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Quantum Optics with Giant Atoms in Imperfect Waveguides

Jingyi Zhou
Department of Microtechnology and Nanoscience
Chalmers University of Technology

Abstract
The rapid advancement of quantum technologies has driven the exploration of novel
regimes in quantum light-matter interactions to overcome fundamental limits in
coherence and control. Giant atoms, characterized by their ability to couple to a
waveguide at multiple points separated by distances comparable to the wavelength
of the guided light, have emerged as a promising platform for quantum optics. The
phase shifts accumulated by photons traveling between these coupling points give
rise to both self-interference and collective interference effects. Self-interference al-
lows a single giant atom to decouple from its environment, preventing relaxation
into the waveguide. For multiple giant atoms, the interference effects provide two
mechanisms for decoherence suppression: the formation of dark states in driven and
undriven systems and decoherence-free interaction (DFI) in a certain configuration.
Previous studies in this emerging field have assumed the waveguide to be lossless.
In this thesis, we investigate the impact of two realistic imperfections: losses in the
waveguide and asymmetric coupling, where the relaxation rates at each coupling
point are unequal. Utilizing the SLH formalism for cascaded quantum systems, we
derive the Lindblad master equation to model the dynamics of the system. Through
numerical simulations, we quantify the extent to which these imperfections influ-
ence giant-atom phenomena. Our results determine the upper bounds of losses per
distance in recent experiments and also the tolerances of losses in forming a highly
entangled state. The results presented in the report introduce essential, realistic
considerations for topology designs and driven configurations in future giant-atom
experiments, laying the foundation for realizing implementations in quantum tech-
nologies.

Keywords: quantum optics, giant atoms, losses, waveguides, decoherence-free inter-
action, frequency-dependent relaxation rate, SLH formalism, dark states.
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Nomenclature

r Atom radius
λ Wavelength
ϕ Phase shift between neighboring coupling points
d Distance between neighboring coupling points
k Wave number
|ψ⟩, |ψα⟩ System state
H Hamiltonian
ρ Density matrix
cα Possibility of the specific system state
L Liouville super-operator
X Any operators
γ, Γ Relaxation rate
D[X]ρ Dissipator
L Jump operator
ωj Atom frequencies (j = a, b)
σz Pauli matrix
a(a†) Annihilation (creation) operator
ωk Frequency of each bath mode
g Coupling strength between the atom and the bath
σ± Ladder operators
U Unitary time evolution operator
t, τ Time
ω′

j Lamb-shifted transition frequency
δωj

Lamb shift
Jω Bath state density
|e⟩, |g⟩ Excited and ground state
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G SLH triplet
S Scattering matrix
L Coupling vector
γnR/L Left-/right-directed relaxation rate at point n
γn Bare relaxation rate at point n γnR + γnL = γn

d Distance between neighboring coupling points
Γj Effective/individual relaxation rate (j = a, b)
Γcoll Collective relaxation rate
g Exchange interaction
|D⟩,

∣∣∣DS/T

〉
Dark state

E Eigenvalue
R set of real numbers
|S/T ⟩ Singlet/triplet state
β Complex amplitude of a coherent drive
α Probability amplitude
∆γ Difference between the left- and right-directed relaxation rates γL −

γR

δj Detuning of the atomic frequency from the drive
r, t Reflection and transmission coefficients
ε Total losses between neighboring coupling points
f Attenuation coefficient
ϵ Ratio of the bare relaxation rates belonging to the same atom γ1/γ2

δΓj
Vertical shift of the minimum individual relaxation rate

δd Horizontal shift of the distance corresponding to the minimum in-
dividual relaxation rate
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1
Introduction

The second quantum revolution, which mainly focuses on harnessing the complex
quantum phenomena such as entanglement and superposition, is currently driv-
ing the development of quantum technologies, including quantum computing and
quantum simulation. These approaches can solve problems that are intractable on
classical computers more efficiently [1].

Quantum optics, which studies light-matter interaction on a quantum scale, is im-
portant in the development of quantum computing and simulation. In quantum
optics, the concepts of superposition and entanglement form the theoretical foun-
dation for quantum computers [2]. Recently, a new type of quantum emitter has
emerged—giant atoms [3], which can couple to light at multiple separated points
that are wavelength distance apart. In the following, we introduce the background
and the key properties of giant atoms, and conclude the chapter by outlining the
scope and structure of this thesis.

1.1 Small and giant atoms
Traditionally, quantum optics has focused on natural atoms, which are very small
(radius r ≈ 10−10 m) compared with the wavelength of optical light (λ ≈ 10−6–10−8

m) [3]. Thus, the coupling point can be approximated as a pointlike to simplify the
description of the light-matter interaction (Fig. 1.4a) [3].

In contrast, giant atoms can be engineered in platforms such as superconducting
circuits [4], which have some properties of natural atoms, such as discrete energy
levels, the ability to emit and absorb single photons, and non-linear response. Al-
though the physical size of superconducting qubits (r ≈ 10−4–10−3 m) is still less
than the wavelength of the microwave field (λ ≈ 10−2–10−1 m) they interact with [3],
they can couple to the field at multiple different points (Fig. 1.4b) by meandering
a waveguide for the microwaves on the chip (Fig. 1.1a, 1.2b). Consequently, their
effective size can be comparable to the field wavelength (hence their name).

Waves emitted from different coupling points acquire propagation-induced phase
differences, introducing interference effects. Interference between coupling points
leads to frequency-dependent relaxation rates (Fig. 1.1c) [7], as the phase shifts
depend on the distance between coupling points and the wave frequency, i.e., ϕ = kd,
where k is the wave number. This property makes giant atoms can be engineered by

1



1. Introduction

Figure 1.1: (a) A single giant atom coupled to a meandering waveguide. Figure
adapted from Ref. [5]. (b) A giant atom coupled to a waveguide at two separated
points. Figure adapted from Ref. [6]. (c) Frequency dependence of the relaxation
rate for a single giant atom.

tuning the atomic transmission frequency and distance between coupling points [7].

Another noteworthy phenomenon of giant atoms is decoherence-free interaction [8].
Specifically, in a braided configuration with two (Fig. 1.2a) or more giant atoms,
where their coupling points are interleaved along the waveguide, the atoms can
coherently interact with each other via the waveguide, while each remains effectively
decoupled from the waveguide, thereby suppressing decoherence [8], as illustrated
by Fig. 1.2c. This property can be used to achieve a scalable and tunable quantum
simulator for open quantum systems [9]. Tuning the system to decoherence-free
points enables the implementation of a universal gate set of single- and two-qubit
gates, which enables the simulation of coherent (closed system) dynamics, while
tuning to points with decoherence allows the simulation of losses characteristic of
open quantum systems.

Besides decoherence-free interaction, there is also a less robust way to protect the
system from decoherence: dark states (shown in Fig. 1.3). In many-atom systems,
states that exhibit a slower decay than the relaxation of each individual atom are
characterized as subradiant states [10–13]. A dark state represents a perfectly sub-
radiant state and can be realized in both undriven and driven systems. In undriven
systems, two atoms can share a single excitation in a collective superposition, where
spontaneous emission is suppressed through destructive interference [14]. In the
driven-dissipative regime, this two-atom system evolves toward a dynamic equilib-
rium between external drive and scattering, where bosonic streams scattered from
different atoms interfere destructively [14].

The dark state is instrumental for efficient energy transfer and decoherence sup-

2



1. Introduction

Figure 1.2: (a) A braided-atom system. Figure adapted from Ref. [6]. (b) A false-
color optical micrograph image of the chip in the braided configuration. Figure
reproduced from Ref. [5]. (c) Frequency dependence of relaxation rates (blue and
orange lines) and coherent coupling (green line) for braided atoms. There is the
same atomic frequency and the same distance between neighboring coupling points.

pression [13, 14, 16]. Giant atoms, characterized by their highly tailorable and
reconfigurable properties, offer a potential platform to generate dark states. This
is important for quantum communication, which aims to transfer a quantum state
from one place to another [17]. Additionally, the distance-introduced interference,
quantum coherence and entanglement in giant atoms can be leveraged to improve
the sensitivity and precision of quantum sensors [18].

Figure 1.3: Two atoms coupled to a waveguide form a dark state. For entire
two-atom systems (the small rounded rectangle), there is no emission or absorption
of photons. Therefore, the drive from the left side of the waveguide can be fully
transmitted through the system. Figure inspired by Refs. [14, 15].

3



1. Introduction

1.2 Aims, scope and outline
To date, most theoretical studies on giant atoms have assumed ideal waveguides,
since waveguides used in the relevant experiments have quite low losses per dis-
tance, such as superconducting transmon qubit coupled to surface acoustic waves
(SAW) [19] and superconducting qubit coupled to superconducting waveguides [5].
However, in practice, experimental environments are inherently imperfect. As we
want to push toward highly sophisticated experiments and high-performance appli-
cations in quantum technologies, it becomes important to understand the impact
of imperfections on giant-atom platforms and to identify the thresholds at which
impact becomes noticeable.

This thesis focuses on two specific types of imperfections: losses in the waveguide
(Fig. 1.4c) and the asymmetric coupling of giant atoms, where the giant atom ex-
hibits disparate relaxation rates at its multiple coupling points. The primary goal
of this study is to establish a quantitative performance border for giant atom sys-
tems under such imperfect conditions, thereby providing practical guidelines for
engineering setups in experiments.

To achieve this, we explore how the behavior of giant atoms is influenced by these
imperfections. We combine the analytical solutions of the relaxation rates with
the experimental data to determine the upper bound of losses. By comparing the
shifts decoherence-free point with the maximum relaxation rates, we demonstrate
this extremely low losses. In addition, we analyze the shifts of the decoherence-free
point caused by losses versus asymmetry to distinguish between these two imper-
fections. A limitation of the thesis is that for more complicated setups, such as
two atoms coupled to a waveguide, we do not simultaneously account for waveguide
losses and asymmetric coupling. Regarding dark states, we investigate both driven
and undriven systems, employing numerical simulation to determine the system’s
tolerance to losses.

The structure of this thesis is as follows. In Chapter 2, we introduce the theoretical
tools used in modeling atoms coupled to a waveguide. For clarity, detailed examples
are shown in some sections: a single giant atom and a system of two giant atoms.
Subsequently, we extend our analysis to lossy waveguides. In Chapter 3, we present
and discuss the results obtained using the methodology developed in the previous
chapter, addressing the key questions raised above. Finally, Chapter 4 provides a
summary of our findings and offers an outlook.

4



1. Introduction

Figure 1.4: (a) A small atom coupled to a waveguide supporting a field with
wavelength λ. Figure adapted from Ref. [5]. (b) A giant atom coupled to a waveguide
at two separated points, interacting with a field of wavelength λ. Figure adapted
from Ref. [5]. (c) A giant atom coupled to a lossy waveguide at two separated points,
interacting with a field of wavelength λ.

5
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2
Theory

In this chapter, we introduce the background knowledge required to model giant
atoms coupled to a waveguide, which is necessary for a full understanding of the
discussions and results presented in the thesis. We first review the fundamentals
of open quantum systems, followed by an introduction to the SLH formalism for
cascaded quantum systems. Several examples are then provided to illustrate how
the SLH formalism is applied to model giant-atom systems. Finally, building on this
foundation, we show how giant atoms in a lossy waveguide can be modeled.

2.1 Quantum master equations
When atoms interact with continuous waveguides, the quantum dynamics of atoms
change as a consequence of its internal dynamics and of the interaction with the
waveguides. Therefore, we consider it as an open quantum system, i.e., a quantum
system coupled to a surrounding environment, commonly referred to as a bath. The
master equation for the reduced density matrix of the system allows us to focus
on how the system dynamics are influenced by the environment, without having
to explicitly model the many degrees of freedom in the environment. In order to
overcome the obstacle that the environment is composed of infinitely many quantum
systems, we make some approximations, which are discussed in the later content.

2.1.1 Closed and open quantum system
First, we present a brief review of master equations (we set ℏ = 1 throughout the
thesis).

For closed quantum systems, in the Schrödinger picture, the state of the system |ψ⟩
evolves in time according to the Schrödinger equation [20],

i
d
dt |ψ(t)⟩ = H(t) |ψ(t)⟩, (2.1)

where H(t) is the Hamiltonian of the system.

Generally, the quantum state ensemble can be characterized by the density ma-
trix [20],

ρ =
∑

α

cα |ψα⟩ ⟨ψα| , (2.2)

7



2. Theory

where cα is the probability of the system being in |ψα⟩ state. What is more, the
probabilities add up to 1, which means that Trρ = ∑

α cα = 1. An important
property of the probability is that Trρ2 ≤ Trρ = 1, when it holds equality sign, the
density matrix has the form ρ = |ψ⟩ ⟨ψ| considered as the pure state. In the case
of inequality sign, the state is said to be in the mixed state. Here, we consider a
general case of mixed state. From the Schrödinger equation, the time dependence of
the density matrix is governed by the Liouville-von Neumann equation (also referred
to as the von Neumann equation) [20],

dρ(t)
dt = −i[H(t), ρ(t)] = Lρ, (2.3)

which is also the equation of motion for the density matrix. Here, L is the Liouville
super-operator. The last equality in the Eq. (2.3) shows an analogy to the classical
Liouville equation [20].

