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Interacting particle systems for constrained optimization
Jonathan Borsander
Department of Mathematical Sciences
Chalmers University of Technology

Abstract

This thesis investigates two approaches to constrained optimization: particle swarm
optimization (PSO) and a second-order Kalman-Langevin method. Both techniques
are formulated in continuous time as stochastic differential equations (SDEs) and
are implemented using numerical discretization schemes. Constraints are enforced
through a reflection mechanism applied at the domain boundaries. The performance
of the PSO algorithm is first evaluated on the Cross-in tray and Eggholder bench-
mark functions, where it demonstrates reliable convergence to global minima despite
the highly non-convex landscapes. The Kalman-Langevin method is primarily as-
sessed on the Rastrigin function, exhibiting robust performance in the presence of
numerous local minima.

To assess the applicability of these methods to practical problems, both algorithms
are subsequently applied to the task of determining the optimal placement of a
single gold atom on a gold surface, a problem characterized by a computationally
expensive potential energy surface. The results indicate that both PSO and the
Kalman-Langevin approach are effective in this setting, highlighting their generaliz-
ability beyond standard test functions. Furthermore, the parameter configurations
identified during benchmark tuning are found to be transferable to the real-world
application. These findings suggest that interacting particle systems governed by
SDEs, such as PSO and Kalman-Langevin dynamics, constitute promising frame-
works for addressing constrained optimization problems.

Keywords: Constrained optimization, Interacting particle systems, Particle swarm
optimization, Kinetic Kalman-Langevin.
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1
Introduction

The amount of data available in different contexts continues to grow, and in order
to navigate and extract insights from this overwhelming amount of information, one
must rely on mathematical models and computational techniques. In particular,
methods for optimization and sampling are often used, and these methods have
evolved significantly from simple linear regression for inference and gradient descent
for optimization to more sophisticated approaches capable of handling complex sce-
narios. In this project, we focus on two key methods: particle swarm optimization
with constraints and the kinetic Kalman-Langevin stochastic differential equation
with constraints. These models are stochastic differential equations governing inter-
acting particle systems. In general, methods based on interacting particle systems
have found recent attraction [1, 2, 3, 4, 5, 6, 7, 8] due to improved capabilities in
exploring the hyper-surface of objective functions.

Particle swarm optimization is a popular gradient-free optimization method pro-
posed in [9]. An SDE-based formulation of particle swarm optimization is suggested
by [10]. We adopt the same formulation and to incorporate constraints, we add a
reflection term, following the method outlined in [11] (see also [12] for numerical
implementation). In addition to SDE-driven particle swarm optimization, we also
test the performance of kinetic Kalman-Langevin dynamics with constraints. Ki-
netic Kalman-Langevin dynamics has been investigated for sampling purposes in [3].
Here, we consider constrained version of kinetic Kalman Langevin dynamics for the
purpose of constrained optimization. We test both methods on benchmark func-
tions for constrained optimization, where we also tune hyperparameters to study
their performance. Finally, we show how these approaches can be applied to a prob-
lem in material science, namely finding the optimal placement of a single Au-atom
on top of an Au-surface via minimization of the potential energy.

1.1 Notation

In this section, notation and operations frequently used in the report will be ex-
plained. For x, y ∈ Rd, ⟨x, y⟩ ∈ R is the scalar product between the two vectors
x and y. For a matrix M the transpose will be written as M⊤. In this project,
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1. Introduction

the constraints we consider will be of the form that the decision variables need to
belong to some set G ⊂ Rn. To this end, let ∂G denote the boundary of G, defined
as ∂G = Ḡ\G, and let I∂G(X(t)) denote the indicator function of the boundary,
i.e. a function that is 1 on the boundary of the domain G and 0 otherwise. Time
dependence will be written in two different formulations: continuous, and discrete.
Continuous time dependence will be written with parenthesis as f(t), t ∈ [0, T ], and
discrete time formulation will be written with subscript k = 0, ..., n, where n is the
total number of steps taken to get to the total runtime of T .
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2
Background

This chapter introduces the most fundamental concepts used in the thesis. We begin
with an overview of constrained optimization and common methods for enforcing
constraints, such as projection and penalty methods. Next, we present stochastic
differential equations, which describe our models in continuous time, and the Euler-
Maruyama scheme, which is used to discretize these equations and express them in
discrete time. Finally, we discuss the discretization of the reflection way of enforcing
constraints within the numerical schemes.

2.1 Constrained optimization

In constrained optimization restrictions are imposed on the decision variables of an
objective function, specifying the permissible values these variables can take. Given
a set of variables x1, x2, . . . , xn ∈ R, the goal is to minimize an objective function
f(x) subject to m constraints. Without loss of generality, any inequality constraint
of the form a ≤ b can be rewritten as a−b ≤ 0, so all constraints can be expressed as
gi(x1, x2, . . . , xn) ≤ 0, for i = 1, 2, . . . , m. Thus, a constrained optimization problem
can be formulated as [13]:

min
x1,x2,...,xn

f(x1, x2, ..., xn), such that

g1(x1, x2, ..., xn) ≤ 0
g2(x1, x2, ..., xn) ≤ 0

...
gm(x1, x2, ..., xn) ≤ 0.

(2.1)

We will also use the notation g to denote the vector-valued function whose compo-
nents are the individual functions gi(x). With this notation, problem (2.1) can be
written as min f(x) subject to g(x) ≤ 0.

There are several different reasons why one might want to impose constraints on
variables. It could be to match some real life limitation we know to be true, for
example that energies must be non-negative, or it could be to adhere to some legal
requirement. Some places where constrained optimization is commonplace is in:
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2. Background

• Engineering design (e.g., maximizing structural strength while limiting weight
and cost)

• Finance (e.g., maximizing return with risk and budget constraints)

• Machine learning (e.g., ensuring probabilities sum to one)

• Resource allocation and logistics (e.g., distributing resources without exceed-
ing capacity)

In this project, the constraint imposed on the objective function is a boundary
constraint, where variables are restricted to remain within predefined lower and
upper bounds. This constraint ensures that all particles consistently explore only
the permitted area of the search space.

2.2 Common constraint enforcement methods

With the knowledge of constraints a natural question that arises is how to choose
to enforce these constraints during optimization. There are several different ways
to ensure that the particles stay within the allowed search region throughout the
process. The most common ways of enforcing constraints for gradient descent based
methods are projection and penalty methods.

Projection Methods

Since time is discretized when working with numerical solutions, it is possible for a
particle to move outside the allowed search domain in a single time step. Projection
methods check after each gradient descent step if the new point lies outside the search
domain G. If the particle did in fact leave G, it is projected onto the closest point
within the feasible region. This guarantees that all particles satisfy the constraints
at every step. The projected gradient method can be written as [14]

xk+1 = ProjG(xk − η∇f(xk)), (2.2)

where the projection operator is defined by

ProjG(y) = arg min
z∈G

∥z − y∥2. (2.3)

Projection is particularly effective for convex constraint sets, where the projection
operation is well-defined and computationally efficient. However, for more com-
plex feasible regions, the projection step can become challenging or computationally
expensive.
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2. Background

Penalty Methods

Penalty methods transform the constrained optimization problem

min
x∈G

f(x)

into an unconstrained problem by adding penalty terms for constraint violations:

min
x

f(x) + λ
m∑

i=1
P (gi(x)) (2.4)

where P : R → R+ is a penalty function and λ > 0 is a penalty parameter. A
common choice is [15]:

P (gi(x)) =

0 if gi(x) ≤ 0
gi(x)2 otherwise.

(2.5)

2.3 SDE and Euler-Maruyama scheme

Both optimization methods considered in this thesis, Particle swarm optimization
(PSO) with constraint and second order (kinetic) Kalman-Langevin with constraint,
are formulated in continuous time as stochastic differential equations (SDEs). By
taking inspiration from the Euler-Maruyama scheme, they can be expressed in dis-
crete time formulation. In this thesis the process will be the following: formulate
the dynamics as SDEs and then discretize them using this Euler-Maruyama scheme
based process in order to obtain implementable numerical methods. Equations in
continuous time formulation will be written as SDEs which have the general form

dX(t) = b(t, X(t))dt + σ(t, X(t))dw(t), (2.6)

where b is the drift term, and σ is the diffusion coefficient. This notation by it-
self has no meaning and is used as shorthand notation for the meaningful integral
formulation

X(t) = X0 +
∫ t

0
b(s, X(s))ds +

∫ t

0
σ(s, X(s))dw(s), (2.7)

for some position X at time t. For the purpose of implementing the methods nu-
merically, these continuous-time SDEs are discretized using the Euler-Maruyama
scheme. The discrete-time update rule takes the form

Xk+1 = Xk + b(tk, Xk)h + σ(tk, Xk)
√

h ξk+1, (2.8)

where k indexes the discrete time steps, h is the step-size, tk+1 = tk + h, and ξk+1 is
a standard normal random variable, i.e., ξk+1 ∼ N (0d, Id), meaning a normal distri-
bution centered around the origin with a standard deviation of 1 in each dimension.
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2. Background

The step-size h is determined by the total runtime T and the number of steps n via
h = T/n, with h ∈ (0, 1).

