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Abstract

Direct Detection of Light Dark Matter in the Scotogenic Model
Ole Ellermeier

Department of Physics and Astronomy

Chalmers University of Technology

The scotogenic model, also known as the radiative seesaw model, provides an elegant
theoretical framework that simultaneously accounts for the generation of active neutrino
masses and the existence of dark matter. Current realisations of the model typically
focus on weakly interacting massive particle (WIMP) dark matter candidates with masses
above the GeV scale. However, despite decades of direct detection searches, no conclusive
evidence for WIMP dark matter has yet been found. One possible explanation for this null
result is that dark matter may lie below the GeV scale, where conventional nuclear-recoil
experiments lose sensitivity due to kinematic thresholds. This possibility motivates the
study of sub-GeV realisations of the scotogenic model.

This thesis carries out that study for Majorana dark matter in the minimal scotogenic model.
Assuming a t-philic flavour structure, the leading-order electromagnetic interaction is
a loop-induced anapole moment. Non-relativistic effective field theory then yields the
inelastic scattering cross-section against bound atomic electrons in liquid xenon.

Confronting these rates with XENONI1T data places upper limits on the anapole coupling,
and identifies a steep loss of sensitivity below a dark matter mass M; = 30 MeV, driven by
the quantisation of the ionisation signal. The pipeline reproduces the published XENON1T
anapole constraint to within 3%. Enforcing the LEP bound on the scalar mediator mass
(my= 2 90 GeV), the thermal relic density requires non-perturbative couplings (y > V4)
below M; ~ 480 MeV, while XENON1T only excludes unphysical values (y > 265).

Thermal freeze-out therefore survives only for M; > 480 MeV, with the mediator confined
to a 37 GeV window above the LEP bound and a coupling close to the perturbative ceiling.
Even there the thermal target lies two orders of magnitude below the XENON1T reach
in coupling. Below that window the model requires non-thermal freeze-in production,
suppressing the scattering rate by roughly 45 orders of magnitude. In neither case is
direct detection the discovery channel, and verification shifts to collider searches for the
long-lived charged mediator.

Keywords: scotogenic model, sub-GeV dark matter, Majorana fermion, anapole moment,
electron recoil, direct detection, NREFT, freeze-out, freeze-in, radiative neutrino mass.
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Chapter 1

Introduction

1.1 The missing mass of the universe

frameworks in modern science [2, 3]. Decades of collider experiments have con-

firmed its predictions with unprecedented accuracy. At the same time, cosmo-
logical observations indicate that the SM accounts for only about 5% of the total energy
budget of the universe, with the remaining 95% being made up of dark matter (DM, 27%)
and dark energy (68%) [4].

}.‘ HE Standard Model (SM) of particle physics is one of the most rigorously tested
A/

The nature of dark matter has been a persistent puzzle in astrophysics for nearly a century.
Ever since Fritz Zwicky’s initial proposal in 1933 [5], an increasing amount of astrophysical
evidence has been collected. Key examples include the anomalous velocity curves of
rotating galaxies [6], the gravitational lensing effects of DM on distant galaxy clusters [7],
as well as the precision anisotropies in the Cosmic Microwave Background (CMB) [4]. All
of this evidence culminates in the ACDM model, which establishes that the cosmic relic
density in the universe is dominated by cold dark matter (CDM) [3].

For decades, the most promising DM candidate was the Weakly Interacting Massive
Particle (WIMP) [9]. WIMPs naturally explain the observed thermal relic abundance.
Furthermore, the WIMP framework offers a straightforward direct detection scheme via
the weak scattering of DM against SM nuclei. Despite its strong theoretical motivation,
decades of searches with multi-tonne liquid xenon and argon time projection chambers
have not been able to find conclusive evidence for its existence [10, 11]. A significant
portion of the canonical WIMP parameter space has been excluded.

Driven by these persistent null results, theoretical and experimental focus has recently
shifted toward the exploration of the sub-GeV dark matter regime [12, 13]. While classic
WIMPs operate at the GeV-to-TeV scale, lighter DM candidates could explain the lack of
events in previous experiments due to the kinematic thresholds of nuclear scattering. The
sub-GeV regime therefore provides a compelling explanation for the lack of observed
events in past experiments and opens the parameter space towards lower DM masses for
the next generation of detectors.
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1.2 The sub-GeV regime and electron recoils

The null results of past direct detection experiments are tied to the kinematics of nuclear
elastic scattering. In standard direct detection experiments targeting nuclear recoils, a
classical WIMP, with a mass in the 100 GeV range, carries enough momentum to scatter
against a massive target nucleus (e.g., xenon, my = 122 GeV) and produce a detectable
recoil energy of O(10 — 100) keV. However, if a sub-GeV DM particle scatters off a xenon
nucleus, the kinematic transfer is orders of magnitude smaller, and the transferred energy
thus falls well below the detector threshold [14].

To probe the sub-GeV regime, the experimental focus must shift from heavy nuclei to
lighter atomic electrons (m, ~ 0.511 MeV) [12, 15]. Because the electron mass is much
closer to the sub-GeV scale, an incoming light DM particle can transfer a significant amount
of its kinetic energy to a bound atomic electron, overcoming the atomic binding energy
and ionising the atom.

In dual-phase Time Projection Chambers (TPCs) like XENONT1T, a standard high-energy
recoil typically produces two signals: prompt scintillation light (51) and delayed propor-
tional scintillation from drifted electrons (S2). However, sub-GeV electron recoils deposit
so little energy that the initial S1 photon signal is often completely lost. Therefore, the
detection of light dark matter relies on the amplified ionisation signal which is sensitive to
single- or few-electron extractions [16].

1.3 Neutrino masses and the scotogenic solution

In addition to dark matter, the mechanism of neutrino mass generation remains a major
unsolved problem in particle physics. Since neutrino oscillation experiments, such as
Super-Kamiokande and SNO, proved that active neutrinos possess mass [17, 18], the
Standard Model has been incomplete, as it predicts neutrinos to be strictly massless. A
straightforward theoretical approach to resolve this is the Type-I seesaw mechanism, which
introduces massive, right-handed sterile neutrinos [19, 20].

These heavy Majorana neutrinos can account for the non-zero masses of the active left-
handed neutrinos. Because the active mass is inversely proportional to the heavy mass,
a sufficiently heavy right-handed neutrino naturally results in a sub-eV active neutrino.
However, the classical seesaw mechanism offers no natural explanation for the large
hierarchy between the electroweak scale and the newly introduced heavy neutrino scale.
Furthermore, the right-handed neutrinos are completely sterile, meaning they carry no
charge under the Standard Model gauge groups and therefore remain totally disconnected
from collider phenomenology.

In 2006, Ernest Ma introduced an alternative framework: the Scotogenic Model, which is
also frequently referred to as the radiative seesaw model [21]. The core idea of the model
is that neutrino masses are strictly forbidden at tree-level. Instead, they are generated
radiatively through a quantum loop. The natural suppression of this loop-level correction
accounts for the tiny scale of active neutrino masses without requiring an artificially high
seesaw scale.

There are various realisations of the scotogenic model [22]. In its minimal realisation,
it extends the Standard Model by adding one scalar doublet 17 and three heavy singlet
fermions N;, one per lepton generation. These new particles are charged under a strict, exact
Zy parity symmetry. All SM particles are defined as Z,-even, while the new scotogenic
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tields are Zs-odd. This new symmetry allows for the radiative generation of neutrino
masses at loop-level. It also forbids the decay of the lightest of the Z;-odd particles,
rendering the lightest Z,-odd particle absolutely stable, and thus providing a viable dark
matter candidate [21, 23].

1.4 Outline of the thesis

The primary objective of this thesis is to systematically evaluate the direct detection phe-
nomenology of sub-GeV dark matter within the scotogenic framework. To achieve this,
the fundamental quantum field theory (QFT) of loop-induced interactions is studied and
connected to the macroscopic observables of dual-phase time projection chambers.

Chapter 2 introduces the formal theoretical structure of the scotogenic model. It details
the extended particle content, the stabilising Z, discrete symmetry, and the fundamental
mechanism for radiative neutrino mass generation, while outlining the phenomenological
constraints imposed by lepton flavour violation.

Chapter 3 provides the QFT evaluation of the dark matter scattering processes. The Z-
boson and photon diagrams are evaluated in full, while for the Higgs the known result
of Ibarra et al. [24] is quoted and shown to be negligible against an electron target. This
chapter explicitly demonstrates the required divergence cancellations, verifies the charge
neutrality of the DM candidate N, and extracts the effective anapole form factor that
governs the loop-level electromagnetic interaction. It closes by setting the three channels
against one another, which establishes the photon as the dominant one.

Chapter 4 translates the relativistic scattering theory into the non-relativistic regime re-
quired for dark matter-electron direct detection. The full t-channel amplitude is systemati-
cally expanded utilising a Non-Relativistic Effective Field Theory (NR-EFT) framework [25]
to isolate the dominant Galilean-invariant operators. Subsequently, the formal framework
for evaluating scattering off bound atomic states in liquid xenon is established, utilising
atomic response functions to model the atomic ionisation physics.

Chapter 5 is dedicated to the phenomenological results and the extraction of experimental
limits. It opens with the constraints that bound the parameter space from outside: the LEP
limit on the charged scalar, the ATLAS searches for direct stau production, the MEG bound
on lepton flavour violation, and the Planck relic density target. The theoretical event rate
is then derived by convolving the NR-EFT atomic cross-section with astrophysical velocity
distributions and the discrete signal response of the XENONIT detector. After establishing
an EFT-level exclusion limit on the anapole coupling, these constraints are brought together.
This identifies the region in which thermal freeze-out remains perturbatively viable, and
motivates the evaluation of non-thermal (FIMP) production for the mass range below it.

Chapter 6 summarises the core findings of the thesis and provides an experimental outlook,
detailing the necessary shift from direct detection facilities to long-lived particle (LLP)
searches at high-energy colliders. Supplementary analytical derivations are preserved in
Appendices A and B: the algebraic Dirac reductions, the chiral Gordon decomposition, the
reduction of the loop integral to the closed form of Kopp et al. [26], and the trace evaluation
of the squared amplitude together with its matching onto the non-relativistic operator
basis.






Chapter 2

The Scotogenic Model and Dark
Matter Interactions

2.1 Particle content and the Z; symmetry

ROPOSED as a minimal extension to the Standard Model, the scotogenic model, also
known as the radiative seesaw model [21], accounts for both the generation of
active neutrino masses and the observed dark matter abundance in our universe.

The model expands the Standard Model field content by introducing a second scalar

doublet, 17, and three right-handed Majorana singlet fermions, N; (i = 1,2, 3), one per

lepton generation. Only two of them are needed to reproduce the two observed neutrino
mass splittings, and the analysis below makes use of that freedom: it is what allows the
dark matter candidate N; to be decoupled from neutrino mass generation, leaving N2 and

N3 to account for the oscillation data.

The quantum numbers of these newly introduced fields under the SM gauge group
SU(3)c x SU(2)1, x U(1)y are assigned as follows:

n~(@1,2,1/2) Ni ~(1,1,0)

The model imposes a new and exact symmetry: Z, parity. All Standard Model fields are
assigned a positive parity (Z;-even, +1), while the newly introduced scotogenic fields, n
and N;, are assigned a negative parity (Z;-odd, -1).

The total Lagrangian of the model can be decomposed into the unchanged SM Lagrangian
and the additional scotogenic contributions,

L = Lsy + LiinN + Lyuk + Liing — V(H, ). (2.1)

The fermionic sector Lyin,n contains the standard kinetic terms for the new singlets, along-
side a new Majorana mass term, which is permitted because the singlets carry no SM
gauge charges,

1—, 1. —
LyinN = §NiZ$Ni — EMz‘NiCPRNi +h.c.. (2.2)

5
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Here N; = CET is the charge conjugate of N;, with C = iy?y0 the charge conjugation
matrix. A mass term built from N¢ and N instead of N and N is what makes the singlets
Majorana, so that each is its own antiparticle. This property is used throughout Chapter 3,
where it removes the vector current and the dipole moments of N; and leaves the anapole
as the leading electromagnetic interaction.

The interaction between the SM lepton sector and the scotogenic sector is governed by the
new Yukawa Lagrangian Ly,k. Due to the Z, parity symmetry requirement, the standard
Dirac neutrino mass term (L_aI:I PrN;) is forbidden, as the product of an even H and an odd
N; yields a parity-odd term. Instead, the only allowed Yukawa interaction must involve
the odd scalar doublet 7,

Lyuk = YaiLafiPRN; + hec., (2.3)

where L, denotes the SM left-handed lepton doublet with flavour index a € {e, y, T},
f] = ioon” is the conjugate doublet, Pr is the right-handed chirality projector, and v,; is the
complex neutrino Yukawa coupling matrix.

The scalar kinetic term governs the gauge interactions of the new scalar doublet via the
covariant derivative,

Liiny = (Dun)'(D¥). (2.4)

To fully describe the dynamics and the electroweak symmetry breaking (EWSB) mechanism,
the standard scalar potential must be expanded to include all renormalizable interactions
between H and 7 that remain invariant under both the SM gauge symmetries and the Z
parity. The complete scalar potential V (H, 1) is parametrised as

V(H,n) = myH'H +min'n + %(H*H)2 + %(n*n? + As(H'H)(n™ )
A
+ Aa(H O H) + 2> [(H)? + (' HY?] (2.5)

Here, mlzi and m% are the bare mass parameters, while A;_5 denote the dimensionless

quartic couplings. Crucially, the A5 term is permitted because it is quadratic in the Zy-odd
field 7.

The parity forbids any term with an odd number of 7 fields, so the potential contains
nothing linear in 1) and the point 7 = 0 is stationary whatever the couplings. With m? <0,
electroweak symmetry breaking is left to the Higgs alone, which acquires a vacuum
expectation value (VEV) of v ~ 246 GeV, while the inert doublet does not,

1 (0 0
<H>=@(0), <n>=(0)- 2.6)

Were 1 to take a vacuum expectation value instead, the parity would be spontaneously
broken, generating an unwanted tree-level Dirac mass for the neutrinos and allowing the
dark matter to decay.
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Because 7 enters the potential only in pairs, its components do not mix with the physical
Higgs boson &, and the doublet decomposes with no further diagonalisation as

+ 1 )
n= (Zo) n’ = 5 (nr +in1), 2.7)

a pair of charged scalars n* together with a neutral complex scalar 1Y, whose CP-even and
CP-odd parts nr and n; are the neutral mass eigenstates. Their masses, m?}i = m% + %/\302

and m%zz,z = m% + (A3 + A4 £ A5)0?, must all be positive for that stationary point to be a

minimum.

Because the parity is exact and remains unbroken by the vacuum, the lightest Zy-odd
particle has no decay channel into Z»-even states alone and is therefore absolutely stable [23].
For the remainder of this thesis, a mass hierarchy is assumed wherein the lightest right-
handed fermion singlet, N, constitutes the dark matter candidate.

Scope: which dark matter candidate, and which scotogenic model
Two of the choices made above are our assumptions, not derived results.

The first is that the dark matter is the lightest singlet fermion and not the lightest neutral
scalar. Inert-doublet dark matter is a well-studied alternative that the Z, symmetry permits
just as well, but LEP and electroweak precision data place the lightest neutral scalar above
roughly 90 GeV (Section 5.1.1), so only the singlet fermion, whose mass is a free parameter,
can be sub-GeV.

The second is that this work studies the minimal scotogenic model of Ma [21]. Avila
et al. [22] review the other variants: the revamped construction adds fermion and scalar
triplets, while scoto-seesaw schemes combine the radiative mechanism with a tree-level
seesaw. None of the results below are claimed to carry over to them.

2.2 Neutrino mass generation and lepton flavour violation

At tree level, active left-handed neutrinos remain strictly massless because the Z, parity
forbids a standard Dirac mass term. However, the scotogenic Lagrangian allows for
the generation of a Majorana mass matrix via one-loop radiative corrections [21]. This
process, mediated by the neutral scalar components n° and the right-handed singlets N;,
is illustrated in Figure 2.1.

The finite evaluation of this loop integral depends on the A5 parameter of the scalar
potential,

V() > 52 [ + (Y] (28)

Following electroweak symmetry breaking ((H) = v//2), this term induces a mass splitting
between the CP-even (17r) and CP-odd (1) eigenstates of the neutral scotogenic scalar,

m?,R — m%l = A502. (2.9)

If A5 = 0, the loop amplitude vanishes due to an exact cancellation between the ng and

nr propagators. For a non-zero but small mass splitting (m,QIR ~ m,%[ = m?}o), the resulting
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I
VL 4>—1—'—R VL
N;i

Figure 2.1: One-loop Feynman diagram generating the radiative Majorana neutrino mass
in the scotogenic model. The electroweak symmetry breaking insertions from the Higgs
vacuum expectation value (H) allow the A5 coupling to induce a mass splitting between
the real and imaginary components of the scalar n°.

active neutrino mass matrix (11, ), is given by the general expression [21],

2 (mr?o )]
1- : In . (2.10)
2 2 2
Mo = M; M;

As0? YaiypiMi
32m2 L4 ;2 — M?
1 T] 1

(mv)aﬁ ~

Depending on the mass hierarchy between the singlet M; and the neutral scalar mass 1,0,
the terms of this sum take two distinct asymptotic forms. For a heavy singlet (M; > m,p),
the term falls off as the inverse of its mass,

' 2 y,ipi M?
() 250 Yailpi [m( i )— 1]. 2.11)

ap 3212 M;

Conversely, for a singlet much lighter than the mediator (M; < m,), the term is propor-
tional to M,/ mflo instead,

2 M
a As0° Ya1Yp1ivly
(1y)op ® 353 T (2.12)

This contrast is what decouples the dark matter from the neutrino sector. The ratio M; / m?}o,

a sub-GeV mass divided by the square of an electroweak-scale one, is far smaller than the
1/Ma, 3 carried by the heavier singlets. N; therefore supplies a few per cent of the total
at most, the active neutrino masses are almost entirely generated by N> and N3, and the
Yukawa coupling of N; to the tau sector, .1, is free to take the O(1) value the relic density
requires, as Chapter 5 will show.

While the scotogenic model provides an elegant solution for neutrino masses, it introduces
tight phenomenological constraints in the lepton sector. To reproduce the observed PMNS
neutrino oscillation parameters [27, 28], the full Yukawa matrix y,; must contain non-trivial
off-diagonal elements. However, these same couplings inevitably mediate rare Lepton
Flavour Violating (LFV) processes at the one-loop level, most notably u — ey [29, 30].

Strict upper bounds on the branching ratio 8(u — ey) from the MEG collaboration [31]
therefore constrain the Yukawa matrix. A strictly 7-philic structure for the lightest singlet,
Yr1 3> Yu1, Ye1, removes Ny from the up — ey amplitude, leaving the bound to constrain No
and N3, which carry the mixing demanded by oscillation data [24]. This flavour structure
is assumed from here on, and Section 5.1.3 makes the constraint quantitative.



Chapter 3

Quantum Field Theory of Dark
Matter Scattering

3.1 Loop-induced scattering and mediator overview

no tree-level couplings to quarks or leptons. Consequently, any elastic scattering

° aA between the dark matter and the detector target material must be mediated via
loop-induced effective interactions. There are three possible neutral mediators that can
connect the dark sector to the Standard Model: the Higgs boson, the Z-boson, and the
photon.

i .wl ECAUSE the dark matter candidate N; is a Standard Model gauge singlet, it possesses
4

To systematically evaluate the scattering cross-sections induced by each of these mediators,
we first define the interaction vertices and propagators derived from the scotogenic La-
grangian. The interactions between the Majorana dark matter candidate (N), the Standard
Model lepton doublets (L, ), and the Z,-odd scalar doublet (1) are dictated by the Feynman
rules collected in Table 3.1.

Table 3.1: Vertices and propagators of the dark sector, as they follow from the scotogenic
Lagrangian. The Yukawa coupling v, connects the Majorana dark matter N to the lepton
doublet L, and the Z-odd scalar doublet n, while 7 y and ms are the masses of the internal
fermion and scalar.

Interaction Diagram Expression
. La
Incoming DM
Vertex N A —iYa1Pr
(N1 = Lo +1) '
n
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Interaction Diagram Expression
Outgoing DM La
Vertex N > N, -1y’ PL
(La+77_>Nl) //’/

n
Fermion p i(p+ms

- 5 22
Propagator pey
Scalar Propagator k k2_im2

Furthermore, the couplings of the Standard Model mediators to the respective fields
propagating inside the loop are given in Table 3.2.

