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SEBASTIAN BENGTSSON
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Chalmers University of Technology and University of Gothenburg

Abstract
A possible way of increasing the resolution with which the bandwidth of a system can
be selected is by using a flexible resampling filter. Such a filter, using overlap-add
(OA) and chirp-Z transform (CZT), is suggested and implemented with Vivado high-
level synthesis (HLS) on a field-programmable gate array (FPGA). The resulting
filter can handle flexible resampling by varying the input length from 37 to 87
samples while constantly outputing 32 samples. To evaluate this implementation,
a reference case was also created, using OA with a regular fast Fourier transform
(FFT). When comparing the two cases, it was found that the flexibility that was
granted by the CZT implementation utilizes almost 4 times more digital signal
processing (DSP) slices in the target FPGA. However, the throughput of the CZT
implementation is 36 % higher. Finally, it is concluded that a flexible buffer will be
needed to change the resampling ratio during runtime and a possible implementation
in hardware is suggested.

Keywords: Bluestein, Chirp-Z, FFT, flexible resampling, overlap-add, radio com-
munication, resampling filter, Vivado HLS
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1
Introduction

An increasing number of the electronic devices manufactured today utilize the wire-
less domain to communicate, with 4.7 billion 4G devices estimated to be in use at
the end of 2021 and 4.4 billion 5G devices are forecast by 2027 [1]. As an effect, the
heavily contested radio spectrum [2] will need to accommodate more data transmis-
sion, from today’s 80 exabytes per month to 370 exabytes per month by the end of
2027 [1]. Hence, the available spectrum will have to be more efficiently utilized [3],
which can be done with optimized bandwidth usage.
Radio communication is commonly performed with a transmitter and receiver, and
the latter often contains a resampling filter, which is the focus of this thesis. The
resampling stage can be used to reduce the number of samples to be processed
and this reduces the bandwidth, which reduces the computational power required
in the following signal processing steps. The focus of this thesis is to explore the
possibility of supporting different bandwidths without affecting the analog parts
in a transmitter by using a flexible resampling filter. For a traditional receiver or
transmitter to support different bandwidths, the sample rate and clock rate of the
system must be varied. This variability increases the verification effort [4] as all
rates must be tested to ensure that no clock spurs violate the specification.
In the 19th century, Joseph Fourier observed that any function can be described as
a sum of sinusoidals [5] and although this is only true with conditions, it paved way
for what would become the Fourier transform. The Fourier transform is a tool for
decomposing a periodic function so that its frequency components, and their powers,
can be found [6]. This tool is popular in radio communication where frequencies
are commonly used to transmit information. However, digital systems will use the
discrete Fourier transform (DFT), since these will operate on discrete data points
rather than continuous curves. As the mathematical description of the DFT is of
quadratic time complexity, the fast Fourier transform (FFT) algorithm is commonly
used instead. As the DFT operates on digital values, the signal needs to be sampled
at a fixed time interval, called the sampling rate, so that a sequence of discrete points
is obtained. Then the FFT can be applied to these points, which is equivalent to
performing a DFT. The output of the FFT is a new sequence of points that indicate
what frequencies that carry the power in the original signal [6]. To achieve optimal
performance of the FFT algorithm, it should be possible to factorize into suitable
prime factors. For implementation purposes, powers of two or four are often selected.
Fractional resampling [7] can be performed by selecting the FFT and iFFT size
appropriately. However, the commonly used static FFT would require separate
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1. Introduction

implementations of suitably sized transforms for all the sampling rates that need
to be supported. To achieve non-integer fractional resampling ratios, a possible
alternative is to employ Bluestein’s FFT algorithm [8], also known as Chirp-Z, which
can be used to transform an arbitrary number of inputs [9]. Ericsson has created
a MATLAB script that uses Chirp-Z and overlap-add [10] as a proof of the latter
concept, indicating that this could be a viable method. This thesis further explores
the chirp-Z transform by implementing it in hardware for steady state.

1.1 Aim
With the purpose of achieving higher bandwidth selection resolution, the aim of this
thesis is to use high-level synthesis (HLS) to implement a resampling filter with a
flexible input length. This filter is going to utilize the chirp-Z transform (CZT) on
the input samples as it allows for an arbitrary input length. Furthermore, the length
is going to be adjustable by swapping the chirp parameters that the transform uses
for the convolution. The output length should always be fixed so that the sampling
ratio is decided by the length of the flexible input, which will also allow non-integer
resampling ratios. This aim can be broken up into the following partial goals:

1. Create a model of a Chirp-Z–based overlap-add resampling filter in MATLAB.
2. Implement the MATLAB model into hardware using Vivado HLS [11] and run

it on an field-programmable gate array (FPGA) evaluation board. The target
board will be a Xilinx Zynq UltraScale+ RFSoC ZCU111 [12], provided by
Ericsson.

3. Create a reference case using FFT and OA with a static resampling ratio.
4. Compare the hardware implementation of the chirp-Z based resampling with

the OA-FFT reference case, regarding
• achievable clock period,
• resource utilization, and
• power usage.

1.2 Limitations
As the design will be implemented with HLS, it could also be interesting to study
if a custom VHDL or Verilog implementation would perform better. However, this
would take too much time, which could be put to better use by developing a flexible
buffer that would enable changing the resampling ratio during runtime. This thesis
will only look at the possibility of implementing a design on the ZCU111 FPGA,
even though an application specific integrated circuit (ASIC) design could retain
the flexibility and would probably perform better since the routing can be more
optimized for the design. As HLS has a lot of optimization options, it will not
be possible to comprehensively test all of them and some aspects might not be
completely optimized.

2



1. Introduction

1.3 Thesis Outline
This thesis starts with the methodology in Chapter 2, where it is described how
MATLAB and Vivado HLS were used to create the hardware implementation. Chap-
ter 3 introduces contextualizing background to how radio communication works,
followed by descriptions of the FFT and Chirp-Z algorithms together with convo-
lution of streaming data. Based on that theory, Chapter 4 describes how the new
filter, using overlap-add together with the CZT, was designed and implemented in
hardware. The filter’s size and timing is presented in Chapter 5 together with the
results from a reference design that uses FFT instead of CZT in the filter. A com-
parison between the implemented filter and the reference design will be discussed in
Chapter 6. The thesis then ends with its conclusion on trade-offs between Chirp-Z
and FFT in Chapter 7.
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2
Method

First of all, a pre-study was carried out to thoroughly understand the Chirp-Z
algorithm and how it could be broken down into smaller, easier to implement, pieces.
This was to gain the necessary understanding of the algorithm and how it could be
used along with overlap-add (OA) to achieve convolution on streaming data, which
in turn would allow flexible resampling to work. To be able to use Chirp-Z it was
important to first understand how the FFT algorithm works, since it is used in the
convolution that is the core of the Chirp-Z algorithm. Furthermore, it was important
to understand FFT because it is used in the static-resampling reference design that
the Chirp-Z implementation was compared to.

To gain some practical experience with the two different DFT algorithms, further
development of Ericsson’s OA-CZT model in MATLAB was conducted. The goal
was to improve the proof-of-concept model to show that Chirp-Z and overlap-add
could be used in a resampling block. This model was redesigned to handle any arbi-
trary number of inputs so that it could later be used as a blueprint for development
in hardware. At that stage, the key was to write as verbose scripts as possible so
that all steps abstracted away within the MATLAB functions became visible. The
design for the CZT block was based on the implementation presented The Chirp-Z
Transform Algorithm and it’s Applications [9]. Once finished, it was compared to
the output of MATLAB’s own built-in CZT-function to check that the results were
correct. The idea was that if the model-building step was conducted in enough
detail, the hardware implementation step was likely to become easier to finish.

Once the MATLAB model had been completed, C++ programming was used with
the HLS library to implement the transform and convolution functionality. To enable
adjustment of the types that were used in the HLS file, C++’s template functional-
ity needed to be used. This meant that instead of putting the functionality in a .cpp
file and the declarations in a .h file, both the functionality and the declarations were
put into the header file. The functionality could then be verified with a C++ wrap-
per file which was used to map the ports to the component (created by the header
file) and set the data types. The verification was then conducted by generating
MATLAB executable (MEX) files with bit equivalent functionality to the hardware
description language (HDL) generated by Vivado HLS [11]. This generation was
done by calling MEX [13] on the C++ wrapper with HLS as a compiler flag and the
path to Vivado’s HLS libraries as arguments. The generated MEX function could
then be used as regular MATLAB function to compare the implemented functional-
ity to that of a built in MATLAB function. To get familiar with the HLS workflow,
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2. Method

a FFT generator script was written, based on similar scripts already created by
Ericsson, for a radix-5 FFT in MATLAB that produced the intended C++ file. The
radix-5 FFT was later used together with a radix-2 and radix-3 FFT to construct
composite mixed-radix FFTs. Particularly, a 160-point FFT was needed for the
CZT to handle an adequate number of values, which was created as a 5× 32-point
FFT.
Finally, the Chirp-Z implementation was evaluated by comparing it to a reference
case with a static resampling FFT implementation, which had also been imple-
mented using HLS. The comparison included resource utilization, computation speed
and power consumption of the implementations. The goal with this comparison was
to gain a solid understanding of the hardware cost that comes with the flexibility
that a CZT-based implementation offers.

