CHALM ERS

UNIVERSITY OF TECHNOLOGY

Study of producing resourceful quantum

states via modular combinations of
two-qubit circuits

Investigation of an algorithm similar to magic state distillation
using a restricted set of Clifford circuits

Master’s thesis in Physics

Alex Maltesson

DEPARTMENT OF MICROTECHNOLOGY AND NANOSCIENCE

CHALMERS UNIVERSITY OF TECHNOLOGY
Gothenburg, Sweden 2024
www.chalmers.se


www.chalmers.se




MASTER’S THESIS 2024

Study of producing resourceful quantum states via
modular combinations of two-qubit circuits

Investigation of an algorithm similar to magic state distillation using a
restricted set of Clifford circuits

ALEX MALTESSON

CHALMERS

UNIVERSITY OF TECHNOLOGY

Department of Microtechnology and Nanoscience
Division of Applied Quantum Physics
CHALMERS UNIVERSITY OF TECHNOLOGY
Gothenburg, Sweden 2024



Study of producing resourceful quantum states via modular combinations of two-
qubit circuits
Investigation of an algorithm similar to magic state distillation using a restricted set of Clifford

circuits
ALEX MALTESSON

© ALEX MALTESSON, 2024.

Supervisor: Cameron Calcluth, Department of Microtechnology and Nanoscience
Examiner: Giulia Ferrini, Department of Microtechnology and Nanoscience

Master’s Thesis 2024

Department of Microtechnology and Nanoscience
Division of Applied Quantum Physics

Chalmers University of Technology

SE-412 96 Gothenburg

Telephone +46 31 772 1000

Cover: An illustration of how multiple optimization rounds of the modular magic synthesis
algorithm can shift a rotated input state on the Bloch sphere to become closer to the target
magic state.

Typeset in BTEX
Printed by Chalmers Reproservice

Gothenburg, Sweden 2024

v



Study of producing resourceful quantum states via modular combinations of two-
qubit circuits

Investigation of an algorithm similar to magic state distillation using a restricted set of Clifford
circuits

ALEX MALTESSON

Department of Microtechnology and Nanoscience

Chalmers University of Technology

Abstract

Quantum computers are a technology that has garnered much attention throughout the last
decades. This interest can partially be attributed to the realization that quantum computers
seemingly can accomplish some computational tasks more efficiently than classical computers.
The computational components that a quantum computer requires for these speed-ups are
called resources. In this thesis, we implement and study an algorithm that aims to obtain a
set of resourceful states that could mediate computational speed-up, even exponential speed-
up, which are called T- and H-type magic states. This algorithm is named modular magic
synthesis (MMS) and is inspired by a method proposed by Sergey Bravyi and Alexei Kitaev in
Ref. [1], which can obtain magic states that are arbitrarily close to the target with a process
named magic state distillation (MSD). The quality of the output state from the algorithms is
characterized by fidelity, where MMS and MSD are both implemented to obtain an output state
with a higher fidelity to the target by a similar optimization procedure of consuming several
faulty input magic states in multiple optimization rounds. The defining characteristic of the
MMS algorithm, which deviates from the MSD method, is that MMS only requires two states
as inputs for each round of optimization, whereas the MSD algorithm needs at least five input
states for distillation. The results we acquired from implementing the MMS algorithm showed
that it could not increase the fidelity of the input state to the T state, while some improvement
of the input state to the H state appeared feasible. However, the MMS algorithm could only
increase the fidelity of the input state to the H state up to a certain point. It is because of this
important realization that we do not consider the MMS algorithm as a genuine “distillation”
method, and instead refer to it as a “synthesis” algorithm.

Keywords: Quantum computers, Modular magic synthesis, Magic state distillation, Clifford
gates, post-selection
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Here is a list of acronyms that are commonly used throughout the thesis:

MSD Magic state distillation

MMS Modular magic synthesis

UuQC Universal quantum computer
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Nomenclature

This is the nomenclature of the notations, indices, groups, and quantum gates that are used in

the thesis:
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Optimal threshold fidelity for T-type distillation

Threshold fidelity obtained by Bravyi & Kitaev for T-type distilla-
tion

Optimal threshold fidelity for H-type distillation

Threshold fidelity obtained by Bravyi & Kitaev for H-type distil-
lation

Optimal threshold error probability for T-type distillation
Optimal threshold error probability for H-type distillation
Initial error probability

Initial rotation angle

Indices for undefined number of entries

Indices for {z,y, 2}

The i-qubit Clifford group
The i-qubit Clifford quotient group
The i-qubit Pauli group

Quantum gates

Pauli- X

X1



xii

Pauli-Y

Pauli-Z

Hadamard

Phase shift

Controlled-NOT

Identity

General phase shift

The unitary which has the T" state as its eigenvector

y rotation with angle 6
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Chapter 1

Introduction

The standard “classical” computer, which encodes the smallest unit of information as bits and
uses transistors to perform its calculations, has found many applications throughout the last
century and has become indispensable to our modern lives. Despite the success and the rapid
development of the classical computer, researchers have simultaneously hypothesized comput-
ers that can utilize other fundamental principles to perform their objectives which might prove
beneficial to solve certain computational problems. In the late 20*" century, an invention was
theorized in accordance with these ideas that were based on the theory of quantum physics,
which had been formulated throughout the last century [2], [3], [4], and it became known as a
quantum computer [5], [6].

The general idea of a quantum computer is a computational device that can harness the aspects
of quantum mechanics, such as superposition and entanglement, to perform its calculations.
The interest in quantum computers partially stems from the realization that they can perform
certain tasks quicker than a classical computer. For instance, one of the most famous quantum
algorithms that allow the quantum computer to perform its function faster than a classical
computer is Shor’s algorithm of factorization [7], [8]. Shor’s algorithm can accomplish factor-
ization efficiently, which means that the algorithm runtime will scale polynomially compared
to the size of the problem [2], and this is not possible for any known factorization algorithm
on a classical computer [9]. Other quantum algorithms that can display speed-ups in compar-
ison with classical computer algorithms include, for example, Grover’s search algorithm [10],
[11], but there have additionally been studies that hint at the potential advantages of applying
quantum computers to solve optimization problems [12] and enhance machine learning [13],
among others. However, these benefits are still subject to debate [14].

The theory of quantum computers and quantum information that have emerged during the
last decades was in part inspired by the well-established field of computer science. One of the
foundational notions that have permeated the field of computer science since its inception, even
before the first classical computers were realized, is the concept of a universal computing ma-
chine that can perform any imaginable calculation. An early articulation of these ideas is the
Church-Turing thesis, which effectively states that any conceivable functions can be calculated
by a universal computing device, often referred to as a Turing machine [2], [15], [16]. Given
that it seems as though certain computational problems cannot be solved efficiently by some
models of computation, this Church-Turing thesis has been appended to specify that the Turing
machine can solve the function efficiently, but this extension is still a debated topic [2], [9].

Correspondingly to these ideas, the concept of a universal quantum computer (UQC) was for-

mulated to characterize a quantum computer that would display the aforementioned speed-ups
and could thus not be simulated by a classical computer [17]. However, the computational

1



1. Introduction

components that a quantum computer requires to demonstrate these enhancements in perfor-
mance have proven to be a deep and nuanced topic. These important features are in this case
quantum physical properties, like superposition and entanglement, or quantum states. One
possible formulation of this problem is from the perspective of quantum resource theory, which
is a branch of quantum computing theory where properties that enable these advantages are
identified as resourceful and thus make it possible to categorize these attributes [18].

Inspired by these concepts, the goal of this thesis is to implement and study an algorithm that
aims to obtain a set of resourceful states called magic states. These states are desirable because
they can supplement a set of quantum computer actions that are classically simulatable with
crucial resources to promote them to constitute a universal quantum computer. The imple-
mented algorithm will be called modular magic synthesis (MMS) and it is inspired by a method
proposed by Bravyi & Kitaev [1] named magic state distillation (MSD), with which MMS will
resemble in many aspects. The MSD algorithm can transform several faulty input magic states
to one output state that is closer to the target magic state and by utilizing multiple rounds
of optimization, MSD can create a state that is arbitrarily close to the target. The MMS al-
gorithm will be implemented in a similar manner, but one of the defining characteristics that
differentiates the methods is that MMS only will require two input qubits, while the MSD algo-
rithm needs five or fifteen inputs, depending on the state that is being distilled. However, input
states to these algorithms need to be sufficiently close to the target for the protocol to function
as intended. The question that this thesis will investigate is: which states can be transformed
to a magic state when restricted to certain operations and can a distillation process still be
possible with our version?

The thesis begins with a presentation of the theoretical background that is required to study
the MMS algorithm in Chapter 2. This conceptual basis will include a preface to quantum
computation and an introduction to the Bravyi & Kitaev MSD algorithm. Consequently, the
implementation and construction of the MMS algorithm will be showcased in Chapter 3, which
will then be followed by a presentation of the obtained results and discussion regarding the
findings in Chapter 4. Finally, a short conclusion and suggestions for possible extensions of the
thesis will then be given in Chapter 5.



Chapter 2

Background

In this chapter, we give a preamble to the theoretical framework which underlies this thesis.
The chapter consists of three parts. The first section will contain some general concepts central
to quantum physics. These ideas will then lead into the second section, where we will describe
the quantum computing theory that is utilized throughout this thesis. Finally, the third section
gives an overview of the Bravyi & Kitaev magic state distillation algorithm, which will be used
as a reference in subsequent chapters for the implementation of the modular magic syntheses
algorithm.

2.1 Quantum physics theory

Quantum physics is a extensive field of science that has allowed for the explanation of phenom-
ena in nature that cannot be described by classical physics. In general, a quantum mechanical
object exhibits the peculiar trait that its precise state cannot be known before measurement,
unless a measurement has already been conducted or the object is prepared in a particular
state [3], [4]. The statistics of the object can however be described by a normalized wave func-
tion, which is a mathematical formulation of the knowledge regarding a quantum system that
is defined in a vector space called a Hilbert space. The wave function can be used to obtain
the probability of observing the system in a particular condition, but, after measurement, the
wave function will collapse to the detected outcome [4]. The observable values are described
by Hermitian operators, where operators are in general objects that can transform the wave
function and Hermitian means that it is invariant under conjugation, A = (AT)* = A. Op-
erators are often denoted with a hat-symbol (), but these will be omitted in this thesis for
simplicity. The wave function can be either discrete or continuous depending on the systems
that are being described. For instance, spin can be formulated with a discrete wave function,
while the position of an object is usually described with a continuous wave function [3]. In this
thesis, only discrete wave functions will be considered.

There are many equivalent representations of states and operators in quantum physics. In the
next parts of this section, some relevant representations and operators for this thesis will be
presented and described.

2.1.1 Bra-ket representation of single system & the Pauli operators

The most prevalent and convenient formulation of quantum physics regarding discrete systems
is linear algebra, which stems from the notion that a wave function can be described as vectors
and operators as linear transformations. In this thesis, the single system quantum states will
be described as a two-dimensional complex vector. Following the notation of quantum physics



2. Background

proposed by P. A. M. Dirac, this kind of vector will be noted as a ket |1)) [3]. A general
single system can be written as a linear combination of orthonormal basis states, |ag) and |ay),
according to

|Y) = ag|ao) + a1 |ay), where ag,a; € C. (2.1)

The system |¢) can be in a superposition of the basis states and is defined in the two-dimensional
Hilbert space [¢)) € Hy which is spanned by the vectors {|a;)} [2], [16]. The coefficients ag
and a; are referred to as amplitudes and their squared absolute value can be interpreted as the
probability of finding the system [i) in |ap) or |ay) respectively [2]. The ket vector also has a
corresponding bra vector (¢)| which exists in a duel space to the ket. These vectors are related
to each other by a Hermitian conjugate according to

(W] = )" = (a0l aj + {au] a].

The amplitudes and the basis that the system is considered in can be changed by acting on
the system with operators. As mentioned, operators are equivalently described as linear trans-
formations and can be represented as matrices. For example, an operator can be represented
as the matrix B and it transforms the state [¢) into another basis defined by the orthogonal
vectors {|5;)} as

B) =bo|Bo) + b1 |B1) - (2.2)

The probability of observing a particular outcome can be obtained by performing a measure-
ment operation on the state. In this thesis, a specific case of the general quantum measurement
will be considered called projective measurements, which can be associated with an observable
A that is most conveniently defined in the same choice of basis used to define the state un-
der consideration. A can be decomposed by spectral decomposition into a sum of projection
operators in its eigenspace according to

A= Zai |Oéi><04i| )

where |a;)(c;| is a projection operator and a; are the eigenvalues of A [2]. The projective
measurement can then be performed to obtain the probability of finding [¢)) in a particular
state by calculating the expectation value of the corresponding projector according to

(Wlas) (i) = ()P = ail® = pyai). (2.3)

Considering that the amplitudes are related to probabilities, it can be discerned that the system
must be normalized, which means that the length of the vector must be 1, by taking the scalar
product of the ket state with its corresponding bra vector

(W) = laol* + Jaa|* = 1, (2.4)

since it would otherwise lead to unrealistic results. An example of a prevalently used pair of
basis states is the vectors defined as

yog(é) and |1>z®, (2.5)

which are commonly referred to as the computational basis [2]. Two examples of valid states
that exist in a superposition of the computational basis states are the plus- and minus-state,
which are constructed as

1 1 (1 1 1 1
4= g0+ =75 (1) ma = Ss-m= (). e



2. Background

An interesting remark regarding these states is that it will be equally likely to project onto |0)
or |1) when measuring either |+) or |—) in the computational basis, regardless of the minus sign
in the |—) state. This sign is often referred to as a phase and can be any complex number of
the form e, where ¢ € R. In the case of the |—) state, its amplitude is said to have a relative
phase, since the amplitudes do not have the same sign, and it is a basis-dependent phenomenon
that could be changed depending on the chosen basis [2]. If the whole state had the same phase
factor, which could for example look like € |—), it is instead called a global phase [2]. It can
be seen that the global phase will not affect the measurement outcome by performing similar
projective measurement as in Eq. (2.3) on the same general system but with a global phase
[9g) = € [)), which will yield

(Wslai) {ails) = e~ (Ylas) e (aulv) = i) = Jasl* = py(a). (2.7)

It can furthermore be noted that the states |+), |—) also form a valid orthonormal basis in
themselves, since (+|—) = (=|+) = 0. An important set of operators in quantum physics that
will maintain the inner product are unitary operators, which are operators U that satisfy

Ul=U"! = UU'=UU=1,

where [ is the identity of the relevant dimension. Furthermore, orthogonal vectors like |0)
and |1) can also be associated with a unitary operator of which they are its eigenvectors with
different eigenvalues. For the computational basis vectors, the matrix representation of the
operator that satisfies this is
1 0
z __
o = (0 _1> .

Similarly, the unitary matrix which has the plus/minus vectors as its eigenvectors is

. (01
0'—10

With a third matrix that can be defined as

0 —i
Yy
o _<i 0)’

these three matrices will generate the two-dimensional Pauli group P,. The Pauli matrices are
used extensively in this thesis and are particularly important for describing density matrices
and the Bloch vectors, which will be presented in Sections 2.1.2 and 2.1.3 respectively.

2.1.2 Density matrices

Despite the fact that the previously shown ket and bra depiction is one of the most estab-
lished structures of quantum physics, there exist numerous other formulations that can be
advantageous depending on the situation. An example of one such representation, which is
mathematically equivalent to the earlier defined rules [2], is the density matrix formulation of
quantum physics, which will be used throughout the coming thesis.