Table 3.2: Couplings of the Higgs boson, the Z-boson and the photon to the leptons and
scalars that propagate inside the loop. The momenta k and k + q are those of the incoming
and outgoing scalar, and the constants gz and A, are defined below.

Interaction Diagram Expression
) ) o, ———>— 1,
Higgs coupling to q T | e
Lepton | v
h
N---ep---- 11
Higgs coupling to | .
Scalar GT | iALo
h
Z-boson coupling  VLa VL,a
to i1 —igz (3) 7Py
Neutrino 5
Z-boson coupling ~ 1°(k) ----5---- n°(k + q)

to
Scalar

—igz (=3) (2k + )"
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Interaction Diagram Expression
Photon coupling ¥ ty
to 7] § iepk
Lepton

P 4
Photon coupling 17 (k) ----,---- n*(k+q)
to qT § —ie(2k + q)¥
Scalar y

Here, 41 denotes the Yukawa coupling of the dark matter to the lepton flavour a, while m f
and mg represent the masses of the specific internal fermion (my, or m,,, = 0) and internal
scalar (my= or m;o), respectively. For the momentum-dependent vertices, k and k + ¢q
correspond to the incoming and outgoing scalar momenta. The chiral projection operators

are defined as Pr | = % They satisfy PP;, = P;, PrPr = 0, and the commutation
relation Ppy# = y#Pg. For the Standard Model mediators, ¢z = e/(sin Oy cos Oy ) is the
weak neutral current coupling constant, e > 0 is the elementary electric charge, and
v = 246 GeV is the electroweak vacuum expectation value. The effective scalar quartic
coupling A; depends on the specific scalar mass eigenstate running in the loop (e.g.,
AL = Az + A4 £ A5 for the neutral components 1g 1).

The three channels are treated in turn, and they are not of equal weight. The Higgs channel
(Section 3.2) is strongly suppressed for an electron target. The Z channel (Section 3.3) loses
its vector coupling to the Majorana nature of N, and what remains is suppressed both by
the Z propagator and by a loop function that vanishes with the dark matter mass. The
photon channel (Section 3.4) therefore carries the chapter, and its result, the anapole form
factor fa, is the input to every rate computed in Chapter 5.

The techniques used along the way are standard: Feynman parametrisation, momentum
shifts, and dimensional regularisation in d = 4 — 26. What is specific to this work is
their application to the scotogenic topologies, and in particular the cancellation of the
ultraviolet divergences between the lepton and scalar diagrams, the explicit verification of
charge neutrality and of the Ward identity, and the extraction of the transverse coefficient
that defines f4. The intermediate algebra is long, so it is gathered in Appendix A: the
term-by-term reduction of the finite numerators, the chiral Gordon decomposition, and
the demonstration that the loop integral reduces to the closed form of Kopp et al. [26].
Only the results are needed here.

3.2 Higgs boson exchange

The one-loop exchange of the Standard Model Higgs boson (1) induces an effective scalar
interaction between the dark matter candidate and the target electrons. As illustrated
in Figure 3.1, there are two distinct loop topologies. The Higgs boson can couple to the
scotogenic scalar multiplet 17 via the scalar potential, or it can couple to the charged lepton
¢, in the loop via the Standard Model Yukawa coupling.
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(v
N, “L“) / N,
%) ()
h ' h
e —p»— T —— " e ——p 1y o

Figure 3.1: One-loop Higgs exchange diagrams mediating elastic scattering off an electron
(e7). Left: The Higgs couples to the internal scotogenic scalar multiplet n. Right: The
Higgs couples to the internal charged lepton ¢

Following the analytical derivation by Ibarra et al. [24], the effective low-energy interaction
is of the form L O A.N1Njée, where the effective scalar coupling A, for a target electron
is given by

2 2 2

Ya1 My Ag+ My My
- AsG + G M. 3.1
“TtemmiM |0 ,27) 2 mly )| .

Here, G1(x) is a dimensionless loop function, and is evaluated at the mass ratio of the dark
matter to the scalar mediators,

_x+(1-x)In(1-x)
p» .

(3.2)

In standard WIMP searches, scalar interactions like the ones above are often the leading
contribution because the Higgs couples to the heavy target nucleons, yielding an effective
coupling proportional to the nucleon mass my. However, for sub-GeV dark matter, the
target shifts to atomic electrons (1, = 0.511 MeV). Consequently, the effective coupling A,
is directly proportional to the tiny electron Yukawa coupling (y. = 1. /v ~ 2 x 1075). Since
the elastic scattering cross-section scales as o o« A2, this scalar interaction is suppressed
compared to the other gauge interactions and is therefore neglected in the subsequent
numerical analysis.

3.3 Z-boson exchange

’

) N 0 ()

i%
e e

Figure 3.2: One-loop Z-boson exchange diagrams mediating elastic scattering off an elec-
tron. Left: The Z-boson couples to the internal active neutrino v, (charged lepton ¢;).
Right: The Z-boson couples to the internal neutral scalar 1" (charged scalar n™).

The elastic scattering of dark matter off electrons can also be mediated by the one-loop
exchange of a Z-boson. The Z-boson couples to both the neutral and charged components
of the scotogenic loop, yielding four distinct topologies as illustrated in Figure 3.2. The
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evaluation of these diagrams results in an effective current-current interaction between
the Majorana dark matter candidate N; and the target electron.

While all four interaction channels contribute to the total scattering amplitude, the neutral
and charged sectors share an identical Lorentz structure. In the following, the explicit
evaluation is restricted to the loops containing the neutral internal fields (v, and n°).
The corresponding loops containing the charged fields (¢, and n*) follow an identical
mathematical procedure, differing only in their respective coupling constants and internal
masses. They are therefore omitted for brevity.

3.3.1 Z-boson coupling to the internal neutrino

We compute the one-loop vertex correction for N; scattering via a Z-boson coupling to the
internal left-handed neutrino (v, ), illustrated in Figure 3.3. Assigning the loop momentum
k to the internal scalar propagator, momentum conservation dictates that the internal
fermion propagators carry momenta p — k and p’ — k.

Ni(p) va(p — k)

(k) Z°()

Ni(p) va(p’ = k)

Figure 3.3: Vertex correction topology where the Z-boson couples directly to the internal
neutrino line. The loop momentum k is routed through the scalar propagator.

Reading against the fermion flow (from p’ to p), the unintegrated loop amplitude takes
the form

, o L
iMy = / (an;ﬂ(p’) (—iyzlPL)[l(y_kQ]( ZQgZV“PL)[I(y k)](—iyalPR)u(p)

(v’ (p—k)2
,70
gzl [odtk a@(@’) [Py’ = By*PL(p — B)PR] u(p) o
T2 et -k md) |

Isolating the fermion bilinear A* in the numerator, the chiral projectors can be simplified,

Nt =Pr(p" = B)y*PL(p — F)Pr
=(p’ = BPry"PL(p — F)Pr
=(p' = By"PLPL(p — K)Pr
=" = ©By"Pu(p - HPr
= - by"(p — HPrPr
=@ -y - bPr. 3.5)

Feynman parametrisation and denominator shift

To evaluate the loop integral, we must combine the product of three separate propagators in
the denominator into a single expression. This is achieved using Feynman parametrisation,
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which introduces auxiliary integration variables to combine the denominators. The general
identity for n denominators is

n

1 1
— = oy .dno|1- Y
AAs .. A, /0 Lo B ( PO

i=1

(n—1)!
(X1A1 + x2A2 + -+ ann)n '

(3.6)

For our one-loop triangle diagram with three propagators (n = 3), we introduce the
parameters x, i, z. The Dirac delta function enforces x + y +z = 1, allowing us to eliminate
z by substituting z = 1 — x — y. The formula reduces to

1 1 1-x 9
ABC ~ /0 dx/O Y AT yB+ 0P (3.7)

By merging the denominators, we can perform a momentum shift to complete the square,
which centers the loop momentum and enables d-dimensional symmetric integration.

Assigning our specific propagators to A, B, and C, the combined denominator D = xA +
yB + zC is given by

D =x(p' - k)? + y(p - k)? + z(k? - mﬁo). (3.8)

Expanding the squared momentum terms yields

D=x(k*-2p" - k+p?) +yk*—2p-k+p?) +z(k? - m?)o). (3.9)

We group the terms by powers of the loop momentum k,

D= (x+y+2)k?-2k-(xp’ +yp) +xp*+yp* - zmso. (3.10)

Applying the parameter constraint x + y + z = 1 and the on-shell mass conditions for the
external Dark Matter legs (p? = p’? = M?), the expression simplifies to

D =k? =2k - (xp’ +yp) + (x + y) M} — zm?> (3.11)

no:

To complete the square with respect to k, we define the momentum shift vector Q,,
Qq = xp’ +yp. (3.12)

The denominator can now be written in the completed square form D = (k — Q,)% — A,,
where A, = Q2 - Cand C = (x + y)M? — zmﬁo.

We can evaluate Q? in terms of the momentum transfer g4 = p’ — p. Squaring g gives
q? = 2M? — 2p’ - p, which allows us to substitute 2p’ - p = 2M? — 42,

Q7 = (xp” +yp)?
= x*M? + y*M? + xy(2M? - g%
= (x +2xy + y*)M; - xyq?
= (x +y)*M} — xyq*. (3.13)
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Finally, we construct the effective mass term A, = Q2 - C,

A, = [(x + y)QMf - xyq2] - [(x + y)Mf - zm?}o]
= zms0 +M? [(x +y)? = (x +y)| — xyq*. (3.14)

Using the parameter constraint x + y = 1 — z, the bracketed coefficient of M? simplifies
to: (1-2z)?-(1-2z)=(1-z)(1-z-1)=-z(1 - z). This yields the final effective mass
denominator,

A, = szlo -z(1-z)M} - xyq*. (3.15)

Evaluation of the loop integral

Transitioning to the shifted loop momentum ¢ = k — Q,, the denominator takes the
symmetric form (¢2 — A,)3. The numerator is rewritten as

NE=(p =1 =Q)r*(p — 1 = Ro)Pr- (3.16)

In four spacetime dimensions, the UV divergence arises from the terms containing ¢2 in
the numerator, which produce a f d*¢/¢* logarithmic singularity. Terms carrying odd
powers of { vanish under symmetric integration. Thus, the divergent part is

Nb =y Pg = LalsyyHyPPr. (3.17)

Applying d-dimensional symmetric integration ({,{g — % Sap) and the contraction identity

YV Ya = 2 - d)yt,
,2—d

Niio = =—=7"Px. (3.18)

The divergent part of the loop integral can then be evaluated in d = 4 — 26 dimensions,

. 8zlyail® /1 /1—" ale 2(%4e?)
MY =222 G(p" )P d d . 3.19
UM, aiv 5 i(p)y Prulp) N A vy TR e (3.19)

Executing the integration over d?¢,

Integral = _gmm%1—@n®mg4. (3.20)
Tt

16
Expanding around 6 — 0 using I['(§) = 1 — y£ + O(6) and applying the Modified Minimal

Subtraction (MS) scheme to absorb the universal constants yr (Euler-Mascheroni) and
In(47), we obtain the physical pole and remainder,

i 11
Integral LA 167112 [5 —1-In Aa] . (3.21)

The finite O(£°) contribution originates from the remainder of the numerator,
Niw = 1A= = yp] [ = y)p - xp’| Pr. (3.22)

In the strictly non-relativistic limit (§ — 0), we approximate p’ ~ p and x = y, yielding
z = 1 — 2x. The finite trace reduces to

N =2 prHpPr. (3.23)
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Now we can apply the Clifford algebra identity py#p = 2ptp — p*y* alongside the Dirac
equation of motion (pu(p) = Myu(p) and p?=M?3),

i(p)Ny,, u(p) = 2*Muii(p) (2p* — Miy*) Pru(p). (3.24)

Finally, using the Gordon decomposition identity ii(p)p*u(p) = Myii(p)y*u(p), the finite
operator matches the same structure as the divergent term,

L't(p)Nf”inu(p) = Z2Mf [ﬁ(p)y“PRu(p)] . (3.25)

Because the finite part carries no loop momentum ¢ in the numerator, its integration over
momentum space is governed by a straightforward scalar integral in d = 4 dimensions,
d'e 1 —i

2 (Z= AP~ 3272A, (3.26)

Adding up our finite and divergent results, the final effective vertex for this Diagram
evaluates to

ngya1|2 Z2M2

1 1-x 1
iMM = —i i(p" )Y+ —-1- - -
iMb = —i 222 [i(p)y* Pru(p)] /0 dx /0 dy[ 51 In(A,) il (3.27)

where the static effective mass denominator A, is defined as A, = zms0 - z(1 - z)M?,
subject to the parameter constraint z = 1 — 2x.

3.3.2 Z-boson coupling to the neutral scalar
Feynman rules and amplitude definition

For the second topology, as shown in Figure 3.4, the Z-boson couples to the internal scalar
(n°). Because the neutrino and the scalar sit in different components of their respective weak
isospin doublet, they carry opposite weak charges (T3 = —1/2 for the scalar component n°).

Nilp) == ()

va(p =Ky ~nnnn Z9(g)

Ni(p) —L " 1k +q)

Figure 3.4: Vertex correction topology where the Z-boson couples directly to the internal
scalar line.

We assign momenta similar to the previous topology. The Z-boson carries momentum g
into the scalar line. The corresponding unintegrated loop amplitude is

, ik o[-0 _i
IM;; = / (2n)4u(p )(_lyalpL) (p——k)Q] (_ly(XIPR) M(p)k2 _lmTQYO
TIO

_gzlyal? [ d'k @) [Pu(p - BPr(2Kk + q)F | u(p)
S 2 @) (p = K202 = m2)(k + ) = m2,)’

(3.29)
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We isolate the fermion bilinear in the numerator N¥. Because the Z-boson attaches to a
scalar, there is no internal y# matrix inside the fermion trace,

N¥ = Py(p - BPR(2K + )"

= (p — H)PrPr(2k + q)*
= (p — HPr(2k + q)*. (3.30)

Feynman parametrisation and integration

We introduce parameters x, y for the two scalar propagators, and z for the single fermion
propagator. The combined denominator is

D =x(k+q)*- xms0 +yk* — ym?}o +z(p — k)2 (3.31)

As justified in Figure 3.3, we take the static EFT limit (3 — 0) uniformly. The scalar
parameters combine simply into (x + y), which we can replace usingx +y =1 - z,

D= (1-2z)(k*- mso) +z(k* = 2p -k + M3)
=k*—2zp-k+zM3?—(1- z)mso. (3.32)

To complete the square, we define the shift vector Qy,
Qp = zp. (3.33)

The effective mass term Ay, = Qg — C is evaluated using Qg = Z2Mf,

Ay = ZQMf - [sz -(1- z)m?}0
=(1- z)mflo -z(1-z)M}. (3.34)

This result is physically symmetric to A, if the fermion/scalar parameter assignments
z < (1 - z) are swapped.

Ap=(1- z)m,j0 —-z(1-z)M2. (3.35)

The UV-divergent O(f?) component of the integral is N%. = —2f¢#Pg which can be rewrit-
ten as

~2
N = 7(’2)/“PR. (3.36)

Integrating the divergent component over d?¢ and using MS regularisation,

u ngyall 1=x
Mb div = 3271 T99-2 [ (P )V#PRu(p) / dx/ dy __lnAb] (3.37)

The finite O (¢°) trace N' Jfll
2z(1 — z)MZyHPg. Integrating this term and combining it with the divergent component

yields the final vertex structure,

N 1 1-x 2z(1 — z)M?
Mg = S )P [an [ [%—lnmmz(A—;)l}- (338)

= 2z(1 - z)p#pPr reduces via the Gordon decomposition to
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3.3.3 Total Z-boson vertex and divergence cancellation
The total one-loop effective vertex for the Z-boson is the sum of the two distinct topologies:
ML= ME+ M

total
Because the internal neutrino and scalar field occupy opposite weak isospin states, their
respective couplings to the Z-boson introduce a relative minus sign between the evaluated
amplitudes,

. ! .ngya1|2 — ! 1=x 1 22M2
Moy = =155 5 [#(p")y"Pru(p)] x|y (51 - 1
1 22(1 — z)M?

_(E_IHAZ’+—A;, ) .

(3.39)

The ultraviolet poles (1) precisely cancel, showing the renormalizability of the model and
proving that the loop-induced interaction is physically finite,

. . Zl a |2 — ’
leotal = _Zggéyn; [M(P )VFPRM(P)]
' o A z2  2z(1-2) }
X d dy|-1-In|=2| - M2 | ==+ =—=—Z|]. 3.40
/0 x/o y[ n(Ab) 1(Aa A ) (3.40)

3.3.4 The Majorana vector cancellation

To interpret the physical nature of the loop-induced interaction, the chiral projector Pr in

the evaluated amplitude must be expanded into its fundamental Dirac structures. Using
5
the definition Pg = 1+27/ , the dark matter fermion bilinear decomposes into a pure vector

and a pure axial-vector current,

5

kbl )u(p)

iu(p")y*Pru(p) = a(p’)y" (1
= S )y ulp) + A )y u(p) (3.41)

However, because the dark matter candidate N; in the scotogenic model is a Majorana
fermion, it is its own antiparticle. This fundamental property dictates that its vector current
must vanish.

This cancellation is demonstrated by evaluating the transpose of the vector current. As a
fermion bilinear constitutes a 1 X 1 matrix in spinor space, it equals its own transpose. Re-
versing the order of anticommuting Grassmann fields introduces a negative sign, yielding

J— N T T
NIyEN, = (le#Nl) = -NT(M)TN; . (3.42)

—T —T
Applying the Majorana definition Ny = N{ = CN; implies N; = C~'Nj. Utilising the
anti-symmetric property of the charge conjugation matrix, CT = —C, yields N| = ~N;C.
Substituting these identities back into the transposed current,

-NTOMTNT = = (<NiC) ()T (€7 Ny)
=N (C(")'C™) Ny (3.43)
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Using the fundamental charge conjugation property of the Dirac algebra, C(y#)TC~1 = —p#,
the bilinear resolves to

Nip“Ny = =N y#N; = Njy*N; = 0. (3.44)

Consequently, the vector current of the Majorana fermion vanishes entirely, leaving only
its axial-vector current. The effective Lagrangian for the Z-boson exchange therefore
couples the dark matter axial current to the weak neutral current of the electron, Ji. In
the low-momentum transfer regime relevant for direct detection (9% < m%), the Z-boson

propagator simplifies to q2_1m§ ~ —1/m?, yielding

1 —
Lo — (le“y5N1) . (3.45)
Z

The Z-boson amplitude is therefore suppressed by the massive electroweak scale (1/m2),
and further by a loop function that vanishes with the dark matter mass. Together these
leave the Z channel negligible against the electromagnetic anapole interaction, as quantified
in Section 3.5.

3.4 Photon exchange and the anapole moment

N1 Nl

Figure 3.5: One-loop photon exchange diagrams mediating elastic scattering off an electron.
Left: The photon couples to the internal charged lepton ¢, . Right: The photon couples to
the internal charged scalar n*.

While scattering amplitudes mediated by the Z-boson and Higgs boson are suppressed by
their massive propagators, dark matter can also interact with ordinary matter via massless
photon exchange (see Figure 3.5). Because the Majorana dark matter candidate N is
electrically neutral, it possesses no tree-level coupling to photons, so its electromagnetic
interactions arise purely at the one-loop level.

Due to its Majorana nature, N1 cannot possess any vector charge, magnetic dipole moment,
or electric dipole moment. Its leading electromagnetic interaction is the anapole moment,
whose vertex is proportional to the transverse structure (q2y# — g#¢)y°. Because this is an
O(g?) effect, we must carefully retain the q° dependence throughout the loop calculations,
unlike the Z-boson amplitude which was calculated in the static limit (g — 0).

3.4.1 Photon coupling to the charged lepton

In this topology, illustrated in Figure 3.6, the photon couples to the massive charged lepton
(¢7) running inside the loop.
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Ni(p) t:(p =k

k) | y(@)

Ni(p") fap = k)

Figure 3.6: Vertex correction topology where the photon couples directly to the internal
charged-lepton line. The loop momentum k is routed through the scalar propagator.

