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Improving log-likelihood ratio calculation for LDPC decoding in presence of residual phase
noise
SIMON IMARK & THEODOR HULT BERÉNYI
Department of Electrical Engineering
Chalmers University of Technology

Abstract
In the ever-evolving landscape of communication systems, the primary objective is to ensure
efficient and reliable transmission of information across a physical medium, commonly referred
to as the channel. The pioneering work of Claude E. Shannon showed that channel coding
can harness the full potential of information transfer, enabling the attainment of channel ca-
pacity. A coding scheme extensively used in digital communication is low-density parity-check
(LDPC) codes that provides near-optimal error-correction at low complexity. The most com-
mon decoding algorithm for LDPC codes is the iterative belief propagation algorithm. This
iterative process involves exchanging messages in the form of log-likelihood ratios (LLR), e.g.
information about the probability of the decoded bit being either a 0 or a 1. Typically, the
LLR calculation assumes an additive white Gaussian noise (AWGN) channel. However, there
may be other types of noise affecting the received signal, such as residual phase noise due to
imperfect phase estimation. This thesis investigates the performance of LDPC codes if the
LLR calculation is extended with the information about phase noise over a single-input single-
output (SISO) and a 2 × 2 multiple-input multiple-output (MIMO) channel. It is shown that
it is possible to extend the conventional LLR calculation to consider phase noise in addition to
AWGN and consequently improve the coding gain in the presence of residual phase noise. Hard-
ware synthesis simulations showed that the proposed PN-LLR scheme significantly increased
the hardware resource usage compared to the conventional AWGN-LLR scheme. However, the
absolute majority of the increase is attributed to the high cost of divisions in hardware.
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1
Introduction

1.1 Background
In the ever-evolving landscape of communication systems, the primary objective is to ensure
efficient and reliable transmission of information across a physical medium, commonly referred
to as the channel. The pioneering work of Claude E. Shannon in his seminal paper "A Mathe-
matical Theory of Communication" [1] laid the foundation for understanding the representation
of information as binary sequences and the subsequent operations necessary for successful trans-
mission and reception. A key finding of Shannon’s work was the realisation that channel coding
can harness the full potential of information transfer, enabling the attainment of channel ca-
pacity. The series of subsequent blocks of operations of a communication system are often
illustrated with Shannon’s Communication model, which is shown in figure 1.1.

encoder modulatoru c channelx demodulator decoder
y ĉ û

Figure 1.1: A communication model illustrating the subsequent blocks of operation contained in a
classical communication system.

From the information source binary information is fed into the system by the vector u. On the
transmitter side the binary sequence, also called bit stream, is encoded into the codeword c and
then mapped to (complex) symbols based on the used constellation scheme. The constellation
determines the mapping from bits to symbols. The mapping is part of the modulation block,
which may also include pulse shaping and adding frequency carrier to place the transmitted
signal x in the desired frequency band depending on the application. The modulated signal is
transmitted over the physical channel and then demodulated at the receiver, i.e. the received
signal y is fed through a sequence of operations and mapped back to the codeword bits. Since
this operation will be an estimation, the received codeword is denoted ĉ. The signal is then
decoded into the estimation û of the transmitted bits. When sending information over the
channel, the physical medium will introduce noise which distorts the original signal and may
create errors in the received signal. A common way of modelling the noisy channel is as a
memoryless discrete-time additive white Gaussian noise (AWGN) channel. This simple channel
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1. Introduction

model can be extended by introducing e.g. phase noise as we will see later on in chapter
2. However, before that we will restrict our self to the AWGN channel to lay the necessary
foundation. For the AWGN model, the received signal can be expressed as

y = x + n (1.1)

where n is the zero-mean white Gaussian noise, which is independent from the transmitted
signal x. Depending on the quality of the physical channel the power of the noise will vary,
which will limit the amount of information that can be transmitted reliably over the channel for
a given signal power. Shannon’s channel coding theorem shows that it is possible to transmit
information nearly error-free if the communication rate R is below the channel capacity C. The
channel capacity over the continuous-time AWGN channel can be expressed as

C = W · log2(1 + SNR) (1.2)

where W is the signal bandwidth. When designing a communication system, it is desired to
maximise the rate at which information can be transmitted reliably while also minimising the
signal power. However, there is a trade off between the so called signal-to-noise ratio (SNR)
and the capacity of the channel. The SNR can be written as R ·Eb/N0 where R is the data rate
and Eb/N0 the bit energy over noise spectral density. The minimum Eb/N0 needed to ensure
reliable communication at rate R over a complex AWGN channel is given by

Eb

N0
≥ 2R − 1

R
. (1.3)

This shows that a larger rate R require larger energy per bit. In contrary, if R → 0, the
minimum SNR to achieve reliable transmission over an AWGN channel is given by

lim
R→0

2R − 1
R

= ln 2 = −1.59 dB. (1.4)

The reliability of the system can be measured by the bit-error-rate (BER), i.e., the fraction
of bits erroneously received. With limited SNR available, the signal distortion will increase,
hence the probability of errors in the received message will also increase. In practice, uncoded
transmission performs far from capacity meaning that for a given BER, much larger SNR is
required than stated in eq. 1.2. It is desirable to find schemes that can transmit reliably at a
given BER for as low SNR as possible, i.e. as close to the limit of channel capacity as possible.
As previously stated, this limit can be achieved by the use of channel coding.

1.1.1 Optimal decoding rules
Before feeding the channel output to the decoder, the received signal y have to be demodulated,
which for a wireless communication system typically involves removing the frequency carrier
and filtering the signal. After that the signal y, consisting of noisy (complex) symbols, must be
mapped back to bits. This requires a decision rule that specifies which original symbol x that is
most likely to have been transmitted given the received channel output y and hence minimises
the probability of error. It can be shown that the optimal decoding rule for the AWGN channel
is the maximum a posteriori (MAP) rule where the estimated symbol x̂ from the set symbols
χ is given by

x̂MAP = arg max
x∈χ

p(x|y) = arg max
x∈χ

p(y|x)p(x), (1.5)

2



1. Introduction

where the posterior probability p(x|y) is rewritten as the product of the likelihood p(y|x)
and prior p(x) by using Bayes’ theorem. If the prior p(x) is uniform, i.e. if the system have
equiprobable symbols, the MAP-rule simplifies to the maximum-likelihood (ML) rule

x̂ML = arg max
x∈χ

p(y|x). (1.6)

1.1.2 Error correcting codes
The general idea of coding is to add redundancy to the bit stream in a controlled and clever
way, by mapping blocks of information bits u into a set of codewords ci ∈ C, so that the
receiver can detect and correct errors in the received message. With more added redundancy,
the error correcting capability of the code improves at the cost of reduced effective throughput
of information bits u. As the error correction capabilities increases with channel coding, less
Eb/N0 is required to achieve the same BER. This is known as the coding gain. The redundancy
of a code is measured through the code rate Rc, which is defined as

Rc = k

n
< 1 (1.7)

where k is the number of information bits that are mapped into codewords c of length n.
Naturally, it is desirable to design codes that can detect many errors, while adding little redun-
dancy. There exist both linear and non-linear codes, which describes how the information bits
are mapped into the codewords. However, most codes used in practice today are linear codes
since they can be designed to reach capacity while still being relatively efficient to encode and
decode [2]. An important subgroup of linear codes are linear block codes.

1.1.3 Linear block codes
A linear block code is a block code C(n, k) with 2k codewords c1, ..., ck that together span
a k-dimensional subspace of the n-dimensional space {0, 1}n. Linear block codes follow three
important properties. Firstly, linear block codes always contain the all-zero codeword. Secondly,
the set of codewords is closed under modulo-2 addition, i.e., c + c̃ ∈ C, ∀ c, c̃ ∈ C. Thirdly,
the minimum Hamming distance dh,min of C equals the minimum Hamming weight of the code
words, excluding the all-zero codeword, which can be expressed as

dH,min(C) = arg min
c,c̃∈C

dH(c, c̃) = arg min
c∈C

wH(c) = wH,min(C), (1.8)

where the Hamming weight wH is defined as the number of non-zero elements for a binary
sequence and the Hamming distance dH is the number of positions with different values when
comparing two binary vectors of equal length. The minimum Hamming distance dH,min(C) is
an important metric for linear codes since it determines the error correction capabilities of a
linear code. A code with dH,min(C) = dmin can correct up to

t =
⌊

dmin − 1
2

⌋
(1.9)

number of errors and detect dmin −1 errors. Hence, a large dmin is desirable. Another feature of
linear block codes is that the encoding can be performed as a matrix multiplication according

3



1. Introduction

to
c = uG, (1.10)

where G is the generator matrix that spans the code C. In addition to the generator matrix,
there is also the parity check matrix H which is used for decoding the linear block code. The
parity check matrix is in fact the generator matrix of the null space C⊥ of C, hence H is related
to the generator matrix according to

GHT = ∅k×(n−k), (1.11)

which means that if the received codeword is error free, i.e., ĉ = ci, ∀ ci ∈ C, then

ĉHT = ûGHT = ∅. (1.12)

If ĉ is not equal to any codeword, then equation 1.12 is non-zero. An example of a parity check
matrix H is

H =

1 0 1 1 1 0
0 1 1 0 1 1
1 1 0 1 0 1

 . (1.13)

1.1.4 Hard and soft decisions
In the communication model shown in Figure 1.1 the symbol mapper is outputting the estimated
codewords ĉ as a hard decision. This means that the output is strictly quantised to either a 0
or a 1 based on the optimal decoding rule and the given constellation. It is then easy to check
by eq. (1.12) if the estimated codeword is correct as the product must result in the zero vector.
However, as a hard decision is made a lot of information is lost when the result is quantised.
Alternatively, by instead incorporating the soft information in the decoding, which includes
the probability associated with each received code word bit, the decoder can provide a more
accurate prediction. A class of linear block codes using soft information for decoding, and also
of particular interest in this thesis, are low-density parity-check (LDPC) codes, which provides
excellent, although sub-optimal, performance close to capacity.

1.1.5 LDPC codes
LDPC codes were first introduced by Robert G. Gallager in 1962 [3] but were forgotten due
to the limited computational power available at that time. In 1981 Michael Tanner provided
a graphical representation of LDPC codes through a bipartite graph [4], later called Tanner
graphs, and generalised the ideas by Gallager. Nevertheless, it was not until the mid 90’s when
the true potential of the LDPC-codes was going to be recognised when David J. C. MacKay
and others reinvented them, apparently independent of Gallager’s previous work [5]. MacKay
showed that the LDPC codes could match the performance of the current state-of-the-art turbo
codes. Today, LDPC codes are used in current 5G NR cellular networks [6].