For methods involving both position and velocity, such as PSO and kinetic Kalman-
Langevin dynamics, the state of each particle is described by both its position X
and its velocity V . In these cases, the update for the position at each time step can
be written as

Xk+1 = Xk + hVk, (2.9)

where Vk represents the velocity of the particle at step k. The velocity itself is
updated according to the specific dynamics of the method.

2.4 Discretization of the reflection enforcement
method for rectangular constraint

In this project, the enforcement of boundary constraints is handled via reflection.
Since both optimization methods are formulated in continuous time using SDEs,
the reflection mechanism must also be discretized to be compatible with the Euler-
Maruyama scheme.

At each discrete time step in the Euler-Maruyama scheme, the position of a particle
is updated according to equation (2.8). After such an update, it is possible that the
new position Xk+1 lies outside the feasible domain G.

To enforce the constraint, if Xk+1 /∈ G, the particle is reflected at the boundary ∂G.
The reflection is performed by moving the particle to the intersection point on the
boundary and inverting the component of its velocity that is normal to the boundary.
For a rectangular domain, this reflection can be implemented coordinate-wise: For
each coordinate j, the allowed interval is [0, Lj], where L1 = Lx and L2 = Ly. If
the updated position X̂j

k+1 = Xj
k + hV j

k leaves this interval, the time to reach the
boundary is

τ j = ∂Gj − Xj
k

V j
k

,

where the boundary is ∂Gj = Lj if V j
k > 0 and ∂Gj = 0 if V j

k < 0. The particle is
first moved to the boundary, the corresponding velocity component is reflected, and
then the particle continues for the remaining time step with the new velocity:

Xj
k+1 = Xj

τ,k+1 + (h − τ j)(−V j
k ),

where Xj
τ,k+1 = Xj

k + τ jV j
k is the intersection point at the boundary. For other

domains, such as circular regions, the reflection is performed by calculating the
intersection point on the boundary ∂G and reflecting the update direction across
the normal to the boundary at the point of intersection. The mathematical details
of this procedure are given in Section 3.3.
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2. Background

2.5 Criterion for success

The performance will be evaluated on various benchmark functions, and optimal
hyperparameters will be determined by maximizing the success rate of finding global
optima. A run will be deemed to be a success if there is a particle X∗ ∈ G within a
Euclidean distance of 0.2 from the global minimum Xmin

||Xmin − X∗|| < 0.2, (2.10)

and thus the success rate will be the number of runs where this condition was fulfilled
divided by the total number of runs performed.
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3
Particle swarm optimization with

constraints

3.1 Introduction

The first method which is investigated is the application and tuning of particle
swarm optimization with constraint on different benchmark test functions.

In our framework, PSO, consisting of N -particles, has the dynamics of the i:th
particle described by its position X i(t) and velocity V i(t) at time t. The dynamics
of each particle are governed by a system of SDEs, which are specified in detail in
equation (3.9). The SDE contains four terms: an interaction term that looks like

−
∫ t

0
λ(X i(s) − X̄(s))ds, (3.1)

where λ > 0 and X̄(s) denotes the weighted average of all particles at a time t which
is defined as

X̄(t) =
N∑

j=1

Xj(t)e−αU(Xj(t))∑N
l=1 e−αU(Xl(t)) , (3.2)

where α > 0.

For brevity, we denote

X̄(t) =
N∑

j=1
Xj(t)wj, (3.3)

where

wj := e−αU(Xj(t))∑N
l=1 e−αU(Xl(t)) . (3.4)

Note that as the parameter α increases and tends to infinity, more and more weight
is assigned to the position Xj(t) with the current smallest corresponding objective
function value U(Xj(t)), leading to this weighted average of positions approaching
min U(Xj(t)), the best particle method.
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3. Particle swarm optimization with constraints

The second term of the equations of motion for PSO is the friction term given by

−
∫ t

0
γV i(s)ds, (3.5)

where γ is a hyperparameter to be tuned. Third is the noise term accounting for
the exploration by the particles. This term is given by∫ t

0
σ(s)dBi(s), (3.6)

where Bi(t) is a Brownian motion and σ(t) is a non-increasing function that decides
how much the particles should explore. A first choice of sigma used in implementa-
tion is

σ(t) =

1, if t < t0,

10−5, if t ≥ t0,
(3.7)

where t0 is a time which has to be determined, meaning exploration will be valued
a lot before t0 and not at all after. The final term handling the imposed constraint
of being bounded in domain X(t) ∈ G, G ⊂ Rd is given by

−2 ⟨n(X i(t)), V i(t)⟩ n(X i(t))I∂G(X(t)), (3.8)

where n(x) is a unit outward normal at x ∈ ∂G, ⟨n(x, v)⟩ is the projection of
the velocity onto this normal and by multiplying this with the normal vector the
orientation is regained.

The equations of motion for particle swarm optimization are obtained by adding
the interaction, friction, exploration, and constraint terms and this can be written
in continuous time formulation as

X i(t) = X i(0) +
∫ t

0
V i(s)ds

V i(t) = V i(0) − λ
∫ t

0
(X i(s) − X̄(s))ds − γ

∫ t

0
V i(s)ds +

∫ t

0
σ(s)dBi(s)

− 2
∑

0<s≤t

⟨n(X i(s)), V i(s)⟩n(X i(s))I∂G(X i(s)),

(3.9)

where λ and γ are hyper-parameters which are tuned via testing in a range and
evaluated in Section 3.3. Note that the PSO method is gradient-free.

3.2 Implementation

To use these SDEs for numerical simulations they have to be discretized. The
discretization is based on Euler-Maruyama scheme. We take a uniform partition
of [0, T ] with step-size h as 0 = t0 <, . . . , tn = T with h = T/n. We denote our
numerical scheme with (Xk, Vk)n

k=0. We symbolically write our numerical scheme in
equation (3.10) and then further explain the algorithm below.

10



3. Particle swarm optimization with constraints

X i
k+1 = X i

k + V i
k h,

V i
k+1 = V i

k − λ(X i
k+1 − X̄k+1)h − γV i

k h + σk

√
hξi

k+1 + ∆Rk,
(3.10)

note that σk = σ(tk), and ∆Rk is the reflective term in discrete time formulation
which we elaborate later. The discretization of the reflective term requires some
explanation since, unlike the continuous case, we can no longer rely on a boundary
indicator function, as particles may step outside the domain G in a single time step.
Instead, we define a different procedure to handle the reflections at the boundary.
First, a candidate for the new position is calculated as any other via the velocity
vector: X̂ i

k+1 = X i
k + hV i

k . We then check if X̂ i
k+1 lies outside the domain G. If it

is, we apply the following reflection procedure:

• Find the intersection point X i
τ,k+1 on the boundary ∂G, where τ ∈ (0, h) is

the fraction of the time step at which the particle would cross the boundary.

• Calculate the reflected velocity V̂ i
k using the normal vector at the intersection

point (see Step 6 in Algorithm 1).

• Update the position by moving along the reflected trajectory for the remain-
ing fraction of the time step, ensuring the total distance traveled is one that
corresponds to a step size of h.

If instead the position did not exceed the bounds of G, it is accepted without reflec-
tion.

The algorithm can be expressed in more detail as follows:

Algorithm 1 Discrete Reflection Procedure for Boundary Handling
1: Compute candidate position: X̂ i

k+1 = X i
k + hV i

k

2: if X̂ i
k+1 /∈ G then

3: Find τ ∈ (0, h) and X i
τ,k+1 ∈ ∂G such that:

4: X i
τ,k+1 = X i

k + τV i
k

5: Calculate reflected velocity:
6: V̂ i

k = V i
k − 2⟨n(X i

τ,k+1), V i
k ⟩n(X i

τ,k+1)
7: Update position:
8: X i

k+1 = X i
τ,k+1 + (h − τ)V̂ i

k

9: else
10: X i

k+1 = X̂ i
k+1

11: V̂ i
k = V i

k

12: end if
13: Update velocity for next timestep:
14: V i

k+1 = V̂ i
k − λ(X i

k+1 − X̄k+1)h − γV̂ i
k h + σkξi

k+1
√

h
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3. Particle swarm optimization with constraints

3.3 Numerical illustration

During the tuning process, we consider two test-functions in order to evaluate and
compare the performance of different hyperparameter configurations. Since the
equations of motion for PSO are gradient free it allows for benchmark functions
that are non-differentiable. Two different test functions are used: Eggholder func-
tion, and Cross-in tray function.

Eggholder The Eggholder function is defined as

U(x, y) = − (y + 47) sin
√∣∣∣∣x2 + (y + 47)

∣∣∣∣− x sin
√

|x − (y + 47)|, (3.11)

where x, y ∈ [−512, 512], with a global minimum U(512, 404.2319) = −959.6407

The Eggholder function is shown in Figure 3.1.

