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Lattice Boltzmann for Aeronautical Flows

An introduction to and evaluation of the standard LBM
EMIL ELLENIUS

Department of Mechanics and Maritime Sciences
Division of Fluid Dynamics

Chalmers University of Technology

Abstract

In aircraft design, there is a need for accurate, efficient and robust computational
fluid dynamics (CFD) simulations. Industry dominated methods are based on the
non-linear Navier-Stokes equations which are rather computationally expensive to
solve. The Lattice-Boltzmann method (LBM) is an alternative CFD method that
has risen in popularity lately due to the promised performance gain resulting from
its linear equations. The method describes the evolution of a particle distribution
function (PDF) at the meso-scale through the Boltzmann equation. The PDF is
a statistical function describing the probability of finding a particle with a certain
velocity at a certain location in time and space and is connected to the macro-scale
through integrals over velocity space. In the standard LBM, the discretisation of
the Boltzmann equation involves expressing the PDF at equilibrium through a trun-
cated polynomial expansion. This allows for exact computation of the macroscopic
density and fluid velocity through finite sums and a limited set of particle velocities.
However, the truncation introduces an error scaling with the Mach number, limiting
the method to Ma < 0.3. There is also a correlation between the viscosity, grid
spacing and time step. To simulate high Reynolds number (Re) flows the grid must
therefore be very fine, which adds computational cost.

In this master’s thesis, the standard LBM has been evaluated for aeronauti-
cal applications. It was implemented in Python, where part of the work focused
on increasing the performance resulting in 30 times faster code. The Euler equa-
tions were used as a baseline, but since the standard LBM is always viscous there
were difficulties reaching good correspondence. Partly, this was due to using sim-
ple boundary conditions (BCs), but a great improvement could be shown through
a proposed modification. The limitation in Re was still an issue, however, and
the conclusion is that more advanced BCs should be used for arbitrary geometries.
Through a minor modification to the equilibrium PDF, an FEuler equation test case
for isentropic vortex convection was successfully simulated, although with some vis-
cous dissipation present. The stability of the method was also explored, finding
that the Ma limit was stricter at low viscosities since the method operates closer
to its stability limit there. Lastly, the initialisation proved another challenge due
to the interplay between the macro- and meso-scales, often leading to polluting the
solution with numerical acoustic noise. It is possible to create non-reflecting BCs,
but stability problems where the solution diverges were encountered when using
established methods, leading to the development of new boundary treatments.

Keywords: Lattice-Boltzmann, CFD, aeronautical, Euler equations, non-reflecting.
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1

Introduction

1.1 Background

In aircraft design, there is a considerable need for both simulation and testing.
Complex flows are regularly encountered and therefore, the computational fluid
dynamics (CFD) tools need to be accurate, efficient, and robust. In cases of heavy
unsteady flow, extensive time and computer resources are required and expensive
experimental testing is often used instead. To cut cost and development times, new
efficient methods to simulate these parts of the flight envelope must be developed.

The industry dominated CFD methods are based on the Navier Stokes equa-
tions (NSE), which are a set of nonlinear partial differential equations (PDE) and
are thus rather computationally expensive to solve. An alternative to NSE that has
risen in popularity lately is the Lattice Boltzmann method (LBM). By reformulating
the equations of fluid mechanics at the smaller mesoscale, using statistical mechan-
ics rather than treating the fluid as a continuum, the resulting evolution equation is
only nonlinear locally and completely linear in its non-local interactions, making the
method especially suited for significant performance gains through means of parallel
computing. However, in the standard formulation of LBM, the Mach number is
assumed to be low (below 30 % of the speed of sound). In aeronautical applications,
this assumption rarely holds, and the LBM therefore needs special treatment in
these regimes. [1], [2]

1.2 Purpose

The objective of the master’s thesis is to systematically explore and evaluate the
Lattice Boltzmann method and possible extensions for aeronautical flows. The work
also aims to gain experience in practical usage of the LBM, noting which challenges
might emerge and finding solutions for these. The final product should serve as
an introduction to LBM for anyone wanting to apply this method to aeronautical
applications, such as Saab Aeronautics, the employer of this thesis work.



1. Introduction

1.3 Goals

Based on the purpose, the following questions, which the work aims to answer, are
formulated:
o Does the Lattice Boltzmann method have advantageous properties for typical
aeronautical flows?
e Can the Lattice Boltzmann method be used to simulate inviscid flow, com-
monly found in benchmark cases for compressible high Mach number flows?
o When does the standard formulation of the Lattice Boltzmann method break
down? (What Mach numbers? Does it depend on the type of problem?)
o How can the Lattice Boltzmann method be extended to higher Mach numbers?
o Are there other challenges to using the method and how can these be allevi-
ated?

1.4 Limitations / Demarcations

Due to the time constraint of one semester, only the standard LBM as well as
possibly some minor extensions will be implemented. The evaluation will mostly
focus on comparing the LBM with the Euler equations (no viscosity), although no
actual simulations in traditional CFD software will be performed as part of the
project. Unexpectedly large challenges might limit the scope further.



2

Theory

In the following sections the theory and derivation of the basic Lattice-Boltzmann
method (LBM), as well as necessary theory for its extensions, are presented. The
LBM derivation closely follows the one in the excellent book written by 7. Kriger
et al. [1], albeit in a more condensed format. For the basics in statistical mechanics,
including the derivation of the Maxwellian speed distribution, the more detailed
explanations in D. V. Schroeder’s textbook in thermal physics [3] were used as a
basis.

2.1 Presumptions

The reader is assumed to be familiar with basic continuum based fluid dynamics and
the Navier-Stokes equations (NSE) as well as the fundamentals of thermody-
namics. All of the required theory in statistical mechanics will be explained. Some
parts of this chapter are also heavy in tensor notation, using the Einstein summation
convention in the spatial indices «, .

2.2 The Underlying Theory of LBM

In this section, the theory on which the Lattice-Boltzmann method is based on is
explained. This includes a definition of the mesoscopic scale, the equation of state for
the standard LBM and an introduction to statistical mechanics and kinetic theory.

2.2.1 Relevant Scales

The LBM is formulated at the mesoscopic scale, which lies between the microscopic
and macroscopic scales. The microscopic scale is defined here as the scale at which
molecular interactions describe the equations of motion, while macroscopic is the
usual scale at which continuum based descriptions like the usual NSE are formulated.
At the mesoscopic scale, every individual molecules is not kept track of, but instead
distributions of molecules using the theory of statistical mechanics. This scale is still
small enough for the continuum hypothesis not to hold and consequently rendering
macroscopic variables such as density, fluid velocity and temperature void of any
physical relevance. However, since the macroscopic quantities are the ones that are
possible to measure in real life experiments, an essential part of LBM is to be able
to link the mesoscopic and macroscopic descriptions. [1]
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2.2.2 Equations of State

The four conservation equations consisting of the continuity equation together with
the three spatial components of the full compressible NSE does not form a closed
system for the five unknown macroscopic variables density p, pressure p and fluid
velocity components u,, u,, u,. (Although four equations are enough to solve the
incompressible NSE, since momentum is then decoupled from energy.) Therefore an
equation of state such as the famous ideal gas law

p=pRT, (2.1)

where R is the specific gas constant and 7T the temperature, is needed as a
necessary step to close the system. It is also possible to express the pressure, using
the ideal gas law, as a function of density and entropy s:

g
r_ (p) els—so)/ev. (2.2)
Po Po

where the constants with index 0 refer to the values at some reference state. The
specific heat ratio 7 is defined as the ratio of the specific heat capacity at constant
pressure ¢, and at constant volume cy. For an ideal gas they are related through

¢, =cy + R. (2.3)

Neither of the Equations (2.1) and (2.2) solve the closure problem by them-
selves, however, as they both introduce another new variable. This problem could
be eliminated using the energy equation as a fifth conservation equation, but a sim-
pler way is to instead linearise the equation as deviations from a reference state.
Applying this strategy to Eq. (2.2) yields

/ ap\ ,  (Op\ ,
p=po+Dp p0+<ap>sp+<8s>p8 (2.4)

with primed variables as the deviations. Assuming constant entropy further simpli-
fies Eq. (2.4) to

p=po+cp (2.5)

as the speed of sound ¢y is given by the relation

= <8p>s : (2.6)

Finally, noting that the reference pressure py does not enter the NSE, allows for the
reformulation of Eq. (2.5) as

p=cp, (2.7)

in which py has been redefined as c?py. This is the equation of state used in the
standard LBM. [1]

4
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2.2.3 Statistical Mechanics

The state of a thermodynamical system could be divided into a microstate and a
macrostate. Knowing the microstate is equivalent to knowing the state of every part
of the system, while the macrostate represent a more general knowledge, such as the
total energy of the system, but not how exactly it is distributed. Therefore, there
could be many microstates corresponding to a single macrostate. This number is
called the multiplicity €2 of the system and is in general very large for a system
consisting of many molecules. Assuming all microstates to be equally probable leads
to the explanation of why irreversible processes happen; by arguments of simple
statistics, the process will tend to the most probable macrostate, i.e. the one with
the highest multiplicity. The entropy can now be defined as

s:=kplnQ, (2.8)

where kp is the Boltzmann constant. By virtue of the aforementioned statistical
argument it is easy to see from Eq. (2.8) why the second law of thermodynamics
ds > 0 must hold. [3]

2.2.3.1 The Boltzmann Factor

For a system in thermal equilibrium with a reservoir (a system large enough to resist
temperature changes) at a specified temperature, the ratio of probabilities for two
states S7 and S5 is equal to the ratio of the multiplicities of the reservoir 2z when
the system is at these states:

P(S1)  Qr(S1)

P(Sy) = (%) (2.9a)

The reasoning is that, for the specified states, these multiplicities represent the
total number of possible states for the combined system, which is an isolated system
and therefore has an equal probability for all states. Using Eq. (2.8) the ratio of
probabilities can be rewritten in terms of the entropy of the reservoir sg:

sr(S1)/k
P(S1) e r(S)/ks _ e(SR(Sl)_SR(SQ))/kB' (2.9b)

P(Sy)  esn)/ks

Now, the ratio of probabilities is expressed in terms of a difference in entropy and
for a reservoir, which is much larger than the system, the difference will be really
small. Therefore, the thermodynamical identity

ds:;(dU+pdV—uM/) (2.10)
can be invoked. The equation relates the change of entropy with the change in
internal energy U, volume V' and number of particles N'. When there is no exchange
of particles, the ¢ dN term is zero and the volume change is usually negligible
compared to the change in energy, allowing for the removal of that term as well.
Noting that the change in one quantity in the reservoir is equal to minus the change
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in the same quantity in the system, the difference of entropy in Eq. (2.9b) can be
rewritten in terms of the energy E of the system:

1
T
Putting this back into Eq. (2.9b) nets

sr(S1) = sr(S2) = = (Un(S1) — Ur(S2)) = —;(E(Sl) — E(S))). (2.11)

PSY) _ o~ (B(s0)-BS)/(enT) _ e BT (2.12)
P(S,) e—E(S2)/(ksT)" '

This equation involves the Boltzmann factor e #(9)/(*5T) and it is also completely
separable in the two states leading to the constant value
P(S1) P(S2) 1

o—E(S)/(ksT)  o—E(S:)/(ksT) * 7 (2.13)

where Z is called the partition function. The probability of finding the system in
any particular state S is therefore

1
P(S) = —e O/ (ksT) 2.14
(5)= e (214)
The partition function is found using the fact that the sum of probabilities for all
possible states is equal to 1:

7 =3 e S/ (ksT), (2.15)
S

[3]

2.2.3.2 The Equipartition Theorem

The energy of a molecule can be divided into different sub-types of energy, such
as kinetic energy, rotational energy and elastic potential energy through spring-
like motion in the molecular bonds. These energy types are called the molecule’s
degrees of freedom (DOF), and all the given examples are specifically quadratic
degrees of freedom since the formulas can be written on the form

E(q) = CqZ, (2.16)

where C'is some constant coefficient and ¢, is a coordinate or momentum component
(linear or angular). The equipartition theorem states that the average energy of such
a degree of freedom is %k 1. The total thermal energy of a system is then simply

1
Uthermal = N+ npor - §/€BT7 (2.17a)

where N is the number of molecules and npor is the number of DOF. Using notation
with the specific gas constant (mR = Nkp) instead, the same equation can be
written in terms of the specific internal energy

o Uthermal

1
= = - —RT. 2.17b
e - Npor QR (2.17D)
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Due to quantum mechanical reasons, rotational DOF along axes of rotational sym-
metry do not count. Hence, a gas consisting of diatomic molecules, for instance, has
only two rotational DOF. A monoatomic gas is even simpler with only the three
translational DOF. The theorem can easily be proven using Boltzmann factors and
the partition function Z from the previous section. [3]

2.2.3.3 Kinetic Theory

The kinetic theory of gases is a fluid description at the mesoscopic scale, as defined
in Section 2.2.1. It describes the distribution of particles in a gas, which evolves
at the timescales around the mean collision time ¢, (the average time between
collisions). For simplicity, the discussion here will be limited to dilute monoatomic
gases. The dilute part is equivalent to the assumption that only two molecules
collide at a time, since the actual collision time is much smaller than the time
between collisions: ¢, < tng. The monoatomic part is to ensure that all collisions
are elastic, since the only DOF are the translational ones, as described previously.
This choice is further motivated since the macroscopic behaviour of polyatomic and
monoatomic gases are largely similar. [1]

2.2.3.4 The Distribution Function

At the heart of the kinetic theory lies the particle distribution function f(x, &,1).
It is to some extent a more general form of density p, which also incorporates the
particle velocity &. Thus, the particle distribution function, or pdf, lies in the 7-
dimensional space-velocity-time space and has the units [kgs’m=%]. Simply put, it
represents the density of particles with velocity & at position @ and time t. However,
in similarity with a probability density function, which coincidentally shares the
same abbreviation, the continuous PDF hold little meaning by itself and its true
potential is realised only when integrated. It then represent the mass of the particles
in the integrated ranges of space and velocity at time ¢. [1]

2.2.3.5 The Moments of the PDF

Integration of the PDF multiplied with certain weighted functions of & over the
entire velocity space are called its moments and serves as the connection to the
macroscopic variables such as density p and fluid velocity w. The simplest moment
is the mass density

pla,t) = [ fl@.€.0)d%. (2.18a)
Next, the momentum density can be found as the moment

plz, Hu(z,t) = /éf(:z;,é,t) a3, (2.18)

where the mean (fluid) velocity can be obtained simply by dividing with the first
moment. The total energy density moment has the form

ol B 1) = 3 [ 67 F (@ &.1)d% (2.180)
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This includes both the kinetic energy 1 plu|? due to the bulk motion and the internal
energy due to random thermal fluctuations. The internal energy density can be
separated out as a moment