As LDPC codes are linear block codes they can fully be represented by their n × m parity-
check matrix H . From the name, this matrix is sparse in an LDPC code, which means that the
Hamming weight wr,i of row i is wr,i ≪ m and similarly the Hamming weight wc,i of column i is
wc,i ≪ n. This is a especially important property that ensures low complexity [2]. Furthermore,
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1. Introduction

Figure 1.2: Tanner graph of the parity-check matrix H in eq. (1.13). The circles represents the
VN:s while squares represents the CN:s. The bold lines shows one of the minimum cycles in the graph.

if the weight of the rows and columns are equal, that is wr,i = wr and wc,i = wc, the code is
said to be regular,. If the weight of all rows or columns are not equal, then the code is said to
be irregular. The code rate of the regular and irregular LDPC code is

Rreg
c = 1 − wc

wr
and Rirreg

c = 1 − w̃c

w̃r
(1.14)

respectively, where w̃c and w̃r are the average column and row weights of the irregular parity-
check matrix.

Tanner introduced in his 1981 paper that a parity-check matrix can be represented by a bipartite
graph, a Tanner graph, whose nodes are separated into two categories: variable nodes (VN:s)
and check nodes (CN:s). The VN:s corresponds to the n columns of H and the code bits while
the CN:s corresponds to the m rows of H . The Tanner graph is then constructed by drawing
an edge, or connecting, each VN i and CN j where the corresponding element of H has a one.
By example, drawing the Tanner graph of the parity-check matrix in eq. (1.13) is shown in
Figure 1.2.

Associated with the Tanner graph are a few properties. The girth of the graph is the length of
the minimum cycle, which in the case of Figure 1.2 is 4, with an example highlighted by the
bold edges. This is an important measure as the decoding algorithm can struggle to find the
global optimum if it gets stuck in a cycle. Here the importance of a low-density graph comes in
play. The higher the density, the more short cycles the graph will contain. The degree of a node
is the number of branches departing from it. Thus, the VN vi has degree dv = deg(vi) = wc,i.
Since all the branches departing from the VN conveys the same information, the VN:s can be
seen as a repetition code. Moreover, the values of all the VN:s connected to the same CN must
sum to zero under modulo 2 since they participate in a parity-check equation, following from
eq. (1.12). The CN:s can therefore be seen as a single parity-check code (SPC).

As previously stated, the optimum decoding rule using MAP is

ĉi =
{

1 if P (ci = 1|y) > P (ci = 0|y)
0 if P (ci = 1|y) < P (ci = 0|y).

. (1.15)

By convenience this is usually written using the log-likelihood ratio (LLR), defined as

L(ci|y) ≜ ln P (ci = 0|y)
P (ci = 1|y) , (1.16)

5



1. Introduction

which outputs information about if ci is more likely to be a 0 or 1. The optimum decoding rule
in eq. (1.15) can then be rewritten as

ĉi =
{

1 if L(ci|y) < 0
0 if L(ci|y) > 0

. (1.17)

Due to the usually long LDPC codes optimal decoding is however not feasible. Therefore,
sub-optimal decoding algorithms may be used and is also what Gallager proposed in his 1963
paper. The algorithms proposed was based on the structure of the Tanner graph representation
and characterised by the exchange of message between the nodes, known as message passing.
By considering the interpretation of the LDPC code as a network of connected repetition and
SPC codes the local decoding of each connected component can be done optimally using MAP
decoding. Soft information in the form of LLR:s is then iterated between the nodes through
message passing until convergence. As the messages are past between the nodes, the problem
with the short cycles arise. In short, the length of the cycles in the graph affects the bit error
rate (BER) by influencing the level of the error floor.

1.1.6 Belief propagation in LDPC decoding
The message passage algorithm that Gallager introduced is today referred to as belief propa-
gation, sum-product algorithm or turbo decoding, which is also the principle in another coding
scheme called Turbo codes [2]. The message passing is illustrated in Figure 1.3 as an exchange
of LLR:s. In the figure the message from VN j to CN i is denoted by Lj→i. Furthermore, all
CN:s connected to to VN j is referred to its neighbourhood N(j). Lastly, the information from
the channel is denoted Lj.

As the message that is passed between the nodes are LLR:s the respective nodes must perform
a MAP decoding before the message is passed, which will be different for VN:s and CN:s. As
previously stated a VN can be seen as a repetition code whilst a CN is a SPC code. The
MAP decoding for these two cases are therefore defined. In both cases a memoryless channel
is assumed.

vj

ci

Lj

LN(j)/{i}→j Lj→i

(a) Message passing from VN to CN

vj

ci

Li→j

LN(i)/{j}→i

(b) Message passing from CN to VN

Figure 1.3: Illustration of the message passing from VN:s (a) and CN (b). N(l)/{k} denotes the
neighbourhood of node l except node k.
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1. Introduction

1.1.6.1 MAP decoding for repetition code

Consider a repetition code with the binary code symbol c ∈ {0, 1} that is transmitted over
the channel n times. By eq. (1.16), the LLR, considering the received vector y, can be written
as

L(c|y) = ln P (c = 0|y)
P (c = 1|y) . (1.18)

Assuming equiprobable symbols and applying Bayes’ law this is equal to

L(c|y) = ln P (y|c = 0)
P (y|c = 1)

= ln

n∏
l=1

P (yl|c = 0)
n∏

l=1
P (yl|c = 1)

=
n∑

l=1
ln P (yl|c = 0)

P (yl|c = 1)

=
n∑

l=1
L(yl|c). (1.19)

To compute the marginal, i.e the final prediction at VN j, all the incoming messages is summed

Ltot
j = Lj(c|yj) +

n∑
l=1

L(yl|c) (1.20)

1.1.6.2 MAP decision for SPC codes

To derive the MAP decoder for a SPC code we first need to establish an important result
from Gallager, namely the probability that a vector of d independent binary random variables
x = [x0, x1, ..., xd−1] contains an even number of 1’s. Assume that P (xl = 1) = p

(l)
1 and

P (xl = 0) = p
(l)
0 , then the probability is given as

P (wH = "even") = 1
2 + 1

2

d−1∏
l=0

(
1 − 2p

(l)
1

)
. (1.21)

The probability for a 0 at a CN i, considering that the node is a SPC code, with the received
vector y can be written as

P (ci = 0|y) = 1
2 + 1

2
∏

l∈N(i)
(1 − 2P (cl = 1|yl)) . (1.22)

By using that P (ci = 0|y) = 1 − P (ci = 1|y), eq. (1.22) can be rearranged as

1 − 2P (ci = 1|y) =
∏

l∈N(i)
(1 − 2P (cl = 1|yl)) . (1.23)

It is desirable to express this result as an LLR. By using the equality derived in the appendix
A.1 the following result can be acquired:

tanh
(

1
2

(
P (ci = 0|y
P (ci = 1|y

))
=

∏
l∈N(i)

tanh
(

1
2

(
P (cl = 0|yl

P (cl = 1|yl

))
(1.24)

7



1. Introduction

or similarly
tanh

(1
2L(ci|y)

)
=

∏
l∈N(i)

tanh
(1

2L(cl|yl)
)

. (1.25)

Finally, by rearranging this result we get the LLR for CN i:

L(ci|y) = 2 tanh−1 ∏
l∈N(i)

tanh
(1

2L(cl|yl)
)

. (1.26)

1.1.6.3 Message passing algorithm

As the sum-product algorithm run (see Alg. 1), the message from VN j to CN i is computed
as the sum of all incoming messages, except from CN i, i.e

Lj→i = Lj(cj|yj) +
∑

i′∈N(j)/{i}
Li′→j. (1.27)

Similarly, the message from CN i to VN j is computed as

Li→j = 2 tanh−1

 ∏
j′∈N(i)/{j}

tanh
(1

2Lj′→i

) . (1.28)

This information is known as the extrinsic information, where the total information is defined
as the sum of the intrinsic and extrinsic information. Intuitively, information should not be
sent to the same neighbour that the information previously was received from since as it would
be redundant. Therefore, each VN and CN only passes the extrinsic (or new) information to
each connected neighbour.

This algorithm provides exact LLR:s under the assumption of independent messages, which is
true if the graph contains no cycles. If the graph contains cycles with girth γ the independence
assumption is only valid up to the γ/2:th iteration after which messages starts to loop back in
cycles.

1.2 Project Aim and Objectives
In the previous section the basic concepts of LDPC decoding was discussed. It was shown
how the decoding of each bit relied on calculating LLR:s that then are fed into the message
passing process between variable nodes and check nodes. This thesis will focus on the LLR-
calculation and how it can be extended when the AWGN channel model is extended to also
incorporate phase noise (PN). Introducing additional sources of noise to the channel further
distorts the received signal and degrades performance. However, by utilising information about
the distribution of all the noise sources it may be possible to improve the decoding scheme and
increase the performance. From a theoretical standpoint it would be interesting to pursue the
approach of joint decoding and phase estimation [7], where information about the phase noise is
incorporated in the entire decoding scheme, including the message passing. Nevertheless, from
an implementation point of view this is unpractical since large parts of existing implementa-
tions would need altering that potentially increase hardware complexity. Instead, it would be

8
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Algorithm 1 Gallager’s sum-product algorithm
1: Set: maxit
2: Initialise Lj→i with LLR:s from channel Lj

3: while (it < maxit) do
4: for all check-nodes do ▷ CN update
5: Compute extrinsic info Li→j to each VN in neighbourhood using eq. 1.28
6: end for
7: for all variable-nodes do ▷ VN update
8: Compute extrinsic info Lj→i to each CN in neighbourhood using eq. 1.27
9: end for

10: Compute final prediction Ltot
j according to eq. (1.20)

11: Calculate codeword ĉ according to eq. (1.17)
12: if ĉHT = ∅ then ▷ stopping criteria
13: Break
14: end if
15: end while
16: Quantise converged LLR:s and map back to info bits û

interesting to develop a small standalone block that easily can be incorporated into existing
solutions and that is able to compensate for the additional phase noise. This would enable
extensions on current systems at low cost and complexity.