6



3
Theory

This chapter will present the fundamentals of radio communication associated with
the thesis and the inner workings of the FFT algorithm that is commonly used in
the resampling filters. Finally, a mathematical description of the CZT algorithm is
given, followed by an explanation of circular convolution.

3.1 Radio Communication
Most modern radio communication can be described by Shannon’s communication
model [14], which partitions the system into five pieces, as seen in Fig. 3.1. In
the case of radio communication the data to be transferred is often represented by
binary numbers and the channel is often through the air, between two antennas.
The transmitter is made up of a digital and an analog stage that leads up to the
antenna. In these stages the data is filtered and modulated so that it only takes up
the necessary bandwidth. The inverse of these operations is done on the receiver
side and the details of this will be the topic of the following sections.

Data Transmitter Channel Receiver Data

Figure 3.1: Block scheme of Shannon’s general communication system. The Re-
ceiver block is circled because that is where this thesis aims to make an improvement.
Adapted from [14].

The first task of the transmitter is to make the bits transmittable. The bits are
modulated to symbols that represent a perfect square wave, which is not suitable to
transfer via radio frequencies as it has infinite bandwidth. Instead the bits are mod-
ulated to symbols that are upsampled and filtered with a limited bandwidth filter.
Typically a root-raised-cosine (RRC) function is used for this limited bandwidth
filter, since a transmit RRC filter matched with the receiver RRC filter ensures an
inter-symbol interference (ISI) free transmission [15]. The band limited signal must
then be converted to analog and filtered again, to remove any noise added from the
analog conversion. Finally, it can be output to the channel via the antenna. The
channel part of Shannon’s model is needed to describe the signal degradation that
is due to losing energy and being interfered by e.g. other radio transmissions. The
channel is an important part as it helps determine which receiver type is best suited
for the specific system.
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3. Theory

The essence of the receiver’s operation is to invert all the steps that the transmitter
performed, which means that similar operations are performed in the reversed or-
der. This thesis aims to improve the resampling step that takes place immediately
after the analog-to-digital conversion. To describe how and where this is done, the
remainder of this section will be dedicated to receiver architectures.

3.1.1 Receivers
The superheterodyne receiver was first suggested in the early 20th century [16] and
is the foundation of modern radio receivers. It is included in this section to give a
context to the problems that the other receivers solve. The superheterodyne receiver
builds on the concept of using analog circuitry to mix down a high radio frequency
to an intermediate frequency with the help of a local oscillator, which can bee seen
in Fig. 3.2. Hence, the superheterodyne receiver consists of three bandwidth stages:

1. The radio frequency (RF) or the carrier frequency that is used between anten-
nas, indicated with blue in the following figures.

2. The intermittent frequency (IF) resulting from mixing the local oscillator (LO)
frequency and RF, indicated with red in the following figures.

3. The baseband (BB) where the signal will be demodulated and interpreted,
indicated with green in the following figures.

BPF

Band selection filter

BPF

Image rejection filter

LO

BPF

Channel selection filter

I/Q LO

LPF

LPF

A/D

A/D
D
SP

Figure 3.2: Block diagram of a superhetrodyne receiver. After being received
by the antenna, the signal is passed through a band-pass filter, amplifier and a
real mixer. The output from the mixer is the signal at IF, which is also filtered,
amplified and mixed but with a quadrature mixer. Finally, the resulting in-phase
and quadrature signals are low-pass filtered and amplified before being converted to
digital. Adapted from [4].

After the first mixer, the signal will have a bandwidth of the difference between the
carrier radio frequency and the local oscillator frequency. The reduced bandwidth
makes it possible to have higher RF at the same time as good selectivity among
the BB frequencies. The main drawback of this architecture is the image frequen-
cies [4, 17], which are the frequencies going into the mixer that are mirrored around
the LO frequency. If there is interference that is the same distance away from the
LO frequency as the RF, then it will be mixed into the IF which causes distortion.
To avoid distortion, these interference frequencies can be filtered away with an ap-
propriate band-pass filter called an image rejection filter. The IF signal can then
be filtered, quadrature mixed and demodulated. When choosing the IF, there is a
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3. Theory

trade-off to be made: a higher frequency increases sensitivity and makes it easier to
detect signals while a lower frequency facilitates channel selection.
Another approach, called direct conversion, is to not use an IF and instead mixing
directly from carrier frequency to baseband, where the analog-to-digital conversion
takes place [4]. Direct conversion introduces the problem of LO leakage that is
due to mixers not being ideal and part of the LO frequency will be included in
the output of the mixer. However, this design has the advantage of reducing the
number of discrete analog components, making the receiver more flexible as there
are less components that needs tuning. Furthermore, moving directly from RF to
BB centers the signal around the zero frequency rather than IF enabling more work
to be done at the lower frequencies, hence decreasing the power consumption. The
drawback is higher noise requirements on the analog parts, as the receiver is very
sensitive to low frequency noise [17].

BPF I/Q LO

LPF

LPF

A/D

A/D

D
SP

Figure 3.3: Block diagram of a direct-conversion receiver. The signal is passed
through a band-pass filter and a low-noise amplifier before being quadrature mixed.
The filtering and amplification are repeated and the signal is then converted to
digital. Adapted from [4].

3.1.2 Analog-to-Digital Conversion
Independent of the architectures used, the resulting signal will have to be adjusted
to retain as much information as possible. Signal restoration is done in the digital
domain, just after the conversion from analog to digital, with tools like sampling
frequency recovery and timing recovery.
To reduce the complexity of the DSP, the digital signal is often downsampled to a
lower sampling frequency in order to reduce the number of samples to calculate. The
downsampling is done just after the signal has been converted to the digital domain.
Downsampling a signal x by a factor of K is performed by removing samples from
the signal in the following way [18]:

x(Kn) = xd(n), (3.1)

essentially skipping over every K − 1 sample. Discarding samples can only be done
when the signal quality is high enough, so that it does not affect the frequencies of
interest. The Nyquist criterion defines the lower limit as frequencies that are above
half the sampling frequency, these will fold over into the spectrum of interest and
become indistinguishable [15]. Once the samples have been removed it is important
to filter the signal using a low-pass or a band-pass filter to remove any risks of noise
from unwanted frequencies to fold into the wanted signal [19].

9



3. Theory

To perform the downsampling in the receiver, some form of resampling filter must
be used. Traditionally, it is trivial to perform downsampling by integer factors with
a resampling filter using (3.1). Achieving non-integer resampling factors, however,
becomes more complex and requires the use of more advanced filters like polyphase
or Farrow [19].

In later sections a method will be presented that might make it possible to achieve
these non-integer ratios by doing resampling in the frequency plane. This alternative
method, called the CZT, is performing a DFT but does so in a more flexible way
than the FFT. What the DFT is and how the different implementations work is
described in the following sections.

3.2 Discrete Fourier Transform
To fully understand how the FFT algorithm operates, it is important to first explore
the principles of the discrete Fourier transform (DFT). DFT is used to find frequency
components of a sampled continuous time signal, i.e. to find patterns in the time
signal that repeats themselves.

The DFT maps a set of data points (f [0], . . . , f [N − 1]) from the time (or space)
domain f [j] to the frequency domain F [k]. These data points are usually discrete
vectors of data sampled at a given interval from continuous functions or signals. The
DFT creates a representation of the data in f , using sums of complex sinusoidals
where the fundamental frequency is given by ω = e−i2π/N [6, 20]. The DFT of f is
then given by

F [k] =
N−1∑
j=0

f [j] · e−i2πkj/N , k = 0, . . . , N − 1, (3.2)

where k is the index of the harmonic frequency, j is the index of the sampled time
signal and N is the number of samples of the data vector [6]. The last part (ei2πkj/N)
represents the roots of unity [21], or also known as the fundamental frequencies [20].

It is possible to return from the frequency to the time domain again, by using the
inverse DFT (iDFT)

f [j] = 1
N

N−1∑
k=0

F [k] · ei2πkj/N , j = 0, . . . , N − 1, (3.3)

which is quite similar to DFT, but the iDFT contains the normalizing factor 1
N

and
the exponent of the roots of unity are positive, not negative [6, 20].

By notating the roots of unity as

ωkjN = e−i2πkj/N , (3.4)

10



3. Theory

the DFT matrix can describe the DFT sums in (3.3) as

F0
F1
F2
...

FN−1

 =



1 1 1 . . . 1
1 ω1

N ω2
N . . . ω

(N−1)
N

1 ω2
N ω4

N . . . ω
2(N−1)
N

... ... ... ...
1 ω

(N−1)
N ω

2(N−1)
N . . . ω

(N−1)2

N





f0
f1
f2
...

fN−1


By looking at the DFT matrix, the complexity of the DFT calculation can be seen
as O(N2) since there will be N frequencies to analyze for N data points. For larger
blocks of data, the computation will be very time consuming.

