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Model-Based Estimation of Clamp Force in Bolted-Joint Tightening
Athreya Tallanje
Department of Electrical Engineering
Division of Automation and Mechatronics
Chalmers University of Technology

Abstract
Bolted joints are widely used in mechanical assemblies, and their reliability depends
strongly on the clamp force generated during tightening. Direct measurement of
clamp force in industrial applications is often impractical. Conventional torque-
based tightening methods estimate clamp force by assuming a constant coefficient
of friction (CoF). However, the accuracy of this assumption is influenced by surface
conditions, lubrication, tightening speed, and other factors. Therefore, accurate
clamp force estimation remains a challenging problem. Previous Extended Kalman
Filter (EKF) and Unscented Kalman Filter (UKF)-based approaches achieved esti-
mation errors of approximately 3–5%, but were found to be sensitive to initial state
assumptions. In addition, the coupling between clamp force and CoF can produce
similar torque outputs for different state values, resulting in non-unique estimates.

This thesis focuses on developing system formulations for tightening in the elastic
region. The main states considered are clamp force and CoF, which are strongly cou-
pled through the torque expression. To analyze the resulting non-uniqueness in state
estimation, both local and global observability perspectives are considered. Multiple
observer-based estimation approaches are then evaluated, including an LMI-based
Luenberger observer using an LPV formulation, an output-inverted EKF, and a
Rao-Blackwellized Particle Filter (RBPF). The EKF and RBPF formulations re-
duce the dimensionality of the directly estimated state space.

The results indicate that the system is theoretically observable from the local ob-
servability analysis, but the near-marginal values of the observability matrix sug-
gest limitations in state estimation. The output-trajectory-based observability study
further shows trajectory-dependent regions of practical unobservability, making it
difficult to generalize a single unobservable region across different tightenings. The
LMI-based Luenberger observer was highly sensitive to initial-state errors and re-
lied strongly on the motion model, whereas the output-inverted EKF was mainly
limited by derivative-induced noise amplification in the measurement model. The
RBPF provided improved estimations by maintaining multiple hypotheses, but its
performance depended strongly on both initialization and the nonlinearity of the
output trajectory. Overall, the study shows that reliable reconstruction of clamp
force and CoF is fundamentally constrained by weak observability, low effective CoF
contribution to the measured output, and model mismatch under nonlinear tight-
ening conditions.

Keywords: Bolted Joints, Tightening, Observability, Estimation, Observer, Leun-
berger, Dynamic Inversion, Kalman Filter, State Coupling, Rao-Blackwellized Filter
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that have been
used throughout this thesis.

Indices

i Indices for particles
k Index for time step in discrete time
t Time in continuous time

Parameters

∆t Time discretization step (sampling interval)
∆bar Upper bound on uncertainty in the output matrix
ℓ Length scale of the RBF kernel
ϵtrue Threshold used to define practical indistinguishability
κ(T, T ′) Covariance kernel in Gaussian Process Regression
ρ Scheduling parameter in the LPV formulation
σ2

f Signal variance in the RBF kernel
σ2

n Observation noise variance in Gaussian Process Regression
σrel

Kj
Relative uncertainty in the joint stiffness

C(ρ) Parameter-dependent output matrix
L Observer gain matrix
P Lyapunov matrix / error covariance matrix
Z Auxiliary decision variable in the LMI formulation
Cf Friction-related coefficient in the torque expression
Cp Pitch-related coefficient in the torque expression
Kj Effective angular joint stiffness
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Kj,avg Average joint stiffness used in estimation
m(T ) Mean function in Gaussian Process Regression
Np Number of particles in the RBPF
Qα Process noise covariance associated with α

Qµ Process noise covariance associated with CoF particles
QFc Process noise covariance associated with clamp force
R Measurement noise covariance in the RBPF
Ry Measurement noise covariance associated with yk

Rz Measurement noise covariance associated with zk

Variables

α Auxiliary scalar state used in the output-inverted EKF
∆T Discrete-time increment in torque
O Observability matrix
Xu Practical unobservable region in the state space
F̂c,k Estimated clamp force at time step k

µ̂k Estimated coefficient of friction at time step k

µ Coefficient of friction (CoF)
µ

(i)
k CoF particle for particle i at time step k

ω Angular speed of the fastener
T Vector of torque training inputs in GPR
u Input vector
x State vector
y Measurement/output vector
µ Vector of CoF training outputs in GPR
f(T ) Latent function in Gaussian Process Regression
Fc Clamp force
F

(i)
c,k Clamp-force estimate associated with particle i

h(α) Nonlinear measurement function in the EKF formulation
K∗∗ Covariance matrix of the test data in GPR
KN∗ Cross-covariance matrix between training and test data in GPR
KNN Covariance matrix of the training data in GPR
Neff Effective sample size in the RBPF

xii



P
(i)
F,k Conditional variance of clamp force for particle i

T Torque
Ṫ Time derivative of torque
Ṫ Time derivative of torque
vk Measurement noise at time step k

vy
k Measurement noise associated with output yk

vz
k Measurement noise associated with derived measurement zk

wk Process noise at time step k

wα
k Process noise associated with α

wµ
k Process noise associated with CoF dynamics

wFc
k Process noise associated with clamp-force dynamics

w(i)
k Weight of particle i at time step k

yk Measured output at time step k

zk Derived measurement used in the EKF formulation
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1
Introduction

