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Hydrodynamic Memory Kernel Extraction of a Microfluidic Particle with Machine
Learning Based Kernel Estimation
NILS STRÖMÖ
EESHAN KEDAR
Department of Mechanics and Maritime Sciences
Division of Fluid Dynamics
Chalmers University of Technology

Abstract
The accurate simulation of Brownian particles in confined microfluidic environments
requires resolving hydrodynamic memory effects, which introduce a nonlocal depen-
dence between the particle’s velocity history and the instantaneous hydrodynamic
force. This memory is captured by a convolution integral involving a memory kernel
tensor extracted from direct numerical simulations (DNS). However, both DNS and
the subsequent kernel optimization are computationally expensive, and the opti-
mization can suffer from numerical artifacts that compromise physical realizability.
In this work, we improved the existing kernel optimization framework by refining
the simultaneous optimization of the full kernel tensor and implementing corrective
measures that enhance accuracy for problematic cases where the original optimiza-
tion produced erroneous results. Using these improvements, we perform DNS in two
confined geometries at three confinement levels. Particle-wall distances are sampled
to prioritize resolution of the variation of hydrodynamic memory near walls, edges,
and corners.
A comprehensive library of memory kernels was generated across 84 unique positions
for the cube and 28 positions for the channel. Finally, we developed a machine
learning surrogate model that predicts the memory kernel directly from the particle’s
position relative to confining walls, bypassing the need for expensive DNS. The
surrogate model was trained on the DNS-generated kernel library and demonstrates
accurate prediction of particle dynamics at a fraction of the computational cost. A
comparison between different models and hyperparameter search led to Long-short
term memory unit being the most accurate. This approach provides a pathway
toward efficient, physically consistent simulations of particle motion in geometrically
complex microfluidic systems.

Keywords: Direct Numerical Simulation, Brownian Motion, Machine Learning, La-
grangian Particle Tracking.
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Nomenclature

Below is the nomenclature of parameters, and variables that have been used through-
out this thesis.

Latin symbols

C(t) Velocity autocorrelation function
D Diffusion coefficient
FH Hydrodynamic force
F̃ Random (fluctuating) force
h Distance from the particle centre to the wall
K Memory kernel tensor
Kij Memory kernel components
kB Boltzmann constant
L Domain size
mp Particle mass
p Pressure
Rep Particle Reynolds number
rp Particle radius
S Spectral intensity of the Brownian force
T Temperature
ui Fluid velocity
v Particle velocity
Vrms Root-mean-square thermal velocity
xi Spatial coordinate
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1
Introduction

1.1 Background
Microfluidic devices have become increasingly prevalent in applications ranging from
chemical reaction engineering to biomedical diagnostics [1], [2]. These systems ma-
nipulate small volumes of fluids within channels of sub-millimetre dimensions, where
physical phenomena such as diffusion and surface forces dominate over inertial effects
[1]. The design and optimisation of microfluidic devices require accurate predictive
models of particle transport, particularly when particles approach confining walls or
interact with surrounding boundaries [3]. At these small scales, particle transport
is no longer purely deterministic. Particles suspended in such devices exhibit Brow-
nian motion, which becomes significant when their size is comparable to the length
scales of the flow.
Brownian motion can be described as the random motion of particles when they
are suspended in a medium. As the motion occurs at very small length and time
scales, it plays a crucial role in transport phenomena at micro- and nano-scales, and
its cumulative effect can influence the performance of microfluidic systems [4]. In
applications such as lab-on-chip devices, biomedical diagnostics, and particle ma-
nipulation technologies, Brownian-induced diffusion can alter particle trajectories
and overall device functionality [2], [5].
The motion of a Brownian particle generates a disturbance in the surrounding fluid
that evolves over finite time scales as momentum diffuses through the fluid. Con-
sequently, the hydrodynamic force acting on the particle depends not only on its
instantaneous velocity but also on its velocity history, giving rise to hydrodynamic
memory effects [6]. As a particle approaches a solid wall, edge, or corner, these
hydrodynamic memory effects are modified due to the presence of the boundary.
Understanding how confinement alters the hydrodynamic response is essential for
predicting particle behaviour in microfluidic devices, where particles frequently in-
teract with nearby walls [3]. The history-dependent hydrodynamic force can be
expressed as a convolution integral between a memory kernel tensor K(t) and the
particle velocity history V(t):

FH(t) = −
∫ t

0
K(t − τ)V(τ) dτ. (1.1)

The memory kernel encapsulates the combined effects of drag, added mass, and
history forces. Extracting accurate memory kernels for various positions and ge-
ometries is therefore a prerequisite for developing efficient and predictive models of
Brownian particle transport in microfluidic systems.
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1. Introduction

1.2 Previous Work and Literature Study
The theoretical description of Brownian motion has evolved considerably since the
seminal works of Einstein and Langevin, with the generalized Langevin equation
(GLE) now providing a rigorous framework for incorporating hydrodynamic mem-
ory effects through the memory kernel formalism. This section reviews the key
developments in this area, beginning with the classical Langevin equation and its
limitations for neutrally buoyant particles, followed by the extension to the GLE
and the role of the memory kernel in capturing unsteady drag forces. Finally, the
work of Michael et al. is examined in detail, as their methodology provides the
foundation for the present study.

1.2.1 Langevin equation
The pure-diffusion model of Einstein, while successful at long times, suffers from
several deficiencies: it neglects particle inertia, predicts no ballistic regime at short
times, and gives rise to an unphysical velocity autocorrelation function [7], [8]. These
deficiencies were addressed by Langevin in 1908, who proposed an equation of mo-
tion that includes both a deterministic friction force and a stochastic random force,
enabling a more complete description of Brownian dynamics across time scales [9].
Langevin’s approach is based on Newton’s second law and treats the Brownian par-
ticle as a massive object whose velocity is well-defined. The surrounding fluid exerts
two distinct types of forces on the particle: a deterministic drag force proportional
to the instantaneous velocity, and a fluctuating force that represents the cumulative
effect of molecular collisions. The resulting equation of motion is

m
d2x

dt2 = −ζ
dx

dt
+ F̃ (t), (1.2)

where m is the particle mass, ζ is the friction coefficient, and F̃ (t) is the random
force. The random force is modelled as a Gaussian white noise process with zero
mean.

The limitation of this description first became apparent with the advent of computer
simulation. In a series of molecular dynamics studies through the 1960s, Alder and
Wainwright were able to follow the motion of individual particles directly and track
the decay of the Velocity Autocorrelation Function (see Section 2.1.1.2) over time.
Rather than the rapid exponential decay implied by Langevin’s instantaneous drag,
they observed that the correlation persisted, vanishing only slowly at long times [10].
The matter was settled in 1970, when they established that this long-time behaviour
follows an algebraic decay, C(t) ∼ t−d/2, where d denotes the spatial dimension of
the domain [11], a scaling shortly confirmed by independent numerical solutions
of the Navier–Stokes equations. This finding exposed a fundamental limitation of
Langevin’s description. Its memoryless friction term cannot reproduce the slow
decay of the VACF.
The discovery of the algebraic long-time decay of the VACF motivated several the-
oretical approaches aimed at explaining the role of fluid inertia and hydrodynamic

2



1. Introduction

interactions. These include hydrodynamic formulations based on the linearised
Navier–Stokes equations, generalized Langevin equation (GLE) formulations derived
from fluctuating hydrodynamics, mode-coupling theory, and kinetic theory [12], [13].
Although these approaches differ in their underlying assumptions and mathematical
formulation, they all account for the inertia of the surrounding fluid and predict the
same asymptotic algebraic decay of the VACF.
In the hydrodynamic approach, the fluid is treated as a continuum governed by
the linearised Navier–Stokes equations, and the hydrodynamic force acting on the
particle is formulated as a frequency-dependent generalisation of Stokes’ law [14].

In the mode-coupling approach, the slow decay of the VACF is attributed to the cou-
pling between the tagged particle’s motion and the long-wavelength collective modes
of the fluid, whose momentum relaxes only on the slow viscous time scale. This cou-
pling produces the algebraic t−d/2 tail, with an amplitude that can be expressed
entirely in terms of the fluid transport coefficients and equilibrium thermodynamic
quantities [15], [16]. Ernst, Hauge and van Leeuwen further showed this descrip-
tion to be formally equivalent to the hydrodynamic picture based on the linearised
Navier–Stokes equations.
In the kinetic-theory approach, the long-time tail is derived directly from the mi-
croscopic collision dynamics. By summing correlated sequences of collisions (ring
collisions), the same t−d/2 decay is recovered, with an amplitude expressed in terms
of the collision frequency and the reduced density [17].
Of these, the present study adopts the generalized Langevin equation, as its memory-
kernel formulation captures the history-dependent hydrodynamic force directly and
extends naturally to the confined geometries considered here.

1.2.2 Generalized Langevin equation
The slow decay of the VACF described above reflects the unsteady nature of the
hydrodynamic force acting on a moving particle, an effect that the classical Langevin
equation omits. This force was first characterised by Boussinesq and Basset, who
showed that the force on a spherical particle in unsteady motion comprises three
contributions, namely the steady Stokes drag, an added-mass force arising from fluid
inertia, and the Basset history (or memory) force, which accounts for the viscous
diffusion of momentum in the surrounding fluid [6], [18]. At low particle-to-fluid
density ratios the history force becomes significant, and the hydrodynamic force can
no longer be represented by the steady Stokes drag alone. The classical Langevin
equation is therefore insufficient to describe Brownian motion whenever fluid inertia
and hydrodynamic memory effects are appreciable.
The generalized Langevin equation (GLE) addresses these effects within the frame-
work of fluctuating hydrodynamics [12], [13]. By replacing the constant drag coeffi-
cient with a memory kernel, it captures the history dependence of the hydrodynamic
force while preserving the fluctuation-dissipation theorem (Section 2.1.1.1) through
a temporally correlated, or coloured, stochastic force.

