpler. In some applications correlated volume elements introduces mesh dependency
in the results and by using UVE, this dependency can be reduced.

2.2 Computational Homogenization

Computational Homogenization is a well established method used to combine features on different
lengthscales of a material [1–14]. It is one of many multi-scale methods, which can be thought of as
a bridge between mechanics of materials and material science [2]. The method is based on solving
a Boundary Value Problem (BVP) on a Representative Volume Element (RVE) from which local
properties of the material at the macro-scale can be drawn.

Let x denote the spatial coordinate, let x̄ denote the center point of a given RVE and let t denote
time. The solution, u, to the BVP inside of the RVE can then be decomposed as

u(x̄,x, t) = uM (x̄,x, t) + uµ(x̄,x, t), (2.1)

where uM is a smooth approximation of the macro-scale solution and uµ is a fluctuating term. If uM is
assumed to vary linearly, quadratic or cubic depends on what order of Computational Homogenization
that is applied. For the First-order Computational Homogenization, uM is assumed to be linear while
uM varies quadratically for the Second-order Computational Homogenization, see Sections 2.2.1 and
2.2.2.

From the decomposition of u into uM and uµ, the macro- and micro-scale can be combined in the
following way. Kinematical quantities from the macro-scale are used to define uM on the micro-scale.
In the context of the transient heat equation, the needed quantities are typically the true macro-scale
solution and its field gradient in the center point of the RVE. These quantities, that describes uM , can
then be used to define the BVP on the RVE. For simplicity, it is throughout this thesis assumed that
the heat source is equal to zero and hence the macroscopic quantities serve as boundary condition to
the BVP. Therefore, the BVP is well-defined and can be solved with, for example, finite elements.
The solution to the BVP can then be used to draw conclusion regarding the macro-scale point in
which the RVE lies by using standard mathematical averaging procedures.

Several properties in this thesis have both a macro-representation and a corresponding micro-
representation. The relation between those are obtained from traditional volume averaging and
denoted as follows. Let �̄ be the macroscopic representation of �. The relation between those, for a
given RVE, can then be defined as

�̄ := 〈�〉� :=
1

|Ω�|

∫
Ω�

� dΩ, (2.2)

and in particular

ū =
1

|Ω�|

∫
Ω�

u dΩ. (2.3)
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The order of Computational Homogenization affects how well the approximated solution uM

reflects the true macro-scale solution ū. The difference uM − ū is generally non-zero inside of each
RVE, which can be seen as a model error introduced by the Computational Homogenization method.
Another property that affects how well uM reflects ū is the size of the RVE. The model error that
is introduced from the regularity condition of uM increases with the deviation from the center of
the RVE. A larger RVE, introduces a larger distance from its center to the edge and therefore the
regularity assumption becomes more severe.

2.2.1 First-order Computational Homogenization

The most common homogenization method was introduced for almost 30 years ago and is called
First-order Computational Homogenization [2]. The key assumption is that the macro-scale field, in
this thesis typically the temperature field, varies linear within a given RVE [15], see Figure 2.2. This
means that uM can be written as a first-order Taylor expansion of ū, i.e.

uM (x̄,x, t) = ū(x̄, t) + ḡ(x̄, t) · (x− x̄), (2.4)

where ḡ = ∇ū is the macroscopic field gradient.

2.2.2 Higher-order Computational Homogenization

For materials with high gradients on the macro-scale, First-order Computational Homogenization is
no longer appropriate [19,30]. Since the macroscopic fields can vary rapidly, the linear assumption on
uM might introduce severe model errors. A way to solve this is to add additional terms from the
Taylor expansion of ū when uM is defined. For the Second-order Computational Homogenization, uM

is defined as

uM (x̄,x, t) = ū(x̄, t) + ḡ(x̄, t) · (x− x̄) + (x− x̄) ·∇ḡ(x̄, t) · (x− x̄). (2.5)

Even though the result for Higher-order Computational Homogenization is more accurate, it is also
more complicated to implement. This thesis is restricted to First-order Computational Homogenization.

uM(x̄, x, t)

ū(x̄, t)

x̄

u(x̄, x, t)

u

x
x̄− l�/2 x̄ + l�/2

Figure 2.2: The figure shows a visual interpretation of First-order Computational Homogenization in
one dimension when it is assumed that uµ = 0 on the boundary (Dirichlet b.c).
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2.3 Hill-Mandel Macrohomogeneity condition

In order to derive the relations between the macro- and micro-scale, it is throughout this thesis
assumed that the so-called Hill-Mandel Macrohomogeneity condition is fulfilled. The condition can
be stated as follows and is illustrated in Figure 2.3. Consider an arbitrary potential Π(u) that shall
be minimized with respect to an arbitrary field variable u. By setting the directional derivative
equals zero and restrict the test variable, δu, to be determined by the macro-scale, the expression
Π′(u{uM}, δuM ) = 0 is obtained1. This expression can be reached in two different ways, see Figure
2.3. The Hill-Mandel Macrohomogeneity condition says that the expression Π′(u{uM}, δuM ) = 0
should be the same, independent if it is reached thought arrow (1) and (2) or (3) and (4).

(C) Π′(u, δu) = 0

(A) min
u

Π(u)

(D) Π′(u{uM}, δuM ) = 0

(B) min
u{uM}

Π(u{uM})
(1)

(3) (2)

(4)

Figure 2.3: The figure shows a schematic illustration of different ways of getting from statement (A)
to statement (D). Path (A)-(B)-(D) denotes that the restriction of the test variable δuM is applied
prior to the directorial derivative concepts, while path (A)-(B)-(D) denotes the other way around.

Note that Π′(u{uM}, δuM ) is the directional derivative of an arbitrary energy measure. The
most common example when the Hill-Mandel Macrohomogeneity condition is applied, is when linear
elasticity is considered. For this special case of the Hill-Mandel Macrohomogeneity condition, it can
be shown that fulfilling the condition is equivalent with the condition that the virtual work on the
macro-scale must be equal to the virtual work on the micro-scale [31].

2.4 Transient heat flow

In Section 2.4.1 the considered strong form is introduced and in Section 2.4.2 the corresponding
variational form is derived. Simplifications, regarding the transient heat flow problem, that are
assumed in this thesis is presented in Section 2.4.3.

2.4.1 Introducing the strong form

Let Ω be a spatial domain in which the transient heat flow equation is considered. For times between
0 and T , the strong form of the transient heat equation is given by [15]

dtΦ + q ·∇ = f in Ω× (0, T ], (2.6)

where Φ = Φ(u) is the stored volume-specific internal energy, q is the heat flux field, ∇ is the spatial
gradient with respect to coordinate x in Ω and f is the volume-specific heat source within Ω. The
boundary of Ω, denoted Γ, can be divided into one part where the temperature is prescribed and
one part where the heat flux through the boundary is described. The part of the boundary with
prescribed temperature, known as a Dirichlet boundary, is denoted ΓD and similarly the part of the
boundary with prescribed heat flux, known as a Neumann boundary, is denoted ΓN . This implies

1The curly brackets indicate implicit functional dependence.
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that the boundary can be decomposed as Γ = ΓD + ΓN . The boundary condition of the transient
heat flow problem, together with an initial condition on Φ, can then be written as

q · n = h on ΓN × (0, T ],

u = g on ΓD × (0, T ],

Φ = Φ0 in Ω
∣∣
t=0

,

(2.7)

where n is the normal to ΓN and h, g and Φ0 are given constants.

2.4.2 Derivation of the variational form

Let U and U0 be two Sobolev spaces satisfying2

U =
{
u :

∫
Ω

(
|u|2 + |∇u|2

)
dΩ
}
,

U
0 =

{
u :

∫
Ω

(
|u|2 + |∇u|2

)
dΩ, u = 0 on ΓD

}
.

(2.8)

Consider the strong form given in Equation (2.6) and let u ∈ U. A step towards the equivalent
variational form is obtained by multiplying the strong form with a test function, δu ∈ U0, and
integrate over the domain as∫

Ω
dtΦδudΩ +

∫
Ω
q ·∇δudΩ =

∫
Ω
fδudΩ. (2.9)

Integration by parts implies that

(δuq) ·∇ = (∇δu) · q + (q ·∇)δu. (2.10)

Using this relation on the second term in Equation (2.9) gives that∫
Ω

dtΦδudΩ +

∫
Ω

(δuq) ·∇− (∇δu) · q dΩ =

∫
Ω
fδudΩ, (2.11)

which is equivalent to∫
Ω

dtΦδudΩ−
∫

Ω
(∇δu) · q dΩ =

∫
Ω
fδudΩ−

∫
Ω

(δuq) ·∇dΩ. (2.12)

By using Gauss divergence theorem, the last term in Equation (2.12) can be written as∫
Ω

(δuq) ·∇dΩ =

∫
Γ
δuq · ndΓ. (2.13)

That the test function δu lies in U0 simplifies the expression ever further as∫
Γ
δuq · ndΓ =

∫
ΓN

δuq · ndΓ =:

∫
ΓN

δuhdΓ, (2.14)

where h is a constant. The weak form can now be written as: Find u ∈ U such that∫
Ω

dtΦδudΩ−
∫

Ω
(∇δu) · q dΩ =

∫
Ω
fδudΩ−

∫
ΓN

δuhdΓ ∀δu ∈ U0. (2.15)

2For information about Sobolev spaces, see Appendix A.
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2.4.3 Simplification from the general transient heat flow

From the general weak form, given in Equation (2.15), some simplifications are applied. First of all it
is assumed that there is no heat source within Ω, i.e. f = 0. Moreover it is also assumed that the
stored internal energy Φ(u) varies linear with u, i.e. Φ(u) = cu where c is a constant. Physically,
c = ρcp, where ρ is the density and cp is the heat capacity at constant pressure. Finally, also Fourier’s
law is assumed to be valid for the heat flux field, i.e. q(u,∇u) = −K ·∇u, where K is the thermal
conductivity. From these simplification, the weak form can be simplified into: Find u ∈ U such that∫

Ω
cu̇δudΩ +

∫
Ω

(∇δu) ·K · (∇u) dΩ = −
∫

ΓN

δuhdΓ ∀δu ∈ U0, (2.16)

where dtu = u̇. By introducing
m(u, δu) =

∫
Ω cuδudΩ,

a(u, δu) =
∫

Ω(∇u) ·K · (∇δu) dΩ,

l(δu) = −
∫

ΓN
δuhdΓ,

(2.17)

the weak form can be written as: Find u ∈ U such that

m(u̇, δu) + a(u, δu) = l(δu), ∀δu ∈ U0, (2.18)

with the initial condition

u
∣∣
t=0

=
Φ0

c
. (2.19)

2.5 Macro-scale problem

From the Computational Homogenization method it is shown that uM consists of a truncated Taylor
expansion of ū, see Section 2.2. Let A : R→ R be an operator satisfying

uM (x̄,x, t) =
(
Aū
)
(x̄,x, t) = ū(x̄, t) + ḡ(x, t) · (x− x̄). (2.20)

The smoothness of uM implies it lies in U and that it is possible to define a corresponding test function
Aδū ∈ U0. The regularity of uM , together with the Hill-Mandel Macrohomogeneity condition, imply
that Equation (2.16) can be rewritten as: Find ū ∈ U such that∫

Ω

[ 1

|Ω�|

∫
Ω�

cu̇AδūdΩ +
1

|Ω�|

∫
Ω�

(∇Aδū) ·K · (∇u) dΩ
]

dΩ = −
∫

ΓN

AδūhdΓ ∀δu ∈ U0, (2.21)

Let {
m�(u, v) = 1

|Ω�|
∫

Ω�
cuv dΩ ∀u, v ∈ U,

a�(u, v) = 1
|Ω�|

∫
Ω�

[
∇u
]
·K ·

[
∇v
]

dΩ ∀u, v ∈ U.
(2.22)

The integrand of the first term can then be written as

m�(u,Aδū) =
1

|Ω�|

∫
Ω�

cu
[
δū+ δḡ · (x− x̄)

]
dΩ =

1

|Ω�|

∫
Ω�

cudΩδū+
1

|Ω�|

∫
Ω�

cu(x− x̄) dΩ · δḡ

(2.23)
and introducing {

1
|Ω�|

∫
Ω�

cudΩδū = 〈cu〉�δū =: Φ̄δū
1
|Ω�|

∫
Ω�

cu(x− x̄) dΩ · δḡ = 〈cu(x− x̄)〉� · δḡ =: ¯̄Φδḡ
(2.24)
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gives
m�(u,Aδū) = Φ̄δū+ ¯̄Φδḡ. (2.25)

In the same manner, the integrand of the second term can be written as

a�(u,Aδu) =
1

|Ω�|

∫
Ω�

[
∇u
]
·K ·

[
∇Aδū

]
dΩ dΩ = − 1

|Ω�|

∫
Ω�

q · δḡ dΩ

= − 1

|Ω�|

∫
Ω�

q dΩ · δḡ = −〈q〉� · δḡ =: −q̄ · δḡ.
(2.26)

By assuming that the linear part of the Taylor expansion can be neglected on the boundary the
Neumann boundary term can be written as

−
∫

ΓN

AδūhdΓ = −
∫

ΓN

δūhdΓ. (2.27)

The variational form can now be simplified to: Find ū ∈ U such that∫
Ω

[
Φ̇δū+

˙̄̄
Φ · δḡ − q̄ · δḡ

]
dΩ = −

∫
ΓN

δūhdΓ ∀δū ∈ U0. (2.28)

Note that the fact that Aδū ∈ U0 implies that δū, δḡ ∈ U0 since Aδū = ū+ ḡ · (x− x̄).

Remark : By using Gauss divergence theorem and integration by parts, the variational form can be
rewritten as: Find ū ∈ U such that∫

Ω

[
˙̄Φ−∇ · ˙̄̄

Φ + ∇ · q̄
]
δūdΩ = 0 ∀δū ∈ U0. (2.29)

This shall be true for an arbitrary test function that lies in U0 on an arbitrary domain Ω. This implies
that

˙̄Φ−∇ · ˙̄̄
Φ + ∇ · q̄ = 0, (2.30)

which is the corresponding strong form of Equation (2.28).

2.6 Micro-scale problem (RVE-problem)

From Section 2.2 it is shown how the solution to the BVP inside each RVE can be decomposed as

u(x̄,x, t) = uM (x̄,x, t) + uµ(x̄,x, t). (2.31)

By assuming that uµ(x̄,x, t) = 0 on the boundary of the RVE, the temperature is equal to the
macro-scale temperature on the boundary. Since also First-order Computational Homogenization is
assumed, see Section 2.2.1, the equation

uM (x̄,x, t) = ū(x̄, t) + ḡ(x, t) · (x− x̄) (2.32)

must hold. The purpose of the micro-scale problem is to, for given ū and ḡ, determine the three
quantities q, Φ̄ and ¯̄Φ defined in Section 2.5, see Figure 2.4.

Consider the two Sobolev spaces that define the test and solution space of the macro-problem
given in Equation (2.8). In order to define the variational form of the micro-scale problem, the
corresponding two spaces on the micro-scale need to be defined. Both the test and solution space
must still be suitable Sobolev spaces in order for Lax-Milgrams theorem to hold3. Also the criteria

3For details about why Lax-Milgrams theorem needs to be fulfilled, see Appendix A.
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ū, ḡ Micro-scale
problem q̄, Φ̄, ¯̄Φ

Figure 2.4: The figure shows a schematic flow of what variables that are needed and calculated in the
micro-scale problem.

that the test function must be zero on the boundary must hold. The new condition, compared to the
spaces on the macro-scale is that the boundary on the solution space must fulfill conditions given
by the macro-scale solution. The solution and test space for the micro-scale problem, can then be
defined as

U� =
{
u :

∫
Ω

(
|u|2 + |∇u|2

)
dΩ, u = uM on ΓD

}
,

U
0
� =

{
u :

∫
Ω

(
|u|2 + |∇u|2

)
dΩ, u = 0 on ΓD

}
.

(2.33)

By using the variational form given in Equation (2.16), with the test function δu ∈ U0
�, the equation

1

|Ω�|

∫
Ω�

δucu̇ dΩ− 1

|Ω�|

∫
Ω�

(∇δu) · q dΩ = −
∫

ΓN

δuhdΓ, ∀δu ∈ U0
� (2.34)

is obtained. For simplicity, h is assumed to be zero and therefore

1

|Ω�|

∫
Ω�

δucu̇dΩ− 1

|Ω�|

∫
Ω�

(∇δu) · q dΩ = 0, ∀δu ∈ U0
�. (2.35)

The definitions of m� and a�, given in Equation (2.22), imply that the equation can be written as

m�(u̇, δu) + a�(u, δu) = 0, ∀δu ∈ U0
�. (2.36)

By using the expression of u in Equation (2.31), the weak form of the micro-problem can be written
as: Find uµ ∈ U� such that

m�(u̇µ, δu) + a�(uµ, δu) = −m�(u̇M , δu)− a�(uM , δu)

= −m�( ˙̄u, δu)−m�( ˙̄g · (x− x̄), δu)− a�(ū, δu)− a�(ḡ · (x− x̄), δu)

= −m�(1, δu) ˙̄u+
( d∑
i=1

−m�(ei · (x− x̄), δu)ei
)
· ˙̄g

+
( d∑
i=1

−a�(ei · (x− x̄), δu)ei
)
· ḡ, ∀δu ∈ U0

�.

(2.37)

Recall that the goal is to calculate q, Φ̄ and ¯̄Φ, which are given by
q̄ = 1

|Ω�|
∫

Ω�
q dΩ

Φ̄ = 1
|Ω�|

∫
Ω�

cudΩ
¯̄Φ = 1

|Ω�|
∫

Ω�
cu(x− x̄) dΩ.

(2.38)

From the weak form uµ is calculated and q, Φ̄ and ¯̄Φ can then be found from

q̄ = a�(u, 1) = a�(uM , 1) + a�(uµ, 1) = qūū+ qḡ · ḡ + a�(uµ, 1), (2.39)
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Φ̄(u) = m�(cu, 1) = m�(cuM , 1) + m�(cuµ, 1) = Φ̄ūū+ Φ̄ḡ · ḡ + m�(cuµ, 1), (2.40)

and

¯̄Φ(u) =

d∑
i=1

m�(u, ei · (x− x̄))ei =

d∑
i=1

m�(uM , ei · (x− x̄))ei

+
d∑
i=1

m�(uµ, ei · (x− x̄))ei = ¯̄Φūū+ ¯̄Φḡ · ḡ +
d∑
i=1

m�(uµ, ei · (x− x̄))ei,

(2.41)

where Φ̄ū is a given constant, qū, Φ̄ḡ and ¯̄Φū are given vectors and qḡ respective ¯̄Φḡ are given

matrices. Note that if uµ is calculated, q̄, Φ̄ and ¯̄Φ can then be determined from Equations (2.39)-
(2.41). Therefore, focus is this thesis is centered around calculating uµ.

Remark : From the definition of the operation A in Section 2.5, Equation (2.31) can be written as

u(x̄,x, t) =
(
Aū
)
(x̄,x, t) + uµ(x̄,x, t). (2.42)

For the First-order Computational Homogenization, the conditions{
ū = 1

|Ω�|
∫

Ω�
udΩ

ḡ = 1
|Ω�|

∫
Ω�

∇udΩ = 1
|Ω�|

∫
Γ�
nudΓ

(2.43)

must hold. Note that Gauss divergence theorem is applied to the second equation. Let A? : R→ R

be an operator such that
ū = A?u. (2.44)

In order to fulfill Equation (2.43) the condition

ū{u} = A?u = A?(uM + uµ) = A?uM +A?uµ = A?Aū+A?uµ !
= ū (2.45)

must hold. Thus A?Aū+A?uµ = ū and the conditions{
A?A = I

Auµ = 0
(2.46)

must hold thoughtout the derivations.
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3 Numerical Model Reduction of the micro-scale prob-

lem

In this chapter, Numerical Model Reduction (NMR) is used to solve the micro-scale problem. Section
3.1 presents fundamental properties and assumptions in the NMR method. Section 3.2 shows how the
micro-scale problem can be solved by letting the solution consist of a sum of modes in space and time.
Finally, Section 3.3 shows how a reduced solution of the micro-scale problem can be calculated with
NMR.

3.1 Numerical Model Reduction

In order to solve a FE2-problem, it would be highly appreciated if the computational cost could be
reduced. A starting point in order to solve this computational issue was introduced by Dvorak and
Benveniste in 1992 [32]. In their work they introduced the so-called Transformation Field Analysis
(TFA), where they showed that it is possible to reduce the number of macroscopic internal variables if
it is assumed that the microscopic field of internal variables are piecewise uniform. The problem with
TFA is that it cannot capture the material behavior of the plastic strain field without introducing
a prohibitively high number of internal variables. In order to solve this issue, the Non-uniform
Transformation Field Analysis (NTFA) was developed [33–35]. The key idea behind NTFA is that so-
called inelastic modes εα(x) are introduced, which are spatially heterogeneous and time independent.
By also introducing time dependent internal variables, called mode activity coefficients and denoted
ξα(t), it is assumed that the plastic strain εp(x, t) can be written as

εp(x, t) =
N∑
α=1

εα(x)ξα(t), (3.1)

where N is the number of inelastic modes. The method was further improved by Fritzen and Leuschner
who extended the method such that more complex material models could be used [36]. Nowadays the
method is well established, see [13,18,20,22].

In this thesis, when the transient heat flow problem is considered, the corresponding decomposition
is given by

uµ(x, t) =
N∑
a=1

ua(x)ξa(t), (3.2)

where uµ is the fluctuating term on the micro-scale, see Section 2.2. The modes ua need to be
estimated in order to calculate ξa. This can be done with Spectral Decomposition or Proper
Orthogonal Decomposition, which is presented in Sections 3.1.1 and 3.1.2.

The concept of Numerical Model Reduction (NMR) uses the same approach as NTFA, but are
reducing the computational cost by not using all modes. This implies that the decomposition of the
temperature can be written as

uµ(x, t) =

NR∑
a=1

ua(x)ξa(t), (3.3)

where 1 ≤ NR < N .

3.1.1 Spectral Decomposition

The key idea that is used in the Spectral Decomposition is that a diagonalizable matrix can be
represented with its eigenvalues and eigenvectors [37]. Let A be a square matrix. An eigenvector, u,
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to A is a non-zero vector that satisfies the classical eigenvalue equation given by [38]

Au = λu, (3.4)

where λ is an eigenvalue to A. The eigenvalue decomposition theorem claims that if A is a diagonal-
izable matrix, then A can be written as [39]

A = UΛU−1, (3.5)

where U is a square matrix with the i:th column containing the i:th eigenvector and Λ is a diagonal
matrix such that Λii = λi.

The classical eigenvalue problem can however be extended to the generalized eigenvalue problem
given by

AU = BΛU , (3.6)

where A and B are two symmetric square matrices. The advantage with the generalized eigenvalue
problem is that it works even if B is singular. In the special case when B is non-singular, the equation
can be rewritten as

B−1AU = ΛU , (3.7)

which corresponds to the ordinary eigenvalue problem.