When the information about a state is completely known, its density matrix will simply be the
corresponding projection operator to that state ket vector. For example, this gives the density
matrix of the state |¢) from Eq. (2.1) as

Poure = [V )Y - (2.8)

5



2. Background

All the states that were previously presented have density matrices of this form and are called
pure states [2]. From this example, the advantages of using the density matrix formulation are
not obvious. However, in the case that the knowledge about a state is not fully determined the
state is said to be in a mixed state. This can physically happen, for example, when the quantum
system interacts with its environment and is affected by noise. For this scenario, the use of the
density matrix formulation does have clear benefits as it can greatly simplify calculations. A
mixed state density matrix is a probabilistic mixture of pure states and can be constructed as
a linear combination of pure states density matrices that act on the same Hilbert space. This
can equivalently be considered to be an ensemble of pure states expressed as

puix = D pipi = D pi[Vafthil = 30D piajag o Xow (2.9)
i i i j ok

where the constants p; are the probabilities of finding pix in the pure state [1;)(1);|. It can then
be noted that both the pure and mixed density matrices have unit trace, since the probabilities
p; must sum to one, and will be Hermitian because (|¢;)15])" = [1:)(¢s]. The evolution of a
density matrix by an operator B is given as

ZZ%‘B |i)(hi] BY = Bpui BT, (2.10)

which can be discerned from investigating how the ket vector evolved in Eq. (2.2). Similarly,
the projective measurements of density matrices can be recognized as

sz' (il ag) (evjlpi) = Tr | | ey sz' [ VXl | = Tr [Ja X ] pmix] = Do (@)

Furthermore, a feature that only relates to pure states is that they are idempotent, which
means that a pure density matrix squared will be equal to itself, which can be seen from the
normalization condition in Eq. (2.4). This characteristic can however be used to ascertain if a
state is pure by using a quantity called the purity, which can be calculated by taking the trace
of the squared density matrix [2]. In the case of a pure state, the purity will be equal to one

T [e] = T [6) (146) (1) = T [J9)8]) = Tt [ppure] = 1. (2.11)

and when the state is mixed, the purity will be

Tr [mex} <L

2.1.3 Bloch sphere & Bloch vectors

We will in this section show that the aforementioned density matrices can be described by a
three-dimensional vector, known as a Bloch vector. This representation of the state of a system
has the advantage that certain features, such as purity and closeness between states, can be
investigated and estimated by simply plotting the corresponding Bloch vector in a unit sphere,
which is called the Bloch sphere.

The previously described single system density matrix is in general a 2 X 2 matrix with complex
elements. Such a matrix would have eight degrees of freedom, but because of the constraints
that the density matrix needs to be Hermitian and have unit trace, it can be defined by only
three real variables [4], [19]. With these restrictions, the most general expression for a density
matrix is

2

p= L Thuz, s, —iuy,
Ugp + iUy, 1=z

) ,  where uy ,, Uy, s, € R.
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Consequently, it is then straightforward to see that the density matrix can be constructed by
utilizing the previously mentioned two-dimensional Pauli matrices according to
1

=5 (I 4 Uy p0” + Uy 0¥ 4+ u, ,07). (2.12)
The elements u, ,, u,, and u,, naturally lead to the construction of the Bloch vector of the
density matrix p according to @, = (uy.p, Uy, Uz ) [2], which then can be plotted on the Bloch
sphere. Examples of some states plotted on the Bloch sphere are shown in Figure 2.1 [2]. The
Bloch sphere is often used to visualize two-level systems and it will be utilized throughout this
thesis to convey essential arguments regarding the implementation of the MMS algorithm. It
can then be shown that the length of the Bloch vector will always satisfy ||u,|| < 1, where the

Bloch vector of a pure state is equal to one, while a mixed state vector will be located inside
of the sphere.

ZAO>
! =)
/”’ _——_——“.\\
—i) | \\J4)
Yy
x
+)

1)

Figure 2.1: The Bloch sphere is depicted along with three different basis states and a Bloch vector @ of a
generic state. Each set of orthogonal basis states corresponds to opposite points along each axis of the Bloch
sphere. The hollow dots are located on the z-axis and mark the computational basis states, the filled black dots
lie on the z-axis and correspond to the plus/minus state, while filled gray dots are on the y-axis and display
the eigenvectors states which are associated to the Pauli-Y matrix.

2.1.4 Multiple systems & entangled systems

All the quantum systems that have been previously investigated were single systems that only
consisted of states that existed in the same Hilbert space. However, to study important quan-
tum phenomena like entanglement [20], which appear to be essential to understanding the
resources of quantum computers, systems composed of multiple quantum systems from differ-
ent Hilbert spaces need to be considered. These types of systems will be presented in this
section along with the commonly used actions of tracing out and post-selection with examples.

If two general states that are defined in two different Hilbert spaces,
|U1) =a |0y +0]1) € Hy and |¢o) = c|0) +d|1) € Ho,
would be considered simultaneously, the resulting composite system of then the individual

7



2. Background

systems is the tensor product of these,

1h12) = [1h1) @ [1ha)
= (al0) +b|1)) ® (c|0) +d|1))
=ac|0) ®10) + ad |0) ® |1) + bc|1) @ |0) + bd [1) ® [1)
= ac|00) + ad |01) + bc|10) + bd |11) ,

where the total system is defined in the Hilbert space |¢12) € Hi ® Ho = Hio.

An important phenomenon that can occur when composite systems are considered is when the
individual systems become entangled. Two systems are said to become entangled when the two
individual systems can no longer be described on their own [2]. In the bra-ket notation, this
corresponds to the case when the system cannot be separated into the individual system on a
form similar to the state [¢)12), which can be decomposed into [i1) and [iy). However, this is
not the case for the state )
V2
This state is one of the Bell states and is a classic example of an entangled state. However,
in the density matrix representation, there is an immensely useful operation for the analysis
of entangled systems called the partial trace [2]. The partial trace can be used to reduce the
composite system to a single system that accurately describes the statistics of the remaining
composite system. The partial trace is noted with Tr;, where the index ¢ references which
system is being traced out. When the partial trace is applied on a composite system p;5 with
respect to system 2, the residual will then be

[¥Ben) = —= (|00) +[11)) . (2.13)

Try [p12] = pr1-

The partial trace is essentially equivalent to performing a measurement on the traced-out system
and then discarding the results. This operation could therefore be derived from the previously
mentioned measurements of quantum physics. A more direct and interesting example that
highlights the usefulness of this operation is when the partial trace is used on a state like
the previously mentioned Bell state from Eq. (2.13) that could not be separated into single
systems. If the partial trace is applied on the density matrix representation of the Bell state
PBell = |UBen)(¥Ben| With respect to the second system, the resulting system would then be

Tialpmal = 3 (18 ) pnar (1310) = S (10X0] + [1X1]) (214

which is simply a mixed single system. A powerful variation with respect to partial trace that
will be used in the implementation of the MMS algorithm is the post-selection measurement,
which effectively means that a projective measurement is performed with regards to a specific
sought outcome and all the other scenarios are discarded [21]. For example, performing a post-
selection measurement on the second system on pgey with regards to the |0) state would result
in

(T {01) poen (7@ [0)) = 3 10)0]. (215)

Evidently, this state needs to be normalized, which can be done by simply dividing with the
trace, which yields the resulting system

1100 110)0]
= 22— = |0)0]. 2.16
T [1040] : 10)0] (2.16)
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2.1.5 Clifford group

In addition to the composite systems that describe multiple single systems simultaneously, there
are also operators that can act on several systems at the same time. An important group of
operators that can be specified for any number of systems is the Clifford group, which will be
described in this section and is defined in Eq. (2.17). The properties of the Clifford group are
essential to a multitude of areas in the field of quantum computing, for example, they are often
utilized in quantum error correction [22], [23]. In this thesis, the Clifford group operators will
perform a crucial function in the implemented algorithms.

For ¢ number of systems in a composite system, the Clifford group C; is the set of unitary
operators that normalizes the Pauli matrices, which is often noted as N(P;), and this means
that they map Pauli matrices to Pauli matrices under conjugation. This can be written as

C:=N(P) ={C cU©2)|Co?CT € P;, Vo? € P;}. (2.17)

However, by disregarding the global phases, the Clifford group can be defined in terms of the
quotient group N (P;)/U(1), where U(1) in this case denotes the complex numbers that have
absolute value equal to one [19], [24]. It is this abbreviated specification of the Clifford group
that will be used throughout this thesis, since the global phases will not affect the results from
the algorithm, as can be seen from the calculations in Eq. (2.7). Following the notation of
Ref. [22], this group will be called the Clifford quotient group and is noted as C;. The number
of elements in this quotient definition for i states will be given by [24]

# elements in ¢ = 2" [ (#/ —1). (2.18)
j=1
For instance, the single system Clifford quotient group will contain twenty-four elements. An
example of the elements that can constitute the complete group Cj is summarized in Table E.1
of Appendix E.

The Clifford operators are an essential component in the implementation of the magic state
distillation algorithm by Bravyi & Kitaev and the modular magic synthesis algorithm, which
makes them integral to this thesis. A practically significant aspect of the Clifford operations,
which emphasizes the importance of algorithms that are based on them, is that Clifford oper-
ations can be fault-tolerantly realized by implementing the algorithm on a quantum computer
using, for example, stabilizer codes [25]. Additionally, in this thesis, we will utilize the fact that
the Clifford operators can be associated with a binary matrix, called a tableau, to generate the
group Cj [26], which is later described in Chapter 3.

2.2 Quantum computing

A quantum computer is a computational device that can exploit the aforementioned principles
of quantum physics to perform its computations. By utilizing concepts like superposition [27]
and entanglement [20], quantum computers are theorized to accomplish some calculations more
efficiently than a classical computer [7], [8]. In this thesis, we will focus on how these systems
can be used to perform calculations, rather than describing a specific physical system.

First, we introduce some commonly used language of quantum computation theory, which
mostly is a reformulation of the previously introduced concepts. Later, we also study what
constitutes a universal quantum computer with the use of the Gottesman-Knill theorem.
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2.2.1 Qubits & quantum gates

In this section, we will cover some of the reformulations of the previously mentioned concepts
from Section 2.1 to align with the commonly used language of quantum computers. This is
partly done by giving some examples of how these attributes are implemented and visualized,
which will be relevant for the later sections.

Quantum computers use quantum systems to conduct their objective, and like the previously
mentioned wave function, these systems can be either discrete or continuous. In this thesis,
only discrete two-level systems will be considered and in this context, these systems are called
qubits. Qubits constitute the fundamental unit of information that is used in the quantum
computer, which makes them the quantum equivalent of the classical bit. This two-level sys-
tem can in general be described by Eq. (2.1) and is only considered in this thesis as an abstract
mathematical object that can interact with other systems and can be transformed by opera-
tors [2].

By manipulating these qubits, the quantum computer can perform its calculations. As men-
tioned in the previous section, a general quantum system can be transformed by operators,
but in the quantum computing model, these operators are called quantum gates. These are
similarly the quantum analog to the logic gates used in classical computers to manipulate their
bits. Operators like the three two-level system Pauli matrices can be expressed in the same
way as their matrix representation when they are perceived as gates. Two other examples of
important gates that will be used in this thesis are the Hadamard gate H and the phase gate
S. These gates can for example be used to generate the single-qubit Clifford group and have
the matrix representations

111 (10

It can be seen that the Hadamard gate can change a state in the computational basis to the
plus/minus basis, similar to the calculation in Eq. (2.2), by investigating how it acts on the |0)
state,

1
V2
As might be discernible from the name, the phase gate can be used to add a phase to a system.
The phase gate can also be applied two times on the |+) state to add the relative phase between
its terms to transform it into the |—) state,

H0) = —=(10) + 1)) = [+) - (2.19)

S*4) = 55 (10) +[1)) = \}5 (10) =11) == (2.20)

Additionally, we can also notice from the definition of S that S? = o*.

2.2.2 Quantum circuit model

In quantum computing theory, transformations like Eqgs. (2.19) and (2.20) are commonly por-
trayed as quantum circuits, which are introduced in this section. This will be done by giving
simple examples of circuits that are the corresponding analog to some previously mentioned
transformations or can be used to obtain some previously mentioned systems.

Quantum circuits are a convenient illustration that shows the evolution sequence of the qubit
along a line, often referred to as a wire, where the gates that transform the state are depicted

10
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as boxes that the state encounters [2], [8]. The transformation in Eq. (2.19) could equally be
visualized with the quantum circuit in Figure 2.2.

10) [ H | +)

Figure 2.2: The quantum circuit which depicts the evolution of the input state |0) from Eq. (2.19).

Similar to the previously described quantum systems, the measurement of a qubit would make
it collapse into one of its basis states. This can also be visualized by using quantum circuits.
For example, performing a measurement in the computational basis, which is also referred to
as the z-basis, of the resulting |+) system from Figure 2.2 will collapse the state into |0) or |1)
with equal probabilities. The quantum circuit for this operation is shown in Figure 2.3.

0y — H HH—A<—

Project onto |0) with probability 1,
Project onto |1) with probability 1.

Figure 2.3: An extension of the circuit in Figure 2.2 where the measurement of the output state also is
included.

The circuit model visualization scheme can also take into account the case when multiple qubits
and operators that act on several qubits are considered [2]. One important multi-qubit gate
is the CNOT gate, which is defined by choosing a control qubit and a target qubit, and its
function is to apply a Pauli-X operator on the target qubit if the control qubit is in the |1)
state. The CNOT gate could be denoted as C NOT;;, where the " qubit is the control and the
4™ qubit is the target. CNOT in addition to the H and S gates will generate the two-qubit
Clifford group. The CNOT}; gate can have the matrix representation

1000
. o100

CNOTyn = |0}0l@ T+ [1X1[®@o" = | 4 ¢ 1|
0010

where it can be noted that we have followed the common convention of naming the upmost
wire the 0" wire. The C NOT gate can be used to mediate entanglement, as can for example
be seen in the circuit in Figure 2.4, where it is utilized to obtain the Bell state in Eq. (2.13)
from two |0) states.

10) N7d
— (00} + [11))

10)

[
A\

Figure 2.4: The circuit that shows how the Hadamard and CNOT gates can be used to create the Bell
state from Eq. (2.13).

These quantum circuits will be used throughout the thesis to show how the studied algorithms
are implemented and illustrate calculations.

11
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2.2.3 Universality & the Gottesman-Knill theorem

We will start this section by presenting some observations of properties, which can be mediated
with the gates that were previously mentioned, that a universal quantum computer would re-
quire to perform any imaginable unitary transformation up to any desired accuracy [2]. Then,
these properties will be discussed with regard to the seminal Gottesman-Knill theorem.

The question of what constitutes a universal quantum computer is a well-researched question.
In the previous section, it was shown that the circuit model could be used to obtain superposi-
tion, add phases, and create entanglement between different states, which would be necessary
attributes for a quantum computer to produce any desired state. Particularly, entanglement [20]
and superposition [27] seem to be important aspects that hint at the resources that are required
to create a universal quantum computer that can perform some calculations more efficiently
than a classic computer.

However, an important result in relation to this question is the Gottesman-Knill theorem, which
states that a quantum computing scheme that can

i) prepare states in the computational basis,

ii) use operations from the Clifford group (including operations that depend on the previous
measurement outcome),

iii) measure the output in the computational basis,

can efficiently be simulated by a classical computer. This implies that these actions are not
enough to build a universal quantum computer [2]. These actions will henceforth be referred to
as Agk. By considering that the Clifford operations can achieve the three attributes that were
previously mentioned at the beginning of this section, this theorem states that these properties
are not enough for a quantum computer to be universal.

Using only the restricted actions in Agk, it is only possible to obtain a particular set of states
called the stabilizer states, which are states that are invariant under the action of the Pauli
operators. The computational basis states |0) and |1) are examples of stabilizer states since
0%10) = |0) and o”0%0” |1) = |1). These states will correspond to the vertices of the octahe-
dron, which contains all the Bloch vectors that satisfy |u,| + |u,| + |u.] < 1, in Figure 2.6.
All the states in the octahedron can be obtained with these actions by constructing convex
linear combinations of the Pauli eigenstates and tossing an adequately weighted coin which has
probabilities that correspond to the sought state [1], [28].

