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Abstract

This project investigates the error-correcting capabilities of the Two-Mode Binomial Code, a
subclass of Rotation-Symmetric Bosonic (RSB) codes designed to mitigate the trade-off between
protection against photon loss and dephasing noise. The project focuses exclusively on the ability of
the code to correct photon loss errors. While the Knill-Laflamme (KL) conditions for this code are
known to be satisfied to the first order in the photon decay rate, its behavior at higher orders has not
been previously established. We derive the two-mode photon loss error operators to the second order
in xt and evaluate the satisfaction of the KL conditions for code parameters K = 2 with symmetry
orders N = 2 and N = 4. By utilizing a cost function to quantify the violation of these conditions,
our results demonstrate that the KL conditions are not strictly satisfied for either symmetry order.
However, the N = 4 code shows a higher degree of satisfaction compared to N = 2, with optimal
beam-splitter parameters found at 6 = 7/4 and 3w/4. This corresponds to the values required for
first-order dephasing correction. These findings indicate that while exact error correction is not
feasible to the second order, the N = 4 Two-Mode Binomial Code remains a promising candidate
for use with approximate recovery channels such as teleportation or the Petz Recovery Map.
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1 Introduction

Quantum computers are expected to solve certain problems more efficiently than classical computers.
Notably, quantum algorithms for integer factorization [1] and unstructured search [2] have been proven
to be asymptotically faster than the best-known classical algorithms. Additionally, a demonstration of
quantum advantage was reported for a 53-qubit quantum processor, which performed a task estimated to
take 10,000 years for a classical computer [3]. Another area in which quantum computers are expected
to outperform classical systems is the simulation of quantum mechanics [4].

Active research is currently underway in the field of quantum computing, primarily following two ap-
proaches: Discrete-Variable (DV) and Continuous-Variable (CV). In the DV approach, finite-dimensional
Hilbert spaces are used to encode information. Prominent examples include the Transmon [5] and Flux-
onium [6] qubits, both of which are based on superconducting circuits. A harmonic oscillator is typically
used to perform the readout of the quantum state [7].

In contrast, CV systems utilize the infinite-dimensional Hilbert space of a harmonic oscillator to
encode information [8] using bosonic modes. The name “continuous-variable” arises from the fact that
the quantum state is described by continuous degrees of freedom, such as field quadratures, rather than
by discrete variables like energy levels in DV systems. Although CV systems do not form physical qubits
(two-level systems) naturally, it is possible to engineer states that function as two-level systems. These
are referred to as logical qubits and can be realized using bosonic codes.

Due to the infinite-dimensional Hilbert space available in CV quantum computing, a wide variety of
bosonic codes can be constructed. Two major classes are the Gottesman-Kitaev-Preskill (GKP) codes [9]
and Rotationally Symmetric Bosonic (RSB) codes [10]. RSB codes offer protection against photon loss
and dephasing, two of the most dominant error channels in bosonic systems. However, a trade-off exists:
increasing protection against one type of error typically reduces robustness against the other.

The Two-Mode Binomial Code, a specific type of RSB code proposed by researchers at Chalmers [11],
overcomes this specific trade-off and therefore shows promise for error correction. The Knill-Laflamme
(KL) conditions, which determine whether errors can be corrected exactly, have been shown to be satisfied
to the first order in the photon decay rate for this code. This confirms the possibility of exact recovery
from these errors up to the first order. However, the performance at higher orders remains unknown.
By studying the KL conditions for higher orders, the capabilities of the Two-Mode Binomial code as a
candidate for quantum error correction can be better understood.

1.1 Aim & Goal

Given this, the aim of the project is to:

1. Verify the Knill-Laflamme conditions to second order in xt for photon-loss for the Two-Mode
Binomial Code for

(a) N=2, K=2
(b) N=4, K=2

2. Conditioned on KL-conditions being satisfied in 1, derive the recovery channel to second order in
Kt.



2 Background

Two prominent classes of bosonic codes are the GKP Codes [9] and the RSB Codes [10]. GKP codes
utilize translational symmetry, while RSB codes instead utilize rotational symmetry. Our work is about
the Two-Mode Binomial Code [11], belonging to the RSB class.