For open quantum systems, the total Hamiltonian Htot is the sum of the open system
self-HamiltonianHS, the bath HamiltonianHB, and the interaction HamiltonianHI ,

Htot = HS +HB +HI , (2.4)

The reduced density matrix is obtained by tracing out the degrees of freedom of the
bath,

dρ(t)
dt = −iTrB[Htot(t), ρtot(t)], (2.5)

where ρtot represent the density matrix of the total system (including the bath). In
this project, we consider Markov processes, for which the Liouville super-operator
L, is defined by,

Lρ = −i[H, ρ] +
∑

k

γk(XkρX
†
k − 1

2X
†
kXkρ− 1

2ρX
†
kXk), (2.6)

where γk play the role of relaxation rates [20]. For convenience, we introduce the
dissipator D[X]ρ = XρX† − 1

2

{
X†X, ρ

}
, and the Lindblad master equation in the

form
d
dtρ = −i[H, ρ] +

∑
k

γkD[Lk]ρ, (2.7)

the Lk are jump operators [21], representing the different dissipative processes.

2.1.2 Master equation for a single atom coupled to the bath
To illustrate the derivation of a master equation, we consider a model where a single
atom couples to a bath of infinitely many harmonic oscillators, such as a waveguide.
For simplicity, the atom is a two-level system. Then the total Hamiltonian Htot can
be obtained from Eq. (2.4):

Htot = Ha +HB +HI , (2.8)

8



2. Theory

Ha = ωa

2 σz, (2.9)

HB =
∑

k

ωka
†
kak, (2.10)

HI =
∑

k

gk(ak + a†
k)(σ− + σ+), (2.11)

where ωa is the transition frequency of the atom; σz is the Pauli-Z matrix, for the
atom, which is usually defined as σz = |e⟩ ⟨e|−|g⟩ ⟨g| in the basis {|e⟩ , |g⟩}; ωk is the
frequency of each mode; ak (a†

k) is the annihilation (creation) operator; gk represent
the coupling strength between the atom and the bath; σ+ = |e⟩ ⟨g| and σ− = |g⟩ ⟨e|
are the ladder operators of the atom.

Since the total system (atom plus bath) is closed, its von Neumann equation follows
the Eq. (2.3),

dρtot

dt = −i[Htot, ρtot], (2.12)

where Htot is the total Hamiltonian (Eq. (2.3)).

Then we move to interaction picture to remove the free evolution (Ha +HB), which
is independent of time. This is also to separate the slow dynamics introduced by
the interaction between the atom and bath. We first introduce the unitary time
evolution operator,

U0(t) = e−i(Ha+HB)t, (2.13)

UI(t) = U †
0(t)U(t), (2.14)

where U(t) is the unitary time evolution operator of the total system i.e., |ψ(t)⟩ =
U(t, t0)|ψ(t0)⟩, and the initial time t0 is 0.

Then the interaction picture operators AI ,

XI(t) = U †
0(t)X(t)U0(t), (2.15)

The interaction density matrix ρI(t),

ρI(t) = UI(t)ρ(0)U †
I (t) = U †

0(t)ρ(t)U0(t), (2.16)

in Eq. (2.16), ρ is the density matrix of the total system (atom plus bath) in
Schrödinger picture.

To simplify, the sign ∼ is served to indicate the interaction picture, thus von Neu-
mann equation of the total system in form

˙̃ρtot(t) = −i[H̃I(t), ρ̃tot(t)], (2.17)

the integral form of which is

ρ̃tot(t) = ρ̃tot(0) − i
∫ t

0
dτ [H̃I(τ), ρ̃tot(t)], (2.18)

9



2. Theory

where τ accounts for the contribution of the interaction Hamiltonian at all past
times to the state at present. After substituting Eq. (2.18) back to Eq. (2.17), and
tracing out the bath degree of freedom (Eq. (2.5)), we find,

˙̃ρa(t) = TrB(−i[H̃I(t), ρ̃tot(0)] −
∫ t

0
dτ [H̃I(t), [H̃I(τ), ρ̃tot(τ)]]). (2.19)

This is the equation for the atom density matrix ρa. In the right side of Eq. (2.19),
the density matrix of the total system ρtot is still contained. In order to eliminate
the ρtot, we introduce some approximations.

The first key approximation is the Born approximation, which states that the cou-
pling gj between the atom and the bath is weak and that the bath is much larger
than the system. Thus, the atom has little impact on the bath, so the density
matrix of the bath ρB remains approximately unchanged during the evolution. We
further assume that, at the initial time t0, the atom and the bath are uncorre-
lated. Under weak coupling, the correlations generated during the evolution still
remain small, such that the total system state at later times can be characterized
by ρ̃tot(t) ≈ ρ̃a(t) ⊗ ρ̃B(0). In addition, for a bath in an equilibrium state, the linear
bath operators (ak and a†

k) in the interaction Hamiltonian have zero expectation
value, so that the average contribution of the interaction from the bath vanishes,
i.e., ⟨HI⟩B = TrB(HIρB

) = 0. Then Eq. (2.19) becomes

˙̃ρa(t) = −
∫ t

0
dτTrB[H̃I(t), [H̃I(τ), ρ̃a(τ)ρ̃B(0)]]. (2.20)

The Markovian approximation assumes that the bath has no memory, which is
justified by the weak interaction between the system and the large number of degrees
of freedom in the bath. As a result, any imprint that the atom makes on the bath
does not feed back into the system dynamics at later times. Therefore, we can
replace ρ̃a(τ) with ρ̃a(t) in Eq.(2.20),

˙̃ρa(t) = −
∫ t

0
dτTrB[H̃I(t), [H̃I(τ), ρ̃a(t)ρ̃B(0)]]. (2.21)

The approximations above are also referred as Born-Markov approximation [20].
The remaining derivation is tracing over the bath, and the details of this calculation
are shown in Ref [22]. In this process, the rotating-wave approximation (RWA) is
applied. In the interaction picture, the interaction Hamiltonian has terms with aσ−
and a†σ+, whose oscillation frequency is ωa + ωB. These terms with fast oscillation
frequencies are neglected provided that coupling strength is much small than ωa+ωB,
while terms with ωa−ωB are kept [23]. After the bath is traced out, we can transform
back from the interaction picture, the final result of the Lindblad master equation
is

ρ̇a(t) = −i[ω
′
a

2 σz, ρa] + ΓD[σ−]ρa, (2.22)

where ω′
a = ωa + δωa is the Lamb-shifted transition frequency [7, 22], and Γ is the

relaxation rate in the form:

Γ = 2πJ(ωa)g2(ωa), (2.23)

10
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where J(ω) is the bath density of states and g(ωj) = gj is the coupling strength.
For this two-level atom, this kind of relaxation transfers the atom from the excited
state |e⟩ to the ground state |g⟩ at the rate Γ.

One thing should be noted is that if we want to obtain the exact value of the
frequency shift, we cannot apply the RWA too early, i.e., on the interaction Hamil-
tonian (Eq. (2.11)). Otherwise, the term about the shift of the ground state of the
atom in the Lamb shift will be missing [24].

2.2 SLH formalism
Since giant atoms coupled to the waveguide with multiple coupling points is a more
complicated system, we use the SLH formalism [25, 26] as a modular framework
to model the cascaded quantum system [27, 28], where the output from one com-
ponent is the input to another. This formalism can be used to derive the master
equation for the system, which describes the system dynamics under environmental
influence. The SLH formalism was initially developed for modeling quantum opti-
cal networks called quantum input-output networks, in which localized components
interact through itinerant bosonic fields [25].

In the SLH formalism, the individual quantum components are specified by triplets
G = (S,L, H) to capture how the components interact with input and output fields
at the input-output ports. Here S is an n×n scattering matrix describing scattering
among multiple channels [26], L is an n×1 vector representing the coupling between
the system and the bath, and H is the system Hamiltonian.

2.2.1 SLH rules
In order to construct large networks in many ways, three operations (shown in
Fig. 2.1) are defined: the series product, the concatenation product, and the feedback
operation.

The series product is denoted by ◁ and describes the cascading of the output from one
localized component G1 = (S1,L1, H1) into the input of another G2 = (S2,L2, H2).
The series product is given by

G2 ◁ G1 =
(

S2S1,S2L1 + L2, H1 +H2 + 1
2i(L

†
2S2L1 − L†

1S
†
2L2)

)
. (2.24)

Through input-output theory and quantum stochastic calculus, we get the result that
the system performs as if it had a HamiltonianH = H1+H2+(L†

2S2L1−L†
1S

†
2L2)/(2i)

and was coupled to the environment through an operator L = S2L1 + L2 [22, 25,
29]. It should be noted that G2 ◁ G1 ̸= G1 ◁ G2 due to the directional coupling
between the localized components.

The concatenation product, denoted by ⊞, is used to describe the parallel combina-
tion of components. Here, two components G1 = (S1,L1, H1) and G2 = (S2,L2, H2)

11
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Figure 2.1: Three operations in SLH rules: (a) series G2 ◁ G1; (b) concatenation
G1 ⊞G2; (c) feedback Gb → Gc.

have independent input and output fields. The resulting system is

G1 ⊞G2 =
([

S1 0
0 S2

]
,

[
L1
L2

]
, H1 +H2

)
. (2.25)

A generalization of the concatenation product is direct coupling, where there is an
interaction Hint between the two components. Here, H1 is replaced by H1 +Hint.

The most complicated interconnection is feedback, which describes that the b-th
output of a component is the c-th input of the same component. This interconnection
is denoted by b → c. The triplet of the result G̃ = (S̃, L̃, H̃) with this eliminated
interconnection is

S̃ = S̸b,̸c + S ̸b,c(I − Sb,c)−1Sb,̸c, (2.26)

L̃ = L̸b + S ̸b,c(I − Sb,c)−1Lb, (2.27)

12
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H̃ = H + 1
2i(L

†S:,c(I − Sb,c)−1Lb − L†
b(I − S†

b,c)−1S†
:,cL), (2.28)

where Sb,c is the bc element; S:,c is the cth column; S ̸b,̸c is the scattering matrix
without the bth row and cth column; S̸b,c and Sb,̸c are the cth column with the bth
row deleted and the bth row with the c column deleted, of S, respectively; L ̸b is
L without the bth row; Lb is the bth row of L. Here, b, c indicate sets, when the
component has multiple eliminated ports.

Finally, with these three rules, some quantum networks can be described. This kind
of quantum networks should satisfy three conditions: the Born-Markov approxima-
tion; the propagation time between components can be neglected compared to the
relaxation times of the systems; and the propagation fields are bosonic in a linear
medium without dispersion. Finally, we can extract the master equation from the
triplet G = (S,L, H) of the network in the form

d
dtρ = −i[H, ρ] +

∑
k=1

D[Lk]ρ, . (2.29)

The definition of D[Lk]ρ is shown in Sec. 2.1.1, therefore, the relaxation rate can be
obtained.

2.3 Atoms in an ideal continuous waveguide
We now present the application of the SLH formalism to both small and giant atoms
coupled to an ideal continuous waveguide. Our analysis begin with a single giant
atom featuring two coupling points, subsequently moving to two-atom systems.

2.3.1 A single giant atom
First, we consider a single giant atom A with resonant frequency ωa. In this thesis,
the atoms are two-level systems, so the Hamiltonian of the atom is

Ha = ωa

2 σ
a
z . (2.30)

The relaxation rate of the atom associated with the coupling point n is denoted by
γn, referred to as the bare relaxation rate. Since there are left- and right-propagating
modes in the waveguide, the relaxation through this coupling point can be divided
into the rates γnR and γnL, which satisfy γnR + γnL = γn. The phase shift between
neighboring coupling points is denoted by ϕn = kdn for n = 1, 2 . . . , where k is
the wave number and dn is the distance between neighboring coupling points n and
n+ 1.

We define an SLH triplet at each coupling point:

GnR/L =


(
1,√γnR/Lσ

j
−,

1
2ωjσ

j
z

)
if n is the first coupling point of
atom j from the right side(

1,√γnR/Lσ
j
−, 0

)
otherwise.

(2.31)
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Figure 2.2: (a) A single giant atom coupled to an ideal waveguide. (b) A general
SLH scheme for an arbitrary number of giant atoms couple to an ideal waveguide
with an arbitrary number of coupling points. For the specific case of a single giant
atom with two coupling points analyzed in this section, n = 2. Figures adapted
from Ref. [6].

The phase shift is defined as Gϕn = (eiϕn , 0, 0). As this is a cascaded system, a series
product is performed between all components, and accounting for two anti-parallel
traveling modes (right and left) in the system, we apply a concatenation product
between these two modes. For simplicity, in this section we only discuss a single
giant atom with two coupling points. Then, the SLH triplet of Fig. 2.2a can be
obtained from the following components:

GR = G2R ◁ Gϕ1 ◁ G1R

=
(
1,√γ2Rσ

a
−, 0

)
◁
(
eiϕ1 , 0, 0

)
◁
(
1,√γ1Rσ

a
−,

1
2ωaσ

a
z

)
,

(2.32)

GL = G1L ◁ Gϕ1 ◁ G2L

=
(
1,√γ1Lσ

a
−, 0

)
◁
(
eiϕ1 , 0, 0

)
◁
(
1,√γ2Lσ

a
−, 0

)
,

(2.33)

the result Ga = GR ⊞GL is

Sa =
(
eiϕ1 0
0 eiϕ1

)
,

La =
(eiϕ1

√
γ1R + √

γ2R

)
σa

−(√
γ1L + eiϕ1

√
γ2L

)
σa

−

 ,
Ha = 1

2ωaσ
a
z + 1

2(√γ1Rγ2R + √
γ1Lγ2L)sinϕ1σ

a
z .