However, it has previously been shown the set of actions in Agk can be promoted to constitute
a universal quantum computer quite simply by adding almost any other unitary gate outside
of the Clifford group [2]. For example, by adding the general phase shift gate ¥(¢), which can
be defined as

20 =5 o). 221)

where the phase ¢ is not a multiple of 7 since that will give back the S gate, would promote
the set of actions to delegate a universal quantum computer.

12
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2.3 Magic states & and magic state distillation

We will in this section present the magic states, which is the most important set of states for this
thesis, and demonstrate why they are desirable. Additionally, we will also give a background
to the established method of obtaining magic states called magic states distillation which was
originally proposed by Sergey Bravyi and Alexei Kitaev in Ref. [1].

2.3.1 Magic states

We will start by introducing magic states and show how they are useful with an example. Then
the magic states that have been used in the coming study of the modular magic synthesis al-
gorithm will also be defined.

As mentioned in the previous section, some unitary gate outside of the Clifford group needs
to be added to Agyk for it to constitute a universal quantum computer. However, there is
an alternative, but equivalent, solution where the quantum computer is instead supplemented
with a single qubit state that can be consumed by the algorithm to apply a gate outside of the
Clifford group. This would then promote a quantum computer that only has access to Agk to
become universal [1]. These special states are called magic states, and they are the main focus
of this thesis.

To illustrate how these magic states can mediate a non-Clifford gate, we can follow the example
which is given in Ref. [1], where they show that the state

1

[ve) = 5 (10) + ¢ 1))

can be used to apply the general phase shift gate ¥(¢) from Eq. (2.21) to another qubit
in the composite system of the quantum computer. This would then similarly promote the
Ack actions to be enough to simulate a universal quantum computer. The objective for this
example is to apply the ¥(¢) gate to the general state |¢;), which was previously defined as
|t1) = a|0) +b]|1). This can be done by considering the circuit shown in Figure 2.5, where the
input composite system is initialized as

[Vin) = |11) ® [hg) = \}5 (a 00) + ae’ |01) + b [10) + be™® |11>) :

First, the stabilizer measurement ¢* ® ¢*, which is an operation that can give the relation
between states without collapsing the system, is applied to the state |1;,). This measurement

will either yield the result +1, which implies that the state is |¢1(+1)) = % (a 100) + be'® |11)),

or -1, which means that the state is [¢1(-1)) = 5 (ae""ﬁ |01) +b |10>). These measurements

are obtained with an equal probability of % Applying a C NOTy; will then produce the system
[Yu(+1)) = o5 (a|00) + be'® |10>> or [¢u(+1)) = (aeid’ |01) +b|11>>, dependent on the
outcome of the previous stabilizer measurement. By tracing out the second qubit, the possible
results will thus be [¢m(+1)) = @ |0) + be™® [1) or |[¢m(—1)) = ae™|0) +b|1).

13
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[ (+1)) = 2(¢) [¢1) with probability 3,

[¢1) |m(—1)) = S(—¢) |v1) with probability 1.

|

|

|

|
Measure |
oFRo*® |
|

|

|

I

[Vg) ——

fan)
A\

Trace out the
2nd qubit

Figure 2.5: A circuit which depicts how a state |¢)4) can be utilized to apply a X(¢) gate on the first qubit
|11).

By applying the procedure in Figure 2.5 multiple times and discarding the results when the
stabilizer measurement gives -1, the circuit would eventually yield the desired result of applying
a 3(¢) gate to the first qubit. Thus, if the algorithm can use actions from Agk and have access
to a state similar to |i,) that can mediate a non-Clifford group operator, the algorithm would
simulate a UQC.

Two kinds of magic states that similarly to |¢;) can be spent to produce a non-Clifford gate
are the H-type and T-type magic states, which will both be studied throughout the rest of the
thesis. There are in total twelve H-type states and eight T-type states, which are all plotted
on the Bloch sphere in Figure 2.6. The magic states that are of the same set are related to each
other by single qubit Clifford operations. A ket representation of paradigmatic H- and T-type
magic states could for example be given as

|Ho) = cos (g) |0) + isin (g) 1),

I Ty) = cos (B)|0) + €' sin (B) [1), where cos (283) = !

V3
The states were given the name of H and T because they are eigenvectors to the Hadamard
gate and a Clifford gate that was previously called the T' gate in [1]. However, we have chosen

to name this Clifford operation L, such that it is not confused with the gate that applies a £
phase, which is commonly called the T gate [2]. The L gate is defined as

s _ei% 1 1
L e4SH—\/§<Z_ —i)'

2.3.2 Magic state distillation

In this section, we will give a summary of the magic state distillation algorithm by Bravyi
& Kitaev and cover the main results that they obtained from analytically investigating their
methods. This protocol was the original inspiration for the algorithm that is studied in this
thesis and it will be an important comparison to assess the results from the MMS algorithm.

It was shown in the previous section that magic states, such as H- and T-type magic states,
can be used to implement a non-Clifford gate, which would promote the set of actions in Agk
to be enough for simulating UQC. However, the natural question then becomes, are there any
other states that would accomplish the same objective? In the pioneering paper by Sergey
Bravyi and Alexei Kitaev, they ask a similar question and present a method called magic state
distillation (MSD) which can consume several slightly faulty magic states to create a magic

14
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e H states
Y  PHoO
A PH1

Y e Tstates
Y pPro
A P71

Figure 2.6: The twelve H states and the eight T states are plotted on the Bloch sphere alongside the
octahedron that encompasses all the states which are defined by Bloch vector elements that satisfy the condition
|uz| + |uy| + |us| < 1. The magic states that are marked with down-pointing triangles are the states that will
be used as target states for the analysis of the MMS algorithm, which is described in Section 3.1, while the
states denoted with up-pointing triangles are the orthogonal states, which point in the opposite direction, to
the target magic states.

state that is closer to the target magic state [1], [29]. Two different, yet related, methods for
T- and H-type distillation were derived with the results showing that these algorithms could
produce magic states arbitrarily close to the target state from a number of non-stabilizer states
that were adequately close to the target state.

Among the two distillation methods that were presented by Bravyi & Kitaev, it is the T-type
distillation that bears the closest resemblance to the implemented MMS algorithm of this thesis.
T-type distillation is carried out by only using actions from Agyk and preparing input state that
are mixed magic state. The algorithm itself has the general structure:

1) five identical input states are first initialized as mixed states of the target T state and its
orthogonal counterpart,

2) four stabilizer measurements with cyclical symmetry are then applied from a five-qubit
error correction code [30], [31],

3) If the measurements yield 41, the round was successful and the system becomes decoded
by five qubit Clifford operations, and the result is a single-qubit state that is closer to the
target state.

The mixedness of the input state is categorized with a parameter called error probability and
will be noted as ¢ throughout this thesis. A related parameter that was utilized in Ref. [1] and
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will be employed in this thesis to assess the quality of an output state to the target magic state
is fidelity, which is a general measure of the proximity between two states. The fidelity between
two arbitrary states is defined as

Py = (T [\ Vnva)]) (222

for two arbitrary density matrices p and n. However, because the output state always will be
compared to a pure magic state the expression in Eq. (2.22) can be simplified to

F(n,p) =5 (1+d,-d,), (2.23)

N | —

where 1, and 1, are the Bloch vectors defined from Eq. (2.12). In Appendix A, we have collected
derivations and mathematical arguments that are used in the thesis, where for example we
perform the derivation from Eq. (2.22) to Eq. (2.23) in Appendix A.1. Furthermore, it is also
shown in Appendix A.2 that the fidelity can be related to the error probability of a mixed state
that is in an ensemble of the target state and its orthogonal counterpart according to

F(np)=1—c¢. (2.24)

By utilizing the method which is described above, Bravyi & Kitaev analytically obtained an
output fidelity function for T-type distillation which depends on the input error probability
according to

g%+ 5(1 —g)3&?
(1—¢€)>+5(1—¢e)3e2+5(1 —e)2e® + &>

FBK,T<5) =1- (225)

The corresponding probability to obtain the state which gives this output fidelity is given as

e5+5(1 —e)?e? +5(1 —e)?e® + (1 —¢)

; (2.26)

pBK,T(€) =

Egs. (2.25) and (2.26) are also plotted in Figure 2.7.

The distillation method for the H state is generally the same as the described procedure, but
it does have some important differences. For example, the Bravyi & Kitaev H-type distillation
requires fifteen input states per round. The output fidelity curve that they similarly obtained
analytically for this method was

1—15(1— 25)7 +15(1 — 25)8 —(1- 26)15
- 2(1 + 15(1 — 2¢)%) ’

FBK,H(E) =1 (227)

and the corresponding probability was

14 15(1 — 2¢)®
16 ’

pek,H(E) = (2.28)

which are also plotted in Figure 2.8.
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Figure 2.7: The left plot shows the fidelity curve from the Bravyi & Kitaev T-type magic state distillation,
alongside the threshold fidelity for that distillation process and the theoretical optimal threshold fidelity, while
the right plot displays the corresponding success probability curve. The equations for these curves are shown

in Egs. (2.25) and (2.26).
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Figure 2.8: Similar to Figure 2.7, these plots show the output fidelity and success probability curves that
Bravyi & Kitaev obtained, but this figure corresponds to the H-type distillation process. The equations for the
fidelity and its corresponding success probability are shown in Egs. (2.27) and (2.28).

It can be seen that the fidelity plots for these results share a similar structure, where the output
fidelity curve appears to be above the initial fidelity line when the input fidelity is higher than
a certain threshold. This implies that their protocol only can produce a magic state that is
closer to the target if the input state is above this threshold fidelity. The threshold fidelities

that Bravyi & Kitaev obtained for the two protocols were equal to
Fikr (P, pr) = 0.827 and  Fgy g (o, prr) = 0.859.

If the input state is above this threshold, the output state will have a higher fidelity to the
target magic state than the initial state. The fidelity could then be increased arbitrarily close
to 1 by continuing to use the output state as input for another round of the algorithm. This

procedure is illustrated in Figure 2.9.
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Figure 2.9: This plot visualizes how subsequent use of the Bravyi & Kitaev distillation methods for H-type
state can yield a state that is arbitrarily close to the target state. The initial input state for this example was
mixed with an error probability €i,,1 = 0.12, which corresponded to the input fidelity Fi, .. After the first
application of MSD, the output state had the fidelity F,yu¢ 1, but this could then be further improved by using
the output state as input for the second round, where this output state corresponds to the input Fi, 2. The
output state can then be improved arbitrarily close to one by continuously using the MSD algorithm until the
desired fidelity is achieved.

In addition to the threshold fidelity that Bravyi & Kitaev obtained for their algorithm, another
threshold that is called the theoretical optimal threshold for the respective cases is also plotted
in Figures 2.7 and 2.8. The optimal threshold fidelities correspond to an initial state that is
mixed with an error probability which places the state on the octahedron from Figure 2.6, thus
making it a stabilizer state. These initial error probabilities and fidelities are calculated in Ap-
pendix A.5. The reason these values are the theoretical optimal threshold stems from the fact
that the actions that define the algorithm will exactly be Agk if the input is initiated inside
of the octahedron, and these are known to be classically simulatable by the Gottesman-Knill
theorem. Therefore, it would lead to a contradiction if a stabilizer state could be distilled to a
magic state, since that would promote Agk to constitute a universal quantum computer.

Other protocols have been proposed that can diminish this void between the octahedron and
the threshold fidelities from Bravyi & Kitaev. In Ref. [32], the author investigates a moderately
diminished threshold volume on the face of the octahedron. Additionally, in Ref. [32], it was
shown that the threshold fidelity for H state distillation could be decreased to the optimal
threshold. Despite these improvements, there are still some states that exist outside of the
octahedron that cannot be distilled to a magic state [33]. These states are often referred to as
bound magic states.
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Chapter 3
Methods

We will in this chapter present the modular magic synthesis algorithm and describe its imple-
mentation. We will start by first establishing how the input state is prepared and then initiate
the description of the algorithm by presenting one optimization round, which then leads to
the full description of the algorithm with multiple rounds. We will simultaneously mention
the abbreviations that were utilized to ease the simulation of the algorithm. In practice, this
algorithm was realized and studied by implementing a code in Python that performed the
corresponding calculations. However, this code will not be presented here.

3.1 The modular magic synthesis algorithm

A major goal of this thesis is to implement and study an algorithm that is inspired by the
magic state distillation algorithm that was proposed by Bravyi & Kitaev in Ref. [1], which
similarly aims to obtain magic states from several faulty input magic states. The implemented
algorithm will share many characteristics with MSD, such as only using the same actions, and
multiple rounds of optimization to achieve an improved magic state. However, the implemented
algorithm will have two defining features that deviate from the Bravyi & Kitaev MSD. These
attributes are that the algorithm only requires two qubits as input for each round and that the
structure of the operations might vary for different rounds, such that the improvement of the
state becomes enhanced to the fullest extent. It is because of this responsiveness that this im-
plemented algorithm will be called Modular Magic Synthesis (MMS). Nonetheless, both MMS
and MSD share the mutual aim of producing a state that to the greatest extent achievable
approximates the target magic state.

The general implementation of MMS follows the approach of considering all the possible evolu-
tion paths that can be created by only using two-qubit Clifford operations from Cj for a given
input state and then picking the procedure that yields the best resulting state. The following
sections will contain the initiation of the input states to MMS and an initial description of
one round of optimization, which is then followed by a description of the full algorithm where
multiple rounds are considered.

3.1.1 Target magic states and initial input

The initial input state p;, of the algorithm is the state that will be distilled to approach a target
magic state. In this project, the input will mainly be created by applying a mixing operation
to a magic state, which is meant to simulate a faulty preparation. A rotated magic state will
also be considered as input, but it will only be used with a demonstrative purpose, since this
case has already been studied in previous works [32] and is a trivial case that will not yield any
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interesting results. The onset magic states that both will be used to generate the input state
and then defined as the target states in the coming analysis are specifically the H and T states

o, = |Ho)(Ho| = ; (I + \}5 (0¥ + gz)> : (3.1)
Ty = |T0><T0| = ; (I + \}g (o'z + o¥ + 0‘2)> , (32)

which will have the corresponding orthogonal states

= Vi = 5 (1 50" +.0%)
= T = (1= T (o o400

All of these states are plotted in Figure 2.6. A dephasing transformation D(p) is applied to each
of the inputs before they enter the algorithm, since this will simplify the calculations without
diminishing the results. By using the general definition of a state from Eq. (2.9) as an example,
the dephasing transformation will initialize the input state in a diagonal superposition

D (pin) = (ZZZWZ]%\% O‘k|> ZZP@GJ j’a] (] (3.3)

For this thesis, applying the dephasing operator to the input state when it is a mixed H or T
state will result in initial states on the form

D (pin) = (1 —¢) [Ho)(Ho| + € [H1 X Hi |, :
D (ping) = (1 — &) [ToXTo| + e [TAXT1] (3.5)

where ¢ is the initial error probability. Furthermore, this is the same input that was used by
Bravyi & Kitaev.

A rotated input state will simply be created by applying a rotation operation that rotates the
magic state around the y-axis according to

Pin,H = R (9) pHoR (Q>T ’
Pin,T = R (‘9) pToR (G)T )

where the rotation operator which rotates the state with an angle 6 will be defined as

o-(2f) 28

When the initial state was rotated with this operation, we did not apply the dephasing opera-
tions before the input state entered the algorithm.

