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Adaptive Maximum Torque Per Ampere Control of IPMSM
Using Current Ripple measurement and Virtual Signal Injection combined with
Model Reference Adaptive Control
RICHARD BURGI
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Department of Electrical Engineering
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Abstract
With the electrification in the automotive industry, the popularity of Interior Per-
manent Magnet Synchronous Machines (IPMSMs) is increasing. Optimizing the
efficiency in the low speed region is commonly known as tracking the MTPA op-
erations. However, as the motor parameters changes with inductance saturation,
stator temperature variations and aging of the machine, the problem of tracking
MTPA becomes a challenging task. This thesis aims to solve the problem with a
fully adaptive algorithm that does not require prior knowledge of the machine and
provides both accurate speed- and MTPA- tracking.

The proposed algorithm combines three state of the art methods, Adaptive Con-
trol, Parameter Identification using current ripple measurements, and Virtual Signal
Injection, to enable adaptive MTPA tracking in real time. Full motor parameters’
estimation without any prior knowledge of the machine are performed using a Model
Reference Adaptive Controller MRAC in combination with current ripple measure-
ments. Additional MTPA accuracy is achieved through Look-up-Table (LuT) data
which is used in combination with a VSI scheme in order to estimate the derivatives
of the parameters with respect to the current angle, adding factors which are often
neglected.

The final algorithm is tested in a simulation environment using Simulink and
shows superior MTPA tracking in comparison with a default algorithm currently
evaluated at China Euro Vehicle Technology AB (CEVT). The proposed control
scheme tracks the parameter variations in real time and the MTPA tracking is
showing high performance even at varying motor temperature conditions.

Keywords: Maximum Torque Per Ampere (MTPA), Current Ripple, Virtual Signal
Injection (VSI), Model Reference Adaptive Control (MRAC), Real Time Parameter
Estimations, Interior Permanent Magnet Synchronous Machine (IPMSM)
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1
Introduction

The electrification of the automotive industry puts the engineers up for new chal-
lenges. The traditional combustion powertrains are being replaced by hybrid so-
lutions and fully electrical powertrains. Within the industry, IPMSMs are widely
adopted because of their high efficiency, high power density and high reliability
compared to DC- and Induction Machines (IMs) [1].

IPMSMs belong to the family of synchronous motors and are characterized by
having permanent magnets buried inside the rotor. By applying a alternating volt-
age to the stator windings, a rotating magnetic field is generated. The interaction
between the magnetic properties of the rotor and the applied magnetic field causes
the motion of the rotor. The frequency at which the rotor rotates is proportional to
the supplied voltage’s frequency and the number of pole pairs in the rotor [2].

IPMSMs are often described in the abc-frame or in the synchronous dq-frame, see
Figure 1.1. While the abc-frame is fixed to the stator, the dq-frame is fixed to the
rotor. The d-axis of the dq-frame is aligned with the magnetic field of the permanent
magnet and the q-axis is separated from the d-axis with 90 electrical degrees. The
electrical angle is related to the mechanical angle based on the number of pole pairs
[1]. The mechanical angle of the rotor, θ, is defined as the angle between the phase
a axis and the d-axis as seen in Figure 1.1.

(a) abc-frame (b) Synchronous dq-frame

Figure 1.1: Schematic representation of an IPMSM, here with only one permanent
magnet.

1



1. Introduction

The three-phase supply current can thus be described in the dq-frame using the
Park transformation, the details of which are given in Appendix A. In the dq-frame
the three-phase supply current is represented as a current vector of magnitude Is
and angle β with respect to the d-axis. The current can thus be split into one
component in each axis direction id, iq as seen in Figure 1.2.

An important property of the IPMSM is that the rotor is asymmetrical and
therefore has different magnetic properties along the d- and q-axis directions. Since
the permanent magnet permeability is close to the permeability of air, the d-axis
magnetic permeance is much lower than the q-axis permeance [3]. This enables
the production of a reluctance torque in addition to the magnetic torque, which is
generated as a result of the permanent magnet flux ψm. In the rotating reference
frame, the anisotropy is characterized by the d- and q-axis inductances Ld and Lq.

The magnetic torque depends on the iq current while the reluctance torque is
proportional to the product of the id and iq currents. Hence, there are an infinite
number of current vectors that can produce the same amount of torque. This is
illustrated with the dashed yellow line that represent a constant torque level in
Figure 1.2.

Figure 1.2: Illustration of stator currents in the dq-reference frame. Tconst shows
typical characteristics of a constant torque curve.

Within powertrain applications, the IPMSMs are generally controlled based on
their rotational speed ω. The reference speed input is typically generated from other
control systems within the vehicle [4]. The task of the motor controller is to generate
the id and iq currents to produce the torque required to reach the reference speed.

When an electric motor is operating below its rated speed, the problem of optimiz-
ing the efficiency can therefore be formulated as finding the dq-current combination
that generates the requested torque with minimum current amplitude Is. Which
can be done by selecting the proper current angle β. This problem is commonly
known as finding the MTPA and was introduced in [5].

Above the rated rotational speed, MTPA can not be used as a control strategy
as the maximum power of the motor limits the torque production at high speeds.
Instead, other techniques, such as Maximum Torque Per Voltage (MTPV) and Flux-
weakening (FW), are used to control the motor in this region.
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1. Introduction

In order to find the MTPA at a given torque, accurate knowledge of the motor
parameters Ld, Lq and ψm are needed. However, the motor parameters are sensitive
to the operating conditions and varies due to inductance saturation, temperature
changes and aging of the machine [6]. Although measurements of these parameters
are often provided by the supplier, these measurements cannot handle the long term
variation.

In the literature, a number of different methods are used to control IPMSM
efficiently with MTPA operations [7, 8, 9]. A common approach is using Adaptive
Control to handle the parameter variations and maintain good control performance
in the entire operation range. In [7], a Model Reference Adaptive Control (MRAC)
scheme is combined with a parameters identification technique in order to control
the motor with MTPA operations. However, only two equations are obtained for the
parameter identification scheme and hence the algorithm is only able to estimate two
of the motor parameters. In [8], current ripple measurement is used to expand the
parameter identification scheme with two additional equations and thereof solving
the rank-deficiency problem. The paper shows accurate parameter estimation results
but the MTPA tracking is still insufficient due to the neglection of the variation
of the motor parameters with respect to the current angle β. Another type of
methods is extremum seeking control in the form of Virtual Signal Injection [9].
These method can track MTPA accurately but suffers from slow response and are
therefore problematic as stand alone solutions for real time applications. These and
other state of the art methods are described in detail in Section 2.4.

1.1 Motivation
This Master’s Thesis has been performed at the Powertrain Engineering team at
CEVT, which is responsible for the development of the propulsion systems and the
controls associated with these systems. The Propulsion Control Team is currently
working on the development of control systems for a new global hybrid transmission
system, from the early concept phase to industrialization. The aim is that this
transmission system should be used as one of the main technologies within the
Geely group. A substantial task within the hybrid transmission system development
is optimizing the efficiency of the electric machines.

For the time being, CEVT is evaluating a default algorithm, provided with the
Hybrid Kit drive1, to achieve MTPA operations. For the rest of the thesis, this
algorithm will be referred to as the Hybrid Kit algorithm. Since this algorithm uses
LuT for the motor parameters, it is not able to adapt to parameters’ changes due
to aging of the machine. The details of the algorithm is presented in Section 4.3. In
this thesis, the performance of it will be used as a baseline for comparison.

1.2 Contributions
The main contribution of the thesis is the implementation of a controller that com-
bines three state of the art methods, Adaptive Control, parameter identification us-

1https://www.infineon.com/cms/en/product/evaluation-boards/hybrid-kit-drive/
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1. Introduction

ing current ripple measurements and Virtual Signal Injection, in order to efficiently
track MTPA operations in real time. The work has been limited to optimizing the
efficiency in the low speed operating region of the IPMSM, where the MTPA op-
eration is valid. Therefore, the thesis has not included FW nor high speed MTPV
operation optimization. The transition from MTPA to FW control has also been
ignored. An overview of the proposed control system can be seen in Figure 1.3

Figure 1.3: Overview of the proposed control system.

The proposed algorithm only rely on measurements which are available when the
IPMSM is operating in a vehicle. That is the motor rotational speed, ω, currents and
voltages measurements, id, iq, ud, uq, which are further described in Section 2.1. The
algorithm is tested in a simulation environment with a nonlinear plant model and
additional sensor noise. The simulation results show that the proposed algorithm
manages to estimate all motor parameters Ld,Lq and ψm without prior knowledge
of their value. Moreover, using the VSI and parameters’ LuT data, high MTPA
tracking accuracy is achieved through parameter derivative estimations.

The purpose of the thesis can be summarized in the following questions which
are answered throughout the report:

What current methods are used to track MTPA and which assumptions are they
based on? Is it possible to combine the methods to improve performance while main-
taining stability?

