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SUMMARY 

 

Problem Calibrating stochastic volatility models means estimating parameters that allow 

model prices to match observed market prices. For the Heston model, this process is 

computationally expensive, as it requires repeated numerical evaluations of a semi-analytical 

pricing formula. In practical settings where computational speed is critical, this slowdown 

limits the applicability of traditional calibration methods. As a result, faster yet accurate 

surrogate models are needed. 

 

Aim This study sets out to investigate the extent to which neural network surrogate models 

can match the accuracy and stability of semi-analytical option pricing, while offering 

substantial gains in computational speed. Furthermore, the aim is to examine how model 

design choices affect performance by comparing the models with each other and with the 

COS method. The purpose of this is to identify trade-offs between approaches and thereby 

guide the choice of a surrogate model that best meets the requirements of the intended 

application. 

 

Theoretical Framework This thesis draws on Black-Scholes option pricing theory (Black & 

Scholes, 1973), the Heston (1993) stochastic volatility model, and its semi-analytical pricing 

via the COS method, developed by Fang & Oosterlee (2008). Surrogate models are trained 

based on the DML framework of Huge & Savine (2020), where parameter gradients, i.e., 

Greeks, are incorporated through Sobolev training.  

 

Method Synthetic training data was generated by sampling Heston parameters from a broad 

parameter space using Sobol sequencing. Option prices and parameter Greeks were computed 

via the COS method, with derivatives obtained through automatic differentiation. 

Additionally, the corresponding implied volatility (IV) and IV Greeks were computed via the 

“Let’s Be Rational” method. Four surrogate models were then trained: a multilayer 

perceptron trained on prices (MLP_P), and three differential neural networks trained on 

prices (DDN_P), prices normalized by strike (DDN_PdivK), and IVs (DDN_IV), 

respectively. The models were then evaluated on a separate test set. Performance was 

assessed in terms of pricing accuracy, Greek stability, computational throughput and no-

arbitrage compliance, using a COS method benchmark. 

 

Results and Implications All neural networks achieved computational speedups of two to 

three orders of magnitude over the COS benchmark. DDN_IV reached a 764 times higher 

throughput on the full IV and IV-Greeks pipeline. The DDN_IV network also achieved the 

lowest pricing and Greek errors, with near-zero arbitrage violations, outperforming all other 

models. Furthermore, the DDN models produced smoother parameter derivatives than the 



 
 
 
 
 

 
 

COS benchmark, with stable behavior across both typical and extreme parameter 

combinations. Taken together, these results indicate that DDN_IV, a differential neural 

network trained on implied volatility, is the most promising surrogate for optimizing Heston 

model calibration. 

 

Keywords: Heston model, Gradient-based Calibration, Parameter-Greeks, Deep Differential 

Learning, Neural network surrogate, Implied volatility, Fourier-Cosine (COS) method 

 

Note: This report is written in English. 

 

 

SAMMANDRAG 

 

Problem Kalibrering av stokastiska volatilitetsmodeller innebär att parametrar skattas så att 

modellpriser stämmer överens med observerade marknadspriser. För Hestonmodellen är 

denna process beräkningsmässigt krävande, eftersom den kräver upprepade numeriska 

utvärderingar av en semi-analytisk prissättningsformel. I praktiska sammanhang där 

beräkningshastighet är avgörande begränsas därmed tillämpligheten av traditionella 

kalibreringsmetoder. Detta skapar ett behov av snabbare, men fortsatt noggranna 

surrogatmodeller. 

 

Syfte Studien undersöker i vilken utsträckning neurala nätverkssurrogat kan uppnå samma 

noggrannhet och stabilitet som semi-analytisk optionsprissättning, samtidigt som de ger 

betydande förbättringar i beräkningstid. Vidare undersöker studien även hur olika 

modelldesignval påverkar prestandan genom att jämföra modellerna både med varandra och 

med COS-metoden. Målet är att identifiera avvägningar mellan olika tillvägagångssätt och 

därigenom vägleda vilken surrogatmodell som bäst uppfyller kraven i olika tillämpningar. 

 

Teoretiskt ramverk Studien bygger på Black-Scholes optionsprissättningsteori (Black & 

Scholes, 1973), Hestonmodellen (Heston, 1993) och dess semi-analytiska prissättning via 

COS-metoden (Fang & Oosterlee, 2008). Surrogatmodellerna tränas utifrån DML-ramverket 

av Huge & Savine (2020), vilket innebär att parameterderivator, så kallade ”Greeks”, 

inkluderas i träningen genom Sobolev-träning. 

 

Metod Syntetisk träningsdata genererades genom att välja ut Heston-parametrar från ett brett 

parameterrum med hjälp av Sobol-sekvenser. Optionspriser och Greeks beräknades därefter 

via COS-metoden, med derivator erhållna via automatisk differentiering. Dessutom erhölls 

motsvarande implicita volatiliteter (IV) och IV-Greeks via ”Let's Be Rational”-metoden. 

Totalt tränades därefter fyra surrogatmodeller: en multilayer perceptron tränad på priser 

(MLP_P), samt tre differentiella neurala nätverk tränade på priser (DDN_P), priser 

normaliserade med lösenpris (DDN_PdivK) respektive IVs (DDN_IV). Modellerna 

utvärderades sedan på ett separat testdataset. Prestandan bedömdes med avseende på 

noggrannhet i prissättning, Greek-stabilitet, beräkningshastighet och förekomst av 

arbitragebrott, med COS-metoden som referensmetod. 

 

Resultat och implikationer Alla neurala nätverk uppnådde två till tre storleksordningar 

snabbare beräkningar jämfört med COS-referensen. DDN_IV var 764 gånger snabbare över 

hela beräkningskedjan för IV och IV-Greeks. Modellen gav även lägst fel i både prissättning 

och Greeks, nästan helt utan arbitragebrott, vilket innebar att den överträffade både MLP_P 



 
 
 
 
 

 
 

och övriga DDN-modeller inom både pris- och IV-domänen. Alla DDN-modeller 

producerade dessutom jämnare parameterderivator än COS-referensen och uppvisade stabilt 

beteende över både typiska och extrema parameterkombinationer. Sammantaget visar 

resultaten att DDN_IV, som tränas på implicita volatiliteter, är den mest lovande 

surrogatmodellen för att effektivisera kalibrering av Hestonmodellen. 

 

Nyckelord: Hestonmodellen, Gradient-baserad kalibrering, Parameter-Greeks, Deep 

Differential Learning, Neurala nätverkssurrogat, Implicit volatilitet, Fourier-Cosinus (COS) 

metoden 

 

Notera: Denna rapport är skriven på engelska. 
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1 Introduction

1.1 Background

Over the years, stochastic models have been developed to improve the accuracy of pricing and hedging of
financial derivatives (Hull, 2022). In the context of financial options, the Black–Scholes formula remains a
widely used benchmark in option pricing theory. The method, published in 1973, is especially valuable, as
option prices can be expressed in terms of the price distribution of the underlying asset (Black & Scholes,
1973). However, the Black–Scholes model assumes that the underlying asset price follows a geometric
Brownian motion with constant volatility. Heston (1993) extended the model by introducing a stochastic
variance process that follows a mean-reverting Cox–Ingersoll–Ross process, thereby implying stochastic
volatility (Cox et al., 1985). A more detailed derivation of Heston’s stochastic volatility model can be
found in Section 2.2.

However, the stochastic variance feature prevents a closed-form expression for option prices in the original
price domain. Specifically, the probability density function required for integration is not explicitly known
for the relevant asset prices. Nevertheless, the characteristic function for the Heston model is known
(Heston, 1993), which enables option prices to be computed via one-dimensional numerical integration.

This implies that the Heston PDE has well-defined solutions in theory, but they cannot be solved analyti-
cally. Consequently, numerical methods are typically required to compute option prices. In computational
finance, such methods are frequently applied in the valuation of financial derivatives as well as contempo-
rary risk management practices (Liu, Oosterlee, & Bohte, 2019). For instance, such numerical methods
typically rely on solving the PDE directly, using Monte Carlo simulations or evaluating numerical integrals
in the Fourier space, as in the COS method (Fang & Oosterlee, 2008).

In practical derivative pricing, asset models must often be calibrated to market data, which means that
the open parameters in the asset price model need to be fitted (Liu, Oosterlee, & Bohte, 2019). The
Heston model itself contains several parameters that make up the dynamics of the stochastic variance
process, for example the volatility of the variance σ, initial variance v0, mean-reversion level θ, and mean-
reversion speed κ (Heston, 1993). These parameters are not directly observable from the market data,
which means that they must be calibrated by adjusting them to match the prices of options that are
liquid and actively traded in the market (Liu, Oosterlee, & Bohte, 2019).

Since option prices have no closed-form solutions in the Heston model, calibrating the parameters re-
quires repeated numerical evaluation for thousands of option strikes and maturities. For each set of
Heston parameters, option prices must then be compared to the market prices, which can quickly become
computationally expensive. This is particularly relevant in practical settings such as high-frequency trad-
ing, real-time risk management, or dealing with counterparty credit risk issues, where the requirement for
highly efficient computation is strong. The described computational burden often results in a trade-off
between computational efficiency and precision (Liu, Oosterlee, & Bohte, 2019).

Consequently, efficient calibration has been a persistent problem in certain financial settings. Recent
research has turned towards a more data-driven approach, utilizing deep learning techniques to minimize
the computational burden associated with calibrating stochastic volatility models. These techniques
strive to construct approximations to the calibration problem with fast surrogate models. The strategy
can, according to Sridi and Bilokon (2023), be divided into two principal approaches.

The first, often referred to as the “one-step approach" or "Deep Calibration", was developed by Hernan-
dez (2016), where an Artificial Neural Network (ANN) was developed to directly map market data to
calibrated model parameters. The second approach, known as the “two-step approach", is more com-

1



monly adopted, and applies deep learning to approximate the option prices first, typically for vanilla
European contracts. The model parameters are then calibrated by minimizing pricing errors computed
through the trained neural network, using traditional optimization techniques (Sridi & Bilokon, 2023).
The “two-step approach” has, for example, been used by Liu, Oosterlee, and Bohte (2019) to calibrate
stochastic volatility models, such as the Heston and Bates models.

Furthermore, Huge and Savine (2020) developed a Differential Machine Learning (DML) approach, which
serves as an extension of standard supervised learning models. Unlike traditional models that train a
neural network solely on input-output pairs, DML also includes the derivatives of the outputs with
respect to the inputs in the loss function. By learning from the additional differential information during
training, DML allows neural networks to compute both function values and their sensitivities. This leads
to improved accuracy compared to non-differential neural networks.

While DML has shown strong results in pricing and risk management, its use has been comparatively
limited in terms of calibrating stochastic volatility models. One such study is Sridi and Bilokon (2023),
who apply DML to the Heston model, showing its potential for reducing calibration cost. Even more
recently, C. Zhang et al. (2025) proposed a deep differential network (DDN) that learns both Heston
prices and its parameter derivatives. By including these derivatives directly into the training loss, their
approach enabled fast and stable gradient-based calibration, outperforming standard feedforward net-
works in accuracy. These derivatives, commonly known as parameter Greeks, measure the sensitivity of
the option price to changes in the Heston parameters. Stable and accurate Greeks are vital for gradient-
based calibration methods, since they determine how reliably an optimizer can navigate the parameter
space (Huge & Savine, 2020; C. Zhang et al., 2025).

Since the application of differential machine learning for Heston model calibration remains at an early
stage, several design choices that may affect the practical usefulness and performance of such surrogate
models are still not fully explored. This study therefore builds on previous work and addresses the first
step of a two-step calibration approach. It does so by examining how certain network design choices affect
the accuracy, derivative stability, and computational efficiency of differential neural network surrogates.

1.2 Purpose

The purpose of this study is to evaluate the performance of differential neural network surrogates, which
incorporate parameter Greeks during training, intended for calibrating the Heston model. The study
focuses on how different output representations affect pricing accuracy, Greek stability and computational
efficiency.

To put the results in context, the aim is to compare the differential surrogates against both the COS
method and a standard non-differential neural network trained only on prices. These benchmarks are
used both to further assess the computational efficiency of differential neural networks and to provide
reference points for comparing differential surrogate designs.

1.3 Research Questions

Accordingly, the main research questions are as follows:

(i) How do output representation choices influence pricing accuracy, Greek stability, and computational
efficiency in differential neural network surrogate models intended for calibrating the Heston model?

(ii) How do the surrogate models compare among themselves as well as against the non-differential
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neural network and the COS method, and what are the trade-offs between the approaches?

1.4 Methodology

To address these questions, we generate theoretical prices under Heston dynamics using synthetic pa-
rameter samples across a wide range of market regimes. The prices and their derivatives are generated
using a semi-analytical pricing model, giving us access to ground truth Greeks that would be unavailable
from market data alone. We implement two types of neural network models, a Deep Differential Neural
Network (DDN), trained using both price and derivative information, and a standard Multilayer Percep-
tron (MLP), trained using price information only. We then develop variants of these to accommodate
different types of output, such as implied volatility rather than raw prices. The models are trained on
the synthetic data after beneficial feature engineering and scaling. Finally, we evaluate the models across
a comprehensive set of tests with a focus on precision, numerical stability, and computational speed.

1.5 Delimitations

Throughout this study, certain delimitations are made. For one, we only train the neural networks on
European put options. The reason for this is that it ensures greater stability in the COS pricing method.
When calculating the price of an option, the COS method evaluates two coefficients, χk and ψk, over
a truncated domain [a,b]. For call options the integration boundaries are from 0 to b. The analytic
solution, as derived by Fang and Oosterlee (2008), contains the term eb. To ensure accurate prices, b
must be large enough to capture the tails of the distribution. However, this introduces very large values
to the summation, causing instability in pricing due to cancellation errors. On the other hand, for put
options, χk and ψk are evaluated through integration from a to 0. Because a is a negative number, the
exponential terms are bounded between 1 and a value close to 0. This in turn makes the put pricing
formula inherently more stable by removing the calculation errors (Fang & Oosterlee, 2008). The put-call
parity is then used to obtain call prices, if needed. However, during calibration observed call options can
be converted to puts and then form the basis of calibration. Furthermore, the restriction to European
options is made to align with recent research. As emphasized by Sridi and Bilokon (2023), differential
machine learning techniques can in principle be extended to other option types, but this requires more
involved pricing procedures.

The dividend yield, q, is assumed to be zero with no loss of generality regarding the option pricing
dynamics. This is because, in the risk-neutral measure of the stock model derived by Heston (1993), the
drift of the underlying asset is determined by the term (r-q), where r is the risk-free rate. As shown by
Rouah (2013), if it is necessary to introduce dividend yield into the model, the process is straightforward
if it can be assumed that the dividend payment is a continuous yield.

Furthermore, while motivated by the problem of calibrating the Heston model, this study focuses on the
surrogate pricing implementation. Previous studies have shown how surrogate pricing methods providing
the parameter sensitivities can be integrated into a gradient-based calibration framework (Huge & Savine,
2020; Sridi & Bilokon, 2023; C. Zhang et al., 2025). This study, on the other hand, examines the absolute
pricing and sensitivity performance of the core surrogate models, allowing for a deeper analysis of the
different models’ behavior. Hence, the focus lies on thoroughly examining different aspects of performance
such as stability, arbitrage, and extrapolation. The implications of these results for different calibration
frameworks are discussed from a theoretical perspective.
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2 Theoretical Background

This chapter presents the theoretical foundations that are required to follow the study. An explanation
of fundamental concepts in option pricing theory is followed by a description of the Heston stochastic
volatility model. The numerical pricing methods, particularly Fourier-based techniques, are then in-
troduced together with the theory regarding model calibration and the methods for computing implied
volatility. The section ends by considering the principles of neural networks, differential machine learning,
and neural network-based pricing approximations for the Heston model.

2.1 Financial Derivatives and Option Pricing Theory

This section introduces relevant fundamental theory regarding financial derivatives and arbitrage-free
option pricing.

2.1.1 European Options and Payoff Structures

A derivative is a financial contract whose value is determined by, or related to, the value of one or more
underlying assets (Hull, 2012). The derivatives considered in this investigation are commonly referred to
as European vanilla options. An option gives the holder the right, but not the obligation, to buy or sell the
underlying asset by a predetermined date, called the exercise date or maturity, and for a predetermined
price, called the strike price. If the option gives the holder the right to buy, it is referred to as a call
option, while an option giving the holder the right to sell is referred to as a put option. A European
option can only be exercised at its maturity date, distinguishing it from American-style contracts which
allow early exercise (Hull, 2012). With K denoting the strike price and ST denoting the underlying asset
price at maturity T , the payoff of a European vanilla call option is given by:

C(ST ) = max(ST −K, 0) (1)

and for a European put option:

P (ST ) = max(K − ST , 0), (2)

as defined in Hull (2022, p. 231). An important relation between the European put and call prices is the
standard put-call parity, which states that:

C +Ke−rτ = P + St, (3)

where τ = T − t is the time to maturity. St is the value of the underlying asset at time t, C is the price
of a call option, P is the price of a put option, r is the risk-free interest rate, and e−rτ is the discount
factor. The relationship shows that the value of a European call with a given strike price and maturity
can be derived from a European put with the same strike and maturity, and vice versa. (Hull, 2022,
pp. 255-256)
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2.1.2 Arbitrage and Risk-Neutral Measure

An arbitrage opportunity is a self-financed trading strategy that does not require an initial investment,
and has a positive probability of a strictly positive payoff without any risk of loss (Shreve, 2004, p. 231).
The following pricing theories build upon the assumption that such arbitrage opportunities are non-
existent.

The zero-arbitrage assumption, combined with the ability to replicate derivative payoffs, implies that
prices do not depend on investors’ risk preferences. If the payoff of a derivative, such as a European
option, can be replicated by a self-financed trading strategy in the underlying asset and a risk-free money
market account, then the price of the option must equal the cost of constructing this replicating portfolio.
Otherwise, there would be arbitrage opportunities. Hence, derivative prices are solely determined by
traded asset prices and therefore do not depend on investors’ risk preferences (Hull, 2022, p. 351-352).

This allows us to express derivative prices under the risk-neutral measure Q, under which all assets earn
the risk-free rate in expectation. Pricing therefore becomes a matter of taking discounted expectations
under Q, without requiring a model of investors’ risk preferences. Under Q, following the notation of
Shreve (2004, p. 218) who denotes this measure P̃, the price of a derivative security with payoff V (T ) at
maturity T is given by the risk-neutral pricing formula:

V (t) = EQ
[
e−

∫ T
t

r(u) du V (T )
∣∣∣ F(t)

]
, 0 ≤ t ≤ T, (4)

where r(u) is the risk-free rate at time u. Throughout this thesis, r is assumed constant, so e−
∫ T
t

r(u) du =

e−rτ where τ = T − t. It is important to emphasize that when moving from the real-world probability
measure to the risk-neutral measure, both the expected payoff and the appropriate discount rate change.
These effects exactly offset each other, so the resulting derivative price remains unchanged (Hull, 2022,
pp. 351-352).

2.1.3 The Black–Scholes Model

Introduced by Black and Scholes (1973), the Black–Scholes framework remains one of the most used
methods for option pricing. The model views the underlying stock price as a continuous-time stochastic
process with one deterministic trend, and one part to capture the random fluctuations in the stock:

dSt = µSt dt+ σSt dWt (5)

Here, St is the stock price at time t, µ is the stock’s expected return, σ is the constant volatility, and
(Wt)t≥0 is a standard Brownian motion.

The drift µ reflects investors’ risk appetite and expected growth of the stock, hence it is neither an
objective measure nor directly observable. In an arbitrage-free market, the option price cannot depend
on µ. The replication argument instead implies that the hedged position, which locally replicates the
option price, is risk-free and must grow at the risk-free rate r instead of µ. Hence, the risk-neutral
dynamics of the stock price become:

dSt = rSt dt+ σSt dWt (6)

Having specified the risk-neutral dynamics of the stock, we can consider a European option on the same
stock with price V (S, t) as a function of the current stock price S and time t. The key here is to locally
replicate the option payoff by dynamically trading in the underlying stock and a risk-free money market
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account. This is done by forming a self-financing portfolio, which consists of a position in the underlying
stock as well as the option.

In order to construct this strategy, we let Xt be the value of the self-financing portfolio that holds ∆t

shares of the underlying stock, and invests the remaining wealth into the risk-free money market account.
This yields that:

Xt = ∆tSt +Bt (7)

where Bt is equivalent to the cash position held in the money market account. Since the strategy itself is
self-financing, changes in the portfolio only come from gains and losses in the stock position and interest
from the cash position. Hence, the dynamics of the portfolio become:

dXt = ∆tdSt + r(Xt −∆tSt)dt (8)

To find the PDE of the option price, we first state Itô’s lemma (Hull, 2022, p. 327):

dG =

(
∂G

∂x
a+

∂G

∂t
+

1

2

∂2G

∂x2
b2
)
dt+

∂G

∂x
b dz (9)

Applying Equation 9 to the option price V (St, t), where St follows Equation 6, yields:

dV =
∂V

∂t
dt+

∂V

∂S
dSt +

1

2

∂2V

∂S2
σ2S2

t dt (10)

By choosing ∆t =
∂V
∂S , the portfolio’s exposure to the stock’s random fluctuations (dWt) exactly matches

that of the option. This choice is known as delta-neutral hedging, as it eliminates the portfolio’s instan-
taneous exposure to the stock price. This makes the portfolio locally risk-free. Since the hedged portfolio
now earns the risk-free rate, equating the deterministic parts that are left yields the Black–Scholes PDE
(Hull, 2022):

∂V

∂t
+ rS

∂V

∂S
+

1

2
σ2S2 ∂

2V

∂S2
− rV = 0 (11)

subject to the terminal condition

V (ST ) =

max(ST −K, 0), Call option

max(K − ST , 0), Put option
(12)

Here, V (ST ) represents the terminal payoff at maturity T .

For a European call option, V (ST ) = max(ST − K, 0), solving Equation 11 yields the Black–Scholes
formula (Black & Scholes, 1973):

C(S, t) = SN (d1)−Ke−rτN (d2) (13)

where

d1 =
ln(S/K) +

(
r + 1

2σ
2
)
τ

σ
√
τ

, d2 = d1 − σ
√
τ , (14)

and N (·) denotes the standard normal cumulative distribution function.

The corresponding European put price can be obtained via the put-call parity shown in Equation 3.
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2.1.4 Implied Volatility

As noted above, the Black–Scholes model assumes a constant volatility parameter σ. This volatility
is also the one parameter that cannot be directly observed in the market. Therefore, it is common to
instead work with so-called implied volatilities, that is, the volatilities implied by option prices in the
market (Hull, 2022, p. 358).

When the Black–Scholes formula is inverted to recover the volatility from observed market prices, the
resulting value is known as the implied volatility. Formally, the implied volatility σIV (K,T ) for a given
market price V mkt is defined as the unique σ > 0 that satisfies

V BS(S,K, T, r, σ) = V mkt(K,T ), (15)

where V BS denotes the Black–Scholes pricing formula as derived above. The existence and uniqueness
of σIV follow from the strict monotonicity of the Black–Scholes price with respect to volatility, i.e., from
the positivity of the option Vega (Hull, 2022, pp. 434-436).

The pattern of implied volatilities across strikes for a fixed maturity is commonly referred to as the
volatility smile or volatility skew. The full surface of σIV (K,T ) across different strikes and maturities
is called the implied volatility surface. The existence of a non-flat implied volatility surface contradicts
the constant-volatility assumption of Black–Scholes and is one of the main motivations for stochastic
volatility models such as the Heston model (Heston, 1993).

2.1.5 Black–Scholes Greeks

The sensitivities of the Black–Scholes option price with respect to its inputs are known as the Greeks.
For this study, the most relevant Greeks are:

• Delta (∆): the sensitivity of the option price to the underlying asset price,

∆call =
∂Vcall

∂S
= N (d1), (16)

∆put =
∂Vput

∂S
= N (d1)− 1, (17)

where N (·) is the standard normal cumulative distribution function. Delta measures how much the
option price changes for a small change in the underlying asset. Since N (d1) ∈ (0, 1), the call Delta
is bounded in (0, 1) and the put Delta in (−1, 0). The put price moves inversely to the underlying
but never by more than the underlying asset’s own price change, in line with the no-arbitrage
constraints in Section 2.1.6.

• Vega (V): the sensitivity of the option price to volatility. Starting from the Black–Scholes call
price in Equation 13, differentiating with respect to σ and applying the chain rule gives

∂C

∂σ
= SN ′(d1)

∂d1
∂σ

−Ke−rτ N ′(d2)
∂d2
∂σ

. (18)

Since S ϕ(d1) = Ke−rτϕ(d2) (which follows from the fact that d2 = d1 − σ
√
τ and the log-normal

structure of the model). Also note that ϕ(·) = N ′(·) is the standard normal density. Since ∂d2

∂σ =
∂d1

∂σ −
√
τ , the expression simplifies to

V =
∂C

∂σ
= S ϕ(d1)

√
τ , (19)
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Vega measures how much the option price changes in response to changes in volatility and is identical
for calls and puts.

• Theta (θ): the sensitivity of the option price to time,

θcall = −S ϕ(d1)σ
2
√
τ

− rKe−rτ N (d2), (20)

θput = −S ϕ(d1)σ
2
√
τ

+ rKe−rτ N (−d2). (21)

Theta represents the rate of time decay of the option price.

• Gamma (Γ): the second-order sensitivity to the underlying price,

Γ =
∂2V

∂S2
=

ϕ(d1)

Sσ
√
τ
. (22)

Gamma measures how delta changes with the underlying price, representing its mathematical cur-
vature, and is identical for calls and puts. Due to Delta being strictly increasing, Gamma must be
non-negative across the entire domain. A violation of this property implies local concavity in the
pricing function, which introduces static arbitrage opportunities as explained in Section 2.1.6 (Hull,
2022, pp. 429–433).

Closed-form expressions for all Black–Scholes Greeks follow directly from differentiating the Black–Scholes
formula. A full overview is given in Hull (2022, pp. 420–439).

2.1.6 No-Arbitrage Constraints for Vanilla Options

The price of a European put is bounded by two criteria. It cannot be worth more than the discounted
strike, since the maximum payoff max(K − ST , 0) cannot exceed K, giving (Hull, 2022, p. 253):

P ≤ Ke−rτ . (23)

It also cannot be worth less than zero or less than the amount by which the strike exceeds the current
stock price (Hull, 2022, p. 255):

P ≥ max
(
Ke−rτ − St, 0

)
. (24)

Beyond individual price bounds, no-arbitrage also enforces constraints on how option prices must relate
across different strikes and maturities. Note that the following constraints are stated for call options but
apply for puts via the put-call parity in Equation 3.

The first constraint concerns monotonicity in the strike price, often referred to as vertical spread arbitrage.
If a call option is exercised in the future, its payoff equals the difference between the stock price and the
strike price, provided that this difference is positive. As a result, call options increase in value as the
stock price rises and are less valuable when the strike price is higher. Merton (1973) formalizes this as
the inequality:

C(K1, T ) ≥ C(K2, T ) (25)

for any K1 < K2.