The purpose of this thesis project is to explore the state-of-the-art LDPC codes used for wireless
back-haul communication systems and extend the current understanding of how information
about phase noise can be used to improve the coding gain. The project aims to develop an
extension of the conventional LLR calculation by considering phase noise in addition to AWGN.
Furthermore to ensure practical relevance, the developed scheme will be adjusted for hardware
implementation in an attempt to provide indications about potential gains and cost. The
project is structured around the following objectives:

• How can information about phase noise be incorporated into the LLR calculation to
improve the coding gain of LDPC codes?

• What approximations and adjustments must be considered to ensure practical relevance?

• What is the cost vs. gain relation of extending the conventional LLR scheme?

1.3 Project Scope
Real communication systems are complex and consist of a long series of subsequent operations
to offer certain functionalities and to handle various sources of disturbance. In Figure 1.1
a simplified channel model is presented, which then can be extended to include a variety of
additional sources of noise that are found in the real world. This thesis will be limited to
a channel model composed solely of AWGN and phase noise. Furthermore, this thesis will
focus on the coding aspect of a wireless communication systems. As a result, some parts of

9
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the communication system, such as e.g. modulation or equalisation, will not be covered in
depth. There exists many different decoding schemes, however this thesis is limited to LDPC
codes. When extending the conventional LLR-scheme, a standalone block is sought after and
therefore further investigation on e.g. joint decoding schemes will be excluded. As mentioned
in the previous section, this thesis focus on high-capacity wireless backhaul links, which operate
with high data rates. Hence the scope will be limited to testing the developed scheme for larger
QAM modulation formats such as 1024-, 4096-, and 16k-QAM.
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2
Theory

This chapter will lay the theoretical foundation needed to later derive the extended LLR cal-
culation. The chapter begins by establishing a method for constructing parity-check matrices
through a protograph which is then followed by a review of a LDPC decoding algorithm used in
practice. After that the phase noise channel is introduced together with the notion of residual
phase noise, which forms the basis from which the extended LLR calculation scheme can be
derived.

2.1 Protograph based codes
A LDPC code is defined as linear code whose parity matrix H of size m × n has the property
that wr ≪ m and wc ≪ n, i.e it should be a sparse matrix. Although only a cycle-free H can
be decoded optimally, Gallager showed that for a binary symmetric channel the probability
of a decoding error decreases exponentially with the block length [3]. Thus, the loss of sub-
optimal decoding of LDPC codes is suppressed by the fast decoding enabled by the sparsity
of the parity-check matrix. A convenient way of constructing a sparse parity-check matrix is
through a protograph. A protograph based code is a code constructed from a smaller matrix,
often called base matrix, by a combination of copy and permutation [8]. One typical type of
protographs used in LDPC codes, which is also used in today’s 5G systems, are quasi-cyclic
codes. Quasi-cyclic codes are constructed by shifting an identity matrix with operations defined
by the base matrix P and an expansion factor Q. Consider the case of the base matrix

B =
[
2 0 1
1 −1 2

]
(2.1)

and expansion factor Q = 3, which defines the size of the identity matrix. Each element in the
base matrix then describes the right shift of each corresponding individual identity matrix. An
element with −1 indicates an all-zero matrix. The full parity-check matrix expanded by B and
Q will then be

Hqc =



0 0 1 1 0 0 0 1 0
1 0 0 0 1 0 0 0 1
0 1 1 0 0 1 1 0 0
0 1 0 0 0 0 0 0 1
0 0 1 0 0 0 1 0 0
1 0 0 0 0 0 0 1 0


, (2.2)
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which is a combination of shifted identity matrices. In Figure 2.1 an even bigger protograph
is visualised, with black pixels representing ones. The diagonal of ones in the right part of the
graph enables fast encoding. Furthermore, by creating a parity-check matrix in a protograph
manor, the decoding can be done efficiently based on the base matrix and utilising shift opera-
tions. This kind of decoding scheme is named layered decoding and will be discussed in detail
in later sections.

Figure 2.1: An example of protograph with a 42 × 52 base graph and expansion factor 2.

2.2 Decoding Techniques
In section 1.1.6 we previously touched on LDPC decoding, where Gallager’s Sum-product al-
gorithm was presented (see alg. 1) to illustrate the concept. However, when it comes to ap-
plications and realisation of LDPC decoders the algorithm have several implementation issues,
which make room for further optimisation. One of these flaws is the computational complexity
of the product and the tanh and tanh−1 operation in the CN update step in eq. 1.28. Next, the
Min-Sum algorithm will be presented, which through approximation circumvents this issue.

2.2.1 Min-Sum approximation
In many applications, the Min-Sum decoding algorithm with various modifications is a com-
mon approximation of the Sum-Product algorithm that reduces computation complexity [9].
Remember from eq. 1.28 how the CN update was given. By the following definitions

Li→j = αji · βji, (2.3)
αji = sign(Li→j),
βji = |Li→j|,

the CN update can be rewritten as

tanh
(1

2Lj→i

)
=

∏
j′∈N(i)/{j}

αj′i ·
∏

j′∈N(i)/{j}
tanh

(1
2βj′i

)
. (2.4)

It can be shown that by using eq. 2.4 the CN update Li→j can be written as

Li→j =
∏

j′∈N(i)/{j}
αj′i · ϕ

 ∑
j′∈N(i)/{j}

ϕ(βj′i)
 , (2.5)
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where ϕ is

ϕ(x) = − ln[tanh(x/2)] = ln
(

ex + 1
ex − 1

)
(2.6)

and where ϕ(x) = ϕ−1(x) when x > 0. It’s clear that ϕ(x) is a exponentially decaying function
which means that it will obtain it largest value for the smallest input argument x > 0. Due to
the rapid decay of ϕ, one can assume that the largest term will dominate when summing over
ϕ for a range of input arguments. Hence, looking at eq. 2.5, one can assume that the largest
term in the sum, corresponding to the smallest βji, will dominate the other terms which enable
the approximation

ϕ

 ∑
j′∈N(i)/{j}

ϕ(βj′i)
 ≃ ϕ

(
ϕ

(
min

j′∈N(i)/{j}
βj′i

))
= min

j′∈N(j)/{i}
βj′i (2.7)

without much loss of accuracy. This finally yields the Min-Sum approximation where the CN
update can be written as

Li→j′ =
∏

j′∈N(i)/{j}
αj′i · min

j′∈N(i)/{j}
βj′i. (2.8)

Compared to eq. 1.28, this expression is less complex as it removes the tanh and tanh−1, which
is costly to implement in hardware.

2.2.2 Scaled and offset Min-Sum
The approximation of the extrinsic information Li→j passed from CN:s to VN in the a Min-
Sum decoder in the first iteration have been shown to on average be larger in magnitude than
the true extrinsic information that would have been passed in the Sum-Product decoder [2].
In other words, the Min-Sum decoder is too optimistic in the initial passing probabilities in
the tanner graph. A natural approach to compensate this behaviour is therefore to attenuate
the extrinsic information being sent from CN:s by a scale factor catt. This yields an updated
expression for the extrinsic information being passed from CN:s to VN:s

Li→j = catt ·
∏

j′∈N(i)/{j}
αj′i · min

j∈N(i)/{j}
βj′i, (2.9)

where 0 ≤ catt ≤ 1. This modified decoder is named Scaled Min-Sum. Another approach for
compensation of the overly optimistic extrinsic information is to subtract a constant offset coffset
from the message magnitude βji, while satisfying the condition that βji −coffset ≥ 0. This yields
the Offset Min-Sum decoder, where the CN update is given by

Li→j =
∏

j′∈N(i)/{j}
αj′i · max

{(
min

j′∈N(i)/{j}
βj′i

)
− coffset, 0

}
. (2.10)
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2.2.3 Min-Sum decoding algorithm
In this chapter, three different type of Min-Sum decoders have been presented, namely: standard
Min-Sum, scaled Min-Sum, and offset Min-Sum. When implemented they all follow the same
algorithm, with the only difference being how they calculate the extrinsic information that is
being passed from CN:s to VN:s. The algorithm for the Min-Sum decoder can be implemented
according to Sum-Product algorithm, see Alg. 1, but with a different calculation of the extrinsic
information Li→j. This way of decoding the channel output y is referred to as flooding.

When using flooding in the Min-Sum decoding, the algorithm starts by assigning the LLR:s
Lj, based on the channel output, to their corresponding VN. In the second step, all VN:s
marginalise by summing their Lj with all incoming messages over connected edges from CN:s.
In the first iteration these messages are all zero. The extrinsic information is calculated for
each neighbouring CNi, by subtracting the previous message from CNi from the sum of all
messages (see eq. 1.27), and then passed to all CN:s. In the third step, all CN:s receive
extrinsic information from all neighbouring VN:s and computes the new extrinsic info, according
to eq. 2.8, to be passed back to neighbouring VN:s. The algorithm then iterates until the
LLR:s converge to a codeword. What distinguishes flooding is that all CN:s are updated
simultaneously in each iteration, without single VN being updated in between.

An alternative decoding approach for LDPC codes is what is called layering, which utilises the
protographic structure of the parity-check matrix when running the decoding. By applying
layering, the decoding algorithm can converge to a decoding decision using fewer iterations be-
tween CN:s and VN:s. This increases the speed of the decoding. The main difference between
the layering and flooding approach is that layering, in each iteration, updates the CN:s corre-
sponding to each layer r(l)

p (or row of protograph) and their neighbouring VN separately. This
means that first the Q CN:s corresponding to the first layer are updated and their extrinsic
information is passed to their neighbouring VN:s, which then updates their LLR:s. Note that Q
is the expansion factor of the protograph. Now that the LLR:s have been updated for the first
layer, the algorithm continues and repeat the process for the remaining layers until all CN:s
have updated. At this point, one iteration is complete, the layering algorithm then goes back
to the first layer and continues to iterate until LLR:s converge to a code word. The algorithm
is shown in detail in Alg. 2.