(a) Surface plot of the Eggholder func-
tion. Image from [16], used under CC
BY-SA 4.0 license.

(b) Contour plot of the Eggholder func-
tion, with the global minimum shown as
a red dot. Image by Nschloe [17], used
under CC BY-SA 4.0 license.

Figure 3.1: Surface plot and contour plot of the Eggholder function, one of the
two test functions used during tuning of the method in this research project. The
function has a global minimum f(512, 404.2319) = −959.6407 shown as a red dot in
the contour plot.

The constraint is implemented differently for the two test functions. For the Eggholder
function, the search domain is defined as −512 ≤ x, y ≤ 512. The global minimum
of the function is located at (512, 404.2), which is approximately 652 units from the
origin. Consequently, if a circular constraint were to be applied, the radius would
need to be at least 653 to encompass the global minimum, and thus expanding the
total search domain. However, such an expansion could potentially introduce addi-
tional global minima, thereby altering the problem landscape. To avoid this issue, a

12



3. Particle swarm optimization with constraints

square constraint is employed instead. Under this approach, when a particle reaches
the boundary of the domain, the relevant component of its velocity is reversed, effec-
tively reflecting the particle back into the feasible region. The mathematical detail
of enforcing the square constraint can be seen in Section 2.4.

Cross-in tray The Cross-in-tray function is defined as

U(x, y) = −0.0001
[∣∣∣∣∣sin x sin y exp

(∣∣∣∣∣100 −
√

x2 + y2

π

∣∣∣∣∣
)∣∣∣∣∣+ 1

]0.1

(3.12)

with four global minima Min =


U (1.34941, −1.34941) = −2.06261
U (1.34941, 1.34941) = −2.06261
U (−1.34941, 1.34941) = −2.06261
U (−1.34941, −1.34941) = −2.06261

, and it is

shown in Figure 3.2.

(a) Surface plot of the Cross in tray
function. Image from [18], used under
CC BY-SA 3.0 license.

(b) Contour plot of the Cross-in-Tray
function, with global minima shown as
red dots. Image by Nschloe, used under
CC BY-SA 4.0 license [19].

Figure 3.2: Surface plot and contour plot of the Cross-in tray function, the other
of the two test functions used during tuning of the method in this research project.
The function has four global minima f(±1.34941, ±1.34941) = −2.06261 shown as
a red dot in the contour plot.

For the Cross-in tray function a circular constraint with radius r is used since the
global minima are comfortably inside the known search domain of −10 ≤ x, y ≤ 10.

When a particle exits the domain G, reflection requires enforcing the boundary
condition. For a circular domain G = {(x, y) : x2 + y2 < r2} with boundary
∂G = {(x, y) : x2 + y2 = r2}, the parameter τ , which is the distance the particle

13



3. Particle swarm optimization with constraints

travels before intersecting the boundary, can be found by solving the quadratic
equation:

(b2
1 + b2

2)τ 2 + 2(a1b1 + a2b2)τ + (a2
1 + a2

2 − r2) = 0, (3.16)
where a1 and a2 are the initial coordinates of the particle X i

k, and b1 and b2 are the
components of its velocity V i

k . This equation follows directly from the requirement
that the particle lies on the boundary at time τ :

(a1 + τb1)2 + (a2 + τb2)2 = r2. (3.13)

The particle’s motion must satisfy

X + hV ∈ GC ,

X + τV ∈ ∂G, τ ∈ (0, h),

where X and V denote the position and velocity vectors, respectively.

Once τ is calculated, the outward normal vector at the boundary needs to be de-
termined. For a spherical or circular domain, this normal is simply given by the
normalized position vector of the particle at the boundary, X i

τ,k+1. Thus, the out-
ward normal for particle i at time t = kh + τ is:

n(X i
τ,k+1) =

X i
τ,k+1

||X i
τ,k+1||

. (3.14)

3.3.1 PSO performance on Cross-in Tray

During the tuning process a point of interest is finding the optimal configuration of
the hyperparameters for the different benchmark functions. Optimal in this case was
defined as the configuration which maximized the success rate defined in equation
(2.10). The amount of weight assigned to the particle with the lowest corresponding
function value is governed by the α hyperparameter. By fixing α and running a
primitive parameter search, testing values of λ = 1.0, 3.25, 5.5, 7.75, 10, and γ =
0.1, 0.2, ..., 1 and testing each configuration only once we can get an idea of how the
success rate depends on λ and γ. Then by redoing the same search with a different
α will give a glimpse of the impact α has. Testing a single run per configuration on
the Cross-in tray function with α = 10 fixed we obtain the results in Table 3.1.

Although a single run per configuration is a much too small sample size to draw
any meaningful conclusion, this indicates that for the configuration of λ = 10, γ = 1
there is at the very least a possibility of find the global minimum. Now, redoing
the same search with α = 100, assigning even more weight to the points which are
closest to the global minimum we get the results shown in Table 3.2.

Now with a higher α the amount of configurations leading to a successful run has
increased noticeably. More so than any insight on the configurations of λ and γ
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3. Particle swarm optimization with constraints

Table 3.1: Results of parameter search for λ and γ pairs with α = 10. ’X’ indicates
failure, ’O’ indicates success. The total runtime was T = 5, exploring for t0 = 3, the
step-size was h = 0.01 and the number of particles was N = 50, σ was as defined in
equation (3.7).

λ
γ

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
1.0 X X X X X X X X X X
3.25 X X X X X X X X X X
5.5 X X X X X X X X X X
7.75 X X X X X X X X X X
10.0 X X X X X X X X O O

Table 3.2: Results of parameter search for λ and γ pairs with α = 100. ’X’
indicates failure, ’O’ indicates success. The total runtime was T = 5, exploring for
t0 = 3, the step-size was h = 0.01 and the number of particles was N = 50, σ was
as defined in equation (3.7).

λ
γ

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
1.0 X X X X X X X O O O
3.25 X X X X X X O O X X
5.5 X X X O O O O O O X
7.75 O X O O X O O O O O
10.0 X X X X X O O O O O

this indicates that having a higher α value greatly increases the chance of success.
This is investigated more thoroughly by increasing the runs to 100 and taking the
percentage of successful runs as the success rate. By fixing γ = 1 and testing λ
values ranging from 1 to 10 with α fixed to either 10 or 100 we get results shown in
Table 3.3.

These results show that having a higher α value is significantly more impactful than
the specific choice of λ, with the exception of λ = 3, which exhibits an unexpectedly
low success rate. The cause of this anomaly is unclear and was not investigated
further in this study. The rest of the results suggest that the dependence on α
dominates to such an extent that setting α to a larger value becomes the most
straightforward way to increase the success rate. However, as α approaches infinity,
the weighted average effectively assigns nearly all the weight to the particle with
the lowest corresponding function value, making it equivalent to simply using the
best particle. Therefore, using a weighted average and using the largest α possible
without causing overflow in the code becomes redundant, as we can achieve the
same outcome by directly adopting a "best particle" approach, thereby eliminating
α dependence altogether.

The impact of the λ and γ parameters can be seen by varying them and plotting
the final positions. The resulting plots can be seen in Figure 3.3.
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3. Particle swarm optimization with constraints

Table 3.3: Success rates for 100 runs with varying λ values with γ = 1. The total
runtime was T = 5, exploring for t0 = 3, the step-size was h = 0.01 and the number
of particles was N = 50, σ was as defined in equation (3.7).

λ Success Rate [α = 10] Success Rate [α = 100]
1.0 0.0 % 87.0 %
2.0 2.0 % 99.0 %
3.0 26.0 % 5.0 %
4.0 25.0 % 100.0 %
5.0 19.0 % 97.0 %
6.0 2.0 % 95.0 %
7.0 4.0 % 99.0 %
8.0 0.0 % 98.0 %
9.0 1.0 % 74.0 %
10.0 29.0 % 98.0 %

The global minima are marked with yellow stars and the red dots are individual
particles. There are 1000 particles shown in Figure 3.3 for visual clarity, which is
more than necessary for a search domain of this size. One can directly see the impact
the friction parameter γ has, as the particle distribution becomes much denser with
increasing γ, indicating faster convergence. The λ parameter appears to affect the
shape of the distribution; with smaller λ, the interaction strength between particles
is lower.

In the case of large λ and small γ, the particles are spread out and do not collapse
to a single point, but the distribution centers near one of the global minima. If λ
is smaller and γ is 1, the particles still collapse, but the centering is less accurate.
This suggests that λ influences how well the particles orient towards the best found
minimum, which is reasonable since λ is tied to the interaction term in the equations
of motion. Meanwhile, the friction parameter γ mainly affects how quickly the swarm
collapses.

Although Figure 3.3 uses 1000 particles, it is not clear that such a large number is
necessary to find a global minimum of the Cross-in tray function. To investigate
this, the number of particles was varied (N = 3, 5, 10, 20, 50), with each case tested
1000 times. The success rate was calculated as the proportion of runs where the
global minimum was found within a Euclidean distance of 0.2. The results are shown
in Table 3.4.