The second constraint requires that the call price is convex in the strike, also called butterfly spread.
Again, Merton (1973) proves that this holds using a dominance argument. Consider buying one call at
a low strike, K1, and another call at a higher strike K3, and selling two calls at a strike in between, K2.
Taking this position is known as the butterfly spread, and will always pay off a non-negative amount at
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expiry, so it cannot have a negative cost. For equally spaced strikes (K2 −K1 = K3 −K2), the condition
is formalized as:

C(K1, T )− 2C(K2, T ) + C(K3, T ) ≥ 0 (26)

The third constraint considers monotonicity in maturity. Hull (2022, p. 248) notes that a longer-dated
call must be worth at least as much as an identical shorter-dated call, which gives the constraint:

C(K,T2) ≥ C(K,T1) (27)

for any T1 < T2. The longer-dated option offers strictly more optionality. However, it is important to
note that this condition only holds under the assumption of non-negative interest rates and dividends.

The calendar spread condition can equivalently be expressed in terms of the total implied variance surface.
With m = ln(S/K) denoting the log-moneyness, the total implied variance is defined as

w(m, τ) = τ
(
σIV(m, τ)

)2 (28)

For a fixed m, w must be non-decreasing in τ to avoid calendar arbitrage (Gatheral, 2006). If this
condition is violated, an option with a longer time to maturity could have a lower call price than an
otherwise identical option with a shorter time to maturity (Roper, 2010).

To summarize, Carr and Madan (2005) combine these constraints and state that they are jointly sufficient
for a finite grid of European call quotes to be free of static arbitrage. Hence, if every vertical, butterfly,
and calendar spread formed on the quoted prices is non-negatively priced, it means that no further tests
are needed to certify that the grid is free of static arbitrage.

2.2 Stochastic Volatility Modeling

2.2.1 Motivation for Stochastic Volatility

Under the constant-volatility assumption of the Black–Scholes model, the implied volatility surface would
essentially be flat across all strikes and maturities. However, as shown in Section 2.1.4, this does not align
with what is observed in practice. The implied volatilities observed in markets vary between different
strikes and maturities, which directly opposes the assumption and produces patterns such as volatility
smiles (Hull, 2022, p. 358). This suggests that volatility itself varies over time in a way that is uncertain.
Stochastic volatility models account for this by allowing the volatility of the underlying asset to follow
its own stochastic process.

2.2.2 The Heston Model and its Dynamics

Heston (1993, p. 328) was one of many to argue that the constant volatility assumption is unreliable. Ear-
lier stochastic volatility models lacked direct analytical solutions without known characteristic functions
and often relied on heavy numerical computations to solve two-dimensional PDEs.

Heston (1993) therefore proposed a model which computationally is somewhere in between the Black–
Scholes formula and earlier proposed stochastic volatility models. Heston’s approach does not yield a
direct formula for the European call price, but since the characteristic function is known, pricing is reduced
to a one-dimensional numerical integration. This is substantially cheaper than solving a two-dimensional
PDE.

The model introduces a stochastic variance process of Cox–Ingersoll–Ross (CIR) type (Cox et al., 1985),
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correlated with the underlying asset price. Hence, the Heston model can be represented by a system of
two stochastic differential equations (SDEs): one for the asset price St and one for its variance vt. Under
the physical real-world measure P, they evolve according to the following dynamics (Rouah, 2013, p. 1):

dSt = µSt dt+
√
vt St dW1,t

dvt = κ(θ − vt) dt+ σ
√
vt dW2,t

(29)

Here, W1,t and W2,t are two correlated Brownian motions such that EP[dW1,t dW2,t] = ρ dt, with ρ ∈
[−1, 1]. The parameters are: µ, the drift of the stock price; κ > 0, the mean reversion speed of the
variance; θ > 0, the mean reversion level of the variance; σ > 0, the volatility of the variance and v0 > 0,
the initial variance level (Rouah, 2013, pp. 1-2).

However, for pricing financial derivatives, and especially for pricing options, it is important to work with
St and vt under the risk-neutral measure Q, as explained in Section 2.1.2. Hence, the real-world drift µ,
is now replaced with the risk-free rate r. The SDEs are then modified by applying Girsanov’s theorem
found in Shreve (2004, Thm. 5.4.1). Girsanov’s theorem allows a change of probability measure P to Q,
which modifies the drift terms of the SDEs while leaving volatility and correlation structure intact. After
the theorem is applied, it yields the following SDEs:

dSt = rSt dt+
√
vt St dW

Q
1,t

dvt = [κ(θ − vt)− λ(St, vt, t)] dt+ σ
√
vt dW

Q
2,t

(30)

where the function λ(St, vt, t) is the volatility risk premium. The drift of the stock price St is forced
to equal the risk-free rate r under Q. However, the variance process vt is not directly tradeable, which
means that there is no corresponding arbitrage argument under Q that uniquely determines its drift. An
additional assumption is therefore needed. Hence, Heston (1993) assumes that the volatility risk premium
is proportional to the variance, λ(St, vt, t) = λvt, where λ is a constant.

Substituting λ(St, vt, t) = λvt and expanding the dynamics of the variance will yield:

dvt = [κ(θ − vt)− λvt] dt+ σ
√
vt dW

Q
2,t = [κθ − (κ+ λ)vt] dt+ σ

√
vt dW

Q
2,t (31)

Defining κ∗ = κ + λ and θ∗ = κθ
κ+λ restores the earlier mentioned CIR mean-reverting form, and all

properties of the CIR process carry over to the newly defined risk-neutral dynamics (Rouah, 2013).

The complete risk-neutral dynamics of the Heston model are hence given by (Rouah, 2013, p. 3):
dSt = rSt dt+

√
vt St dW

Q
1,t

dvt = κ∗(θ∗ − vt) dt+ σ
√
vt dW

Q
2,t

(32)

where EQ[dWQ
1,t dW

Q
2,t] = ρ dt. Note that when λ = 0, we have that κ∗ = κ and θ∗ = θ. Since λ is

embedded in the risk-neutral parameters κ∗ and θ∗, it does not need to be estimated separately when
calibrating with option prices. This thesis therefore sets λ = 0 throughout following Rouah (2013, p. 3).
All parameters in the remainder of this chapter are risk-neutral quantities, and the ∗-notation is dropped.

10



2.2.3 Feller Condition and Structural Limitations of the Variance Process

As noted above, the variance process follows a CIR-type SDE. For such a process, the Feller condition
restricts the model parameters according to:

2κθ > σ2 (33)

If the condition holds, the mean-reverting drift is essentially strong enough to prevent the variance from
ever reaching zero, meaning that vt > 0 for all t. If a violation of the Feller condition occurs, the variance
can just touch zero but bounces right back, remaining non-negative (Cox et al., 1985; Rouah, 2013, p. 4).
However, in practice, Feller violations often occur because the steep implied volatility skew observed in
equity markets typically needs a large σ. This makes the Feller condition 2κθ > σ2 harder to satisfy, which
explains why calibrated parameters often violate it (Lin et al., 2017). Such violations can in turn cause
numerical instability when evaluating the characteristic function, which is addressed in Section 2.2.6.

Beyond the numerical issues, the assumption that variance moves smoothly and continuously according
to the CIR process poses a structural challenge. It means that the model cannot produce the rapid
and large shifts in volatility that would be needed to match steep skews observed in short maturity, deep
out-of-the-money (OTM) options (Bakshi et al., 1997, p. 2005). In other words, the market usually prices
such options to reflect the possibility of sudden price drops, but a continuous variance process may not
generate enough extreme behavior over a short period of time to reflect this.

Hence, this is not an issue in calibration, but rather a property of the model. Therefore, large pricing
errors in deep OTM options with short maturities may reflect a theoretical limitation of the Heston model
itself, rather than a flaw in the pricing model or the neural network trying to approximate it.

2.2.4 The Heston PDE and the Call Price Formula

With the risk-neutral dynamics and variance process established, one needs to determine how to actually
price options or derivatives under the Heston model. First, we need to derive the Heston PDE.

To simplify, let us follow the same approach as for deriving the Black–Scholes PDE in Section 2.1.3. We
apply Itô’s lemma to a derivative U(St, vt, t), which depends on both the variance and the stock price:

dU =
∂U

∂t
dt+

∂U

∂S
dSt +

∂U

∂v
dvt +

1

2

∂2U

∂S2
(dSt)

2 +
1

2

∂2U

∂v2
(dvt)

2 +
∂2U

∂S∂v
dSt dvt (34)

In Black–Scholes, only the (dSt)
2 second-order enters Itô’s formula, since volatility is constant. In this

case, because vt is also stochastic, the (dvt)
2 and dSt dvt terms also appear. Substituting the risk-neutral

SDEs from Equation 32 and applying the Itô multiplication rules (dWQ
i,t ·dW

Q
i,t = dt, dWQ

1,t ·dW
Q
2,t = ρ dt,

and dt · dWQ
i,t = 0) separates dU into a deterministic part (terms in dt) and two random parts (terms in

dWQ
1,t and dWQ

2,t).

Once again, it is necessary to make the portfolio locally risk-free. This is done by eliminating both sources
of randomness, and the replicating portfolio therefore requires a position both in the underlying stock
and a second derivative that depends on vt. Remember that in Black–Scholes, only hedging the stock is
sufficient, since that is the only source of randomness. Once both random terms in the Heston model are
hedged away, the portfolio is locally risk-free and must, as before, earn the risk-free rate r. Rearranging
terms yields the Heston PDE, which expressed in terms of the log-price x = lnSt takes the form (Heston,
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1993, p. 329; Rouah, 2013, p. 8):

∂U

∂t
+

1

2
v
∂2U

∂x2
+
(
r − 1

2v
) ∂U
∂x

+ ρσv
∂2U

∂v∂x
+

1

2
σ2v

∂2U

∂v2
+ κ(θ − v)

∂U

∂v
− rU = 0 (35)

subject to the terminal condition U(x, vT , T ) = max(ex−K, 0) for a European call option, where ex = ST .

This is the Heston equivalent of the Black–Scholes PDE in Equation 11. However, since it is two-
dimensional, solving it numerically is computationally expensive, making it difficult to produce accurate
prices sufficiently fast for real-time applications. So, Heston (1993) found a way to avoid this by decon-
structing the European call price into two probabilities, and then computing these probabilities through
the use of characteristic functions.

The European call price via the Heston model can with these probabilities be expressed as (Heston, 1993,
p. 330; Rouah, 2013, p. 4):

C(K) = StP1 −Ke−rτP2 (36)

This has the same structure as the Black–Scholes formula in Equation 13, with P1 and P2 replacing
N (d1) and N (d2). Here P2 = Q(ST > K) is the risk-neutral probability of the option expiring in the
money. P1 = QS(ST > K) is also a probability of finishing in the money, but computed under a measure
where the fact that higher stock prices contribute more to the option’s value is taken into account. By
substituting Equation 36 back into the Heston PDE (Equation 35), one can show that each Pj satisfies
its own PDE (Rouah, 2013, pp. 9-10).

The Feynman-Kac theorem (Shreve, 2004, Thm. 6.4.1) states that the solution to each of these PDEs
can be rewritten as a conditional expectation. A key insight in Heston (1993) is that, due to the affine
structure of the Heston dynamics, this can be expressed as a characteristic function of lnST . Rather than
solving the two-dimensional PDEs numerically, P1 and P2 can then be recovered from these characteristic
functions via Fourier inversion. The characteristic function and the Fourier inversion procedure are
presented in more detail in the following Section 2.2.5.

2.2.5 Characteristic Function and Pricing via Fourier Inversion

The problem that arises in Heston’s call price formula (Equation 36) is that P1 and P2 are needed to
price the call. In Black–Scholes, one would normally integrate over the known normal density. However,
in Heston, the density is unknown. Fortunately, each Pj can be recovered from the corresponding charac-
teristic function fj(ϕ) = E[ eiϕ lnST ], which contains the same information as the density and is available
in closed-form. Heston (1993, p. 331) showed that it takes the log-linear form

fj(ϕ, τ) = exp
(
Cj(ϕ, τ) +Dj(ϕ, τ) v0 + iϕ x

)
, (37)

where x = lnS0+(r− q)τ , and Cj and Dj are functions of ϕ and τ that depend on the model parameters
κ, θ, σ, and ρ. The variable q is the dividend yield, and is set to 0, as established in Section 1.5.

Substituting this ansatz into the PDE that each Pj satisfies reduces the two-dimensional problem to a pair
of ordinary differential equations. This includes a quadratic ODE for Dj , known as a Riccati equation,
and a direct integration for Cj , both of which can be solved in closed form (Heston, 1993, pp. 341-342).
The closed-form solutions require the following intermediate definitions (Rouah, 2013, pp. 13-14):

dj =
√

(ρσiϕ− bj)2 − σ2(2ujiϕ− ϕ2), gj =
bj − ρσiϕ+ dj
bj − ρσiϕ− dj

, (38)

12



where u1 = 1
2 , u2 = − 1

2 , b1 = κ− ρσ, and b2 = κ. The solutions are then

Dj(ϕ, τ) =
bj − ρσiϕ+ dj

σ2

(
1− edjτ

1− gj edjτ

)
, (39)

Cj(ϕ, τ) = r iϕ τ +
κθ

σ2

[
(bj − ρσiϕ+ dj) τ − 2 ln

(
1− gj e

djτ

1− gj

)]
. (40)

The complex square root dj has two valid values, +dj and −dj , both of which yield algebraically equivalent
characteristic functions. However, it turns out that the choice between them has significant numerical
consequences, which is the subject of Section 2.2.6.

Now, given the characteristic functions in Equation 37, the probabilities P1 and P2 are recovered via a
theorem called the Gil-Pelaez inversion theorem used by Heston (1993, p. 331, Equation 18):

Pj =
1

2
+

1

π

∫ ∞

0

Re

[
e−iϕ lnK fj(ϕ)

iϕ

]
dϕ, (41)

where K is the strike price. Together with Equation 36, this provides a semi-analytical pricing formula for
European options under the Heston model, requiring only the numerical evaluation of two one-dimensional
integrals.

2.2.6 Numerical Stability and the Little Heston Trap

The expressions for Dj and Cj derived in Section 2.2.5 both contain the complex square root dj and a
complex logarithm. In the complex plane, these have what is called a branch cut along the negative real
axis, a line across which the function jumps discontinuously (Albrecher et al., 2007). When numerically
evaluating the integral in Equation 41, the complex number inside the logarithm in Cj moves through
the complex plane as the integration variable ϕ increases from 0 to infinity. It is especially the branch
cut of the logarithmic function that causes the problem. If it crosses the negative real axis, the output of
the logarithm jumps, making the integrand discontinuous, returning an incorrect price without signaling
any error (Albrecher et al., 2007, pp. 5-6).

Whether this crossing occurs depends on which of the two square roots, +dj or −dj , is used. Although
both choices yield equivalent characteristic functions, they lead to different algebraic representations of
the argument inside the logarithm in Cj (Albrecher et al., 2007, pp. 3-4).

The original formulation from Heston (1993) uses the positive square root +dj . Albrecher et al. (2007)
denote this formulation by φ1. Following that, the argument of the logarithm inside Cj becomes:

G1(ϕ) =
1− gj e

djτ

1− gj
. (42)

Since dj is complex, edjτ rotates and grows in magnitude simultaneously as τ grows. As ϕ increases in
the integration, G1 therefore spirals outward in the complex plane. For short maturities, the spiral is
small and stays away from the negative real axis, but for long maturities, it eventually crosses the earlier
mentioned branch cut, breaking the logarithm. Albrecher et al. (2007, p. 9) show that this turns out to
be the case for nearly any of the parameters in the Heston model if the maturity is sufficiently large.

The second formulation, denoted φ2, is obtained by selecting −dj instead. Replacing gj with cj = 1/gj

and the growing exponential with a decaying one, e−djτ , the spiral will shrink instead of expand (Rouah,
2013, pp. 31-32):

G2(ϕ) =
1− cj e

−djτ

1− cj
. (43)
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Since e−djτ decays, G2 never crosses the negative real axis. Albrecher et al. (2007, pp. 12-18) prove that
this holds for the full parameter space. Therefore, it is common to use φ2 as the characteristic function
evaluation. This ensures that both option prices and parameter derivatives are numerically stable across
the full maturity and parameter ranges.

2.3 Numerical Pricing Methods for the Heston Model

2.3.1 Fourier-Based Pricing and the Fast Fourier Transform

Fourier-based pricing methods are essentially a numerical integration approach used to calculate the
prices of options based on the Fourier transform of the risk-neutral density of the underlying asset, which
is referred to as the characteristic function (Carr & Madan, 1999). This technique is extremely efficient
if the characteristic function of the log price is known in analytical form, which holds true in many
advanced financial models such as the Heston stochastic volatility model. The traditional approach to
implementing Fourier-based pricing involves calculating the value of the option based on the value of its
delta (P1) and the risk-neutral probability of finishing in-the-money (P2) as shown in section 2.2.5. The
use of the Fast Fourier Transform (FFT) algorithm for pricing options, proposed by Carr and Madan
(1999), can be used to dramatically speed up this integration process, calculating multiple option prices
simultaneously, reducing the computational complexity significantly. This allows for real-time pricing
and hedging of massive portfolios.

The FFT approach suffers from a structural limitation, the relationship between the integration grid
(∆w) and the strike price grid (∆k) (Fang & Oosterlee, 2008). The algorithm requires the step size of
the integration domain (size between discrete integration points) and the step size of the log-strike grid
(size between strike prices) to satisfy the Nyquist relation (∆k∆w = 2π/N), where N is the number of
grid points. This connection creates a restrictive trade-off. Since ∆w needs to be low to achieve a high
accuracy, simultaneously as ∆k needs to be low to avoid interpolation errors, this forces N to massivly
increase, which slows down the computation.

2.3.2 The COS Method

The COS method developed by Fang and Oosterlee (2008) is an extremely efficient numerical semi-
analytical approach to valuing European options. The method is especially useful when the distribution
of the underlying asset is not explicitly known but the characteristic function (Fourier transform of the
PDF) can be computed analytically, as in the Heston model. The major innovation of the COS method
is its ability to approximate the unknown PDF through a Fourier-cosine series expansion. Through the
connection between the cosine series coefficients and the characteristic function, the valuation problem
becomes an easy algebraic sum rather than a complex integration problem.

For pricing European options the risk-neutral valuation formula is the fundamental starting point. Let
x represent the log-moneyness of the underlying asset at the initial time t0 (x = ln(S0/K)), and let y
represent the log-moneyness of the underlying asset at the maturity date T (y = ln(ST /K)). The present
value of the option, V (x, t0), is given by the discounted expected payoff under the risk-neutral measure:

V (t0, x) = e−rτEQ[V (T, y) | x
]
= e−rτ

∫
R
V (T, y)f(y | x) dy (44)

Where:

• r is the constant risk-free interest rate.
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• τ = T − t0 is the time to maturity.

• V (T, y) is the payoff function at maturity.

• f(y | x) is the conditional probability density function of y given the initial state x.

Because the true density function f(y | x) decays rapidly toward zero in its extreme tails, the infinite
integration domain (−∞,∞) seen in Equation 44 can be truncated to a finite interval [a, b] without
introducing significant approximation error. The truncated valuation formula V1 then becomes:

V1(t0, x) = e−rτ

∫ b

a

V (T, y)f(y | x) dy (45)

Functions with finite support can be optimally approximated using Fourier-cosine series expansions (Oost-
erlee & Grzelak, 2019). The density function on the truncated interval is approximated by its cosine series
expansion:

f̂X(y) =

+∞∑
k=0

′ Āk(x) cos

(
kπ
y − a

b− a

)
(46)

The prime notation (′) indicates that the first term in the summation is multiplied by one-half. The
coefficients of this expansion, Āk(x), are defined as:

Āk(x) :=
2

b− a

∫ b

a

f̂X(y) cos

(
kπ
y − a

b− a

)
dy (47)

The core innovation of the COS method is that it recovers the cosine series coefficients directly from
the characteristic function, bypassing the need for the unknown density (Fang & Oosterlee, 2008). The
characteristic function ϕX(u) and the density function fX(y) form a Fourier pair (Oosterlee & Grzelak,
2019):

ϕX(u) =

∫
R
eiuyfX(y) dy (48)

Assuming the truncated integration over [a, b] provides a highly accurate approximation of the infinite
integral, we have: ∫ b

a

eiuyfX(y) dy ≈ ϕX(u) (49)

By substituting the specific frequency argument u = kπ
b−a and multiplying both sides by exp

(
−ikπ a

b−a

)
,

we obtain:

ϕX

(
kπ

b− a

)
exp

(
−ikπ a

b− a

)
≈
∫ b

a

exp

(
iy

kπ

b− a
− ikπ

a

b− a

)
fX(y) dy (50)

Taking the real part Re(·) of both sides and utilizing Euler’s formula (eiu = cos(u) + i sin(u)) directly
yields the definition of the cosine expansion coefficients:

F̄k(x) :=
2

b− a
Re

[
ϕX

(
kπ

b− a

)
exp

(
−ikπ a

b− a

)]
(51)

Therefore, the unknown coefficients Āk(x) in (47) are accurately approximated by the analytically known
values F̄k(x). Now replacing the conditional density function f(y | x) in the truncated valuation formula
(45) with its Fourier-cosine expansion (46) gives:

V1(t0, x) = e−rτ

∫ b

a

V (y, T )

+∞∑
k=0

′Āk(x) cos

(
kπ
y − a

b− a

)
dy (52)

The cosine series coefficients of the payoff function, V (y, T ), are analytically known for standard options
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as Hk:

Hk :=
2

b− a

∫ b

a

V (T, y) cos

(
kπ
y − a

b− a

)
dy, (53)

Using Fubini’s theorem to interchange the summation and integration in (52) then inserting (53) yields:

V1(t0, x) =
b− a

2
e−rτ

∞∑
k=0

′Āk(x) ·Hk (54)

Since the series coefficients rapidly decay, the infinite summation can be truncated to N terms without
significant loss in precision (Fang & Oosterlee, 2008). This together with substituting Āk(x) for the
characteristic function approximation F̄k(x) in Equation 51 gives the final COS formula for general
underlying processes (Oosterlee & Grzelak, 2019):

V (t0, x) ≈ e−rτ
N−1∑
k=0

′ Re
{
ϕX

(
kπ

b− a

)
exp

(
−ikπ a

b− a

)}
·Hk, (55)

Note that the factor b−a
2 appearing in Equation 54 is not missing, it cancels exactly with the factor 2

b−a

in the definition of F̄k(x). Using the characteristic function for the Heston model from (Equation 37)
Section 2.2.5 in the COS formula for general underlying processes gives:

V (t0, x) ≈ e−rτ
N−1∑
k=0

′ Re
{
ϕHeston

( kπ

b− a
; x, v0, τ

)
exp

(
−ikπ a

b− a

)}
·Hk, (56)

Before this result can be used for pricing options the cosine series coefficient (Hk) needs to be recovered.
This can be obtained analytically for plain European options. The payoff for European options under
log-moneyness is given by:

V (T, y) ≡
[
α ·K(ey − 1)

]+ with α =

1 for a call,

−1 for a put.
(57)

To derive Hk from its definition (52) the cosine series coefficients, χk for g(y) = ey on [c, d] ⊂ [a, b] and
ψk for g(y) = 1 on [c, d] ⊂ [a, b] are needed.

χk(c, d) :=

∫ d

c

ey cos

(
kπ
y − a

b− a

)
dy, ψk(c, d):=

∫ d

c

cos

(
kπ
y − a

b− a

)
dy. (58)

Using (57) and (58) for a European option in the definition for Hk (53) yields:

Hcall
k =

2

b− a

∫ b

0

K(ey − 1) cos

(
kπ
y − a

b− a

)
dy =

2

b− a
K
(
χk(0, b)− ψk(0, b)

)
, (59)

Hput
k =

2

b− a
K
(
−χk(a, 0) + ψk(a, 0)

)
. (60)

Note that since integrating over the payoff function at maturity V (T, y) the integral only needs to include
the areas where the payoff is strictly larger than 0 (i.e., in-the-money). This result in the integration
range being [0, b] for call options and [a, 0] for put options.

To ensure the utility of the COS method within the Heston framework, the truncation interval [a,b] must
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be chosen with care to include the significant mass of the conditional density f(y | x). The boundaries
are determined using the cumulants cn of the log-asset price distribution:

a = c1 − L
√
c2 +

√
c4, b = c1 + L

√
c2 +

√
c4 (61)

Where c1 represents the mean, c2 the variance of the process, c4 the excess kurtosis (how much of the
probability mass is located in the extreme tails of the distribution compared to a normal distribution)
and L is a truncation constant.

2.3.3 Monte Carlo Simulation

Another widely used numerical approach for option pricing is Monte Carlo simulation. The method
has the capacity to accurately determine the prices of very complicated derivatives, in this case options
(Glasserman, 2004). The fundamental idea is the use of the fact that the price of the derivative can
be viewed as the expected discounted payoff of the option. This expectation is estimated by simulating
random paths of changes in the price of the underlying asset over time, discounting the payoffs associated
with each of them and then taking their average to estimate the option price. When applying Monte
Carlo to the Heston model, the method typically relies on discrete-time approximations because the asset
price and its variance evolve together as a complex system of stochastic differential equations.

One major problem with the Monte Carlo simulation is its slow convergence rate where the standard
error decreases at a rate of O(N−1/2), meaning that to cut the pricing error in half, one must quadruple
the number of simulated paths. Adding a single decimal place of precision requires 100 times as much
computational effort. Another major problem is its difficulty for estimating Greeks. Calculating Greeks
requires estimating the derivatives of the option price. Using finite-difference approximations (simulating
the model at parameter value ϑ and ϑ+ h) introduces a difficult trade-off since a small h minimizes bias
but inflates the variance (noise) of the estimate, while a large h reduces variance but increases bias.

2.4 Model Calibration Theory and Surrogate Modeling Approaches

2.4.1 Calibration as an Optimization Problem

As discussed in the introduction, calibrating the Heston model means choosing parameter values such
that the model reproduces observed market option data as closely as possible. This can be formulated
more precisely as an inverse problem, usually written in the nonlinear least-squares form

min
ϕ ∈Θ

∥r(ϕ)∥2 (62)

(Cui et al., 2017). Here, ϕ ∈ Θ ⊂ Rm denotes the parameter vector to be calibrated, where Θ is the set
of allowed parameter values and m = 5 indicates the dimension. r(ϕ) is the residual vector

r(ϕ) = [r1(ϕ), r2(ϕ), . . . , rn(ϕ)]
T, (63)

where n is the number of options to be calibrated and

ri(ϕ) = V model
i (ϕ)− V market

i . (64)

In other words, the residuals are the differences between model-implied and observed market option
prices. Since the Heston pricing model depends nonlinearly on the parameters, the resulting calibration
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problem is a nonlinear least-squares problem (Cui et al., 2017). Unlike linear least-squares, nonlinear
least-squares problems require the use of iterative optimization procedures (NIST/SEMATECH, 2012).
In practice, this requires repeated pricing of a large number of options. As a result, calibration becomes
computationally expensive, motivating the use of surrogate models.

2.4.2 Implied Volatility-based Calibration

Apart from prices, it is also common to calibrate the model using an implied volatility-based objective
function. Both choices rely on the same underlying market information and the objective is still to match
model outputs to observed market values. Hence, the residual in the IV domain can be written as

ri(ϕ) = σIV model
i (ϕ)− σIV market

i . (65)

An implied volatility surface provides a more compact representation of all vanilla option prices, which is
one reason why implied volatility is often preferred in practice. A further motivation for calibrating in the
IV domain is that it may be numerically advantageous, as it reduces the ratio between different Hessian
entries compared to calibration in the price domain. This can improve both calibration efficiency and
accuracy when using gradient-based calibration methods (Liu, Borovykh, et al., 2019). Such gradient-
based calibration methods are discussed in more detail in the next section.