1.1 Bolted joints

Bolted joints are one of the most widely used methods for joining mechanical com-
ponents due to their simplicity, reliability, and ease of assembly and disassembly.
The clamp force plays a critical role in the structural integrity of the bolted joints.
Clamp force can be defined as the compressive force acting between the mating com-
ponents applied by the bolt. This force helps in ensuring that the joint members
stay in continuous contact, while allowing external loads to be transmitted through
the contact surfaces, preventing relative motion and loosening of the fastener. In
practice, the clamp force is induced by applying torque to the bolt, which results
in a compressive force acting on the joint members. This clamp force results in the
tensile elongation of the bolt, and hence results in a compressive reaction force on
the joint members. However, not all of the applied torque is converted into useful
clamp force, a large portion of it is dissipated due to friction. This frictional loss
occurs primarily at two interfaces: the contact between the threads of the bolt and
nut/internal threads and the interface between the bolt underhead and the mating
surface. The associated terms are thread friction loss for the friction between the
threads and bearing loss which addresses the other surfaces in contact.
Bolt tightening can be carried out using several control strategies, such as the torque-
controlled, angle-controlled, and yield-controlled tightening, each with its own ad-
vantages and limitations. The simplest and the most commonly used strategy is
torque-controlled tightening. In this process the tightening is carried out until a pre-
defined torque is applied to the bolt. This predefined torque is determined based on
the assumed constant friction conditions and predefined design standards. Although
these values are arrived based on the empirical knowledge and testing data, due to
the unpredictable nature of friction, the actual Coefficient of Friction (CoF) can be
different. This could be due to the facts such as the surface conditions, lubrication,
tightening speed and many other parameters. As a result the torque controlled
tightening often leads to an applied clamp force that may be different from the cal-
culated one and this may impact the reliability and repeatability. Angle-controlled
tightening tries to overcome the issue CoF variations. In this method, an initial
snug torque is first applied to ensure that a complete contact has been established
in the joint. This means all the gaps between the mating surfaces are eliminated.
After this snug point is reached, the bolt is rotated through a predefined angle,
which is expected to produce a predictable elongation of the bolt and, consequently,
a more consistent clamp force. However, this method relies on accurate detection of
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1. Introduction

the snug point and assumes consistent material behavior and joint stiffness, both of
which can introduce additional uncertainties in practical applications.
The present study is restricted to the elastic region. One of the reasons for this
is that, within this range, the tightening behavior can still be represented using
relatively simple and physically meaningful models. Beyond the elastic region, stiff-
ness variation, plastic deformation, variation in CoF and other irreversible effects
introduce significant nonlinearities that reduce repeatability and complicate both
modeling and estimation.

1.2 Background
State estimation techniques such as Kalman filters are widely used to estimate the
unmeasured states in dynamic systems. The nonlinear variants of this filter, such
as Extended Kalman Filter(EKF), Unscented Kalman filter(UKF) and Cubature
Kalman Filter (CKF) can be used for a nonlinear dynamic system. In the context
of bolt tightening, these techniques can be used to estimate clamp force and the CoF,
by using the torque-angle data. However, a major challenge arises because clamp
force and CoF are not reflected independently in the measured torque. Instead,
both states appear in a coupled manner in the torque expression, meaning that a
change in one state can be compensated by a change in the other while producing a
very similar torque response. As a result, different combinations of clamp force and
CoF may result in the same measured trajectory, making the estimation problem
ambiguous and, in some cases, non-unique. This reduces the reliability of observer-
based estimation methods and makes the estimates highly sensitive to initialization,
measurement noise, and model mismatch.
An attempt to address this issue was presented in [2], where the coefficient of fric-
tion (CoF) and clamp force were simultaneously estimated using EKF and UKF for
two torque-controlled tightening strategies. A nonlinear dynamic model of the tight-
ening process was formulated by defining the fastener geometry and treating clamp
force and CoF as the system states, while torque and angular velocity were used
as measurable signals. The study considered both Continuous Drive tightening, in
which the angular velocity is kept approximately constant as torque increases, and
TurboTight tightening, in which the speed starts high and decreases with increasing
torque. The methods were experimentally validated for both strategies. The results
showed that both filters significantly improved clamp force estimation compared to
conventional torque-controlled methods. In Continuous Drive tightening, both EKF
and UKF performed well, whereas under the more nonlinear TurboTight strategy
the UKF clearly outperformed the EKF. Overall, the reported clamp force errors
were approximately 3–5%.
Further internal investigations conducted at Atlas Copco Industrial Technique[3],
building upon the above study, revealed additional challenges associated with the
estimation process. It was observed that the performance of the filters is highly
sensitive to the initial state assumptions, with accurate initial guesses leading to
improved estimation performance, while large deviations in initial conditions re-
sulted in increased estimation errors. Moreover, it was observed that multiple com-
binations of clamp force and CoF could produce similar torque outputs, indicating

2



1. Introduction

non-uniqueness in the estimation problem. The study also included the evaluation
of condition number and this study indicated that the output matrix was extremely
ill-conditioned, highlighting potential observability limitations of the system. These
observations motivate a deeper investigation into the observability of the tightening
process and the development of robust observer-based estimation methods, which
form the focus of the present work.