Table 3.4: Success rates for 1000 runs with varying numbers of particles (N). The
total runtime was T = 5, exploring for t0 = 3, the step-size was h = 0.01 and the
number of particles was N = 50, σ was as defined in equation (3.7), t0 = 3, λ = 10
and γ = 1.

N 3 5 10 20 50
Success Rate 60.30% 89.90% 99.40% 100.00% 100.00%
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3. Particle swarm optimization with constraints

Figure 3.3: Plot visualizing the impact of γ and λ has on particles’ behaviour for
the Cross-in tray function. In each plot the global minima are marked with yellow
stars, the best particle with a black cross, and each red dot is a particle. There are
1000 particles in each plot and the parameters being tested are γ = 0.1, 0.5, 1, 2 and
λ = 1, 3, 5, 7, 10, 15. Each simulation ran for a total runtime of T = 10, exploring
for t0 = 3, with a stepsize h = 0.01.
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3. Particle swarm optimization with constraints

The particles are instantiated uniformly in the square −7 ≤ x, y ≤ 7, so that no
particles are initialized outside the circular constraint of radius r = 10. Here we can
see that the 1000 particles used to visualize the impact of γ and λ in Figure 3.3 are
several orders of magnitude larger than what is actually required for the method to
reliably find the global minimum of the Cross-in tray function.

Since we are evaluating an interacting particle method, the results in Table 3.4 make
it difficult to actually test which hyperparameter configuration is optimal when using
many particles. With as few as 20 particles, the success rate already reaches 100%,
so increasing N further doesn’t provide any additional information—almost any rea-
sonable configuration will succeed. This means that for the Cross-in tray function
tuning the hyperparameters to find the optimal configuration will be difficult since
the global minimum is very commonly found regardless of the configuration. There-
fore it is more fitting to tune these parameters on the Eggholder function instead.

3.3.2 PSO performance on Eggholder function

To find the optimal hyperpparameters for the Eggholder function a more extensive
parameter search is carried out, testing each configuration 1000 times and calculating
the success rate as the share of these 1000 runs which found the global minimum.
The first parameter search, whose results can be seen in Table 3.5, tests values of λ
and γ that are spaced quite far apart from each other. This initial, broader search
serves the purpose of identifying promising regions in the parameter space, providing
a general direction for a subsequent, more focused search to fine-tune the optimal
values for the method. For these parameter searches the total runtime T was set to
10, with a time step of h = 0.01, the exploration time parameter t0 in σ was set to
7 and each configuration was tested 1000 times.

Table 3.5: Preliminary parameter search results for 1000 runs of different λ and γ
combinations for PSO on the Eggholder function. The total runtime was T = 10,
exploring for t0 = 7, the step-size was h = 0.01 and the number of particles was
N = 1000, σ was as defined in equation (3.7).

λ
γ

0.1 1 5 10 15
λ = 0.1 0.0% 0.0% 0.0% 0.0% 0.0%
λ = 1 0.1% 3.4% 0.0% 0.0% 0.0%
λ = 5 0.1% 34.0% 0.5% 0.0% 0.0%
λ = 10 0.0% 19.4% 3.1% 0.1% 0.1%
λ = 15 0.0% 21.4% 1.4% 0.4% 0.0%

The results from this first parameter search show that γ values around 1 should be
investigated more thoroughly and that λ appears to show promise for several values
ranging between 5 and 15. The second parameter search explores these combinations
further, and the results are shown in Table 3.6.
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3. Particle swarm optimization with constraints

Table 3.6: Success rates from 1000 runs of each different combination of λ and γ
for fine tuning the parameters for the Eggholder function. The total runtime was
T = 10, exploring for t0 = 7, the step-size was h = 0.01 and the number of particles
was N = 1000, σ was as defined in equation (3.7), λ = 10 and γ = 1.

λ
γ

0.8 1 1.25 1.5 1.75 2.0 2.25
λ = 5 13.5% 35.7% 60.7% 25.5% 12.3% 12.5% 15.9%
λ = 8 7.9% 18.6% 43.2% 67.5% 36.7% 19.4% 12.7%
λ = 10 9.0% 17.8% 54.1% 47.0% 74.4% 36.1% 18.1%
λ = 12 8.7% 17.5% 35.7% 52.5% 58.7% 71.6% 30.9%
λ = 15 10.2% 22.4% 29.8% 52.6% 45.2% 62.6% 71.7%

Upon closer examination, a distinct pattern emerges in the form of a diagonal band
of high success rates. This band starts from the upper left of the table (λ = 5,
γ = 1.25) and extends towards the lower right (λ = 15, γ = 2.25). The optimal
configuration appears to be λ = 10 and γ = 1.75, yielding a peak success rate of
74.0%. However, other high-performing combinations (>70%) include λ = 8 with γ
= 1.5, λ = 12 with γ = 2.0, and λ = 15 with γ = 2.25. This diagonal trend suggests
a relationship between λ and γ where, if λ increases, γ can also be increased to
maintain high performance. The performance rapidly decreases as the combinations
of γ and λ moves away from this diagonal band in either direction.

The amount of reflections that occurred during the final run for each configuration
can be seen in Table 3.7.

Table 3.7: Amount of reflections from all particles during the final 1000th run from
the refined parameter search results for fine tuning the parameters for the Eggholder
function

λ
γ

0.8 1 1.25 1.5 1.75 2.0 2.25
λ = 5 7347 2607 1902 2244 1306 1792 1153
λ = 8 6777 6156 4043 1643 2439 2035 1683
λ = 10 10614 5401 2919 2094 9362 9478 1823
λ = 12 8004 6670 5550 10346 3371 10270 2175
λ = 15 9053 9066 5003 11958 4013 2958 11539

Considering there were 1000 particles to build this statistic, we get that, for the
optimal configuration of λ = 10, γ = 1.75, there are approximately 10 reflections per
particle during the final run, motivating the inclusion of constraint when optimizing
the function. One can see by looking at Tables 3.6 and 3.7 that configurations that
are better at finding the global minimum also lead to more reflections, this is likely
a consequence of the Eggholder global minimum being located right at the edge of
the search domain. The amount of reflections is also high when the γ parameter
is smaller, which is reasonable considering this corresponds to lower friction and
therefore the particles keeping more of their momentum for longer.
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3. Particle swarm optimization with constraints

The behavior of the method, when using the optimal parameters λ = 10 and
γ = 1.75, while searching for the global minimum in the Eggholder function is
shown in Figure 3.4. Here the iterations 0, 50, 100, 200, 300, 499 are plotted, and
since a step size of 0.01 is used, this corresponds to snapshot images at times
T = 0, 0.5, 1, 2, 3, 4.99 during a run.

Figure 3.4: Plot visualizing how the particles behave at different points when
searching for the global minimum of the Eggholder function. In each plot the global
minima are marked with yellow stars, the best particle with a black cross, and
each red dot is a particle. There are 1000 particles in each plot, particles are
initialized in the square −500 ≤ x, y ≤ 500 and the plot occurs for iterations
0, 50, 100, 200, 300, 499. Each simulation ran for a total runtime of T = 5 with a
stepsize h = 0.01.
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3.3.2.1 Discussion about friction

Something interesting is happening in between iterations 50 and 100 in Figure 3.4
which causes the particles to spread again after they have started converging to
the best particle. This is investigated more closely by creating a new plot showing
iterations in this interval. A plot showing iterations 50, 58, 64, 72, 80, 88 can be seen
in Figure 3.5.

Figure 3.5: Plot visualizing how the particles behave when searching for the global
minimum of the Eggholder function. In each plot the global minima are marked with
yellow stars, the best particle with a black cross, and each red dot is a particle. There
are 1000 particles in each plot, particles are initialized in the square −500 ≤ x, y ≤
500 and the plot occurs for iterations 50, 56, 62, 68, 74, 80 Each simulation ran for a
total runtime of T = 5 with a stepsize h = 0.01.

The optimal configuration that was found from the parameter search resulted in
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3. Particle swarm optimization with constraints

behavior where the particles appear to be converging to the best particle around
iteration 62, when exploration is still in full effect, meaning t < t0 and thus the
magnitude of the noise term has not decreased yet. The particles then after reaching
this point are not slowed down enough and are instead carried further by their
momentum. In the run being showcased in the plots the particles then collide with
the boundary and are reflected back, resulting in the spread of the particles seen
in iteration 100 in Figure 3.4. If the particles’ movements were not subject to this
constraint, and no new minimum was found, then as they overshoot, their distance
to the best particle would increase again. However, this increase would occur in
the opposite direction. The particles will then oscillate harmonically around the
global minimum until the friction term eventually slows the velocity down for the
particles to converge. This behavior is a consequence of the size of the search domain
being large, while the γ parameter being quite small to control the velocity of the
particles. From the λ term in the equations of motion, large distances cause high
velocities which are only counter balanced by braking from the friction term. If the
friction increases to γ = 4, we would expect the duration of this harmonic behavior
around the best minimum to shorten and for the particles to converge faster. A plot
showcasing this behavior can be seen in Figure 3.6.