3.1.2 Description of one optimization round

We will now start the description of the algorithm with the simplest case of just one round of
optimization, which will then build toward the full description of the algorithm in subsequent
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sections. The input to one round of optimization is commenced as two identical qubits in a
composite system, which can be represented as a tensor product of the two initial inputs as

Pin X Pin-

Applying the dephasing operations individually to these states and using the same general
expression for the density matrix as in Eq. (2.9) will give the same results that are shown in
Eq. (3.3), which will result in

D(p1n>®D ,Om = (ZZZplajakm] Oék|) ®D<ZZmean ‘an ao‘>
—Zzpz% j|a] a]|®zzpman | Xt -

This state will then enter the actual algorithm, where they will be evolved by a two-qubit
Clifford operation C' € C} according to the evolution in Eq. (2.10), which will give

C(D (pw) ® D (pu)) C". (3.6)

A post-selection measurement, which is presented in Section 2.1.4, with respect to the |0) state
is then applied to the second qubit, which will give an unnormalized single-qubit output state.
This procedure can be implemented in a similar manner as was done in the calculation of
Eq. (2.15), and this results in

pou = (1@ {0]) C(D (pin) ® D (pin)) C" (I ©10)).

The output state can then be normalized by dividing with the trace of poy. It can also be
noted that this trace will be the probability of measuring the |0) state on the second qubit,
which will then effectively correspond to the success probability of obtaining the output state.
The output state will then give the output of one round of evolution as

pout

here Tr |pous] = 1). .
TI' [ﬁout] 9 where r [pOU.t] pﬂout(+ ) (3 7)

Pout =

One round of this evolution protocol can be visualized as the circuit in Figure 3.1. Additionally,
the operations that are performed for one round of evolution will be noted in coming calculations
and figures as a Kraus operator K, which will summarize the evolution of an input state
as pout = KpiKT. Additionally, in Appendix C, we present a slight variation of the MMS
algorithm which we have named tracing out modular magic synthesis (TMMS), where we
perform a partial trace operation on the second qubit instead of post-selection.

Pin —

pout

Pin — —{—X

Figure 3.1: This circuit represents one round of evolution of MMS for some input state p;, and Clifford
operation C' € C4, which results in the state pout after post-selection.

By repeatedly evolving the input state with each individual Clifford operation in C} and com-
paring the output states to some target magic state, the algorithm can optimize which Clifford
operations yield the most beneficial output. The algorithm will utilize fidelity, which is de-
scribed in Section 2.3.2, to assess the quality of the output state and can thus determine which

21



3. Methods

Clifford operations are the most advantageous.

From Eq. (2.18), it can be seen that there will be 11520 individual Clifford operations in C
that need to be considered, which consequently implies the possibility that there will be equally
many output states. The Clifford operators in the group C) were practically generated in the
Python code by generating all the valid tableaux and then utilizing the Qiskit [34] Clifford
function to convert the tableaux into Clifford operators [26].

To illustrate how the elements in C), will affect the fidelity between the input state and a target
magic state, all the fidelities that can be obtained by using the circuit in Figure 3.1 for the
trivial case when the input is a rotated H state are shown in Figure 3.2. It can be seen in this
plot that the fidelity for the majority of the output states will become worse by evolving the
initial state and the rotation angle needs to be moderately high for the algorithm to see an
improvement in the maximum fidelity compared to the fidelity corresponding to doing nothing
to the initial state.
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Figure 3.2: All the fidelities between the target H state py, and output states that can be obtained by
evolving the initial state according to the circuit in Figure 3.1 with each individual two-qubit Clifford operation
in C}. Note that these fidelities have been sorted. The initial state for each of these plots was a y-rotated H
state and the six different subplots show the results for six different initial rotation angles. The maximally
obtained fidelity, the initial fidelity, and the difference between these are written underneath the plots. All the
unique output states that can be obtained for these rotation angles are additionally plotted in Appendix B.1.2,
alongside other results that were obtained for the case of an input state that was a rotated H state.

In Appendix B, we present supplementary results that were obtained when investigating the
MMS algorithm that can give additional insight into the function of the algorithm. For instance,
in Appendix B.1.1 we show an analogous plot of all the sorted output fidelities that could be
obtained for a rotated T state and additional results that were produced when the initial state
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3. Methods

was a rotated T state.

3.1.3 Description of multiple optimization rounds

The fidelity obtained by the circuit in Figure 3.1 can further be improved by implementing
multiple optimization rounds of the evolution circuit where the output becomes the input for
the next round. To illustrate how this extrapolation could be realized, the circuit for two rounds
is shown in Figure 3.3. The algorithm can optimize the final output state from multiple rounds
of evolution by investigating every sequence of Clifford operations and choosing the path that
creates the best output.

pin

pin

Pin

Pin

Figure 3.3: This is the general circuit for two rounds of evolution from a given input p;, with two Clifford
operations C7, Co € C. Both of the two 1°* round evolution uses the same Clifford operation C; and they will
therefore create the same output state from the first round. These two output states will then be evolved with
another Clifford operation Cy, which could be the same or different as C;. After a second post-selection, the
final output will be the single state pout,2.

However, as we mentioned earlier, there will be 11520 individual Clifford operations in Cj,
which implies that there may be equally many possible output states from the first round and
each of these will in itself create the same number of outputs in the second round. Since it
is not obvious which states will yield a good output state in the coming round, all of these
Clifford operations need to be considered for each evolution. This quickly becomes a daunting
computational task. However, a majority of the Clifford operations will transform the input
to the same output state. This fact will impactfully reduce the number of inputs for the next
round that necessitates examination, since there is no meaning in considering the same output
more than once.

Additionally, two other symmetries of the output states can be used to further diminish the
number of input states that need to be considered for the next round. These reductions are
based on the same realization that numerous states can be made identical, and will thus result
in the same information, which would make it unnecessary to investigate all of the output
states. This simplification will be approached from the Bloch sphere representation, which is
presented in Section 2.1.3, since this will make it easier to visualize the reduction. The first
abbreviation comes from the realization that the output states will reside all over the Bloch
sphere, which can be seen from the results in Figures B.3 and B.6, and this will result in a
majority of the states that are not interesting for obtaining an output state that is close to the
target. However, as is shown in Appendix A.3, every state on the Bloch sphere can be shifted
into the positive octant by only using single-qubit Clifford operations, and it is thus within the
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3. Methods

allowed operations for this algorithm. Performing these transformations will shift numerous
output states to the same positions inside of the positive octant and they will therefore be con-
sidered the same output state. Practically, this was implemented by simply taking the absolute
value of each element in the Bloch vectors of the output state.

The second action that will be taken to diminish the number of output states that necessitate
consideration is to order all the Bloch vector elements of the output states such that the largest
element is shifted to the z-component and the smallest to the z-component. The justification
for this abbreviation is that the order of the elements will not affect the output fidelity if the
output state is inside of the positive octant, which is shown in Appendix A.4. The resulting
output Bloch vectors will lie in the upper hexant of the positive octant, which is depicted in
Figure A.3. This will further shift a majority of the states to the same position and thus further
decreasing the number of output states that need to be considered for the next round. This
will make the computations less taxing and ease the study for more optimization rounds. The
decrease of distinctive output states from these symmetries has been visualized in Figure 3.4,
where all unique output states for the different degrees of simplification have been plotted.

All the output states Output states shifted to the positive octant Output states shifted to one hextant
- upper Kp, Kt . Positive octant Kpj, 7K . ordered hextant Kp;, 7Kt
- Under Kpjp 7K1 v Initial pin, 7 v Ordered initial pin, 7
v Initial pin,7 T state pr, T state pr,

T state pr,

Figure 3.4: These three Bloch spheres showcase the reduction in the number of unique output states that
can be achieved by first shifting the states into the positive octant and then further transforming them into a
single hextant. The leftmost Bloch sphere shows all the unique output states from one round of optimization
when the initial state is a T' state that has been y-rotated with an angle of 0.2 radians. The upper points
refer to those states that are lying above or on the plane x + y + z = 0, whereas the under states denote those
states that are below the plane. In total, there are 246 unique output states for one round of optimization. The
middle Bloch sphere portrays the resulting states from the same optimization round, but all the states have
been shifted to the positive octant. Performing this shift results in 63 unique states. Finally, the rightmost
Bloch sphere shows the states when they have been shifted to one particular hextant of the octant where the
elements of the Bloch vector are ordered such that the z-element is the largest and the z-element is smallest.
This reduces the number of unique output states for this case to only 11.

Utilizing these calculation abbreviations, MMS can further be extended to include more rounds
of optimization by using the same logic as going from one round to two rounds. The circuits
for more rounds of optimization are additionally shown in Appendix D. We will use up to four
rounds of optimization to obtain the main results of this thesis.

As more rounds become implemented, there will be an increasing number of sequences of Clifford
operators that yield the same output state. It is therefore important to not only catalog the
optimal output fidelities, but also monitor the highest probability of obtaining the corresponding
state. The algorithm will do this by first identifying the most advantageous fidelity and then
search for what is the highest probability of obtaining that state. The success probability for the
first round will simply be the previously mentioned normalization constant from Eq. (3.7), while
the probability for higher rounds is calculated by multiplying the probabilities of obtaining the
states that yielded the best fidelity.
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Chapter 4

Results & discussion

In the coming sections, the most interesting results that were obtained by implementing the
MMS algorithm will be presented and discussed. These results are the maximum fidelities
and the corresponding probabilities that were obtained for the case of an input state that was
initialized as a mixed magic state for both T- and H-type distillation.

4.1 Results

The results for the T-type distillation and H-type distillation were obtained independently
and will therefore be presented in separate sections. The maximum fidelity and corresponding
probability for these cases were obtained by applying the MMS algorithm to input states that
were initiated with different initial error probabilities. These results will be presented with
fidelity and probability curves, similar to the Bravyi & Kitaev results in Figures 2.8 and 2.7,
but it is important to note that only discrete fidelity and probability values were obtained
and the curves will therefore only be estimated. In Appendix E, we have summarized the
initial error probabilities that were used to obtain the curves that are presented in this section,
alongside other lists of used input parameters and tables. However, these approximations can
still be used to assess the capabilities of the MMS algorithm and will be discussed in the coming
section.

4.1.1 T states results

The first results from utilizing the MMS algorithm were obtained for the case of a T-type
distillation and are shown in Figure 4.1. The input state was a mixed 7" state in the form of
Eq. (3.5), were the target state was the T state in Eq. (3.2).
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Figure 4.1: The left plot shows the maximum obtained fidelities for four rounds of optimization when the
initial state is a mixed T state along side the initial fidelity curve as a red dashed line and the right plot shows
the corresponding highest probabilities to obtain the states that give these fidelities. The threshold fidelity
that was obtained from the Bravyi & Kitaev MSD and the theoretical optimal threshold fidelity is additionally
plotted alongside the fidelity curves [1]. These plots were obtained for fourteen steps of initial error probabilities,
where the points are the actual obtained fidelities, while the dotted lines connecting the points have been added
for visualization purposes. In Appendix B.2.1, we have provided two examples of all the unique states that can
be obtained for this case of an initial mixed T state for up to four rounds of optimization.

4.1.2 H states results

Similar to the previous result, the MMS algorithm was also utilized to investigate the potential
of distilling a H state. The target state was chosen to be the H state from Eq. (3.1) and the
input state was initialized as a mixed H state on the form of Eq. (3.4). First, the fidelity and
probability curves were created for this distillation by choosing initial error probabilities in the
range of 0 < e < 0.5. These curves are shown in Figure 4.2.
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Figure 4.2: In the same vein as the results in Figure 4.1, the left figure depicts the maximally obtained
fidelities for four rounds when the initial state was set to be a mixed H state, while the right figure displays the
corresponding probabilities to obtain the maximum fidelities. Additionally, the threshold fidelity for the Bravyi
& Kitaev MSD algorithm and theoretical optimal threshold fidelity is similarly plotted [1]. Fifteen different
initial error probabilities were used to obtain these points. All the unique states that could be obtained after
the shift into the same hextant at two different initial error probabilities for up to four rounds of optimization
are displayed in Appendix B.2.2.
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4. Results & discussion

To further this investigation, the same calculations were performed for the more interesting
case of only considering error probabilities that produce input states that are outside of the
octahedron in Figure 2.6. This means only using initial error probabilities between zero and the
theoretical threshold error probability for this case of H-type distillation, which is calculated
in Appendix A.5. These plots are displayed in Figure 4.3.
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Figure 4.3: These plots were obtained in the same way as the curves in Figure 4.2, but the initial error
probabilities have been chosen such that it only creates input states that are outside of the octahedron. Sixteen
steps of initial error probabilities within this narrower range were used to obtain these plots.

To fully assess the potential of H-type distillation with the MMS algorithm, the same calcula-
tions as the previous plots were performed for even small initial error probabilities, and these
results can be seen in Figure 4.4.
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Figure 4.4: Continuing the trend from the previous figures, these plots have been obtained by considering
seven initial error probabilities in a further diminished range that have now been reduced to values between 102
to 107°. These points were obtained in the same manner as Figures 4.2 and 4.3, but note that it is the minimum
output error probability which is shown on the y-axis in the left figure. The relation between the fidelity and
output error probability is derived in Appendix A.2 and can be summarized as eout = 1 — F(pPout; Prarget) fOr
this case. The initial error probability in this scenario is chosen at such a minute scale that both plots utilize
a logarithmic axis to present their content. In addition to the obtained error and success probabilities from
the MMS algorithm, we have also plotted the derived Bravyi & Kitaev MSD error probability and success
probability expression for the H state distillation, which is shown in Eqs. (2.27) and (2.28) [1] respectively.

27



4. Results & discussion

4.2 Discussion

By investigating the plots in Figures 4.1 and 4.2, it becomes apparent that the fidelity curves
have a change in behavior for a particular initial error probability. Additionally, the probability
curves seem to be discontinuous around the same point. This shift will transpire when the
error probability corresponds to an input state which is located on the octahedron, which is
similar to the structure of the results that were obtained by Bravyi & Kitaev and are shown in
Figures 2.7 and 2.8. These error probabilities will be called the threshold error probability &*,
which corresponds to the previously mentioned optimal threshold fidelity, and they have been
calculated in Appendix A.5 for both cases of H- and T-type distillation. The change in the
general appearance of the fidelity curve and the discontinuity of the probability plots occurs
because the algorithm will find different kinds of solutions for these scenarios. Therefore, the
discussion of these scenarios has been divided into separate sections, where we will first consider
the case when ¢ > ¢* and then analyze when ¢ < €*.

4.2.1 Discussion for the case of ¢ > &*

We will start the discussion with the case when the initial error probability mixes the input
state such that it will be inside of the octahedron from Figure 2.6, which is equivalent to saying
that the input fidelity is below the optimal threshold F*. Both the T-type and the H-type
distillation will be considered and compared in this section.

When the initial error probability satisfies € > €*, the input state will be located inside of the
octahedron. It can be seen that both fidelity plots in Figures 4.1 and 4.2 have the same general
structure for this range. It appears as though the maximum fidelity that can be achieved nears
the optimal threshold fidelity with each additional optimization round, but cannot be increased
beyond the threshold. More rounds seem to be required to shift the state closer to the hull of
the octahedron and attain the threshold fidelity when the error probability increases. Further-
more, it can be observed that the fidelity will be independent of where on the edge, in the case
of a H state, or the face, in the case of a T state, of the octahedron that the output state is
located. This can be seen by considering that the elements of a state that is on the octahedron
will always sum to one.