(2.34)
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So the master equation extracted from Eq. (2.34) is

ρ̇ = −i [Ha, ρ] + D
[(
eiϕ1

√
γ1R + √

γ2R

)
σa

−

]
ρ+ D

[(√
γ1L + eiϕ1

√
γ2L

)
σa

−

]
ρ

= −i

ωa +
(√

γ1Rγ2R + √
γ1Lγ2L

)
sinϕ1

2 σa
z , ρ

+ ΓaD
[
σa

−

]
ρ,

(2.35)
where the atom Hamiltonian is introduced to a Lamb shift determined by the bare
relaxation rates and phase shift, and the effective relaxation rate is

Γa =
∣∣∣√γ1R + eiϕ1

√
γ2R

∣∣∣2 +
∣∣∣√γ1L + eiϕ1

√
γ2L

∣∣∣2 . (2.36)

Sec. 2.3.3.1 provides a comprehensive analysis of the relaxation rates.

2.3.2 Two atoms
In this section, we introduce two atoms coupled to the waveguide, including both
small and giant atoms (shown in Fig. 2.3). For two giant atoms with two coupling
points each, we investigate three possible arrangements of atoms: the separate con-
figuration (Fig. 2.3b), where the second atom’s coupling points follow those of the
first atom sequentially;the nested configuration (Fig. 2.3d), where the second atom’s
points are enclosed by the first atom’s; the braided configuration (Fig. 2.3c) that we
previously mentioned in Sec. 1.1.

Here, we only detail the calculation of the braided configuration. Moreover, the
results of the separate and nested configuration are shown in Table 2.1. We set

Figure 2.3: Different topologies of two atoms couple to an ideal waveguide. (a)
Sketch of two small atoms; (b-d) sketches of braided, separate, nested atoms. Figures
adapted from Ref. [6].

two atoms A and B with resonant frequencies ωa and ωb, respectively. Then the
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Hamiltonian is

Hj = ωj

2 σ
j
z, (2.37)

where j represents the index of the atom.

Similar to the case of a single giant atom, we obtain

GR

∣∣∣
small

= G2R ◁ Gϕ1 ◁ G1R

=
(

1,√γ2Rσ
b
−,

1
2ωbσ

b
z

)
◁
(
eiϕ1 , 0, 0

)
◁
(

1,√γ1Rσ
a
−,

1
2ωaσ

a
z

)
,

(2.38)

GL

∣∣∣
small

= G1L ◁ Gϕ1 ◁ G2L

=
(
1,√γ1Lσ

a
−, 0

)
◁
(
eiϕ1 , 0, 0

)
◁
(
1,√γ2Lσ

b
−, 0

)
.

(2.39)

For giant atoms in the braided configuration, we have

GR

∣∣∣
braided

= G4R ◁ Gϕ3 ◁ G3R ◁ Gϕ2 ◁ G2R ◁ Gϕ1 ◁ G1R

=
(
1,√γ4Rσ

b
−, 0

)
◁
(
eiϕ3 , 0, 0

)
◁
(
1,√γ3Rσ

a
−, 0

)
◁
(
eiϕ2 , 0, 0

)
◁
(

1,√γ2Rσ
b
−,

1
2ωbσ

b
z

)
◁
(
eiϕ1 , 0, 0

)
◁
(

1,√γ1Rσ
a
−,

1
2ωaσ

a
z

)
,

(2.40)

GL

∣∣∣
braided

= G1L ◁ Gϕ1 ◁ G2L ◁ Gϕ2 ◁ G3L ◁ Gϕ3 ◁ G4L

=
(
1,√γ1Lσ

a
−, 0

)
◁
(
eiϕ1 , 0, 0

)
◁
(
1,√γ2Lσ

b
−, 0

)
◁
(
eiϕ2 , 0, 0

)
◁
(
1,√γ3Lσ

a
−, 0

)
◁
(
eiϕ3 , 0, 0

)
◁
(
1,√γ1Lσ

b
−, 0

)
.

(2.41)

The results for small and braided atoms are shown below, respectively,

S
∣∣∣
small

=
(
eiϕ1 0
0 eiϕ1

)
,

L
∣∣∣
small

=
(
eiϕ1

√
γ1Rσ

a
− + √

γ2Rσ
b
−√

γ1Lσ
a
− + eiϕ1

√
γ2Lσ

b
−

)
,

H
∣∣∣
small

= 1
2ωaσ

a
z + 1

2ωbσ
b
z + 1

2i
[(
eiϕ1

√
γ1Rγ2R − e−iϕ1

√
γ1Lγ2L

)
σa

−σ
b
+ − H.c.

]
,

(2.42)
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S
∣∣∣
braided

=
(
ei(ϕ1+ϕ2+ϕ3) 0

0 ei(ϕ1+ϕ2+ϕ3)

)
,

L
∣∣∣
braided

=
(ei(ϕ1+ϕ2+ϕ3)√γ1R + eiϕ3

√
γ3R

)
σa

− +
(
ei(ϕ2+ϕ3)√γ2R + √

γ4R

)
σb

−(√
γ1L + ei(ϕ1+ϕ2)√γ3L

)
σa

− +
(
eiϕ1

√
γ2L + ei(ϕ1+ϕ2+ϕ3)√γ4L

)
σb

−

 ,
H
∣∣∣
braided

= 1
2 (ωa + (√γ1Rγ3R + √

γ1Lγ3L) sin (ϕ1 + ϕ2)) σa
z

+ 1
2 (ωb + (√γ2Rγ4R + √

γ2Lγ4L) sin (ϕ2 + ϕ3)) σb
z

+ 1
2i

[(
eiϕ1

√
γ1Rγ2R + ei(ϕ1+ϕ2+ϕ3)√γ1Rγ4R − e−iϕ2

√
γ2Rγ3R

+ eiϕ3
√
γ3Rγ4R − e−iϕ1

√
γ1Lγ2L − e−i(ϕ1+ϕ2+ϕ3)√γ1Lγ4L

+ eiϕ2
√
γ2Lγ3L − e−iϕ3

√
γ3Lγ4L

)
σa

−σ
b
+ − H.c.

]
.

(2.43)

Finally, from the triplet components above, we can extract the master equation in
the following form

ρ̇ = −i [H, ρ] +
∑

j

D[Lj]ρ

= −i
[1
2ω

′
aσ

a
z + 1

2ω
′
bσ

b
z + gσa

−σ
b
+ + g∗σa

+σ
b
−

]
+ ΓaD[σa

−]ρ+ ΓbD[σb
−]ρ+

[
Γcoll

(
σa

−ρσ
b
+ − 1

2
{
σa

−σ
b
+, ρ

})
+ H.c.

]
,

(2.44)

where, ω′
j is the Lamb-shifted frequency of the atom j, Γj is its individual relaxation

rate, Γcoll is the collective relaxation rate for the atoms, and g is the exchange
interaction between two different atoms, which arises when the emitted photons
of one atom are absorbed at the coupling points of the other atom. According to
Eq. (2.44), the individual relaxation rates Γa, Γb are determined by interference
between coupling points belonging to the same atom, while the collective relaxation
rate Γcoll is determined by interference between coupling points from different atoms.
Note that the former case occurs only for giant atoms. The expressions of these
parameters for other topologies are shown in Table 2.1.

Table 2.1: General expressions of frequency shifts, individual and collective relax-
ation rates and exchange interactions for different topologies. Here, two small and
giant atoms couple to an ideal waveguide. We set phase shifts ϕn acquired in the
waveguide and bare relaxation rates γnR and γnL at each coupling point. Adapted
from Ref. [6].

Parameters Topologies Expressions

Frequency shifts
(δωa , δωb

)
Small 0

0
Continued on next page
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Table 2.1 – continued from previous page
Parameters Topologies Expressions

Separate (√γ1Rγ2R + √
γ1Lγ2L) sinϕ1

(√γ3Rγ4R + √
γ3Lγ4L) sinϕ3

Braided (√γ1Rγ3R + √
γ1Lγ3L) sin(ϕ1 + ϕ2)

(√γ2Rγ4R + √
γ2Lγ4L) sin(ϕ2 + ϕ3)

Nested (√γ1Rγ4R + √
γ1Lγ4L) sin(ϕ1 + ϕ2 + ϕ3)

(√γ2Rγ3R + √
γ2Lγ3L) sinϕ2

Individual relaxation
rates (Γa, Γb)

Small γ1R + γ1L

γ2R + γ2L

Separate γ1R + γ2R + γ1L + γ2L

+2(√γ1Rγ2R + √
γ1Lγ2L) cosϕ1

γ3R + γ4R + γ3L + γ4L

+2(√γ3Rγ4R + √
γ3Lγ4L) cosϕ3

Braided γ1R + γ3R + γ1L + γ3L

+2(√γ1Rγ3R + √
γ1Lγ3L) cos(ϕ1 + ϕ2)

γ2R + γ4R + γ2L + γ4L

+2(√γ2Rγ4R + √
γ2Lγ4L) cos(ϕ2 + ϕ3)

Nested γ1R + γ4R + γ1L + γ4L

+2(√γ1Rγ4R + √
γ1Lγ4L) cos(ϕ1 + ϕ2 + ϕ3)

γ2R + γ3R + γ2L + γ3L

+2(√γ2Rγ4R + √
γ2Lγ4L) cosϕ2

Collective relaxation
rates (Γcoll)

Small eiϕ1
√
γ1Rγ2R + e−iϕ1

√
γ1Lγ2L

Separate ei(ϕ1+ϕ2)√γ1Rγ3R + ei(ϕ2+ϕ3)√γ2Rγ4R

+ei(ϕ1+ϕ2+ϕ3)√γ1Rγ4R + eiϕ2
√
γ2Rγ3R

+e−i(ϕ1+ϕ2)√γ1Lγ3L + e−i(ϕ2+ϕ3)√γ2Lγ4L

+e−i(ϕ1+ϕ2+ϕ3)√γ1Lγ4L + e−iϕ2
√
γ2Lγ3L

Braided eiϕ1
√
γ1Rγ2R + ei(ϕ1+ϕ2+ϕ3)√γ1Rγ4R

+e−iϕ2
√
γ2Rγ3R + eiϕ3

√
γ3Rγ4R

+e−iϕ1
√
γ1Lγ2L + e−i(ϕ1+ϕ2+ϕ3)√γ1Lγ4L

+eiϕ2
√
γ2Lγ3L + e−iϕ3

√
γ3Lγ4L

Continued on next page
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Table 2.1 – continued from previous page
Parameters Topologies Expressions

Nested eiϕ1
√
γ1Rγ2R + ei(ϕ1+ϕ2)√γ1Rγ3R

+e−i(ϕ2+ϕ3)√γ2Rγ4R + e−iϕ3
√
γ3Rγ4R

+e−iϕ1
√
γ1Lγ2L + e−i(ϕ1+ϕ2)√γ1Lγ3L

+ei(ϕ2+ϕ3)√γ2Lγ4L + eiϕ3
√
γ3Lγ4L

Exchange interactions
(g)

Small (eiϕ1
√
γ1Rγ2R − e−iϕ1

√
γ1Lγ2L)/(2i)

Separate (ei(ϕ1+ϕ2)√γ1Rγ3R + ei(ϕ1+ϕ2+ϕ3)√γ1Rγ4R

+eiϕ2
√
γ2Rγ3R + ei(ϕ2+ϕ3)√γ2Rγ4R

−e−i(ϕ1+ϕ2)√γ1Lγ3L − e−i(ϕ1+ϕ2+ϕ3)√γ1Lγ4L

−e−iϕ2
√
γ2Lγ3L − e−i(ϕ2+ϕ3)√γ2Lγ4L)/(2i)

Braided (eiϕ1
√
γ1Rγ2R + ei(ϕ1+ϕ2+ϕ3)√γ1Rγ4R

−e−iϕ2
√
γ2Rγ3R + eiϕ3

√
γ3Rγ4R

−e−iϕ1
√
γ1Lγ2L − e−i(ϕ1+ϕ2+ϕ3)√γ1Lγ4L

+eiϕ2
√
γ2Lγ3L − e−iϕ3

√
γ3Lγ4L)/(2i)

Nested (eiϕ1
√
γ1Rγ2R + ei(ϕ1+ϕ2)√γ1Rγ3R

−e−i(ϕ2+ϕ3)√γ2Rγ4R − e−iϕ3
√
γ3Rγ4R

−e−iϕ1
√
γ1Lγ2L − e−i(ϕ1+ϕ2)√γ1Lγ3L

+ei(ϕ2+ϕ3)√γ2Lγ4L + eiϕ3
√
γ3Lγ4L)/(2i)

2.3.3 Decoherence-free interaction and dark states
When the relaxation rates are non-zero, the atoms have interactions with the waveg-
uide and lose energy to it. Here, we look into two approaches for protecting the sys-
tem against decoherence: decoherence-free interaction and dark states. Note that
in realistic experiments, decoherence has two mechanisms: energy relaxation and
phase dephasing [30]. In this thesis, however, we consider the relaxation as the only
loss channel, then when we talk about suppressing decoherence, it is equivalent to
suppressing relaxation.