3.3 Cooley-Tukey’s Fast Fourier Transform Algo-
rithm

The fast Fourier transform (FFT) algorithm is a powerful tool for calculating the
DFT efficiently. It has been observed several times throughout history but it was
not until Cooley & Tukey published their paper in 1965 [21] that it gained traction
and it has since become indispensable. Though Cooley & Tukey’s FFT is the most
common algorithm for calculating DFT, several others were established later, e.g.
Bluestein’s FFT algorithm in 1970 [8] and Winograd Fourier transform algorithm
(WFTA) in 1976 [22].
Since DFT is a crucial step in many forms of signal processing, the need to reduce
the computational power was absolutely necessary. Cooley and Tukey [21] realized
that because of the symmetry in the DFT matrix, the DFT operation could be
broken down into several smaller DFT problems, which were less time consuming
to compute in parallel. This dissecting algorithm reduced the complexity of the
calculation from O(N2) to O(N logN) [6, 23].
The foundation to understand FFT is to first recognize that all odd-indexed twiddle
factors, which the notation in (3.4) is called, can be broken down to even-indexed,
i.e. ω

k(2r+1)
N = ωkNω

k(2r)
N . This breakdown means that all the odd-indexed terms

in the data series can be separated from the even ones. The separation of odd-
and even-indexed terms also makes it possible to divide the sum into two smaller
summations, half the size of the original.

F [k] =
N−1∑
j=0

f [j] · ωkjN (3.5)

F [k] =
N/2−1∑
r=0

f [2r] · ωk(2r)
N +

N/2−1∑
r=0

f [2r + 1] · ωk(2r+1)
N (3.6)

F [k] =
N/2−1∑
r=0

f [2r] · ωk(2r)
N + ωkN

N/2−1∑
r=0

f [2r + 1] · ωk(2r)
N (3.7)

This separation will also affect the root of unity used in the summation, ultimately
breaking down a N-point DFT to two N/2-point DFTs. Since the two N/2-point
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DFTs are smaller and can be calculated in parallel, the calculation is much lighter
and faster. Next thing to recognize is that the twiddle factors are periodic, which
means that ω(m+N/2)

N/2 = ωmN/2, this will also reduce and simplify the calculations
further, since there will be fewer unique twiddle factors to calculate [6, 23].

F [k] =
N/2−1∑
r=0

f [2r] · ωkrN/2 + ωkN

N/2−1∑
r=0

f [2r + 1] · ωkrN/2 (3.8)

F [k] = xeven[k] + ωkN · xodd[k] (3.9)

It is common to describe the FFT algorithm in a butterfly diagram. The butterfly
can display FFTs with different radix, i.e. the number of inputs on each partial
DFT. For example, an 8 point FFT can be described using pure radix-2 FFT. The
radix-2 FFT needs three stages with four 2-point DFT’s at each stage to calculate
8-point DFT, as shown in Fig. 3.4. A mixed-radix FFT can be used to process a
number of samples that is not limited by a power of two. For example, three radix-2
DFT’s can be used in the first stage and two radix-3 DFT’s in the second stage to
create a 6-point FFT, as shown in Fig. 3.5.
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Figure 3.4: Butterfly diagram showing a radix-2 FFT for an 8-point input.
Adapted from [6].

3.4 Bluestein’s Chirp-Z Algorithm
The chirp-Z transform (CZT) was originally called Bluestein’s fast Fourier trans-
form [8], as it was his way of computing the DFT of an arbitrary set of data points.
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Figure 3.5: A mixed-radix FFT diagram using four radix-2 FFT’s in the first stage
and two radix-3 FFT’s in the second stage to process a 6-point input.

The algorithm takes a linear filtering approach to perform the DFT that is based
on the observation that chirp filtering some signal f(t) is a good approximation of
taking its Fourier transform. In the z–plane, this chirp filter takes the shape of an
arc which can be adjusted so that it falls on the unit circle, effectively performing
a “zoomed” FFT. This zooming has the benefit of just calculating the interest-
ing points while simultaneously giving a higher resolution for the same number of
points calculated. One of the most advantageous features of the algorithm is that
the number of input points can be easily changed by changing the number of points
constituting the chirp filter [9]. Furthermore, the filter can be precomputed and
stored in memory for quick access, making it possible to change CZT length during
runtime.

3.4.1 The Z-Transform
To better understand the properties of the CZT, the z-transform (ZT) must first be
mentioned, beginning with its definition. The ZT for right-sided (X(k) = 0, k < 0)
and finite signals can be expressed as

Xk =
N∑
n=0

xnz
−n, (3.10)

where Xk is the frequency-domain result, xn is the time-domain samples and z is
the complex number

z = rejω, (3.11)

describing the scaling factor r and the fundamental frequency ω [18]. The scaling
factor makes it possible to analyze exponentially increasing signals by setting it to
the inverse of the exponent, extending the functionality of the DFT. The resulting
points in X can be visualized in the z–plane as points around the unit circle with
the angular spacing
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ω = 2π f
fs
, (3.12)

where f is the frequency of the signal being sampled and fs is the sampling frequency.
To visually present the information from the ZT, a pole-zero plot is often used,
shown in Fig. 3.6c. A pole-zero plot shows where the zeros and poles are located
in the z–plane, with the angle from the real axis indicating frequency relative to
ω. Considering the poles, their distance |X| from the unit circles origin indicate
the system’s stability, where points inside the circle indicate a stable system and
points outside indicate an unstable system. Finding poles and zeros can be done by
analyzing the frequencies in the ZT to see where it goes towards infinity and zero,
respectively.

t(s)
0.2

1

-1
(a) Sine wave, with a frequency of 5 Hz, samples at 40
Hz.

ω

| · |

2π−2π

4

(b) DFT of the function in Fig. 3.6a.

Re

Im

(c) Z–transform of the function from
Fig. 3.6a. Poles marked with crosses
and zeros with circles.

Figure 3.6: An example of signal analysis using the DFT and the ZT. It can be
noted that the pole placement in (c) resembles that of the amplitude peaks in (b) if
the range 0 ≤ ω < 2π from the ω axis would be wrapped around the unit circle.

In Fig. 3.6 an example is used to show the resemblance between a regular DFT
and a ZT when analyzing a sine wave, without scaling. In Fig. 3.6a a regular sine
wave is plotted, which is neither stable nor unstable as it oscillates with a constant
amplitude. This wave shows up in Fig. 3.6c as a pole on the unit circle at ±45
degrees from the real axis. The DFT in Fig. 3.6b indicates that there is energy in
both the first and last point, but not the zeroth. To be noted here is that both these
points appear at 1/8 of the way around the circle in both cases.

In the following section, an alternative z will be described that does not extend
around the whole unit circle.
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3.4.2 The Chirp
The z-plane chirp contour that is used to perform the chirp-Z transform can be
described with the multiplication

zk = AW−k, (3.13)

where A and W are two complex numbers defined as

A = A0e
i2πθ0 and W = W0e

i2πφ0 , (3.14)

where θ0 and φ0 define the starting angle and the angular step, respectively. A0
defines the starting point’s distance from origin and W0 determines if the contour
will have a constant radius or if it moves towards or away from origin. These
variables and their effect on z are shown in Fig. 3.7 together with the corresponding
ZT contour for the same number of points. Using the arc as the path for the
transform results in the following equation:

Xk =
N−1∑
n=0

xnA
−nW nk, (3.15)

where A−nW nk has replaced z−n in the original z-transform (3.10). The effect of
controlling z gives that only the part of interest from the frequency spectra is cal-
culated.

z−2

ω

(a) The angular spacing of the sam-
pling points for a 10 point ZT.

A0W
−2
0

A0

2π(M − 1)φ0

2πθ0

2πφ0

(b) One example of an AW chirp con-
tour with 10 points, plotted in the Z-
plane. Adapted from [9].