Note that this means that our implementation of the PSO method is, for large
search domains, sensitive to the location of the best particle at initialization, as this
is where the particles which are far away will rush toward. This behavior is not
a bad thing and will not be corrected via increasing γ, instead the same optimal
combination of λ = 10, γ = 1.75 will continue being used. Increasing γ will greatly
hinder the particles’ ability at exploring the search domain. There are other ways
to handle λ so that the particles stay at their initial positions, utilizing the strength
of uniform initialization, and then have the particles move to the most promising
location after some time. This could be implemented by adding a time dependence
to the λ parameter to have it start low, curbing the instant movement of the far
particles towards the best one, and then increase the interaction strength as time
goes on. However, this is not implemented in this project.

3.3.2.2 Discussion about noise

The result seen in Figure 3.4 is independent of whether noise is included or not. The
same picture is recreated even when setting the noise parameter σ(t) = 0 ∀t ≤ T.
This also means, unsurprisingly, that our noise parameter σ which, as defined in
(3.7), has a maximum strength of 1, has virtually no impact. One might be surprised
at the high success rate obtained for the method when the exploration of the particles
is negligible. However, recalling that the particles were initialized uniformly within
the square −512 ≤ x, y ≤ 512, their momentum does not need to carry them far.
This is because the length of the harmonic oscillation exceeds the distance from the
best particle to the global minimum, enabling reliable discovery. If instead initialized
in a smaller domain, such as −300 ≤ x, y ≤ 300, particles—even when propelled
to the domain’s top-right corner—would lack sufficient momentum to traverse the
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3. Particle swarm optimization with constraints

Figure 3.6: Plot visualizing how the particles behave when searching for the global
minimum of the Eggholder function. In each plot the global minima are marked with
yellow stars, the best particle with a black cross, and each red dot is a particle. There
are 1000 particles in each plot, particles are initialized in the square −500 ≤ x, y ≤
500 and the plot occurs for iterations 0, 50, 100, 200, 300, 499. Each simulation ran
for a total runtime of T = 10 with a stepsize h = 0.01. Here γ has been increased
to 4.

≈200 units required to reach the global minimum without noise. This is illustrated
via a success rate investigation with results shown in Table 3.8.
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3. Particle swarm optimization with constraints

Table 3.8: Success rates for different noise magnitudes (|σ|) when initialized in
−L ≤ x, y ≤ L, for L = 400, 300, 200, 100. Other parameter values were T =
10, h = 0.01, t0 = 7, λ = 10, γ = 1.75

L
|σ|

0 500
√

2 · 500
L = 400 2.1% 7.60% 5.00%
L = 300 0% 20.60% 20.50%
L = 200 0% 16.60% 22.70%
L = 100 0% 35.60% 21.00%

The deterministic PSO without any random noise never finds the global minimum
in these cases, whereas with sufficiently large noise (of the order of the radius of the
search domain), the method finds it quite consistently. In fact the method appears
to improve as the initialization area gets smaller, although that could be caused by
function specific conditions which has not been investigated. A possible explanation
for this could be that when uniformly starting in the 100 × 100 square then the
function has a bias to have its best located minimum in the top right direction,
leading to the particles more often searching this area. A single run of PSO with
|σ| = 0 starting in −300 ≤ x, y ≤ 300 plotted at iterations 0, 100, 300, 500, 700, 999
can be seen in Figure 3.7.
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3. Particle swarm optimization with constraints

Figure 3.7: Plot visualizing how the particles behave when searching for the global
minimum of the Eggholder function. In each plot the global minima are marked with
yellow stars, the best particle with a black cross, and each red dot is a particle. There
are 1000 particles in each plot, particles are initialized in the square −300 ≤ x, y ≤
300 and the plot occurs for iterations 0, 100, 300, 500, 700, 799 Each simulation ran
for a total runtime of T = 10 with a stepsize h = 0.01, t0 = 7. Here γ = 1.75, λ = 10,
|σ| = 0.

The particles are carried quite far via their momentum, however since the initial best
minima, which decides where the particles will be launched, is not in the direction
of the global minima the particles are unable to find it. When noise is introduced,
with |σ| = 500, t0 = 7 and running for a total time of T = 10 then the particles can
be instantiated in an even smaller regime of −100 ≤ x, y ≤ 100 and they behave as
shown in Figure 3.8.
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Figure 3.8: Plot visualizing how the particles behave when searching for the
global minimum of the Eggholder function. In each plot the global minima
are marked with yellow stars, the best particle with a black cross, and each
red dot is a particle. There are 1000 particles in each plot, particles are ini-
tialized in the square −100 ≤ x, y ≤ 100 and the plot occurs for iterations
0, 50, 100, 200, 300, 400, 500, 700, 800, 800, 900, 999 Each simulation ran for a total
runtime of T = 10 with a stepsize h = 0.01, t0 = 7. Here γ = 1.75, λ = 10,
|σ| = 500.
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4
Second order (Kinetic)

Kalman-Langevin SDE with
constraint

4.1 Introduction

The second method investigated in this project is the application of the second-order
(Kinetic) Kalman-Langevin stochastic differential equation with constraint on dif-
ferent benchmark test functions. The incorporation of constraints again ensures that
the results obtained from this method is in accordance with eventual restrictions,
such as positivity constraints for determining ground state energy, by preventing the
system from leaving the valid domain G ⊂ Rd. The constraint is implemented using
a reflection term, similar to that used in PSO, which enforces boundary conditions
by adjusting the velocity vector when particles reach the boundary of G.

The dynamics of the second-order (kinetic) Kalman-Langevin SDE are described by
two coupled equations for position and velocity:

X i(t) = X i(0) +
∫ t

0
V i(s)ds

V i(t) = V i(0) −
∫ t

0
CN(s)∇U(X i(s))ds − γ

∫ t

0
V i(s)ds +

∫ t

0
σ(s)QN(s)dBi(s)

− 2
∑

0<s≤t

⟨n(X i(s)), V i(s)⟩n(X i(s))I∂G(X i(s)).

(4.1)

Here the parameters γ and σ have the same interpretation as in the PSO method, i.e.,
γ is the hyper-parameter corresponding to friction and σ(t) is decreasing function of
t and |σ| is a hyperparameter pertaining to the magnitude of the noise from Bi(t),
the N -dimensional Brownian motion. Brownian motion . There is now an ensemble
covariance CN(t), defined as

CN(t) = 1
N

QN(t)QN(t)⊤, (4.2)

where QN(t) =
[
X1(t) − X̃(t), . . . , XN(t) − X̃(t)

]
d×N

, for i = 1, ..., N , where X̃(t)
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is the ensemble mean 1
N

∑N
i=1 X i(t).

The equations of motion can be expressed in both continuous and discrete time
formulations. For numerical simulations, we employ the Euler-Maruyama scheme to
discretize these equations:

X i
k+1 = X i

k + V i
k h,

V i
k+1 = V i

k − CN
k ∇U(X i

k)h − hγV i
k +

√
hσkηi

k+1(QN
k )⊤ + ∆Rk,

(4.3)

where h is the time step size, ηi
k+1 is an N×N dimensional matrix where each element

of the matrix is drawn from a normal distribution N (0, 1), and ∆Rk represents
the discrete-time implementation of the reflection term for a rectangular constraint
explained in Section 2.4.

4.2 Implementation

As second order Kalman-Langevin SDE contains a gradient of the objective function
in its equations of motion, having an analytic expression for the gradient of the
objective function makes analysis easier. The first function where the Kalman-
Langevin method is applied is on the Rastrigin function defined as

U(x) = An +
n∑

i=1

[
x2

i − A cos(2πxi)
]
, (4.4)

where A = 10 and, in our 2 dimensional case, d = 2, with x1 ∈ [−5.12, 5.12], x2 ∈
[−5.12, 5.12]. The gradient of the Rastrigin function in two dimensions is given by

∇U(x) =
[

∂U

∂x1
,

∂U

∂x2

]⊤

= (2x1 + 2πA sin(2πx1), 2x2 + 2πA sin(2πx2)) (4.5)

where A = 10. The global minimum of the Rastrigin function that the particles will
attempt to find is

U(0, 0) = 0, (4.6)

and the Rastrigin function is shown in Figure 4.1.

Comparing the equations of motion for kinetic Kalman-Langevin dynamics with
PSO one can see that there is no scaling parameter λ in the interaction term which
has to be balanced with the friction parameter γ. Instead, it is now the noise term
that is in contention with the friction and the two need to be balanced according
to each other. The magnitude of the N -dimensional Brownian motion is therefore
proportional to the friction for Kalman-Langevin dynamics and is given by

σ(t) =


√

2γ, t0 < 0.7T,

10−5, t0 ≥ 0.7T,
(4.7)
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(a) Surface plot of the Rastrigin func-
tion. Image from [20].