2.3.3.1 Decoherence-free interaction

According to Eq. (2.36) and Table 2.1, the individual and collective relaxation rates
can be controlled by tuning the phase shift ϕn between the coupling points. If we
assume all the bare relaxation rates are equal, i.e., γnR = γnL = γ, for giant atoms,
the individual relaxation rates Γj can be suppressed to 0 by setting the phase shift
between the coupling points of the same atom to π(+2nπ), corresponding to a spatial
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separation of half the excitation wavelength, λ/2(+λ). Since relaxation is considered
the only decoherence mechanism, we characterize the atom as decoherence-free.

For an atomic ensemble, emissions from different coupling points of the same atom
undergo destructive interference, resulting in a vanishing contribution from all atoms
and thereby protecting the system from collective relaxation. Furthermore, in both
separate and nested configurations, at least one atom has consecutive coupling
points. When the emission from this atom is canceled (Γj = 0), the exchange
interaction also vanishes, i.e., g = 0. In contrast, braided giant atoms can exhibit
interactions without decoherence, characterized by Γj = Γcoll = 0 while g ̸= 0.
Fig. 2.4 intuitively shows this phenomenon: decoherence-free interaction (DFI).
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d(λ)

8

6

4

2

0

2

4

6

8

{ Γ
a
/b
,Γ

co
ll
,g
} (γ

)

Relaxation rates and exchange interaction
Small: Γa/b

Small: Γcoll

Small: g
Separate: Γa/b

Separate: Γcoll

Separate: g
Braided: Γa/b

Braided: Γcoll

Braided: g
Nested: Γa

Nested: Γb

Nested: Γcoll

Nested: g
d= 1

4
λ

Figure 2.4: Illustration of relaxation rates and exchange interaction for two atoms
coupled to an ideal waveguide across all topologies. The dashed dark line indicates
d = λ/4 where decoherence-free interaction occurs. The transparent orange, blue
and red lines correspond to small, separate and nested atom configurations, respec-
tively, while the green lines represent braided atoms. Figure inspired by Ref. [8].

Note that, according to the supplemental material of Ref. [8] and Ref. [6], these
conclusions also remain valid for arbitrary bare relaxation rates, provided that the
condition Γj = 0 is satisfied. Because the decoherence-free interaction does not
depend on the quantum state of the giant atoms, the entire Hilbert space of the
system is protected from decoherence.

2.3.3.2 Dark states

Besides the DFI, a less robust mechanism for protecting the system from decoherence
is dark states, which arise from collective interference [12] and depend on the state
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of the atoms. Note first that dark states can be realized both with small atoms and
giant atoms. As a result, only a Hilbert subspace is protected from decoherence.
Pure non-radiative dark states |D⟩ are annihilated by all jump operators and, at
the same time, are eigenstates of the Hamiltonian, [12, 15, 16, 31, 32], i.e.,

LR/L |D⟩ = 0, (2.45)

H |D⟩ = E |D⟩ , E ∈ R. (2.46)

The first condition ensures that system’s output remains dark, while the second
guarantees that the system is stationary. In the two-atom case considered here,
Eq. (2.45) implies that the dark states reside within a two-dimensional subspace.
This subspace is spanned by the ground state |gg⟩ and either the singlet state |S⟩ =
(|ge⟩ − |eg⟩)/

√
2 or the triplet state |T ⟩ = (|ge⟩ + |eg⟩)/

√
2.

Figure 2.5: Energy-level diagrams of two two-level atoms coupled to a waveguide.
(a) This figure shows the a basis of states is {|gg⟩ , |eg⟩ , |ge⟩ , |ee⟩}, including their
decay channels. (b) Diagram for a undriven system, the dark states |S/T ⟩ do not
decay to the waveguide, while |T/S⟩ act as bright states. (c) Diagram for the driven-
dissipative regime, and the dark states

∣∣∣DS/T

〉
is defined by Eq. (2.53). Figures

adapted from Ref. [6].

Undriven system

In an undriven system, the dark state is either the singlet state |S⟩ or the triplet state
|T ⟩, depending on the phase shifts acquired by the distances between the coupling
points. To derive the corresponding constraints, we rewrite the Hamiltonian and
jump operators in the basis {|gg⟩ , |S⟩ , |T ⟩ , |ee⟩} (Fig. 2.5b). The Hamiltonian then
takes the form

H = Hu = 1
2ω

′
aσ

a
z + 1

2ω
′
bσ

b
z + gσa

−σ
b
+ + g∗σa

+σ
b
−

= ω′
a + ω′

b

2 (|ee⟩ ⟨ee| − |gg⟩ ⟨gg|)

+ g + g∗

2 (|T ⟩ ⟨T | − |S⟩ ⟨S|)

+
[
ω′

b − ω′
a + g − g∗

2 |S⟩ ⟨T | + H.c.
]
.

(2.47)
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In the same way, the jump operators can be written as

LR/L =
√

ΓaR/Lσ
a
− +

√
ΓaR/Lσ

b
−

=
√

2
2 (

√
ΓaR/L +

√
ΓbR/L)(|T ⟩ ⟨ee| − |gg⟩ ⟨T |)

+
√

2
2 (

√
ΓaR/L −

√
ΓbR/L)(|S⟩ ⟨ee| − |gg⟩ ⟨S|).

(2.48)

Substituting these expressions for jump operators and the Hamiltonian into the
dark-state conditions, Eq. (2.45) and Eq. (2.46), yields the constraints on γkR/L,
ϕk and ωj. The remaining steps are mathematical derivations, and Ref. [6] shows
the details. For simplicity, we assume that the bare relaxation rates are identical
for all coupling points in the same propagation direction, i.e., γnR = γR, γnL = γL.
According to the calculation, all topologies require ωa = ωb, g = g∗ ∈ R, while the
additional constraints are summarized in Table B.1 in Appendix B.

As shown in Table B.2, constraints on bare relaxation rates are required to achieve
symmetric couplings. Because of the perfectly symmetric distribution of coupling
points, the nested atoms allow the formation of dark states for arbitrary bare relax-
ation rates, offering increased flexibility for implementation.

Coherently driven system

Refs. [12, 15, 16] have investigated the formation of dark states for small atoms
in the driven-dissipative regime. Ref. [6] further showed that such states can also
be realized in giant-atom systems. When a coherent drive is applied from the left
side of the waveguide, the system eventually reaches a dynamic equilibrium between
coherent driving and dissipation, formed by mutually exchanging photons between
the atoms [14]. For convenience in getting the constraints of dark states in the
driven-dissipative regime, we still rewrite Hamiltonians and operators in the basis
shown in Fig. 2.5b.

The drive is characterized by a bosonic flux of |β|2 photons per second and is de-
scribed by the triplet Gβ = (β, 0, 0). Within the SLH formalism, the additional
term of Hamiltonian is

Hdrive = −
i

2βSRL
†
R + H.c., (2.49)

while the corresponding jump operator is

L =
(
LR + Ld

LL

)
, (2.50)

where Ld = βSR. Expanding the Lindblad master equation with Ld and Hdrive, the
dynamics of this system are the same as the system with the master equation

ρ̇ = −i[Hu +Hd, ρ] + D[LR]ρ+ D[LL]ρ, (2.51)

where Hd is
Hd = −iβSRL

†
R + H.c.. (2.52)
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For convenience, we can use the latter to derive the dark states, with the details
provided in Appendix A. Then the total Hamiltonian is H = Hd +Hu, where Hu is
the Hamiltonian without drive. In the presence of a coherent drive, the dark states
satisfy the same conditions as those given in Eq. (2.45) and Eq. (2.46), and take the
form ∣∣∣DS/T

〉
= 1√

1 + α2
(α |S/T ⟩ + |gg⟩) , (2.53)

where α depends on the bare relaxation rates, detuning of the atomic frequencies
from the drive, and the drive strength. We denote the detuning of the atomic
frequency from the drive by δj, such that ωj = ωd + δj. Moreover, the state

∣∣∣DS/T

〉
only exists when the two detunings are opposite (δa = −δb = δ), as required by
Eq. (2.46). To obtain the functions for α and the corresponding phase constraints,
we follow the same procedure as in the undriven case. Rewriting the Hamiltonian
Hd in the basis {|gg⟩ , |S⟩ , |T ⟩ , |ee⟩}, we get

Hd =
[
−iβSR(

√
Γ∗

aR +
√

Γ∗
bR)(|ee⟩⟨T | + |T ⟩⟨gg|)

−iβSR(
√

Γ∗
aR −

√
Γ∗

bR)(|ee⟩⟨S| − |S⟩⟨gg|)
]

+ H.c..
(2.54)

In the driven-dissipative regime, relaxation rates may vary with the propagation
directions. Here, we set γnR = γR, γnL = γL, with the difference denoted by . The
resulting constraints are summarized in Table B.2

If we take a closer look at Table B.1 and Table B.2, we find that the phase shifts
in each topology should ensure that the individual relaxation rates are nonezero.
Otherwise, the atom is not able to share the excitation or absorb the photon emit-
ted by another atom. For the driven system, we perform numerical simulations in
Python and present two figures (Fig. 2.6a and Fig. 2.6b) to study how the drive
strength influences the formation of dark states. They show that as the drive in-
creases, the dark states approach the Bell states |S/T ⟩, which are also maximally
entangled states for two atoms. Moreover, Ref. [6] demonstrate that giant atoms
can reach dark states faster than small atoms. The phase-shift arrangements during
the simulation are listed in Table 2.2. We use the following equation to quantify the
overlap between the dark states and the Bell states

Overlap = ⟨S/T | ρ |S/T ⟩ . (2.55)

For clarity, numerical simulations given in this thesis follow a consistent normaliza-
tion scheme. All frequency-related parameters are normalized to the relaxation rate
γ. Consequently, the following dimensional relations hold:

δj ∼ γ ∼ 1
time ,

|β|2 ∼ time ⇒ β ∼ 1/√γ.
(2.56)
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Figure 2.6: The drive-strength dependence of overlaps in the ideal waveguide.
Top: the overlap between the |DS⟩ ans |S⟩. Bottom: the overlap between the |DT ⟩
and |T ⟩. In the Python code, we set δ = 0.5γ, ∆γ = 0.3γ. Phase-shift settings are
shown in Table 2.2.
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Table 2.2: Phase-shift arrangements for the simulation of the dark states in driven-
dissipative regime.

Topologies Dark states Phase shifts

Small |DS⟩ ϕ1 = 0

|DT ⟩ ϕ1 = π

Separate |DS⟩ ϕ1 = ϕ2 = ϕ3 = 0

|DT ⟩ ϕ1 = ϕ3 = 0

ϕ2 = π

Braided |DS⟩ ϕ1 = ϕ3 = 0

ϕ2 =
π

2
|DT ⟩ ϕ1 = ϕ3 = π

ϕ2 =
π

2

Nested |DS⟩ ϕ1 = ϕ3 = 0

ϕ2 =
π

2
|DT ⟩ ϕ1 = ϕ3 = π

ϕ2 =
π

2

2.4 Giant atoms in a lossy waveguide
The method to describe the giant atoms in the lossy waveguide is also the SLH
formalism. The first important question is how to model a lossy waveguide. In order
to do this, beam splitters are inserted between neighboring coupling points [25], also
the triplet of beam splitters and the SLH scheme are shown in the following content.

In the waveguides, quantum systems interact with the “non-guided” modes, which
give rise to losses [25]. One usual way to model the loss is introducing a fictitious
mode representing the non-guided modes [25]. Considering that photons are con-
tinuously lost along the propagation path, beam splitters with vacuum input are
introduced to model the loss, where the reflection and transmission coefficients are
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functions of the distance between neighboring coupling points.

The beam splitter is a component with two inputs and two outputs (Fig. 2.7). The
triplet of beam splitter is

Gbs =
((

r11 t12
t21 r22

)
,

(
0
0

)
, 0
)
. (2.57)

where r and t represent the reflection and transmission coefficients, respectively. As
Fig 2.7 shows, the reflected field is the output pairs of the input field. The first
index after r and t labels the output port, while the second labels the input port.
The scattering matrix also satisfies the unitary condition S†

bsSbs = I. To simplify,
we choose the beam-splitter scattering matrix in the following form

Sn
bs =

(
−i√εn

√
1 − εn√

1 − εn −i√εn

)
, ε ∈ R (2.58)

where n is the index of the beam splitter. Since the losses in the waveguide are ex-
tremely small and depend on the distance d, we introduce an attenuation coefficient
f with units of inverse length (1/length). The total loss εn between two coupling
points separated by a distance dn is then given by

εn = 1 − e−fdn ≪ 1, (2.59)

which corresponds to the condition fdn ≪ 1. To account for the distributed loss
along the waveguide, a beam splitter is introduced between each pair of coupling
points.(Fig. 2.8a).