2.3 Phase noise channel
In the channel model introduced in section 1.1 the noise is modelled as AWGN. This is a valid
assumption considering the scope of a high capacity wireless backhaul link that usually has a
slow fading channel. However, in a physical setup there will be impairments in the hardware,
namely that the oscillators are neither perfect nor in sync, which will cause phase noise. The
high capacity systems in the wireless backhaul also rely on higher order constellations, which,
as shown later, are more sensitive to phase noise. Modern systems apply methods such as phase
tracking [10] for synchronisation between independent oscillators. Nevertheless, the synchroni-
sation is seldom perfect and there often remains some residual error that will affect the received
symbols. In this section, the modelling of phase noise for single-input single-output (SISO) and
multiple-input multiple-output (MIMO) channels will be presented.
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Algorithm 2 Layered Min-Sum algorithm
1: Set: maxit
2: Initialise Lj→i with LLR:s from channel Lj

3: while (it < maxit) do
4: for all rows r(l)

p in protograph do
5: for all check-nodes corresponding to the columns in r(l)

p do ▷ CN update
6: Compute extrinsic info Li→j to each VN in neighbourhood using eq. 1.28
7: end for
8: for all variable-nodes corresponding to the rows r(l)

p do ▷ VN update
9: Compute extrinsic info Lj→i to each CN in neighbourhood using eq. 1.27

10: end for
11: end for
12: Compute final prediction Ltot

j according to eq. (1.20)
13: Calculate codeword ĉ according to eq. (1.17)
14: if ĉHT = ∅ then ▷ stopping criteria
15: Break
16: end if
17: end while
18: Quantise converged LLR:s and map back to info bits û

2.3.1 SISO system
In a SISO channel the system consists of a single transmitter transmitting to a single receiver.
Phase noise is often modelled as a multiplicative noise, which yields the phase noise SISO
channel model

yi = xi ejϕi + ni, (2.11)
where ϕi is the phase noise, ni the Gaussian noise and i the index. The received symbol x̂i can
then simply be estimated as

x̂i = yi e−jϕ̂i , (2.12)

where ϕ̂i is the estimated phase noise. Since we have oscillators at both the transmitter and
receiver, the phase noise can be seen as a combination of the contribution from the receiver
and transmitter antennas, denoted by superscripts t and r, as

ϕi = ϕt
i + ϕr

i . (2.13)

A common approach is to model the transmitter and receiver radios’ phase noise as a Wiener
process [11], or random walk, as

ϕt
i+1 = ϕt

i + ∆t
i

ϕr
i+1 = ϕr

i + ∆r
i (2.14)

with ∆t ∈ N (0, σ2
t ) and ∆r ∈ N (0, σ2

r). The phase noise variances σ2
t and σ2

r is usually small
and can be calculated by using oscillator measurements [12]. Considering that both phase noise
variances ∆t and ∆r are i.i.d and using eq. (2.13), we can write

ϕi+1 = ϕi + ∆i, (2.15)
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where ∆ ∈ N (0, σ2
L) and σ2

L = σ2
t + σ2

r . Under these assumptions it follows that

p(ϕi| ϕi, ϕi−1, ..., ϕ0) = p(ϕi+1|ϕi), (2.16)

which shows that the phase noise is a Markov process.

2.3.2 MIMO system
Compared to the SISO case, a MIMO system operates several transmitter and receiver antennas
and may be equipped with separate radios with independent oscillators for each antenna, a setup
referred to as a non-synchronous operation. On the other hand, the synchronous setup occurs
when all antennas, in transmitter and receiver respectively, are connected to the same oscillator
[12]. In this thesis the case of non-synchronous operation will be considered.

Consider a 2 × 2 MIMO as pictured in Figure 2.2 with each transmitter antenna transmitting
a different symbol and the antennas placed at a distance so that the received signals have a
phase offset of −π/2 rad. The received signal, for some time index, can then be written as

[
y1
y2

]
=
[
ejϕr1 0

0 ejϕr2

] [
1 −j

−j 1

] [
ejϕt1 0

0 ejϕt2

] [
x1
x2

]
+
[
n1
n2

]
, (2.17)

where ϕr1 , ϕr2 , ϕt1 and ϕt2 are the independent phase noise processes as in eq. (2.15), and n1
and n2 are independent Gaussian noise at the receiver and transmitter respectively [13]. As in
the SISO case, each channel can be seen as a combination of the phase noise processes from
the transmitter and receiver, allowing for the mapping y = P x + n, where

P =
[

ej(ϕt1 +ϕr1 ) −jej(ϕt2 +ϕr1 )

−jej(ϕt1 +ϕr2 ) ej(ϕt2 +ϕr2 )

]
=
[

ejϕ11 −jejϕ21

−jejϕ12 ejϕ22

]
(2.18)

and each ϕtr, with subscript t and r denoting the respective receiver and transmitter, has a
phase noise rate σL. The received signal at each antenna will then be a superposition of signals
from transmitter antenna 1 and 2, where the antenna 1 will have a phase shift of −π due to the
longer path it has to travel. The received symbols can then be estimated by computing

x̂ = (P̂ P̂ H)−1P̂ Hy (2.19)

where H denotes the Hermitian transpose and P̂ is the channel with the estimated phase noise.

x1

x2

y1

y2

ϕ11

ϕ12

ϕ22

ϕ21

Figure 2.2: The 2 × 2 MIMO system considered.
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2.4 Residual phase noise
The main topic of this report is not to find methods of phase noise estimation, but rather to
investigate the LDPC decoder under the influence of residual phase noise (RPN), e.g. the small
error that follows from the imperfect phase estimation. Especially, the case when the phase
noise has been estimated by P -periodic pilot symbols will be considered. The known phase
at each pilot, ϕP

i , will then be used to estimate the phase at the symbols in between through
interpolation. The interpolation techniques considered in this report will be strictly linear,
in particular zero- and first-order-hold (ZOH and FOH respectively) methods will be applied.
The two linear methods result in the following expressions for the estimated phase in the phase
tracking

ϕ̂i+m =

ϕP
i if m ≤ P/2

ϕP
i+P if m > P/2,

(2.20)

ϕ̂i+m = ϕP
i+P − ϕP

i

P
m + ϕP

i (2.21)

where m is the distance from the previous pilot and eq. (2.20) correspond to ZOH and eq.
(2.21) to FOH. From the previous section, we remember the expression in eq. (2.15) for the
added phase noise ϕ over a SISO channel. From this expression, the RPN θ from the phase
tracking, using either ZOH or FOH, can be modelled as the difference between eq. (2.21) and
(2.15), namely

θi+m = ϕi+m − ϕ̂i+m. (2.22)

The RPN is a cyclo-stationary random process and can therefore be approximated as a Gaussian
random process [14]. The phase noise ϕP

i at any pilot can be expressed as a sum of two
independent sources of noise, one caused by AWGN, ϕW , and the other by the Wiener process,
ϕP N , as in eq. (2.15). It can be shown that both ϕW and ϕP N are in fact zero-mean Gaussian
random variables, thus the RPN θ is a linear combination of zero-mean Gaussian random
variables, which itself is a zero-mean Gaussian random variable with non-constant variance σ2

θ .
The variance σ2

θ for a given time-sample is dependent on the distance in time to the nearest pilot
and is symmetric around the centre of the pilot section, i.e., symmetric around the data sample
at equal distance from two subsequent pilots [14]. In addition, depending on the interpolation
method of choice, e.g. ZOH or FOH, the time-varying variance of RPN σ2

θ will have different
characteristics. In Appendix A.2.1 it is shown that for ZOH σ2

θ can be expressed as

σ2
θ(m) =

{
σ2

n + σ2
L · m if m ≤ P/2

σ2
n + σ2

L · (P − m) if m > P/2,
(2.23)

which shows that the variance is linear function of the position m in the pilot section, where
m ∈ (1, ..., P ), and σ2 is the variance of the AWGN noise. Similarly for FOH, as shown in
Appendix A.2.2, σ2

θ can be expressed as

σ2
θ(m) = m

(
1 − m

P

)
σ2

L +
(

1 − 2m

P
+ 2m2

P 2

)
σ2

n. (2.24)

These insights about the variance of RPN will later prove to be useful in the derivation of the
PN-LLR scheme.
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3
Methods

This chapter details the main procedures and techniques used, and serves as a blueprint for the
steps that was conducted over the course of the project. The chapter begins by presenting the
system model for various channels, followed by a derivation of the conventional LLR calculation
for higher order modulation schemes. Thereafter, the chapter extends the conventional LLR
calculation to include information on phase noise and provides full derivations for different
channels. Finally, the chapter discusses adjustments for hardware implementation and methods
for hardware synthesis to yield information about cost-benefit trade-offs.

3.1 System Model
The targeted model in this thesis is that of high-capacity line-of-sight wireless backhaul links,
which are usually defined by a quasi-static and frequency flat channel [15]. Furthermore, since
the purpose of this thesis is coding, the channel is assumed to be known to the receiver and
that perfect equalisation and timing synchronisation is performed. For the analysis, both a
SIMO and a MIMO system has been considered and the block diagram of the system is shown
in Figure 3.1.

LDPC
encoder

symbol
mapper add pilots

phase noise
channel

phase
noise sync

remove
pilots

LLR
calculation

LDPC
decoder

u c x

ryLû

Figure 3.1: System model.

First, random information bits u are generated and sent into the LDPC encoder. The encoded
bits are then mapped into symbols, framed with pilots and sent through the phase noise channel
that adds AWGN and a multiplicative phase noise in eq. (2.11) and (2.17) for SISO and MIMO
respectively. The noisy samples received in the vector r is passed into the phase synchronisation
block, which estimates and corrects for the phase rotation. Within the block the samples of
the estimated phase is passed through a Wiener filter to reduce the impact of AWGN noise.
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In Figure 3.2 the resulting effect of the RPN on the received symbols y is shown for a 64-
QAM constellation without any AWGN noise. The RPN creates a slight rotation across the
constellation point that is more apparent as the radius increases. After the synchronisation
the pilots are removed and the LLR:s L are calculated and sent to the LDPC decoder that
estimates the received bit û.
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Figure 3.2: Constellation diagram for 64-QAM with RPN. The dotted lines indicate the decision
regions. Symbols further away from the centre has higher amplitude, hence is rotating closer to
decision borders.

3.1.1 SISO
To calculate the added RPN, a pilot based estimation was implemented with a pilot placed
at regular distances in the data. For SISO, one single pilot is used in each frame to estimate
the phase noise. To reduce noise, the samples of the phase noise estimate is passed through
a Wiener filter. The samples between the pilots are then interpolated by either ZOH or FOH
interpolation and finally removed from the signal. After estimating the phase noise the received
signal is

yi = xi ejθi + ni, (3.1)

where θi = ϕi − ϕ̂i is the RPN.