How well does the proposed algorithm perform compared with the true MTPA
curve of the motor model and the default Hybrid Kit algorithm?

1.3 Sustainability aspects
As the main focus of the thesis is to investigate and develop an algorithm to maximize
the efficiency of IPMSMs, the outcome may be applied in fields outside of the hybrid
powertrain applications hence contributing to a more sustainable society.

With the increase popularity electric vehicles, it follows an increase in the demand
of batteries. Although electric vehicles promise to reduce CO2 emission, the sustain-
able aspect of battery’s production is still a subject of debate. In 2016, a research

4



1. Introduction

from the Centre for Research on Multinational Corporations (SOMO), reported en-
vironmental pollution as a consequence of cobalt mining [10], one of the components
of Lithium-ion batteries which are very common in the automotive industry.

1.4 Thesis outline
Chapter 2 presents the theoretical description of the IPMSM along with details of
the parameter variations and challenges of the MTPA problem. The end of the
chapter is focused around related work and explaining the details of the state of the
art methods that this thesis is based on.

The details of the proposed control system is given in Chapter 3 where the de-
velopment process of the complete system is explained step by step.

In Chapter 4 the evaluation process is described along with the details of the
Hybrid Kit algorithm which will be used as a reference for comparison.

The results of the thesis is presented in Chapter 5 and a following discussion is
given in Chapter 6.

Finally the outcome of the thesis is summarized in Chapter 7 along with some
suggestions of future work.
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2
Theoretical Background

In this chapter the mathematical model describing an IPMSM is presented. Based
on the motor model, the MTPA relation is derived, followed by an analysis of the
parameters’ variations. Lastly, the state of the art methods, on which the proposed
algorithm is based, are presented.

2.1 IPMSM model

The details of operation of an IPMSM was introduced in Chapter 1. Using the
dq-frame the motor can be modeled with the equivalent circuits shown in Figure 2.1
[1]. The voltage equilibrium for each axis can thus be obtained as

ud =Rsid + Ld
did
dt
− ωLqiq ,

uq =Rsiq + Lq
diq
dt

+ ω(Ldid + ψm) ,
(2.1)

where ud, uq, id, iq, Ld, Lq are the voltages, currents and inductances in the d- and q-
axis direction respectively, Rs is the stator winding resistance, ψm is the permanent
magnet flux and ω is the electrical rotational speed.

The torque generated by an IPMSM can also be described as a function of the
motor parameters as

Te = 3p
2 [ψm + (Ld − Lq)id] iq , (2.2)

where p is the number of pole pairs.
In the following section, the obtained torque equation (2.2) will be used to derive

the MTPA relation. The motor model (2.1) will further be used for the controller
development in Chapter 3.

Figure 2.1: Equivalent circuit used for modelling the IPMSM.
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2. Theoretical Background

2.2 Maximum Torque Per Ampere

From the torque relation in (2.2), a natural question to ask is how do we optimize
the efficiency of the electric motor. A common optimization criteria is to minimize
the current amplitude required to produce a given torque. This control strategy is
commonly known as MTPA [5].

A natural approach to solving the MTPA problem is to take the derivative of
(2.2) with respect to the current angle β and set it equal to zero as

∂Te(β)
∂β

= 0 . (2.3)

As seen in Figure 1.2, the stator current in the synchronous dq-frame can be
expressed as

id =Is cos(β) ,
iq =Is sin(β) ,

(2.4)

where Is is the current vector magnitude and β is the current angle. The left side
of (2.3) can thus be expressed as

∂Te(β)
∂β

= Tc + Td , (2.5)

where
Tc = 3

2p
[
ψmid + (Ld − Lq)i2d − (Ld − Lq)i2q

]
, (2.6)

and
Td = 3

2p
[
∂ψm
∂β

iq + ∂Ld
∂β

idiq −
∂Lq
∂β

idiq

]
. (2.7)

Hence the MTPA relation (2.5) is split into two main parts. One which depends
directly on the values of the parameters’ and another part which depends on the
parameters’ derivative with respect to the current angle β.

It should be noted that MTPA only implies maximum efficiency in the case when
the stator iron losses of the IPMSM are negligible in comparison to the copper losses
of the windings [11]. Detailed mathematical expressions of these losses are given in
[12]. From the equations in the paper, it can been seen that this assumption holds
in the low speed region where MTPA is applicable. This statement is also verified in
a simulation environment in [13] and is therefore not discussed further in this thesis.

2.3 Motor Parameter Variations

The motor parameters used to describe the motor characteristics in (2.1)-(2.2) are
subject to change due to cross coupling effects, magnetic saturation, temperature
dependency and aging of the machine [6].

8



2. Theoretical Background

The general motor parameters are hence given as

Ld =Ld(id, iq, T, t) ,
Lq =Lq(id, iq, T, t) ,
ψm =ψm(id, iq, T, t) ,
Rs =Rs(id, iq, T, t) ,

(2.8)

or equivalently, using the current relations in (2.4), as

Ld =Ld(Is, β, T, t) ,
Lq =Lq(Is, β, T, t) ,
ψm =ψm(Is, β, T, t) ,
Rs =Rs(id, iq, T, t) ,

(2.9)

where T is the temperature and t denotes time.
The cross coupling effect caused by the id and iq currents is a rather quick phe-

nomena as the current levels typically change within the order of 0.1-1 milliseconds.
Temperature changes are typically slower, in the range of seconds, as the motor
needs to operate at a high load for a short period of time to build up the internal
temperature. Aging of the machine is the slowest process and significant parameter
variations happens within months or even years. As the proposed control system,
see Chapter 3, is based on the idea of estimating all parameters without prior knowl-
edge of their variations, these time-frames sets the target of how fast the estimation
must be.

In Figure 2.2 it is possible to see the variation of the motor parameters due to
cross-coupling saturation used in the simulation motor model introduced in Section
4.1. The stator resistance Rs is assumed to be constant in the simulation motor
model and hence only the other parameters are shown. The figure shows large
variations for all three parameters of up to 45-75% compared to their value at
id,q = 0. These variations are important to take into consideration when solving the
MTPA equation as the large variations will have a significant effect on the optimal
current angle.

2.4 State of the art methods
Commonly used methods for finding the optimal current angle β, i.e. solving the
MTPA equation (2.3), can be divided into the following categories: numerical meth-
ods combined with LuTs, signal injection based methods and adaptive algorithms.

A common assumption for finding an analytical solution is to neglect the term
Td in (2.5) which yields the expression

∂Te(β)
∂β

≈ 3
2p
[
ψmid + (Ld − Lq)i2d − (Ld − Lq)i2q

]
(2.10)

and solve for β giving the optimal current angle βMTPA

∂Te
∂β

= 0 ⇐⇒ βMTPA ≈ sin−1 −ψm +
√
ψ2
m + 8(Lq − Ld)2I2

s

4(Lq − Ld)Is
. (2.11)

9



2. Theoretical Background

Figure 2.2: Visualization of the motor parameters’ variation with respect to differ-
ent id, iq current levels. For the model ψm is assumed to only depend on the q-axis
current.

10
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Alternatively, (2.4) can be substituted into (2.10) to find the optimal id current
as a function of iq as

id = ψm
2(Lq − Ld)

−

√√√√ ψ2
m

4(Lq − Ld)2 + i2q . (2.12)

If the current relation (2.12) is substituted into (2.2), the result is a 4th degree
polynomial equation,

(Lq − Ld)2i4q + 2
3pTeψmiq −

(
Te

2
3p

)2

= 0 , (2.13)

that can be used to calculate the iq current from a given torque request. The
obtained equations are used in the methods presented below.

2.4.1 Numerical methods combined with LuT
A common solution is to settle for an approximate solution of (2.13) using numerical
techniques. In [14] and [15] the solution to the 4th order equation (2.13) is solved with
the Newton-Raphson iterative method. By using four iterative steps and selecting
the initial conditions based on neglecting the high order term in (2.13), a good
approximation can be found in real time. However for accurate solutions the author
suggests that the method is combined with online estimated parameter or LuTs data
which would solve the problem with varying motor parameters.

In [16] the numerical difficulties are instead handled through finding the current
references from offline generated LuTs. The LuTs data are generated from torque
measurements at different current angles at both high and low operating tempera-
tures by considering the variation of the permanent magnet flux ψm. The current
references are then found through linear interpolation between the LuTs data us-
ing an online permanent magnet flux observer. However the observer uses constant
nominal motor parameters and hence an estimation error exists. In addition to
this, the permanent magnet flux variation caused by temperature changes does not
follow a linear pattern and hence an error is generated by the linear interpolation.
Furthermore, generating the LuTs data also requires significant motor testing and
therefore the method does not generalize well.