1.2.1 Identified Challenges
Based on the analysis conducted in this work, several challenges in the clamp-force
estimation problem were identified.
First is the issue with the states occurring as pairs in the output expression, which
was identified in the previous study. An observer may struggle to uniquely recon-
struct the states as these are coupled. Second, the dependence between clamp force
and CoF implies that variations in CoF directly influence the corresponding clamp-
force estimate. Therefore, even when system dynamics are introduced, the ability to
distinguish between the effects of these two states on the output may remain limited.
Third, an additional issue observed from the experimental data is the stiffness of the
joint. Since the focus is towards the tightening in the elastic region, an assumption
is that the joint stiffness is constant, however, it was observed that this parameter
is not constant, and some of the tightening exhibited a highly nonlinear curve.
These issues indicate that clamp-force estimation is fundamentally constrained not
only by the observability but even from the perspective of modeling.

1.3 Thesis Scope
Considering the existing issues, the scope of the thesis is as follows:

1. Develop multiple formulations for the bolt-tightening, specifically within the
elastic region.

2. To investigate the coupling between the clamp force and the CoF in the torque
expression and analyze the impact of variation of each.

3. Evaluate the observability of the tightening system using local and output
trajectory based observability analyses.

4. Design observers that could eliminate the existing issues with the sensitivity
to the initial states.

The following are some of the research questions that can be answered with this
study:

1. Is it sufficient to address the system with two internal states, which are cor-
related, with one measurement OR is there a requirement of additional mea-
surement?

2. What are the possibilities and limitations of reconstructing unmeasured inter-
nal states that appear multiplicatively in the measurement equation when no
prior information about the individual state values is available?

3. To what extent can non-Gaussian estimation methods, such as particle filters
and related observer frameworks, reconstruct clamp force under large initial
state uncertainties?

3



1. Introduction

4. How does error in the assumed joint stiffness propagate through the estimation
framework, and what impact does it have on clamp force estimation quality?

1.4 Thesis Limitations
The present study considers the estimation of clamp force only in the linear elastic
region of tightening, since this is the region where knowledge of clamp force is most
relevant for joint quality and where the tightening behavior can still be described
using relatively simple and physically meaningful models. Beyond this region, signif-
icant stiffness variation, plastic deformation, and other irreversible effects introduce
nonlinearities that complicate both modeling and estimation. The measurements
used from the real-time hardware is available with a filtered version using IIR (Infi-
nite Impulse Response) filter and the same has been used as the true measurements.
The study is specific to a particular surface condition, which results in CoF to mostly
in a certain range of values. Also, the analyses is carried out for a particular tight-
ening speed. Moreover, every tightening speed has a limited test samples. So, any
analyses and the performance metrics will be based on these samples. The current
study only focuses on the estimation for tightenings carried out for the first time,
eliminating the re-tightenings as the friction could have a different behavior. The
proposed method is evaluated for a specific joint configuration, and its applicability
to different bolt geometries, materials, or lubrication conditions may require further
analyses. The results are limited to the test cases presented in the document, and
does not address other possible scenarios.

4



2
Theoretical Background and

Methodology

2.1 System Description

2.1.1 Bolt Tightening process
Bolt tightening consists of different stages: rundown, alignment, elastic, and post-
yield, as shown in Fig. 2.1. The rundown stage corresponds to the initial phase
of tightening, in which the fastener advances through the existing threads before
full bearing contact is established between the under-head (or nut face) and the
mating surface. In this stage, the clamp force is essentially zero, and the measured
torque is mainly associated with frictional resistance in the threaded region, often
referred to as prevailing torque. The prevailing torque may be affected by lubrication
conditions, or thread fit and tolerance effects. [4]
The alignment zone is a nonlinear stage of tightening in which contact between
the mating components has already begun, but the joint has not yet reached full
seating. The behavior in this region is influenced by the process of bringing the
mating parts into proper contact. This may involve macroscopic effects such as bolt
bending caused by non-parallelism between the bearing surface and the under-head,
as well as misalignment between the mating components themselves. In addition to
these macroscopic effects, several microscopic phenomena also contribute to the non-
linear behavior. These include local deformation of surface coatings under contact
stress, asperity interactions due to surface roughness, and local thread deformations.
Throughout this stage, the joint is considered to progressively align itself with the
mating surfaces. The alignment zone ends when the joint reaches the snug point,
which is the stage in tightening where all initial gaps have been eliminated and full
contact has been established at the mating interfaces. Beyond this point, the elastic
region begins [5].
In the elastic zone, the bolted joint behaves approximately as a linear elastic sys-
tem. After complete contact has been established at the snug point, the initial
gaps between the mating components are eliminated, and any additional torque or
angular displacement results primarily in elastic deformation of the bolt and joint
members, rather than relative motion between the components. Moreover, due to
the complete contact, the deformation of the bolt and the clamped members follows
Hooke’s law, which leads to a linear relationship between the applied load and the
resulting deformation. So, the clamp force is considered to increase proportional to
angular displacement. This proportionality constant is the effective joint stiffness.
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2. Theoretical Background and Methodology