3.1.2 MIMO
For MIMO a 2 × 2 system is considered, as depicted in Figure 2.2, resulting in the received
signal [

r1
r2

]
=
[

ejϕ11 −jejϕ21

−jejϕ12 ejϕ22

] [
x1
x2

]
+
[
n1
n2

]
, (3.2)

that follows from eq. (2.18). As the received signal has four independent unknown phase noise
processes, a phase estimation scheme utilising two consecutive pilots in each frame was applied
for both transmitters [16], as illustrated in Figure 3.3. This simple but effective scheme starts
with sending a pilot at one antenna while the other one is silent. In the second pilot the other
antenna transmits while the first one is silent. By this method the phase noise at the pilots can
be properly estimated. As for SISO the phase estimations are then passed through a Wiener
filter and interpolated. After estimating the phase noise from the pilots the 2 × 2 combined
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phase noise channel matrix P̂ is constructed. As shown in Appendix A.3, performing y = P̂ −1r
yields the final expression of the received phase compensated signal as[

y1
y2

]
=

x1(ej(ϕ̂11+ϕ̂22+θ11)+ej(ϕ̂12+ϕ̂21+θ12))+jx2(ej(ϕ̂22+ϕ̂21+θ22)−ej(ϕ̂21+ϕ̂22+θ21))
ej(ϕ̂11+ϕ̂22)+ej(ϕ̂21+ϕ̂12)

jx1(ej(ϕ̂11+ϕ̂12+θ11)−ej(ϕ̂12+ϕ̂11+θ12))+x2(ej(ϕ̂22+ϕ̂11+θ22)+ej(ϕ̂21+ϕ̂12+θ21)

ej(ϕ̂11+ϕ̂22)+ej(ϕ̂21+ϕ̂12)

+
[
n1
n2

]
, (3.3)

where θtr is the RPN for the channel between transmitter t and receiver r. In comparison with
the SISO case, the MIMO system introduces a leakage from the neighbouring antenna due to
imperfect phase estimation that is the RPN. As can be seen in eq. (3.3), setting θtr = 0 results
in the AWGN case y = x + n.

pilot pilot data pilot pilot data pilot pilot

pilot pilot data pilot pilot data pilot pilot

Figure 3.3: The double pilot scheme used in the MIMO channel. The darker grey pilot symbols
indicate when the transmitter is active and the lighter grey indicate when the transmitter is silent.

3.2 LLR calculation schemes
In the introduction to this report, the concept of LLR:s was briefly introduced for the simple
case of BPSK over an AWGN channel. However, when designing a real communication system
today the requirements of higher order modulations has surpassed BPSK to achieve higher data
rates. Furthermore, due to the nature of LDPC decoding algorithms, where LLR:s are used
to pass extrinsic information, finding methods of calculating LLR:s accurately is an important
part for improving decoding performance. As a start, the LLR calculations for the AWGN
channel from the introduction will in this section be extended for higher order modulations of
type M-QAM. This will then be followed by a further extensions where RPN will be considered
in the LLR calculations, both for SISO and MIMO channels.

3.2.1 LLR for M-QAM constellations over the AWGN channel
The LLR for the i:th code bit ci, i = 1, ..., log2(M), for the received symbol y is given as

L(ci|y) ≜ ln P (ci = 0|y)
P (ci = 1|y) . (3.4)

The LLR outputs information about if ci is more likely to be a 0 or 1. In the case of BPSK
and AWGN, this expression simplifies to

L(ci|y) = 2y

σ2
n

. (3.5)

However, when the modulation order M is increased, e.g. M ≥ 4, the expression in eq. (3.5)
does no longer hold since each symbol is mapping more than 1 code bits. Now, a more general
expression is needed which can be derived as follows. By assuming equiprobable symbols and
applying Bayes theorem the LLR of eq. (3.4) can be formulated as

L(ci|y) = ln


∑

x∈X0
P (y|x)∑

x∈X1
P (y|x)

 , (3.6)
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where X0,i and X1,i denotes the two sets of constellation points where the i:th bit ci is 0 respec-
tively 1. For a M-QAM it is easy to show that X0,i and X1,i are equal-sized if a conventional
mapping is used [14]. For the AWGN channel the likelihood function P (Y |X) in eq. (3.6) is
given as

P (y|x) = 1
2πσ2

n

exp
(

−|y − x|2

2σ2
n

)
. (3.7)

Combining eq. (3.6) and (3.7) yields

L(ci|y) = ln


∑

x∈X0,i

1
2πσ2

n
exp

(
− |y−x|2

2σ2
n

)
∑

x∈X0,i

1
2πσ2

n
exp

(
− |y−x|2

2σ2
n

)
 . (3.8)

It is well-known in communication theory that the term in the sums that correspond to the
closest constellation point will dominate the other terms, thus only considering the closest
symbol in X0,i and X1,i is a solid approximation, i.e.

L(ci|y) ≈ ln

 max
x∈X0,i

{
1

2πσ2
n

exp
(

− |y−x|2
2σ2

n

)}
max
x∈X0,i

{
1

2πσ2
n

exp
(

− |y−x|2
2σ2

n

)}
 . (3.9)

By further simplification the final expression of the LLR for a M-QAM constellation is

L(ci|y) ≈ 1
2σ2

n

{
min

x∈X0,i

|y − x|2 − min
x∈X1,i

|y − x|2
}

. (3.10)

3.2.2 LLR for RPN over SISO channel
The LLR calculations for higher order modulations can be extend by also considering informa-
tion about phase noise over the channel. For the LLR calculation in the presence of RPN over
a SISO channel the approach of [14] is followed. By using the well-known inequality ex ≥ 1+x,
which follows from a first-order Taylor expansion, eq. (3.1) can be written as

y ≈ x(1 + jθ) + n (3.11)

where the indices have been dropped for simplicity. This is a valid approximation since the
RPN θ is quite small. Furthermore, θ is defined as in eq. (2.23) or (2.24) depending on the
choice of ZOH or FOH interpolation. As θ and n are i.i.d zero-mean Gaussian random variables
with variance σθ and σn, the real and imaginary components of y, denoted yi and yq as the
in-phase and quadrature components respectively, are Gaussian:

yi = ℜ{y} = xi − xqθ + ni ∼ N (xi, x2
qσ

2
θ + σ2

n) (3.12)
yq = ℑ{y} = xq + xiθ + nq ∼ N (xq, x2

i σ
2
θ + σ2

n) (3.13)

Similar to the case for the AWGN channel the LLR can be expressed as in eq. (3.6) but now
with the likelihood function in eq. (3.7) as a bi-variate normal distribution dependent on both
the white noise and the RPN. The new likelihood function can therefore be expressed as

P (y|x) = 1
2π
√

det(Σ)
exp

(
−1

2(y − x)T Σ−1(y − x)
)

, (3.14)
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where Σ is the covariance matrix defined as

Σ =
[
x2

qσ
2
θ + σ2

n −xixqσ
2
θ

−xixqσ
2
θ x2

i σ
2
θ + σ2

n

]
=
[

σ2
i σ2

cov

σ2
cov σ2

q

]
(3.15)

with determinant det(Σ) = [σ2
i σ2

q − σ4
cov]. By inserting eq. (3.15) into eq. (3.14) the likelihood

function can be rewritten as

P (yi, yq|x) = 1
2π
√

det(Σ)
· exp(Ψ(x)), (3.16)

where

Ψ(x) = − 1
2 det(Σ)

(
σ2

q (yi − xi)2 − 2σ2
cov(yi − xi)(yq − xq) + σ2

i (yq − xq)2
)

. (3.17)

By inspection of the likelihood function the only added part compared to the AWGN case is
the consideration of the effect of the RPN. Consequently, when σ2

θ = 0 eq. (3.16) is equal to
the original function in eq. (3.7). By substituting the new likelihood function into eq. (3.6)
the final expression for the PN-LLR can be expressed as

L(ci|y) ≈
[

max
x∈X0,i

{
Ψ(x) + ln

√
det(Σ)

}]
−
[

max
x∈X1,i

{
Ψ(x) + ln

√
det(Σ)

}]
. (3.18)

3.2.3 LLR for RPN over MIMO channel
As described in the system model in section 3.1, introducing RPN in the MIMO system adds
a leakage term from the neighbouring antenna. Without loss of generality this calculation will
for simplicity only be shown for one channel. Starting from equation eq. (3.3), the y1 channel
can be written as

y1 = x1(ej(ϕ̂11+ϕ̂22+θ11) + ej(ϕ̂12+ϕ̂21+θ12)) + jx2(ej(ϕ̂22+ϕ̂21+θ22) − ej(ϕ̂21+ϕ̂22+θ21))
ej(ϕ̂11+ϕ̂22) + ej(ϕ̂21+ϕ̂12)

+ n1

= x1(ejθ11ej(ϕ̂11+ϕ̂22) + ejθ12ej(ϕ̂12+ϕ̂21)) + jx2(ejθ22ej(ϕ̂22+ϕ̂21) − ejθ21ej(ϕ̂21+ϕ̂22))
ej(ϕ̂11+ϕ̂22) + ej(ϕ̂21+ϕ̂12)

+ n1.

The derivation of the RPN-LLR for MIMO will take the same approach as for SISO by utilising
the inequality ex ≥ 1 + x for the exponents including the θtr terms. Accordingly, eq. (3.3) can
be approximated as

≈
x1
(
(1 + jθ11)ej(ϕ̂11+ϕ̂22) + (1 + jθ12)ej(ϕ̂12+ϕ̂21)

)
ej(ϕ̂11+ϕ̂22) + ej(ϕ̂21+ϕ̂12)

+
jx2

(
(1 + jθ22)ej(ϕ̂21+ϕ̂22) − (1 + jθ21)ej(ϕ̂21+ϕ̂22)

)
ej(ϕ̂11+ϕ̂22) + ej(ϕ̂21+ϕ̂12)

+ n1

= x1 + jx1(θ11e
j(ϕ̂11+ϕ̂22) + θ12e

j(ϕ̂12+ϕ̂21)) + x2(θ21e
j(ϕ̂21+ϕ̂22) − θ22e

j(ϕ̂21+ϕ̂22))
ej(ϕ̂11+ϕ̂22) + ej(ϕ̂21+ϕ̂12)

+ n1

= x1 + jx1(θ11e
j(ϕ̂11+ϕ̂22) + θ12e

j(ϕ̂12+ϕ̂21)) + x2e
j(ϕ̂21+ϕ̂22)(θ21 − θ22)

ej(ϕ̂11+ϕ̂22) + ej(ϕ̂21+ϕ̂12)
+ n1. (3.19)
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Using this result to solve the distributions for the real and imaginary part as in SISO is unde-
sirable since the estimated phases is not accessible in the LLR block in the targeted solution.
A rough approximation is assuming that the exponential terms is equal to one as the phases
are Wiener processes with zero mean. This yields a more tractable expression of

y1 = x1 + jx1(θ11 + θ12)
2 + x2(θ21 − θ22)