2.4.3 Gradient-Based Calibration and Parameter Greeks

A wide range of optimization procedures can be used for model calibration, and determining which one is
the most suitable in this setting is not always straightforward. This has therefore become an important
research topic within finance.

One group of methods consists of global optimization techniques. These are broadly applicable methods
that do not require gradients of the objective function (C. Zhang et al., 2025). In the present setting
this means the partial derivatives with respect to the model parameters, i.e., the parameter Greeks.
As discussed by C. Zhang et al. (2025), another possible advantage of these techniques is that their
convergence to the global optimum is also less sensitive to the starting values. However, this flexibility
often requires a large number of iterations, making the search for an appropriate parameter set time-
consuming.

Another group contains the multistart optimization methods. These methods search for local optima
from a selected set of starting values and then choose the best candidate among them. To do this, many
of these algorithms instead make use of the derivatives of the objective function, again in this case the
parameter Greeks.

The calculation of the price derivatives w.r.t the parameters ϕ ∈ {κ, θ, σ, ρ, v0},

∂P

∂κ
,

∂P

∂θ
,

∂P

∂σ
,

∂P

∂ρ
,

∂P

∂v0

i.e., the price Greeks are discussed further in Section 2.8.1.

The implied volatility derivatives w.r.t the parameters ϕ ∈ {κ, θ, σ, ρ, v0},

∂σIV

∂κ
,

∂σIV

∂θ
,

∂σIV

∂σ
,

∂σIV

∂ρ
,

∂σIV

∂v0

i.e., the IV Greeks are derived in Section 2.5.4.
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Since calibration is an iterative procedure in which the parameters are repeatedly updated until a suitable
combination is found, it is valuable to understand how the option price changes with each individual
parameter. Knowing the gradient therefore provides information about which parameters should be
adjusted and in which direction. This results in an accelerated convergence for the methods using them
(C. Zhang et al., 2025).

2.4.4 One-Step Deep Calibration and Two-Step Surrogate Pricing

In Heston calibration, neural networks may be used as surrogate models. According to Sridi and Bilokon
(2023), such neural network-based calibration methods can be divided into two main approaches.

The first approach, often referred to as the “one-step approach” or Deep Calibration, was developed by
Hernandez (2016), where an Artificial Neural Network (ANN) was developed to directly map observed
market data to calibrated model parameters. It is for example possible to learn a direct mapping from
an implied volatility surface to the corresponding model parameters. Since no optimization step is
necessary, this would be much faster than using a neural network as a pricing surrogate. However, this
approach is associated with several challenges and might generalize poorly for unseen market regimes.
In particular, the corresponding mapping from parameters to market data is non-injective, meaning that
several different parameter combinations may generate the same prices or implied volatility surface. This
often induces instability when combined with measurement noise, as small changes in the inputs can lead
to drastically different model parameters, making the calibration problem inherently ill-posed (Gambara
& Teichmann, 2021).

The second approach, known as the “two-step approach”, is more commonly adopted. In this case,
deep learning is first applied as a surrogate model for approximating either implied volatilities or option
prices. The second step is then to calibrate the model parameters. As described above, this is done using
traditional optimization techniques to minimize the errors generated by the neural network (Gambara
& Teichmann, 2021; Sridi & Bilokon, 2023). The “two-step approach” has, for example, been used by
Liu, Oosterlee, and Bohte (2019) to calibrate stochastic volatility models, such as the Heston and Bates
models.

2.5 Implied Volatility Computation

2.5.1 Numerical Inversion of the Black–Scholes Formula

Recovering implied volatility from option prices is one of the most common computational tasks in finance
(Choi et al., 2024). As noted above, within the Black–Scholes framework, implied volatility is defined as
the value of the volatility parameter for which the model price matches the observed market price (Hull,
2022). This can be expressed as

σIV(m, τ) =
(
V BS

)−1(
V mkt;S,K, τ, r

)
(66)

where
(
V BS

)−1 denotes the inverse Black–Scholes function, m = St/K denotes the moneyness, and τ is
the time to maturity (Liu, Oosterlee, & Bohte, 2019).

In model-based settings, one may instead compute the corresponding implied volatility from a model-
generated price. This is justified since the purpose of the model is to reproduce observed market prices
as closely as possible (Cui et al., 2017). For example, Liu, Oosterlee, and Bohte (2019) do this for
Heston-generated prices by first computing option prices under the Heston model and then extracting
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the corresponding implied volatilities. If σIV
H denotes this implied volatility, it is defined by

σIV
H (m, τ) =

(
V BS

)−1(
V H;S,K, τ, r

)
(67)

Hence, in model-based settings, the following definitions and reasoning apply as above, with V mkt replaced
by V H.

In practice, this inversion problem does not admit a closed-form analytical solution. The implied volatility
must therefore be determined numerically by means of an iterative approximation algorithm. This is
achieved by reformulating the equation as a root-finding problem:

g
(
σIV
)
= V BS

(
S, τ,K, r, σIV

)
− V mkt(K,T ) = 0 (68)

Several numerical approaches are available for solving this equation. Among them are the Newton-
Raphson method, Brent’s method, and Let’s Be Rational (Liu, Oosterlee, & Bohte, 2019). Each of these
is discussed in more detail below.

2.5.2 The Newton-Raphson and Brent Methods

Manaster and Koehler (1982) describe the Newton-Raphson method as a common numerical method for
solving nonlinear equations. Applied to the implied volatility problem, they show that the iteration can
be written as

σIV
k+1 = σIV

k − V BS(σIV
k )− V mkt

g′(σIV
k )

, k = 0, . . . (69)

where σIV
k denotes the k-th iterate and g′(σIV

k ) the Greek called Vega. Since Vega is positive, the iteration
above is well defined.

Newton-Raphson theory implies that if Equation 68 has a solution, then there exists an open interval
(a, b) around the root such that, if an iterate enters this interval, the sequence converges to the root.

For the present application, the initial guess is chosen as

σIV
0 =

√
2

τ
|m+ rτ | (70)

Manaster and Koehler (1982) further show that this starting value lies within the interval (a, b) containing
the implied volatility root, which ensures convergence of the iteration. This is supported using that if
σIV < σIV

0 , Vega is increasing on the interval, whereas if σIV > σIV
0 , Vega is decreasing. The iterations

therefore approach σIV monotonically, downward in the former case and upward in the latter. Since the
sequence is monotone and bounded, it converges to the unique implied volatility.

Although simple to implement, the naive Newton-Raphson method is not the most efficient one and can
converge very slowly for out-of-the-money options with very low prices (Choi et al., 2024). The method
may also fail when Vega becomes very small. In the Black–Scholes equation, the Vega can become very
close to zero especially when the option is deep in-the-money (ITM) or deep out-of-the-money (OTM),
making the division by Vega numerically unstable. As an alternative, hybrid methods combining Newton-
Raphson and bisection have been suggested (Liu, Oosterlee, & Bohte, 2019). Choi et al. (2024) instead
propose a hybrid method based on the log price.

Another derivative-free and reliable alternative for computing the implied volatility is Brent’s method.
This algorithm is a combination of bisection, inverse quadratic interpolation and the secant method (Liu,
Oosterlee, & Bohte, 2019). Given three distinct iterates, σIV

k , σIV
k−1, and σIV

k−2, the method first attempts
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inverse quadratic interpolation, meaning that it approximates

σIV
k+1 =

σIV
k g(σIV

k−1) g(σ
IV
k−2)(

g(σIV
k )− g(σIV

k−1)
)(
g(σIV

k )− g(σIV
k−2)

)
+

σIV
k−1 g(σ

IV
k−2) g(σ

IV
k )(

g(σIV
k−1)− g(σIV

k−2)
)(
g(σIV

k−1)− g(σIV
k )
)

+
σIV
k−2 g(σ

IV
k−1) g(σ

IV
k )(

g(σIV
k−2)− g(σIV

k−1)
)(
g(σIV

k−2)− g(σIV
k )
) .

(71)

If two consecutive approximations are identical, for example if σIV
k = σIV

k−1, Brent’s method instead uses
linear interpolation, i.e., the secant method. This estimates the next iterate from the straight line through
the two previous points (Liu, Oosterlee, & Bohte, 2019):

σIV
k+1 = σIV

k−1 − g(σIV
k−1)

σIV
k−1 − σIV

k−2

g(σIV
k−1)− g(σIV

k−2)
. (72)

If the interpolation step produces a root candidate that is not considered suitable, the algorithm falls
back on bisection, meaning it takes the midpoint of the current bracketing interval. This preserves the
bracketing of the root and ensures convergence (Brent, 1973).

2.5.3 The “Let’s Be Rational” Algorithm

Another prominent method for computing implied volatility is the Let’s Be Rational algorithm proposed
by Jäckel (2015). Liu, Oosterlee, and Bohte (2019) in short describe it as a way of selecting a more
suitable initial guess in order to reduce the risk of divergence in the Newton-Raphson method, while Choi
et al. (2024) identify it as one of the most effective methods for implied volatility computation.

In contrast to the methods described above, which are applied directly to the Black–Scholes formula,
this algorithm first reformulates the inversion problem using the equivalent Black formula. The Black
formula can be viewed as the forward–price version of Black–Scholes, where the spot price S is replaced
by the forward price F , and hence the log-moneyness x = ln(F/K). The algorithm further introduces
the normalizations σ̃ = σIV

√
τ and V b(x, σ̃, ϱ) = V B(F,K, σIV , τ, ϱ)/

√
FK where B denotes the Black

formula and ϱ ∈ {−1,+1} denotes the option type (put or call). The market price, V mkt, is then also
expressed through a corresponding normalized forward price β. By doing these changes, both numerical
stability and computational efficiency is improved, especially for options with very low or very high prices.

A key idea of the method is that, for a fixed x = ln(F/K), the normalized Black function b(x, σ̃) is
monotone increasing in the normalized implied volatility, σ̃, and has a single inflection point. This point
is denoted by σ̃c = 2|x|, and defines bc = b(x, σ̃c). Using the tangent at the inflection point, two additional
boundary values, bl and bu, are introduced. This divides the normalized price domain into four regions,
[0, bl], [bl, bc], (bc, bu], and (bu, bmax], where bmax denotes the maximum attainable normalized option
price. Based on this partition, a piecewise initial guess σ̃0(β) is constructed, reflecting the fact that the
inverse function behaves differently across the price domain.
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Figure 1: The construction of the four price intervals, using the tangent at the
inflexion point, (σc, σ̃c) for |x| = 4 (Jäckel, 2015).

In the two middle intervals, [bl, bc] and (bc, bu], the inverse function is sufficiently smooth to be approx-
imated accurately by two separate rational cubic interpolations, i.e., using a function with polynomial
terms up to degree three. In the lower and upper intervals, the approximation is instead constructed for
transformed functions motivated by the asymptotic behavior near the price boundaries.

Once the initial guess has been selected from the interval containing β, the root of the function g(σ̃) is
once again determined iteratively. To improve convergence Jäckel also reformulates the function w.r.t.
the different price intervals. The resulting objective function is therefore based on transformed residuals
in the lower and upper region:

g(σ̃) =



1

ln
(
b(x, σ̃)

) − 1

ln(β)
, β ∈ [0, bl),

b(x, σ̃)− β, β ∈ [bl, b̃u],

ln

(
bmax − β

bmax − b(x, σ̃)

)
, β ∈ (b̃u, bmax],

where b̃u := max

(
bu,

bmax

2

)
. (73)

The iterations are then carried out using the third-order Householder method:

σ̃k+1 = σ̃k + νk
1 + 1

2γkνk

1 + νk
(
γk + 1

6δkνk
) , (74)

where
νk := − g(σ̃k)

g′(σ̃k)
, γk :=

g′′(σ̃k)

g′(σ̃k)
, δk :=

g′′′(σ̃k)

g′(σ̃k)
. (75)

The first-order version, i.e., the version using only g′(σ̃), is identical to the Newton-Raphson iteration.

The combination of both an interval-based initial guess and function g(σ̃), as well as using the third-
order Householder method makes the algorithm both fast and robust. Jäckel shows that, with only two
iterations, Let’s Be Rational can reach machine precision for all admissible inputs. At the same time, the
maximum attainable accuracy still depends strongly on having a Black function that near the solution is
numerically stable down to the same relative accuracy. Although this issue is not unique to this method,
a sufficiently stable Black implementation is required in order to realize the full advantage of the method
in practice. With such an implementation, Let’s Be Rational is well suited to compute implied volatilities
both accurately and efficiently over a wide range of strikes and maturities.
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2.5.4 Implied Volatility Greeks

In order to understand how the Heston parameters affect implied volatility, it is useful to also compute
the implied volatility derivatives (Liu, Borovykh, et al., 2019). These IV Greeks can be derived from the
definition of implied volatility within model-based settings, i.e., the volatility for which the Black–Scholes
price equals the Heston price. Following Liu, Oosterlee, and Bohte (2019) it is defined by

V BS(S,K, τ, r, σIV
H ) = V H(S,K, τ ;κ, θ, σ, ρ, v0). (76)

Since all other inputs in the Black–Scholes formula are held fixed, σIV
H can be viewed as a function of

the Heston parameters. Differentiating both sides with respect to a Heston parameter ϕ ∈ {κ, θ, σ, ρ, v0}
and applying the chain rule yields

∂V BS

∂σIV
H

∂σIV
H

∂ϕ
=
∂V H

∂ϕ
. (77)

Hence, each implied volatility Greek is given by:

∂σIV
H

∂ϕ
=

∂V H/∂ϕ

∂V BS/∂σIV
H

, (78)

where the numerator is the Heston price Greek and the denominator is the Black–Scholes Vega.

2.6 High-Dimensional Sampling Methods

Ordinary random (Monte Carlo) sampling draws each point independently from a uniform distribution.
In low dimensions this works reasonably well, but in high dimensions the points tend to clump together
in some areas while leaving big empty voids in others (Owen, 2023). This problem grows worse as the
number of dimensions increases, since the volume of the dimensional space explodes and random points
have a hard time spreading out evenly. As a result, parts of the input space are overcrowded, while others
are ignored, leading to problems when sampled input labels in a high-dimensional space are to be used
for training a model (Forrester et al., 2008).

2.6.1 Curse of Dimensionality

In the context of high-dimensional parameter sampling, the curse of dimensionality refers to the fun-
damental breakdown of traditional statistical and geometric intuition as the number of dimensions for
data points increases (Peng et al., 2024). It is a collection of effects that can dampen the performance of
machine learning models.

As the dimensionality d increases, the volume of the parameter space expands exponentially. Figure 2
explains this phenomenon in a simple manner. Here, each parameter is divided into 5 intervals and the
sample density for each dimension is calculated as 10/5d. We see that the density converges to 0 as the
dimension goes to infinity and that the density already becomes close to 0 for dimensions bigger than
5. When the number of samples is much smaller than 5d it means that most of the parameter intervals
do not include samples. This shows the often inability to represent the entire parameter space for data
samples in high-dimensional spaces, leaving empty space (Peng et al., 2024).
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Figure 2: Visualization of how the density for 10 random uniformly distributed
data points decreases as the number of dimensions increases. Each dimension

is divided into 5 intervals.

The empty space that occurs for small datasets in high-dimensional spaces can complicate machine
learning ability to generalize from training samples to unseen data. When the space is mostly empty,
models trained on high-dimensional data is likely to overfit since the model finds "patterns" that actually
do not exist in the huge gaps between sparse data points (Verleysen & François, 2005). This results in a
model that performs perfectly on the training data, but fails to generalize well to previously unseen data
points.

2.6.2 Latin Hypercube Sampling

Latin Hypercube Sampling (LHS) is a random sampling technique that ensures coverage of multidimen-
sional parameter spaces. It was introduced by McKay et al. (1979) as a constrained sampling technique
designed to analyze computer outputs more efficiently than simple random sampling. LHS ensures that
each input variable is sampled throughout its distribution to obtain a good spread by first dividing the
range of each of the k input labels into n intervals with equal probability (1/n). One value is then
selected at random within each of the n intervals for every input label. These n values for each input
label are then randomly permuted to form n sampled data-points in the space. This ensures that for
each individual dimension, there is exactly one sample point per interval, effectively reducing the Curse
of Dimensionality.

2.6.3 Sobol Sequences

Sobol sampling can be described as filling in the previously unsampled regions in a multidimensional space
when a new label is sampled (Nicholson, n.d.). It generates a uniform distribution in the probability space.
In a two dimensional sense, loosely speaking, imagine putting dots on a paper sheet, where each new dot
is put as far away as possible from the earlier dots, that is, in the current most empty space.

For each dimension j = 1, 2, . . . , d a number of direction vectors vj,i (binary fractions ranging from 0 to
1) are pre-defined (Sobol’ et al., 2011). To obtain the sequence corresponding to a certain dimension j,
the algorithm utilizes a primitive polynomial from GF(2) which means that the field contains only two
elements 0 and 1. The primitive polynomial of degree sj takes the following form:

Pj(x) = xsj + a1,jx
sj−1 + · · ·+ asj−1,jx+ 1. (79)

where ak,j are the coefficients of the polynomial. Given these polynomials, a sequence of integer values
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(mi,j , which determine the direction numbers for i > sj) is obtained using the recurrence relation:

mi,j = 2a1,jmi−1,j ⊕ 22a2,jmi−2,j ⊕ · · · ⊕ 2sjmi−sj ,j ⊕mi−sj ,j (80)

where the symbol ⊕ denotes the bit-wise XOR operation, which is equivalent to the addition modulo 2.
That is, (0⊕ 0 = 0, 1⊕ 1 = 0, and 0⊕ 1 = 1).

The first set of values to start this recurrence relation (m1,j ,m2,j , . . . ,msj ,j) can be selected freely, as
long as mk,j < 2k and mk,j an odd number. This flexibility in choosing initial numbers is why many
different Sobol sequences can be constructed for the exact same dimension. The direction numbers are
then obtained as the binary fractions:

vj,i =
mi,j

2i
. (81)

The direction numbers can be seen as acting like a fixed set of “step sizes” unique to each dimension. By
combining them appropriately, the generator can produce points that respect the natural power-of-two
subdivisions of the unit interval (halves, quarters, eighths, etc.). To calculate the coordinates of the n-th
point Xn = (x1,n, x2,n, . . . , xd,n) for the d-dimensional space, it is necessary to represent the number n
as its binary representation n = (bb . . . , b2, b1), where each bi can be only 0 or 1. The computation of
the j-th coordinate is then done by computing the bitwise XOR operation among the direction numbers
chosen by the binary digits of n:

xjn = b1v
j
1 ⊕ b2v

j
2 ⊕ · · · ⊕ bbv

j
b , (82)

This formula is applied independently to every dimension j (from 1 to d) using the same binary digits
of n but different direction numbers vj,i. Adding these coordinates for each dimension together in a
coordinate vector then gives the next full sampled data point. This makes the Sobol sequence extremely
fast at generating uniform distributions since it relies on straightforward binary operations rather than
complicated mathematical equations.

2.6.4 Discrepancy Measures

Discrepancy is an objective measure of how far a set of points is from being perfectly uniformly distributed.
If you scatter points in a specific space (like a square or a multidimensional hypercube), a perfectly uniform
distribution means that the number of points falling into any given sub-region is exactly proportional to
the volume of that sub-region. Discrepancy measures the "error" or difference between this ideal density
and the actual point density (Niederreiter, 1992).

The L2 discrepancy is a measure of how irregular the distribution of a finite set of points P within the
unit square [0, 1)2 is (Faure et al., 2008). It evaluates how much the distribution of the points deviates
from the uniform distribution by considering the squared deviation integrated over the entire space. The
L2 discrepancy of a point set (P = x1, . . . , xN ) with N ≥ 1 points is defined as:

L2(P) :=

(∫ 1

0

∫ 1

0

|E(x, y,P)|2 dx dy
)1/2

(83)

where the discrepancy function E(x, y,P) is given by:

E(x, y,P) = A([0, x)× [0, y),P)−Nxy. (84)

A([0, x)× [0, y) represents the number of points in P contained within the rectangle [0, x)× [0, y), while
Nxy refers to the area of this rectangle and represents the expected number of points in the rectangle
for a uniform distribution. This definition uses the L2-norm (root mean square) of the local discrepancy
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function E(x, y,P) over the unit square. It therefore provides an average-case measure of uniformity
rather than focusing on the single worst-case deviation.

2.7 Neural Networks for Function Approximation

2.7.1 Feedforward Neural Networks

A neural network (NN) is a collection of connected artificial neurons used to approximate an algorithm or
function. Each neuron represents an output function, while the connections between the neurons represent
weights. The output of the neural network will therefore vary depending on the weights between neurons,
the output functions of the neurons, as well as the structure of the network (Wu & Feng, 2018).

The simplest and most common form of a neural network is a feedforward neural network, in which
information only traverses the network in one direction. The information will then propagate from the
input layer to the output layer, usually through one or more hidden layers (Islam, 2019). In other words,
the output of neurons in the nth layer is used as input to neurons in the (n+1)th layer. Figure 3 provides a
visual representation of a feedforward neural network. If the network consists of at least one hidden layer,
it is usually referred to as a deep feedforward neural network, or a multilayer perceptron (Goodfellow
et al., 2016).

Figure 3: A visual representation of a feedforward neural network with three
input neurons, one hidden layer containing three neurons, and one output

neuron.

In addition to weights and input signals from the previous layer, a neuron may also have a bias, which
is a constant applied to offset the function, and an activation function Φ. The activation function is
what gives the neural network the ability to learn and recognize complex mappings from the input data,
by introducing non-linearity to the model. It can also be used to limit the range of the output signal
(Sharma et al., 2020).

The output of a neuron can be written mathematically as:

y = Φ

(
N∑
i=1

w(i)x(i) + b

)
, (85)

where x(i) are the input signals from the previous layer, w(i) are the corresponding weights and b is the
bias term (Z. Zhang, 2018). The expression inside the parentheses represents a linear transformation of
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the inputs. The values w and b are commonly referred to as the trainable parameters of the network,
denoted by ω. These should not be confused with the parameters of the Heston model, ϕ, which are used
as inputs to the network in this study.

2.7.2 Universal Approximation Theorem

As mentioned earlier, neural networks are used for approximating functions. The Universal Approxima-
tion Theorem gives a theoretical motivation for the use of neural networks as function approximators.
Cybenko (1989) showed that single-hidden-layer neural networks of the form

G(x) =

N∑
j=1

αjΦ(wj
⊤x+ bj) (86)

are dense in C(In), where x ∈ Rn is the input vector, wj is the input weight vector to hidden unit j, bj
is its bias term, Φ is a continuous activation function, and aj is the weight connecting the hidden unit j
to the output unit. Here, In denotes the n-dimensional unit cube, [0, 1]n, and C(In) denotes the space
of continuous functions on In. In other words, the theorem states that neural networks of the above
form can approximate any continuous function defined on In with arbitrary precision, provided that the
network contains sufficiently many neurons.

While the theorem is often stated for functions fω : Rn → R, the same idea can be extended component-
wise for functions fω : Rn → Rm. The theorem also shows that a single hidden layer is sufficient for
universal approximation, but newer research indicates that deeper architectures can be more effective for
representing certain functions (Poggio et al., 2017).

Even though neural networks can approximate any arbitrary function, they largely favor those of lower
complexity. This phenomenon is called spectral bias (Rahaman et al., 2019). Due to networks fitting
lower complexity components first and therefore residing in the concept class of low complexity, spectral
bias strongly promotes generalization. In particular, evaluating Fourier-based functions has proven that
lower frequencies are learned first (Cao et al., 2019).

2.7.3 Activation Functions

The activation functions in neural networks are used to transform input signals into output signals, which
are then supplied as inputs to the next layer. If the activation functions used in a neural network are
either undefined or all linear, the network would not be able to learn non-linear mappings between the
inputs and outputs, and would function like a linear regression model. Therefore, non-linear activation
functions are commonly used for approximating complex and non-linear functions (Sharma et al., 2020).

One of the most widely used activation functions for neural networks is ReLU, which stands for Rectified
Linear Unit. It can be defined mathematically as:

ReLU(x) = max(0, x) (87)

Figure 4 illustrates the shape of the ReLU activation function.
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Figure 4: ReLU Activation Function

Although ReLU is popular due to its simplicity and efficiency, it is not continuously differentiable and
can therefore be less suitable in settings where smooth gradients of the network outputs are required
(Huge & Savine, 2020). Some of the alternative activation functions that resolve this issue are SiLU and
Softplus.

SiLU, also called Swish, is expressed mathematically as:

SiLU(x) =
x

1 + e−x
(88)

(Ramachandran et al., 2017), and is illustrated in Figure 5a.

The Softplus function, introduced by Dugas et al. (2000), can be described mathematically as:

Softplus(x) = ln(1 + ex). (89)

Figure 5b shows the shape of the Softplus function. An important difference between SiLU and Softplus is
that Softplus limits the range of the output of a neuron to non-negative values. This can be beneficial when
approximating target functions that are non-negative by construction, such as option pricing functions.

(a) SiLU Activation Function (b) Softplus Activation Function

Figure 5: Two common smooth alternatives to the ReLU activation function.
Panel (a) shows the SiLU activation function, while panel (b) shows the

Softplus activation function.
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2.7.4 Loss Functions and Gradient-Based Optimization

The training of a neural network is a process consisting of adjusting the weight and bias parameters of
the network in order to minimize some error function, also called a loss function. A loss function is a
function that measures the error between the predicted output of the network and the desired target
output (Bishop, 1994). Some of the most common forms of loss functions are square loss functions, which
measure the square error between the predicted and target output (Q. Wang et al., 2022). One such
function is the mean squared error (MSE) function, defined here as:

LMSE(ω) =
1

N

N∑
i=1

(ŷ(i) − y(i))2, (90)

where y(i) is the target output, ŷ(i) = fω(x
(i)) is the corresponding predicted output given an input

vector x(i) and the current network parameters ω, and N is the number of data points evaluated.

A common approach to minimizing the loss function is gradient descent. In gradient descent, the pa-
rameters are iteratively updated in the direction of the negative of the gradient of the loss function with
respect to the parameters, ∇ωL(ωt), where t denotes the current step in the iterative process (Bishop,
1994). Mathematically, this process can be expressed as:

ωt+1 = ωt − η∇ωL(ωt), (91)

where η is called the learning rate, determining how aggressively the parameters are updated each it-
eration. η can be adjusted according to some predefined schedule during training, which may improve
convergence (Loshchilov & Hutter, 2017).

Backpropagation, introduced by Rumelhart et al. (1986), is used to efficiently compute the gradients
needed for gradient descent by applying the chain rule recursively from the output layer backward through
the network.

2.7.5 Optimization Algorithms

The algorithms used for minimizing the loss function are referred to as optimization algorithms. Gradient
descent is a common example of such an algorithm. However, more advanced optimization methods are
often used in practice.