We assign momenta similarly to previous diagrams. The photon carries momentum g out
of the lepton line. Reading against the fermion flow, the unintegrated loop amplitude is

gl dk _ .., i(p —k+me) | i(p—Kk+me)|
ZMél = / (2n)4u(p ) (_ZyalpL) m (+ZEVH) [m (—Z]/DAPR)
v u(p);
k2 — m§+
= ey d'k @(p’) [P(p’ — K +me)yt(p — k + me)Pr| u(P)' (3.46)

@t ((pr = k)2 = m)((p = k) = m7)(k? — m2.)

The presence of the lepton mass m, modifies the numerator algebra. We must evaluate the
full, explicit structure. Expanding the brackets, we obtain four distinct terms,

Nt =PL(p" =k +mg)y*(p — K + me)PR
=PL(p’ = B)y*(p — k)Pr
+Pr(p’ = KB)ytmPr
+ Prmey*(p — k)Pr
+ PrmyytmyPg. (3.47)

Starting with the first term (zero mass insertions),

PL(p’ = 7" (p — OPr = (p' — HPrY!(p — PR
= (" = By Pu(p — F)Pr
= (p" = By*(p — K)PrPR
=(p - By*(p — OPr. (3.48)

Evaluating the second and third terms (single mass insertions),

PL(p’ — B)y"mePr = my(p’ — k)Pry*Pr

= my(p’ — K)y"PLPr =0, (3.49)
Prmgyt(p — K)Pr = mey*Pr(p — K)Pr
= myy*(p — F)PLPR = 0. (3.50)

Evaluating the final term (double mass insertion),

Prmyy*myPg = m?y“PRPR
= m; y!Px. (3.51)
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Because the chiral projectors annihilate the single-mass terms, only the structures with an
even number of mass insertions (zero or two) survive. The simplified numerator retains
the Py structure,

NE=[(p' = By (p — ) + miy*] Pr. (3.52)
Denominator and Momentum Shift

Using Feynman parameters x, y, z, the combined denominator is
D = x((p" = k)* = m§) + y((p — k)* = mj) + z(k* = m?2,). (3.53)
Expanding and grouping by powers of k (using p? = p? = M?and x +y = 1 -z),

D=k?-2k-(xp’+yp)+(1-z)M? - (1 - z)m? - zm?ﬁ. (3.54)

Completing the square with shift vector Q. = xp’ + yp (where Q? = (1 — z)>M? - xyg?),

the effective mass A, is

Ac=Q2—|(1-2z)M} - (1- z)m? - zm$+]
= zms+ +(1- z)m? +M2[(1-2)* - (1 -2)] - xyq*. (3.55)
Using (1-z)? - (1 -z) = —z(1 - z2),

Ac = zm%+ +(1-z)m} —z(1 - z)M7 — xyq>. (3.56)

Isolation of Divergence and Dimensional Regularisation

We shift the loop momentum k = ¢ + Q.. To isolate the ultraviolet divergence, we extract
the terms quadratic in the loop momentum ¢,

N, = (=Hy*(=f)Pr = fy*{Pg. (3.57)

Applying d-dimensional symmetric integration, we make the substitution fy#f — 242y,
Inserting this back into the amplitude, the divergent integral becomes

M= >la"y P e [y [ 257 ) 3.58
! c,div__elya1| [u(p )V RM(P)]/D x/O y (27‘()d (W—AC)?" (3.58)

As derived for the Z-boson topologies, the combination of the Feynman parameter factor
2! = 2, the Dirac trace factor %, and the d-dimensional integral measure cancels the 4
dependence. In d = 4 — 26 dimensions, the integral evaluates to

2-d p2) — .
dle 2(35%0%) w5 —i [1 ] (3.59)

S 1A
Q)i (B -A)® 1672 15 HAe

16‘#), the imaginary unit i

Multiplying our prefactor (—e|y,1/|?) by the integrated result (
is restored, yielding the divergent contribution,

iMt = +ie|y“1|2 [i(p")y*Pru(p)| /ldx/H dy [1 —1-InA ] (3.60)
c,div 1672 0 0 ) ¢
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Evaluating the Finite Numerator

The remaining terms of the shifted numerator, independent of the loop momentum ¢,
constitute the finite part of the amplitude. Dropping the odd powers of ¢ (which integrate
to zero due to spherical symmetry), we obtain

N =@ = @Iy (p — @) + miyH] Pr. (3.61)

Because N! J’fin carries no loop momentum ¢, its integral evaluates identically to a standard

4-dimensional scalar integral,

d*e 1 —i
)t (02 = AP 32m2A, (3.62)

Combining this finite amplitude with the previously calculated divergent amplitude, the
complete equation for Figure 3.6 is

. .elyall2/1 /1"‘
iMY = +i dx d
¢ 1672 Jo 0 Y

(3.63)
where the finite numerator is Njfin = [(y’ —QIvE(p - Q)+ m?y”] PR, and the effective

mass is A, = zm?}+ +(1—z)m} —z(1 - )M — xyq*.

i(p"IN%, u(p)
+ A—C V2

i(p")y*Pru(p) (% —1-1In Ac)

3.4.2 Photon coupling to the charged scalar

In this final vertex topology, illustrated in Figure 3.7, the external photon couples to the
internal charged scalar (n™). Because the scalar and the lepton must possess opposite
electric charges to conserve charge at the dark matter interaction vertex, their respective
photon couplings carry a relative minus sign.

NilP) == )

~
N

tx(p =Ky e y(g)

//// +
Ni(p) —> T kEa)

Figure 3.7: Vertex correction topology where the photon couples directly to the internal
charged scalar line.

The loop momentum k is assigned to the first scalar line. The incoming photon carries
momentum g into the vertex. By momentum conservation, the second scalar line carries
k + g, and the internal massive fermion carries p — k. Evaluating against the fermion flow,
the unintegrated loop amplitude is constructed as

. A o [ k) | L
ZMS :/ (2n)4u(p )(—1ya1PL) m] (—lymPR) M(P)kz _1m§+

X—
(k+q)?—m

dik i(p’) [Po(p — K+ me,)Pr(2k + 9)*] u(p)
@) (p - KT — mZ (K + )2 — i)

! 5 [—ie(2k + q)“]
n+

= +elyol’ (3.64)
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Isolating the internal fermion bilinear, we note that the photon attaches to the scalar field.
Thus, there is no internal y* matrix separating the chiral projectors,

NF = Pu(p — |+ my, )Pr(2k + )P (3.65)
Expanding the terms and applying the chiral commutation relations (PLV = V Pg),

NH = PL(? - k)PR(Qk + q)“ + PLH’IgaPR(2k + q)‘u
= (p — K)PrRPr(2k + q)* + mq, PLPR(2k + q)!. (3.66)

Because P Pr = 0, the mass insertion term vanishes. The numerator simplifies to

N = (p — BPR(2k + ). (3.67)

Denominator and Momentum Shift

Introducing the Feynman parameters x, y for the two scalar propagators and z for the
single massive fermion propagator, the combined denominator evaluates to

D =x(k+q)?*- xm,?+ +yk? — yms+ +z(p—k)? - zm?ﬂ. (3.68)

Grouping the terms by powers of k, we define the shift vector Q4 = zp — xq. The terms

independent of k are grouped as C = xg? + zM? — (x + y)mf]+ - zml?a.

Using the parameter constraint x + y = 1 — z and the on-shell condition p? = M? (with
2p - q = —q?), the effective mass Ay = Qﬁ — C is computed,

Ag = (M} + zxq® + x*¢%) — (xq® + zM3 - (1 - z)mr2]+ - zm?a)
= zmzY +(1- z)mfrr —z(1 - 2)M3 + ¢*(zx + x* — x). (3.69)
Applying the algebraic identity zx + x> — x = x(z + x — 1) = —xy, the effective mass
denominator reduces to
— 2 2 2 2
Ag =zmy + (1- z)mn+ -z(1-2z)Mj - xyq~. (3.70)

Isolation of Divergence and Dimensional Regularisation

Applying the momentum shift k = ¢ + Qg to the simplified numerator yields
NH = (;;: . Qd) Pr (20 +2Q4 +q)". 3.71)
Extracting the divergent O(¢?) component,
Ni = (=f)Pr(26#) = =2/ " P, (3.72)

Under d-dimensional symmetric integration, the trace transforms as —2f¢# — =2{%y#.
Inserting this structure into the amplitude alongside the global prefactor +e|y41[?,

M = la"y P i [y [ 270 3.73
i d,dl.v—+€|]/a1| [u(P )y Ru(p)]‘/o x/o y G @A (3.73)
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As previously demonstrated in the Z-boson scalar topology, combining the Feynman
parameter factor (2! = 2) with the trace coefficient generates —4/d. Here, the subsequent
multiplication by the d-dimensional integration measure eliminates the dimension factor
d, preventing the generation of a finite —1 constant during 6-expansion,

dle 2(F0) s -i (1
T E AT 1o |3 —lnAd]. (3.74)

Combining the prefactor (+e|y,1]*) with the computed integral (16n2 ), the divergent con-
tribution to the scattering amplitude is

1-x
iMg 41y =~ %Mgl [a(p")y* Pru(p)] / dx / dy[——lnAd] (3.75)

Evaluating the Finite Numerator

The remaining O(¢°) components form the unintegrated finite remainder. Neglecting odd
powers of ¢, which vanish under spherical integration, the trace reduces to

Niin = (p = Qa)Pr(2Q4 + )" (3.76)

Because the second term does not contain any gamma matrices, the chiral projector Pr
factors out directly to the right,

fm = (? @d)(2Qd + Q”)PR (3.77)

Integratlon of this term over the d = 4 scalar loop introduces the standard coefficient
Combining this with the global prefactor (+¢|y,1|?) and the Feynman parameter 2!

|ya1|
1672 -

32712A

yields a finite prefactor of —i

To align with the global prefactor of Figure 3.6 (+i Ellyﬁ““Ql ), a relative minus sign is factored

out from both the divergent and finite components. The fully assembled equation for the
scalar topology is
Ay ’

,u elya1|2/ /1 *
M 1672
(3.78)

where N jfl.n is the expanded trace defined above, and the effective mass is parameterised

as Ay = zm?a +(1- z)mg+ -z(1-2z)M} - xyq*

i(p" )N, u(p)
y [—a(p")y* Pru(p) (— —In Ad) i

3.4.3 Total electromagnetic vertex and divergence cancellation

The total one-loop electromagnetic vertex is constructed by summing the individual con-

tributions from the lepton and scalar loops: Mt otal = M+ Mg .

|ya1|

Factoring out the shared global coefficient +i =55,

the summation of the equations derived
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for both diagrams yields

a1l o i(p N, u(p)
iMoo = lyG ! / / dy[u(p )V“PRu(p)(——l A, ) + Acf
w(p"INg £, 4 (p)
— iy )y Pru(p) (5~ Ad) - if ]

(3.79)

Grouping the divergent elements, the +1/6 pole originating from Figure 3.6 perfectly
cancels the —1/6 pole from Figure 3.7. This cancellation is not an accident of the algebra.
Because N is a gauge singlet, the Lagrangian contains no tree-level Ni-photon vertex,
and the anapole interaction the loop generates is an operator of dimension six. Neither
can serve as a counterterm in a renormalisable theory, so the divergences have nothing to
be absorbed into and must cancel among themselves. Any infinity surviving here would
indicate an error in the algebra rather than new physics.

The logarithmic terms combine algebraically via In A — In B = In(A/B), yielding the finite,
total observable scattering amplitude,

2 1-x
e
le _ |]/a1|
otal — 167‘(2

v |ag )y“PRuuo)( | —ln—)

NN
+1/_l(p/)( me_ dfln) ()] (3.80)

c

3.4.4 Verification of charge neutrality

Before extracting the momentum-dependent anapole interaction, we must verify the phys-
ical consistency of our one-loop result. By definition, the Majorana dark matter candidate
N is an electrically neutral particle. In Quantum Field Theory, the electromagnetic vertex
function evaluated at zero momentum transfer (g7 — 0, representing the static limit) cor-
responds directly to the physical electric charge of the particle. Therefore, to ensure that
the loop corrections do not unphysically induce a bare electric charge, the total amplitude
must vanish in this static limit. We evaluate the sum of the diagrams as § — 0 and demand
that M (q=0)=0

The g — 0 Limit and Domain Simplification

In the limit g — 0, the incoming and outgoing momenta are equal (p = p’), allowing us
to factor the spinors ii(p) . . . u(p) globally. Furthermore, the effective mass denominators
reduce to

A:(0) = zm$+ +(1- z)m? -z(1- Z)Mf, (3.81)

A4(0) = zm] + (1 - z)m$+ -z(1-z)M3. (3.82)
The two denominators are exchanged by the parameter reflection z — 1 — z, so that
A4(z) = Ac(1 - z). This identity is used repeatedly below.

The integrand now depends on the Feynman parameters only through the combination
z = 1 - x —y, which reduces the integral over the parameter triangle to a single dimension.
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Changing variables from (x, y) to (x, z) leaves the domain a triangle and the Jacobian equal
to unity, so the order of integration can be exchanged. Slicing the triangle at fixed z, the
remaining range of x has length 1 — z, and integrating it out leaves that length behind as
the measure,

/ dx / Ty o) = / Lz / T o) = / 0-2f@). (8

The full algebraic reduction and chiral Gordon decomposition of the two numerators is
shown in Appendix A. Evaluating the numerators at g = 0, the only surviving terms are

Nﬁfin(O) = z2?M?yHPp + m?y“PR, (3.84)
Ny 1i(0) = 2(1 = 2)MiyH(PL + Pg) = z(1 - )Myt (3.85)

Applying the 1D integral measure, we separate the total amplitude into its divergent (Part
A) and finite parts (Part B), which must together sum to zero.

Part A: Evaluating the Divergent Part

The constant —1 and the logarithmic terms originate from the dimensional regularisation
trace,

1
Part A = / dz(1 —z)[-1 —InA.(z) + In Ay(z)]. (3.86)
0

The constant term trivially integrates to /01 dz(1 — z)(=1) = —1/2. This constant is the
physical fingerprint of the MS scheme and must be canceled by the finite fractions.
For the logarithms, we exploit the symmetry A4(z) = Ac(1 - z). Applying the substitution

u = 1—z to the second integral aligns its argument with the first, transforming the measure
(1 - z) into u. Renaming u — z, the combined logarithmic integral becomes

1 1
/ dz[-(1-2z)+z]InAc(z) = / dz(2z — 1) In Aq(2). (3.87)
0 0

We evaluate this using integration by parts, assigning # = In A (z) and dv = (2z — 1)dz.
The boundary term uv = —z(1 — z) In A.(z) vanishes at both z = 0 and z = 1. We are left

only with — f vdu,
bo2(1-2)A(2)
/0 dz —Ac(z) . (3.88)

z(1-2)Ac(z)

Thus, Part A evaluates to —% + /01 dz NE)

Part B: Evaluating the Finite parts

We now construct the combined finite contribution. Utilising the exact samez — 1 -z
symmetry substitution, we align the scalar diagram term over the lepton diagram denomi-
nator,

1 (1-2)N" . (0)—zN¥ .. (0)
Part B = / dz cfin b7 (3.89)
0

Ac(2)
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Isolating the Py, terms from the numerators, we find the following cancellation,

(1-2) [ZQMf] -z [z(l - Z)Mf] =0. (3.90)

V2 o201\ A2
a Z)mé}ACZ(zgl M} \We now add this to the result

of the integration by parts in Part A. Factoring out the common (1 — z) factor,

The surviving P piece of Part B is /01 dz

Combined Numerator = (1 — z) [ZAQ(Z) + m? - zsz]. (3.91)

Expanding the internal bracket using the derivative A/(z) = m?]+ —mj — M7 +2zM3,

= (1= 2)|20m2 - m? = M? +22M3) + m? - 22M? |
=(1- z)[zm L+ m?(l —z) - Mi(z - 22)]

2
n
=(1-2) [zmr27+ +(1- z)m? -z(1- z)M%]. (3.92)

Through algebraic cancellation, the reconstructed bracket is exactly equal to the effective
mass denominator A.(z). Thus, the entire combined integral reduces to just the integration

measure itself, ) )
(1-2)A(2) / 1
dz————= = dz(1-2z)=+-=. 3.93

-/0 Ac(z) 0 ( ) 2 ( )

Combining this result with the constant inherited from the dimensional regularisation
trace in Part A, the total zero-momentum amplitude collapses,

1 1
Mipat(7 =0) o< =5 + 2 =0, (3.94)

Therefore, the effective electric charge of the dark matter vanishes, confirming that the
dark matter candidate is electrically neutral.

3.4.5 Extraction of the anapole form factor

Following the verification of the gauge invariance of the one-loop electromagnetic vertex,
the leading-order physical observable is extracted: the anapole moment.

In the fundamental theoretical calculation, the loop amplitude yields a momentum-
dependent form factor fa(g?). However, to connect this theoretical result to phenomeno-
logical direct detection experiments, the amplitude must be evaluated in the appropriate
kinematic limit. By matching the full high-energy theory onto a low-energy Effective
Field Theory (EFT), we can identify the specific interaction structures that survive at
non-relativistic momentum transfers.

The Non-Relativistic Limit and Momentum Taylor Expansion

In standard direct detection kinematics for sub-GeV dark matter (e.g., for the XENONIT or
LZ experiments), the target xenon atoms are effectively at rest, and the assumed dark matter
particles scatter from the local galactic halo with non-relativistic velocities (v ~ 1073¢).
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Because the scattering occurs primarily off bound atomic electrons, the characteristic
momentum transfer in these collisions is restricted to the g ~ O(keV — MeV) regime.

At the same time, the masses of the virtual particles propagating inside the electromagnetic
loop, namely the charged scotogenic scalar m,+ and the internal charged lepton m;,, reside
at far higher energy scales. Enforcing the LEP collider bounds and the tau-philic flavour
structure, these loop masses are bounded by m1,+ 2 90 GeV [32] and m, ~ 1.77 GeV [27].
This hierarchy between the momentum transfer and the internal loop masses defines a
physically infinitesimal expansion parameter,

2

q -7
— <0107 < 1. (3.95)
loop

Because the O(g°) electric charge terms vanish to satisfy charge neutrality, the leading
non-zero contribution to the scattering amplitude arises at O(g?). Higher-order interaction
terms, such as those proportional to O(g%), are kinematically suppressed by additional
powers of this infinitesimal parameter and are therefore negligible for direct detection
experiments.

To analytically extract this leading O(g?) contribution, a Taylor expansion of the loop
integrands around g2 = 0 is performed. The explicit momentum dependence is hidden
within the effective mass denominators of the Feynman parameter integrals,

Acd(9?) = Ac,a(0) - xyq°. (3.96)

Treating the momentum transfer as a perturbation, the propagators are expanded to first
order in 42,
1 1 xyg?

~ +
Ac,d(qz) Ac,d(o) A?’d(O)
Similarly, the dimensional regularisation procedure generated logarithmic terms depen-

dent on these effective masses. Expanding these logarithms yields an analogous O(4?)
shift,

+0(gqh). (3.97)

I Aca(®) ~ InAca®) — 2T 1 0(a. (3.98)
’ ’ Ac,d(o)

Applying these expansions systematically shifts the O(q%) components out of the loop
denominators and into the numerator, allowing for the analytical collection of all kinematic
interaction terms.

Momentum Decomposition of the Finite Numerators

To construct the total expanded amplitude, the denominator expansions must be combined
with the finite numerators derived via the Gordon decomposition (see Appendix A).
Because these numerators contain momentum terms of varying orders, we first group
them by their momentum transfer dependence g,

N =NO 4 NO 4 M@ (3.99)

where N is independent of g (e.g., mass-induced currents), N (M) contains linear gt or g
terms, and N'® contains quadratic 42 or g#4 terms.
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Multiplying this numerator by the expanded propagator, and truncating any cross-terms
of O(g®) or higher, the general structure of the loop integrands is given by

N NO ND N@  NOxy 2 ,
- A0) . 1
A(?) A T a0 Ao T e | o) (3.100)
—— N

Category 1: O(q°)  Category 2: O(q1) Category 3 & 4: O(42)

For Dirac fermions, linear momentum structures (O(gq')) within the effective vertex corre-
spond to magnetic or electric dipole moments. However, by definition of charge conjuga-
tion symmetry, a Majorana fermion is its own antiparticle and is strictly forbidden from
possessing any static electromagnetic moments. Consequently, any isolated O(g!) terms
must either vanish or reorganise at higher orders to preserve the Majorana condition.