1
pl@,Oe(@,t) = 5 [ 1ol (@, €.1) ds, (2.180)
with the relative velocity

v=&—u. (2.19)

Finally, to find a moment for the pressure or temperature, the internal energy density
moment can be inserted into Eq. (2.17b) using the equipartition theorem for a
monoatomic gas (npor = 3) and combined with the ideal gas law in Eq. (2.1):

3 3
= —pRT = —p. 2.20
pe=op 5P (2.20)
Now, Eq. (2.20) is exactly equal to Eq. (2.18d) and as a result, both the pressure

and temperature is related to the moment of internal energy as
1
p=pRT = [ o f(,€.1) d’%. (2.21)
[1]

2.2.3.6 The Equilibrium Distribution

Given enough time, the PDF will eventually reach a state of thermal equilibrium
where it is isotropic in velocity space around the fluid velocity: & = w. The physical
reasoning is that due to the sensitivity in how the alignment during the particle
collisions affect the resulting post-collision velocity directions, the distribution will
even out in all directions after sufficiently many collisions. This resulting equi-
librium distribution function f®I(x,&,t) may therefore, after changing to the
relative velocity frame as defined in Eq. (2.19), be expressed in its isotropic form

fei(w, ol 1). 1]

2.2.3.7 The Maxwell Speed Distribution

To find a formula for f*i(x, |v|,t), the first step is to apply the reservoir concept from
Section 2.2.3.1. At equilibrium, some arbitrary molecule can be chosen as the system
of interest while all other neighbouring molecules serve as the reservoir. Then, a
Boltzmann factor can be used to evaluate the probability of finding the molecule
at a specific speed |v|. The energy is the kinetic energy %m|’u|2 and the available
states are all speeds from zero to infinity. Since the state space is continuous, Eq.
(2.14) cannot be used directly, and the Boltzmann factor will instead be part of a
probability density function with some constant of proportionality C":

D(|v|) = Ce—mIvPP/(2ksT) _ 1o=Iv[?/(2RT) (2.22)

The last step rewrites the Boltzmann factor in terms of R, noting that the number
of particles AV is just one. To find C, the same principle as finding the constant in

8
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Eq. (2.14) could be used, namely noting that the probability of finding the molecule
at any speed is equal to one:

| = /D(]v|)dd§. (2.23)

To allow for LBM schemes at different number of spatial dimensions d, the inte-
gration is kept general. The next step is to note that the integrand is spherically
symmetrical and that the differential element can be substituted as

d¢ = Sy 1wt d|v], (2.24)

where Sy_1 is the (d — 1)-dimensional surface area of the d-dimensional unit sphere,
allowing the integration to be performed in one dimension with the new limits
0 < |v| < 0. S4-1 can be found by the general formula [4]

Syt = 2;(6;)2 , (2.25)
where I'(2) is the gamma function. Then, Eq. (2.23) is transformed into
| = sd_lo/ooo oI/ CRT) |4y d=1 |, (2.26)
One last variable change of = |v|/v2RT yields
1 =S, ,C(2RT)"? /OOO 2 e dx. (2.27)
The definite integral in Eq. (2.27) can be found in a formula collection [5]:
/OOO 2@t do = ;I‘ (g) . (2.28)

Inserting this back into Eq. (2.27) along with Eq. (2.25), noting that the gamma
functions cancel, finally results in the expression

1

C=—"-—=. 2.29
(2n RT)%/2 ( )
Consequently, the Maxwell speed distribution has the form
1 2
D S 2.30

To put this into terms of a particle distribution function, D(|v|) is simply multiplied
by the macroscopic density p to ensure that the moments in Eqs. (2.18) are cor-
rectly obtained. Thus, the equilibrium distribution function in d dimensions is
expressed in terms of macroscopic variables as

e P o2
[, v, 1) = We P/ ERD), (2.31)

1], 3]
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2.2.3.8 The Boltzmann Equation

The last few sections introduced the particle distribution function and its form at
equilibrium, but the question still remains how it evolves in time. The total time
derivative is expressed in terms of the partial derivatives using the chain rule:

df(@.&t) ofdt | Of dva _ Of déo

= — . 2.32
dt otdt ' dx, dt | 9€, dt (2.32)
In the first term % = 1 and, by definition, %‘* = &,. For the last term, Newton’s
second law of motion gives the specific body force % = %, where the body force
F has the units [N/m?]. The resulting equation is the Boltzmann equation
of of F, 0f
b L+ 2L = ), 2.33

where the total differential has been rewritten using the common notation of the
collision operator (f) = ‘3—{. Eq. (2.33) can be interpreted as an advection
equation, where the first two terms represent advection of f with the particle velocity
£, the third term representing forces affecting this velocity and (2(f) acting as a
source term which locally redistributes f due to collisions, hence its name. [1]

2.2.3.9 The BGK Collision Operator

The nature of Eq. (2.33) might seem deceptively simple at first sight, but primar-
ily due to the fact that Boltzmann’s original expression for 2(f) is a complicated
integral over velocity space, it is in general classified as a first order non-linear inte-
gro-partial differential equation (PDE). Consequently, most LBM schemes are based
on simplified versions of the collision operator. Any useful version of the collision
operator must fulfil these two conditions:

1. The PDF locally evolves towards the equilibrium distribution f¢.

2. The collisions conserve mass, momentum and energy.
In the case of the considered monoatomic gas, the stricter condition of conserved
translational energy can be applied due to elastic collisions. The conservation con-
straints can be expressed in terms of moments of the collision operator in a similar
manner to the moments of f in Eqs. (2.18):

Mass conservation: / Q(f)d3€ =0, (2.34a)
Momentum conservation: / £N(f)d3€ =0, (2.34Db)
Energy conservation: / |E1202(f)d*¢ =0, (2.34c¢)
Internal energy conservation: / > 02(f)d% = 0. (2.34d)

The simplest collision operator is the commonly used Bhatnagar-Gross-Krook
(BGK) collision operator

Qf) = —(f - o), (2.35)

T

10
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which directly captures the evolution of f towards equilibrium through the relaxation
time parameter 7. It is also easy to see that it satisfies Eqs. (2.34), since both f
and f°? has the same moments. [1]

2.2.3.10 Connection to Macroscopic Fluid Equations

Taking moments of the Boltzmann equation (Eq. (2.33)) by multiplying it with & to
a particular order and integrating it over velocity space yields macroscopic conser-
vation equations. This is linked to how the moments of f results in expressions in
macroscopic quantities. The zeroth order moment directly gives the usual continuity
equation. The first and second order moments can be used to derive the momentum
and energy equations, respectively. These equations depend on the stress tensor
0ap, Which in turn depends on f. Letting f = f°! turns out to give the Euler
momentum equation and a simplified "Euler’ energy equation, showing that viscous
dissipation and heat conduction is connected to non-equilibrium (i.e. the deviation
fred = f — f°9) since these phenomena are not present in the Euler equations. To
further analyse the macroscopic equations, the Chapman-Enskog analysis can be
used, which expresses the PDF as a perturbation expansion around equilibrium:

f=fa4ef®yef@ 4 (2.36)
The smallness parameter e relates each term to its order in the Knudsen number

Kn = Em—fp, (2.37)
l

that compares the mean free path to a representative length scale. As already men-
tioned, expanding to the zeroth order leads to the Euler equations, while expanding
to first order gives the equations of the Navier-Stokes-Fourier model. Going further
at second order leads to the so-called Burnett equations, which actually predicts ul-
trasonic sound propagation with even better agreement at high Knudsen numbers.
At even higher expansions, the agreement instead turns out to be worse, and the
expansion actually diverges. [1]

2.3 The Lattice-Boltzmann Method

In this section, the theory of the previous section is put together into the derivation
of the standard LBM. At first the Boltzmann equation is discretised. Then the LBM
algorithm is described followed by a discussion on boundary conditions.

2.3.1 Discretisation in Velocity Space

The main principle of the Lattice-Boltzmann method is to solve the Boltzmann
equation (2.33) for the evolution of the particle distribution function f. Since
f lives in the 7-dimensional space-velocity-time space, it would be rather compu-
tationally inefficient to discretise all of the dimensions equally. Instead, it turns
out to be enough to discretise the velocity space with a small number of velocities
while still maintaining the correct macroscopic behaviour. The idea is to perform

11
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the discretisation in such a way that the correct macroscopic moments are obtained
through finite sums instead of continuous integration over the entire velocity space.

1]

2.3.1.1 Non-dimensionalisation

Before beginning with the velocity discretisation, the governing equations will be
non-dimensionalised to simplify the subsequent steps. As this is a very common
procedure in the field of fluid mechanics, the process will not be described in too
much detail.

In accordance with Buckingham’s II-theorem, a mechanical system can be non-
dimensionalised in terms of a characteristic length ¢, velocity U and density po [1],
[6]. Using the non-dimensionalised quantities

U 1 1 ue
= —t, r=-x & ==, f*=—f
l 14 U 0o
l 1 Y1 R (2.38)
FF=——F, p'=—p 2= 2, =T,
pold? P Pop Po U?
the non-dimensional continuous Boltzmann equation reads
af* of* Frof*
Iy —= = *(f" 2.39
ot Toege T e U (2.39)
with the non-dimensional equilibrium distribution function
(ot 07, €)= D e e, (2.40)

(2m6*)d/2

From this point onward, the x notation will be dropped for compactness and all
further references to the Boltzmann equation implies the non-dimensional version
in Eq. (2.39) unless explicitly stated otherwise. [1]

2.3.1.2 Hermite Polynomials

The method of discretisation is by expansion in Hermite polynomials (HPs),
which is a type of polynomial with useful integral discretisation properties. They
are constructed using a generating function which, extended to d dimensions,
reads

w(z) = (27T1>d/2ew2/2. (2.41)

Notably, it has the same form as the equilibrium distribution function, which con-
sequently can be written as

eq P e _ P (€U 2.42
f (p?u797€> (27T9)d/2e ed/Qw \/a * ( ° )
The d-dimensional HP of n-th order is found using the formula
1
H™(z) = (-1)"——Vv™ 2.4
(@)= (1) V). (243

12
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where H™ and V™ are tensors of rank n with d” components. The components
of V™ consists of the n consecutive spatial derivatives
0 0

\V4Q) .. .
0%y,  Oxq,

ay...ap

(2.44)

One of the useful properties of the HPs is that they form a complete basis in R.
Thus, a sufficiently well-behaved function f(x) € R may be written as the series

f(x) =w(x) i ;la(") . H(")(sc), a™ = /f(:l:)H(”)(:c) dz. (2.45)

n=0

Here, the dot product between the tensors a™ and H™ is defined as the full con-

traction a(" ) a H gll) o, » Where all indices a ... a,, are summed over the d dimensions

in accordance ‘with the Einstein summation convention. [1]

2.3.1.3 HP Series Expansion of the Equilibrium Distribution

Applying Eq. (2.45) to f°9 while using the expression in Eq. (2.42) for the coeffi-
cients a™*9 results in

oo

F(p. 10,6, €) = wl€) D 0l (p, . 0) - HOE),
=0 (2.46)

n),e p 5 —u n d
Using the substitution 17 = (£ — u)/v/# in the coefficient integral:
”eq—p/ \/_n+u)dd (2.47)

Computing this integral up to second order (n = 0,1,2), show that the coefficients
al™*4 are closely related to the macroscopic moments of f:

a®e1 = p = [ fat,

Al = pu = [ &uf ds,
a(g) = p(uauﬂ + (6 — 1)5a5) =

ahed L hd 1 d
Gea " EPE Colul? + b= pB = o [ P T,

(2.48)

where 0,5 is the Kronecker delta. It also turns out that the coefficients a™ for
the HP expansion of the regular PDF relate to the moments in the same way as in
Eq. (2.48). The implication is that only the first three terms of the HP expansion
are required to satisfy the conservation laws and recover the correct macroscopic
behaviour. Using this approximation, the truncated HP expansion feq reads

Fop,u,0,€) = w(€)p (1+5aua i(uauw(e—l) 0a) (Salp — aﬁ))
= w()pQ(u,0,€). (2.49)

13
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Once again, the feq notation is dropped for brevity and all further references to f¢4
implies the truncated expansion. The full derivation from Eq. (2.46) to Eq. (2.49)
is shown in Appendix A.1.1. Another possible path that leads to the exact same
expression is to perform a Mach number expansion to second order (although at
higher order these two methods stop coinciding). The error at this stage is O(u?).

1]

2.3.1.4 Discretisation of the Equilibrium Distribution

The technique that allows for the discretisation of the continuous equilibrium dis-
tribution to a finite set of velocities {&,} is the Gauss-Hermite quadrature rule
generalised to d dimensions:

/ w(@)P™(2) diz = ndf w0 PN (), (2.50)

=0

where P™Y)(z) is a multi-dimensional polynomial of N-th order and the so-called
abscissae x; are a finite number (¢ = n?) of points where each component is a root
of the 1-dimensional Hermite polynomial H™ (x,,) = 0. The associated weights w;
are the key that permits the continuous integral of the polynomial to be evaluated
exactly using only the finite number of abscissae. n is subject to the condition

N+1
n>o (2.51)
2
The most straightforward way of using the quadrature rule in this case, is by first
inserting the truncated HP expansion from Eq. (2.49) into the coefficient integral
in Eq. (2.45):

aei— [ e HM () a% = p [w©QEHM© A% (252)

Then, the Gauss-Hermite quadrature rule is applied to the composed polynomial

R(€) = Q)H™(€):
a1 — p [W(E)R(E) d% = pY wiR(E, )= X wQEHE).  (25)

This leads to the discrete set of ¢ equilibrium distributions {f;}, where

fzeq (£ )feq(g ) = w;p (1 + fiaua ;(uauﬂ + (0 - 1) aﬁ) (5@&&5 )) :

(2.54)
Crucially, this set satisfies the same conservation of the first three moments of f (see
Eq. (2.48)) relating to mass, momentum and energy as the continuous distribution
fe4(€). To further simplify Eq. (2.54) and to keep the model consistent with the
derived equation of state in Eq. (2.7), the isothermal assumption is used. This
results in a globally constant speed of sound ¢, = v/RT (c.f. Egs. (2.1) and (2.7)).
Selecting the characteristic velocity scale U = ¢, nets a constant # = 1 cancelling

14
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the term (0 — 1)d,p from Eq. (2.54). Finally, since many of the abscissae &, turns
out to contain factors of v/3, the new particle velocity

£
V3

is introduced. Consequently, also the fluid velocity wu is rescaled in the same manner.
As the non-dimensional |€*| is now scaled by the physical speed of sound, it is
essentially a particle Mach number. By multiplying a Mach number with the speed
of sound, the velocity is regained. The rescaling factor may therefore be interpreted
as the (non-dimensional) lattice speed of sound

1

(2.55)

C;, =

Cs = —F=. 2.56
7 (2.56)
Thus, the velocity-discretised equilibrium distribution reads
. Cialla  UaUg(CinCip — C200p)
f2Y = wp (1 + 2 + 21 . (2.57)

Note, that the function is still continuous in space and time through the macroscopic
variables p(x,t) and u(x,t). [1]

2.3.1.5 Discretisation of the PDF

To ensure that the PDF also conserves the macroscopic moments, the discretisation
is performed similarly to f°4. By multiplying and diving by a factor w(c), the
Gauss-Hermite quadrature rule can be applied to the coefficient in Eq. (2.45) as

a™(x,1) :/f(m,c,t)H(")(c)ddc:/Zﬁc;f(a:,c,t)ﬂ(”)(c) d?c

2 ;;(U‘;) T, ct H(” (¢) Zfz x,t)H cz) (2.58)
with the velocity-discretised particle distribution function
w;
7 7t = 9 i,t . 259
fla.t) = Sl f@ent) (259

A more in depth explanation of Eq. (2.58) showing that the error is O(u?) is
presented in Appendix A.2.