2.1 Rotation-Symmetric Bosonic (RSB) Codes

Rotation-Symmetric Bosonic Codes are a class of codes characterized by discrete rotational symmetry.
Specifically, they are defined as the +1 eigenstates of the discrete rotation operator Ry = e!7/N)7
where N is the order of symmetry. We denote the logical states |0) and |1) for an order-N code as [Ox)
and |1y), respectively.

While the operator Ry acts as the identity operator on the order-IN RSB code, Roy =€

e!m/N)7 acts as the logical Z operator (Z) and is therefore referred to as Zy. These properties are
summarized by the following relations:

i(2m/2N)R _

Ry |un) = N ) = + |un) (1a)

Zn |un) = TN ) = (=1)H ) (1b)

where p € {0,1}.
The order-N RSB code can be viewed both in terms of its rotation, and photon number spacing. It
can be constructed by superposing a primitive code |©) with different discrete rotations as

2N-1

1 i(mm n
on) = e > o). (2a)
m=0
1 2N-1 ' X
1n) = TN > (=nmelttmiNne), (2b)
m=0

where N, /1 are normalization constants and N the order of symmetry. The choice of primitive |©) and
symmetry order N enable wide customization of RSB codes. By choosing different primitive codes, one
can construct, among others, the Cat, Squeezed, and Binomial codes [10]. An equivalent way of writing
the same order-N RSB code is as a superposition of Fock-states as

0n) =D forn [2kN) (3a)
k=0

n) = z fersnyn [(2k+1)N), (3b)
k=0

where fin are coefficients. Any superposition of them will therefore consist solely of Fock states with
number N-spacing. These properties are visualized in Fig. 1
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Figure 1: Illustration of RSB-code rotational symmetry (left) and Fock-state spacing (right). Left: Phase
space representation for an N = 2 RSB code constructed from coherent states |+a), showing logical basis
states and superposition states. Orange indicates positive values, and blue indicates negative values.
Right: Fock space representation of the order-IV = 2 bosonic code. Inspired by similar figures in Ref.
[10]

2.1.1 Error Detecting Properties

The ability to describe the RSB code in terms of rotational symmetry and Fock-state spacing provides
a powerful framework for quantum error correction. Two of the most prominent physical errors types
for bosonic codes are photon loss and dephasing. The occurrence of photon loss can be detected by
performing a photon number measurement. If no photon loss has occurred, the measurement gives
a photon number n mod N = 0, since |Ox) (|]1x)) are even (odd) multiples of N. Thus, measuring
n mod N # 0 signals the occurrence of photon loss. Assuming the absence of photon gain, the RSB-code
can correct up to N — 1-photon loss events, since the loss of N photons would constitute a bit-flip. We
therefore say that the RSB code has code distance d,, = N for photon loss. Likewise, we can distinguish
the superposition states |[+y) and |—x) by performing a phase measurement of @ in ¢ |©). If no
dephasing has occurred, the measurement gives § mod 7 /N = 0, as is easily seen from Eq. (2). Thus, if
6 mod w/N # 0, then dephasing has occurred. The code distance for dephasing noise is dg = 7/N.

The expressions for the code distances show a trade-off between the robustness against photon loss
errors and dephasing errors for RSB codes. Increasing the symmetry order (N), makes the spacing
between the rotated primitives smaller, while at the same time making the photon number spacing
larger. This decreases the number of dephasing errors that are correctable while increasing the ones for
photon loss errors. This can be illustrated by looking at |+x) and [On) for N =2 and N = 4. This is
shown in Fig. 2
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Figure 2: llustration showing the impact of the symmetry order N on the dephasing (left) and photon
loss error (right) detection. The left figures shows for N = 2 and the right figures shows for N = 4.
Orange is |+n), navy-blue |—x), green |0y ), and red |1y). Inspired by similar figures in Ref. [10]

2.1.2 Binomial Code

The Binomial code, which the Two-Mode-Binomial Code is based on, was first introduced in 2016 [12],
and has the form

LK/2] 1 I%
in) = — N 4
|0N,b1n> kzzo 2K71 (2]{}) |2k > 5 ( a)