There are two explicit O(ql) numerators, NI, after Gordon decomposition,

NY = —xzMy*gPg + yzMygy*Pr, (3.101)

Nsl) = —zyM1gy"PL — zxMy1gy*Pr + (1 = z)(1 = 2x)M14"Pp. (3.102)
To evaluate these structures, the chiral projectors are first decomposed into their vector
and axial-vector components (Pg 1 = 3 + 37°).

Applying the vector projection (Pr; — 1/2), the products of Dirac matrices can be ex-
panded into their symmetric and antisymmetric parts using the Clifford algebra,

gyt =q" —iotq, and pHq=4q"+ic""q,. (3.103)

When evaluated between Majorana spinors, the antisymmetric tensor structures (iio!"u)
must identically vanish due to charge conjugation symmetry. Therefore, within the bi-
linear, we can effectively substitute 4 — g* and y#q — g". Applying this Majorana
simplification to the explicit numerators yields

(1) _1 _ "
N Vector B 2MIZ( x + y)q ! (3.104)
NOL = DM [y + ) + (1 2)(1 - 20)] gt (3.105)
Vector 2

Summing these two contributions to find the total vector amplitude, the y terms cancel
(zy — zy = 0). Combining the remaining terms and factoring out the common vector
structure reduces the total O(g') vector component to a simple polynomial,

1
§M1q“(1 -z —2x)iu. (3.106)

This term does not vanish algebraically. Instead, it integrates to zero over the Feynman
parameters. Integrating over the inner Feynman parameter x € [0, 1 — z], the polynomial
evaluates to zero,

1-z

1-z
/ (1-z-2x)dx = [1-z)x-x*|, " =0. (3.107)
0

Thus, the parameter space of the quantum loop enforces the vanishing of the scalar dipole
moment.
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Applying the axial projection (Pr — +37°, P — —1y°) to the same explicit numerators,
the linear polynomials in x vanish identically upon executing the inner Feynman parameter

integral over dx,
1-z
/ dx (N + L)
0

While this pseudo-vector term (iig#y°u) appears to be O(q'), it carries an intrinsic kinematic
suppression. Utilising the free Dirac equations of motion for the external spinors (pu =
Mju and itp” = My i1), we can derive the pseudo-scalar Gordon identity. By inserting the
momentum transfer ¢ = p’ — p, the bare ¥ matrix is related to a momentum contraction,

1
= —=z(1 - 2)*Myg*y°. 3.108
Axial 22( Z) 1q V ( )

a(p")y u(p) = %let(p’) [p'y® +v°p]up) = %Mﬁ(p')gj/‘:’u(p). (3.109)

Substituting this identity back into our integrated numerator mathematically promotes
the seemingly linear term to O(g?),

1 o1 1 [
—52(1 —2)?M g+ [2_]\/119”/5] = —Zz(l - z)%gH gy5. (3.110)

Because the vector component integrates to zero and the axial component is promoted to
quadratic order, we conclude there are zero surviving physical interactions at O(g'). All
remaining kinematic terms evaluate at O(g?) or higher.

Gauge Invariance and the Ward Identity

The derived O(4?) terms can be separated into two kinematic categories based on their
dependence on the momentum transfer vector g#. Terms proportional to g?y#y° are
denoted as the transverse component, while terms proportional to g#¢y®° are denoted as
the longitudinal component. To satisfy U(1)em gauge invariance, these terms cannot exist
independently. The Ward identity (g, M = 0) dictates that they must dynamically balance
one another to form the gauge-invariant anapole tensor structure: (q2y# — g#¢)y®.

Parameterising the total O(g?) amplitude with integral coefficients Cr (transverse) and Cy.
(longitudinal),
iMé;Z) =i[Crq*y*y® +CLq“gy5] . (3.111)

Contraction with the external photon momentum ¢, yields i(Cr + C)q%qy°. For the
amplitude to vanish and preserve gauge invariance, we require the integral identity,

1 1-x 1 1-x
/ dx / dy CL(x,y,z) = —/ dx/ dy Cr(x,y,z). (3.112)
0 0 0 0

At the integrand level, the algebraic function Cr.(x, y, z) does not trivially equal —Cr(x, y, z).
However, shifts in the internal loop momentum correspond to integration by parts within
the Feynman parameter space. The Ward identity mathematically ensures that the bound-
ary terms of this integration evaluate to zero, forcing the two coefficients to be perfectly
equal and opposite once integrated. Because gauge invariance guarantees this relationship,
explicitly calculating the complicated longitudinal component is redundant. The total
anapole form factor is uniquely determined by extracting only the transverse coefficient,

Cr.
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Extracting the Transverse Coefficient

To isolate the anapole form factor, every transverse g2y contribution generated by the
previous Taylor expansions must be collected and evaluated under the Majorana condition.

First, we verify that the vector components of these explicit O(g?) terms vanish. Applying
the vector projection (Pg; — 1/2) to the transverse numerators yields terms proportional

to a single, unpaired Dirac matrix,
) XYy

Vector - QAC(O)
=) (3.114)

Vector

Mig*y*t, (3.113)

@
Nd

When evaluated between Majorana spinors, the vector bilinear identically vanishes due
to charge conjugation symmetry (ii(p’)y*u(p) = 0). Consequently, the entire vector com-
ponent of the transverse amplitude vanishes independently of the Feynman parameter
integration, proving that the physical interaction is purely axial-vector.

Applying the axial projection (Pg — +37°, PL — —37°), the surviving q%y#y° coefficients
are gathered from the three perturbative expansion sources:

1. The Explicit Transverse Numerators:
The Gordon decomposition of the lepton diagram (Figure 3.6) natively produced a
transverse term, while the scalar diagram (Figure 3.7) produced none. Extracting the
axial component yields

xyq*y*Pr  Axial Xy oy s
A(0) [2Ac(0)] EE R

2. The Denominator Taylor Expansion:
Expanding the mass denominators generates the kinematic shift +xy42/A%(0), which
multiplies the static O(¢") numerators. For the scalar diagram, the static numerator is
proportional to (Pr + Pr) = 1, forming a pure vector current that vanishes under the
Majorana condition. For the lepton diagram, applying the axial substitution yields

xy(m; —z*M3)

2A%(0)

xXyq 2 Axial
AZ(0)

[ZQM%)/FPL + ﬂ’l?a)/pr]

] 7?y*y°.  (3.116)

3. The Logarithmic Taylor Expansion:
The dimensional regularisation procedure produced logarithms that, when ex-
panded, generate an O(g?) shift attached to the global prefactor y#Pg. Projecting out
the axial part,
Axial |: Xy

1 1 1 1
YWRPW%Aﬂ»‘mmJ '?(x@‘AAmﬂfwwa (3.117)

Summing these three evaluated components, the common tensor structure $xyg2y#y5 is
factored out. The composite transverse integrand Cr is

2 2 2
1 1 m, —z=Mj 1 1

Cr=- + —= + - 3.118
2RO T T A0 A0 A0) (3.118)

[ 2 2 2

1 9 1 m, —z=Mj
= _ y L 3.119
V50 M) T A0 ] G119
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The Final Anapole Form Factor (f4)

N

N

Ny

o N1 o
e; A \/\/\/\/\/\/\/ ‘)/ >‘ \/\/\/\/\/\/\/ y
N, 2 17+ N, L T]+

Figure 3.8: The one-loop diagrams generating the effective dark matter-photon coupling.
For Majorana dark matter, all four diagrams contribute. The diagrams on the right represent
the crossed topologies, which double the axial-vector contribution while mathematically
canceling the vector contribution. For Dirac dark matter, only the uncrossed diagrams on
the left exist.

To define the final physical observable, the full Majorana nature of the dark matter can-
didate must be accounted for. The preceding derivations evaluated the uncrossed loop
topologies. However, a Majorana fermion permits crossed diagrams where the external
lines are exchanged. Due to charge conjugation symmetry, the vector components of
these crossed diagrams acquire a relative minus sign and cancel, while the axial-vector
components acquire a relative plus sign, yielding an identical contribution. This multiplies
a symmetry factor of 2 to the Majorana anapole moment (cancelling the 1/2 from the Cr
polynomial). The crossed and uncrossed topologies are illustrated in Figure 3.8.

Factoring the fully assembled, gauge-invariant anapole tensor (q%y* — g#¢)y° out of the
integration measure, the total effective electromagnetic vertex for the scotogenic Majorana
dark matter is parameterised as

iMyyyo = ifa- ()@ yH = gt gy ulp) |, (3.120)

where the static anapole form factor f4 = fa(q?> — 0) is defined by the finite two-
dimensional Feynman parameter integral,

m2 2412
€|ya1|2/ /1 * my —z"Mj
= dx dy x = 3.121
1672 A (0) Ad(O) AZ(0) ( :
The static effective mass denominators evaluated at zero momentum transfer are
A(0) = szl+ +(1-2)m] —z(1-2)M, (3.122)
Ay(0) = zmj +(1 - z)m$+ —z(1-2z)M?, (3.123)

with the dependent parameter definedasz=1—-x —y.

This framework establishes the leading-order electromagnetic interaction of the dark sector.
The finite integral depends purely on the fundamental model masses (M, m1,+, m,,) and
serves as the direct phenomenological input for calculating the differential scattering
cross-section.
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Analytical Evaluation and Comparison with Literature

To validate this fundamental derivation, the momentum-space amplitude is mapped to
the effective field theory (EFT) representations standard in the literature. In the analysis
of leptophilic dark matter by Kopp et al. (2014) [26], the general effective dimension-6
anapole interaction for a neutral fermion N; is defined as

Lot O AN1yFy N1 (9" Fuy), (3.124)

where A represents the anapole moment. Executing a Fourier transform into momentum
space (d, — —iqy) and utilising the definition of the electromagnetic field strength tensor
F w = 8HAV - d,A s the derivative operator maps to the momentum-space structure,

"Fuy — q° Ay — qu(q"Ay). (3.125)

To extract the corresponding Feynman vertex rule from this Lagrangian, the classical fields
must be evaluated as external quantum states. Multiplying by i and factoring out the
external photon polarisation vector €,(q), the effective Lagrangian generates the exact
gauge-invariant momentum tensor derived from the full scotogenic loop calculation,

iAT(p") gyt — g q)y°u(p)eu(q). (3.126)

Therefore, factoring out the external spinors and polarisation, the coefficient A from the
coordinate-space EFT is mathematically identical to the derived momentum-space form
factor f4.

To prove the equivalence of this result with the literature, the Feynman parameter integral
is analytically evaluated and compared to the closed-form expression derived in [26].

The parameter integral is reduced as in Section 3.4.4, by changing variables to (x, z) and
integrating out x at fixed z. The mass denominators depend on z alone and pass through
the inner integral untouched, but here the numerator carries an explicit factor xy, so what
is left behind is no longer simply the length of the slice. Substituting y =1 -z — x,

1-z
/ x(1-z—x)dx = M (3.127)
0 6

The measure is therefore (1 — z)3/6 instead of the (1 — z) found there. The 1/6 multiplies
the global prefactor 1/(167%) to yield 1/(9672),

elyall2 /1 3
= dz (1 -
fa= 46 ; z(1-2)

2 B 1 N m?& - Z2M%
Ac(0)  Aq(0) AZ(0)

(3.128)

Defining the dimensionless mass ratios p = m3+ / Mf and € = m? /M?, and factoring 1/ M%
out of the mass denominators, the 1D integral is evaluated in Mathematica [33]. The exact
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symbolic integration yields

1
Jraw = X
124/—€2 — (=1 + p)? +2e(1 + )
1 —
(2 — 6€ + 6u) arctan tecw
V€2 — (=1 + )2 + 2e(1 + )
1-—
+(2 — 6€ + 6u) arctan ( i )
V—€2— (=1 + )2 +2e(1 + p)

+3y/—(-1+€)2 +2(1 + €)u— u?ln (E) ] (3.129)

As shown in Appendix A, this result is equivalent to Equation (3.2) presented by Kopp et
al. for the non-relativistic regime |¢2| < mzx: [26]

2 _ _1_2)2 _
fA:—eWall Fln(ﬁ) L+3u-3e arctanh(\/(‘u 1-¢) 46)]- (3.130)

96m2M? |2 \e _\/(#_1_€)2_4€ p—1l+e€

By independently deriving this final result for the anapole form factor from the fundamen-
tal Lagrangian and achieving an exact analytical match with the established literature, the
theoretical framework is fully validated. This final expression serves as the phenomeno-
logical input for calculating the differential scattering cross-section of DM and electrons in
the subsequent chapter.

3.5 Relative size of the three channels

The three preceding sections each produce an effective contact interaction between the
dark matter and an atomic electron. Chapters 4 and 5 retain only the anapole, and we now
make that choice quantitative instead of leaving it to the scaling arguments given above.

The anapole vertex carries two powers of the momentum transfer and the photon propaga-
tor carries 1/42, so the two cancel, as Section 4.1 shows explicitly once the amplitude is
assembled. Photon exchange therefore leaves a contact interaction and not the long-range
force a massless mediator would ordinarily give, which is what allows the three channels
to be set side by side,

L, Defa (Niy"y°Ny) (eyue), (3.131)
L7 & (Niy*y°Ni) (eyuy’e), (3.132)
L1 5 A (NiNy) (@e), (3.133)

with f4 from Equation (3.121) and A, from Equation (3.1). The Z coefficient is taken from
Ibarra et al. [24], whose quark expression we evaluate for an electron target,

2(1 M2 M2
g = Wil |t ) Gol ML 4 o+ a) Go| AL (3134
32m2m?2 2 2
V4 77* 770
where a, = —1/2 is the weak isospin of the electron, a, = =321 v, = —% (1 - 2sin? Oy),
Uy =y = ‘%Z%, with ¢z as in Section 3.1, and the loop function is
2[x+ (1 —-x)In(1 —
Go(x) = -1 4 2x+ T =D = 0] (3.135)

x2
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All three couplings scale as [y,1[%, so the Yukawa coupling cancels from every ratio below.

Both massive mediators are suppressed at low dark matter mass, and for the same reason.
N is a gauge singlet: it carries no weak charge and no Higgs coupling of its own, so
neither coupling exists until the loop generates it. What the loop generates switches off as
the dark matter gets light, since G; and G2 both vanish as M;/m, — 0, so both channels
are weakest in exactly the mass range studied here. The Higgs is further held down by a
second factor, because it couples in proportion to mass and the electron has very little of it,
a factor y, = m, /v ~ 2 x 107S.

The anapole is not suppressed in this way, despite appearances. The factor of M? in the
denominator of Equation (3.121) suggests that f4 should grow as the dark matter gets
lighter, but the bracket cancels it exactly, leaving a form factor set by the mediator instead
of the dark matter,

_ e'ya1|2

My<my 167’(2m%

At m; =100 GeV this gives f4 = 4.2 X 10~7 GeV 2, flat across the entire sub-GeV range.

fa X O(1). (3.136)

Table 3.3: Ratio of the anapole coupling to the Z- and Higgs-mediated couplings for an
electron target, at m, = 100 GeV with A3 = 14 = 1. Event rates scale as the square of these
ratios. The final column sits at M; = m,;, the edge of the fermionic branch of the model,
and is included to show that the ordering does not reverse.

My 100 MeV 500 MeV 1GeV 100 GeV
anapole / Z 1.2x 107 4.8x10° 1.2x10° 50
anapole / Higgs 6.2x107 1.2x107 6.2x105 3.8x10°

Table 3.3 collects the result. At the benchmark M; = 100 MeV the anapole exceeds the Z
contribution by seven orders of magnitude in the coupling and the Higgs contribution by
even more. In event rate, which goes as the square, the margins are 104 and 10'°. Discard-
ing both channels is therefore not an approximation that requires defending numerically.
The conclusion also does not depend on the chosen benchmark quartics: A3 and A4 set the
strength of the Higgs coupling to 1 and enter A, linearly, so raising them from unity to
the perturbative ceiling of 47 would strengthen the Higgs channel by about an order of
magnitude and still leave it six orders below the anapole.

The comparison above is specific to an electron target and to sub-GeV masses, and this
is worth emphasising. Ibarra et al. [24] and the review of Avila et al. [22] both present
the Z-mediated spin-dependent cross-section as the leading contribution for this model,
but their treatments consider dark matter at the electroweak scale scattering off nuclei.
Because the Z coupling grows as M?, what is negligible here is not negligible there: across
Table 3.3 the gap closes by more than five orders of magnitude between 100 MeV and
100 GeV. There is no disagreement with the work presented here. The ordering of the three
channels depends on the target and on the mass, and for electron recoils below a GeV the
anapole is the only channel that matters.






Chapter 4

Dark Matter-Electron Scattering and
the Non-Relativistic Limit

4.1 The full t-channel scattering amplitude

defined, we now proceed to construct the full physical observable: the scattering

@ITH the effective electromagnetic vertex of the scotogenic Majorana dark matter
w amplitude for a dark matter particle colliding with a Standard Model electron.

We consider the t-channel scattering process Ni(p) + e~ (k) — Ni(p’) + e~ (k’), where p, p’
and k, k’ are the initial and final four-momenta of the dark matter and electron, respectively.
The momentum transfer carried by the virtual photon is defined as g = p —p’ = k' — k.

The complete relativistic scattering amplitude is assembled by contracting the effective
dark matter anapole current with the standard quantum electrodynamic (QED) electron
current, mediated by the photon propagator. The three fundamental components of this
interaction are:

1. The Dark Matter Vertex: As derived in Section 3.4.5, the effective anapole vertex is
given by:
iTpy = ifa(@* Y = g 9)y°,
2. The Photon Propagator: In the Feynman gauge, the massless photon mediating the
electromagnetic interaction is:

—igu
72
3. The Electron Vertex: The standard QED interaction vertex for an electron (with

charge —e) is:

I, =

7

TV — : v
i’y = —iey”.

Stitching these components together, the full matrix element i M is:
iM= [ﬁ(p’)il“gMu(p)] Iy [(K)ilu(k)] .

Substituting the explicit forms of the vertices and the propagator into the expression, we

obtain: ’
g
iM = [a(p")ifa(@®y" = q"9)y°u(p)] ( qg;‘ ) [—iei(k")y u(k)].

37
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Pulling the scalar constants and the 1/42 pole to the front, the amplitude simplifies to:
. . 1 — ’ 1 - /
iM = —iefay [A)@*y" = 4"y up)] [2(K)yub)]

At this stage a simplification occurs, because the electron current is conserved. We examine
the second term within the anapole tensor, —g*4, which is contracted with the electron
current. Expanding the momentum transfer g, = (k" — k), this contraction yields:

gt [a(k")yuu (k)] = a(k")qu(k) = a(k")F — ©yu (k).

By applying the free-particle Dirac equation for the on-shell initial and final state electrons,
Fu(k) = meu(k) and i(k")¥ = m,ii(k’), the expression evaluates identically to zero:

(k" (me, — me)u(k) = 0.

Physically, this guarantees that the longitudinal component of the virtual photon cannot
couple to the conserved electron current. Consequently, the g#¢ term vanishes completely
from the amplitude. We are left solely with the g2y term:

iM = —ic quiQ (20" a*y )y u(p)] [3(K)yuk)]

The g? factor generated by the anapole tensor in the numerator perfectly cancels the 1/4>
pole from the photon propagator in the denominator. Dividing out the imaginary unit, we
arrive at the final, compact form of the relativistic scattering amplitude,

M = —efy [a(p )ty u(p)] [a(k")yu)] . (4.1)

Physical interpretation

In standard quantum electrodynamics, the force between two charged particles is me-
diated by a massless photon, whose propagator goes as 1/42. If dark matter coupled to
ordinary matter in that way, the cross-section would diverge as 4 — 0, and direct detection
experiments would have been overwhelmed by collisions decades ago.

The anapole moment avoids this. As demonstrated in Equation (4.1), the loop generates an
explicit factor of 2 in the numerator of the vertex, which cancels the pole of the propagator
exactly and leaves a constant interaction strength at low energy. The consequence is clearest
in coordinate space, where the two momentum-space behaviours Fourier transform to

1 1
— % _,
lq|2 4drtr

constant — 6¥)(r). (4.3)

4.2)

The first is the Coulomb potential, which falls off slowly enough to have infinite range.
The second vanishes everywhere except at the origin. Despite communicating through a
massless photon, the dark matter therefore behaves exactly as though the mediator were
super-heavy, and it is this zero-range contact interaction that suppresses the cross-section at
low energy.
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4.2 Non-relativistic effective field theory (NR-EFT)

As derived in Equation (4.1), the relativistic scattering amplitude is expressed in terms
of four-component Dirac spinors. However, the kinematics relevant for direct detection
experiments are non-relativistic. Dark matter particles from the galactic halo have typical
velocities on the order of v ~ 1073¢, and the bound target electrons in atomic orbitals also
reside in non-relativistic momentum states.