The probability curves in Figures 4.1 and 4.2 also seem to share a similar structure for this case.
One significant feature is that the probabilities appear to converge for error probabilities close
to €*, which can most clearly be seen for the third and fourth rounds of the probability curves
in Figure 4.2. This behavior can be explained by considering how the algorithm is constructed.
As was described at the end of Section 3.1.3, the algorithm will first search for the maximum
fidelity for each round and then seek the largest probability to obtain the corresponding state.
Considering that the fidelity is independent of where the output state lies on the octahedron
and that the post-selection is performed by measuring the |0) state, the algorithm will be incen-
tivized to shift the output to the |0) state to in order increase the probability. Since the success
probability will approach one when the output state becomes closer to |0), the probabilities
will be the same for higher evolution rounds.

By investigating which Clifford operations the algorithm settles on as the most optimal evo-
lution of the input state in the case of H distillation, it becomes apparent that the algorithm
consecutively applies the same operation for each round. This Clifford operation will be called
Ci760, since it was the 5760 number in the list of generated two-qubit Clifford operations. The
full evolution that is described in Section 3.1 will then be noted with the Kraus operator Kx7g9.
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This is a convention that will be used throughout the rest of the discussion and appendices.
Recurringly evolving an input state that has been mixed with an initial error probability of 0.3
will give the chain of output states as

0 0 0 0 0
0.28284 | Zmoy [ 0.07407 | 5799 | 0.00431 | £5%% | 0.00001 | 270, 0
0.28284 0.52378 0.82204 0.98110 0.99982
pin’H(EZOB) Pout,1 Pout,2 Pout,3 Pout,4

Note that these output states have been shifted into the same hextant as the input state. These
evaluations clearly show that the algorithm truly does find an optimal output state that is close
to the |0) state. Since the evolution will be the same for each round, it is straightforward to find
an analytical expression for a general round. These calculations are performed in Appendix A.6
and the final analytical expression for the fidelity and the probability are plotted in Figure 4.5.
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Figure 4.5: These figures depict six rounds of optimization that were obtained with the analytical expression
for fidelity from Eq. (A.14) and probability from Eq. (A.11). The analytical results were obtained for one hundred
steps of initial error probability between 0.1465 to 0.5 and are plotted with the dotted lines. Alongside the
analytical curves, the previously obtained numerical results from Figure 4.2 are also shown with the dots.

In a similar fashion to the case of H-type distillation, the optimal sequence of Clifford operations
that the algorithm found was also investigated for the T-type distillation when ¢ > ¢*. However,
in contrast to the H-type distillation, these results show that the Clifford operations are not
the same for every round and do not follow the same simple pattern. For example, when the
initial 7" input state was mixed with an error probability of ¢ = 0.3, the optimal output states
and the corresponding succession Clifford operations were:

0.23094
1% optimization round: KopimTKg =10.23094 |,

0.23094

0
2" optimization round: K5760K128,0m,TKI28Kg760 = 10.00860 |,
0.73556
0
3grd optimization round: K5760K5760K128pin7TK128K§760Kg760 = 10.00005 |,
0.95462
0
4t optimization round: Ks760 K 5760 K 5760 K 128Pin,TK 1T28Kg760Kg760K5T760 = 0
0.99892
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Despite the fact that the algorithm uses more than just one Clifford operation, there is a clear
structure that can be seen from the above states and the two additional examples that are pro-
vided in Appendix B.2.1.1 for the cases when initial error probability are e = 0.22 and € = 0.4.
First, it appears as though the algorithm was not able to increase the fidelity in the first round
for all the different initial error probabilities. The most advantageous action that the algorithm
could then perform is to apply a Clifford operation that leaves the input invariant. Since the 0
Clifford operation does not transform the input and it is the first operation that the algorithm
investigates, it will simply consider it as the most beneficial operation. However, if the algo-
rithm can increase the fidelity, it seems like it will first apply the 128" Clifford operation and
then follow up with sequentially applying the 5760 Clifford operation. Furthermore, it can be
noted that the algorithm still seems to accomplish the previously mentioned goal of producing
an output state that is close to the |0) state, since this will increase the success probability and
the fidelity is independent of where on the octahedron the output state is located. Since the
sequence of Clifford operations does not follow the same simple pattern as the H state case,
the analytical calculations for these curves will become more cumbersome and will therefore be
omitted.

It can become apparent why the states that are initiated inside of the octahedron cannot be
shifted to a position outside of the octahedron by considering the Gottesman-Knill theorem,
which is described in Section 2.2.3. This theorem states that a classical computer can efficiently
simulate algorithms that only have access to states inside of the octahedron in Figure 2.6 and is
implemented by only using Clifford operations and measurements in the computational basis.
Since some of the states outside of the octahedron can be distilled to a magic state, which
would promote this set of operators to simulate universal quantum computing, it would create
a contradiction if states inside of the octahedron could be transformed into a magic state with
these operations.

4.2.2 Discussion for the case of ¢ < &*

Similar to the previous section, we will now discuss both the results from the H- and T-type
distillation, but the focus will instead be on the case when the initial error probability is lower
than the threshold error probability, or equivalent when the initial fidelity is higher than the
optimal threshold F*. This case is the more theoretically and practically interesting scenario,
since there is now a possibility of obtaining a state that has a higher fidelity to the target magic
state than the optimal threshold. In contrast to the previous case when € > * the fidelity
plots from Figures 4.1 and 4.2 do not have the same structure when ¢ < €*. The implications
of these different appearances will be one of the main focus points of this discussion.

It can be seen from the fidelity plot in Figure 4.1 that the maximum fidelity curves align with
the input fidelity line for this case. This implies that the optimal combination of Clifford
operations that the algorithm found was a sequence of operations that leaves the input state
invariant. Therefore, it will be impossible to increase the fidelity of the input state to the target
T state and it therefore appears as though T-type distillation is unachievable with the MMS
algorithm.

Conversely, the maximum fidelity curves in Figure 4.2 seem to be above the initial fidelity line.
These resemble the general structure of the results that Bravyi & Kitaev obtained for H-type
distillation, which are shown in Figure 2.8. The arc of the fidelity curves can more clearly be
seen in Figure 4.3. This means that the algorithm was able to find a set of Clifford operations
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that could increase the fidelity of the input state to the target H state. The implication of
this is that some H-type distillation could be possible by implying a similar procedure that
was shown in Figure 2.9. It does appear as if it is feasible to improve the fidelity for all states
that are mixed with initial error probabilities that are smaller than £*. This agrees with similar
results from Ref. [32] where they show that the threshold error probability of their distillation
procedure was equal to the theoretical optimal threshold.

To highlight the important feature that the MMS algorithm can change the Clifford operations
to optimize the output fidelity depending on the input state, we also investigated the Clifford
sequences the algorithm settled on when € < €* for H-type distillation. This is done similarly
to the investigation of the optimal Clifford operations that were performed for the case when
€ < €* in the previous section. When the initial H state was mixed with an error probability
of 0.12, the evolution procedure that the algorithm used was

0
1% optimization round: K256pin,HK§56 = 10.53740 | ,
0.53740
0
ond optimization round: K5841K5760,0m7HK§760K§841 = 10.42674 | ,
0.66223
0
3grd optimization round: K5841K5841K5760pin7HK§760Kg841K§841 = 10.37099 | ,
0.72200
0
0.56155

which is quite different from the series of Clifford operations that the algorithm found for the
case when the input state was initiated inside of the octahedron. Two supplementary examples
of slightly different Clifford operation sequences are provided in Appendix B.2.2.1 for the cases
when the initial H state is mixed with an error probability of 0.02 and 0.03. The previously
discussed observation that the algorithm is incentivized to pick a Clifford series that produces
a state that is closer to the |0), since this will generally increase the success probability, can
similarly be observed for these examples. It can be seen that the output states seem to be
generally higher up on the Bloch sphere.

Despite the promises of H-type distillation from Figure 4.3, the output error probability plot
in Figure 4.4 shows that the minimum output error probability curves converge to the initial
error probability line for moderately small error probabilities. This implies that the input state
cannot be distilled beyond this point and that the output state cannot become arbitrarily close
to the target H state. This is in contrast to the Bravyi & Kitaev MSD algorithm, which can
produce an output state that is arbitrarily close to the target state. It is because of this obser-
vation that we have chosen to call this algorithm “synthesis” and not “distillation” in order to
highlight this important point, that the MMS algorithm cannot produce a state with arbitrarily
high fidelity to the target. The minimum output error probability could most likely be further
reduced by increasing the number of optimization rounds. However, this would double the
number of needed input states for each additional round, and since more efficient methods that
require far fewer input states already exist, such as the MSD algorithm, this increase would
render this algorithm practically uninteresting.
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The fact that some H-type distillation seems to be possible, while the fidelity for the 7' state
could not be increased by any means with the MMS algorithm, hints at the fact that H-type
distillations are easier to accomplish. This coincides with the results from Bravyi & Kitaev,
where their threshold fidelity for the H state distillations is closer to the optimal compared to
the T state case. The implication of this is that MSD could distill H-type magic states from
states that were to a greater extent faultier compared to the case of the T-type distillation.
Other literature [28], [32] seems to report similar results that the H states have some inherent
feature that eases the distillation process, but it is not evident why this is the case and our
analysis has not allowed to unveil the truth behind this observation. A hypothesis that could
explain why some H-type distillation is possible with the MMS algorithm is that there are
simply more H states than T states. Since the MMS algorithm effectively compares the output
states to all magic states of the same type by shifting the outputs into the same hextant, there
is a larger possibility for the output to be closer to a H state than compared to a T state, thus
increasing the distillation potential.

At first sight, it might appear as if MMS and MSD would accomplish the same objective
since they are implemented with the same actions. However, it is evident from the results
in Sections 4.1.1 and 4.1.2 that the distillation possibilities of MMS are far worse than MSD.
An intuitive explanation for this is that MSD will have access to larger Clifford groups that
can simultaneously act on more qubits. This becomes apparent by considering that MSD is
implemented with either five or fifteen input states, in contrast to the two that are used in
each module of MMS. Therefore, MSD would be able to transform its input states to a larger
number of outputs, thus increasing the opportunity to find operations that will increase the
fidelity to the target state, even in comparison to using four rounds of MMS that practically
use sixteen input states. This reasoning might explain why MSD can obtain output states that
are arbitrarily close to the target magic state, whereas MMS cannot.

An observation that can be made by looking at the probability plots for both the T" and H
results, which can appear strange, is that the probability is smaller than one for all initial
error probabilities. This means that even when the initial state is precisely equal to the target
state, the probability of obtaining the target state is less than one. This is a weakness in the
algorithm which is caused by the fact that even though the optimal Clifford operations are
those that leave the state invariant, the algorithm will still need to apply an operation, possibly
identity, and post-select with regards to |0), which will give a probability that is less than one,
unless the state is precisely equal to |0). However, we theorize that this issue could be solved
by utilizing a classical feed-forward operation. This can be done by measuring the second qubit
instead of post-selecting and then applying a single-qubit Clifford operation on the first qubit
that depends on measurement outcome, thus effectively creating a control Clifford gate [2].
The classical feed-forward Clifford can be implemented with the already permitted actions of
the algorithm and would thus be a valid extension to the method. Despite the potential im-
provements in success probability, classical feed-forward would most likely not increase output
fidelity. This assumption stems from the fact that the applied single-qubit operation would
effectively be included in the optimization over all the two-qubit Clifford operations in subse-
quent rounds.
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Chapter 5

Conclusion & future studies

In this thesis, we investigated a version of the magic state distillation algorithm that was pro-
posed by Bravyi & Kitaev that only uses two states as inputs for each round of optimization,
which we call modular magic synthesis. The results show that the MMS algorithm does not
distill any 7" states and could only distill H states up to a certain point. This implies that the
MMS algorithm would not in general be suitable to obtain magic states, because other more
efficient methods already exist. However, it could still be useful to study these kinds of versions
of distillation algorithm that only uses a small number of Clifford operations, since it could
give insight into what is required to distill a magic state.

A modification that could be made to the MMS algorithm, which was mentioned in Sec-
tion 4.2.2, is allowing for classical feed-forward operations. This could be implemented by
exchanging all or some of the post-selection measurements with classical feed-forward opera-
tions which would apply a single-qubit Clifford operations to the first qubit that depends on
the measurement result of the second qubit. This could be interesting since it most likely would
increase the success probability for the distillation procedure. However, we theorize this will
most likely not increase output fidelity.

Similarly, it would be interesting to increase the number of implemented optimization rounds
to investigate if the fidelity could be further increased for H-type distillation. As was also men-
tioned, this would not be interesting from a practical point of view, since the Bravyi & Kitaev
algorithm requires fewer input qubits and can give better results. However, it could be of note
from a theoretical perspective to study if the distillation could be enhanced by increasing the
number of rounds compared to just the four rounds of MMS.

A third possible extension could be to perform an equivalent analysis for the continuous variable
model of quantum computation, which has an analogous need for resourceful states to simulate
a universal quantum computer [35]. The corresponding problem of acquiring magic states in
the discrete quantum computer paradigm is to obtain non-Gaussian states by only applying
Gaussian operators in the continuous variable model. This study could yield insight into the
similarities and differences between these paradigms while deepening the knowledge of the
individual models.
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Appendix A

Calculations and derivations

In this appendix, we have collected calculations and mathematical arguments that were used
in the thesis. The appendix will be initiated with the derivation of the fidelity expression in
Eq. (2.23), which will then be used in the next section where the relation between fidelity and
error probability is made explicit. This is then followed by justifications of the two abbreviations
that reduce the number of states that need to be considered when multiple rounds of the MMS
algorithm are implemented. Afterward, we calculate the optimal threshold error probabilities
and fidelities. The final section of this appendix covers the derivation of the analytical fidelity
curve for H-type distillation when € > ¢*.

A.1 Fidelity simplification

The fidelity has been used throughout this thesis to assess the quality of output states from
the algorithms that have been covered. In this thesis, fidelity was defined as [1], [2]

Py = (1] ) (A1)

were the two arbitrary density matrices p and 1 are in general an ensembles of pure states |1); 1|
according to p = >, p; [ )| and n = ¥, e; [10; 15|, which comes from Eq. (2.9). However, the
fidelity expression in Eq. (A.1) can be simplified by noting that the density matrix of a pure
state will be equal to its square, which was used in Eq. 2.11. Furthermore, if the density matrix
p was a pure state, which means that it can simply be written as p = [¢,)(¢,| it can be noted

that
p=\r*=p (A.2)

Using this relation and continuing to consider the case when p is a pure state, Eq. (A.1) can
be simplified to

F(n,p) = (Tr] \/_])2
:( it )

= (Vielnlon) (1 [Vie])

= (ol 0 [1p) (Tr [ X0,l])?
= T [(Vp] 0 [¥p) [oXWp]]

= Tr [np’]
= Tr[np],
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were both trace properties Tr [M N]| = Tr [NM] and Tr[cM] = ¢Tr[M], for matrices M, N
and constant ¢, have been used in the calculations. The fidelity can then be further rewritten
by utilizing the expression of the density matrix from Eq. (2.12) and using the results that the
Pauli matrices satisfy Tr [¢°07] = 0 for i # j and Tr [o?c’] = Tr[I] = 2 will simplify the fidelity
to

T y z
(I + g, p0" + Uy 00" + 12 ,07)

DN | —

1
F(n,p) =Tr 2 (I + Uy p0 " + Uy po? + uz,ngz)
= — Tr [(1 + g Uiz p + Uy nlyp + Uz gtz p) 1]

(1 + Ug s p + Uy iy p + Uz Uz p)

N ] =

= (1 4+, 1,), (A.3)

[\]

where 1, and 1, are Bloch vectors, which are defined in Section 2.1.3.

