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Computing controllable sets for safe and stable automated vehicles

Combining Model Predictive Control and Active Learning for Safe and Efficient
Longitudinal Vehicle Dynamics

Keivan Shojaei

Kiran Kumar Palle

Department of Electrical Engineering

Chalmers University of Technology

Abstract

Adaptive Cruise Control (ACC) is an important driver-assistance function in au-
tomated and semi-automated vehicles. A well-designed ACC system can improve
longitudinal safety, traffic flow, and driving comfort by controlling the ego vehicle in
response to the motion of a preceding vehicle. Maintaining safety becomes particu-
larly challenging when the lead vehicle behaves unexpectedly or when rapid braking
is required.

This thesis presents a framework that combines Model Predictive Control (MPC)
and Active Learning (AL) for longitudinal safety analysis. The MPC controller com-
putes ego-vehicle acceleration commands while accounting for the system dynamics,
input limitations, and safety constraints. A more detailed plant model is used to
introduce effects such as actuator dynamics, aerodynamic drag, rolling resistance,
road grade, and reaction delay. In addition to controlling the vehicle, MPC is used
as a feasibility oracle to classify operating conditions as feasible or infeasible. AL
then selects informative states, particularly near the transition between these re-
gions, thereby reducing the number of MPC evaluations required to approximate
the safety boundary.

Simulation results indicate that the proposed framework can identify safety-critical
operating conditions and approximate the MPC-feasible region while concentrating
computational effort near the feasibility boundary. The results also illustrate the
influence of model mismatch and critical braking conditions on the estimated safety
region.

Keywords: Adaptive Cruise Control, longitudinal vehicle dynamics, Model Predic-
tive Control, Active Learning, safety boundary, feasibility, Support Vector Machine,
collision avoidance.
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List of Acronyms

Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

2-D 2-Dimensional

ACC Adaptive Cruise Control

ADAS Advanced Driver-Assistance Systems
AL Active Learning

AV Automated Vehicle

CBF Control Barrier Functions

CLF Control Lyapunov Functions

DCBF Differentiable Control Barrier Functions
GCBF Generalized Control Barrier Functions
ITS Intelligent Transport Systems

ML Machine Learning

MPC Model Predictive Control

QP Quadratic Programming

RBF Radial Basis Function

SVM Support Vector Machine

V2X Vehicle to Everything
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that have been
used throughout this thesis.

Indices
Index for continuous time
k Index in discrete time
Sets
R Set of real numbers
N Set, of natural numbers
X Set of system states of xi
U Set of states of control input uy
X Set of predicted states
Parameters
C, Coefficient of speed tracking in cost function
C, Coefficient of acceleration effort in cost function
Cs Coefficient for slack penalty in cost function
Cn Coefficient of terminal slack penalty in cost function
At Time discretization step (time interval)
m Mass of ego vehicle and lead vehicle (assumed same)
Universal Gravitational Constant
Fluid density (i.e., air)
Cy Aero Drag coefficient

X1



associated with
the actuator dy-

namics
Kla K27 K?n K4
t,

oy

xii

Reference Area

Tyre Road Friction coefficient
Rolling-resistance coefficient
Actual acceleration state
Rolling resistance force

Road slope force
Aerodynamic force

Road angle

Relative distance between the ego and lead vehicle
Initial gap

Velocity of the ego vehicle

Velocity of the lead vehicle

Position of the ego vehicle

Position of the lead vehicle
Acceleration of the ego vehicle
Acceleration of the lead vehicle
Sampling time

Relative speed at discrete time

Initial Relative Speed

State at the beginning of optimization

Plant state

Intermediate slope evaluations
actuator time constant

number of delayed samples
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1

Introduction

Adaptive Cruise Control (ACC) requires the ego vehicle to maintain a safe longi-
tudinal distance from a lead vehicle by responding to changes in the lead vehicle’s
motion. Identifying the initial conditions from which safe control remains possible
can be computationally demanding, especially when a large state space must be
evaluated. This thesis develops a framework to combine Model Predictive Control
(MPC) and Active Learning (AL) to identify safe and unsafe operating regions for
longitudinal automated driving. A discrete-time vehicle model is used within the
MPC controller to predict the evolution of the ego and lead vehicles while satis-
fying acceleration and safety constraints. The MPC is then used as an oracle to
classify initial operating conditions according to whether the safety constraints can
be satisfied. The plant model subsequently incorporates additional effects to bet-
ter represent realistic driving conditions. AL selects informative states, particularly
near the boundary between feasible and infeasible regions, to reduce the number of
required MPC evaluations. Simulation results indicate that the proposed MPC-AL
framework can identify critical situations and identify the safety boundary while
reducing unnecessary evaluations compared with uniform sampling.

1.1 Background

Human driving performance is influenced by several factors, including fatigue, dis-
traction, drowsiness, impairment, and unexpected behavior from other road users.
These factors can increase reaction time and reduce the driver’s ability to respond
effectively in safety-critical situations. Even a short delay may significantly reduce
the available time and distance for collision avoidance.

Advanced driver-assistance systems are intended to reduce this dependence on hu-
man reaction by continuously monitoring the surrounding traffic and applying con-
trol actions when necessary. For longitudinal vehicle control, the controller must
determine an appropriate acceleration or deceleration while respecting safety and
physical constraints. This requires a model of the relative motion between the ego
and lead vehicles and a method for predicting how the traffic situation may evolve.

MPC addresses this problem by repeatedly solving a finite-horizon optimization
problem. At each sampling instant, the controller predicts the future system behav-
ior using a discrete-time model, determines the control sequence that best satisfies
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the control objectives and constraints, and applies the first control input before re-
peating the optimization at the next time step. This predictive structure makes
MPC particularly suitable for safety-critical longitudinal control because future vi-
olations of distance or velocity constraints can be anticipated before they occur.

However, a challenge is that evaluating a large number of possible initial conditions
using MPC can be computationally expensive. If the objective is to identify the
boundary between safe and unsafe operating conditions over a large state space, a
uniform grid may require many MPC evaluations, including evaluations far from the
decision boundary that provide little additional information. This motivates the use
of AL to select informative states more efficiently.

Machine-learning methods are increasingly used in intelligent transportation systems
and automated driving to support prediction, classification, and data-efficient analy-
sis. In safety relevant applications such as ACC, we could leverage learning methods
for the controller to intelligently detect a dangerous condition, infer safe operating
areas, and make overall control more reliable under uncertainty on driving scenarios.

Machine learning algorithms allow us to estimate the reachable and feasible regions
in many nonlinear dynamical systems via simulation methods in a cost-effective and
efficient way since it doesn’t need to solve very complex nonlinear equations and
allows our framework be applied on various vehicle models and driving scenes.

1.2 Related Work

Several research studies have investigated rear-end collision avoidance and safety
assurance using different controller and learning-based approaches. Various studies
have employed methods such as Control Barrier Functions (CBFs), Lyapunov-based
methods, and MPC to formulate safety constraints, guarantee collision avoidance,
and determine safe operating conditions. In addition, for learning-based approaches,
some methods such as Reinforcement Learning (RL) and AL, have been investigated
to improve safety assessment, identify critical operating conditions, and approximate
safe regions of the state space. These approaches differ in their assumptions, safety
guaranties, computational requirements, and methods for characterizing safe oper-
ating regions. Some of the relevant studies are summarized below.

1.2.1 MPC in ACC and Automated Vehicle Control

MPC has been widely investigated for trajectory tracking, motion control, and lon-
gitudinal control of automated vehicles. Saljanin et al. and Yao et al. demonstrate
predictive-control approaches for automated vehicle motion, including combined lon-
gitudinal and lateral control and prediction models that account for variations in
vehicle velocity [1, 2]. These studies illustrate the ability of MPC to handle multi-
variable vehicle dynamics while incorporating constraints directly into the control
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problem.

For longitudinal vehicle control, Gao et al. and Kempf et al. investigate MPC-
based approaches for improving tracking, comfort, and robustness under uncertain
or changing operating conditions [3, 4]. Their results support the use of predictive
optimization for determining acceleration and braking commands while accounting
for vehicle dynamics and practical limitations.

MPC has also been applied to more demanding safety-critical manoeuvres. Adaptive
emergency-braking strategies and prediction-based collision-avoidance methods use
future vehicle trajectories and time-varying safety constraints to achieve smoother
and safer control actions [5, 6]. Related work has also considered coordinated brak-
ing and steering under varying friction conditions and combinations of MPC with
learning-based methods for complex vehicle systems [7, 8]. Together, these studies
show that MPC provides a flexible framework for constrained vehicle control, but
they also highlight the computational burden associated with repeatedly solving
optimization problems across many operating conditions.

1.2.2 Reachability and Safety-Set Analysis

Reachability and set-based safety analysis provide a complementary perspective to
online control. Rather than focusing only on the control action at the current state,
these methods analyze sets of states that can be reached, controlled, or maintained
safely under specified system dynamics and constraints. Such analysis is useful for
identifying boundaries beyond which safe control may no longer be possible.

Control Barrier Functions (CBFs) and Control Lyapunov Functions (CLFs) have
been used to enforce safety and stability constraints in automotive and robotic sys-
tems. These approaches formulate safety conditions as constraints that can be incor-
porated into an optimization problem, often using quadratic programming [9, 10, 11].
Although barrier-function methods are not equivalent to reachability analysis, they
address a closely related objective: preventing the system from entering unsafe re-
gions while maintaining the desired control performance.

Chakrabarty et al. formulate reachable-set estimation for systems with unknown or
complex dynamics as a classification problem [12]. Their method selects informative
input-space samples and queries an oracle, such as a simulator or physical experi-
ment, to determine the corresponding reachability labels. The study demonstrates
that data-driven sampling can reduce the number of evaluations required to approx-
imate a set boundary compared with exhaustive sampling. This idea is particularly
relevant to the present thesis because an MPC simulation can similarly be treated as
an oracle for determining whether a selected driving condition satisfies the defined
safety constraints.
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1.2.3 Active Learning Approaches

AL aims to improve a predictive model by selecting the samples that are expected
to provide the most useful information rather than labeling all available samples
uniformly. In safety-boundary estimation, the most informative states are generally
located near regions where the classifier is uncertain or where the transition between
safe and unsafe behavior occurs.

The active reachable-set estimation method proposed by Chakrabarty et al. demon-
strates how informative sampling can be used to approximate safety-related bound-
aries while reducing dependence on expensive oracle evaluations [12]. This provides
a direct motivation for applying AL to MPC-based safety evaluation: instead of
solving the MPC problem for every point in a dense state-space grid, the learning
algorithm can prioritize states that are expected to improve the current estimate of
the boundary.

Other learning-based safety studies combine learned policies with control-theoretic
safety mechanisms. For example, Generalized Control Barrier Functions and Differ-
entiable Control Barrier Functions have been incorporated into learning-based con-
trol frameworks to improve constraint satisfaction during learning [13, 14]. These
methods differ from the AL approach used in this thesis because they modify or
constrain the learning controller itself, whereas the present work retains MPC as
the model-based safety evaluator and uses AL primarily for efficient sampling and
boundary identification.

1.2.4 Research Gap

The reviewed literature provides strong foundations for constrained vehicle control,
control-theoretic safety analysis, and data-efficient boundary estimation. However,
within the body of work considered in this thesis, these topics are most often treated
separately. MPC studies primarily focus on online control performance, while reach-
ability and learning studies focus on safety-set estimation or safe learning. Compar-
atively less attention is given to using an MPC controller directly as an oracle within
an AL loop to efficiently identify the boundary between safe and unsafe longitudinal
ACC operating conditions.

This thesis addresses that gap by combining a discrete-time longitudinal vehicle
model, an MPC safety evaluation, and an AL-based sampling strategy. The MPC
determines whether selected initial conditions can be controlled while satisfying the
imposed constraints. The resulting labels are then used to train a classifier that
approximates the safe-unsafe boundary. AL concentrates subsequent evaluations
on informative regions of the state space, with the objective of reducing the number
of MPC evaluations required to obtain an accurate representation of that boundary.

4
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Machine Learning
beyond the Horizon

MPC horizon N

Figure 1.1: Conceptual interaction between MPC-based finite-horizon prediction
and AL-based exploration of safety-critical operating conditions.

1.3 Purpose

The purpose of this thesis is to investigate how predictive control and data-efficient
sampling can be combined to identify safety-critical operating conditions in longitu-
dinal automated driving. The work considers the interaction between an ego vehicle
and a lead vehicle, with particular emphasis on relative distance and relative velocity.

The MPC controller determines the acceleration or deceleration action required to
maintain a safe separation and reduce undesirable relative motion. The safety re-
quirement used in this study is defined by a minimum inter-vehicle distance of 5m.
The controller therefore aims to prevent the ego vehicle from violating this mini-
mum separation. AL is utilized to reduce the computational cost of safety-boundary
estimation by selecting informative states instead of the entire state space using the
MPC-based oracle. The selection process focuses on states that are expected to
provide more useful information for refining the boundary between feasible and in-
feasible regions. The MPC oracle evaluates the selected states and provides their
safety labels, which are then used to update the Support Vector Machine (SVM)
classifier.

Furthermore, the relative distance and relative velocity between the ego and lead ve-
hicles are used to characterize the longitudinal safety state, while the slack variable
provides additional information about the degree of safety-constraint violation. This
information helps identify critical operating conditions, and supports the iterative
refinement of the learned safety boundary.