Figure 2.1: Different stages in typical tightening curve of bolted joint. This image
is reproduced from [1].

Consequently, the torque–angle curve in this region is often approximated as locally
linear, with an approximately constant slope, provided that the joint stiffness is
nearly constant and friction varies slowly. This does not imply that most of the ap-
plied energy is stored elastically, since a significant portion of the tightening torque
is dissipated in friction. Rather, it indicates that the relationship between torque,
clamp force, and angular displacement is more consistent in this region, making it
more suitable for modeling and estimation. Also, since there are simpler empirical
relations that have been already established, so it is considered as the region of
interest for the study. This region ends with the material reaching the yield point
from where the linearity will not hold and begins the post yield region. The torque
at the yield point is impacted by the CoF, an increase in friction increases the torque
required to bring the bolt to yield also increases as observed in [5]. This point may
be crucial to define the end of estimation.
The post-yield region occurs at the yield point of the material where the material
plasticity and nonlinear stiffness dominates. The behavior of the joint becomes
significantly complex, making it challenging for modeling.
It can be understood that the bolt tightening can be viewed as a dynamic system
with variables such as clamp force, torque, angular change in tightening.
Accurate identification of the snug point is essential for distinguishing the onset of
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2. Theoretical Background and Methodology

Figure 2.2: Cross-sectional view of standard bolted joint with the representation
of the compressive and tensile forces

the elastic region. A study addressing the estimation and detection of the snug
point was presented by Zhang [6], where data-driven and hybrid approaches were
investigated for identifying the snug location in torque–angle traces. In this work,
torque–angle signals were processed and resampled to a fixed length representation,
and features such as torque, angle, and change between consecutive samples of torque
and angle were extracted. A one-dimensional Convolutional Neural Network (CNN)
was employed both to classify the presence of a snug point and to predict its location
within the tightening trace. Additionally, a hybrid framework combining the CNN
with an existing rule-based algorithm was proposed to incorporate prior mechanical
knowledge. Experimental results demonstrated that the hybrid approach improved
snug detection accuracy compared to purely rule-based methods, highlighting the
potential of combining data-driven techniques with physics-informed heuristics for
identifying critical tightening events. This can be a useful way to determine the
initial start of linearity, although it may be expensive from the computational sense.

The relevance of snug-point detection becomes evident when examining the ex-
perimental tightening data in the present study. The torque-angle trajectories for
multiple samples at the same tightening speed are shown in Fig. 2.3. These are
carried out for a particular joint, with a M10 bolt of 1.5mm pitch. The fasteners
are coated with the Zinc–Nickel alloy coating.

A key observation from these plots is that the beginning of the elastic region does
not occur at the same torque or angle level across all samples. This indicates that
the transition from the seating/alignment phase to the elastic deformation phase
varies between tightenings, making the identification of the exact onset of linearity
necessary. Another important observation concerns the slope of the torque-angle
trajectory in the elastic region. The slope differs from sample to sample, which may
be caused by variations in CoF and/or changes in effective stiffness. In particular,
the trajectory of Sample-5 does not exhibit a clearly defined linear region.
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2. Theoretical Background and Methodology

Figure 2.3: Torque-angle plot for bolted joint tightening based on the measure-
ments

2.1.2 Tightening Variables
Coefficient of Friction
As discussed in the previous chapter, there are two locations which are considered to
contribute to the frictional loss. The first one is the under-head region (µh), which
is the friction due to the contact between the under-head of the bolt (or nut) and
the bearing surface. The second location is at the interface of the threads (µth).
The magnitude of CoF at these interfaces is influenced by several factors, which
include the surface roughness, material properties, lubrication, presence of external
dust/abrasives and coating conditions. It has been observed by Kumar [1] that
hard coating results in increased and more variable friction. Whereas softer coat-
ings, behave more as solid lubricants, resulting in stable and reduced CoF values.
Moreover, the cleanliness of the surface apart from the obvious surface roughness
played a major role, as it can create unintended contact and resistance.
The coefficient of friction (CoF) is also affected by the rotational speed of the bolt
during tightening. This relationship has been reported in an internal technical
report at Atlas Copco [3], as well as in the studies by Kumar [1] and Blom [7].
It was observed that lower tightening speeds tend to produce higher CoF values,
which is commonly attributed to increased adhesion effects and prolonged material
interaction at the contact interfaces. As the tightening speed increases, the CoF
tends to decrease or reach a more stable level, since the shorter contact duration
reduces adhesion and material transfer between the mating surfaces.
The technical study at Atlas Copco [3], which includes the analysis of variation
in the friction with the changes in the clamp force and the speed, indicated that
the relation between the clamp force and the friction was nearly linear with a very
low variance when the speed was around 60-100 RPM. However, at speeds below
60 RPM, the friction data becomes significantly more scattered, indicating higher
variability and reduced predictability of the tightening process. This highlights
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2. Theoretical Background and Methodology