Figure 2.7: (a) For a bosonic stream propagating from left to right, this figure
shows a beam splitter with inputs In1, In2 and outputs Out1, Out2, where In2
is vacuum input and Out1 accounts for photon loss. (b) The corresponding SLH
scheme. Figures adapted from Refs. [25, 26].

Starting with a single giant atom coupled to the lossy waveguide in the undriven
system, we remove the coherent drive β from the setup shown in Fig. 2.8a. Following
the discussion in Sec. 2.3 and applying the SLH rules, the corresponding triplets for
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Figure 2.8: A single giant atom coupled to a lossy waveguide. These two figures
show the driven system. We can also investigate the undriven system by just re-
moving the drive. (a) A figure shows how to use a beam splitter to model a lossy
waveguide, and this is a system with a coherent drive. The dark arrows represent
the rightward propagating mode, and the leftward propagating mode is marked with
green arrows. (b) A general SLH scheme for atoms coupled to a lossy waveguide
with arbitrary coupling points.

this system are given by
GR

∣∣∣
loss

= (I⊞ (G2R ◁ Gϕ1)) ◁ Gbs1 ◁ (G1R ⊞ I)

=
((

1 0
0 eiϕ1

)
,

(
0√
γ2Rσ

a
−

)
, 0
)
◁

((
r1

11 t112
t121 r1

22

)
,

(
0
0

)
, 0
)

◁

((
1 0
0 1

)
,

(√
γ1Rσ

−
a

0

)
,
ωa

2 σ
a
z

)
,

(2.60)
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GL

∣∣∣
loss

= (G1L ⊞ I) ◁ Gbs1 ◁ (I⊞ (Gϕ1 ◁ G2L))

=
((

1 0
0 1

)
,

(√
γ1Lσ

a
−

0

)
, 0
)
◁

((
r1

11 t112
t121 r1

22

)
,

(
0
0

)
, 0
)

◁

((
1 0
0 eiϕ1

)
,

(
0

eiϕ1
√
γ2Lσ

a
−

)
, 0
)
,

(2.61)

where I is the identity triplets with an identity scattering matrix I to make sure the
right connection. The resulting components are

Sa

∣∣∣
loss

=


r1

11 t112 0 0
eiϕ1t121 eiϕ1r1

22 0 0
0 0 r1

11 eiϕ1t112
0 0 t121 eiϕ1r1

22

 ,

La

∣∣∣
loss

=


√
γ1Rr

1
11σ

a
−(

eiϕ1
√
γ1Rt

1
21 + √

γ2R

)
σa

−(√
γ1L + eiϕ1

√
γ2Lt

1
12

)
σa

−
eiϕ1

√
γ2Lr

1
22σ

a
−

 ,

Ha

∣∣∣
loss

= ωa

2 σ
a
z + 1

2i

[ (
eiϕ1t121 − e−iϕ1t1∗

21

)√
γ1Rγ2R

+
(
eiϕ1t112 − e−iϕ1t1∗

12

)√
γ1Lγ2L

]
σa

+σ
a
−.

(2.62)

Figure 2.9: Two atoms coupled to a lossy waveguide. (a) Small atoms; (b–d) giant
atoms in separate, braided, nested configuration.

Similarly, as an illustrative example for multiple atoms (Fig. 2.9), we consider
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braided giant atoms, for which the right and left traveling triplets are

GR

∣∣∣loss

braided
=(I3 ⊞ (G4R ◁ Gϕ3)) ◁ (I2 ⊞Gbs3) ◁ (I2 ⊞ (G3R ◁ Gϕ2) ⊞ I)
◁ (I⊞Gbs2 ⊞ I) ◁ (I⊞ (G2R ◁ Gϕ1) ⊞ I2)
◁ (Gbs1 ⊞ I2) ◁ (G1R ⊞ I3),

(2.63)

GL

∣∣∣loss

braided
=(G1L ⊞ I3) ◁ (Gbs1 ⊞ I2) ◁ (I⊞ (Gϕ1 ◁ G2L) ⊞ I2)
◁ (I⊞Gbs2 ⊞ I) ◁ (I2 ⊞ (Gϕ2 ◁ G3L) ⊞ I)
◁ (I2 ⊞Gbs1) ◁ (I3 ⊞ (Gϕ3 ◁ G4L)).

(2.64)

The results in some components are

SR

∣∣∣
loss

=
(
SR1 SR2 SR3 SR4

)
,

LR

∣∣∣
loss

=


LR1
LR2
LR3
LR4


(2.65)

SL

∣∣∣
loss

=
(
SL1 SL2 SL3 SL4

)
,

LL

∣∣∣
loss

=


LL1
LL2
LL3
LL4

 .
(2.66)

Then the final results are

S
∣∣∣
loss

=
(

SR 0
0 SL

)
,

L
∣∣∣
loss

=
(

LR

LL

)
,

H
∣∣∣
loss

= HR +HL

= ω′
a

2 σ
a
z + ω′

b

2 σ
b
z + gσa

−σ
b
+ + g∗σa

−σ
b
+.

(2.67)

With the triplets above, the Lindblad master equation can also be extracted in the
form Eq. (2.44).

If a coherent drive is added in the waveguide, the triplet of the left-traveling mode
keeps the same, the right-traveling mode triplet has extra terms

Ld

∣∣∣
loss

=


Ld1
Ld2
Ld3
Ld4

 =


βr1

11
eiϕ1βt121

ei(ϕ1+ϕ2)βt121t
2
21r

3
11

ei(ϕ1+ϕ2+ϕ3)βt121t
2
21t

3
21

 (2.68)

Hdrive

∣∣∣
loss

= 1
2i [βL†

RSR1 − H.c.] (2.69)
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Similarly to atoms coupled to an ideal waveguide, expanding the master equation
with the extra terms above, the dynamics of the system is the same as the system
with the master equation in the following

ρ̇ = −i[Hu +Hd, ρ] +
∑
m

D[LRm]ρ+
∑
m

D[LLm]ρ, (2.70)

where the equation of Hd is

Hd

∣∣∣
loss

= −iβL†
RSR1 + H.c. (2.71)

With this form of master equation, the calculation will be easier.

In the lossy waveguide, the Hamiltonian Hu has the same general form as Eq. (2.47),
with modified parameter expressions. Together with the results for the other topolo-
gies presented in Appendix C, this provide the basis for discussing the individual
and collective relaxation rates in the next chapter.
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Results

Building upon the theoretical framework and derivations established in the previous
chapter, this chapter shows the impacts of two primary imperfections: asymmetric
coupling and lossy waveguides. The core of this research evaluates the stability of
decoherence-free interaction and dark states under these non-ideal conditions. We
demonstrate that DFI and dark states are destroyed under these imperfections. Fur-
thermore, we provide a quantitative analysis of the shifts in decoherence-suppression
mechanisms and establish the bounds for waveguide losses.

3.1 Symmetric and asymmetric couplings

3.1.1 A single giant atom
This section begins with an analysis of a single-atom system. In the symmetric case
(γ1R/L = γ2R/L = γ), the effective relaxation rate Γa of a single giant atom vanishes
when the distance between coupling points is an odd multiple of half wavelengths.
However, in the asymmetric case, an imperfection characterized by unequal bare
relaxation rates from the same atom, i.e., γ1R/L = ϵγ2R/L = ϵγ (where 0 < ϵ < 1),
the relaxation rate is given by:

Γa = 2γ(ϵ+ 1 + 2
√
ϵcoskd1). (3.1)

As illustrated in Eq. (3.1) and Fig. 3.1, the decoherence protection is lifted in the
asymmetric case, as evidenced by a vertical shift at the previous decoherence-free
point. The magnitude of this shift is expressed as:

δΓa = 2γ(1 + ϵ− 2
√
ϵ). (3.2)

Furthermore, this shift is not confined to the decoherence-free point but exists across
nearly all phase-shift cases. According to Eq. (3.1), the impact from asymmetry is
periodic.

3.1.2 Braided atoms
In the symmetric case of braided atoms, as detailed in Sec. 2.3.3.1 and Table. 2.1,
decoherence-free interaction occurs when the distances between coupling points for
each atom satisfies the half wavelength, i.e., d1 +d2 = d2 +d3 = λ/2. Given that DFI
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Figure 3.1: Effective relaxation rate under asymmetric coupling conditions. The
parameter ϵ represents the ratio of the bare relaxation rates γ1/γ2. The dark line
d1 = λ/2 indicates that the system is protected from decoherence for the symmetric
case (ϵ = 1). In the asymmetric case (ϵ < 1), the minimum relaxation rate exhibits a
vertical shifts away from the decoherence-free point. Different colors denote various
coupling ratios ϵ.

represents one of the most interesting phenomena in the two-giant-atom system, our
discussion of asymmetric coupling focuses exclusively on the braided configuration.

In the asymmetric case of the braided atoms, the arrangement of bare relaxation
rates are γ1R/L ̸= γ3R/L, γ2R/L ̸= γ4R/L. To simplify, we assume γ1R/L = γ2R/L = ϵγ,
γ3R/L = γ4R/L = γ, then exchange interaction, individual and collective relaxation
rates yield

Γa = 2γ(ϵ+ 1 + 2
√
ϵcosk(d1 + d2)),

Γb = 2γ(ϵ+ 1 + 2
√
ϵcosk(d2 + d3)),

Γcoll = 2γ[ϵcoskd1 +
√
ϵcoskd2 + coskd3 +

√
ϵcosk(d1 + d2 + d3)],

g = γ[ϵsinkd1 +
√
ϵsinkd2 + sinkd3 +

√
ϵsink(d1 + d2 + d3)].

(3.3)

As shown in Eq. (3.3), the individual relaxation rate Γj cannot be zero, when 0 < ϵ <
1. In our Python code, we set dn = d. At the specific configuration where d1 + d2 =
d3+d4 = λ/2, Fig. 3.2 reveals an offset in the individual relaxation rates; specifically,
the minimum individual relaxation rate is given by Γa/b|min = 2γ(1 −

√
ϵ)2, while

the collective relaxation rate vanishes. As the asymmetry decreases (ϵ → 1), this
minimum value approaches zero, restoring the ideal suppressed decay. Additionally,
Fig. 3.2 illustrates that an ϵ closer to 1 enhances the coupling strength.
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Figure 3.2: Top: Relaxation rates and exchange interaction in a system of braided
atoms with asymmetric coupling to an ideal waveguide, and parameter ϵ used in
python code is ϵ = 0.5. Bottom: Coupling strength between atoms relative to
individual relaxation rates. The parameter dn = d is assumed for both cases.
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3.2 DFI in lossy waveguides

3.2.1 A single giant atom
For a single giant atom coupled to a lossy waveguide, by substituting the jump
operators from Eq. (2.62) into the definition of the master equation, we get the
relaxation rate:

Γa = γ1R + γ2R + γ1L + γ2L + 2(√γ1Rγ2R + √
γ1Lγ2L)cos(kd1)

√
1 − ε1, (3.4)

where ε1 = 1 − e−fd1 represents the total losses. In the limit of extremely low losses
(fd1 ≪ 1) and assuming symmetric couplings, i.e., γnR/L = γ, the equation yields
to the following first-order approximation:

Γa ≈ 4γ[1 + (1 − 1
2fd1)coskd1]. (3.5)
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Figure 3.3: Individual relaxation rate under different losses. Here f is referred an
attenuation coefficient. The dark line d1 = λ/2 corresponds to a decoherence-free
point for a single giant atom coupled to the ideal waveguide. In the presence of
loss, the minimum relaxation rate both vertical and horizontal shifts away from the
decoherence-free point. Specifically, for the green line (f = 0.3(1/length)), the red
point identifies the smallest effective relaxation rate for atom a. The inset at the
top center provides a magnified view of the region around the minimum point.

Fig. 3.3 illustrate the behavior of Eq. (3.5) as plotted using Python. It shows
horizontal and vertical shifts from the line d1 = λ/2, indicating that the interference
mechanism protecting the system from decoherence is destroyed by waveguide losses.
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To quantify these deviations, we denote the horizontal and vertical shifts as δd and
δΓa , respectively. By applying applying a Taylor expansion to the first derivation of
Eq. (3.5) around the ideal decoherence-free point, we obtain:

dΓa

dd1
= 2γ[f + k2(2 − λ

2f)δd]. (3.6)

Setting
dΓa

dd1
= 0 to find the minimum relaxation rate, we derive the following shifts:

δd ≈ − f

2k2 + O(f 2),

δΓa ≈ 2πfγ
k

= 2γfd1 = 2γε1.

(3.7)

Comparing the vertical shift δΓa to the maximum individual relaxation rate Γa|max =
8γ shown in Fig. 3.3, we then get the following ratio:

δΓa

Γa|max
= ε1

4 ≪ 1. (3.8)

Under the constraints of ϵ1 ≪ 1, a single atom’s decoherence protection is resilient,
ensuring that the dynamics of system are not significantly influenced by extremely
minor waveguide losses.

In the previous calculation we use following Taylor expansions: sin x, cosx, 1/(1−x),
ex. Because of the extremely small losses and shifts observed in practice, only the
first-order approximation is retained during the derivation.