Since both A and B are symmetric matrices they can be diagonalized and the identities{
UTAU = Λ (3.8a)

UTBU = I (3.8b)

must hold, where I is the identity matrix. That the identities must hold can be motivated as follows.
Multiply Equation (3.8b) with Λ gives ΛUTBU = Λ. Using this identity into Equation (3.8a) gives

UTAU = ΛUTBU . (3.9)

Multiply both sides with (UT )−1 from the right gives

AU = ΛBU . (3.10)

Equation (3.10) is equivalent to Equation (3.6), which is the generalized eigenvalue equation which
needs to be fulfilled. Thus Equation (3.10) needs to be fulfilled and therefore the identities in Equation
(3.8a) and (3.8b) must be fulfilled as well.

3.1.2 Proper Orthogonal Decomposition

In almost every field in modern science, simulations are performed that might be computationally
heavy [40]. The purpose of Proper Orthogonal Decomposition (POD) is to reduce the computationally
cost while still keep the essence of the simulation. It was originally introduced in 1901 by Karl Pearson
in the famous article “On lines and planes of closest fit to systems of points in space” [41]. During
the past century, the method has been evolved and in different research fields the method is slightly
different due to the data it is applied to. For example, when the method is applied to large finite
data sets it is known as Principal Component Analysis (PCA) [42], when working with distributed
parameter system it is known as Karhunen–Loève Decomposition (KLD) [40] and when it is applied
to non-squared matrices it is known as Singular Value Decomposition (SVD) [43].
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3.2 Solving the micro-scale problem

As a starting point for the Numerical Model Reduction (NMR) of the transient heat flow problem,
recall the weak form of the micro-scale problem given by Equation (2.37) which says that: Find
uµ ∈ U� such that

m�(u̇µ, δu) + a�(uµ, δu) = −m�(1, δu) ˙̄u+
( d∑
i=1

−m�(ei · (x− x̄), δu)ei
)
· ˙̄g

+
( d∑
i=1

−a�(ei · (x− x̄), δu)ei
)
· ḡ, ∀δu ∈ U0

�.

(3.11)

The idea is to use the concepts behind NTFA, see Section 3.1, to assume that uµ(x, t) can be written
as

uµ(x, t) =

N∑
a=1

ua(x)ξ̃a(t) (3.12)

for some number N . The corresponding test function can be written as

δu(x, t) = δ
( N∑
a=1

ua(x)ξ̃a(t)
)

=

N∑
a=1

δ
(
ua(x)ξ̃a(t)

)
=

N∑
a=1

ξ̃a(t)δua(x) +

N∑
a=1

ua(x)δξ̃a(t). (3.13)

Since ua(x) is not time dependent, δua(x) = 0 and therefore

δu(x, t) =
N∑
a=1

ua(x)δξ̃a(t). (3.14)

In order to find ξ̃a(t), ua(x) needs to be estimated. This can be done with either Spectral
Decomposition, see Section 3.1.1, or Proper Orthogonal Decomposition (POD), see Section 3.1.2. The
main advantages with POD, compared to Spectral Decomposition, is that it can capture non-linear
effects. Spectral Decomposition, on the other hand, works well for linear problems and all matrices are
diagonalized automatically. Since only the linear transient heat flow problem is considered, Spectral
Decomposition is applied. The spatial modes, ua(x), can then be estimated as the eigenvectors to the
generalized eigenvalue problem

λam�(ua, δu) + a�(ua, δu) = 0, ∀δu ∈ U�, a = 1, 2, . . . , N. (3.15)

Equation (3.15) is given on its continuous form. In order to solve the micro-scale problem, the
corresponding FE-discrete form is used. Therefore, N is replaced with a finite number Nh. In standard
finite element fashion, the spaces U�,h ⊂ U� and U0

�,h ⊂ U0
� are introduced. This implies that the

space discrete version of u and δu can be written as{
U�,h 3 uh =

∑Nh
a=1 ua,h(x)ξ̃a(t)

U0
�,h 3 δuh =

∑Nh
k=1 ua,h(x)δξ̃a(t),

(3.16)

where {
U�,h 3 ua,h(x) =

∑Nh
k=1Nk(x)(ua)k

U0
�,h 3 δua,h(x) =

∑Nh
k=1Nk(x)(δua)k,

(3.17)

where Nk are the basis functions and ua respective δua are the nodal vectors. ua,h can be estimated
with the corresponding discrete generalized eigenvalue problem, which is given by

δua

[
λaM +K

]
ua = 0, a = 1, 2, . . . , Nh, ∀δua ∈ RNh , (3.18)
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where M is the mass matrix and K is the stiffness matrix. Since this must hold for an arbitrary
δua ∈ RNh the equation is simplified as[

λaM +K
]
ua = 0, a = 1, 2, . . . , Nh. (3.19)

In the upcoming theory it is the discrete solution in space that is considered1. By using the
decomposition of u, Equation (3.11) can be written as

m�

( N∑
b=1

ub
˙̃
ξb,

N∑
a=1

uaδξ̃a

)
+ a�

( N∑
b=1

ubξ̃b,
N∑
a=1

uaδξ̃a

)
= −m�

(
1,

N∑
a=1

uaδξ̃a

)
˙̄u

+
( d∑
i=1

−m�(ei · (x− x̄),

N∑
a=1

uaδξ̃a)ei
)
· ˙̄g +

( d∑
i=1

−a�(ei · (x− x̄),

N∑
a=1

uaδξ̃a

)
ei
)
· ḡ.

(3.20)

The linearity of m� and a� imply that

N∑
a,b=1

m�

(
ub

˙̃
ξb, uaδξ̃a

)
+ a�

(
ubξ̃b, uaδξ̃a

)
=

N∑
a=1

−m�

(
1, uaδξ̃a

)
˙̄u

+
( d∑
i=1

−m�(ei · (x− x̄), uaδξ̃a)ei
)
· ˙̄g +

( d∑
i=1

−a�(ei · (x− x̄), uaδξ̃a

)
ei
)
· ḡ.

(3.21)

Since m� and a� only uses spatial integration, Equation (3.21) is simplified to

N∑
a,b=1

δξ̃a

[
m�(ub, ua)

˙̃
ξb + a�(ub, ua)ξ̃b

]
=

N∑
a=1

δξ̃a

[
−m�(1, ua) ˙̄u

+
( d∑
i=1

−m�(ei · (x− x̄), ua)ei
)
· ˙̄g +

( d∑
i=1

−a�(ei · (x− x̄), ua

)
ei
)
· ḡ
]
.

(3.22)

The equation must hold for all δξ̃a ∈ L2, which gives that2

N∑
b=1

m�(ua, ub)
˙̃
ξb + a�(ua, ub)ξ̃b = −m�(1, ua) ˙̄u+

( d∑
i=1

−m�(ei · (x− x̄), ua)ei
)
· ˙̄g

+
( d∑
i=1

−a�(ei · (x− x̄), ua

)
ei
)
· ḡ, a = 1, 2, . . . N.

(3.23)

The orthogonal properties of the generalized eigenvalue problem implies that it is possible to choose
the amplitudes of ua and ub such that

m�(ua, ub) =

{
1 if a = b

0 if a 6= b
and a�(ua, ub) =

{
λa if a = b

0 if a 6= b.
(3.24)

This orthogonality implies that all coupling terms in the differential equations are equal to zero. This
results in N independent ordinary differential equations given by

˙̃
ξa + λaξ̃a =−m�(1, ua) ˙̄u−

( d∑
i=1

m�(ei · (x− x̄), ua)ei
)
· ˙̄g

−
( d∑
i=1

a�(ei · (x− x̄), ua

)
ei
)
· ḡ, a = 1, 2, . . . N.

(3.25)

1In this thesis, only the discrete solution is used from now on and therefore the index h is dropped.
2For information of how the L2 space is defined, see Appendix A.
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By setting

fa(t) = −m�(1, ua) ˙̄u+
( d∑
i=1

−m�(ei · (x− x̄), ua)ei
)
· ˙̄g +

( d∑
i=1

−a�(ei · (x− x̄), ua

)
ei
)
· ḡ,

a = 1, 2, . . . N,

(3.26)

the equation can be written in a compact form as

˙̃
ξa + λaξ̃a = fa(t), a = 1, 2, . . . N, (3.27)

which, in this thesis, is solved numerically with the Backward Euler method for each a = 1, 2, . . . N .

3.3 Implementing the reduced basis for the micro-problem

From Section 3.2 it is showed that uµ is assumed to be given by

uµ(x, t) =
N∑
a=1

ua(x)ξ̃a(t), (3.28)

where ξ̃a(t) is calculated from N uncoupled ordinary differential equations given by

˙̃
ξa + λaξ̃a = fa(t), a = 1, 2, . . . N. (3.29)

In Section 3.2 it is further derived how ua(x) can be estimated by using the generalized eigenvalue-
problem. Hence all ingredients for calculating ua(x) and ξ̃a(t) are obtained and thus uµ(x, t) can be
determined. As described in Section 1.1, the FE-problem is RVE dependent and has to be solved for
each macro-scale quadrature point. Having a fine macro-scale mesh hence induces an unacceptable
computational cost. A way to solve this computational issue is to reduce the computational cost
of the micro-scale problem by reducing the basis of the solution space. This is done by using the
generalized eigenvectors ua(x) corresponding to eigenvalues that is small enough.

Let NR be the number of generalized eigenvectors that is used to span the reduced basis. The
reduced solution of the micro-scale problem is then given by

uµR(x, t) =

NR∑
a=1

ua(x)ξ̃a(t). (3.30)

The total temperature for the reduced problem is obtain by adding the estimated macro-temperature
from the First-order Computational Homogenization, given in Equation (2.20), as

uR(x, t) = ū(t) + ḡ(x, t) · (x− x̄) +

NR∑
a=1

ua(x)ξ̃a(t). (3.31)

However, there exists a disadvantage with calculating uR(x, t) in this way. Consider the ordinary
differential equation from which ξ̃a(t) is calculated from

˙̃
ξa + λaξ̃a =−m�(1, ua) ˙̄u−

( d∑
i=1

m�(ei · (x− x̄), ua)ei
)
· ˙̄g

−
( d∑
i=1

a�(ei · (x− x̄), ua

)
ei
)
· ḡ, a = 1, 2, . . . NR.

(3.32)
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The last term in the right hand side is non-zero even for constant ḡ and, therefore, contributes to
the stationary solution. This implies that in order to express the stationary solution, all modes are
needed. Calculating the stationary solution to the problem is assumed to be a low computational cost
compared to the computational cost of calculating the full base solution. Note that it is verified that

this assumption is valid in Section 5.6. Let u
(i)
stat satisfy the equation

a�(u
(i)
stat, δu) = 0, ∀δu ∈ U0

�. (3.33)

By using u
(i)
stat on the macro-level, uR(x, t) can be written in an equivalent way as

uR(x, t) = ū(t) +

d∑
i=1

u
(i)
statei · ḡi(t) +

NR∑
a=1

ua(x)ξa(t), (3.34)

where ξa(t) is the solution to the ordinary differential equation

ξ̇ + λaξ = −m�(1, ua) ˙̄u−
( d∑
i=1

m�(u
(i)
stat, ua)ei

)
· ˙̄g, a = 1, 2, . . . NR. (3.35)

By expressing uR(x, t) as in Equation (3.34), the stationary part of the solution is recovered by
the first two terms and the transient part of the solution is covered by the sum. This implies that,
independently of how many modes that are used, the stationary solution of u(x, t) is always captured.
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4 Error analysis

In this chapter it is shown how the error, introduced by Numerical Model Reduction (NMR), can be
estimated. Note that there are three different error sources:

1. Error introduced by space discretization.

2. Error introduced by time discretization.

3. Error introduced by NMR.

In this study it is only the error introduced by NMR that is analyzed. Therefore, the solution that is
calculated with all modes is assumed to be the true solution. The error estimates that are performed
can be divided into two different categories:

• Error estimates performed using all modes.

• Error estimates performed using only the reduced modes.

In order to estimate errors that span over both space and time, the space-time formulating of
the problem is introduced, see Section 4.1. In Section 4.2 fundamental error estimate properties are
defined along with several theorems that can be used for error estimates. Section 4.3 defines what
quantities of interest that are considered in this thesis. In Section 4.4 it is derived how the theorems
from Section 4.2 can be applied when all modes are used. Finally, Section 4.5 shows how similar error
estimates can be performed when only the reduced modes are used.

4.1 Space-time formulation

In order to formulate the space-time variational form of the problem, recall Equation (2.36) which
says that

m�(u̇, δu) + a�(u, δu) = 0, ∀δu ∈ U0
�. (4.1)

The goal with the space-time variational form is to define a variational form where the test function
is integrated over both the spatial- and time domain. Let U� and U0

� be the same Sobolev spaces as

defined in Equation (2.33) and let Ũ� be a the Sobolev space defined as1

Ũ� =
{
u :

∫
Ω

(
|u|2 + |∇u|2

)
dΩ
}
. (4.2)

The solution and test space can then be defined as

U� =
{
u(x, t) : u(·, t) ∈ U�

(
t), u(x, ·) ∈ Ũ�

(
[0, T ]

)}
,

U0
� =

{
u(x, t) : u(·, t) ∈ U0

�(t), u(x, ·) ∈ Ũ�
(
[0, T ]

)}
,

(4.3)

where U�
(
t) and U0

�(t) are the ordinary spaces U� and U0
� at the time t. The space-time variational

form can then be formulated as follows. Find u(x, t) ∈ U� such that∫ T

0
m�(u̇, δu) + a�(u, δu) dt+ m�(u, δu)

∣∣
t=0

=

∫ T

0
0 dt+ m�(u0, δu)

∣∣
t=0

, ∀δu ∈ U0
�, (4.4)

1For more information about Sobolev spaces, see Appendix A.
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where u0 is the initial condition of the temperature. Define the two operators A� : U� ×U0
� → R

and L� : U0
� → R such that

A�(u, δu) :=

∫ T

0

[
m�(u̇, δu) + a�(u, δu)

]
dt+ m�(u, δu)

∣∣
t=0

L�(δu) :=

∫ T

0
0 dt+ m�(u0, δu)

∣∣
t=0

= m�(u0, δu)
∣∣
t=0

.

(4.5)

From the definition of A� and L� it can be seen that A� is a bilinear form and L� is a linear
functional. By using the two operators, the variational form can be written as: Find u(x, t) ∈ U�
such that

A�(u, δu) = L�(δu), ∀δu ∈ U0
�. (4.6)

Remark : By introducing the decomposition of u as

u = uM + uµ = ū(t) +

d∑
i=1

u
(i)
stat(x)ei · g(t) +

N∑
a=1

ua(x)ξa(t), (4.7)

the variational form can, in the same approach as for the ordinary variational form in Equations
(3.20)-(3.23), be written as

N∑
b=1

∫ T

0
m�(ua, ub)ξ̇b + a�(ua, ub)ξb dt+ m�(ua, ub)ξb(0) = −

∫ T

0
m�(ua, 1) ˙̄u

+
( d∑
i=1

m�(ua, u
(i)
stat)ei

)
· ˙̄g dt+ m�(u0, ua), a = 1, 2, . . . N.

(4.8)

Let ξa,0 := m�(u0, ua). By using the orthogonal properties of ua, all couplings terms are equal to zero
and N independent equations are obtained as

∫ T

0

(
ξ̇a(t) +λaξa(t)

)
dt+ ξa(0) = −

∫ T

0
m(ua, 1) ˙̄u+

( d∑
i=1

m�(ua, u
(i))
statei

)
· ˙̄g dt+ ξa,0, a = 1, 2, . . . N.

(4.9)
The corresponding ordinary differential equations are given by{

ξ̇a + λaξa = −m(ua, 1) ˙̄u−
(∑d

i=1 m�(ua, u
(i)
stat)ei

)
· ˙̄g, a = 1, 2, . . . N,

ξa(0) = ξa,0,
(4.10)

which, as expected, are the same differential equations as for the ordinary weak formulation, see
Equation (3.35).

4.2 Fundamental theory and theorems used in error analysis

Section 4.2.1 presents theory for the exact error representation, and Section 4.2.2 defines the so-called
symmetric error representation. How goal-oriented error analysis can be performed in order to estimate
the error, in a given quantity of interest, is shown in Section 4.2.3. Finally, Section 4.2.4 presents how
sharper error estimates can be obtained when the Galerkin orthogonality is used.
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4.2.1 Exact error representation

Let UR� ⊂ U� and UR,0� ⊂ U0
� be two Sobolev spaces defined as

UR� =
{
u ∈ U� : u(·, t) = Span{ua}NRa=1

}
UR,0� =

{
u ∈ U0

� : u(·, t) = Span{ua}NRa=1

}
.

(4.11)

In the same way as in Equation (3.34), define uR ∈ UR� as the reduced solution given by

uR(x, t) = ū(t) +

d∑
i=1

u
(i)
statei · ḡi(t) +

NR∑
a=1

ua(x)ξa(t). (4.12)

The error e(x, t) ∈ U0
� can then be defined as

e(x, t) := u(x, t)− uR(x, t). (4.13)

From the definition of u(x, t) and uR(x, t), the error is given by

e(x, t) =
N∑

a=NR+1

ua(x)ξa(t). (4.14)

Note that, in order to calculate this error, all modes from NR + 1 to N are needed.
With the space-time formulation in mind, the residual for a given uR is defined as

R�(δu) := L�(δu)−A�(uR, δu), ∀δu ∈ U0
�. (4.15)

The error needs to satisfy the error equation given by

A�(e, δu) = R�(δu), ∀δu ∈ U0
�. (4.16)

This follows from the bilinearity of A� since

A�(e, δu) = A�(u, δu)−A�(uR, δu) = L(δu)−A�(uR, δu) = R�(δu). (4.17)

Note that if δu ∈ UR,0� ⊂ U0
�, then R�(δu) = 0, and thus

A�(e, δu) = 0, ∀δu ∈ UR,0� , (4.18)

which is known as the Galerkin orthogonality. By assuming that A�(v, v) is coercive for all v ∈ U0
� it

is possible to define a norm on U0
� given by

‖v‖ :=
√
A�(v, v). (4.19)

This norm is in this thesis referred to as the energy norm.

4.2.2 Symmetrized error representation

In order to estimate the error, Cauchy-Schwarz inequality or the Parallelogram law can be used.
In order to apply these theorems, the operator needs to be symmetric. Unfortunately, A� is not
symmetric but the fact that A� is bilinear implies that a symmetric counterpart to A� can be defined
as

As�(u, v) :=
1

2

[
A�(u, v) +A�(v, u)

]
. ∀u, v ∈ U0

�. (4.20)
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The corresponding symmetric error, es ∈ U0
�, can be calculated from the corresponding symmetric

error equation given by
As�(es, δu) = R�(δu), ∀δu ∈ U0

�. (4.21)

Let v be an arbitrary variable in U0
�. The equality As�(v, v) ≡ A�(v, v) must hold since

As�(v, v) :=
1

2

(
A�(v, v) +A�(v, v)

)
= A�(v, v). (4.22)

This implies that the energy norm can be defined in an equivalent way as

‖v‖ :=
√
As�(v, v). (4.23)

Theorem 1. If es is calculated from Equation (4.21), then

‖e‖ ≤ ‖es‖. (4.24)

Proof. In the case when ‖e‖ = 0, the theorem is fulfilled since ‖es‖ ≥ 0. Now prove the theorem
when ‖e‖ > 0. The definition of the energy norm gives that ‖e‖2 = As�(e, e). The identity As�(v, v) ≡
A�(v, v), for all v ∈ U0

�, implies that energy norm of e can be written as

‖e‖2 = As�(e, e) = A�(e, e) = R�(e) = A�(es, e), (4.25)

where the two last steps follows from Equations (4.16) and (4.21). Cauchy-Schwarz inequality can
now by applied to the symmetric operator As� as

‖e‖2 = As�(es, e) ≤ ‖es‖‖e‖. (4.26)

Since ‖e‖ > 0, it is possible to divide with ‖e‖ on both sides which implies that

‖e‖ ≤ ‖es‖. (4.27)

4.2.3 Goal-oriented error estimation

For a given problem there is often a given property that is of interest. Properties that are of interest
might be the average displacement along a boundary, average stress or average temperature in a body.
In order to estimate such properties the concept of goal-oriented error analysis is introduced. The key
idea is to introduce a so-called quantity of interest, Q�, which is a linear functional from which a new
error estimate can be defined as

E = Q�(e). (4.28)

Changing how Q�(e) is defined implies that different quantities of interest can be obtained. In order
to estimate E, the dual problem is needed which is defined as: Find u? ∈ U0

� such that

A�(δu, u?) = Q�(δu), ∀δu ∈ U0
�. (4.29)

From the definition of the dual problem it follows that E can be written as

E = Q�(e) = A�(e, u?) = R�(u?). (4.30)

In order to estimate E from the dual solution, the symmetric representation of u?, denoted u?,s ∈ U0
�,

is needed. This quantity can be calculated from the weak form: Find u?,s ∈ U0
� such that

As�(δu, u?,s) = Q�(δu), ∀δu ∈ U0
�. (4.31)

The error, E, can be estimated by the following theorem:
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Theorem 2. If es is calculated from Equation (4.21) and u?,s from Equation (4.31), then the identity

|E| ≤ ‖es‖‖u?,s‖ (4.32)

must hold.

Proof. From Equations (4.28) and (4.31) it follows that

|E| = |Q�(e)| = |As�(e, u?,s)|. (4.33)

Cauchy-Schwarz theorem together with Theorem 1 concludes the proof since

|E| = |As�(e, u?,s)| ≤ ‖e‖‖u?,s‖ ≤ ‖es‖‖u?,s‖. (4.34)

4.2.4 Sharper error estimates using the Galerkin orthogonality

The estimation of the error that is used in Theorem 2 never utilizes the Galerkin orthogonality
property given in Equation (4.18). By introducing the approximate dual problem given by: Find
u?R ∈ UR� such that

A�(δu, u?R) = Q�(δu), ∀δu ∈ UR,0� , (4.35)

the residual for the dual problem can be stated as

R?�(δu) := Q�(δu)−A�(δu, u?R), ∀δu ∈ U0
�. (4.36)

The corresponding error equation is given by: Find u? − u?R =: e? ∈ U0
� such that

A�(δu, e?) = R?�(δu), ∀δu ∈ U0
�. (4.37)

Finally, the symmetric error equation of the dual problem can be written as: Find e?,s ∈ U0
� such

that
As�(δu, e?,s) = R?�(δu), ∀δu ∈ U0

�. (4.38)

From these identities, the error can be estimated with the following theorems.

Theorem 3 (Cauchy-Schwarz bounds of the output). If es is solved from (4.21) and e?,s is solved
from (4.38), then

|E| ≤ ‖es‖‖e?,s‖. (4.39)

Proof. By using the properties of the Galerkin orthogonality and the goal-oriented error estimate in
Equation (4.30), the error can be written as

E = R�(u?) = R�(u?)−R�(u?R) = R�(u? − u?R) = R�(e?). (4.40)

The symmetric error equation implies that

E = R�(e?) = As�(es, e?). (4.41)

Cauchy-Schwarz theorem implies that

|E| = |As�(es, e?)| ≤ ‖es‖‖e?‖. (4.42)

From Theorem 1 the relation ‖e?‖ ≤ ‖e?,s‖ follows which gives

|E| ≤ ‖es‖‖e?‖ ≤ ‖es‖‖e?,s‖. (4.43)
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Theorem 4 (Parallelogram law bounds of the output). If es is solved from (4.21), e?,s is solved from
(4.38) and κ 6= 0 is an arbitrary constant, then

E ≤ 1

4
‖κes +

1

κ
e?,s‖2

E ≥ −1

4
‖κes − 1

κ
e?,s‖2.