the importance of selecting appropriate operating conditions for both modeling and
experimental analysis. It also indicates that a constant tightening speed can lead to
relatively predictable CoF values.
In the present study, experimental tightening data is analyzed to understand the
behavior of CoF under a fixed rotational speed. The observed trajectories show no-
ticeable variation across multiple tightening samples, even under similar operating
conditions. A detailed discussion is presented in the following section. This indi-
cates that CoF cannot be treated as a constant parameter and motivates the need
for estimation and modeling approaches that can account for its variability.

Clamp force and Stiffness
Clamp force, as defined earlier, can be described as the compressive force exerted by
the bolt on the mating components. This force is generated by the tensile elongation
of the bolt during tightening. From a mechanical perspective, the bolted joint can be
modeled as an equivalent elastic system in which the bolt undergoes axial elongation
while the mating components undergo compression.
This behavior is commonly represented using a spring model, where the bolt acts as
a tensile spring characterized by its axial stiffness, and the mating components act as
a compressive spring whose stiffness depends on material properties, geometry, and
contact conditions. Since both elements carry the same load but deform differently,
the overall joint behavior can be approximated by two springs arranged in series [8].
This means that the elastic portion of the applied tightening energy is stored in the
equivalent spring system, being shared between tensile strain energy in the bolt and
compressive deformation of the joint members. The distribution of this deformation
depends on the relative stiffness of the two components: a stiffer bolt leads to more
deformation in the joint members, whereas stiffer joint members lead to greater
elongation of the bolt.
From this equivalent spring representation, the effective linear stiffness of the joint,
Kjl, is expressed in [2] as,

Kjl = KbKm

Kb + Km

(2.1)

where Kb, Km are the stiffness of bolt and mating components respectively. The term
’linear’ is used to specify that this stiffness is defined within the elastic region, where
the deformation follows Hooke’s law and it corresponds to a linear deformation.
However, in practical tightenings, the rotation of the fastener is to be considered
in the stiffness, meaning the force generated per unit rotation is to be considered.
Therefore it is necessary to relate the linear deformation of the joint to the angular
domain. This conversion can be done by considering the thread pitch of the bolt.
A rotation of the bolt by an angle ∆θ produces an axial displacement proportional
to the pitch P . In particular, a complete rotation of 360◦ corresponds to an axial
displacement of the bolt equal to P . Therefore, the axial displacement corresponding
to an angular increment ∆θ is

∆l = P

360 ∆θ. (2.2)

where ∆l is the linear displacement.
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2. Theoretical Background and Methodology

Using this expression in the force-displacement relation results in an equation for
clamp-force and angular displacement:

∆Fc

∆θ
= Kjl

P

360 . (2.3)

Defining the effective angular stiffness as Kj = Kjl
P

360, the expression becomes,

∆Fc

∆θ
= Kj (2.4)

Generally clamp force can be measured by using a sensor at the interface of the
mating components. However, this may not be feasible on every joint and even if
it could be, the process becomes expensive. In order to predict the clamp force
using an indirect measurement, an alternative approach was evaluated by Dyberg
and Troillet [9], where the clamp force was determined by natural frequencies of the
joint. This eliminates the estimation of CoF, while just focusing on the stiffness and
hence the clamp force. It is based on the concept that a change in the clamp force
would result in change in the vibrational characteristics. Contact and non-contact
methods were evaluated using accelerometer and a microphone sensor, respectively.
The results indicated a correlation between the first natural frequency and clamp
force. This study suggests that vibration-based approach can be an indirect method
to estimate the clamp force without explicitly considering friction. However, the
drawback with this approach is it relies on the offline excitation to be induced and
frequency analysis rather than real-time dynamic estimation.

Although the vibration-based approach provides an alternative indirect method for
clamp force estimation, the present study considers a different estimation frame-
work based on torque-driven tightening data. In the current study, clamp force
measurements are available for the tightening curves shown in figure-2.3. These
measurements are not used as the primary estimation signal, but rather as reference
values for assessing the quality of the observer-based estimates.
It is clearly evident from the torque trajectory that the slope of the trajectories in
the linear region is not same for all the samples. Although the Samples-1-4 and 6
have almost a similar slope the Sample-5 does not seem to have a distinguishable
linear region. The slope of clamp force and angle which is the joint stiffness is not
the same for all the tightenings.