Then another critical issue is the upper bound of losses. In order to address this,
we look into an experiment in Ref. [5], where a superconducting qubit is coupled to
a one-dimensional microwave transmission line at two discrete locations. According
to the data in Ref. [5], for the single qubit, the minimum effective relaxation rate
and the bare relaxation rates are given by:

δΓa = Γa

∣∣∣∣
d1= λ

2

= 1/Ta = 1/31.5µs ≈ 0.03MHz,

γn = 2γ = 2MHz,
(3.9)

where Ta = 31.5µs is the measured relaxation time. From these values, total losses
can be estimated as ε1 = δd/γn = 0.015. Consequently, the attenuation coefficient
should not be greater than the following upper bound:

f = 2ε1

λ
= 0.03/λ. (3.10)

It should be noted that the realistic lossy mechanisms are highly complicated, this
study focuses exclusively on waveguide-induced losses that depend on the distance.
In most experiments, including the single-qubit demonstration in Ref. [5], the phase
shift is typically tuned by changing the qubit frequencies. Verifying whether the
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point of minimum relaxation rate coincides with the half-wavelength condition re-
quires exact knowledge of both the physical distance between coupling points and
the velocity of bosonic field. However, simultaneously determining these parameters
with high precision remains a significant challenge, making it difficult to directly
identify the loss-induced horizontal shift in such experimental setups. Nevertheless,
according to Eq. (3.7), if a horizontal shift were to manifest in this experiment, its
theoretical value is estimated to be around −0.015/(2πk).

When a single giant atom is asymmetrically coupled to a lossy waveguide, we assume
left-right symmetric decay for each coupling point, i.e., γnR/L = γnR/L = γn/2. By
introducing the asymmetry ratio ϵ = γ1/γ2 = 2ϵγ, the effective individual relaxation
rate of the giant atom can be derived as:

Γa = 2γ[1 + ϵ+ 2
√
ϵ(1 − ε1)coskd1]. (3.11)

Consequently, the vertical shift of the minimum effective relaxation rate is given by:

δΓa = 2γ[1 + ϵ+ 2
√
ϵ(−1 + fπ

2k )]. (3.12)

As discussed in Sec. 3.1.1, the asymmetric coupling primarily affects the vertical
shift of the relaxation rate. Therefore, even in the asymmetric case, the horizontal
shift δd caused by losses remains following Eq. (3.7). From the observed vertical and
horizontal shifts, the two imperfections can be determined as follows:

f = −2k2δd,

ϵ = γ1

γ2
=
(

1 + δdkπ −
√

(δdπk)2 + 2δdπk + δΓa

2γ

)2

.
(3.13)

3.2.2 Multiple giant atoms
By referring to the general results in Appendix C and assuming symmetric coupling
γnR/L = γ with equal distance dn = d, we obtain the specific parameters for two
atoms coupled to a lossy waveguide as listed in the following Table 3.1:

Table 3.1: Frequency shifts, exchange interactions, individual and collective relax-
ation rates in the lossy waveguide. We set identical bare relaxation rates γnR/L = γ
and distance between neighboring coupling points dn = d, and f is the attenuation
coefficient.

Parameters Topologies Expressions

Frequency shifts
(δωa , δωb

)
Small 0
Separate 2γ(1 − 1

2fd) sin kd
Braided 2γ(1 − fd) sin 2kd

Continued on next page
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Table 3.1 – continued from previous page
Parameters Topologies Expressions

Nested 2γ(1 − 3
2fd) sin 3kd

2γ(1 − 1
2fd) sin kd

Individual relaxation
rates (Γa, Γb)

Small 2γ
Separate 4γ + 4γ(1 − 1

2fd) cos kd
Braided 4γ + 4γ(1 − fd) cos 2kd
Nested 4γ + 4γ(1 − 3

2fd) cos 3kd
4γ + 4γ(1 − 1

2fd) cos kd

Collective relaxation
rates (Γcoll)

Small 2γ(1 − 1
2) cos kd

Separate 2γ[(1 − 1
2fd) cos kd+ 2(1 − fd) cos 2kd

+(1 − 3
2fd) cos 3kd]

Braided 2γ[3(1 − 1
2fd) cos kd+ (1 − 3

2fd) cos 3kd]
Nested 2γ[2(1 − 1

2fd) cos kd+ 2(1 − fd) cos 2kd]

Exchange interactions
(g)

Small γ(1 − 1
2fd) sin kd

Separate γ[(1 − 1
2fd) sin kd+ 2(1 − fd) sin 2kd

+(1 − 3
2fd) sin 3kd]

Braided γ[3(1 − 1
2fd) sin kd+ (1 − 3

2fd) sin 3kd]
Nested γ[2(1 − 1

2fd) sin kd+ 2(1 − 1
2fd) sin 3kd]

To more conveniently observe the results, Fig. 3.4 illustrates the exchange interac-
tions, individual and collective relaxation rates for two atoms coupled to the lossy
waveguide.

Fig. 3.4 shows that at d = λ/4 point, which corresponds to the decoherence-free
interaction point (Fig. 2.4) for braided atoms coupled to an ideal waveguide, the
individual relaxation rate does not vanish. Instead, a residual individual relaxation
rate appears due to losses, given by

Γa/b

∣∣∣
d= λ

4
= 2πγf

k
= 4γfd = 4γε. (3.14)

In contrast, the collective relaxation rate Γcoll remains zero. This is consistent with
a phenomenon of subradiance [12, 13, 33], where collective interference suppresses
spontaneous emission, leading to a slower relaxation than that of each individual
atom.
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Figure 3.4: Comparison of relaxation rates and exchange interaction across all
atomic topologies in a lossy waveguide. The dark vertical line (d = λ/4) marks the
decoherence-free interaction distance in the ideal waveguide. Top: Results for small,
separate, braided and nested atoms are represented by orange, blue, green and red
curves, respectively. Bottom: Separately extracted braided configuration diagram.
We focus primarily on the braided configuration in the lossy waveguide, where the
individual relaxation rate is none-zero at a quarter wavelength, while the collective
relaxation rate vanishes and the exchange interaction is reaches approximately 2γ.
A attenuation coefficient of f = 0.1/(1/length) is assumed during the numerical
simulations.
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Comparing the minimum value (vertical shift) Γa/b

∣∣∣
d= λ

4
to the maximum value

Γa/b

∣∣∣
max

= 8γ , we obtain the following relation:

Γa/b

∣∣∣
d= λ

4

Γa/b

∣∣∣
max

= ε

2 . (3.15)

Given that ε ≪ 1, this ratio remains extremely small, confirming the robustness of
DFI in the presence of minor losses.

Comparing the results discussed above, both DFI in braided atoms and decoherence
free in a single giant atom are destroyed. This is because the individual relaxation
rates no longer vanish under the joint influence of these two imperfections. Specif-
ically, asymmetric coupling induces a periodic vertical shift in the relaxation rate.
In addition, waveguide losses introduce an extra horizontal displacement from the
decoherence-free point, as losses effects are cumulative with bosonic propagation
distance.

3.3 Dark states in lossy waveguides
We now discuss the properties of the dark states in both undriven and driven sys-
tems. As a perfectly subradiant state, the formal restrictions for a dark state are
established in Sec. 2.3.3.2.

In the quantum system coupled to a lossy waveguide, however, the jump operators
include total dissipative channels that prevent the system from reaching a state that
is strictly annihilated by these operators. Specifically, within the jump-operator
matrix, the reflection coefficient r should be zero to satisfy the condition shown
in Eq. (2.45). This requirement is fundamentally incompatible with the presence
of propagation losses in the waveguide, as loss implies a non-zero attenuation that
disrupts the perfect cancellation required for subradiance.

3.3.1 Undriven systems
In the lossy waveguide, the system state cannot become completely “dark,” causing
any initial state to eventually decay to the ground state |gg⟩. The instantaneous
spontaneous relaxation rate of the state |S/T ⟩ is defined as:

ΓS/T =
∑
m

⟨S/T |L†
RmLRm |S/T ⟩ +

∑
m

⟨S/T |L†
LmLLm |S/T ⟩ . (3.16)

Given that losses per distance are sufficiently small, we retain only the first-order
terms when simplifying the expression for decay rate ΓS/T . For small atoms, the
relaxation rate is approximated as ΓS/T ≈ γfd1.

Based on the phase-shift configurations in Table B.1, the arrangements of the dis-
tances between the coupling points can be determined. Table 3.2 summarizes the
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distance arrangements and the corresponding relaxation rates for all configurations.
These results are valid under the reality of extremely low waveguide loss, and the
assumption of γnR = γnL = γ. In this regime, the triplet state |T ⟩ performs a more
stable entanglement. Notably, the relaxation rates for braided and nested configu-
rations primarily depend on the attenuation coefficient and transition frequency.

Table 3.2: Distance arrangements between coupling points and instantaneous spon-
taneous relaxation rates ΓS/T for giant-atom systems. We assume equal bare relax-
ation rates at each coupling point n, with γnR = γnL = γ. For all configurations,
the transition frequencies of of atom a and b are identical (ωa = ωb = ω).

Configurations States Distances Relaxation rates

Separate |S⟩ d1 = d3 = d ̸=
λ

2 2γf(λcoskd+λ−dcoskd)

d2 = −d+ λ > 0

|T ⟩ d1 = d3 = d ̸=
λ

2 γf(λcoskd+λ−2dcoskd)

d2 =
λ

2 − d > 0

Braided |S⟩ d1 = d3 = λ 2γfλ

d2 = d

|T ⟩ d1 = d3 =
λ

2 γfλ

d2 = d

Nested |S⟩ d1 = d3 = λ 2γfλ

d2 = d

|T ⟩ d1 = d3 =
λ

2 γfλ

d2 = d

3.3.2 Coherently driven systems
In this complex system, the final state can be obtained by solve the following equa-
tion:

ρ̇ = −i[Hu +Hd, ρ] +
∑
m

D[LRm]ρ+
∑
m

D[LLm]ρ = 0, (3.17)

with the constraint
Trρ = 1. (3.18)

With the Hamiltonians and jump operators obtained from the SLH formalism, we
can get the matrix of the master equation. Two atoms provide a 4×4 matrix, leading
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to a total of seventeen equations, which are too complicated to solve analytically.
However, we can use Python to get numerical solutions.

In the ideal waveguide, the final states in the driven-dissipative regime are pure
steady states, therefore, overlap with Bell states can be used to measure entangle-
ment. In the lossy waveguide, the drive keeps exciting the system, while the losses
randomly remove the excitation. Because these losses are stochastic and unobserved,
the system evolves into a separable state. Under this situation, overlap is not a suf-
ficient metric for measuring entanglement. We introduce concurrence to quantify
the entanglement, which ranges from zero for separable states to one for maximally
entangled states. This allows us to characterize how the drive affects the formation
and degradation of entanglement.

Figs. 3.5–3.8 are generated by independently tuning the drive strength β or the
attenuation coefficient f . The simulations adopt a uniform configuration, where
γnL = γL, γnR = γR, and define the parameters as ∆γ = γL −γR = 0.3γ, δa = −δb =
δ = 0.5γ.

To ensure a fair comparison with the separate-atom system, we adjust the coupling
point distances in the small-atom system to match those of the separate exam-
ple. The results for separate atoms, illustrated in Fig. 3.6, confirm that the giant-
atom system maintains a slightly advantage, including wider tolerance and generally
higher peak values for both overlap and concurrence.

As shown in the left panels of Figs. 3.5–3.8, the overlap exhibits a trajectory similar
to that of the concurrence before reaching their respective peaks with increasing
drive strength. In an ideal waveguide (Fig. 2.6), regardless of the topology, the
overlap approaches 1 and remains stable as the drive increases. In contrast, the
results for a lossy waveguide (Fig. 3.5–3.8) reveal that further increasing the drive
strength beyond these maxima causes both concurrence and overlap to decline. This
indicates a transition toward a separable states, where quantum coherence is lost
and the concurrence eventually vanishes. Also according to the numerical result,
Trρ2 < 1, implying that the final state is mixed. All in all, in the strongly driven
regime, the final state of the system is a separable mixed state.

From a experimental perspective, we define the tolerance for generating a high-
fidelity entangled state as the range of loss coefficients where both overlap and
concurrence remain above 0.8. Under a fixed drive strength, the specific tolerances
for generating |DS⟩ and |DT ⟩ are shown in figures.

The distance arrangements in Figs. 3.5–3.8 are governed by the phase shits detailed
in Table. B.2. Utilizing braided atoms under a weak coherent drive to generate the
state |DT ⟩ is the best choice for achieving a “darker” entangled state, as the specific
distance arrangement in this case minimizes the total propagation distance.
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(a) Parameters: dS = 3λ. Depending on the variable, we fix ffixed = 0.001(1/length)
or βfixed = 2/√γ.
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(b) Parameters: dT = 2λ + λ/2. Depending on the variable, we fix ffixed =
0.001(1/length) or βfixed = 2/√γ.