Figure 3.7: Visual example of distribution of z values between the ZT (a) and the
CZT (b).
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It was by expanding the indexing of (3.15), in the following way, that Bluestein
managed to extend the functionality of CZT beyond that of Cooley-Tukey’s FFT:

nk = n2 + k2 − (k − n)2

2 . (3.16)

Rewriting (3.15) with (3.16) makes it possible to break the CZT algorithm into
smaller pieces that could be implemented as a 3 part process, giving the final ex-
pression

Xk =
N−1∑
n=0

xn A
−nW n2/2︸ ︷︷ ︸

pre-multiply

Convolution︷ ︸︸ ︷
W (k−n)2/2 W k2/2︸ ︷︷ ︸

post-multiply

. (3.17)

3.4.3 Algorithm
The chirp-Z transform achieves the same thing as the FFT but does so with an
extended functionality at the cost of higher complexity O((N + M) log(N + M)),
compared to FFT’s O(N logN). As opposed to the FFT mentioned in Section 3.3,
the CZT can take an arbitrary number of points N of a sampled signal as input and
output an arbitrary number of samples M . The key to this flexibility is that the
CZT uses convolution to achieve the transform, in addition to sophisticated matrix
operations. For the algorithm to be efficient, this convolution is done by moving to
the frequency plane with FFT, multiplying the required numbers and then moving
back with the iFFT. For the algorithm to work, the number of points L that the
previously mentioned FFT can handle must be chosen according to

L ≥ N +M − 1. (3.18)

As a consequence, the second step to the algorithm is to pad the input with zeros.
This zero padding is done after the signal has been premultiplied with the values
defining the contour, the operations can be described as follows

yn =

xnA−nW n2/2 n = 0 ≤ n ≤ N − 1
0 n = N ≤ n ≤ L− 1,

(3.19)

in accordance with Fig. 3.8. To make the convolution circular, W n−2/2 must be
sliced and then rearranged in the following way:

vn =


W−n2/2 0 ≤ n ≤M − 1
W−(L−n)2/2 L−N + 1 ≤ n ≤ L

Arbitrary n = other values,
(3.20)

vn and yn are convoluted by multiplication in the frequency plane and then pointwise
multiplied into a signal calledGr. This signal is transformed back to the time domain
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xn
0 ≤ n ≤ N − 1

A−nW n2/2

Pre-multiply

yn ~W n−2/2

FFT (vn, L)vn

FFT (yn, L)yn
IFFT (Gr, L) gk

Gr

W k2/2

Post-multiply

Xk

0 ≤ k ≤M − 1
yn gk

Figure 3.8: Block diagram of the CZT method. Adapted from [9]

with iFFT and multiplied with the final part of (3.17), W k2/2. The result from this
multiplication is the final signal Xk. An overview of these steps can be seen in
Fig. 3.8.
It is apparent that the CZT will require more hardware resources than a regular
FFT but with two highly interesting new features:

• Both numbers of inputs and outputs can be arbitrary numbers which do not
need to be composite.

• The contour supplied to the transform does not need to be a circle and the
points along the contour can have arbitrary angular spacing.

3.5 Convolution
Non-cyclic data is a problem if any type of fast Fourier transform is going to be used,
because such a transform on a finite number of points must be periodic to produce
correct output. To make non-cyclic data, e.g. that received by a radio communi-
cation system, possible to convolute, there are two common methods: overlap-add
(OA) and overlap-save (OS). Both methods work by breaking the long data up into
smaller pieces of length N which are separately convoluted and then recombined,
without loosing any information. These methods are usually based on a convolu-
tion using FFT in the frequency domain, which often assumes that the number of
samples to handle is a power of 2, for simplicity [10, 24]. This is not necessarily the
case when the CZT is used, as was explained in Section 3.4.

3.5.1 Overlap-Add
To decide the lengths N that the input x needs to be split into, the L samples that
the transform can handle must first be decided. To do this, a filter kernel of length
H that is going to be multiplied with the input signal must also be selected [10],
which is typically a root-raised-cosine (RRC) filter. Both the filter and the input
signal must be padded to the length L ≥ H + N − 1 to make the vectors equal
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length and to avoid edge effects [10]. The zero padded data block and filter kernel
are transformed to the frequency domain and multiplied to achieve convolution. The
product is then transformed back to the time domain, where it is concatenated so
that H samples at the end of one convolution are overlapped and added to the start
of the next convolution as shown in Fig. 3.9. According to [24], a 1-dimensional
convolution is 80 % as complex to perform with OA compared to OS.

x

N

x 0 . . .
L

N

x 0 . . .
L

N

x 0 . . .
L

FFTL

FFTL0 . . .h

IFFTLL
Filter

ŷ

y

ŷ ŷ ŷ

Overlap

Figure 3.9: Block diagram of the overlap-add convolution. Adapted from [24].

3.5.2 Overlap-Save
Just like OA, overlap-save splits the data stream x into smaller N sized blocks,
according to the definition in Section 3.5.1. This splitting means that edge effect
are not avoided through zero padding. Instead the next data block overlaps the
selection of the first [10] which can be described with the following subsets

x̂0 =[x0, . . . , xL−1] (3.21)
x̂1 =[xN , . . . , xL+N−1] (3.22)
x̂2 =[x2N , . . . , xL+2N−1] (3.23)

The data block is then transformed, multiplied and transformed again the same way
as for OA. However, instead of adding the overlapping samples they are discarded
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and only the part of length N is saved, as shown in Fig. 3.10. As the overlapping
samples from the output are discarded this means that OS requires less memory
during runtime compared to OA, because OA needs to save the output in order to
concatenate it with the previous block [24].

x

Overlapping samples

x

L

x

L

x

L

FFTL

FFTL0 . . .h

IFFTLL
Filter

y

y

N

y

N

y

N

y

Figure 3.10: Block diagram of the overlap-save convolution method.
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4
Implementation

This chapter describes the decisions taken for the hardware implementation of the
resampling filter found next to the ADCs. Firstly, we will explain how the RRC
filter affects the dimensions of overlap-add (OA). Then we will describe how OA
affects the dimensions of CZT and its internal FFT. Then this chapter ends with an
explanation of a few reference designs that were constructed to be able to evaluate
the size and performance of the implemented flexible filter. The last section explains
how the function of the implemented design was verified with a MATLAB model.

ADC Flexible
Buffer

OA
CZT

real
imag

64×18b

64×18b

87×18b

87×18b

32×18b

32×18b

...
Analog Digital

Figure 4.1: The implemented flexible resampling filter using overlap-add and the
chirp-Z transform together with the needed flexible buffer.

The flexible resampling filter can be seen together with the suggested flexible buffer
in Fig. 4.1. For this resampling filter to function with a completely flexible input
length during runtime, it requires a flexible (gearbox) buffer between itself and the
ADC that can change how many samples that are sent to the input of OA-CZT.
However, the focus for this implementation has solely been the resampling filter.
Further details on how the CZT and OA are internally connected will be shown
in this chapter. A description of constraints for the flexible buffer is presented in
Chapter 6 as a suggestion for future work.
There were two main constraints that the implementation had to be designed around.
The first was that it must process at least 64 new complex samples every clock cycle,
which means that it should be a flat design that computes every sample parallel to
one another. The second constraint was that it should operate using the internal
250 MHz clock, which means that there are 64 new samples every 4 ns.

4.1 Overlap-Add Top-Block
Of the two convolution methods presented in Section 3.5, the only feasible alternative
is OA. This is because of the CZT implicitly zero padding the input data, just like
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in the OA algorithm, making them compatible. This is not case for the OS which
instead uses the input signal to pad the transform, which is not possible with the
CZT, unless half of the input width is sacrificed.
A distinct feature of the CZT is that it can ”zoom in” on a specific part when
transforming, instead of utilizing the entire unit circle as a regular FFT. The zoomed
region is chosen by selecting a starting point and an angular step, as seen in Fig. 3.7,
in such a way that the arc coincides with the unit circle. This feature can be utilized
by the OA method after the RRC pulse shaping filter is transformed to the frequency
domain, because then the CZT can avoid calculating the near-zero samples that a
radix-2 FFT would need to perform.
The RRC filter that is used in the OA-block has the same parameters as the RRC
filter in the transmitter of Ericsson’s experimental communication system, to ensure
correct data recreation. This filter is defined by 64 coefficients in the time domain.
When transformed to the frequency domain, the RRC filter will be defined by 128
samples to be able to fit with a static FFT resampling filter using a 2-to-1 sampling
ratio, which can be seen in Fig. 4.2. However, only 74 of these samples will be
far-from-zero values, where 10 samples on each side will form the slopes, as seen in
Fig. 4.3b.

0 20 40 60 80 100 120 140

Number of samples

0

1

2

M
a
g
n
it
u
d
e

74p CZT 128p FFT 64p Overlapped

Figure 4.2: The root-raised-cosine filter, transformed to the frequency domain
with a 128p FFT and a 74p CZT which then results in the 64p overlapped version

The CZT’s zoom feature will avoid the calculation of 128 − 74 = 54 near-zero
samples, based on the size of the RRC filter, as previously stated. To achieve this
zoom, the chirp is set to have the same angular spacing as a regular 128 point FFT
but with the starting point set to -37 to make the 74 samples wrap symmetrically
around the zero angle, see Fig. 4.3a. It should be noted that due to the position
of the chirp contour’s starting point, the transform needs to be shifted so that the
lowest value is placed in the middle of the samples, see Fig. 4.3b. This shift is so
that the samples will appear in the right order, as seen in the 128p FFT case. The
effects of CZT zoom-feature on the RRC filter can be seen together with an 128p
FFT in Fig. 4.2. It is apparent from this figure that the 74p CZT is just 128p FFT
without the zero points, which is why they result in the same 64p overlapped output.
The profile of the transformed RRC filter can be be seen in Fig. 4.2, both before and
after being overlapped. The reason for the overlap is to remove the slopes and flatten
the filter, but it does create an undesirable bump in the middle of it. However, after
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Start point

(a) The chirp contour used in the OA
implementation
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(b) Plot of the root-raised cosine filters
magnitude in frequency domain, before
and after shift

Figure 4.3: Plot of the chirp contour used with the CZT and the resulting trans-
form of the root-raised cosine filter

the received signal is convoluted with the RRC filtered data the bump effect of the
RRC filters will cancel out. The resulting data width after overlap is then a 64p
transform, which is seen in Fig. 4.2, that enables the use of a 64p iFFT, as seen in
Fig. 4.4.