(b) Contour plot of the Rastrigin func-
tion, with global minima at (0, 0). Image
by Nschloe, used under CC BY-SA 4.0
license [21].

Figure 4.1: Surface plot and contour plot of the Rastrigin function. The function
has its global minimum U(0, 0) = 0 which is in the center of the contour plot.

and since the total runtime will be T = 10 for all runs in this chapter, the exploration
time t0 = 7 in all experiments presented in this chapter. With a step-size of h = 0.01
this corresponds to exploration stopping at iteration 700.

4.3 Numerical illustration

4.3.1 Kalman-Langevin performance on Rastrigin

Although the friction parameter γ was previously tuned to a value of 1.75 for the
particle swarm optimization algorithm in Chapter 3, it is not evident that this
value will also yield optimal performance for the Kalman-Langevin method. For
this reason, we conduct a separate tuning of γ for the Kalman-Langevin method,
as described below. Firstly we conduct a sparse search over a broad range of γ
values to identify promising regions for further investigation. The values tested are
γ = 0.1, 1, 5, 10, 15 and the results of this search can be seen in Table 4.1.
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Table 4.1: Success rates of different values of γ for 1000 runs of second order
Kalman-Langevin SDE on the Rastrigin function. The total number of particles
was N = 50, the runtime was T = 10 with a step-size of h = 0.01. Also included is
the amount of times a particle was reflected at the boundary of the search domain.
The reflections are only for the last run, not all 1000 runs.

γ 0.1 1 5 10 15
Success Rate 6.4% 28.1% 62.2% 50.0% 54.4%
Reflections 1492 1060 897 904 899

The results from this sparse search indicate that values of γ between 1 and 5 are
promising, so this region is investigated in more detail by taking a closer look with
another search using more finely spaced values. The results of this search can be
seen in Table 4.2.

Table 4.2: Success rates for different values of γ for 1000 runs of second order
Kalman-Langevin SDE on the Rastrigin function. The total number of particles
was N = 50, the runtime was T = 10 with a step-size of h = 0.01. Also included is
the amount of times a particle was reflected at the boundary of the search domain.
The reflections are only for the last run, not all 1000 runs.

γ 1.5 1.75 2 2.5 3 3.5 4 4.5
Success Rate 51.0% 62.3% 71.8% 73.9% 72.4% 71.4% 65.9% 65.0%
Reflections 1055 1011 995 1087 1000 990 965 913

Among the values tested, the highest success rate was achieved at γ = 2.5.

Now, with the hyperparameter γ having been tuned we can now create a plot il-
lustrating how the particles behave while searching for the global minimum of the
Rastrigin function. The plot can be seen in Figure 4.2.

To see how the method performs on average depending on the number of particles
present, a thousand runs were done with γ = 2.5, total runtime of T = 10, step-size
of h = 0.01 with exploration time t0 = 7, same as for when the illustrative plot was
generated with the particle count varying as N = 10, 20, 50, 100, 200. The resulting
success rates can be seen in Table 4.3.

Table 4.3: Success rates for different number of particles N for second order
Kalman-Langevin SDE. The total runtime was T = 10 on for different numbers
of particles (N = 10, 20, 50, 100, 200). Also included is the amount of times a parti-
cle was reflected at the boundary of the search domain during the last run of each
experiment.

N 10 20 50 100 200
Success Rate 38.3% 48.5% 72.2% 91.7% 99.8%
Reflections 33 218 1009 3133 9908
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Figure 4.2: Plot showing iterations 0, 100, 200, 300, 400, 500, 600, 700, 800, 999 of
a single run of the second order Kalman-Langevin SDE algorithm defined in (4.1)
with 100 particles. The red dots are particles, the black X is the particle with
the lowest corresponding function value and the yellow star is the global minimum.
Total runtime was T = 10 with exploration time t0 = 7, friction parameter was
γ = 2.5 and noise magnitude was

√
2γ.
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It is interesting to see what impact allowing interaction between particles has on
the performance. The interaction for Kalman-Langevin dynamics comes from the
covariance matrix, CN and the matrix QN in the gradient term and Brownian term
respectively. By removing these two matrices the particles no longer interact with
each other and we obtain the second order Langevin SDE defined as

dX i(t) = V i(t)dt,

dV i(t) = −∇U(X i(t))dt − γV i(t)dt + σ(t)dBi(t) + ∆R(t).
(4.8)

The behavior of the particles driven by second order Langevin SDE can be seen in
Figure 4.3, and the results from testing how the success rate depends on the number
of particles can be seen in Table 4.4.

Table 4.4: Success rates for different number of particles N for non interacting
second order Kalman-Langevin SDE. The total runtime was T = 10 for different
numbers of particles (N = 10, 20, 50, 100, 200). Also included is the amount of times
a particle was reflected at the boundary of the search domain for the last run.

N 10 20 50 100 200
Success Rate 9.0% 17.8% 38.5% 61.0% 83.3%
Reflections 5 4 16 29 54

For number of particles N = 10, 20, 50, 100 the interacting Kalman-Langevin method
outperforms the Langevin method when it comes to finding the global minimum by
approximately 30 percentage points. As the number of particles increases to 200 then
the difference shrinks, likely due to the fact that it becomes increasingly probable
that a particle is finding the global minimum just by local gradient.
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Figure 4.3: Plot showing iterations 0, 100, 200, 300, 400, 500, 600, 700, 800, 999 of a
single run of the Langevin algorithm defined in (4.8) with 100 particles. The red
dots are particles, the black X is the particle which has the lowest corresponding
function value and the yellow star is the global minimum. Total runtime was T = 10
with exploration time t0 = 7, friction parameter was γ = 1.75 and noise magnitude
was

√
2γ.
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4.3.2 Kalman-Langevin performance on Eggholder

In order to apply the gradient dependent Kalman-Langevin method on the Eggholder
function, we need information on the Eggholder’s gradient. Although it is possible
to derive the Eggholder function’s analytical gradient, the gradient is instead lo-
cally estimated numerically by using the finite difference method and the central
difference formula is used to approximate the partial derivatives. By keeping the
optimal hyperparameter configuration found for the Rastrigin function, meaning
γ = 2.5, |σ| =

√
2γ, t < t0, T = 10, and h = 0.01, with the exception of the num-

ber of particles N being increased, since the search domain is much larger for the
Eggholder, now spanning between [−512, 512] in both x1 and x2 direction. With
this configuration a plot is generated showing how the particles behave following
the second order Kalman-Langevin SDE as their equations of motion. The plot can
be seen in Figure 4.4.

Figure 4.4: Plot showing the N = 50 Kalman-Langevin particles’ behavior during
a single run of T = 10, h = 0.01, γ = 1.75, |σ| =

√
2γ. Each red dot is a particle, the

yellow star is the global minimum and the black cross is the particle that currently
has the lowest corresponding function value.

With this setup, it was observed that all particles rapidly disappeared from the
feasible domain within the first 100 iterations. This issue arises because, in the much
larger Eggholder domain, the interaction terms in the covariance and Q matrices
can accelerate particles to excessively high velocities. When the velocity is high
enough, a particle is able to cross the entire search domain in a single time step. As
a result, the reflection mechanism, fails since after reflection, the particle may cross
the entire search domain to the opposite boundary, and thus escapes the feasible
region entirely. This is shown to be an accurate analysis since behavior was not
present when particles were initialized in a smaller region of xi ∈ [−10, 10].

A different solution that still allows the method to be used to explore the entire
search domain whilst keeping the velocities under control is to introduce a velocity
cap via clipping. By setting the maximum velocity to vi ∈ [−100, 100] it guarantees
that no particle can traverse 1024 units in a single timestep and therfore can no
longer escape. This allows us to again initialize the particles in the entire search
domain, which is seen in Figure 4.5.

The method is again evaluated by taking a series of runs and seeing how many of
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these resulted in the global minimum being found by both the interacting Kalman-
Langevin method and the Langevin method. Due to computational costs the number
of runs is reduced to 100 from 1000 and a N dependence was tested where the
number of particles varies as N = 10, 20, 50, 100, 200. the method gets success rate
for different number of particles as seen in Table 4.5.

Table 4.5: Success rates for 100 runs investigating different number of particles
N for second order Kalman-Langevin SDE on Eggholder. The total runtime was
T = 10 on for different numbers of particles (N = 10, 20, 50, 100, 200). Also included
is the amount of times a particle was reflected at the boundary of the search domain
for the last run.

N 10 20 50 100 200
Success Rate 0% 0% 0% 0% 0%
Reflections 1959 10 3059 10110 14479

When not allowing for interaction and performing the same experiment again we
obtain the resulting success rates for the Langevin process seen in Table 4.6.

Table 4.6: Success rates for 100 runs investigating different number of particles N
for non interacting second order Kalman-Langevin SDE on Eggholder. The total
runtime was T = 10 on for different numbers of particles (N = 10, 20, 50, 100, 200).
Also included is the amount of times a particle was reflected at the boundary of the
search domain for the last run.