In summary, the framework starts from the initial states of the ego and lead ve-
hicles. The longitudinal discrete-time model is used by the MPC to determine an
appropriate ego-vehicle acceleration based on the relative distance and velocity. The
plant model then introduces additional effects, including aerodynamic drag, rolling
resistance, reaction delay, and road-slip limitations. Finally, AL uses the MPC-
based evaluations to refine the estimate of the feasibility boundary while reducing
the number of required simulations.
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1.4 Aim

The aim of this thesis is to develop and evaluate a reliable and computationally
efficient approach for analyzing safety in automated longitudinal driving scenarios.
The work is guided by the following research questions:

o How can an MPC controller be designed for longitudinal vehicle dynamics to
achieve safe and stable following behavior?

o How can safety-critical operating regions be characterized in terms of the rel-
ative distance and relative velocity between the ego and lead vehicles?

o How can set-based safety information be obtained from repeated MPC evalu-
ations and represented in a form suitable for classification?

o How can high-dimensional or nonlinear safety information be approximated
using data-driven classifiers or low-complexity decision boundaries?

o How can AL be used to identify informative and safety-critical scenarios with
fewer oracle evaluations than uniform sampling?

o Which quantitative metrics can be used to evaluate the safety, classification
performance, and computational efficiency of the proposed MPC-AL frame-
work?

1.5 Scope

The scope of this thesis is defined as follows:

e The system considers longitudinal interaction between an ego vehicle and a
lead vehicle.

e The lead vehicle is allowed to perform different braking and acceleration ma-
noeuvres in order to generate a range of driving scenarios.

o The primary state variables used for control and learning are relative distance
and relative velocity. Acceleration and deceleration influence the state evolu-
tion through the system dynamics and control input.

o A slack variable is included in the MPC formulation to relax selected con-
straints when necessary. Its value is used as part of the feasibility assessment
when labeling operating conditions for the AL framework.

o Slack values below 107 are treated as numerically negligible and therefore do
not change the assigned feasibility label.
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e Human driver reaction is not included in the control loop because the investi-
gated system assumes automated longitudinal control.

o The analysis is limited to longitudinal vehicle motion. Lateral dynamics and
road-curvature effects are outside the scope of the present study.

1.6 Limitations
The main limitations of the study are as follows:

o The ego and lead vehicles are represented using simplified longitudinal dynam-
ics and predefined acceleration and deceleration capabilities.

o The proposed control and learning framework is evaluated only in simulation
and has not been validated on a real vehicle.

o The road is assumed to be straight, and lateral vehicle dynamics are not con-
sidered.

o The classifier can only learn from the operating conditions evaluated by the or-
acle. Consequently, regions that are insufficiently sampled may remain poorly
represented.

o Conclusions regarding computational efficiency depend on the selected state-
space discretisation, MPC formulation, classifier, and AL strategy, and there-
fore require quantitative comparison with a suitable baseline.

1.7 Ethical and Sustainability Aspects

This thesis investigates safety in ACC systems by combining MPC with AL. From
a sustainability perspective, improved longitudinal control can reduce unnecessary
acceleration and braking and may therefore contribute to smoother traffic behaviour
and lower energy consumption. These potential benefits are secondary to the pri-
mary objective of maintaining safe vehicle operation.

From an ethical perspective, the main objective is to reduce the risk of unsafe longi-
tudinal interactions, particularly rear-end collisions caused by insufficient separation
or delayed braking. Because automated control systems directly affect human safety,
their behavior must be predictable, robust, and thoroughly validated across relevant
operating conditions.

The use of a learning-based method introduces additional limitations because the

classifier can only generalize from the data that have been evaluated and labeled.
For this reason, safety is not delegated to the learning algorithm. MPC remains the

7
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model-based mechanism used to evaluate the system constraints, while AL is used
to improve the efficiency with which safety-critical operating conditions are explored.

All evaluations in this thesis are conducted in simulation. No conclusions are there-
fore made regarding direct deployment in production vehicles. Real-world implemen-
tation would require additional validation using higher-fidelity models, hardware-in-
the-loop testing, and vehicle experiments before the approach could be considered
for safety-critical use.

1.8 Disposition

The remainder of the thesis is organized as follows. Chapter 2 introduces the longi-
tudinal vehicle model and the discrete-time formulation used throughout the study.
Chapter 3 presents the MPC formulation, including the prediction model, objective
function, constraints, optimization procedure, and ego-vehicle plant model. Chapter
4 introduces the AL framework used to identify informative operating conditions and
approximate the boundary between safe and unsafe behavior. Chapter 5 presents the
simulation results and evaluates the proposed approach using quantitative perfor-
mance and efficiency metrics. Finally, Chapter 6 summarizes the main conclusions,
discusses the limitations of the study, and outlines directions for future work.
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Vehicle dynamic modelling

For the implementation of a well-functioning control algorithm, the vehicle dynamics
must be suitably modeled to the characteristics of the ACC system. The selection of
a suitable modelling concept directly impacts how well the predictions the controller
can make, and the efficiency in which it is possible for this to be achieved. A suitable
vehicle model is required for both MPC prediction and safety analysis. In this thesis,
the model focuses on longitudinal motion and the interaction between an ego vehicle
and a lead vehicle. The resulting continuous- and discrete-time representations
define the states, control inputs, and disturbances used in the subsequent MPC and
AL frameworks.

2.1 Longitudinal Vehicle Dynamics

Figure 2.1 illustrates the longitudinal interaction between the ego and lead vehicles
and the variables used in the model. [5]

7 iy
& &,

Ego Vehicle

Figure 2.1: Longitudinal dynamic model

To achieve the best and reliable results from both the MPC and AL, a longitudinal
vehicle model is required to describe the evolution of the system states. Relative

velocities between two vehicles play a big role here but maybe that part gets over-
looked at first.

The goal in longitudinal vehicle dynamics is to keep a safe distance from the lead
vehicle. Avoiding collisions under different driving conditions matters too. The
system behavior mainly depends on the relative distance and the velocities of both
vehicles. Relative velocities between two vehicles play a big role here but maybe that
part gets overlooked at first. The future motion of the lead vehicle is uncertain; for
example its future speed, acceleration, maneuver, position and so on are uncertain,
and these parameters should be considered when the ego vehicle adjust itself.



2. Vehicle dynamic modelling

In this work the essential equation comes from *Vehicle Dynamics and Control’ book
[15]. The longitudinal state vector is defined as:

Dy
Vi
where
D, eR represents the relative distance between the ego and lead vehicles,

(2.2)
Ve € Rso represents the velocity of the ego vehicle, (2.3)
Vik € Rso represents the velocity of the lead vehicle. (2.4)
k represents discrete time step (2.5)

In addition to evaluating the ACC system under various driving scenarios, the thesis
investigates emergency braking situation, worst-case scenario, when the ego vehicle
cannot avoid the collision. The worst-case scenario occurs when the combination
of relative distance and relative velocity are not in safe region. It means the ini-
tial relative distance is sufficiently small, and the relative velocity is quite high.
Thus, in this scenario, a collision may become unavoidable because the ego vehi-
cle cannot stop before reaching the lead vehicle. For the Worst-case scenario in this
work, a stationary lead vehicle or a fixed obstacle in ahead of ego vehicle is assumed.

Because the lead vehicle is stationary, in worst-case scenario, the relative velocity
becomes equal to the ego vehicle velocity. Therefore, the second state variable di-
rectly describes the speed of the ego vehicle during the braking scenario and we can
neglect the third one, lead vehicles’ velocity. The longitudinal motion of the ego
vehicle is mainly affected by the applied acceleration or deceleration input gener-
ated by the controller. This dynamic model is later transformed into a discrete-time
state-space representation for the implementation of the MPC controller and safety
analysis framework.

2.2 Vehicle States Model

The relative distance and relative velocity between the ego and lead vehicles are
important variables for longitudinal collision avoidance. These parameters supply
necessary information on the present state of traffic and assist the controller to es-
timate potential danger on upcoming time steps.
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Definition of relative distance is the difference of longitudinal position between the
lead vehicle and the ego vehicle, which can be expressed as:

Dk = SL,k - SE,k: (27)

Where Sp,, and Sgj, represent the longitudinal positions of the lead and ego vehi-
cles, respectively.

The relative velocity is defined as the difference between the ego vehicle velocity and
the lead vehicle velocity:

Avy =V — Vi (2.8)
Where Vg, is the ego vehicle velocity and Vi is the lead vehicle velocity.

The evolution of the relative distance depends directly on the relative velocity.
Therefore, the distance dynamics can be written as

This relationship shows that the relative distance decreases when the ego vehicle
moves or travels faster than the lead vehicle.

Similarly, the relative velocity dynamics depend on the accelerations of both vehicles,
and can be expressed as

Avk =Aagpkr — QL k (210)

Where ag ) and a, ; represent the accelerations of the ego and lead vehicles respec-
tively.

As discussed in Section 2.1, a stationary lead vehicle is assumed to investigate worst-
case emergency braking scenarios. Therefore:

Vikpk=0 (2.11)
For the stationary case, the lead-vehicle acceleration is also zero.

ary =0 (2.12)

As a result, in worst-case scenario the dynamics of the system can be simplified
while still representing the critical behavior required for collision avoidance and
safety analysis.

2.3 Discrete Time Dynamic Model
The thesis introduces a discrete-time longitudinal vehicle model to study how an

ego vehicle interacts with a lead vehicle under different conditions. The formula-
tion tracks changes in relative distance, and relative velocity over time. An MPC

11



2. Vehicle dynamic modelling

controller then evaluates safety during maneuvers. This assessment determines if
the ego vehicle can react quickly enough to the lead vehicle’s sudden movements to
avoid an accident or not.

Ultimately, it serves as the prediction component in an MPC setup. From there,
the same model is integrated into AL so that safety regions can be estimated and
feasibility can be assessed and controllable set can be measured in the any scenarios
for the thesis.

This model provides the basis for the MPC feasibility evaluations that are subse-
quently used by the AL framework.

The controller predicts the future behavior of the ego vehicle over a finite predic-
tion horizon and computes the optimal control action that ego vehicle required to
maintain safety while reducing the possibility of collision by keeping a safe distance
between its vehicle and lead vehicle and reduce the relative speed between both
vehicles.

Since MPC operates in discrete time, the longitudinal vehicle dynamics must first
be transformed into a discrete-time state-space representation.

The general nonlinear discrete-time dynamic system can be represented as:

Lh4+1 = f(xk,uk) (213)

subject to

xr, € X, u, € U (2.14)

Where x, € R™ represents the system states and u, € R™ represents the control
input at discrete time step k € N.

The general longitudinal vehicle model is written by the state variables and they
are defined by the relative distance, ego vehicle velocity, and lead vehicle velocity.

The control input corresponds to the acceleration or deceleration of the ego vehicle.
The discrete-time longitudinal equations of motion are formulated as:

1 1
D1 = Dy, — Ve p At + Vi At — §aE,kAt2 + §aL,kAt2 (2.15)
VE,k+1 == VE,k + aEJﬁAt (216)
Vi1 = Vi +ap At (2.17)

Where At represents sampling time and other coefficients are mentioned in previous
sections, Sec 2.1 and 2.2.

12



2. Vehicle dynamic modelling

The relative distance dynamic describes how the range or spacing between the two
vehicles changes over time according to their relative motion and accelerations. Sim-
ilarly, the velocity equations describe the longitudinal motion of both vehicles over
the discrete sampling interval.

In the stationary lead vehicle for investigating the worst-case emergency scenario we
have:

VL,k = O, aL7k = 0 (218)

which simplifies the system dynamics into [16]

1
Dk+1 = Dk — VE7kAt - §aE7kAt2 (219)
VE’kJrl = VvE’]C + ankAt (220)

The simplified model is directly used in the MPC prediction framework developed
in this thesis.

The corresponding state-space representation can therefore be written as:

For the three-state formulation, the state vector is [15]

Dy,
zp = |V (2.22)
Vi
The initial conditions are:
1 —At At — AL TAL?
A=10 1 0 , B = At |, E=1] 0 (2.23)
0O 0 1 0 At

For the simplified two-state worst-case formulation, the model becomes: [5]:

_ | Dk
T = lVE,J (2.24)
and
1 —At —1A A
_ _ |72 — |2
PO IR R e
The initial conditions of the system are defined as
D(0) = Dy 2.26)
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Where Dy represents the initial relative distance between two vehicles and Vg rep-
resents the initial relative velocity.

The worst-case analysis considers a high initial velocity of the ego-vehicle relative
to the available stopping distance. Therefore,

Veo >>0 (2.28)

The developed discrete-time model forms the foundation of the MPC prediction
framework and enables the controller to estimate future vehicle behavior, evaluate
safety constraints, and display appropriate braking actions under uncertain driving
conditions.

2.4  Adaptive Cruise Controller

The main idea of an ACC system, which is classified as an automated driving feature
in today’s vehicle development world, is to relieve the driver by automatically ob-
serving road surroundings in the immediate vicinity of the driving scenario, allowing
faster and more responsive adjustments to emerging conditions and to maintain ap-
propriate car—following distance and speed, thereby potentially enhancing comfort,
and increasing the smoothness of traffic and safety.[17]

The ACC system can operate in two primary modes. One when no vehicle/obstacle
is detected ahead of the ego vehicle and the road ahead is clear and another when
some object /vehicle is present ahead of the ego vehicle.

In the first case, the ACC controls vehicle speed such that it reaches the constant
desired speed configured by the driver. In the second case, the ACC maintains a safe
distance between its vehicle and the preceding vehicle, thereby avoiding collisions,
and also the distances between vehicles are calculated by using velocity, relative
velocity and relative distance etc.

As it can be seen in the following figure, Fig. 2.2, it shows its operating principle

of the ACC and demonstares how the ego vehicle adapt itself by traffic conditions
ahead of the ego vehicle and other vehicle conditions [18].

Without preceding vehicle Maintain constant speed

With preceding vehicle

B

Figure 2.2: Operating principle of Adaptive Cruise Control for speed regulation
and safe vehicle following
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Model Predictive Control

Model Predictive Control (MPC) is selected in this thesis because it provides a
practical way of combining prediction, optimization, and constraint handling in one
control framework. Instead of reacting only to the current tracking error, MPC uses
a model of the system to estimate how the states may evolve over a finite horizon. It
then solves an optimization problem and chooses a control sequence that gives the
best predicted behaviour while respecting the imposed constraints. Only the first
control action is applied, after which the procedure is repeated using the latest state
information. This repeated optimization is what gives MPC its receding-horizon
character [19, 20, 21].