3



1. Introduction

1.2.3 Hydrodynamic memory under confinement
The preceding results describe a particle in an unbounded fluid, whereas the parti-
cles of interest in microfluidic devices move close to solid boundaries. The presence
of a boundary breaks the symmetry of the surrounding flow and modifies the hy-
drodynamic force acting on the particle. Kim and Karrila note that the appropriate
analytical treatment depends on the ratio of two length scales, the particle radius
and its distance from the wall [19]. When the particle is far from the wall compared
with its own size, the flow can be built up by the method of reflections. The wall is
accounted for by adding image singularities that correct the boundary conditions in
successive steps. Lorentz introduced the image technique for a sphere near a plane
wall, which gives the leading correction to the mobility [20]. Faxén later applied
the method of reflections to the same problem and obtained a higher-order series
for motion parallel to the wall, reducing to Lorentz’s result when truncated at lead-
ing order [21]. Happel and Brenner collect these and related results for particles
of arbitrary shape and for a range of wall geometries [22]. Both treatments show
that the wall reduces the mobility of the particle, and that motion perpendicular
to the wall is hindered more than motion parallel to it. Liron and Mochon, and
later Hackborn, obtained analytical solutions for the flows produced by Stokeslets
and rotlets in channels bounded by two parallel plane walls [23], [24], results that
have since served as a basis for numerical work [19]. These analytical treatments are
restricted to steady motion and to simple planar wall configurations, and they do
not describe the history-dependent hydrodynamic force acting on a particle in the
more complex geometries encountered in microfluidic devices. This has motivated
approaches in which the memory kernel is instead determined directly from resolved
simulations of the confined flow.

1.2.4 Memory-kernel extraction from DNS
Recently, Michael et al. [25] proposed a continuum-based framework for simulating
Brownian motion using direct numerical simulation (DNS). Their multiphase DNS
resolves the hydrodynamic forces acting on a particle, from which the hydrodynamic
memory kernel is identified using the particle velocity history. This kernel is subse-
quently used to generate a coloured Brownian force consistent with the fluctuation-
dissipation theorem, while the generalized Langevin equation is employed to evolve
the particle trajectory.
Michael et al. further extended this methodology to confined geometries by deter-
mining hydrodynamic memory kernels for Brownian particles near solid boundaries
[26]. These kernels were incorporated into a Lagrangian particle tracking (LPT)
framework, enabling particle trajectories to be predicted without relying on an-
alytical force models or empirical wall-correction factors. The methodology was
demonstrated for a Brownian particle migrating towards a wall in a microfluidic
device.
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1.3 Aim
This project has two aims. The first is to study how confinement modifies hy-
drodynamic memory while improving the optimisation framework used to extract
memory kernels from DNS data. Extracting memory kernels in this way is computa-
tionally expensive, since a separate resolved simulation is required for every particle
position, so building a library that covers a confined domain demands many such
simulations. Using the library in a reduced-order particle tracking model adds a fur-
ther cost, because the kernels must be interpolated between the sampled positions,
which introduces error where the kernel varies most rapidly. A model that pre-
dicts the kernel directly from the particle’s position and environment would address
both issues, replacing the per-position simulations with a single trained predictor
and generating kernels on demand rather than by interpolation. The second aim is
therefore to develop a machine learning model that predicts these memory kernels
in place of direct numerical simulation (DNS).

1.3.1 Optimisation of the DNS Framework
While the existing kernel optimisation framework identifies the memory kernel that
best matches the simulated hydrodynamic force and velocity history in the cases
with planar wall boundaries, significant errors in the extracted kernels were observed
due to deficiencies in the optimisation process when it came to domains where the
particle was confined in multiple directions. The present work addresses these issues
through a range of modifications and improvements to the optimisation framework,
aimed at improving robustness, physical consistency, and the overall accuracy of the
extracted memory kernels.

1.3.2 Confinement Effects Across Domain Sizes
To study how confinement modifies hydrodynamic memory, simulations are per-
formed in a cubic domain and a square channel at three sizes: 30rp (negligible wall
effects, unbounded reference case), 10rp (moderate confinement), and 5rp (strong
confinement). Within each domain, the particle is simulated at specific positions to
capture the effects of being at the centre, near a single wall, near an edge (two walls),
and near a corner (three walls). These positions are selected by recursively dividing
the distance from the wall by h1/3, with h being the wall correction factor. Starting
from the centre of the domain, successive positions are calculated as d2 = d1/h1/3,
with d being the distance to the wall, until the wall is reached. This procedure is
applied independently in all three spatial coordinates, generating a grid of positions
that resolves the rapid variation of hydrodynamic memory near confining surfaces.
At each position, the particle is subjected to an excitation sequence of seven distinct
forcing directions to study its hydrodynamic response to Brownian forces. Compar-
ing the extracted memory kernels across positions and domain sizes quantifies how
confinement progressively influences particle dynamics.
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1.3.3 Replacing Direct Numerical Simulation with Machine
Learning

The final aim of this project is to create a Machine Learning model that learns from
generated DNS data and is able to replicate the computational behaviour of the
DNS solver and extrapolate to further geometries. The benchmark for such a model
is the ability to replicate the Direct Numerical Simulation spatial evolution of the
particle. That is, that the DNS solver and the ML model share similar paths for
the particles movement through space. A smaller or very small difference between
paths would mean that the ML model is robust and applicable.
When one aims to simply replace a DNS solver completely, the consistency, accuracy
and adaptability is what makes a good ML model great. This project aims to
engineer an ML model that is able to replicate the DNS solvers Memory Kernels
accurately. Further, it aims to reproduce the complexity and cross correlation that
is found in the data. The ML model should be able to consistently be able to
generate memory kernels similar or exactly to those generated from the DNS solver.
Moreover, it should be able to be adaptable to different environment geometries,
particle sizes and fluid properties.
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2
Theory

This chapter presents the theoretical background for the work in three parts. It
first establishes how hydrodynamic memory arises in Brownian motion and how it
is captured by the generalized Langevin equation through a memory kernel. It then
describes the immersed boundary method used to resolve the fluid flow around the
particle and extract the memory kernel. Finally, the machine learning framework
used to predict the memory kernels is introduced, providing a means of obtaining
them without performing a full simulation at every particle position.

2.1 Generalized Langevin Equation and Memory
Kernels

The Langevin equation provides a fundamental description of Brownian motion by
balancing particle inertia with a velocity proportional drag force and a random force
[9]. From a hydrodynamic perspective, this equation assumes that the fluid responds
instantaneously to the particle’s motion. This assumption is valid only when the
particle is much denser than the fluid [6]. For particles with density comparable to
that of the fluid, the flow field induced by past motions decays slowly and creates a
memory effect. The present hydrodynamic force then depends on the entire velocity
history. This history dependence is captured by the generalized Langevin equation
(GLE), which replaces the instantaneous drag term with a convolution integral in-
volving a memory kernel [27]. In this section we first review the classical Langevin
equation and then extend it to include hydrodynamic memory, a crucial step for
simulating Brownian particles in confined microfluidic environments.

2.1.1 Classical Langevin Equation
Langevin described the Brownian particle as a massive object obeying Newton’s
second law, subject to two forces exerted by the surrounding fluid. The first is a
deterministic drag proportional to the instantaneous velocity, and the second is a
rapidly fluctuating force representing the cumulative effect of molecular collisions.
In one dimension the equation of motion reads

m
d2x

dt2 = −ζ
dx

dt
+ F̃ (t), (2.1)

or equivalently
m

dv(t)
dt

= −ζv(t) + F̃ (t), (2.2)

7



2. Theory

where m is the particle mass, ζ = 6πµfrp is the Stokes friction coefficient, v(t) is
the particle velocity, and F̃ (t) is the random force exerted by the surrounding fluid
[9].
The random force F̃ (t) is modelled as a Gaussian white noise process, which is
characterised by

⟨F̃ (t)⟩ = 0, ⟨F̃ (t)F̃ (t′)⟩ = Γ δ(t − t′), (2.3)
with Γ the noise strength, to be determined below. The noise is further assumed to
be independent, so that ⟨F̃ (t)x(t′)⟩ = ⟨F̃ (t)v(t′)⟩ = 0 for t ≥ t′. The delta corre-
lation in (2.3) states that the force retains no memory between successive instants,
which is justified when the collision time scale of the fluid molecules is far shorter
than any time scale resolved in the particle dynamics.

2.1.1.1 Fluctuation-dissipation theorem

Writing (2.1) in terms of the velocity gives

m
dv

dt
= −ζv + F̃ (t), (2.4)

a first-order inhomogeneous equation with the formal solution

v(t) = v(0) e−t/τp + 1
m

∫ t

0
e−(t−τ)/τp F̃ (τ) dτ. (2.5)

Squaring (2.5) and averaging, the cross term vanishes because the noise is indepen-
dent, and the remaining contribution is evaluated using (2.3), giving

⟨v2(t)⟩ = ⟨v2(0)⟩ e−2t/τp + Γ
2ζm

(
1 − e−2t/τp

)
. (2.6)

For t ≫ τp the exponential terms vanish and the mean-squared velocity approaches
the constant value Γ/2ζm. Equating this to the equipartition result ⟨v2⟩ = kBT/m
fixes the noise strength as

Γ = 2ζkBT. (2.7)
Equation (2.7) is the fluctuation-dissipation theorem for the Langevin model [28],
and it requires the magnitude of the fluctuating force to be balanced against the
strength of the dissipation so that a well defined temperature is maintained. The
relation is a physical necessity rather than a mathematical coincidence, since the
drag and the random force both originate from collisions with the surrounding fluid
molecules, and together they act as a thermostat on the particle [27].