The 64p iFFT takes the signal back to the time domain where both the overlap and
addition takes place. As the filter and the signal are of equal length, the overlapping
parts will also be of equal length, i.e. the lower 32 samples from one clock cycle are
overlapped with the upper 32 samples from the previous cycle.
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premult[87]

0
87:159

FFT
160p

conv[160]

0:159 iFFT
160p

postmult[74]

0:73

rc[74]
Shift

Overlap
74→ 64

iFFT
64p

0:31

32:63

CZT
OA-CZT

y[32]

Figure 4.4: Block diagram of the OA-CZT method
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4.2 160p FFT Sub-Block
To have comparable systems, both the OA-FFT reference case and the OA-CZT
case should be able to handle 2:1 downsampling, meaning 64 input samples must
be possible. The Chirp-Z algorithm uses an L point FFT in the convolution stage
when yn becomes gk, which can be seen in Fig. 3.8. This ratio meant that, according
to (3.18), the number of samples that the transform must be able to handle is

L ≥ N +M − 1
L ≥ 64 + 74− 1
L ≥ 137

The closest radix-2 FFT that can perform this transform is 256 points, which would
mean extensive zero padding and calculation of zero values that are never going to
be used. To save area, a 160-point FFT was implemented instead by creating a
mixed-radix of 25 × 5 = 160. The current implementation first constructs five sets
of radix-2 FFT with 25 = 32 number of inputs for each FFT. After that, a set of five
radix-5 FFT’s can be connected to the outputs of the radix-2 FFT’s, as in Fig. 3.5,
to create a new mixed-radix FFT with 160 input and output points.

Table 4.1: Some of the possible radix combinations for the FFT in CZT created
by the radix-3 and radix-5 implementations.

Mixed radix Input points Mixed radix Input points
20 1 233 24
21 2 25 32
203 3 235 40
22 4 243 48
205 5 26 64
213 6 245 80
23 8 253 96
215 10 27 128
223 12 255 160
24 16 263 192
225 20 28 256

To create more possible variations of the FFT sizes, a radix-3 implementation was
also created and can be connected after the radix-2 FFT’s in a similar way as
radix-5. This makes it possible to further optimize the CZT implementation if the
number of inputs or outputs need to be changed in the future. Table 4.1 introduces
some of the possible input/output sizes for the FFT created with the mixed-radix
implementations using radix-3 and radix-5. The radix-3 and radix-5 FFT’s were
implemented using the results from Löfgren and Nilsson [25]. The diagrams for
these FFT algorithms are shown in Figs. 4.5b–4.5c. To be able to compare their
complexity, the diagram for radix-2 FFT can be seen in Fig. 4.5a. It must also
be noted that the implementation of radix-2 FFT is optimized by utilizing split-
radix 2/4, which is a design that reduces the number of multiplication needed [26].
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Figure 4.5: All radix designs were implemented using the results from [25] and all
figure have been adapted from [25].
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4.3 Chirp-Z Transform Sub-Block
As explained in Section 3.4, the CZT can take an arbitrary integer number of inputs
within a certain span. This span can be determined by solving the inequality (3.18),
with the given L = 160 and knowing that the output from the CZT block needs to
be N = 74. This setup widens the CZT input M to a new maximum value of 87
points. When testing the system, the lower limit was found to be around 37 samples
where the signal started to become distorted. Hence, it is possible for the chirp to
select an arbitrary number of inputs between 37 and 87 samples by controlling the
three different signals corresponding to the stages in Fig. 3.8. The premult signal
only affects the input samples and hence has identical width, the conv signal affects
the whole L point transformed signal and the postmult signal affects the M output
samples.

The algorithm for performing the CZT was first implemented in MATLAB to fa-
cilitate the implementation in C++ by outlining the steps. The most significant
change when moving from MATLAB to the hardware oriented C++ was that the
data types needed to be changed from double to a built in type called ap_fixed.
This type is, as the name suggest, a fixed point type and must be instantiated both
with a word length, zero point placement and directives for how overflow should be
handled. Using a fixed point representation places more stringent requirements on
how numbers are handled as precision is lost when numbers become small or when
numbers grow too large and there is overflow. To achieve the smallest error, the
numbers inside the algorithm need to be scaled so that they are as close as possible
to, but never exceed, ’1’ since that might cause overflow. The implementation is
using a word length of 18 bits with the zero point after bit 2, making it possible to
represent the span of numbers shown in Table 4.2. This number of bits is chosen
because of DSP48E2 slices [27], that are part of the ZCU111 FPGA, have two ports
and one of them has a limited word length of 18 bits.

Table 4.2: The span of numbers that are possible to be represented with 18 bits
where the zero point comes after bit 2.

Value
Max 1.99998474121
Min -2.00000000000
Resolution 2−16 = 1.52587890625 · 10−5

To reduce the number of calculations performed in the hardware, the chirp param-
eters of the CZT are precomputed outside of the design and loaded as needed. In
Fig. 4.4, these parameters are named premult, conv, postmult and correspond
directly to the stages in (3.17). Additionally, the coefficients that represent the
RRC-filter can also be precomputed outside of the hardware implementation and
are seen as rc in Fig. 4.4. This removes a lot of complex arithmetic which other-
wise would require large area for computations that very rarely will be performed.
Furthermore, to change the resampling ratio it is only a matter of updating the
precomputed values and changing the amount of zero-padding on the data.
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An optimization was also implemented that combined the multipliers associated with
postmult and rc, which reduced the amount of needed DSP48E2 slices. This was
possible as the shift operation just as well can be performed after this compound
multiplication. The optimized implementation can be seen in Fig. 4.6. As the
precalculation of the rc parameter previously included a shift operation, it had to
be updated so that the sample values were not shifted twice.

x[87]

premult[87]

0
87:159

FFT
160p

conv[160]

0:159 iFFT
160p

postmult[74]
×

rc[74]

0:73

Shift
Overlap
74→ 64

iFFT
64p

0:31

32:63

CZT
OA-CZT

y[32]

Figure 4.6: Block diagram of the optimized OA-CZT method.

4.4 Implementation Approach
HLS adds a level of abstraction between the HDL and the user, thus some of the
fine grain control over how the hardware is created gets taken away. To regain this
control, Vivado HLS offers directives, called pragmas, that can be passed to the
preprocessor to realize code in different ways [11]. The most important pragma for
the whole design was #pragma HLS ii=1 which tells the tool that the design needs
to be able to accept new data every clock cycle. Additionally, this pragma raises
warnings when some part of the design does not meet this requirement, which was
incredibly helpful when debugging. The next step was to achieve the desirable timing
of 250 MHz, which was fulfilled by targeting the design at a lower clock period. It
was necessary to lower the clock target, otherwise Vivado had problems to route the
design effectively.

4.4.1 Memory
As the implementation is going to be used with streaming data, the most important
design goal is throughput so that new data can be processed every clock cycle. For
this throughput to be achieved, a couple of things need to be controlled:
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1. The way that variables are stored
2. The way that arithmetic is handled

If no directive is given, the HLS compiler will store all data given as arrays in block
RAM without any consideration for throughput. As all precomputed data is given
as pointers to arrays it would require several clock cycles to fetch the data before
computing anything with it. This problem was solved with the help of two directives:

• #pragma HLS DATA_PACK port=<port>

• #pragma HLS ARRAY_RESHAPE variable=<variable> complete dim=1

DATA_PACK stores the data structures side by side in one continuous chunk of memory
instead of randomly spread by the memory controller. ARRAY_RESHAPE reorders this
memory to be stored as column vectors rather than a row vectors for faster access.
The dim switch decides the number of columns to reshape the variable into.
Once all the inputs could be read simultaneously, the arithmetic needed to be han-
dled. The default behavior of HLS is to not unroll any loops i.e. if 10 numbers
were going to be multiplied then it would take 10 clock cycles with one number each
cycle. This approach is very area efficient but provides the worst possible through-
put. However, this is easily solved by setting the initialization interval #pragma HLS
PIPELINE ii=1 at the top level of the design, which forces all loops to unroll.

4.4.2 Ports
As previously stated, the throughput requirements are the most strict, which also
puts tight requirements on the ports that control the data flow. In general, the
inputs and outputs from the block are controlled with the pragma #pragma HLS
INTERFACE which decides how the interface is instantiated. The input and output
ports both need to utilize #pragma HLS INTERFACE ap_vld port=<port> which
creates both a port, <port>, and a valid signal called <port>_vld which indicate
that the data currently on the buffer is valid.
The three ports handling the chirp will not change in a rate that is anywhere near the
rate of the input/output ports. These chirp ports can instead be defined as #pragma
HLS INTERFACE ap_stable port=<port>, which will not create any extra ports or
signals to verify that the data is correct and hence saving some resources.