An alternative approach to handle the parameter variation is presented in [17]
where the flux-linkage is modeled as a linear function of the stator currents. The
method uses Finite Element Analysis (FEA) to approximate the magnetic satura-
tion and cross-coupling effects on the flux-linkage. The linear flux-linkage model
is combined with Levenberg-Marquardt numerical algorithm for accurate real time
solutions of (2.13). The method shows promising results but the accuracy is highly
depending on the precision in the FEA modelling which requires explicit knowledge
about the structure of the IPMSM.

In [18] a fitting-based method of the flux-linkage is presented to overcome the
inaccuracy caused by using the nominal motor parameters and avoid FEA mod-
elling. The idea is to estimate 12 coefficients that can be used to calculate the flux-
linkage from the measured d and q axis currents. The method uses measurement of
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flux-linkage data at nine specific operating points in order to fit and estimates the
coefficients using a minimum square technique offline. The estimated coefficients
are then used from simplified online calculations of the optimal current reference.
Although the method only requires a small number of data points, getting accu-
rate flux-linkage measurements require advanced testing equipment compared to
the common torque measurements.

In [19], in order to overcome the computationally heavy 4th order equation, (2.12)
is simplified using the Taylor series expansion for

√
1 + x

∣∣∣∣∣
x≈0

= 1 + 1
2x−

1
8x

2 +O(x3) (2.14)

which, by discarding the x2 term, results in the current relation

id = i2q
Ld − Lq
ψm

, (2.15)

which can be used to simplify the relation between the requested torque and iq in
(2.13).

Moreover, another local fitting method is used to model the IPMSM parame-
ters based on current measurements for a number of specific reference points. The
method ignores the effect of temperature changes, but the author suggests that the
estimation process can be repeated for multiple operation conditions to increase ro-
bustness. However, this kind of LuT based approach still suffers the inaccuracies
described above.

2.4.2 Signal Injection
A comparative analysis of various control algorithms for IPMSM, with focus on
the ability to handle the effects from temperature variation, is presented in [6].
Apart from LuT based methods, the authors present adaptive techniques that are
summarized in two categories, open loop extremum seeking control and closed loop
torque controllers with online MTPA and parameter estimation.

For MTPA applications, extremum seeking control is commonly realized by an
online-search based method called Signal Injection which was introduced in [20].
This technique is based on adjusting the current vector by injecting a small magni-
tude (A), high-frequency (wh), sinusoidal variation on the current angle (β) given
as

βh = β + A sin(wht), (2.16)

which gives the current components

ihd =Is cos βh ,
ihq =Is sin βh.

(2.17)

Through the computation of the input power, based on the current and voltage
measurement, the variation of the torque with respect to the change of the current
angle could be analyzed.

12
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Although injected-signal based methods have the advantage of being parameter
independent, the convergence time to the MTPA point is too long to be used for
online operations in fast-dynamical systems and additional copper losses are intro-
duced.

2.4.3 Virtual Signal Injection
A similar technique to the one introduced in Section 2.4.2, Virtual Signal Injection
(VSI) is introduced in [21]. The term virtual refers to the fact that no real signal is
injected into the system hence avoiding the additional copper losses of the previous
method. The injected signal is defined as in the previous method according to (2.16).

An advantage in using this method is that, differently from the non signal injected
methods presented so far, the term Td is not neglected, allowing a more accurate
estimation of the MTPA, as presented in [9].

In order to estimate Tc, the Taylor expansion of the torque generated by the
variation of the current angle is considered as

Te(β + A sinwht) = Te(β) + ∂Te
∂β

A sinwht+ ∂

∂β

∂Te
∂β

A2 sinwht2 + ... . (2.18)

By considering the motor parameters to be piece-wise constant and by combining
(2.1) and (2.2), it is possible to express T he in function of the voltage, current and
speed measurements as

T he = 3
2p

(
uq −Rsiq

ω
+ ud −Rsid

iqω
ihd

)
ihq . (2.19)

By the use of a signal processing scheme, as presented in [9], Tc can be estimated.
Combined with the use of LuTs of the motor parameters, a similar technique is used
for the estimation of Td, which will be described in more detail in Section 3.4.2.
A controller is then used to generate a current reference that brings ∂Te

∂β
to zero in

order to satisfy the MTPA condition (2.3).
Similarly to the Signal Injection method presented above, VSI has the advantage

of being parameter independent. Due to the slow convergence to track the MTPA
point, in [22] the VSI has been improved by using a square-wave current angle
variation. On the other side, the use of LuTs for the estimation of Td would increase
the accuracy in the estimation of the MTPA trajectory only in the short term, hence
it will not capture the variations of the parameters due to aging of the machine.

2.4.4 Adaptive methods
Within the adaptive closed loop control approaches, a few techniques are used in
the literature. Among the more sophisticated methods, [23] and [24] present back-
stepping control approach that focuses on improving the reference tracking of an
IPMSM. The IPMSM is described by a state space model taking the angular veloc-
ity and stator currents as states. The method uses a nonlinear disturbance observer
to estimate the uncertainty in the state space model and achieves accurate torque
tracking. Although the algorithm estimates the fully uncertain motor parameters
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and demonstrates close to flawless parameter estimations in simulations, this method
also lose accuracy by neglecting the term Td in (2.5) [9].

A similar backstepping based control approach is also presented in [25]. In this
paper the simplified MTPA relation (2.15) is utilized to simplify the controller de-
sign. A comprehensive Lyapunov function is constructed using the parameter error
dynamics and the stability is proven using Barbalat’s lemma. The results show accu-
rate reference tracking and parameter estimation in simulation, but the performance
of the MTPA tracking is not evaluated further.

A promising adaptive control approach in the form of MRAC combined with
parameter estimation scheme is presented in [7] and further developed in [26] and
[27]. The MRAC and parameter estimation used in these papers are described in
detail in Section 3.2 and Subsection 3.3.1.
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3
Control System

In this chapter the details behind the proposed control system is presented. In the
first section an overview of the control system is shown to clarify how the sub parts
are connected. The following sections aims to describe each part starting with the
Internal Model Control (IMC) current controller, linear reference model and adap-
tion blocks which makes up the main part of the MRAC. After that the parameter
estimations and the use of current ripple measurements are described. The last
section gives the details of the speed controller for the q-axis current reference and
MTPA controller with VSI for the d-axis current reference.

3.1 Control System Overview
In order to clarify the connections between the subsystems that are presented below
the schematic overview of the proposed control system that was shown in Section
1.2 is repeated in Figure 3.1.

Figure 3.1: Overview of the proposed control system.

3.2 Model Reference Adaptive Control
For controlling the motor, an MRAC scheme inspired by the one presented in [7]
is implemented. An overview of this scheme is presented in Figure 3.2. The idea
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behind the control scheme is to induce a specified closed loop behaviour to the plant.
In the control system, the desired control loop performance is described in terms
of the dynamic characteristics of a reference model. The error signal e between
the plant and the reference model output is then used to adjust the input to the
plant through an adaption mechanism. MRAC is generally used for controlling
systems with varying parameters as the controller is adapting to maintain the desired
performance [28]. The following sections aim to describe each part of the control
system in details.

Figure 3.2: IPMSM Simulation model used to test the control system.

3.2.1 Reference model
For control purposes the motor model described in (2.1) is rewritten in a decoupled
state space form

[
i̇d
i̇q

]
=
[
−Rs

Ld
0

0 −Rs

Lq

]
A

[
id
iq

]
+
[ 1
Ld

0
0 1

Lq

]
B


[
ud
uq

]
us

+
[

ωLqiq
−ω(Ldid + ψm)

]
ue

 , (3.1)

where the matrices A and B are decoupled in the dq-axis and the coupled terms are
collected in the additional input ue. By assuming that the true motor parameters
are given by a constant nominal part along with a time dependent perturbation, the
plant parameters can be expressed as

Ld(t) =Ld0 + ∆Ld(t) ,
Lq(t) =Lq0 + ∆Lq(t) ,
ψm(t) =ψm0 + ∆ψm(t) ,
Rs(t) =Rs0 + ∆Rs(t) ,

(3.2)

where the subscript 0 denotes the nominal parameters and ∆Ld(t),∆Ld(t), ∆ψm(t)
and ∆Rs(t) is the perturbation caused by, for example, the phenomena described in
Section 2.3. Using the parameter description in (3.2), the reference model in state
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space form can be expressed as

[
i̇d
i̇q

]
=
[
−Rs0
Ld0

0
0 −Rs0

Lq0

]
A0

[
id
iq

]
+
[ 1
Ld0

0
0 1

Lq0

]
B0


[
ud
uq

]
us

+
[

ωLq0iq
−ω(Ld0id + ψm0)

]
ue

[
dd
dq

]
d

 , (3.3)

where d is the total model error and disturbance decomposed in d- and q-axis com-
ponents. Based on the voltage equilibrium (2.1) a detailed description of d is given
as

dd =∆Rsid + ∆Ld
did
dt
−∆Lqωiq ,

dq =∆Rsiq + ∆Lq
diq
dt

+ (∆Ldid + ∆ψm) .ω
(3.4)

Based on the state space form given in (3.3) a natural choice of reference model to
use for the MRAC is obtained by neglecting the model error d. Hence the reference
model is defined by the state space

˙̂id
˙̂iq

 =
[
−Rs0
Ld0

0
0 −Rs0

Lq0

]
A0

[
îd
îq

]
+
[ 1
Ld0

0
0 1

Lq0

]
B0


[
ûd
ûq

]
û

+
[

ωLq0îq
−ω(Ld0îd + ψm0)

]
ûe

 , (3.5)

where the ·̂ -symbol is used to denote the currents and voltages associated with the
reference model.