LK/2]-1

(]

1N bin) =

2K—1_1<2]fi 1> 2k + )N, (4b)

k=0

where |On bin) and |1n pin) are the logical qubits, |«] the floor function, and K an integer determining
the truncation of the Fock-states. The name ”binomial” referrs to the fact that the coefficients are given
by the square root of binomially distributed weights. Taking K = 2, we get the binomial codes

b
V2

Two-Mode RSB codes are constructed as tensor products of the corresponding single-mode codes. In
particular, the two-mode logical |0) is formed as the tensor product of the single-mode logical |0) and
|1), whereas the two-mode logical |1) is given by the tensor product |1) and |0). Note the ordering of the
modes. This ensures that the two-mode logical qubit base states are orthogonal. A general expression
for a Two-Mode RSB code is

0n) (10) +[2N)),  [12) = [N) ()

|ON> :ﬁBS(éa(b)men |2mN>®|(2n+1)N>7 (63)
11n) = Ugs(6,4) Y _ fmn [(2n+ 1)N) @ [2mN) (6b)



where UBS(é7 ¢) is a beam-splitter, n and m positive integer numbers, and f,,, the coefficients. The
beam-splitter has the expression

Ups(3,¢) = exp[d(abare’® — alaze™)], (7)

where a; and al (ay and al) are the bosonic operators acting on the first (second) mode. It, thus,
entangles the two modes.

The Two-Mode Binomial code [11] has shown to eliminate the trade-off between robustness against
photon loss and dephasing noise, and therefore shows great promise. The Two-Mode Binomial K = 2
code can be formed from Eq. (5) by inputting it into Eq. (6). It then gets the form

0x) =Uss (3, ¢>%<|o> +2N)) @ [N), (a)

1) =Uss(6,6)|N) © =

5 (10) +[2N)). (8b)
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2.2 Quantum Error Correction

As previously discussed, quantum codes are susceptible to various noise channels. The dominant physical
error source is photon loss [13], though dephasing also plays a significant role. Photon gain is theoretically
possible but is typically suppressed at cryogenic temperatures.

These physical error mechanisms can result in leakage from the code space, as well as logical errors
(X, Y, Z) within the code space. While a code does not prevent the physical errors from occurring, a
well designed one mitigates the effects of them.

The performance of RSB codes varies depending on the specific error channel. As noted earlier,
robustness against photon loss and dephasing relies heavily on the symmetry order N, as well as the
choice of code primitives. For instance, the N = 1 cat code has been shown to be robust against photon
loss, even in the absence of a recovery map [14]. In contrast, the same does not hold for the K = 2
binomial code, as its constituent Fock states are eventually annihilated after successive applications of
the lowering operator.

To model the impact of noise on the quantum state evolution, several approaches are available,
including the Kraus representation [15], the Master equation [16], and Quantum Trajectories [17]. In
this work, we employ the Kraus representation.

2.2.1 Kraus Representation

The Kraus Representation models the evolution of the density matrix. The density matrix (p) is formed
by taking the sum of all possible state vectors

ﬁ:ZW/Q (Wil 9)
i
where [1);) is a state vector. In the Kraus-representation, the state at time ¢ is determined by

plt) =" Ki()p(0) K (t), (10)
l

where 5(0) and 5(t) are the initial and final state, and K;(¢) the Kraus operator. The Kraus operators
have the property

S KRt =1, (11)
l



where [ is the identity matrix.
Photon loss is represented by the Kraus operators

. 1— —kt]l ot At

Li(t) = %e‘fﬂadl. (12)
where [ corresponds to a loss of [ photons and & is the photon decay rate. Other types of errors have
different Kraus operators. For instance, the Kraus operator for dephasing is

t at At s
Di=yfqpe ¥ @), (13)
where 7 is the dephasing rate.

In the two-mode case, we write the density matrix as the tensor product of the single mode density
matrices as

P12 = p1 ® P2, (14)
where p12 is the two-mode density matrix, and p; (p2) the density matrix for the first (second) mode.