Torque Expression
In the elastic region of the tightening, the torque is considered to be directly pro-
portional to the clamp force. The applied torque is converted to clamp force with
some frictional loss. This has been reported in [1], based on the formulation of [10],

Tapplied = Fc

(
P

2π
+ d2

2 cos(α)µth + Db

2 µh

)
(2.5)

where d2 is pitch diameter of the thread, µh is the CoF at the interface of underhead
and bearing surface, Db is the mean diameter of the underhead surface under the
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2. Theoretical Background and Methodology

Figure 2.4: Clamp-force–angle plot for complete tightening based on the measured
values

fastener head, cos(α) is the half angle thread and µth is the CoF at the thread
contact region.
The physical interpretation of the above expression can be that the applied torque
is distributed in two parts:

The term Fc
P
2π

represents the useful torque with axial advancement of the bolt, while
contributing to the development clamp force in the joint. This term corresponds to
the torque that is required to convert the rotational motion to axial force.

The remaining term, Fc

(
d2

2 cos(α)µth + Dkm

2 µh

)
, represents the torque component that

is dissipated in overcoming friction. In particular, the first part represents the fric-
tion in thread interface and the second part represents the friction under the bolt
head or the nut interface. These frictional contributions do not generate additional
clamp force but instead reduce the efficiency of torque-to-force conversion.

Simplifying expression (2.5),

T = Fc(Cp + Cthµth + Cbµh) (2.6)

where Cp = P

2π
, Cth = d2

2 cos(α) , Cb = Dkm

2
A simpler version of this is considered, where (Cthµth + Cbµh) ≈ Cfµ. It has been
noted that there can be an error of 1 − 2% due to this approximation [11]

T = Fc(Cp + Cfµ) (2.7)

It should be noted that although the torque–force relationship appears linear in the
elastic region, the proportionality constant is influenced by the coefficient of fric-
tion, which is time-varying. As a result, the relationship is not strictly constant and
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introduces uncertainty in clamp force estimation.

Elastic region detection
Since the interest in the current study is in the linear region of tightening, so it is
necessary to detect the point where the elastic region begins as mentioned in earlier
sections. One way to do this could be by checking the point where the slope of the
Torque-angle plot starts to become constant. This can be done easily by looking at
the complete tightening curve. However, when this is being estimated during the
tightening, it is required to check the slope at every instant and compare it with
the previous as there is no information on the complete trajectory. So, the following
method is used,

For a particular angle and torque at time instant k, θk, ; Tk, k = 0, . . . , Noverall −1,
where Noverall is the length of time samples of the overall tightening Point-wise slope
is calculated using,

bk ≈ Tk − Tk−1

θk − θk−1
∀ k > 1 (2.8)

It is required to check whether this is consistent over a long interval of tightening
as it covers the elastic region,

|bk − bk−j| < ε, ∀ j = 1, . . . , n − 1 (2.9)

where n is the number of data points chosen to consider the system has entered
the elastic region and ε caters for allowable deviation in the linearity. The starting
index of elastic region then is k − j.
With this information about the system, three formulations have been developed.

2.2 System Formulations
The primary aim of developing new system formulations is to improve the repre-
sentation of the tightening process by capturing the underlying physical behavior
more accurately. At the same time, the formulations are kept as compact as possible
by minimizing the number of state variables. This is because a lower-dimensional
state representation simplifies the observability analysis, observer design, and nu-
merical implementation, while still having the key dynamics required for estimating
the clamp force.
It is evident from the previous work and expression in (2.6) that the major variables
are the CoF and clamp force. Although clamp force can be viewed as one of the
primary variables, it is implicitly dependent on other system variables such as joint
stiffness, angular displacement, tightening speed and other parameters. The study
at Atlas Copco [3], considers parameters such as clamp force origin angle and stiff-
ness as some additional state variables apart from the clamp force and CoF.

The CoF is a complex to model and difficult-to-measure parameter especially in
the tightening process. It is influenced by multiple factors as mentioned earlier and
some of these factors are not directly measurable. One possible approach with this
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constraint is to use the previously collected experimental data and develop a data-
driven model for the estimation. Measurable parameters can be used as inputs to
such models to estimate the CoF.

To further examine the CoF behavior in the present study, it is calculated from
the measured torque and clamp force using (2.7). The resulting trajectories in the
elastic region are shown in Fig. 2.5.

µ =
(

T

figure − Fc

− Cp

)
C−1

f (2.10)

Figure 2.5: Calculated CoF-Torque plot in the elastic region based on the mea-
surements

It can be observed from the above plot that the CoF is not linearly decreasing.
Although it seems to decrease from a broader sense, but some of the samples exhibit
a local increase. This may be due to multiple reasons, one of which could be the
measurement error. The clamp force and torque are used to calculate CoF and these
could be associated with a sensor noise and since the magnitude of CoF is small, the
impact of noise on the CoF may be high. However these effects are not considered in
the current study and all the measured and filtered values are considered as almost
the true values.