Therefore, to properly evaluate the scattering rate and connect it to atomic response
functions, we need to map our relativistic amplitude onto a Non-Relativistic Effective
Field Theory (NR-EFT) framework. Following the formalism introduced by Fitzpatrick
et al. [25] and later adapted for electron scattering by Catena et al. [1] we can replace the
Lorentz-invariant Dirac structures with a basis of Galilean-invariant operators.

4.2.1 The Galilean invariant basis

The standard NR-EFT framework is canonically constructed by considering the elastic
scattering process between a dark matter particle y and a free target particle. In this
idealised elastic limit, the kinematics can be fully described by four independent, three-
dimensional vectors:

1. The momentum transfer: q =p—p’ =k’ -k

2. The transverse relative velocity: v =v — v, — 3 3
xe

3. The dark matter spin operator: S,

4. The electron spin operator: S,

where v = p/M; and v, = k/m, are the initial velocities of the dark matter and the target
electron, and . = (Mym,.)/(M; + m,) is the reduced mass of the two-particle system.

In a strictly elastic collision, energy conservation enforces the orthogonality condition v+ -
q = 0. However, for sub-GeV dark matter interacting with liquid xenon detectors, the target
electrons are bound in atomic orbitals. The scattering is therefore an inelastic ionisation
process, requiring an energy transfer AE to overcome the electron’s binding energy Ep
and provide its final recoil kinetic energy Er. Consequently, the strict elastic orthogonality
condition is broken, and v* - q = AE — g?/2m, # 0, as evaluated in Section 4.3.2.

Despite this inelasticity, as demonstrated by Catena et al. [1] the standard basis of Hermi-
tian, Galilean-invariant quantum mechanical operators O; constructed from these vectors
remains the valid framework for evaluating the amplitude, provided the altered energy
conservation is accounted for in the final phase-space integration.

By taking all possible products of the four fundamental vectors defined above, one can
construct a complete mathematical basis of Hermitian, Galilean-invariant quantum opera-
tors. A generic spin-1/2 dark matter interaction can yield up to 14 independent operators,
the full definitions of which are detailed in the foundational NR-EFT literature [25, 1].

However, the Majorana anapole interaction is constrained. Because the interaction proceeds
exclusively via the contraction of the axial-vector dark matter current ({y*#y° x) with the
vector electron current (2),¢), the vast majority of these operators identically vanish. The
surviving momentum and velocity dependencies of the anapole moment map onto just
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two,
Os =S, v, (4.4)

Og = iS, - (sg x i) . (4.5)

Here Og couples the dark matter spin to the transverse relative velocity defined above, and
Oy couples it to the electron spin.

To prove this mapping and find the exact effective coupling constants cs and cg that weight
these operators, the next step is to reduce the relativistic Dirac spinors from our derived
scattering amplitude into non-relativistic, two-component Pauli spinors.

4.2.2 Direct non-relativistic expansion of the amplitude

The canonical approach in Effective Field Theory (e.g., Del Nobile et al. [34]) is to apply
the non-relativistic (NR) expansion directly to the fermion spinors before squaring. This
approach explicitly preserves the momentum and spin dependencies of the quantum
operators.

We begin with the relativistic amplitude derived from the anapole vertex,
M=—efy [ﬂ(p’)y“yf’u(p)] [ﬁ(k’)yyu(k)] . 4.6)

In the non-relativistic limit (v < ¢), we evaluate the four-component Dirac spinors in the
standard Dirac basis, where the gamma matrices are defined as

TN T RN B

To leading order in momentum, the free-particle spinors decompose into two-component
Pauli spinors &,

u(p) ~ V2m (g—j’é) , ) =u(p)y’ ~ Vam (6'* —E’*‘;'—,?{) : (4.8)

Expanding the Dark Matter Axial-Vector Current
We systematically evaluate the temporal and spatial components of the dark matter axial-
vector current, ]gM = ii(p’)y*y u(p). For the temporal component (u = 0),
Jom = ' (p")y u(p)
») (0 1 &
~ rt 1t op )
e )t )

= 2M, (é’*‘;T"lé + é’*;’—z\'/fl’é) =& [o-(p +D)E. 4.9)

Defining the standard EFT parameter for the sum of initial and outgoing velocities as
Vsum,y = I;Tpl, and substituting the spin operator S, = ¢/2, the temporal current simplifies
to

]]gM =25, - (2M1V5um,)() = 4M;Sy - Vsum,x- (4.10)
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For the spatial component (u = i),
_ . 0
Jow = 1")yy up) =) ] 0o

’ rt op’ c 0 £
z2]\/l1(5Jr £+ﬁ) (0 ‘7) (207’1)15)

= 2M, (5’*05 +O(p? /Mf)) ~ AM;S,. 4.11)

Expanding the Electron Vector Current

We apply the same formalism to the electron vector current, JY =1 (k")y*u(k). The temporal
component trivially evaluates to the unit matrix,

1O = ut (K )u(k) = 2m.E1.& = 2m,. (4.12)
The spatial component requires evaluating the off-diagonal Dirac matrices,

3, = @K )yulk) = ut(k) (2 ‘0’) u(k)

K -k
SR I
2m, 2m,

=& [(6-X)o + a(o-k)]E. (4.13)

~ 2me (é/"'

We reduce the bracket using the Pauli identity oo/ = 6% + ie'i*o¥. Letting q = k' — k be
the momentum transfer,

(0-X)o+0(o-k)=k'+k+iox (k' —k)
= 2MVsum,e + 10 X (. (4.14)

Substituting o = 2S,, the electron spatial current is
Je = 2MeVsum,e + 2i(S, X q). (4.15)

Contracting the Currents and EFT Matching

Contracting these currents via the Minkowski metric (M = —e f4[ ]gM] 9 —Jpm - Je]), the
amplitude becomes

M = —efa [(4Mlsx : Vsum,x)(2me) - (4MIS)() - (2meVsum,e + 218, X Q)]

i
= _SMlme(efA)[Sx *Vsum,x — Sy * Vsum,e — m_S)( (S x (I)] . (4.16)
e

To match this to the standard NR-EFT framework, we group the velocities into the Galilean-
invariant transverse velocity. By standard definition, vt = veum, x = Vsum,e. Using the vector
cross-product identity S, - (S, X q) = =S, - (q X S,), the amplitude factorises as follows:

M = —8Myme(e fa) [SX vh—iS, - (se X i)] . (4.17)

e
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The two terms in the bracket are precisely Og and Oy, which is the mapping anticipated
above. The same pair, with the same relative weight, follows from squaring the relativistic
amplitude and evaluating the resulting traces, carried out independently in Appendix B. No
other operator appears, because the anapole fixes the Lorentz structure of the interaction to
an axial dark matter current contracted with a vector electron current, and that contraction
produces only these two.

4.3 Scattering off bound atomic states

In the preceding sections, the non-relativistic effective operators were derived under the
assumption that the target electron was a free plane wave characterised by a definite
momentum k. However, in noble gas time-projection chambers utilising liquid xenon or
argon, the electrons are bound within atomic orbitals.

Following the theoretical framework established by Catena et al. [1] we must transition
from free-particle kinematics to bound-state quantum mechanics. In this framework,
the free scattering amplitude M(q, vjl) cannot be evaluated statically because the bound
electron carries a distribution of momenta, and no longer a definite k. Writing v, = k/m,
out explicitly, the transverse velocity of Section 4.2.1 reads

1 q k

vV, =V-— - —, 4.18
el 21"1)(@ M, ( )

which is the same quantity as v+ above. Following Catena et al. [1], the subscript is carried
from here on as a reminder that k is no longer a definite quantity.

To evaluate the transition amplitude between an initial atomic state [1) and an ionised final
state |2), we perform a Taylor expansion of the free amplitude around the zero-momentum
limit (k = 0),
k
M(q v~ M|+ () omvim| 419
(q v@l) - (m ) eVk =0 ( )

e
When this expanded amplitude is substituted into the squared transition matrix element,
the physical transition probability separates into three distinct mathematical terms,
2
IM1mof? = M| fioal? + 2mcRe [M Ao VM - f1*_>2] +m? ‘

ViM - fio (4.20)

Here, the atomic structure is entirely captured by two form factors evaluated in coordinate
space. The scalar form factor fi_,2(q) measures the standard density overlap, while the
vectorial form factor f;_,2(q) promotes the electron momentum to the quantum mechanical
derivative operator V,

fioa(q) = / d3xy(x) e’ Py (x), (4.21)
fi2(q) = / d3x IpE(X) plax (:n_ve) U1(x). (4.22)

4.3.1 The four atomic response functions

By evaluating the three expansion terms in the squared transition matrix element over
all occupied initial and final electron states, Catena et al. [1] show that any general dark



4.3. SCATTERING OFF BOUND ATOMIC STATES 43

matter-electron interaction can be characterised by four atomic response functions because
the last term splits, according to whether Vi M contracts with f;_,5 freely or along q. In
terms of the two form factors above,

i=1,
q f* '_2
{ o m—e'f1—>2(Q) o), =2,
li1.r —
GCEEC = DIPIPIRT =3, G
— y; P—r
i=4,

where V is the normalisation volume, k’ the asymptotic momentum of the ionised electron,
and the sums run over the magnetic quantum number of the occupied orbital together
with the angular quantum numbers of the final state. The first response is the ionisation
form factor already standard in the sub-GeV literature, and the only one that survives for
an interaction with no velocity or spin structure. The other three arise only from a general
treatment of the interaction, and were introduced there.

None of the four carries an electron spin index. The spin sum is taken at the level of the
amplitude, before the spatial integrals, so any dependence on S, is carried by the kinematic
coefficients of Section 4.3.2 rather than by the atomic responses themselves.

4.3.2 The dark matter response for the anapole moment

To compute the exact differential scattering rate for the scotogenic Majorana dark matter,
we must quantitatively evaluate the dark matter response functions, R?‘], which act as the

kinematic coefficients for the corresponding atomic response functions Wl.”‘} . The total
squared matrix element for atomic ionisation is factorised as

My, [P = ZR”"( 00 )W”"(k’ q). (4.24)

By matching our derived non-relativistic amplitude (Equation (4.17)) to the EFT operator
basis (M = cgOs + c9Oy), we identify the specific coupling constants generated by our
one-loop anapole form factor fy4,

= -8Mimeefa, cg=+8Mimeefa. (4.25)
Note that the squares of these couplings are identical: ¢ = ¢3 = 64M7mZe®f7.

By substituting cs and cg into the general expressions for RZM given by Catena et al. [1],
which carry all fifteen couplings, and setting the dark matter spin to j, = 1/2, the four
kinematic coefficients evaluate to

2
1 1
R = 4c8(vjl)2+§c§ (i) , (4.26)
e
Rt — Lof.. 4 mez 4.7
> =7\ Ve )\ ) (4.27)
1
RI = ch, (4.28)

R = 0. (4.29)
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Both the squared transverse electron velocity (v)? and its projection onto the momentum
transfer (vj‘l -q) are evaluated atk = 0. This does not undo the point that k is now described
by a distribution: the expansion of Equation (4.19) has already carried that dependence
into the form factors, leaving the amplitude itself to be taken at k = 0. Energy conservation
then sets the two combinations that survive,

(i) = 0% + 7" M —me  AEw (4.30)
el 4/1)2(6 M + m, Uxe ’
q2
Ve 4= ABnt =5 - (4.31)

where AE,;y = E g‘; + ER is the total energy deposited to overcome the atomic binding energy
E g" and generate a free electron recoil Eg.



Chapter 5

Phenomenology and Results

VALUATING the viability of the scotogenic anapole model requires translating the
formal quantum field theory derivations into physical observables. This chapter
bridges the microscopic matrix elements of the dark matter-electron interaction to

the macroscopic event rates expected in direct detection experiments. The non-relativistic

effective theory of Chapter 4 has already separated the dark matter physics from the atomic
physics. What remains is to convolve that result with the halo velocity distribution and

with the response of a dual-phase Time Projection Chamber (TPC), which records not a

continuous energy spectrum but a scintillation pulse produced by ionised electrons.

5.1 Global constraints on the scotogenic parameter space

Before scanning the parameter space, we must impose the theoretical and experimen-
tal boundaries restricting the free parameters of the scotogenic model. The scotogenic
framework couples the dark matter phenomenology directly to the generation of active
neutrino masses, collider kinematics, and early-universe cosmology. Consequently, the
scalar mediator mass m,;, the dark matter mass M, and the Yukawa coupling y cannot be
treated as entirely free parameters.

5.1.1 Collider kinematics and the LEP bound

The scalar mediator 1 is an SU(2);, electroweak doublet, meaning it contains both neu-
tral (nr, nr) and charged (n*) components. Because these scalars couple directly to the
electroweak gauge bosons, their masses are constrained by precision collider data.

During the operation of the Large Electron-Positron (LEP) collider, precision measurements
of the Z-boson decay width forbade the existence of any new charged particles with a
mass below mz /2 ~ 45.6 GeV, as this would open a new Z — n*n~ decay channel. LEP-II
expanded on this, searching directly for pair-produced charged scalars in the form of
charged Higgs bosons. A charged scalar is pair produced at an e*e™ collider through the
photon and the Z, so the production rate is determined by its electric charge and weak
isospin and not the specific model it belongs to. Those searches therefore bound 1* as well.
They set m,= 2 70 — 90 GeV [32, 27].

The anapole loop of Chapter 3 runs on the charged component, so this bound constrains
it directly. A large splitting between the charged and neutral components would also

45
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show in electroweak precision data. An approximate symmetry of the Higgs sector, called
custodial symmetry, fixes the ratio p = m,, /(m2 cos? Ow) to unity at tree level, and splitting
the members of a new doublet breaks it. Holding p at its measured value requires Am <
0(10) GeV [35, 36], placing the neutral components of the scalar mediator 7 at the same
scale as the charged one. That is important because it is the neutral component, not
the charged one, that mediates the annihilation NiN; — v setting the relic density in
Section 5.1.4. Both scalar masses are written m, from here on,

my 2 90 GeV. (5.1)

5.1.2 Charged scalar searches at the LHC

At the LHC the charged scalar would be pair produced through the Drell-Yan process
pr — Y*/Z* — n™n~, and under the 7-philic assumption each would decay through
n* — t*Nj. Since N; escapes the detector, the event appears as two 7-leptons and missing
transverse momentum.

That signature is the one targeted by searches for direct stau production. Such a search
bounds the rate for a topology, namely a pair-produced charged scalar decaying to a ©
and an invisible particle, and the stau is only the state used to label it. What must match
is the production rate, and for a scalar produced this way that is fixed by the electric
charge and the weak isospin alone. The charged component of the inert doublet carries
(T3,Q) = (+1/2,+1). Supersymmetry supplies two staus, the partners of the left- and
right-handed 7, and the left-handed one carries (—1/2, —1). The two sets of quantum
numbers therefore differ only by an overall sign. The photon term in the cross-section goes
as Q? and the Z term as the square of the Z coupling, so neither sees that sign, while the
photon-Z interference is linear in both and the two sign flips cancel against each other.
The cross-sections are identical. The right-handed stau is an SU(2) singlet, with T3 = 0 and
a different Z coupling, so 1* is the analogue of 7, and not of the right-handed 7x.

ATLAS quote the two cases separately [37]. Their combined result, 120 to 390 GeV, assumes
stau-left and stau-right to be degenerate and therefore twice the production. The result for
stau-left pair production alone is the one that applies here, and excludes

155 GeV < my= < 310 GeV. (5.2)

The limit is quoted within a simplified model, a benchmark with the production mode
and decay chain fixed and only the masses left free, and its assumptions hold here: the
neutralino is taken massless, which matches M; < m,=, and the branching ratio is taken
to be unity, which holds under the strict t-philic hierarchy. The excluded interval lies
well above the LEP bound of the previous section, and well above the benchmark used
throughout this chapter, so it does not further restrict the mediator masses studied here.

5.1.3 Lepton flavour violation and the MEG bound

As established in Section 2.2, the Yukawa couplings that generate the active neutrino
masses also drive lepton flavour violating (LFV) decays, most notably 1 — ey, whose

branching ratio the MEG experiment constrains to BR(u — ey) < 1.5x 10713 [31]. We now
make that constraint quantitative.
In the scotogenic model, the theoretical prediction scales as [29, 30],
M2 2
BR(u — ¢y) = - G2 Z e el | (5.3)
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where « is the fine-structure constant, Gr the Fermi constant, and Fs(x) a dimensionless
loop function of order unity. Requiring an O(1) Yukawa coupling to satisfy the thermal
relic density typically overproduces LFV decays unless the masses of the loop particles
reside at the multi-TeV scale.

The 7-philic hierarchy adopted throughout this work (y:1 > y1, y.1) strongly suppresses
the k = 1 term in the sum above. This hierarchy is not an arbitrary choice: scanning the
viable parameter space of the same model, Avila et al. [22] find that the cLFV constraints
drive the dark matter Yukawa couplings to obey [y.1| < |yu1| < |y1], the same ordering
assumed here. The Yukawa coupling that sets the anapole scattering rate is therefore
not itself constrained by MEG. The bound applies instead to the heavier singlets Ny 3,
which carry the flavour mixing demanded by oscillation data and are free to reside at the
multi-TeV scale. The direct detection analysis that follows is in this sense decoupled from
the LFV sector.

5.1.4 Thermal freeze-out and the relic density target

In the standard cosmological model, dark matter is produced thermally in the early uni-
verse. At high temperatures, the Majorana dark matter particles N; were in thermal
equilibrium with the Standard Model plasma, continuously annihilating into Standard
Model leptons through exchange of the scalar 7. For the sub-GeV masses studied here
annihilation into charged leptons is not possible: the 7-philic hierarchy leaves only the 7
available, and N is far too light to produce a pair of 7-leptons. The only available annihi-
lation channel is N1N; — v through the neutral component. As the universe expanded
and cooled below the dark matter mass (I' << M), the annihilation rate dropped below the
Hubble expansion rate, causing the dark matter comoving number density to freeze out.

Precision measurements of the cosmic microwave background by the Planck satellite
constrain the present-day cold dark matter relic density to [4],

Qpuph? ~ 0.120. (5.4)

Meeting this abundance fixes the thermally averaged annihilation cross-section at freeze-
out. The canonical value of 3 X 10726 cm?/s is derived for s-wave annihilation and cannot
be used here, because the s-wave channel of this model is helicity-suppressed to zero [35].

We therefore adopt the relic condition derived for this model directly. Kubo, Ma and
Suematsu [29] solve the Boltzmann equation for pure p-wave annihilation of the scotogenic
singlet and obtain, for Q4h? = 0.12 and in GeV units,

M = 5.86x 1078 x ;1/ 2071, (5.5)

b=244x10"" x2 (5.6)

fl
where b is the p-wave coefficient of (cv) = b(v?). The first relation fixes the freeze-out
parameter xy for each dark matter mass, giving xy ~ 15.7 at M; = 100 MeV and x ~
18.1 at My = 1 GeV. The corresponding thermally averaged cross-section at freeze-out,
(0v) =6b/xf =~ (2.7-3.1)X 10726 cm3 /s across the sub-GeV range, is close to the canonical
benchmark but is here obtained from a p-wave calculation. In the heavy-mediator limit
these relations give (ov) o y4Mf / m%, so that raising the mediator mass suppresses the
annihilation rate steeply and forces a larger coupling in compensation.

The calculation above includes only N1N; annihilation, and leaves out coannihilation with
1. Coannihilation is exponentially suppressed by the gap between the two masses [39],
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and with m; 2 90 GeV against a sub-GeV N that gap is a factor of ninety or more, so it
can safely be neglected here.

By requiring the model to satisfy the Planck relic density, the Yukawa coupling y is no
longer a free parameter. For any given coordinate in the (M, m,) parameter plane, the
universe dictates a concrete coupling y,.1ic. This constrains the theoretical parameter space,
providing a framework to evaluate direct detection bounds.