3.2.2 Desired Dynamic Characteristic
Next step is to design the closed loop controller for the reference system and hence
specify the desired dynamics. The controller is inspired by the IMC design method
presented in [29] and aims to make the reference model behave like a low-pass filter,

î = α

s+ α
i∗ , (3.6)

where s is the Laplace variable. To achieve this the controller is chosen as

C(s) = α

s
Ĝ
−1(s) , (3.7)

where Ĝ(s) denotes the reference plant model. Note that this design is only possible
for plants that have stable zeros. The closed loop transfer function becomes

Ĝ(s)C(s)
[
I + Ĝ(s)C(s)

]−1
=

α
s

1 + α
s

I = α

s+ α
I , (3.8)

where I is the identity matrix.
Using the state space matrices, A0 and B0, the controller C(s) is found as

C(s) = α

s
Ĝ
−1(s) = α

s

(
(sI −A0)−1B0

)−1
= α

s
B0
−1(sI −A0) . (3.9)
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The reference model input voltage is thus given as

û = αB0
−1ê− αB0

−1A0

∫
êdt− ûe , (3.10)

where ê = i∗ − î and ûe is added to directly cancel out the decoupled term ûe
in (3.5). This structure has the advantage that only the parameter α needs to be
determined. For a first order system α is related to the rise time tr through the
relation

tr = ln(9/α), . (3.11)
Hence the controller design is completed by selecting a desired rise time tr.

3.2.3 Control Adaption Law
The reference model combined with the controller described in the previous section
defines the desired closed loop performance. In order to ensure that the plant model
achieves the desired behaviour, an adaptive control input is designed using Lyapunov
theory to guarantee asymptotic convergence.

Using the state space description of the plant given in (3.3) and the reference
model from (3.5), the current error dynamics between the two model currents can
be calculated as

ė = i̇− ˙̂
i = A0e+B0(us − û+ uee − d) , (3.12)

where uee is the back-emf error

uee = ue − ûe =
[
ωLq0eq
−ωLd0ed

]
. (3.13)

In order to stabilize the plant and force the model error to zero, the input us is
selected as

us = ũ+ û− uee + d̂ , (3.14)

where d̂ is the estimated model error d. The error dynamics then take the following
form

ė = A0e+B0(ũ+ d̃) , (3.15)
where d̃ denotes the difference between the real and estimated model error, that is

d̃ = d̂− d . (3.16)

To ensure the stability of the plant, Lyapunov theory is used to design the adap-
tion laws for ũ and d̃. As the target is to ensure that both the current and plant
model error converges to zero, a quadratic Lyapunov function is chosen as

V = 1
2(eTe+ d̃TΛd̃) , (3.17)

where Λ is a control gain matrix chosen to be positive definite and diagonal in order
to make the controller decoupled in the dq-axis. The derivative of (3.17) is found as

V̇ = eT (A0e+B0ũ) + d̃T (BT
0 e+ Λ ˙̃d) (3.18)
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and the following adaption rules are chosen,

ũ =−kBT
0 e , (3.19)

d̃ = −Λ−1BT
0

∫
e dt , (3.20)

where k is a positive definite diagonal control gain matrix.
The resulting Lyapunov function derivative becomes

V̇ = eT (A0 −B0kB
T
0 )e ≤ 0 , (3.21)

where the inequality is obvious as A0 is negative definite while B0 is positive defi-
nite and hence equality can only be reached when e = 0. From (3.15), (3.19) and
(3.20) it is clear that e = 0 implies that d = 0. Therefore the system is globally
asymptotically stable according to Lasalle’s Invariance Principle [30].

3.2.4 Controller Gain Design
In order to choose the control gain matrices Λ and k, the transient performance of
the error signal is analyzed. Substituting the adaption laws (3.20) and (3.19), into
the error dynamics in (3.15), and taking the derivative with respect to time yields

ë− (A0 −B0kB
T
0 )ė+B0Λ−1BT

0 e = 0 . (3.22)

As the system is decoupled in the dq-axis, the equation in each direction can be
analyzed separately. For the d-axis the dynamics are described by

ëd +
(
R0

Ld0
+ kd
L2
d0

)
ėd + Λd

L2
d0
ed = 0 . (3.23)

The controller gains can be determined by comparing the coefficients in (3.23) with
the general second order system characteristic equation given as

s2 + 2ζωss+ ω2
s = 0 , (3.24)

where ζ is the damping factor and 1/ωs is a second order time constant. Thus
critical damping (ζ = 1) is achieved by setting

Λd = 1
4

(
R0 + kd

Ld0

)2

. (3.25)

The corresponding closed loop system has the form

Gd(s) = 1
(s+ a)2 , (3.26)

where
a = 1

2Ld0

(
R0 + kd

Ld0

)
. (3.27)
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The continuous transfer function is converted to discrete time using the correspond-
ing z-transform

Gd(z) = Ts
ze−aTs

(z − e−aTs)2 , (3.28)

where Ts is the sample time. The commonly used Euler forward discretization is
accomplish by first order expansion of the Taylor series of the exponential terms
yielding

Gd(z) = Ts
z(1− aTs)

(z − 1 + aTs)2 . (3.29)

For discrete time stability the poles of the transfer function should be inside the
unit circle, which gives the condition

− 1 < aTs − 1 < 1 . (3.30)

By substituting a from (3.27), results in the following condition for kd

0 < Ts
2Ld0

(
R0 + kd

Ld0

)
< 2 . (3.31)

The same method is applied for the q-axis error dynamics which yields

Λq = 1
4

(
R0 + kq

Lq0

)2

(3.32)

and
0 < Ts

2Lq0

(
R0 + kq

Lq0

)
< 2 . (3.33)

Hence the control parameter matrix Λ is fully determined by (3.25) and (3.32) and
k can be selected based on the conditions in (3.31) and (3.33).

3.2.5 Estimating the model error

From the adaption law presented in (3.20) the value of d̃ = d̂− d is obtained.
However in order to provide the desired input to the system (us), according to
(3.14), an accurate estimation of the model error d̂ is required. In order to estimate
d̂ the dynamics of d̃ is studied by inserting the adaption laws (3.19) and (3.20) into
the model error dynamics in (3.15),

d = B0
−TΛB0

−1 ¨̃d− (A0 − kB0
TB0)ΛB0

−TB0
−1 ˙̃d+ d̂ . (3.34)

Because of the choice of state space model and gain matrices, (3.34) is decoupled
in the dq-axis. By defining the two time constants,

Tm =B0
−TΛB0

−1(B0
TkB0 −A0) ,

Tσ =(B0
TkB0 −A0) ,

(3.35)

the error dynamics can be rewritten into the general form

d = d̃ (Tms(Tσs+ I)) + d̂ . (3.36)
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The relation (3.36) can be seen as a closed loop system where the plant uncer-
tainty is treated as an additive disturbance signal, see Figure 3.3. The reference
input is selected to zero as the target is to generate the input d̂ such that the model
error d̃ converges to zero.

Figure 3.3: Equivalent closed-loop system for the model error dynamics.

In order to achieve the reference, a Symmetrical Optimum PI-controller is imple-
mented. Let the PI controller transfer function be given by

C(s) = (I + Tns)(Tis)−1 , (3.37)

where Ti and Tn are diagonal matrices because of the decoupled property.
The objective of Symmetrical Optimum design is to force the magnitude of the

closed-loop transfer function close to one for a wide range of low frequency inputs

|T (jω)|
∣∣∣∣∣
ω<ω0

≈ I . (3.38)

This is done by studying the closed loop dynamics in the frequency domain

T (s) = C(jω)G(jω) [I +C(jω)G(jω)]−1 . (3.39)

As the system is decoupled, the d and q-axis dynamics can be considered separately.
However, in order to keep the notation simple, the ·d subscript is omitted in the
following equations. Therefore, (3.39) for the d-axis can be expressed as

T (s) = 1 + Tns

TiTmTσs3 + TdTms2 + Tns+ 1 . (3.40)

Setting s = jω, the magnitude of (3.40) becomes

|T (jω)| =

√√√√ 1 + ω2T 2
n

(1− TiTmω2)2 + ω2(Tn − TiTmTpω2)2 . (3.41)

Expanding the denominator in (3.41) yields

D(jω) = (TiTmTσ)2ω6 + TiTm(TiTm − 2TnTσ)ω4 + [T 2
n − 2TiTm]ω2 + 1 . (3.42)

For Symmetry Optimum controller design the gains should be chosen such that the
terms of ω4 and ω2 evaluates to zero, resulting in the conditions

TiTm =2TnTσ ,
T 2
n =2TiTm .