2.2.1 Data-Driven Estimation of Coefficient of Friction us-
ing Gaussian Process Regression

In the current study, the non-constant measurable parameter is torque, so the CoF
can be modeled as a function of this measured torque. Since the relationship be-
tween torque and CoF is nonlinear at the microscopic level, varies across samples,
and the measurements are affected by noise, a flexible probabilistic approach may

13
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is considered for modeling this behavior.

Gaussian Process Regression (GPR) is chosen for this purpose due to its ability to
model complex nonlinear and nonparametric relationships. GPR model not only
gives the mean value of the estimate, but also quantifies the confidence intervals for
it. This can be particularly useful in the tightening process, where measurements
are noisy and the underlying friction behavior is uncertain. In addition, multiple
experimental tightening datasets corresponding to similar operating conditions can
be combined to learn a probabilistic mapping.

GPR has been successfully applied in the context of bolt tightening for preload
estimation, demonstrating high prediction accuracy and the ability to quantify un-
certainty [12]. Additionally, GPR-based approaches have been shown to be effective
in modeling nonlinear friction behavior in engineering systems [13].

The Gaussian Process Regression (GPR) method can be expressed mathematically
as

f(T ) ∼ GP
(
m(T ), κ(T, T ′)

)
, (2.11)

where m(T ) is the mean function and κ(T, T ′) is the covariance kernel [14]. T, T ′

are the two input points.
Let

T = [T1, . . . , TN ]T , µ = [µ1, . . . , µN ]T , (2.12)
denote the measured data, where N is the total number of samples.
Assuming Gaussian measurement noise,

µi = f(Ti) + ϵi, ϵi ∼ N (0, σ2
n), (2.13)

the covariance matrix of the observations is given by

KNN = κ(T, T) + σ2
nI, (2.14)

where KNN is an N ×N matrix containing the similarity between all training torque
values [14]. The term σ2

nI accounts for measurement noise.
For a set of test inputs T∗, the covariance between training and test points, and
among test points themselves, are given by

KN∗ = κ(T, T∗), K∗∗ = κ(T∗, T∗). (2.15)

Using these covariance matrices, the GPR model predicts the CoF values for new
inputs. The prediction follows a Gaussian distribution with mean [14]

f̄∗ = m(T∗) + KT
N∗K

−1
NN

(
µ − m(T)

)
, (2.16)

and covariance
Cov[f∗] = K∗∗ − KT

N∗K
−1
NNKN∗. (2.17)

The kernel function κ(T, T ′) defines how similar two torque values are, and hence
how similar the corresponding CoF values are expected to be. In this work, a Radial
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Basis Function (RBF) kernel is used. A Radial Basis Function (RBF) kernel is a
covariance function that defines the similarity between two input points based on
their distance. It assigns high correlation to nearby inputs and progressively smaller
correlation as the distance between them increases. Mathematically, the RBF kernel
is written as

κ(T, T ′) = σ2
f exp

(
−(T − T ′)2

2ℓ2

)
, (2.18)

where ℓ controls how quickly the CoF changes with torque, and σ2
f defines the overall

variation in the function.
The hyperparameters θ = {ℓ, σ2

f , σ2
n, m} are learned by maximizing the log marginal

likelihood:

log p(µ | T, θ) = −1
2(µ − m)T K−1

NN(µ − m) − 1
2 log |KNN | − N

2 log(2π). (2.19)

This optimization balances how well the model fits the data and how complex the
model is.
The RBF kernel is chosen due to its ability to model smooth and continuous re-
lationships between inputs and outputs. In the present problem, the coefficient of
friction varies with respect to torque, without abrupt discontinuities. The RBF ker-
nel captures this behavior effectively by assigning high similarity to nearby torque
values and smoothly decreasing correlation as the distance between inputs increases.
Additionally, the RBF kernel can model a wide range of nonlinear relationships
without requiring a specific parametric form. This makes it suitable for problems
where the underlying relationship between torque and CoF is unknown or complex.
Furthermore, the kernel is controlled by a small number of interpretable hyperpa-
rameters, such as the length scale ℓ and signal variance σ2

f , which allow flexibility
in adjusting the smoothness and variability of the learned function.
It should be noted that GPR works on the entire dataset at once and does not
explicitly consider time dynamics. Although it provides a flexible mapping between
torque and CoF, the estimation accuracy is limited in this application due to the
very small variation in CoF over time. The detailed results are discussed in the next
chapter.
The GPR model is trained using the data in the elastic region, and a cross-evaluation
is carried out, which means that the model is trained with all the samples, except
the one that it is tested for.