2 + n1. (3.20)

Now the real and imaginary parts of y1 can be expressed as

y1,i = x1,i − 1
2 (x1,q(θ11 + θ12) + x2,i((θ21 − θ22)) + n1,i (3.21)

y1,q = x1,q + 1
2 (x1,i(θ11 + θ12) + x2,q(θ21 − θ22)) + n1,q. (3.22)

In the above term, all the θtr:s are assumed to be i.i.d random variables distributed as θtr ∼
N (0, σ2

θ) where σ2
θ is defined in eq. (2.23) or eq. (2.24). By using the result that the variance of

the linear combination of N i.i.d random variables {X1, ..., XN} is the sum of their variances,
e.g. Var(∑N

i=1 a2
i Xi) = ∑N

i=1 a2
i Var(Xi), where ai is a constant, their respective distribution of

y1,i and y1,q can be expressed as

y1,i ∼ N
(

x1,i,
1
2
(
x2

1,qσ
2
θ + x2

2,iσ
2
θ + σ2

n

))
(3.23)

y1,q ∼ N
(

x1,q,
1
2
(
x2

1,iσ
2
θ + x2

2,qσ
2
θ + σ2

n

))
. (3.24)

Computing the covariance matrix gives

Σ = 1
2

[
x2

1,qσ
2
θ + x2

2,iσ
2
θ + σ2

n σ2
θ(−x1,ix1,q + x2,ix2,q)

σ2
θ(−x1,ix1,q + x2,ix2,q) x2

1,iσ
2
θ + x2

2,qσ
2
θ + σ2

n

]
=
[

σ2
i σ2

cov

σ2
cov σ2

q

]
, (3.25)

with the determinant det(Σ) = [σ2
i σ2

q − σ4
cov]. Again inserting eq. (3.15) into eq. (3.14) the

likelihood function can be rewritten as

P (y1i
, y1q |x) = 1

2π
√

det(Σ)
· exp(Ψ(x1)), (3.26)

where

Ψ(x1) = − 1
2 det(Σ)

(
σ2

q (y1,i − x1,i)2 − 2σ2
cov(y1,i − x1,i)(y1,q − x1,q) + σ2

i (y1,q − x1,q)2
)

. (3.27)

The final LLR expression is obtained by inserting the likelihood expression in eq. (3.26) into
(3.18). To calculate the LLR for x2, the values of x1 and x2 are simply swapped. Thus, the
LLR for MIMO is the same as for SIMO but with a different covariance matrix, which takes
into account the leakage from the other antenna.

3.3 Hardware implementation
Adding PN into the equation of LLR introduces some extra calculations rather than just con-
sidering the minimum distance, which is the case for conventional AWGN-LLR. In theory, this
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is not a problem if it improves the performance. However, to be useful in a practical system
the coding system should be able to be realised in hardware, which raises the question of cost
versus benefit. In a real system there may also be limitations in memory and computation time
that requires the LLR values to be limited to a certain amount of bits, hence degrading the
resolution. A comparison will therefore be made between using the double-precision floating
point format of 64 bits and limiting the LLR to a fixed-point value with six bits. The six bits
consist of one sign-bit, three integer-bits, and two decimal-bits.
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Figure 3.4: An example of a Gray coding for a 64-QAM constellation displayed in two quadrants.

Depending on how many symbols are mapped into bits, different symbols may be affected differ-
ently by noise. A common approach is to use Gray coding to ensure that neighbouring symbols
only differs by one bit. In this context, the neighbourhood consists of the symbols at minimum
distance from the symbol of interest. In Figure 3.4 a Gray coded 64-QAM constellation’s upper
quadrants are shown. As can be noticed, only the left half of the bits change along the real
axis. Likewise, the right half of the bits only change along the imaginary axis. Within these
two subsets the rightmost bits, that can be referred to as the least significant bits (LSB) of
the real and imaginary part respectively, change every second bit, illustrated in Figure 3.4 by
the numbers in blue and red. The other two bits of each respective part changes every fourth
bit. Arguably, the LSB:s of the real and imaginary part of the symbols is affected by noise to
a greater extent than the other more significant bits since they change at a higher frequency.

It could be advantageous in terms of redundancy to only code these bits. To still be able to
correct errors in the other bits, another coding scheme with higher code rate could be applied
on that subset, overall increasing the code rate. This concept is known as multilevel coding [17],
where different coding schemes is adopted on different bits. Following that the least significant
bits is most affected by the phase noise, the PN extension should make the largest difference
for those bits as the more significant bits have larger decision regions. Therefore, challenges
concerning scaling of LLR:s arise when coding all bits and quantising the output. Henceforth,
the hardware implementation assume that only the least significant bits of each dimension are
coded. This will facilitate the quantisation and improve the accuracy since all LLR:s will be
within the same range as a result of having equally sized decision regions.
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3.4 Hardware synthesis
To realise the PN-LLR calculation in hardware, the Vivado High-Level Synthesis (HLS) tool
provided by Xilinx [18] was used. High-level synthesis takes an abstract structure, in this case
a high-level programming language such as C++, and realises it in the register-transfer level
(RTL), e.g. as hardware registers and logical operators. The resulting RTL can then be synthe-
sised to a gate-level netlist, which then can be used in a field-programmable gate array (FPGA).
An FPGA is an integrated circuit that can be programmed to realise interconnected logic blocks
and thus perform computations at high speed. By synthesising to a gate-level netlist, we can
estimate the amount of resources that are needed to perform the computations. The basic
structure for the computations in a FPGA comprises of look-up tables (LUT), flip-flops (FF)
and digital signal processing (DSP) blocks, and will be used in performance evaluation in this
report. The purpose of the three blocks’ respective application is shown in Table 3.1.

The FPGA enables parallel computing as all computations are instantiated on independent sets
of LUT:s, compared to the structure in a processor where computations are shared on a single
arithmetic logical unit. As a consequence, all the computations happens at the same clock cycle.
To speed up computations it is therefore necessary to limit dependencies along the variables
such that the data flows with every clock cycle. Vivado HLS solves most of these problems
by using pipelining and dividing dependencies into independent stages. Additionally, while the
previous simulations were done in Matlab, Vivado HLS uses C or C++ code to compile in the
high-level synthesis process. The implementation was consequently converted to C++ code
and the data type used in the calculations was 18 bit fixed-point values. The final LLR values
was outputted as 6 bit fixed-point values. Due to lack of time, hardware implementation was
only done for the SISO case.

Table 3.1: The basic blocks in a FPGA used to evaluate the resource usage.

Block Task
LUT Implements logical functions of Boolean variables
FF Storage unit. Assists LUT with logic pipelining and data storage

DSP An arithmetic logical unit
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4
Results

In this chapter, the results from applying the extended PN-LLR scheme is presented. Most
of the results are presented as bit error rate (BER) plots that show the rate of which error
occurs for different Eb/N0 levels. The chapter is divided into three sections, starting with the
simulation results without the adjustment for a hardware implementation. This is followed
by results of the quantised values and the requirements for an hardware implementation. All
results are simulated using a layered scaled min-sum decoder with α = 0.75. The parity-check
matrix used is an irregular quasi-cyclic protograph based matrix with expansion factor Q = 128
and base matrix according to the 5G standard with a code rate of 0.3235. Maximum number
of iterations in the decoding is set to 25.

4.1 Simulation results
In previous chapters, it has been shown how the presence of RPN impacts communication
systems as a multiplicative term. The new LLR calculation scheme derived in this thesis
extends the conventional LLR-calculation by adjusting LLR:s based information about RPN.
In Figure 4.1 the AWGN-LLR:s and PN-LLR:s of the least significant bit are compared for
three different Eb/N0 levels. When comparing PN-LLR with AWGN-LLR it is evident that the
former have a larger spread of values for most given amplitudes. The least spread is closest to
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Figure 4.1: Comparison of LSB LLR values from the AWGN-LLR and PN-LLR schemes over a
64-QAM MIMO channel with σ2

L = 10−4. X-axis represent the real part of the received symbol.
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the constellation points. This is explained mainly by two factors: the impact of the amplitude
of the received symbol and the distance to the closest pilot. The extended PN-LLR tunes the
LLR values depending on the amplitude of the received symbol in the orthogonal dimension, i.e.
when decoding the real bits the impact from phase noise will mainly depend on the amplitude of
the imaginary part of the received symbol from the main channel and the real part of the second
leakage channel. This follows from that the impact of phase noise vary between different parts
of the constellation, as seen in Figure 3.2. The impact of varying pilot distance adds additional
spread along the LLR values since two identical received symbols with different pilot distance
will have been scaled slightly differently. Furthermore, it is evident how the impact of using
the PN-LLR become more prominent for larger Eb/N0 levels, i.e., when the PN variance will
dominate over the AWGN variance.

In Figure 4.2 the BER-curves is shown for PN-LLR and the conventional AWGN-LLR to
illustrate the performance gain of using the introduced PN-LLR scheme. The results are show
for two channels: SISO and MIMO. In this first section of the results chapter, all information
bits encoded using the same LDPC code. The figure shows that incorporating information about
RPN in the LLR calculation yields additional coding across all both channel types compared
to using the conventional assumption of a pure AWGN-channel. For the given system setup,
the added coding gain for MIMO is around 0.2 dB compared to 0.1 dB for SISO.
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Figure 4.2: BER performance for a LDPC coded system using AWGN-LLR and PN-LLR over 4096-
QAM SISO and MIMO channels with σL = 10−4.

In addition, it is of interest to determine how the performance improvement depend on different
parameters, e.g. the pilot distance in the phase tracking and the variance of the phase noise
over the channel. Figure 4.3 shows the system performance for different levels of phase noise
variances and pilot distances for MIMO. In Figure 4.3a it is evident how the overall performance
is degraded with increasing phase noise. However, the relative improvement in performance
from the RPN-extension remains. As Eb/N0 increases, the BER improves quickly and the size
of the additional gain increase slightly as the error rate become lower. This follows from a
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changing ratio between the variance of the AWGN och RPN. Similarly, as shown in Figure
4.3b, when the pilot distance increase the overall performance is degraded. This follows from
the fact that a larger distance between pilots result in an inadequate approximation of the
phase noise, hence introducing larger residual error in the interpolation step. Consequently,
a larger variance of the RPN has a similar effect as to simply increasing the variance of the
phase noise. Similarly to when varying the phase noise variance, the performance improvement
remains when changing the pilot distance and grows slightly in size as the BER reach lower
levels.
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Figure 4.3: BER performance for a LDPC coded system using AWGN-LLR and PN-LLR over 4096-
QAM SISO and MIMO channels with σL = 10−4.