4.5 Reference Designs
To evaluate the newly implemented flexible filter using OA-CZT, it was necessary to
also build a few different reference designs to fairly evaluate the cost of the flexibility.

4.5.1 OA-FFT
Two static resampling filters using OA-FFT were implemented as reference designs
to compare resource utilization and timing. Both reference design uses OA for the
convolution, but instead of CZT they use either a 128p or a 256p FFT. The 128p
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FFT creates a static resampling filter with a 2:1 sampling ratio, while 256p FFT
creates a 4:1 sampling ratio. The block diagram of the implemented resampling
filter using 128p FFT can be seen in Fig. 4.7.

x[64]

0
64:127

FFT
128p

0:127

rc[128]

Overlap
128→ 64

iFFT
64p

0:63

y[32]
0:31

32:63

OA-FFT

Figure 4.7: Block diagram of the reference design using OA-FFT.

Comparing OA-FFT to OA-CZT in Fig. 4.4, there are a few distinct changes, besides
the obvious change in wordlengths. The whole CZT block has been replaced by a
single 128p FFT. This also demanded that the input data now had to be zero-padded
before entering the 128p FFT block, which is more similar to how it is described
in Fig. 3.9. In CZT, however, the zero-padding is a required function built into
the algorithm and therefore did not need any prior zero-padding on the input data.
Another change that could be seen is that the RRC filter now uses all 128 points
described in Fig. 4.2 and therefore no longer needed the shift operation.
The reason for building OA with 128p FFT was to compare the new flexible 2:1
resampling filter with a static one. The OA-design using 256p FFT was used to
compare the performance for the maximum number of inputs (87 samples) possible
for CZT to a pure radix-2 FFT design.

4.5.2 65p and 55p CZT
As stated in Section 4.2, the input width of the CZT makes it possible to resample in
ranges exceeding the target of 2:1. This would make the comparison with a regular
2:1 FFT unfair and, hence, another implementation was made with an input port
that was cut short to 64 samples. This truncation meant that (87− 64)×18×2 = 828
bits smaller input bus, making routing easier. The logic in the implementation is
still similar as the removed ports are zero padded to give valid values to the 160p
FFT
Another design was also created, with a 128p FFT inside the CZT instead of the
160p one. As the FFT block is the single largest block in the design and also used
twice, for both a transform and an inverse transform, this made a real impact on
the size. Changing the size of the internal FFT also reduced the usable resampling
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ratio down to a maximum of 55:32, due to (3.18) giving 128 ≥ 56 + 74− 1, but the
resources saved is considerable.

4.6 Verification
Another feature that Vivado HLS offers is the use of testbenches written in C++,
making the interface to both the design and external files simpler than with tradi-
tional HDL. This testbench can then be used both after the C++ code has been
synthesized to HDL and, more importantly, a register transfer level (RTL) testbench
is automatically generated and used. The ability to verify the generated hardware
is especially important when working with HLS as there are risks for erroneous RTL
generation if the pragmas have not been specified correctly.
The implemented C++ testbench was built around test vectors that are generated
by a MATLAB testbench which performs verification by comparing a floating point
model with the MEX binary. In the MATLAB testbench, a test vector containing
around 100 000 randomly generated 64 quadrature amplitude modulated symbols is
generated and upsampled with the same ratio that the OA-CZT system downsam-
ples. The samples that make up these symbols are sent to both the floating point
model, MEX binary and exported to text files. Furthermore, the chirp parameters
mentioned in Section 4.2 are generated by the same MATLAB testbench, based on
the resampling factor, and exported to text files. The C++ testbench imports the
input data and parameters from these text files to then compare the testbench re-
sult with the results from the MEX version. Finally, the testbench returns ’0’ if the
results were completely identical, allowing implementation to continue to the next
step of the tool-chain.

MATLAB
Script

Parameters
Data in

File export OA-CZT
MEX

OA-CZT
MATLAB

Data out

File export

OA-CZT
C++

OA-CZT
RTL

Auto
Generated

Figure 4.8: Block diagram of how the testbenches relate to each other.
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Results

Presented in this chapter are the results from the implemented OA-CZT together
with results from various reference cases with OA using both FFT or CZT. Firstly
the results from the implemented design’s fixed point representation is shown with
the software model’s floating point, followed by the resource utilization of different
FFT sizes. Lastly, the resource utilization and throughput of the OA-CZT are
presented with different reference cases, to estimate the cost of the flexibility.
In the coming tables, the resource utilizations will be based on the number of DSP-
slices and configurable logic block (CLB). Each CLB is built up by a number of
look-up tables (LUT), flip-flop registers (FF) and shift-register logic (SRL) [28].

5.1 Comparison with Floating Point
As stated in Chapter 4.6, the implemented hardware was based on, and verified with,
floating-point models created in MATLAB. Functionality was ensured by comparing
the binary MEX file to the MATLAB model in two ways:

1. Constellation plots were generated, giving a direct visual indication of how
well the filter resampled the signal.

2. The signal-to-noise ratio (SNR) was calculated to verify that the error power
of each point was acceptable.

The constellation diagrams in Fig. 5.1 will present the edge cases of the resampling
ratios and show what happens in the cases when the ratio is outside of the allowed
range. For the comparison to be fair, the constellation diagrams were normalized,
which was needed due to scaling inside the MEX file. The lower limit was found
empirically to be at a resampling ratio of 37:32 as 36:32 started to introduce noise,
see Figs. 5.1a–5.1b. This degradation is likely caused by the RRC filter that starts
to fold in on itself, which in turn is an effect of violating the Nyquist criterion. Two
cases around the upper limit can be seen in Figs. 5.1c–5.1d and when the resampling
ratio goes above the specified limit it is severely degraded. The degradation, shown
in Fig. 5.1d, appears because the upper limit and the resampling filters input width
are the same number and everything above that will be zeros. The reason for zero
padding everything above can be seen in (3.20), where the different values would
start to overlap. To further compare the performance of these edge cases, the SNR
was also calculated and is presented in Table 5.1.
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(a) Outside of the lower limit. Partial degradation can be seen.

(b) Inside the resampling limits with peak performance close to the lower limit.

(c) Inside the resampling limits close to the upper limit. Nearly identical to (b).

(d) Outside of the upper limit leading to input data being lost and severely degraded.

Figure 5.1: The upper and lower edge cases for the resampling ratio as defined by
(3.18) and the Nyquist criterion, respectively
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Table 5.1: Signal-to-noise ratio of the normalized edge cases in OA-CZT

Resampling 36:32 37:32 87:32 88:32
MATLAB [dB] 33.980 39.128 38.153 20.378
MEX [dB] 34.190 38.321 38.641 20.367

Table 5.2: Signal-to-noise ratio for OA-FFT

128p FFT 256p FFT
Resampling 64:32 128:32
MATLAB [dB] 42.605 44.535
MEX [dB] 36.772 35.764

5.2 Resource Use Comparison of Mixed-Radix FFT
Using mixed-radix FFT, makes it possible to construct FFT’s with a number of
inputs that is not only limited to a power of two. However, the designs for radix-
3 and radix-5 are far more complicated compared to radix-2, which can be seen
in Fig. 4.5. To gain a greater understanding in how much bigger these mixed-
radix implementations are, a 32p FFT was compared to its mixed-radix counterpart:
32x3p and 32x5p. The resource utilization for these implementations, post Place-
and-Route (P&R), can been seen in Table 5.3. This table shows that mixed-radix-3
uses almost five times as many CLB’s and more than six times as many DSP’s,
compared to the the 32p FFT reference design. The mixed-radix-5 implementation
utilizes around nine times as many CLB’s and 14 times as many DSP’s.

Table 5.3: The available resources and how they were utilized after P&R for
different mixed-radix (32p, 96p, 160p) constellations.

Board FFT 25p FFT 253p FFT 255p
Logic Avail. Util. [%] Util. [%] Util. [%]
CLB 53 160 1 341 2.52 6 208 11.68 12 062 22.69
LUT 425 280 6 775 1.59 31 489 7.40 65 289 15.35
FF 850 560 4 901 0.58 23 517 2.76 40 813 4.80
SRL 213 600 160 0.07 480 0.22 1 010 0.47
DSP 4 272 68 1.59 435 10.18 952 22.28

To be certain that a 160p mixed-radix FFT truly is smaller than a 256p radix-2
FFT, the possible radix-3 and radix-5 mixed-radix FFT implementations between
128p and 256p radix-2 FFT’s were implemented. The results from these resource
utilization reports can be seen in Table 5.4. These results clearly shows that resource
usage increases with the number of input points regardless of if the implementation
is mixed-radix or pure radix-2, i.e. no radix-2 implementation with a larger number
of input points utilize less resources than a mixed-radix implementation with fewer
input points.
To further demonstrate how the internal FFT block grow in resource utilization
with the number of input points, the graph seen in Fig. 5.2 shows how the number
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Table 5.4: The available resources and how they were utilized for regular radix-2
FFT (128p and 256p) compared to split-radix (160p and 192p) constellations.