One popular algorithm is Adam, introduced by Kingma and Ba (2015), which adaptively adjusts the
update steps for each parameter based on the first and second moments of the gradients. Here, the first
moment refers to the exponential moving average of the gradient, while the second moment refers to the
exponential moving average of the squared gradient. We can describe the Adam optimization algorithm
mathematically as:

gt = ∇ωL(ωt)

mt = β1mt−1 + (1− β1)gt

vt = β2vt−1 + (1− β2)g
2
t

m̂t =
mt

1− βt
1

, v̂t =
vt

1− βt
2

ωt+1 = ωt − η
m̂t√
v̂t + ϵ

(92)

where mt is the first moment estimate, vt is the second moment estimate, and β1, β2 ∈ [0, 1) are the
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corresponding exponential decay rates. However, since the moving averages are initialized as 0 in Adam,
the early estimates will be systematically biased towards zero. To correct for this, the bias-corrected
estimates m̂t and v̂t are calculated.

2.7.6 Weight Initialization

Since training neural networks is an iterative process, we need to specify some initial values for the
parameters that are fitted during the process, primarily the weights. How to determine these initial
weights is an area of active research (Kumar, 2017), but we know that the choice is critical for whether or
not the algorithm converges, how fast it converges, as well as for its generalization capabilities (Goodfellow
et al., 2016).

An important requirement for the initial parameters is that they must be chosen so as to break symmetry
between different neurons in the beginning of the learning process. Otherwise, if several neurons are
initialized with identical parameters, they will receive identical updates throughout training. In practice,
this is achieved by initializing the weights to randomly sampled values from either a Gaussian distribution
N (0, σ2) or a uniform distribution U(a, b) (Goodfellow et al., 2016).

The question then becomes how σ2 or a and b should be chosen, depending on the sample distribution.
Xavier initialization, proposed by Glorot and Bengio (2010), has been shown to perform very well in
many scenarios (Kumar, 2017). For ReLU activation functions, Kaiming initialization, introduced by He
et al. (2015), is often preferred. Since ReLU suppresses negative inputs, this initialization uses a larger
variance than Xavier to compensate for the loss of negative activations.

2.7.7 Parameter Normalization

From observation, the scale of labels carries over to the gradients of the cost functions and the size
of gradient descent optimization steps. To avoid manual scaling of learning rate; gradient descent and
variants are best implemented with normalized labels. Therefore, training deep learning models always
starts with some sort of normalization step and ends with an "un-normalization step", where predictions
are scaled back to original units (Huge & Savine, 2020).

An explicit mathematical justification for parameter scaling relates to the condition number of the Hessian
matrix H, which can be calculated as:

κ(H) = max
i,j

∣∣∣∣λiλj
∣∣∣∣ (93)

where λi and λj represent the eigenvalues of the Hessian. This is the ratio of magnitude of the largest and
smallest eigenvalue. A large condition number results in the matrix inversion being particularly sensitive
to error in the input. Thus, by compressing parameter ranges to e.g. [-1, 1], the eigenvalues of the
Hessian, which dictate the curvature of the loss landscape, converge closer to each other. This reduces
the condition number, ensuring that first-order optimization methods like gradient descent navigate the
loss surface more efficiently without oscillating (Goodfellow et al., 2016, Section 4.2.2).

Furthermore, when training neural networks, three specific criteria should be accounted for: 1. the
average of each input variable over the training set should be close to zero, 2. input variables should be
scaled such that their covariances are the same and 3. input variables should be uncorrelated if possible.
One benefit of following these guidelines is that, geometrically, if inputs are shifted or scaled improperly,
the weights are pushed into the flat regions of certain non-linear, self-gating activation functions (e.g.
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sigmoid or SiLU), destroying the gradient (LeCun et al., 1998).

One common method for parameter scaling is the min-max scaling method. Min-max normalization
performs a linear transformation on the original data, yielding the following formula:

xscaled =
x− xmin

xmax − xmin
, (94)

where x is the original input parameter and xmin and xmax denote the empirical minimum and maximum,
respectively, of that feature across the training set. In the case where variables are scaled to a custom
range, [a,b], Equation 94 becomes:

xscaled = a+
(x− xmin)(b− a)

xmax − xmin
, (95)

here, [a,b] represents the target bounding interval (e.g. [-1, 1]) (Han et al., 2012, Chapter 3).

An alternative to min-max scaling is feature standardization, often referred to as the z-score normal-
ization. This transformation centers the input data around a mean of zero and scales it to have a unit
variance. The standardized value, z, is computed as:

z =
x− µ

σ
(96)

where x represents the raw input parameter, while µ and σ denote the empirical mean and standard
deviation of that specific feature across the training dataset, respectively. This method of normalization
proves more useful when the exact minimum and maximum of x is unknown or when there exist outliers
that dominate the min-max normalization (Han et al., 2012, Chapter 3).

Both these normalization methods attempt to give all input parameters an equal weight, helping prevent
input parameters with large ranges from outweighing those with smaller values (Han et al., 2012, Chapter
3).

2.7.8 Computational Efficiency of Neural Network Inference

As discussed earlier, neural networks can be interpreted as function approximators, mapping inputs to
outputs through a sequence of linear transformations and nonlinear activations. This process can be
expressed as a series of matrix multiplications followed by element-wise operations and is particularly
well-suited for execution on graphics processing units (GPUs), which are designed for massively parallel
computation (Raina et al., 2009).

Inference refers to applying an already trained neural network to compute outputs for new inputs by
performing a single forward pass through the network (Goodfellow et al., 2016). By processing the inputs
in batches, parallelization can be utilized to evaluate multiple samples at the same time, leading to highly
efficient computation. Leveraging specialized hardware, such as the GPU, to perform specific tasks more
efficiently than Central Processing Units (CPUs) is commonly referred to as hardware acceleration.
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2.8 Differential Machine Learning

2.8.1 Differential Machine Learning Framework

As explained in section 2.7, a traditional feedforward neural network learns a mapping fω : Rn → Rm from
inputs x ∈ Rn to a vector output y ∈ Rm by minimizing the difference between the network predictions
ŷ = fω(x) and the training labels y (Prince, 2023). In the context of option pricing, the network could
for example learn to map the Heston parameters and the market state to an option price or implied
volatility. While this architecture often achieves good point-wise accuracy, the function it approximates
is effectively a black box. We don’t control the shape of the function and the partial derivatives of the
output with respect to the inputs ∂fω/∂xi , i.e., the Greeks with respect to the Heston parameters in this
case, may not correspond to the actual analytical or semi-analytical derivatives (Huge & Savine, 2020).

This limitation makes it impossible to trust the approximated function and use it to make calibration
more efficient (Sridi & Bilokon, 2023). Gradient-based calibration, such as the Levenberg–Marquardt or
L-BFGS algorithms, not only require correct outputs but also reliable derivatives, Greeks, of the function
with respect to the parameters of the underlying model. Using such models becomes an impossibility
if the core pricing engine cannot provide accurate derivatives. Using a traditional NN could make the
optimizer converge to the wrong parameter values or fail to converge at all. Classically, using traditional
pricers and not neural networks, the derivatives are computed by finite differences or by differentiating the
semi-analytical pricing formula directly. This is much more time consuming or requires solving complex-
valued integrals. The core challenge is therefore not only to approximate the function from parameters
to prices accurately, but to also produce stable derivatives.

Differential Machine Learning (DML), that was introduced by Huge and Savine (2020), addresses this
issue by including the derivatives in the loss function. Instead of training the network only on inputs
and outputs (x, y), DML includes the true partial derivatives of the outputs with respect to the inputs
∂y/∂xi and penalizes the network for errors in the output values as well as the derivatives, simultaneously.
This results in a network that learns a surface that not only outputs the correct values but also has the
correct slope at each point. This method is closely related to the concept of Sobolev training that was
first proposed by Czarnecki et al. (2017), where the authors use Sobolev norms to penalize the function
values as well as their derivatives at the same time. In this work, we bridge the methods related to the
abstract mathematics of Sobolev spaces, but apply it using a traditional mean squared error based loss
that penalizes outputs as well as their derivatives, but the underlying mathematical concepts are the
same.

The practical value of this approach in the context of Heston model calibration can be understood in terms
of two main aspects. Firstly, as the model has learned the shape of the derivatives it can output them
explicitly and thereby provide the Jacobian matrix, or the gradient if the output is scalar. This enables
the use of gradient-based optimizers without much additional cost, as only an additional backward pass
is needed. Second, including the derivatives in the loss function works as a regularizer for the network,
forcing it to learn a more meaningful and smoother mapping. This tends to improve generalization and
reduces the tendency for overfitting.

2.8.2 Sobolev Training

The theoretical foundation for training neural networks with derivatives relies on theory from the realm of
functional analysis, more specifically the theory of Sobolev spaces (Czarnecki et al., 2017). In traditional
supervised training, the network is most commonly trained by minimizing a spatial loss, such as MSE,
which only penalizes the difference between the predicted and target function values. However, when
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incorporating derivatives, the network does not only learn the point-wise mapping, but also its underlying
geometry.

To formalize this mathematically we can use the theory of Sobolev spaces, denoted as W k,p(Ω) (Evans,
1998). To understand why this framework builds the foundation of differential deep learning, it is helpful
to define some core concepts:

Weak Derivatives

In classical calculus, differentiating a function requires it to be point-wise differentiable in the relevant
domain. A weak derivative is a mathematical generalization that allows us to define derivatives for a
broader class of functions, including many that are not classically differentiable, over a domain (Evans,
1998, Sec. 5.2.1).

P-integrability

A function is p-integrable if the integral of its absolute value raised to the power of p is finite (Weber,
2018). In the context of training a neural network the power 2 is central, it leads to what is called the
L2 space. Here, we measure the size of a function by squaring its values and integrating them over the
entire domain, analogous to how we would compute the Euclidean distance by summing the squared
components of a vector. Hence, this could be viewed as the continuous version of MSE, i.e., across an
entire function instead of a finite set of data points.

The Sobolev Space W k,p(Ω)

Using these two concepts, we can define the Sobolev space as a vector space of functions whose values and
weak derivatives up to order k are all p-integrable over a specified domain Ω (Weber, 2018). This makes
sure that the approximations of the function and its gradients are mathematically constrained through
Lp-integrability (Evans, 1998).

Czarnecki et al. (2017) showed that the training of a neural network could be significantly improved by
minimizing a loss function defined by a Sobolev norm. This concept makes it possible to not only look at
the magnitude of the approximations but also the smoothness of the function. Using only first derivatives
and the squared error in the training directly translates to utilizing the theory behind first-order Sobolev
spaces, and more specifically the H1 norm where k = 1, with p = 2, which generates the following
objective function (Brezis, 2011; Son et al., 2021; Weber, 2018):

∥f − g∥2W 1,2 =

∫
Ω

|f(x)− g(x)|2 dx+

∫
Ω

|∇f(x)−∇g(x)|2 dx (97)

Where ∇ denotes the gradient with respect to x. Note that as we square the norm, we cancel out the
square root that is present in the regular definition of the Sobolev norm. The core insight from this
function is that the first integral ensures that the network f(x) approximates the target values g(x),
while the second integral handles the derivatives of the function.

In the practical implementation of this, one possible architecture is the Deep Differential Network (DDN).
To make this feasible, we need to approximate these theoretical integrals over the domain Ω (Son et al.,
2021). The solution lies in using the discrete empirical average over the finite training dataset, i.e., the
MSE. We can combine the MSE of the predictions and their gradients, effectively creating a composite
MSE loss which acts as the discrete approximation of the Sobolev norm. Huge and Savine (2020) used
this framework and applied it to the quantitative finance setting through adapting what they called
Differential Machine Learning (DML). This made it possible to use the theory of Sobolev norms with
traditional ML tools.
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2.8.3 The Differential Loss Function

To formalize this empirical implementation of the Sobolev norm, we will construct a mathematical for-
mulation of the networks loss function (Huge & Savine, 2020). Consider a dataset used for training the
neural network (x(i), y(i), z(i))

N

i=1, where, for N samples, x(i) ∈ Rn is the input vector, y(i) ∈ R is the
target output (e.g. the option price or implied volatility) and z(i) = ∇xy

(i) ∈ Rn is the vector of partial
derivatives of the output with respect to each input component (e.g. Heston parameter Greeks), i.e.,

z(i) =

(
∂y

∂x1

∣∣∣∣
x(i)

,
∂y

∂x2

∣∣∣∣
x(i)

, . . . ,
∂y

∂xn

∣∣∣∣
x(i)

)⊤

. (98)

In the context of option pricing under the Heston model, the input vector x consists of the Heston
parameters (κ, θ, σ, ρ, v0) as well as the market state variables (τ , r, m) so that the input vector is
eight-dimensional.

Let fω(x) denote the function approximated by the neural network with the parameters ω, and let
ŷ(i) = fω(x

(i)) be the predicted output for the sample with index i. The derivatives of the prediction are
therefore obtained by differentiating the approximated function with respect to its inputs:

ẑ
(i)
j =

∂fω
∂xj

∣∣∣∣
x(i)

, j = 1, . . . , n. (99)

where n denotes the input dimension so that in the Heston case, n = 8 for all input derivatives, or n = 5

for the parameter Greeks.

The traditional loss function in deep learning is, as we discussed earlier, the mean squared error over only
the function values:

Lvalues(ω) =
1

N

N∑
i=1

(
ŷ(i) − y(i)

)2
. (100)

Whereas the differential loss function instead penalizes the errors of each partial derivative:

Ldiff(ω) =
1

N

N∑
i=1

n∑
j=1

(
ẑ
(i)
j − z

(i)
j

)2
. (101)

Hence, the final loss function is the composite of these two separate loss functions:

LDML(ω) = Lvalues(ω) + λLdiff(ω) =
1

N

N∑
i=1

(ŷ(i) − y(i)
)2

+ λ

n∑
j=1

(
ẑ
(i)
j − z

(i)
j

)2 , (102)

where λ > 0 is a tunable hyperparameter that controls the relative importance of the error of the
derivatives in relation to the accuracy of the function output approximation. The choice of the parameter
λ effectively balances the loss of the output and its derivatives and therefore serves an important purpose,
namely helping the network to converge and prioritize the optimal weight changes at any given epoch.

In practice, the ranges of the derivatives differ substantially and it can therefore be helpful to generalize
the differential loss by introducing separate weights for each derivative:

LDML(ω) =
1

N

N∑
i=1

(ŷ(i) − y(i)
)2

+

n∑
j=1

λj

(
ẑ
(i)
j − z

(i)
j

)2 , (103)

where λj is the weight that is associated with the j-th derivative. Huge and Savine (2020) suggest setting
the individual weights proportionally to the inverse variance of each derivative across the entire dataset.
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More concretely, let Var[zj ] denote the empirical variance of the j-th derivative and the weights can be
chosen as:

λj =
1

Var[zj ] + ϵ
, (104)

where a small constant ϵ > 0 is added to the denominator to ensure numerical stability.

2.8.4 Twin Networks and the Predicted Derivatives

Huge and Savine (2020) additionally introduces the concept of a twin network, which is not a separate
architecture, but rather a new way of looking at the concept of deep differential learning. Here, they
combine the forward pass, that represents prediction, and the backward pass, representing differentiation
in one computational concept.

Forward Pass

To illustrate this, consider a traditional neural network with L hidden layers. The forward pass computes
the output through linear transformations followed by activation functions. Denote the pre-activation
values at layer ℓ by a(ℓ) and the values post-activation by h(ℓ). The forward pass is then conducted as
follows: 

h(0) = x

a(ℓ) = W(ℓ)h(ℓ−1) + b(ℓ), ℓ = 1, . . . , L

h(ℓ) = Φ(a(ℓ)), ℓ = 1, . . . , L

ŷ = w(L+1)⊤h(L) + b(L+1)

(105)

where W(ℓ) ∈ Rdℓ×dℓ−1 and b(ℓ) ∈ Rdℓ are the weight matrix and bias vector of layer ℓ, Φ is the activation
function, and the final layer consists of the weight vector w(L+1) ∈ RdL and scalar bias b(L+1).

Backward Pass - Computing Input Derivatives

Using the chain rule, the second part of the network computes the Jacobian of the output, with respect
to the chosen inputs. This is done layer by layer starting from the final layer in the network and is
mathematically analogous to normal backpropagation but with respect to the inputs rather than the
network parameters ω.

We seek the row vector ∂ŷ
∂h(ℓ) ∈ R1×dℓ at every layer ℓ.

At the output layer the prediction is ŷ = w(L+1)⊤h(L) + b(L+1), so:

∂ŷ

∂h(L)
= w(L+1)⊤. (106)

We then propagate backward, recursively, through the network and for each layer ℓ = L,L− 1, . . . , 1, we
apply the chain rule twice. First, since h(ℓ) = Φ(a(ℓ)) element-wise:

∂ŷ

∂a(ℓ)
=

∂ŷ

∂h(ℓ)
· ∂h

(ℓ)

∂a(ℓ)
=

∂ŷ

∂h(ℓ)
⊙ Φ′(a(ℓ)), (107)

where ⊙ denotes element-wise multiplication and Φ′(a(ℓ)) is the element-wise derivative of the activation
function. Then, since a(ℓ) = W(ℓ)h(ℓ−1) + b(ℓ):

∂ŷ

∂h(ℓ−1)
=

∂ŷ

∂a(ℓ)
· ∂a(ℓ)

∂h(ℓ−1)
=

∂ŷ

∂a(ℓ)
W(ℓ). (108)
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At the input layer (ℓ = 0, where h(0) = x), we recover the desired gradient:

∂ŷ

∂x
=

∂ŷ

∂h(0)
= ẑ. (109)

This backward pass is what Huge and Savine (2020) refer to as the twin of the forward pass. They
both share the same weights, and combined they produce both the function value ŷ and the full gradient
vector ẑ ∈ Rn. These two "parts" of the network are, therefore, effectively merely two views of the same
function.

2.8.5 Training a Differential Neural Network

To train the network by minimizing the loss function, we require the gradient of the loss with respect to
the network parameters ω (Huge & Savine, 2020). This gradient will have two separate components, as
the loss function consists of two terms.

The first component, ∇ωLvalues, is computed via standard backpropagation. For each training sample,
the error (ŷ(i) − y(i)) is propagated backward through the network to obtain the gradient with respect to
each weight and bias.

The second component, ∇ωLdiff, requires differentiating the predictions of the derivatives ẑ(i)j = ∂fω/∂xj ,
hence, computing ∇ω ẑ

(i)
j involves a second-order differentiation. For a single training sample i and

derivative j, the contribution to the total gradient is:

∂

∂ω

(
ẑ
(i)
j − z

(i)
j

)2
= 2

(
ẑ
(i)
j − z

(i)
j

) ∂ẑ(i)j

∂ω
, (110)

where ẑ(i)j = ∂fω(x
(i))/∂xj , and hence the term ∂ẑ

(i)
j /∂ω involves second-order mixed partial derivatives

∂2fω/∂xj∂ω. The complete gradient of the total loss is:

∇ωLDML =
2

N

N∑
i=1

(ŷ(i) − y(i)
)
∇ωfω(x

(i)) +

n∑
j=1

λj

(
ẑ
(i)
j − z

(i)
j

)
∇ω

∂fω(x
(i))

∂xj

 . (111)

Hence, training a differential neural network requires computing not only first-order gradients of the
network output with respect to both inputs and parameters, but also mixed second-order derivatives.
While this increases the computational cost for each epoch during training, the additional regularization
provided by the derivatives often reduce the total number of required training samples and speeds up
convergence (Huge & Savine, 2020).

As mentioned in Section 2.7.3, several common choices of activation functions, such as ReLU, are not
continuously differentiable over their entire domain. A critical observation is that Equation 107 requires
us to calculate Φ′, and for functions that are not continuously differentiable, this yields discontinuities
in the derivatives that may make them unreliable (Sridi & Bilokon, 2023). While the Sobolev training
framework established earlier guarantees that learning with differential labels is well-posed even when
the derivatives are weak, the practical implementation suffers from instability. Hence, at least C1-smooth
(continuously differentiable to the first degree) functions should be used in the practical implementation
of this framework, such as the previously discussed Softplus or SiLU functions, which are infinitely
differentiable (C∞) (Czarnecki et al., 2017). Furthermore, as established in this section, optimizing the
network relies heavily on these mixed second-order derivatives. For ReLU, Φ′′ = 0 almost everywhere, so
the network receives little useful gradient signal for smooth Greeks.
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2.8.6 Application to the Two-Step Calibration Framework

Leaning on the logic of the two-step calibration approach, the differential neural network effectively works
as a surrogate for the semi-analytical pricing models (Sridi & Bilokon, 2023). Hence, the network does
not calibrate to an entire surface in one pass, but rather approximates the mapping

fω : (κ, θ, σ, ρ, v0, τ, r,m) 7→ y, (112)

where y can be the option price or implied volatility. As the network is trained on the derivatives of
the output with respect to the Heston parameters, practically simultaneous parameter Greeks can be
provided:

ẑ =

(
∂fω
∂κ

,
∂fω
∂θ

,
∂fω
∂σ

,
∂fω
∂ρ

,
∂fω
∂v0

)
. (113)

During the calibration loop, the Heston parameters ϕ = (κ, θ, σ, ρ, v0) are adjusted in order to minimize
the error between the models predictions and the true market prices.

2.9 Evaluation and Stability Criteria

In standard machine learning, one might use simple evaluation metrics such as the Mean Squared Error.
However, evaluating a neural network surrogate in quantitative finance requires moving beyond these
standard metrics.

For this report’s purpose, the evaluation of the surrogates must account for scale-dependent pricing
errors. Because option prices vary drastically depending on e.g. log-moneyness, absolute error metrics
can obscure a model’s true performance across different market regimes by disproportionately penalizing
errors on expensive options while ignoring relative errors on cheaper ones. Furthermore, the surrogate
must be evaluated on the mathematical smoothness of its generated partial derivatives (the Greeks) (Huge
& Savine, 2020). Because financial calibration and hedging rely on continuous and stable gradients, a
model that predicts accurate prices but volatile Greeks is practically unusable in a production environment
(Gouk et al., 2020).

In addition to standard regression metrics and Greek stability, a robust evaluation framework must verify
that the surrogate model predictions comply with the static arbitrage constraints established in Section
2.1.6.

2.9.1 Error Metrics

To evaluate the performance of a neural network acting as a pricing surrogate, measuring the difference
between the network’s predictions and the true theoretical values is paramount. Choosing the right error
metrics is an important step in assessing both the model’s optimization convergence and its ability to
generalize to unseen data (Goodfellow et al., 2016).

• Mean Squared Error (MSE): The MSE is the most common loss function for regression tasks
and is defined as:

MSE =
1

N

N∑
i=1

(ŷi − yi)
2 (114)

where N is the total number of samples, ŷi is the predicted output from the neural network, and
yi is the true target value. Because MSE is continuously differentiable, it is naturally suited for
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gradient-based optimization. However, the quadratic penalty means that MSE is highly sensitive
to large outliers (Goodfellow et al., 2016). In the context of option pricing, this means that large
absolute errors from deep in-the-money (ITM) options or extreme parameter combinations can easily
dominate the metric, which might obscure how well the network performs under more standard
market conditions.

• Mean Absolute Error (MAE): To measure the average magnitude of the errors without the
quadratic penalty of MSE, the MAE is utilized, defined as:

MAE =
1

N

N∑
i=1

|ŷi − yi| (115)

By applying a linear penalty to deviations, MAE is much more robust to extreme outliers than
MSE (Willmott & Matsuura, 2005). It also provides a more direct and interpretable representation
of the expected absolute pricing error in standard currency units.

• Mean Absolute Percentage Error (MAPE): Because vanilla option prices vary drastically
depending on their log-moneyness and time to maturity, absolute error metrics can sometimes
misrepresent relative accuracy. A pricing error of $0.10 is negligible for a deep ITM option but
catastrophic for a deep out-of-the-money (OTM) "penny option". MAPE is used to measure accu-
racy independently of the price scale, defined as:

MAPE =
100

N

N∑
i=1

∣∣∣∣yi − ŷi
yi

∣∣∣∣ (116)

However, it comes with a limitation: the metric becomes undefined or highly asymmetric as yi → 0

(Hyndman & Koehler, 2006). Consequently, applying MAPE requires certain precautions, such
as imposing a minimum price threshold, to prevent deep OTM options from causing numerical
instability.

2.9.2 Stability of Greeks and Lipschitz Continuity

When evaluating deep neural networks for financial applications, point-wise accuracy is insufficient if the
partial derivatives (Greeks) are highly volatile (Huge & Savine, 2020).

Definition 2.1 (Lipschitz Condition). A function f , defined on [a, b], is said to satisfy a Lipschitz
condition on [a, b] if there exists a constant L > 0 such that

|f(x1)− f(x2)| ≤ L|x1 − x2|, (117)

for all x1, x2 ∈ [a, b]. L is called the Lipschitz constant (Phillips & Taylor, 1996).

From Equation 117 we can see that, if f fulfills a Lipschitz condition on [a, b], then f is uniformly
continuous on [a, b], meaning its rate of change is strictly bounded (Phillips & Taylor, 1996). For a
deep neural network, maintaining a bounded Lipschitz constant is strongly correlated with improved
generalization capabilities and robustness against small disturbances in the input data (Gouk et al.,
2020).

Although Definition 2.1 describes a scalar function of a single variable, the concept naturally extends to
multidimensional spaces. For a deep neural network mapping a vector of input parameters to an output
space, the absolute value is simply replaced by an appropriate vector norm, ∥ · ∥.
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However, analytically computing the exact global Lipschitz constant for a Deep Neural Network (DNN)
requires solving a highly non-convex optimization problem. This has been shown to be computationally
demanding and NP-hard (Virmaux & Scaman, 2018). To avoid this, one can instead evaluate the network
over a finite dataset. By rearranging the inequality from Definition 2.1 for a multidimensional case, we
obtain the difference quotient:

∥f(x1)− f(x2)∥
∥x1 − x2∥

≤ L (118)

Since the true global constant L must be greater than or equal to any possible quotient, the best estimate
we can obtain from a dataset is the maximum quotient we actually observe. Furthermore, because we
are only evaluating a finite dataset of points rather than the infinite continuous space, this observed
maximum acts as a guaranteed lower bound for the true global constant (Fazlyab et al., 2019; Weng
et al., 2018). This leads to the following formulation of the empirical bound.

Definition 2.2 (Empirical Lipschitz Constant). Let X = {x1, x2, . . . , xN} be a finite set of points in the
input parameter space and let g(x) represent a predicted Greek output. Evaluated over X, the empirical
Lipschitz constant L̂ is mathematically defined as the maximum pairwise difference quotient:

L̂ = max
xi,xj∈X
xi ̸=xj

∥g(xi)− g(xj)∥
∥xi − xj∥

. (119)

Finding this exact empirical lower bound through an exhaustive pairwise search across a dataset of size N
requires evaluating

(
N
2

)
unique pairs. This yields a quadratic time complexity of O(N2), which becomes

computationally infeasible for large training or calibration datasets.

To overcome this secondary bottleneck, L̂ can be approximated using Monte Carlo sampling. By randomly
sampling a subset of input pairs from X, one computes the corresponding difference quotients to establish
a lower bound for L̂. While this stochastic approximation can underestimate the maximum pairwise
difference present in the full dataset, sampling-based estimations like this are standard practice in the
robustness literature for efficiently evaluating network stability (Weng et al., 2018).

3 Methodology

3.1 Sampling Input Parameters

The empirical foundation for this study relies on synthetic generated data rather than historical market
data. While historical market data reflects the real market conditions it is hard to get a hold of, and
is often inadequate, limited in volume and noisy, which can limit the generalization capabilities when
it comes to training a neural network (Brigo et al., 2026). The parameters that were sampled were the
Heston parameters (κ, θ, σ, ρ, v0) and the market state variables, that is time to maturity (τ), risk-free
rate (r) and log-moneyness (m).