At this point, it is possible to write down the force-free discrete-velocity
Boltzmann equation

8tfi+ciozaafi: Q(fz)v Z:0a>q_1 (260)

The discretisation has transformed the moments in Egs. (2.18a) & (2.18b) into the
sums

p=2_fi=2 1" (2.61a)
pu=7 cifi=y cf (2.61D)
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Performing the Chapman-Enskog analysis (see Section 2.2.3.10) on Eq. (2.60) with
the BGK collision operator and truncated f;“, reveals that the second order moment
of the first order perturbation f() takes the form

> cmcwfi(l) = —pc’T (8[(31)ua + 3&1)%) + T@il)(puau/guv), (2.62)

where () refers to a Kn expanded derivative

ciaaafi = (eczoz ) fz (263)

In Eq. (2.62), the first term corresponds to a Navier-Stokes viscous stress tensor,
while the second is an error term originating from the O(u?) error of the truncated
equilibrium distribution. Comparing the magnitude of these terms shows that the
error term may be neglected if u*> < ¢2, which means that the LBM based on the
second order truncated f°¢ is only suitable for Ma? < 1. [1]

2.3.1.6 Discretisation of the Force Term
The force term in the Boltzmann equation (2.33) may be written as
F

— - V,f. .64
p ef (2.64)

Instead of discretising F' separately, the entire force term in Eq. (2.64) will be
discretised at once. Inserting the HP generation formula (2.43) directly into the HP
series expansion in Eq. (2.45) allow for the formulation of f as

:20-

Putting this back into Eq. (2.64) yields

1’L

)V w(g). (2.65)

F F o0 TL
i v i (n) . w7 (1)
=5 ; nt ¢ ¥
_F & D" ey o
r (n=1) . w7 .
p z:: p— ¢ W (2.66)
= V. H®.

The velocity-discretised forcing term is then defined similarly to f; in Eq. (2.59) as
w; F

F > 1
pe_vt g,
Y n;(n—

a™ V. H™. (2.67)
w p

Truncating the series expansion at second order and rescaling with & = ¢/¢; puts
the velocity-discretised force term on the form

26
Fi = w; <Cm | (Gatis ¢, aﬁ)l%) F.. (2.68)

2 4
c cs
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2. Theory

With this, the force term can be put back into Eq. (2.60) to obtain the full discrete-

velocity Boltzmann equation:

(2.69)

., q—1.

i=0,..

Qfi) + B,

O fi + CiaOa fi

2.3.1.7 Velocity Sets
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Figure 2.1: Commonly used stencils in 1-3 dimensions annotated with their usual
velocity numbering. The line styles represent the magnitude of the velocity vectors:

el = V2 - el

lci| = 1;

17



2. Theory

With the discretisation in velocity space completed, the only thing remaining before
moving on to discretisation in time and space is to define some discrete velocity sets
to be used in simulations. Due to the HP series expansion being truncated at second
order, the composed polynomial R(§) in Eq. (2.53) is of fourth order. According
to the condition in Eq. (2.51), the velocity set must therefore be comprised of at
least ¢ = n? = 3¢ velocities. For 1D, 2D and 3D, this leads to the velocity sets
D1Q3, D2Q9 and D3Q27, where the notation DdQq represents ¢ velocities in d
dimensions. It is also possible to construct velocity sets using 15 and 19 velocities
in 3D by discarding certain velocities in D3Q27, a process called pruning. On the
other hand, performing the HP expansion to higher order would instead necessitate
larger velocity sets. [1]

H Stencil ‘ ; ‘ =1 ‘ w; ‘ {i} ‘ n H
D1Q3 | (0) 0 [ % [{0} 1
(+1) 1| Y% | {1,2} 2
D2Q9 | (0,0) 0 | % |{0} 1
(£1,0), (0, £1) 1| Y% [{1,2,3,4} | 4
(£1,41) V2 | Vs | {5,6,7,8} | 4
D3Q15 | (0,0,0) 0 | % |[{0} 1
(£1,0,0), (0,%1,0), (0,0, £1) 1| Y% | {1,...,6} 6
(+1, 11 ,E1) V3 | Ve | {7,...,14} | 8
D3Q19 | (0,0,0) 0 | Y% [ {0} 1
(+1,0,0), (0,+£1,0), (0,0, £1) 1| vis | {1,...,6} 6
(£1,41,0), (£1,0,£1), (0, £1,+1) | V2 | Vse | {7,...,18} | 12
D3Q27 | (0,0,0) 0 | % | {0} 1
(+1,0,0), (0,+1,0), (0,0, £1) 1| %7 | {1,...,6} 6
(£1,41,0), (1,0, £1), (0, £1,4+1) | V2| Vou | {7,...,18} | 12
(£1,41,+1) V3 | Ves | {19,...,26} | 8

Table 2.1: Commonly used stencils in 1-3 dimensions with velocities ¢; of magni-
tude |¢;|, weight w;, numbering ¢ and count n. An expanded version of this table
can be found as Table B.1 in Appendix B.

The specific form of a wvelocity set {¢;} with its associated weights w; will
henceforth be called a stencil and referred to using the DdQq notation. In the
following section, the Boltzmann equation will be spatially discretised into a uniform
rectangular [attice with spacing Ax and temporally discretised using a time step At.
It would be rather convenient if the velocities were scaled in such a way that the
distributions f; end up exactly at neighbouring lattice nodes after one time step,
i.e. ¢jo = nAx/At, where n is an integer. Furthermore, in the non-dimensionalised
lattice units, the discretisation constants Ax and At are usually set to 1, leaving
Cia = n. With a rest velocity ¢y = 0, it is possible to construct the stencils of the
aforementioned D1Q3, D2Q9, D3Q15, D3Q19 and D3Q27 using |n| < 1. Figure 2.1
visualises these stencils and Table 2.1 also includes the weights. The speed of sound
cs = 1/4/3 for all of these examples. Since multiple different velocity magnitudes
are used, these stencils are called multi-speed (MS). It is worth mentioning that
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2. Theory

it is possible to construct single-speed stencils as well; for example D2Q6, using a
hexagonal lattice. Evidently, these stencils cannot have a rest velocity. [1]

2.3.2 Discretisation in Space and Time

As already mentioned in the previous section, the space and time discretisations are
performed uniformly on a rectangular lattice (grid) with spacing Az and time step
At. Consequently, the particle distributions f; at position & and time ¢ will end up
at position & + ¢;At at time ¢ + At. The initial discretisation will be performed
on the non-dimensional force-free discrete-velocity Boltzmann equation from Eq.
(2.60), which reads

8tfi + cm@af,- = _QZ', (270)

where fi(x,t) = f(x,¢;,t) and 2; := 2(f;) is a general collision operator, assumed
to depend only on the discretised populations {f;} and the equilibrium distribu-
tions {f;*}. Since the equilibrium distributions are computed via the macroscopic
moments of the PDF, (2; can be determined fully through {f;}. This classifies Eq.
(2.70) as a first-order hyperbolic PDE, which can be solved through the so-called
method of characteristics. The method exploits the existence of trajectories, called
characteristics, along which the PDE can be parameterised and re-expressed as an
ordinary differential equation (ODE). Using the parameter ¢, which parameterises

x and t according to

dx, dt
- ia bl s = 1 ] 2 . 7]_
ac G qc (2.71)

the left-hand side of Eq. (2.70) can be collected into a total derivative and the
following ODE is obtained:

ofi Lo ofi _ 0fidt n Ofi dza _ dfi(z(C), (<))
ot T %p, Dt dC " Ory dC dc

The next step is to integrate Eq. (2.72) along any characteristic over one time step
At. The initial point is chosen as (o, t), where g = (¢ = 0) and to = t(¢ = 0).
By the condition in Eq. (2.71), ( = At at time ¢y + At and the integrated equation

th d
en reads At df'L dC _ /At 0 (20 + Cdﬁ . Cg dC (2 73)
o d¢ o ATV Thac) '

Again, using Eq. (2.71), performing the integration of the left-hand side exactly and
realising that the point (@, o) is arbitrary and might as well be replaced with the
more general point (x,t), the above equation is transformed into

— 0(2(0).4¢)  (272)

Although not yet completely finished with the discretisation, it is already evident
that the stated goal of having f; end up at position x + ¢; At at time ¢+ At has been
successfully achieved. The last step is to approximate the integral on the right-hand
side in Eq. (2.74). This is done through the second-order accurate trapezoidal rule:

Qi(x,t) + 2;(x + c;At, t + At)
2

/OAt Qi(x+ ¢, t+()dl ~ At (2.75)
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Inserting this back into Eq. (2.74) would yield an implicit equation, but it can easily
be transformed into an explicit equation through the simple variable transformation
fi = fi, where

At
The resulting equation is the Lattice-Boltzmann equation (LBE)
file + At t + At) = fi(x,t) + At (x, t), (2.77)

where the PDF has been permanently redefined as f; := f;, dropping the bar nota-
tion. The transformation needs no further consideration, since the collision operator
(2 conserves the macroscopic moments as seen in Eqs. (2.34). Thus, the transformed
PDF in Eq. (2.76) yields the same macroscopic moments as the untransformed ver-
sion. [1]

2.3.2.1 The Discrete BGK Collision Operator

The Bhatnagar-Gross-Krook (BGK) collision operator was introduced in
Section 2.2.3.9 and in its discretised form it reads

=== I, (278)

Insertion into Eq. (2.77) yields the Lattice-Boltzmann equation with BGK
collision operator (LBGK)

filx 4+ At t+ At) = fi(x,t) — A:(fi(w, t) = £, 1)) (2.79)
One major difference between the continuous force-free Boltzmann equation with
the BGK operator and the discrete LBGK is that, while the PDF always evolves
towards equilbrium in the continuous case, it might relax directly to, or even past
equilibrium in the discrete case. Depending on the value of the ratio At/ the LBGK
can be divided into the cases [1]:
o Under-relaxed for At/7 > 1, where the continuous behaviour of exponential
decay towards equilibrium is recovered.
 Fully relaxed for At/T = 1, where f; reaches f;* immediately after one time
step.
e Over-relaxed for 1/2 < At/7 < 1, where the PDF oscillates with an expo-
nentially decreasing amplitude around equilibrium.

» Unstable for At/7 < 1/2, where the oscillations increase exponentially.

2.3.2.2 Including the Force Term

The full discrete-velocity Boltzmann equation in Eq. (2.69) is shown here once
again:

Oufi + CiaOufi = $2; + I (2.80)
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Since the left-hand side is identical to the force-free case, its discretisation is also
handled in the same way as before. The right-hand side nets an integral, now con-
taining the sum (2; + F;, which to second-order accurate trapezoidal approximation
reads (cf. Eq. (2.75))

/OAt(Qi(a:+cig,t+<) + R+ el t+()d ~

Similarly to the force-free case, this yields an implicit form of the LBE which can
be transformed to an explicit version through the transformation f; — f;, where

A ) 2:82)

After some simple algebraic manipulations, the resulting LBE for f; including forces
takes the form

filz + et t + At) = fi(m,t) + At(2(w, 1) + Fi(,1)). (2.83)
With the BGK collision operator this becomes the LBGK with forcing term:

_at
7__

fil + e At t+ At) = fi(a, t) (filz,t) = £7%z,1)) + Silm, )AL, (2.84)

where the source term S; = (1 — %) F; and the redefined relaxation time 7 =

T+ At/2. In contrast with the force-free case, the transformation of variables does
effect the macroscopic moments which are now computed as (cf. Egs. (2.85))

- At
P:Zfi‘f‘?ZFia (2.85a)
- At
pu = Z cifi + - Z ¢ F. (2.85D)

Although, the new formula for computing the density in Eq. (2.85a) is only needed
if non-zero mass sources are chosen to be incorporated into F; besides forces. The
bar notation is also usually dropped even in the case with forces included. [1]

2.3.3 Streaming and Collision

When implementing LBM, the Lattice-Boltzmann equation is usually divided into
the steps of streaming and collision. The first step is the collision step, where each
of the ¢ populations f; are locally redistributed into f; due to collisions and eventual
force contributions as

frl@0) = file,t) 2 (flm )~ @ 0) + S 0N (286)
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2. Theory

The post-collision populations f;* are then propagated along their characteristics ¢;
to the neighbouring lattice nodes in the streaming step:

file + At t + At) = fi(z,t) (2.86b)

In practice, this step is just a redistribution of data in memory. To avoid overwriting
the old data before it has been propagated, it is common to create a new instance of
fi to which the data of f/ is copied according to the streaming instructions. Figure
2.2 shows an example of how a set of populations are streamed from a certain lattice
node unto its set of neighbours. [1]

C . N
S RN

Figure 2.2: Schematic depiction of the streaming step with a D2Q9 stencil. The
lattice nodes are represented by the circles “O” and the populations f; with arrows
pointing in the directions of ¢;.

2.3.4 Boundary and Initial Conditions

Specifying boundary conditions (BCs) and initial conditions (ICs) for LBM presents
a rather interesting challenge. Since the dynamics of interest are at the macroscopic
scale, the desired macroscopic behaviour has to be translated to the mesoscopic scale
in order to properly set the boundary and initial conditions. For steady problems,
one may sometimes “cheat” by letting the simulation run for a while to dampen out
undesired behaviour caused by improper ICs, or by placing inlets and outlets further
away from the areas of interest to let the flow from imperfect BCs fully develop. This
is, of course, basic knowledge for anyone with any experience in computational fluid
dynamics (CFD), but still important to keep in mind when considering the trade-
offs between more complicated yet possibly more accurate schemes and simpler ones.
In this thesis, the aim is to keep it as simple as possible and evaluate when these
methods break down to then determine where more complex schemes are needed.