This feature is particularly useful in automated driving. A longitudinal controller
is not expected to meet only one objective. It must maintain a enough distance
from the vehicle in front, react to changes in the motion of the lead vehicle, avoid
excessive braking or acceleration, and, when possible, maintain a desired cruising
velocity. These requirements can compete with each other. For example, aggres-
sive braking can improve safety margin but may reduce comfort, whereas a very
smooth response may be too slow during an emergency. MPC offers a structured
way to balance such objectives while enforcing safety-related limits directly in the
optimization problem [18, 3, 1].

In this thesis work, MPC is used for a simplified longitudinal driving scenario. The
controller is designed to determine a safe acceleration command for the ego vehicle
and to assess whether a given initial state can be kept within the prescribed safety
constraints.

Controllers within the MPC family are generally characterised by the following strat-
egy. [21]
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Reference
Past Inputs ' Trajectory
and Outputs Poredlcted Le
- tputs -
Model ———()
Future Future
Inputs Errors

Optimizer «———

Cost

. Constraints
Function

[21]
Figure 3.1: Basic structure of MPC

The closed-loop MPC simulation is later used together with AL to estimate the
boundary between safe and unsafe initial conditions.

At every sampling instant, the controller follows the same basic sequence:

1. obtain the current state of the system,

2. predict the future state evolution over a finite horizon,

3. solve the constrained optimization problem,

4. apply the first element of the optimal control sequence,

5. repeat the calculation at the next sampling instant.
Because the optimization is solved again after every new state measurement, pre-
diction errors and external disturbances can be taken into account in the following
control step. The controller therefore operates in closed loop even though each in-
dividual optimization is based on a finite-horizon prediction.

A general discrete-time model used in MPC can be written as

where z; denotes the state vector, uy is the manipulated input, and w; represents
an external input or disturbance. The matrices A, B, and E describe how these
quantities affect the next state. In the longitudinal driving problem, the distur-
bance may represent the acceleration of the lead vehicle. Other effects, such as road
grade, aerodynamic drag, or model uncertainty, may also be treated as disturbances
depending on the model structure [19, 20].

The controller developed in this thesis uses a three-state vector. [15]. As shown in
Equation (2.1), the state vector is
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where Dy, is the relative distance between the ego and lead vehicles, Vg is the ego
vehicle velocity, V7 i is the lead vehicle velocity and

Avy, = VE,k - VL,k (3-3)

is the relative velocity as mentioned in Equation (2.8). With this sign convention,
a positive value of Av, means that the ego vehicle is moving faster than the lead
vehicle and the gap is therefore closing.

As mentioned in Equation (2.9) the corresponding continuous-time dynamics are

Dk = —Avk, (34)
And as mentioned in Equation (2.10),

Avk = U — QL k, (35)

where wuy, is the ego-vehicle acceleration command and serves as the control input
and ay, is the acceleration of the lead vehicle. These equations describe the relative
motion directly. If the ego vehicle accelerates more strongly than the lead vehicle,
the relative velocity increases. If the ego vehicle brakes more strongly, the relative
velocity decreases.

For implementation, the continuous-time equations are discretized using the chosen
sampling time At. The resulting discrete model is then used by the controller to
predict the future gap and relative velocity over the prediction horizon [19, 20].
For a given initial state zy, the MPC determines whether there exists an admissible
control sequence that satisfies the imposed vehicle and safety constraints over the
prediction horizon. The set of initial conditions for which the MPC problem is
feasible is therefore defined as

F ={xo € X : the MPC problem is feasible from x¢} . (3.6)

The main problem addressed in this thesis is to determine or approximate the set
F, thereby separating feasible (safe) initial conditions from infeasible (unsafe) initial
conditions. MPC is used as the feasibility oracle, while Active Learning and classi-
fication are used to approximate the boundary of F with fewer MPC evaluations.
The MPC result should not be interpreted only from the optimal control signal. It
is also necessary to inspect the predicted distance, the actual plant response, con-
straint activity, and the effect of model mismatch.

MPC is used in this thesis as both a controller and a safety-evaluation tool. The
three-state model predicts the future gap, ego and lead velocities, while the op-
timization chooses the ego-vehicle acceleration subject to the input and distance

constraints. The resulting quadratic program follows the standard structure of con-
strained linear MPC [19, 20].
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The plant model used in simulation is intentionally more detailed than the prediction
model. It can include actuator dynamics, aerodynamic drag, rolling resistance, road-
grade effects, and reaction delay. This difference introduces model mismatch. Rather
than treating the mismatch as an implementation error, it is used to test whether the
controller can still maintain safety when the actual vehicle does not behave exactly
as predicted.

3.1 Prediction Model

Let the prediction horizon contain N future steps. By repeatedly applying the
discrete state equation, the predicted states can be collected in the compact form

X = ®xo+ TU + T, W, (3.7)

where X contains the predicted states, x is the state at the beginning of the opti-
mization, U is the sequence of future control inputs, and W contains the assumed
disturbance sequence. The matrices ®, I', and I",, are constructed from the discrete-
time model matrices.

The horizon length affects both the behaviour of the controller and the computa-
tional effort. A longer horizon allows the controller to look further ahead and may
improve its ability to anticipate a closing gap or a braking lead vehicle. At the same
time, it increases the size of the optimization problem and may make the numerical
solution more demanding. The horizon must therefore be chosen as a compromise
between prediction quality and computational cost [21, 19, 20].

Although the optimization returns a complete sequence of future inputs, only the
first input is sent to the plant. The remaining inputs are not applied directly because
the system state will be measured again at the next sample. A new prediction and
a new optimization are then carried out from the updated state.

3.2 Cost Function Design

The cost function was chosen to reflect the role assigned to the controller in this
study. The minimum-distance requirement is treated primarily as a constraint,
whereas the cost function is used to describe the preferred behaviour inside the
feasible region. This distinction is important. A distance-tracking term would en-
courage the controller to follow a particular gap, but the objective here is not to
force one fixed headway. The objective is to remain safe, approach the desired ve-
locity when possible, and avoid unnecessarily large control actions.

The implemented objective is
N—1
J = Z [CD (UEJ€ — Uref)Q + C’auz + CSSi + CNS?V (38)

k=0
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where vg , is the predicted ego-vehicle velocity, v,.s is the desired velocity, uy is the
control input, and s, is a slack variable associated with a softened safety constraint.
The coefficients C,, C,, C,, and Cy determine the relative importance of the corre-
sponding terms.

The velocity term penalizes the difference between the predicted ego velocity and
the reference velocity. Its role is to prevent the controller from braking more than
necessary once the safety constraint can be satisfied. When the available gap is
sufficiently large, this term encourages the vehicle to recover toward the requested
cruising velocity.

The input term penalizes the square of the acceleration command. Without this
term, the optimizer may choose very aggressive acceleration or braking whenever
such an action reduces the other penalties. Including control effort usually leads to
a less abrupt response and is common in vehicle MPC formulations [1, 2].

In the present implementation, this term should be understood as a regularization
of the commanded acceleration rather than a complete passenger-comfort model. A
separate jerk penalty would be required if changes in acceleration were to be penal-
ized explicitly.

The slack penalty is included to avoid complete loss of feasibility in extreme situa-
tions. If the safety constraint cannot be satisfied exactly, the slack variable allows
a limited violation so that the optimization problem still returns a solution. This
does not mean that a violation is considered acceptable. The corresponding weight
is chosen to be much larger than the ordinary performance weights, so the optimizer
uses slack only when the available control authority is insufficient to satisfy the con-
straint without it [19, 20].

The terminal term

Cnsay (3.9)

places an additional penalty on the slack at the end of the prediction horizon. A
large terminal weight discourages solutions that postpone the safety problem until
the last predicted steps. In practical terms, it encourages the controller to move the
system back toward a state with a larger safety margin before the horizon ends.

A deliberate choice in the final formulation is that the distance gap is not tracked
directly in the objective. The gap is instead handled through the safety constraint.
This keeps the interpretation of the weights clearer: the cost describes preferred
performance, while the constraint defines the minimum acceptable safety condition.
Similar separation between hard safety requirements and softer performance objec-
tives is common in constrained vehicle-control formulations [11, 6].

The selected cost function should therefore be read together with the constraints. On
its own, it does not guarantee collision avoidance. Safety comes from the predicted
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distance requirement, the available braking authority, the disturbance assumption,
and the repeated closed-loop solution of the optimization problem. The cost func-
tion determines which feasible action is preferred once those conditions have been
imposed.

3.3 Solver

The MPC optimization problem was solved as a quadratic programming problem.
This formulation was suitable because the prediction model is linear, the cost func-
tion is quadratic, and the controller constraints can be written as linear inequalities.
At each sampling instant, the solver calculates the future ego-vehicle acceleration
sequence

T
U= |ugr Ups1p - uk+N71\k} , (3.10)

over the prediction horizon N. The predicted states are obtained from the condensed
model

X = &z, + TU + T, W, (3.11)

where z;, = [Dy, Vg VL,k]T is the current state, W contains the assumed lead-vehicle
acceleration, and X contains the predicted distance and relative-velocity states.
The MPC cost function was converted into the standard quadratic programming
form

1
min 5UTHU + U, (3.12)

where the matrix H contains the quadratic penalties on state errors, acceleration
magnitude, and acceleration changes. The vector f depends on the current state, the
reference values, the previously applied control input, and the predicted lead-vehicle
motion.

The optimisation was solved subject to the acceleration limits

Umin < Uik < Umax, (313>

and the minimum-distance constraint

DkJri\k > Dmin~ (314)

These constraints were rearranged into the matrix form required by the solver:

AineqU S bineq- (315)

In cases where strict satisfaction of the distance constraint could make the opti-
misation infeasible, a non-negative slack variable was included. The slack variable
was assigned a large penalty so that the controller only allowed a constraint viola-
tion when no feasible solution existed without it. Soft constraints of this type are
commonly used in practical MPC implementations to improve numerical robustness
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19, 21].

The resulting optimisation problem was solved using the MATLAB quadprog func-

tion:

[U_opt,~,exitflag] = quadprog(H,f,Aineq,bineq,...
(1,00,0,[],options);

Only the first control value of the optimal sequence was applied to the plant:

g = Uppy(1). (3.16)

At the next sampling instant, the updated plant states were fed back to the MPC
and the quadratic programming problem was solved again. In this way, the controller
continuously updated the acceleration command based on the latest distance and
relative-velocity measurements. The solver status was monitored using the returned
exitflag, and a fallback braking command could be used if no valid solution was
obtained.

3.4 Terminal Sets and Recursive Feasibility

An important consideration in finite-horizon Model Predictive Control is recursive
feasibility. An MPC problem is recursively feasible if feasibility at the current sam-
pling instant implies that the optimization problem remains feasible at the following
sampling instant under the applied control law. One common approach for estab-
lishing this property is to introduce a terminal constraint of the form [19, 22]

IN € Xf, (317)

where X is a terminal invariant set. The set is chosen such that, once the predicted
state reaches Xy, an admissible local control law exists that keeps the subsequent
states inside the constraints. Together with suitable terminal ingredients, this pro-
vides a standard mechanism for establishing recursive feasibility and closed-loop
stability in MPC.

The MPC formulation used in this thesis does not explicitly impose a terminal
invariant-set constraint. Instead, safety is enforced over the finite prediction horizon
through the distance and input constraints, while a strongly penalized slack variable
is introduced to avoid complete loss of feasibility in critical situations. An additional
terminal penalty on the slack variable discourages the optimizer from postponing
a constraint violation to the end of the prediction horizon. However, this terminal
penalty should not be interpreted as a terminal set X.

Consequently, recursive feasibility is not formally guaranteed by the present MPC
formulation. Feasibility is evaluated numerically at each sampling instant, which is
sufficient for the MPC-based feasibility classification used in this work, but it does
not constitute a proof that a feasible state will remain feasible indefinitely.

A natural extension of the present framework would therefore be to compute a
positively invariant terminal set Xy for the longitudinal vehicle model and impose
xy € Xy as an additional MPC constraint. This would provide a stronger theoretical
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connection between the finite-horizon MPC feasibility region and the controllable
safe set considered in this thesis.

3.5 Ego-Vehicle Plant Model

The plant represents the actual longitudinal response of the ego vehicle after receiv-
ing the acceleration command from the MPC. Unlike the simplified linear model
used by the controller, the Simulink plant includes actuator dynamics, aerodynamic
drag, rolling resistance, road grade that can limit braking value. These effects intro-
duce a realistic mismatch between the controller prediction and the actual vehicle
response [16].

3.5.1 Reaction-Time Delay

The acceleration command calculated by the MPC is not applied to the actuator
immediately. A discrete delay is used to represent the reaction time between gen-
erating the command and beginning the vehicle response. The delayed command is
written as

Udel,k = Uk—n,., (318)

where the number of delayed samples is

tr
n, = round (At) : (3.19)

Here, t, is the reaction delay and At is the simulation sampling time. In Simulink,
this behaviour is implemented using a discrete delay block placed between the MPC
output and the actuator model.

3.5.2 Vehicle Resistance Forces

Aerodynamic drag is modelled as

1
Firag = §pCdAfv%E, (3.20)
which gives the corresponding acceleration
pCdA fv%
Qdrag = —T (321)
Rolling resistance and road-grade acceleration are given by
ayy = —gChy, Agrade = —gs8ind, (3.22)

where C\, is the rolling-resistance coefficient and 6 is the road angle. These expres-
sions follow standard longitudinal vehicle-dynamics formulations [16].
The resulting ego-vehicle acceleration is calculated as

gk = Qact,k + Qdrag,k + ay + Qgrade- (323)
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The following parameters are used in the plant model:

m = 1500 kg Vehicle mass
C,, =0.01 Rolling resistance coefficient
p = 1.255 kg/m?® Air density
Cy=0.3 Aerodynamic drag coefficient
Ap =22 m? Frontal area
0 =5° Road grade angle
treaction = 0.2 8 Reaction time

3.5.3 Road-Slip Limitation

The available braking force depends on the tyre-road friction coefficient . The
maximum achievable braking acceleration is limited by

Qfric = UG- (324)

Therefore, the effective lower acceleration limit used by the plant is

Gmin,eff = Max (amim _Mg) . (325)

This means that the plant may produce less braking than requested by the MPC
when the road friction is low.