Independent random sampling (Monte Carlo) was deliberately avoided to ensure that the model’s pa-
rameter space was covered as uniformly as possible. In high-dimensional spaces, random sampling tends
to create clusters and leave significant empty voids, a phenomenon directly associated with the curse
of dimensionality, as described in Section 2.6. To theoretically justify the choice of a more advanced
sampling technique, an initial discrepancy test was conducted. Two sampling methods, known for their
superiority in sampling data-points in higher dimensions, were tested against each other. These were
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Latin Hypercube sampling (LHS) and Sobol sampling. The test was conducted on multiple sample sizes
of sampled data points in eight dimensions. As shown in Figure 6, both models exhibit exceptionally
low discrepancy values even for lower numbers of samples. Figure 6 further shows how the discrepancy
decreases as the number of samples increases. However, Sobol sampling showed both lower initial dis-
crepancy and faster convergence in discrepancy for larger sample sizes, validating the superior uniformity
distribution of this method.

Figure 6: Comparison of discrepancy between Latin Hypercube sampling
(LHS) and Sobol sampling in eight dimensions.

The parameters for the Heston model and the market variables were generated using Sobol sampling
which generated each parameter within the interval [0, 1]. These parameter values were then scaled up
within predefined bounds to reflect realistic and stressed market conditions. The intervals were defined
as below:

Table 1: Parameter ranges used in the model.

Parameter Range

κ 0.05 to 5.0
θ 0.0 to 1.0
σ 0.1 to 1.5
ρ -0.95 to 0.0
v0 0.0 to 1.0
τ 1/52 to 3.0 (years)
r -0.01 to 0.1
m -1.5 to 1.5

The parameter ranges were selected based on a literature review of previous Heston-based neural network
studies, including Liu, Oosterlee, and Bohte (2019), Liu, Borovykh, et al. (2019), C. Zhang et al. (2025)
and Sridi and Bilokon (2023). Since no exact market-standard bounds are generally provided, the review
was used to obtain an indication of reasonable parameter values and to ensure consistency with previous
work.
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Although the intervals may appear relatively wide, with some boundary combinations not necessarily
being representative of typical market conditions, this is intentional. C. Zhang et al. (2025) note that a
wide parameter domain is retained in order for the network to learn the Heston pricing function more
thoroughly. The wide ranges also reduce the potential need for extrapolation. This is relevant since
neural networks have been shown to perform poorly beyond their training data and to deteriorate as new
samples move far from the training set (Bonnasse-Gahot, 2022).

Additionally, very short maturities are excluded from the dataset as the standard Heston model generally
fits IV surfaces poorly in these regimes (Rouah, 2013). As described in Section 2.2.3, this limitation arises
because the CIR variance process is unable to generate steep short-term skew. For these maturities,
models incorporating jump-diffusion, such as the Bates (1996) model, are generally preferred as they
better capture the volatility differentials and steep skews characteristic of the short end of the maturity
spectrum. Hence, calibrating the standard Heston model in this region is of limited relevance (Bakshi
et al., 1997).

Once the data points consisting of the eight sampled parameters above were scaled to the bounds, the
underlying asset price (S) was set to a constant value of 1 and then added to the dataset. This was done
to reduce the dimensionality, which facilitates machine learning as well as dampens the curse of dimen-
sionality when sampling. European option prices under the Heston model exhibit linear homogeneity of
degree one with respect to the spot and strike prices, meaning that the absolute price levels are mathe-
matically redundant (Merton, 1973). The option value is dependent on the ratio of S to K (moneyness),
rather than on the actual absolute magnitudes of S and K. By fixing S = 1, the neural network is spared
from learning this trivial linear scaling relationship, effectively reducing the complexity of the input space
by one dimension without any loss of generalization (Liu, Oosterlee, & Bohte, 2019). Given this, the
strike price (K) at each data point was deterministically derived from the sampled log-moneyness (m)
using the relationship K = exp(−m) and then added to the dataset.

3.2 Computing Output Labels

3.2.1 Computing Price and Price Greeks

After obtaining the sampled input variables, the corresponding European put option prices and price
Greeks were calculated using the semi-analytical COS method introduced by Fang and Oosterlee (2008).
The application of the COS method for generating the output labels was driven by the possibility to
obtain accurate price Greeks needed for the Differential Machine Learning (DML) as well as the compu-
tational efficiency. DML requires not only a large number of option prices, but also their corresponding
partial derivatives (parameter Greeks) to efficiently train the neural network (Huge & Savine, 2020).
When assessing the alternative pricing approaches that can be adopted to the Heston model such as the
Monte Carlo approach or the FFT technique, some fundamental deficiencies arise, either in regard to
computational efficiency or gradient accuracy. Monte Carlo simulation was deemed incompatible with
this study’s methodology, while it is highly flexible, it suffers from a slow convergence rate (Glasserman,
2004). Moreover when estimating parameter Greeks via Monte Carlo, typically through finite-difference
approximation, significant statistical noise and high variance occurs. According to Huge and Savine
(2020), feeding noisy gradients into a DML algorithm results in a unstable neural network training pro-
cess, making Monte Carlo an unsuitable choice for generating the training dataset. The Fast Fourier
Transform (FFT) approach, pioneered by Carr and Madan (1999), was also excluded because of the COS
method’s superior convergence properties and overall robustness as presented by Fang and Oosterlee
(2008).

The precision of the calculated prices and speed of the calculations using the COS method relies on the
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number of expansion terms (N) and the truncation range parameter (L) (Fang & Oosterlee, 2008). For
this data set, N was set to 32 768 (215). This value dictates the resolution of the Fourier series, where a
higher N ensures exponential convergence to the true option price. The reason for setting N = 32 768

was to achieve a high precision while keeping a feasible efficiency. The integration interval for the COS
price is truncated to a finite interval [a, b] that fits the majority of the density function. This interval is
determined dynamically for each parameter combination using the cumulants of the Heston characteristic
function, scaled by the parameter L (as described in Section 2.3.2). By setting L = 12, the truncation
domain was wide enough to ensure that the approximation error resulting from the truncated integration
bounds was mathematically negligible (Fang & Oosterlee, 2008).

While the COS method provides rapid price generation, the Differential Machine Learning framework im-
poses strict requirements beyond prices. It is also necessary to have accurate and stable partial derivatives
(Greeks) for the training process (Huge & Savine, 2020). Estimating these derivatives, using classical
finite differences introduces an unavoidable bias-variance trade-off as explained in Section 2.3.3. To
resolve this, the entire COS algorithm was implemented utilizing the JAX Python library, which is a
high-performance numerical computing library optimized for automatic differentiation (Bradbury et al.,
2018). The JAX automatic differentiation works by tracing the mathematical operations of the COS
calculated price, mapping every step, so that it can later traverse them backwards using the chain rule to
obtain the exact Greeks. This implementation ensured that the Greeks were analytically obtained in re-
lation to the Heston parameters. In the JAX implementation of COS, certain mathematical adjustments
had to be made to ensure numerical stability. The standard maximum function used to prevent c2 from
becoming too small was replaced with a continuously differentiable function based on the Softplus activa-
tion (as described in Section 2.7.3). Since c2 affects the width of the truncation interval [a, b], values close
to zero make the interval very narrow, which can lead to unstable COS coefficients. The Softplus-based
replacement keeps c2 bounded away from zero while also preventing gradients from abruptly vanishing.
Furthermore, clipping was applied to the arguments within the exponential functions during the Fourier
inversion to mitigate the risk of numerical overflow associated with "The Little Heston Trap" (Albrecher
et al., 2007).

Despite the high precision of the COS method, numerical artifacts and extreme parameter sampling
combinations can occasionally yield invalid option prices. Because the fundamental payoff of a European
put option is max(K − S, 0), theoretical option prices must be strictly non-negative. However, due to
truncation errors in the Fourier series, particularly for deep out-of-the-money options or when randomly
sampled parameters breach the Feller condition the COS method could occasionally produce negative
prices. Furthermore, a simulated price must strictly satisfy fundamental no-arbitrage bounds (e.g., P ≥
max(Ke−rτ −S, 0)) to represent an economically viable market state. All negative prices and prices that
violated the no-arbitrage conditions were removed from the dataset.

3.2.2 Computing Implied Volatility and IV Greeks

In addition to training the network on the option price, the implied volatility is also a relevant output
candidate. To obtain this value, the implied volatility corresponding to each combination of arbitrage-free
price, time to maturity (τ), risk-free rate (r) and log-moneyness (m) in the dataset was computed by
inverting the Black–Scholes pricing formula.

As described earlier, several numerical methods can be used for this inversion. Newton–Raphson was
excluded, as there is a risk for divergence and that the method may fail for small values of Vega (Liu,
Oosterlee, & Bohte, 2019). According to Liu, Oosterlee, and Bohte (2019) Let’s Be Rational can be
viewed as an improved variant of Newton–Raphson. Jäckel (2015) further highlights both the superior
accuracy and speed of the method, suggesting that it would be the most suitable choice. However, since
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the convergence behavior of Brent’s method can vary depending on the application (Brent, 1973), the
final choice was also supported empirically on the dataset used in this study.

A comparison was therefore carried out between Let’s Be Rational and the Brent method. Since the
implied volatilities are used as target labels in the generated dataset, numerical accuracy was considered
the most important aspect. First, the implied volatilities obtained from Let’s Be Rational were compared
with those obtained from Brent’s method. As shown in Table 2 the median difference was within machine
precision, indicating generally very similar results. The mean difference is slightly larger, but this is driven
by a small number of observations close to the lower arbitrage bound, with short maturities or very small
Vega. Since the inversion in those areas, regardless of method, is ill-conditioned this is not deemed
alarming. Second, each computed implied volatility was inserted back into the Black formula and the
resulting price was compared with the original forward price. This repricing test, reported in Table 3,
shows that Let’s Be Rational has a higher accuracy than Brent’s method, reproducing the original prices
to numerical precision. Additionally, across repeated runs, Let’s Be Rational was consistently faster than
Brent, with a speed-up of roughly 20–30 times. This further supported the choice of Let’s Be Rational
for computing the implied volatilities.

Table 2: Consistency of implied volatilities between methods.

Metric Value

Median |σIV
Brent − σIV

LBR| 6.66 · 10−16

Mean |σIV
Brent − σIV

LBR| 2.90 · 10−6

99th percentile |σIV
Brent − σIV

LBR| 1.13 · 10−9

Table 3: Repricing accuracy for implied volatility methods.

Metric Let’s Be Rational Brent

Mean absolute repricing error 2.65 · 10−17 1.07 · 10−14

Median absolute repricing error 8.67 · 10−19 9.02 · 10−17

Maximum absolute repricing error 4.72 · 10−16 3.83 · 10−13

When implied volatility is used as an output variable for network training, it follows that the correspond-
ing implied volatility derivatives are also of interest. As described earlier, these derivatives were obtained
by dividing the price derivatives with the Black–Scholes Vega. The Vega was computed analytically by
inserting the implied volatility σIV

H , time to maturity (τ), risk-free rate (r), and log-moneyness (m) into
Equation 19.

The final dataset used to train the neural networks therefore consisted of the Heston parameters, the
time to maturity, the risk-free rate, the log-moneyness, the put price, the price derivatives w.r.t to the
Heston parameters, the implied volatility, and lastly the implied volatility derivatives w.r.t. the Heston
parameters. This is specified in Table 4 below.
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Table 4: Neural network input and output parameters for training, grouped by
functional role.

Parameter Source Training role

Network Inputs

Mean reversion speed, κ Sampled (Sobol) Input

Long-term mean-variance, θ Sampled (Sobol) Input

Volatility of variance, σ Sampled (Sobol) Input

Correlation, ρ Sampled (Sobol) Input

Initial variance, v0 Sampled (Sobol) Input

Time to maturity, τ Sampled (Sobol) Input

Risk-free rate, r Sampled (Sobol) Input

Log-moneyness, m Sampled (Sobol) Input

Output Labels: Base Values

Put price, P Computed (COS) Output label

Implied volatility, σIV
H Computed (LBR) Output label

Output Labels: Price Sensitivities

∂P/∂κ Computed (COS JAX) Output label

∂P/∂θ Computed (COS JAX) Output label

∂P/∂σ Computed (COS JAX) Output label

∂P/∂ρ Computed (COS JAX) Output label

∂P/∂v0 Computed (COS JAX) Output label

Output Labels: IV Sensitivities

∂σIV
H /∂κ Calculated Output label

∂σIV
H /∂θ Calculated Output label

∂σIV
H /∂σ Calculated Output label

∂σIV
H /∂ρ Calculated Output label

∂σIV
H /∂v0 Calculated Output label

Intermediate Calculations

BS Vega, V Analytical IV Greek calculation

The dataset was generated from 200 000 Sobol-sampled data points. Due to some negative prices and
arbitrage violations the final dataset used for training and evaluating was reduced to 199 820 data points.

3.3 Model Specification and Training of Neural Networks

3.3.1 Learning Targets

As discussed in the previous section, several different output targets were created for the dataset. There
are multiple reasons for this, of which the two most important ones are (i) to improve training stability,
extrapolation and accuracy, and (ii) to facilitate the integration with current calibration systems and
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frameworks.

Neural networks are known to underperform on extreme-valued targets, and training stability as well as
predictive accuracy generally improve when labels are well-scaled and bounded (Prince, 2023). Conse-
quently, a key design choice is whether to use option prices as training targets or to instead rescale the
problem by using implied volatility (IV) as labels. Using IV as the output target offers several advantages.
First, the transformation from implied volatility to option price via a pricing formula is both faster and
numerically more stable than the inverse operation. As a result, a surrogate model that predicts IVs can
inherently be used to generate prices efficiently as a post-processing step. Hence, a model that can predict
IVs can be applied to both calibration paradigms while the model trained on prices cannot in an efficient
manner. Second, prior studies have shown that training neural networks on implied volatility surfaces
leads to improved out-of-sample generalization compared to price-based targets (Mostafa & Dillon, 2008).
Mostafa and Dillon (2008) argue that this improvement arises because IV-based models are better able to
capture the underlying volatility level and structural features of the surface, rather than learning scale-
dependent price effects. Furthermore, recent work has emphasized that practitioners typically prefer to
calibrate models directly to implied volatility rather than prices, as it allows them to specify prices for all
vanilla options consistently across the surface, while also ensuring mathematical stability by normalizing
differences in raw option prices (Liu, Borovykh, et al., 2019). This further motivates the use of IVs as
primary training targets, both from a numerical stability perspective and from the standpoint of practical
relevance.

Another output label used during training was price normalized by strike, i.e., P/K, which serves as a
natural transformation and scaling of the put option. As shown in Section 2.1.1 the payoff of a European
put option is bounded above by K, since the maximum payoff max(K − ST , 0) is attained at ST = 0.
Discounting this maximum payoff to the present gives the no-arbitrage bound

P (S,K, T, r, q, σ) ≤ Ke−rT , (120)

and hence

P

K
≤ e−rT . (121)

For non-negative interest rates this bounds the output to be less or equal to 1.

Furthermore, this choice follows the concept of a homogeneity hint as detailed in Garcia and Gençay
(2000). While the authors apply this concept to call options (C), we apply this framework to put options
(P ). The theory is based on the fact that the option payoff is homogeneous of degree one, i.e., scaling
S and K by a constant c scales the payoff by that same constant for both calls and puts. This property
was used by Merton (1973) to establish the homogeneity of the option price. Garcia and Gençay (2000)
used neural networks to approximate a generalized Black–Scholes-type option pricing function. The
authors discuss the fact that traditional neural network architectures often suffer from poor extrapolative
capacity, i.e., low accuracy in out-of-distribution (OOD) samples. This problem can be mitigated through
the use of hints, implemented by giving the model more information about the properties of the underlying
function than purely input-output pairs. They showed that training on C/K and moneyness improved the
performance of the non-differential networks by giving a hint of the homogeneity property. More recent
implementations in deep learning architectures also followed this strategy, for instance Liu, Oosterlee,
and Bohte (2019).

In total, three main versions of the same core differential neural network were trained; DDN_P (P ),
DDN_PdivK (P/K) and DDN_IV (IV). DDN_PdivK is only a minor modification of the training setup
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used for the model trained on price P . The main differences between these training strategies lie in the
scaling of the Greeks and the chain rule implications, detailed in Section 3.3.7. The setup required for
the model trained on IV and IV Greeks additionally required more careful handling of the weights as
the variance of the IV Greeks was substantially larger than that of price Greeks as a consequence of the
division by small Vega.

A baseline model was also trained to give an indication of the improvements and advantages that differ-
ential learning brings. This model was trained as a traditional multilayer perceptron (MLP), i.e., not on
the parameter Greeks and only on price labels, and is denoted as MLP_P.

3.3.2 Data Split and Batching

From the synthetically sampled dataset, consisting of 199 820 data points, 90% were used for training
and 10% for validation. Given the relatively large dataset, this split was considered sufficient to provide
a large training set while still retaining enough validation data for reliable evaluation.

The batch size was chosen based on training stability, available computational resources and a literature
based review. As noted by Sridi and Bilokon (2023), the batch size induces a trade-off between training
stability, which benefits from large batches, and the ability to escape local minima better, which is
enhanced by using small batches. The authors use a batch size of 819, which is larger than other
implementations and effectively prioritizes training stability. Other previous implementations of similar
models have used a batch size of 256 for training (Liu, Oosterlee, & Bohte, 2019; C. Zhang et al., 2025).
Batch sizes ranging from 256 to 1024 were tested to inform our implementation and methodology. These
preliminary experiments showed that smaller batch sizes performed better in terms of validation MSE.
While this is not a complete indicator of training stability and generalization capabilities, the low MSE
and support from the convention established by previous studies motivated the choice of a final batch
size of 256.

3.3.3 Activation Functions

For the networks that were trained on both option price and corresponding Greeks, smooth activation
functions were used for all network layers. The mathematical foundation for this choice is detailed in
Section 2.8.5. Specifically, SiLU was applied to all the hidden layers, as it has shown promising results
in previous experiments (Dubey et al., 2022), while Softplus was used in the output layer. As mentioned
earlier, Softplus returns only positive values, thereby enforcing non-negative option price predictions.

Although ReLU is a standard choice for conventional feedforward networks with loss functions that do not
require smooth activation functions, we found that the SiLU-Softplus activation combination also gave
slightly better results for the baseline model trained without Greek targets. Based on these preliminary
experiments, this combination was therefore applied to all models.

3.3.4 Weight Initialization

Since Kaiming initialization was originally developed for ReLU-type activations, it is also a natural
choice for SiLU-activated hidden layers. Ramachandran et al. (2017) used the same initialization in their
experiments on SiLU networks, which empirically supports this choice.

For the output layer, we used Xavier initialization as a more moderate alternative to prevent unstable
output scales, since excessively large initial weights can lead to large losses and badly scaled gradients,
which can slow down convergence.
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3.3.5 Loss Function

The loss function is highly influential in the training and convergence of differential neural networks
(Huge & Savine, 2020). This is in part due to the fact that the optimizer now has to balance two
different components that might not always agree in terms of the most relevant weight changes for
improved loss. As introduced in Section 2.8.3 this can be managed through individual Greek weights or a
global weight that only manages the relative importance of the Greek loss in relation to the price loss. As
the Greeks differ in magnitude and hence, their relative importance, we decided to construct individual
Greek weights. In alignment with Huge and Savine (2020), we defined the raw weights of the individual
Greek loss components, in the loss of the DDN_P and DDN_PdivK models, as their inverse variance:

wraw
k =

1

Var(yk) + ϵ
(122)

where yk is the k:th Greek vector. However, at this point the ratios of the raw weights are informative
but the overall scale is arbitrary. Hence, we divide each raw weight by the mean of all raw weights:

wk =
wraw

k
1
K

∑
j w

raw
j

(123)

This only makes the relative scale matter, i.e.,

1

K

∑
k

wk = 1. (124)

For the case of the DDN_IV model, as the IV Greeks were derived through division by Vega, some of the
Greek values become large in relative terms. Hence, we chose to calculate the variance of an augmented
Greek vector where the 99th percentile was removed. Subsequent calculations are analogous.

A global weight was considered for the loss components. Other studies have suggested to balance the
loss, primarily increasing the relative importance of the Greek loss (Huge & Savine, 2020). We also
considered using weights to prioritize the price loss, λy. Preliminary results indicated that the Greek
loss component was naturally larger in magnitude and hence, implementing relative loss component
balancing could therefore be relevant. Early tests of the training convergence showed that some models
performed better when the loss was balanced, i.e., by amplifying the price component, while other models
performed better as the global loss weights was excluded. In the final implementation DDN_P had no
global loss component weights, λy = 1 and λG = 1. On the other hand, DDN_PdivK and DDN_IV was
implemented using the aforementioned loss balancing strategy such that λy = 10 and λG = 1.

The choice of MSE as the loss objective follows naturally from the theoretical foundations established
in Section 2.8.2, as it is the discrete empirical approximation of the Sobolev norm and minimizes the
functional distance in the Sobolev space W 1,2(Ω) (Son et al., 2021).

Hence, the total loss was formulated as:

LDML =
1

N

N∑
i=1

λy (ŷ(i) − y(i)
)2

+ λG

n∑
j=1

wj

(
ẑ
(i)
j − z

(i)
j

)2 . (125)

3.3.6 Optimizer and Learning Rate Schedule

The Adam optimization algorithm was chosen because the combined price and derivative loss may produce
gradients of very different scales across the network parameters. Its adaptive parameter-wise update rule
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can help make training more stable in such settings.

Specifically, we used AdamW, a variant of Adam with decoupled weight decay (Loshchilov & Hutter,
2019). Weight decay is a regularization mechanism that discourages large network weights by shrinking
them during training. To avoid constraining the model too strongly, the weight decay was set to 10−5,
which is a mild regularization strength.

For the learning rate, we used an initial value of 3 × 10−4. Kingma and Ba (2015) recommended 10−3

as a good default learning rate for Adam, but the somewhat smaller learning rate yielded slightly better
validation performance in our experiments. We also found that applying a learning rate scheduler,
specifically CosineAnnealingWarmRestarts (Loshchilov & Hutter, 2017), further improved performance,
which is consistent with the observations of Loshchilov and Hutter (2019). With cosine annealing, the
learning rate decays according to a cosine schedule within each restart cycle. If we let Tcur denote the
number of epochs since the last restart and Ti the length of the current cycle, i.e., the number of epochs
before the next restart. Then the learning rate at epoch t is given by:

ηt = ηimin +
1

2
(ηimax − ηimin)

(
1 + cos

(
Tcur
Ti

π

))
, (126)

where ηimax is the initial, and hence maximum, learning rate and ηimin is the minimum rate reached at
the end of a cycle. We used Ti = 150 and ηimin = 10−6, and kept all cycles at the same length.

3.3.7 Data Scaling

When choosing how to scale parameters, the first question to handle was what individual transformations
were optimal for the Heston parameters. The first such transformation we applied to the input variables
was taking the square root of the variance parameters, specifically the initial variance v0 and the long-
term variance θ. The reason for this comes down to numerical stability and the relationship between
variance and volatility.

In the Heston model, v0 and θ are expressed in variance units, whereas option prices are affected by the
corresponding instantaneous volatility, denoted by ν =

√
v. Since volatility is the square root of variance,

changes in variance and volatility are not on the same scale. This distinction becomes important when
computing variance-based Greeks. Applying the chain rule gives the following relationship:

∂P

∂v
=
∂P

∂ν

1

2
√
v
. (127)

This reveals that, if the variance v drops close to zero, the denominator 2
√
v becomes tiny. As a result,

the calculated Greek explodes toward infinity. This mathematical singularity can easily cause division-
by-zero errors or destabilize the neural network during training. By taking the square root of the variance
parameters before feeding them into the network, we train the models on volatility rather than variance.
When we unscale the Greeks, this transformation cancels out the denominator via the chain rule. This
results in stable, bounded, and well-behaved Greeks that are much easier for the neural network to learn.

Before feeding data to the networks for training and validation, further generalized scaling was imple-
mented. The input parameters and the price were all scaled according to the min-max scaling method
with the input parameters being zero centered with bounds [−1, 1] (calculated via Equation 95), using
the pre-defined theoretical parameter boundaries outlined in Table 1. Since the option prices are non-
negative, they were instead transformed to have bounds [0, 1] (calculated via Equation 94) using the
min-max values from the training data. Price bounds were not needed for DDN_PdivK as P/K always
ranges from 0 to 1, explained in Section 3.3.1. Since the implied volatility values in the dataset were
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already well bounded, ranging from 0 to approximately 1.4, no scaling was applied to the IV targets.

An alternative scaling technique commonly used in neural network training is z-score standardization
(defined in Section 2.7.7). However, this approach was not chosen for our model. Because the training
data is generated synthetically using quasi-random Sobol sequences, the input parameters are uniformly
distributed across pre-defined financial bounds rather than being Gaussian-distributed. Furthermore, the
synthetic dataset lacks outliers, which is one of the primary use cases for z-score scaling (Han et al.,
2012).

Min-max scaling was also specifically paired with the choice of the activation function SiLU (introduced in
Section 2.7.3). By scaling inputs to [-1,1], initial pre-activations fall within the SiLU function’s non-linear
region near the origin. This choice of interval enables the model to learn complex data relationships more
efficiently during the early stages of training. However, the last layer’s activation function, Softplus, cuts
off negative values to guarantee positive prices and IVs, thus matching the [0,1] scaling of price.

Since the neural network receives transformed inputs and predicts transformed outputs, the analytical
derivatives must be mapped to the network’s scaled domain using the chain rule. As all input parameters
were min-max scaled to [-1, 1], the derivative of a raw input parameter ϕj ∈ {κ, θ, σ, ρ, v0} with respect
to its scaled counterpart ϕ̃j is a constant scaling factor:

∂ϕj

∂ϕ̃j
=
ϕmax
j − ϕmin

j

2
(128)

Due to the square root transformations of the variance parameters θ and v0, we must define a parameter-
specific adjustment factor αj to correctly scale the Greeks:

αj =

2
√
ϕj , if ϕj ∈ {ϕ, v0}

1, otherwise
(129)

The final differential labels used for training depend on the specific target output formulation of the
network. We define three distinct model architectures, each requiring an individual scaling approach:

DDN_P and MLP_P (Price Targets): For these models, the option price P is min-max scaled
to a target variable P̃ ∈ [0, 1]. The derivative of the scaled price with respect to the raw price is
∂P̃
∂P = 1

Pmax−Pmin
. Applying the chain rule, the scaled Greek provided to the networks is:

∂P̃

∂ϕ̃j
=
∂P

∂ϕj

(
ϕmax
j − ϕmin

j

2(Pmax − Pmin)

)
αj (130)

DDN_PdivK (Normalized Price Targets): In this formulation, the target variable is the price nor-
malized by the strike, y = P/K, without further min-max scaling on the output. Thus, the corresponding
differential label is:

∂y

∂ϕ̃j
=

1

K

∂P

∂ϕj

(
ϕmax
j − ϕmin

j

2

)
αj (131)

DDN_IV (Implied Volatility Targets): The target variable is the unscaled implied volatility, σIV.
The sensitivity of the implied volatility with respect to an input parameter ϕj is the ratio of the model
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price Greek to the Black–Scholes Vega (V) (Section 2.5.4):

∂σIV

∂ϕj
=

∂P
∂ϕj

V
(132)

Scaling this to the network’s input domain yields the final training label:

∂σIV

∂ϕ̃j
=

(
∂P
∂ϕj

V

)(
ϕmax
j − ϕmin

j

2

)
αj (133)

This presents a limitation, if V → 0, the IV Greek will approach infinity. To avoid this, we implemented
a lower bound for Vega at 10−4. This bound was chosen because preliminary training results showed
that the network struggled to converge when Vega was allowed below this threshold. However, the
convergence was still somewhat unstable. To mitigate this, the 99th percentile IV Greeks were removed
for each parameter Greek. The loss curves comparing the training convergence before and after these
modifications are presented in Appendix C. In total 8.4% of the original training dataset was removed,
but this is deemed necessary to make training convergence possible.