(3.43)
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From the equation system (3.43) the PI-controller parameters are found as

Tn =4Tσ , (3.44)

Ti =8T
2
σ

Tm
. (3.45)

A similar analysis can be done for the q-axis resulting in the final controller

C(s) = 1
2TmTσ

−1d̃+ 1
8Tm(Tσ−1)2

∫
d̃dt . (3.46)

The controller is hence completely determined based on the plant model and previous
controller gains k and Λ.

3.3 Parameter Estimation
This section describes the derivation of the equations needed in order to estimate
the motor parameters.

3.3.1 Estimated Model Error
From the MRAC scheme deployed in the previous section, an estimation of the
difference d̂ between the plant and the reference model is obtained. Using the
detailed expression of the model error given in (3.4), it can be assumed that

d̂d =∆Rsid + ∆Ld
did
dt
−∆Lqωiq ,

d̂q =∆Rsiq + ∆Lq
diq
dt

+ (∆Ldid + ∆ψm)ω .
(3.47)

For digital implementation, the derivatives are estimated using first order Euler
approximation with sample time test. The estimated model error (3.47) can be
expressed as a system linear in the motor parameter as

[
d̂d(n)
d̂q(n)

]
=
 id(n)−id(n−1)

test
ωiq(n) 0 id(n)

ωid(n) iq(n)−iq(n−1)
test

ω iq(n)




∆Ld
∆Lq
∆ψm
∆Rs

 , (3.48)

where n denotes the discrete time step.
However as four parameters need to be estimated, the linear system in (3.48)

must be supplemented with two additional equations. The problem is solved using
the information contained in the current ripple as presented in the following section.

3.3.2 Current Ripple Modelling
In order to integrate (3.48) with two additional equations, the stator current ripple
model presented in [8] is used. The idea is to use several measurement points for
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the current and voltage within each switching cycle of the inverter to observe an
additional transient state caused by the stator current ripple.

Since the system is supplied by a three-phase current, the dominating ripple fre-
quency component will be of three times the fundamental frequency [8]. The current
ripple in the dq-axis, ignoring higher order harmonics of the switching frequency,
are thus given by

id,ripple =− Ad cos(3θv − ϕd) ,
iq,ripple =Aq sin(3θv − ϕq) ,

(3.49)

where Ad, Aq are the ripple amplitude, θv is the voltage vector angle and ϕd, ϕq are
the phase delays of the d- and q-axis current components. Notice that the voltage
angle vector is separated from the electrical angle θ and can be estimated as

θv = θ + arctan uq
ud
. (3.50)

Using the switching pattern of the inverter, as seen in Figure 3.4, the current
ripple can be modeled as

id,ripple =∆Id,0 + ∆Id,1 ,
iq,ripple =∆Iq,0 + ∆Iq,1 ,

(3.51)

where ∆Id(q),0 and ∆Id(q),1 are the current variations within switching section 0 and
1 respectively, as seen in Figure 3.4. SA, SB and SC are the relay switching states
of the three phases a, b and c.

Figure 3.4: Inverters’ switching pattern and the corresponding current ripple dy-
namics.

By using the motor model (2.1), these current variations can be calculated as

∆Id,i =tii̇d,i = ti
Ld

(−Rsid,f + ωLqiq,f + ud,i) ,

∆Iq,i =tii̇q,i = ti
Lq

(−Rsiq,f − ω(Lqid,f + ψm) + uq,i) ,
(3.52)
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where id,f and iq,f is the fundamental current components, ti and ud,i are the switch-
ing time and input voltage at switching section i. As the mechanical dynamics is
much slower than the electrical, the rotational speed ω is assumed to be constant
within a switching period. Substituting the current variation expressions in (3.52)
into (3.51), the current ripple is modeled as

id,ripple =
(
ud,0t0 + ud,1t1

t0 + t1
+ ωLqiq,f −Rsid,f

)
t0 + t1
Ld

,

iq,ripple =
(
uq,0t0 + uq,1t1

t0 + t1
+ ω(Ldid,f + ψm)−Rsiq,f

)
t0 + t1
Lq

.
(3.53)

Thus, if the current ripple can be estimated, (3.53) can be used to estimate the
motor parameters.

According to (3.51), the current ripples can be calculated from the current mea-
sured at the end of switching section 1 subtracted by the measurement at the start
of switching section 0. As the measurements contain additional zero-mean white
noise from current sensors and harmonic components, the detailed description of
the acquired measurement is given by

imd(q),ripple = id(q),ripple + w + a0 +
∑

n=1,n6=3
an sin (nθv + ϕn) , (3.54)

where imd(q),ripple is the current ripple measurement, w is white noise, a0 is the DC
component and the sum represents the harmonic components. In order to extract the
current ripple components (id(q),ripple), the d- and q-axis measurement is multiplied
with − cos 3θv and sin 3θv respectively resulting in

ihd =Ad2 (cosϕd + cos (6θv − ϕd))− (w + a0) cos 3θv+

−
∑

n=1,n 6=3

an
2 (sin [(n+ 3)θv + ϕn] + sin [(n− 3)θv + ϕn]) ,

ihq =Aq2 (cosϕq − cos (6θv − ϕq))− (w + a0) sin 3θv+

−
∑

n=1,n 6=3

an
2 (cos [(n+ 3)θv + ϕn]− cos [(n− 3)θv + ϕn]) .

(3.55)

By using a low-pass filter and multiplying the output with a factor two, the DC
component is obtained as

i0d =Ad cosϕd = id,ripple

∣∣∣∣∣
θv= 1

3π,π,
5
3π

,

i0q =Aq cosϕq = iq,ripple

∣∣∣∣∣
θv= 1

6π,
5
6π,

3
2π

,

(3.56)

where the last equality is obtained from (3.49). In order to remove the fundamental
and harmonic components of the current measurement, the cut-off frequency wc for
the low-pass filter should be selected to be less than half the fundamental frequency.
The fundamental frequency is approximately given by the electrical rotation speed
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(ω), see (3.50), as the relation between the input voltages (ud and uq) are chaining
much slower than the electrical angle (θ). Simultaneously, a high cut-off frequency
is needed to capture the rapid changes in stator current ripple, hence an adaptive
cutoff frequency as a function of the rotation speed is used according to

wc = max(kcω,wc,min) , (3.57)

where kc < 0.5 and wc,min is a minimum value for the cut-off frequency at low speed.
By using (3.56) and given that the measurements are done at specific voltage

vector angles, the current ripple model (3.53) can be expressed as

i0d =(ud,0t0 + ud,1t1
t0 + t1

+ ωLqiq,f −Rsid,f )
t0 + t1
Ld

∣∣∣∣∣
θv= 1

3π,π,
5
3π

,

i0q =(uq,0t0 + uq,1t1
t0 + t1

− ω(Ldid,f + ψm)−Rsiq,f )
t0 + t1
Lq

∣∣∣∣∣
θv= 1

6π,
5
6π,

3
2π

.

(3.58)

In order to combine the current ripple equations with the model error given in
(3.47), the contribution from the nominal parameters (Rs0, Ld0, Lq0ψm0) needs to be
subtracted. By defining

∆ud =ud,0t0 + ud,1t1
t0 + t1

+ ωLq0iq,f −R0id,f −
Ld0i

0
d

t0 + t1

∣∣∣∣∣
θv= 1

3π,π,
5
3π

,

∆uq =uq,0t0 + uq,1t1
t0 + t1

− ω(Ld0id,f + ψm0)−R0iq,f −
Lq0i

0
q

t0 + t1

∣∣∣∣∣
θv= 1

6π,
5
6π,

3
2π

,

(3.59)

the system in (3.48) can be expanded as


d̂d(n)
d̂q(n)

∆ud(n)
∆uq(n)

 =



id,f (n)−id,f (n−1)
test

ωiq,f (n) 0 id,f (n)
ωid,f (n) iq,f (n)−iq,f (n−1)

test
ω iq,f (n)

i0d
t0+t1 −ωiq,f 0 id,f

ωid,f (n) i0q(n)
t0+t1 ω iq,f (n)




∆Ld
∆Lq
∆ψm
∆Rs

 , (3.60)

where the subscript ·f is added in the first two equations to emphasize that the
model error uses the fundamental current component.