3.5.4 Nonlinear Plant Model and RK4 Discretization

The plant model used for simulation should be more detailed than linear predic-
tion model used by the MPC. The simulation plant is more detailed than the linear
MPC prediction model because it includes additional nonlinear and resistive effects.
Consequently, the plant dynamics are nonlinear and cannot be discretised using
the constant-acceleration formulation used for the linear prediction model. The
continuous-time plant is therefore formulated as a nonlinear differential equation
and discretised using a fourth-order Runge-Kutta (RK4) method.

The plant state is defined as [15]:

D
VL

where D is the relative distance, vy and vy, are the ego- and lead-vehicle velocities,
respectively, and a,ct is the actual acceleration state associated with the actuator
dynamics. The control input u represents the commanded ego-vehicle acceleration,
while the lead-vehicle acceleration aj is treated as an external disturbance. The
continuous-time plant can be written in the general form:

Zp = fp(zp,u,ar) (3.27)
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Where
D =vp —vg (3.28)
@L = ay, (330)
Aget = = _taaCt (331)

Where ¢, denotes actuator time constant.

The final longitudinal acceleration of the ego vehicle combines the commanded ac-
celeration with the plant dynamics and resistance effects.

aEfinal = aMpC T Qact + Qdrag + a4 + Qgrade-

(3.32)

Therefore, the nonlinear plant dynamics can be written explicitly as

Vi — Vi
B=| Vi (3.33)
VL
Then
Vr, — Vg
fp($auvw) = ap (334)
w

The acceleration depends nonlinearly on the ego-vehicle velocity in the aerodynamic
drag parameter and the actuator state evolves during the sampling interval, the
plant is discretised numerically rather than using the constant-acceleration update
employed for the linear prediction model.

For a sampling time At, the fourth-order Runge-Kutta method is applied as follows.
Given the plant state x, control input wu, and lead-vehicle acceleration ar,j, the
four intermediate slopes are calculated as [23]:

K1 = fp(@pp, wk, ar ) (3.35)
At
Ky = fp(@pr + 7K17Uk7 ark) (3.36)
At
K3 = fp(xpr + 7K2,Uk, ar) (3.37)
Ky = fp(@pr + AtKs, up, ar ) (3.38)

So the plant state for the next sampling time is obtained with [23]:

At
Tpk+1l = Tpk + F(Kl + 2K2 + 2K3 + K4) (339)
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The approach is a numerical approximation of the nonlinear continuous time plants
over a sample time. At every MPC sample instant k, the controller sends the accel-
eration command uy, the nonlinear plant is simulated one sample ahead using the
RK4 method, and the final plant states are used as the initial conditions for the
subsequent MPC optimization. Note how the linear prediction model and the non-
linear simulation plant are kept separate; the MPC is performed based on the linear
prediction model and then the nonlinear plant is simulated to verify the controller
performance with model mismatch.

3.6 Integration with Active Learning

In this thesis, the MPC simulation is also used for labeling a set safe/unsafe for AL.
For each selected initial condition, the closed-loop simulation determines whether
the safety constraints can be maintained. The result of that simulation is then used
to classify the initial condition as safe or unsafe. A similar simulation-based idea
has been used for estimating reachable-set boundaries while reducing the number of
required model evaluations [12].

The initial state considered by the learning algorithm is

To = [Do, VE,Oa VL,O]T, (3-40)

where Dy is the initial gap, Vg is the initial ego velocity and Vo is the initial
lead vehicle velocity. For each sample, the MPC controller is simulated under the
selected lead-vehicle scenario. The state is assigned a safety label according to

1, if the safety constraints remain satisfied,

Safe(zg) = { (3.41)

0, otherwise.

The procedure starts with a limited set of initial samples spread over the state space.
After these points have been simulated and labelled, a classifier is trained. The clas-
sifier is then used to identify regions where the predicted class is uncertain. New
samples are selected close to this uncertainty region and evaluated through addi-
tional MPC simulations. In this way, the learning process gradually concentrates
on the safe—unsafe boundary instead of spending most of the simulation budget on
points that are obviously safe or obviously unsafe [12, 24].

This is useful because exhaustive gridding becomes expensive as the number of states
or uncertain parameters increases. Active learning does not remove the need for
simulation, but it can use the available simulations more effectively by prioritizing
informative points. In the present two-dimensional case, this makes the evolution of
the learned boundary easy to visualize. The same principle can later be extended
to higher-dimensional settings, although interpretation becomes more difficult.

The combined MPC and AL framework therefore serves two purposes. MPC pro-
vides the closed-loop control action and checks whether the constraints can be sat-
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isfied, while active learning uses those results to approximate the controllable-set
boundary with fewer simulation runs than a dense grid would require.

The resulting plant response is subsequently used in the AL-based safety evalua-
tion. The final ego vehicle acceleration is combination of MPC evaluation and other
parameters that are added in Plant.

AEfinal,k — AMPC,k + Qact,k + Qdrag,k + Qrr K + Qgrade,k - (342)

3.7 Safety Boundary Identification Using SINDy

3.7.1 Introduction

The safety boundary of the longitudinal vehicle model can be derived analytically
for the simplified braking scenario considered in this work. However, for more com-
plex vehicle models, obtaining such a closed-form expression may become difficult.
Therefore, Sparse Identification of Nonlinear Dynamics (SINDy) was explored as a
method for obtaining a compact mathematical representation of a safety boundary.
SINDy was originally proposed as a data-driven method for discovering governing
equations of nonlinear dynamical systems. The central idea is that many physical
systems can be represented using only a small number of active terms selected from
a larger library of possible functions. Sparse regression is then used to identify
these terms and produce a compact and interpretable model [25]. This approach
has subsequently been extended to control applications, including model predictive
control [26].

In this work, the same sparse identification principle is applied to the longitudi-
nal safety function. Since the analytical safety equation is already available for
the simplified vehicle model, the purpose of this experiment is not to replace the
analytical derivation. Instead, the known solution provides a reference case for eval-
uating whether sparse equation identification can recover the correct structure of
the safety boundary. This serves as a first step towards applying similar methods
to more complicated vehicle models where an analytical safety boundary may not
be readily available.

3.7.2 Longitudinal Safety Boundary

As mentioned in Equation (2.1), the longitudinal state considered for the safety
analysis is

r=|D wvg ULT, 3.43
|

where D represents the distance between the ego and lead vehicles and

Av =vg — v (3.44)

is the relative closing velocity, as mentioned in equation (2.8). A positive value of
Av therefore indicates that the ego vehicle is approaching the lead vehicle.
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For the simplified braking scenario, the ego vehicle applies a constant maximum
braking acceleration ag, while the lead vehicle is assumed to have acceleration ay.
No reaction-time delay is included in this analysis.

As mentioned in Equation (2.10), the relative acceleration is

Arel = GF — QL. (3.45)

When the ego vehicle has sufficient braking authority relative to the lead vehicle, the
minimum distance required to eliminate the initial closing velocity can be expressed
as

Av?

Drequired = ds + )
2|CLE — aL|

(3.46)

where d, is the minimum distance that must remain between the two vehicles.
This expression defines the analytical safety boundary. Initial conditions satisfying

D 2 Drequired (347)

are considered safe under the assumed braking conditions, whereas points below the
boundary do not provide sufficient distance to satisfy the required safety margin.
A continuous safety function can therefore be written as

h(Da AU) =D — Drequired7 (348)
or equivalently,

Av?

2|CLE — (IL| ’

h(D,Av) =D —d, — (3.49)

The sign of h provides a direct interpretation of the state:

> 0, safe region,
h(D,Av) < =0, safety boundary, (3.50)

< 0, unsafe region.

This continuous safety function was used as the target for the SINDy equation
identification.

3.7.3 SINDy-Based Equation Identification

3.7.3.1 Candidate Function Library

A key step in SINDy is the construction of a library containing candidate functions
that may describe the relationship of interest. SINDy then uses sparse regression
to determine which of these candidate functions are required to represent the data
[25].

A second-order polynomial library was selected in this work. For the states D and
Awv, the candidate library is

@(D,Av):[l D Av D? DAw AUQ]. (3.51)
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The library intentionally contains more terms than are required by the analytical
solution. The sparse regression algorithm is then responsible for identifying which
terms are necessary and eliminating the remaining terms.

The general candidate representation can therefore be written as

h(D, AU) = go + le + €2A/U + §3D2 + §4DAU + €5AU2, (352)

where the coefficients &; are determined through sparse regression.

3.7.3.2 Sparse Regression

The implementation was carried out using the PySINDy package, which provides
tools for constructing feature libraries and applying sparse optimization methods
for SINDy-based model identification [27].

A polynomial feature library of degree two was combined with the Sequentially
Thresholded Least Squares (STLSQ) optimizer. STLSQ is commonly used within
the SINDy framework to obtain sparse coefficient matrices [25].

The optimizer first estimates coefficients for the candidate terms and then removes
terms whose coefficients fall below a selected threshold. The regression is subse-
quently repeated using the remaining terms. In this way, unnecessary candidate
functions can be removed and a compact equation is obtained.

For the present problem, the feature library contains terms such as D?, DAwv, and
Awv, even though they are not required by the analytical safety function. A successful
sparse identification should therefore eliminate these terms while retaining the terms
that describe the underlying safety relationship.

28



4

Machine Learning

Active Learning (AL) is used in this thesis to reduce the number of expensive MPC
evaluations required to approximate the MPC-feasible region. Rather than evalu-
ating the entire state space uniformly, AL selects informative operating conditions,
particularly those near the current classification boundary. [28, 29].

Our framework utilizes an MPC as a safety Oracle to determine if a sampled state is
feasible or not with stopping distance, and system dynamics. The labels produced
are used for training a classifier to approximate safe and unsafe operation areas of
a vehicle [30].

Pool-based batch sampling approach is proposed here to sample new data by using
uncertainty and information-based method to maximize sampling information gain
and reduce overlap [31]. Moreover, Physics informed sampling with entropy based
uncertainty estimations have been developed [12].

The main idea for this thesis is to apply the concept of AL to characterize criti-
cal driving scenarios and learn about the system safety boundary of the controller.
This approach aims to specifically look for the parts of the space where it is hard
for the controller to satisfy the safety constraints because this is exactly where the
information for learning is the richest. Slack variables are added in the optimization
problem to evaluate the extent to which the constraints are violated. Furthermore,
a trigger is added to avoid insignificant slack values that come from numerical issues
or minor disturbances and provide a more reliable representation of the controller’s
behavior in different states.

The learning is mainly induced by the relative distance between the two ego and
lead vehicles, however it implicitly depends on various related variables, including
the relative velocity, and relative deceleration capability of vehicles etc. Critical
regions are extracted based on this process and a pool of new unlabeled samples are
generated and examined in terms of controllable set and safety aspects. By utilizing
an oracle-based framework (in our case MPC is acting as safety oracle), information
on the stable and safe set of the controller can be collected.

The oracle can be represented as [12]:

O(z0) = {—i—l, if the MPC finds a feasible solution for @y € X (4.1)

—1, otherwise
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Feasible states are assigned the label +1, whereas infeasible states are assigned the
label —1. These labeled observations were utilized to train a classifier which closely
resembles the system’s safety boundary. The developed model is compared to the
analytical stopping-distance boundary, and simulations are run to demonstrate the
validity and evaluate the accuracy and reliability of the proposed approach.

4.1 Reachability and Feasibility Analysis

Reachability analysis is an important concept in control systems, and autonomous
driving applications since it determines whether a vehicle is capable of evolving
safely from an initial condition to a desired state while satisfying system constraints

[5].

For a discrete-time dynamical system 2.3, the reachable set consists of the states
that can be reached from a specified initial set under admissible control inputs. The
dynamical system is represented as:

i1 = (g, up) (4.2)

Where (z; € R™) denotes the system state and (u; € R™) shows the control input
at discrete-time by step (t). In this work, the state vector mainly consists of the
relative distance, starts with relative initial distance, and the ego and lead vehi-
cle velocity, while the control input corresponds to the acceleration or deceleration
applied to the ego vehicle where lead vehicle’s acceleration or deceleration is con-
sidered as a noise or disturbance. In addition, worst-case scenario is solved where
the states is reduced to two states, relative distance and relative velocity, and the
ego vehicle cannot stop before the lead vehicle and collision happens. In this thesis
the worst-case scenarios is when the ego vehicle moving fast and the lead vehicle is
parked, a; = 0, to investigate the accident and display how our controller is worked.

Moreover, feasibility is strongly linked to the problem of reachability analysis. A
state is feasible if the MPC controller can determine a sequence of inputs in order
to satisfy all the constraints of the vehicle system without jeopardizing safe driv-
ing operation, whereas if it’s not possible, the state is considered infeasible or unsafe.

In fact, in autonomous driving systems, feasibility becomes significantly important,
particularly in critical operating situations, where the ego vehicle is moving in un-
certain region in comparison to the lead vehicle. It means that relative velocity
exceeds the velocity corresponding to the target distance at a certain time.

The reachable set R(T") C X of a target set T is defined as the collection of all initial
states from which there exists a sequence of admissible control inputs that drives
the system to the target set while satisfying the system constraints over a finite
prediction horizon and sampling time ¢. Mathematically, the reachable set can be
expressed as [12]:
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R(T)=Azo e X:Ju €U, 2441 = f(oy,wy) €X, xp €T} (4.3)

Where X denotes the state space, U represents the control input set, and 7' corre-
sponds to the target safe region. However, the reachable set contains all states from
which the system can safely evolve toward the target region under feasible control
actions. In simple terms, it contains all states that are in a safe region with given
sampling time and prediction horizon.

To evaluate feasibility, the MPC controller is implemented as a safety oracle and AL
uses this evaluation for its investigation to predict the boundary between safe and
unsafe region.