(4.44)

Proof. Consider the inequality

0 ≤ ‖1

2

(
κes ± 1

κ
e?,s
)
− κe‖2 =

1

4
‖κes ± 1

κ
e?,s‖2 − κ2As�(es, e)∓As�(e?,s, e) + κ2‖e‖2. (4.45)

From the error equation for the symmetric and non-symmetric problem it follows that

As�(es, e) = R�(e) = A�(e, e) = As�(e, e) = ‖e‖2. (4.46)

Hence the inequality can be simplified into

0 ≤ 1

4
‖κes ± 1

κ
e?,s‖2 − κ2‖e‖2 ∓As�(e?,s, e) + κ2‖e‖2 =

1

4
‖κes ± 1

κ
e?,s‖2 ∓As�(e?,s, e) (4.47)

The error equation from the dual symmetric problem and the definition of the dual residual gives

As�(e?,s, e) = As�(e, e?,s) = R?�(e) = Q�(e)−A�(e, u?R). (4.48)

But from the Galerkin orthogonality it follows that

A�(e, u?R) = R�(u?R) = 0 (4.49)

since u?R ∈ U
R,0
� , and therefore

As�(e?,s, e) = Q�(e) = E. (4.50)

Thus

0 ≤ 1

4
‖κes ± 1

κ
e?,s‖2 ∓ E, (4.51)

which is equivalent to

E ≤ 1

4
‖κes +

1

κ
e?,s‖2

E ≥ −1

4
‖κes − 1

κ
e?,s‖2.

(4.52)

When Theorem 4 is applied it is beneficial to set κ to the value that gives the error estimate that
is as close as possible to the true error. This error estimate is obtained if

κ =
‖e?,s‖
‖es‖

, (4.53)

see Theorem 5.

Theorem 5 (Optimal choice of κ). Assume that ‖es‖ is positive. Then the error estimate with
Theorem 4 is as close as possible to the true error if

κ =
‖e?,s‖
‖es‖

. (4.54)
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Proof. The optimal value of κ is obtained if the norm from Theorem 4 is minimized, i.e.

min
κ6=0

1

4
‖κes ± 1

κ
e?,s‖2 = min

κ6=0

1

4

(
κ2‖es‖2 ± 2As�(es, e?,s) +

1

κ2
‖e?,s‖2

)
. (4.55)

Differentiate with respect to κ and set the derivative equal to zero in order to find a stationary point.

∂

∂κ

1

4

(
κ2‖es‖2 ± 2As�(es, e?,s) +

1

κ2
‖e?,s‖2

)
= 0, (4.56)

gives that

2κ‖es‖2 − 2

κ3
‖e?,s‖2 = 0. (4.57)

By solving the equation it can be found that

κ2 =
‖e?,s‖2

‖es‖2
, (4.58)

and since all norms are non-negative it can be concluded that

κ =
‖e?,s‖
‖es‖

. (4.59)

This value of κ is a minimum since the second derivative is positive,

∂2

∂κ2

1

4
‖κes +

1

κ
e?,s‖2

∣∣∣
κ=

‖e?,s‖
‖es‖

=
1

2
‖es‖+

3

2κ4
‖e?,s‖2

∣∣∣
κ=

‖e?,s‖
‖es‖

=
1

2
‖es‖+

3‖es‖4

2‖e?,s‖2
> 0. (4.60)

4.3 Considered quantities of interest

In order to keep a wide range of different quantities of interest, Q�(u) is defined as

Q�(u) =

∫ T

0
m�(X,u) + a�(Y, u) dt+ m�(Z, u)

∣∣
t=T

, (4.61)

where X, Y and Z are arbitrary functions. The true error for the quantity of interest is given by

E = Q�(e) =

∫ T

0
m�(X, e) + a�(Y, e) dt+ m�(Z, e)

∣∣
t=T

. (4.62)

By choosing X, Y and Z to be specific functions, different quantities of interest are obtained.

Example 1 (Average temperature). If the quantity of interest should be the average temperature
inside the domain, the quantity of interest must look like

Q�(u) =
1

T |Ω�|

∫ T

0

∫
Ω�

u dΩ dt. (4.63)

Lemma 1 (Average temperature). The expression of Q�(u) in Equation (4.63) is obtained if
X = 1

cT

Y = 0

Z = 0.

(4.64)
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Proof. The versatile quantity of interest is given by

Q�(u) =

∫ T

0
m�(X,u) + a�(Y, u) dt+ m�(Z, u)

∣∣
t=T

. (4.65)

In order to have the average temperature as quantity of interest, the identity

1

T |Ω�|

∫ T

0

∫
Ω�

udΩ dt =

∫ T

0
m�(X,u) + a�(Y, u) dt+ m�(Z, u)

∣∣
t=T

(4.66)

must hold. In the left hand side there is no derivatives of the temperature and hence Y = 0. Also,
there is no explicit boundary term, which implies that Z = 0. The definition of m� gives that

1

T |Ω�|

∫ T

0

∫
Ω�

udΩ dt =
1

|Ω�|

∫ T

0

∫
Ω�

cuX dΩ dt. (4.67)

This must hold for an arbitrary domain and final time T and thus

1

T |Ω�|
u =

1

|Ω�|
cuX. (4.68)

Solving X from the equation gives that

X =
1

cT
. (4.69)

Example 2 (Average heat flux in one direction). If the quantity of interest should be the average
heat flux in a specific direction, the quantity of interest must look like

Q�(u) =
1

T |Ω�|

∫ T

0

∫
Ω�

e · q dΩ dt, (4.70)

where q is the heat flux and e is the unit vector in the desired direction.

Lemma 2 (Average heat flux in one direction). The expression of Q�(u) in Equation (4.70) is
obtained if 

X = 0,

Y =
(
u

(i)
stat − x · ei

)
/T,

Z = 0.

(4.71)

Proof. The versatile quantity of interest is given by

Q�(u) =

∫ T

0
m�(X,u) + a�(Y, u) dt+ m�(Z, u)

∣∣
t=T

, (4.72)

which implies that

1

T |Ω�|

∫ T

0

∫
Ω�

e · q dΩ dt
!

=

∫ T

0
m�(X,u) + a�(Y, u) dt+ m�(Z, u)

∣∣
t=T

. (4.73)

Only the gradient of the temperature over the domain is needed and therefore X = Z = 0, which
implies that

1

T |Ω�|

∫ T

0

∫
Ω�

e · q dΩ dt =

∫ T

0
a�(Y, u) dt. (4.74)
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The definition of a�, together with the definition of the heat flux, q := −K ·∇u, implies that the left
hand side can be rewritten as

1

T |Ω�|

∫ T

0

∫
Ω�

e · q dΩ dt = − 1

T

∫ T

0
a�(u,x · e) dt. (4.75)

The symmetry and linearity of a� implies that Equation (4.74) can be simplified into∫ T

0
a�(u, Y + x · e/T ) dt = 0. (4.76)

This must hold for an arbitrary final time T and thus

a�(u, Y + x · e/T ) = 0. (4.77)

From the definition of u
(i)
stat, see Equation (3.33), it follows that

a�(u, u
(i)
stat/T ) = 0. (4.78)

From Equations (4.77) and (4.78) it follows that

Y + x · e/T = u
(i)
stat/T, (4.79)

which implies that

Y =
(
u

(i)
stat − x · e

)
/T. (4.80)

Example 3 (Final temperature). If the quantity of interest should be the final temperature, the
quantity of interest must look like

Q�(u) =
1

|Ω�|

∫
Ω�

u
∣∣
t=T

dΩ. (4.81)

Lemma 3 (Final temperature). The expression of Q�(u) in Equation (4.81) is obtained if
X = 0,

Y = 0,

Z = 1
c .

(4.82)

Proof. The versatile quantity of interest is given by

Q�(u) =

∫ T

0
m�(X,u) + a�(Y, u) dt+ m�(Z, u)

∣∣
t=T

, (4.83)

which implies that

1

|Ω�|

∫
Ω�

u
∣∣
t=T

dΩ
!

=

∫ T

0
m�(X,u) + a�(Y, u) dt+ m�(Z, u)

∣∣
t=T

. (4.84)

Only properties at t = T are of interest and therefore X = Y = 0. The definition of m� implies that

1

|Ω�|

∫
Ω�

u
∣∣
t=T

dΩ =
1

|Ω�|

∫
Ω�

cZu
∣∣
t=T

dΩ. (4.85)

This shall hold for an arbitrary spatial domain and therefore

u
∣∣
t=T

= cZu
∣∣
t=T

, (4.86)

which implies that

Z =
1

c
. (4.87)
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4.4 Error estimates using all modes

In Section 4.2 it is shown how the error can be estimated with Theorems 1-4. In order to do so, it is
stipulated that ‖es‖, ‖u?,s‖ and ‖e?,s‖ need to be calculated, which is non-trivial. In Sections 4.4.1,
4.4.2 and 4.4.3 expressions of es, u?,s and e?,s are derived. Note that, in order to find exact expression
of es, u?,s and e?,s, all modes are needed. If these properties are calculated its corresponding energy
norm can easily be found from

‖ · ‖ =
√
As�(·, ·). (4.88)

The most important results are summarized in Box 4.4.1.

Box 4.4.1 (Error estimates using all modes). In order to apply Theorems 1-4, expressions of es,
u?,s and e?,s are needed. es can be estimated as follows:

es =
∑N

a=1 ua(x)ηa(t), ∀t ∈ (0, T ),

es
∣∣
t=0

= 2u0 − 2uR
∣∣
t=0

,

es
∣∣
t=T

= 0,

(4.89)

where N is the number of modes, u0 is the starting temperature, uR is the reduced solution, ua
are the same spatial modes that are used to solve the micro-scale problem and

ηa =

{
0 a ≤ NR

− 1
λa

(
m�( ˙̄u+

∑d
i=1 u

(i)
statei · ˙̄gi, ua) + a�(ū+

∑d
i=1 u

(i)
statei · ḡi, ua)

)
a > NR,

∀t ∈ (0, T ), a = 1, 2, . . . , N,

(4.90)

where NR is the number of reduced modes. u?,s can be estimated as follows:
u?,s =

∑N
a=1 ua(x)ξ?a(t), ∀t ∈ (0, T ),

u?,s
∣∣
t=0

= 0,

u?,s
∣∣
t=T

= 2Z,

(4.91)

where Z is defined from the quantity of interest and

ξ?a =
1

λa

(
m�(X,ua) + a�(Y, ua)

)
, ∀t ∈ (0, T ), a = 1, 2, . . . , N, (4.92)

where X and Y are defined from the quantity of interest. e?,s can be estimated as follows:
e?,s =

∑N
a=1 ua(x)η?a(t), ∀t ∈ (0, T ),

e?,s
∣∣
t=0

= 0,

e?,s
∣∣
t=T

= 2Z − 2u?R
∣∣
t=T

,

(4.93)

where

η?a =

{
0, ∀t ∈ (0, T ), a = 1, 2, . . . , NR.

ξ?a, ∀t ∈ (0, T ), a = NR + 1, NR + 2, . . . , N.
(4.94)
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4.4.1 Derivation of an expression of the symmetric error

In order to apply Theorems 1-4, es needs to be calculated. This can be done with Equation (4.21)
which says that: Find es ∈ U0

� such that

As�(es, δu) = R�(δu), ∀δu ∈ U0
�. (4.95)

Hence expressions of As�(es, δu) and R�(δu) are needed. From the definition of As�(es, δu) it follows
that

As�(es, δu) =
1

2

[
A�(es, δu) +A�(δu, es)

]
=

1

2

[ ∫ T

0
m�(ės, δu) + a�(es, δu) dt

+ m�(es, δu)
∣∣
t=0

+

∫ T

0
m�(δu̇s, es) + a�(δu, es) dt+ m�(δu, es)

∣∣
t=0

]
=

1

2

[ ∫ T

0

(
m�(ės, δu) + m�(δu̇s, es) + a�(es, δu) + a�(δu, es)

)
dt+

+ m�(es, δu)
∣∣
t=0

+ m�(δu, es)
∣∣
t=0

]
.

(4.96)

The symmetry of a� implies that

As�(es, δu) =

∫ T

0

[1
2
m�(ės, δu) +

1

2
m�(δu̇, es) + a�(es, δu)

]
dt

+
1

2
m�(es, δu)

∣∣
t=0

+
1

2
m�(δu, es)

∣∣
t=0

.

(4.97)

The identity
∫ T

0 u̇dt = [u]T0 = u(T )− u(0) can be used on the terms with m� as∫ T

0
m�(ės, δu) + m�(δu̇s, es) dt =

[
m�(es, δu)

]T
t=0

= m�(es, δu)
∣∣
t=T
−m�(es, δu)

∣∣
t=0

. (4.98)

By also using the symmetry of m� implies that As�(es, δu) can be written as

As�(es, δu) =

∫ T

0
a�(es, δu) dt+

1

2
m�(es, δu)

∣∣
t=0

+
1

2
m�(es, δu)

∣∣
t=T

. (4.99)

Now find an expression of the residual R�(δu) as

R�(δu) := L�(δu)−A�(uR, δu) = m�(u0, δu)
∣∣
t=0

−
∫ T

0
m�(u̇R, δu) + a�(uR, δu) dt−m�(uR, δu)

∣∣
t=0

= −
∫ T

0

[
m�(u̇R, δu) + a�(uR, δu)

]
dt+ m�(u0 − uR, δu)

∣∣
t=0

.

(4.100)

The symmetric error can then be calculated as follows: Find es ∈ U0
� such that∫ T

0
a�(es, δu) dt+

1

2
m�(es, δu)

∣∣
t=0

+
1

2
m�(es, δu)

∣∣
t=T

= −
∫ T

0

[
m�(u̇R, δu) + a�(uR, δu)

]
dt+ m�(u0 − uR, δu)

∣∣
t=0

, ∀δu ∈ U0
�.

(4.101)
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Equation (4.101) can be decomposed as
a�(es, δu) = −m�(u̇R, δu)− a�(uR, δu), ∀δu ∈ U0

�, ∀t ∈ (0, T ), (4.102a)

1

2
m�(es, δu)

∣∣
t=0

= m�(u0 − uR, δu)
∣∣
t=0

, ∀δu ∈ U0
�, (4.102b)

1

2
m�(es, δu)

∣∣
t=T

= 0, ∀δu ∈ U0
�. (4.102c)

From Equations (4.102b) and (4.102c) it can immediately be seen that es
∣∣
t=0

= 2u0 − 2uR
∣∣
t=0

and

es
∣∣
t=T

= 0.
Now find es for times between 0 and T , i.e. solve Equation (4.102a). Assume that es can be

written as

es(x, t) =
N∑
a=1

ua(x)ηa(t), (4.103)

where ua(x) are the same spatial modes that are used to solve the micro-scale problem and ηa(t) are
unknown functions of time for all a ∈ [1, 2, . . . , N ]. The expression of δu, given in Equation (3.14),
implies that Equation (4.102a) can be written as

N∑
a,b=1

δξb

(
ηaa�(ua, ub)

)
= −

N∑
b=1

δξb

(
m�(u̇R, ub) + a�(uR, ub)

)
, ∀t ∈ (0, T ). (4.104)

By using the expression of the reduced basis, given in Equation (3.34), the equation can be written as

N∑
a,b=1

δξb

(
ηaa�(ua, ub)

)
= −

N∑
b=1

δξb

(
m�( ˙̄u+

d∑
i=1

u
(i)
statei · ˙̄gi, ub) + a�(ū+

d∑
i=1

u
(i)
statei · ḡi, ub)

+

NR∑
a=1

m�(ua, ub)ξ̇a + a�(ua, ub)ξa

)
, ∀t ∈ (0, T ).

(4.105)

This must hold for all test functions δξb ∈ L2 and therefore

N∑
a=1

(
ηaa�(ua, ub)

)
= −m�( ˙̄u+

d∑
i=1

u
(i)
statei · ˙̄gi, ub)− a�(ū+

d∑
i=1

u
(i)
statei · ḡi, ub)

−
NR∑
a=1

(
m�(ua, ub)ξ̇a + a�(ua, ub)ξa

)
, ∀t ∈ (0, T ), b = 1, 2, . . . , N.

(4.106)

The orthogonal properties of a� and m� give

λaηa =

{
−m�( ˙̄u+

∑d
i=1 u

(i)
statei · ˙̄gi, ua)− a�(ū+

∑d
i=1 u

(i)
statei · ḡi, ua)− ξ̇a − λaξa, a ≤ NR,

−m�( ˙̄u+
∑d

i=1 u
(i)
statei · ˙̄gi, ua)− a�(ū+

∑d
i=1 u

(i)
statei · ḡi, ua), a > NR.

∀t ∈ (0, T ), a = 1, 2, . . . , N.

(4.107)

For the used modes, the residual is equal to zero and therefore

λaηa =

{
0, a ≤ NR,

−m�( ˙̄u+
∑d

i=1 u
(i)
statei · ˙̄gi, ua)− a�(ū+

∑d
i=1 u

(i)
statei · ḡi, ua), a > NR,

∀t ∈ (0, T ), a = 1, 2, . . . , N,

(4.108)
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and thus

ηa =

{
0 a ≤ NR

− 1
λa

(
m�( ˙̄u+

∑d
i=1 u

(i)
statei · ˙̄gi, ua) + a�(ū+

∑d
i=1 u

(i)
statei · ḡi, ua)

)
a > NR,

∀t ∈ (0, T ), a = 1, 2, . . . , N.

(4.109)

This implies that the symmetric error can be calculated as

es(x, t) =

N∑
a=NR+1

ua(x)ηa(t), (4.110)

where ηa(t) is calculated from Equation (4.109).

4.4.2 Derivation of an expression of the symmetric dual solution

In order to apply Theorem 2, ‖u?,s‖ is needed. u?,s ∈ U0
� can be obtain from the equation

As�(u?,s, δu) = Q�(δu), ∀δu ∈ U0
�. (4.111)

Note that the left hand side is equal to the left hand side of Equation (4.21) with es replaced by u?,s.
By using the same argumentation as in Section 4.4.1, As�(u?,s, δu) can be written as

As�(u?,s, δu) =

∫ T

0
a�(u?,s, δu) dt+

1

2
m�(u?,s, δu)

∣∣
t=0

+
1

2
m�(u?,s, δu)

∣∣
t=T

. (4.112)

In order to find an expression of the right hand side of Equation (4.111), the function Q�(δu) is
defined according to Equation (4.61). Equation (4.111) can now be written as: Find u?,s ∈ U0

� such
that ∫ T

0
a�(u?,s, δu) dt+

1

2
m�(u?,s, δu)

∣∣
t=0

+
1

2
m�(u?,s, δu)

∣∣
t=T

=

∫ T

0
m�(X, δu) + a�(Y, δu) dt+ m�(Z, δu)

∣∣
t=T

, ∀δu ∈ U0
�.

(4.113)

Equation (4.113) can be decomposed as
a�(u?,s, δu) = m�(X, δu) + a�(Y, δu), ∀δu ∈ U0

�, ∀t ∈ (0, T ), (4.114a)

1

2
m�(u?,s, δu)

∣∣
t=0

= 0, ∀δu ∈ U0
�, (4.114b)

1

2
m�(u?,s, δu)

∣∣
t=T

= m�(Z, δu)
∣∣
t=T

, ∀δu ∈ U0
�. (4.114c)

From Equations (4.114b) and (4.114c) it can be seen that u?,s
∣∣
t=0

= 0 and u?,s
∣∣
t=T

= 2Z.
Now find u?,s for times between 0 and T , i.e. solve Equation (4.114a). Assume that u?,s can be

written as

u?,s(x, t) =

N∑
a=1

ua(x)ξ?a(t), (4.115)

where ua(x) are the same spatial modes that are used to solve the micro-scale problem and ξ?a(t) are
unknown functions of time for all a ∈ [1, 2, . . . , N ]. The expression of u?,s implies that the Equation
(4.114a) can be expressed as

N∑
a,b=1

δξb

(
ξ?aa�(ua, ub)

)
=

N∑
b=1

δξb

(
m�(X,ub) + a�(Y, ub)

)
, ∀t ∈ (0, T ). (4.116)
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This must hold for all test functions δξb ∈ L2, which implies that

N∑
a=1

(
ξ?aa�(ua, ub)

)
= m�(X,ub) + a�(Y, ub), ∀t ∈ (0, T ), b = 1, 2, . . . , N. (4.117)

The orthogonal properties of a� gives

λaξ
?
a = m�(X,ua) + a�(Y, ua), ∀t ∈ (0, T ), a = 1, 2, . . . , N, (4.118)

and hence ξ?a can be calculated from

ξ?a =
1

λa

(
m�(X,ua) + a�(Y, ua)

)
, ∀t ∈ (0, T ), a = 1, 2, . . . , N. (4.119)

When ξ?a is calculated, u?,s can be found from Equation (4.115).

4.4.3 Derivation of an expression of the symmetric dual error

In order to apply Theorems 3 and 4, e?,s needs to be calculated. The symmetric dual error is calculated
from Equation (4.38) which says that: Find e?,s ∈ U0

� such that

As�(e?,s, δu) = R?�(δu), ∀δu ∈ U0
�. (4.120)

By using the same argumentation as in Section 4.4.1, As�(e?,s, δu) can be written as

As�(e?,s, δu) =

∫ T

0
a�(e?,s, δu) dt+

1

2
m�(e?,s, δu)

∣∣
t=0

+
1

2
m�(e?,s, δu)

∣∣
t=T

. (4.121)

The residual for the dual problem is defined as

R?�(δu) = Q�(δu)−A�(δu, u?R). (4.122)

Consistent with previous sections it is assumed that Q(δu) can be written as

Q�(δu) =

∫ T

0
m�(X, δu) + a�(Y, δu) dt+ m�(Z, δu)

∣∣
t=T

. (4.123)

The definition of A� gives

A�(δu, u?R) =

∫ T

0
m�(δu̇, u?R) + a�(δu, u?R) dt+ m�(δu, u?R)

∣∣
t=0

. (4.124)

Partial integrating gives that∫ T

0
m�(δu̇, u?R) dt =

[
m�(δu, u?R)

]T
t=0
−
∫ T

0
m�(δu, u̇?R) dt

= −
∫ T

0
m�(δu, u̇?R) dt+ m�(δu, u?R)

∣∣
t=T
−m�(δu, u?R)

∣∣
t=0

.

(4.125)

Inserting this expression into the expression of A�(δu, u?R) gives that

A�(δu, u?R) =

∫ T

0
−m�(δu, u̇?R) + a�(δu, u?R) dt+ m�(δu, u?R)

∣∣
t=T

. (4.126)
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By combining the expressions for As�(δu, e?,s), Q�(δu) and A�(δu, e?,s), the weak form can be written
as: Find e?,s ∈ U0

� such that∫ T

0
a�(e?,s, δu) dt+

1

2
m�(e?,s, δu)

∣∣
t=0

+
1

2
m�(e?,s, δu)

∣∣
t=T

=

∫ T

0
m�(X, δu) + a�(Y, δu) dt+ m�(Z, δu)

∣∣
t=T

+

∫ T

0
m�(δu, u̇?R)− a�(δu, u?R) dt−m�(u?R, δu)

∣∣
t=T

, ∀δu ∈ U0
�.