N 10 20 50 100 200
Success Rate 0% 0% 0% 0% 0%
Reflections 2 52 102 35 88

The runs show that neither the particles for the Kalman-Langevin nor the Langevin
methods are able to find the global minimum regardless of the number of particles
searching the space. This was investigated by plotting several runs and inspecting.
What seems to be happening can be seen in Figure 4.5. By looking closely one
can see a red dot and a black cross where the global minimum is in the bottom
rightmost plot, indicating a successful run. However, this counts as a failure since
the particle coordinates are: (511.71, 409.85) and this is more than 0.2 Euclidean
distance from the actual global minimum at (512, 404.2319). While not every run
results in a particle approaching the global minimum, when this does occur, the
particle typically becomes stuck very close to the optimum without ever reaching
it. This is not the expected behavior and the cause of this is unknown and would
have to be investigated more thoroughly to draw any definitive conclusion on what
is happening.

35



4. Second order (Kinetic) Kalman-Langevin SDE with constraint

Figure 4.5: Plot showing the N = 100 Kalman-Langevin particles’ behavior dur-
ing a single run of T = 10, h = 0.01, γ = 1.75, |σ| =

√
2γ. Each red dot is a

particle, the yellow star is the global minimum and the black cross is the particle
that currently has the lowest corresponding function value. Here the velocity has
been capped at 100 in each direction and all particles are initialized uniformly in a
square [−512, 512].
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5
Application of PSO and

Kalman-Langevin for finding
optimal placement of single

Au-atom on Au-surface

While previous chapters have focused on evaluating optimization algorithms using
test functions, real-world problems often present additional challenges and com-
plexities. This chapter addresses such a challenge by applying particle swarm op-
timization and a constrained second-order Kalman-Langevin SDE to the problem
of locating the optimal (meaning the one which minimizes the potential energy)
position for a single gold atom atop a gold surface.

5.1 Problem description

The Au atom placed on top of the surface is referred to as an ad-atom. A visual-
ization of the ad-atoms location relative to the gold surface can be seen in Figure
5.1.

Figure 5.1: Image visualizing the placement of the extra Au-atom on top of the
Au-surface. Designation and affiliation of Paul Erhart. Used here with permission.

The left image shows the surface from a side view with the ad-atom colored in red.
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The right image shows surface from a top view (z-direction). Here the primitive cell
is marked as the smaller rectangle with black edges.

Finding the position which minimizes the energy of the ad-atom is a difficult problem
due to the several local minima in the PES. Another complication comes from the
fact that density functional theory (DFT) is used to evaluate the potential energy,
resulting in expensive computations.

We only need to consider positions inside the primitive cell when searching for the
optimal location of the ad-atom since the PES repeats itself outside the primitive
cell. We therefore only consider positions in the domain

0 < x < 16.65653 and 0 < y < 2.884996. (5.1)

5.1.1 Evaluating the potential energy surface

The ad-atom energy of interest, E, is defined as

E = Ead − Esurface, (5.2)

where Ead is the potential energy of the system with the ad-atom present and Esurface
the energy of just the bare surface system. When evaluating the PES, we consider
the surface to be completely rigid and only allow the ad-atom to move. The energy
can thus be written as

E = E(x, y, z), (5.3)

where (x, y, z) corresponds to the position of the ad-atom. Here, we will allow the
z-coordinate of the ad-atom to relax to its local minimum (given x and y) and thus
only consider the x − y dependency of the energy, meaning we write the energy E
as

E(x, y) = min
z

E(x, y, z). (5.4)

In order to optimize the application of the PSO and Kalman-Langevin methods on
a DFT-derived potential energy surface, we precomputed the energy values over the
entire search domain with a spatial resolution of ∆x = 0.015 and stored them as a
matrix. During optimization, the PSO algorithm accessed this matrix to obtain en-
ergy values for particle positions, eliminating the need for repeated, computationally
expensive DFT calculations.

While this approach circumvents the original challenge of optimizing with expensive
function calls, since the entire function is now available and could be minimized
by direct search, it allows for more efficient testing and analysis of the methods
performance on a landscape that has ties to reality and that is not constructed with
the purpose of being a benchmark function.

After computing the PES it can be visualized with a heatmap seen in Figure 5.2.
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Figure 5.2: Plot visualizing the potential energy surface with the global minimum
marked with a white star.

In Figure 5.2, the white star located at x ≈ 3.25, y ≈ 0.72 represents the global
minimum. The pink areas are identified as local maxima and the green are flat
areas with local minima in between the hills. By taking the logarithm of the PES
and plotting it in Figure 5.3 one can more easily see the local minima. One can

Figure 5.3: Plot visualizing the logarithm of the potential energy surface with the
global minimum marked with a white star.

see here how, for example, a gradient based optimization method might struggle at
finding the global minimum in this domain due to the many stationary points it can
get stuck in.

5.2 Application of PSO and simulated annealing

The PSO method defined by equation (3.9) will be used to explore and search
the potential energy surface (PES) for this system. The performance of the PSO
method will be compared to simulated annealing (SA), which is a gradient based
optimization method combined with an exploration term to allow for the escape
from local minima. The equations of motion for simulated annealing are [22] [23]
[24]

Xk+1 = Xk − ∇U(Xk)h +
√

2
ln (1 + hk)ξk+1

√
h, (5.5)
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where U(xk) is the potential energy of the surface at position x at iteration k =
0, ..., n − 1, n = T

h
, where h is the step size and ξk+1 ∼ N (0, Id).

The simulated annealing particles are constrained via clipping the positions at the
boundaries and setting the particles’ position there instead of the reflection that is
used for PSO.

All experiments with simulated annealing and PSO in this chapter are run for a
total runtime T = 10, with a step size of h = 0.01 and the number of particles vary
between 10 and 200. The methods are evaluated via success rate where the success
criterion is having a particle be within a Euclidean distance of 0.2 from the global
minimum at the final iteration and the rate is the share of successes from 1000 runs.

To ensure a fair and meaningful comparison between simulated annealing and PSO,
particles for both algorithms are deliberately initialized away from the region where
the global minimum is known to be located. This setup forces both methods to
explore the search space rather than having the success chance be influenced by
starting near the optimum and being guided instantly. By enforcing this condition,
the comparison of the the algorithms’ inherent ability to navigate the energy land-
scape is made easier. The allowed domain for initialization is 6 < x < 16.65653, and
0 < y < 2.884996. The behavior of the simulated annealing with 50 particles and
100 particles can be seen in top and bottom plots respectively in Figure 5.4.

In Figure 5.4 the black dots are the starting positions of the simulated annealing
particles, we can see that there are no particles for x values between 0 and 6. The
white dots are the final positions and the dashed lines show which final positions
correspond to which starting positions. In the second plot in Figure 5.4 the number
of particles has been increased to 100 and only the final positions are shown.

To see the behavior of the PSO algorithm on the PES a plot was generated for a
successful run where the global minimum was found can be seen in Figure 5.5.

The PSO method appears to have no problem traversing the hills nor the green flat
patches. The particles move somewhat together and explores the search domain.
After iteration 700, corresponding to t = 7, the noise amplitude |σ| decreases to
10−5 and the particles collapse to the best particle, which in this case is the global
minimum.

In Figure 5.6 a run where the particles failed to find the global minimum is shown.

In Figure 5.6 the particles’ exploration term never put any of the particles close
enough to the global minimum for the best particle to drag the other particles in
that direction. These two illustrations of a successful run and failed run indicate
the model is quite sensitive to the initial direction.

To properly evaluate and compare the performance of PSO with simulated annealing,
more data was gathered. By running both methods for 1000 iterations and calculat-
ing the success rate as the proportion of runs where the best particle was within a

40



5. Application of PSO and Kalman-Langevin for finding optimal placement of
single Au-atom on Au-surface

Figure 5.4: The first plot shows with black dots where each of the 50 simulated
annealing particle is initialized and final positions with black dots and the second
plot shows the final positions for a different run of 100 simulated annealing particles.
Both plots are for a total runtime of T = 10 with a step-size of h = 0.01. The area
of Euclidean distance less than 0.2 from the global minimum is shown in the bottom
plot with a black circle.

Euclidean distance of 0.2 from the global minimum (located at x ≈ 3.25, y ≈ 0.72),
the success rates were 6.1% for simulated annealing and 42.4% for PSO. Here the
total runtime was T = 10, step-size was h = 0.01 and the number of particles was
Np = 50. From a search like this the strength of the PSO method is really showcased
as it is a whole 7 times likelier to find the global minimum than simulated annealing.

It is also of interest to see how both methods rely on the number of particles to find
the global minimum. Therefore the same search of 1000 runs each was conducted
where N varies as N = 10, 20, 50, 100, 200. The results of this search can be seen in
Table 5.1.