Board FFT 128p FFT 255p FFT 263p FFT 256p
Logic Avail. Util. [%] Util. [%] Util. [%] Util. [%]
CLB 53 160 8 239 15.50 12 062 22.69 14 934 28.09 18 871 35.50
LUT 425 280 42 168 9.92 65 289 15.35 73 380 17.25 96 743 22.70
FF 850 560 26 639 3.13 40 813 4.80 53 549 6.30 59 042 6.94
SRL 213 600 360 0.17 1 010 0.47 890 0.42 740 0.35
DSP 4 272 516 12.08 952 22.28 1 075 25.16 1 284 30.06

of DSP slices increase with the number of input points. The number of DSP slices
used for the different implementations was deemed a good measure of complexity
since the DSP-block is a far more complex resource block compared to e.g. LUT’s
and FF’s. Based on the percentages shown in Table 5.4, it was also deemed that
the number of DSP slices would likely be a limiting factor in the available sizes of
FFT possible to implement on the target FPGA. The graph in Fig. 5.2 shows two
steps where the number of DSP slices increase more drastically and these appear
when the number of input points moves from a strict radix-2 implementation to a
mixed-radix one, e.g. from 64p to 96p and from 128p to 160p.
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Figure 5.2: How the complexity (measured based on the number of needed DSP
slices) scales with the number of inputs. There are a total of 4272 DSP slices
available in the target FPGA.

5.3 OA Using FFT vs. Using CZT
The ADCs output 64 samples every clock cycle and to process these with an FFT
using a 2:1 resampling ratio, the FFT needs to be 128p wide, according to the
Nyquist criterion. Therefore, the implemented OA-CZT-resampling filter, using 64
points, is best compared to a 128p FFT regarding timing and resource utilization.
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As previously stated, the implemented OA-CZT-resampling filter can input an ar-
bitrary number of inputs between 37 to 87 and to compare this with FFT there are
two implementations needed: 37-64 samples can be processed with a 128p FFT and
65-87 samples must be processed with a 256p FFT. Therefore, Tables 5.5–5.6 shows
the resource utilization for both 128p and 256p FFT compared to CZT using 64 or
87 samples.

Table 5.5: The resource utilization for OA-CZT resampling filters

Board 55p CZT 64p CZT 87p CZT
Logic Avail. Util. [%] Util. [%] Util. [%]
CLB 53 160 35 251 66.31 40 475 82.88 41 698 78.44
LUT 425 280 150 464 35.38 168 883 41.03 172 504 40.56
FF 850 560 234 247 27.54 257 791 31.64 268 113 31.52
SRL 213 600 14 836 6.95 8 000 3.75 14 087 6.60
DSP 4 272 2 503 58.59 3 798 91.34 3 913 91.60

Table 5.6: The resource utilization for OA-FFT resampling filters

Board 128p FFT 256p FFT
Logic Avail. Util. [%] Util. [%]
CLB 53 160 22 529 42.38 35 944 67.61
LUT 425 280 78 748 18.52 143 055 30.77
FF 850 560 124 008 14.58 234 913 27.62
SRL 213 600 6 328 2.96 12 200 5.71
DSP 4 272 1 072 25.09 1 806 42.28

A OA-CZT resampling filter with a maximum input width of 55 points was also
presented as a smaller alternative that might be able to compete with the OA-FFT
in size. The smaller size is due to the two internal FFTs that were changed from
160p to 128p. The resource utilization for this implementation can also be seen in
Table 5.5. To give a more comprehensive comparison for the size differences, all
these resource utilizations are shown in Fig. 5.3.

5.4 Throughput
Another trade-off that is made when choosing between the 87p-input CZT version
and the 64p-input version involves the peak throughput. The throughput is given
by: input/output samples × frequency. In this implementation the target clock
frequency is 250 MHz (4 ns clock period), which results in a maximum throughput
of 21.75 GSPS when the input is 87 samples per clock cycle and 16 GSPS when the
input is 64 samples. The achieved clock periods for the different implementations
can be seen in Table 5.7 and the calculated throughput can be seen in Table 5.8.
There were no problems with achieving the designated clock period of 4 ns for the
OA-FFT implementations. However, it was harder for the OA-CZT implementations
to be routed effective enough for the timing constraint to be achieved. Therefore
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Figure 5.3: The resource utilization for different configurations of OA with either
CZT or FFT

the target clock period had to be lowered to 3.25 ns for the implementation to
successfully route an implementation that could operate within 250 MHz.

Table 5.7: The timing criteria and performance of the different OA resampling
filter configurations.

CZT FFT
55p 64p 86p 128p 256p

Clock period target [ns] 3.250 3.250 3.250 4.000 4.000
Clock period post-synth. [ns] 3.091 3.906 3.906 3.091 3.091
Clock period post-impl. [ns] 3.391 3.877 3.920 3.869 3.873

Table 5.8: The throughput on both input and output of the different OA resam-
pling filter configurations.

CZT FFT
Direction 55p 64p 86p 128p 256p
Input [Gsps] 13.75 16.0 21.75 16.0 32.0
Output [Gsps] 8.0 8.0 8.0 8.0 8.0

5.5 Power Usage
Another important aspect of a design is how much power it draws since this both
contributes heat to the overall system as well as increasing energy usage. However,
power is hard to estimate without running the design in a real-life setting and hence
the presented reports only constitute an indication of what the power usage will be.
The power reports, see Table 5.9, used for this comparison have been produced by
Vivado after the designs were P&R.
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Table 5.9: The power usage of the OA-CZT implementation and the reference
case.

Implementation Power [W]
OA-CZT 87p 35.662
OA-FFT 128p 9.878

The report_power tool had no information about the switching in the design so
the built in vectorless propagation engine was used. This engine assigns activity to
all inputs randomly and switches them until some signal propagates to the output
ports. The reference case and the CZT both present values that are proportional to
the number of DSP48E2 slices. This claim is backed up by the fact that OA-CZT
uses close to four times as much power and DSP-slices as OA-FFT.
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Three variations of the OA-CZT implementation were implemented and compared
to the two reference cases using OA-FFT. All of these were within the timing and
resource constraints of the system and showed the weaknesses and strengths of both
the reference case and the CZT implementation. This chapter will further discuss
some of these strengths and weaknesses.

6.1 FFT Size and Complexity
The reason for settling at a 160p mixed-radix FFT is to keep the design to a mini-
mum. It is possible to build a mixed-radix that is even closer to 137p by constructing,
e.g. 2 × 52 × 3 = 150. However, both implementations for radix-3 and radix-5 are
far more complex compared to radix-2. So to save complexity and resources, it was
preferred to utilize radix-2 as far as possible in the mixed-radix implementation.
In this implementation a mixed-radix FFT is composed of two parts: the first one
is the 2n radix-2 component and the second is either one set of radix-3 or of radix-5
components. In reality it is possible to build mixed-radix FFT with several powers
of radix-3 and radix-5. Since radix-3 and radix-5 are larger implementations than
radix-2, it is unknown if there is a mixed-radix implementation utilizing a majority
of radix-3 or radix-5 FFT’s that has fewer input points and still generates a larger
overall implementation compared to a pure radix-2 implementation with a higher
number of inputs. Therefore, it is important to note that the results shown in
Fig. 5.2 may not be true for all cases, as the graph indicates that it is always the
FFT implementation with the highest number of input points that is the largest
implementation.
The reference designs are using pure radix-2 FFT’s to keep the design as simple as
possible and because it works with the sampling ratios, but they could might as well
had used mixed-radix FFT too.

6.2 Error Sources
As stated in Section 4.1, the CZT transform does not compute all the points for the
RRC filter, hence avoiding unnecessary calculations. However, it should be noted
that the near-zero values that get discarded when transforming the RRC filter do
contain information due to the finite impulse response. The fact that this part is
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assumed to be perfectly zero creates a source of distortion as a matched RRC filter,
without perfect zeros, is used when sending the signal. This distortion can be seen
in the SNR for the different MATLAB models in Tables 5.1–5.2. Furthermore, it
can be noted that the SNR between the MATLAB and MEX in Table 5.2 differs by
1-2 dB. The difference in SNR emerges because these designs were not optimized
in regards to scaling, meaning they might be losing precision due to the fixed point
quantization.
Another error source in the system is quantization noise, where most of the noise
will come from the ADCs as they only have 14-bit resolution. Nevertheless, the
finite resolution of the remaining system will also affect the final output as it sets
the limits for the precomputed values. However, the ADCs are not modeled in this
system and hence, this error will only be noticeable once the system is implemented
on real hardware.