The resulting photon loss Kraus operators similarly become tensor products of the single mode ones.
The resulting Kraus operators become

. « - 1 —e—rit)ll o e,
Lim =Ly ® L, = %e* 14

where [ (m) is the number of photons lost in the first (second) mode.

ay', (15)

2.2.2 Knill-Laflamme Conditions

The errors inflicted on the system limits the performance of the quantum codes and are ideally avoided.
In case errors do occur, a recovery map can be implemented to correct for the errors. Important for
recovery maps is the Knill-Laflamme condition, which states that if

(i| Ea Eg |§) = 0ijCap, (16)

then a recovery map exists such that the errors can be perfectly corrected. Here E, and Ejs are Kraus
operators for a specific error, belonging to {E}, 4,5 € 0,1, ¢;; is the Kronecker delta function, and Cyg
is a constant depending solely on the errors and not the states.

The two-mode binomial code in Eq. (8) satsified the KL-condition to first order in Eq. (15) for N = 2
and N = 4. While it does not satisfy the KL-conditions for two-mode dephasing for N = 2, it does so
for N = 4, but only for the beam-splitter parameters 6 = /4, 3w /4.

In case the KL-condition is not satisfied, it is still possible to quantify how well it is or is not satisfied.
In previous work [18; 19, 20], the following cost function has been used

CkL(E) :ZlfOOab_fllab|2+|f01ab|2a (17)

a,b

where fijap = <Z|E2Eb|j> The term | fooas — fllab|2 quantifies the state dependence of the coefficient C, 5
for the two different states, and | ]"01ab|2 the magnitude of the off-diagonal terms. Only f14p is considered
as it already captures the same information as figgp-

Even if the KL-conditions are not satisfied, it is still possible to create an approximate recovery map.
Two prominent approaches for bosonic codes are using teleportation [21], which can correct leakage
errors, and the Petz recovery map [22].



3 Methods

3.1 Expanding the Two-Mode Photon Loss Operators to Second Order

The first step of the project consisted of approximating the error operators {ﬁlm} to second order in
Kit,2 = 1,2. It should be noted that the requirement of being at most second order applies to the error
induced by the operator, not the operator itself. An operator may be second order in form, yet produce
exclusively higher order errors. Those operators are therefore not viewed as second order and henceforth
ignored.

We first approximated the single-mode photon loss operators to second order. Due to the the very
small timescales involved, any higher order terms quickly become tiny. We observed that the only
operators appearing at second order were I:o, f)l, and L,. Ls was technically below second order
(Ls o (kt)*/?), but the error it would cause would be of higher order (Egﬁf/g o (kt)?), and it was
therefore not included. The two-mode operators were thereafter derived from the combinations of these
three, yielding nine possible combinations. Of these nine, only six were at most second order: ﬁgl, f/lg,
and Lo gave exclusively higher order errors. Thus, only a total loss of two photons in the modes was
possible at second order. A more in depth derivation is given in Appendix A.1.

3.2 Checking KL-conditions

In order to check the KL-conditions, we had to derive the possible error combinations ELE@, where F,
Eg € {Liy}. Several remarks are in order regarding this calculation.

First, it is not necessary to derive hermitian conjugates. This is preferable, because the error combi-
nations yield many terms. Instead, one can observe that the KL-conditions for the hermitian conjugate
of El Es and E;Ea, are checked for (iy| E;Ea in) = (Un| ELEs |iN>)*, where we have taken the her-
mitian conjugate. This simplifies the derivation significantly. By taking this into account, we get a total
of 21 error combinations, which are approximated to second order. These combinations are shown in
Appendix A.2.

Second, the presence of the beam-splitter UBS(& ¢) presents difficulties in the calculations. Applying
it to the Fock-states, as is done in Eq. (8), involves a Taylor expansion of the beam-splitter and is ideally
avoided. A more efficient approach is to apply the beam-splitter to the error combinations instead.