4.1.1 Data-driven approach

Analytical calculations of reachable and feasible regions for nonlinear or constrained
system is computationally hard to be perform on real time. Data-driven approach
such as simulating system with various initial conditions in order to estimate reach-
able and feasible regions of a given system offers computationally feasible solution.
With the assistance of classification of states for feasibility of the MPC optimization
problem via classification on sampled data, reachability analysis is converted into a
classification problem. As we will discuss later, in this thesis, the MPC controller
is used as an oracle to evaluate the feasibility of different operating conditions. For
each sampled initial state (z¢), the oracle determines whether a feasible solution
exists or not based on equation (4.1) and MPC defines how much acceleration or
deceleration the system needs to be in a safe region.

A feasible label indicates that the ego vehicle can satisfy the imposed constraints
and avoid a collision.

Evaluating safety oracle might cost a significant amount of computational time be-
cause the MPC optimization problem is solved across the prediction horizon for each
query. As a solution, AL is employed. This approach is used, instead of sampling
points in the state space randomly, choosing samples near the boundary, between the
feasible and infeasible space. The reason behind this idea is that the border region
contains the highest uncertainty and provides the most useful information in terms
of reducing the classification error rate and improving it. The uncertainty of the
classifier is calculated by using the estimated probabilities and different measures
such as entropy-based to evaluate the uncertainty of the classifier’s prediction [12].
High uncertainty states are selected, and labeled, and then used as labeled data. On
the other hand, only a few sample evaluations are required from other regions that
our system know it is safe or not and the system collect them to increase its predic-
tion of all region. Hence, the proposed framework efficiently minimize the number
of expensive oracle evaluations which usually costly to acquire with the proposed
framework to obtain an accurate estimation of the safety boundary.
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Therefore, the final objective of the learning framework is to approximate the con-
trollable set of the system to estimate the transition boundary between safe and
unsafe working conditions, and this learned safety boundary can be implemented in
practice as for safety assessment, online safety monitoring, and decision support of
the system in autonomous driving application.

4.2 MPC-based Oracle and Safety Evaluation

Here, MPC has not only been used as a feedback controller, but also as a decision
tool for safety estimation. More specifically, the optimization of the MPC for vary-
ing initial conditions has been used to check if a given configuration of the system
would allow to perform its task within the constraints. MPC has thus been used as
an oracle to label states of the system as feasible or infeasible. This will allow for
the construction of the data-driven learning formulation. Due to the longitudinal
dynamics of vehicle and discretizations time and also horizon time, the MPC should
solved the optimization constraint problem at each step time in FEq(3.8).

While our system dynamic is given in Eq(3.1) and we have to employ on that. Our
vehicle constraints for this thesis are defined as:

Umin S U S Umaz (44)

Where D), shows the internal relative distance between two vehicles, u; is the ego
vehicle acceleration (control input), controller that is designed to avoid collision, and
a; represents the lead vehicle acceleration, which is added as a disturbance in our
control system. And again in the worst-case scenario, the lead vehicle is assumed to
be stationary, so a; = 0.

For each sampled state, the MPC oracle determines whether the safety constraints
can be satisfied over the prediction horizon. States for which the required mini-
mum distance is maintained are labelled feasible; states that require a significant
constraint relaxation or lead to collision are labelled infeasible. In practice, in case
of emergency, strict feasible may become restrictive so a slack variable is introduced
to relax the constraint on the state.

Dy > dyin — Sk, S >0 (4.6)

The slack variable penalizes constraint violations in the cost function and provides
a measure of how severely safety constraints are violated when feasibility cannot be
strictly maintained.

4.2.1 Computational Cost and Motivation for Learning

To analyze the Oracle, a Quadratic Program for the forecast horizon is solved for
every sampled initial condition, which is computational intensive when numerous
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samples are needed for accurate representation of the boundary region. In response
to this, a data-driven learning is formulated where the Oracle is interrogated in a
targeted manner. Rather than query the Oracle across all state values, AL ensures
that sample locations, where boundary characterization would be most beneficial
(especially near feasibility limit), are strategically targeted for evaluation. Thus,
the Oracle implies a specification of the reachable set to within a constant level of
accuracy. In addition, the Oracle boundary approximation is therefore an approxi-
mately feasible set, under MPC control policies.

4.3 Slack Variable and Safety Margin

In safety-critical optimal control problems, strict enforcement of state constraints
can lead to infeasibility for some problems, especially in emergency driving situa-
tions when the vehicle operates at the boundaries of the state constraints. For the
longitudinal vehicle control problem, this is commonly achieved when the internal
vehicle distance approaches to the smallest allowed safe distance while relative speed
is high. To address this issue a slack variable is introduced into MPC to relax the
hard state constraint in a controlled manner and it is mentioned in equation (4.6)
where s, represents the slack variable at time step k. This approach penalizes infrac-
tion of the safety restriction where strict satisfaction of the restriction is impossible,
and discourages unsafe behavior through the cost function. The following equation,
Eq 4.7, shows the slack variable in MPC cost function:

J = Jupc + psi (4.7)

Where p > 1 is a large weighting factor that penalises constraint violations heavily.
In this work, a high penalty value is selected to ensure that slack activation occurs
only in extreme or unavoidable situations.

4.3.1 Interpretation as Safety Margin

The slack variable can be interpreted as an indicator of the magnitude of safety-
constraint violation. If s = 0, the system is in a region that is strictly safe and
feasible. If sk > 0, the system is in the region of conflict where the safety constraint
cannot be respected and a compromise has to be made. Thus, the slack variable’s
magnitude quantifies the exact overshoot at the optimum, rather than acting as a
simple binary indicator.

However, the slack variable refines this notion by distinguishing between:

o strictly feasible solutions (s, = 0),

+ weakly feasible or relaxed solutions (s > 0)
This differentiation is relevant to the construction of the learning data-set: high
value states often have the slack feature being closed to the transition point from
feasible or infeasible regions. Slack also helps design the AL policy. States are
assigned a higher amount of slack when they are closer to the safety boundary, and
therefore they are more informative. These states are preferentially sampled so that
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the learning system more rapidly identifies the boundary region between the safe
and the unsafe states

4.3.2 Learning Trigger Based on Slack Activation

For a safety-critical optimal control problem, it might be too restrictive to impose
hard constraints on state variables. This can result in infeasible optimization prob-
lems, especially in an emergency driving scenario with the vehicle near boundary of
state space. As for the problem of longitudinal vehicle control in this thesis, these
are common when inter-vehicle distances are very close and the relative velocities
are high. In this scenario, the optimizer cannot respect all of the safety constraints
while having a feasible system.

In order to solve this problem, a slack variable has been incorporated into the MPC
formulation to gently enforce safety hard constraints. This slack variable (s;) enables
the system to violate safety requirements temporarily if it cannot satisfy the required
security. While making the optimization feasible, it imposes a penalty for violations
of safety constraints into the objective function. The slack variable is shown in (4.7)
and in this work the slack penalty is selected as:

Pslack = 10° (4.8)

In addition, the slack variable gives us useful information about our distance from
the safety boundary, however numerical optimizations very seldom produce a true
zero output due to imperfect numerical stability. For this reason even though our
safety constraints might seem satisfied numerically very tiny positive values of slack
may be observed. Also a learning trigger is introduce to prevent learning mechanism
from reacting to numerical noise.

Sk > Strigger (49)

Where (Sgigger) denotes the minimum slack value required to activate learning. In
this work,

Strigger — 10_5 (410)

The threshold is large enough in order to be substantially greater than the numerical
tolerance of the optimization solver, and allow detection of significant constraints
violation. Any time the slack is beyond the trigger value the operating condition is
labeled informative and saved for learning. This type of condition usually sits on
the edge between the safe and unsafe region, and thus the separation edge is where
there is greatest classification uncertainty and where further information would be
most helpful.

The trigger therefore acts as a filtering mechanism that suppresses small numerical
variations while retaining safety-relevant constraint violations. By confining data
samples close to safety boundary, AL process enhances the estimations quality and
reduces drastically cost of MPC evaluations during training.
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4.4 Active Learning Framework

The AL framework is introduced to reduce the computational effort required to iden-
tify the boundary between feasible and infeasible operating conditions. Evaluating
the safety of every possible operating condition in using the MPC controller would
be computationally expensive, since each evaluation needs to solve an optimization
problem over the prediction horizon.

As the size of the state space increases, performing an exhaustive analysis quickly
becomes impractical. Therefore, an AL framework should introduce to efficiently
identify the boundary between safe and unsafe operating conditions while reduced
the number of required MPC evaluations. Model-based safety assessment is com-
bined with machine learning in this work and machine learning focuses on operating
condition that it expects to have useful information about the boundary.

In this thesis, the most focus in the system is in the region where the behavior
changes from feasible to infeasible. The learning begins by generating a set of initial
labeled samples in the space consisting of the state formed by the relative distance
and relative velocity between the ego and the lead vehicles. The MPC-based oracle
is used to proved the labels required for training the learning model and for each
selected data oracle determines the feasibility and infeasibility. After that, these la-
beled samples are used for training Support Vector Machine (SVM) classifier which
learn the approximation of the boundary based on the safe and unsafe region of the
state space. Next, the philosophy of AL based on SVM in this thesis is selecting
states that are more useful and informative rather than select arbitrary new samples.
Thus the AL strategy prioritize states for which the classifier is the most uncertain
and also the most useful to predict safety boundary.

Besides the uncertainty sampling, the developed system is able to utilize knowledge
of vehicle braking dynamics. Samples close to the stopping-distance-based physical
boundary are highly informative for learning. Instead, the learning concentrates
on areas which are not only uncertain, from classification sense, but which are also
safety-relevant from a vehicle dynamics sense. Each sample will be selected and
evaluated by the MPC based oracle and labeled as a database. Next, the classifier
is retrained with the augmented labeled dataset, and therefore the estimated safe
boundary gets closer to the ground truth boundary. The process then iterates until
the desired accuracy is achieved while minimizing expensive oracle calls, effectively
learning the boundary shapes of reachable and feasible regions. Eventually, AL
produces an empirically determined safe reachable set that can highlight safe regions
of operation, inform safety analysis, and estimate a computationally tractable safe
boundary corresponding to the one resulting from the MPC.

4.4.1 Entropy-Based Uncertainty Sampling

Shannon-Entropy is employed for the first purpose of AL for recognizing safety
boundary and label each state based on that. The Shannon Entropy defined the
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states as [12]:

H(z) = —p(x)logy(p(x)) — (1 — p(z)) logy(1 — p(x)) (4.11)

Where p(z) shows the probability of the states. The probability p(x) lies between
0 and 1. Predictions close to 0 or 1 indicate high classifier confidence, whereas
p(z) =~ 0.5 corresponds to maximum uncertainty and therefore maximum Shannon
entropy.

Upon querying the classifier they are added to the training set and are used to re-
train the classifier. Through repeated interrogation of such samples the algorithm
iteratively learns an increasingly good approximation of the safety boundary and in
doing so avoid interrogating sample locations about which the learning algorithm
already has knowledge. The approach saves costly evaluations by focusing compu-
tational resources on operating conditions for which uncertainty is high.

Entropy-based uncertainty sampling is therefore highly effective in reducing the
number of sample queries required to obtain a sufficiently accurate approximation
of the safe reachable set.

4.4.2 Sample Selection Strategy

The AL framework further integrates vehicle dynamics and the spatial location in-
formation of the already-labeled states to speed up learning. SVM is employed to
increase data selection accuracy with collecting more informative states. Although
SVM is implemented to select informative data and label them, it needs some initial
data to begin and start evaluation data due to that. At the beginning point a pool
of unlabeled data is considered, and it is generated with the state space condition.
Initial sample selection gives a prior knowledge of the system and makes further sam-
ple selection easier for SVM. In fact, after random selection we need more accurate
selection of data labeling to increase its efficiency, reduce computational analysis,
and drop the cost of evaluation. So every step in the training process generates a
set of unlabeled candidate states from the state space

Each candidate sample is then given a measure called AL score. This score reflects
the priority a state holds to be labeled in the future. Classification uncertainty,
proximity to the estimated safety boundary, and spatial diversity: classification un-
certainty, nearness to the safety boundary, where uncertainty is high, exploration of
unvisited area. In addition, a diversity criterion is introduced to reduce the over-
lapping samples. Therefore, when several candidate samples provide similar levels
of information, preference is given to samples that are sufficiently separated from
previously selected samples. This prevents the AL algorithm from repeatedly eval-
uating extremely similar states and improves the information obtained from each
expensive MPC evaluation. The entropy, a measure that discussed in the subsection
4.4.1, is the first measure to evaluating the classifier uncertainty where it has high
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potential to improve the learned decision boundary.

After selecting a wide concentration of essential data from critical area, boundary,
the system needs to investigate some data a little far from the boundary to be certain
about other points. When all needed data is collecting from the MPC evaluation,
the system is free to investigate from other points to improve its prediction but it
depends on iteration and computing cost and time.

Finally, the unlabeled samples are known as the most confident samples or they
are samples that the system does not need to evaluate since they are very safe or
unsafe either the system is investigated a similar data so to avoid wasting time and
to reduce computational cost the system skip other ineffective data.

Through a mixture of uncertainty sampling, physical insight into the braking process
and dataset touring mechanism the technique effectively focuses oracle evaluations
around the point where a given operation region is no longer feasible and not yet
safe to be entered. This process can reduce a large amount of information for inves-
tigation compared to full exhaustive exploration based on SVM evaluation number
and iteration.

4.5 SVM Classifier

An SVM classifier is used because it is suitable for binary classification and can
represent nonlinear decision boundaries through a kernel function. The purpose of
the classifier is to predict a function that captures the correspondence between the
system state and whether MPC of that system state has a solution. A data point
in the dataset is characterized by its state vector-which stores the relative distance
and relative velocity between the ego and obstacle and its label, which is determined
by querying the oracle as either (+1) if the state is feasible, or (-1) if the state is not.