2.1.1.2 Velocity autocorrelation function

The velocity autocorrelation function (VACF) measures the extent to which the
velocity of the particle at one instant remains correlated with its velocity a time t
later, and is defined as

C(t) = ⟨v(0) · v(t)⟩, (2.8)
where the angular brackets denote an equilibrium ensemble average. It therefore
quantifies the rate at which the particle loses memory of its initial motion through
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interaction with the fluid. Multiplying (2.5) by v(0) and averaging, the contribution
from the random force again vanishes, and applying equipartition to the remaining
term gives

C(t) = ⟨v2(0)⟩ e−ζt/m = 3kBT

m
e−ζt/m. (2.9)

The classical Langevin equation therefore predicts that velocity correlations decay
exponentially, on the time scale m/ζ, which is the particle response time τp intro-
duced in Section 2.1.2.

2.1.2 Relevant Time Scales
In an unhindered scenario, the steady drag force on a spherical particle is ζ = 6πµfrp,
where rp is the particle radius and µf the fluid viscosity [29]. With the particle mass
mp = 4

3πr3
pρp, one defines the particle response time as

τp = mp

ζ
= 2

9
r2

pρp

µf

, (2.10)

which sets the time scale over which the particle velocity relaxes under steady drag.
The fluid momentum diffuses over the particle radius on a separate time scale

τf =
r2

pρf

µf

=
r2

p

ν
, (2.11)

where ν = µf/ρf is the kinematic viscosity of the fluid. Their ratio, τp/τf =
2ρp/(9ρf ), is governed entirely by the particle-to-fluid density ratio and determines
whether unsteady effects are significant.
When the particle is much denser than the fluid, τp/τf ≫ 1, the fluid history effects
act on time scales much shorter than the particle response time and have negligible
impact. The hydrodynamic force is then dominated by steady drag, and the classi-
cal Langevin equation is adequate. When the densities are comparable, τp/τf ≈ 1,
as is the case for the neutrally buoyant particles considered here, the unsteady drag
operates on time scales comparable to τp and must be retained.
When the particle is close to a solid wall, the time scale τw = h2/ν characterises
the moment when the particle induced vorticity reaches the wall. One then expects
wall effects to influence particle motion. Similarly, the time scale τA = L2/ν repre-
sents when finite size effects become apparent in a simulation intended to mimic an
unbounded domain [30].

2.1.3 Generalized Langevin Equation
For particles with density comparable to that of the fluid, the instantaneous drag
of the classical Langevin equation is insufficient, and the full history dependence
of the hydrodynamic force must be retained. The generalized Langevin equation
(GLE) achieves this by replacing the steady drag term with a convolution between
a memory kernel and the velocity history,

m
dv(t)

dt
= −

∫ t

0
K(t − τ) v(τ) dτ + F̃ (t), (2.12)
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in which the random force is correspondingly coloured rather than white, and re-
mains linked to the kernel through the fluctuation-dissipation theorem [28]. The
memory kernel encapsulates the steady drag, added-mass, and history (Basset) con-
tributions in a single object. Because it is a continuum representation of the fluid
response, it can be obtained from a hydrodynamic description of the flow around
the particle, without recourse to the expensive molecular dynamics simulations from
which it may in principle also be derived [31].

2.1.3.1 Memory Kernel Formulation

At low Reynolds numbers (Re ≪ 1), the hydrodynamic force is expressed as a
convolution integral between a memory kernel tensor K and the particle velocity
history [12], [32],

FH,i(t) = −
∫ t

0
Kij(h, τ) vj(t − τ) dτ. (2.13)

Because the kernel is a tensor, the force in a given direction depends on the velocity
history in all three orthogonal directions; for each lag time τ , Kij(h, τ) is a 3 × 3
matrix quantifying how the velocity components at a past time contribute to the
present force. The kernel further depends parametrically on the particle’s distance
h from any bounding surface, so that it encodes not only the motion history but
also the local confinement.

2.1.4 Characteristics of the memory kernels
The memory kernel obtained from the methodology of Michael et al. [25] exhibits
a characteristic shape that reflects the interplay of the steady drag, added-mass,
and history contributions to the hydrodynamic force. A representative kernel, for a
particle confined between two parallel walls, is shown in Figure 2.1, and it displays
the peak, dip, and decaying tail described below.
At zero time lag the kernel shows a sharp peak corresponding to the instantaneous
steady drag, which appears as a discretised Dirac delta of magnitude 2ζ/∆τ . When
the added-mass contribution is included, this peak is augmented to

K(0) = 2
∆τ

(
ζ + mpρf

2ρp ∆τ

)
, (2.14)

so that its height grows as the particle-to-fluid density ratio ρp/ρf decreases and the
added-mass effect becomes more prominent.
At small but finite time lag the kernel exhibits a negative dip. This arises from the
added-mass force, which is proportional to the particle acceleration and therefore
contributes a negative dependence on the velocity at earlier times. The dip is most
pronounced at low density ratios, where the added mass is largest. The history
(Basset) force provides a positive contribution that partially offsets the dip, and at
higher density ratios can lift the second kernel value back above zero.
At longer time lags the kernel decays towards zero as the vorticity generated by
the particle dissipates into the fluid. For a spherical particle in an unbounded fluid
this tail follows a t−3/2 scaling, in agreement with the analytical kernel derived by
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Figure 2.1: Representative memory kernel for a spherical particle confined
between two parallel walls, generated from data provided by Michael et al. [25].

The peak at zero time lag, the negative dip, and the decaying tail are the generic
features described in this section.

Dufty [33]. The strength of the tail is set by the viscous time scale τf , which becomes
small relative to the particle response time at high density ratios, so that the tail
magnitude diminishes, and in the limit ρp/ρf → ∞ the kernel reduces to the pure
steady-drag form 2ζ δ(τ) characteristic of white-noise Brownian motion.
In confined geometries the wall modifies the kernel in a manner that directly reflects
the altered hydrodynamic environment. Close to a wall the peak shifts upwards,
indicating an increase in the drag and added-mass contributions, and this increase is
more pronounced in the wall-normal direction. This reshaping of the memory kernel
under confinement, and its extension to the edge and corner geometries encountered
in microfluidic devices, is a central concern of the present work.

2.2 Immersed Boundary Method
Flows around arbitrary, moving, and interacting bodies are encountered across many
fields of science and engineering, yet their behaviour remains difficult to predict.
To gain fundamental insight into such flows, direct numerical simulations (DNS)
at small scales are required, where the flow around each particle is fully resolved
without introducing empirical models. The results from such resolved simulations
can then be used to develop and improve large-scale modelling approaches.
Traditional body-fitted mesh methods require the computational grid to conform to
the moving boundaries, necessitating costly remeshing at each time step. Immersed
boundary methods (IBMs) offer an alternative by decoupling the fluid mesh from
the geometry of the moving bodies. In these methods, the fluid is discretised on
a regular Eulerian grid, while the boundary of each body is represented by a La-
grangian mesh. The coupling between the two representations enforces the no-slip
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and no-penetration conditions at the fluid-solid interface without requiring the grid
to conform to the body geometry [34].

2.2.1 Governing Equations
The fluid motion is governed by the incompressible Navier–Stokes equations,

∂ui

∂xi

= 0, (2.15)

ρf

(
∂ui

∂t
+ uj

∂ui

∂xj

)
= − ∂p

∂xi

+ µf
∂2ui

∂x2
j

+ fi, (2.16)

where ui is the fluid velocity, xi is the spatial coordinate, p is the pressure, ρf is the
fluid density, µf is the dynamic viscosity, and fi represents any applied body force.
The particle–fluid interface is enforced through an immersed boundary formulation
in which no-slip and no-penetration conditions are imposed implicitly at the particle
surface. The fluid velocity at the immersed boundary is constrained to match the
local particle velocity, ensuring fully coupled momentum exchange between the solid
and fluid phases. The hydrodynamic force acting on the particle is obtained by
integrating the pressure and viscous stresses over the particle surface,

FH,i(t) =
∫

S
(−pδij + σij) nj dS, (2.17)

where δij is the Kronecker delta, σij is the viscous stress tensor, and nj is the outward
surface normal vector. The viscous stress tensor is given by

σij = µf

(
∂ui

∂xj

+ ∂uj

∂xi

)
. (2.18)

In a body-fitted method these equations would be solved on a grid conforming to
the particle surface. In the immersed boundary formulation, by contrast, the fluid
is solved on a fixed Eulerian grid that does not conform to the particle, and the
presence of the particle is imposed instead through the interface condition, either by
means of the body force fi in the momentum equation or by a direct constraint on
the velocity field in the boundary cells. The particular way in which this constraint is
realised distinguishes the various immersed boundary methods, which are compared
in the following section.

2.2.2 Coupling Strategies for Immersed Boundaries
Immersed boundary methods differ chiefly in how the interface condition is trans-
mitted between the Eulerian fluid grid and the Lagrangian representation of the
body. The main strategies are summarised below.

• Lagrange multipliers. The constraint is incorporated into the weak form
of the Navier–Stokes equations through a Lagrange multiplier. Glowinski et
al. [35] introduced this fictitious-domain approach in a finite element setting,
where it is implicit and second-order accurate but does not carry over readily
to finite volume discretisations. Sharma and Patankar [36], [37] recast the
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method for finite volume solvers, though the interface force remained explicitly
coupled.

• Explicit forcing. The influence of the body is represented by a force added
to the momentum equation. In Peskin’s original formulation [38] this force is
spread across neighbouring grid nodes by a regularised Dirac delta, which lim-
its the method to first-order accuracy. Mohd-Yusof [39], [40] instead applied
the forcing directly at the boundary cells to hold the fluid at the interface ve-
locity, achieving second-order accuracy; the resulting mass-conservation error
was later remedied by Kim and Choi [41]. This class of methods is widely
adopted for its simplicity.

• Implicit boundary conditions: Rather than adding a force, these methods
constrain the interface velocity within the discretised equations themselves.
Majumdar et al. [42] formulated such a condition for stationary bodies coupled
to a RANS solver. As noted by Mark and van Wachem [43], this type of scheme
can be sensitive to the interpolation weights and may permit a non-physical
mass flux through the interface.