2.3.4.1 The Perspective Choices regarding BCs

The simplest type of boundary conditions in LBM are in the family of link-wise
BCs. For these boundary conditions, the physical boundary is located between
lattice nodes which are considered to placed at the centres of the computational
cells. The other big family of boundary conditions use the so-called wet-node

22



2. Theory

approach, with the lattice nodes located at the corners of the computational cells.
Here, the boundary is instead considered at the node itself and the populations are
modified directly. Figure 2.3 illustrates the difference between these two modelling
approaches. Note that the physical boundary is aligned with the cell faces in both
cases. [1]

e s o

e i

A B e S - -

| L4 i

e e VY0 — V
(a) Link-wise (b) Wet node

Figure 2.3: The two main boundary approach types for LBM. The fluid region is
lightly shaded and a set of internal and a set of boundary populations are included.
Otherwise: fluid nodes; O, boundary/outside nodes; @, physical boundary; ,
computational cell face; ----- .

Since simplicity is the stated goal here, the choice naturally falls on the link-
wise approach. This presents yet another choice of perspective; which nodes to con-
sider as the “boundary” nodes. Either the fluid nodes directly inside the boundary,
or the nodes directly outside of the simulation domain. One advantage of choosing
the latter, is that the boundary nodes are never part of the simulation itself and
populations entering the fluid domain may be stored in these “ghost” nodes (de-
picted in Figure 2.3a) to then propagate into the domain during the streaming step.
For this approach, the boundary should be treated before streaming, while the other
approach modifies the boundary nodes after streaming is completed.

2.3.4.2 Bounce-Back BC

The most common BC in hydrodynamics is the no-slip condition at solid walls.
In LBM, this is represented by the Bounce-Back (BB) boundary condition.
The populations are simply bounced back in the opposite direction when a wall is
encountered. This may be expressed as the modified equation for streaming

fil@n, t + At) = fi(z, 1), (2.87)

where @, is the fluid node directly inside the boundary and i is the opposite direction
of 7 such that ¢; = —c¢;. The reason this BC behaves as a no-slip condition is that
both the normal and tangential momentum averages to zero during the “bouncing”.
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Figure 2.4 depicts the simple BB schematically. The main advantages of BB are
its simpleness, stability and guaranteed mass conservation, while its biggest disad-
vantages are its deteriorated accuracy (limited to first-order) if the boundary is not
aligned with the lattice and positioned exactly halfway between the nodes and that
the location of the no-slip boundary is wviscosity dependent. [1]

i o ¢ o i o i o ¢ o ! o
NS SO WS S S S
o | AN o mmp o | \V . o
. e 1 e I e . e I e | e

Figure 2.4: The Bounce-Back boundary condition. In the boundary nodes, oppo-
site versions of the populations pointing back into the domain are stored and repre-
sented by the dotted line (- ) arrows. These are then streamed to the “bounced
back” locations. Otherwise: Fluid nodes; O, boundary/outside nodes; @, physical
boundary; ——, computational cell face; ----- .

It is quite simple to extend the BB scheme to moving walls. By transforming
to the rest frame of the wall, performing the Bounce-Back, and then transforming
back yields the formula for Dirichlet Bounce-Back boundary condition with
prescribed wall velocity w:

Ci Uy
fz(mba i+ At) = fz* (mba t) - 2wzpw 2 ) (288)

S

where the subscript w denotes the values at the wall, i.e. at  + %cZAt. Pw may be
prescribed or estimated using for example py,, extrapolation or the domain average
if the variation is small. The exact same formulation as in Eq. (2.88) can be used
as a velocity inlet at an open boundary. Then, the “wall” remains stationary even
though it has a non-zero normal component in . [1]

2.3.4.3 Anti-Bounce-Back BC
The prescription of pressure (or rather density through p = ¢?p) at an open boundary

can be done through the Anti-Bounce-Back method:

Fil@n, t+ At) = = £ (@b, 1) + 2wipy, (1 L e u)® '"’3“> (2.89)

4 T 9.2
2c; 2cz

The working principle is the exact same as for the regular BB, although the formula
is altered and most notably, the populations are bounced back with their sign re-
versed. Now, p,, is prescribed and u,, has to be estimated. One possible way is by
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extrapolation through the formula

wy ~ ulw) + A2"’“"(11,(.%) — (@), (2.90)

where the subscript b + 1 refers to the interior node one step in from a;, in the
direction of the boundary normal. [1]

This boundary condition can also be formulated with an extra second order
correction term for increased accuracy, yielding the formula

- 2 2
fi(@y, t + At) = — f (@, ) + 2wipg ('IOOVV+(C’W uw)
0

2t 222
1 op (ci-up)? Ul
2~ ) ( (@, t) —wipo [ P2 4 G Y 2.91
+( 7'> (fz (@5,1) = wipo (Po * 2cd 2¢2) )7 (2.91)
where .
fr =5 it £) (2.92)

which is calculated using the pre-collision f. pg is the mean density in the decom-
position of mean and fluctuation p = py + p'. [7]

2.3.4.4 Symmetry BC

i o { o i o | i o { o i o |
AU SO N S S S N
o | /h . o i‘i \O l | o/ ;
L e i ¢ | e L e I e | e

__________________________________________________________________________

Figure 2.5: The symmetry boundary condition. In the boundary node opposite to
the fluid node, mirrored versions of the populations pointing back into the domain
are stored and represented by the dotted line (- ) arrows. These are then streamed
to the reflected locations. Otherwise: Fluid nodes; O, boundary/outside nodes; @,
physical boundary; ——, computational cell face; ----- .

The symmetry BC may be used when there is mirror symmetry anywhere in the
domain or as a free-slip condition. As opposed to the BB, the populations are
reflected specularly and therefore conserves tangential momentum. The formula for
the symmetry boundary condition may be written as

fi(xy + ¢ At t + At) = f(x, 1), (2.93)
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where j relates to ¢ in such a way that the normal component is reversed, i.e.
Cjn = —Cin, While the tangential component is preserved: c;; = ¢; ;. The symmetry
BC is illustrated in Figure 2.5. Its biggest weakness is that it behaves identical to
BB at corners, which turns it from a free-slip to no-slip condition at places if more
complex geometries are approximated using a stair-stepping approach. [1]

2.3.4.5 Periodic BC
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Figure 2.6: The periodic boundary condition. In the boundary node on the op-
posite side of the domain, copied versions of the populations pointing into the do-
main are stored and represented by the dotted line (- ) arrows. These are then
streamed to their new locations. Otherwise: Fluid nodes; O, boundary/outside
nodes; @, physical boundary; ——, computational cell face; ----- )
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Periodic BCs can be used when the flow is periodic, reconnecting the outlet of the
domain back to the inlet on the other side. This concept is also easily translated
into the mesoscopic scale and the periodic boundary condition reads

fi(x,t) = fi(x+ L,t), (2.94)

where L is the vector between the periodic boundaries. Figure 2.6 shows the process
of streaming the populations over to the other side of the domain. [1]

2.3.4.6 Initial Conditions

The simplest initialisation of the populations is by simply setting them to the equi-
librium computed from initial values for the macroscopic variables p and u. If these
are unknown, the initial values p = 1 (in non-dimensional lattice units) and u = ug
could be used, where ug is some reference velocity, such as an inlet velocity or sim-
ilar. These simple ICs might severely affect the simulation, however, and require a
lot of expensive simulation time before any undesired behaviour has exited the sys-
tem. One such behaviour could be the creation of undesired sound waves, since the
standard LBM is a weakly compressible fluid solver. All of the BCs presented in the
previous sections are reflective, and since the LBM does not suffer from high numer-
ical dissipation, these sound waves might remain undamped for a long time. Ideally,
all of the mesoscopic populations should be specified exactly, but some initialisation
algorithm which runs the simulation until sufficient convergence while keeping the
initial velocity ug fixed could accomplish this task rather efficiently. Lastly, it is
important that the simulation starts with collision rather than streaming, since the
macroscopic variables which determined the initialised state should be used in a col-
lision step. If the streaming is performed first, the populations will be redistributed
and the macroscopic variables changed accordingly. [1]

2.3.5 Lattice Units

As already touched upon, the non-dimensionalisation performed in Section 2.3.1.1,
results in the simulation being performed in the so-called lattice units. There are a
certain freedom in choosing these units, and usually Az, At and the average density
po are all set to equal 1 in the lattice units. Then, the conversion factors C' to get
the regular units are equal to the dimensional values:

Co=Az, Cy=At, C,=po. (2.95)

Almost all other quantities can be expressed through these conversion factors us-
ing dimensional analysis, the exception being the absolute pressure. In the LBM
equation of state in Eq. (2.7), the average pressure was taken to relate to the av-
erage density through py = ¢2pg. This is not true in general and only taken as a
fact to simplify the expression for the equation of state, which is allowed since only
the pressure gradient is required to correctly simulate fluid behaviour. To actually
compute the correct absolute pressure, the fluctuating pressure is found through
p' = c?p/ and the total pressure as

p=po+7p, (2.96)
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where py is the known reference pressure. [1]

An example where only the dimensional analysis is required, is the conversion
factor for the kinematic viscosity v, which is C, = Cf /Cy, since v has the units
[m?/s]. In the standard LBM, the viscosity can then be shown to depend on the
simulation parameters through the relation

o/ . 1\ Az?
v=_c} (7’ 2) A (2.97)
where the starred variables are the usual non-dimensional parameters explicitly
marked to distinguish from the dimensional non-starred quantities. This limits
the choice of the three parameters 7*, Az and At to two of them, which can be
chosen freely. Due to the stability condition 7* > 1/2 found in Section 2.3.2.1, this
necessitates the lattice to be refined when trying to simulate low viscosities (for
example in cases of high Reynolds number Re = uyf/v). Since the standard LBM
has an error which scales with Ma® (see Section 2.3.1.3), the fluid velocity in the
simulation should be kept well below ¢%. Again, this puts an upper limit on Ax
for high Re flows. At this point it has not yet been explicitly mentioned, but all
non-dimensional numbers are the same in physical and lattice units. Therefore, the
problem should be specified in terms of non-dimensional numbers and the available
freedom of choice for the simulation parameters should be used to find a suitable
trade-off between resolution, stability and accuracy. [1]

2.4 Extensions of the LBM

There are a multitude of extensions to the LBM, aiming to alleviate the limitations
of the standard formulation [1]. In this section, a few extensions that were explored
as part of the thesis work are presented as well as an outlook on extensions of interest
for further investigation.

2.4.1 Thermal Flows

One important step towards simulating higher Ma flows is to use a thermal LBM
model. The isothermal assumption in the standard LBM was made to make it
consistent with the equation of state in Eq. (2.7). The consequence is a globally
constant speed of sound with a specific heat ratio v = 1.

2.4.1.1 Isentropic Non-Isothermal LBM

Using the ideal gas law of the form used in Eq. (2.2) with the isentropic assumption
(s = sp), yields the isentropic relation

n=(a) o

Then p is eliminated from the usual ideal gas law
~v—1
p = pbo <p> = pRT, (2.99)
Po
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with
2~ RT, = 6, (2.100)
Po
Using the non-dimensionalisations
s_ P g RT
=, 0=—-— 2.101
s e ( )
results in a final expression for 6*:
0 = 05p 7t (2.102)

This is then inserted into the truncated velocity discretised equilibrium distribution
function in Eq. (2.54). With a thermal model, the speed of sound for a calorically
perfect ideal gas is calculated as [2]

¢y = \JVRT. (2.103)

The characteristic velocity may be chosen as
CS

val

resulting in 6 = 1. Thus, thermal flows with a flexible v may be simulated using
only a very minor modification to the LBM, although limited to cases of isentropic
flow.

U =

(2.104)

2.4.1.2 Dual Distribution Function

To simulate thermal flows not limited to the isentropic condition of the previous
section, the dual distribution function (DDF) model can be used. Here, the
equilibrium distribution is formulated for polyatomic molecules, as opposed to the
monoatomic assumption made in Section 2.2.3.3. The additional K = npor — d
number of DOF corresponding to internal DOF are contained in a vector n. f

then reads
p _ (E—uw)4n?

feq(w,é,n,t)z(QWRT)(HK)/ze 2RT (2.105)

This expression can be separated into the two parts

p (¢—u)? 1 n*

= femn (@, €,1) - g (@, m, ), (2.106)

[z, &,n,t) =

where fea™more jg exactly the same as the monoatomic version of f*4 in Eq. (2.31).
Moreover, it can be shown that

/ gadsy =1, / n2g° d"y = KRT, (2.107)
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leading to the definition of the two distribution functions

f@.&t) = [ f(@.&n.1)d, (2.108)
n?
i(@.&1) = [ L f(@.&n. 1), (2.109)
with their respective equilibrium distributions taking the forms
@t = [ @iy = Lo (2.110)
TS, - Z, ana U—(QWRT)(WG ) .
2 a2
N n K KpRT — _(Ew)”
eq A = [ 2L fea t)dn=—""__¢e 2RT . 2.111
9w &.0) = [ em ) = o e (2.111)

The resulting density distribution function f is subject to the same constraints and
evolution through the Boltzmann equation as the PDF in the standard LBM with
the equilibrium distribution also remaining the same: fe4 = feameno  The pew
second distribution function g is interpreted as a potential energy distribution. For
the remainder of this section, the ~ notation is dropped for brevity when referring
to f and §.