As the simulation motor model that is used to test the control system assumes
Rs as constant, see the details in Section 4.1, the system of equations needed to
estimate the resulting parameters can be expressed as

 d̂d(n)
d̂q(n)

∆ud(n)


y

=


id,f (n)−id,f (n−1)

test
ωiq,f (n) 0

ωid,f (n) iq,f (n)−iq,f (n−1)
test

ω
i0d(n)
t0+t1 −ωiq,f (n) 0


ϕ

∆Ld
∆Lq
∆ψm


θ

, (3.61)

where the third row of ϕ is updated at θv = 1
3π, π,

5
3π.
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3.3.3 Recursive Least Squares
The system obtained in (3.61) is linear in the motor parameter variations (θ), and
is given in the form

y(t) = ϕ(t)θ(t) , (3.62)
which can be solved with a standard Recursive Least Squares (RLS) algorithm. More
details on the RLS algorithm are treated in Appendix B. To maintain estimation
stability through the entire operation region, the RLS algorithm is stopped when
the motor speed ω or the id and iq currents amplitudes are close to zero in order to
prevent high condition numbers for ϕ.

Using the equation system (3.60), the method could be generalized to estimate
all four parameters at the cost of higher computational load.

3.4 Current references and MTPA
This section describes how the current references are derived in order to satisfy the
MTPA relation (2.5).

3.4.1 Speed control and q-axis reference current
A Proportional Integral (PI) controller is used to control the motor speed and gen-
erate a reference for the q-axis current as

i∗q(n) =
(
Kp,q +Ki,q(1 + di∗q(n)) Tq,s

z − 1

)
eω(n) , (3.63)

where Kp,q, Ki,q are the proportional and integral gain respectively, eω(n) is the
error between the reference and the measured motor speed, Tq,s is the time constant,
di∗q(n) is the difference between the saturated and unsaturated output and acts as
an anti-windup.

3.4.2 Virtual Signal Injection and d-axis reference current
In order to generate the d-axis reference i∗d and achieve MTPA operations for the
motor, the MTPA equation (2.5) is used. The Tc term given in (2.6) is calculated
using the measured id, iq currents along with the estimated parameters according to

T̂c = 3
2p
[
ψ̂mid + (L̂d − L̂q)(i2d − i2q)

]
. (3.64)

For the second term Td, the derivatives of the parameters with respect to the
current angle β are required. These are estimated with an VSI technique inspired
by the one used in [9]. The parameter variations are estimated using the LuT data
shown in section 2.3. From the measured dq-axis currents, the current magnitude
and angle are calculated as

Is =
√
i2d + i2q ,

β = arctan iq
id
.

(3.65)
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A small sinusoidal perturbation is then added to the current angle

βh = β + A sin (ωht) , (3.66)

where ωh is the angular frequency of the injected signal. The resulting dq-currents

ihd =Is cos βh ,
ihq =Is sin βh ,

(3.67)

are given as inputs to the LuTs generating the parameters. Using Taylor series
expansion, the obtained parameter, here shown for ψm, can be expanded as

ψhm =ψm(β + A sin (ωht)) =

=ψm(β) + ∂ψm
∂β

A sin (ωht) + 1
2
∂2ψm
∂β2 A2 sin2(ωht) +O(A3) .

(3.68)

The term containing the derivative of ∂ψm/∂β can thus be extracted using a band-
pass filter centered around the injected frequency ωh. The output from the band-pass
filter is then multiplied with the injected sinusoidal such that

∂ψm
∂β

A sin (ωht) sin (ωht) = ∂ψm
∂β

A
1
2(1− cos (2ωht)) . (3.69)

With the help of a low-pass filter, the constant part is extracted and multiplied with
the gain 2/A to obtain the parameter derivative. The whole signal processing is
summarized in Figure 3.5. The same technique is used to estimate the derivatives
of the other parameters such that

T̂d = 3
2p
[
∂̂ψm
∂β

iq + ∂̂Ld
∂β

idiq −
∂̂Lq
∂β

idiq

]
, (3.70)

can be calculated using the measured currents.

Figure 3.5: Signal processing to obtain the derivative of the parameters with
respect to β, here shown for ψm.

The total expression for the torque derivative is forced to zero using a PI controller
that generates the i∗d. Thus the error signal is formed as

eMTPA = 0−
(
T̂c(n) + T̂d(n)

)
. (3.71)
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Based on the error signal the PI controller for generating the d-axis current
reference is obtained as

i∗d(n) =
(
Kp,d +Ki,d(1 + di∗d(n)) Td,s

z − 1

)
eMTPA , (3.72)

where Kd,p, Kd,i are the proportional and integral gain respectively, Td,s is the time
constant and di∗q(n) is the difference between the saturated and unsaturated output
and acts as an anti-windup.
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4
Evaluation Methods

In this chapter the methods used to evaluate the control system are presented. In the
first section, the characteristics of the motor model used in simulation is presented.
The following section describes how the true MTPA curve of the motor model is
derived, that will be used as benchmark to evaluate the algorithm. After that, the
details of the default Hybrid Kit algorithm, that CEVT is currently evaluating,
is presented. The algorithm will be used as a baseline for comparison with the
proposed algorithm. Finally, the test scenarios used to evaluate the algorithms are
described.

4.1 IPMSM simulation model
For evaluating the performance of the control systems, an IPMSM model is devel-
oped in Simulink. The complete model consists of a Power Electronics (PE) model
along with a model of the dynamics of the motor.

For the PE model to work, the input u is converted to the abc-frame where Sinu-
soidal Pulse Width Modulation is used to determine the switching instants for the
power transistors, for details see [31]. The details of the Parks- Clarke transforma-
tion are found in Appendix A. The resulting voltages are then transformed back to
the dq-frame and given as inputs to the motor model.

To accurately represent the real system, the motor parameters used in the model
are implemented as nonlinear functions of the stator currents using LuTs, as pre-
sented in Section 2.3. The winding resistance Rs is set constant to 0.16 Ω. The
motor is modeled in the dq-frame using the relations presented in (2.1) and (2.2)
to obtain the stator currents and produced torque. The electrical angular velocity
along with the rotor angular position are then calculated as

ω = Np

2

∫ Te − TL
J

dt (4.1)

and
θ =

∫
ωdt , (4.2)

where Np is the number of pole pairs, TL is the total load torque and J is the rotor
inertia. An overview of the complete motor model is shown in Figure 4.1.

The motor model is expected to represent the complexity of a real IPMSM as the
parameters vary non-linearly with the currents based on the LuT data. To further
represent a real system all measurements from the motor model are assumed to be
affected by noise. The sensor noise is modeled as zero-mean band limited white
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Figure 4.1: IPMSM simulation model used to evaluate the control system.

noise with peak amplitudes corresponding to 0.2 % of the maximum output of each
sensor, as done in [8].

As the proposed control system is developed to work without any prior knowledge
of the motor parameters1, it is assumed that only taking the parameter variations
caused by inductance saturation with different current levels should be sufficient to
validate the functionality of the control system. That is, if the system is able to
track the fast changes caused by inductance saturation, the slow changes caused by
temperature variations and aging should be handled as well.

4.2 Identifying the true MTPA curve
In order to validate the performance of the control system, the true MTPA curve
needs to be identified.

The motor model provided by CEVT is a nonlinear machine model as described
in Section 4.1. Since making a complete torque map for the motor model would
be rather time consuming, the true MTPA curve will instead be estimated through
a curve fitting method, similar to what was done in [32]. The method can be
summarized in the following steps:

1. Select a constant torque reference: T ∗e = const
2. Measure output current for a span of current angles β in a region close to the

optimal operation point
3. Identify the MTPA point for the given torque reference based on the minimum

amplitude of the current
4. Repeat the previous steps for a number of different torque levels
5. Interpolate a function between the estimated MTPA points to estimate the

MTPA trajectory
The procedure is performed using a PI controller and measuring the currents

after the model reaches steady state at each current angle. In Figure 4.2 the true
1Except for the LuTs used in the virtual signal injection, as described in Section 3.4.2. Updating

these LuT over time with the help of the parameter estimations is suggested as a future work, see
Section 7.1.
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MTPA trajectory for a constant speed of 300 rad/s can be seen.
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Figure 4.2: Identified true MTPA trajectory for the motor model.

4.3 Hybrid Kit algorithm
As mentioned in Section 1.1, the Hybrid Kit algorithm will be used as a baseline for
comparison with the proposed algorithm. The Hybrid Kit algorithm belongs to the
category of numerical algorithms described in Section 2.4.1.

Based on the motor speed error, the algorithm uses a PI-controller to generate a
torque reference (T refe ). By using the Newton-Raphson iterative method on (2.13),
which for convenience is repeated here

(Lq − Ld)2i4q + 2
3pT

ref
e ψmiq −

(
T refe

2
3p

)2

= 0 , (4.3)
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an approximated solution of the iq current is found based on the requested torque
T refe . The corresponding id current is computed by using (2.12), which for conve-
nience is repeated here

id = ψm
2(Lq − Ld)

−

√√√√ ψ2
m

4(Lq − Ld)2 + i2q . (4.4)

The parameters Ld, Lq, ψm are obtained as function of the id and iq currents from
the LuT data presented in Section 2.3. Notice that (4.3) and (4.4) are the result of
neglecting the term Td in (2.5), which can be source of inaccurate estimation of the
MTPA trajectory. The proposed algorithm will be compared with the Hybrid Kit
algorithm through the test scenarios described in the following section.