2.2.3 The Mirroring Immersed Boundary Method
The present work adopts the mirroring immersed boundary method together with
a hybrid interface condition [44]. Whereas the original condition only reflects the
velocity across the boundary, the hybrid condition additionally extrapolates the
resolved field onto it, introducing extra points at which the fluid is held to the local
body velocity. These additional constraint points lower the interpolation error along
the interface while preserving second-order accuracy.
Mark et al. [44] validated the method on two configurations, namely steady flow
past a fixed sphere across a range of Reynolds numbers and a sphere settling under
gravity with the refined grid tracking its descent. In both cases the computed
drag and terminal velocities matched analytical and semi-empirical data, and no
oscillations appeared in the surface forces as the body moved through the mesh.

2.2.4 IBOFlow Solver
The simulations in the present work were carried out in IBOFlow (Immersed Bound-
ary Octree Flow Solver), an incompressible finite-volume code in which the mirroring
immersed boundary method is implemented [44]. The governing equations are dis-
cretised on a Cartesian grid organised as an octree, which can be locally refined and
coarsened during the simulation. This structure allows the mesh to be concentrated
around each body and to follow its motion as it moves through the domain, so that
high resolution is maintained near the interface without refining the entire grid.
Coupling between pressure and velocity is handled with the SIMPLEC algorithm [45].
The flow variables are stored at a common set of cell-centred locations, and pressure-
weighted flux interpolation [46] is applied to prevent the pressure and velocity fields
from decoupling on this co-located arrangement. The octree data structure also sup-
ports efficient search operations, which are used to associate the immersed bound-
aries with the surrounding grid cells. The unsteady terms of the Navier–Stokes
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equations are advanced with an implicit backward Euler scheme, while the motion of
the immersed bodies is integrated using a second-order Crank–Nicolson scheme [47].

2.3 Model Architecture
The objective of the model is to generate Memory Kernels such that the physical
trajectory of the particle is aligned with the generated results from DNS. With that
purpose in mind, multiple different models were developed, improved and compared.
The most promising model architectures which were tested were Long-short term
unit, Principal Component Analysis and a functional basis approach. The loss
function used while training these models were also altered, changed and compared.
Moreover, the selection of data was both considered and of great importance. The
size of the networks was altered to be well suited to the size of the dataset.

2.3.1 Long-short term memory
Recurrent neural networks use feedback connections to store representations of re-
cent input events in form of activations, a form of short-term memory. Long-short
term memory (LSTM) can learn to bridge the gap between long and short term mem-
ory with a novel gradient-based method. By enforcing constant error flow through
constant error carrousels within special units, multiplicative gate units learn to open
and close access to the constant error flow [48]. LSTM is able to solve complex and
long time lag tasks and is thus well-suited towards this projects long and dynamic
memory kernels.

2.4 Loss functions
This chapter pertains to the loss functions which are used and compared through
out this project.

2.4.1 Logarithmic loss function
The logarithmic based function used in this project allows the training of the network
more equally valuing the memory kernels temporal steps.

L = log(1 + |Kpred − Kmeasured|) (2.19)

2.4.2 Physics Informed Neural Networks
Gaussian-process regression and physics-informed neural networks (PINNS) [49] can
seamlessly integrate multifidelity/multimodality experimental data with various in-
compressible and biomedical flows [50]. PINNs are typically used for solving PDEs
and comprises of modifying the loss function which is used during the optimization
of neural networks. A history loss term LHistory which accounts for the convolu-
tion between the memory kernel and the history of the particle’s velocity (2.13) is
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added to the loss function. This results in the total loss(LTotal) being the sum of the
residual loss LRes and a second physics-inspired term LHistory, see equation (2.20)

LT otal = λ1||Kpred − Kmeasured||2︸ ︷︷ ︸
Kernel Prediction Error

+ λ2||FH −
∫ t

0
Kpred(h, τ) · V (t − τ)dτ ||2︸ ︷︷ ︸

Hydrodynamic Force Term

(2.20)

where λ1 and λ2 are hyperparameters.
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3
Methodology

This chapter presents the methodology in which hydrodynamic memory kernels were
obtained from high-fidelity fluid–structure interaction simulations. Further, where
memory kernels are approximated using machine learning and incorporated into a
reduced-order generalized Langevin particle solver. In the first stage, hydrodynamic
memory kernels were extracted directly from high-fidelity immersed boundary fi-
nite element simulations for a spherical particle at discrete spatial locations within
different confined domains. These kernels were then assembled into a spatially in-
dexed kernel library that captures the position-dependent hydrodynamic response
of the system. In the second stage, the memory kernel library was used to develop
a machine learning surrogate model. Multiple architectures and model types were
tested to identify a suitable predictor for the memory kernels across the sampled po-
sitions. After evaluating various candidates, a two-model system was adopted: one
model was dedicated to predicting the initial peaks of the kernel, while the other
focused on the longer tails. This separation allowed each component to capture
the distinct temporal features of the kernel more effectively. The chosen model was
then integrated into a Lagrangian particle tracking solver in the subsequent stage
to determine particle trajectories.

3.1 Generating Memory Kernels
The extraction of hydrodynamic memory kernels from direct numerical simulations
constitutes the first stage of the methodology. This section outlines the DNS setup,
encompassing the computational domain, boundary conditions, fluid and particle
properties, and numerical implementation. The optimisation framework used to
extract the memory kernels from the simulation data is then presented, along with
the corrective measures implemented to improve robustness and physical consistency.

3.1.1 Direct Numerical Simulation Framework
The hydrodynamic memory kernels used in this work are extracted from fully re-
solved direct numerical simulations (DNS) of a spherical particle suspended in a vis-
cous fluid. The fluid-structure interaction was resolved using the mirroring immersed
boundary method [43], implemented in the finite-volume solver IBOFlow [44], cou-
pled to a rigid-body structural solver for the particle. At each time step the fully
resolved pressure and velocity fields were used to evaluate the hydrodynamic force
on the particle by surface integration, providing the force history required for kernel
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extraction.

3.1.1.1 Computational Domain and Mesh

The simulations considered a spherical particle of radius rp = 2 × 10−5 m suspended
in two types of confined geometries: a cubic domain and a square channel. In both
cases, the computational domain had characteristic dimensions of L = 5rp, 10rp,
or 30rp. For the cubic domain, the particle was confined in all three Cartesian
directions, while for the square channel, the particle was confined only in the x-
and y-directions and free to move along the z-axis. The corresponding boundary
conditions for each geometry are described in detail in Section 3.1.1.2.
The computational domain was discretised using a Cartesian octree grid. A base grid
resolution corresponding to approximately 5 cells across the particle diameter was
employed, giving a base cell size of rp/0.4. To accurately resolve the near-particle
flow, a refinement level of six was applied within a cubic region of side length 2rp

centred on the particle, resulting in a local grid spacing of rp/(0.4 × 26). This
refinement region translated with the particle throughout the simulation, ensuring
that the boundary layer remained highly resolved. Away from the particle, the
octree mesh was progressively coarsened, significantly reducing the total number of
computational cells and the associated computational cost.

3.1.1.2 Boundary Conditions

Two sets of boundary conditions were applied, corresponding to the two geometries
investigated:

1. Cubic domain For the cubic geometry, no-slip wall conditions were imposed
on all six faces of the domain, i.e., the fluid velocity was set to zero at every
boundary. This configuration confined the particle in all three Cartesian di-
rections. The domain size varied as L = 5rp, 10rp, or 30rp, with the particle
positioned at specified distances from the walls.

2. Square channel For the square channel geometry, the same overall domain
dimensions were used, but the boundaries normal to the z-axis were treated as
outflow (zero-gradient) conditions, with the static pressure set to zero gauge.
No-slip wall conditions were retained on the four faces normal to the x- and
y-axes (x = ±L/2, y = ±L/2). Consequently, the particle was confined only
in the x and y directions and free to move along the z-axis without interacting
with walls in that direction.

3.1.1.3 Fluid and Particle Properties

The working fluid was water and the particle a rigid sphere with density matched
to the fluid, so that the Brownian motion studied was that of a neutrally buoyant
particle. The governing physical parameters are listed in Table 3.1.
From these, the particle mass follows as mp = 4

3πr3
pρp and the Stokes drag coefficient

as ζ = 6πµfrp.

18



3. Methodology

Table 3.1: Fluid and particle properties used in the simulations.

Property Symbol Value
Fluid density ρf 1000 kg/m3

Fluid viscosity µf 1 × 10−3 Pa s
Particle density ρp 1000 kg/m3

Particle radius rp 20 µm
Temperature T 293.15 K

Two characteristic time scales govern the dynamics. The particle response time,

τp = ρp(2rp)2

18µf

, (3.1)

sets the rate at which the particle velocity relaxes under steady drag, while the
viscous time scale,

τf =
r2

p

ν
=

r2
pρf

µf

, where ν = µf

ρf

. (3.2)

gives the time for momentum to diffuse across the particle. For the neutrally buoyant
case their ratio reduces to τp/τf = 2ρp/(9ρf ) ≈ 0.22, so that the two scales are of
the same order and unsteady hydrodynamic effects are significant, which is precisely
the regime in which the generalized Langevin description is required.
The strength of the thermal forcing is set by the fluctuation-dissipation theorem.
The force applied in each excitation has spectral intensity

S = 216 µfkBT

π2(2rp)5ρ2
p

, (3.3)

where kB is the Boltzmann constant, and the root-mean-square thermal velocity is
Vrms =

√
kBT/mp. The corresponding particle Reynolds number,

Rep = 2rpVrms/ν ≈ 4×10−4, confirms that the motion lies deep in the Stokes regime.