To ensure relevance for practical implementation it is important that the extended LLR cal-
culation also support a range of constellation sizes, especially the larger modulation schemes
which are more sensitive to RPN. The additional coding gain induced by the extended LLR
calculation is shown for a set of constellations in Figure 4.4 below. The results show that the
additional gain from the PN-LLR increases for larger constellation sizes, which is explained
by decreasing minimum distance between constellation points and hence a higher sensitivity to
RPN. Furthermore, in Figure 4.5 the performance with ZOH or FOH interpolation in the phase
tracking step is compared for MIMO. The results indicate that the performance is slightly better
for ZOH, however the additional gain for ZOH is too small to definitely conclude a performance
advantage.
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Figure 4.5: ZOH vs FOH interpolation for a MIMO system.

4.2 Quantised results adjusted for hardware implemen-
tation

In the end of the previous chapter adjustments for hardware implementation was discussed. To
illustrate the practical relevance of the presented PN-LLR scheme for LDPC codes, simulations
with coding only LSB:s was done to emulate the role of the LDPC code in multi-level coded sys-
tems. The LLR values was quantised to fixed-point values with six bits to simulate limitations
in resolution that practical applications impose, which introduce quantisation errors. A 6-bit
fixed-point value support values in the range [-7.75, 7,75] with a resolution of 0.25. In Figure
4.6 the resulting quantised PN-LLR:s of the LSB is compared with conventional AWGN-LLR:s
over a MIMO channel using 64-QAM. It is evident that the reduction in resolution had little
impact on the resulting PN-LLR:s if compared with the non-quantised LLR:s presented in Fig-
ure 4.1, which indicates that it is feasible to implement in practice. As have been discussed in
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Figure 4.6: Comparison of quantised LSB LLR values from the AWGN-LLR and PN-LLR schemes
over a 64-QAM MIMO channel with σ2

L = 10−4. X-axis represent the real part of the received symbol.

previous sections, the LSB is more affected by RPN than other bits due to its relative proximity
to decision boundaries. Hence the additional gain from the extended PN-LLR scheme is larger
for the LSB:s than compared to the more significant bits. In Figure 4.7 are BER-curves for
the LSB shown for both SISO and MIMO, which at a BER of 10−4 indicates a coding gain of
around 0.16 dB for MIMO and around 0.05 dB for SISO.

When comparing the relative performance improvement it should also be noted that the results
in Figure 4.7 are simulated for lower PN variance compared to that in Figure 4.2, σP N = 5e−6
instead of 1e − 4, which illustrates the larger impact on LSB:s. In addition, there is also a
large difference in performance improvement between MIMO and SISO. The difference follows
from that MIMO experience differential RPN due to impairments of channel leakage which
effectively increase the variance of the experienced phase noise of the channel. As discussed in
section 4.1, the gain from the PN-LLR scheme increase with larger variance of the phase noise,
hence MIMO will gain more from the new scheme compared to SISO.
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Figure 4.7: BER performance for LDPC coded system for LSB using quantised AWGN-LLR and
PN-LLR over 4096-QAM SISO and MIMO channels with σL = 5 · 10−6.
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4.3 HLS results of hardware implementation
In the previous section, it was shown that implementing the PN-LLR scheme gave improved
performance, even after quantisation to support the realisation in hardware. Next, it is of
interest to understand the added cost and resource requirements that follow from extending
the conventional LLR calculation scheme. In Table 4.1 resource metrics from Vivado HLS,
which was introduced in the method chapter, is presented. The resource metrics are defined
in Table 3.1 and PN-LLR* represent PN-LLR without divisions. The results show that the
improved performance come at a large cost in terms hardware resource usage. However, a
large majority of the added cost is attributed to the division of the determinant in eq. (3.27).
By removing the divisions the required resources drastically decrease and brings the resource
allocations of the PN-LLR scheme closer to the original AWGN-LLR scheme. In addition,
Table 4.1 also compares the resource usage depending on the choice of interpolation scheme.
The results suggest that the resource usage can be slightly decreased by using ZOH instead of
FOH. However, the reduced resource allocation is traded for less accurate phase estimation.

Table 4.1: Resource usage of different LLR calculations acquired from Vivado HLS.

Type LUT FF DSP

AWGN-LLR 841 860 6
PN-LLR (ZOH) 51,491 36,738 103
PN-LLR (FOH) 51,754 37,025 116
PN-LLR* (FOH) 2,499 3,782 85
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It has been shown that the implemented PN-LLR improved the performance, measured in
terms of BER, of the LDPC decoder for both SISO and MIMO. Furthermore, the improvement
remained when the LLR values was quantised down to a resolution of 6 bits for the LSBs.
However, considering the cost-benefit aspect, the hardware implementation of such a system
was shown to be more complicated than the regular AWGN-LLR. This section will discuss some
of the choices made and what further developments that could continue the work.

5.1 System performance evaluation

It is evident that the implemented PN-LLR scheme outperforms the conventional LLR scheme
for the given system model in terms of BER. The size of the improvement is dependent on
the variance of the phase noise in relation to the variance of the AWGN over the channel. In
Figure 4.3a it was shown how the overall performance is degraded as the PN variance increases,
but that the relative improvement of the PN-LLR scheme increases. This suggests that with
larger PN variance, there is a bigger gain to reap. In addition, in Figure 4.1 it was shown
how the the impact of the PN-LLR scheme becomes more prominent as Eb/N0 increase, i.e.
as the PN to AWGN ratio becomes large enough and PN starts dominating. When increasing
the pilot spacing, the system performance behaves similar to when increasing the PN variance.
More scattered pilots will degrade the accuracy of the interpolation step in the phase tracking,
causing greater RPN, which effectively is equivalent to increasing the PN variance.

The system model used in this project intend to model a line-of-sight wireless backhaul link,
which is characterised by high SNR and large constellations to facilitate large data rates. Figure
4.4 showed how the overall performance decreased for larger constellation sizes as a result of
a decreased minimum distance, hence less resilience to noise. However, the size of the relative
improvement from the PN-LLR scheme increased as the constellation grow. Once again, the
conclusion is that the additional gain from the PN-LLR scheme increase with increased impact
from RPN on received symbols. Hence, the introduced scheme is particularly suitable for
systems using large constellations, having solid SNR conditions, using larger pilot spacing, and
with significant PN present.

The performance was also evaluated for the two channels: SISO and MIMO. Both channels saw
a performance improvement with the PN-LLR scheme, however the improvement was greater
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for MIMO as is shown in Figure 4.2. This can be accounted to the differential phase noise
caused by impairments of channel leakage from the cancellation process at the receiver. The
resulting RPN for each channel is depicted in Figure 3.2. Clearly, MIMO experiences a larger
impact from PN compared to SISO, hence the performance improvement is greater.

Finally, the system was simulated using two different interpolation schemes in the phase track-
ing: ZOH and FOH. The choice of interpolation scheme slightly impacts the RPN, where ZOH
introduce more noise since the interpolations is sub-optimal compared to the linear interpola-
tion of FOH. However, using ZOH interpolation reduces complexity when realised in hardware,
as seen in Table 4.1. Hence, it is interesting to evaluate whether the choice of interpolation
technique impacts the performance of the PN-LLR scheme. Figure 4.5 showed almost identical
performance for ZOH and FOH, with indications of a slightly better performance for ZOH.
However, it is hard to draw any definite conclusion since the curves are close together.

5.2 Quantisation errors and LSB coding
When developing communication systems, it’s crucial to minimise redundancy and resource
usage to achieve satisfactory performance at a low cost. Higher-resolution arithmetic increases
the hardware cost, and it is therefore important to balance the resolution of the calculations
and the system performance. The implemented PN-LLR scheme was quantised by replacing
double precision data types with 6-bit fixed-point variables. However, the quantisation proved
to not have any significant impact on the result. This indicates that the contribution from
adding information about RPN in LLR calculations is significant enough to not be discarded
when lowering the resolution,at least down to 6 bits for LSBs. The impact of varying the
resolution has not been further investigated, and could be subject to future studies.

From the results it was evident that the PN-LLR scheme improved the performance, both for
when all bits were coded and for when only considering LSBs. However, the additional coding
gain seen in Figure 4.2, where all bits are encoded, is quite small given the level of phase noise
variance at σ2

L = 10−4. From previous discussion we remember that the size of the performance
improvement scales with the variance of the phase noise σ2

L. Hence, in practice the gain from
using the PN-LLR scheme would be rather small, especially for larger constellations where only
a fraction of coded bits will experience a substantial gain. However, when looking only at LSBs,
the performance improvement is significant, which is seen in Figure 4.7. This suggest that the
PN-LLR scheme is most relevant for LSBs when using larger constellations, since that is where
it provides a significant gain in return for the added cost and complexity. In addition, the
results in both Figure 4.2 and 4.7 show that the additional gain from the PN-LLR scheme is
larger for MIMO compared to SISO, hence a practical implementation might be more attractive
for MIMO, compared to SISO, from a cost-benefit perspective.

As discussed in the background of this thesis, the fundamental idea of coding is to add redun-
dancy to increase the systems resilience to errors, hence trading lower coding rate for improved
performance. It is desirable to maximise the coding rate for any given level of performance. We
have previously seen that different bits are affected differently by noise, mainly due to varying
proximity to decision boundaries. This difference tends to be large for larger constellations
since each symbol represents more bits, e.g. for 4096-QAM each symbol represent 12 bits.

34



5. Discussion

As a result, multi-level coding can be used to optimise the trade-off between coding rate and
performance by using different coding schemes for bits of different significance. Due to the
near-capacity characteristics of LDPC codes, they are a good choice for encoding the LSBs.
In the result chapter it is evident that the improved performance from the PN-LLR scheme
is greater for LSBs, compared to when coding all bits, hence offering a more attractive cost-
benefit trade-off. This suggests applicability in multi-level coding schemes where maximised
benefit can be gained for the LSB:s, while using other coding schemes with larger coding rate
for more significant bits needing less protection. In section 4.2, the impact of coding only the
least significant bit of each dimension was shown. However, it should be noted that the second
least significant bit can also be coded together with the LSB and achieve equal performance if
Gray coding is applied separately for the two least significant bits of each dimension, in contrast
to Gray coding all bits as in Figure 3.4.