4.4 Test scenarios
The complete control system is evaluated on four different test scenarios presented
below. For all scenarios the proposed algorithm will be compared with the Hybrid
Kit algorithm described above. The comparison will be focused around the accuracy
of the current angle β compared with the true MTPA found in Section 4.2.

4.4.1 Test 1: Steady state load torque variation
The first test intend to test the ability to track the parameter variations and MTPA
operation at different current magnitude levels. The current magnitude is adjusted
indirectly by changing the applied load torque. The system is tested for load torque
ranging from about 20-90% of the maximum torque which corresponds to 40-140
Nm and each load torque level is kept for 1 s. For the entire test the reference speed
is set to 300 rad/s while the load torque varies according to Figure 4.3.
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Figure 4.3: Applied load torque for test 1.

4.4.2 Test 2: Transient load torque variation
The second test aims to evaluate the ability to track the parameter variations and
MTPA operation in transient conditions. Similarly to test 1, the load torque is
varied between 40-140 Nm and the reference speed is set to 300 rad/s. The load
torque variation is shown in Figure 4.4
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Figure 4.4: Applied load torque for test 2.

4.4.3 Test 3: WLTP driving scenario
The third test scenario is based on the Worldwide harmonized Light vehicles Test
Procedure (WLTP) which is a standard driving cycle used in the industry. As MTPA
only is applicable at below the rated motor speed only a small part of the low speed
phase of the test is used. The vehicle speed profile provided by WLTP is converted
to motor speed assuming the gear ratio is 1:5 and tire radius 0.2 m. The resulting
reference motor speed profile is shown in Figure 4.5. The load torque is chosen as a
function of the motor speed according to

TL(ω) = 1
3

2
Np

ω , (4.5)

where the factor 2/Np is used to convert to mechanical rotation speed.
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Figure 4.5: Reference speed profile for test 3. Data based on the low speed phase
of the WLTP test.

4.4.4 Test 4: Incorrect LuT data in Signal Injection
The fourth test aims to further test the robustness to parameter variations and
quantify the error obtained from using constant LuTs for the signal injection esti-
mating T̂d, see Section 2.4.3. The test procedure is the same as in Test 1 however
the VSI is supplied with erroneous parameter data. While the motor model uses the
parameter data from the LuTs at 120◦ C, the virtual signal injection uses the LuT
at 20◦ C. This should induce a small error in the parameter derivative estimations
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and the final current angle β error should be of similar order of magnitude that can
be expected from temperature variations.
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5
Simulation results

In this chapter the simulation results for the thesis is shown. The performance of
the proposed algorithm is compared with the default Hybrid Kit algorithm through
the test scenarios described in Section 4.4. The results focuses on current angle
tracking and parameter estimations.

5.1 Test 1: Steady state load torque variation
The reference speed tracking of the proposed control scheme for Test 1 is shown in
Figure 5.1. It can be seen that the motor speed reaches the reference of 300 rad/s
after each load torque step without overshoot. The error is less than 5 % of the
reference speed for each of the load torque steps.

Figure 5.1: Reference speed tracking for the proposed algorithm during Test 1.

The parameter estimation results from Test 1 is shown in Figure 5.2. From the
figure it can be seen that the control system estimates Lq with good performance for
all torque levels. When it comes to ψm and Ld, the performance is overall good but
the estimations are slightly noisier. However both parameters stay in a reasonable
range of the real parameter value and the overall estimation is better then using the
constant nominal values.

Both the ψm and Ld estimation starts off in the wrong direction as the load torque
is decreased, see the steps at 5, 6, 7, and 9 seconds in Figure 5.2. This is likely to be
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Figure 5.2: Parameter estimations for Test 1. The yellow line shown the constant
parameter used in the reference model while the red and blue shows the true and
estimated value respectively.
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caused by the rapid change in load torque and should not be as severe of a problem
in a real driving scenario.

The relatively large transient estimation errors in the beginning of Test 1 can be
ignored as they are likely to be caused by the initial convergence of the P matrix in
the RLS algorithm.

The resulting current angle β for Test 1 is shown in Figure 5.3. The β achieved
by the proposed algorithm remains well within the 0.2 % error margin for almost
the complete test. The algorithm also shows a quick rise time for β as the angle
adopts to the new load torque level in about 0.1 second. The figure also shows that
the proposed algorithm provides significantly better performance compared to the
default Hybrid Kit algorithm. Note that the Hybrid Kit’s β is only shown for steady
state and hence no conclusion can be drawn about the transient behaviour for a load
torque step.

Figure 5.3: Resulting current angle β for step changes in the load torque (TL)
according to Test 1. The dashed support lines shown the β which results in ± 0.2
% current magnitude respectively. As a reference the resulting current angle from
the Hybrid Kit is also shown.

5.2 Test 2: Transient load torque variation

The reference speed tracking of the proposed control scheme for Test 2 is shown in
Figure 5.4. The figure shows that the motor speed is kept in a close region to the
reference speed of 300 rad/s even when the load torque is changing rapidly at the
end of the test.

The parameter estimation resulting from Test 2 is shown in Figure 5.6. From the
figure it can once again be seen that the proposed algorithm manages to track the
Lq parameter. The estimations have a small delay compared to the real value which
is likely to be caused by the relatively high forgetting factor that is used in the RLS
algorithm combined with the time needed to d̃ to convergence.
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Figure 5.4: Reference speed tracking for the proposed algorithm during Test 1.

Similarly as in Test 1, the Ld and ψm estimations shows a bit worse transient
behaviour after the discontinuous changes in load torque, especially when the load
torque starts decreasing at 1, 2.5, 3.5, 4.25 and 4.75 seconds. However both param-
eters converges to a close region around the real value after some time of continuous
change in load torque.

The resulting β angle for Test 2 is shown in Figure 5.5. The results show that
the proposed algorithm manages to track β accurately even at the times when the
parameters are estimated inaccurately. For a large portion of the test, the achieved
β remains within the ±0.2% current magnitude error margin.

The default Hybrid Kit algorithm shows poor performance as the angle is far
from the true MTPA, especially at the higher torque levels.

Figure 5.5: Resulting current angle β for step changes in the load torque (TL)
according to Test 2.
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Figure 5.6: Parameter estimations for Test 2. The yellow line shown the constant
parameter used in the reference model while the red and blue shows the true and
estimated value respectively.

39



5. Simulation results

5.3 Test 3: WLTP driving scenario
The speed tracking error of the proposed algorithm for Test 3 is shown in Figure
5.7. From the figure it can be seen that the control scheme maintains good speed
tracking throughout the speed range of the test.

The corresponding parameter estimations are shown in Figure 5.9. Both the Ld
and ψm estimations show a small error at low speeds and hence low load torque
levels. At these instances the estimation also oscillates more. The estimation Lq
shows good tracking of the true value for the entire test session.

The resulting β angle for Test 3 is shown in Figure 5.8. The achieved β for the
proposed algorithm follows the true MTPA for most of the processes. However at
the instances when the motor speed is low (ω < 100 rad/s), a small error occurs,
which is probably caused by the error in the parameter estimations of Ld and ψm
at this time.
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Figure 5.7: Speed tracking error for the proposed algorithm during Test 3.
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Figure 5.8: Resulting current angle β for step changes in the load torque (TL)
according to Test 3.
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Figure 5.9: Parameter estimations for Test 3. The yellow line shown the constant
parameter used in the reference model while the red and blue shows the true and
estimated value respectively.
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5.4 Test 4: Incorrect LuT data in Signal Injection
The difference in the parameter derivative estimations between using the correct
(120 ◦C) and erroneous (20 ◦C) LuT for the VSI is shown in Figure 5.11. The figure
shows small offsets in the inductance derivatives, especially for the d-axis. However
the order of magnitude of the error is still rather small compared to the difference
∂Ld/∂β−∂Lq/∂β which is entered in the MTPA relation, see (2.7). For the magnet
flux ψm, the difference between the two temperature levels is insignificant at all
torque levels.

A comparison between the achieved current angle β for the two cases is shown in
Figure 5.10. The figure shows that the effect on the MTPA tracking for using the
wrong LuT is insignificant at all load torque levels.
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Figure 5.10: Current angle β tracking when using the same LuT as in the motor
model compared to a LuT for another stator temperature.
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Figure 5.11: Parameter derivative estimations when using the same LuT as in the
motor model compared to a LuT for another stator temperature.
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6
Discussion

In this chapter the results presented above are discussed followed by a more general
discussion around the MTPA problem. The proposed controller is analyzed and
further development areas are discussed. The discussion lays the ground for the
upcoming conclusion in next chapter.