3.1.1.4 Excitation Sequence and Temporal Discretisation

The memory kernel is a symmetric 3 × 3 tensor with six independent components,
and recovering all of them requires exciting the particle along enough independent
directions that every component appears in the resulting force response. Each forc-
ing direction is written as a vector whose entries give the relative components of
the applied force along the x, y and z axes, so that [1, 0, 0] drives the particle along
the x axis alone, [1, 1, 0] drives it diagonally in the x-y plane, and [1, 1, 1] drives it
along the body diagonal of the domain. The particle was subjected to the seven
directions:

[1, 0, 0], [0, 1, 0], [0, 0, 1], [0, 1, 1], [1, 0, 1], [1, 1, 0], [1, 1, 1].

which combine the three axial excitations, needed for the diagonal components of
the tensor, with the four diagonal excitations that couple pairs of axes and so reveal
the off-diagonal components.
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For each excitation, a constant point force of magnitude

Fmag = mp

√
πS

∆t
,

was applied at the particle centre in the direction opposite to the corresponding ex-
citation vector, where S is the Brownian spectral intensity defined in Equation (3.3).
The force remained constant for a duration of 20 τp, generating a sustained velocity
and force history for kernel identification.
The particle was initially at rest at the prescribed location (centre, near wall, edge,
or corner). The seven excitation blocks were applied consecutively, giving a total
simulation time of 140 τp, which was found to be sufficient for convergence of the
identified kernel.

3.1.1.5 Numerical Implementation

The DNS framework is implemented through a modular architecture comprising
three main solvers, instantiated in the kernel_build() function:

• Fluid solver (create_iboflow_solver()): the incompressible Navier-Stokes
equations are discretised and solved in IBOFlow on an adaptive Cartesian oc-
tree grid. A base cell size of rp/0.4 is used, with the grid refined to level six
within a region of side 4rp around the particle to resolve the near-surface flow.

• Structural solver (create_lastfem_solver()): the particle is represented
as a rigid body whose surface mesh is read from file and translated to its initial
position. Its motion is advanced with an explicit Newmark scheme (β = 0,
γ = 1/2), consistent with the Itô interpretation of the stochastic integration.

• Fluid-structure coupling (ipsfsi.FSISimulation()): the two solvers are
coupled explicitly through the mirroring immersed boundary method, which
enforces the no-slip and no-penetration conditions at the particle surface. Each
time step is iterated to a relative tolerance of 10−2, up to a maximum of five
coupling iterations.

At each step the converged pressure and velocity fields are used to evaluate the
hydrodynamic force on the particle by surface integration, which then drives the
memory kernel extraction described in the following section.

3.1.1.6 Simulation Workflow

Figure 3.1 presents a schematic overview of the simulation and kernel optimisation
workflow. The algorithmic steps are as follows:

1. Initialization: The fluid and structural solvers are instantiated, and the mem-
ory kernel tensor K(t, τ) is initialised as a zero tensor with its diagonal seed
value set to 10.
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2. Time-stepping loop: For each global time step (index i, up to taus × Nts),
the following substeps are performed:
(a) Fluid time step: the fluid solver advances by one step with the particle

position held fixed.
(b) Hydrodynamic force extraction: the current fluid force on the par-

ticle is obtained through get_fluid_force().
(c) Kernel optimisation: the memory kernel is updated by minimising the

difference between the measured hydrodynamic force and the convolution
of the trial kernel with the velocity history,

Fpred(t) = −
∫ t

0
K(t, τ) V(t − τ) dτ, (3.4)

evaluated over the five most recent force samples simultaneously. The
minimisation proceeds in up to three stages:

• unconstrained L-BFGS-B;
• if the covariance matrix is not positive semi-definite, the final quarter

of the kernel is set to zero and L-BFGS-B is repeated;
• if it remains non-positive-semi-definite, a constrained trust-constr

optimisation is applied.
(d) Structure time step: the structural solver advances, updating the par-

ticle position, velocity and acceleration.
(e) Data logging: position, velocity, acceleration, forces and kernel values

are written to file for post-processing.
3. Excitation sequence: the full procedure is repeated for seven forcing di-

rections, [1, 0, 0], [0, 1, 0], [0, 0, 1], [0, 1, 1], [1, 0, 1], [1, 1, 0] and [1, 1, 1] (each
applied in the negative sense; see Section 3.2.3.1), to ensure identifiability of
all kernel tensor components.

3.2 Memory Kernel Extraction from DNS

3.2.1 Optimisation Framework
For each simulation run, the memory kernel tensor K(t) was extracted from the DNS
data by solving an inverse problem. The hydrodynamic force FH(t) and the particle
velocity V(t) were recorded throughout the simulation. The kernel was then found
by minimising the discrepancy between the measured force and the convolution
integral

FH(t) = −
∫ t

0
K(t − τ) V(τ) dτ. (3.5)

The optimisation was performed using the L-BFGS-B algorithm [51], [52]. The
full 3 × 3 kernel tensor was optimised simultaneously, capturing cross-couplings
between different velocity components. The kernel also governs the covariance of
the coloured Brownian force via the fluctuation-dissipation theorem, which requires
its covariance matrix to be positive semi-definite. To enforce this, we first set the
last quarter of the kernel to zero and re-ran the optimisation whenever the condition
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kernel_build() – Ini-
tialize solvers & K

For each time step (to taus × Nts)

Apply Brownian force Fb

Advance fluid:
simulate_fluid_time_step()

Measure FH : get_fluid_force()

Optimize K with PSD constraint

Advance structure:
simulate_structure_time_step()

Log data (velocity, forces, kernel)

Time loop
finished?

Return final K

No

Yes

Figure 3.1: Flowchart of the DNS and kernel optimisation procedure. The kernel
is optimized at each time step using mk_pred_multi_kernel() with L-BFGS-B or

trust-constr, enforcing positive semi-definiteness of the covariance matrix.
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was violated. If the violation remained, we then applied a constrained optimisation
using trust-constr. The final 500 time steps of each converged kernel were saved
for each particle position.

3.2.2 Sampling of Particle Positions
Within each domain, the particle was placed at a set of positions chosen to resolve the
variation of the kernel with distance to the walls, edges and corners. The sampling
followed the scheme of Michael et al. [26], in which the positions are spaced according
to the near-wall growth of the added-mass force. As the particle approaches a wall,
the added mass increases in proportion to (rp/h)3, where h is the distance from the
particle centre to the wall. The sampled distances were therefore chosen so that this
quantity doubled from one position to the next, which concentrates the sampling in
the near-wall region where the kernel varies most rapidly.
This criterion is met by the recurrence

hk+1 = hk

21/3 , (3.6)

which reduces h by a factor of 21/3 at each step so that (rp/h)3 doubles. Starting
from the domain centre (h0 = L/2, for example h0 = 15rp in the 30rp domain),
twelve wall distances were generated per confined direction, ranging from the centre
to a closest approach of h ≈ 1.18 rp.
For the cubic geometry the particle was confined in all three directions, and positions
were generated from combinations of the sampled distances (hx, hy, hz), giving 84
unique positions. For the square channel, confinement acted only in x and y, with
outflow boundaries in z, giving 28 positions.

3.2.3 Excitation Sequence
The particle was excited using seven distinct forcing directions (see Section 3.1.1.4 for
details). Each forcing was applied for a duration of 20 τp (where τp = ρp(2rp)2/(18µf )
is the particle relaxation time), and the simulation was then restarted from the same
initial position with the next forcing direction. This procedure produced a set of
velocity and force histories from which the full kernel tensor could be determined
uniquely.

3.2.3.1 Numerical Instability for the [1,1,1] Forcing Direction

For highly confined positions, such as those near corners in the cubic domain, the off-
diagonal kernel components (K12, K13, K23) were found to collapse abruptly to zero
after roughly 120 τp time steps, under the final forcing direction [1, 1, 1]. The collapse
is shown in Figure 3.2, where all three off-diagonal terms drop sharply to zero while
the diagonal components (not shown) remain physically plausible throughout.
The instability was traced to the orientation of the applied force relative to the con-
fining geometry. Under the original (positive) forcing, the [1, 1, 1] direction drove the
particle diagonally towards the corner where the walls meet, into the most strongly
confined region of the domain. In this configuration the off-diagonal optimisation
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became ill-conditioned and collapsed. Reversing every forcing vector to its negative
sense drove the particle diagonally away from the corner instead, keeping it in a
better-resolved region while exciting exactly the same set of directions. This global
sign reversal removed the collapse entirely, and the corrected framework produced
stable off-diagonal kernels across all positions and forcing directions, as shown in
the Results.

Figure 3.2: Collapse of off-diagonal kernel components (γ12, γ13, γ23) after 120 τp

time steps

3.2.4 Data Processing and Kernel Library
For each position, geometry and domain size, the final 500 time steps of the extracted
kernel were stored to file. A post-processing step then compiled all runs into a single
dataset containing the kernel components, the particle position, the time index, and
the corresponding velocities and forces. This library of memory kernels formed the
training data for the machine learning surrogate described in the following section.

3.3 Predicting Memory Kernels through Machine
Learning

The goal in this chapter is to replicate the results from the DNS framework described
in previous chapters. The ML model predicts the memory kernel based on an in-
put reference position, domain properties, and fluid properties τd. Validating this
model is partially done by just comparing the predicted kernel to the DNS kernel.
Further validation is done by comparing the actual particle trajectories by running
a Lagrangian Particle Tracking simulation using the ML-predicted memory kernels
and comparing it to the DNS results. An accurate model consistently replicates the
hydrodynamics of the particle confined to the given geometry.
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3.3.1 Data structure and processing
As stated previously, the hydrodynamic memory kernel K is a 3 × 3 tensor that
quantifies how the velocity components at a past time τ contribute to the force
component in each direction. For each system defined by its size and geometry, each
position in that system is described by a tensor seen in equation 3.7.