The potential energy distribution does also have moments, similar to the mo-
ments of f in Egs. (2.18):

K
/ gd'e = SpRT, (2.112a)
d K
/égd ¢ =5 pRTu, (2.112b)
K K
/ Eabpg A€ = 5 PRTuaus + Ep(RT)Q(Sa@. (2.112c)
The evolution equation of g reads
9y 9y
A = =2 2.11
5t +€aaxa 9 (2.113)
where . )
= —(g—g+ E L g, 2.114)
Tq 2745

The new relaxation times are related through

11 1
= (2.115)

Tgf  Tf Tg
where 7 is the relaxation time of the BGK operator in the Boltzmann equation.
When 74 = 7,4, the original BGK model is obtained. The Prandtl number of this
model is related to the relaxation time parameters through

pr=". (2.116)

Tg

The new governing equations are then discretised in order to incorporate into
an LBM scheme. If the equilbrium distributions are discretised in velocity space in
the same manner as the standard LBM, the low Mach number limit still holds and
the only gain is that the temperature is also correctly simulated. There is, however,
alternate discretisation schemes, which incorporates the DDF model, successfully
simulating even supersonic flow, such as in the paper by Li and Zhong. [8]

30



2. Theory

2.4.2 Non-Reflecting BCs

The general strategy to implement non-reflecting boundary conditions is to solve the
local one-dimensional inviscid (LODI) equations at the boundary. From these
equations, incoming and outgoing characteristics can be identified. By suppressing
incoming amplitude variations, the acoustic waves inside the domain are ideally
allowed to propagate out of the system without reflection. By solving the LODI
relations, updated values of the flow variables p and w consistent with the non-
reflectiveness are found, which are enforced at the boundary through any Dirichlet
type boundary condition of choice. [1], [7], [9]

In a paper by Izquierdo and Fueyo [7], the Navier-Stokes characteristic bound-
ary condition (NS-CBC) developed by Poinsot and Lele [9] are successfully applied
to link-wise boundary conditions for the LBM. The LODI equations are none other
than the Euler equations without transverse terms. For an open boundary normal
to the z-direction in 2D, they take the form

dp dp Ou,

§+ux%+p8:x =0 (2.117a)

8;;,; uxﬁa?;x N ;gi _ 0 (2.117b)
8@? uz%l;j’ ~0 (2.117c)

8(;?) N 3(“90([;5 +7)) _o (2.117d)

As the standard LBM is isothermal, the energy equation is not really needed here,
but for a thermal model such as the ones described in the previous sections, it would.
Also, Izquierdo and Fueyo propose including the entropy characteristic stemming
from the energy equation even in the isothermal LBM with a specific heat ratio of
v = 1.2 for best results [7]. Collecting the primitive variables of Eqs. (2.117) into a
vector

m = (p, Uy, Uy, E), (2.118)
results in the compact form of Egs. (2.117):
;m+I‘m£Em =0. (2.119)
The amplitude variations £, can then be computed as
L, = ASQm, (2.120)
Ox

where S is a matrix of left eigenvectors of I', and A a diagonal matrix of the
eigenvalues of T',:

A1 = Uy — Cs, (2.121a)
Ao, A3 = Uy, (2.121b)
Ay = Uy + Cq. (2.121c)
(2.121d)
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Consequently, Eq. (2.119) may be written as

0 -
— = 2.122
5™ +S5 L, =0, ( )
with _ -
(e — ) (52— pe, 2
o G ox pes ox
Lo w2
£ = |Le2| . Oz (2.123)
* EI,3 U 2@ — @ . .
Loy “\Por Or
dp ou,
-(UI _|_ CS) <ax + S a )_

Note that £, 3 = 0 when the standard LBM equation of state p = c2p is used. It is
here, that the empirical value of v ~ 1.2 would be used along with the conventional

speed of sound relation
p

2 ==, (2.124)
p
The CBC method involves predicting the change in the primitive variables at the
boundary. Therefore, the LODI relations are recast as the time derivatives in terms
of the amplitude variations:

) 1 /1

(S Lo+ £22) (2.1250)
O, 1

; =~ (Cet = L) (2.125h)
85;@/ — L (2.125¢)

[7], 9]

2.4.2.1 Outlet

The Anti-Bounce-Back BC described in Section 2.3.4.3 is used to create a non-
reflecting outlet BC. The extrapolation of variables to the wall is done through the
formula in Eq. (2.90), here restated with the time dependence made explicit:

gb($w, tA) ~ ¢(wb7 t) + AQZB(gb(wb? t) - ¢<mb+1’ t))? (2'126)

where £ = t 4+ At/2 and ¢ any primitive flow variable. Recall that the boundary lies
at a distance |x,, — x| = Az/2. To approximate the gradients at the boundary, the
following second-order backwards extrapolation is used:
@(a; P—At) ~ L(g(p(m f— At)—96(my, T — At) + ¢(@pir, £ — At)). (2.127)
ox W ~ 3AT W) b b+1, . .
For an outlet in the positive z-direction, the incoming characteristic £, ; would be
set to zero for a completely non-reflecting BC, but to be able to enforce a specific
pressure poo, a linear relaxation model is used instead:

Lo1(Ty, T — At) = ki (p(@y, T — At) — poo), (2.128)
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where
Cs

T
Here, L is the length from inlet to outlet, Ma is the maximum Mach number in the
domain and oy is a tuning parameter which should be in the range 0.58 < 07 < 7.
The remaining amplitude variations are calculated using Eq. (2.123). These are
then inserted into the expressions for the time derivatives in Eqgs. (2.125) and the
updated variables on the boundary are approximated using forward Euler:

o(t) ~ ¢(t — At) + ?;f(f — At). (2.130)

k= o1(1 — Ma?) (2.129)

[7]

2.4.2.2 Inlet

The CBC can be applied to an inlet very similarly to the outlet. The major difference
is that the number of incoming and outgoing characteristics are switched. The
incoming characteristics may either be solved for in Egs. (2.125) imposing the
variables and their derivatives at the boundary [9] or using similar relaxation models
as in Eq. (2.128) for partial non-reflectiveness [7].

2.4.3 Multiple Relaxation Time Schemes

As mentioned in Section 2.3.5, high Re flows present a challenge in that the grid
needs to be very refined to keep the relaxation time 7 above the stability limit of
1/2. By replacing the BGK collision operator with operators using two relaxation
times (TRT) or multiple relaxation times (MRT), it is possible to decouple
the viscosity and stability dependencies. For example in TRT, which has the two
relaxation times 77 and 77, only one of them is connected to the viscosity, leaving
the other as a free parameter which can be tweaked for accuracy and stability of
the simulation. MRT is even more flexible, but the biggest advantage of TRT is its
ease of implementation. By decomposing the PDF (and f°?) into symmetric and

anti-symmetric parts
v fit fi _ fi—
=21 =t

the force-free Lattice-Boltzmann equation using TRT reads

(2.131)

A A
= ful,t) = S (. 0) = £, ) = 25 (f (0) — % 1)). (2.132)

Due to the symmetric structure of TRT, the collision step can be performed for only
half of the stencil, with the other half following automatically. This makes the TRT
implementation just as efficient as BGK. [1]
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Methods

As part of the thesis work, a code written in Python implementing the basic Lattice-
Boltzmann method was supplied. In this chapter, the structure and state of the code
as it was received is described as well as the developments made. In Chapter 4, a few
test cases are also presented which were instrumental in influencing the direction of
the development of the code. The results of these test cases are then presented in
Chapter 5.

3.1 Description of the Supplied Code

The code was structured in an object orient fashion with Python classes as objects
representing different levels of the problem. At the top level, the main code creates
an object called the app, which specifies the specific flow problem to be simulated.
Here, a mesh is created, boundary and initial conditions specified and a stencil
selected. In the code’s initial state, any exporting or plotting of field variables
had to also be specified in the app. The most essential object contained in the app
object is the lattice object, which in turn contains cell objects. These cell objects are
identified through a cell index and contains a vector specifying its position in space,
an array pointing to its neighbour cells as well as an array with the corresponding
index ¢ of the velocity ¢; pointing from the neighbour back to the cell. A diagram
of these contents of a cell object is shown in Figure 3.1. If the cell is a boundary
cell, it also contains a property class of its specified boundary condition, a normal
vector for the boundary and an array listing the index j opposite to ¢ in regard to
the normal (as defined in Section 2.3.4.4).

________________________

 Celer gl Celey  CElls

e N . . - N
8 _4_1__ 7 Ec%lgi EC%”li EC%HSE EC%I |
81 L1 Celli L3 1 Gl # neighbours =4~ Tl e b
----- e i o e
iCelhi icCelhi | Cel . ' S /
T neighbours_set = {1, 2, 3, 4, 5, 6, 7, 8}

Figure 3.1: Diagram showing how the neighbours and associated velocity directions
are stored in a cell.
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3.1.1 Lattice Methods

Apart from all of the computational cells, the lattice object also contains arrays
of the variables and constants (such as f;, /i, u, p, cs, w;). The variable arrays are
flattened in space and the values of cell n are stored at index n in the arrays. The
lattice class contains a number of methods that can be called on the lattice object
to perform the different steps of the LBM algorithm. These methods are (in order
of execution during the LBM algorithm)

1. apply_force() — calculates the source term S; from Eq. (2.84):

At ia i0Cig — C20q
Si: (1—2> Ea E:wz <C+ (C Cip Cs B)UB> Fa- (31)
T

2 4
Cs Cs

2. collision() — applies collision as in Eq. (2.86a):

fr(@t) = fiat) ~ S (hle.t) — [ 0) + S 0AL (32)

3. treat_ boundary() — calls the apply() method on each boundary cell’s BC class
to prepare the boundary populations for streaming. The modified populations
fi are stored in the boundary cells as discussed in Section 2.3.4.1.

4. streaming() — streaming is performed as in Eq. (2.86b):

filxe + At t + At) = fi(x,t). (3.3)

Figure 3.2 contains a more detailed explanation of the code implementation.
5. macroscopic() — compute macroscopic variables through the discrete moments
in Eq. (2.85):

At
p:Zfi, pu:Zcifi+7ZciE. (3.4)

6. equilibrium() — calculate f;* from the macroscopic variables using Eq. (2.57):

Cialea N UaUp(CinCig — c§5a5)> . (3.5)

A — w1l
Ji wm( i 2 2cd

s

def streaming(self):
f2 = np.zeros_like(self.f)
f2 [:] = self.f]:]
for cell in self.internal cells:
for cell_n, i in zip(cell.neighbours, cell.neighbours_set):
f2[i, cell.index] = self.f[i, cell_n.index]
self . f[:] = f2

Figure 3.2: Code to perform the streaming step. First, a copy of the PDF is
created (f2), to avoid data being overwritten. Then, each internal cell is looped over
with each cell’s neighbours (cell_n) being looped over along with the index i of the
velocity ¢; pointing from the neighbour to the cell. At each iteration of the loop,
the streaming equation in Eq. (2.86b) is applied. Lastly, {2 is assigned back to the
PDF variable stored in the lattice object.
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3.1.2 Initialisation

First, a rectangular mesh of cells is created in the app class. The cells are initialised
with their position vector & = (x1,2,...,24) and the mesh array containing the
cells stores the cell at position x at index (x1, x2, . . ., z4) (the coordinates are positive
integers). The BCs are then specified for the boundary cells followed by an algorithm
initialising all of the cells” neighbours and other information contained in each cell.
One of the BC types available is called 'dead’, which means that the cell is not
considered part of the domain. This allows for simulation domains of arbitrary
shapes (within the limits of a rectangular grid). The mesh is finally used to create
the lattice object where it is flattened as described in Section 3.1.1. Here, all cells
except for the ones marked ’dead’ receive a unique identifying index. Lastly, the
mesoscopic populations are initialised as

fi = 17%(po, uo), (3.6)

where py and ug are the specified initial conditions.

3.1.3 Iteration

In the main code, the app object is created and then the LBM algorithm is applied
through calling of the lattice methods in a loop. A residual is calculated as the
difference in the norm of the velocity array before and after a complete iteration.
Every few iterations (defined by a variable in the code), when the max iteration is
reached or when the residual is less than a specified tolerance, an update method
of the app object is called as well as information such as the value of the residual,
maximum f, u,, p and measured time for each substep of the iterations are printed
to the terminal.

3.2 Needs for Further Development

The most pressing need for further development was the run time as the structure
of the code was not optimised for speed in Python and no parallelisation was imple-
mented. The code as it was received had also not properly defined an algorithm to
find the normal of all possible corner types — especially not in 3D. Another needed
feature was a general exporting algorithm for easier post processing. Finally, no
working non-reflecting BC was present in the original code. This section describes
the methods used in the development of these features that were initially lacking.

3.2.1 Exporting Mesh Plots

The first development to the code was to write a method that plots the lattice
including marking the boundary conditions. The coordinate of every cell is found
along with the applied BC. All cells not marked as 'dead’ are used to define the lines
creating the lattice plot. The BC information is also plotted.
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3.2.2 Code Optimisation and Parallelisation

As already mentioned, the code in its initial state was running very slowly. This is
because Python is rather slow at looping over objects, as in the example code in Fig-
ure 3.2. Considering the code snippet in said figure, what is really happening is that
information in one array are copied from certain components to other components
in another array. This could also be accomplished by inputting lists of the indices
for every copying action. Since the problem at hand is static (no moving geometry),
such lists can be saved during an initial loop through the objects creating a map of
sorts over the problem. This turns out to be much faster in Python and also lends
itself to further optimisation through the Numba library [10].

3.2.2.1 Using the Numba Library

@njit (parallel=isParallel)
def streaming (f, f2, streaming map):
for ind in prange (streaming map[0]. size ):
i = streaming map [0][ind]
cell _index = streaming_ map [1][ind]
cell_n_index = streaming_ map [2][ind]
f2[i, cell_index] = f[i, cell_n_index]

Figure 3.3: Optimised code to perform the streaming step. The first line is the
Numba decorator indicating that the function is to be optimised. The argument
tells Numba to enable automatic parallelisation if the variable ’isParallel’ is set to
"True’ (by running the code on computers with different numbers of CPU cores, it
was found that the parallelisation increased performance if the number of cores were
greater than 6). Here, the copy of the PDF (f2) and the PDF itself are created in
the streaming method in the lattice class, before being input as arguments into the
streaming function of the calc module. Using Numba, it turns out that creating a
loop as shown in the figure is the fastest way of running over the lists in the map.
The ’prange’ function indicates to Numba that the loop may be parallelised. The
last line of code performs the same action as the very similar line in Figure 3.2, but
the new structure of the code increases the speed of execution substantially. The
copied PDF, {2, is assigned back to f in the lattice object, after the function in the
figure has finished running.

The Numba library allows for radical speed up of Python code by compil-
ing parts of the code, specified by certain decorators, to optimised machine code,
bypassing the Python interpreter completely. Numba also has the capability of
automatic parallelisation. To be able to bypass the Python interpreter, however,
the parts of the code being optimised by Numba cannot include, or reference any
Python objects. [10] This made the LBM code in its initial state extremely unfit
for Numba optimisation. But, with the map approach described in Section 3.2.2
being applied to the methods in the lattice class (recall Section 3.1.1) that is called
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during iteration, the calculations could be lifted out into a separate ’calc’ module,
where every function is marked for optimisation with the Numba decorator. Most of
these calculation routines could also be further optimised by enabling the automatic
parallelisation of Numba. An example of how the streaming code in Figure 3.2 was
optimised is shown in Figure 3.3. There is also support for GPU based parallelisa-
tion using Nvidia CUDA [10], [11], which could increase performance even further,
although this was deemed outside of the scope of this thesis.