This is done by dividing the Two-mode binomial code in Eq. (8) into two parts: the beam-splitter
Uss (6, ¢) and the Fock-states: We define

1
V2

and then obtain the logical qubits by applying the beam-splitter,

0n) = —=(10) + [2N)) ® [N}, [1n) = N) ® —=(0) + [2]V)), (18)

1
V2

0n) = Ugs(6,6) [0n) . |1n) = Uss(3,0) |1n) . (19)

Inputting Eq. (19) into the KL-conditions in Eq. (16), we get the following expression

(in|ELEslin) = (in|ULs(6, ¢) EL Es Ups (8, ) |jn). (20)

The underlined term constitutes an operator transformation, and we can therefore work with Eq. (18)
instead of Eq. (8) when we check the KL-conditions. The beam-splitter is a unitary operator, meaning
that Upg (6, qb)f]]];s(d, @) = f];;s(é, ¢)Ups(6, ¢) = I, where I is the identity operator. This relation can
therefore be inserted multiple times into the error combinations, simplifying the calculations even further:
Every bosonic operator in the error combinations just has to be transformed as b; = U};S((S, $)a;Uss(6, ¢),



i =1,2. The transformation is given in Ref [11] as

i — by :UET;S(& $)a1Ups (6, ¢) = 41 cos d + age” " sin 6, (21a)
dg — by =Uig (5, 9)aaUps (6, ¢) = az cosd — are™™ sin g, (21Db)

but we additionally show the derivation in Appendix A.3.

It is not feasible to verify the KL-conditions by hand for these transformed error combinations, as
they give rise to lengthy and highly complex expressions. We therefore wrote a Mathematica script to do
the remaining analytical calculations. The calculated matrix elements f;;4,5 were shown in Mathematica.

Our Mathematica script, as well as the rest of the code we used for plotting the results, is given in
Ref. [23].



4 Results

Our calculations show that the KL-conditions are not satisfied for either N = 2 or N = 4, neither
in general nor for any specific values for the beam-splitter parameters (§, ¢). The transformations in
Eq. (21) gave terms with dependence on § and ¢. Specifically, the terms contained expressions with
sinusoidal dependence on ¢, as well as complex phase factors dependent on ¢. From our script, we
immediately saw that the KL-conditions were not satisfied for N = 2, since multiple off-diagonal terms,
(i| E Eg|j) (i # j), were non-zero. It was not possible to make the terms vanish by any choice of
beam-splitter parameters or the decay rates k;t ¢ = 1,2. This was because some terms needed cosd = 0,
while others needed sind = 0; satisfying both conditions simultaneously is impossible. The diagonal
terms (¢ = j) were also not independent of the state for N = 2, which is also a required condition. The
KL-conditions first appeared to be satisfied for N = 4, since all the off-diagonal elements were zero. The
diagonal terms for N = 4 were, however, not independent of the state, but only dependent on § and not
¢. All terms were dependent on both ¢ and ¢ for N = 2.

The degree to which the KL-conditions were close to being satisfied was investigated by plotting the
cost function (17) for N = 2 and N = 4. The result is shown in Fig. 3. For N = 4, it was immediately
obvious that the best satisfaction was given for § = /4, 3w /4. This corresponded to the values for which
the KL-conditions for the dephasing channel were satisfied to first order. Setting different values of k1t
and kot did not change this. The same was not true for NV = 2. There, the minimums depended on the
values of the decay rates in the two modes. For k1t = kot = 1072, the minimums occurred for values of
¢ = 0, 7 as well as values slightly perturbed from § = 7/4, 37/4. For kit = 1072 and kot = 1073 the
optimal values of ¢ were instead close to ¢ = 7/4, 3w /4, for the same values of 4.
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Figure 3: Heatmap of the cost function for N = 2 (upper) and N = 4 (lower) for k1t = 1072 and
kot = 1072 (left), and k1t = 1072 and kot = 1072 (right). The beam-splitter parameters (J, ¢) giving
the lowest value for the cost function are highlighted in red. Vertical lines are shown for N = 4, since
there was no dependence on ¢.