5.2 The differential event rate

To evaluate the observable event rate, we must isolate the fundamental particle and atomic
physics from the astrophysical dark matter distribution. This requires defining the kine-
matic boundaries of the interaction, computing the differential cross-section at a fixed
velocity, and integrating the result over the local dark matter flux. Two further steps then
turn that rate into something a detector reports: the continuous recoil spectrum is mapped
onto a discrete number of ionised electrons, and those onto the scintillation signal actually
recorded.

5.2.1 Kinematic integration limits

For an incoming dark matter particle N1 of mass M; to deposit a total energy AE,; = Egr +
E Z,‘} into an atomic shell via a momentum transfer q, energy and momentum conservation
fix how fast it must be travelling. Writing the deposit in terms of the incoming momentum
p = M;v and the transfer q gives AE,;; = (2p-q—¢?)/2M3, so that v cos 6 = AE,;/q+q/2M;
with 0 the angle between the two. Since cos 0 < 1, the smallest velocity able to supply the
deposit is

N

2M;

vmin(‘?r AEné’) = (57)

The maximum possible velocity of a dark matter particle scattering in the laboratory frame,
Umax, is determined by the Standard Halo Model (SHM), a Maxwell-Boltzmann distribution
whose width is set by the local circular speed vy, the orbital speed of the Galactic rotation
curve at the Sun. Particles exceeding the galactic escape velocity v,s. are not gravitationally
bound to the Milky Way. Boosting into the rest frame of the Earth (which moves with
velocity vg), the upper kinematic cutoff is

Umax = Uesc T Vep- (58)

Standard astrophysical parameters [1] are assumed to be vg = 220 km/s, v,sc = 544 km/s
and vg ~ 244 km/s.

Because the required minimum velocity v,,;, cannot exceed the absolute galactic maximum
velocity vy, the allowed momentum transfer g is bounded. Setting v,y = Vmayx and
solving the quadratic equation for q defines the integration limits,

Gmin,max = Mi0max F \/M%v%mx — 2M1AE ;. (5~9)

If the term inside the square root is negative (M;v2,, < 2AE,;), the dark matter particle
possesses insufficient kinetic energy to ionise the shell, and the integration evaluates to
zero.
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5.2.2 The differential ionisation cross-section

Following the NR-EFT framework for dark matter-electron scattering established by Catena
et al. [1], we define the differential ionisation cross-section for a specific atomic shell (1, ¢).
The cross-section evaluates the transition probability for an incoming dark matter particle
with a fixed velocity v. By integrating the squared matrix element over the kinematically
allowed momentum transfer g, the differential cross-section with respect to the logarithmic
electron recoil energy Eg is given by [1],

dOJ‘M 1 Jmax
= dq q M. 5.10
dIlnEg 128”M%m302/q 99 1Mp,] ( )

min

Substituting the evaluated anapole matrix element and extracting the loop-induced cou-
pling coefficient ¢ = 64M7mZe? f 7, the mass terms cancel against the denominator. The
differential cross-section for scotogenic anapole dark matter reduces to

nt
daion _lej fmas nlyarnl (1.7 nlyarnl (1.7 nlyarnl (1.7
——ton dq q [RIWI(K, q) + REWSH (K, q) + REWZE (K, 9)] .| (5.11)
q

dlnEgr ~ 2mov?

min

where f4 is the anapole form factor. Following the exact decomposition formalism of [1], the
terms R?f represent the kinematic response functions associated with the NR-EFT operator
Og, and Wl.”e(k', q) are the atomic response functions evaluated at the outgoing electron
momentum k” = v2m,Eg. The atomic response functions for xenon used throughout this
work were tabulated with the DarkART package [40], the C++ successor to the code released
with [1], on the logarithmic grid it constructs internally: one hundred points spanning
k" € [0.1,100] keV and g € [1, 1000] keV. The spacing is logarithmic because the responses
fall off as power laws in both variables, and because for sub-GeV recoils the momentum
transfer sits near the lower end of the tabulated range.

5.2.3 Astrophysical velocity integrals and the ionisation rate

While the cross-section defines the scattering probability for a fixed velocity, the local dark
matter halo consists of a continuous velocity distribution f(v). The differential interaction
rate per unit detector mass is obtained by integrating the cross-section over the local dark
matter flux [1],

dRj,, PDOM domt
ion _ 3 _ ‘ ion
dnEr ~ Mimg / d%0 0 f(v) O = vmin) ks (5.12)

where ppy is the local dark matter mass density, mr is the mass of a single target atom,
and the Heaviside step function ®(v — v,,i,,) enforces the absolute kinematic cutoff.

In standard spin-independent dark matter models, the matrix element is independent of
the dark matter velocity, allowing the convolution to factor entirely into a single mean
inverse speed integral, 1(v;,in). However, the NR-EFT operator Og introduces a direct
dependence on (ZJ;‘I)Q, hidden within the R'f‘; response function.

It is essential to note that, for the inelastic scattering considered here, vjl is not orthogonal

to the momentum transfer: as noted in Section 4.3, energy conservation gives v, - q =
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AE¢ — q*/2m, # 0. Decomposing v, into components orthogonal to and along q, and
using v - q = vy, its square separates into

2
AE q
(0 = (v* = vp;,) + (Tn - %) : (5.13)
———
orthogonal to q
along q

Only the first term carries a dependence on the halo velocity. The second is fixed by the
kinematics of the recoil and therefore factors out of the velocity integral.

Consequently, the velocity integration splits into two astrophysical functions. We define
the standard integral 1(v,,i,) and the higher-order velocity moment /1(v,;,) in the Earth
frame (the halo integral 1(v,,i, ), always written with its argument, is not to be confused
with the inert scalar 7 of the model),

U(vmm)=/ | d?’v@ (5.14)
h(vmin) :/ | oo f(v). (5.15)

Applying Fubini’s theorem to swap the order of integration between q and v, the velocity-
dependent piece evaluates analytically, while the longitudinal piece simply multiplies

r](vmin )/

2
/U L @ @5 = | @min) = 02 nwin) | + (% - %) Nomin).  (5.16)

By separating the terms in the anapole response functions, the continuous differential ioni-
sation rate becomes a single numerical integral over the momentum transfer q. Converting
from logarithmic to linear recoil energy (d In Eg = dEg/ER), the total rate summed over all
occupied atomic orbitals is

dRion _ i PDM e2fA
dER _ERMlmT 21

Gmax
Z / dq q RMWM Rnewgnen(vmm) + R"ewffﬂ(vmm)] ,

Jmin

(56.17)
where R absorbs the higher-order velocity integrations,

AEM
q © 2m,

1(q)°
(_) n(vmin)- (5-18)

~ 1

) T}(Umm)

This formulation captures both the velocity dispersion of the Milky Way halo and the
longitudinal component of v, generated by the inelasticity of the process, providing the
theoretical input required for numerical evaluation. The longitudinal term is not negligible:
dropping it, as a strictly elastic treatment would, shifts the limit by about 6%.

5.2.4 Discrete signal modelling for dual-phase TPCs

The rate derived in Section 5.2.3 is differential in the recoil energy Eg, but a dual-phase
time-projection chamber does not measure energy directly. The route to the measured
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signal runs through the discrete number of ionised electrons 7, that reach the gas phase,
and the first step is the distribution P(n, | Er), which follows the model established for
sub-GeV scattering [12, 15] in three stages.

First, the recoiling electron creates n® = |Er/W ] additional quanta [15], either electrons
or scintillation photons, where W ~ 13.8 eV is the average energy per quantum in liquid
xenon. This W carries no index and is not the atomic response function Wl.”‘} of Section 4.3.1.
If an inner shell is ionised, such as 44 or 4p, the subsequent de-excitation photoionises
neighbouring atoms and adds n® secondary quanta, so that Ng = n") + n®).

Second, the primary electron either recombines, with probability fr, or escapes. At
these recoil energies recombination is negligible (fr = 0), so the primary electron always
contributes exactly one observed electron, n; = 1.

Third, each of the Ng additional quanta is observed as an extracted electron with proba-
bility f. = 0.83 [15]. These are independent, so the number of secondary electrons n;’ is
binomially distributed over N trials.

Because the total number of observed electrons is n, = n, +n,” = 1+n,, finding exactly n,
electrons requires exactly 1, — 1 secondary electrons to be produced from the Ng available
quanta. Therefore, the probability distribution is binomial and evaluated at n, — 1 [1],

Ng

e

P(nelER)=(n )"5‘1(1 feyNe e, (5.19)

for 1 < n, < Ng + 1, and evaluates to zero otherwise.

The observable event rate, representing the expected number of events per unit target
mass and time yielding exactly 7. electrons, is obtained by integrating the continuous
theoretical spectrum over this binomial probability distribution [1],

ARion _ / dEx Pln, | Ex) (5.20)
dn,

5.2.5 The photomultiplier signal (S2)

The rate dR;,,/dn, gives the spectrum in electrons reaching the gas phase, but the S2-
only analyses measure the secondary proportional scintillation instead, quantified as a
number of photoelectrons (PE). Because photon emission in the gas phase and the quantum
efficiency of the photomultipliers are both statistical, a fixed 1, does not always give the
same S2. The recorded PEs fluctuate about a mean set by the secondary-scintillation gain
g2, which is captured by a Gaussian smearing [16, 15],

P(S2|n,) = Gauss(S2 | 4 = 1,92, 0 = \ne0s2). (5.21)

The width scales as the square root of the electron number, weighted by an empirical factor
0s2. XENONIT is characterised by g2 = 33 PE per electron and os2 = 7 [16].

The final, continuous differential rate with respect to the observable S2 signal is obtained
by summing the probability distribution over all possible integer values of 7., multiplied
by a detector-specific cut efficiency €(52) [1]

dl{wn _

dRzon
ds2 '

€(S2) Z P(S2|n

ne=1

(5.22)
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Integrating this over the S2 bins defined by the collaboration, S2 € [150, 200) PE and the
three above it, gives the predicted number of events. Poisson statistics are then applied in-
dependently to each bin, and comparison with the observed counts at the quoted exposure
sets the 90% confidence upper limits.

XENONI1T report the cut efficiency €(52) in two pieces: a set of S2-dependent selection
efficiencies plotted in Figure 2 of [16], and a flat 93% covering the selections not plotted
there. Their product runs from € ~ 0.009 at S2 = 150 PE to € ~ 0.027 at 350 PE. We gather
the efficiency in the same manner as Catena et al. [1]: the seven curves in that figure are
read directly out of its vector graphics, calibrated against the printed axis ticks, and with
the radius efficiency squared as they specify. The product then multiplies the raw fiducial
exposure. The complete set of experimental and astrophysical inputs entering the limit is
collected in Table 5.1.

Table 5.1: Experimental and astrophysical inputs used to derive the exclusion limits. The
XENONI1T quantities follow the re-analysis prescription of Catena et al. [1], and the quanta
model follows Essig et al. [15].

Quantity Symbol Value Source
Local DM density DM 0.4 GeV/cm? [1]
Circular velocity 0o 220 km/s [1]
Galactic escape velocity — v,sc 544 km/s [1]
Earth velocity (7S 244 km/s [1]
Fiducial exposure — 80 755 kg days [1,16]
S2 bins [PE] — 150-350, four bins of width 50 [1]
Observed events Nops 8, 7,2, 1 [1]
Selection efficiency €(52) S2-dependent, ~ 1072 [16]
Secondary gain 92 33 PE/electron [16]
S2 width factor 052 7 [16]
Energy per quantum W 13.8 eV [15]
Electron fraction fe 0.833 [15]
Recombination fraction  fr 0 [15]
Secondary quanta n2 (0,0,4,6,3) for (5p, 5s,4d,4p,4s)  [15]

5.3 Results and parameter space exclusion

We are now ready to evaluate the viability of the sub-GeV scotogenic model.

To study the kinematic behaviour of the model before applying cosmological constraints,
we define a theoretical benchmark: M; = 100 MeV, m; = 100 GeV, and a dark Yukawa
coupling y = 1.0. Consistent with the lepton flavour violation constraints discussed in
Section 5.1.3, a T-philic flavour structure (my = m.) is assumed.

5.3.1 Differential cross-section and event rates

The primary physical quantity influencing the detector response is the differential ionisa-
tion cross-section, doj,;, /d In Eg.

The relevant differential cross-sections for the case of sub-GeV DM scattering off a xenon
atom are illustrated in the top panel of Figure 5.1. They correspond to the outermost xenon
electron shells (5p, 5s,4d, 4p, 4s), which dominate the signal entirely. The full calculation
additionally includes the 3d, 3p and 3s shells, whose binding energies (0.711, 0.958 and



5.3. RESULTS AND PARAMETER SPACE EXCLUSION

53

10749IIIIIIIIIIIIIIIIIIIIIIIIIIII

10750

|

|

1

|

|

|

|

|

10731 |- :
- I

B |

- |

|
|
|

Differential Cross-Section do/dIn Eg [cm?]

—— 5p Shell
—— 4d Shell

5s Shell
=== 4p Shell
=== 4s Shell

10752 1 1 1 l 1 1 1 1 ll 1 1 1 1 Il 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l 1 1 1 1
0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Electron Recoil Energy Er [keV]
% 1077 T T T I T T T T I T T T T I T T T T I T T T T I T T T T 1 T T T T 1 T T T T
~ —=- 5p Shell
; ——- 4d Shell
~ 10-9F=x 5s Shell
&0 R === 4p Shell
: S e ‘\\\ M === 435 Shell
b=t S N Total Xenon Rate
5 10-11 S S
= \\\ \\
o \ \
= \ \
E 10713 | \‘ 1 -
\
S \ \
L \‘ \
1S \
~ 10-15 ‘\ ;
s \ H
= 1 1
o | |
& I ]
.k‘: 10717 1 1 1 l 1 1 1 1 l 1 1 ' 1 l 1 1 l 1 l 1 1 1 1 l 1 1 1 1 l 1 1 1 l 1 1 1 1
A 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40

Electron Recoil Energy Eg [keV]

Figure 5.1: Top: The differential ionisation cross-section doj,, /d In Eg for the benchmark
point M; = 100 MeV, evaluated at the fixed relative velocity v = 750 km/s. The distinct
step-like features correspond to the kinematic thresholds of the individual xenon atomic
shells. Bottom: The corresponding differential event rate dR;,, /dEr for a mediator mass
my = 100 GeV, after convolution with the Standard Halo Model velocity distribution.
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1.093 keV) place them within reach only for M; 2 200 MeV. Even at M; = 1 GeV they
contribute below 1% of the total rate, and including them changes the exclusion limit by less
than one per cent. The remaining shells are kinematically inaccessible: with Ep = 4.84 keV,
the 2p shell would require M; > 1.4 GeV merely to open at the galactic escape velocity.
All binding energies are taken from the Roothaan-Hartree—Fock tables distributed with
DarkART [40], ensuring that the kinematics are consistent with the tabulated response
functions. As the deposited recoil energy Er increases, the total required energy transfer
AE = ER + Ep eventually exceeds the maximum kinetic energy of the incoming dark
matter particles. When a specific shell demands more kinetic energy than is kinematically
available, it becomes inaccessible, resulting in a sharp, step-like drop in the cross-section.

The bottom panel of Figure 5.1 displays the differential event rate dR;,, /dEr. Convolving
with the Standard Halo Model velocity distribution smooths the sharp atomic thresholds
and imposes an absolute cutoff at the maximum kinetic energy available in the halo.

5.3.2 EFT-level exclusion limit on the anapole coupling

To translate the continuous energy spectrum into an experimental exclusion limit, the
differential rate is mapped onto the discrete S2 photoelectron bins utilised in the XENON1T
analysis, as derived in Section 5.2.5.

We first derive an intermediate upper limit at the effective field theory level by constraining
the NR-EFT coupling constant, cs. The advantage is that it separates the atomic physics
and the detector response from the loop mechanics of the underlying model. Because the
total predicted event rate scales quadratically with this effective coupling (N o ¢32), the
upper limit at a 90% Confidence Level (C.L.) can be determined analytically. By computing
the expected number of events Nyt for a chosen benchmark coupling cg test, the maximum
allowed coupling cg max for a specific S2 bin is obtained by scaling against the 90% C.L.

upper limit on signal events (Ngg) for that bin,

up
C8 max — C8,test\| 7 - (523)

This scaling is evaluated across all S2 signal bins independently, and the most restrictive
bin dictates the final phenomenological exclusion for a given dark matter mass. Once
this cg max curve is established, any combination of the model parameters generating the
anapole moment can be evaluated against it.

The resulting 1D exclusion limit is presented in Figure 5.2. The solid curve denotes
the maximum allowed coupling cg, with the shaded region above it excluded by the
experimental data. The most stringent constraint reaches cg ~ 6.0 X 1076 at M; = 71 MeV.
Numerical values of the limit at representative masses are collected in Table 5.2, together
with the equivalent bounds on the anapole moment ¢/A? (defined in Section 5.3.3) and on
the Yukawa coupling.

Above the optimum the limit gradually weakens. While heavier particles possess sufficient
kinetic energy to trigger the detector, the local dark matter number density (1, = ppm/M1)
decreases inversely with mass. This reduces the total particle flux passing through the
target, resulting in a weaker constraint.

Conversely, as the mass decreases below the optimum the limit weakens exponentially,
and the origin of that collapse is the quantisation of the ionisation signal. To register in
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Figure 5.2: The 90% C.L. upper limit on the effective anapole coupling cg derived from the
XENONT1T S2-only data. The shaded region above the solid curve represents the parameter
space excluded by the experiment. The limit weakens sharply below M; ~ 30 MeV since
the ionisation signal is quantised, as explained below.

Table 5.2: The 90% C.L. upper limit on the effective anapole coupling cs, the equivalent
limit on the anapole moment g/A? = cg/(8¢Mim,), and the corresponding bound on the
Yukawa coupling for m; = 100 GeV. Couplings above these values are excluded.

M; [MeV] cs JA? [GeV~?] (m, = 100 GeV)
8 y iy
20 33x107% 13.4 5649
30 2.5x107° 0.667 1260
50 7.0x1076 0.113 520
100 6.4%x 1076 0.052 350
200 7.8x 1076 0.031 273
300 1.1x107° 0.029 265
500 1.9x107° 0.031 270
700 2.9%x107° 0.033 280

1000 4.6 x 107 0.037 296
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the analysis window an event must produce an S2 signal above 150 PE, which for g» = 33
requires roughly 1, > 5 extracted electrons. The largest number of electrons a halo particle
can possibly generate is set by the maximum energy it can deposit,

IMo2,, — Eif
W 7

= 14

(5.24)

with W = 13.8 eV the average energy per quantum. Evaluated for the loosely bound 5p
shell, this ceiling falls from n*®* = 7 at M; = 30 MeV to n** = 5 at 20 MeV, and to n;** = 2
at 11 MeV. Once n;"™ drops below the 7, ~ 5 required by the threshold, only the far tail
of the Gaussian S2 smearing can contribute: at 7, = 2 the mean signal of 66 PE lies more
than 80 below the threshold, and the detection probability becomes numerically zero. The
scattering itself remains kinematically open throughout. At M; = 30 MeV a particle at
Umax ~ 788 km/s still carries ~ 104 €V, far above the 12.4 eV binding energy, but the signal
simply cannot be made large enough to be seen.

5.3.3 Validation against a published exclusion limit

The exclusion limits presented here rest on an independent implementation of the scattering
rate, the detector response model and the binned Poisson statistics. It is therefore essential
to verify the complete pipeline against an established result before applying it to the
scotogenic model.

A direct benchmark is available. Catena et al. [1] apply the same XENONIT dataset and
the same atomic response functions to a set of generic electromagnetic dark matter models,
including a Majorana anapole interaction defined by

Lanapole = %5{7”7/5)( avav. (5.25)

Because a Majorana bilinear acquires a factor of two from the second Wick contraction, the
physical vertex coefficient of this Lagrangian is ¢/A?, which maps directly onto the form
factor derived in Chapter 3. Their coupling is therefore identified with the anapole form
factor of this work through
S = lfal=
A2 AT 3eM im,”

allowing us to compare our cg limit of Figure 5.2 directly to their results.

(5.26)

The comparison is shown in Figure 5.3. Across the full range of the published curve,
M; =17 — 1000 MeV, the limit derived here reproduces it to within 3%.