A.2 Relation between fidelity and ¢

The quantities fidelity and error probability are strongly correlated in the sense that they
can both describe how close a mixed state is to a target state. Their correspondence can be
made clear by considering the case of a general density matrix pn; that is mixed by an error
probability €. After applying the dephasing transformation, which is described in Section 3.1.1,
the mixed state will be in a superposition between the pure target state py and its orthogonal
counterpart p;, according to

D (pmix (€)) = (1 =€) po +py, (A.4)
where the pure states will be written with the same general structure as Eq. (2.12)
1
m=3 (I 4+ u0® + uyo? 4+ u,0°), (A.5)
which implies its orthogonal counterpart will be given as
1
= (I —uyo® —uyo? —u,o®). (A.6)

Expanding Eq. (A.4) in terms of expression in Egs. (A.5) and (A.6) results in

D (g () = 152

1
=3 (I 4+ (1 —2¢) (uyo” + uyo? +u,07)).

(I 4+ uy0® + uyo? + u,0°) + % (I —uyo® —uyo? —u,0?)

From this result, it can be seen that the Bloch vector for the mixed state Ui = (U, Uy, u;)
will be related to the target state Bloch vector iy according to

Tt = (1 — 2€) 1. (A7)

By inserting Eq. (A.4) and the target state py into the final expression of fidelity in Eq. (A.3),
it is possible to obtain a direct relation between fidelity and error probability, given as

]‘ — —
F(D (pmix (8))7100) = 5(1+Umix'u0>
1 — —
25 ]+(1—2€)U0'U0
=1
:1—5’

where it has been used that the length of a pure state is equal to 1.
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A. Calculations and derivations

A.3 Shift into the positive octant

By shifting the output states that result from a round of optimization into the positive octant
of the Bloch sphere, numerous states will be shifted to the same position. Since the MMS al-
gorithm only investigated output states in terms of their fidelity to a target magic state, states
occupying the same position will be regarded as identical. This will substantially reduce the
number of output states that need to be considered after each round of optimization and there-
fore lower the computational burden of the simulation, which will allow for the implementation
of multiple optimization rounds within a feasible time frame.

It is already stated in Ref. [1] that the Bloch vector can be shifted into the positive octant
by only using Clifford operations, which makes this a reasonable abbreviation and should not
diminish the results of this thesis. Furthermore, below is an example of a method presented to
find a single qubit Clifford operation C; € C{ that will shift an arbitrary state into the positive
octant, which offers evidence beyond just asserting the statement. As previously mentioned,
the single-qubit Clifford group is generated by the Hadamard and phase gates, and the mem-
bers of the group are summarized in Appendix E.

First, a general density matrix p on the representation from Eq. (2.12) can be given as
1
po=5 (I +uyo” 4+ uyo? +u,0°),

where the elements u,, u, and u, will constitute a Bloch vector @ = (uy,u,,u,). The Bloch
vector will subsequently reside in the positive octant of the Bloch sphere in the case when
Uy, Uy, u, > 0. Eight conceivable cases need to be considered to demonstrate that there will
always be a single-qubit Clifford operation that can shift the state into the positive octant. The
trivial and simplest case is when all the elements already are in the positive octant and there
is no action needed. The complete opposite scenario will then be the corresponding orthogonal
state to pg, where all the elements of the Bloch vector are in the negative octant. A density

matrix for this case was already defined in Eq. (A.6) to be
1
p1 = 3 (I —uyo® —uyo? —u,o%).

To find the Clifford operation that will beneficially shift the elements of this state into the
positive octant, it can be useful to investigate how the Pauli matrices will transform under
various different members of the single-qubit Clifford group. Three Clifford operators that will
be of particular importance to this study are the Pauli operators, which will act on themselves
according to the recapitalization

oPoPoPt =P and oPoloPT = —0?, where p,q € {z,y,2}. (A.8)

Another important operator for this study is the Hadamard operator. It will act on the Pauli
matrices according to the fifth line in Table E.1 of Appendix E, which are

Ho"H' =0*, Ho'H' = —0Y, Ho*H' =" (A.9)

By using relations in Eqgs. (A.8) and (A.9), it is possible to show that p; can be transformed
into pg by first applying a Pauli-Y matrix and then a Hadamard, which will look like

1
Hovp, (Ho")' = H (2 (0I0Y —u0Y0"0Y — uy0¥c?c? — uzayazay)) H
— “(HIH +u,Ho"H — u,Ho"H + u, Ho"H)

(I + uyo® + uyo? +u,0").

N — DN —
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A. Calculations and derivations

Additionally, it is useful to note that this calculation shows that if a general Bloch vector only
has negative elements, it can always be rotated into the positive octant. It can also be noted
that because H, o¥ € Cy, then also Ho¥ € C}, which comes from the definitions of a group [19].

The other six cases that additionally need to be considered are the three scenarios when only
one part of the Bloch vector is negative and the three scenarios when two parts of the Bloch
vector are negative. For example, it can straightforwardly be shown that the density matrix

(I — uyo® 4+ uyo? + u,0°)

N | —

P2 =

can be rotated to the form of p; by applying a o7,

0" pa (7)1 =

(010" —uo00°0" + uyo c?o” + w00 0")

[ =D

(I — uyo® — uyo? —u,0%)

T o

1,

where Eq. (A.8) have been used. According to the calculations that were discussed for the pre-
vious case, by sequential application of the operators 0¥ and H, the state py would be shifted
into the positive octant. The same calculations can also be performed for the other two cases
when the y or the z components of the ps Bloch vector are negative.

Finally, the three cases when two of the constituent elements of the Bloch vector are negative
can similarly be investigated by studying the example density matrix

(I + uzo” — uyo? —u,0%).

DO | —

p3 =

Remembering Eq. (A.8), it can be seen that ps can be shifted into the positive octant by simply
applying a ¢%, which would look like

0p3o” = = (0"Io" + u,o"0 0" —uy,0 00" —u,0"0%0")

I +u0” +u,o¥ +u,0%).
( v

N =D =

Similar to the previous scenario, the same calculations can be carried out for the case that the
y or the z component is the positive element.

This concludes the method of finding a single-qubit Clifford operation that shifts a state to
the positive octant and it should show that all possible positions that a Bloch vector can have
around the Bloch sphere can be rotated into the positive octant. It can additionally be noted
that these operations do not uniquely shift the states into the positive octant, and there are
generally more Clifford operations that can accomplish the same goal. These calculations have
also been summarized in Table A.1 and are illustrated in Figure A.1.
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A. Calculations and derivations

.Oa,ljpa=(— 2 1 3 )
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Table A.1: This is a summarization of Figure A.1l: A plot of the Bloch sphere with three capriciously
the different non-trivial cases for negative chosen points, where the positive octant is marked with the red
components of the Bloch vector and what ac- area. By using the method that is described above of finding an
tion could be taken to shift it into the pos- adequate single-qubit Clifford operation, these points have been

itive octant. The wu:s are the components of transformed accordingly such that they will be inside of the positi
the Bloch vector where p, ¢, 7 € {z,y, z}. octant.

A.4 Similarity among the hextants

Besides shifting the Bloch vectors into the positive octant of the Bloch sphere, by also transform-
ing the states into one hextant of the positive octant, a majority of the states will additionally
be transformed to the same position of the Bloch sphere. This will thus further reduce the
number of states that need to be considered after each optimization round. One octant can
be subdivided into six hextants, where the relative magnitude ordering among the elements
in a Bloch vector determines which hextant it will be located in. The hextant are shown in
Figure A.2a with the corresponding ordering of the sizes of the Bloch vector elements.

Uy < Uy < Uy 4

/

\ Uy < Uy < Uy
o (HOYoX)pa(HoYo*)T

v (LHo¥a")pa(HaYe®) (L)1
o (09pplo®)T

o (HO")pc(HO)T

v (L2HoY)pc(HOY)T (L)Y

b
oy

RN
i )
P it

a
R

AUy <Uz<uy

W)

i
y
Uy < Uy < Uy

(a) (b)

Figure A.2: In both Figures (a) and (b), the positive octant is noted with a red area and is divided into its
hextant. Figure (a) highlights which hextant will correspond to what ordering of sizes among the Bloch vector
elements in a general vector 4 = (uy, Uy, u.). In Figure (b), the ordered hextant that is mainly considered in
this thesis is additionally emphasized with the blue area and shows how the p, and p. states from Figure A.1
can further be transformed with a single-qubit Clifford operation such that they will reside in that hextant.

Although single-qubit Clifford operations can be used to shift any arbitrary Bloch vector to the
positive octant, single-qubit Clifford cannot shift all states to a specific hextant. This can be
seen by studying the transformation in Appendix E, which will make it apparent that there are
only two single-qubit Clifford operators, disregarding identity, which will transform all Pauli
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A. Calculations and derivations

matrices to positive Pauli matrices. These operators are the operators that are the same as L
and L? up to a global phase, where they will rotate states around the L state in the positive
octant with angles 7 and %” respectively [28]. The operators will act on the Pauli matrices
according to

Lo®Lt = o7, LoVLt = 0%, Lo*LT = oY,
LQUQ‘“(LQ)T =0Y, LQay(LQ)T =07, LQU‘Z(LZ)T =o".

It can then be noted from these transformations that they can only shift state to a specific hex-
tant when the state is initially located inside a hextant that is n% from the target hextant. For
example, in Figure A.2a, it can be seen that both p, and p, can be shifted to the u, < u, < u,
hextant. Meanwhile, p, cannot be rotated to that hextant, since it becomes located inside of a
hextant that is directly adjacent to the target hextant.

Although not all states can be shifted to the same hextant by only using single-qubit Clifford
operations, it does not matter which hextant of the positive octant a state is located in for
the purposes of this thesis. The reason for this is that states are only perceived as the fidelity
between it and a target magic state. This can be seen by looking at how fidelity is calculated
with Eq. (A.3). For example, since all the elements of the T state in the positive octant
are equal, the fidelity will be the same between the T state and all the states with different
permutations of its Bloch vector elements. This can explicitly be calculated by using the two
differently transformed p, states which are shown in Figure A.2b. This could look like

1 3 1 2
a = (Ho'o") py (Ho'o") = - [ I+ T+ Y+ o
pur = (Ho¥o™) pa (Ho¥o) 2( vias Tymal v’

F(pa1, pr) =;<1+\}§ <\/3171+ Vit m)
1

paz = (LH0Y0") py (HoVo")' (L)' =

1 1 (1 2 3
Flpaz, pr) = = (14 —= SR ~ 0.9629.
(Paz, pr) = 5 ( V3 <\/14 V14 \/14)>

A similar argument can be made for the fidelity between states in the positive octant with
different ordered elements and the H states. The fidelity between a state and one of the H
states on the circumference of the positive octant will be the same as the fidelity between that
state with different ordered elements and another H state on the circumference. This effectively
means that the ordering of the elements in a state does not matter when only the fidelity is
evaluated. This can similarly be seen by considering two transformed p. states in A.2b, which
will yield

1 1 4 1 5 3
F c,1) = — 1+—7+7 +O :095’
(Pe,1s pr2) 9 < V2 /50 2 /50 v50>

! 3 4 0

o= LQHy C[{j;]L L2 — 2|7 T Y Tz
Pes ( a)p( U)( ) 2<+1/—500+\/500+\/500>’

1 3 1 4 1 b}
F(pe,2, =5\ 1T0 =t % =t 5 = | =095,
(e, pria) = 5 < 50 V2 VB0 V2 50)
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A. Calculations and derivations

The relations of the fidelities between magic states and states with different permutations of
the constituent elements are represented in Figure A.3.

e (HoYoX)ps(HoYoX)T
v (LHOYo%)ps(HaYoX)T(L)T

PH.3 PH,1
e (09)pp(0)T
i v (Lo pp(o®) (L)}
il . (Ho")pc(HoY)T
e v (L’HoY)pc(Ho?)T(L?)T
X ¥

PH, 2

Figure A.3: Continuing from the states in Figure A.2b, this plot emphasizes that the fidelity between a
magic state and states that only differ by a transformation that switches the ordering among the elements will
be the same. This is done by drawing lines between the arbitrary states in the positive octant and the magic
states, which represents that the states are located at the same distance from the target magic states.

A.5 Determining the threshold error probability and
fidelity

The threshold error probability ¢* marks the shift from an input state that is inside of the
octahedron to a state outside of the octahedron hull. £* can be determined from the general
expressions of the initial mixed inputs in Egs. (3.4) and (3.5) by solving for what ¢ gives a
Bloch vector that has elements that sum to one, since this defines a state which will be located
on the octahedron. Starting by expanding the expression for the initial mixed H state from
Eq. (3.4) will give

s = 1 <I+%<ay+az>>+g(I_%(UHUZ))

1 ]+1—25 y+1—25z
= — o o ;
2 V2 V2

where the analogous Bloch vector to this state will be given as

0

1—2¢
Uin,H = 1]. (A]_O)
v2 oy

—

The ¢ that will place this state on the octahedron can then be found by solving

1—2e%  1-—2¢%

NG RENG)

1 1
=1 = ¢y = 3 (1 — E) ~ 0.146447.
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A. Calculations and derivations

Similar calculations can be performed to find which e will place the initial mixed 7" state from
Eq. (3.5) on the octahedron. Expanding the input state will give

_(1_5) 1 T y z € 1 T y z
PinT = <I+\/§(0 +o +a)>+2<l—\/§(a +o +0)>

1 I+1—25 x+1—2€ y+1—2€Z
= o oY+ —=0"|,
V3 V3 V3

which will have the corresponding Bloch vector

(\V]

. 1—2¢ 1

UinT = — 7=
VA \/g .

—_

Similarly, the € which will position the state on the octahedron can be solved for as

1—2%  1—2%  1—2¢ 1(1 1

\/§+\/§—|—\/§:1:>5}:— ﬁ

2
Since a state cannot be transformed from inside the octahedron to outside by only using Clifford
operations, the largest possible fidelity for this case will be the corresponding threshold fidelity
for a state that is located on the octahedron. By using the same argument that the Bloch
vector elements of such a state will sum to one, the optimal threshold fidelity can be calculated
for the H and T states as

> ~ 0.211325.

1 1
(1+ﬁoutH'ﬁHo):* 1+7(uoutTy+uouth)
) 2 \/§ [ sLy

1
1+ — | ~0.853553,
< ﬁ)

F*(p;ut,Hv PH()) =

N~ N

1+ ﬁ:ut,T ’ ﬁTO = ; 1+ L u:ut,T,m + uzut,T,y + uZut,T,z
V3
1
1+ — | =~ 0.788675.
< \/§>

A.6 Analytical solution for H distillation when ¢ > ¢*

F*(pzut,TapTo) =

N = N

As was discussed in Section 4.2.1, the optimal circuit of Clifford operations the algorithm finds
for H-type distillation appears to be the same for all cases when the initial state is located
inside of the octahedron. The only gate that the algorithms used for these scenarios is the
Clifford gate that can be decomposed as the circuit in Figure A.4, which has the number 5760
in the generated list of Clifford operations and will therefore be called Csrgp.

T —
pr—HS|

Figure A.4: Decomposition of the Clifford operation Csrgo which is continuously used by the algorithm
to optimize the fidelity when the input state is initialized inside of the octahedron for the case of H-type
distillation.
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A. Calculations and derivations

The operation in Figure A.4 can equivalently be written as
Ciroo = (1@ H) (1 S*) CNOTy (I @ S) (H @ H).

By using the calculations from Egs. (2.19) and (2.20), the expression of Cszgp can further be
simplified as

Cireo = (I ® H) (I® S%) (I®0X0] + 0”@ |1X1]) (I ® S) (H & H)
= H & (HS*|0X0| SH) + o"H ® (HS*[1X1| SH)
=H® |[+)+|+0"H & |-)-|,

which will have the corresponding Hermitian conjugate
Clro = H @ [+X+] + Ho® @ |-}~

The input state is a mixed H state that has been acted upon by the dephasing operation, which
means that the state can in general be written as

(I +cyo? +c.07).