One can observe that greater values of the cost function were obtained for N = 4 than N = 2. We
do not think that this has any importance for the satisfaction of the KL-conditions. The reason why
higher values are observed is because the Two-Binomial code with N = 4 consists of higher Fock-states.
Applying the bosonic operators yields greater values, which then results in a higher valued cost function.
Similarly, lower values of the cost function are observed for x1t = 1072, kgt = 1073 for both N = 2 and
N = 4. This is logical, since the matrix elements were proportional to powers of x;t, ¢ = 1,2. A lower
value of kst should therefore lead to lower values of the cost function. At the same time, the physical
meaning of having a lower decay rate is that there are fewer losses which in practice would result in fewer
violations of the KL conditions. This is however a property of all bosonic codes, so it does not give any
information about the relative performance of this specific code.

In order to get information about the contribution of the different error combinations E(LEQ, we
also plot these for the optimal beam-splitter parameters (J, ¢), in Fig. 4. As can be seen, most error
combinations exactly satisfy the KL-conditions, but several still do not. For NV = 2, certain combinations
vanish or remain non-zero for different values of the decay rates. For kit = kot = 1072, EI FEq, E;EQ, and
E;E?, vanish, while they are non-zero for k1t = 1072 and kot = 1073, This is because the contributing
matrix elements were proportional to (k1t — kat). Although the same dependence was present for N = 4,
new error combination contributions do not occur for a change in decay rates. This is because the terms
depending on the difference in the decay rates were also proportional to sinusoidal terms depending on
d, which vanish for 6 = n/4, 37 /4.
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Figure 4: Logarithmic plot of the contribution of all the error combinations to the cost function for
N =2 (upper) and N = 4 (lower) for k1t = 1072 and kot = 1072 (left), and x1t = 1072 and kot = 1073
(right). Grey is 0 meaning the condition is satisfied.
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Possible errors in our calculations include analytical ones, done by hand, and errors done by incorrect
Mathematica scripts. The presence or absence of errors in our calculations can be verified by reading
through our code, found on GitHub [23], or reading through our analytical calculations.
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5 Conclusion

In this work, we evaluated the Knill-Laflamme (KL) conditions for the Two-Mode Binomial code (trun-
cated to K = 2) specifically against second-order photon loss errors for symmetry orders N = 2 and
N = 4. Our analysis reveals that the conditions for this second-order error channel are not strictly
satisfied for either N = 2 or N = 4, regardless of the specific beam-splitter parameters (d, ¢). Although
the conditions are never fully met, we observed that the degree of violation is lower for N = 4 compared
to N = 2. Notably, the optimal beam-splitter parameters identified here align with those reported in
previous studies for the first-order dephasing channel, suggesting a consistent optimal regime for this
code. However, the precise quantitative relationship between the degree of KL-condition satisfaction and
the achievable error-correction fidelity remains an open question.

5.1 Outlook

Future investigations could extend this evaluation to higher symmetry orders (N > 4). This extension is
straightforward, as the computational framework (Mathematica script) developed herein can be readily
adapted. Furthermore, the KL conditions should be evaluated for second-order dephasing errors. To
facilitate this, the computational tools should be unified and automated, enabling efficient exploration
of the code parameter space. Finally, future work should attempt to construct an approximate recovery
channel for second-order photon loss, potentially utilizing techniques such as teleportation-based recovery
or the Petz recovery map [24].
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A Appendix

A.1 Derivation of Second Order Operators

The starting point is the single-mode photon loss Kraus operator

. 1 — e—rt]l ot At A
L) = /L2 i Lomsatag
Everything except the a' should be Taylor expanded. It is, however, not possible to Taylor expand the

whole expression, since 4/ [1737,7”][ has a non-existing derivative at xt = 0 for [ > 0. Instead, one has the

Taylor expand to individual terms to second order.
It is trivial to see that to second order

. [1—e—r1]0
since |/ 45—

—— = a” = 0, and only e%4'a can be Taylor expanded. For [ > 0 it is however not as
simple. Instead, we have to do some mathematical tricks.