3.2.2.2 Speeding Up the Initialisation

Another section of the code which ran quite slowly was the initialisation of the prob-
lem, where the lattice is built up and the cell objects gain their lists of neighbours.
This step is also accomplished by iterating over every cell and finding the the cells
that can be reached by the velocity stencil. This step also accounts for periodic
BCs, adding the cells on the opposite side of the domain as neighbours. As the con-
dition of no Python objects being violated, this section of the code is not possible
to optimise with Numba. There was, however, room for improvement by manually
parallelising the problem using the multiprocessing library [12]. The manual step
consist of dividing the entire set of cells into subsets for which the neighbour finding
algorithm is then run in separate processes started on separate CPU cores. The
multiprocessing processes start entirely new versions of the Python interpreter, and
as such, cannot communicate back to the original instance unless a shared memory
is set up between the processes [12]. To avoid writing errors caused by multiple
processes trying to access the same memory location, this memory is set up such
that every process will only access the parts of the memory associated with its al-
located subset of cells. After the processes have all finished, there is one loop over
all the cells in the main process, where the information gathered from the parallel
processes are applied to set the neighbours of every cell. This is much faster than
the neighbour finding algorithm and making this optimisation to the initialisation
well worth it.

It should be mentioned that the path of multiprocessing was a path also ini-
tially tried for the iteration part of the code, but the overhead of creating the pro-
cesses manually seemed to consume the entire gain of the parallelisation, leading to
only marginal speed up at best and even slower code at worst. The lessons learned
during this failed attempt were still able to be applied, for instance in the neighbour
finding algorithm just described, avoiding this path to have been explored in vain.

3.2.3 Exporting to VTK

The code as it was, came with a few basic cases already defined, but not every case
had a proper exporting routine and having to define unique such routines for every
new case seemed unnecessarily cumbersome. The solution to this problem was in the
form of exporting the macroscopic field variables p and w using the legacy vtk file
format. The .vtk files consist of a description of the mesh followed by the values of
the variables in each cell. There is also a vtk series file which matches every exported
vtk file to a specific time step. [13] This can then be imported in external software,
such as ParaView, for post-processing like plotting and creating animations. The
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only major downside is that the results of the simulation cannot be viewed in real
time, although it is still possible to load the new files as they are exported during
iteration allowing for analysis of part of the simulation before it has completed. The
export routine that was created also includes an option to export in physical units,
by specifying the conversion factors (see Section 2.3.5) for Az and py as well as the
kinematic viscosity v of the fluid.

3.2.4 Corner Detection and Handling

(e]
(e]

il
i

) I 4

Figure 3.4: Convex corner in 2D being divided into multiple instances of itself.
The neighbours associated with each instance is surrounded with strokes of different
colours. The node containing the associated BC and the normal vector are also
marked in the corresponding colour.

The corner handling of the initial code lacked any possibility of correctly handling
any convex corner or edge. The first step towards a consistent implementation was
the realisation that a convex corner might actually have multiple different boundary
conditions. For example, in 2D, the two edges meeting in the corner might belong to
edges with two different BCs, but there is only one boundary node to specify a BC.
The solution that was chosen was to introduce a new type of BC for convex corners,
where the BC for a certain edge in the corner is taken from the next boundary cell
along the same edge. To store these new BCs, the convex corner BC was made to
contain multiple copies of the corner cell itself, but each with its own BC, normal and
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set of neighbours. This boundary condition is not meant to be used when specifying
the problem; the corner cells automatically detect whether they are convex corners
or not, relabelling themselves as convex corners and creating the copies of the cell
with the correct BCs, normals and neighbours. Instead, the BC specified in the
corner cell is used to determine the behaviour for populations pointing directly at
the corner, as it is ambiguous from which edge the BC should be taken from, leaving
this to be settled by the user of the code. Figure 3.4 illustrates how the BCs, normals
and neighbours are divided into multiple instances of the corner cell.

3.2.4.1 Normal Detection in 2D

The algorithm to find the normal direction of a boundary cell in 2D is rather simple,
but elegant, and was already featured in the supplied code. Looking at the stencils
in Figure 2.1, or in Table 2.1, it can be noted that the shortest velocity vectors
are numbered first, followed by increasing magnitude. This can be exploited; by
looping over the cell neighbours and stopping as soon as a fluid cell is encountered,
the principal directions (velocities with a magnitude of 1) will always be found
first (see Figure 3.1 for a reference on how the neighbouring cells are stored). For a
straight edge, there is only one fluid cell in the principal directions, and for a concave
corner, there is only one fluid cell neighbour in total. Consequently, the normal
finding algorithm simply takes the velocity direction from the first encountered fluid
cell. However, for a convex corner, this breaks down as there are two fluid cell
neighbours in principal directions. The solution in 2D is still simple; just ensure
that the principal directions are always completely looped over and add the vectors
to find the normal. Counting the number of fluid neighbours found in the principal
directions also serves as the method of finding a convex corner in 2D.

3.2.4.2 User Specified Corner Behaviour

In Section 3.2.4, it was mentioned that the BC applied to a convex corner cell
determines the behaviour of the cell only in the direction pointing directly at the
corner. This is true also for concave corners, where this direction is the only one
interacting with the corner BC. There is a specific type of combination of BCs
meeting at a concave corner that should receive special attention. If one of the edges
meeting in the corner is a symmetry BC, while the other edge is an open or periodic
boundary, the symmetry BC should not be used in the corner cell. This is because
the diagonal normal direction in the corner will cause the population pointing at it
to reflect back to its origin, just like the Bounce-Back BC, instead of the specular
reflection of a symmetry BC. The consequences of an incorrect specification is that
the free-slip macroscopic behaviour turns into a no-slip one right at these corner
points. Figure 3.5 provides a visual demonstration of this scenario.
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Open/periodic boundary:
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Figure 3.5: Concave corner in 2D with an open or periodic boundary meeting a
free-slip (symmetry) wall. The BC in the corner itself is that of the wall. Actual
and intended behaviour are compared, with the BC normal displayed as a red arrow.
The actual behaviour is identical to BB, or a no-slip wall. The behaviour marked as
intended is actually also inconsistent, since the populations cannot simply exit the
fluid domain. The solution which produces both intended and consistent behaviour
is to set the corner BC the same as the open/periodic boundary. This figure also
demonstrates that the Bounce-Back BC can be placed in the corner and produce
both intended and consistent behaviour.

3.2.4.3 Corner Identification in 3D

In 3D, the number of possible corner types are increased from two to six. This is
because the corner might consist of one or three edges meeting at a point, with
every edge being either convex or concave. In Figure 3.6, all six possible 3D corners
are shown. Unfortunately, this diversity renders the simple method described in
Section 3.2.4.1 unable to find a correct normal for every possible corner type in 3D.
Additionally, the direction of the normal, which cells to copy BCs from and how the
neighbour cells should be distributed is not entirely trivial. Every face, edge and
vertex of a 3D corner should have its own normal and BC. In Table 3.1, every normal
along with the associated BC and neighbour cells are listed for the four corner types
with at least one convex edge (the entirely concave corner types only have one edge
or vertex and thus, only one normal).

The resulting algorithm for identifying all of these 3D corner types consist of
a decision tree counting the number of neighbouring fluid cells with each specific
length of the velocity vectors in increasing order, stopping when there is only one
possibility for the corner type. Since the algorithm also uniquely determines the
corner type, every convex type corner are also marked as such when encountered.
The D3Q15 stencil had to be disqualified from the code, due to the inability to
distinguish every corner type uniquely if the v/2 velocities are not available in the
current stencil. Based on the fact that 27 abscissae are needed in 3D for the Gauss-
Hermite quadrature to be exact, this can hardly be considered a great loss.
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(a) Convex vertex (c) 2 convex-1 concave

(b) Convex edge
edges

(d) 1 convex-2 concave
edges

(f) Concave vertex

(e) Concave edge

Figure 3.6: Every 3D corner type along with descriptive names.

2 convex-1 concave edges 1 convex-2 concave edges

normal | BC neighbours normal | BC neighbours

20 0 {19} 20 0 {19}

8 6 {7,21} 12 2 {11, 25}

6 8 |{5,9,11,16,18,22,23,25} 8 6 {7,21}

Convex vertex Convex edge

normal | BC neighbours normal | BC neighbours

20 0 {19} 8 0 {7,19,21}

12 2 {11, 25} 4 2 | {3,11,14,17,24,25}

10 4 {9,23} 2 4 | {1,9,13,15,23,26}

8 6 {7,21}

6 8 {5,16,18,22}

4 10 {3,14,17, 24}

2 12 {1,13,15,26}

Table 3.1: Normals, BCs and neighbours for 3D corners. The naming and ori-
entation of the corner types is defined in Figure 3.6. The numbering corresponds
to vectors in the D3Q27 stencil as defined in Figure 2.1e. The BC and neighbours
columns include the directions of the vectors pointing from the corner cell to the
cells of interest. For example, the first row indicates that for the normal pointing
directly at the corner (20), the BC is taken from the cell itself (0) and the only
neighbour is the one opposite of the normal (19).
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3.2.5 45° Symmetry BC

In Section 2.3.4.4, where the symmetry BC is presented, the concern regarding the
fact that the BC behaves identically to the Bounce-Back BC at corners, meaning that
boundaries aligned 45° relative to the lattice results in a stair-step-approximation
turning the free-slip into no-slip. To evaluate the effect of this, the channel hump
test case defined in Section 4.1 was used.

N e a
e | o | o |
e
el e | o m

Figure 3.7: Transformation from stair-stepping approach to 45° symmetry BC.
The normal and BC is now the same for all of the neighbours.

A method implemented to try to remedy this potential issues, was to introduce
a version of the symmetry BC treating convex corners as 45° edges (see Figure 3.7).
Since the regular symmetry BC reflects the populations halfway between the nodes
in a single time step, the 45° version was made to save do this in two time steps, since
the distance is doubled. The populations to be streamed back from the boundary
in the next time step are saved in the corner boundary node pointing out of the
domain. At the next time step, the pre-collision populations from the copy of the
PDF created during streaming are reflected specularly relative to the normal of the
corner.

3.2.6 Non-Reflecting BCs

The non-reflecting type CBC-BCs described in Section 2.4.2 were implemented and
tested for both the Anti-Bounce-Back pressure outlet BC and the moving wall BB
inlet BC using the travelling wave test case. For both the inlet and outlet, the time
derivative extrapolation resulted in a positive feedback loop, where small variations
were picked up and amplified until the solution diverged. Limited success was found
in specific flow cases if a limiter was introduced, where the macroscopic variables at
the boundary were not updated if the estimated time derivative was too small. This
was far from being universally stable however, and in some cases the limiter had
to be turned up to a level where the non-reflective effect was completely nullified.
Noting the behaviour at the boundary when the reflections were suppressed did lead
to a qualitative observation that the flow variables at the boundary must comply
with the wave approaching the boundary to let it propagate out of the system
without reflection. This observation sparked the simple idea of using a zeroth order
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interpolation to the boundary, where the boundary values are simply approximated
by the values in the cell next to the boundary. The idea was refined even further by
considering the question:
o Is there an optimal distance to the boundary for which the reflections would
be completely suppressed?
The extrapolation method used to estimate values at the boundary can be written
on the form

(@ t) = Gy, ) + Lo (6(@1, 1) = (@pan 1)), (3.7)

where L, = Axz/2 is the distance |z, — xw|. In the travelling wave test case, de-
fined in Section 4.2, alternate values for L, which almost completely suppressed the
reflected wave were found for a wide range of simulation parameters and combined
into an empirical relation for L.

3.2.6.1 Accuracy of the New Non-Reflecting Outlet BC

Determining the accuracy of an outlet BC is always of interest. Ideally, the outlet
should be accurate enough so that the domain does not have to be extended very
far from the region of interest, saving precious computing resources. The new outlet
BC described in the last section was first tested on Poiseuille flow, defined in Section
4.3, and then on the cylinder vortex shedding test case, defined in Section 4.4. In
the second case, a simulation in a long domain was compared with a shorter domain,
where the long domain was considered to give the correct behaviour which should
be matched at the outlet of the short domain. The nature of the non-reflecting
outlet BC does not allow specification of pressure (or rather density), which might
cause it to drift slightly. To alleviate this issue, an ambient pressure is allowed to
enter the Anti-Bounce-Back through the py parameter in Eq. (2.91). To keep the
non-reflectiveness and only try to match the ambient pressure when no waves are
propagating through the boundary, a modified expression for py was used:

Po.mod = XPw + (1 — X)po, (3.8)

where

_ ( (@) — p(wb+1>|))>°'°°{ (39)

max (p(xp), p(Lb11

3.2.7 Isentropic Thermal Model

Finally, the isentropic thermal model, introduced in Section 2.4.1.1, was imple-
mented. Practically, the only modification needed was to alter the expression to
calculate the equilibrium distribution from Eq. (2.57) to the form

e CiaUq,
fiq:wip (1+ 2 +

S

(Uauﬂ + (Gop" " — 1)C§5aﬁ) (Cmcw - C§5a6)
- . (3.10)

It was tested on the isentropic vortex convection test case defined in Section 4.5.

45



3. Methods

46



4

Test Cases

Here, the test cases in which the LBM was evaluated are presented. Additional
basic test cases such as Couette flow, backwards facing step, lid-driven cavity, 2D
and 3D cavities as well as flow around a box were defined in the code and used for
benchmarking of the execution speed and stability of the code but not evaluated for
accuracy.

4.1 Channel Hump

A channel with a circular hump is defined in Figure 4.1 with the proportions of the
domain being 25 : 4. The inlet is a moving wall Bounce-Back BC, the outlet is an
Anti-Bounce-Back BC and the walls of the channel, including the hump, use the
symmetric BC. The channel is initialised with the inlet velocity uy, = (uy,0), where
Uy = 0.1 in lattice units, which means Ma = 0.17. The relaxation time is specified
through the kinematic viscosity as

v 1
= =4+ = 4.1
a2ty (4.1)
where the viscosity, in turn, is specified by a Reynolds number defined in terms of

the hump height hpymp:

Uy Ny
Re = —hume, (4.2)
v
The aim of the test case is to see if inviscid behaviour is achievable, meaning the free
slip of the symmetry boundary condition should not create any viscous boundary
layer along the walls or over the hump.