3.3.8 Summary of Design Choices

We followed the established architecture in the section on differential deep learning closely. The neural
network architecture is not pre-determined and was chosen through a literature-based analysis to see
what hyperparameters have worked for similar problems through hyperparameter tuning, where the end
goal is to identify the hyperparameters with the lowest error and minimal complexity (Sridi & Bilokon,
2023). As the entire network has to be trained using a multitude of different permutations of parameters
during hyperparameter tuning, it is computationally expensive. This made a literature based analysis the
only feasible option for this study. The final hyperparameters and a summary of the training framework
are detailed in Table 5. Note that the outputs P/K and IV were not scaled.
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Table 5: Hyperparameters used for training the differential deep network
(DDN).

Hyperparameter Value Hyperparameter Value

Network Architecture Optimization (AdamW)

Input dimension 8 Learning rate 3× 10−4

Hidden layers 7 Weight decay 1× 10−5

Neurons per hidden layer 250 Training batch size 256

Output dimension 1 Validation batch size 2 048

Hidden activation SiLU Loss criterion MSE

Output activation Softplus Epochs 450

Hidden weight initialization Kaiming normal LR scheduler CosineAnnealingWR.

Output weight initialization Xavier normal T0 150

Output bias initialization 0.1 Tmult 1

ηmin 1× 10−6

Data and Preprocessing Loss Weighting

Total samples 199 820 DDN_P λP = 1, λG = 1

Train / validation split 90 / 10 DDN_IV λIV = 10, λG = 1

θ, v0 transform
√
· before scaling DDN_PdivK λP/K = 10, λG = 1

Input scaling min–max to [−1, 1] Per-Greek weights Inverse var. of ytrain

Price scaling min–max to [0, 1]

Greek scaling chain-rule

3.4 Model Evaluation

To thoroughly assess the performance of the neural network surrogates against the semi-analytical bench-
mark, a comprehensive evaluation framework was established. This section outlines the generation of the
evaluation dataset, pre-processing methodologies, and the specific diagnostic metrics used to evaluate
computational efficiency, pricing accuracy, Greek stability and arbitrage compliance. To ensure full re-
producibility of the presented results, fixed random seeds were utilized and deterministic backend settings
were enabled.

3.4.1 Evaluation Dataset and Ground Truth

The input parameters for the evaluation phase were sampled using the same methodology and bounds
as when generating the training dataset. However, to establish a ground truth entirely independent of
the COS method, the put price was computed via put-call parity (Equation 3) on the semi-closed pricing
formula (Equation 36), whose solution is described in Sections 2.2.4 and 2.2.5 to obtain:

P (K) = Ke−rτ (1− P2)− St(1− P1) (134)

Further, the price Greeks were calculated by derivation of this formula with respect to the heston param-
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eters (ϕ) as described by Sridi and Bilokon (2023) which gives the following formula:

∂P (K)

∂ϕ
= St

∂P1

∂ϕ
−Ke−rτ ∂P2

∂ϕ
(135)

While computationally slower, this method provides a highly accurate benchmark for validating both our
surrogate models and the COS method itself. The IV and the IV Greeks were then calculated in the
same way as in Section 3.2.2.

The resulting evaluation dataset initially contained 5 000 samples, but was refined to 4 989 valid samples
after filtering out instances of numerical instability.

3.4.2 Pre-processing and Unscaling

Because the networks were trained on a normalized domain, all outputs had to be unscaled by their inverse
transformation prior to evaluation. To ensure fair and accurate metric comparisons, every model needed
its unique unscaling formulation based on its specific learning target. The minimum and maximum prices
derived from the training dataset, denoted as pmin and pmax, served as the global scaling parameters.

To give further comparisons across all architectures, the predicted implied volatilities and IV Greeks from
the DDN_IV model were transformed back to the price domain. Put prices were recovered by evaluating
the Black–Scholes formula (Equation 13), taking the predicted implied volatilities as input. The price
Greeks were reconstructed via the chain rule by multiplying the predicted, unscaled, IV Greeks by the
Black–Scholes Vega (Equation 19), evaluated at the predicted IV. Furthermore, Greeks for the standard
MLP_P baseline were extracted via automatic differentiation to serve as a non-differential benchmark.

Let ŷ denote the normalized network prediction and gj the normalized partial derivative with respect
to the j-th scaled input. For an unscaled Heston parameter ϕj ∈ {κ, θ, σ, ρ, v0}, its predefined training
boundaries are denoted by [ϕmin

j , ϕmax
j ]. To correctly unscale the predicted Greeks, we must also account

for the square-root transformation applied to the variance parameters θ and v0 during the initial feature
engineering. By applying the chain rule, we define a parameter-specific adjustment factor γj :

γj =


1

2
√

ϕj

, if ϕj ∈ {θ, v0}

1, otherwise
(136)

Using this framework, knowing that the inputs were min-max scaled to [-1,1] and the prices to [0,1]
(specified in Section 3.3.7), the outputs for each distinct network architecture were unscaled as follows:

DDN_P and MLP_P (Price Targets): For models trained directly on min-max scaled option
prices, the unscaled price P and its corresponding parameter Greeks were recovered by reversing the
global price scaling and applying the parameter bounds.

(Note: Because the MLP_P baseline was trained exclusively on price targets, its scaled Greeks, gj, were extracted

during evaluation via automatic differentiation to serve as a non-differential benchmark.)

The inverse transformations applied to the outputs of both models are defined as:

P = ŷ(pmax − pmin) + pmin (137)
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∂P

∂ϕj
= gj

(
2(pmax − pmin)

ϕmax
j − ϕmin

j

)
γj (138)

DDN_PdivK (Normalized Price Targets): For the model trained on strike-normalized prices
(P/K), the outputs were unscaled by multiplying the prediction by the strike price K, where K =

exp(−m) given the log-moneyness m:

P = ŷ exp(−m) (139)

∂P

∂ϕj
= gj

(
2K

ϕmax
j − ϕmin

j

)
γj (140)

DDN_IV (Implied Volatility Targets): Since implied volatility labels were not explicitly bounded
using min-max scaling during training (remaining on their natural scale), the predicted implied volatility
IV required no inverse transformation. However, the predicted IV Greeks still required unscaling to
account for the normalized input parameters:

σIV = ŷ (141)

∂σIV

∂ϕj
= gj

(
2

ϕmax
j − ϕmin

j

)
γj (142)

3.4.3 Computational Efficiency and COS Benchmark Selection

To benchmark computational efficiency, the neural network models were compared against the COS
method using throughput per second as the primary metric. A COS pipeline, similar to that used for
creating the training dataset, was implemented. However, to fairly compare the models to COS, the
arbitrage constraints for outputs used for data generation were removed, ensuring that the predictions
from COS and Let’s Be Rational (LBR) reflected only the core pricing formula.

Since the accuracy of the COS method depends on the choice of expansion terms N , as explained in
Section 2.3.2, the computation time for COS was first evaluated over a wide range of N . To illustrate the
tradeoff between computation time and accuracy, this evaluation also included the error metrics MAE
and MaxAE, computed with respect to the ground truth prices, for each configuration. Based on the
results of this test, a suitable N was chosen to be used as the benchmark for subsequent evaluations. The
test included both pricing and Greek computation.

The COS-pipeline then contained three distinct phases. These were: computing price (1), computing price
and price Greeks (2) and computing price, price Greeks, IV and IV Greeks (3). This structure allowed
each surrogate model to be compared against the exact semi-analytical workload it aimed to replace (i.e.,
DDN_IV to (3) etc.). Furthermore, we hypothesized that the DDN surrogates would exhibit significantly
higher throughput per sample as batch sizes increased (due to the hardware acceleration mechanisms
detailed in 2.7.8). To empirically test this, inference times were recorded across exponentially increasing
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batch sizes, utilizing powers of two, up to the full dataset.

While neural network inferences were performed on GPU, the COS method consists of many heteroge-
neous and relatively costly numerical computations that are less naturally suited for efficient paralleliza-
tion. Therefore, all COS benchmarks were executed on CPU, where the implementation ran faster than
on the tested GPU setup.

3.4.4 Accuracy and Error Diagnostics

Accuracy was evaluated using three primary error metrics: MSE, MAE, and MAPE. These metrics
capture the squared errors, average absolute deviations, and scale-independent relative performance,
respectively, and were computed for direct prices, price Greeks, implied volatilities (IV) and IV Greeks.

For further analysis of these metrics, we examined the error distributions using heatmaps and dumbbell
plots. The heatmaps visualize how pricing errors vary across log-moneyness and time to maturity, isolating
regions where the models over- or underperform. Meanwhile, the dumbbell plots compare the median,
mean, and 99th quantile to illustrate the overall error spread and the impact of extreme outliers. A
pre-visualization sanitation algorithm removed non-finite values (e.g. NaN, ±∞), preventing divergent
predictions from dominating the color scales of the heatmaps and the axes of the dumbbell plots, whilst
reporting all removed predictions and the cause for removal.

3.4.5 Greek Stability and Arbitrage Compliance

When evaluating Greeks with respect to model parameters, stability is arguably more important than
pointwise accuracy, because producing smooth gradients allows the surrogate model to be utilized as a
highly efficient engine for gradient-based calibration (Huge & Savine, 2020; C. Zhang et al., 2025).

To evaluate the smoothness and numerical stability of the predicted Greeks, we estimated the empirical
Lipschitz constants of the surrogate models (Equation 119). Because an exhaustive pairwise search across
the full calibration set was infeasible based on our chosen hardware, we employed a Monte Carlo approach.
We sampled 20 000 random pairs of input parameters to compute the networks’ difference quotients, using
the L2 norm for the parameter space distance, yielding an approximation of the lower bound of the true
empirical Lipschitz constant. To provide a comprehensive view of the models’ stability, we extracted the
maximum, median and 99th quantile slope from the sampled pairs. While the absolute maximum slope
captures worst-case instability and the median reflects the baseline behavior, the upper quantile serves
as the most robust metric. By filtering out isolated extreme outliers, it provides a clear picture of the
network’s general smoothness across the parameter space. The model constants were compared to those
of COS, expressed in a ratio. This was used as the primary evaluation metric.

Visually, the models were benchmarked against the COS method following the framework established by
Chakhoyan et al. (2025). We compared predicted prices, absolute pricing errors, and the Greeks ∆ and
Γ, computed from the network’s m-derivatives via the chain rule and evaluated at S = 1. This evaluation
was performed across the log-moneyness domain, ranging from -2 to 2, for three distinct state vectors,
deliberately chosen to represent different market regimes: a calm market (low volatility), a normal market
(median parameter values), and a stressed market (high volatility and strong negative correlation). This
approach enabled a comprehensive visual inspection of Greek stability over different market states. By
evaluating the models’ capacity to extrapolate outside the spatial training domain (beyond |m| > 1.5)
and their ability to generalize to non-explicit training targets (i.e., the state Greeks ∆ and Γ), we could
verify the gradient smoothness required for robust gradient-based calibration.

As the models differ in output targets and scaling, the calculated state Greeks must account for this
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fact. Additionally, the chain rule implications from the scaling of the log-moneyness network input affect
these sensitivities. Because we evaluate the Greeks at S = 1 to analyze the spatial derivatives across the
log-moneyness domain, the base relationships are ∆ = P + ∂P

∂m and Γ = ∂P
∂m + ∂2P

∂m2 . Calculating Delta
and Gamma for each model yields the following formulas:

DDN_P and MLP_P (Price Targets):

∆ = P +

(
βPαm

∂P̃

∂m̃

)
(143)

Γ =

(
βPαm

∂P̃

∂m̃

)
+

(
βPα

2
m

∂2P̃

∂m̃2

)
(144)

where αm = 2/(mmax −mmin) and βP = (Pmax − Pmin). P is the unscaled price obtained by Equation
137. Additionally, ∂P̃

∂m̃ and ∂2P̃
∂m̃2 are obtained through automatic differentiation.

DDN_PdivK (Normalized Price Targets):

∆ = e−m · αm · ∂u
∂m̃

(145)

Γ = e−m

[
α2
m

∂2u

∂m̃2
− αm

∂u

∂m̃

]
(146)

where u = P/K. We evaluate the Greeks at S=1 and, therefore, K = e−m. Again, ∂u
∂m̃ and ∂2u

∂m̃2 are
obtained by automatic differentiation.

DDN_IV (Implied Volatility Targets):

∆ = PBS +
∂PBS

∂m
+ V

(
αm

∂σ

∂m̃

)
(147)

Γ =
∂PBS

∂m
+
∂2PBS

∂m2
+ V

(
αm

∂σ

∂m̃

)
+ V

(
α2
m

∂2σ

∂m̃2

)
+ 2Vm

(
αm

∂σ

∂m̃

)
+ Volga

(
αm

∂σ

∂m̃

)2

(148)

where ∂PBS

∂m = ∆BS−PBS and ∂2PBS

∂m2 = ΓBS−∆BS+PBS , with ∆BS and ΓBS representing the standard
analytic Black–Scholes Delta and Gamma evaluated at unit spot (S = 1).The full derivation of these
formulas is detailed in Appendix B.

To further evaluate the robustness of the predicted Greeks, metrics for directional accuracy (the propor-
tion of correctly signed Greeks) were implemented.

Lastly, arbitrage diagnostics were divided into two main components: dataset-based bound checks on
the observed predictions and dense-grid sweeps on synthetic surface grids. The synthetic grids were
constructed by stratifying the log-moneyness and time to maturity domains to uncover violations across
the price-space, IV-space, and IV-implied-price domains. Across these grids, we evaluated bound breaches,
calendar and butterfly spread violations, monotonicity in strike, and calendar violations in total variance
on the IV grid. The results were summarized by reporting the mean and standard deviation of the
violation percentages. Finally, we performed a point-wise check on the put Delta bounds. This step
measured the proportion of predicted put options that successfully stayed within the theoretical [-1, 0]
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interval (as defined in Section 2.1.5), while also tracking the extreme high and low Delta values produced
by each model.

3.5 Experimental Setup

3.5.1 Hardware Environment

For timing evaluations, the best hardware suited to the characteristics of each method was used. COS
timing benchmarks were therefore executed on an Apple M2 CPU, where the implementation ran faster
than on the tested GPU setup, while neural network inference was performed on an NVIDIA RTX 2070
GPU (8GB VRAM) on a separate system. The reported runtimes and throughputs therefore reflect both
algorithmic differences and hardware-specific acceleration. This means that the results should be treated
as an indicator of practical performance rather than as a strictly controlled comparison.

3.5.2 Frameworks

The neural network models were implemented using PyTorch, which enables efficient training and infer-
ence. The algorithm for the COS method was implemented using JAX, as mentioned in Section 3.2.1.
For implied volatility computations, the Let’s Be Rational framework, introduced in Section 2.5.3, was
employed. Data preprocessing and analysis were performed using Pandas, and NumPy was used for
general numerical computations and array-based operations.

4 Results

This section presents the evaluation results for all surrogate models relative to the COS model benchmark.
It covers computational efficiency, pricing accuracy, Greek stability, and arbitrage compliance.

4.1 Computational Efficiency

Table 6 illustrates the tradeoff between accuracy and computational cost for the COS method, depending
on the number of expansion terms N used during the computation. Based on the convergence results,
N = 512 was chosen as the benchmark for subsequent evaluations as it provides a reasonable balance
between accuracy and computational cost. In this configuration, the pricing error is considered to be
sufficiently small to act as a robust benchmark while avoiding unnecessarily high computational costs.

Table 6: COS convergence and computational cost for different numbers of
expansion terms N in the COS method. Time is reported for 4 989 test

samples.

Metric N = 128 N = 256 N = 512 N = 1024 N = 2048 N = 4096 N = 8192

MAE 1.67e-3 4.36e-4 9.68e-5 2.02e-5 1.65e-6 2.98e-7 1.34e-8

MaxAE 6.95e-1 3.68e-1 8.45e-2 2.20e-2 1.38e-3 7.15e-4 2.62e-5

Time (s) 1.32 1.95 3.10 4.43 6.96 9.04 13.21

Table 7 reports the pricing time and the corresponding throughput for the COS benchmark and the
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different neural network models. The results provide an indication of the speed advantage offered by
neural network-based models compared to the semi-analytical benchmark.

Table 7: Inference time and throughput on 4 989 test samples. Speedup is
relative to the corresponding COS benchmark. COS runtimes were measured

on CPU and neural network runtimes on GPU; see Section 3.5.1

Task Model Runtime (s) Throughput (s−1) Speedup

Price
COS (stage 1) 7.86 × 10−1 6.34 × 103 1

MLP_P 2.47 × 10−3 2.05 × 106 323

Price & Greeks

COS (stage 2) 2.79 1.79 × 103 1

DDN_P 4.12 × 10−3 1.23 × 106 687

DDN_PdivK 4.29 × 10−3 1.19 × 106 664

IV & IV Greeks
COS (stage 3) 3.10 1.61 × 103 1

DDN_IV 4.22 × 10−3 1.23 × 106 764

Figure 7 illustrates how the throughput varies with batch size for each method. From the graph, it is
evident that the neural network surrogates benefit substantially from increased batch sizes, which in turn
allows for more efficient parallelization and hardware acceleration. All network inferences achieve their
highest throughput at a batch size of 4 989, corresponding to the full test dataset. However, the continued
increase in throughput at the largest batch size suggests that the models have not yet fully utilized the
available hardware at the tested batch sizes. This indicates that higher throughput could potentially be
achieved for a larger dataset, although this is ultimately constrained by hardware limitations.

Figure 7: Throughput for different batch sizes (Neural Networks: Mean ± Std
over 30 runs)
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4.2 Accuracy

4.2.1 MSE and MAE

When predicting raw option prices, Greeks, IV and IV Greeks, the DDN_IV model demonstrates high
precision, outperforming all the other models and the COS benchmark when it comes to MSE except on
κ where DDN_P, DDN_PdivK and MLP_P perform better (see Table 8). DDN_PdivK shows good
performance on price and price Greeks with accuracy close to the DDN_IV model and better than the
COS benchmark and the other models on all targets. When it comes to DDN_P it performs worse on
MSE than DDN_PdivK but better than the both COS benchmark and the MLP_P model on all targets.
The worst performing model for evaluating the raw price and Greeks is the MLP_P model, but it still
performs better than the COS benchmark on all targets except θ and ρ.

Table 8: Mean squared error (MSE) by target and model.

Model

Group Target COS DDN_P DDN_PdivK DDN_IV MLP_P

Price & Price Greeks

Price 3.551× 10−6 1.942× 10−8 1.188× 10−8 8.038 × 10−9 1.760× 10−7

θ 7.057× 10−5 1.338× 10−5 9.336× 10−6 5.434 × 10−6 2.495× 10−4

σ 3.273× 10−5 1.097× 10−7 9.571× 10−8 6.728 × 10−8 1.933× 10−6

ρ 4.130× 10−6 1.818× 10−7 1.481× 10−7 5.204 × 10−8 4.495× 10−6

κ 1.158× 10−2 9.353× 10−8 7.764 × 10−8 1.890× 10−6 1.836× 10−6

v0 9.057× 10−5 3.673× 10−6 2.697× 10−6 2.422 × 10−6 4.973× 10−5

IV & IV Greeks

IV 9.65× 10−4† – – 5.705 × 10−4 –

IV θ 2.492× 10−1 – – 4.456 × 10−4 –

IV σ 8.671× 10−1 – – 1.693 × 10−4 –

IV ρ 3.617× 10−1 – – 2.484 × 10−3 –

IV κ 6.207 – – 7.034 × 10−6 –

IV v0 1.534× 10−1 – – 3.734 × 10−3 –

† Computed on the 4 927 of 4 989 test samples where the COS IV inversion converged. The full-sample MSE is unbounded.

When considering MAE (see Table 9), the errors are not squared, meaning that large errors dominate
less. The results are similar, with the exception that the DDN_IV model performs best on all targets.
The COS benchmark fails to converge to some IV values (explored later in Section 4.2.3), this breaks
the method when calculating MAE and MSE for the full 4 989 test samples. This is not a problem for
DDN_IV since it predicts the IV instead of inverting it. Further, the DDN_PdivK and DDN_P models
also show a high accuracy and are overall better than the COS benchmark exhibiting lower MAE on price
and all price Greeks except θ and ρ. Once again, the MLP_P model performs the worst out of all the
models only performing better than the COS benchmark on κ.
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Table 9: Mean absolute error (MAE) by target and model.

Model

Group Target COS DDN_P DDN_PdivK DDN_IV MLP_P

Price & Price Greeks

Price 9.680× 10−5 9.030× 10−5 5.793× 10−5 1.709 × 10−5 2.485× 10−4

θ 4.460× 10−4 6.800× 10−4 4.891× 10−4 1.640 × 10−4 2.116× 10−3

σ 3.480× 10−4 1.790× 10−4 1.543× 10−4 5.267 × 10−5 7.767× 10−4

ρ 1.570× 10−4 2.340× 10−4 1.861× 10−4 6.859 × 10−5 1.126× 10−3

κ 4.400× 10−3 1.190× 10−4 9.839× 10−5 7.218 × 10−5 3.597× 10−4

v0 5.460× 10−4 4.770× 10−4 3.551× 10−4 1.459 × 10−4 1.637× 10−3

IV & IV Greeks

IV 2.549× 10−3† – – 2.090 × 10−3 –

IV θ 2.440× 10−2 – – 1.691 × 10−3 –

IV σ 3.500× 10−2 – – 1.235 × 10−3 –

IV ρ 2.650× 10−2 – – 4.082 × 10−3 –

IV κ 8.320× 10−2 – – 2.713 × 10−4 –

IV v0 2.390× 10−2 – – 5.539 × 10−3 –

† Computed on the 4 927 of 4 989 test samples where the COS IV inversion converged. The full-sample MAE is unbounded.

The dumbbell plot (Figure 8) shows a representation of the MSE, the median squared error (q500SE)
and the 99th quantile squared error (q990SE). The quantile errors provide a more detailed view of the
error distribution, helping to illustrate how a small number of extreme outliers might affect the observed
errors. The dumbbell plot is capped on the left side leaving out the real q500SE values for the semi-
analytical COS benchmark (gray). The real q500SE for the COS benchmark is generally in the same
order of magnitude for all outputs and spans between 10−27 and 10−30. Since these are squared errors,
they correspond to residual magnitudes around 10−14 to 10−15, meaning that the median errors are close
to machine precision. However, its performance severely degrades in the tails due to extreme outliers,
which can be seen by the massive horizontal distance between its q500SE and q990SE. Further indications
that the model is highly exposed to outliers can be inferred from the fact that the most extreme outliers
have such a large magnitude that the MSE is greater than the q990SE.

In contrast, the deep differential networks exhibit significantly tighter error bounds, indicating greater ro-
bustness and consistency across diverse parameter combinations. The DDN_PdivK model (green) shows
strong stability for direct price and price Greeks, keeping its 99th percentile and mean errors more tightly
clustered and consistently outperforming the DDN_P model (orange) in these categories. Similarly, for
price, price Greeks, IV and IV Greeks, the DDN_IV model (blue) demonstrates a much narrower spread
than the COS baseline and has a q500SE that is constantly lower than the other networks, highlighting
its overall relatively strong performance, but it still faces the same issue as the COS benchmark, where,
for some targets, the most extreme outliers push the MSE higher than the q990SE. MLP_P (red) also
shows narrow bounds but has overall worse accuracy than the other models. Notably, DDN_IV only
performs worse than the other models on the kappa price Greek in terms of MSE. However, the low
median and q990SE relative to the other models indicate that some large outliers are present.
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Figure 8: Model performance comparison across error quantiles, all output
targets (N = 4989).

4.2.2 MSE Heatmaps

To understand how the models perform across different market regimes, the MSE was also evaluated across
two-dimensional grids of time to maturity (τ) and log-moneyness (m) as heatmaps (Figure 9). While
MAE was also analyzed in this manner, it exhibited the exact same tendencies as MSE but in a dampened
manner. Therefore, the MSE heatmaps provide a much clearer and more pronounced visualization of the
models’ structural error patterns.
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(a) DDN_IV (price). (b) DDN_P.

(c) DDN_PdivK. (d) MLP_P.

(e) COS (price). (f) DDN_IV (IV).

(g) COS (IV).

Figure 9: MSE heatmaps across log-moneyness and time to maturity.
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Looking at the COS benchmark’s price errors (9e) and IV errors (9g), there is a distinct lack of structural
patterns among most regimes. Instead of smooth transitions, the heatmaps resemble scattered noise.
Andersen and Piterbarg (2007) states that models like Heston can exhibit fat tails with fairly typical
values of parameters. As explained by C. Wang (2017) option prices can be unstable for too low trun-
cation ranges where the underlying model exhibits fat tails. This explains why, for the COS benchmark,
specific parameter combinations can result in randomly scattered deviations rather than regime-specific
weaknesses. Despite scattered noise some trends can be seen when predicting IV (9g) for options with
short maturities that are deep in-the-money (ITM) or deep out-of-the-money (OTM). The deep ITM
areas are where the log-moneyness is low, while the deep OTM is where the log-moneyness is high. In
these areas, especially for short maturities deep ITM, the COS benchmark performs significantly worse
(which will further be presented in Section 4.2.3).

The DDN_IV model shows great accuracy for predicting IV in most market regimes (9f) but exhibits
higher MSE in short maturity deep ITM or deep OTM regions. This breakdown and its connection to
the evaluation dataset will be discussed in the next section. When looking at the DDN_IV model’s price
performance (9a) the reverse pattern is seen, while showing good accuracy across all market regimes, it
performs best at predicting the price for options with short maturities that are deep ITM or deep OTM.

This reverse pattern for the price and the IV during short maturity and deep OTM/ITM occurs because
the price from the DDN_IV is numerically calculated by applying the predicted IV in the Black–Scholes
formula for a put derived by applying put-call parity (Equation 3 in Section 2.1.1) to (Equation 13 in
Section 2.1.3) as shown below:

P (S, t) = Ke−rτN (−d2)− SN (−d1) (149)

where

d1 =
ln(S/K) +

(
r + 1

2σ
2
)
τ

σ
√
τ

, d2 = d1 − σ
√
τ , (150)

When the put option is deep OTM (S much larger than K) the log-moneyness (m = ln(S/K)) becomes
positive. When this occurs simultaneously as the time to maturity (τ) → 0, the terms d1 and d2 approach
∞, resulting in the normal cumulative distribution function N (−di) approaching 0. This in turn causes
the put price (Equation 149) to move very close to 0, which is a good prediction for a put option in
this market state. When the put option at the same τ is deep ITM (K much larger than S) the log-
moneyness is negative resulting in the terms d1 and d2 approaching −∞, which yields that N (−di)
approaches 1. From this, the put price (Equation 149) becomes Ke−r(τ)−S which is the expected payoff
of the put option ITM (i.e., a good prediction for this market state). These two results for put options
deep OTM/ITM show that the price is barely affected by the IV in these market states, which explains
why the predicted price for the DDN_IV model is good in the regions where it is inferior when predicting
IV. However, it should also be noted that overall DDN_IV is quite uniform in its performance over the
entire domain, especially for IVs, without showing distinct bias towards either OTM or ITM regimes for
the vast majority of maturities.