For a training data set containing N samples:
(@oyi) sy, oy €—1,+1, (4.12)

An SVM tries to find the decision boundary that has largest separation margin be-
tween the two classes. The obtained classifier can then classify unseen operating
conditions as belonging to the feasible or infeasible region. The threshold separat-
ing safe and unsafe states is often nonlinear in most of actual application like the
emergency braking one presented in this paper. In that case a RBF kernel function
is proposed to map the original states space into the new one higher dimensional
with the aim to be linearly separable in the new one. We then use weighted training
strategy so that to make features in unsafe zones to be well presented in the classifier.
If a given condition has violated a certain constraint type by a value higher than
a pre-defined threshold then corresponding sample will be up-weighted more, based
on degree of violations revealed from slack variable provided in oracle evaluation.
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mdl _svm = fitcsvm(X_labeled, Y,

’KernelFunction’,’rbf’,

’KernelScale’,’auto’,

’BoxConstraint’,7,

’Standardize’ ,true,

"Weights’,weights);
Hence, samples close to boundary of critical regions are contributed more for train-
ing. Once training has completed, posterior probability is obtained so as to trans-
form SVM’s output into class probabilities. AL algorithm uses these probabilities
so as to quantify the classification certainty with the use of an entropic measure.
Hence the SVM acts as a classifier and provides information on the uncertainty for
selection of new sample. The final trained classifier depicts a representation of the
approximation of the boundary of the feasibility region in state space. The feasible
regions indicate conditions under which the MPC is able to regulate safe vehicle
operation satisfying all specified constraints. An infeasible region denotes circum-
stances for which MPC is unable to guarantee that the vehicle will not stop before
minimum distance or even collision will occur.

To sum up, by combining SVM classification with AL and MPC-based labeling, an
accurate approximation of the safe reachable set can be obtained with significantly
fewer oracle samples.

4.6 Controllable Set

The main objective of the proposed learning framework is to derive a reliable esti-
mation of the safe reachable set of the emergency braking situation. By integrating
MPC-based safety estimation, AL, and SVM classification, the system is expected
to identify the boundary separation between safe and unsafe operating region within
the considered state space.

In this work, states are defined by the relative distance and the ego and lead vehicle
velocity. The aim of MPC-based oracle is to determine whether that ego vehicle can
satisfy all safety constraints while avoiding collision. Afterward, the result will be
labeled and be used to train the SVM classifier, which approximates the feasibility
boundary over the entire operating region.

Next, the learned safe controllable set can also be interpreted as the set of all states
from which the ego vehicle can successfully navigate to a safe state while fulfilling
the constraints. The states within this region indicate safe operating states in which
the controller can successfully avoid collision whereas the states outside the learned
safe region pose safety risks due to the inability of the controller to manage them
safely. Mathematically, the learned safe controllable set can be represented as

Rr=zeX: f(z)=+1, (4.13)
where (f(z)) denotes the classification function that is obtained from the trained
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SVM model. The classifier provides an estimation of whether a given state belongs
to the feasible or infeasible region based on the information acquired during the AL
process. The derived safety boundary almost coincides with the boundary of tran-
sition between collision-free and collision-reachable operating modes. States with
a large relative distance and a small relative speed were nearly always classified as
feasible states, while those states with a small relative distance and a high rela-
tive velocity were nearly always as infeasible states. Another significant feature of
our approach is that the discovered boundary depends on only a small number of
evaluations of the oracle. AL helps to put sampling to where the region is highly
uncertain, around the real physical stopping-distance boundary. In this way the
controllable set can be estimated with dramatically reduced costs yet a fairly high
accuracy. The identified safe set can be effectively used in decision-making support
as well as in safety analysis of autonomous driving vehicles. At a measured vehicle
state the classifier outputs quickly an assessment whether it is safe to operate there
without solving the MPC problem again. Thus, this approach permits the realiza-
tion of efficient online safety analysis as it yields a computation-light substitute for
the feasible set.

4.7 Model Accuracy and Performance Evaluation

The main motivation behind this proposed AL approach is to be able to correctly
predict the controllable set of the vehicle while minimizing the number of expensive
MPC oracle evaluations. Consequently, the performance of the learned model, final
model, must be assessed from both a classification and a safety perspective.

In the traditional use case of ML only the prediction accuracy is evaluated. Safety-
critical applications need to ensure not only to distinguish in the region of infeasible
and feasible, but a correctly estimated classifier decision boundary (between feasible
and infeasible region) is crucial since errors nearby the boundary may lead to incor-
rect safety evaluations and thus unsafe decisions. Therefore, evaluation should not
only consider accuracy, but the safety estimation by a learned classifier is important.

As it is shown in Eq (4.1) the labeled data-set generated by the MPC oracle is
divided into two classes, safe(41) and unsafe(-1). Where feasibility label is obtained
by solving the MPC optimization problem. Afterwards, the SVM classifier is trained
with the selected active samples, and their predicted values are checked against their
oracle labels. The overall classification accuracy is computed as:

Ninv
Accuracy = x 100 (4.14)

total

where Nj,, shows the number of investigation classified samples, correctly classified
sampled, and Ny represents the total number of evaluated samples.
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4.7.1 Safety Boundary Approximation

Since focusing of AL is to select samples around regions with high uncertainty, a
large portion of the collected data is situated near the transition between feasible
and infeasible region. As a result, the SVM can accurately approximate the safety
boundary generated by the MPC oracle. The quality of the learned boundary can
be visually evaluated by comparing:

o The analytical stopping-distance boundary

o The MPC-generated feasibility boundary

e The SVM classification boundary
This close correlation shows the classifier succeeds at identifying the intrinsic safety
property of the system. For the considered emergency braking scenario, where worst-
case scenario is considered, the learned boundary is expected to have a quadratic
relationship between vehicle speed and required stopping distance, this quadratic
relationship comes from equation of motion and stationary lead vehicle.

2

rel
4.15
2|arel| ( )

v
D safe — dmin +

Where d,;, represents the minimum allowable safety distance that is defined by sys-
tem, v, is the relative speed between ego and lead vehicle, and a,. shows relative
absolute acceleration between two vehicles. In our case, since in worst-case scenario
the lead vehicle is stationary so v, and a,.; show ego vehicle speed and ego vehicle
acceleration respectively.

The learned SVM boundary will be obtained from the actively selected samples
closely follows this relationship and indicating that the classifier successfully cap-
tures the underlying safety characteristics of the system. Agreement between the
analytical boundary, the MPC-generated boundary, and the learned SVM boundary
demonstrates the effectiveness of proposed Active Learning approach.

4.7.2 Reduction of Oracle Evaluations

The obtained SVM boundary from the active set matches well the underlying re-
lationship and shows that classifier grasps safety properties of the system. Close
agreements between boundaries shows the efficiency of our proposed AL framework.
Rather than interrogating each state in the search space the method instead selec-
tively queries samples with a high level of uncertainty. This approach is likely to
cluster useful samples at the feasibility frontier, where additional information most
significantly benefits the classifier. This strategy dramatically reduces the number
of required oracle to evaluate while maintaining a high estimation accuracy of the
controllable set.
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Results

This chapter presents the results obtained from the proposed MPC-based in AL
framework for autonomous vehicle at different scenarios. The objective of this work
is to identify the safe controllable set of the vehicle and accurately determine the
boundary separating feasible and infeasible operating conditions. The method of this
thesis is a combination of MPC with a slack-variable-based safety, AL framework
and SVM classification. First, an MPC controller computes the feasibility of vehicle
states and assigns safety labels to these states. The plant model is subsequently
introduced to represent additional effects encountered in realistic driving conditions.
AL strategy selects the training data, by employing Shannon-entropy and SVM
sample selection, near the safety boundary that has the highest expected influence
on the approximation of the safe controllable set based on MPC Oracle safety. The
obtained results demonstrate how the proposed framework is able to estimate safety-
critical regions accurately while significantly reducing the number of expensive MPC
evaluations and also reduce its cost of computation.

Initial
samples

Ego vehicle Safety Active
plant evaluation learning

MPC u

D_k, Av_k

Next Dy, AV,

Figure 5.1: Overview of the evaluated MPC-Active Learning framework.

5.1 Curve fitting using Sparse Regression method
SINDy

For the parameters considered below,

ap = -8 m/827 ar = -5 m/s27 ds =5 m,

the relative braking capability becomes
lap —ap| = 3 m/s?.
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The analytical safety function is therefore

A 2
h(D, Av) :D—5—T”. (5.1)
Using the polynomial candidate library, SINDy identified the following sparse equa-

tion:

h(D, Av) = —5.0000 + 1.0000D — 0.1667Av? (5.2)

while the coefficients associated with

Avw, D?, DAv

were eliminated by the sparse regression procedure.

Since
1
0.1667 ~ —
6 Y
the identified equation can be written as
Av?
h(D,Av)~ D —5 — o (5.3)

Setting the safety function equal to zero gives the identified boundary,

h(D, Av) = 0, (5.4)

and therefore

A2
D:5+%. (5.5)

This is the same relationship obtained from the analytical stopping-distance calcu-
lation.

5.2 MPC Performance

The MPC response was evaluated using several longitudinal driving scenarios with
different initial ego-vehicle speeds, lead-vehicle speeds, and inter-vehicle distances.
Because the MPC serves as the feasibility oracle for the subsequent AL framework,
its closed-loop performance is evaluated first. Several different scenarios are de-
signed to evaluate MPC performances and they are shown in Appendix A while
four representative cases illustrate here: three collision-free cases and one worst-
case condition in which collision cannot be avoided under the imposed constraints.
The corresponding initial conditions are listed in Table 5.1. The acceleration lim-
its used in these simulations are defined in the Methodology chapter and are not
repeated here.
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Table 5.1: Initial conditions for four MPC evaluation scenarios

Ego vehicle speed m/s | Lead vehicle speed m/s | Relative distance m
Scenario 1 38 23 27
Scenario 2 24 7 19
Scenario 3 27 14 36
Worst-case scenario 40 0 100
Scenario 1
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Figure 5.2: MPC response in Scenario 1 with an initial ego-vehicle speed of 38 m /s,
lead-vehicle speed of 23 m/s, and relative distance of 27 m.

Speed [m/s]

Acceleration

Scenario 2
T T T T T T
20§ b
Min gap
0 1 1 l 1 1 1 1 1 ]
0 2 4 6 8 10 12 14 16 18 20
20 T T T T T T T T T
10 b
0_
T T | 1 1 1 |
0 2 4 6 8 10 12 14 16 18 20
T T T T T T T T
201 Ego |+
15k Lead
10 B
1 1 1 Il 1 Il 1 1
0 2 4 6 8 10 12 14 16 18 20
e ——— T T T T T T
oF Ego control u [~ |
Lead a
5k L i
10 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
Time [s]

Figure 5.3: MPC response in Scenario 2 with an initial ego-vehicle speed of 24 m /s,
lead-vehicle speed of 7m/s, and relative distance of 19 m.
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Figure 5.4: MPC response in Scenario 3 with an initial ego-vehicle speed of 27 m/s,
lead-vehicle speed of 14 m/s, and relative distance of 36 m.
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Figure 5.5: MPC response in the worst-case scenario with an initial ego-vehicle
speed of 40m/s, a stationary lead vehicle, and an initial relative distance of 100 m.

As shown in the figures, figures for evaluating MPC controller performance (all
figures except the worst-case scenario), the MPC controller successfully avoids col-
lisions while maintaining the ego vehicle within the safe region. Although in Fig.
5.2, 5.3, 5.4 collision did not occur, Figure 5.5 shows that a collision occurs in the
worst-case scenario.
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5.3 Slack Variable Analysis and Learning Trigger

The slack variable makes a great significance in the proposed AL approach since it
indicates how severely constraints are violated, rather than just providing a feasible
or infeasible decision on safety of current state. Even though the MPC-based oracle
will eventually label the current state safe or unsafe, slack can identify the system’s
closeness to violation of safety constraint and highlight points that require close
observation in operating environment.

Physically, the slack variable would represent the risk level. when it is zero or
near zero, it means all safety constraints are fulfilled and the vehicle can keep all
safety distance within the prediction horizon. A positive slack value shows that the
controller can’t fulfill all the requested safety constraints perfectly. A positive slack
value indicates that the nominal safety constraint cannot be satisfied exactly under
the available control authority.

Because of this, the slack variable is penalized in the MPC objective function with
a very large multiplier. As such, the optimizer will try its best to keep constraint
violations as small as possible and only introduces slack if a truly feasible solution
cannot be found. This therefore makes a useful slack as a measurement of how close
we are on the border between a safe and unsafe area of operation.

Figure 5.6 illustrates the distribution of slack values samples are selected based on
the method mentioned earlier.
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Figure 5.6: Slack distribution of the model

Fig. 5.6 is illustrated how samples are selected and then how slack in introduced to
them in MPC cost function. Then the following picture, Fig. 5.7, shows how this
slack is divided into feasible and infeasible for our system based on AL, Shannon
entropy and SVM sample selection.

45



5. Results

Feasibility and Infeasibility
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Figure 5.7: A sample scenario to show feasibility and infeasibility, where yellow
area shows feasibility and blue shows infeasibility

As it is clear in Fig. 5.7 this slack defined the feasibility and infeasibility of our
system. Feasible, yellow area in the picture, is an area where the system can guar-
antee safety while infeasible, blue area above the separation line in the picture, is
an area where the system does not promise safety and a collision may occur.

Besides in optimization, slack has played other important roles too, in the suggested
learning scheme, slack also acts as a trigger for AL strategy. Instead of performing
learning query for each operating point and updating the learning process constantly,
this AL approach triggers the learning at those potentially critical points.

During simulation, the accumulated slack value is monitored at all time step of our
process. When the slack exceeds a predefined threshold, the corresponding state
should be considered informative and be selected for further analysis. States with
negligible slack values are generally located deep inside the feasible region where
the system behavior is already well understand. However, states with positive slack
values, quite close to threshold, typically are very close to the transition boundary
separating feasible and infeasible operating conditions.