DO | —

Pin =

After acting on two of these general input states with Cs7¢9 and post-selecting, the unnormalized
output state will be

pout = (I @ (0]) Csr60 (pin ® pin) Czgo (1 ® |0)),
which can be calculated by first considering the separate operators

(I ®(0]) Cs760 = H @ (0]+) (+] + 0"H @ (0] =) (-]

1
=H® —=(+|+0"H®
VAN

1
ﬁ <_|7
Clrgo (I ©10)) = H @ [+) (+|0) + Ho" @ |-) (—[0)
1

1
:H®|+)—+Haz®]—>ﬁ.

V2

Using these partial calculations will then give

Pout = ! (H® (+] +0"H @ (—]|) (pin @ pin) (H @ |+) + Ho" @ |-))

2
1

=5 (H @+ +0"H @ (=) (o & pin [+) + pnHO" @ pin[-))
1

- 5 (lenH ® <+| Pin |+> + HpinHO-x ® <+| Pin |_>

—f—O’meinH 0%y <_| Pin |+> + O'II—IIOim]—IO-gj ® <_‘ Pin |_>)

The scalar products can be calculated by considering how the Pauli matrices act on the basis
states |[+) and |—)

oIy =14, o) = =il-), 0%l = |-,
oIy == =), o) =il o) =),
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A. Calculations and derivations

Using these relations will give the scalar products as

(i 14 = (5 (1) + 607 [+ + o [4)) = (+ 5 (1) — i)+ =) = 5,

[+ pa 1=) = (4 5 (T12) 4 0¥ =) + a0 | =) = (H] 5 (1) + ey 1) + s [4)) = 3 (eyi+ c2),

(~l w4+ = (=15 (T[4 + 607 )+ ex0” [4) = (=15 () — ey} +ex =) = 5 (i + )

N | —

1
2

(=lpm =) = (-]

(T1=) + 0" | =)+ ex0” |2)) = (=] 5 (1) + i [4) e [4) = 5.

By using the relations from Eqs. (A.8) and (A.9), the states can be calculated as

HpwH = - (HIH +c¢,Ho"H + c,Ho*H)

DN =D =

(I —cyo¥ +c,0%),

1
Hp,Ho" = 3 (HIHo® 4+ cyHo"Ho" + c,Ho*Ho")
1

=35 (0% —cy0Y0” 4+ c,0%07)

1
=— (0" +c¢yic® +¢c,1),

2
1
oc"HpnH = 5 (6"HIH + cyo"HoYH + c,0"Ho*H)
1
=5 (0% —cyo®0¥ 4+ c,0%0")
1

=3 (0% —¢yio® +c.1),

1
c*HpnHo® = = (6" HIHo" 4+ ¢yo"Ho"Ho" + c,0*Ho*Ho")

(00" — c,0%0Y0" + c,0%0"0")

(I + cyo¥ + c.0”).

NN~ Do

Combining these results will then give the unnormalized state

1/1 1 ) .
Pout = = ( (I —cyo?¥ + c,0%) + 1 (cyi + ¢2) (0% + ¢yio” + ¢, 1)

2 \4
1 1
+ ) (—cyi+c.) (0° —cyioc® + ¢, 1) + 2 (I +cyo¥ + czox)>
1(1+c c?
=3 (e - 3)
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The probability of obtaining this state will be given as the trace of the unnormalized state

1+
2 Y

Tr [ﬁout] = <A11)

which can also be used as a normalization factor to give the output

ﬁout 1 2Cz C?2J
out — = =- |1 Y- ‘.
P = T o 2( e’ Tiea’

This output can then be shifted to the same hextant of the Bloch sphere as the input p,, which
is the blue hextant from Figure A.2b, by using the reasoning described in Sections A.3 and A .4.
This will give the output as

1 c 2c
out = = | 1 Y _g¥ o7 . A12
Pous 2( +1+c§"+1+cg“> (A12)

This output state will then become the input for the next round of optimization. Since the
optimal circuit that the algorithm found for this case only consisted of applying Csr690 numerous
times, the shifted output of the next round will have the same form as Eq. (A.12). Therefore,
it will be possible to write the analytical density matrix of round 7 + 1 as

1 1 2, 2¢,.
1= +cyi10? +coipi0?) == (I + L0V + —207 ). A.13
pairt = 5 (I + ey +177) 2( 1+, 1+, (A.13)
02. C.
This density matrix will then have the corresponding Bloch vector w441 = {0, 5 vl 11;)

Using the expression for the fidelity from Eq. (A.3) will give the general formula for the fidelity
as

1 - —
F(paivi, pm,) = 5 (1 +tais1 - Un,)

1 1
31+ gy ) o

For this case when the initial input state is a mixed H state on the form Eq. (3.4), the initial
constants ¢, o and ¢,y can be determined by considering the Bloch vector from Eq. (A.10),
which implies that the constant will be
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Appendix B

Supplementary results

We will in this appendix present supplementary results that were obtained throughout the
thesis work. These results have been used in the thesis to further clarify arguments and addi-
tionally visualize statements. However, they were not strictly necessary for the discussion of
the thesis and have therefore been delegated to this appendix. Nevertheless, they can still offer
some valuable insights to further enhance the comprehension of the thesis material.

This appendix is divided into two sections, where we first present supplementary results for the
case when the input state was a rotated magic state, and this is then followed by additional
results that were obtained when a mixed magic state was considered as input. Both T"and H
states were used as inputs to obtain these results and each of the coming sections will present
these scenarios separately.

B.1 Rotation results

As was mentioned previously, it has already been proven that a pure input state, which in
this case is a rotated input state, can always be transformed into the target state. However,
these results have still been important for this thesis as an initial analysis of the algorithm’s
function and an illustration of the possible output states for multiple rounds of optimization.
This section will first present supplementary results for when a rotated T state was considered
as input, and this is then followed by corresponding results for a rotated H state.

B.1.1 T state rotation results

In this section, we will present three different kinds of supplementary rotation results for the
case when we tried to obtain a 7' state with the MMS algorithm. First in Figure B.1, we show
all the possible fidelities that can be obtained for one round of optimization for six different
initial rotation angles, which is the T state equivalent to the results in Figure 3.2. Subsequently,
the plots in Figure B.2 show the maximum fidelities that the MMS algorithm found for ten
different initial rotations and two rounds of optimization. In Figures B.1 and B.4, we have
plotted all the unique states that could be obtained on a Bloch sphere for one and two rounds
of optimization, respectively.
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B. Supplementary results

Initial state rotated with 6 = 0.01

Initial state rotated with 6 = 0.05

Initial state rotated with 6 = 0.1
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Clifford operations
Frax(K@in, Tkt, pPr.) = 0.9979698761
F(pin, 7, PT.) = 0.9216140624
Frax{Kpin, 7K*, p1,) - F(pin 7. 07,) = 0.0763558

Figure B.1: Similar to Figure 3.2, these plots show the fidelities between the target T state and the output
states that can be obtained by evolving the initial state according to the circuit in Figure 3.1 with each two
qubit Clifford operation from Cj. The initial state will for this case be a y-rotated T state and the six different
subplots show the results for six different initial rotation angles. In each sub-figure, the maximally obtained
fidelity for that case is written out, alongside the initial fidelity and the difference between these values. The
resulting unique output state that corresponds to these fidelities is plotted in Figure B.3.
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0.0 0.1 0.2 0.3 0.4 0.5
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Figure B.2: This plot shows the obtained maximum fidelities when two rounds of optimizations were applied
to an input state that was a y-rotated T state and the target state was the pp, state from Eq. (3.2). Similar
to the results in Chapter 4, the points in the plot are the actual obtained values, while the dotted line has
been added for visualization purposes. Ten different initial rotations were used to obtain these results between
0 and 0.5, and they are summarized in Appendix E.2.2. Three examples of all the unique states that could be
obtained for two rounds of optimization when the input state was a T state that was individually rotated with
three different initial rotation angles are additionally shown in Figure B.4.

XIII



B. Supplementary results

Initial state rotated with 6 = 0.01 Initial state rotated with 6 = 0.05 Initial state rotated with 6 = 0.1
Upper Kpip, 7K T + Upper Kpin, 7K1 + Upper Kpin, Kt
Under Kpjp, 7K T - Under Kpjp, 7K - Under Kpjp, 7K1
¥ Initial gin, 7 ¥ Initial pin, 7 v Initial pin T
T state pr, z T state pr, £ T state pr,

Initial state rotated with 6 = 0.3 Initial state rotated with 8 = 0.5 Initial state rotated with 8 = 0.7
Upper Kpin, 7K'" + Upper Kpyp, iK' + UpperKpip, iK'
under Kpjp, 7K = under Kpjp, 7Kt = under Kpjp, 7kt
¥ Initial pin, 7 ¥ Initial pin, 7 v Initial pin, T

T state pr, T state pr, T state pr,

Figure B.3: All the states that can be obtained by evolving the initial y-rotated T state with each two-qubit
Clifford operation plotted on the Bloch spheres. These subplots show the states for six different initial rotation
angles that correspond to those used in Figure B.1. The upper and under points are defined in the same manner
as the states in the leftmost Bloch sphere in Figure 3.4.
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B. Supplementary results

15t round rotated with 8 = 0.05 2" round rotated with 8 = 0.05
1% round Kpj,, 7K * - 2" round Kpgy, 1K T
v Initial pin,7 v Initial pin 1
T state pr, T state pr,

1%t round rotated with 6 = 0.25 2" round rotated with 8 = 0.25
1% round Kpjn, 7K .+ 2" round Kpoy, 1K™
v Initial pin, 7 v Initial gin, 1
T state pr, T state pr,

1% round rotated with 6 = 0.5 2" round rotated with 6 = 0.5
15 round Kpin, 7K T - 2" round Koot 1K T
v Initial pj 7 v Initial pin, 1
T state pr, T state pr,

Figure B.4: All the unique states that can be obtained for up to two rounds of optimization and three
different initial angles that y rotates the input 7" states have been plotted on Bloch spheres. Each column is a
different round of optimization and each row corresponds to a different rotation angle. The states have been
shifted to the same hextant as previous examples.
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B. Supplementary results

B.1.2 H state rotation results

In a similar vein to the previous section, we will here present additional results that were ob-
tained when a rotated H state was considered as input to the MMS algorithm. Figure B.5 shows
the maximum fidelities that were obtained for two rounds of optimization, while Figures B.6
and B.7 displays all the unique states that can be obtained for different initial rotation angles.

1.000 = =—co__ PO [ T ® ... & o g —
TTReL e &
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® 1% round Fmax(Kpin,HKTr pHa) \\\
0.9754{ @ 2"round Fmax(Kpout,lKT:pHo) \\\\
=== Initial fidelity F(pin, 1, PH,) Sso
0'970 T T T T T \\
0.0 0.1 0.2 0.3 0.4 0.5

¢

Figure B.5: Similar to the results for the T state in Figure B.2, this plot shows the maximum fidelity for
two rounds of optimization with a rotated initial state, but the initial state is now a H state and the target
is pm, from Eq. (3.1). These points were obtained for the same initial rotations as in Figure B.2. Similarly,
examples are given in Figure B.7 of all the unique states that can be obtained for two rounds of optimization
and three different initial rotation angles.

Initial state rotated with 6 = 0.1

Initial state rotated with 8 = 0.01

upper Koy, ik

under Kpjn, 1K T
¥ Initial pin, 4

H state py,

1.00 100

Initial state rotated with 6 = 0.3
Upper Kpjn, 1K
under Kgjn, K T

¥ Initial pin,H
H state py,

0.75

1.00 100

Initial state rotated with 6 = 0.05

upper Kpjp, oK

under Kpjn, 1K
v Initial pin,H

H state py,

100 100

Initial state rotated with & = 0.5

Upper Kpi ik 1
Under Kpjp, 4K

¥ Initial pin K
H state py,

0.75

100 100

upper Kpi ikt

under Kpjp, ikt
¥ Initial pip, g

H state py,

1.00 100

Initial state rotated with 6 = 0.7

Upper Kpip, ik
under Kpjp, K

¥ Initial pin,#
H state py,

0.75
1.00

1.00

Figure B.6: In the same vein as the results in Figure B.3, these plots show all the states that can be
obtained by evolving the initial y-rotated H state with each two-qubit Clifford gates. The same rotation angles
for the initial state as in Figure B.3 have been considered.
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1%t round rotated with 6 = 0.05 2" round rotated with 6 = 0.05
1% round Kpin, K™ 2" round Kpgyt,1K T
v Initial pin, 4 v Initial pin, 4
H state py, H state py,

1%t round rotated with 6 = 0.25 2" round rotated with 6 = 0.25
1% round Kpin, iK™ .+ 2" round Koot 1K T
v Initial pin, 4 v Initial gin 4
H state py, H state py,

1%t round rotated with 6 = 0.5 2" round rotated with 6 = 0.5
1% round Kpin, iK™ - 2" round Kooyt 1K T
v Initial pjp, 4 v Initial pjp 4
H state py, H state py,

Figure B.7: As for the T state case in Figure B.4, these plots show the obtainable unique states for up to
two rounds of optimization and three different rotation angles of the initial state. The initial state is however
for this case a rotated H state.
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B. Supplementary results

B.2 Mixed input state results

The results that were obtained for the case of a mixed input state were the main results of
this thesis. In the coming section, we will present extra results that visualize the distillation
process by plotting the possible output state and additional examples of sequences of Clifford
gates that give the maximum obtained fidelity.

B.2.1 Mixed T state results

Here are the unique output states that can obtained for up to four rounds of optimization with
two different mixed input 7T states.

4 rounds of optimization for T-type distillation with initial error probability € = 0.1

1%t round 2" round
1% round Kpj,, K . 2" round Ko, 1K
v Initial pin, 7 v Initial gin, 7
T state pr, T state pr,

3" round 4% round
3 round Kpout, 2K 4™ round Koot 3K ™
v Initial gip, 1 v Initial pin, 1
T state pr, T state pr,

Figure B.8: All the unique mixed states that can be obtained for one to four rounds of optimization are
individually plotted on four different Bloch spheres. The input state that was considered when obtaining these
states was a T state that where mixed with an initial error probability of ¢ = 0.1 and was initiated to be in the
same form as the input state from Eq. (3.5). It is also important to note that all the unique states from each
of the optimization rounds have been shifted into the hextant which is highlighted in Figure A.3.
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4 rounds of optimization for T-type distillation with initial error probability € = 0.3

15t round 2" round
15t round Kpip K T + 2" round Koot 1K™
v Initial pin, 1 v Initial gip, 1
T state pr, T state pr,

3 round 4t round
3 round Kooyt 2K - 4™ round Kpgu 3K T
v Initial gin 1 v Initial pin,r
T state pr, T state pr,

Figure B.9: Similar to Figure B.8, these figures show all the unique output states plotted on the Bloch
sphere that can be obtained for four rounds of optimization, but these plots were obtained when the initial
state is mixed with e = 0.3. The input state was similarly on the form of Eq. (3.5) and all the states have been
shifted into the same hextant.
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B. Supplementary results

B.2.1.1 Clifford sequences for T-type distillation when ¢ > ¢*

In Section 4.2.1, we gave an example of a series of Clifford gates that the algorithm found for the
T-type distillation when the initial error probability was higher than the threshold. However, in
contrast to the corresponding results that were obtained for H-type distillation, the algorithm
does not simply use the same gate for all the rounds and all inputs in this regime. Rather the
algorithm uses a few different Clifford gates and the sequences might vary for different mixed
states when the input T state is located inside of the octahedron. Here are two additional
examples of Clifford gate sequences that provided the maximum fidelity for two different input
states that were mixed with either ¢ = 0.22 or ¢ = 0.4.