Note that
1 —ent] =[1—e]"? = {ef =l+a+ %aﬂ + } = [1 - (1 — Kt + ('?!)2 - (’z!)g + ...)}W
e ] LR s

We then use the binomial formula with the value inside [ ]//? as

1+a) 2= <122)xk7 x = —% + (kgt!) — .

k=0

and get

L[kt (kt)? 1 (1 Kt (kt)? 2
~l1+ - |——= - .. —==-1)|—-= — ..
+2{2!+ 31 T2\ ST
l l (1
~1l——kt+—(Kt)>+ < (= — 1) (kt)?
4&4—12(/@)4—8(2 )(m)
We have to take into account the (ﬂt)l/ 2 term that was factored out. Because of this, only the terms up
to first order in kt from the binomial expansion survives. The same is true from the Taylor expansion of
eFa'a Putting everything together, we get the following expression that can be used to determine the
single mode photon loss operators (L;) to second order

& 1 1/2 l K'/tA.i.A N
Ll NW(K/t) |:1—4K/t 1—?(1 al a
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We keep only terms that are at most second order:

- 1 t 1 1
Ly ~(kt)/? [1 - 4/%] [1 - ZdT&} a~ (kt)'/? [1 — cht - QthTd} a

1 1 U
= [(mﬁ)l/2 - 1(/{15)3/2 - Q(ﬁt)?’/QaTa] a

A 1 1 t 1
Lom——rt|1—~xt| |1 Zatal a2 ~ ——nt |1 — ~kt — =wta'a| a2

V2! 2 2 21

L |:I<Jt — 1(,%t)2 — (nt)QdT&] a? ~ L (kt)a?

V2! 2!
- 1 3 Kt 1 . .
Ly ~——(kt)?/? {1 — mf} {1 — &T&} a® ~ —(kt)26%  (LapLt o (kt)?

g et |1 7 . Tt (gL o (")

I:m where x > 2, will only give higher order effects, and can therefore be ignored. The results of our
calculations are shown below:

A Kt ... (k1) ..

—1 _ At T4)2
Lo =1 5 + 3 (@'a)
A 1 ;
Ly = | (kt)Y/? 1 )32 — Z(kt)*2atal a
- (kt)a?

=—= (K

2TV

Our next task us to write all possible two-mode operators (ﬁlm) to second order. Since we have 3
one-mode operators, we will have at most 3-3 = 9 two-mode operators. Some of these might only include
higher order terms and therefore be approximated as zero. We write the two mode operators as F,:

A A Aqa K1t .+ . Kot .+ . Kk1t)(Kkot) .+ .+ Iﬁ:tzAA /<;t2AA
Ey =Lgy = LéLg ~1-— %aial - %agaz + %(al{al)(agag) + %(al{al)Q + ( 28) (agag)2
. . PN R k1) 2(Kot) . . k1t)3/2 k1t)3% o

Ey =Ly = L1 L ~ (k1t)?ay — (1) rat) 5 (2 )al(aiaz) ! 14) a; — ( 12) alara

N . R Y2 (Kt £)3/2 £)3/2

By =Loy = LAL2 ~ (kat) 2y — w(a{al s — (”24) o — (”22) il aoin

E4 :ﬁll = [A/%[A/% ~ (Hlt)l/Q(HQt)l/Q&lag

E5 :fzgo = i/%i/g (Iilt)(&l)2

~ L

V2
. . 1 X
Eg=Lopo = LjL3 ~ \ﬁ(@t)(%y

E; — Eq only give higher order effects on the error channel
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A.2 All Error Operator Combinations

By using the six different two-mode photon loss operators derived in Appendix. A.1, the following error
combinations are obtained to second order. Hermitian conjugates are not shown.

N i i N i 1 i
E{Ey ~1 — (sit)(ajan) — (rat)(@3az) + (k1t)(sot)(a]ar)(adas) + 5 (m1t)*(@fan)” + §(K2t)2(a5a2)2
PTIIN R 1 R A PR

ETE, ~(k1t) %0y — Z(filt)?’/Qal — (k1t)*?(@lar)ay — (rit)/? (kat)ay (alas)

PPN R A 1 A

ETEs ~(kot) %ty — (k1t)(rkat)?(alay)ay — i(mgt)3/2a2 — (kat)*?(a}as)as

PN o 1 N 1 N
EIE4 %(mt)l/Q(mgt)l/Qamg — 5(/ﬁt)?’/Q(/fgt)l/Q(aIal)alag — 5(/ﬁt)l/Q(/fgt)g/Q(a;ag)agal