Uy

-} r r = 1.5h

Inlet
Outlet

hhump = 16

v

Figure 4.1: Sketch of the channel hump test case.
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4.2 Travelling Wave

The test case consist of a long channel with limited height (2000 x 10 cells), making
the case essentially 1D, but it is still defined in 2D to be able to evaluate the outlet
BC for a 2D stencil. The inlet is a moving wall Bounce-Back BC, the outlet is
an Anti-Bounce-Back BC and the walls of the channel use the symmetric BC. The
channel is initialised with a velocity ug = (uo,0) and a single sinusoidal deviation
with amplitude v’ = 0.01ug and period ¢, is created at the boundary at ¢ = 0. The
velocity wg is specified through the Mach number Ma = ug/cs and the kinematic
viscosity (which also sets the relaxation time 7) is specified through a Reynolds
number defined as )

Re Y0 (cstp) _ Ma- cStp' (43)

v v

The last rewrite shows that the viscosity is proportional to the ratio Ma/Re. The
purpose of this test case is twofold; on the one hand, the evolution of the propagating
wave through the long channel is of interest, and on the other hand, the reflecting
behaviour of the outlet is tested.

4.3 Poiseuille Flow
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>
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® Bounce-back resting » Bounce-back moving X Anti bounce-back
0 20 40 60 80 100

x-coordinate [-]

Figure 4.2: The Poiseuille lattice with boundary conditions marked.

The Poiseuille Flow is a test case for viscous flow in a channel which, when fully
developed, has the analytical solution

uz(y) = Cy(h —y) (4.4)

for the velocity profile, where C' is a proportionality constant. The test case is set
up according to Figure 4.2. Considering the mass flow balance at the inlet with
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a constant velocity wy, = (uy,0) and the fully developed flow, the proportionality
constant can be computed as

6

B2

C = (4.5)

Consequently, the maximum velocity in the centre of the channel is determined by
inserting this into Eq. (4.4) and evaluating at y = h/2:

3
Uz max = ZUw- (46)

2
The Poiseuille flow has already been used to extensively test the LBM, for example
in the book by Kriiger et al. [1], so the aim here is to primarily use the case to study
how the velocity profile is affected by the outlet BC.

4.4 Cylinder Vortex Shedding

The viscous flow around a cylinder creates an unsteady wake pattern of alternating
vortices usually called a Karmdn vortex street [14]. The geometry of the test case is
defined in Figure 4.3 with the dimensions 600x 200 cells. The simulation is performed
at a Reynolds number of Re = 150, defined in terms of the inlet velocity and diameter
of the cylinder and the Mach number for the inlet velocity is Ma ~ 0.069. The
purpose of using the test case in this thesis is to compare how the Karman vortex
street exits the domain. As a reference, a domain twice as long is used, which is
considered as the 'correct’ behaviour for the length of the short domain.

L

~
Inlet
Outlet

2
Figure 4.3: Sketch of the cylinder vortex shedding test case.
4.5 Isentropic Vortex Convection
The final test case is used to test the isentropic thermal model described in Section

2.4.1.1. There exists an analytical solution to the full unsteady 2D compressible
Euler which introduces a vortex into a homogeneous flow field (with flow variables
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denoted with index 0o) which is convected isentropically with the free stream velocity
Us. The solution is described by the following expressions

X ) 7t 0, ’C — —r
U, (z,y,1) _ Yoo yea(l r2)/2’ (4.7a)
Cs,00 Cs,00 27TCs,oo
“y@a%t) _ Uooy + K Teo(1-7)/2 (4.7b)
Cs,00 Cs,00 271'05700 ’
T(z,y,t) K2(y = 1)
B St A/ S W A /PR CTC S 4.7
Too 8am2c? ¢ ’ (4.7c)
_1
ple,y,t)  (T(x,y,t)\" (4.7d)
Poo Too ’ '
where I and « are the strength and decay of the vortex, respectively, and
T =12 — %) — Usoql (4.8a)
U=1Y—Yo— Uyt (4.8b)
r=\/T?+ y>. (4.8¢)

With the parameters K = 0.125, o = 1, xo = 100, yo = 100, poo = 1 and s, =
Usoy = 0.05, the vortex starts at @ = (100, 100) and is convected to = (300, 300)
in 4000 time steps At. [15] The domain is therefore chosen with the dimensions
400 x 400 cells and the boundary conditions are of the periodic type.
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Results and Discussion

5.1 Code Development

The mesh plotting routine mentioned in Section 3.2.1 was a good exercise to become
familiar with the code structure, and Figure 4.2 showing the Poiseuille test case was
created using this method. The optimisations described in Section 3.2.2 resulted in
a speed up of the code by a factor of 30.

5.2 Test Cases

Here, the results from the test cases defined in the previous chapter are presented.
The structure of this section follows the test cases’ corresponding code developments
presented in Chapter 3. All plots use the non-dimensional lattice units.

5.2.1 45° Symmetry BC

Figure 5.1: Results of the channel hump case at Re = 190.

Figure 5.1, shows that the rough approximation of the hump from Section 4.1 has
created a viscous boundary layer, which is undesired in this situation. Figure 5.2
shows the results for the channel hump with the 45° Symmetry BC implemented
and in Figure 5.3, a close-up of the hump is compared for the two BCs. It is evident
that the new BC performs radically better, but it is still not perfect and a limiting
factor in this case was the Reynolds number. Increasing it any further resulted in
the grid having to be refined to stay above the stability limit of 7 > 1/2. To get
around this problem, the TRT or MRT model described in Section 2.4.3 should be
considered for implementation in further evaluation beyond the work of this thesis.
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Figure 5.2: Results of the channel hump case with the 45° symmetry BC imple-
mented. The boundary layer is much less pronounced compared to Figure 5.1.

(a) Regular

(b) 45°

Figure 5.3: Close up comparison of the two channel hump case for the two different
symmetry BCs. The boundary layer onset is delayed until the trailing half of the
hump in the 45° case while it forms immediately in the regular case.

5.2.2 The Travelling Wave
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Figure 5.4: Density plots along the centre line of the travelling wave case with
7 = 0.51 at two different moments in times.

52



5. Results and Discussion

t =400 t=3100

10005 10008

1.0004+ 1.0004
1.0003+ 1.0003
1.0002+ 1.0002

1.00014 1.0001

[-]1 Ausuap
].f

" 0.99994 T 09999
0.9998-| 09998
0.9997- 099974

0.9996- 0.9996

05995 . . . ) 09995 ‘ . ‘ ‘
0 500 1000 1500 2000 o0 500 1000 1500 2000

length coordinate [-] length coordinate [-]

Figure 5.5: Density plots along the centre line of the travelling wave case with
7 = 1.5 at two different moments in times.

The travelling wave test case in Section 4.2 was tested at different simulation pa-
rameters finding that for low values of 7, the Mach number sensitivity was higher
with a limit at around Ma = 0.1, while higher values of 7 allowed for Mach number
up to around 0.3-0.5. When 7 was kept close to 1/2, to lower the viscosity, the
wave travelled the entire length of the domain without any noticeable dissipation or
distortion. A case where Re = 2000, Ma = 0.05 and subsequently 7 = 0.51 is shown
in Figure 5.4. At higher values of 7, the increased viscosity is clearly noticeable
through viscous dissipation. Figure 5.5 exhibits this behaviour for the parameters
Re = 20 and Ma = 0.05 with resulting 7 = 1.5. Pushing further, the viscous damp-
ing becomes very strong at values of 7 in the range 10-100 and at even higher values
of 7 > 1000, the damping is paradoxically being reduced. (A plot of this is found
in Figure B.1 in Appendix B.) This is because the large 7 value enters the LBGK
through the denominator in the BGK operator, which essentially kills the collision
step of the LBM. This behaviour most likely hold no real physical relevance and
such high relaxation times should generally be avoided.

5.2.3 Non-Reflecting BCs

The CBC is an established method for creating non-reflecting BCs [1], [7], [9] and
it is a bit unclear why this method proved unstable when implemented in the code
for this particular project (as mentioned in Section 3.2.6). The method has even
been successfully applied to an Anti-Bounce-Back boundary before, albeit with the
MRT model [7]. Tt does not seem that likely that the stability problems were caused
primarily by this discrepancy alone, since divergence problems were encountered for
a wide range of 7. As stated before, the only major stability problems in the LBGK
single relaxation time model were found at 7 close to 1/2 and too large Mach num-
bers. Instead, one possible cause is errors in the floating point arithmetic. When
subtracting or dividing two similarly sized floating point numbers, the precision is
greatly compromised. In the extrapolation steps, there are both subtraction and
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division operations that might introduce these types of errors, especially the estima-
tion of gradients when the real gradients are zero. A small error in the estimation
creates a non-zero gradient which serves as a feedback loop when the BC is reacting
to the resulting ill-posed specification of values at the boundary. This theory would
also explain why some success were had when the estimated time derivatives were
given a lower limit, since this counteracts the feedback loop being entered at times
when the boundary values should remain stable. One strategy that might alleviate
or completely solve this problem would be to reformulate the CBC algorithm in such
a way that the order of operations in the final expressions for the values entering
the boundary condition are chosen to minimise floating point errors.

5.2.3.1 Alternate Strategy

Figure 5.6 shows that the strategy of zeroth order interpolation described in Section
3.2.6 did result in the reflected wave being mostly suppressed. It also proved stable
for every flow case it was tested on.

t=3200 t=23800
1.0005- 1.00054
1.0004- 1.0004
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1.0002 1.0002
., 100014 _ 100014
5 £
E 1 : 1
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0.9998 0.9995|
0.99971 0.9997 |
0.9996 0.999¢|
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Figure 5.6: Density plots along the centre line of the travelling wave case with
7 = 0.51 at two different moments in times.
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| 7 [ Ma=0.01 ] Ma=0.02] Ma=0.05]Ma=0.1] Ma=0.2]

0.52

0.197 0.195 0.185 0.175 0.146
0.6 0.152 0.150 0.145 0.136 0.117
0.9 -0.018 -0.016 -0.011 -0.005 0.004
1.0 -0.075 -0.072 -0.064 -0.053 -0.034
1.5 -0.357 -0.349 -0.325 -0.288 -0.224
2.1 -0.697 -0.682 -0.638 -0.571 -0.452
2.5 -0.925 -0.904 -0.847 -0.760 -0.604
3.0 -1.207 -1.182 -1.109 -0.996 -0.794

Table 5.1: Optimal values for L, to three decimals for which the wave in the test
case from Section 4.2 was maximally suppressed during reflection at the outlet.

The refined strategy was used on the travelling wave test case, finding values
for L,, which almost completely suppressed the reflected wave for a wide range of
simulation parameters summarised in Table 5.1. For a fixed Mach number, the
relation between 7 and L, is almost perfectly linear. Performing linear regression

on the columns in Table 5.1 results in the line equation coefficients shown in Table
5.2.

| | Ma=0.01 [ Ma=0.02 ] Ma=0.05| Ma=0.1 | Ma=02 |
a [ -0.5662942 | -0.5550212 | -0.5220819 | -0.4718248 | -0.3794484
b || 0.49168585 | 0.48335712 | 0.45795416 | 0.41956457 | 0.3447394

Table 5.2: Coefficients for linear regression made on the columns in Table 5.1,
where Ly, = a7 + b.

The rows in Table 5.2 are also almost linearly related to the Mach number,
although not as close as the relation between between 7 and Ly,. Performing linear

regression once again results in an empirical expression for L, as a function of 7
and Ma:

Ly (7, Ma) = (0.98073536Ma — 0.5734699)T — 0.7715106Ma + 0.49809503.  (5.1)
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Figure 5.7: The 2D cylinder test case comparing the velocity field for the standard
and non-reflective outlet at a moment in time where the wake is still building up.
Left: 2D view split along the centre line with non-reflective on the lower half. Right:
1D view along the centre line. Both pictures show that most of the lingering waves
of the standard case has exited the system in the non-reflective case.

Eq. (5.1) was implemented and confirmed to be working as intended and in
a stable manner for the entire range of 7 listed in Table 5.1 and for Mach numbers
between 0.001 < Ma < 0.3. Using values of L, < —1.2 proved unstable, so the
function in Eq. (5.1) was limited to never go below this value. This means that
the non-reflectiveness deteriorates for 7 > 3.0, although in this regime, the viscous
dissipation is already high enough to dampen out acoustic waves anyway. In Figure
5.7, the empirical relation in Eq. (5.1), is confirmed to be effective at suppressing
reflection of waves generated at initialisation also in the cylinder test case from
Section 4.4. In 3D, the formulation with varying L, also turned out to be unstable,
so the recommendation is to set L,, = 0, reducing to the zeroth order version of
simply copying values to the boundary. This version remained stable, and simply
due to all the additional space for waves to traverse in 3D compared to 2D, they
seem to spread out and pose less of a problem. This thesis focused primarily on 2D
cases, so further work would is needed for proper evaluation in 3D.
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5.2.3.2 Accuracy of the New Non-Reflecting Outlet BC
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y-coordinate [-]

(b) Non-reflecting

Figure 5.8: Comparison of the velocity profile for Poiseuille flow at fully developed
conditions (black curve) and at the exit (orange curve) for two verisions of the outlet.

When evaluating the accuracy of the new outlet on the Poisuille test case, the fully
developed velocity profile is seen for a considerable length of the domain, but close to
the outlet it is warped, indicating inaccuracies in the BC. The original Anti-Bounce-
Back is not perfect either, though, as seen in the comparison made in Figure 5.8.
Dubois et al. [16] also notices this and suggest replacing the Anti-Bounce-Back
scheme with regular moving Bounce-Back for the oblique links at the boundary.
These results were able to be reproduced, although the solution is not deemed as a
viable replacement, since this version of the BC caused diverging solutions in most

other cases it was evaluated.
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Figure 5.9: Comparison between non-reflecting outlet and standard outlet in the
cylinder vortex shedding case. The goal is to match the long domain as closely as
possible at the outlet. Above: The short domains are divided along the centre line
with the non-reflecting at the bottom. The non-reflecting appears to match the long
domain better at the outlet. Below: The density plotted along the centre line. Right
at the outlet, the standard outlet does not match very well, but the non-reflecting
has drifted and acquired an offset.

In Figure 5.9, the comparison is made between the reflecting and non-reflecting
BCs for the cylinder vortex sheddeing test case from Section 4.4, showing that non-
reflecting BCs seems to perform better at the outlet. There is a very noticeable drift,
though, as discussed in Section 3.2.6.1. Implementing the modified expression for p
in Eq. (3.8) provided the best match with the long domain for the vortex shedding
case, as shown in Figure 5.10. The non-reflective behaviour was also confirmed to
remain intact for the travelling wave case with this modification.
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Figure 5.10: Comparison between the modified non-reflecting outlet and the long
domain in the cylinder vortex shedding case. Above: The short domain is divided
along the centre line with the non-reflecting at the bottom. Below: The density
plotted along the centre line. The modified outlet matches the long domain better
than any of the versions in Figure 5.9.