Sequences of optimal Clifford operations when ¢ = 0.22:

0.32332
1°* optimization round: Ko,oin,TKE)r = 10.32332 |,

0.32332

0.32332
284 optimization round: KOKOpin,TKgKg = 10.32332 | ,
0.32332
0
3! optimization round: K5760K5760K128pin7TKI28KgmngmO = 10.00040 | ,
0.99069
0
4™ optimization round: Kisreo K760 Ksr60 K128 Pin,m K Jas K0 K dze0 Ko = 0
0.99996
Sequences of optimal Clifford operations when ¢ = 0.4:

0.11547
1% optimization round: Kopm Kl = |0.11547 |,

0.11547

0
2" optimization round: K5760K128pin7TK1ngKg760 = 10.00066 | ,
0.43330
0
3™ optimization round: Ksze0K5760 K128 i1 K 1o K60 K0 = 0 ;
0.72961
0
4™ optimization round: Ksre0 K 5760 K 5760 K128 Pin, 75 IQSKg%OKg?ﬁOKng = 0
0.95229
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B. Supplementary results

B.2.2 Mixed H state results

Similar to the previous section, we will here show examples of all the unique states that can
be obtained when considering two different initial error probabilities and up to four rounds of
optimization for H-type distillation.

4 rounds of optimization for H-type distillation with initial error probability € = 0.1

15t round 2" round
15 round Kpi,, K T - 2" round Kooyt 1K™
v Initial pin,u v Initial pin 4
H state py, H state py,

1.00 100

3" round 4t round
3 round Kpou 2K 4™ round Kpour 3K
v Initial gin, 4 v Initial pin,u
H state py, H state py,

Figure B.10: In these four plots, we show all the unique output states for one to four rounds of optimization
when the initial H state was mixed with the initial error portability of 0.1. Similar to many of the previous
results, these states have been transformed to the same ordered hextant
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4 rounds of optimization for H-type distillation with initial error probability £ = 0.3

1%t round 2" round
1% round Kpj,, K . 2" round Ko, 1K T
v Initial pin, 4 v Initial gin, 4
H state py, H state py,

3" round 4% round
3 round Kpout, 2K -~ 4™ round Kpgut 3K T
v Initial gip, 4 v Initial pin,u
H state py, H state py,

Figure B.11: Theses plots additionally show the output states for up to four rounds of optimization for
H-type distillation, similar to Figure B.10, but the initial error probability is now equal to 0.3.

XXII



B. Supplementary results

B.2.2.1 Clifford sequences for H-type distillation when ¢ < £*

Here are two additional chains of Clifford operations that provided the maximum fidelities for
two different initial H states that were mixed with an initial error probability that was smaller
than the threshold error probability.

Sequences of optimal Clifford operations when ¢ = 0.02:

0
15% optimization round: K256pjn7HKg56 = 10.67882 |,
0.67882
0
ond optimization round: K5841K5760pin,HK§760Kg&u = 10.57379 |,
0.78559
0
3" optimization round: K256K5841K5760pin7HKg760Kg841K;r56 = 10.57379 |,
0.78559
0
4th optimization round: K5841K5841K5776K5760pin,HKg760Kg776Kg841Kg841 = [ 0.65495
0.72725
Sequences of optimal Clifford operations when ¢ = 0.03:
0
1°" optimization round: K256pm7HK§56 = | 0.66468 | ,
0.66468
0
ond optimization round: K5841K5760,0m7HK§760Kg841 = 10.56024 | ,
0.77714
0
3'4 optimization round: K256K5841K5760pm7HK§760Kg841Kg56 = 10.56024 | ,
0.77714
0
4th optimization round: K5841K5841K5776K5760pin,HKg760Kg776Kg841Kg841 = 10.65069
0.71427
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Appendix C

Tracing out modular magic synthesis

In addition to studying the modular magic synthesis algorithm, which was presented in Chap-
ter 3, we also investigated a deterministic version of MMS that traced out the second qubit of
each round instead of post-selecting. To differentiate these algorithms, this variant of the MMS
algorithm will henceforth be called tracing out modular magic synthesis (TMMS). Despite this
change, TMMS will still share all other implementation characteristics with MMS; TMMS will
use two input states for each round, the states will only be evolved with two-qubit Clifford
operations and the operations used might vary between rounds such that the fidelity of the
output state to the target becomes optimized.

This chapter will be initiated with a description of how the TMMS algorithm was implemented,
which is done similarly to the introduction of MMS in Chapter 3. This description is then
followed by a presentation and a corresponding discussion of the obtained results, where both
rotated and mixed input states were considered.

C.1 Implementation of the TMMS algorithm

In this section, we will present how the TMMS algorithm was implemented. This will begin
with a description of one round of the algorithm, which is then followed by an outline of how
multiple rounds were implemented.

Similar to MMS, the input for one round of optimization of the TMMS algorithm is two of the
same states pi,, which are initiated by applying a dephasing operation D (p;,) to each state.
The input states are then evolved with a Clifford operation C' € C}, which will yield a system
that is the same as in Eq. (3.6). In contrast to the MMS algorithm, the second qubit will then
be traced out in a similar fashion to the calculations in Eq. (2.14), which will yield the output
state of the optimization round as

Pout = Tr2 [D (pin) ® D (pm)]
= (I (0)C (D (pw) @ D (pin)) C" (I ®10)) + (I ® (1]) C (D (pin) ® D (pin)) CT (I @ [1))

These calculations can be visualized as the circuit in Figure C.1. An important effect of tracing
out the second qubit is that the TMMS algorithm will be deterministic, in contrast to MMS
which is probabilistic.
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C. Tracing out modular magic synthesis

Pout

Trace out the
2nd qubit,

Figure C.1: This circuit depicts one round of optimization of the TMMS algorithm, where C' € C

To investigate the full capabilities of the TMMS algorithm, more rounds of optimization need
to be considered, where the output state will become the input for the next round. Two rounds
of optimizations are depicted in Figure C.2 to give an impression of how the circuit can be
inferred for more rounds. Similar to the study of MMS, we investigated the TMMS algorithm
up to four rounds of optimization, where the circuits for three and four rounds are depicted in
Appendix D.2.

Pin

Figure C.2: The corresponding circuit for two rounds of optimization of the TMMS algorithm,
where C, Cy € C),

The implementation of more rounds of the TMMS algorithm was, analogously to the case of
the MMS algorithm, aided by the abbreviations that are presented in Appendices A.3 and A .4
to reduce the number of output states that needed to be considered after each round.

C.2 Results & discussion of the TMMS algorithm

Analogously to Chapter 4, we will in this section present the results that we obtained by
implementing the TMMS algorithm, and provide a discussion regarding the findings. Similar
to the results of the MMS algorithm in Section 4.1, the acquired maximum fidelity curves
are only approximations of the true continuous curves, since they have been obtained with
individual input states that give corresponding discrete output values. Also similar to the
previous results, the values of the initial rotation angles and error probabilities that were used
are explicitly written in Appendix E.2.

C.2.1 TMMS results

We studied the TMMS algorithm by using both rotated and mixed input states, and these
results will be presented and discussed in this section. We only considered the case of H-type
distillation, since that showed the most promise from the previous results of the MMS algorithm
that are shown in Chapter 4.
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C. Tracing out modular magic synthesis

First, we applied the TMMS algorithm to several input states that were rotated with different
initial angles, similar to the studies that gave the results in Figures B.2 and B.5. This investi-
gation was performed for three rounds of optimization and the fidelity curves we obtained are
shown in Figure C.3.
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Figure C.3: This plot shows the obtained maximum fidelities for ten initial rotation angles and three rounds
of optimization, which were implemented with the circuit that is shown in Figure D.3. In addition to the dots
that mark the obtained fidelity values for the three rounds, the fidelity between the target T state and the input
is also shown with the red dashed line.

In addition to the maximum fidelity that we obtained for the case of a rotated input state,
we also investigated the scenario when the initial input was a mixed state on the form of that
state in Eq. (3.4). We obtained maximum fidelities for four rounds of optimization and they
are displayed in Figure C.4.
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Figure C.4: In this plot, we show the maximum fidelities that were obtained for four rounds of the TMMS
algorithm for different initial error probabilities, similar to the results in Figures 4.1 and 4.2, with the corre-
sponding initial fidelity. The ten initial error probabilities that were used when we obtained these results are
shown in Appendix E.2.1.
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C. Tracing out modular magic synthesis

C.2.2 TMMS discussion

The discussion of the previously shown results that we obtained by implementing the TMMS
algorithm will now be given. These fidelity plots will be studied in comparison to the findings
of Bravyi & Kitaev and the results that were acquired by implementing the MMS algorithm,
which is presented and discussed in Chapter 4 and the Appendix B. We will start this study by
comparing the results that were obtained when a rotated input state was used in the TMMS
algorithm, which is shown in Figure C.3, and the obtained maximum fidelity curves from
Figures B.5. This is then followed by an investigation of the case when a mixed input was
considered for the TMMS algorithm in Figure C.4 and the derived output fidelity curves from
Bravyi & Kitaev, which are shown in Figure 2.7, and the maximum fidelity curves from the
implementation of the MMS algorithm that are shown in Figure 4.2.

One of the most important differences that can be seen by comparing the rotation results from
Figures C.3 and B.5, is the MMS algorithm was able to find a fidelity that was higher than
the initial fidelity for most initial rotations, but the TMMS algorithm could not find a better
fidelity for any input angle. Additionally, the MMS algorithm was able to increase the fidelity
for smaller initial rotations when more rounds were implemented, while the maximum fidelity
that the TMMS algorithm could produce where always equal to the initial fidelity for all opti-
mization rounds.

Similar to the rotation results, the maximum fidelity curves in Figure C.4 appear to analogously
be the same as the input fidelity curve for all initial error probabilities. This is in contrast to the
derived output fidelity curves from Bravyi & Kitaev and the maximum fidelity curves from the
implementation of the MMS algorithm, where these results show that the respective algorithm
was able to produce an output state that was closer to the target compared to the input.

The fact that the TMMS algorithm was not able to increase fidelity for either a rotated input
or a mixed input, while the implementation of this algorithm is similar to that of the MMS
algorithm which could increase the fidelity for some input states, can be explained by consid-
ering how these algorithms differ. The distinctive characteristic of these algorithms is that in
TMMS we apply a partial trace to the second qubit, while we instead perform a post-selection
measurement in MMS. These results highlight the powerful benefits of using post-selection,
which effectively corresponds to artificially picking the desired outcome independent of the
probability of obtaining that result, while partial trace is equivalent to measuring a qubit and
then discarding the outcome [21],[36]. A clear example that highlights the uncertainty created
by performing a partial trace is that the remaining output state most often will be a mixed
state, as can for example be seen from the results of the calculations in Eq. (2.14), while the
remaining state can be a pure state after post-selection, as is the case of Eq. (2.16). Further-
more, since no optimization round of the TMMS could improve the fidelity, we conclude that
more rounds most likely would also be insufficient to obtain an output state with increased
fidelity compared to the input state.
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Appendix D

Extended quantum circuits

In this appendix, we present the complete versions of the circuits used when implementing and
studying the MMS and TMMS algorithms.

D.1 Circuits for MMS

__________

—————— Pout,3

Cs

2 round
e
e

______________________

Figure D.1: This is the circuit for three rounds of optimization of the MMS algorithm, which requires eight
input states and where Cy, Cs, C3 € C.
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D. Extended quantum circuits

_________
___________

______________________

Cs

Cy

______________________

Figure D.2: This is the complete circuit that was used when we implemented four rounds of optimization
of the MMS algorithm. The circuit was for example used to obtain the results in Figures 4.1 and 4.2. Sixteen
input states are needed for this optimization, where Cy, Cs, C3, Cy € C).
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D. Extended quantum circuits

D.2 Circuits for TMMS

2 round.

__________

Cs

1" round

Figure D.3: Correspondingly to the circuit in Figure D.1, this is the quantum circuit which illustrates how
three rounds of the TMMS algorithm are implemented, where Cy, Ca, C5 € Cj.
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D. Extended quantum circuits

pout,4

Pin

Pin

Pin

pin

Pin

Pin

Pin

Figure D.4: The circuit in this figure shows how the full four rounds of the TMMS algorithm is implemented,
where Cy, Ca, C3, Cy € C).

XXXI



Appendix E

Tables and lists

We summarize in this appendix the table of single-qubit Clifford operations and lists of the
initial error probabilities and rotations angles that were used to obtain the presented results.

E.1 Single-qubit Clifford operations

In Section 2.2.1, we mention that the single-qubit Clifford quotient group can be generated by
the Hadamard and the phase gate. Furthermore, in Section 2.1.5, we saw that this group will
consist of twenty-four operators. An example of the members of this group is summarized in
Table E.1 up to a global phase.

CelCy Co*Ct Co¥CT Co*Ct Ced] Co*Ct Co¥CT Co*CT
I o” oy o* HS —a¥ —0* o”
o” o” —a¥ —0o* HSo” —a¥ o* —o”
oy —o” oY —0o* HSoY oY —0* —o”
o? —0° —a¥ z HSo*(L?) oY z o”
H z —o? a”® SH(L) o* a”® a¥
Ho* z ogd —o” SHo"(Lo®) i —o” —a¥
HoV —0” —o¥ —o” SHo¥(LoY) —0” a”® —o¥
Ho? —0” a¥ a”® SHo*(Lo?) —0” —o” a¥
S a¥ —o” ? SHS(LS) v —0” a¥
So® logd —o” —o* | SHSo*(LSo”) v o? —oY
So¥ —oV¥ —o” —o* | SHSoY(LSoY) —o* —0* —oY
So* —a¥ ond o* SHSo*(LSc*) —o® o a¥

Table E.1: Summarization of one example of all the single-qubit Clifford quotient operators and how they
act on the Pauli matrices. These operators were generated by first creating all the possible single qubit tableaux
and then utilizing the Qiskit [34] Python function which converted the tableaux to matrices. Note that this list
of Clifford operators is arbitrarily chosen and there are numerous other possible single-qubit Clifford operators.
However, these other operators will only differ by a global phase and will therefore act on the Pauli matrices in
the same way.
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E. Tables and lists

E.2 Steps for initial ¢ and 6

Some of the results in Chapter 4 and Appendices B and C.2.1 were obtained by varying the error
probability or rotation angle of the initial state over a specified range to acquire a curve that
approximately describes how the maximum fidelity depends on the input state. To offer more
detail on how these plots were obtained, the individual input error probability or rotational
angle values that were employed are summarized in this section.

E.2.1 Initial ¢

These are the initial error probabilities that were used to obtain the individual output fidelities
and corresponding success probabilities that hint at the general structure of the curves in
Figures 4.1, 4.2, 4.3, 4.4 and C4

€1 € {0.0,0.01,0.05,0.1,0.15,0.2,%,0.22,0.3,0.4,0.45, 0.49, 0.499, 0.49999} , (E.1)
Eina2 € {0.0,0.01,0.05,0.1,0.14,0.1464, 0.1465,0.15,0.2, 0.3, 0.4, 0.45, 0.49999} , (E.2)
€mas € {0.0,0.01,0.02,0.03,0.04,0.05,0.06,0.07,0.08,0.09,0.1,0.11,0.12,0.13,0.14, 0.1464} ,
(E.3)
Einaa € {107°,1074%,1074,1073%,107%,1072%, 1072} , (E.4)
Ein,ca €{0.0,0.01,0.05,0.1,0.14,0.1464, 0.15,0.2,0.3,0.4} . (E.5)

E.2.2 Initial 0

Similarly, these are the initial rotation angles that were used to obtain the curves in Fig-
ures B.2, B.5, and C.3

1 u
0111,]3.2’ 91117]3.5 € {2 : § U = 07 17 s ,9} ) (EG)
™ Uu
Hin - = == ,1,...7 . E
,0,36{4 9u 0 9} (E.7)
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