ETE ~ b kit)(a 2 1 k1t) (kot)(abas) (a 2_ 1 rat)?(alag)(ar)?
1 5N\/§( 1t)(ar) 2\/5( 1t) (Kat)(a5a2)(a1) 2\/5( 1t)“(ajay)(as)
Bl s~ (1) ()2 — — (11 8) (1) (@161 ) (@19)? — —— (ko) (110 ) (d1)?
1 6"“\/5( ot)(d2) 2\/5( 1t) (Kat)(aya1)(G2) 2\/5( ot)”(Gya2)(az)

alar — (m1t)?(a})?(a1)? — (kit)(wat)(alan) (abas)

1 it A va A
(Klt)l/Q(H t)g/QaTag 4(ﬁ1t)3/2(ﬁ2t)1/2a1a2 (mt)1/2(n2t)3/2(a£a2)a2a1
- (ffllt)m(ffzt)l/2 2a] (afan)

1 (k1) (rat)' /2 (@]an )

(k1t) /2 (kat)?/?(abas)azal

[ > =
& =
ot =
% %
—_
0 &‘ 2
A
~
N2
N
—
Q>
=t
~—
N
—
Q>
=
N
[N}

T
esh
(=2}
2
N RN~
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A.3 Derivation of Annihilation Operator Transformation

In order to understand the derivation, one first need to understand the meaning of commutation. The
commutation between two operators A and B is defined as
(A, B = AB - BA

The commutator is important because the order in which operators are applied matters in quantum
mechanics. The reason why this is not always zero can be understood by treating the operators as
matrices. The resulting matrix is dependent on the order in which the matrices are applied, as is known
from linear algebra. The commutation relation is widely used in quantum mechanics, see Ref. [25] for
examples of its use. The annihilation and creation operators of the two modes have the commutation
relations

[, 1] =6y,
(@, a5] =[a}, af) = 0,
where 4,5 € 1,2. When we have products of operators, the following rule can be applied:
[AB,CD] = A[B,CD] + [A,CD|B = AC[B, D] + A|B,C|D + C|A, D|B + [A, C]DB,
where A, B , C’, and D are all operators. The commutator is also linear
[A+B,C+ D) =[A,C+ D] +[B,C+ D] =[A,C] + [A, D]+ [B,C] + B, D].

The commutation relations have great importance for the derivation of the transformed operators.
This is through the Baker-Hausdorff Lemma, that states that

The transformations in eq. (21) have this exact form, and this lemma can therefore be used. Although
the task of computing this for our annihilation operators might seem daunting, it turns out to be simpler
than it seems by using the above mentioned commutation relations. From eq. (7) we have

Ups(8.6) = exp[s(abane™® — afase™))

We can identify

for the two differen:c modes.
We start with B; = a; and compute all the commutations:

[A, By] =6latare’® — alase ™, 4] = {[al,al] = [a},a1) = 0} = —dlalaze ™, a1] = —de~?[al, a1]ag = de Pay

[A,[A, By]] =6%¢ lalare® — alase ™, ao] = 6% %e*[al, ao)ay = —6%ay
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Observe that we have returned to a;. All the following commutations will therefore repeat, and we will
get
S it 1., 1 - 1 . 1 s _i-
by =a1 + de Pay — 552(11 - 5536 Pho + 154111 + 55 e ",
. 1 1 . 1 1 . r ik
=a1[1 — 552 + 154 — ]+ age™ 5 — 553 + 555 —..] = a1 cos 6 + aze " sin .

Similarly for By = ay:

[A,[A, By]] = 6%¢*?[alare’® — alage ™, —ay] = 6%ePe~?[al, a1]ag = —6%a

and this then leads to

5 . 1 1. 1
by = 4y — 4198 — —a90% + —a1"76% + —az0?

L.,
o 3'a1€ 4la2 + —aje 55 4 ..

5!

1 1 . 1 1 .
=as |1 — 5(52 + 154 - } — Gqe'® [6 - 553 + 565 - } = G5 cosd — a1€*® sin 4.
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