K(t) =

K(1)
xx K(1)

xy K(1)
xz

K(1)
yx K(1)

yy K(1)
yz

K(1)
zx K(1)

zy K(1)
zz

 ,

K(2)
xx K(2)

xy K(2)
xz

K(2)
yx K(2)

yy K(2)
yz

K(2)
zx K(2)

zy K(2)
zz

 , . . . ,

K(500)
xx K(500)

xy K(500)
xz

K(500)
yx K(500)

yy K(500)
yz

K(500)
zx K(500)

zy K(500)
zz


︸ ︷︷ ︸

Sequence length is 500 steps
(3.7)

For a cubic geometry, where a particle is confined inside a cube, the distribution of
positions is show in figure 3.3. To save computation cost, the points do not cover
the entire volume of the cube. Instead, they cover all possible cases, wall, edge
and corner. Which are then reflected to cover the entirety of the geometry and do
not need to be simulated. Each point has a Memory Kernel tensor K and velocity
history V, these points data are stored in a large file with positional-encoding and
time-encoding.
Moreover, the Memory Kernel will be split up into peak and tail for numerous
reasons. The peak describes the first few initial time steps of the Memory Kernel
and are numerically much larger than the succeeding time steps. The tail of the
Memory Kernel is significantly smaller and is defined as after the peak. In figure 3.4
the Kzz is plotted from the origin to the wall along the z-axis. In figure 3.4a on the
left the Memory Kernels are plotted plainly, while in figure 3.4b the same Memory
Kernels are plotted in logarithmic scale. In the figure, the early time steps 0-5 are
defined as being or being part of the peak. While the succeeding and significantly
smaller values are part of the tail. For visualizing and for further reasons, a log scale
is used to increase the valuation of the tail during optimisation.

3.3.2 Network parameters and hyperparameters
For the training of the NN the Adam optimizer was chosen. It is both standard
practice and well suited towards this project. The learning rate of the NN was set
to 0.005 at first and was tested uniformly from ranges of 0.05 to 0.0005.

3.3.3 Long-short term memory
LSTMs were chosen for testing because of their ability to handle long and complex
time dependencies well [48], which suits this project even if the data isn’t a tradi-
tional time series. Figure 3.5 shows the sequential architecture of the model. The
inputs consists of the position, domain size, and τd—passes through a sequence of
NN layers to return a predicted memory kernel.
First, a Dense(128) layer uses a Leaky ReLU activation function. Leaky ReLU
allows positive values to pass unchanged and sets negative values to near zero with
a small ability to turn positive. This helps reduce the vanishing gradient problem,
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Figure 3.3: Diagram showing the distribution of points where DNS simulations
are performed. The points positions start at the origin and are distributed such

that they reach the wall, edge and corner of a subsection of the cube. The domain
of the shown diagram is 30h/rp.

making the network to predict future time steps better and improving the fit for the
kernel’s tail. Next, a RepeatVector layer makes 500 copies of the previous layer’s
output so the network can predict all 500 time steps.
Following this, the data moves through a strictly sequential block of LSTM and
Dropout layers: an LSTM(256), a Dropout(0.2), an LSTM(128), and another Dropout(0.2).
Stacking two LSTM layers sequentially improves the model’s ability to learn pat-
terns that evolve over long time periods. Finally, a TimeDistributed dense layer
formats the output to match the shape of the kernel tensor.

3.3.4 Continuous-Time Decoder (MLP)
In figure 3.6 the model architecture for the Continuous-Time decoder. It is another
form of NN used and tested throughout this project. By setting up the NN as will
be shown below, a form of continuous functions of time estimates the kernel as an
entire picture of a series. As previously seen, the Dense layer converts the input into
a latent space and the RepeatVector duplicates this latent space to match the length
of the memory kernels. The Lambda function concatenates a normalized time vector
such that the time steps are time-encoded. The set of fully connected layers result
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(a) Diagram of Memory Kernel
(b) Diagram of Memory Kernel in

logarithmic scale

Figure 3.4: Diagram showing the importance of logarithmic scaling. The two sub
diagrams 3.4a and 3.4b show Memory Kernels that start(left) at the origin and

end(right) close to a wall. In plot 3.4a Memory Kernels are plotted plainly whilst
in plot 3.4b is plotted in logarithmic scale.

in a deep neural network in the shape of a decoder. The width w determines in the
width of the network as Dense() is a set of neurons. The TimeDistributed() function
isolates each time step and passes each time step through the Dense() layers. This
results in a continuous function which returns the output for a given time t, which
was encoded using the Lambda(inject_time) function.
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Input x,y,z,domain size and τd

Dense(128,
activation=’leaky relu’)

RepeatVector(time_steps)

LSTM(256)

Dropout(0.2)

LSTM(128)

Dropout(0.2)

TimeDistributed(Dense(6))

Returns predicted K

Figure 3.5: Flowchart of the LSTM network architecture. The sequence is
expanded via RepeatVector and processed through deep LSTM layers utilizing
orthogonal initializers, regularized by intermediate Dropout layers, and finalized

with sequential TimeDistributed dense projections.
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Input x,y,z,domain size and τd

Dense(128)

RepeatVector(time_steps)

Lambda(inject_time)

TimeDistributed(Dense(int(50*w)))

TimeDistributed(Dense(int(100*w)))

TimeDistributed(Dense(int(150*w)))

TimeDistributed(Dense(int(200*w)))

TimeDistributed(Dense(int(250*w)))

TimeDistributed(Dense(int(300*w)))

TimeDistributed(Dense(3 or 6))

Outputs

Figure 3.6: Flowchart of the Continuous-Time Coordinate MLP. By injecting the
time coordinate t, the network maps initial spatial constraints to temporal outputs

independently at each step, bypassing recurrent layers.
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4
Results

4.1 Correction of Kernel Optimisation Instability
As described in the Methodology (Section 3.2.3.1), the original optimisation frame-
work produced unphysical off-diagonal kernel components for highly confined po-
sitions when the forcing direction [1, 1, 1] was applied. Figure 3.2 illustrates the
collapse of K12, K13 and K23 after approximately 120 τp time steps.

(a) K11 (diagonal): good agreement. (b) K12 (off-diagonal): collapse.

(c) K13 (off-diagonal): collapse. (d) K23 (off-diagonal): collapse.

Figure 4.1: Peak region (first 10 time steps) of the diagonal and off-diagonal
kernel components obtained with the original (blue) and corrected (orange)
optimisation methods. The diagonal component K11 agrees between the two

methods, whereas the off-diagonal components collapse under the original method.

Figure 4.1 compares the first ten time steps (the peak region) of the diagonal and off-
diagonal kernel components obtained with the original and corrected optimisation
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methods. The diagonal components K11, K22 and K33 agree well between the two
methods. The off-diagonal components from the original method deviate markedly
from the corrected ones, having collapsed to near zero, whereas the corrected com-
ponents retain physically meaningful magnitudes and shapes.

Figures 4.2 and 4.3 show the evolution of the kernel components over the optimi-
sation blocks for the two frameworks. The corrected optimisation remains stable
throughout, with the off-diagonal terms converging to non-zero values that are con-
sistent across the entire run. In contrast, the original off-diagonal terms (K12, K13,
K23) drop to zero after roughly 120 τp time steps and never recover, while the diago-
nal components remain largely unchanged between the two methods. This confirms
that the instability affected only the cross-coupling terms.
The remedy, described in Section 3.2.3.1, was to reverse the sign of every forcing
direction. This removed the collapse entirely, and all subsequent kernel extractions
used the corrected forcing sequence, providing a physically consistent library of
memory kernels for the machine learning surrogate.

Figure 4.2: Evolution of the diagonal kernel components (K11, K22, K33) over the
optimisation blocks.

Figure 4.3: Evolution of the off-diagonal kernel components (K12, K13, K23) over
the optimisation blocks.
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4.2 Hindrance Effects

4.2.1 Characteristics of the memory kernels

4.2.1.1 General Shape and Trends

As discussed in Section 2.1.4 (Theory), the peak of the memory kernel is associated
with drag and added mass effects, while the tail reflects the decay of hydrodynamic
memory. To characterise how hindrance modifies the kernel, its components were
evaluated at a sequence of positions running from the domain centre towards the
confining boundary. The kernels obtained at the different particle positions were
stitched together to construct a three-dimensional kernel map describing the spatial
variation of the hydrodynamic response. As shown in Figure 4.4, the kernel peaks
increase as the particle approaches the wall, indicating an increase in both drag and
added mass. This behaviour is consistent with the physical expectation that these
effects intensify near a confining boundary and agrees with the behaviour reported
by Michael et al. [25], [26].

Figure 4.4: Surface plot of log10(|K33|) for the square channel at 10rp domain.
Time index on the x-axis, Positions are along the diagonal from centre to wall on

the y-axis.
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4.2.2 Approach to a Wall
We first compare the diagonal components of the memory kernel for particle posi-
tions moving from the centre of the domain towards a single wall. Three geometries
are considered: a two-wall configuration (slab, confined only in the direction per-
pendicular to the walls), a square channel (confined in two orthogonal directions),
and a cube (confined in all three directions). In each case the particle approaches
the wall along a line of sampled positions, as illustrated in Figure 4.5 for the cube.

Figure 4.5: Sampling direction for the wall-approach case, shown for the cube.
The particle starts at the domain centre and is moved towards the wall (red

arrow). The kernel component reported is the diagonal component aligned with
this direction, here K33 (green arrow).

For each geometry we report the diagonal component aligned with the direction of
motion. The wall-normal direction is taken as z for the cube and two-wall cases and
as y for the square channel, so that the relevant components are K33, K33 and K22
respectively. The three surfaces, for the 10rp domain in which the particle starts at
the centre (5rp from each wall), are shown in Figure 4.6.