Figure 3.5: Overlap and concurrence for states
∣∣∣DS/T

〉
of small atoms versus drive

strength β attenuation coefficient f . (a) Results for state |DS⟩: With f fixed at
0.001(1/length), the overlap peaks at Fmax = 0.912 (β = 1.772/√γ), while concur-
rence reaches Cmax = 0.888 (β = 1.522/√γ), with both declining thereafter. Under
a fixed drive β = 2/√γ, both metrics decrease as losses increase. Both quantities ex-
ceed 0.8 provided that f is kept below 0.0018(1/length). (b) Results for state |DT ⟩:
Similarly, at f = 0.001(1/length), the overlap and concurrence peak at Fmax = 0.919
(β = 1.844/√γ), and Cmax = 0.898 (β = 1.583/√γ), respectively. For β = 2/√γ,
both values stay above 0.8 as long as f < 0.0021(1/length).
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(a) Parameters: dSn = λ. Depending on the variable, we fix ffixed = 0.001(1/length)
or βfixed = 2/√γ.
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(b) Parameters: dT1 = dT3 = λ, dT2 = λ/2. Depending on the variable, we fix
ffixed = 0.001(1/length) or βfixed = 2/√γ.

Figure 3.6: Overlap and concurrence for states
∣∣∣DS/T

〉
of separate atoms versus

drive strength β attenuation coefficient f . (a) Results for state |DS⟩: With f fixed
at 0.001(1/length), the overlap peaks at Fmax = 0.906 (β = 1.752/√γ), while con-
currence reaches Cmax = 0.894 (β = 1.542/√γ), with both declining thereafter.
Under a fixed drive β = 2/√γ, both metrics decrease as losses increase. Both quan-
tities exceed 0.8 provided that f is kept below 0.0020(1/length). (b) Results for
state |DT ⟩: Similarly, at f = 0.001(1/length), the overlap and concurrence peak at
Fmax = 0.929 (β = 1.902/√γ), and Cmax = 0.918 (β = 1.682/√γ), respectively. For
β = 2/√γ, both values stay above 0.8 as long as f < 0.0030(1/length).
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(a) Parameters: dS1 = dS3 = λ, dS2 = λ/4. Depending on the variable, we fix
ffixed = 0.001(1/length) or βfixed = 2/√γ.
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(b) Parameters: dT1 = dT3 = λ/2, dT2 = λ/4. Depending on the variable, we fix
ffixed = 0.001(1/length) or βfixed = 2/√γ.

Figure 3.7: Overlap and concurrence for states
∣∣∣DS/T

〉
of braided atoms versus

drive strength β attenuation coefficient f . (a) Results for state |DS⟩: With f fixed
at 0.001(1/length), the overlap peaks at Fmax = 0.934 (β = 1.972/√γ), while con-
currence reaches Cmax = 0.923 (β = 1.732/√γ), with both declining thereafter.
Under a fixed drive β = 2/√γ, both metrics decrease as losses increase. Both quan-
tities exceed 0.8 provided that f is kept below 0.0043(1/length). (b) Results for
state |DT ⟩: Similarly, at f = 0.001(1/length), the overlap and concurrence peak at
Fmax = 0.957 (β = 2.292/√γ), and Cmax = 0.949 (β = 2.022/√γ), respectively. For
β = 2/√γ, both values stay above 0.8 as long as f < 0.0068(1/length).

44



3. Results

0 2 4 6 8 10
Drive strength β(1/√γ )

0.0

0.2

0.4

0.6

0.8

Ov
er

la
p 

wi
th

 B
el

l s
ta

te
 | S

〉

Cmax = 0.915
β | C=Cmax

= 1.512
Fmax = 0.926
β | F=Fmax

= 1.722

Drive dependence of the Overlap and Concurrence |DS
〉

Overlap
Concurrence

0.00 0.01 0.02 0.03 0.04 0.05
Loss f(1/length)

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Ov
er

la
p 

wi
th

 B
el

l s
ta

te
 | S

〉 f= 0.0026(1/length)

Loss dependence of the Overlap and Concurrence for |DS
〉

F,C> 0.8 limit
Overlap
Concurrence

0.0

0.2

0.4

0.6

0.8

Co
nc

ur
re

nc
e

0.2

0.4

0.6

0.8

1.0

Co
nc

ur
re

nc
e

(a) Parameters: dS1 = dS3 = λ, dS2 = λ/4. Depending on the variable, we fix
ffixed = 0.001(1/length) or βfixed = 2/√γ.
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(b) Parameters: dT1 = dT3 = λ/2, dT2 = λ/4. Depending on the variable, we fix
ffixed = 0.001(1/length) or βfixed = 2/√γ.

Figure 3.8: Overlap and concurrence for states
∣∣∣DS/T

〉
of nested atoms versus

drive strength β attenuation coefficient f . (a) Results for state |DS⟩: With f fixed
at 0.001(1/length), the overlap peaks at Fmax = 0.926 (β = 1.722/√γ), while con-
currence reaches Cmax = 0.915 (β = 1.512/√γ), with both declining thereafter.
Under a fixed drive β = 2/√γ, both metrics decrease as losses increase. Both quan-
tities exceed 0.8 provided that f is kept below 0.0026(1/length). (b) Results for
state |DT ⟩: Similarly, at f = 0.001(1/length), the overlap and concurrence peak at
Fmax = 0.953 (β = 2.002/√γ), and Cmax = 0.945 (β = 1.772/√γ), respectively. For
β = 2/√γ, both values stay above 0.8 as long as f < 0.0052(1/length).
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4
Conclusions and Outlook

In this thesis, we investigate two major imperfections in giant-atom systems that
degrade the mechanisms of decoherence suppression. Specifically, asymmetric cou-
pling destroys the self-interference effect, resulting in a non-zero relaxation rate at
frequencies that previously were completely protected from relaxation. As a conse-
quence, decoherence-free interaction can no longer be perfectly achieved, which is
consistent with physical intuition. In this thesis, asymmetric coupling refers to the
situation where the bare relaxation rates at coupling points belonging to the same
atom are unequal. It should also be emphasized that this work does not provide
a detailed and deep discussion of the symmetric couplings for dark-state forma-
tion. In Sec. 2.3.3.2 and Table B.1, the discussion is based on the assumption that
γnR/L = γR/L. Under this assumption, the nested configuration can still support
dark states even in the presence of asymmetric left- and right-propagation couplings
(γR ̸= γL), owing to the geometry-induced internal interference of the nested con-
figuration. However, this is not generally valid in the asymmetric coupling cases in
which the bare relaxation rates are unequal from the same atom, where symmet-
ric left- and right-propagating couplings (γR = γL) are required in order to satisfy
g ∈ R.

Besides asymmetric coupling, another practically unavoidable imperfection is photon
loss in the waveguide. Such losses introduce a non-zero minimum relaxation rate;
not only is this minimum no longer zero, but the topology required to achieve
it also shifts away from a half-wavelength distance between neighboring coupling
points. These shifts provide a useful way to identify and quantify imperfections
present in realistic setups. By combining the experimental results of a single giant
atom reported in Ref. [5], in which the experiment uses superconducting circuits and
tunes phase shifts by changing the qubit frequencies, with our analytical expressions
for the shift of the minimum relaxation rate, the upper bound of the attenuation
coefficient is estimated to be approximately 0.03/λ.

For dark-state formation in two-atom systems, a perfectly subradiant state cannot
be maintained in the presence of losses. In the weak-loss regime and without external
driving, the system gradually decays toward a ground state, while the triplet state
|T ⟩ exhibits relatively robust entanglement during the evolution. In the driven-
dissipative regime, strong drive fields should be avoided, since they significantly
suppress the entanglement of the final state. Furthermore, the state |DT ⟩, associated
with the triplet state, demonstrates better robustness against imperfections. It
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4. Conclusions and Outlook

should be noted that the tolerances discussed in Sec. 3.3.2 are obtained under the
specific parameter settings: drive strength β = 2/√γ, atomic detunings from the
drive δa = −δb = δ = 0.05γ, and the directional relaxation-rate difference ∆γ =
γL − γR = 0.3γ. Different parameter choices may lead to numerically different
tolerances. Nevertheless, when comparing different topological configurations under
the same conditions, giant atoms generally exhibit a broader tolerance, especially
for braided atoms in the state |DT ⟩.

The present work mainly focuses on two giant atoms coupled to a one-dimensional
waveguide. Moreover, since giant atoms exhibit geometry-dependent interference
effects and enhanced robustness against imperfections, extending the analysis to
multi-atom systems may reveal richer collective phenomena arising from more pos-
sible geometric topologies. Such systems might provide new opportunities for quan-
tum state engineering and quantum simulation.

Another important direction concerns the inclusion of additional experimental im-
perfections beyond waveguide losses and asymmetric coupling, such as non-Markovian
environmental effects [34] and imperfect emitters. Understanding how these imper-
fections influence decoherence suppression and entanglement generation would help
bridge the gap between theoretical proposals and experimental implementations.

Finally, there is still much to be explored in the field of giant atoms due to the
complexity of realistic experimental environments. The theoretical tools and mod-
els employed in this thesis, including the ideal one-dimensional waveguide [6, 33]
and SLH formalism [25], have proven to be effective for analyzing giant-atom sys-
tems from a theoretical perspective. However, in practical experiments, it remains
challenging to precisely control the distances between coupling points and simultane-
ously account for multiple sources of imperfections, which makes direct verification
of the results shown in this thesis difficult. However, the result obtained in this work
still provide useful insights into the robustness of different giant-atom systems and
may be helpful for further experimental designs and implementations.
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A
Coherently driven system

Using the SLH formalism, the master equation for the system coupled to an ideal
waveguide can be written as

ρ̇1 = −i[Hu +Hdrive, ρ] + D[LR + Ld]ρ+ D[LL]ρ, (A.1)

where Hdrive is defined in Sec. 2.3.3.2. This master equation can be rearranged into
an equivalent form:

ρ̇1 = −i[Hu, ρ1] − i[Hdrive, ρ1] + D[LR]ρ1 + D[LL]ρ1 +X, (A.2)

with

X = LdρL
†
R + LRρL

†
d + LdρL

†
d − 1

2
{
(L†

dLd + L†
dLR + LRL

†
d), ρ

}
. (A.3)

Substituting the relation Ld = βSR yields

X = βSRρL
†
R + LRρβ

∗S†
R + |β|2SRρS

†
R − 1

2
{
(|β|2 + L†

RβSR + β∗S†
RLR), ρ

}
. (A.4)

The term X is introduced so that ρ̇1 coincides with ρ̇ (Eq. (2.51)).

Next we expand the combination of terms that differ in form from those in Eq. (2.51):

−i[Hdrive, ρ] +X = −1
2[(L†

RSRβ − β∗S†
RLR), ρ] +X

= −βL†
RSRρ− β∗ρS†

RLR + βSRρL
†
R + β∗LRρS

†
R

= −i[−i(βSRL
†
R − β∗S†

RLR), ρ]
= −i[Hd, ρ].

(A.5)

Thus the dynamics described by the master equation Eq. (A.1) is identical to that
described by the master equation Eq. (2.51).

In the lossy waveguide, the scattering matrices are the same for all configurations.
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A. Coherently driven system

We therefore have

SR1 =


SR11

SR12

SR13

SR14

 =


r1

11
eiϕ1t121r

2
11

ei(ϕ1+ϕ2)t121t
2
21r

3
11

ei(ϕ1+ϕ2+ϕ3)t121t
2
21t

3
21

 ,

SR2 =


t112

eiϕ1r1
22r

2
11

ei(ϕ1+ϕ2)r1
22t

2
21r

3
11

ei(ϕ1+ϕ2+ϕ3)r1
22t

2
21t

3
21

 ,

SR3 =


0
t212

eiϕ2r2
22r

3
11

ei(ϕ2+ϕ3)r2
22t

3
21

 ,

SR4 =


0
0
t312

eiϕ3r3
22

 .

(A.6)

The vector of jump operators that includes the driven term is

Ld

∣∣∣
loss

=


Ld1
Ld2
Ld3
Ld4

 =


βr1

11
eiϕ1βt121

ei(ϕ1+ϕ2)βt121t
2
21r

3
11

ei(ϕ1+ϕ2+ϕ3)βt121t
2
21t

3
21

 . (A.7)

For each component i, we define

Xi = LdiρL
†
Ri + LRiρL

†
di + LdiρL

†
di − 1

2
{
(L†

diLdi + L†
diLRi + LRiL

†
di), ρ

}
= βSR1i

ρL†
Ri + LRiρβ

∗S†
R1i

+ |β|2SR1i
ρS†

R1i

− 1
2
{
(|β|2 + L†

RiβSR1i
+ β∗S†

R1i
LRi), ρ

}
.

(A.8)

Then we take the sum over all components X = ∑4
i Xi. By applying the same steps

as in the ideal-waveguide case, one can show that the master equation Eq. (2.51)
also correctly describes the dynamics of the atoms coupled to the lossy waveguide.
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B
Summary of the constraints on the
dark states in the ideal waveguide

Here, we show the constraints of forming dark states in the driven and undriven
systems in two tables. We only consider two-atom systems coupled to an ideal
waveguide.