5.2.4 Isentropic Thermal Model

The results of the test case in Section 4.5 are shown in Figure 5.11. Looking at
the velocity field, the vortex seem to be convected without major distortion or the
vortex dissolving. There is noticeable viscous dissipation, however, and the flow
parameters were chosen right at the edge of stability, preventing further reduction
of the viscosity for that level of mesh refinement. The density field reveals that there
are acoustic waves created at the initialisation. This serves as a good demonstration
of the difficulty in properly initialising the full mesoscopic picture, as mentioned in
Section 2.3.4, and that the equilibrium state is not always a good choice of initial
state. It also hints at the energy, density and fluid velocity not being coupled in
an entirely correct manner. However, the magnitude of the density fluctuations are
small enough to consider the case incompressible and the density assumed constant.
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Figure 5.11: Velocity magnitude and density plots at different moments in for
the isentropic vortex convection case. The plots are made along a diagonal line
aligned with the free stream velocity. The vortex is preserved in shape but reducing
in magnitude due to the viscosity with some small acoustic waves as noise in the
picture. The density plot shows how the acoustic waves mostly dominate in the
density field.

5.3 Further work

The results of this thesis work has gained plenty of insights to consider when using
the Lattice-Boltzmann method of which many point to interesting extensions for
the method. First of all, the potential for GPU parallelisation could be explored.
The MRT or TRT models are also interesting to look into, to allow for higher Re
while keeping the required grid refinement in check for stable simulations. Further
evaluation of thermal models, such as the DDF model, are of great interest as well.
Finally, reformulations of the discretisation along with other proposed models are
of interest to unlock the capability of simulating high Mach number flows.
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Conclusion

The results of this master’s thesis can be used to draw the following concluding
remarks:

e The standard LBM is an elegant reformulation of the fluid dynamics and
performs well within its limitations.

e One of the very promising features is the potential for parallel computing on
the GPU.

o To increase the capability of the method, extensions, of which there are many;,
can be used.

o The method is has the stability condition of 7 > 1/2. Close to this limit, the
Mach number limit is stricter.

o The link-wise BCs are simple to implement but not always accurate enough.

o The LBM does not suffer from any noticeable numerical dissipation, although
it is always viscous, which makes it very difficult to replicate inviscid flow
conditions.

» Even for a completely known macroscopic state, initialisation of a simulation is
a challenge, since there are multiple possible mesoscopic states corresponding
to a single macroscopic one.

e The method in its standard form is weakly compressible, making it suitable
for simulating acoustics. This might also be negative since unwanted acoustic
noise is easily introduced at initialisation.

It is possible to create non-reflecting BCs which allow acoustic waves to smoothly
exit the simulation domain.
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A

Derivations and Calculations

In this appendix, full derivations and calculations deemed too lengthy or detracting

from the primary focus to include in the main text are presented.

A.1 Hermite Polynomials to Second Order

The generating formula for the d-dimensional Hermite polynomial of n-th order was

presented in Eq. (2.43):

n n 1 n
HO) (@) = (-1 -V ().
where
1
w(x) = <27T>d/2e 2,

The first two partial derivatives of w(x) in Eq. (A.1) are:

ViP(e) = (o) = e 7 () = (o),
V() = 5 g(®) = Ou(—ae(a)) = —2s0(w) = wl@)oas

= (=) (=zaw(®)) = W(T)dap = (Tatp — dap)w(@).

d

¢_, 72, the partial derivative with respect to z, is

Note that since x? =
Dox? = 2x,,.

Below, the HPs up to second order (n = 0, 1,2) are computed:

HO(@) = (-1 VO] = 1,

1 1/??/)/ 1
HM(z) = (-1) @V&)W(w) = T,
HY () = <—1>2@v‘£w<w> = Tap — Oap

(A.1)

(A.2)

(A.3)

(A.5a)

(A.5b)

(A.5¢)



A. Derivations and Calculations

A.1.1 HP Series Expansion of the Equilibrium Distribution

The HP series expansion for the equilibrium distribution from Eq. (2.46) truncated
to second order and with the substitution n = (¢ —u)/v/# in the a™*9 coefficient
integral reads

2

Fo(p.10.6, ) = wl€) D 0V (p, . 0) - HOE),
n=0 """ (A.G)

a™*(p, u,0) = p / w(n)H™ (Von + u) d'.

To compute the integrals, which share some similarities with the one in the derivation
of the Maxwell speed distribution in Section 2.2.3.7, the following results will be of
use:
 For a spherically symmetric integrand (such as e_m2) integrated over the entire
d-dimensional ax-space, the substitution from Eq. (2.24) can be performed:

d%z = S, rtdr, (A.7)
where 0 < r = || < co and
27Td/2
Sdfl - . (A8)
L'(5)

o For a separable, sufficiently well behaved function

f(®) = g(xa)h(T1, ..., Tas1, Tagls - Td), (A.9)

where ¢(z,) is an odd function (such as z7°dd  where n.qq is an odd integer),
any integral over f spanning —oo < x, < 0o evaluates to zero:

/f(w) e ZMO/hdd_lx =0. (A.10)

» The slightly more general form of the definite integral in Eq. (2.28) found in
the formula collection [5] can be written as

gl

cd/

(I8

)

. (C,d>0). (A.11)

\}

A1, —Ca?
/ eV dx =
0

 The HPs in Egs. (A.5) with the argument & = v/#n + w reads:

HO (Von +u) =1, (A.12a)
HY (Vo +u) = Vona + ua, (A.12h)
HY) (VOn +u) = (VO +ua) (VOns +us) — dag

= 0nans + VO(Nats + Nptia) + Uatts — dap. (A.12c)

IT



A. Derivations and Calculations

First up, the coefficient a(®°4

Egs. (A.2) & (A.12a)
l
)eq __ d, __ P -n?/2 1d
p/ f’n—i—u)dn (27T)d/2/e dn
Eq. (A.7) Eq. (A.11) Eq. (A.8)

! | ipedy | d
ZP(;j)dl/z/o ri=le 2 dr = p 57’:,” 2] ZME/%:[)' (A.13)

Secondly, the coefficient a!)-¢d

Egs. (A.2) & (A.12b)

al et = p [wmHP (Vi +u)dhy - e ] 7 (Vo o) '

0
= (%f;d/z (\/5 W + Uy / e 2 ddn) (A.14a)

The integrand nae_"2/ 2 is odd in 7, and by Eq. (A.10), the first integral on the last
line vanishes. The remaining integral is identical to the one in Eq. (A.13):

Eq. (A.13)

!
™

Finally, the coefficient a(®-d:

aﬂ )ed = p/ \/_’r’ + U)
Egs. (A.2) & (A.12¢)
l P

~ (2m)in /e_"2/2 (0%% + VO(naus + npua) + tatig — 5a5) dy (A.15a)

This integral is split into

p@ a2
(@m)i /77a77ﬁe T, (A.15b)

27r o ( W—l— UQM (A.15¢)
(A.13)

p(Uatis — Oap) -n2/2 1d i (0),eq __
i /e T2d% = (uqug — dap)at* = p(uatp — 0ag). (A.15d)
The integrals in Eq. (A.15¢) have the same integrands as the vanishing integral in
Eq. (A.14a) and thus, sum to zero. In Eq. (A.15d), the integral is identical to the
one in Eq. (A.13). The integral in Eq. (A.15b) evaluates to zero for any a # ( by
the argument for odd integrands. To keep the index notation, 7,75 can be replaced
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A. Derivations and Calculations

by d.sm?/d, which is equal to n,ns precisely when o = 3. The integation can then
be completed:

0 6.
/ Natge /2 diy = P50 nze"’mddn

(27)4/2 (2m)d/2 d
Eq. (A.7) q. (A.11)
i Sa-1 fsai patle=r?/2 i o0 Sa-1 5a5 2 (d;rQ)
P em)ird (2m)*> d (5)tP
F(z +1) =2I'(2)
Sd 1 5(16/%/F lpgsd—l(s‘)‘ﬁdp (é)
i et
Eq. (A8)
W 5a5

%W = phss. (A.1be)
Combining Egs. (A.15e) and (A.15d) back into Eq. (A.15a) to finally finish the
calculation of a(®-d:

a((ffé))’eq = p(UQUg — 5@6) + p95a/3 = p(uau5 + (9 — 1)(5a5). (A15f)

Before putting it all together, the HPs from Eqs. (A.5) and the coefficients from
Egs. (A.13)-(A.15) are neatly summarised below:

HO(z) = 1, a®*(p,u,0) = p
H{(x) = 2, al"*(p, u,0) = puq (A.16)
(

HSﬁ)(w) = ToTs — Oap, %QB) “Up,u,0) = p(uauﬁ + (6 — 1)5a5),

To arrive at the expression for f°¢ in Eq. (2.49), all terms from Eq. (A.16) are
simply inserted into Eq. (A.6):

2

Fo(p,,0,8) = w(€) Y- " (p,u,6) - H(€)
n=0 """

1 e 1 e 1 2),e 2
= w(§) (A HOE) + ol HD (@) + o) HEE))

=)0 (14 a5 (atts + (0= 1das) (s — ap) ) - (A17)

A.2 Velocity discretisation of the PDF

The HP series expansion coefficients for the PDF reads
a™ (x, 1) = / F(a, e, ) H™ (¢) d’e. (A.18)
Splitting f into an equilibrium and a non-equilibrium part (f"*4 = f — f°9) yields

a™ (x,t) :/feq(a:,c,t)H(”)(c) ddc—i-/fneq(az,c, tYH™ (c) de. (A.19)
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A. Derivations and Calculations

The first term is just the equilibrium coefficient @4 and can be integrated exactly
using the Gauss-Hermite quadrature rule as done in Eq. (2.53):

al =3 ST e N () = 3 @ ) H e, (A20)
The integrand in the second term is multiplied and divided by w(e):
/ZEZ;f“Gq(w, c, t)H™ (c) d% (A.21)

Restating the Gauss-Hermite quadrature rule from Eq. (2.50)

/ w(e)PM(e) de = ﬁdf w0 PN (e), (A.22)

=0
with the condition on the required number of abscissae
. N + 1'
-2
Comparing Egs. (A.21) and (A.22), reveals that the Gauss-Hermite rule can be
applied if

(A.23)

fred(z, e, t)

e H™(¢) = PM(e). (A.24)

H (”)(c) is already a polynomial with a maximum degree of n = 2, since the mo-
ments considered are up to second order. The remaining factor of Eq. (A.24) is
approximated using a polynomial series expansion:

fneq(w7 c7 t)

~ PN (¢). .
() P (c) (A.25)

The degree of this polynomial is limited by the number of abscissae required to
integrate f°4. The HP series expansion of the equilibrium distribution is truncated
at second order giving a total of N = 4. From the condition in Eq. (A.23), n > 5/
is obtained, but since n is an integer, the lowest possible value is 7 = 3. To match
this degree in Eq. (A.24), up to N = 5 may be chosen leaving a maximal degree
of N —n = 3 to the polynomial series expansion in Eq. (A.25). This is one degree
higher than the equilibrium distribution with an error of O(u?), giving the error for
the discretisation of f"°d as one order higher at O(u?). Applying the rule then looks
like

d z ez, e, t) H™ (c) de %/ PN (¢)dlc = Zw»P(N) (¢)
=" w, PN (¢ VH™ (¢ aneq x, t)H™ (¢;). (A.26)
Combining Egs. (A.20) and (A.26) into Eq. (A.19) finally yields
a™ (x, 1) / flx, e,y H™ (e) dlc ~ S fi(z, t) H™ (c,), (A.27)
with .
fi(z,t) ~ w(c:)f(w7ci’t)' (A.28)
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Figures and Tables

Additional figures and tables are found in this appendix.

B

Table B.1: Commonly used stencils in 1-3 dimensions with velocities ¢; of magni-

tude |¢;|, weight w; and numbering . This is an expanded version of table 2.1.
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B. Figures and Tables

Table B.1: Commonly used stencils in 1-3 dimensions with velocities ¢; of magni-
tude |¢;|, weight w; and numbering . This is an expanded version of table 2.1.

Stencil | ¢; lei| | w; | @
D3Q19 | (0,0,0) 0] %0
(1,0,0) 1 | Vs | 1
(—1,0,0) 1 s | 2
(0,1,0) 1 is | 3
(0,—1,0) 1 | Vs | 4
(0,0,1) 1 | s | 5
(0,0,—1) 1 | Vs | 6
(1,1,0) V2| Ve | T
(=1,-1,0) | V2| %6 | 8
(1,0,1) V2| Vs | 9
(=1,0,—1) | V2| Vs | 10
(0,1,1) V2 | Vs | 11
(0,—1,—1) | V2| Vs | 12
(1,—1,0) V2| Vs | 13
(—1,1,0) V2 | Vs | 14
(1,0, 1) V2| Vs | 15
(-1,0,1) V2| Vs | 16
(0,1,-1) V2 | Vs | 17
(0,-1,1) V2 | Vs | 18
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B. Figures and Tables

Table B.1: Commonly used stencils in 1-3 dimensions with velocities ¢; of magni-
tude |¢;|, weight w; and numbering . This is an expanded version of table 2.1.

Stencil | ¢; lei| | w; | @
D3Q27 | (0,0,0) 0 [% |0
(1,0,0) 1 | %7 | 1
(—1,0,0) 1| %7 | 2
(0,1,0) 1 | %7 | 3
(0,—1,0) 1 | %7 | 4
(0,0,1) 1 | %7 | 5
(0,0,—1) 1 | %7 | 6
(1,1,0) V2| Vea | T
(=1,-1,0) | V2| Y1 | 8
(1,0,1) V2| Ve | 9
(=1,0,—1) | V2| Vs | 10
(0,1,1) V2 | Ve | 11
(0,—1,—1) | V2| Vs | 12
(1,—1,0) V2| Ve | 13
(—1,1,0) V2 | Vs | 14
(1,0, 1) V2 | Vsa | 15
(—=1,0,1) V2| Ve | 16
(0,1, 1) V2 | Vs | 17
(0,-1,1) V2 | Ve | 18
(1,1,1) V3| Vaie | 19
(=1,—1,-1) | V3 | Va6 | 20
(1,1,—1) V3 | Veis | 21
(—1,—1,1) | V3| Yais | 22
(1,-1,1) V3 | Vais | 23
(—-1,1,-1) V3 | Vais | 24
(=1,1,1) V3 | Vaie | 25
(1,—1,—-1) | V3| Va6 | 26
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Viscous damping
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Figure B.1: The viscous damping of the travelling wave case from Section 4.2. The
final amplitude u.,, is given in terms of 7 and normalised by the initial amplitude

Ul The maximal damping occurs at 7 ~ 100 before increasing again.
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