(4.127)

Equation (4.127) can be decomposed as

a�(e?,s, δu) =m�(X, δu) + a�(Y, δu)

+ m�(δu, u̇?R)− a�(δu, u?R), ∀δu ∈ U0
�, ∀t ∈ (0, T ),

(4.128a)

1

2
m�(e?,s, δu)

∣∣
t=0

= 0, ∀δu ∈ U0
�, (4.128b)

1

2
m�(e?,s, δu)

∣∣
t=T

= m�(Z − u?R, δu)
∣∣
t=T

, ∀δu ∈ U0
�. (4.128c)

From Equations (4.128b) and (4.128c) it can be seen that e?,s
∣∣
t=0

= 0 and e?,s
∣∣
t=T

= 2Z − 2u?R
∣∣
t=T

.
Now find e?,s for times between 0 and T . Assume that e?,s can be written as

e?,s =

N∑
a=1

ua(x)η?a(t), (4.129)

where ua(x) are the same spatial modes that are used to solve the micro-scale problem and η?a(t) are
unknown functions of time for all a ∈ [1, 2, . . . , N ]. The decomposition of e?,s implies that Equation
(4.128a) can be written as

N∑
a,b=1

δξb

(
η?aa�(ua, ub)

)
=

N∑
b=1

δξb

(
m�(X,ub) + a�(Y, ub) +

N∑
a=1

m�(ua, ub)ξ̇a,R − a�(ua, ub)ξa,R

)
,

∀t ∈ (0, T ).

(4.130)

That this must hold for all ξb ∈ L2 gives that

N∑
a=1

η?aa�(ua, ub) = m�(X,ub) + a�(Y, ub) +

N∑
a=1

m�(ua, ub)ξ̇
?
a,R − a�(ua, ub)ξ

?
a,R,

∀t ∈ (0, T ), b = 1, 2, . . . N.

(4.131)

The orthogonal properties of a� and m� give that

λaη
?
a = m�(X,ua) + a�(Y, ua) + ξ̇?a,R − λaξ?a,R, ∀t ∈ (0, T ), a = 1, 2, . . . N, (4.132)

and thus

η?a =
1

λb

(
m�(X,ua) + a�(Y, ua) + ξ̇?a,R − λaξ?a,R

)
, ∀t ∈ (0, T ), a = 1, 2, . . . N. (4.133)

The expression of ξ?a, see Equation (4.119), implies that

η?a = ξ?a +
ξ̇?a,R
λa
− ξ?a,R, ∀t ∈ (0, T ), a = 1, 2, . . . N. (4.134)
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Assume that NR modes is used. Since ξ̇?a,R and ξ?a,R lies in the reduced space they are equal to zero
for a larger than NR. Thus η?a can be written as

η?a =

{
ξ?a +

ξ̇?a,R
λa
− ξ?a,R, ∀t ∈ (0, T ), a = 1, 2, . . . , NR.

ξ?a, ∀t ∈ (0, T ), a = NR + 1, NR + 2, . . . , N.
(4.135)

But if the number of modes is equal or less to NR, the residual must be equal to zero. The final
expression of η?a can then be written as

η?a =

{
0, ∀t ∈ (0, T ), a = 1, 2, . . . , NR.

ξ?a, ∀t ∈ (0, T ), a = NR + 1, NR + 2, . . . , N.
(4.136)

From η?a, the symmetric dual error can be found from Equation (4.129).

4.5 Error estimates using only the reduced modes

One of the main theoretical goals of this thesis is to show how the error can be estimated when only
the reduced modes are used. In Section 4.5.1 it is shown how this can be done with the energy norm
and in Section 4.5.2 the corresponding expression for the goal-oriented approach is derived. In order
to apply the Parallelogram law for the goal-oriented approach, further derivations are needed which
are presented in Section 4.5.3.

4.5.1 Energy norm

In this section it is derived how the error analysis for the energy norm can be performed using only
the reduced modes. The most central results are summarized in Box 4.5.1.

Box 4.5.1 (Error estimate using only the reduced modes with the energy norm). The error is
defined from ‖e‖ :=

√
A�(e, e) =

√
As�(e, e). From Theorem 1 it follows that ‖e‖ ≤ ‖es‖. The

so-called a-norm and m-norm are defined as ‖ · ‖a =
√
a(·, ·) and ‖ · ‖m =

√
m(·, ·). By using

Theorem 6 it is derived that 
‖es‖a ≤

‖r′M‖m√
λNR

, ∀t ∈ (0, T )

‖es‖m
∣∣
t=0
≤ 2‖u′0‖m

‖es‖m
∣∣
t=T

= 0,

(4.137)

where λNR is the eigenvalue of the highest reduced mode, u′0 = u0 −ΠRu0, r′M = −rM + ΠRrM

and rM = − ˙̄u−
∑d

i=1 u
(i)
stat

˙̄gi. The energy norm of the error can then be estimated as

‖e‖ ≤ ‖es‖ ≤
( 1

λNR

∫ T

0
‖r′M‖2m dt+ 2‖u′0‖2m

)1/2
. (4.138)

In order to produce the error estimate when only the reduced modes are used, Cauchy-Schwarz
inequality is applied and therefore a symmetric operator is needed. Thus it is the symmetric error
that will be estimated which is defined from the symmetric error equation given by: Find es ∈ U0

�
such that

As�(es, δu) = R�(δu), ∀δu ∈ U0
�. (4.139)
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As derived in Section 4.4.1, this equation can be written as
a�(es, δu) = r�(δu), ∀δu ∈ U0

�, ∀t ∈ (0, T ), (4.140a)

1

2
m�(es, δu)

∣∣
t=0

= m�(u0 − uR, δu)
∣∣
t=0

, ∀δu ∈ U0
�, (4.140b)

1

2
m�(es, δu)

∣∣
t=T

= 0, ∀δu ∈ U0
�, (4.140c)

where r�(δu) := −m�(u̇R, δu)− a�(uR, δu). Define the a-norm as

‖ · ‖a :=
√

a�(·, ·). (4.141)

The symmetric error for a time t ∈ (0, T ), measured in the a-norm, can then be written as

‖es‖2a = a�(es, es) = r�(es), ∀t ∈ (0, T ). (4.142)

Hence the symmetric error can be estimated by estimating r�(es). Define a new weak form given by:
Find rM ∈ U� such that

m�(rM , δu) = r�(δu), ∀δu ∈ U0
�, ∀t ∈ (0, T ). (4.143)

The following lemmas and theorem will prove how ‖es‖a can be estimated with rM .

Lemma 4. Assume that

λim�(ui, δu) = a�(ui, δu), ∀δu and ∀t ∈ (0, T ), (4.144)

where 0 < λ1 < λ2 < . . . < λN and 1 ≤ NR < N for the reduced basis UR
� = span{ui}NRi=1. Let

ΠR = {U� → U
R
� : m�(ΠRu, δu) = m�(u, δu), ∀δu ∈ UR

�} (4.145)

and assume that u =
∑N

a=1 ξaua. Then

ΠRu =

NR∑
a=1

ξaua and u−ΠRu =
N∑

a=NR+1

ξaua, (4.146)

for all t ∈ (0, T ).

Proof. Let ua ∈ UR
� for all a ≤ NR. The linearity of m� and the m-orthogonality give that

m�(ΠRu, ua) = m�(ΠR

N∑
b=1

ξbub, ua) =

N∑
b=1

ΠRξbm�(ub, ua) = ΠRξa (4.147)

and similarly

m�(u, ua) = m�(
N∑
b=1

ξbub, ua) =
N∑
b=1

ξbm�(ub, ua) = ξa. (4.148)

From the definition of ΠR it is known that m�(ΠRu, ua) = m�(u, ua) for all ua ∈ UR
� and thus

ΠRξa = ξa if a ≤ NR. (4.149)

ΠRξa projects ξa onto the UR
� space and therefore

ΠRξa = 0 if a > NR. (4.150)
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Equations (4.149) and (4.150) implies that

ΠRu =

NR∑
a=1

ξaua (4.151)

and thus

u−ΠRu =

N∑
a=1

ξaua −
NR∑
a=1

ξaua =

N∑
a=NR+1

ξaua. (4.152)

Lemma 5. Assume that Lemma 4 is fulfilled. Then

m�(u−ΠRu, u−ΠRu) ≤ 1

λNR
a�(u−ΠRu, u−ΠRu), ∀t ∈ (0, T ). (4.153)

Proof. From Lemma 4 it follows that

u−Πau =

N∑
a=NR+1

ξaua. (4.154)

Hence

m�(u−ΠRu, u−ΠRu) = m�

( N∑
a=NR+1

ξaua,
N∑

b=NR+1

ξbub

)
=

N∑
a,b=NR+1

ξam�(ua, ub)ξb. (4.155)

With the m-orthogonality, the expression can be simplified into

N∑
a,b=NR+1

ξam�(ua, ub)ξb =

N∑
a=NR+1

ξ2
a =

N∑
a=NR+1

λa
λa
ξ2
a ≤

1

min
a>NR

λa

N∑
a=NR+1

λaξ
2
a. (4.156)

Using the a-orthogonality, and the fact that the eigenvalue sequence is an increasing sequence, give
that

m�(u−ΠRu, u−ΠRu) ≤ 1

λNR

N∑
a=NR+1

λaξ
2
a =

1

λNR
a�(u−ΠRu, u−ΠRu). (4.157)

Theorem 6. Assume that

a�(es, δu) = m�(rM , δu), ∀δu ∈ U�, ∀t ∈ (0, T ), (4.158)

for some rM ∈ U� and that the assumptions in Lemma 4 is fulfilled. Let ‖ · ‖m =
√
m�(·, ·). Then

‖es‖a ≤
‖rM‖m√
λNR

, ∀t ∈ (0, T ). (4.159)

Proof. The theorem is fulfilled in the trivial case when ‖es‖a = 0, since ‖r‖m is non-negative and λNR
is positive. Now prove the theorem when ‖es‖a > 0. The definition of the energy norm gives that

‖es‖2a = a�(es, es), ∀t ∈ (0, T ). (4.160)
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Cauchy-Schwarz inequality gives that

‖es‖2a = a�(es, es) = m�(rM , e
s) ≤ ‖r‖m‖es‖m, ∀t ∈ (0, T ). (4.161)

The Galerkin orthogonality implies that ΠRe
s = 0 and hence

‖es‖2a ≤ ‖rM‖m‖es −ΠRe
s‖m, ∀t ∈ (0, T ). (4.162)

Lemma 5 implies that

‖es‖2a ≤ ‖rM‖m‖es −ΠRe
s‖m ≤ ‖rM‖m

‖es −ΠRe
s‖a√

λNR
= ‖r‖m

‖es‖a√
λNR

, ∀t ∈ (0, T ). (4.163)

It is possible to divide with ‖es‖a since it is assumed that ‖es‖a > 0. Thus

‖es‖a ≤
‖rM‖m√
λNR

, ∀t ∈ (0, T ). (4.164)

The total estimated error can be obtained by adding the contribution for all times as well as the
boundary terms. The contribution at t = 0 can be estimated from Equation (4.140b) which says that

1

2
m�(es, δu)

∣∣
t=0

= m�(u0 − uR, δu)
∣∣
t=0

. (4.165)

The Galerkin orthogonality gives that

m�(es, δu)
∣∣
t=0

=2m�(u0 − uR, δu)
∣∣
t=0

=2m�(u0 − uR, δu−ΠRδu)
∣∣
t=0

=2m�(u0 − uR −ΠRu0 + ΠRuR, δu)
∣∣
t=0

.

(4.166)

The relation uR = ΠRuR implies that

m�(es, δu)
∣∣
t=0

= 2m�(u0 − uR −ΠRu0 + ΠRuR, δu)
∣∣
t=0

= m�(2u0 − 2ΠRu0, δu)
∣∣
t=0

.
(4.167)

Set δu
∣∣
t=0

= es
∣∣
t=0

. Cauchy–Schwarz inequality gives

‖es‖2m
∣∣
t=0

= m�(es, es)
∣∣
t=0

= m�(2u0 − 2ΠRu0, e
s)
∣∣
t=0

≤
√

m�(2u0 − 2ΠRu0, 2u0 − 2ΠRu0)
√

m�(es, es)
∣∣
t=0

= ‖2u0 − 2ΠRu0‖m‖es‖m
∣∣
t=0

(4.168)

which implies that

‖es‖m
∣∣
t=0
≤ ‖2u0 − 2ΠRu0‖m. (4.169)

Concerning the other boundary term, Equation (4.140c) says that

1

2
m�(es, δu)

∣∣
t=T

= 0 (4.170)

which implies that

es
∣∣
t=T
≡ 0. (4.171)
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By adding the contributions for the boundary terms, together with the linearity of m� and letting
u′0 := u0 −ΠRu0 give

1

2
‖es‖2m

∣∣
t=0

+
1

2
‖es‖2m

∣∣
t=T
≤ 1

2
‖2u0 − 2ΠRu0‖2m = 2‖u′0‖2m. (4.172)

The total error can now be estimated with Equation (4.172) and Theorem 6 as

‖es‖ :=
√
As�(es, es) =

(∫ T

0
‖es‖2a dt+

1

2
‖es‖2m

∣∣
t=0

+
1

2
‖es‖2m

∣∣
t=T

)1/2

≤
( 1

λNR

∫ T

0
‖rM‖2m dt+ 2‖u′0‖2m

)1/2
.

(4.173)

The error can now be estimated if rM is calculated. rM is defined in Equation (4.143) which says
that: Find rM ∈ U� such that

m�(rM , δu) = r�(δu), ∀δu ∈ U�. (4.174)

The definition of r�(δu) says that

r�(δu) = −m�(u̇R, δu)− a�(uR, δu). (4.175)

If the test function lies in the space of the used modes the residual is equal to zero, i.e.

r�(δu) = 0, if δu ∈ UR
�. (4.176)

If the test function does not lie in the space of the used modes, i.e. δu /∈ UR
�, then only the stationary

mode is non-zero and {
m�(u̇R, δu) = m�(1, δu) ˙̄u+

∑d
i=1 m�(u

(i)
stat, δu) ˙̄gi

a�(uR, δu) = a�(1, δu) ˙̄u+
∑d

i=1 a�(u
(i)
stat, δu) ˙̄gi = 0.

(4.177)

Hence

r�(δu) = −m�(1, δu) ˙̄u−
d∑
i=1

m�(u
(i)
stat, δu) ˙̄gi = −m�

(
˙̄u+

d∑
i=1

u
(i)
stat

˙̄gi, δu
)
. (4.178)

From Equations (4.174) and (4.178) it can be concluded that

m�(rM , δu) = −m�

(
˙̄u+

d∑
i=1

u
(i)
stat

˙̄gi, δu
)
, ∀δu ∈ U� (4.179)

and thus

rM = − ˙̄u−
d∑
i=1

u
(i)
stat

˙̄gi. (4.180)

By using the Galerkin orthogonality a sharper error estimate of r�(δu) can be obtained in the following
way. r�(ΠRδu) = 0 implies that

r�(δu) = r�(δu−ΠRδu) = m�(δu−ΠRδu,−rM )

= m�(δu,−rM + ΠRrM ) =: m�(δu, r′M ),
(4.181)
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where

r′M = −rM + ΠRrM = ˙̄u1 +
d∑
i=1

u
(i)
stat

˙̄gi −
NR∑
a=1

m�(1, ua)ua(x) ˙̄u−m�(u
(i)
stat, ua)ua(x) ˙̄gi

=
(

1−
NR∑
a=1

m�(1, ua)ua(x)
)

˙̄u+

d∑
i=1

(
u

(i)
stat −

NR∑
a=1

m�(u
(i)
stat, ua)ua(x)

)
˙̄gi.

(4.182)

Remark : Even though the error estimate is sharper when the projection is used, it is possible to
define an error estimate of ‖es‖ that does not use the ΠR-operator. The corresponding estimate of
the error is then given by

‖es‖ ≤
( 1√

λNR

∫ T

0
‖rM‖2m dt+ 2‖u0 − uR

∣∣
t=0
‖2m
)1/2

. (4.183)

Since this error estimate never uses the projection properties, a large overestimate of the error is
induced, see Section 5.4.

4.5.2 Goal-oriented approach

In this section it is shown how the goal-oriented approach can be applied to estimate the error for
different quantities of interest using only the reduced modes. The most central results are summarized
in Box 4.5.2.

Box 4.5.2 (Error estimate using only the reduced modes with Cauchy–Schwarz theorem). The
error measured in a given quantity of interest is defined as E := Q�(e) = As�(e, u?). By using
Theorem 6 it is derived that

‖e?,s‖a ≤ 1√
λNR
‖X ′‖m + ‖Y ′‖a, ∀t ∈ (0, T ),

‖es‖m
∣∣
t=0

= 0,

‖es‖m
∣∣
t=T
≤ 2‖Z ′‖m,

(4.184)

where X ′ = X −ΠRX, Y ′ = Y −ΠRY and Z ′ = Z −ΠRZ. The energy norm of the symmetric
dual error can then be estimated as

‖e?,s‖ ≤
(∫ T

0

( 1√
λNR
‖X ′‖m + ‖Y ′‖a

)2
dt+ 2‖Z ′‖2m

)1/2
. (4.185)

From Theorem 3 it is derived that
|E| ≤ ‖es‖‖e?,s‖. (4.186)

Inserting the expressions of ‖es‖ and ‖e?,s‖ from Box 4.5.1 and Equation (4.185) into the Equation
(4.186) give the estimated expression of |E|.

From Section 4.4.3 it is derived that

a�(e?,s, δu) = m�(X, δu) + a�(Y, δu)

+ m�(δu, u̇?R)− a�(δu, u?R), ∀δu ∈ U0
�, ∀t ∈ (0, T ),

(4.187a)

1

2
m�(e?,s, δu)

∣∣
t=0

= 0, ∀δu ∈ U0
�, (4.187b)

1

2
m�(e?,s, δu)

∣∣
t=T

= m�(Z − u?R, δu)
∣∣
t=T

, ∀δu ∈ U0
�. (4.187c)
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Set

r?�(δu) = m�(X, δu) + a�(Y, δu) + m�(δu, u̇?R)− a�(δu, u?R). (4.188)

Equation (4.187a), together with the linearity of symmetry of m� and a�, imply that

a�(e?,s, δu) = r?�(δu) = m�(X, δu) + a�(Y, δu) + m�(δu, u̇?R)− a�(δu, u?R)

= m�(X + u̇?R, δu) + a�(Y − u?R, δu), ∀δu ∈ U0
�, ∀t ∈ (0, T ).

(4.189)

Using the identity r�(ΠRδu) = 0 gives that

a�(e?,s, δu) = m�(X + u̇?R, δu−ΠRδu) + a�(Y − u?R, δu−ΠRδu)

= m�(X + u̇?R −ΠRX −ΠRu̇
?
R, δu) + a�(Y −ΠRY − u?R + ΠRu

?
R, δu)

= m�(X −ΠRX, δu) + a�(Y −ΠRY, δu), ∀δu ∈ U0
�, ∀t ∈ (0, T ).

(4.190)

Setting δu = e?,s together with Theorem 6 imply that

‖e?,s‖2a = a�(e?,s, e?,s) = m�(X −ΠRX, e
?,s) + a�(Y −ΠRY, δu)

≤ ‖X −ΠRX‖m‖e?,s‖m + ‖Y −ΠRY ‖a‖e?,s‖a

≤ 1√
λNR
‖X −ΠRX‖m‖e?,s‖a + ‖Y −ΠRY ‖a‖e?,s‖a, ∀t ∈ (0, T )

(4.191)

and therefore

‖e?,s‖a ≤
1√
λNR
‖X −ΠRX‖m + ‖Y −ΠRY ‖a, ∀t ∈ (0, T ). (4.192)

Now estimate the contribution from the boundary terms. From Equation (4.187b) it follows that
‖e?,s‖

∣∣
t=0

= 0. The contribution at t = T can be estimated from Equation (4.187c) as

m�(e?,s, δu)
∣∣
t=T

=2m�(Z − u?R, δu)
∣∣
t=T

=2m�(Z − u?R, δu−ΠRδu)
∣∣
t=T

=2m�(Z − u?R −ΠRZ + ΠRu
?
R, δu)

∣∣
t=T

.

(4.193)

The relation u?R = ΠRu
?
R implies that

m�(e?,s, δu)
∣∣
t=T

= 2m�(Z − u?R −ΠRZ + ΠRu
?
R, δu)

∣∣
t=T

= m�(2Z − 2ΠRZ, δu)
∣∣
t=T

.
(4.194)

Set δu
∣∣
t=T

= e?,s
∣∣
t=T

. Cauchy–Schwarz inequality gives

‖e?,s‖2m
∣∣
t=T

= m�(e?,s, e?,s)
∣∣
t=T

= m�(2Z − 2ΠRZ, e
?,s)
∣∣
t=T

≤
√

m�(2Z − 2ΠRZ, 2Z − 2ΠRZ)
√

m�(e?,s, e?,s)
∣∣
t=T

= ‖2Z − 2ΠRZ‖m‖e?,s‖m
∣∣
t=T

(4.195)

which implies that

‖e?,s‖m
∣∣
t=T
≤ ‖2Z − 2ΠRZ‖m. (4.196)

By adding the contributions for the boundary terms, together with the linearity of m�, give

1

2
‖e?,s‖2m

∣∣
t=0

+
1

2
‖e?,s‖2m

∣∣
t=T
≤ 1

2
‖2Z − 2ΠRZ‖2m = 2‖Z −ΠRZ‖2m. (4.197)
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The total error can now be estimated as

‖e?,s‖ =
√
As�(e?,s, e?,s) =

(∫ T

0
‖e?,s‖2a dt+

1

2
‖e?,s‖2m

∣∣
t=0

+
1

2
‖e?,s‖2m

∣∣
t=T

)1/2

≤
(∫ T

0

( 1√
λNR
‖X −ΠRX‖m + ‖Y −ΠRY ‖a

)2
dt+ 2‖Z −ΠRZ‖2m

)1/2
.

(4.198)

By letting X ′ := X −ΠRX, Y ′ := Y −ΠRY and Z ′ := Z −ΠRZ, Equation (4.198) can be written as

‖e?,s‖ ≤
(∫ T

0

( 1√
λNR
‖X ′‖m + ‖Y ′‖a

)2
dt+ 2‖Z ′‖2m

)1/2
. (4.199)

Remark : Even though the estimate is sharper when the projection is used, it is possible to define an
error estimate of ‖e?,s‖ that does not use the ΠR-operator. The corresponding error estimate of the
error is then given by

‖e?,s‖ ≤
(∫ T

0

( 1√
λNR
‖X + u̇?R‖m + ‖Y − u?R‖a

)2
dt+ 2‖Z − u?R

∣∣
t=T
‖2m
)1/2

. (4.200)

Since this error estimate never uses the projection properties, a large overestimate of the error in
induced and therefore this error estimate is never implemented in the numerical results.