This is a good validation, because it tests the whole pipeline of this thesis at once: the
anapole form factor of Chapter 3, the non-relativistic matching of Chapter 4, and the atomic
responses, the detector model and the statistics of this chapter. None of the numerical
inputs are shared. The response functions used in this work come from DarkART [40],
whereas [1] computed theirs with DarkARC, the earlier Python code published with their
preprint. Furthermore, the detector efficiency €(52) has been reconstructed independently
from the XENONIT figure. Two tabulations of the same atomic integrals, produced by
different codes, could very well explain the ~3% deviation of these two results.

Neither this work nor [1] attempts to reproduce the official XENONIT limit, which uses
a mass-optimised signal region and subtracts the estimated background. For the official
XENONIT results [16], in the S2 € [150,200) PE bin the collaboration estimates 2.43
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Figure 5.3: The 90% C.L. XENONI1T exclusion limit on the anapole coupling ¢/A? derived
in this work (dashed), compared with the published limit of Catena et al. [1] (solid grey).
The reference curve was extracted from the vector graphics of their Figure 10 and calibrated
against the printed axis tick marks. The two agree to within 3%.

background events among the 8 observed, so ignoring the background raises the 90%
upper limit from 10.57 to 12.99 signal events, a factor 1.11 in cg. The limits presented here
are therefore conservative.

5.3.4 Global constraint landscape and the thermal relic tension

While the experimental limits on the effective coupling cg are robust, evaluating the viability
of the scotogenic model requires mapping these constraints back onto the fundamental
parameter space. The parameter that carries the mapping is the single Yukawa coupling
y = yo1 of Equation (2.3). Because 7 is an SU(2); doublet containing both charged and
neutral scalars, that one coupling controls two different things at once. It sets the strength
of the loop involving n* and the 7, which generates the anapole moment studied here, and
it connects N; to the neutral scalar and v, which governs the tree-level annihilation rate in
the early universe. The central tension of the model follows from that shared dependence.

If N1 was produced by standard thermal freeze-out, its annihilation cross-section is set by
the relic condition of Section 5.1.4. Annihilation into the 7 sector is kinematically closed for
sub-GeV masses (2M; < 2m), so Ny annihilates entirely into active neutrinos. Inverting
the relic condition of Kubo et al. [29] gives the Yukawa coupling required to meet the
thermal target,

/4

47'(M%Xf<av>target ! (5.27)

r2(1—2r +2r?)

Yreq =

where x fis the freeze-out parameter, evaluated at each mass as in Section 5.1.4, and
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ri = M;/(M} + myp). This required coupling must also satisfy the perturbative limit of

quantum field theory (y < V4m = 3.54). If yreq exceeds this ceiling, the loop expansion no
longer converges.

To show how these constraints combine, we map the full (M;, m,,t) plane in Figure 5.4.
At every point the Yukawa coupling required to reproduce the observed relic density is
obtained from the p-wave freeze-out condition of Section 5.1.4, and the point is retained
only where that coupling remains perturbative.
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Figure 5.4: Parameter space of the sub-GeV scotogenic model. In the coloured wedge,
thermal freeze-out reproduces Qh? = 0.12 with a perturbative Yukawa coupling, whose
required value sets the shading. The wedge is bounded from below by the LEP constraint
on the charged scalar (solid black) and from the left by the perturbativity condition y < Vin
(solid red). In the beige region, thermal freeze-out is ruled out, and dark matter must be
produced non-thermally, as discussed in Section 5.3.6.

Two boundaries constrain the surviving region. The LEP-II searches for charged scalars
bound ;= from below. The relic condition restricts the viable parameter space from the
left, as reproducing the observed abundance at low M; demands a coupling beyond the
perturbative ceiling.

At the LEP floor of m, = 90 GeV the sub-GeV window opens at M; ~ 480 MeV, and at the
lower end of the LEP range quoted in Section 5.1.1, m,, = 70 GeV, dark matter masses down
to roughly 280 MeV would meet the relic density target. At the m, = 100 GeV benchmark,
which is used later in this chapter, the floor rises to 600 MeV. Below these boundaries, and
for any mediator heavier than about 127 GeV, the required Yukawa coupling is instead
driven into the non-perturbative regime (yreq > V47).

Thermal freeze-out is therefore viable for sub-GeV scotogenic dark matter, but only in a
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narrow corner of the parameter space, namely a dark matter mass above roughly 480 MeV,
a mediator confined between the LEP bound and roughly 127 GeV, and a Yukawa coupling
(Yreq = 2.5 — 3.5) that stays within 30% of the perturbative ceiling. Herms et al. [41] reach
the opposite verdict for this model, because they require N itself to generate the observed
neutrino masses. However, the t-philic structure adopted here removes that requirement
and makes sub-GeV scotogenic dark matter perturbatively viable.

Direct detection is not able to probe the viable parameter space. The XENONIT limit only
begins to exclude couplings around vy = 265, which exceeds the thermal requirement by
a factor of 78 at M; = 600 MeV, the lightest mass with a perturbative thermal solution
at this benchmark, and by 106 at M; = 1 GeV. The experimentally excluded region and
the cosmologically preferred region are separated by roughly two orders of magnitude in
coupling, and therefore by eight in event rate. That separation does not depend on where
the LEP bound is placed, since the excluded coupling and the thermal requirement both
scale as m,,.

5.3.5 The thermal window over the full mass range

Looking at the parameter space above, there is no compelling reason to restrict the scope
of the scotogenic model to a sub-GeV window. The perturbativity condition allows a
much larger viable mass range above that cut-off: because the required coupling scales
as Yreq  My/ \VM; for my > M, the heaviest allowed mediator grows roughly as VM,
reaching m,= ~ 180 GeV at M; = 2 GeV and m,+ ~ 380 GeV at M; = 10 GeV. Repeating
the construction of Figure 5.4 over five decades in mass, we obtain the complete thermal
window of the model shown in Figure 5.5.

Along the LEP floor the required coupling falls from y ~ 3.5 at M; = 0.5 GeV, within a per
cent of the perturbative ceiling, to y ~ 1.2 at 5 GeV and y = 0.5 near 100 GeV, where the
model is at its most comfortable. Beyond that the window narrows again, because N can
only be the dark matter while it is lighter than the mediator, which follows from taking the
fermion as the candidate, instead of the inert scalar. It closes altogether at M; = 3.9 TeV
where that requirement meets the perturbativity bound. The scotogenic model is therefore
considerably better suited to the GeV-TeV range than to the sub-GeV masses studied here,
and the tension documented above should be read as a statement about light dark matter
specifically, and not the whole scotogenic model itself. This is consistent with the emphasis
of the recent review of Avila et al. [22], which restricts its treatment of fermionic scotogenic
dark matter to masses above 1 GeV. Lighter candidates are achievable only under particular
circumstances, and this work quantifies what those circumstances are.

5.3.6 Viability through non-thermal production

The parameter scans from Section 5.3.4 show that standard thermal freeze-out survives
only above M; ~ 480 MeV, and only for mediator masses close to the LEP bound. For
the lower half of the sub-GeV range the required coupling is non-perturbative, and an
alternative production mechanism becomes necessary. Coannihilation [39] cannot resolve
this tension either, since it requires the dark matter and its partner to be degenerate to
within a few per cent, as Section 5.1.4 noted. LEP, however, forces m, 2 90 GeV against
a sub-GeV Ny, and since N; is a gauge singlet, every channel that could deplete it runs
through the same heavy scalar.

In this non-perturbative regime the model must rely on a non-thermal cosmological history,
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Figure 5.5: The thermal window of the model over the full mass range. As in Figure 5.4, the
coloured region is where freeze-out reproduces Qh? = (.12 with a perturbative coupling.
Three boundaries constrain it: the LEP constraint (grey, below), perturbativity (solid red,
above), and the requirement that N be the lightest Z,-odd state (grey, right). The red
box marks the sub-GeV region of Figure 5.4, and the hatched band is the ATLAS stau-left
exclusion of Section 5.1.2. Direct detection exclusion limits are not drawn: below 1 GeV the
limit lies far above the perturbative ceiling, and above it a nuclear-recoil analysis would be
needed.

such as the Feebly Interacting Massive Particle (FIMP) freeze-in mechanism [42]. Here
Nj never thermalises. Its abundance is instead built up slowly out of the thermal bath,
through the rare decays of 1 particles that are themselves in equilibrium. Every member
of the doublet contributes, since n* — t*N; and 170 — v;Nj all run through the same
Yukawa coupling and therefore proceed at the same rate.

The coupling this requires can be computed. Inverting the freeze-in relation of Hall et
al. [42], summed over all four decaying states of the doublet, each of which the chiral
Yukawa gives the width I" = me77 /167 in the limit m,, > M, m., the observed abundance
requires

yrvp & 1 x 1071 = 7x 1071 (5.28)

across M; = 30 — 1000 MeV at m, = 100 GeV, which agrees with the order of magnitude
usually quoted for freeze-in. Avila et al. [22] obtain the same dependence on both masses
for this mechanism, with normalisations differing by a factor of a few.

That coupling unfortunately closes the door on direct detection. The anapole rate scales as
y*, so moving from the thermal branch to the freeze-in one suppresses it by roughly 45
orders of magnitude. Figure 5.6 places both mechanisms on the same axis as the XENON1T
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exclusion limit of Section 5.3.2. Even on the thermal branch the predicted cg lies four orders
of magnitude below the XENON1T bound, which is eight orders in event rate. The freeze-in
prediction cg ~ 8 x 10732 lies more than twenty-five orders below it. Reaching the thermal
prediction at M; = 1 GeV would take on the order of 3 x 107 tonne-years, against the
200 tonne-years projected for DARWIN [43], which is a proposed next-generation xenon
observatory.

The same small coupling that closes the direct detection door opens a different one. A
particle that couples feebly also decays slowly, and the decay width quoted above gives
the charged scalar a proper decay length

16mhc
y?my
which is about 10717 m for the y ~ 3 of the thermal branch but 20 — 650 km for the freeze-in

coupling. In a collider detector the thermal mediator would decay almost instantly, while
the freeze-in mediator crosses the entire apparatus and leaves a distinctive track behind it.

(5.29)

cTy =

The scotogenic model is therefore not untestable in general, only in a direct-detection
chamber. The coupling that suppresses the anapole rate by 45 orders of magnitude is the
same one that gives the mediator a macroscopic lifetime, which is what makes it possible
to probe the model at particle colliders instead of underground TPCs.
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Figure 5.6: The 90% C.L. upper limit on cg from XENONIT (blue), compared with the
coupling predicted by thermal freeze-out (green) and by freeze-in (orange), all at m,) =
100 GeV. The thermal curve is drawn only above M; = 600 MeV, below which the required
coupling is non-perturbative (dotted line). Faint dashed curves give the reach of 102, 10*
and 10° times this exposure under background-free scaling. Arrows give the shortfall in
event rate, which scales as cg.

The same conclusion has been reached once before for a related model. Fiaschi et al. [44]
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study MeV-to-GeV right-handed neutrino dark matter in the SLIM model and also find
the predicted cross-sections too small for direct detection, for the same reason found
here: LEP only allows for heavy charged mediators, and the rate is therefore significantly
suppressed.



Chapter 6

Conclusion and Outlook

mal scotogenic model is the main focus of this thesis. To avoid strict experimental
bounds from charged lepton flavour violation, such as uy — ey, we assumed a
strictly 7-philic flavour structure. Since the dark matter candidate N, is a Majorana fermion,
its vector charge and both its magnetic and electric dipole moments vanish identically un-
der charge conjugation. This leaves the loop-induced anapole moment as its leading-order
electromagnetic interaction with Standard Model particles.

E}IRBCT detection phenomenology of sub-GeV Majorana dark matter within the mini-

Mapping this loop amplitude onto a non-relativistic effective field theory allowed us
to derive the inelastic scattering cross-section against bound atomic electrons. We then
convolved the continuous differential event rate with the Standard Halo Model kinematics
and mapped it onto the discrete S2 photoelectron bins of the XENONIT analysis. This
procedure yielded an EFT-level upper limit on the effective anapole coupling constant cs.
At the same time, it revealed a steep loss of sensitivity for xenon-based detectors below
M; ~ 30 MeV, which we traced to the quantisation of the ionisation signal: below this
mass the maximum number of electrons a halo particle can ionise falls below the number
required to exceed the 150 PE analysis threshold, even though the scattering itself remains
kinematically allowed.

Our most important result is the evaluation of the scotogenic parameter space under global
constraints. Under the 7-philic assumption the relevant physics is governed by a single
entry of the Yukawa matrix, y = y1, which controls both the loop-induced anapole scatter-
ing rate and the tree-level p-wave annihilation into active neutrinos. Satisfying the Planck
relic density target requires a specific coupling strength, but precision measurements from
LEP bound the charged scalar mediator to m,= > 90 GeV. Our parameter scans demon-
strated that enforcing this heavy mediator mass severely suppresses the early universe
annihilation rate.

Consequently, achieving the correct thermal relic density requires Yukawa couplings that
violate the perturbative limit of quantum field theory (y > V4r) for M; < 600 MeV at
my = 100 GeV, or M; < 480 MeV at the LEP floor. Thermal freeze-out therefore remains
viable in the upper part of the sub-GeV range, provided the mediator sits close to its collider
bound. The ATLAS search for direct stau production excludes charged scalars between 155
and 310 GeV once the single doublet scalar is matched to stau-left production alone, which
lies above the mediator masses a sub-GeV candidate can have. The mediator is therefore
confined from below by LEP and from above by perturbativity, to m,: ~ 90 — 127 GeV,
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while the dark matter mass is bounded only from below, M; > 480 MeV. Additionally, the
heavy mediator strongly suppresses the anapole loop function. This shifts the XENONI1T
exclusion limit to unphysical couplings (y 2 265). Because this experimental limit lies
far above the perturbativity bound, direct detection currently has no sensitivity to the
physically viable thermal parameter space in this model.

Below that window, where thermal freeze-out would demand non-perturbative couplings,
the model must rely on a non-thermal cosmological history. A mathematically consistent
alternative is the Feebly Interacting Massive Particle (FIMP) freeze-in mechanism. In this
scenario, dark matter is produced slowly in the early universe via rare decays from the
thermal bath (n* — t*+Nj and 1° — v, + Nj). To achieve the correct relic density without
overclosing the universe, this mechanism requires microscopic Yukawa couplings on the
order of y ~ O(10711).

Adopting the FIMP framework resolves the perturbativity issue, but at a cost to the experi-
mental outlook. Because the anapole scattering cross-section scales with y4, the transition
to a freeze-in coupling (yrmp ~ 1 X 1071 — 7 x 107, computed from the freeze-in relic
condition) suppresses the expected direct detection event rate by roughly 45 orders of
magnitude. The dark matter signal therefore falls far below the sensitivity threshold of
noble gas TPCs like XENONNT [45], LZ [46] or DARWIN [43]. Consequently, experimental
verification of sub-GeV scotogenic dark matter cannot be achieved through direct detection.
Instead, it must rely on collider searches probing the long-lived charged scalar n* at facili-
ties like the High-Luminosity LHC [47] or future lepton colliders such as the FCC-ee [45].
On the theoretical side, a natural continuation is to extend the analysis from isolated
atoms to semiconductor targets, for which the crystal response formalism of Griffin et
al. [49] provides the appropriate framework, and to the coherent nuclear-recoil regime that
governs masses above a GeV.



Appendix A

Algebraic Reductions for the
Electromagnetic Vertex

A.1 Algebraic reduction of the photon-lepton numerator
To extract the physical anapole moment, the raw loop momenta within the finite numerator

of Figure 3.6 must be algebraically reduced into the external dark matter mass M; and the
momentum transfer g = p’ — p.

The finite numerator is given by
Nefin = [(?' — QI (p — Qo)+ mf y* | Pr. (A1)

Substituting the shift vector Q. = xp” + yp, the brackets expand into four distinct momen-
tum structures,

N = (0= 000 =y = <=y

=y =ypytp + xypyty’ +mi y*|Pr. (A2)
Evaluating these terms between the external Majorana spinors i(p’) and u(p), we system-
atically apply the Dirac equations of motion (pu(p) = Miu(p) and ui(p’)p” = Maii(p’)) [3],

the chiral commutation relation (p Pr = PLp), and the Clifford anti-commutator (AyrA4 =
2AHA — AZyH).

Term 1:

i(p) [p'y*pPr| ulp) = Myii(p’)y*pPru(p)
= Muii(p’)y*Prpu(p)
= Mia(p")y*PLu(p) (A.3)
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Term 2:
iw(p’) [p'y*p'Pr] u(p) = a(p’) [2p"p’ — Miy*| Pru(p)
= 2Mp"tiu(p’)Pru(p) - Mfﬁ(p’)y”PRu(p) (A.4)
Term 3:
a(p’) [py*pPr]u(p) = a(p’) [2p*p — Miy*] Pru(p)
= 2p*a(p")Ppu(p) — Mia(p)y* Pru(p)
= 2Myp*ii(p")Pru(p) — Miii(p’)y* Pru(p) (A5)
Term 4:

Using q = p’ — p, the substitutions p’ = p + g and p = p’ — ¢ are applied to allow the
momentum operators to act directly upon their corresponding external spinors,

ia(p’) [py"p'Pr] ulp) = a(p’) [(p" — " (p + §)Pr] u(p)
=i(p’) [’ = Py Prlp + )] u(p). (A.6)

Expanding the brackets and applying the equations of motion yields
- a(p’)[Mfy#PL + MyyHPLg - Mygy*Py

—2q"qPr + q2y“PR]u(p). (A7)

Final Reduced Numerator for the photon-lepton diagram

Summing the four reduced momentum terms alongside the lepton mass term, the com-
pletely evaluated finite numerator for this diagram, evaluated between the external Majo-
rana spinors, takes the form

BN 1 (p) = ()] (1= (1 = y)MEYFPL
—x(1-x) [2M1p'“PR - Mfy“PR]
—y(1-y) [2M1p"PL - M}y*PR]
+xy [My"PL + Miy"Prg — M1gy" P — 2q"4Pg + q*y* Pg|
+ mzly”PR}u(p). (A.8)

This expression is now entirely free of internal loop momenta and is prepared for combi-
nation with Figure 3.7 prior to the final application of the Gordon decomposition.
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A.2 Algebraic reduction of the photon-scalar numerator

An identical reduction is now applied to the finite numerator of Figure 3.7. Because the
external photon couples directly to the internal scalar loop instead of the fermion line, the
chiral projector Pr is not separated by an internal y* matrix.

The finite numerator is
Ny pin = (p = Qa)PRQY + 1) (A.9)

Substituting the shift vector Qs = zp — xg, the two bracketed factors evaluate to

P—Qa=p-(Gzp—xq)=010-2)p+xq (A.10)
2Qs + gt =2(zpt — xq") + g = 2zp" + (1 — 2x)g". (A.11)

Multiplying these brackets together yields four distinct terms. Because the momentum
vectors p* and g* commute with the Dirac matrices, they can be factored to the front of
the spinor bilinear,

(P NG 1,1 (p) = 1(p") | 22(1 = 2)pHpPr + (1 = 2)(1 = 26)g¥ pPy

Term 1 Term 2
+2zxptgPr +x(1 - 2x)g"gPr |u(p). (A.12)
Term 3 Term 4

We systematically apply the chiral commutation relation (pPg = PLp) and the Dirac
equation of motion (pu(p) = Miu(p)) to the terms containing p.

Term 1:

2z(1 = z)pta(p")pPru(p) = 2z(1 — z)p i (p”)PLpu(p)
=2z(1 - z)Mupti(p')PLu(p) (A.13)

Term 2:

(1 =2z)(1 —2x)q"u(p")pPru(p) = (1 — z)(1 — 2x)q"#i(p")PLypu(p)
= (1= z)(1 = 2x)Maq"i(p")PLu(p) (A.14)

Terms 3 and 4:

In the remaining terms, the 4 matrix is situated between ii(p’) and the projector Pru(p).
Because 4 cannot be directly reduced by the equations of motion without further kinematic
expansion, these terms remain unchanged for the time being.
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Final Reduced Numerator for Figure 3.7

Summing these evaluated components, the fully reduced finite numerator for this diagram
takes the form

iw(p" )Ny

o) = 1(p){22(1 = )M1pFPL+ (1= 2)(1 = 26)Mi1g* Py

+2zxptgPr + x(1 - 2x)q“gPR}u(p). (A.15)

A.3 The chiral Gordon decomposition

To extract the physical O(g?) anapole moment from the reduced amplitudes, all instances
of the bare incoming momentum (p*) must be eliminated in favour of the momentum
transfer q#. Because the terms are bound by chiral projectors (Pr and Pr), the specific
chiral Gordon identities must be derived [3].