Thus, we can consider the learning trigger as an event driven based mechanism
which would bring more computational load to handle the uncertainties. When the
car is on the safe regions, away from unsafe regions, there would be no requirement
of further learning; whereas, on traversing close to the border, there would be large
slack and hence the learning starts in a region when it is hardest to identify the
decision surface.

Furthermore, this method also possesses robustness to numerical noise and minor
errors in the optimization. Indeed, slack values slightly greater than zero will usually
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appear when implementing the constraints due to tolerances in the solver and do
not reflect real safety constraints. To filter such negligible difference, a threshold is
introduced which prevents such differences to be recorded as an event to trigger the
learning.
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Figure 5.8: Learning trigger activation and Slack variable in the first scenario
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Figure 5.9: Learning trigger activation and Slack variable in the second scenario

47



5. Results

o %1071 ~_Slack - Scenario 3
T T

-0.5 4

qF ]
15+ 4

ok i

1 1 1 1 | 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Learning Trigger
T T T

Learning Trigger

Time [s]

Figure 5.10: Learning trigger activation and Slack variable in the third scenario
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Figure 5.11: Worst-case scenario slack variable and learning trigger activation

These pictures are shown how slack varies in different situations for different sce-
narios. Increasing slack indicates that the system is approaching or violating the
imposed safety constraint, causing the controller to apply stronger corrective action.

For example in Fig. 5.8 it is illustrated that the system is making alert in the begin-
ning, almost from 2 to 7 second, and at the end of the process near 19 second, and
when look back at Fig. 5.2, it is quite understandable why those areas are important
to learn. However, in worst-case scenario, Fig. 5.11, the learning trigger shows it
is essential to learn from beginning to end and it means that our system identifies
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critical situation and predict an accident might be happened in the future and shows
the vehicle is in an unsafe region. So the answer is in related to its picture, Fig.
5.5. Although the initial relative distance in the beginning is about 100 meters but
it cannot satisfied the system by that initial relative distance.

Analyzing the distribution of slack values can also shed light on the overall shape of
the safe controllable set. Operating conditions where the slack is small correspond
to the safely controllable states; areas with large slack will mostly lie close to the
collision boundary where evading are difficult. Slack value will then be exploited at
a later step to increase the weights of safety-critical samples that are near the safety
boundary.

All in all, the slack variable acts on two different functions of the introduced ap-
proach. On the one hand it eases the constraints in the unsafe zone for safer opera-
tion and in particularly unsafe scenarios maintaining feasibility of the optimization,
and on the other hand it captures an estimation for the overall uncertainty in the
state and consequently supports an efficient event triggered AL for efficient compu-
tation only where it truly matters for performance and safety.

The first purpose of the thesis is to recognize critical situation. For this aim MPC
should be testes for different scenarios to know the situation and act based on
that. MPC performance is shown in pictures above, 5.2 to 5.5. The scenario
results indicate that the MPC responds appropriately to changes in the relative
distance and velocity while attempting to maintain the safety constraints. The
corresponding slack and trigger signals identify the periods in which the operating
condition becomes safety-critical and additional AL evaluation is activated.

5.4 AL Result

5.4.1 Sample Selection

A second objective of AL in this thesis is to reduce the computational cost of esti-
mating the feasible region. Instead of exploring all possible states of the operating
domain and query our (expensive) MPC oracle, our approach focuses only on a
subset of highly informative points and with their evaluation allows the classifier to
reconstruct the boundary of the safe reachable set much faster.

The learning process begins with an initial set of labeled samples generated from all
points of data. These samples provide a preliminary representation of the transition
region between feasible and infeasible operating conditions and they are a starter
point to recognize each point condition better. Each sampled state is evaluated
using the MPC-based oracle and assigned a label according to its feasibility. Safe
states are feasible, whereas states for which the controller cannot guarantee collision
avoidance are labeled as infeasible.
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5.4.2 Generalization Capability

Once the training is finished, the SVM provides a continuous approximation of the
region feasible on the region of state space examined. Furthermore, as opposed
to the MPC oracle which must resolve an optimization problem every time a new
operating condition is encountered, a trained classifier may very easily determine
whether a certain state is feasible or not.

Therefore, the learned model acts as a surrogate representation of the MPC ora-
cle and shows rapid safety assessment for previously unseen states. This capability
would be attractive for contemporary autonomous driving applications, where fast
decision-making and low computational complexity are essential. The experimental
results have confirmed that the introduced AL framework is able to obtain an esti-
mated value of the safe controllable set using quite appropriate labeled samples.

The AL framework selectively explores the unlabeled space close to the boundary
region, and uses the oracle evaluations on this particular area to reach an accurate
classification. At the same time, the expense for the generation of labeled data has
been greatly decreased. Finally, the learned SVM boundary follows the MPC that
is generated safety boundary and reproduce the expected relationship between ve-
hicle velocity and required stopping distance. Consequently, the proposed approach
provides an efficient, and computationally inexpensive method of the safe control-
lable set that can be used for safety assessment, monitoring, and decision support
in autonomous driving systems or systems in high level autonomous.

In this work the uncertainty is measured using Shannon entropy, Sec. 4.4.1, as
the sampling metric, where the classifier outputs shows each states probability and
states with probability near 0.5 have the highest uncertainty, so they are more in-
formative in evaluation and identifying boundary between safe and unsafe region[12].

However, entropy alone is not sufficient to explore state-space efficiently. If sam-
pling only focused on the entropy criteria, large regions would be selected at each
iteration of sampled around the same center location-information overlap would be
poor. A measure of diversity is therefore incorporated by considering the minimum
Euclidean distance between the candidate sampled point and the labeled data space.
It is the element that helps exploration in different parts of the operational space,
by guiding selection of a new region in which an unvisited state can be evaluated.

Finally, vehicle dynamics are utilized in the sampling scheme, via the implemen-
tation of a physics-guided boundary metric. Given that the emergency braking
problem has an approximately analytical relationship between stopping distance,
states that are in close proximity to this boundary are more beneficial. The sam-
pling scheme prioritizes samples that satisfy both uncertainty, variety and closeness
to the boundary value.

AL score this value represents a ranking of candidates by combining two values
mentioned in earlier points, such as the confidence estimate plus the distance to the
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learned safety boundary to evaluate its “information value” to the classifier. In each
training round, the candidate states obtaining highest AL scores are then chosen
and evaluated via the MPC Oracle. Newly verified states are added to training set
and the classifier is updated again by means of being re-trained

Combining these criteria in a ranking the combined score for AL represents both
the predictive model’s belief and the potential for the state to be closer to boundary
in terms of the decision threshold. In each iteration, the states that achieve the
top scores are queried on the MPC oracle to obtain newly labeled data points, and
this data is augmented into the existing training dataset to retrain the classifier.
The safety threshold progressively converges towards its real location with repeated
iterations.

The result of the applied sampling scheme can be viewed in the selected sample dis-
tribution. The majority of queries lie, as it can be expected, within the transition
region where the system switches between safe and unsafe modes. This is desirable
since the boundary carries with itself the highest amount of information content of
the reachable set in our scenario. Instead regions well within the safe/unsafe regions
give little new information and need less samples.

This additional concept to classifier training is that we are utilizing slack-variable
information in the classifier’s training stage as well. We place higher importance
on samples that have larger slack-variables because it represents a more critical
constraint violation condition and train it weighted manner, improving accurate
prediction of high criticality conditions and boundary estimation for collision vicin-
ity cases.

Fig. 5.6 shows how data is selected and accumulation of data is investigated in
boundary shows how much important is that area and high uncertainty is occurred
in that curve.

Overall, our results reveal the efficiency of the proposed AL framework to signifi-
cantly decrease the number of oracle calls needed to approximate the safe control-
lable set. By integrating entropy based uncertainty sampling, diverse exploration
based approaches, and the information from physics-guided boundary information,
the framework smartly focuses computational resources in the informative areas
of the state space and provide a good approximation to the safety boundary with
drastically less computational overhead than usual sampling methods.

5.5 SVM Classification Results

As it mentioned before, Sec. 4.5, SVM is utilized for collecting informative data near
safe boundary operating generated by the MPC-based oracle. Training is done on
the collected labeled samples from the AL process, in which the SVM will generalize
the mapping from the states to their safety status (unsafe/safe). This allows us to
quickly estimate safe state space without solving the MPC on-line for any incoming
states.
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In this work, the classifier is trained with relative distance and the ego and lead ve-
hicles velocities from the longitudinal vehicle model and each sample will be labeled
based on AL evaluation.

For the classifier and AL evaluation a nonlinear RBF kernel is chosen as the limit
between the region which feasibility and infeasibility are not linear, generally the two
classes’ limit is a nonlinear boundary. Even though, theoretical stopping-distance
limit has a quadratic term, MPC’s constraints, finite prediction horizon’s influence
and penalty associated with slack’s variable force the feasible region boundaries a
more nonlinear way. The RBF kernel is suitable for representing this nonlinear de-
cision boundary.

To improve classification accuracy, weighted training is used. This involves down-
playing small slack values and up-emphasizing slack values in the optimization proce-
dure, due to the higher operating relevance or safety constraint violation magnitude
for points having large slack values. The effect of down-emphasizing smaller slacks
causes the classifier to place higher emphasis on accurate correct classification in
proximity of the safety constraint.

Figs. 5.12 and 5.13 show the result of classification map, where we have the safe
area, in green points or below yellow curve, the classification is +1 and in contrast
in red points and above the yellow curve the classification is -1.

At the conclusion of training, the SVM has learned a decision function that dis-
criminates between safe and unsafe state-space samples, and produces the classifi-
cation map is depicted. feasible samples are treated as positive class examples while
infeasible samples serve as negative class examples. The resulting decision bound-
ary separates the two regions cleanly and accurately approximates the predicted
stopping-distance relation as shown.

The difference between the analytical and learned boundaries arises because the
plant model includes effects that are not present in the simplified stopping-distance
calculation, including reaction delay, road grade, aerodynamic drag, and actuator
dynamics.

The key information from the outputs is that the highest density of labeled samples
occurs on or close to the boundary, and that defines how the samples are classi-
fied. This output is an example of the way the entropy-based method of AL can
extract maximum benefit from the data; because it chooses for examination the
most uncertain points (which also give the greatest new information to the learning
process) we are learning an increasingly accurate boundary definition with each step.

The extension to SVM makes the results even more explainable. With the posterior
probability estimation, not only does it identify whether or not the state is safe and
unsafe, but it has also assigned a measure of confidence with it. The points which
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lie at a great distance from the SVM decision boundary will usually yield the poste-
riors to close to either 0 and 1, and those near the decision boundary will output 0.5.

Alternatively, we can represent the learned decision boundary with a quadratic
polynomial which would make it possible to interpret the classifier and compare the
learned bound to the analytical stopping-distance equation. The picture shown in
below, Fig. 5.13, shows a fairly accurate correspondence to the MPC labeled stops
as well as the theoretical braking distance curve and thus verifies that the classifier
has learned the relevant system dynamics of the car’s safety behavior.

Overall, the SVM results indicate that the AL framework can approximate the feasi-
bility boundary using a reduced set of MPC-labelled samples. If the SVM classifica-
tion experiments indicated the effectiveness of the developed learning framework for
effectively approximating the safe controllable set with a relatively small amount of
oracle calls. The combination of MPC-induced labels, slack-weighted training and
AL based sample selection successfully answer this aim and illustrates AL result is
correct. In simple terms, it efficiently learn the safety boundary without sacrific-
ing classification accuracy, which confirms their potential for being used as a fast
learning surrogate models for feasibility analysis and safety evaluation.

5.6 Learned Safe Controllable Set

The main purpose of the framework is to develop an approximation for the safe
controllable set of the emergency braking maneuver. The developed controllable set
captures all possible safe states from which the emergency can be avoided with a
reduced complexity than the optimization of a full MPC controller at each state.

To investigate controllable set area, the worst-case scenario is designed to collect
boundary separation line and estimate the AL framework performance by investi-
gating the combination of relative distance and relative velocity. Eventually, the
safe controllable set can be expressed on a 2-D space which consists of distance and
velocity.

Safe controllable set contains all those initial states for which the MPC controller
can find a feasible sequence of control inputs such that collision is avoided subject
to the system dynamics, acceleration constraints, and safety constraints. All states
that lie outside the safe controllable set correspond to those situations where the
MPC-based feasibility criterion is violated. Also, it should be mentioned we consider
5 meter for safety distance and it means the ego vehicle should stop in 5 meter gap
with the lead vehicle.

First, a set of sampled states are assessed using the MPC-based oracle to determine
whether each state is either feasible or infeasible(based on the outcome of the opti-
mization). Following this, plant parameters are introduced to make our model more
realistic. Now, the final ego vehicle acceleration is the combination of MPC and
plant factors. Then, AL should investigate the model base on Entropy and sample
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selection to identifies boundary between safe and unsafe region to determine the safe
vehicle velocity related to instantaneous relative distance.

The shape of the learned boundary should be very similar to the real world stop-
ping distance. It shows the relationship between distance and velocity(since braking
distance needed to decelerate the car and get it to stop increases quadratically with
velocity). This conforms to the theory of the vehicle motion and validates the abil-
ity of the proposed learning framework in characterizing the physics of emergency
braking.

However it’s important that the learnt boundary is obtained directly from the MPC
evaluations rather than from an imposed analytical expression with the effects of
prediction horizon, actuator limits, optimizing limits and control behavior all in-
cluded in the learning set of the controllable region, as they affect the resulting
boundary of stopping distance.

One major benefit of this approach for safety is the efficiency after classification
training; for each safety assessment the process only needs a fast classification and
no repeated solving of an optimization problem, providing real-time feasibility for
online real-time decisions and applications.