4.5.3 Parallelogram law

In this section, detailed derivations of how E can be estimated with the Parallelogram law is presented.
For the reader who is just interested in the most central equations and the most important results,
see Box 4.5.3.

Box 4.5.3 (Error estimate using only the reduced modes with the Parallelogram law). The error
measured in a given quantity of interest is defined as E := Q�(e) = As�(e, u?). Theorem 4 implies
that

E ≤ 1

4
‖κes +

1

κ
e?,s‖2

E ≥ −1

4
‖κes − 1

κ
e?,s‖2.

(4.201)

In the general case, E can be estimated using only the reduced modes as

E ≤
∫ T

0

[ 1

4λNR

(
κ2‖r′M‖2m + 2m�(r′M , X

′) +
1

κ2
‖X ′‖2m

)
+

1

2κ
√
λNR
‖κr′M +

1

κ
X ′‖m‖Y ′‖a +

1

κ2
‖Y ′‖2a

]
dt+

κ2

2
‖u′0‖2m +

1

2κ2
‖Z ′‖2m,

E ≥ −
∫ T

0

[ 1

4λNR

(
κ2‖r′M‖2m − 2m�(r′M , X

′) +
1

κ2
‖X ′‖2m

)
− 1

2κ
√
λNR
‖κr′M +

1

κ
X ′‖m‖Y ′‖a +

1

κ2
‖Y ′‖2a

]
dt− κ2

2
‖u′0‖2m −

1

2κ2
‖Z ′‖2m.

(4.202)

When the average temperature is considered, E is estimated with Equations (4.233) and
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(4.234). From Theorem 7 it follows that the best error estimate is obtained if

κX′,opt =

(∫ T
0 ‖X

′‖2m dt∫ T
0 ‖r

′
M‖2m dt

)1/4

. (4.203)

With this value of κ, E can be estimated via the formulasE ≤
1

2λNR

∫ T
0 m�(r′M , X

′) dt+ 1
2λNR

( ∫ T
0 ‖r

′
M‖2m dt

∫ T
0 ‖X

′‖2m dt
)1/2

,

E ≥ 1
2λNR

∫ T
0 m�(r′M , X

′) dt− 1
2λNR

( ∫ T
0 ‖r

′
M‖2m dt

∫ T
0 ‖X

′‖2m dt
)1/2

.
(4.204)

When the average heat flux in one direction is considered, E is estimated with Equations
(4.243) and (4.244). Equation (4.245) gives that the optimal error estimate of E is obtained if

κY ′,opt =

(
λNR

∫ T
0 ‖Y

′‖2a dt∫ T
0 ‖r

′
M‖2m dt

)1/4

. (4.205)

With this value of κ, E can be estimated via the formulas
E ≤ 1

2
√
λNR

∫ T
0 ‖r

′
M‖m‖Y ′‖a dt+ 1

2
√
λNR

( ∫ T
0 ‖r

′
M‖2m dt

∫ T
0 ‖Y

′‖2a dt
)1/2

,

E ≥ 1
2
√
λNR

∫ T
0 ‖r

′
M‖m‖Y ′‖a dt− 1

2
√
λNR

( ∫ T
0 ‖r

′
M‖2m dt

∫ T
0 ‖Y

′‖2a dt
)1/2

.
(4.206)

When the final temperature is considered, E is estimated with Equations (4.249) and (4.250).
Equation (4.251) gives that the optimal error estimate of E is obtained if

κZ,opt =

(
2λNR‖Z ′‖2m∫ T
0 ‖r

′
M‖2m dt

)1/4

. (4.207)

With this value of κ, E can be estimated via the formulasE ≤
1√
2
‖Z ′‖2m

(
1

λNR

∫ T
0 ‖r

′
M‖2m dt

)1/2
,

E ≥ − 1√
2
‖Z ′‖2m

(
1

λNR

∫ T
0 ‖r

′
M‖2m dt

)1/2
.

(4.208)

In order to apply the Parallelogram law using only the reduced modes, ‖κes ± 1
κe

?,s‖ needs to be
estimated. Start with the symmetric error equation which is given by

As�(es, δu) = R�(δu), ∀δu ∈ U0
�. (4.209)

The linearity of As� implies that the equation can be written as

As�(κes, δu) = κR�(δu), ∀δu ∈ U0
�, (4.210)

where κ 6= 0. The same argumentation for the symmetric dual error equation gives that

As�(
1

κ
e?,s, δu) =

1

κ
R?�(δu), ∀δu ∈ U0

�. (4.211)

Adding Equations (4.210) and (4.211) imply that

As�(κes, δu) +As�(
1

κ
e?,s, δu) = κR�(δu) +

1

κ
R?�(δu), ∀δu ∈ U0

�. (4.212)
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Setting es,κ := κes + 1
κe

?,s and once again using the linearity of As� imply that

As�(es,κ, δu) = κR�(δu) +
1

κ
R?�(δu), ∀δu ∈ U0

�, (4.213)

and

‖κes +
1

κ
e?,s‖2 = ‖es,κ‖2 = As�(es,κ, es,κ) = κR�(es,κ) +

1

κ
R?�(es,κ). (4.214)

The expressions of As�, R� and R?� in Equations (4.99), (4.100) and (4.122) imply that

a�(es,κ, δu) =− κm�(u̇R, δu)− κa�(uR, δu) +
1

κ
m�(X, δu) +

1

κ
a�(Y, δu)

+
1

κ
m�(δu, u̇?R)− 1

κ
a�(δu, u?R), ∀δu ∈ U0

�, ∀t ∈ (0, T ),

(4.215a)

1

2
m�(es,κ, δu)

∣∣
t=0

= κm�(u0 − uR, δu)
∣∣
t=0

, ∀δu ∈ U0
�, (4.215b)

1

2
m�(es,κ, δu)

∣∣
t=T

=
1

κ
m�(Z − u?R, δu)

∣∣
t=T

, ∀δu ∈ U0
�. (4.215c)

By using the definition of rM , see Section 4.5.1, and the linearity and symmetry of m� and a� give
that Equation (4.215a) can be written as

a�(es,κ, δu) = κm�(rM , δu) +
1

κ

(
m�(X + u̇?R, δu) + a�(Y − u?R, δu)

)
= m�(κrM , δu) + m�

(1

κ
[X + u̇?R], δu

)
+ a�

(1

κ
[Y − u?R], δu

)
, ∀δu ∈ U0

�, ∀t ∈ (0, T ).

(4.216)

The identity m�(·,ΠRδu) = a�(·,ΠRδu) = 0 gives that

a�(es,κ, δu) = m�(κrM , δu) + m�
(1

κ
[X + u̇?R], δu

)
+ a�

(1

κ
[Y − u?R], δu

)
= m�(κrM , δu−ΠRδu) + m�

(1

κ
[X + u̇?R], δu−ΠRδu

)
+ a�

(1

κ
[Y − u?R], δu−ΠRδu

)
= m�(κ[rM −ΠRrM ], δu) + m�

(1

κ

[
X + u̇?R −ΠRX −ΠRu̇

?
R

]
, δu
)

+ a�(
1

κ

[
Y − u?R −ΠRY + ΠRu

?
R

]
, δu)

= m�(κ
[
rM −ΠRrM

]
, δu) + m�

(1

κ

[
X −ΠRX

]
, δu
)

+ a�
(1

κ

[
Y −ΠRY

]
, δu)

)
= m�

(
κr′M +

1

κ
X ′, δu

)
+ a�

(1

κ
Y ′, δu

)
, ∀δu ∈ U0

�, ∀t ∈ (0, T ).

(4.217)

Using the same argumentation on the boundary terms and letting u′0 := u0 − ΠRu0 and Z ′ :=
Z −ΠRZ imply that

a�(es,κ, δu) = m�(κr′M +
1

κ
X ′, δu) + a�(

1

κ
Y ′, δu), ∀δu ∈ U0

�, ∀t ∈ (0, T ), (4.218a)

1

2
m�(es,κ, δu)

∣∣
t=0

= κm�(u′0, δu)
∣∣
t=0

, ∀δu ∈ U0
�, (4.218b)

1

2
m�(es,κ, δu)

∣∣
t=T

=
1

κ
m�(Z ′, δu)

∣∣
t=T

, ∀δu ∈ U0
�. (4.218c)
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In order to estimate ‖es,κ‖, expressions of ‖es,κ‖a, ‖es,κ‖m
∣∣
t=0

and ‖es,κ‖m
∣∣
t=T

are needed. Equation
(4.218a) and the definition of ‖es,κ‖a gives

‖es,κ‖2a = a�(es,κ, es,κ) = m�(κr′M +
1

κ
X ′, es,κ) + a�(

1

κ
Y ′, es,κ)

≤ ‖κr′M +
1

κ
X ′, es,κ‖m‖es,κ‖m + ‖1

κ
Y ′‖a‖es,κ‖a, ∀t ∈ (0, T ).

(4.219)

Theorem 6 gives that

‖es,κ‖2a ≤ ‖κr′M +
1

κ
X ′, es,κ‖m

‖es,κ‖a√
λNR

+ ‖1

κ
Y ′‖a‖es,κ‖a, ∀t ∈ (0, T ), (4.220)

and thus

‖es,κ‖a ≤
‖κr′M + 1

κX
′‖m√

λNR
+ ‖1

κ
Y ′‖a, ∀t ∈ (0, T ). (4.221)

In order to apply the Parallelogram law, an expression of ‖es,κ‖2a is needed.

‖es,κ‖2a ≤
(‖κr′M + 1

κX
′‖m√

λNR
+ ‖1

κ
Y ′‖a

)2

=
‖κr′M + 1

κX
′‖2m

λNR
+

2

κ
√
λNR
‖κr′M +

1

κ
X ′‖m‖Y ′‖+

1

κ2
‖Y ′‖2a

=
1

λNR

(
κ2‖r′M‖2m + 2m�(r′M , X

′) +
1

κ2
‖X ′‖2m

)
+

2

κ
√
λNR
‖κr′M +

1

κ
X ′‖m‖Y ′‖a +

1

κ2
‖Y ′‖2a, ∀t ∈ (0, T ).

(4.222)

Now find expressions of the boundary terms. In Section 4.5 it is derived that

‖es‖m
∣∣
t=0
≤ ‖2u0 − 2ΠRu0‖m = 2‖u′0‖m, (4.223)

which implies that

‖es,κ‖m
∣∣
t=0
≤ 2κ‖u′0‖m. (4.224)

In a similar way it is derived in Section 4.5.2 that

‖e?,s‖m
∣∣
t=T
≤ ‖2Z − 2ΠRZ‖m = 2‖Z ′‖m. (4.225)

and thus

‖es,κ‖m
∣∣
t=T
≤ 2

κ
‖Z ′‖m. (4.226)

Inserting the derived expressions of ‖es,κ‖a, ‖es,κ‖m
∣∣
t=0

and ‖es,κ‖m
∣∣
t=T

into the definition of ‖es,κ‖
gives that

‖es,κ‖2 ≤
∫ T

0

[ 1

λNR

(
κ2‖r′M‖2m + 2m�(r′M , X

′) +
1

κ2
‖X ′‖2m

)
+

2

κ
√
λNR
‖κr′M +

1

κ
X ′‖m‖Y ′‖a +

1

κ2
‖Y ′‖2a

]
dt+ 2κ2‖u′0‖2m +

2

κ2
‖Z ′‖2m.

(4.227)

Theorem 4 implies that

E ≤ 1

4
‖κes +

1

κ
e?,s‖2. (4.228)
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Inserting the expression of ‖es,κ‖ = ‖κes + 1
κe

?,s‖ gives that

E ≤ Eest,pos =

∫ T

0

[ 1

4λNR

(
κ2‖r′M‖2m + 2m�(r′M , X

′) +
1

κ2
‖X ′‖2m

)
+

1

2κ
√
λNR
‖κr′M +

1

κ
X ′‖m‖Y ′‖a +

1

4κ2
‖Y ′‖2a

]
dt+

κ2

2
‖u′0‖2m +

1

2κ2
‖Z ′‖2m.

(4.229)

Equation (4.229) holds for all κ 6= 0. The optimal upper estimate of E can be found be setting κ
equal to

κpos := min
κ6=0

(
Eest,pos

)
. (4.230)

By using the same derivation for ‖κes − 1
κe

?,s‖ it follows that

E ≥ Eest,neg = −
∫ T

0

[ 1

4λNR

(
κ2‖r′M‖2m − 2m�(r′M , X

′) +
1

κ2
‖X ′‖2m

)
− 1

2κ
√
λNR
‖κr′M +

1

κ
X ′‖m‖Y ′‖a +

1

4κ2
‖Y ′‖2a

]
dt− κ2

2
‖u′0‖2m −

1

2κ2
‖Z ′‖2m.

(4.231)

Similar as for Equation (4.229), Equation (4.231) holds for all κ 6= 0. The optimal lower estimate of
E can be found be setting κ equal to

κneg := max
κ6=0

(
Eest,neg

)
. (4.232)

Solving Equations (4.230) and (4.232) is never done in the general case in this thesis. Instead explicit
results for upper and lower error estimates are derived for each considered quantity of interest defined
in Section 4.3. In the upcoming results, it is for simplicity assumed that the initial condition, u0, is
equal to zero.

Average temperature: In this case Y ′ = Z ′ = 0 which implies that Equation (4.229) is reduced
to

E ≤ 1

4λNR

∫ T

0

(
κ2‖r′M‖2m + 2m�(r′M , X

′) +
1

κ2
‖X ′‖2m

)
dt. (4.233)

The corresponding lower limit of E, stated in Equation (4.231), is reduced to

E ≥ − 1

4λNR

∫ T

0
κ2‖r′M‖2m − 2m�(r′M , X

′) +
1

κ2
‖X ′‖2m dt. (4.234)

Theorem 7. Assume that
∫ T

0 ‖r
′
M‖2m dt 6= 0. Then the optimal value of κ is equal to

κ =

(∫ T
0 ‖X

′‖2m dt∫ T
0 ‖r

′
M‖2m dt

)1/4

=: κX′,opt. (4.235)

Proof. The optimal value of κ can be found by minimizing the estimated norm of E as

min
κ6=0

∫ T

0
κ2‖r′M‖2m + m�(r′M , X

′) +
1

κ2
‖X ′‖2m dt. (4.236)

Differentiate with respect to κ and set the expression equals zero imply that∫ T

0
2κ‖r′M‖2m −

2

κ3
‖X ′‖2m dt

!
= 0. (4.237)
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Solving κ gives that

κ =

(∫ T
0 ‖X

′‖2m dt∫ T
0 ‖r

′
M‖2m dt

)1/4

. (4.238)

This value of κ is a minimum since the second derivative with respect to kappa is positive, i.e.

∂2

∂κ2

1

4
‖κes +

1

κ
e?,s‖2

∣∣∣
κ=κopt

=
1

2

∫ T

0
‖r′M‖2m dt+

3

2

( ∫ T
0 ‖X

′‖2m dt
)2

∫ T
0 ‖r

′
M‖2m dt

> 0. (4.239)

Applying the optimal expression of κ implies that∫ T

0
κ2‖r′M‖2m + 2m�(r′M , X

′) +
1

κ2
‖X ′‖2m dt

∣∣∣
κ=κX′,opt

= κ2

∫ T

0
‖r′M‖2m dt

∣∣∣
κ=κopt

+ 2

∫ T

0
m�(r′M , X

′) dt+
1

κ2

∫ T

0
‖X ′‖2m dt

∣∣∣
κ=κX′,opt

=

(∫ T
0 ‖X

′‖2m dt∫ T
0 ‖r

′
M‖2m dt

)1/2 ∫ T

0
‖r′M‖2m dt+ 2

∫ T

0
m�(r′M , X

′) dt+

(∫ T
0 ‖r

′
M‖2m dt∫ T

0 ‖X ′‖2m dt

)1/2 ∫ T

0
‖X ′‖2m dt

=
(∫ T

0
‖X ′‖2m dt

∫ T

0
‖r′M‖2m dt

)1/2
+ 2

∫ T

0
m�(r′M , X

′) dt+
(∫ T

0
‖r′M‖2m dt

∫ T

0
‖X ′‖2m dt

)1/2

= 2

∫ T

0
m�(r′M , X

′) dt+ 2
(∫ T

0
‖r′M‖2m dt

∫ T

0
‖X ′‖2m dt

)1/2

(4.240)

and similarly ∫ T

0
κ2‖r′M‖2m − 2m�(r′M , X

′) +
1

κ2
‖X ′‖2m dt

∣∣∣
κ=κX′,opt

= −2

∫ T

0
m�(r′M , X

′) dt+ 2
(∫ T

0
‖r′M‖2m dt

∫ T

0
‖X ′‖2m dt

)1/2
.

(4.241)

The optimal error estimate of E can then be written asE ≤
1

2λNR

∫ T
0 m�(r′M , X

′) dt+ 1
2λNR

( ∫ T
0 ‖r

′
M‖2m dt

∫ T
0 ‖X

′‖2m dt
)1/2

,

E ≥ 1
2λNR

∫ T
0 m�(r′M , X

′) dt− 1
2λNR

( ∫ T
0 ‖r

′
M‖2m dt

∫ T
0 ‖X

′‖2m dt
)1/2

.
(4.242)

Average heat flux: In this case X ′ = Z ′ = 0 which implies that Equation (4.229) is reduced to

E ≤ 1

4

∫ T

0

κ2‖r′M‖2m
λNR

+
2‖r′M‖m‖Y ′‖a√

λNR
+

1

κ2
‖Y ′‖2t dt. (4.243)

The corresponding lower limit of E, stated in Equation (4.231), is reduced to

E ≥ −1

4

∫ T

0

κ2‖r′M‖2m
λNR

−
2‖r′M‖m‖Y ′‖a√

λNR
+

1

κ2
‖Y ′‖2t dt. (4.244)

Similar as for Theorem 7, the optimal value of κ is obtained if

κ =

(
λNR

∫ T
0 ‖Y

′‖2a dt∫ T
0 ‖r

′
M‖2m dt

)1/4

=: κY ′,opt. (4.245)
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Inserting the expression of κY ′,opt gives that

∫ T

0

κ2‖r′M‖2m
λNR

+
2‖r′M‖m‖Y ′‖a√

λNR
+

1

κ2
‖Y ′‖2t dt

∣∣∣
κ=κY ′,opt

=
κ2

λNR

∫ T

0
‖r′M‖2m dt

∣∣∣
κ=κY ′,opt

+
2√
λNR

∫ T

0
‖r′M‖m‖Y ′‖a dt+

1

κ2

∫ T

0
‖Y ′‖2a dt

∣∣∣
κ=κY ′,opt

=
1

λNR

(
λNR

∫ T
0 ‖Y

′‖2a dt∫ T
0 ‖r

′
M‖2m dt

)1/2 ∫ T

0
‖r′M‖2m dt

+
2√
λNR

∫ T

0
‖r′M‖m‖Y ′‖a dt+

( ∫ T
0 ‖r

′
M‖2m dt

λNR
∫ T

0 ‖Y ′‖2a dt
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and similarly∫ T

0

κ2‖r′M‖2m
λNR

−
2‖r′M‖m‖Y ′‖a√

λNR
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(4.247)

The optimal estimate of E can then be written as
E ≤ 1

2
√
λNR
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( ∫ T
0 ‖r

′
M‖2m dt

∫ T
0 ‖Y

′‖2a dt
)1/2

.
(4.248)

Final temperature: In this case X ′ = Y ′ = 0 which implies that Equation (4.229) is reduced to

E ≤ 1

4

(∫ T

0

κ2‖r′M‖2m
λNR

dt+
2

κ2
‖Z ′‖2m

)
. (4.249)

The corresponding lower limit of E, stated in Equation (4.231), is reduced to

E ≥ − κ2

4λNR

∫ T

0
‖r′M‖2m dt− 1

2κ2
‖Z ′‖2m. (4.250)

Similar as for Theorem 7, the optimal value of κ is obtained if

κ =

(
2λNR‖Z ′‖2m∫ T
0 ‖r

′
M‖2m dt

)1/4

=: κZ,opt. (4.251)
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Inserting the expression of κZ′,opt gives that

κ2

∫ T

0

‖r′M‖2m
λNR

dt+
2

κ2
‖u?,Π‖2m

∣∣∣
κ=κZ,opt

=

(
2λNR‖Z ′‖2m∫ T
0 ‖r

′
M‖2m dt

)1/2 ∫ T

0

‖r′M‖2m
λNR

dt+ 2

(∫ T
0 ‖r

′
M‖2m dt

2λNR‖Z ′‖2m

)1/2

‖Z ′‖2m

= 2
√

2‖Z ′‖2m
( 1

λNR

∫ T

0
‖r′M‖2m dt

)1/2
,

(4.252)

and similarly
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The optimal error estimate of E can then be written asE ≤
1√
2
‖Z ′‖2m

(
1

λNR
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(4.254)
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5 Numerical results

In this chapter, the numerical results are presented that is used to verify and show the applications of
the theory. Section 5.1 presents the results from the Spectral Decomposition. Sections 5.2 and 5.3
present the results for two different canonical load cases given by the macro-scale. Sections 5.4 and 5.5
present the numerical results from the error analysis. Finally, Section 5.6 presents the computational
advantages with Numerical Model Reduction.

5.1 Spectral Decomposition

The first step in order to find a reduced basis is to choose a proper base-reducing method. As discussed
in Section 3.2, both Spectral Decomposition and Proper Orthogonal Decomposition can be used. Due
to the linearity of the transient heat equation, the simpler Spectral Decomposition method is chosen
and hence the spatial modes can be estimated as the eigenvectors from the equation

λam�(ua, δu) + a�(ua, δu) = 0, ∀δu ∈ U�, a = 1, 2, . . . , N. (5.1)

In the numerical example it is assumed that ρ and cp are spatially constant and therefore the
linear transient heat flow equation that can be written as

ρcpu̇+
d

dx
K

du

dx
= u̇+

d

dx

K

ρcp

du

dx
=
{
k :=

K

ρcp

}
= u̇+

d

dx
k

du

dx

!
= 0. (5.2)

Throughout the numerical results, the constants ρ, cp and K are combined into one constant, k,
named the thermal heat constant. The numerical calculations are applied to materials with both
homogeneous and heterogeneous micro-structure. The results are presented for four different materials,
see Table 5.1. For the one-dimensional transient heat flow, this is produced by changing the thermal
heat constant, k, along the Representative Volume Element (RVE). Figure 5.1 shows how k varies
within the RVE. As it can be seen in the figure, there are one homogeneous material and three
heterogeneous materials.

Material 1 Homogeneous material, upper left in Figure 5.1.

Material 2 Heterogeneous spatial divided into two different phases, upper right in Figure 5.1.

Material 3 Heterogeneous spatial divided into two different phases, lower left in Figure 5.1

Material 4 Heterogeneous with spatial random k, lower right in Figure 5.1

Table 5.1: The table shows how the different materials are denoted.

For a specific distribution of the thermal heat constant, the generalized eigenvalue problem is solved.
It is verified that the relations

m�(ua, ub) =

{
1 if a = b

0 if a 6= b
and a�(ua, ub) =

{
λa if a = b

0 if a 6= b
(5.3)

holds, which indicates that the generalized eigenvalue problem is solved correctly.
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Figure 5.1: The figure shows the four different cases of how the thermal heat constant, k, varies
within the RVE. The upper left sub-figure shows a homogeneous material while the other sub-figures
represents different kinds of heterogeneous materials. In the upper right and lower left sub-figures, k
is either 0.1 W/(mK) or 1 W/(mK) depending on the spatial location. In the lower right sub-figure
k is assigned to be a random number between 0.1 and 1.1 W/(mK).