5.3 Hardware resource requirements
In the result of the hardware synthesis it was seen that the implementation of the PN-LLR
required more hardware to be realised than for AWGN-LLR. The division of the determinant
was especially expensive. For further work, a approximation of the division is necessary to
make it attractive for an implementation in a real system. A famous approximation is the so
called fast inverse square root [19] created for the 1999 game Quake III Arena. However, this
approximation works with floating point numbers and not fixed point numbers as in this report.
The algorithm is based on that type casting a float to an integer is a good approximation of
the logarithm. The inverse square root is then computed as

log2

(
1√
x

)
= −0.5 log2(x). (5.1)

In [20] an algorithm for a fast base-2 logarithm is suggested using a priority encoder, barrel
shifter and a look up table. This algorithm could then be combined with eq. (5.1), without the
square root.

Additionally, considering Figure 4.1 an approximation of the PN-LLR could perhaps be found
using the received symbol and the RPN variance σ2

θ to further decrease the complexity.

5.4 Suggestions on further research
All the simulations done were simulated down to a BER of around 10−5. It would be interesting
to further simulate to lower BER-levels, especially down to the error floor region, to investigate
if the PN extension provides better performance in these regions. However, this requires time
consuming simulations and may not be feasible. There exists techniques for estimating error
floor regions [21] and also specific codes with high error floor, such as Margulis codes [22]. The
estimation techniques are usually based on the AWGN assumption and would therefore have
to be extended for the PN case.

The scope of this project has included improving the LLR calculations in the presence of phase
noise and has been detached from the specific LDPC decoding techniques. There has been work
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proposing joint decoding and phase compensation algorithms, such in [15] and [7], that combines
the phase estimation and decoding. Such algorithms is based around belief propagation on the
factor graph representing the joint á posterior probability mass function of information bits
and the channel, including the phase noise.
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6
Conclusion

We have developed an extension of the conventional LLR-calculation by considering phase
noise in addition to AWGN, ultimately increasing the performance of the LDPC system. The
extension is posing as a standalone block to facilitate practical incorporation into existing
solutions. Furthermore, the thesis aimed at identifying necessary adjustments of the theoretical
model to enable hardware implementation. The results have shown that the coding gain can
be improved by implementing the proposed PN-LLR scheme, which in addition to the distance
to nearest constellation point also considers its location in the constellation diagram and the
distance to nearest pilot. The additional gain scale with the phase noise and consequently
increase for large constellations, large pilot spacing, and increasing phase noise variance. In
addition, the proposed scheme was shown to be more effective for MIMO compared to SISO.
The results also showed that the performance improvement was larger for less significant bits,
compared to when looking at all bits. Mainly due to LSBs being more sensitive to phase noise.
This suggests that the PN-LLR scheme could be suitable for multi-level coding schemes with
large constellation sizes, which often is used in line-of-sight wireless backhaul links. Hardware
synthesis simulations showed that the proposed PN-LLR scheme significantly increased the
hardware resource usage compared to the conventional AWGN-LLR scheme. However, the
absolute majority of the increase is attributed to the high cost of divisions in hardware. In
conclusion, this thesis has shown that it is possible to extend the conventional LLR calculation
to consider phase noise in addition to AWGN and consequently improve the coding gain in the
presence of residual phase noise.
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A
Appendix 1

A.1 Derivation of LLR relation for SPC codes
Below is the full derivation of the equality in equation (1.24) presented.
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A.2 Derivation of RPN variance
Below is the full derivation of the variance of the residual phase noise (RPN) when using ZOH
and FOH as interpolation methods. The derivation of FOH is derived with support from [14].

A.2.1 ZOH interpolation
For ZOH the variance σ2

θ is calculated as follows. First we introduce the notion 11 = 1, if
m ≤ P/2 and 12 = 1, if m > P/2. By combining eq. (2.22) and eq. (2.20), the RPN θ can be
expressed as

θi+m = ϕi+m − ϕ̂i+m = ϕi+m − (ϕP
i 11 + ϕP

i+P12) = (A.2)
= ϕi+m − (ϕW

i 11 + ϕW
i+p12) − (ϕP N

i 11 + ϕP N
i+p12) =

I
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= − (ϕW
i 11 + ϕW

i+p12) + (ϕi+m − (ϕP N
i 11 + ϕP N

i+p12)) =
= − θW

i+m + θP N
i+m.

As seen above, θW
i+m and θP N

i+m are both linear combinations of zero-mean Gaussian processes,
which means that their variances, σ2

θ, W and σ2
θ, PN, are sums of the variance of the corresponding

Gaussian processes. As a result, the variance of the two components θW
i+m and θP N

i+m for ZOH
can be expressed as

σ2
θ, W = Var(ϕW

i 11 + ϕW
i+P12) = Var(ϕW

i )(11 + 12) (A.3)
= Var(ϕW

i ) = σ2
n,

and similarly

σ2
θ, PN = Var(ϕi+m − (ϕP N

i 11 + ϕP N
i+P12)) = (A.4)

= Var(ϕi+m − ϕP N
i )11 + Var(ϕi+m − ϕP N

i+P )12 =
= σ2

L · m · 11 + σ2
L · (P − m) · 12 =

=
{

σ2
L · m if m ≤ P/2

σ2
L · (P − m) if m > P/2.

Combining eq. (A.3) and (A.4), the expression for the variance of the RPN for ZOH is

σ2
θ =

{
σ2

n + σ2
L · m if m ≤ P/2

σ2
n + σ2

L · (P − m) if m > P/2.
(A.5)

A.2.2 FOH interpolation
A similar approach is used for FOH to calculate the variance σ2

θ . By combining eq. (2.21) and
eq. (2.22), the RPN θ for FOH can be expressed as
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where θW
i+m and θP N

i+m are independent. This implies that the variance of θi+m equals the sum
of the variance of the two components accordingly

σ2
θ(i + m) = σ2

θW (i + m) + σ2
θP N (i + m). (A.7)

To calculate σ2
θW (i + m) it is useful to first rewrite θW

i+m as

θW
i+m =
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m

P
− 1

)
ϕW

i − m

P
ϕW

i+P (A.8)
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where ϕW
i and ϕW

i+P are zero-mean Gaussian random variables, both with variance σ2. From
here the variance of θW

i+m can be expressed as

σ2
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)2
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n + m2

P 2 σ2
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P 2
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To calculate the second term σ2
θP N (i + m) in eq. (A.7) it is similarly useful to rewrite θP N

i+m as

θP N
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P
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)
(ϕP N

i+m − ϕP N
i ) − m

P
(ϕP N
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where (ϕP N
i+m − ϕP N

i ) and (ϕP N
i+P − ϕP N

i+m) both are increments of a Wiener process over two
separate non-overlapping intervals and are as a consequence independent. Based on eq. (2.15)
it is clear that

(ϕP N
i+m − ϕP N

i ) ∼ N (0, σ2
Lm) (A.11)

(ϕP N
i+P − ϕP N

i+m) ∼ N (0, σ2
L(P − m)).

From this σ2
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Finally, by inserting eq. (A.9) and (A.12) into eq. (A.7) one get the final expression of σ2
θ
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θ(m) = m
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)
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P 2

)
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as presented in eq. (2.24).

A.3 Derivation of pilot-based phase estimation for MIMO
Below is the derivation of the pilot-based phase estimation in the MIMO system. Starting from
eq. (3.2), we want to compute y = P̂ −1r:
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j(ϕ12+ϕ̂11) + x2e

j(ϕ22+ϕ̂11)

]
+
[
n1
n2

]

= 1
det(P̂ )

[
x1(ej(ϕ11+ϕ̂22) + ej(ϕ12+ϕ̂21)) + jx2(ej(ϕ22+ϕ̂21) − ej(ϕ21+ϕ̂22))
jx1(ej(ϕ11+ϕ̂12) − ej(ϕ12+ϕ̂11)) + x2(ej(ϕ22+ϕ̂11) + ej(ϕ21+ϕ̂12)

]
+
[
n1
n2

]
. (A.14)

III



A. Appendix 1

By using the definition for the residual phase noise θtr = ϕtr − ϕ̂tr for transmitter t and receiver
r and computing the determinant det(P̂ ) = ej(ϕ̂11+ϕ̂22) + ej(ϕ̂21+ϕ̂12) the final expression for the
received phase compensated signal is

[
y1
y2

]
=

x1(ej(ϕ̂11+ϕ̂22+θ11)+ej(ϕ̂12+ϕ̂21+θ12))+jx2(ej(ϕ̂22+ϕ̂21+θ22)−ej(ϕ̂21+ϕ̂22+θ21))
ej(ϕ̂11+ϕ̂22)+ej(ϕ̂21+ϕ̂12)

jx1(ej(ϕ̂11+ϕ̂12+θ11)−ej(ϕ̂12+ϕ̂11+θ12))+x2(ej(ϕ̂22+ϕ̂11+θ22)+ej(ϕ̂21+ϕ̂12+θ21)

ej(ϕ̂11+ϕ̂22)+ej(ϕ̂21+ϕ̂12)

+
[
n1
n2

]
. (A.15)

IV





DEPARTMENT OF ELECTRICAL ENGINEERING
CHALMERS UNIVERSITY OF TECHNOLOGY
Gothenburg, Sweden
www.chalmers.se

www.chalmers.se

	List of Acronyms
	Introduction
	Background
	Optimal decoding rules
	Error correcting codes
	Linear block codes
	Hard and soft decisions
	LDPC codes
	Belief propagation in LDPC decoding
	MAP decoding for repetition code
	MAP decision for SPC codes
	Message passing algorithm


	Project Aim and Objectives
	Project Scope

	Theory
	Protograph based codes
	Decoding Techniques
	Min-Sum approximation
	Scaled and offset Min-Sum
	Min-Sum decoding algorithm

	Phase noise channel
	SISO system
	MIMO system

	Residual phase noise

	Methods
	System Model
	SISO
	MIMO

	LLR calculation schemes
	LLR for M-QAM constellations over the AWGN channel
	LLR for RPN over SISO channel
	LLR for RPN over MIMO channel

	Hardware implementation
	Hardware synthesis

	Results
	Simulation results
	Quantised results adjusted for hardware implementation
	HLS results of hardware implementation

	Discussion
	System performance evaluation
	Quantisation errors and LSB coding
	Hardware resource requirements
	Suggestions on further research

	Conclusion
	References
	Appendix 1
	Derivation of LLR relation for SPC codes
	Derivation of RPN variance
	ZOH interpolation
	FOH interpolation

	Derivation of pilot-based phase estimation for MIMO