B.1 Undriven system

Table B.1: Constraints on phase shifts and bare relaxation rates for the formation
of dark states. We set phase shifts ϕn and assume equal bare relaxation rates at
each coupling point, γnR = γR, γnL = γL. The derivation further requires equal
atomic frequencies, ωa = ωb, and real exchange interactions, g = g∗ ∈ R. Adapted
from Ref. [6].

Topologies Dark states Phase shifts Bare relaxation rates

Small |S⟩ ϕ1 = 0 γnR = γnL = γ

|T ⟩ ϕ1 = π γnR = γnL = γ

Separate |S⟩ ϕ1 = ϕ3 ̸= π γnR = γnL = γ

ϕ1 = −ϕ2

|T ⟩ ϕ1 = ϕ3 ̸= π γnR = γnL = γ

ϕ1 + ϕ2 = π

Braided |S⟩ ϕ1 = ϕ3 = 0 γnR = γnL = γ

ϕ2 ̸= π

|T ⟩ ϕ1 = ϕ3 = π γnR = γnL = γ

ϕ2 ̸= 0
Nested |S⟩ ϕ1 = ϕ3 = 0 Any

ϕ2 ̸= π

Continued on next page
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A. Coherently driven system

Table B.1 – continued from previous page
Topologies Dark States Phase shits Bare relaxation rates

|T ⟩ ϕ1 = ϕ3 = π Any
ϕ2 ̸= π

B.2 Coherently driven system

Table B.2: Constraints on phase shifts and functions of α for dark states in the
driven system. We also set phase shifts, ϕn and assume equal bare relaxation rates
at each coupling point, γnR = γR, γnL = γL. Besides, in order to forming the dark
states, some detunings should satisfy: ∆γ = γL − γR, δ = δa = −δb. Adapted from
Ref. [6].

Topologies Dark states Phase shifts α(β)

Small |DS⟩ ϕ1 = 0
2
√

2β√
γR

∆γ − 2iδ

|DT ⟩ ϕ1 = π
2
√

2β√
γR

∆γ − 2iδ

Separate |DS⟩ ϕ1 = ϕ2 = ϕ3 = 0
2
√

2β√
γR

2∆γ − iδ

|DT ⟩ ϕ1 = ϕ3 = 0
2
√

2β√
γR

2∆γ − iδ

ϕ2 = π

Braided |DS⟩ ϕ1 = ϕ3 = 0
√

2β√
γR(1 + eiϕ2)

∆γ − iδ

ϕ2 ̸= π

|DT ⟩ ϕ1 = ϕ3 = π

√
2β√

γR(1 − eiϕ2)
∆γ − iδ

ϕ2 ̸= 0

Nested |DS⟩ ϕ1 = ϕ3 = 0
√

2β√
γR(1 + eiϕ2)
−iδ

Continued on next page
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Table B.2 – continued from previous page

Topologies Dark States Phase shits Bare relaxation rates

ϕ2 ̸= π

|DT ⟩ ϕ1 = ϕ3 = π

√
2β√

γR(1 + eiϕ2)
−iδ

ϕ2 ̸= π
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C
Results for the atoms coupled to a

lossy waveguide

In this section, we show the general results for two-atom systems coupled to a lossy
waveguide, including frequency shifts, individual and collective relaxation rates, and
exchange interactions.

Table C.1: Frequency shifts δωj
for small and giant atoms coupled to a lossy

waveguide. We assume arbitrary bare relaxation rates γnR/L at each coupling point
n = 1, 2, 3, 4, beam splitter transmission coefficients tn12 and tn21, and phase shifts ϕn

between adjacent coupling points.

Topologies Frequency shifts

Small δωa = 0
δωb

= 0

Separate δωa = 1
2i

[√
γ1Rγ2R

(
t121e

iϕ1 − t1∗
21e

−iϕ1
)

+√
γ1Lγ2L

(
t112e

iϕ1 − t1∗
12e

−iϕ1
) ]

δωb
= 1

2i

[√
γ3Rγ4R

(
t321e

iϕ3 − t3∗
21e

−iϕ3
)

+√
γ3Lγ4L

(
t312e

iϕ3 − t3∗
12e

−iϕ3
) ]

Continued on next page
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Table C.1 – continued from previous page

Topologies Frequency shifts

Braided δωa = 1
2i

[√
γ1Rγ3R

(
t121t

2
21e

i(ϕ1+ϕ2) − t1∗
21t

2∗
21e

−i(ϕ1+ϕ2)
)

+√
γ1Lγ3L

(
t112t

2
12e

i(ϕ1+ϕ2) − t1∗
12t

2∗
12e

−i(ϕ1+ϕ2)
) ]

δωb
= 1

2i

[√
γ2Rγ4R

(
t221t

3
21e

i(ϕ2+ϕ3) − t2∗
21t

3∗
21e

−i(ϕ2+ϕ3)
)

+√
γ2Lγ4L

(
t212t

3
12e

i(ϕ2+ϕ3) − t2∗
12t

3∗
12e

−i(ϕ2+ϕ3)
) ]

Nested δωa = 1
2i

[√
γ1Rγ4R

(
t121t

2
21t

3
21e

i(ϕ1+ϕ2+ϕ3) − t1∗
21t

2∗
21t

3∗
21e

−i(ϕ1+ϕ2+ϕ3)
)

+√
γ1Lγ4L

(
t112t

2
12t

3
12e

i(ϕ1+ϕ2+ϕ3) − t1∗
12t

2∗
12t

3∗
12e

−i(ϕ1+ϕ2+ϕ3)
) ]

δωb
= 1

2i

[√
γ2Rγ3R

(
t221e

iϕ2 − t2∗
21e

−iϕ2
)

+√
γ2Lγ3L

(
t212e

iϕ2 − t2∗
12e

−iϕ2
) ]

Table C.2: Individual relaxation rates Γj for small and giant atoms, with the same
setups in Table. C.1.

Topologies Individual relaxation rates

Small Γa = γ1R + γ1L

Γb = γ2R + γ2L

Separate Γa = γ1R + γ2R + γ1L + γ2L

+ √
γ1Rγ2R(t121e

iϕ1 + t1∗
21e

−iϕ1) + √
γ1Lγ2L(t112e

iϕ1 + t1∗
12e

−iϕ1)
Γb = γ3R + γ4R + γ3L + γ4L

+ √
γ3Rγ4R(t321e

iϕ3 + t3∗
21e

−iϕ3) + √
γ3Lγ4L(t312e

iϕ3 + t3∗
12e

−iϕ3)

Continued on next page
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Table C.2 – continued from previous page

Topologies Individual relaxation rates

Braided Γa = γ1R + γ3R + γ1L + γ3L

+ √
γ1Rγ3R(t121t

2
21e

i(ϕ1+ϕ2) + t1∗
21t

2∗
21e

−i(ϕ1+ϕ2))
+ √

γ1Lγ3L(t112t
2
12e

i(ϕ1+ϕ2) + t1∗
12t

2∗
12e

−i(ϕ1+ϕ2))

Γb = γ2R + γ4R + γ2L + γ4L

+ √
γ2Rγ4R(t221t

3
21e

i(ϕ2+ϕ3) + t2∗
21t

3∗
21e

−i(ϕ2+ϕ3))
+ √

γ2Lγ4L(t212t
3
12e

i(ϕ2+ϕ3) + t2∗
12t

3∗
12e

−i(ϕ2+ϕ3))

Nested Γa = γ1R + γ4R + γ1L + γ4L

+ √
γ1Rγ4R(t121t

2
21t

3
21e

i(ϕ1+ϕ2+ϕ3) + t1∗
21t

2∗
21t

3∗
21e

−i(ϕ1+ϕ2+ϕ3))
+ √

γ1Lγ4L(t112t
2
12t

3
12e

i(ϕ1+ϕ2+ϕ3) + t1∗
12t

2∗
12t

3∗
12e

−i(ϕ1+ϕ2+ϕ3))

Γb = γ2R + γ3R + γ2L + γ3L

+ √
γ2Rγ3R(t221e

iϕ2 + t2∗
21e

−iϕ2) + √
γ2Lγ3L(t212e

iϕ2 + t2∗
12e

−iϕ2)

Table C.3: Collective relaxation rates Γcoll for small and giant atoms, with the
same setups in Table. C.1.

Topologies Collective relaxation rates

Small Γcoll = eiϕ1t121
√
γ1Rγ2R + e−iϕ1t1∗

12
√
γ1Lγ2L

Separate Γcoll = √
γ1Rγ3Rt

1
21t

2
21e

i(ϕ1+ϕ2) + √
γ2Rγ3Rt

2
21e

iϕ2

+ √
γ1Rγ4Rt

3
21t

2
21t

1
21e

i(ϕ1+ϕ2+ϕ3) + √
γ2Rγ4Rt

3
21t

2
21e

i(ϕ2+ϕ3)

+ √
γ1Lγ3Lt

1∗
12t

2∗
12e

−i(ϕ1+ϕ2) + √
γ2Lγ3Lt

2∗
12e

−iϕ2

+ √
γ1Lγ4Lt

3∗
12t

2∗
12t

1∗
12e

−i(ϕ1+ϕ2+ϕ3) + √
γ2Lγ4Lt

3∗
12t

2∗
12e

−i(ϕ2+ϕ3)

Braided Γcoll = √
γ1Rγ2Rt

1
21e

iϕ1 + √
γ1Rγ4Rt

1
21t

2
21t

3
21e

i(ϕ1+ϕ2+ϕ3)

+ √
γ2Rγ3Rt

2∗
21e

−iϕ2 + √
γ3Rγ4Rt

3
21e

iϕ3

+ √
γ1Lγ2Lt

1∗
12e

−iϕ1 + √
γ1Lγ4Lt

1∗
12t

2∗
12t

3∗
12e

−i(ϕ1+ϕ2+ϕ3)

+ √
γ2Lγ3Lt

2
12e

iϕ2 + √
γ3Lγ4Lt

3∗
12e

−iϕ3

Continued on next page
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A. Coherently driven system

Table C.3 – continued from previous page

Topologies Collective relaxation rates

Nested Γcoll = √
γ1Rγ2Rt

1
21e

iϕ1 + √
γ1Rγ3Rt

1
21t

2
21e

i(ϕ1+ϕ2)

+ √
γ2Rγ4Rt

2∗
21t

3∗
21e

−i(ϕ2+ϕ3) + √
γ3Rγ4Rt

3∗
21e

−iϕ3

+ √
γ1Lγ2Lt

1∗
12e

−iϕ1 + √
γ1Lγ3Lt

1∗
12t

2∗
12e

−i(ϕ1+ϕ2)

+ √
γ2Lγ4Lt

2
12t

3
12e

i(ϕ2+ϕ3) + √
γ3Lγ4Lt

3
12e

iϕ3

Table C.4: Exchange interactions g for small and giant atoms, with the same
setups in Table. C.1.

Topologies Exchange interactions

Small g = 1
2i
(√

γ1Rγ2Rt
1
21e

iϕ1 − √
γ1Lγ2Lt

1∗
12e

−iϕ1
)

Separate g = 1
2i

[√
γ1Rγ3Rt

1
21t

2
21e

i(ϕ1+ϕ2) + √
γ2Rγ3Rt

2
21e

iϕ2

+√
γ2Rγ4Rt

2
21t

3
21e

i(ϕ2+ϕ3) + √
γ1Rγ4Rt

3
21t

2
21t

1
21e

i(ϕ1+ϕ2+ϕ3)

−√
γ1Lγ3Lt

1∗
12t

2∗
12e

−i(ϕ1+ϕ2) − √
γ2Lγ3Lt

2∗
12e

−iϕ2

−√
γ2Lγ4Lt

2∗
12t

3∗
12e

−i(ϕ2+ϕ3) − √
γ1Lγ4Lt

1∗
12t

2∗
12t

3∗
12e

−i(ϕ1+ϕ2+ϕ3)
]

Braided g = 1
2i

[√
γ1Rγ2Rt

1
21e

iϕ1 + √
γ3Rγ4Rt

3
21e

iϕ3

+√
γ1Rγ4Rt

1
21t

2
21t

3
21e

i(ϕ1+ϕ2+ϕ3)

−√
γ2Rγ3Rt

2∗
21e

−iϕ2 − √
γ1Lγ2Lt

1∗
12e

−iϕ1 − √
γ3Lγ4Lt

3∗
12e

−iϕ3

−√
γ1Lγ4Lt

1∗
12t

2∗
12t

3∗
12e

−i(ϕ1+ϕ2+ϕ3) + √
γ2Lγ3Lt

2
12e

iϕ2

]

Nested g = 1
2i

[√
γ1Rγ2Rt

1
21e

iϕ1 + √
γ1Rγ3Rt

1
21t

2
21e

i(ϕ1+ϕ2)

−√
γ3Rγ4Rt

3∗
21e

−iϕ3 − √
γ2Rγ4Rt

2∗
21t

3∗
21e

−i(ϕ2+ϕ3)

−√
γ1Lγ2Lt

1∗
12e

−iϕ1 − √
γ1Lγ3Lt

1∗
12t

2∗
12e

−i(ϕ1+ϕ2)

+√
γ3Lγ4Lt

3
12e

iϕ3 + √
γ2Lγ4Lt

2
12t

3
12e

i(ϕ2+ϕ3)
]
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