For the different materials defined in Figure 5.1, the corresponding eigenvalues can be seen in
Figure 5.2. In the figure the eigenvalues are sorted in increasing order and normalized with the
smallest eigenvalue. From the figure it can be seen that the amplitude of the first eigenvalues increases
rapidly. This indicates that only a few of the eigenvalues are needed to get accurate results since
high eigenvalues induces that ξ becomes small fast, see Section 3.2. Another remark concerning the
eigenvalues is that they are all real, which they indeed shall be since the stiffness and mass matrices
are symmetric matrices.

Figure 5.3 shows the eigenvectors corresponding to the three smallest eigenvalues, for the different
materials defined in Figure 5.1. As expected for the homogeneous material, the eigenvectors will
be spatially sinusoidal with different frequencies, illustrated in the upper left sub-figure. A higher
thermal heat constant implies that the eigenvectors varies slower with spatial location, which can be
seen in the upper right and lower left figure. The discontinuities in the thermal heat constant implies
that the eigenvectors will have discontinues derivatives. Physically, this implies that there will be a
discontinuity in the heat flux in those points.
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Figure 5.2: The figure shows the eigenvalues for the different material given in Figure 5.1.
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Figure 5.3: The figure shows the first three eigenvectors for the four different materials given in Figure
5.1. As is can be seen in the figure, the eigenvectors for the homogeneous material will be spatially
sinusoidal while the heterogeneous material will have discontinues derivatives in the points where the
thermal heat constant is changed.
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5.2 Load case 1 - Ramp load of the macro-scale temperature

In order to evaluate the results, some canonical load cases are needed. For the RVE, this means that
the results are calculated for some boundary loadings given by the macro-scale properties ū, ˙̄u, ḡ and
˙̄g. Note that, the numerical example is just implemented in one spatial dimension which implies that
ḡ and ˙̄g will be scalars, from now on denoted ḡ and ˙̄g. The first load case that is presented consist of
the case when ū is initially a ramp and later in the simulation constant, and ḡ equals zero, see Figure
5.4. This implies that ˙̄g is equal to zero and ˙̄u is during the ramp constant and after the ramp zero.
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Figure 5.4: The figure shows the first load case that is applied. As it can be seen in the figure ū is
initially a ramp and later in the simulation constant while ḡ equals zero throughout the simulation.

From the calculated eigenvalues in Section 5.1, the derived ordinary differential equations, see
Equation (3.25), can be solved. Denote the mode activity coefficients as ξa(t), a = 1, . . . , N , where
N is the number of modes. The first four mode activity coefficients ξa(t), for respective material,
are shown in Figure 5.5. As it can be seen in the figure, every even number of ξa(t) is equal to zero
for the homogeneous material. The reason is that the boundary condition implies that the solution
around the center of the RVE must be symmetric. Recall that in order to get the full micro-scale
solution the mode activity coefficient shall be multiplied with the corresponding eigenvector and be
summarized, see Section 3.2, according to the equation

uµ(x, t) =

N∑
a=1

ua(x)ξa(t). (5.4)

Since every even eigenvector is unsymmetrical, and hence not wanted in the symmetric solution for
the homogeneous material, every even ξa must be equal to zero. For material 2, 3 and 4, which are
heterogeneous, the solution is no longer symmetric around the center of the RVE, which implies that
also the even numbers of ξa will give a contribution to the solution.
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Figure 5.5: The figure shows the first four mode activity coefficients for each of the considered
materials.

At first sight, it might look strange that ξ1 is positive for material 2, while it is negative for
material 1, 3 and 4. The explanation lies in Equation (5.4) and the fact that ξa(t) is multiplied with
the corresponding eigenvector. From Figure 5.3 it can be seen that the first eigenvector is positive in
material 1, 3 and 4, while it is negative in material 2. This implies that the contribution from the
first eigenvector and mode activity coefficient to the micro-solution is always negative.

From the eigenvectors and mode activity coefficients, the full micro-scale solution can be calculated.
A typical solution to the RVE, for load case 1, is shown in Figure 5.6. The solutions in Figure 5.6
consist of the first three out of 30 modes. In order visualize the differences between the different
materials better, the stationary solution is taken away. The solution for the different materials in
this case is shown in Figure 5.7. From Figure 5.7 it can be seen that the transient solution varies a
lot between the materials. In the figure is can be seen that the solution is indeed symmetric around
the center of the RVE for the homogeneous material. For the second material, the amplitude of the
solution is larger for negative coordinates in the RVE. The reason is that the thermal heat constant is
smaller there. The shape of the micro-scale solutions are reflected by the eigenvectors for the specific
material, see Figure 5.3.
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Figure 5.6: The figure shows how the RVE solution typically looks like for the different materials. The
figure is produced with 30 free spatial nodes, 30 time-steps and 3 modes for each material.
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Figure 5.7: The figure shows the micro-scale solution for the different materials when the stationary
part of the solution is taken away. The figure is produced with 30 free spatial nodes, 30 time-steps
and 3 modes for each material.

One of the most interesting results is how accurate the reduced solution, compared to the full base
solution, is. Figure 5.8 shows the maximal temperature deviation in one node between the reduced
and full solution. From the figure it can be seen that material 1, at most basis, has larger deviations
to its full base solution compared to material 4. It can also be seen that every even mode does not
reduce the deviation for material 1. The reason is that material 1 is a homogeneous material and
therefore the solution is symmetric around the RVE. This error estimate is not a good error estimate
since all modes are needed to perform the error estimate. It is also just using information in one node
and disregards the information from the rest of the nodes. For better error estimates, see Sections 5.4
and 5.5.

Remark: For the first load case, the stationary solution is captured in the macro-scale part of Equation
(3.31). This implies that the results will be identical if the temperature is calculated with Equation
(3.31) or (3.34).
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Figure 5.8: The figure shows the maximal temperature deviation in one node between the reduced and
full solution.

5.3 Load case 2 - Ramp load of the gradient of the macro-scale
temperature

In the second canonical load case ū is zero, while ḡ is a ramp. The load case is illustrated in Figure
5.9. By using the same approach as for the first load case, see Section 5.2, ξa(t) are calculated, see
Figure 5.10. From the figure it can be seen that every odd number of ξa(t) is equal to zero for material
1. The reason is that material 1 is a homogeneous material and hence the solution must be purely
unsymmetrical. In order to obtain a purely unsymmetrical solution, the odd eigenvectors must not
give any contribution, see Figure 5.3. But as it can be seen in Figure 5.3, the eigenvectors are non-zero
and thus all odd ξa(t) must be equal to zero in order to cancel the effect of these eigenvectors.

Figure 5.11 shows a typical micro-scale solution. In this case, the simulation is performed on the
different materials with 3 modes, 30 free spatial nodes and 30 time-steps. From the figure it can be
seen that the homogeneous material is indeed purely unsymmetrical around the center on the RVE.
In the same manner as for the first load case, it is easier to see the difference between the different
materials if the stationary solution is taken away. Figure 5.12 shows only the transient solution for
the different materials. Also in this figure, the unsymmetrical properties can be seen in material 1.
For material 2 there are, similar as for the first load case, more variation of the temperature in the
negative part of the RVE since the thermal heat constant is smaller there. From the figure it can also
be seen that the randomness in the thermal heat constant in material 4 gives a non-smooth solution.
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Figure 5.9: The figure shows the second load case. As it can be seen in the figure ū is equal to zero
and ḡ is initially a ramp load and later a constant.
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Figure 5.10: The figure shows the first four mode activity coefficients for the different materials.
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Figure 5.11: The figure shows how the RVE solution typically looks like for the different materials.
The figure is produced with 30 free spatial nodes, 30 time-steps and 3 modes for each material.
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Figure 5.12: The figure shows the solution of the micro-scale problem when the stationary solution is
taken away. The figure is produced with 30 free spatial nodes, 30 time-steps and 3 modes for each
material.

Figure 5.13 shows the maximal temperature deviation in one node between the reduced and
full solution. Similar as for the first load case, material 1 tends to have a larger deviation than
material 4. For the second load case, the stationary solution is not always captured by the reduced
solution for the heterogeneous materials if the temperature is calculated with Equation (3.31). If
the temperature instead is calculated with Equation (3.34), the stationary solution will always be
captured, independently of the number of modes. Thus, the error will be lower if the temperature is
calculated with Equation (3.34), if the material is heterogeneous. The reason that the error estimate
is the same for the homogeneous material depends on that the stationary solution is linear and can
thus be captured by the macro-scale in Equation (3.31). An illustration of this can be seen in Figure
5.14. From the figure it can be seen that for the heterogeneous materials, the error is significantly
lower if the temperature is calculated with Equation (3.34) compared to Equation (3.31).

Remark: Note that the boundary condition of the micro-scale problem can be more arbitrary compared
to the load cases. Both ū and ḡ can be pre-multiplied with an arbitrary constant and then added
together in order to get more versatile boundary condition on the RVE.
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Figure 5.13: The figure shows the maximal temperature deviation in one node between the reduced
and full solution.
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Figure 5.14: The figure shows the maximal temperature deviation in one node between the reduced and
full solution. The figure compare the error when the temperature is calculated with either Equation
(3.31) or (3.34).
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5.4 Error estimates with the energy norm

One of the main purpose with this thesis is to estimate the error that is introduced by reduce the
number of modes. This can be done in different ways, and the probably most simple error estimate is
already introduced and presented in Figure 5.14. However, there exists several disadvantage with
this simple error estimate. The probably biggest disadvantage is that in order to calculate the error
estimate, all modes are needed. Other disadvantages is that knowledge from only one node is used as
well as that a more versatile error estimate would be appreciated.

The goal with this section is to produce error estimates when the energy norm is used. In this
section, the same 4 materials that are presented in Section 5.1 are used. The numerical results are
performed on both of the different load cases. However, the results are similar for both load cases
and therefore only the numerical results for load case 1 is presented in this section. The interested
reader can find the numerical results for load case 2 in Appendix B.1.

By using the space-time formulation, given in Section 4.1, the energy norm is defined as

‖ · ‖ :=
√
A�(·, ·). (5.5)

In order to apply error estimates, Cauchy–Schwarz inequality or the Parallelogram law is suitable to
use, but in order to use them the operator needs to be symmetric. Therefore, a symmetric counterpart
to A� is defined as

As�(u, v) :=
1

2

[
A�(u, v) +A�(v, u)

]
, ∀u, v ∈ U�. (5.6)

The true error is denoted e and the error that is calculated from the symmetric error equation is
denoted es. From Theorem 1 it follows that ‖e‖ ≤ ‖es‖. For more details about the error equations
and proof of the theorem, see Section 4.2. Even though ‖es‖ is always larger than ‖e‖, the difference
is very small. In order to show the difference in a proper way, the quantity

η − 1 :=
‖es‖
‖e‖
− 1 (5.7)

is shown in Figure 5.15 as a function of the number of used modes for the different materials. From
the figure it can be seen that ‖es‖ is always larger than ‖e‖ as well as that the difference between ‖e‖
and ‖es‖ becomes smaller and smaller when more modes are used.

In Figure 5.15, the last three modes are not presented. The reason that the last mode is not
shown is because when all modes are used η − 1 = 0, which cannot be represented in a logarithmic
figure. The reason that the second and third last mode are not used is from computationally accuracy
effects. For specific setups of material, load case, number of modes and time-steps, the energy norm
of e and es can be extremely small. For some setups, ‖e‖ and ‖es‖ become so small such that the
second and third last modes lies in the same magnitude as the numerical accuracy of the results. This
implies that the inequality ‖e‖ ≤ ‖es‖ is no longer guaranteed to hold independently of setup due to
numerical errors. With the computational accuracy aspects in mind, the second and third last modes
are thus not presented in the upcoming figures.
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Figure 5.15: The figure shows the quantity η − 1 for the energy norm as a function of the number of
used modes for the different materials.

By using the theory in Section 4.5.1, it is derived that the symmetric error can be estimated using
only the reduced modes by the equation

‖e‖ ≤ ‖es‖ ≤ ‖esest‖ =
( 1√

λNR

∫ T

0
‖rM‖2m dt+ 2‖u0 − uR

∣∣
t=0
‖2m
)1/2

, (5.8)

where λNR is the eigenvalue for the highest reduced mode, uR is the reduced solution, u0 is the
starting temperature and

rM = − ˙̄u−
d∑
i=1

u
(i)
stat

˙̄gi. (5.9)

For simplicity, u0 = uR
∣∣
t=0

= 0, which implies that

‖esest‖ =
( 1

λNR

∫ T

0
‖rM‖2m dt

)1/2
. (5.10)

In Section 4.5.1, it is further derived that a better error estimates can be produced if rM is replaced
with

r′M = −rM + ΠRrM =
(

1−
NR∑
a=1

m�(1, ua)ua(x)
)

˙̄u+
d∑
i=1

(
u

(i)
stat −

NR∑
a=1

m�(u
(i)
stat, ua)ua(x)

)
˙̄gi. (5.11)

This error estimate is denoted

‖esest,proj‖ =
( 1

λNR

∫ T

0
‖r′M‖2m dt

)1/2
. (5.12)

Figure 5.16 gives a summary of the results when the energy norm is used. The difference between
‖e‖ and ‖es‖ cannot be seen in the figure because they are too close to each other. But Theorem 1
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still hold and ‖e‖ ≤ ‖es‖, see Figure 5.15. Moreover it can be seen that both ‖esest‖ and ‖esest,proj‖
give an upper estimate of the error as expected. Note that the error estimates are normalized with
‖u‖. This implies that 0.1 in the figure corresponds to 10% error and 0.01 corresponds to 1% error
etc. From the figure it can, for example, be seen that when half of the modes are used for material
3, the true error is approximately 0.036% and the estimated error, that only the reduced modes, is
0.076%. Thus it can be guaranteed that the true error is smaller than 0.076% for material 3 when half
of the modes are used without using knowledge from any higher modes. If 0.076% is a good enough
error estimate depends on the applications. If a better guaranteed error limit is needed, measured in
the energy norm, more modes have to be used.
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Figure 5.16: The figure shows the true error and error estimates for the energy norm as a function of
the number of used modes for the different materials.

From Figure 5.16 it can be seen that the ratio between the true and estimated error is not constant
with respect to the number of used modes. In order to visualize this phenomena the effectivity index,
η, is shown in Figure 5.17, where

ηs :=
‖es‖
‖e‖

, ηest :=
‖eest‖
‖e‖

and ηest,proj :=
‖eest,proj‖
‖e‖

. (5.13)

From the figure it can be seen that ηs is always close to 1, which implies that ‖es‖ is always close
to ‖e‖. Since the true error is reduced a lot for high modes, while the estimated errors are almost
constant, both ηest and ηest,proj are larger for a large number of modes. This phenomena is probably
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introduced during the discretization of the problem. The first two-third of the modes are probably
similar to the continuous modes, both for the true and estimated errors. For the true error, the last
third of the modes are probably mainly used to fit the discretization. The last third of the modes for
the estimated error, on the other hand, just uses estimated modes that will not fit the discretization.
Therefore, a larger overestimate of the results happens for the last third of the modes.

If this issue is introduced by the discretization of the problem, it should always be the last third of
the modes that produces a larger overestimate of the error. Figure 5.18 and 5.19 shows the same
results as Figures 5.16 and 5.17, but with 500 free spatial nodes instead of 150. From the figures it
can be seen that the larger overestimate of the error still happens for the last third of the modes as
expected.
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Figure 5.17: The figure shows the effectivity index of the energy norm as a function of the number of
used modes for the different materials.
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Figure 5.18: The figure shows the same results as Figure 5.16, but with 500 free spatial nodes instead
of 150. If the figure is compared to Figure 5.16, it can be seen that the shape the the true and estimated
errors are similar.
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Figure 5.19: The figure shows the same results as Figure 5.17, but with 500 free spatial nodes instead
of 150. From the figure it can be seen that it is still the last third of the modes that produces a large
value of ηest and ηest,proj.

5.5 Goal-oriented error estimates

By using goal-oriented approaches, it is derived in Section 4.3 that is possible to estimate the error
with different quantities of interest. In Section 4.4 it is shown how error estimates are performed
when all modes are used and in Section 4.5 it is shown how error estimates are performed when only
the reduced modes are used.

The results from these, more sophisticated, error estimates are divided into three different sections
corresponding to the three different quantities of interest defined in Section 4.3. Section 5.5.1 presents
the average temperature results, Section 5.5.2 presents the average heat flux in one direction results
and Section 5.5.3 presents the final temperature results. The error estimates are performed on the
same 4 materials that are presented in Section 5.1.

In this thesis, the quantities of interest that is considered can be written as

Q�(u) =

∫ T

0
m�(X,u) + a�(Y, u) dt+ m�(Z, u)

∣∣
t=T

, (5.14)

where X, Y and Z are arbitrary functions. For a given quantity of interest, the corresponding error
is given by E = Q�(e).
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In Sections 4.2.3 and 4.2.4 it is derived how Theorems 2, 3 and 4 can be used to estimate |E|.
From Theorem 2 it is derived that

|E| ≤ ‖es‖‖u?,s‖, (5.15)

where u?,s is the solution to the dual symmetric problem. This error estimate of E, never uses
the Galerkin orthogonality, which induces a large overestimate of the error. However, the Galerkin
orthogonality is applied in Theorem 3 which gives the error estimate

|E| ≤ ‖es‖‖e?,s‖. (5.16)

The key in Theorems 2 and 3 are to use Cauchy–Schwarz inequality. From the Galerkin orthogonality,
it follows that the error estimate from Theorem 3 will always be sharper than Theorem 2. Therefore,
Theorem 2 is not implemented in the error estimates that only uses the reduced modes. Theorem 4
uses the Parallelogram law and therefore different error estimates of E is obtained dependent on its
sign as

E ≤ 1

4
‖κes +

1

κ
e?,s‖2

E ≥ −1

4
‖κes − 1

κ
e?,s‖2.

(5.17)

From Equation (5.17), it can be concluded that

|E| ≤

{
1
4‖κe

s + 1
κe

?,s‖2, if E ≥ 0
1
4‖κe

s − 1
κe

?,s‖2, if E < 0.
(5.18)

The disadvantage with directly using error estimates performed by Theorems 2, 3 and 4, is that
all modes are needed. In order to find error estimates that are using only the reduced modes, ‖es‖
and ‖e?,s‖ needs to be estimated. How ‖es‖ can be estimated is presented in Equation (5.12) and in
Section 4.5.2 it is shown that and ‖e?,s‖ can be estimated as

‖e?,s‖ ≤ ‖e?,sest,proj‖ =
(∫ T

0

( 1√
λNR
‖X ′‖m + ‖Y ′‖t

)2
dt+ 2‖Z ′‖2m

)1/2
, (5.19)

where λNR is the eigenvalue corresponding to the highest used mode, X ′ = X −ΠRX, Y ′ = Y −ΠRY
and Z ′ = Z − ΠRZ. By using these error estimates of ‖es‖ and ‖e?,s‖, |E| can be estimated with
Theorem 3 as

|E| ≤ ‖esest,proj‖‖e
?,s
est,proj‖. (5.20)

In Section 4.5.3 it is derived how Theorem 4 can be applied using only the reduced modes as

E ≤
∫ T

0

[ 1

4λNR

(
κ2‖r′M‖2m + 2m�(r′M , X

′) +
1

κ2
‖X ′‖2m

)
+

1

2κ
√
λNR
‖κr′M +

1

κ
X ′‖m‖Y ′‖t +

1

κ2
‖Y ′‖2t

]
dt+

κ2

2
‖u′0‖2m +

1

2κ2
‖Z ′‖2m,

E ≥ −
∫ T

0

[ 1

4λNR

(
κ2‖r′M‖2m − 2m�(r′M , X

′) +
1

κ2
‖X ′‖2m

)
− 1

2κ
√
λNR
‖κr′M +

1

κ
X ′‖m‖Y ′‖t +

1

κ2
‖Y ′‖2t

]
dt− κ2

2
‖u′0‖2m −

1

2κ2
‖Z ′‖2m,

(5.21)

where κ is an arbitrary non-zero constant. For optimal error estimates, the value of κ is different for
different quantities of interest. For details about expressions of κ and the error estimates it induces,
see Sections 5.5.1, 5.5.2 and 5.5.3.
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5.5.1 Average temperature as quantity of interest

The first quantity of interest that is presented is the average temperature in the space-time domain,
which is given by

Q�(u) =
1

T |Ω�|

∫ T

0

∫
Ω�

u dΩ dt. (5.22)

For this quantity of interest Y = Z = 0 and X = 1
cT .

Numerical results are performed for both load cases. In the first load case, where the macro-scale
temperature consists of a ramp, it is natural to use the average temperature as quantity of interest.
Thus, the results from load case 1 are presented in this section. The results for load case 2 are
similar, except for the homogeneous material which is symmetric and therefore has no error in average
temperature, see Appendix B.2.

The results of the error estimates for Theorems 2, 3 and 4 are presented in Figure 5.20. Note that
Theorem 2 gives a large overestimate since it never uses the Galerkin orthogonality. As it can be
seen in the figure, Theorem 4 gives a slightly better error estimate than Theorem 3 since Theorem 4
distinguishes between different signs of E. Note that in order to produce these error estimates, all
modes are needed.
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Figure 5.20: The figure shows the true error and error estimates that are performed on the different
materials with Theorems 2, 3 and 4. Note that all errors are normalized with |Q(u)|.
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For this specific quantity of interest, Equation (5.19) is reduced to

‖e?,s‖ ≤ ‖e?,sest,proj‖ =
( 1

λNR

∫ T

0
‖X ′‖2t dt

)1/2
. (5.23)

With this error estimate, Theorem 3 can be applied which is shown in Figure 5.21. From the figure
it can be seen that the ratio between the true and estimated errors grow a lot for the last third of
the modes. The reason behind this probably depends on the discretization of the transient heat flow
equation and is discussed in Section 5.4.
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Figure 5.21: The figure shows the true error and error estimates for the different materials when
Theorem 3 is applied. Note that |Eest,proj | uses only the reduced modes.

Also error estimates for Theorem 4, using only the reduced modes, are performed. When Theorem
4 is used, different error estimates are performed for different values on κ. In Section 4.5.3 it is derived
that the optimal κ is obtained if

κX′,opt =

(∫ T
0 ‖X

′‖2m dt∫ T
0 ‖r

′
M‖2m dt

)1/4

. (5.24)
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With this value of κ, E can be estimated as

|E| ≤ |Eest,proj | =


1

2λNR

∫ T
0 m�(r′M , X

′) dt+ 1
2λNR

( ∫ T
0 ‖r

′
M‖2m dt

∫ T
0 ‖X

′‖2m dt
)1/2

if E ≥ 0

1
2λNR

∫ T
0 m�(r′M , X

′) dt− 1
2λNR

( ∫ T
0 ‖r

′
M‖2m dt

∫ T
0 ‖X

′‖2m dt
)1/2

if E < 0,

(5.25)
The results when Theorem 4 is used can be seen in Figure 5.22.
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Figure 5.22: The figure shows the true error and error estimates for the different materials when
Theorem 4 is applied. Note that |Eest,proj | uses only the reduced modes.