By evaluating the commutator of 4 and y#Pg 1 between the external spinors, applying the
chiral commutation relations (;pPR =P y), and enforcing the Dirac equations of motion
(pu(p) = Myu(p) and u(p’)p’ = Myii(p’)), we find

i(p")gy* Pru(p) = i(p")p’ — p)y* Pru(p)
=i(p’) [Miy*Pr — (2p* — y*p)Pr] u(p)
=ii(p’) [M1y"Pr — 2p"Pr + M1y*Pr| u(p). (A.16)

Because Pr+ Pr, = 1, the M; terms combine to yield ii(p”)[M1y* —2p*Pr]u(p). Rearranging
this expression provides the direct substitution rules for the bare momenta,

i(p")2pt Pru(p) = i(p’) [Mly” - gy“PR] u(p) (A.17)
i(p")2ptPru(p) = i(p’) [Mly” - g)/“PL] u(p). (A.18)

A.3.1 Applying Gordon decomposition to the photon-lepton diagram

Returning to the evaluated finite numerator for Figure 3.6, the bare incoming (p*) and
outgoing (p’*) momenta are present in Term 2 and Term 3,

AN 1 1(p) = (] (1= )1 = MEYFPL
— x(1 - x) [2Mp"*Pr — M;y"Pg]
—y(L = y) [2M1p*PL - M{y*Pr]
+xy [M{y#Pr + Miy"Prg — M1gy"Pr — 2q*4Pg + q*y* Pg |
+ m?ay”PR}u(p). (A.19)

The chiral Gordon identities are systematically applied. For the outgoing momentum in
Term 2, utilising the relation 2p"tPgr = My y# + y#¢Pr yields

2M1p'*Pr — M7y*Pr = Mi(Myy* + y#qPr) — M7y Pr
= M{y*(1 - Pr) + M1y*qPr
= M}y"PL + Myy*qPx. (A.20)
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For the incoming momentum in Term 3, utilising 2p* P, = Myt — q yH#Py gives
2M1p*Pp — M{y*Pr = My(Myy* — qy*PL) — M3 yHPr

= Miy#(1 = Pr) = Migy*Py
= M{y"PL — M1gy"Py. (A.21)

We observe that the structure M %y“PL can be factored out of both substitutions.

The Fully Decomposed photon-lepton numerator:

Substituting these evaluated components back into the main expression, the Gordon-
decomposed finite numerator for Figure 3.6 is

AN 1 (p) = 1 (1 = )1 = MEYIPL
—x(1 —x) [M}y"PL + Mn/“gPR]
—y(1-y) [M{y"PL - M1gy"PL]
txy [M%V“PL + Myy*PLg — Miqy*PL - 2q9"4Pr + qu#pR]
+ m?ﬂy“PR}u(p). (A.22)

A.3.2 Applying Gordon decomposition to the photon-scalar diagram
The finite numerator for Figure 3.7 before decomposition is given by

iw(p" )N

it (p) = ﬁ(P'){QZ(l = z)M1p*Pp + (1 = z)(1 = 2x)M1 " Py,

+2zxpHqPr + x(1 - 2x)q“gPR>u(p). (A.23)

The chiral Gordon identities are applied to the terms containing the bare momentum p*
(Term 1 and Term 3).

Term 1 Substitution:

Using the derived identity for 2p*Py,

z(1 = z)M; (2p"PL) = z(1 — z)M; (Mly“ — gy“PL)
=z(1 - 2)M{y* — z(1 - z)M1gy*Py. (A.24)

Term 3 Substitution:

This term contains an internal 4 Pg contraction. This inner structure is first reduced utilising
the equations of motion,

ii(p")qPru(p) = u(p')(p’ — p)Pru(p)
= Myii(p")Pru(p) — i(p")Prpu(p)
= Myii(p')(Pr - Pp)u(p). (A25)
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Thus, Term 3 is rewritten as zx M (2p* Pr — 2p*Pr). Both chiral Gordon identities are then
substituted,

zle[ (Mly“ - g)/“PR) - (Mly“ - gy“PL) ] = 2xM, (—gy”PR + gy“PL) . (A26)

The Fully Decomposed photon-scalar numerator:

By collecting the expanded Term 1, the unchanged Term 2, the expanded Term 3, and the
unchanged Term 4, the complete, Gordon-decomposed numerator for the photon-scalar
diagram is assembled,

B(pONG 1, 1(p) = (p") {21 = )MV = 2(1 = 2)Mig Py
+(1-2z)1-2x)M19"Py,
—zxMigy¥Pr + zxMiqy*Pyr

+x(1 - 2x)q”gPR}u(p). (A.27)

Through this procedure, all instances of the bare momentum p* have been eliminated in
favour of the momentum transfer g#, while preserving the Pr and P chiral projection
structures.

A4 Analytical reduction of the integral to the Kopp formalism

While the one-dimensional integral for the anapole form factor f4 can be evaluated via
computer algebra systems such as Mathematica [33], the raw output is rather chaotic.
Evaluating the integral over the Feynman parameter z yields the following mathematical
expression,

1
raw — X
124/—€2 — (=1 + p)2 + 2e(1 + p)
1 —
(2 — 6€ + 6u) arctan tetk
V—€2— (=1 + )2 +2e(1 + p)
1-—
+(2 = 6€ + 6u) arctan cre
V-2 — (=1 + )2 + 2e(1 + )

+3v—(=1+€)2+2(1 + e)u — u2In (5) ] (A.28)

To demonstrate equivalence with the closed-form Effective Field Theory expression de-
rived by Kopp et al. [26], this raw output must be analytically simplified. Expanding the
argument of the square roots present in the denominator and the logarithms reveals that
it corresponds exactly to the negative square of the standard kinematic discriminant R,

—e? = (14w + 2e(1+ ) = = [(u— 1 - €)* —de| = -R2, (A.29)

Because the physical parameter space dictates that R?> > 0, the algorithmic evaluation
has analytically continued the integration into the complex plane, making the square root

imaginary: V-R? = iR.
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Substituting iR into the raw integral output, the imaginary unit can be extracted from the
inverse tangent functions via the complex identity arctan(—iz) = —i arctanh(z). Multiply-
ing the global prefactor 3% by the extracted —i introduces an overall minus sign to the

arctanh terms,

1 , l+e—pu l-e+upu ) €

= 1ok [(2 — 6e + 61)(—1) (arctanhT + arctanhT) + 3iR1n (ﬁ)]

_ 2—-06e+6pu l+e—pu l-€e+upu 1 €

= oR (arctanh R + arctanh R ) + 1 In (}1) . (A.30)
The inverse hyperbolic tangent addition formula, arctanh(x)+arctanh(y) = arctanh ( lx:jcyy ,

is now applied to combine the remaining terms. Defining x = (1+ € —u)/Rand y =
(1 — € + u)/R, the numerator of the combined argument simplifies to x + y = 2/R.

The denominator expands as

1—(e—u)? R*+1-e*+2epu—y?

l+xy=1+ R Rz (A.31)
Expanding R? = p? + €% + 1 — 2u — 2ep — 2¢, the sum evaluates directly to
2-2u—-2 2(1-u-e€
|y 2z2m2e Az (A32)

R2 ~  R2

Dividing the numerator by the denominator, the argument of the arctanh function simpli-

fies to 2/R R
x+y B
l+xy 20-u-€)/R2 1-pu-¢€ (A-33)

R
1-u—e

Thus, the sum of the two arctanh functions is equal to arctanh ( ) To match the sign

convention in the literature, a minus sign is factored out of the argument denominator,
utilising the antisymmetric property arctanh(-z) = —arctanh(z),

arctanh ( ) = —arctanh ( (A.34)

l-pu—e y—1+e)'

Substituting this simplified argument back into the simplified integral, the minus sign
extracted from the arctanh cancels the leading minus sign from earlier. Simultaneously,
the logarithm argument is inverted (In(e/u) = —1In(u/€)),

[ 2(1-3e+3u) R 1. (u
I = (—T) (—arctanh (m)) - Zln (E)

1 gy 1-3e+3p R
= _Z In (2) + G—Rarctanh (m) . (A35)

Finally, factoring out a global —1/6 mathematically organises the terms into the exact
structure required,

2

I:—l[?’ln(“)—m . (A.36)

R
arctanh | ——
6 R (y—1+e)
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Restoring the global loop prefactor % from the full amplitude evaluation, the factor of
1

1/6 extracted from the integration multiplies the denominator to 9672, yielding the final
effective vertex form factor,

atl? 1+3u-3 —-1-€)?—4e
fa= _e|y—1|2 §hrl (E) - H—oe arctanh \/(IJ ) . (A37)
96m2M; |2 \e Vu-1-¢€)2-4e pu—1l+e

This algebraic reduction proves that the raw momentum-space loop integration derived in
this work is mathematically identical to the coordinate-space EFT derivation presented by
Kopp et al.



Appendix B

The Relativistic Amplitude

B.1 Squaring the relativistic amplitude and trace evaluation

To determine the scattering cross-section, the matrix element M must be converted to the

unpolarised squared amplitude | M|2. By squaring the amplitude, summing over the final
spin states, and averaging over the initial spin states, the Dirac spinors are mapped into
evaluable momentum traces via Casimir’s trick.

The fully contracted ¢-channel amplitude is given by
M= —efy [ﬁ(p’)y”y%(p)] [ﬁ(k’)yyu(k)] . (B.1)

Computing |M[* = MM requires the Hermitian conjugate of the amplitude. Taking the
Dirac adjoint (I' = ¥°T"y?) of the anapole vertex yields

(PFYP) =y Pttt = By 0pity0 = ) Oty 50, (B.2)

Since (y°)? = L, the adjoint vertex reduces to y#y5. Therefore, the unpolarised squared
amplitude factorises into the contraction of a dark matter tensor Lgv[ and an electron tensor
LE,yV;
—= 1 1
IMP =2 3 IMP = < (e fa) Ly Lo, (B3)
spins

where the prefactor of 1/4 accounts for averaging over the two initial spin orientations of
both the dark matter particle and the target electron.

Evaluating the dark matter tensor, the fermion completeness relation }; u(p, s)ii(p, s) =
p + M is applied to convert the spinor brackets into a closed trace over Dirac matrices,

Ly = Te [(p" + M)y"y°(p + M1)y"y?] . (B.4)

Utilising the anti-commutation relation {y*,y°} = 0, the first ° is commuted through the
momentum slash p, yielding y°p = —py°. Because y° commutes with the scalar mass Mj,
the trace becomes

Ly = Tr [(p" + M)yH(=p + M1)y°y"y°] . (B.5)
Commuting y° past y” introduces an additional minus sign, and applying (y°)? = I
removes the axial components entirely,

Ly = Tr [(p" + M)yt (p — Mi)y'] - (B.6)
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Since the trace of an odd number of gamma matrices vanishes, the mass-linear cross-terms
evaluate to zero. The remaining terms are expanded using the standard trace identities
Tr[y#y¥] = 48" and Tr[dyHPy"] = 4(ab” + a"b¥ - g (a - b)),

L =4 (pMp" +pPp” — g (p - p') — AMIg"". (B.7)
Rearranging the terms, the dark matter tensor evaluates to
Lom =4 [p"p" +pp" = 8" (p - p" + MP)] . (B.8)

The electron tensor L., is evaluated similarly, lacking the initial axial y® terms. This
yields the standard QED vector current tensor,

Loy = Te [(F + me)yu(k + me)yy]| = 4 [kyk; Kk — gk - K — mg)] . (BY)

The two tensors Lg{v[ and L., are subsequently contracted. Expanding the algebraic
product yields

Lowt- Le = 1620 - F)p - K) +2(" - K)(p - ©)
—2p - p)k-K =mZ) =2k k')(p-p +M?)
+A(p-p + Mk K - mg)]. (B.10)

Expanding the terms involving metric contractions,
Term 1: —2(p - p')k- k') +2m2(p - p’)
Term2: —2(p - p')(k - k') — 2M3(k - k')
Term 3: +4(p - p')(k - k') —4m2(p - p’) + 4AM?(k - k') — 4M?m?..

Summing these terms, the pure momentum-squared components perfectly cancel. The
remaining mass-dependent terms simplify to

OMA(k - k') = 2m2(p - p’) — AM?m?. (B.11)

Factoring out a common factor of 2 and substituting back into the full tensor contraction
yields

Lom-Le =32 [(p" - K)p - k) + (p" - K)(p - k) + Mi(k - k') = m(p - p) = 2Mim| . (B.12)

Restoring the initial spin-averaging factor of 1/4 yields the unpolarised squared matrix
element,

IMP2 =8(efa)? [(p - K)p k) +(p" - k)(p - k') + M2(k - K') = m2(p - p') — 2M?m?] . (B.13)

To optimise this expression for direct detection kinematics, the initial and final state dot
products are rewritten in terms of the four-momentum transfer g = p—p’ = k’—k. Squaring
the momentum transfer provides relations for the two dot products,

2

P=(p-pPeaMi-2p-p) = pop=Mi-T (B.14)

??=FK -k?=2m>-2k-k) = k-kK=m>-—. (B.15)
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The mixed initial-final state dot products (p-k’, p’ -k, and p’ - k’) are subsequently expressed
entirely in terms of the initial state collision parameter (p - k) and g%. Using p’ = p — g and
k"=k+q,

plok=(p-q-k=p-k-q-k (B.16)
p-k=p-(k+q)=p-k+p-q (B.17)
pk=(p-—q) - (k+q) =p-k+p-q—q-k—q° (B.18)

The g dot products are evaluated by contracting g with the definitions g = p — p’ and
qg=k -k,

9\ _q°
P-q=p-(p—p')=Mf—(Mf—3):7 (B.19)
‘< (K 2\ el
g-k=(k -k) k= my = o | =M = -7 (B.20)
Substituting these identities back, the mixed dot products simplify to
g2
plok=pok+ (B.21)
g2
pk=pk+ (B.22)
2 2
p’~k’=p-k+%—(—%)—q2=p~k. (B.23)

Applying these g%-dependent relations to Equation (B.13), the mass terms evaluate to

—2M?m? - g(M% — m?2), while the cross-terms expand into polynomials of (p - k). The
relativistic squared amplitude simplifies to

2 4
M = 8(e fa)? |20p - K + g2(p - K) = T-(M3 = m2) + - = 2m2m? | (B.24)

To align this expression with direct detection phenomenology, the remaining unknown
dot product (p - k) is evaluated in the target rest frame (the lab frame). Assuming the target
electron is initially at rest, its four-momentum is k = (m,,0). The contraction with the
initial dark matter four-momentum p = (E;, p) isolates the dark matter energy,

p-k=Eim,. (B.25)

Inserting this into the amplitude,

2 4
IM[2 = 8(e fa)? | 2E2m? + q*Eym, — %(M% - m?2) + EIZ - 2M3m?| . (B.26)

The first and fifth terms can be combined by factoring out 2m?, yielding the standard
relativistic energy-momentum relation, E f -M % = |p|?, where p is the three-momentum of
the dark matter particle,

2EIm? — 2Mim?2 = 2m2(E? — M?) = 2m2|p|*. (B.27)
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Substituting this momentum relation back into the amplitude yields
4

- 2
ME =8¢ fa)* | 2m2lp? + g Eym, — T2 —m2) +

. (B.28)

Distributing the global factor of 8 clears the denominators, resulting in the lab-frame
squared matrix element,

IME = (e fa)? [16m§|p|2 + 2q2(4E1me —oM? + zmg) 4 2q4] . (B.29)

This algebraic form facilitates the non-relativistic expansion. Because the dark matter
velocity is v = |p|/M, isolating the three-momentum explicitly exposes the leading-order
velocity dependence, while the grouped g terms systematically organise the momentum-
dependent kinematics.

B.2 Matching of squared amplitude to NR-EFT

While the exact lab-frame squared amplitude derived in Equation (B.29) is valid at all
energies, terrestrial direct detection experiments probe a strictly non-relativistic regime.
Dark matter confined to the Milky Way halo travels at velocities of v ~ 1073¢, and the
momentum transfer to the target electrons is typically on the order of O(keV). To extract the
phenomenological operators required for evaluating the scattering rate, the non-relativistic
(NR) limit must be applied to the matrix element.

Starting from the final result of the previous section,

IME = (e fa)? [16m§|p|2 + 2q2(4E1me — M2 + 2m3) + 2q4] . (B.30)

In the NR limit (v <« ¢), the dark matter four-momentum p# = (E;,p) and the four-
momentum transfer g* = (qo, q) simplify significantly. The following standard kinematic
approximations are applied:

1. The dark matter kinetic energy is negligible compared to its rest mass, implying
E 1= Ml.

2. The dark matter three-momentum squared is strictly a function of its velocity: |p|* =
M?v2.
1

3. For elastic scattering, the energy transfer qo = |q|*/2pye is highly suppressed com-
pared to the three-momentum transfer |q|. Thus, the four-momentum transfer
squared reduces to just its spatial component: 4% = g3 — |q* ~ —|q|*.

Substituting these limits into Equation (B.30), and dropping the internal 4* ~ |q|* term as it
is highly suppressed by O(|q|*/m*) compared to the mass-dominant terms, the amplitude
becomes L

IMP2 = (e fa)* [16Mfm302 —2|qf? (4M1mg —2M? + Qm,?)] . (B.31)

To match this to the standard NR-EFT framework, the DM velocity squared v? must be
expressed in terms of the Galilean-invariant transverse velocity, v*. By definition, v* is
the component of the initial relative velocity orthogonal to the momentum transfer,

vi=y--3 (B.32)
2fhye
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where iy, = ]\1/\1411::;5 is the reduced mass of the dark matter-electron system. The matching

is performed for a free electron at rest, so the scattering is elastic and v* - q = 0. The
bound-state corrections that break this orthogonality are taken up in Section 4.3 and do
not affect the operator content matched here. Squaring the definition then yields a direct
relation for v2,

2 132 lqf?
vt =(07) + —5. (B.33)
Asce

Substituting this v? relation back into the leading term of the squared amplitude,

2
16M2m20% = 16M2m2(v*)? + 16M2m? (4|q|2 ) : (B.34)
xe
2,2
Expanding the reduced mass in the denominator of the second term (u3, = (1\41\/111—7:12)2)’ the

product M?m? perfectly cancels,

(M1 + m,)?|q|?

16M%m62( pTyEme:
1Me

) = 4(M; + me)?lq)? = |q|2(4Mf + 8Myme + 4m§). (B.35)

This substitution generates a new |q|? term sourced directly from the velocity kinemat-
ics. This term is now grouped with the existing |q|*> block from the interaction tensor.
Distributing the —2 prefactor into the original g2 bracket allows the algebraic sum to be
evaluated,

From v?: |qf? (4Mf +8Mym, + 4m62)
From g?: —2|q/ (4M1me - 2Mf + 2me2) =|q/? (4Mf - 8Mym, — 4me2)..

Summing these two components results in an exact cancellation of the mixed mass terms
(£8M1m,) and the electron mass terms (+4m?). The total contribution simplifies to a pure
dependence on the dark matter mass,

Total |q|* contribution: |q|? (4Mf + 4Mf) = 8Mf|q|2. (B.36)

Inserting this evaluated sum back into the expression, the full non-relativistic squared
matrix element reduces into two terms,
IMP? = (e fa)® [16M7m (o) + 8Mlql] . (B.37)

Factoring out the global kinematic prefactor 16M:m?, the final NR-EFT representation of
the scattering amplitude is obtained,

(vh)* + m] : (B.38)

IMI2yr ~ 16M2m2(e f4)? 5
2m;

By mapping this expression to the standard NR-EFT operator basis defined by Fitzpatrick
et al. [25], the two distinct physical interactions driving the scattering event are identified:
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e The first term is proportional to the transverse velocity squared, (v*)?. This corre-
sponds to operator Og = S - v+, representing the interaction between the dark matter

spin and the classical moving charge of the electron.

® The second term is proportional to the momentum transfer squared over the electron
mass squared, |q|?/m?2. This corresponds to operator Qg = S, - (S, X m%), representing
the quantum mechanical interaction between the dark matter spin and the intrinsic
magnetic dipole moment (spin) of the electron.

Having established a bridge between the relativistic quantum field theory and the non-
relativistic effective operators, these two separated terms serve as the direct inputs for the
evaluation of the differential event rate in the target material.
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