Models trained directly on option prices exhibit errors that scale proportionally with the absolute mag-
nitude of the option price. MLP_P (Figure 9d) shows a high MSE for most market regimes, except
for short maturities OTM, where the price is essentially zero. Its error heatmap acts essentially as a
proxy for the absolute option price itself, where it is highest in the deep ITM regions (where absolute
prices are largest) and lowest in the deep OTM short-maturity regions (where prices are practically zero).
The reason for this is that the magnitude of the true prices and predicted prices for short maturity deep
OTM regions are very small, and hence produce small absolute errors. Even if these errors are large
relative to the true price it will result in a smaller MSE in these regions. This can be seen in appendix A
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which presents the corresponding MAPE heatmaps, showing that MAPE generally is lower in the areas
where the MSE is high, proving that the elevated MSE in the ITM regions is essentially an artifact of
the underlying magnitude of the targets. The Differential training improves upon the MLP_P baseline
where the DDN_P model (Figure 9b) shows a similar pattern with superior accuracy across nearly all
regimes, with strongest accuracy occurring in the OTM regimes, especially for short maturities. It also
performs worse in the ITM regions but it is once again important to note that this does not necessarily
represent a structural failure of the neural network to understand the pricing physics. Rather, like for the
MLP_P model, it reflects that absolute errors scale with absolute prices. A smaller relative error on a
highly valuable deep ITM option will yield larger MSE than a severe relative error on a nearly worthless
OTM option would.

The DDN_PdivK model (Figure 9c), exhibits a similar but more accurate pattern compared to the
models trained on prices. By dividing the target price by the strike, the vast absolute price scale of
the Heston model is flattened, bounded strictly between 0 and 1 when predicted and then scaled back
to normal price when evaluated. This transformation results in a more stable MSE across the x-axis.
Overall, DDN_PdivK shows a higher MSE for ITM- compared to OTM-options. Since the predicted
price for DDN_PdivK is bounded between [0,K], the deep ITM options will approach the values of the
strike prices, which makes the absolute errors here larger, yielding a higher MSE for these regimes.

4.2.3 IV Surfaces

The implied volatility is often analyzed from the perspective of the IV surface. As established in Section
2.1.4, the Heston model was introduced to address the constant volatility assumption of BS. Hence, IV
surfaces modeled using the Heston model have the characteristic skewed IV surface that real markets
demonstrate. Figure 10 compares the IV surfaces produced by DDN_IV and COS under a state vector
that represents normal conditions. The state was modeled as κ = 2.523, θ = 0.7072, v0 = 0.7079,
ρ = −0.4743, σ = 0.8004, r = 4.496%. Surfaces for DDN_IV and COS is shown in Figures 10a and 10b,
respectively, where log-moneyness spans from −2 to 2 and time to maturity from three years to two weeks
(2/52 years) in a 150 by 150 point grid. It is evident that both models capture the skew of the IV surface
and that DDN_IV is smooth. However, as time to maturity approaches two weeks, the COS model starts
to break down, evident by the steep IV increases in that region. Therefore a second pair of surfaces was
generated over the same parameter state, but in a shorter time to maturity domain. Figures 10c and 10d
is evaluated under time to maturity ranging from one month (1/12 years) to 0.0 years, again in a 150
by 150 point grid. Here, the breakdown of the COS model is intensified and produces IVs approaching
25. This is more prevalent as log-moneyness moves into the tails (ITM/OTM). Meanwhile, DDN_IV
continues to produce a smooth surface over the entire domain, even outside of training bounds, showing
strong extrapolation to OOD domains (T < 1/52 and |lm| > 1.5).

Note that the missing gaps in the COS plot are caused either because Let’s Be Rational returned unre-
alistically large values or because it returned IVs that were zero. In total, this amounted to 6054 (27%)
IVs for the short time to maturity surface and 105 (0.5%) for the longer time to maturity surface. As
observed, the gaps mainly occur at short maturities and extreme log-moneyness, corresponding to deep
ITM or deep OTM options. This is, however, not unexpected since these regions are associated with
very small Vegas. From the Black–Scholes Vega expression, given by Equation 19, a short time to matu-
rity directly reduces Vega through the

√
τ term. Moreover, a small τ and large absolute log-moneyness

causes the |d1|-term to become large. This in turn yields a very small value of ϕ(d1) and therefore an
even smaller Vega.

When Vega is close to zero, the Black–Scholes price function becomes nearly flat with respect to volatility.
As a result, very different implied volatilities may correspond to almost the same option price. The inverse
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problem described in Section 2.5 therefore becomes ill-conditioned, meaning that even small pricing errors
can be strongly amplified in the implied volatility domain. Consequently, the implied volatilities in these
regions should not be interpreted as reliable.

It is also important to distinguish between convergence problems of a particular numerical algorithm
and the conditioning of the inverse problem itself. This issue is therefore not specific to any particular
inversion algorithm. As explained in Section 2.5, a small Vega may cause divergence of the Newton–
Raphson iterations. Although the Let’s Be Rational method is similar, also dividing by Vega, it is
designed to handle the inversion more robustly (Jäckel, 2015). Either way, this design cannot remove
the ill-conditioning of inverting price to implied volatility when having very small Vega. This is also why
a bracketing method such as Brent’s method, which does not divide by Vega, would still be solving for
a root of an almost flat function. It may therefore converge, but the resulting implied volatility would
remain highly sensitive to small errors in the input price.

This distinction is important when interpreting the DDN_IV surface, which does not exhibit the same
gaps or extreme spikes. This suggests that DDN_IV resolves the numerical instability of the COS model
in this region. However, it does not guarantee that the IV behavior in short time to maturity options is
necessarily correctly captured.

(a) DDN_IV, long maturities (τ ∈ [2/52, 3]). (b) COS, long maturities (τ ∈ [2/52, 3]).

(c) DDN_IV, short maturities (τ ∈ [0, 1/12]). (d) COS, short maturities (τ ∈ [0, 1/12]).

Figure 10: Implied volatility surfaces for DDN_IV and COS across long and
short maturities.

As established in Section 4.2.2, DDN_IV showed poor MSE in the short time to maturity OTM/ITM
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region. However, this result appears inconsistent with the smooth and realistic IV surface produced
by the network in these domains. Hence, the large MSE values might indicate that the IV targets in
the evaluation dataset suffer from the same type of numerical instability as the COS model’s IVs. To
investigate this, an IV surface was constructed to analyze the performance of the conversion in the
evaluation dataset. This is shown in Figure 11. Note that since these individual IVs do not, as was the
case of the prior surfaces, stem from the same parameter state vector, the surface will not be as smooth.
Nevertheless, it provides an indication of the stability of the IV conversion and helps to identify possible
outliers in the short time to maturity domain.

Figure 11: IV surface of the evaluation dataset.

4.3 Greek Evaluation

4.3.1 Directional Accuracy

Directional accuracy of the model’s parameter sensitivities is one of the primary predictors of calibration
performance. As the optimizer makes new parameter updates based on the value of the gradient, a
sign error would force the optimizer to traverse the loss landscape in the opposite direction of the local
minimum. This is therefore one of the main evaluations of Greek robustness and methods of inferring
their calibration performance. In Table 10 the directional accuracy over the entire validation dataset is
detailed for each model. For the price models, COS performs better compared to the other models on all
Greeks, while DDN_PdivK marginally outperforms DDN_P. However, DDN_IV outperforms the COS
baseline directional accuracy for all Greeks with respect to IV. MLP_P exhibits the worst directional
accuracy across the board.

As shown in the prior section, DDN_IV also performs well on price sensitivities and hence, when con-
verted, inherits the IV Greek directional accuracy, since Vega is strictly non-negative for vanilla options
(Hull, 2022, pp. 435–437). This fact effectively makes this model the best predictor of both price and IV
Greeks in terms of directional accuracy.
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Table 10: Directional Accuracy of Greeks (%)

Price Greeks

Model θ σ ρ κ v0

DDN_P 97.03 96.97 97.17 95.85 97.92

DDN_PdivK 97.21 96.93 97.61 96.51 97.84

MLP_P 95.77 94.47 95.49 94.57 97.18

COS 98.54 98.36 98.62 98.38 98.94

IV Greeks

Model θ σ ρ κ v0

DDN_IV 99.64 99.58 99.54 99.42 99.7

COS 97.80 97.63 97.78 97.55 97.86

4.3.2 Greek Stability

Figures 12 and 13 show price, absolute price error, Delta, and Gamma for three different market states
where DDN_PdivK and DDN_P are compared to the COS benchmark on a small extended domain
around the training bounds. They give a rough indication of the stability and extrapolation for the
Greeks, which were not explicit training targets. The distinct difference between these results is their
capacity for extrapolation. While both models interpolate well within the training domain, the DDN_P
model diverges OOD and produces negative Gamma values, which violates the fundamental non-negative
Gamma constraint established in Section 2.1.5. This is in contrast to DDN_PdivK which exhibits stronger
extrapolative stability, its sensitivities diverging significantly less with respect to the baseline comparison
and remaining non-negative. The price plots on the other hand show comparably accurate fits over the
entire domain. This result therefore directly shows that while the models differ in extrapolative capacity
with respect to the Greeks, both models extrapolate well over the entire price domain. However, looking
at the absolute error in terms of price, the structural differences become clear. Both error functions of
the two models first peak in the ATM region and then start to diminish. DDN_PdivK exhibits a smooth
downturn of the error while the error of DDN_P starts to increase again as we move OOD.

Figure 14 also gives an indication of the performance of MLP_P, which was not trained on parameter
Greeks, on the non-explicit training targets Delta and Gamma. These curves clearly follow the structural
patterns of the DDN_P model and show poor extrapolation capabilities as we move further into the
ITM domain. Note that the divergence of MLP_P in relation to DDN_P is larger, showing even worse
performance in OOD regions.
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Figure 12: Price, absolute error, Delta, and Gamma across market regimes for
DDN_PdivK vs. COS.

Figure 13: Price, absolute error, Delta, and Gamma across market regimes for
DDN_P vs. COS.

67



Figure 14: Price, absolute error, Delta, and Gamma across market regimes for
MLP_P vs. COS.

From the bottom panels in Figure 12 one notable observation can be spotted. In the deep ITM regions,
Gamma can be seen to slightly diverge from the benchmark comparison. In Figures 15 and 16, an even
broader log-moneyness domain, spanning from -3 to 3, makes it possible to investigate if the extrapolative
capacity of DDN_PdivK remains as values extend further from the training bounds whilst presenting
the DDN_IV model’s OOD and non-explicit training target performance.

Figure 15 shows that DDN_PdivK starts to diverge as m < −2. This makes it evident that, in the
extended OOD evaluation, the extrapolative capabilities previously alluded to are not sustained. However,
as shown in Figure 16, the performance of DDN_IV facing the same conditions exhibit great stability and
generalization in OOD domains. Furthermore, the theoretical bounds of delta and gamma are maintained
over the entire domain. Note that the accuracy of Gamma and Delta are best in the stressed market
regime, the underlying reasons for this will be explored in Section 5.3.1.

68



Figure 15: Extended extrapolative capacity evaluation for DDN_PdivK

Figure 16: Extended extrapolative capacity evaluation for DDN_IV

4.3.3 Lipschitz Analytics

Following the methodology established in Section 3.4.5, Tables 11 and 12 present the ratio of the models’
empirical Lipschitz constants to those of the COS benchmark. Because the absolute magnitude of a
Lipschitz constant depends on the natural curvature and financial units of the specific parameter space,
a raw value provides little intuition regarding overall stability. By evaluating the ratio of the neural
networks’ Lipschitz constants against the semi-analytical baseline, we normalize these domain-specific
scales. This results in a dimensionless, relative metric that directly shows whether the surrogate models
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produce smoother gradients. A value below 1.0 indicates that the surrogate’s predicted Greeks exhibit
flatter slopes than the semi-analytical baseline. This implies either a helpful reduction in numerical noise
or an excessive smoothing of the true, sharp details of the pricing model.

For the price Greeks, the surrogates exhibit stability that is largely comparable to the COS benchmark,
with both the median and 99th percentile ratios being near 1.0. Notably, the 99th percentile ratios
are consistently lower than the median ratios, demonstrating a smoother learned shape of the pricing
manifold in the regions where the COS method exhibits steeper parameter gradients. The most prominent
exception is the mean-reversion speed, κ, where the neural networks produce significantly smoother
gradients, primarily in the tail ends, than the baseline overall.

Table 11: Pairwise empirical Lipschitz ratios on price Greeks relative to COS
(L2 norm, 19 994 sampled pairs per row).

Greek Model Lp99

LCOS
p99

Lmed
LCOS

med

θ

DDN_P 0.9897 0.9962

DDN_PdivK 0.9890 0.9973

DDN_IV 0.9888 0.9979

MLP_P 1.0200 1.0040

σ

DDN_P 0.9636 0.9855

DDN_PdivK 0.9635 0.9819

DDN_IV 0.9632 0.9831

MLP_P 0.9644 0.9828

ρ

DDN_P 1.0010 1.0010

DDN_PdivK 1.0030 1.0010

DDN_IV 1.0030 1.0000

MLP_P 0.9900 1.0050

κ

DDN_P 0.7619 0.9789

DDN_PdivK 0.7607 0.9765

DDN_IV 0.7600 0.9739

MLP_P 0.7610 0.9804

v0

DDN_P 0.9863 0.9995

DDN_PdivK 0.9877 0.9991

DDN_IV 0.9830 0.9968

MLP_P 0.9986 1.0050

When evaluating the IV Greeks, DDN_IV exhibits considerably more smooth sensitivities than COS in
the 99th percentile, with ratios as low as 0.41. The median sensitivity ratios are highly consistent, all
approximately equal to 1.0.
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Table 12: Pairwise empirical Lipschitz ratios on IV Greeks relative to COS (L2

norm, 19 994 sampled pairs per row).

IV Greek Model Lp99

LCOS
p99

Lmed
LCOS

med

θ DDN_IV 0.7586 0.9948

σ DDN_IV 0.5630 0.9927

ρ DDN_IV 0.8918 1.0280

κ DDN_IV 0.4136 0.9622

v0 DDN_IV 0.7034 0.9948

4.4 Arbitrage Diagnostics

As established in Section 2.1.5, theory requires ∆put ∈ [−1, 0]. Table 13 reports the fraction of predictions
from the test-set that violate this constraint, together with the respective observed extremes.

Table 13: Put Delta no-arbitrage check on the test set (N = 4989).

Model ∆min ∆max Violations Violation %

DDN_P −1.0122 −3.6590× 10−9 97 1.94

DDN_PdivK −1.0059 −1.0704× 10−9 108 2.16

MLP_P −1.0243 −1.2886× 10−3 114 2.29

DDN_IV† −1.0000 −2.2984× 10−27 4 0.08

† Although the bounds appear satisfied, the true ∆min for DDN_IV was −1 − 4 × 10−16. This precision-level difference
clarifies why 4 violations occurs.

All three price models produce a small fraction of out-of-bound predictions. For DDN_P and DDN_PdivK,
the magnitude of these violations is negligible, as the models show maximum deviations from the the-
oretical lower bound of just 0.0122 and 0.0059, respectively. MLP_P shows a slightly larger maximum
deviation of 0.0243. DDN_IV produces next to no violations, occurring only at machine-precision level.

Table 14 shows lower- and upper-bound violations for all models, including the COS benchmark model.
Lower bound checks enforce Pput ≥ max(Ke−rT − S, 0) for absolute prices, while upper bound checks
enforce Pput ≤ Ke−rT , as established in Section 2.1.6.
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Table 14: No-arbitrage price bound violations on the test set (N = 4989).

Output Model Lower-bound viol. Upper-bound viol. Total breach %

Price (absolute)

COS 59 0 1.18

DDN_P 123 0 2.47

DDN_PdivK 110 0 2.20

MLP_P 138 0 2.77

IV → price
COS 0 0 0.00

DDN_IV 0 0 0.00

The absolute price models show similar no-arbitrage violation rates. COS itself produces 59 lower-bound
violations (1.18%), confirming that the semi-analytical benchmark is not entirely free from arbitrage.
DDN_P is comparable at 2.47% breaches. DDN_PdivK is slightly lower at 2.20%. MLP_P shows the
highest violation rate at 2.77%, suggesting that, without differential training, the model learns the general
price shape less reliably.

For the IV → price models, both COS and DDN_IV produce zero violations across both bounds. This
is expected, since both models derive prices by passing predicted IVs through the Black–Scholes formula,
which is already arbitrage-free by construction.

Table 15 shows the percentage of valid implied volatility predictions for the two models with IV output.
A valid IV is defined as finite and we investigated large IVs by identifying IVs outside the range (0, 5].

Table 15: IV surface validity on the test set (N = 4989).

Model Valid IV Invalid (≤ 0 or NaN) |IV | > 5

DDN_IV 4 989/4 989 (100%) 0 0

COS 4 928/4 989 (98.78%) 61 0

DDN_IV produces valid IVs for every sample. COS fails to converge on 61 samples (1.22%), yielding
non-finite or out-of-range IVs, likely coming from numerical inversion failures for extreme parameter
combinations.

Table 16 displays static arbitrage violation rates evaluated on full strike-maturity surfaces. This enables
shape checks (calendar, monotonicity, and butterfly) to be evaluated simultaneously within each surface.

Static no-arbitrage diagnostics for the models and COS were evaluated on 30 repeats × 400 surfaces
(≈ 240 000 quotes). The IV total-variance check applies only to DDN_IV and COS.
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Table 16: Static no-arbitrage diagnostics on grouped Heston surfaces (mean
violation rate ± one standard deviation).

Model Bound (%) Calendar (%) Monotonic. (%) Butterfly (%) IV-TV (%)

DDN_IV 0.000 0.31± 0.084 0.000 0.00035± 0.0013 0.067± 0.034

DDN_P 3.62± 0.10 1.92± 0.15 0.0001± 0.0004 2.71± 0.08 —

DDN_PdivK 2.55± 0.09 2.27± 0.17 0.002± 0.002 2.28± 0.08 —

COS 2.18± 0.11 1.21± 0.12 0.63± 0.03 1.98± 0.13 0.74± 0.05

MLP_P 3.69± 0.14 2.83± 0.16 0.000 3.12± 0.09 —

From Table 16, DDN_IV performs the best across all checks, with close to zero violations across any
of the checks. DDN_P and DDN_PdivK perform similarly, both showing moderate violation rates of
around 2-4% for bounds, calendar, and butterfly. COS is not entirely free from arbitrage either, its
monotonicity violations (0.63%) stand out compared to the DDN models, which essentially produce zero
monotonicity violations.

MLP_P, on the other hand, shows the highest violation rates among all models for bounds, calendar,
and butterfly (3.69%, 2.83%, and 3.12% respectively). However, it shows zero monotonicity violations.
Because the check only verifies that higher strikes produce lower prices, which is a simple directional
relationship, it implies that MLP_P is able to capture this relationship consistently, even though it
violates the other arbitrage conditions at higher rates than any other model.

Looking at the IV total-variance check, DDN_IV performs significantly better than COS, with a much
lower violation rate (0.067% compared to 0.74%). This indicates that the network learns a smoother
implied volatility surface. This is particularly evident in the IV surfaces in Figure 10, where COS shows
major instabilities at short maturities.

5 Discussion

5.1 Computational Efficiency

The results in Table 7 show that the neural network models have a substantial time advantage compared
to the COS benchmark for pricing. This is expected since the COS method requires numerical evaluation
of the semi-analytical pricing formula for every new combination of Heston parameters and market states.
Neural networks, however, only require a forward pass through the network (after training). As discussed
in Section 2.7.8, this can be made very efficient through parallelization, especially on GPUs. Part of this
advantage is therefore also hardware-dependent.

At the same time, it is important to distinguish between training time and inference time. For neural
networks to function as reliable approximators, they first need to be trained. This is often a relatively
time consuming task, and the time advantage compared to COS is therefore, in practice, only realized
when the trained model is used repeatedly. In that case, the computational cost of training can be quickly
amortized over a large number of pricing operations. In other words, network-based option pricing is only
really relevant in cases where many evaluations need to be performed within the same trained parameter
range. This is exactly the case when it comes to calibrating the Heston model, which can justify the use
of surrogate models for this purpose.

However, since we have not explicitly conducted a full end-to-end calibration in this study, the results
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cannot directly demonstrate how much faster an actual calibration process might be when using these
surrogates. What the results do show is that the central component in the calibration process, being the
pricing operation, can be evaluated orders of magnitude faster than the COS method.

5.2 Accuracy

5.2.1 MSE and MAE

The MLP_P model, which was exclusively trained on price targets without derivative information, per-
formed overall better than the COS benchmark when it comes to MSE but worse when looking at MAE.
This is explained by the dumbbell plot (Figure 8), which illustrates the big spread between the COS
benchmark’s accuracy, showing how much the worst cases (the extreme outliers) affected its perfor-
mance. Even if the extreme outliers were few for the COS benchmark and it showed an overall lower
MAE than the MLP_P model, the absolute magnitude of these errors being squared results in the overall
MSE being worse than for the MLP_P model. The COS method would be expected to perform better
and experience fewer outliers if the truncation domain was wider (i.e., using a higher truncation constant
(L)) and the number of expansion terms (N) were higher than the 512 used for evaluation. However, this
would decrease the efficiency of the COS method, which, as shown in Section 4.1, is already substantially
slower than the neural networks in the tested setup.

Although MLP_P performed better than the COS benchmark when looking at MSE on most targets, it
consistently experienced the worst overall accuracy of the neural network-based models. Its performance
validates that standard supervised training performs worse when mapping the complex, high dimensional
dynamics of stochastic volatility models. Incorporating the parameter Greeks into the loss function, like
in the DDN models, effectively utilizes Sobolev training to make sure that the approximation of the
function and its gradients are mathematically constrained. This differential data prevents overfitting and
decreases the MSE and MAE by forcing the network to learn the true shape of the pricing function rather
than just point-wise estimates. The models trained on price exhibited errors that scaled proportionally
with the absolute magnitude of the option price.

One of the most significant findings from the error metrics is the overall relatively strong performance of
the DDN_IV model. Despite being trained to predict IV it outperformed the models trained directly on
price and price Greeks both on MSE and MAE. This aligns with the theory discussed in Section 3.3.1,
stating that IV-based models are better at capturing the underlying volatility level and structure of the
surface compared to models trained on raw prices. Because the IV target avoids the extreme variance
in magnitude between near-worthless OTM options and highly valuable deep ITM options, the neural
network can specify prices for all options across the entire surface by passing the predicted IVs through
the Black–Scholes formula, which resulted in prices that exhibited exceptional accuracy.

During calibration, gradient-based optimizers (like Levenberg-Marquardt or L-BFGS) use derivatives
to understand exactly how adjusting each model parameter will affect the predicted price or implied
volatility. Conversely, highly accurate Greeks provide a reliable gradient path which makes the models
with low MSE Greeks favorable for calibration, since this ensures the optimizer makes precise parameter
adjustments accelerating convergence and reducing the number of iterations required to successfully
calibrate the model.

74



5.2.2 MSE Heatmaps

The IV conversion issue was raised in the section on IV surfaces (Section 4.2.3). Looking at the results of
Figure 11 it is evident that the IV conversion showed instability in the ITM and OTM region as maturity
approaches one week. In turn, this means that the MSE presented in the DDN_IV heatmap could be
misleading as the ground truth dataset is unreliable in these regions. It can therefore be argued that
the true MSE of DDN_IV is lower and more stable at short maturities. Extending this argument yields
that the MSE of this model is even more homogeneous than what the heatmap indicated and hence
significantly outperformed the other models in terms of the uniformity of the MSE distribution over the
entire domain.

As discussed in Section 2.4.3, most gradient-based optimization algorithms are implemented as a min-
imization of squared residuals. This means that each option contributes to the parameter update in
proportion to its squared error. Hence, the larger residuals dominate the gradient even if the smaller
residuals are equally as important to fit. By extension, this means that for price-based surrogates, whose
MSE scales with the magnitude of the underlying price, the optimizer’s loss function may become domi-
nated by the larger residuals of ITM options. If the MSE in the OTM region is low compared to ITM,
the model will prioritize updates that produce better fits of ITM options while ignoring the OTM options
during calibration. It can therefore be argued that uniformity of the MSE distribution over the pricing
domain is of high importance for the model to capture the embedded parameter information of all market
options.

As DDN_IV is a much less biased predictor in this respect compared to the other neural network
surrogates, by extension, it also makes for a less biased optimization during calibration. The COS
benchmark, on the other hand, was often highly unreliable in the short maturity region and could therefore
mislead the optimization algorithm. In terms of price, DDN_IV was also more balanced than the other
networks showing low MSE for both OTM and ITM regions. While it had a larger MSE in the ATM
region, this error difference generally only spans around one to two orders of magnitude, whereas the
bias of the other networks span over three orders of magnitude. While complex weighting schemes can
be implemented to offset these effects, DDN_IV intrinsically solves this issue and may therefore be more
robust. Combining these results we argue that the bias of the price networks will impact the optimizer
more than that of DDN_IV. Additionally, as shown in Section 4.2.2 the inversion from IVs to price
effectively forces the predictions closer to the true prices as we move further ITM or OTM.

Furthermore, as presented in Section 4.2.2, some parameter combinations can yield large tails and there-
fore large errors in the COS model. These regions would also dominate the optimizer’s loss, especially
as these errors span upwards of six orders of magnitude. Hence, the parameter updates might only focus
on these regions, effectively breaking down the optimization performance. Note that this might be less
of an issue with increased expansion terms.

5.2.3 IV Surfaces

As we have noted before, very short maturities are not necessarily the domain where the Heston model
is used in practice as it does not have the capacity to model jumps. However, the IV surfaces showed
that the COS model and more specifically the IV inversion had already started to break down as we
approached two weeks, while DDN_IV showed great stability even as time to maturity approached 0.
This shows that the domain where this model could be applied in calibration surpasses traditional models
relying on inversion. Additionally, the extrapolative capacity of DDN_IV showed that the network has
actually learned the shape of the underlying volatility structure of the Heston model.
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The convexity of the DDN_IV surfaces also suggests no-arbitrage predictions, while the COS bench-
mark, especially at very short maturities exhibited a highly non-convex structure implying that butterfly
conditions could have been breached. This is supported by the arbitrage results, where DDN_IV showed
almost no butterfly arbitrage, while COS had a significantly higher ratio.