Table 5.1: Success rates of PSO and SA methods on PES for different numbers
of particles (N = 10, 20, 50, 100, 200). The total runtime was T = 10 with step-size
h = 0.01 and the hyperparameter configuration used was λ = 10, γ = 1.75. The
magnitude of the noise term was |σ| = 5, t < t0 and |σ| = 10−5, t > t0.

N 10 20 50 100 200
PSO 29.4% 34.5% 45.1% 63.8% 81.3%
SA 1.1% 1.3% 5.4% 10.9% 20.2%
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Figure 5.5: Plot showing the movement of the particles during a sin-
gle run from initialization to final positions. The iterations plotted are
0, 100, 200, 300, 500, 600, 700, 800, 999.

The superiority of the PSO algorithm is very clear in these results. Simulated
annealing requires 200 particles to perform at the same level as 10 PSO particles
do.

These runs took 5 minutes and 7 seconds for simulated annealing to complete and
PSO took 8 minutes and 44 seconds. From doing these two runs and comparing
the runtime it is noted that simulated annealing is around 70% faster than PSO.
This raises question of whether the performance disparity between the two methods
could be remedied at all by instead comparing wall clock time. Instead of running
for a set total time T = 10 with a time step h = 0.01 and comparing the two
methods, simulated annealing will take advantage of its faster calculations and can
run for more iterations when governed by the wall clock time. The results of such
an investigation can be seen in Table 5.2.

Table 5.2: Success rates of simulated annealing adjusted for wall clock time so run-
ning for T = 17 on PES for different numbers of particles (N = 10, 20, 50, 100, 200).

N 10 20 50 100 200
Success Rate 1.2% 2.5% 6.5% 12.9% 23.7%
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Figure 5.6: Plot showing the movement of the particles during a sin-
gle run from initialization to final positions. The iterations plotted are
0, 100, 200, 300, 500, 600, 700, 800, 999.

A slight increase in performance is noted. However, accounting for wall clock time
is not enough for simulated annealing to reach a performance similar to PSO.

5.3 Application of Kalman-Langevin

The gradient dependence of Kalman-Langevin is problematic for application on this
problem where the analytical expression for the gradient of the objective function
is unknown. Therefore, the gradient is instead computed numerically using the
numpy.gradient function. This method uses second-order accurate central differ-
ences in the interior and one-sided differences at the boundaries. The use of this
function requires precomputing the objective function over the entire search domain,
which was done in this thesis to improve efficiency.

Using the same methodology as we did when testing second order Kalman-Langevin
SDE for constrained optimization of the Rastrigin function, meaning governing the
particles’ movement with equation (4.1) with γ = 2.5 and |σ| =

√
2γ, t < t0, we

will now investigate how Kalman-Langevin handles finding the optimal position of
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the Au-atom on the Au-surface. The gradient is calculated with numpy.gradient,
utilizing that the entire surface has been precomputed. This is a disadvantage of this
method on this real world problem as the two other methods only need to evaluate
the function once in the current point unlike if one would use e.g. finite differences
to obtain the gradient.

Just as for PSO the particles will be initialized away from the global minimum, more
specifically the lowest possible x-value at initialization is 6.

We begin by looking at an image where the behavior of the particles can be seen via
plotting at each hundredth iteration of a single run with the exception of iteration
900. This image can be seen in Figure 5.7.

The particles can be seen exploring the entire space well and then after iteration 700,
which corresponds to t = t0 and thus lowering of the noise magnitude to |σ| = 10−5,
the particles collapse to the closest stable point. A better evaluation of the perfor-
mance can be obtained by increasing the sample size and doing a more extensive
search to see how Kalman-Langevin depends on the number of particles present.
However, because of the increased computation cost that comes with evaluating the
gradient at each step as well as calculating the covariance matrix, only 100 runs
were used to calculate the success rate for Kalman-Langevin. The results can be
seen in Table 5.3.

Table 5.3: Success rates of second order Kalman-Langevin method on PES for
different numbers of particles (N = 10, 20, 50, 100, 200). The total number of runs
was 100, the total runtime was T = 10 and the exploration time was t0 = 7.

N 10 20 50 100 200
Success Rate 55% 76% 96% 100% 100%

This is noticeably better than not only simulated annealing but also PSO, whose
results can be seen in Tables 5.1 and 5.2. Just as for the Rastrigin function in
Section 4.3 this can be compared with the Langevin method by removing the co-
variance matrix and the Q matrix from the gradient term and the exploration term
respectively. For second order Langevin SDE the results of the success rate search
is as follows:

Table 5.4: Success rates of second order Langevin method on PES for different
numbers of particles (N = 10, 20, 50, 100, 200). The total number of runs was 100,
the total runtime was T = 10 and the exploration time was t0 = 7.

N 10 20 50 100 200
Success Rate 5% 12% 28% 63% 84%

Which is noticeably worse than both PSO and the interacting Kalman-Langevin
method.
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In conclusion, both of the methods tested in this thesis perform well on this real
world problem of optimizing the location of an Au-atom on an Au-surface. Com-
paring the two to simulated annealing one sees that there needs to be 200 simulated
annealing particles searching the domain to reach the same level of performance as
10 PSO particles. When comparing second order Kalman-Langevin with simulated
annealing one sees that 200 simulated annealing particles has less than half as good
a chance at finding the global minimum as the Kalman-Langevin method does with
10 particles.

It should be noted that the computational cost depends not only on the number of
particles but also on how many points need to be evaluated. For PSO, each itera-
tion evaluates the potential energy only at the current positions of the particles. In
contrast, both Kalman-Langevin and simulated annealing require gradient informa-
tion. If the gradient is not available analytically and must be computed numerically,
this means many more function evaluations are needed, since each gradient estimate
involves several energy calculations per particle per step. Therefore, while PSO and
Kalman-Langevin require fewer particles to achieve higher success rates, the total
computational effort may still be higher for these methods.

This was bypassed in this thesis by precomputing all values for the search domain
with a set resolution, which made the PSO and Kalman-Langevin methods more
viable. The Kalman-Langevin method is the biggest benefactor of the two methods
due to it having a gradient dependence while PSO is gradient free. Simulated
annealing, also having a gradient dependence, would also suffer from not only having
to obtain the energies via DFT calculations, but also the gradient of the potential
energy surface.
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Figure 5.7: Plot showing the N = 50 Kalman-Langevin particles’ behavior during a
single run of T = 10, h = 0.01, γ = 1.75, |σ| =

√
2γ. Each white dot is a particle, the

yellow star is the global minimum and the black cross is the particle that currently
has the lowest corresponding function value.
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Conclusion

In this thesis, particle swarm optimization and second order Kalman-Langevin meth-
ods driven by SDEs have been tested for constrained optimization of different test
functions and also been applied on a real world problem. Both methods have shown
themselves to be viable for all of these application areas, with the exception of some
unexpected behavior from Kalman-Langevin on the Eggholder function. The results
show that both methods are easy to apply and do not require too much objective
function specific tuning for the methods to be able to perform at a good level.

For the PSO method it is important to balance the λ variable which governs inter-
action strength between particles and the γ variable which governs the friction of
the particles, which was shown in Table 3.6. The optimal configuration that was
found from testing on the Eggholder function also proved to be a good choice when
applied on the real world problem. The PSO method has no distance scaling on
its noise parameter unlike the Kalman-Langevin method, which means that the σ
parameter needs to be manually set to be of the order of the radius of the search
domain. A strength of the PSO method is how well it traverses large distances and
searches the entire domain when |σ| parameter is a reasonable size. PSO performs
well on the objective functions it was tested on, this is especially seen in the real
world problem, where simulated annealing requires 200 particles to match the per-
formance of 10 PSO particles. PSO being gradient free should also be an advantage
for it when it comes to computational cost, however, the extent of this has not been
thoroughly tested in this thesis.

The Kalman-Langevin method requires even less tuning, with only two free parame-
ters γ,and σ, of which one is chosen to be proportional to the other for this method,
with σ =

√
2γ, t < t0. Kalman-Langevin performed well at finding the global

minima, and when compared to second order Langevin there is a clear increase
in performance for allowing interaction between particles. The Kalman-Langevin
method also performed exceptionally well for the real world problem of optimizing
the placement of the gold atom. Comparing Kalman-Langevin to simulated an-
nealing one sees that 200 simulated annealing particles fail to reach a performance
that is even half as good as just 10 Kalman-Langevin particles. A drawback of
the Kalman-Langevin method however, is the need for gradient information, which,
for a problem relying on DFT calculations for energy evaluations, can become very
expensive.
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6. Conclusion

Because of this the conclusion of this thesis is that both methods work well for the
purposes of constrained optimization. The inclusion of constraints when doing the
optimization is well motivated by looking at the number of reflections which was
included in Tables 3.7, and 4.3, and 4.5. It would be interesting to see how the
performance would be impacted by using a different way of enforcing the constraint
such as projection or penalty methods. Another interesting thing to investigate is
applying the methods in a higher dimensional setting, considering only 2 dimensional
problems have been addressed in this thesis.
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