6.1 Simulation Results

Overall the proposed control system demonstrate promising results both in terms of
speed tracking, parameter estimations and MTPA accuracy. The MRAC technique
provides good reference current tracking throughout the tested operation region as
seen from the speed tracking result in both Test 1, 2 and 3.

In Test 1, the parameter estimation shows a quick step response of about 0.2
seconds which should be fast enough to track parameter variations in a vehicle
application based on the analysis in Section 2.3. The convergence time seems to
be heavily dependent on the convergence of d̃ as the as error on the left hand side
of (3.61) will result in erroneous estimations. This phenomena is likely to be the
cause of the initial change in opposite direction to the true value in the parameter
estimation which can be seen when the load torque decreases in Figure 5.2. An
alternative approach would be to simply use the voltage equilibrium equations (2.1)
for the parameter estimation and hence only use the d̃ for the MRAC in order
to maintain good reference current tracking throughout the operation range. This
would also imply that compensation for the contributions of the nominal parts of
the parameters in the current ripple estimation could be removed and (3.58) could
be used directly in the RLS algorithm.

The Ld and ψm parameter estimations are in general more noisy compared to
the Lq estimation. This is likely an effect of the properties of the ϕ matrix in
(3.61). Slightly smoother estimations could be achieved using a larger forgetting
factor in the RLS algorithm with a trade-off in convergence time. Moreover, the
initial overshoot of the parameter estimation is likely due to the wrong initial value
of the P matrix of the RLS algorithm given at the start of the simulation.

When it comes to Test 4, the proposed control scheme shows a promising robust-
ness to temperature variations. The derivative of the parameters change insignif-
icantly with respect to temperature and therefore using the erroneous LuTs has
almost no effect on the resulting current angle. However the test does not provide
any information in how well the control system handles aging of the machine as the
phenomena may have a larger effect on the parameter derivatives.
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6.2 Maximum Torque Per Ampere

In Section 4.2, the method and the result of the estimation of the true MTPA
trajectory is presented. When comparing the result with other MTPA trajectories
presented in other research papers [20, 21], it was noticed an unusual non-linear
behaviour. After consulting with one of the Engineers at CEVT, it was concluded
that it may be caused by the interpolation error of the LuTs that are used to model
the motor. However, the trajectory presented in Figure 4.2 is still representative for
the motor model used in the simulations and hence it can be used as a validation
curve when comparing the control systems.

As described in 4.2, the Hybrid kit algorithm neglects the parameter derivative
term Td of (2.5) when solving the MTPA equation. From the result of the current
angle estimation, presented in Figure 5.3 and 5.5, it is important to highlight the
large error that neglecting this term generate on the current angle estimation. In
fact, the difference between the Hybrid Kit’s current angle estimation and the True
MTPA can be traced back to the negligence of Td as the parameters of the algorithm
are the same as the once used in the motor model. It is therefore remarkable that
most of the research papers in the area that was presented in Section 2.4 ignores
the effect of this term. In some cases the authors have not even noticed the error as
the MTPA accuracy merely was concluded based on the accuracy of the parameter
estimations [27, 23].

6.3 Proposed Control System

When analyzing the balance between complexity and MTPA estimation accuracy, it
is worth comparing the proposed algorithm with the VSI method. As mentioned in
Section 2.4.3, the VSI technique generally do a great job in tracking MTPA compared
to other methods. Since both the proposed control scheme and the VSI techniques
uses LuTs for estimating the variation of the parameter with respect to the current
angle, they are expected to have similar MTPA accuracy. For the time being, the
proposed control scheme estimates the derivative terms using constant LuTs for the
parameters. As the parameters change over time, these will not be representative
anymore and, for having a completely parameter independent control scheme that
tracks MTPA, another approach would be needed. As opposed to signal injection
methods, the proposed algorithm could use the information from the parameter
estimations to update the LuTs over time. This would give the opportunity to have
the same performance even if the initial LuTs are not representative of the motor
characteristic. However, the implementation of such a system could lead to added
complexity. Since the parameter estimation usually run close to the MTPA operation
and as the derivative terms show an important effect on the correct tracking of the
MTPA, a compensation should be considered in order to keep the derivative terms
accurate. Therefore, the increase in accuracy in the long term can be done at the
expense of complexity, which would make the integration of the proposed method
in a vehicle powertrain more challenging.

Another aspect that may limit the integration of the proposed control system is
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the measurement of the current ripple. As the algorithm requires multiple precise
measurement of the current during each switching period (8 kHz) of the inverter,
as presented in Section 3.3.2, the hardware needs to be selected accordingly. The
adopted current noise level of about 0.2 % of the max current also puts requirements
on the hardware. During the tuning of the controller it was observed that larger
noise magnitudes caused problems for the Ld and ψm estimations which already are
rather sensitive as seen in the estimation results. Even if sensor noise was added
in the motor model, there is still an uncertainty factor of how well the simulation
represents a real test case.

Because of the complexity of the complete system and all dependencies between
the different subsystems, it is hard to guarantee the stability of the complete system.
If an error is introduced in the parameter estimation, the solution in the MTPA
equation may result in a very small current angle. The small current angle results
in a low d-axis current magnitude which in turn affects the condition number for
the ϕ matrix in the parameter estimation and result in a even larger parameter
estimation error. In this way, a small error can quickly propagate through the
system and amplify itself. Stopping the RLS algorithm when the motor speed or
current levels are too low is a first step to avoid these and similar problems in the
simulation environment. However for testing on a real system safety features like
this must be much more rigorously developed and verified through a broad set of
test scenarios.

Because of the observed parameter estimation accuracy in steady state, the pro-
posed parameter estimation scheme is also demonstrating a great potential as a
stand alone algorithm. The estimation technique could potentially be used as an
alternative to directly measuring the motor parameters in a benching process. As
the algorithm only requires the standard current, voltage and motor speed measure-
ments, no additional equipment would be needed in the bench setup. Using the
estimated parameters, the produced torque could be calculated and compared with
the measured torque as a validation step.
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7
Conclusion

This thesis focused on developing an algorithm for an accurate estimation and track-
ing of the MTPA of an IPMSM. Based on the literature study, various methods
have been investigated and a novel algorithm has been developed. The proposed
method is based on MRAC that, combined with a current ripple modelling, al-
lows full real time motor parameter estimations. For additional MTPA accuracy,
a VSI technique is implemented in combination with parameter LuTs to estimate
the parameter derivatives with respect to the current angle. The proposed method
is designed to be independent of the IPMSM parameters and is able to accurately
track parameter variations and maintain good MTPA accuracy over time. However,
the signal injection method uses LuT data of the parameters in order to estimate
how they vary with the derivative of the current angle, so the method is not fully
adaptive.

The evaluation of the performance has been done in a simulation environment by
comparing the proposed method with a default Hybrid Kit algorithm that currently
is used by the company. Based on the reference of the true MTPA of the motor
model, the proposed method shows significantly better performance in MTPA esti-
mation with close to perfect tracking of the true MTPA throughout the operation
region.

7.1 Future Work
Based on the findings of this thesis, looking into the following topics could be a start
for further development of the control scheme.

Investigate how the parameter estimation performance could be improved by
directly using the voltage equilibrium in (2.1) instead of the estimated model error
between the reference and real model d̃.

In order to make the algorithm work entirely without prior knowledge of the
IPMSM, the LuTs method used in the signal injection needs to be revised. This
could be achieved by integrating adaptive LuTs that are updated with the help of
the parameter estimation scheme.

Further look into the stability of the complete control scheme and the interven-
tions that are needed to ensure that, e.g. preventing an error from the parameter
estimation to propagate and amplify itself.

Finally, as the results of this thesis only are based on simulation experiments, a
natural follow up would be to test the control system with hardware in the loop.
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A
Park-Clarke Transformation

Park-Clarke transformations are used to transform quantities between the fixed three
phase abc-reference frame and the rotating direct-quadrature dq-reference frame [4].
The relation between the reference frames are illustrated in Figure A.1.

Figure A.1: Relation between the dq and abc reference frame.

A.1 Park Transformation
In order to describe the dynamics of the motor the three-phase quantities are trans-
formed into the dq-frame through the Park transformation[
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where θ is the instantaneous angle from the a-axis to the rotating d-axis.

A.2 Clarke Transformation
The inverse transformation from the direct-quadrature to the three phase compo-
nents is know as Clarke transformation and is described by the matrix operationab
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B
Recursive Least Square Algorithm

Given a linear system of the form

y = ϕθ (B.1)

the RLS algorithm can be summarized in the following equations

K(n) =P (n− 1)ϕT (λI +ϕ(n)P (n− 1)ϕ(n))−1 (B.2)
θ̂(n) =θ̂(n− 1) +K(n)

(
y(n)−ϕ(n)θ̂(n− 1)

)
(B.3)

P (n) = 1
λ

(I −K(n)ϕ(n))P (n− 1) (B.4)

where λ is a positive forgetting factor < 1.
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