Regarding the implications for calibration, these results further support the usage of a DDN surrogate
as it would accurately predict the Heston IVs for arbitrarily small maturities. When adherence to the
underlying model is not an issue, the main problem rather lies in the structural limitations of Heston in
modeling the sharp nature of short-maturity IVs. Furthermore, the divergence of the COS price inversion
in these domains is not noise, but rather structured, meaning that the optimizer would get a clear signal to
move in the wrong direction. In other words the COS IV results are not just inaccurate in these domains
but are actively misleading to the optimizer. The stability of DDN_IV in the extrapolated domains,
i.e., OOD in terms of log-moneyness, makes for more reliable predictions during extreme events. This
effectively circumvents the need for retraining the network or applying other models in these regimes.
Neural networks are often thought of as black-boxed, but these indications of a learned structure, con-
sistent with the underlying model, and extrapolative capacities provide concrete grounds for trusting the
model’s predictions.

5.3 Greeks

5.3.1 Greek Stability

The results presented in Figures 12, 13 and 14 exposed a vulnerability in the capacity of DDN_P
and MLP_P to extrapolate for out-of-distribution (OOD) values. While all three evaluated models
displayed strong interpolation capabilities and accurate price fits within the training bounds, we observed
severe divergence in the Gamma predictions for DDN_P and MLP_P. This observation emphasizes that
achieving a low absolute pricing error does not guarantee that the network has learned a smooth, well-
behaved pricing manifold.

Conversely, the extrapolative stability from DDN_PdivK on the smaller extended domain is likely caused
by the target normalization. As established in Section 3.3.1, by scaling the training labels by the strike
price (P/K), the network was provided with a structural hint that naturally bounds the absolute price
scale. As a result, this transformation appears to restrain the Gamma to an extent, preventing the severe
local divergence observed in the other models. This can be seen in the stressed market scenario of Figure
12, where Gamma for DDN_PdivK flattened safely at zero instead of plunging into negative territory,
although it started to diverge in the tail. The same argument could explain the smooth decrease that
DDN_PdivK exhibited in the OOD ITM absolute pricing error, compared to a slight increase observed
in the other two models.

The extraploative capabilities on the larger extended log-moneyness domain of DDN_PdivK and DDN_IV
on non-target Greeks were also investigated. Not only did DDN_PdivK start to diverge as m < −2,
it also produced breaches of the true Delta bounds and similarly, it heavily violated the true shape of
Gamma. The combination of the two Figures 12 and 15 suggest a greater capacity for extrapolation com-
pared to the non-scaled price-based models, albeit limited to small extensions OOD. DDN_IV performed
very well and did not violate the true bounds of the theoretical Delta and Gamma sensitivities. Notably
it performed the best in terms of accuracy in the stressed market regime. One possible explanation for
this is that these high volatility regimes offer stronger signal to the network as the volatility surface is
steeper. In calmer markets, the surface is flatter and provides less structural information for the network
to learn from, which may hinder the model’s ability to capture the underlying dynamics in these regimes.
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With the effects of target normalization established, evaluating the two raw-price models (DDN_P and
MLP_P) side-by-side visually demonstrated a clear advantage of differential training. The MLP_P
model, which was trained solely on price targets without explicit parameter Greek information, exhibited
the most severe divergence from the baseline standard in OOD ITM regions. Although DDN_P also
struggled with OOD extrapolation, its divergence was visibly less extreme. Because MLP_P was not
trained on parameter or state Greeks, it relies entirely on the raw price surface to infer sensitivities.
This improvement can be attributed to the fact that parameter derivative labels are incorporated into
its loss function. As established in Section 2.8.1, this acts as a powerful shape regularizer that enforces
a smoother mapping. While this geometric constraint is applied with respect to the Heston parameters,
it translates into a more stable state space as well, dampening OOD divergence.

For gradient-based calibration to efficiently converge, the optimizer requires a stable gradient with respect
to the Heston parameters (κ, θ, σ, ρ, v0) (Section 2.4.3). Although our visual diagnostics focused on
state Greeks (∆ and Γ), the stability of these non-explicit targets is a powerful indicator of the network’s
overall ability to generalize. A model that maintains structural integrity (e.g. non-negative Gamma) in
unseen regimes demonstrates a smooth learned manifold, implying its parameter Greeks will be equally
reliable. The substantial OOD divergence seen in DDN_P, MLP_P, and DDN_PdivK as we expand
the domain indicates that their parameter gradients would likely mislead an optimizer in extreme market
states. DDN_IV on the other hand showed stable extrapolation. The performance on Delta and Gamma
suggest smoothness of the learned IV surface and stability of the network’s approximations. Additionally,
the fact that the model produced bounded Delta and non-negative Gamma over the OOD domain is
consistent with the findings of the arbitrage analysis, where DDN_IV exhibited the lowest number of
arbitrage breaches. These are desirable properties for calibration surrogates that support the suitability
of DDN_IV for calibration purposes.

5.3.2 Lipschitz Analytics

The empirical Lipschitz ratios presented in Tables 11 and 12 highlight two distinct benefits of the dif-
ferential neural network architecture. Across the majority of the Heston parameters (θ, σ, ρ, v0), the
median Lipschitz ratios lie close to one 1.0. This indicates that the networks match the benchmark’s
gradient magnitudes, suggesting consistent local smoothness across the pricing manifold. However, the
99th percentile ratios consistently fall below those of the median, in almost all cases being below 1.0.
This shows that while the surrogates match the baseline in standard market regimes, they dampen the
large gradient spikes produced by the COS benchmark in the tail of the distribution. This behavior is
consistent with the well-known spectral bias (Section 2.7.2) of neural networks. While this indicates that
the surrogates likely over-smooth true, sharp localized features of the Heston surface, it can also prevent
the networks from replicating high-frequency numerical artifacts that occasionally arise from discrete
Fourier inversion, preserving bulk accuracy.

The most prominent deviation in the price domain was observed in the mean-reversion speed, κ, where
all neural network models produced significantly smoother gradients than COS in the 99th percentile
(ratios ≈0.76). This may be due to the fact that, as established in Section 2.2.3, κ directly interacts with
the volatility of variance (σ) to determine whether the variance process hits zero. Near this boundary,
Fourier-based pricing methods like COS can be observed to suffer from highly oscillatory integrands and
severe truncation errors, leading to volatile partial derivatives. The continuous activation functions of the
neural networks interpolate smoothly across this boundary, trading exact local replication for numerical
stability, resulting in bounded sensitivities where the COS method’s gradients become volatile.

The better performance of the DDN_IV model in the tail ends highlights a significant advantage of map-
ping directly to the implied volatility domain. As shown in Table 12, the COS benchmark’s tail instability
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was magnified in the IV Greeks, whereas the DDN_IV model achieves ratios as low as 0.41. As explained
in Section 2.5.4, computing IV sensitivities requires dividing the price Greek by the Black–Scholes Vega.
For options where Vega → 0, this division creates a mathematical singularity, causing the resulting Greek
to explode. Because the DDN_IV network learns the IV surface directly, it can approximate smoother
gradients, avoiding the singularity that may present itself in semi-analytical models. Because the COS
benchmark’s Lipschitz constant is artificially inflated by these low-Vega singularities, the much lower ra-
tios achieved by DDN_IV (e.g., 0.41 for κ) do not purely indicate over–smoothing, but rather a successful
bypass of a numerical explosion.

Ultimately, the increased stability of these differential surrogates carries noteworthy implications for the
two-step calibration approach introduced in Section 2.4.4. Gradient-based calibration relies on parameter
Greeks to provide information on both the magnitude and direction of parameter adjustments, which
is essential for accelerating convergence. While the COS method overall provides accurate directional
signals, it empirically produces volatile or exploding gradients near the Feller boundary or in low-Vega
regimes. Because standard optimization algorithms heavily penalize exploding gradients, these numerical
artifacts render the calibration process highly unstable. By supplying smoothed, bounded sensitivities,
even if they slightly under-represent the true steepness in extreme regimes, the DDN architectures ensure
reliable, stable gradient updates. For the DDN_IV model in particular, these stable gradients allow
the optimizer to fully leverage the numerical advantages of calibrating in the IV domain (Section 2.4.2),
further reducing the ratio between Hessian entries.

Beyond improved stability, the DDNs also delivered superior gradient directionality. As seen in Table 10,
the inclusion of differential training allowed these models to consistently outperform the standard MLP
baseline in directional accuracy. In addition, the DDN_IV’s directional accuracy exceeded 99% across
all Heston Greeks, surpassing even the COS benchmark. Therefore, utilizing these differential surrogates
effectively replaces the mathematically thorough but numerically unstable tail sensitivities of the COS
method with smooth, reliable gradients, enabling fast, robust, and accurate gradient-based calibration.

As a final point of discussion, it is important to keep in mind that the approximated Lipschitz constants
are guaranteed lower bounds of the true empirical Lipschitz constants, which in turn are guaranteed lower
bounds of the true global Lipschitz constant for each model and its respective Greek. This implies that,
if calculating the global Lipschitz constant was possible for our study, the ratios presented in the result
may have been different.

5.4 Arbitrage Diagnostics

DDN_IV achieved near-zero violation rates across all no-arbitrage checks, which is based on two sources.
First, prices are recovered by passing predicted IVs through the Black–Scholes formula, which is free
from arbitrage by construction. This structural property is consistent with the observed zero bound and
monotonicity violation rates. Second, the calendar and IV total-variance checks are not covered by this
guarantee. These check whether prices across different maturities are mutually consistent, something the
Black–Scholes formula does not automatically guarantee since it is applied independently at each point.
DDN_IV exhibited lower violation rates of 0.31% and 0.067% respectively, compared to 1.21% and 0.74%
for COS. These results are further supported by the smooth IV surfaces in Section 4.2. A network, in
this case DDN_IV, that has learned a coherent volatility structure across different maturities tends to
produce a total implied variance that increases with τ , which is consistent with the calendar and IV
total-variance checks.

In contrast to DDN_IV’s near-perfect compliance with the arbitrage checks, COS produces a 0.63%
monotonicity violation rate. However, this is not a property of the Heston model, which is arbitrage-free
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by construction. Since the DDN models approximate the same underlying Heston prices, yet produce
essentially zero monotonicity violations, the failures are specific to the numerical method rather than the
model itself. The Fourier inversion that builds up the COS method can produce small local pricing errors
for certain parameter combinations. These instabilities may break the expected decreasing relationship
between price and strike. In contrast to the COS method, the DDN learns a smooth global approximation
of the pricing surface. This tends to reduce local oscillations that can arise in numerical methods, and
promotes consistency across strikes. This is also consistent with the near-zero monotonicity violations
observed for the surrogate models.

Moreover, the differences between the DDN models and MLP_P are moderate in absolute terms. MLP_P
performed worse by roughly one percentage point across almost all no-arbitrage checks, but the pattern
itself is informative. All models, including MLP_P, reached near-zero monotonicity violations, which
is expected since this is a simple directional relationship that only requires higher strikes to produce
lower prices. The butterfly and calendar conditions are more demanding and require local convexity
across strikes and consistency across maturities respectively. MLP_P’s higher violation rates on these
conditions suggest that differential training improves the local precision and global coherence of the
learned surface.

As seen in the Greek stability results (Section 4.3.2), DDN_P, DDN_PdivK and MLP_P produced
negative Gamma values in OOD regions. As explained in Section 2.1.5, Gamma measures the second-
order sensitivity to the underlying price, representing the convexity of the option, and should be strictly
non-negative. A negative Gamma implies local concavity, which directly violates the butterfly spread
no-arbitrage constraint (Equation 26). This connection further reinforces the slightly higher butterfly
violations observed in Table 16 for DDN_P and MLP_P. This suggests that the models fail to fully learn
a globally convex pricing surface.

Overall, DDN_IV performed best across the arbitrage checks. As discussed above, this is partly a
structural feature of the model. Recovering prices through the Black–Scholes formula enforces certain
properties by construction. But the low calendar and IV total-variance violation rates show that the
model has also learned a smooth IV-surface that is coherent across maturities, which was not guaranteed
by the architecture alone. Looking from the perspective of eventually calibrating, arbitrage violations are
undesirable. They mean the model assigns inconsistent prices to options. When an optimizer or similar
uses such a model to search for the best prices, these inconsistencies may lead to biased or unstable
parameter estimates. DDN_IV’s near-zero violation rates therefore make it the most reliable among the
tested models for eventual gradient-based calibration.

6 Conclusions

This study investigated neural network surrogates as alternatives to the COS method for option pricing,
which is the main element of the calibration pipeline. Four architectures were compared: a baseline
MLP trained on prices (MLP_P), two deep differential networks trained on prices and prices normalized
by strikes (DDN_P and DDN_PdivK), respectively, and a deep differential network trained on implied
volatilities (DDN_IV). These were compared against a COS benchmark with N = 512 expansion terms.
The results support three main conclusions: (i) the differential neural network surrogates can match
or exceed the accuracy of the COS benchmark at some error metrics while computing outputs orders
of magnitude faster, (ii) the choice of learning targets matters substantially for the performance and
stability of the networks, and (iii) that some architectures can outperform the COS benchmark in terms
of gradient stability and arbitrage compliance.

Regarding computational efficiency, all networks evaluated Heston prices substantially faster than the
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COS benchmark, and this gap widens as hardware capabilities are fully utilized. This advantage is
realized once training costs are amortized over many evaluations, which makes these surrogate models
particularly well-suited for repeated pricing operations, such as the inner loop of the calibration pipeline.

The accuracy results identify that the learning target of the networks is a highly influential design
choice. The price-only baseline (MLP_P) is outperformed by all differential neural networks, confirming
that traditional neural network architectures struggle with the high-dimensional structure of stochastic
volatility models. Incorporating parameter Greeks into the loss through Sobolev training substantially
improved both MSE and MAE. This is because the network is constrained to additionally learn the
shape of the pricing function rather than point-wise predictions only. Among the differential models,
DDN_IV produced the lowest errors on both metrics despite only being trained to predict implied
volatilities. Additionally, the network exhibited prediction improvements by orders of magnitude over
the COS benchmark on IV MSE.

We have argued that the calibration performance is not only determined by the model’s aggregate errors
but also the uniformity of the error distribution across the pricing surface. Because gradient-based
optimizers update parameters in proportion to squared residuals, surrogates whose errors scale with the
magnitude of the option price will systematically prioritize ITM regions during calibration, effectively
discounting the information content of OTM contracts. The COS benchmark exhibits a related weakness
at short maturities, where structured failures of the IV conversion can actively mislead the optimizer.
DDN_IV, by contrast, displayed a more homogeneous error distribution across the surface and remained
stable in the regions where COS-based inversion broke down. This further indicates that DDN_IV is the
most suitable of the evaluated models for use as a calibration surrogate, not only because its aggregate
errors are lower, but also because the structure of the error is less biased.

The IV surface analysis offered further evidence for this view. DDN_IV produced convex surfaces con-
sistent with no-arbitrage conditions and remained stable as time to maturity approached zero, while the
COS-derived surfaces became non-convex. The fact that DDN_IV continued to produce well-behaved
surfaces in regions of the input domain where its training data was itself unreliable, combined with stable
OOD performance, suggests that the network has captured the underlying volatility structure of the He-
ston model rather than memorizing point-wise outputs. This extrapolative behavior is a partial response
to the common critique of neural surrogates as black-boxed, as it provides empirical grounds for trusting
the model’s predictions in regimes outside the training distribution.

The Greek stability and Lipschitz analyzes provide the strongest evidence that DDN_IV has learned a
structurally consistent pricing manifold rather than a high-accuracy point-wise fit. In the minor extension
of domain to out-of-distribution market states, MLP_P and DDN_P both produced divergent and at
times negative Gamma values, while DDN_PdivK remained well-behaved. However, when the OOD
domain was extended further, DDN_PdivK also diverged while DDN_IV remained highly stable and
converged to the COS benchmark Greek values.

The empirical Lipschitz ratios reinforce this picture. Across the Heston parameters, the differential
networks tracked the COS benchmark’s curvature closely at the median while also reducing its gradient
spikes in the tails. DDN_IV extended this advantage further by avoiding the low-Vega division that
destabilizes COS-derived IV Greeks, producing tail Lipschitz ratios as low as 0.41 and directional accuracy
exceeding 99% across all parameter Greeks. For gradient-based calibration, where the optimizer depends
on both the magnitude and the direction of parameter sensitivities, this combination of bounded curvature
and high directional accuracy translates into reliable updates in precisely the regions where COS becomes
unreliable.

The arbitrage diagnostics show that DDN_IV does not only exhibit stable gradients, but that it also has
structural benefits in terms of pricing. Because prices are recovered by passing predicted IVs through
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the Black–Scholes formula, the model satisfies bound and monotonicity conditions by construction. Ad-
ditionally, DDN_IV’s low calendar and IV total-variance violation rates, substantially below those of the
COS benchmark, indicate that the network has learned a volatility structure that is consistent across
maturities. This is not guaranteed by the architecture alone. The connection between the negative-
Gamma behavior observed in MLP_P and DDN_P, and their elevated butterfly violation rates further
illustrates that smoothness of the learned surface and arbitrage compliance are closely related. In this
sense, they can be seen as two views of the same underlying property. Since arbitrage violations can
cause an optimizer to chase inconsistent prices, DDN_IV’s low violation rates also make it the most
trustworthy model. These conclusions point to DDN_IV as the most suitable candidate for calibration
to both IV and prices under the Heston model, offering several benefits compared to the semi-analytical
alternatives, not only in terms of speed, but also stability.

7 Limitations and Further Research

The most notable limitation of this study is that no end-to-end calibration was performed. The developed
surrogate models were only evaluated by their ability to perform in relevant performance dimensions, but
were never deployed within an actual calibration routine. The conclusions regarding calibration speed
and accuracy are therefore implied from the surrogate evaluation metrics rather than being demonstrated
empirically.

Future work could therefore implement a full calibration loop. This would be done to validate whether
the accuracy and computational advantages of the DDN models found in this study translate to the
calibration setting.

The final hyperparameters of the Differential Neural Networks were, as previously discussed, not imple-
mented following a hyperparameter tuning protocol due to computational constraints. Further studies
could implement a more thorough exploration of potential hyperparameter combinations to further opti-
mize the results presented in this study.

Furthermore, it may appear as if the use of synthetic data rather than real market data creates a limi-
tation. However, real market data would first need to be calibrated to the Heston model to extract the
underlying parameters, which would likely serve as an additional source of error. Under the assumption
that the underlying follows the dynamics of the Heston model, synthetic data generated directly from
the model represent the truth more accurately.
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A MAPE Heatmaps

(a) DDN_IV (price). (b) DDN_P.

(c) DDN_PdivK. (d) MLP_P.

(e) COS (price). (f) DDN_IV (IV).

(g) COS (IV).

Figure 17: MAPE heatmaps across log-moneyness and time to maturity.
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B Derivations of Network Delta and Gamma Formulas

As our neural network takes scaled log-moneyness m̃ ∈ [−1, 1] as its input, the gradients produced by
automatic differentiation are taken with respect to m̃, not m. Even if the outputs for DDN_PdivK
(P/K) and DDN_IV (IV) are not explicitly min-max scaled like the raw prices in DDN_P, the input is
still scaled. Therefore, the chain rule must extract the input scaling factor αm, Equation 157, across all
three architectures to transform the network’s scaled gradients back to the true financial domain.

B.1 The Mathematical Framework: Dimensionality Reduction and Scaling

Because European option prices exhibit linear homogeneity of degree one with respect to the spot price
S and strike price K, we can reduce the dimensionality of the pricing problem by setting S = 1. Hence,
the network’s state derivatives can be described across the log-moneyness domain m. Applying these
formulas to unnormalized market data would require keeping S throughout the entire derivation of the
state Greeks. Recall that the network learns over the log-moneyness domain m = ln(S/K). As described
in Section 3.3.1, using the homogeneity of degree one of European option prices in (S,K), an unnormalized
option price P (S,K) can be expressed via a function g(m):

P (S,K) = S · g(m), (151)

where g(m) = P (1, e−m). To derive the standard Spot Greeks (∆ = ∂P/∂S and Γ = ∂2P/∂S2), we apply
the chain rule, recognizing that ∂m/∂S = 1/S.

1. Spot Delta.

∆ =
∂

∂S
[S · g(m)] = g(m) + S · g′(m) · 1

S
= g(m) + g′(m). (152)

Evaluated at S = 1, this yields the fundamental relation

∆ = P +
∂P

∂m
. (153)

2. Spot Gamma.

Γ =
∂∆

∂S
=

∂

∂S
[g(m) + g′(m)] = g′(m) · 1

S
+ g′′(m) · 1

S
. (154)

Evaluated at S = 1, this yields

Γ =
∂P

∂m
+
∂2P

∂m2
. (155)

The Input Scaling Factor αm. Before feeding data to the networks, the inputs are min-max scaled
to [−1, 1] (Section 3.3.7). Let m̃ denote the scaled log-moneyness. The relationship between the raw and
scaled coordinate is

m̃ = 2 · m−mmin

mmax −mmin
− 1. (156)

Taking the derivative of the scaled input with respect to the raw input yields the constant scaling factor
αm:

αm =
∂m̃

∂m
=

2

mmax −mmin
. (157)
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Therefore, any derivative extracted via Autograd with respect to m̃ must be multiplied by αm to recover
the derivative with respect to m:

∂

∂m
= αm

∂

∂m̃
,

∂2

∂m2
= α2

m

∂2

∂m̃2
. (158)

We now apply this framework to transform the outputs of the three neural network architectures back
to the financial domain.

B.2 Model 1: DDN_P and MLP_P (Direct Price)

In these architectures, the network predicts a min-max scaled price P̃ ∈ [0, 1] (Section 3.3.7). To obtain
the raw price from the scaled price the inverse of the scaling function is applied P = P̃ (Pmax − Pmin) +

Pmin. Let βP = ∂P
∂P̃

= Pmax − Pmin denote the price scaling factor.

1. Unscaling the Autograd Derivatives. Using automatic differentiation, we extract the derivatives
of the scaled price with respect to the scaled log-moneyness, ∂P̃ /∂m̃ and ∂2P̃ /∂m̃2. Applying the chain
rule to unscale both the input and the output yields

∂P

∂m
= βP · αm · ∂P̃

∂m̃
, (159)

∂2P

∂m2
= βP · α2

m · ∂
2P̃

∂m̃2
. (160)

2. Final Spot Greeks. Substituting these into the established framework in B.1 at S = 1:

∆ = P +

(
βP αm

∂P̃

∂m̃

)
, (161)

Γ =

(
βP αm

∂P̃

∂m̃

)
+

(
βP α

2
m

∂2P̃

∂m̃2

)
. (162)

B.3 Model 2: DDN_PdivK (Strike-Normalized Price)

Here, the network directly predicts the unscaled ratio u = P/K using the scaled input m̃. Because we
evaluate the Greeks at S = 1 and m = ln(S/K), it follows that K = e−m. Therefore, the unnormalized
price is P (S,K) = K ·u(m̃). Note that as we use u instead of g, the mathematical framework established
in Section B.1 does not apply.

1. Spot Delta. We take the partial derivative with respect to S, holding K constant:

∆ =
∂P

∂S
=

∂

∂S
[K · u] = K · ∂u

∂m
· ∂m
∂S

= K ·
(
αm

∂u

∂m̃

)
· 1
S
. (163)

Evaluating at S = 1 (where K = e−m) yields

∆ = e−m · αm · ∂u
∂m̃

. (164)
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2. Spot Gamma. Differentiating Delta with respect to S:

Γ =
∂

∂S

[
KS−1 ∂u

∂m

]
= K

[
−S−2 ∂u

∂m
+ S−1 ∂

2u

∂m2
· 1
S

]
=
K

S2

[
∂2u

∂m2
− ∂u

∂m

]
. (165)

Substituting the αm chain rule expansions of Equation 158 and evaluating at S = 1 and K = e−m:

Γ = e−m

[
α2
m

∂2u

∂m̃2
− αm

∂u

∂m̃

]
. (166)

B.4 Model 3: DDN_IV (Implied Volatility)

This model predicts the unscaled implied volatility σ using the scaled input m̃ and hence it provides
∂σ/∂m̃ and ∂2σ/∂m̃2 via Autograd. To obtain the Spot Greeks, we utilize the Black–Scholes pricing
function.

By positive homogeneity of degree one in (S,K), the BS price can be described as

V BS(S,K, σ) = S · PBS(m,σ), m = log(S/K), (167)

where PBS (m,σ) = V BS (1, e−m, σ) is the BS price at unit spot. V BS and PBS denote the same analytic
pricing function, where PBS has reduced dimensionality. Differentiating in S at fixed K and σ yields the
standard BS Delta and Gamma in terms of m:

∆BS = PBS +
∂PBS

∂m
, ΓBS =

∂PBS

∂m
+
∂2PBS

∂m2
. (168)

The model’s predicted price can be obtained using the BS pricing formula which takes the predicted IV
and log-moneyness as inputs,

P̂ (m) := PBS(m, σ(m)) , (169)

with σ(m) understood as the network’s output (in terms of the unscaled m by inverting Equation 156).
Spot Delta and Gamma are derivatives of P̂ with respect to S. Let V = ∂PBS/∂σ denote Vega, Vm =

∂V/∂m its cross derivative with respect to log-moneyness, and Volga = ∂V/∂σ.

1. Spot Delta. Applying the total derivative with respect to S:

∆ =
dP̂

dS
=
∂V BS

∂S
+
∂V BS

∂σ
· ∂σ
∂S

. (170)

Since ∂σ/∂S = (∂σ/∂m)(∂m/∂S) = (αm ∂σ/∂m̃) /S, evaluating at S = 1 and substituting ∆BS =

PBS + ∂PBS/∂m yields

∆ = PBS +
∂PBS

∂m
+ V

(
αm

∂σ

∂m̃

)
. (171)

2. Spot Gamma. From the Delta expression, ∆ = ∆BS(m,σ) + V(m,σ)σm with σm = ∂σ/∂m.
Differentiating with respect to S via the chain rule, since m and σ(m) both depend on S:

Γ =
d∆

dS
=
d∆BS

dS
+
dV
dS

σm + V dσm
dS

. (172)
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Each total derivative expands via the chain rule, using ∂m/∂S = 1/S and dσ/dS = σm/S:

d∆BS

dS
=

1

S

[
∂∆BS

∂m
+
∂∆BS

∂σ
σm

]
, (173)

dV
dS

=
1

S
[Vm +Volga · σm] , (174)

dσm
dS

=
σmm

S
. (175)

Combining these:

Γ =
1

S

[
∂∆BS

∂m
+
∂∆BS

∂σ
σm

]
+

1

S
[Vm +Volga · σm]σm + V σmm

S
. (176)

Using ∂∆BS/∂m = ∂PBS/∂m + ∂2PBS/∂m
2 and ∂∆BS/∂σ = V + Vm, evaluating at S = 1, and

substituting σm = αm ∂σ/∂m̃ and σmm = α2
m ∂2σ/∂m̃2:

Γ =
∂PBS

∂m
+
∂2PBS

∂m2
+ V

(
αm

∂σ

∂m̃

)
+ V

(
α2
m

∂2σ

∂m̃2

)
+ 2Vm

(
αm

∂σ

∂m̃

)
+Volga

(
αm

∂σ

∂m̃

)2
,

(177)

where ∂PBS/∂m = ∆BS − PBS and ∂2PBS/∂m
2 = ΓBS −∆BS + PBS , with ∆BS and ΓBS representing

the standard analytic Black–Scholes Delta and Gamma evaluated at unit spot (S = 1).

C Preliminary Training Convergence

(a) Before removing large IV Greeks.

(b) After removing large IV Greeks.

Figure 18: Convergence before and after removal of 99th percentile IV Greeks.
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