In Figure 4.6, distinct valleys, seen as sharp downward dips in the log-magnitude,
appear in the square channel and cube geometries as the particle approaches the wall.
These valleys coincide with the dashed green lines marking sign changes of the kernel,
where the contribution of the earlier velocity to the present hydrodynamic force
reverses. No such valleys appear in the two-wall slab. For both the square channel
and the cube, two sign changes occur at positions close to the wall, indicating that
the reversal is a signature of multi-directional confinement: two or more orthogonal
walls reshape the hydrodynamic memory so that the kernel changes sign as the
particle nears the wall, a feature that a single pair of parallel walls does not produce.
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(a) Cube, 10rp domain, K33

(b) Square channel, 10rp domain, K22

(c) Two-wall, 10rp domain, K33

Figure 4.6: Surface plots of log10(|K|) for the wall-normal diagonal component,
K33 for the cube, K22 for the square channel, and K33 for the two-wall geometry.
The time-lag index is on the x-axis and the sampled position on the y-axis, and

the dashed green lines mark sign changes of the kernel.
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4.2.3 Approach to an Edge

Figure 4.7: Sampling direction for the edge-approach case, shown for the square
channel. The kernel is sampled at successive positions running from the domain
centre towards the edge (red arrow), where two walls meet, and the green arrow

labelled Kxy indicates the off-diagonal component aligned with this direction.

We now consider how the memory kernel varies as the particle is positioned pro-
gressively closer to an edge, the line along which two walls intersect, in the square
channel and the cube. The kernel was extracted at a sequence of static positions
lying along the diagonal of the confining plane, running from the domain centre
towards the edge. This sampling direction is illustrated in Figure 4.7 for the square
channel. In the square channel the sampled positions lie along the diagonal of the
x-y plane, and in the cube they run towards an edge formed by two orthogonal
walls. For each geometry we report the diagonal component associated with the
sampling direction, K11 for the square channel and K22 for the cube, together with
the corresponding off-diagonal components aligned with this direction, K12 and K23
respectively.
Several trends become apparent in Figure 4.8. In the diagonal components K11 and
K22, sign changes appear once the sampled position is close to the edge, much as
they do in the wall-approach case. The off-diagonal components K12 and K23 behave
differently, since they show sign changes at every sampled position from the centre
out to the edge, and their peak magnitude grows sharply as the edge is approached.
The same overall pattern holds in both cases, because as the sampled position moves
closer to the edge and the confinement strengthens, the sign change shifts to earlier
times so that the reversal happens sooner in the evolution of the kernel.
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(a) Square channel: K11 (diagonal) (b) Cube: K22 (diagonal)

(c) Square channel: K12
(off-diagonal) (d) Cube: K23 (off-diagonal)

Figure 4.8: Diagonal and off-diagonal kernel surfaces for the edge-approach
sampling in the 10rp domain: K11 (square channel) and K22 (cube) on the top row,

and the off-diagonal components K12 (square channel) and K23 (cube) on the
bottom row. The y-axis is the sampled position along the diagonal from the centre

to the edge, and the x-axis is the time-lag index. Dashed green lines mark sign
changes.
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4.2.4 Motion Parallel to a Wall
Figure 4.10 shows how the kernel behaves when the particle is sampled along a
line at constant distance from one wall while its distance to the orthogonal wall
decreases. The direction is illustrated for the cube in Figure 4.9, where the particle
sits at the centre of the z-wall and the sampling proceeds towards the y-wall along
the red arrow, while the green arrow labelled K33 marks the diagonal component in
the z direction. For the square channel the sampling runs in the x direction along
a line parallel to the wall normal to y, and we report K22, the diagonal component
in the y direction, together with K12, the off-diagonal component coupling x and y.
For the cube the sampling runs in the y direction parallel to the wall normal to z,
and we report K33, the diagonal component in the z direction, together with K23,
the off-diagonal component coupling y and z. In both cases the particle therefore
stays a fixed distance from one wall while being sampled progressively closer to a
second, orthogonal wall, so that the confinement it feels grows in only one direction
as the sampling proceeds.

Figure 4.9: Sampling direction for the parallel-motion case, shown for the cube,
where the particle sits at the centre of the z-wall and the sampling proceeds

towards the y-wall along the red arrow, while the green arrow labelled K33 marks
the diagonal component in the z direction that stays perpendicular to the

sampling direction.

In the diagonal components K22 for the square channel and K33 for the cube, the
sign change appears at the same temporal location regardless of how far the sam-
pled position has moved, because the plotted component is perpendicular to the
sampling direction and the distance to the wall that hinders it stays constant, so
the sign change is governed only by that fixed wall distance.
The off-diagonal components K12 and K23 behave differently, since they are aligned
with the sampling direction, and as the sampled position approaches the orthogo-
nal wall the confinement in that direction strengthens, thus showing that the sign
change occurs earlier and the valley shifts towards smaller time-lag indices. The off-
diagonal kernels also show a sharp increase in peak magnitude near the wall, much

38



4. Results

(a) Square channel, K22 (diagonal) (b) Cube, K33 (diagonal)

(c) Square channel, K12
(off-diagonal) (d) Cube, K23 (off-diagonal)

Figure 4.10: Diagonal and off-diagonal kernel surfaces for motion parallel to a
wall in the 15rp domain, showing K22 for the square channel and K33 for the cube
on the top row and the off-diagonal components K12 and K23 on the bottom row,

where the x-axis is the sampled position along the line and the y-axis is the
time-lag index. Dashed green lines mark sign changes.
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as in the edge-approach case, which reinforces the earlier pattern where stronger
confinement makes the sign reversal happen sooner and amplifies the kernel peak in
the component aligned with the direction of increasing hindrance.

4.2.5 Visualisation of Zero Crossings
To confirm the location of the sign changes in the memory kernel, we construct
surface plots in which the height represents log10(|K|) and the surface colour encodes
the sign of the kernel value K. Positive values are shown in red and negative values
in blue, so that a zero crossing appears as a sharp transition from blue to red through
a white band. Combining the logarithmic magnitude with the sign colour provides
an unambiguous way to confirm that the observed valleys correspond to genuine
zero crossings rather than numerical artifacts.

(a) Diagonal component K22 for the
square channel.

(b) Off-diagonal component K12 for the
square channel.

Figure 4.11: Sign-coloured surface plots of the square-channel memory kernel
components. The height shows log10(|K|) and the colour encodes the sign of K:

red is positive, blue is negative, and the white band marks the zero crossing.

The sign of the kernel has a direct physical meaning that follows from the way it
enters the hydrodynamic force in Equation (2.13), where the force is given by minus
the convolution of the kernel with the velocity history. A positive kernel value
at a given lag therefore means that the particle’s velocity at that earlier instant
contributes a force opposing its present motion, which is the familiar sense of viscous
drag in which the fluid resists the particle. A negative value reverses this, so that
the earlier motion instead contributes a force in the same direction as the present
velocity, meaning the fluid returns momentum to the particle rather than resisting
it. The sign change captured in Figure 4.11 therefore marks the lag at which the
hydrodynamic memory switches from resisting the particle to reinforcing its earlier
motion. Why confinement brings about these reversals, and why they strengthen as
the particle nears an edge or corner, is not addressed here and remains an interesting
question for further study.
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4.2.6 Verification and Validation
To validate the reduced-order model, we compare the particle trajectory obtained
from full DNS against that from an LPT simulation driven by the precomputed
memory-kernel library, with interpolation for off-grid positions. Figure 4.12 shows
the particle position over time for both methods in the 10rp cube. The two trajec-
tories follow one another closely, though the LPT particle drifts towards the wall
slightly faster than the DNS particle and therefore reaches it, and ends, a little
earlier.

Figure 4.12: Particle position over time from DNS (orange, dashed) and LPT
(blue, solid) for the 10rp cube. The LPT trajectory ends earlier because the

particle reaches the wall sooner.

The two trajectories agree closely over the course of the run, with a maximum
position difference of 0.139 rp, less than fourteen percent of a particle radius. The
LPT particle reaches the wall slightly sooner than in the full DNS, and reducing this
difference is one of the improvements identified for future work. Overall the memory-
kernel library combined with interpolation reproduces the confined hydrodynamics
to good accuracy, which supports its use as a reduced-order model for confined
Langevin dynamics.

4.3 Machine Learning

4.3.1 Choice of Machine Learning model architecture
When selecting the best performing models for predicting the memory kernels, two
key performance indicators are used. Firstly, the Mean Squared Error and logarith-
mic loss over the memory kernel are used as indicators of performance. Secondly,
the models are compared directly with the test data for different spatial positions.
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Figure 4.13: Comparison between different types of model architectures. The
vertical axis shows the Mean Square Error for the during of training. The

horizontal axis shows the number of epochs.

The MSE and logarithmic loss are both used to determine if the model is able to
replicate the peaks and tails of the memory kernels. This is due to the fact that
numerically the peaks are much larger, by a factor of 106 than the tails and always
dominate the MSE terms. The logarithmic loss functions helps reduce this loss. In
figure 4.13, a large set of machine learning models of similar parameter sizes are
compared. Of the presented models, the GRU and LSTM perform the best, as
they maintain the lowest MSE between the training/validation data kernels and the
predicted kernels, throughout the training process.

4.3.2 Memory Kernels across geometry
To verify that the ML model is able to replicate the simulation data, the accuracy
and the consistency of models was tested throughout development. In this project a
good ML model replicates the Memory Kernels throughout different spatial positions
for different geometry domains.
The best performing model thus far is the LSTM architecture. Through a hyper
parameter search, the size of the network mentioned in the Method chapter was
concluded to be best. This was done on a range from 64 to 258 neurons for the
Dense layer and for the LSTM layers it was ranged from 64 to 516 neurons. This
was done to balance the effects of overfitting and underfitting. Similarly, other
parameters such as the dropout and learning rate were also testing in a range which
ranged from a factor of 10 multiplied and divided by the found optima. Finally,
to improve the models complete fit of the entire kernel time steps, the model was
split into two models, which were trained on different parts of the kernel. This
was used to tackle the numerical variety found in the data set, the memory kernel
values reached from 10 to 10−6. This helped the model fit the memory kernel more
uniformly. The best so far determined split of the memory kernel training was found
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at 50 time steps, where the two differently trained models are unified into a singular
model.
In figures 4.14, 4.15, and 4.16, the machine learning model has generated memory
kernels for a trajectory extending from the origin to the domain corner. The different
graphs contain different elements of the memory kernels, where the height of the data
displays the absolute values of the kernel on a logarithmic scale. Furthermore, the
500 time steps of the kernel are displayed for different positions moving along the
diagonal.
In these results, the peaks and tails themselves are well-fitted when compared to
the baseline data for approaching a corner. The sharp downward dips appearing in
the data are not actual physical dips, but rather indicators of a sign change; values
appearing after a dip are positive. This effect is consistent with the DNS data from
previous chapters. Between the peak and the tail, at approximately time step 50,
the models are unified, which accounts for the localized noise observed where the
peak rises.