6.3 HLS Optimization
Even though the user guide for Xilinx HLS was consulted very often, it was not
possible to test all the pragmas. The pragmas that seemed the most relevant for the
design were, of course, used. Nevertheless, there might be directives that would have
improved the performance in other aspects, such as timing, that were missed. One
interesting command was the #PRAGMA HLS INLINE, which disassembled the whole
design and implemented it without a hierarchy. This pragma made it possible for
slices to be shared between functions, but impossible to understand which part of
the design used which resources. It was also perceived that it took much longer
for an INLINE design to synthesize than a hierarchical design. However, the low
initiation interval made all blocks of the design work constantly, leaving no room
for resource sharing. Hence, the INLINE pragma made a very marginal difference on
the number of multipliers.
Another option for improving the implemented hardware is to rewrite parts of the
C++ code so that it enables new ways of optimization. This rewrite approach was
attempted when creating the radix-5 FFT as some of the multiplications in that
file would always evaluate to 1 or 0. So these multiplications were removed and
replaced with constants. Surprisingly, the optimized implementation showed very
little difference in utilization compared to the original implementation, indicating
that the HLS compiler already performed these changes.
The design could also be influenced with functions from the HLS library, where two
were of particular interest for this design. CmpyFourMult and CmpyThreeMult made
it possible to chose between two complex multiplications methods

• CmpyFourMult uses 4 multipliers and 2 adders
• CmpyThreeMult uses 3 multipliers and 5 adders

As the designs initiation interval needs to be low, it is required to be completely
parallel, which becomes a problem due to the high number of multiplications in the
algorithm. Hence, choosing the right multiplication can be the difference between
the design fitting the board or not. CmpyThreeMult was used for the implementations
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in this thesis as that resulted in the smallest number of multipliers, without notably
degrading the signal-to-noise ratio.
Finally, Vivado HLS slowed down the compilation significantly when the designs
started to take up close to the whole FPGA. This stagnation indicates that im-
plementing the design in smaller pieces and putting these together might be an
interesting option to try. In addition to being easier for the tool, it might also fa-
cilitate the optimization as smaller blocks are easier to review and compare to the
design goals.

6.4 DSP Slice Utilization
As all of the multiplications that are instantiated in the design use CmpyThreeMult,
it is expected that each complex multiplication would use three DSP48E2 slices.
Looking at the design checkpoints generated by Vivado HLS, it is apparent that the
multiplications are not instantiated correctly as many of them use more than three
DSP48E2 slices. When constructing the system presented in Fig. 4.6, the expected
number of multipliers can be seen in Table 6.1.

Block Mults
Pre-mult. 261
- mult 261
Conv. 2360
- FFT 940
- mult 480
- iFFT 940
Post-mult. 222
- mult 222
OA 192
-iFFT 192
Sum 3035

Table 6.1: The expected number of DSP48E2 slices that the OA-CZT implemen-
tation should utilize

However, the OA-CZT implementation used 3913 DSP slices, as seen in Table 5.6.
A possible cause for the high number of DSP slices is that the pragmas for the
HLS synthesis had side effects which implemented the HDL design differently than
what was assumed. Another explanation can be that the complex multiplications
is performed by DSP slices that utilize adders only, and therefore needs five DSP
slices to perform one complex multiplication.

6.5 Downsampling Factor
In the implementation presented in this thesis the CZT system is limited to values
between 37 and 87 samples. These limits can, however, be moved by changing
different parts of the design:
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• The upper limit can be changed by switching the size of the FFT component.

• The lower limit can be adjusted with the RRC filter.

Nevertheless, this implementation is the smallest achieved OA-CZT resampling filter
that is comparable to an OA-FFT(using 128p FFT) resampling filter and it still
uses close to four times as many DSP48E2 slices. The design can, however, manage
higher downsampling factors than a static OA-FFT and change resampling ratio.
The higher resampling ratio also offers higher throughput and comparable timing. In
addition to this, the flexibility makes it possible to use one clock to support multiple
transmission rates, that would otherwise require the clock to change frequency. As
the same clock frequency can cater several transmission rates, the hardware only
needs to be verified for this frequency. In the current implementation, without a
flexible buffer, this is possible to do by changing the number of samples that are
forwarded to the block.

One example would be if a transmission system was designed around a frequency
of 250 MHz with 64 symbols arriving every clock cycle that, for some reason, had
the transmitter side frequency decreased by 1/8 to 218.75 MHz. With a fixed down-
sampling factor, this would require the clock rate on the receiver side to decrease
as much, but with flexible downsampling the receiver can continue running at 250
MHz but resample with a factor of 56 instead. As the only thing that has changed
in the system is the precomputed values, the analog parts are not affected, meaning
they only need to be verified for a single clock rate. An important note about the
previous example is that it assumes that there is a flexible buffer available that can
serve any data width within the limits of the resampling system. Such a flexible
buffer was investigated in this thesis, but unfortunately not finalized. The following
section will describe the problems that make the implementation of such flexible
buffer difficult.

6.6 Flexible Buffer
A constraint given by the project owner was that the initiation interval, i.e. the
number of clock cycles between new data, should be 1. An inherent property of
a radio communication system is that the data in the channel cannot be put on
hold and hence the initiation interval will always need to be low. This requirement
demands a lot of parallelism, which introduces resource problems on the FPGA since
the data buses will be very wide. The ADC will be providing 64 complex samples,
where every sample is represented by 36 bits (18 bits for the real and 18 bits for
the imaginary part), with every clock cycle. The reason for having 18 bit numbers
when the ADCs only delivers 14 bit samples are:

• to have some precision left when the numbers grow large and need to be scaled
down, and

• the limiting factor is still the DSP blocks.

To handle this, a bus width of 64 × 18 × 2 = 2304 needs to be written to memory
on every rising clock edge.
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The resampling filter, using CZT, will then input an arbitrary number between 37
and 87 samples every cycle, giving a maximum output bus width of 87 × 18 × 2 =
3132. The flexible number of inputs means that the resampling filter will input
either too few or too many samples most of the time. This demands some sort of
buffer between the ADC and the resampling filter to ensure that no samples from
the channel are lost.
The buffer needs to be dimensioned to hold at least three sets of 64 complex samples
to accommodate the worst case. This is because when the CZT filter needs to be
loaded with 87 samples but there are less than 87 − 64 = 23 samples left from
the calculation in the cycle before. This will total up to a buffer size of at least
22 + 64 + 64 = 86 + 64 = 150 samples that needs to hold 150× 18× 2 = 5400 bits.
During this time when the buffer is loading up with enough samples, a valid signal
will not be sent to the subsequent blocks making them hold and wait until there is
available data again.
To always have the latest samples at the top of the buffer there are different ap-
proaches that can be taken. One is the first in, first out method that always shifts
up the samples to be at the top of the buffer, and the other is to use a circular
buffer. The circular buffer could have been a nice implementation if the demand for
initialization interval was not as high, but because of it any position in the buffer
must be possible to output at any time, requiring lots of multiplexing. The first in,
first out, on the other hand will not suffer from the same multiplexing problem due
to the upper samples always being output. However, the latter type of buffer must
be able to move all the samples between 37 and 87 places every clock cycle. The
first in, first out approach seemed the most promising and an attempt to implement
it was made but never finished.
The flexible buffer will also affect the throughput of the total system. The calculated
values of throughput, in chapter 5.4, are true for the OA-CZT block itself, but when
the OA-CZT is incorporated in a larger system, the throughput for that system will
be different. The ADCs will probably be a limiting factor. For the constraints in
this thesis where the ADCs outputs 64 samples each clock cycle, it would require
two clock cycles to load OA-CZT with 87 samples. Similarly, the 55p CZT design
would not be viable either, as the buffer would never stop growing when it outputs
less than it inputs.
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Conclusion

This thesis set out to create a flexible resampling filter using overlap-add (OA)
and chirp-Z transform (CZT), which was successfully achieved. We conclude that
it is possible to implement a flexible resampling filter that can handle an arbitrary
number of inputs within two limits. The limits are set based on two parameters that
are controlled at hardware creation: the transform length and the output length.
The upper limit is set by the transform that is used within the CZT, as that needs
to be longer than the sum of the input and output lengths minus one. As a 160p
mixed-radix FFT is used and 74 output points are required, the upper output limit
becomes 87 samples. The bottom limit is set by the Nyquist criterion of the output
length from the CZT, which results in 37 samples in the case demonstrated in this
thesis. Within these limits, the number of inputs can be chosen arbitrarily and then
be zero padded to the upper limit.
A reference case was also created, which used a static resampling ratio of 2:1 and
was built using regular FFTs. When the flexible OA-CZT implementation is com-
pared to the static OA-FFT reference implementation, it is concluded that the cost
of this flexibility is that the design uses four times as many DSP48E2 blocks. It
should, however, be noted that this increased resource usage also gives increased
downsampling factor as the CZT version offers near three to one downsampling.
The design is able to run at the same desired clock frequency of 250 MHz, while
achieving comparable throughput as the 2:1 downsampling reference case. Further-
more, the power usage is observed to scale with the number of DSP blocks as the
CZT implementation used 36 W, compared to the reference designs 10 W.
The limiting factor for this resampling filter is the buffering of the values to be han-
dled, which is caused by the massively wide buffer that is needed. Some effort was
put into creating such a buffer but due to shortage of time that work was discon-
tinued and instead encouraged as future work as that would enable runtime flexible
resampling. Furthermore, the design has never been tested on the target hardware
as that was the activity with the lowest priority from Ericsson’s perspective.
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