When Theorem 4 is applied, different error estimates are performed dependent on the sign of E.
Figure 5.23 shows the upper and lower limit of E, performed with Theorem 4. From the figure it can
be seen that the lower bound is smaller than the upper bound and thus the error span is reduced
faster compared with Theorem 3.
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Figure 5.23: The figure shows the true error and its upper and lower limits when Theorem 4 is applied.

5.5.2 Average heat flux in one direction as quantity of interest

The second quantity of interest that is presented is the average heat flux in one direction. This
quantity of interest is given by

Q�(u) =
1

T |Ω�|

∫ T

0

∫
Ω�

e · q dΩ dt. (5.26)

Similar as for the first quantity of interest, numerical results are performed for both load cases. Using
the average heat flux in one direction as quantity of interest is suitable for the second load case.
Therefore, results for load case 2 are presented in this section. The results for the other load case are
similar and the interested reader can find the results in Appendix B.3.

For the homogeneous material, the error is equal to zero since the heat flux is proportional to
the temperature gradient. Therefore, the upcoming figures only shows result for material 2, 3 and
4. Figure 5.24 shows the true error and error estimates from Theorems 2, 3 and 4, normalized with
|Q(u)|, as a function of number of used modes. Similar as for the average temperature, Theorem 4
gives a slightly better estimate than Theorem 3. The error estimate from Theorem 2 is not as good
as the other error estimates since it does not use the Galerkin orthogonality. Note that the absolute
value of the true error does not always go down if the number of modes is increased. The reason is
that the modes are constructed in such a way that the energy norm will be minimized when additional
modes are added. This implies that if the true error goes up or down with additional modes depends
on what quantity of interest that is used.
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Figure 5.24: The figure shows the true error and error estimates that are performed on the different
materials with Theorems 2, 3 and 4. Note that in order to produce these error estimates all modes are
needed.

Also for this quantity of interest, error estimates using only the reduced modes are performed. For
this specific quantity of interest, Equation (5.19) is reduced to

‖e?,s‖ ≤ ‖e?,sest,proj‖ =
(∫ T

0
‖Y ′‖2t dt

)1/2
. (5.27)

By using this error estimate of ‖e?,s‖, Theorem 3 can be used for error estimates using only the
reduced modes. The results can be seen in Figure 5.25.
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Figure 5.25: The figure shows the true error and error estimates for the different materials when
Theorem 3 is applied. Note that |Eest,proj | uses only the reduced modes.
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As derived in Section 4.5.3, a similar error estimate can be produced with Theorem 4. For this
quantity of interest

κY ′,opt =

(
λNR

∫ T
0 ‖Y

′‖2t dt∫ T
0 ‖r

′
M‖2m dt

)1/4

. (5.28)

With this value of κ, E can be estimated via the equations
E ≤ 1

2
√
λNR

∫ T
0 ‖r

′
M‖m‖Y ′‖t dt+ 1

2
√
λNR

( ∫ T
0 ‖r

′
M‖2m dt

∫ T
0 ‖Y

′‖2m dt
)1/2

,

E ≥ 1
2
√
λNR

∫ T
0 ‖r

′
M‖m‖Y ′‖t dt− 1

2
√
λNR

( ∫ T
0 ‖r

′
M‖2m dt

∫ T
0 ‖Y

′‖2m dt
)1/2

.
(5.29)

The results can be seen in Figure 5.26. In order to see how big the errors are, all error estimates
are normalized with |Q(u)|. From the figure it can be determined that when half of the modes are
used, the error is 0.026% from the true solution for material 3. The corresponding number when only
the reduced modes are used for error estimate is 0.48%. In a real simulation, only the 0.48% error
estimate is available since the other error estimates uses all modes. If maximal 0.48% error in average
heat flux in a desired direction is good enough depends on the application the theory is applied to.

Finally, Figure 5.27 shows the upper and lower limit of E, performed with Theorem 4. Similar as
for the first quantity of interest, the fact the upper and lower bounds are different implies that the
error span is smaller compared with the results obtained with Theorem 3.
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Figure 5.26: The figure shows the true error and error estimates for the different materials when
Theorem 4 is applied. Note that |Eest,proj | uses only the reduced modes.
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Figure 5.27: The figure shows the true error and its upper and lower estimated limits when Theorem
4 is applied.

5.5.3 Final temperature as quantity of interest

The last quantity of interest that is presented is the final temperature. In this case the quantity of
interest is given by

Q�(u) =
1

|Ω�|

∫
Ω�

u
∣∣
t=T

dΩ. (5.30)

The results for the different load cases are similar for this quantity of interest. The results for the
load case that involves ū are presented in this section, while the results for the load case that involves
ḡ are presented in Appendix B.4.

The true error and error estimates from Theorems 2, 3 and 4, when all modes are used, are shown
in Figure 5.28. From the figure it can be seen that the true error becomes extremely small. The
reason that the true error becomes so small depends on the quantity of interest. Since the stationary
solution is captured by the macro-scale, only the transient solution will contribute to the error. But
for load case 1, ˙̄u equals zero the last two-thirds of the simulated time, see Figure 5.4. This implies
that the transient solution is almost 0 when t = T , and thus also the error. The reason that the
estimated error does not follow the true error probably has to do with the symmetrization procedure
introduced in order to use Cauchy–Schwarz inequality and the Parallelogram law, see Section 4.2.2.
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Figure 5.28: The figure shows the true error and the error estimates that are using all modes when
the final temperature is the quantity of interest. The results are produced with the first load case.

In order to study a more interesting load case when the final temperature is the quantity of interest,
the load case is slightly changed such that ū is a ramp during the whole simulation. Figure 5.29 shows
the error estimates that are obtained for this new load case. From the figure it can be seen that the
overestimate is still large, but not as large as in Figure 5.28.

When Theorem 3 is applied, and only the reduced modes are used, Equation (5.19) is reduced to

‖e?,s‖ ≤ ‖e?,sest,proj‖ = 2‖Z ′‖m. (5.31)

The results from the error estimates with Theorem 3 is shown in Figure 5.30. Also similar results are
perform with Theorem 4. For this quantity of interest,

κZ,opt =

(
2λNR‖Z ′‖2m∫ T
0 ‖r

′
M‖2m dt

)1/4

(5.32)

which implies that E ≤
1√
2
‖Z ′‖2m

(
1

λNR

∫ T
0 ‖r

′
M‖2m dt

)1/2
,

E ≥ − 1√
2
‖Z ′‖2m

(
1

λNR

∫ T
0 ‖r

′
M‖2m dt

)1/2
.

(5.33)
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Figure 5.29: The figure shows the same results as Figure 5.28 with the difference that the load case is
changed. In this case ū is a ramp during the whole simulation.
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Figure 5.30: The figure shows the true error and error estimates when Theorem 3 is applied as a
function of different number of used modes.

Figure 5.31 shows the results from Theorem 4. The error estimates are slightly better than Theorem
3, but there is still a large overestimate in all the error estimates. That the symmetrization of the
operator for some quantities of interest introduce a large overestimate is one of the main weakness
with this method. However, the estimated error when half of the modes are used in material 3 is
0.0015% from the true solution, which in many applications can be considered as good enough.
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Figure 5.31: The figure shows the true error and error estimates when Theorem 4 is applied as a
function of different number of used modes.

5.6 Gained computational time

The purpose of introducing Numerical Model Reduction (NMR) is to reduce the computational cost
of solving the micro-scale problem. Figure 5.32 shows the computational cost as a function of number
of used modes when 1000 free spatial nodes and 100 time-steps are used. In the figure it can be seen
that solving the generalized eigenvalue problem is the most time consuming operation. It can also be
seen that the computational cost of performing the error estimate is cheap, independently of number
of used modes. The computational cost of solving the micro-scale problem, when the eigenvectors and
eigenvalues are calculated, increases linearly when the number of modes are increased. Even though
it increases linearly, the computational cost is always small compared to the computational cost of
solving the generalized eigenvalue problem.
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Figure 5.32: The figure shows the computational cost of solving the micro-scale problem. The simulation
is performed with 1000 free spatial nodes and 100 time-steps.

The micro-scale problem is also solved with a more common Finite Element (FE) approach, in this
thesis refereed to as the standard FE approach. In this method, the mass matrix M and stiffness
matrix K are calculated in the same way as for the modal approach. From these matrices, the
solution can be calculated as

Mu̇+Ku = 0 (5.34)

together with the same initial- and boundary conditions as for the modal approach. In this thesis,
Equation (5.34) is solved with standard Backward Euler. The solution from the standard FE approach
can also be seen in Figure 5.32. Since the standard FE approach does not use any modes, the
computational cost is constant independently of the number of used modes. This implies that when a
lot of modes are used, the standard FE approach is actually cheaper to compute, compared to the
modal approach. In the example shown in Figure 5.32, it can be seen that when more than 120 modes
are used, which corresponds to 12% of the free nodes, the standard FE approach is cheaper.

Remark: The computational results are performed with Matlab. For the standard FE approach,
Matlab needs to solve a system of linear equation for each time-step. This is calculated with the
\-command which is known as a fast operation in Matlab [44]. The modal approach needs to find
eigenvectors and eigenvalues and its computational cost can probably be reduced if the algorithm is
implemented in, for example, C++. This implies that that level where the standard FE approach is
faster than the modal approach, which in the presented figure is 12%, can probably be increased if
the algorithm is implemented in C++.
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6 Summary and Conclusions

The micro-scale problem has successfully been solved for the linear transient heat flow equation when
First-order Computational Homogenization is applied on a Representative Volume Element (RVE).
The solution consists of a number of linearly independent modes. Numerical Order Reduction is
applied such that an arbitrary number of modes can be used, which induces a lower computational
cost. It is derived, and also verified in the numerical results, that the stationary part of the solution
can either be accounted for by the modes themselves, or pre-computed and implemented in the
homogenization procedure such that the stationary solution is always captured independently of the
number of modes.

The modes have been determined with Spectral Decomposition. Since the considered transfer heat
flow equation is a linear equation, only linear features need to be captured by the modes, which makes
Spectral Decomposition a natural choice. When Spectral Decomposition is applied to the transient
heat equation, the spatial modes can be estimated as the eigenvectors to the generalized eigenvalue
problem. A beautiful feature with Spectral Decomposition is that the activity mode coefficients,
which usually are determined by a system of coupled Ordinary Differential Equations (ODEs), can be
determined by solving a number of independently ODEs.

The theory is derived in three spatial dimensions, while the numerical example is only implemented
in one spatial dimension. In the numerical example, four different micro-structures are studied that
are models of homogeneous, two-phase and multiphase materials. All materials that have been
implemented in the numerical examples, have been verified against different canonical load cases.

An error analysis has been derived and implemented in order to estimate the error that is introduced
when the number of modes are reduced. Error estimates are performed with the classical energy norm.
The space-time formulation of the transient heat flow problem consists partially of a non-symmetric
operator. In order to apply Cauchy–Schwarz inequality for error estimation, a corresponding symmetric
space-time formulation is defined. It is proven that the energy norm of symmetric error is always
larger than the energy norm of the true error. Therefore, the symmetric space-time formulation can
be used to estimate the true error measured with the energy norm.

In order to determine both the true and symmetric error, measured in the energy norm, all modes
are needed. It is derived that Cauchy–Schwarz inequality can be applied to obtain upper and lower
bounds of the symmetric error, and thus also the true error, using only the reduced modes. Hence
the error estimates with Cauchy–Schwarz inequality can be applied for an arbitrary number of modes
to estimate if the solution is close enough to the true solution. If the solution is good enough, the
algorithm stops, and if not, additional modes are added to the solution and new error estimates are
performed. Note that, how good an error estimate needs to be in order to be good enough depends
on the application area.

The error is also estimated with different quantities of interest. For the different quantities of
interest, the error estimates are produced with the Galerkin orthogonality, together with either
Cauchy–Schwarz inequality or the Parallelogram law. Error estimates that are using either all modes
or just the reduced modes are performed. Considered quantities of interest in this thesis are the
average temperature, the average heat flux in one direction and the final temperature. For a given
application, the best suited quantity of interest can be applied and just an error tolerance has to
be defined. The proposed algorithm can then be used to construct the solution that consists of the
minimal number of modes that are needed to be within the given error tolerance.

For all error estimates approaches, excepts the final temperature, the true error is close to
the symmetric error. In these cases, the mayor part of the overestimate is performed with either
Cauchy–Schwarz inequality or the Parallelogram law. For the final temperature the symmetric error
is a large overestimate of the true error, depending on that only the transient solution will contribute
to the error. Both the canonical load cases that are considered, have a transient solution which is
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extremely small at the final time of the simulation. Therefore, also the true error is extremely small,
which implies that the symmetric error induces a large overestimate of the results. In this thesis,
another load case is tested when the final temperature is the quantity of interest, which has a larger
transient solution at the final time of the simulation. For this new load case, the true error is increased
and therefore the overestimate of the error is reduced. This discovery indicates how good the error
estimate becomes, depends what load case that is applied. The estimated error, for the case when the
overestimate is very large, is however between 0.01-1% depending on how many modes that are used,
which in many applications can be considered as good enough.

The ratio between the true and estimated errors is calculated in order to investigate if a specific
number of modes gives better error estimate. From this analysis, it can be concluded that the ratio
grows rapidly for the last third of the used modes, independently of quantity of interest, number of
time-steps and number of spatial nodes. The reason why the ratio grows for high modes probably
has to do with the discretization of the transient heat flow equation. When the last third of the
highest modes are added, the true error will decrease a lot since these modes are used to fit the given
discretization. This discretization fit for the highest modes will never happen for the estimated error,
since those modes are just estimated.
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7 Further work

A key property that is used throughout this thesis is that the equation that describes the transient heat
flow problem is linear. This implies that Spectral Decomposition is the natural choice for estimating
the spatial modes. Spectral Decomposition can only capture linear behaviour and a further work is to
derive a corresponding theory that captures non-linear behaviours as well. This can be done with
Proper Orthogonal Decomposition (POD), but how POD shall be used to determine the spatial modes
is non-trivial. In a recent study, so called transient training computations on the Representative
Volume Element have been performed in order to find an expression of the spatial modes [13]. An
outlook to this study can be to use a similar error analysis as in this thesis, combined with the ideas of
training computations. If this is done also non-linear equations, such as non-linear heat flow equations
and stress-strain equations, can be studied.

Another outlook from this thesis is to use Higher-order Computational Homogenization. As briefly
discussed in Section 2.2.2, Higher-order Computational Homogenization is of special interest when
there are high gradients in the macro-scale solution.

Even though several quantities of interest are considered in this thesis, other quantities of interest
can be implemented. One example of a quantity of interest that can be of interest, that is outside the
scope of this thesis, is the final heat flux in one direction.

As discussed in Chapter 5, the numerical results are only implemented in one spatial dimension.
Since the theory is derived in three spatial dimensions, there is no theoretical limit to only one
spatial dimension. Also, all numerical results are implemented in Matlab, which is known to be a
slow language compared to, for example, C++ (in most applications). A further work could be to
implement the numerical results in three spatial dimensions and in another programming language.
In this thesis, these numerical improvements have been down-prioritized in favor of a larger error
analysis.
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A Basic functional analysis

In order to prove that the solution to the finite element problem is unique, the solution space and
test space need to be defined properly. As it is shown is this section, the uniqueness is guaranteed if
Lax-Milgrams Theorem is fulfilled. In order to do so, both the solution space and test space need to
be Hilbert spaces.

In order to reach a proper definition of a Hilbert space, this chapter starts with definitions and
examples of a vector space, Section A.1, a normed space, Section A.2, and a Banach space, Section
A.3. From those, the Hilbert spaces are introduced in Section A.4. Section A.5 presents Lax-Milgrams
Theorem and the important Sobolev spaces, which are subsets of the Hilbert spaces, are presented in
Section A.6. Finally, Section A.7 gives proofs to several statements in Section A.3 and Section A.8
gives a proof of Lax-Milgrams Theorem.

A.1 Vector space

A vector space E is a set containing certain kinds of elements. In order to obtain a valid vector space,
certain axioms needs to be fulfilled [45]. The formal definition of a vector space is defined as (quoted
from [45]):

Definition 1 (Vector space). By a vector space we mean a nonempty set E with two operators:

(x, y) 7→ x+ y from E×E into E called addition,

(λ, x) 7→ λx from R×E into E called multiplication by scalar,

such that the following conditions are satisfied for all x, y, z ∈ E and α, β ∈ F:

(a) x+ y = y + x;

(b) (x+ y) + z = x+ (y + z);

(c) For every x, y ∈ E there exists a z ∈ E such that x+ z = y;

(d) α(βx) = (αβ)x;

(e) (α+ β)x = (αx) + (βx);

(f) α(x+ y) = αx+ αy;

(g) 1x = x.

If F = R, then E is called a real vector space and if F = C, E is called a complex vector space.
Examples of spaces that fulfill the vector space definition is not limited by the common scalar

fields R and C. For example a corresponding vector space in N dimensions, can be defined as

R
N = {(x1, x2, . . . , xN ) : x1, x2, . . . , xN ∈ R},
C
N = {(z1, z2, . . . , zN ) : z1, z2, . . . , zN ∈ C}.

(A.1)

From the definition of a vector space, it is also possible to define function spaces. Let X be an
arbitrary non-empty set and let E be a vector space. By letting G be a space of all functions from X

to E, the operations addition and multiplication of G can be defined as

(f + g)(x) = f(x) + g(x),

(λf)(x) = λf(x).
(A.2)
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If all the axioms (a)-(g) are fulfilled, the function space G is a vector space as well. By letting the
non-empty set X be an open subset of R, denoted Ω, the following function spaces are vector spaces
as well:

C(Ω) = The space of all continuous function defined on Ω,

Ck(Ω) = The space of all continuous function defined on Ω with continuous

partial derivative of order k,

P(Ω) = The space of all polynomials defined on Ω.

Another family of vector spaces that are of strong importance in functional analysis are the lp spaces,
which are defined as follows (quoted from [45]):

Definition 2 (lp-spaces). Denote by lp, for p ≥ 1, the space of all infinite sequences (zn)∞n=1 of
complex numbers such that

∑∞
n=1 |zn|p <∞.

A.2 Normed space

In basic calculus, the norm is defined as the length of a vector. The concept of a norm can be extended
as an abstract generalization [45]. The definition of a norm is then given by:

Definition 3 (Norm). Let E be a vector space. Then ‖ · ‖ : E→ [0,∞) is a norm on E if:

(a) ‖x‖ = 0, ⇒ x = 0, ∀x ∈ E.

(b) ‖λx‖ = |λ|‖x‖, ∀λ ∈ R, ∀x ∈ E.

(c) ‖x+ y‖ ≤ ‖x‖+ ‖y‖, ∀x, y ∈ E.

Note that condition (c) implies that a norm is always non-negative since

0 = ‖0‖ = ‖x− x‖ ≤ ‖x‖+ ‖x‖ = 2‖x‖. (A.3)

An equivalent definition of the norm is to have equivalence is condition (a). The condition that
x = 0, ⇒ ‖x‖ = 0, ∀x ∈ E follows however from condition (b) since

‖0‖ = ‖00‖ = |0|‖0‖ = 0‖0‖ = 0. (A.4)

The most common norm is the Euclidean norm, which on RN is defined as

‖x‖ =
√
x2

1 + x2
2 + . . .+ x2

N , x = (x1, x2, . . . , xN ) ∈ RN. (A.5)

From the definition of a vector space and the definition of a norm, it is now possible to give the
definition of a normed space, which simply says that (quoted from [45]):

Definition 4 (Normed space). A vector space with a norm is called a normed space.

A.3 Banach space

In order to reach the vector spaces that are used in the Finite Element Analysis (FEA), the definition
and properties of a Banach space is required [46]. Before the definition of the Banach space is given,
the definition of a Cauchy sequence is introduced (quoted from [45]):

Definition 5 (Cauchy sequence). A sequence of vectors (xn)∞n=1 in a normed space is called a Cauchy
sequence if for every ε > 0 there exists a number M such that ‖xm − xn‖ < ε for all m,n > M .
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From the concepts of a normed space and a Cauchy sequence, a Banach space can now be defined as
(quoted from [45]):

Definition 6 (Banach space). A normed space E is called complete if every Cauchy sequence in E
converges to an element in E. A complete normed space is called a Banach space.

The following normed spaces

1. E = R, ‖ · ‖ = | · |,

2. E = lp 3 x = (x1,x 2, . . . , xn, . . . ), ‖x‖pl =
(∑N

n=1 |xn|p
)1/p

,

are Banach spaces, while

3. E = C1([0, 1]), ‖f‖ = maxx∈[0,1]|f(x)|,

is not. For proofs of these statements, see Appendix A.7.
One of the most important Banach spaces is the so called Lp-spaces. In order to define the

Lp-spaces, the concepts of a Lebesgue integrable function and logically integrable functions are needed.
The definition of a Lebesgue integrable function is given by (quoted from [45]):

Definition 7 (Lebesgue integrable function). A real valued function f defined on R is called a
Lebesgue integrable function if there exists a sequence of step functions (fn)∞n=1 such that the following
two conditions are satisfied:

(a)
∑∞

n=1

∫
|fn| <∞;

(b) f(x) =
∑∞

n=1 fn(x) for every x ∈ R such that
∑∞

n=1 |fn(x)| <∞.

Throughout this thesis, the space of all Lebesgue integrable functions defined on R are denoted L1(R).
The definition of a logically integrable function is given by (quoted from [45]):

Definition 8 (Logically integrable function). A function f defined on R is called logically integrable

if the integral
∫ b
a f exists for every −∞ < a < b <∞.

The Lp-spaces can now be defined as (quoted from [45]):

Definition 9 (Lp(R)-space). For a real p > 1, by Lp(R) we denote the space of all complex-valued
logically integrable functions f such that |f |p ∈ L1(R).

It can be proven that if the Lp(R)-space is equipped with the norm

‖f‖p =
(∫
|f |p

)1/p
, (A.6)

the Lp(R)-space is a Banach space. This can be done be first showing that Lp(R) is a vector space,
followed up by that ‖f‖p is a norm in Lp(R) and finally shows that the space is complete.

A.4 Hilbert space

In order to define a Hilbert space, the definition of an inner product space is needed which is a bilinear
mapping defined as (quoted from [45]):

Definition 10 (Inner product space). Let E be a complex vector space. A mapping 〈·, ·〉 : E×E 7→ C

is called an inner product space in E if for any x, y, z ∈ E and α, β ∈ C the following condition are
satisfied:
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(a) 〈x, y〉 = 〈y, x〉 (the bar denotes the complex conjugate);

(b) 〈αx+ βy, z〉 = α〈x, z〉+ β〈y, z〉;

(c) 〈x, x〉 ≥ 0;

(d) 〈x, x〉 = 0 implies x = 0.

A vector space with an inner product is called an inner product space. A couple of examples of inner
product spaces are

(A) E = l2 3 x = (x1, x2, . . . , xn, . . . ), 〈x,y〉l2 =
∑∞

n=1 xnyn

(B) E = C([0, 1]), 〈f, g〉L2 =
∫ 1

0 f(x)g(x) dx.