The learned boundary and the analytically derived stopping boundary in 5.12 shows
a good agreement across the operational range. As expected, small deviations exist
close to extreme conditions, attributed to constraint interactions perceived by the
MPC controller and to finite prediction horizon effects. Nevertheless, the overall
consistency between the two boundaries validates both the MPC formulation and
the AL approach. In addition, the gap between learned boundary and stopping
boundary from equation of motion, Eq 4.15, is increased in next picture, Fig 5.13.
The answer behind it is plant’s parameters and important reason comes from con-
sidering reaction time.

This trained safe controllable set acts as a compact description of the vehicle’s safety
envelope. It identifies the maximum controllable and allowed values of distances and
velocity for collision avoiding and acts as a handy tool to monitor safety during ma-
neuvers, evaluate risks and design future automated driving.

In conclusion, the developed strategy demonstrates effective safe controllable set
estimation under sample-scarce conditions using MPC with slack variable learning
triggers, AL, and SVM classification. The learnt boundary is a reliable surrogate of
safe/unsafe region boundaries and can be employed for verification of longitudinal
vehicle control system safety.
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5.7 Controllable Sets For Safe and Stable Auto-
mated vehicles

An important goal of the developed framework is to estimate both the safe con-
trollable set and also to learn a good approximation of the boundary between the
feasible and infeasible regions of the operating space. This is because the learned
boundary replaces costly MPC evaluations in the real-time safety checking and thus
its precision determines how trustworthy the entire framework is.

The results of the developed method are assessed by comparing the labels produced
by the oracle, the MPC-based approach, with the labels generated by the learned
SVM classifier. Since each label is a solution of a constrained optimization problem,
that accounts for the vehicle dynamics, the braking constraints, the safety require-
ments and the prediction horizon, the oracle effectively provides the ground truth.
Hence, the agreement between the predictions of the SVM model and the labels of
the oracle represents an actual evaluation measure of the learned model.

As expected based on AL, results prove that the presented AL framework accurately
characterizes the structure of the safe and unsafe regions of the explored state-space.
The states which are far apart from the boundary between regions belonging to dif-
ferent classes are almost correctly classified; it reveals that the classifier is able to
understand what distinguishes the operating conditions considered feasible to the
infeasible ones. The highest uncertainties happen around the change region from
safe to unsafe as is anticipated.

Additional support in high confidence classifier predictions are seen far from the
decision boundary and uncertainty of the classifier is clustered along the boundary
between safe and unsafe operation, again confirming the decision boundary appro-
priately captured the critical region of operation.

In summary, the present results indicate that the proposed AL and SVM approach
can recover the safe boundary of MPC efficiently and achieve much less cost on the
oracle evaluations than an exhaustive search approach. Hence, the learned model
can serve as a efficient computational substitute to evaluate the safety or control-
lable sets of autonomous driving system.

The following picture, Fig. 5.12, shows initial data selection and SVM selection
after MPC controller in worst-case scenario where it becomes very important for us
to evaluate MPC performance for this thesis. Black line comes from the real equa-
tion of motion, Eq. 4.15, while yellow line comes from our MPC investigation. A
difference is observed between the two curves and it comes from prediction horizon
number, sampling time, and our MPC cost function coefficient. The results signif-
icantly illustrate that the proposed system performs effectively, while AL identifies
the controllable region and the boundary separating the safe and unsafe regions us-
ing Shannon entropy and SVM classification.
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Figure 5.12: MPC controller performance and AL trajectory by initial and SVM
sample selection

Our system estimated curve is equal to d = 0.072v% + 0.253v + 5.303. This is the
best curve line, yellow curve, that our system could match to the separation of safe
and unsafe area based on our sample selection and estimated blue dash line. Coeffi-
cient 5.303 comes from mismatches in the beginning and the fitted intercept differs
slightly from the nominal safety distance because the learned boundary reflects the
complete MPC and fitting procedure. Because blue-dash line would be able to rec-
ognize safe region from unsafe and it is obvious in the picture.

While the following picture, Fig 5.13, depicts the data selection and investigation
after plant where other parameters is inserted and our model is very close to real
situation of driving condition.

After adding other mentioned parameters in plant, Sec. 3.5, the gap between black
and yellow lines became greater and it demonstrates the system has become more
cautious, because the real stopping boundary comes from equation of motion, Eq. 4.15,
where we do not have any realistic disturbances while when we considered the worst-
case scenario in our model, and after adding all parameters and coefficients, the
region between realistic stopping point and our model became a little more and
the most important reason is reaction time. The reaction delay reduces the time
available for braking and therefore increases the distance required to maintain the
specified safety margin. Thus for example for 30 meter relative distance between two
vehicles the system says the ego vehicle should have about 14m/s velocity instead
of 20m/s.
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Figure 5.13: AL trajectory based on initial and SVM sample selection after intro-
ducing plant

To conclude, in the first place AL is employed to reduce the computational cost and
time of MPC evaluation to identify the controllable safe boundary in order to main-
tain the vehicle in feasible region. This investigation is done by updating system
states, including relative distance and relative velocity, as well as applied control
input, a., at each step and evaluating individual state by MPC. Then AL utilized
this information to identify boundary and prevent vehicle from exceeding velocity
compare to relative distance. Figure 5.13 indicates that the combined MPC-AL
framework identifies a consistent boundary between feasible and infeasible operat-
ing conditions.

Furthermore, figures in section 5.3 show the slack variable is added appropriately

and the system can recognize the critical situation and decides when additional
learning is necessary.
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Conclusion

This chapter provides a summary of the key results obtained in the thesis and criti-
cally evaluates the suitability of the method for the safety assessment of autonomous
vehicles. Simulation results indicated the effectiveness of the proposed methodol-
ogy to delineate the border between infeasible and feasible operating points with
a noticeable reduction in the computational cost through the selective evaluation
of informative operating conditions. Finally, the chapter concludes by highlighting
several limitations of the developed approach and suggesting some potential future
work for improvements.

6.1 Equation identification with Sparse Regres-
sion

SINDy was investigated as a sparse equation identification method for representing
the longitudinal safety boundary. A second-order polynomial library containing con-
stant, linear, quadratic, and interaction terms was provided to the sparse regression
algorithm.

For the simplified longitudinal braking case, SINDy retained only the constant term,
the distance D, and the quadratic relative velocity term Av?.

The result shows that sparse equation identification can produce a compact and
interpretable representation of a known safety boundary while eliminating unnec-
essary candidate terms. In the present study, this serves primarily as a proof of
concept because the training target is derived from the analytical safety equation
itself. The more significant potential of the method lies in extending the same idea
to higher-fidelity vehicle models, where safety boundaries may be obtained from
simulation or experimental data but may not have a simple closed-form analytical
expression.

6.2 MPC Feasible Set Approximation

The AL framework provides an efficient approach for evaluating the safety boundary
while limiting the number of computationally expensive MPC evaluations. Instead
of labeling a large number of states uniformly across the entire state space, the al-
gorithm attempts to identify and evaluate the states that provide the most useful
information for refining the current estimate of the boundary. This method can
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substantially reduce the number of required labeled samples and, consequently, the
computational time associated with repeated MPC evaluations.

The final objective of this approach depends strongly on the quality of the selected
samples. Increasing the number of training samples can improve the representation
of the feasible and infeasible area, particularly when the initial dataset is insuf-
ficient to describe the boundary accurately. However, increasing the dataset also
increases the computational cost of classifier training and prediction. More im-
portantly, adding samples does not necessarily result in further improvement in
classification accuracy. Once the classifier has already learned the regions that are
clearly feasible or infeasible, extra samples provide relatively little information.

The most informative samples are near the transition between feasible and infeasible
states, where classifier uncertainty is highest. In contrast, states far inside either
region obviously have high confidence and provide limited additional information.
Therefore, AL concentrates computational effort on the boundary rather than max-
imizing the total number of samples.

The SVM, kernel function, and Shannon entropy work together in this process.
The SVM distinguishes feasible and infeasible states, while the kernel represents
the nonlinear safety boundary. Shannon entropy quantifies prediction uncertainty
and guides the selection of the most informative states for further MPC evaluation.
The resulting learned boundary shows a smooth curvature and closely follows the
reference boundary obtained from the vehicle dynamics and stopping-distance rela-
tionship.

A Python implementation was also developed for comparison, particularly for cases
in which the initial states are unknown. This provides an additional consistency
check for the vehicle model, MPC formulation, optimization, sample selection, SVM,
and entropy-based uncertainty estimation

However, the performance of AL depends on the initial samples, classifier config-
uration, uncertainty measure, sampling strategy, MPC-based oracle, and for this
thesis Plant . Increasing the number of samples beyond the informative boundary
region can lead to diminishing returns while increasing computational cost. Overall,
MPC provides the feasibility evaluation, SVM learns the nonlinear boundary, the
kernel represents the shape of boundary, and Shannon entropy identifies informa-
tive samples, allowing the framework to approximate the safety boundary efficiently.

The main contribution of this thesis is the development of the data-driven frame-
work for approximating the safety boundary for an autonomous emergency braking
system by integrating MPC and AL. The main contribution is the integration of
MPC-based feasibility evaluation with AL-based sample selection to approximate
the safety boundary with fewer expensive oracle evaluations.
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6.3 MPC Performance and Sensitivity to Predic-
tion Settings

The performance of the MPC controller depends on several key components, such
as prediction horizon, sampling time, system matrices (equation 2.23), constraints,
and cost function (equation 3.8). In this thesis, a sampling time of 0.1 s and a pre-
diction horizon of N=50 were used. The sampling time determines how frequently
the controller updates its state estimate and control action. A larger sampling time
results in less frequent updates, and therefore provides less frequent information
about the future evolution of the vehicle, which may reduce the controller’s ability
to respond instantly to rapid changing situations.

The prediction horizon determines how far into the future the MPC controller pre-
dicts the vehicle behavior. Increasing the prediction horizon allows the controller to
consider a longer portion of the future trajectory and can enable earlier responses to
approaching safety constraints. In contrast, a shorter horizon provides less informa-
tion about future vehicle, and may cause the controller to react later to developing
critical situations. However, increasing the horizon also increases the computational
burden of the optimization problem. Therefore, the horizon represents a trade-off
between prediction capability and computational cost.

The different scenarios considered in thesis are presented in Appendix A. The con-
troller avoids collisions in the collision-free test scenarios, while the deliberately
constructed worst-case scenario is correctly identified as infeasible. These results
demonstrate the role of MPC as the model-based safety oracle used to evaluate the
initial states in the AL framework.

Finally, the accuracy of the MPC controller is particularly important because it
serves as the oracle for the AL framework. The MPC determines whether each eval-
uated initial state is feasible or infeasible, and these labels are subsequently used
to train the SVM classifier. Consequently, errors or inappropriate assumptions in
the MPC model or optimization procedure can propagate into the learning process
and alter the estimated safety boundary. The reliability of the learned boundary
therefore depends not only on the performance of the SVM and AL strategy, but
also on the accuracy and consistency of the MPC-based feasibility evaluation.

In addition, AL is used to identify safety-critical operating conditions and decides
when additional learning is necessary. For this purpose, slack variable is added to
MPC cost function using a large weighing factor, p, so that constraint violations
occur only when they cannot be avoided under the given condition. Moreover,
we introduced the learning trigger to recognize critical situations from noise. The
figures, Fig 5.8 to 5.11, in result shows that our system can identify the critical
situation and uses this information for future updates as well as tries the best to
keep the vehicle to safe region and avoid collision or mitigate the result of collision.
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6.4 Future Work

The proposed framework demonstrates promising simulation results in estimating
the safety boundaries of the approaching vehicle for autonomous emergency braking
systems, several areas for improvement and extension can be investigated.

One natural extension is the inclusion of more realistic traffic scenarios. For ex-
ample, we can collect information from data collected from sensors in real traffic
conditions that are implemented in different vehicles and gather their data from
traffic safety to simulate real traffic world. this method will give us real estimation
of lead vehicle driver’s behavior.

Future work could also investigate cooperative safety through vehicle-to-vehicle,
vehicle-to-infrastructure, vehicle-to-pedestrian, and other V2X communication mech-
anisms. The system has 2 dimensions of motion and it would be able to change lane
in order to avoid collision instead of aggressively braking.

Next enhancement option could be to investigate different machine learning ap-
proaches to build the presented learning framework. With respect to classification
the applied SVM approach gave accurate performance in the scope of the tested clas-
sification problem. However other algorithms like Gaussian process models, neural
networks, ensembles of learners, or deeper architectures could possibly scale better
and achieve superior performance for problems in higher dimensions. Comparative
assessments are necessary to understand which learning algorithms would excel for
boundary estimation tasks.

Another possible option might be, the learned safety boundary that was developed
in this thesis can be used in real-time decision-making: Instead of repeatedly re-
solving optimization problems that take time and computational effort to run, the
learned classifier could be utilized as a safety monitoring component, used at the
end of each loop before the final driving commands are generated. This could lead
to a significant decrease in processing cost and provide real-time safety guarantees.

Finally, cooperative active safety system and exchanging information between vehi-
cle to vehicle, vehicle to infrastructure, Vehicle to pedestrian, and vehicle to network
or all we can say V2X would be the final update of increasing safety and avoid col-
lision between vehicles and other obstacles.
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All scenarios

The following scenarios are considered and investigated to evaluate the performance,
accuracy, and response of the MPC controller in the proposed autonomous emer-
gency braking system.
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Five representative scenarios and the worst-case scenario are presented to

the variation in the slack variable and learning trigger.
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Initial values

The following table lists the initial ego-vehicle speed, lead-vehicle speed, and relative
distance for each scenario.

Ego vehicle speed m/s

Lead vehicle speed m/s

Relative distance m

Scenario 1 35 60 70
Scenario 2 41 18 32
Scenario 3 30 15 42
Scenario 4 39 25 40
Scenario 5 31 13 25
Scenario 6 27 22 50
Scenario 7 24 7 19
Scenario 8 26 26 42
Scenario 9 29 20 60
Scenario 10 38 23 27
Scenario 11 23 17 48
Scenario 12 31 27 44
Scenario 13 36 22 16
Scenario 14 27 14 36
Scenario 15 30 22 58
Worst-case scenario 40 0 100
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