(a) K11 component (b) K22 component

Figure 4.14: The principal diagonal components K11 (xx) and K22 (yy) of the
memory kernel. The magnitudes are evaluated along a diagonal trajectory

extending from the origin to the domain corner.

4.3.2.1 Physics-Informed Neural Network Results

While Physics-Informed Neural Networks have led to performance improvements
in many PDE applications[49], their use in this project primarily resulted in faster
convergence rather than a significantly lower final error. In figure 4.17, the influence
of PINNs can be seen during training. The leftmost curve depicts an equal weight
balance between the Residual loss term (Equation 2.20) LResidual and the loss term
arising from the hydrodynamic effects, LHistory.
The other two curves show an imbalance between the terms, where the hyperpa-
rameters λ1 and λ2 are separated by a factor of 10. The results show that the PINN
model is capable of learning the system’s behavior more quickly early on. However,
the final trained ML model with Physics Informed learning showed a significately
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(a) K33 component (b) K12 component

Figure 4.15: The longitudinal component K33 (zz) and the first transverse
cross-coupling component K12 (xy). Both are plotted as a function of the time

index and spatial position along the diagonal.

(a) K13 component (b) K23 component

Figure 4.16: The remaining transverse cross-coupling memory kernel
components, K13 (xz) and K23 (yz), representing the interactions between the

z-axis and the orthogonal plane along the trajectory.
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worse fit. The added complexity of PINNs did not improve the models ability to
replicate DNS trajectories.

Figure 4.17: In this diagram the MSE loss is compared by the extent the PINN
loss term LHistory for a LSTM based Machine Learning model. The figure shows
three lines, brown depicting λ2 = 1, cyan depicting λ2 = 0.1 and navy showing

λ2 = 10, differently weighted LHistory terms. For all training sets, the Residual loss
term hyperparameter λ1 = 1 remained constant.

4.3.3 Validation of particle trajectory
The primary goal of optimizing the ML model is to reduce the error between the
predicted kernel and the ground truth. This section compares a Direct Numeri-
cal Simulation (DNS) with Lagrangian Particle Tracking (LPT) utilizing the ML-
estimated kernels. To test the validity of the memory kernels, the particle is driven
by a steady force into a spiral pattern, which introduces more complexity and forces
contributions from the full memory kernel.
The DNS is performed using the theory and methods explained in preceding chap-
ters. The LPT simulation uses memory kernels generated by the LSTM model at
each time step. For the sake of a clear comparison, the Brownian autocorrelation
force was omitted here, as it introduces randomness that makes direct trajectory
comparison more difficult.
In figure 4.18, the DNS is compared to the ML-assisted LPT for a particle traveling
toward a corner in a spiral-like trajectory. The positions are shown across three
graphs for the X, Y, and Z axes. The paths of the two simulations match reasonably
well, following each other closely for the majority of the trajectory. The Y position
shows a slightly larger deviation between the two methods compared to X and Z,
though the offset remains relatively small.
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Figure 4.18: Comparison of particle position over time from DNS (solid red line)
and LPT (dashed blue line). The diagram displayed the X, Y and Z positions over

time. The LPT trajectory ends earlier because it reached the wall earlier, which
ends the simulation.
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Conclusion

This thesis built directly on the memory kernel extraction framework established by
Michael et al. [25], [53] and systematically investigated how geometric confinement
modifies hydrodynamic memory. The replacement of expensive direct numerical
simulations (DNS) by a machine learning surrogate for predicting memory kernels
was also explored.

5.1 Development of memory kernels
In this work, we first corrected the memory kernel optimization framework. The
original method produced unphysical collapses of off-diagonal kernel components for
highly confined positions under the [1, 1, 1] forcing direction. Reversing the sign of
all forcing directions eliminated this artifact entirely, yielding stable and physically
consistent off-diagonal kernels while leaving the diagonal components unaffected.
With a stable framework in place, the confinement study showed that hydrody-
namic memory depends strongly on the number of orthogonal walls surrounding
the particle. Approaching a single wall increased the diagonal kernel peaks, which is
consistent with the expected growth of drag and added mass near a boundary. More
strikingly, sign-change valleys in the kernel appeared only in the square-channel and
cube geometries and were absent in the two-wall slab, showing that the reversal
is a signature of multi-directional confinement rather than of proximity to a wall
alone. For approaches to an edge the off-diagonal components changed sign at every
sampled position and their peaks grew sharply near the edge, whereas for sampling
parallel to a wall the sign-change location of the perpendicular component stayed
fixed while that of the aligned component shifted to earlier lags as the confinement
strengthened. Taken together these results indicate that the location of the sign
change is set by the wall distance in the direction of the kernel component consid-
ered.
These sign changes are, to our knowledge, a previously uncharacterised feature of
the confined memory kernel, and they give a kernel-level view of the wall-modified
hydrodynamic memory that earlier studies inferred indirectly from the confined
velocity autocorrelation function. Why confinement produces these reversals, and
why they strengthen towards edges and corners, is not resolved here and remains
an open question that the present kernels are well suited to explore.
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5.2 Machine Learning Surrogate
The validity of the developed model is based on its ability to generate accurate,
consistent memory kernels and, more importantly, to replicate direct numerical sim-
ulation trajectories. Among the tested configurations, the LSTM-based architec-
ture paired with a logarithmic loss function gave the best performance. The results
demonstrate that the machine learning model is able to closely replicate the DNS
results, as seen in Figure 4.18. The similarity among the particle trajectories con-
firms that the predicted memory kernels capture the underlying hydrodynamics of
the particle. While there is room for optimisation and further testing, this successful
replication serves as a proof of concept.
An LSTM model split into two parts during training successfully reproduced the
diagonal and off-diagonal kernel surfaces along a diagonal trajectory, capturing the
peaks, tails, and sign changes. Physics-informed neural networks resulted in faster
learning but did not improve the model’s final performance. A spiral trajectory test
using LPT with the ML-predicted kernels matched the DNS well, showing that the
surrogate model can successfully replicate complex particle dynamics.

5.3 Validation and Limitations
The reduced-order Lagrangian particle tracking (LPT) model, driven by the pre-
computed kernel library with interpolation, reproduced the full-DNS trajectory in
the 10rp cube to within a maximum position difference of 0.139 rp, less than fourteen
percent of a particle radius. The LPT particle reached the wall slightly sooner than
in the DNS, and closing this gap is one of the improvements identified below. Vali-
dation was carried out for a single geometry at a neutrally buoyant density ratio, so
the main limitations of the present work are that the kernel library is tied to specific
discrete geometries and to one density ratio, and that its accuracy is weakest close
to the walls where the kernel varies most rapidly. On the machine learning side,
there appears noise and fluctuations near corners and edges in the dataset due to
increasing complexity and near-zero data, which leads to the network fitting the
noise during training.

5.4 Future Outlook
On the kernel side, several extensions would build directly on the present work. The
optimisation framework used to fit the memory kernels could be improved further,
both to sharpen the accuracy of the extracted kernels and to reduce the instabilities
that appeared for the most strongly confined positions. Denser sampling of positions
near the walls would resolve the rapid near-wall variation of the kernel and reduce the
wall-ward bias seen in the LPT trajectories, while extending the extraction across a
range of particle-to-fluid density ratios would broaden the applicability of the library.
The study could also be extended to a wider range of confining geometries beyond the
cube and square channel considered here, including genuinely arbitrary geometries
rather than the straight-line sampling paths used in this work, and to rotational
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Brownian motion through the corresponding angular-velocity kernels. Finally, the
sign-change behaviour uncovered in this work invites a dedicated study of its physical
origin, which the extracted kernels are well placed to support.
On the machine learning side, future work should focus on generalising the model
for different physical geometries. While we took initial steps in this direction, time
constraints limited full training and analysis. The key is changing the model’s
inputs, shifting the coordinate reference system from the distance to the origin to
the distance to the nearest wall. This doubles the input coordinates but decouples
the model from any specific spatial setup. Once trained on this generalised approach,
the model could act as a stronger predictive tool to estimate memory kernels and
map hydrodynamics in new, complex geometries where regular DNS simulations are
complex and expensive.
To achieve this, a few technical improvements could help enhance the model fit-
ting. First, the network’s activation functions should be re-evaluated. The current
setup uses Leaky ReLU, which transforms weights linearly and zeroes out negative
values, and testing alternative activation functions might capture more complex dy-
namics. Second, the loss function can be refined. The current method calculates
the logarithm of the absolute difference, due to values spanning a large interval of
positive and negative numbers, and using a more complete logarithmic loss, taking
the difference of the logarithms directly, could improve training stability and better
penalise errors. Beyond the network architecture, a larger, more diverse dataset will
prevent the neural network from learning a bias towards a coordinate or geometry
and will lessen the overfitting of near-corner noise, and with a larger dataset and
an updated architecture, a thorough study of network depth and hyperparameter
tuning will maximise the model’s performance.

Summary
Overall, this work provided a robust framework for extracting memory kernels from
DNS, quantified how confinement alters hydrodynamic memory across three geome-
tries, and demonstrated that a machine learning surrogate can replace expensive
DNS for predicting memory kernels and particle trajectories in confined microfluidic
environments.
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