For a given inner product space, its norm is defined by (quoted from [45]):

Definition 11 (Norm of an inner product space). By the norm in an inner product space E we
mean the functional by ‖x‖ =

√
〈x, x〉.

From the definition of a Banach space and an inner product space, a Hilbert space can now be defined
as (quoted from [45]):

Definition 12 (Hilbert space). A complete inner product space is called a Hilbert space.

This means that a Hilbert space can be thought of as Banach space with an inner product equipped
satisfying ‖x‖ =

√
〈x, x〉. From the examples given as inner product spaces it can be seen that (A) is

a Hilbert space, while (B) is not since (C([0, 1]), ‖ · ‖L2) is not a Banach space.

As introduced and mentioned in Section A.3, the Lp(R) is one of the most important Banach
spaces. It is however only the L2-space, equipped with the inner product

〈f, g〉 =

∫
fḡ (A.7)

that also is a Hilbert space. In FEA context, functions are typically real-valued and defined in some
domain Ω. By introducing a measure1, the inner product becomes

〈f, g〉 =

∫
Ω
fg dΩ (A.8)

and the corresponding norm is given by

‖f‖ =
√
〈f, f〉 =

(∫
Ω
|f |2 dΩ

)1/2
. (A.9)

This implies that a real-valued function f will lie in the L2-space if∫
Ω
|f |2 dΩ <∞ (A.10)

and hence functions in L2 are sometimes called square-integrable functions.

1The theory behind a measure is outside of the scope of this thesis.
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A.5 Lax-Milgrams Theorem

The probably most important theorem from functional analysis that is used in the FEA context is
Lax Milgrams Theorem [47]. In order to define Lax Milgrams Theorem, the concept of an bilinear,
bounded, and coercive operator is needed which can be defined as:

Definition 13 (Bilinear, bounded, coercive). Let (E, 〈·, ·〉) be a Hilbert space. An operator φ :
E×E→ R is called bilinear if{

φ(αx+ βy, x) = αφ(x, z) + βφ(y, z), ∀α, β ∈ C ∀x, y, z ∈ E
φ(x, αy + βz) = ᾱφ(x, y) + β̄φ(x, z), ∀α, β ∈ C ∀x, y, z ∈ E.

(A.11)

φ is called bounded if

|φ(x, y)| ≤M‖x‖‖y‖, ∀x, y ∈ E, some M > 0. (A.12)

φ is called coercive if
φ(x, x) ≥ k‖x‖2, ∀x ∈ E, some k > 0. (A.13)

The theorem can now be stated as:

Theorem 8 (Lax-Milgrams Theorem). Let (E, 〈·, ·〉) be a Hilbert space. Let φ : E × E → R be a
bilinear, bounded and coercive functional and let f : E→ R be a bounded, linear functional. Then
there exists a unique x̃f ∈ E : φ(x, x̃f ) = f(x) ∀x ∈ E.

For a proof of Lax-Milgrams Theorem, see Appendix A.8. To put the theorem in the FEA context, x
can be thought of as the test variable and x̃f can be thought of as the solution variable. With this
notation, the variational form can be written as: Find x̃f ∈ E such that

φ(x, x̃f ) = f(x) ∀x ∈ E. (A.14)

Hence Lax-Milgrams Theorem proves that the solution to the variational form is unique.

A.6 Sobolev space

One of the most important Hilbert spaces in the FEA context is the so called Sobolev spaces, which
can be defined as follows [45]. Let Ω be an open set in RN . Denote by Ũm(Ω), m = 1, 2, . . .
the space of all real-valued functions f ∈ Cm(Ω) such that Dαf ∈ L2(Ω) for all |α| ≤ m, where
α = (α1, α2, . . . , αN ), α1, α2, . . . , αN are non-negative integers, |α| = α1 + α2 + . . .+ αN and

Dαf =
∂|α|f

∂xα1
1 ∂xα2

2 . . . ∂xαNN
. (A.15)

Since Dαf ∈ L2(Ω) it follows that for every f ∈ Ũm(Ω) the inequality equation∫
Ω

∣∣∣ ∂|α|f

∂xα1
1 ∂xα2

2 . . . ∂xαNN

∣∣∣dΩ <∞ (A.16)

must hold. By also letting g ∈ Cm(Ω) the inner product of the Sobolev space is defined by

〈f, g〉 =

∫
Ω

∑
|α|≤m

DαfDαg dΩ. (A.17)
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In the special case when Ω is a one-dimensional interval, I, and m = 1, the Sobolev is given by

Ũ
1(I) = {f : f +

∂f

∂x
∈ L2(I)}. (A.18)

Letting u, v ∈ Ũ1(I) gives that the inner product can be defined as

〈u, v〉 =

∫
I
u(x)v(x) + u′(x)v′(x) dx (A.19)

and hence the corresponding norm is given by

‖u‖ =
(∫

I
v(x)2 + v′(x)2 dx

)1/2
(A.20)

A.7 Proofs regarding Banach spaces

From section A.3 it says that the following normed spaces

1. E = R, ‖ · ‖ = | · |

2. E = lp 3 x = (x1,x 2, . . . , xn, . . . ), ‖x‖pl =
(∑N

n=1 |xn|p
)1/p

are Banach spaces, while

3. E = C1([0, 1]), ‖f‖ = maxx∈[0,1]|f(x)|,

is not. This section gives proofs to the statements.

Proof. 1. Fix a Cauchy sequence (xn)∞n=1 in (R, | · |), i.e. |xn − xm| → 0, n,m→∞.

First show that ∃ x ∈ R such that |xn − x| → 0, n → ∞. This can be done by first noting that
(xn)∞n=1 is a bounded sequence since it is a Cauchy sequence, i.e. ∃M > 0 such that −M < xn < M
for all n. Then

lim
n→∞

sup xn ∈ R (A.21)

from the supremum axiom for R. By setting

x := lim
n→∞

sup
k≥n

xk (A.22)

it is proven that |xn − x| → 0, n→∞ since supk≥n xk is a decreasing sequence in x.
Now show that xn → x in (R, | · |). By using the definition of x, see Equation (A.22), the identities{

∀ε > 0 ∃N : xn < x+ ε ∀n ≥ N,
∀ε > 0 ∀N ∃ n ≥ N : xn > x− ε,

(A.23)

must hold. This implies that there exists a subsequence (xnk)
∞
k=1 of (xn)∞n=1 such that xnk → x in

(R, | · |). That all Cauchy sequence converges can now be shown from

‖xn − x‖ = ‖xn − xnk + xnk − x‖ ≤ ‖xn − xnk‖+ ‖xnk − x‖ → 0, n→∞, (A.24)

and hence (R, | · |) is a Banach space.
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Proof. 2. Fix a Cauchy sequence (xn)∞n=1 in (lp, ‖ · ‖lp). First show that there exist a limit point x.

Set xn = (x
(n)
1 , x

(n)
2 , . . . , x

(n)
k , . . . ), for n = 1, 2 . . . . Consider

‖xn − xm‖lp =
( ∞∑
k=1

|x(n)
k − x

(m)
k |

p
)1/p

≥ |x(n)
k0
− x(m)

k0
|, ∀k0 = 1, 2 . . . . (A.25)

For all k0 = 1, 2, . . . (x
(n)
k0

)∞n=1 is a Cauchy sequence in (R, | · |). But from the previous proof it is

known that (R, | · |) is a Banach space. This implies that (x
(n)
k0

)∞n=1 converges in (R, | · |). Call this

limit xk0 and hence x
(n)
k0
→ xk0 , n→∞ ∀k0 = 1, 2, . . . .

Now show that the limit point lies in lp. For a fix ε > 0 there exists a N > 0 such that
‖xn − xm‖lp < ε ∀n,m ≥ N . In particular

K∑
k=1

|x(n)
k − x

(m)
k |

p < εp, ∀n,m ≥ N, ∀K ∈ N. (A.26)

Letting m→∞ gives that

K∑
k=1

|x(n)
k − xk|

p < εp, ∀n ≥ N, ∀K ∈ N. (A.27)

Minkovskis inequality says that: Let p ≥ 1. If (xn), (yn) ∈ lp, then

( ∞∑
k=1

|xk + yk|p
)1/p

≤
( K∑
k=1

|xk|p
)1/p

+
( K∑
k=1

|yk|p
)1/p

. (A.28)

Using Minkovskis inequality gives that

( K∑
k=1

|xk|p
)1/p

=
( K∑
k=1

|xk|p−|x
(n)
k |

p + |x(n)
k |

p
)1/p

≤
( K∑
k=1

|xk−x
(n)
k |

p
)1/p

+
( K∑
k=1

|x(n)
k |

p
)1/p

. (A.29)

Equation (A.27) implies that

( K∑
k=1

|xk|p
)1/p

≤
( K∑
k=1

|xk−x
(n)
k |

p
)1/p

+
( K∑
k=1

|x(n)
k |

p
)1/p

≤ ε+ ‖xn‖lp ≤ ε+ sup
n
‖xn‖lp <∞ (A.30)

But the final expression is independent of K. Therefore it is allowed to let K tend to infinity which
implies that ‖x‖lp < ∞ and hence x ∈ lp. Equation (A.27) now implies that xn → x, n → ∞
in (lp, ‖ · ‖lp). Hence all Cauchy sequences converge in (lp, ‖ · ‖lp) and thus (lp, ‖ · ‖lp) is a Banach
space.

Proof. 3. In order to show that (C1([0, 1]),maxx∈[0,1]|f(x)|) is not a Banach space it is enough

to show that one Cauchy sequence does not converge. Consider f(x) = |x − 1
2 | /∈ C

1([0, 1]). Set

fn(x) =
√

(x− 1
2)2 + 1

n , n = 1, 2, . . . . Then fn ∈ C1([0, 1]), n = 1, 2, . . . and

0 ≤ fn(x)− f(x) =

√(
x− 1

2

)2
+

1

n
−
∣∣∣x− 1

2

∣∣∣, (A.31)

for all x ∈ [0, 1]. Hence ‖fn − f‖ → 0, n→∞. Thus (fn)∞n=1 is a Cauchy sequence in
(C1([0, 1]),maxx∈[0,1]|f(x)|) but it does not converge in (C1([0, 1]),maxx∈[0,1]|f(x)|) since f /∈ C1([0, 1]).
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A.8 Proof of Lax-Milgrams Theorem

Theorem formulation: Let (E, 〈·, ·〉) be a Hilbert space. Let φ : E×E→ R be a bilinear, bounded
and coercive functional and let f : E→ R be a bounded, linear functional. Then there exists a unique
x̃f ∈ E : φ(x, x̃f ) = f(x) ∀x ∈ E.

Proof. Fix y ∈ E. Define a mapping yφ as

E 3 x
yφ7→ φ(x, y) ∈ R. (A.32)

yφ : E→ R is a linear operator since

yφ(αx+ βz) = φ(αx+ βz, y) = αφ(x, y) + βφ(z, y) = αyφ(x) + βyφ(z), ∀α, β ∈ R, ∀x, y, z ∈ E.
(A.33)

yφ : E→ R is also a bounded operator since

|yφ(x)| = |φ(x, y)| ≤M‖y‖‖x‖ = M̃‖x‖, some constants M, M̃ <∞, ∀x, y ∈ E. (A.34)

Hence yφ is a bounded linear operator. Riesz Representation Theorem gives that there exists a unique
A(y) ∈ E, such that yφ = 〈a,A(y)〉 for all x ∈ E. Now show that A : E → E is a bounded linear
mapping. Consider

〈x,A(αy + βz)〉 = φ(x, αy + βz) = ᾱφ(x, y) + β̄φ(x, z) =

= ᾱ〈x,A(y)〉+ β̄〈x,A(z)〉 = 〈x, αA(y)〉+ 〈x, βA(z)〉.
(A.35)

Take the left hand side subtracted with the right hand side gives

〈x,A(αy + βz)− αA(y)− βA(z)〉 = 0. (A.36)

Set x = A(αy + βz)− αA(y)− βA(z)〉 implies that

〈A(αy+ βz)−αA(y)− βA(z), A(αy+ βz)−αA(y)− βA(z)〉 = ‖A(αy+ βz)−αA(y)− βA(z)‖2 = 0
(A.37)

which gives

A(αy + βz)− αA(y)− βA(z) = 0 ⇔ A(αy + βz) = αA(y) + βA(z) (A.38)

and hence A is linear. Prove that A is bounded by considering

|〈x,A(y)〉| = |φ(x, y)| ≤M‖x‖‖y‖, some M <∞. (A.39)

Set x = A(y) implies that

|〈A(y), A(y)〉| = ‖A(y)‖2 ≤M‖A(y)‖‖y‖ (A.40)

which gives
‖A(y)‖ ≤M‖y‖ (A.41)

and hence A is bounded. In order to fulfill the proof by using Riesz Representation theorem once
again, it needs to be proven that A is a 1 − 1 and onto. Start by showing that A is 1 − 1, i.e.
A(x1) = A(x2) ⇒ x1 = x2. In order to prove this, use the coercivity of φ, i.e.

φ(x, x) ≥ k‖x‖2, ∀x ∈ E, some k > 0. (A.42)
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Hence

k‖x‖2 ≤ 〈x,A(x)〉 ≤ ‖x‖‖A(x)‖ (A.43)

which gives that

‖x‖ ≤ 1

k
‖A(x)‖. (A.44)

If A(x1) = A(x2) the equation A(x1 − x2) = 0 must hold. The 1− 1 feature now follows since

‖x1 − x2‖ ≤
1

k
‖A(x1 − x2)‖ =

1

k
‖A(x1)−A(x2)‖ = 0, (A.45)

which gives x1 = x2.

Now show that A is onto, i.e. R(A) := {A(x) : x ∈ E} !
= E. In order to prove this, first show that

R(A) is a closed subset in E. Pick y1, y2 ∈ R(A) and let α1, α2 be two scalars. Since y1, y2 ∈ R(A)
it follows that there exists x1, x2 ∈ E such that y1 = A(x1) and y2 = A(x2). It also follows that
α1y1 + α2y2 ∈ R(A) since

α1y1 + α2y2 = α1A(x1) + α2A(x2) = A(α1x1 + α2x2) ∈ R(A). (A.46)

By using this fact over and over again it is possible to add more and more yn in the sequence and they
will always lie in the range of A. In particular, it is possible to define a sequence (yn)∞n=1 ∈ R(A). It
is now proven that R(A) is closed if

yn → y in E ⇒ y ∈ R(A). (A.47)

Pick (xn)∞n=1 ∈ E such that A(xn) = yn for all n. By using equation (A.44) it follows that

‖xn − xm‖ ≤
1

k
‖A(xn)−A(xm)‖ =

1

k
‖yn − ym)‖ → 0, n,m→∞. (A.48)

Hence (xn)∞n=1 is a Cauchy sequence in (E, ‖ · ‖). The fact that (E, ‖ · ‖) is a Banach space implies
that (xn)∞n=1 converges. Call this limit x. Since xn → x, together with the fact that A is continuous
(this follows from that A is bounded and linear), it follow that

A(xn)→ A(x), ⇔ yn → y in E (A.49)

and hence y ∈ R(A) which implies that R(A) is a closed subset in E. From the closeness of R(A) the
Orthogonal Projection Theorem can be applied. Assume that R(A) 6= E. The Orthogonal Projection
Theorem implies that it is possible to write E as the following decomposition:

E = R(A)⊕R(A)⊥. (A.50)

Now pick z ∈ R(A)\{0}. From the decomposition given by the Orthogonal Projection Theorem the
identity

〈z,A(x)〉 = 0 (A.51)

must hold for all x ∈ E. In particular 〈z,A(z)〉 = 0. The coercivity of φ gives a contradiction since

k‖z‖2 ≤ φ(z, z) = 〈z,A(z)〉 = 0, ⇒ z = 0. (A.52)

Hence the assumption R(A) 6= E cannot hold which implies that A is onto. Riesz Representation
Theorem gives that there exists a unique xf ∈ E such that

f(x) = 〈x, xf 〉, ∀x ∈ E. (A.53)

93



Since A is 1− 1 and onto there exists a unique x̃f ∈ E such that xf = A(x̃f ). This implies that

〈x, xf 〉 = 〈x,A(x̃f )〉 = φ(x, x̃f ), ∀x ∈ E. (A.54)

Equation (A.53) and Equation (A.54) give that there exists a unique x̃f ∈ E such that

f(x) = φ(x, x̃f ), ∀x ∈ E. (A.55)

Helping theorems used in the proof of Lax-Milgrams Theorem are the Riesz Representation Theorem
and the Orthogonal Projection Theorem which are formulated as:

Theorem 9 (Riesz Representation Theorem). Let (E, 〈·, ·〉) be a Hilbert space and let f : E→ C be
a bounded linear functional. Then there exists a unique xf ∈ E such that f(x) = 〈x, xf 〉 for all x ∈ E.

Theorem 10 (Orthogonal Projection Theorem). Let (E, 〈·, ·〉) be a Hilbert space and let S be a closed
subset in E. Then E = S⊕ S⊥, i.e.

∀x ∈ E, ∃ ! y ∈ S, ∃ ! z ∈ S⊥ : x = y + z. (A.56)
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B Additional numerical results from the error analysis

In this chapter additional figures from the error analysis are presented. Section B.1 presents results for
the energy norm. Sections B.2, B.3 and B.4 presents additional numerical results when the quantity
of interest is set to the average temperature, the average heat flux in one direction and the final
temperature. Both for the energy norm and the quantities of interest, the numerical results for the
different load cases are similar. Therefore, the description and interpretations of the figures is this
chapter are only brief. For more detailed descriptions and interpretations, see Sections 5.4 and 5.5.

B.1 Energy norm

In this section the numerical results for the energy norm when the second load case is applied is
presented. For more information about the similar figures that are produced for the first load case,
see Section 5.4. Figure B.1 shows the quantity η − 1, which is defined as

η − 1 :=
‖es‖
‖e‖
− 1, (B.1)

as a function of the number of used modes. From the figure it can be seen that η− 1 is always positive
and therefore the inequality ‖es‖ ≥ ‖e‖ holds.
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Figure B.1: The figure shows the quantity η − 1 for the energy norm as a function of the number of
used modes for the different materials.

Figure B.2 shows the error estimate that are performed. From the figure it can be seen that ‖es‖
and ‖e‖ are close to each other and that both ‖eest‖ and ‖eest,proj‖ give an overestimate of the results.
Figure B.3 shows the effectivity index as a function for the different error estimates, defined as

ηs :=
‖es‖
‖e‖

, ηest :=
‖eest‖
‖e‖

and ηest,proj :=
‖eest,proj‖
‖e‖

. (B.2)
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For more information about the figures, see Figures 5.16 and 5.17 which are the corresponding figures
for the other load case.
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Figure B.2: The figure shows the true error and error estimates for the energy norm as a function of
the number of used modes for the different materials.
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Figure B.3: The figure shows the effectivity index for the energy norm as a function of the number of
used modes for the different material.

B.2 Average temperature as quantity of interest

In this section, the numerical results when the average temperature is the quantity of interest are
presented for the second load case. Figure B.4 shows the true error and the error estimates when
all modes are used. In the figure it can be seen that Theorem 2 induces a large overestimate since
the Galerkin orthogonality is not used. Figure B.5 shows the results when Theorem 3 is applied and
Figure B.6 shows the results when Theorem 4 is applied. Figure B.7 shows the upper and lower limit
of the error that can be determined with Theorem 4. For information about how the figure can be
interpreted, see Section 5.5.1 where similar figures are presented for the first load case.
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Figure B.4: The figure shows the true error and error estimates that are performed on the different
materials with Theorems 2, 3 and 4.
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Figure B.5: The figure shows the true error and error estimates for the different materials when
Theorem 3 is applied. Note that |Eest,proj | uses only the reduced modes.
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Figure B.6: The figure shows the true error and error estimates for the different materials when
Theorem 4 is applied. Note that |Eest,proj | uses only the reduced modes.
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Figure B.7: The figure shows the true error and its upper and lower limits when Theorem 4 is applied.

B.3 Average heat flux in one direction as quantity of interest

In this section, the numerical results when the average heat flux in one direction is the quantity of
interest are presented for the first load case. Figure B.8 shows the true error and the error estimates
when all modes are used. In the figure it can be seen that Theorem 2 induces a large overestimate
since the Galerkin orthogonality is not used. Figure B.9 shows the results when Theorem 3 is applied
and Figure B.10 shows the results when Theorem 4 is applied. Finally, Figure B.11 shows the upper
lower limit of the error that can be determined with Theorem 4. For information about how the figure
can be interpreted, see Section 5.5.2 where similar figures are presented for the second load case.
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Figure B.8: The figure shows the true error and error estimates that are performed on the different
materials with Theorems 2, 3 and 4.

Number of used modes [-]

0 50 100

E
rr

o
r 

n
o

rm
a
liz

e
d

 w
it
h

 |
Q

(u
)|

 [
-]

10-12

10-10

10-8

10-6

10-4

10-2

100

102
Material 2

|E| true

|E| with CS thm

|E
est,proj

| with CS thm

Number of used modes [-]

0 50 100

E
rr

o
r 

n
o

rm
a
liz

e
d

 w
it
h

 |
Q

(u
)|

 [
-]

10-12

10-10

10-8

10-6

10-4

10-2

100

102
Material 3

|E| true

|E| with CS thm

|E
est,proj

| with CS thm

Number of used modes [-]

0 50 100

E
rr

o
r 

n
o

rm
a
liz

e
d

 w
it
h

 |
Q

(u
)|

 [
-]

10-12

10-10

10-8

10-6

10-4

10-2

100

102
Material 4

|E| true

|E| with CS thm

|E
est,proj

| with CS thm

Figure B.9: The figure shows the true error and error estimates for the different materials when
Theorem 3 is applied. Note that |Eest,proj | uses only the reduced modes.
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Figure B.10: The figure shows the true error and error estimates for the different materials when
Theorem 4 is applied. Note that |Eest,proj | uses only the reduced modes.
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Figure B.11: The figure shows the true error and its upper and lower limits when Theorem 4 is applied.

B.4 Final temperature as quantity of interest

In this section, the numerical results when the final temperature is the quantity of interest are
presented for the second load case. Figure B.12 shows the true error and error estimates that are
using all modes. As it can be seen in the figure, the true error is extremely small. This depends on
that ḡ is constant for the last two-third if the simulation time. Therefore, the load case is modified
such that ḡ is a ramp during the whole simulation. The results for this modified load case can be
seen in Figure B.13. Figure B.14 and B.15 shows the numerical results when Theorems 3 and 4 are
applied. For information about how the figure can be interpreted, see Section 5.5.3 where the similar
figures are presented for the first load case.
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Figure B.12: The figure shows the true error and the error estimates that are using all modes when
the final temperature is the quantity of interest. The results are produced with the second load case.
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Figure B.13: The figure shows the same results as Figure B.12 with the difference that the load case is
changed. In this case ḡ is a ramp during the whole simulation.
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Figure B.14: The figure shows the true error and error estimates for the different materials when
Theorem 3 is applied. Note that |Eest,proj | uses only the reduced modes.
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Figure B.15: The figure shows the true error and error estimates for the different materials when
Theorem 4 is applied. Note that |Eest,proj | uses only the reduced modes.
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