2.2.2 Formulation-1: Fc as a state
The current formulation uses Fc as a state, however, since the exact evolution of
the system maybe difficult to express mathematically, as it depends on the linearity
of joint stiffness Kj and tightening speed, which is considered constant, so it is ex-
pressed as a random walk in discrete time. Another motivation to use this approach
the use of this in [3].
The CoF is predicted using the torque value from the previous time step, which can
be expressed mathematically in discrete time as follows:

µk = f(Tk−1 + ∆T ) (2.20)
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In the above expression , ∆T is the average change in torque per time step.
The continuous time motion model is as follows:

Ḟc(t) = 0 (2.21)

The measurement model, which is the torque is expressed based on equation (2.7),

T (t) = Fc(t) (Cp + Cfµ(t)) (2.22)

where µ is determined using expression (2.20).
The discrete time state space of the same can be expressed as,

Fc,k+1 = Fc,k + wk (2.23)
Tk = Fc,k(Cp + Cfµ) (2.24)

where wk is the process noise.

2.2.3 Formulation-2: Defining dynamics for Fc

Another approach that can be used to describe force evolution is to use the relation
given in (2.4). However, the drawback with this approach would be that the joint
stiffness Kj, which is assumed to be constant in the elastic region, may be slightly
varying in real-time.
The continuous time motion model is,

Ḟc(t) = Kjω (2.25)

where ω is the tightening speed, which is constant as mentioned in the earlier sec-
tions.
Measurement model is,

T (t) = Fc(t)(Cp + Cfµ(t)) (2.26)

Similar to the previous formulation, the expression in (2.20) is used to estimate µ.
The discrete time state space of the same can be expressed as,

Fc,k+1 = Fc,k + Kjωk∆t + wk (2.27)
Tk = Fc,k(Cp + Cfµ) (2.28)

where wk is the process noise.

2.2.4 Formulation-3: Defining dynamics for Fc and µ

Instead of predicting the values of µ from a data-driven model, an approach can be
to approximately describe it’s evolution. The following approach was considered to
arrive at the approximate dynamics for the CoF:
Let,

µ = h(T (t)) (2.29)

where h is an arbitrary function expressing the relation between the CoF and torque.
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It is observed from the measured data the CoF decreases over time and can be
approximately defined as a linear function. If m is the slope of this linear function
and µ0 is the intercept then,

µ(t) = m T (t) + µ0 (2.30)
Differentiating with respect to time,

µ̇ = mṪ (2.31)
Also, from the measured data, it is observed that the Torque varies linearly with
tightening speed (which is a constant). Considering the slope of Torque against the
tightening speed to be b,

µ̇ = m(bθ̇) = m b ω (2.32)
So with the dynamics for CoF and force, a new motion model is developed,

µ̇(t) = m b ω (2.33)
Ḟc(t) = Kjω (2.34)

The measurement model is considered the same,
T (t) = Fc(t)(Cp + Cfµ(t)) (2.35)

From a state space representation, the formulation can be expressed in continuous
time as,

x =
[

µ
Fc

]
(2.36)

ẋ =
[

µ̇
Ḟc

]
= 0x +

[
mb
Kj

]
︸ ︷︷ ︸

B

ω︸︷︷︸
u

(2.37)

y = T = Fc(Cp + Cfµ) (2.38)

The discrete time version sampled at ∆t can be expressed as,
µk+1 = µk + m b ω∆t + wµ

k )
Fc,k+1 = Fc,k + Kjω∆t + wFc

k

Tk = Fc,k(Cp + Cfµk)
(2.39)

where wµ
k ∼ N (0, Qµ) and wFc

k ∼ N (0, QFc) are measurement noise for µ, Fc respec-
tively with Qµ and QFc as the process noise variance.

2.3 Observability
Observability is a property of a dynamical system that determines whether its inter-
nal states can be uniquely reconstructed from available input and output measure-
ments over a finite time interval. A system is considered observable if all internal
states influence the outputs in a distinguishable manner, allowing them to be iden-
tified from the measured signals. This concept is particularly important in state
estimation problems, as it defines whether an observer or estimator can reliably
reconstruct unmeasured states from sensor data.
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2.3.1 Local Observability
Local observability refers to the ability of a dynamical system to uniquely determine
its internal states from input and output measurements within a neighborhood of a
given operating point.
For a dynamic system,

ẋ(t) = f(x, u) (2.40)
y = h(x) (2.41)

Local observability can be interpreted in accordance with [15] as follows:
Let x0 and x1 be two initial states of the system such that x0 ̸= x1. The system
is said to be locally observable if the corresponding output trajectories yx0 and yx1

are different.
Hermann and Krener [16] extended the concept of observability to nonlinear systems
by formulating it in terms of distinguishability of state trajectories. According to
their definition, a nonlinear system is locally observable if any two nearby initial
states produce distinct output trajectories over a finite time interval. In other words,
small variations in the initial state must result in measurable differences in the
system output.
Their work gave an insight that observability for nonlinear systems is not necessarily
a global property, but depends on the specific operating point or the trajectory of
the system. Consequently, a system may be locally observable in certain regions
of the state space while becoming unobservable in others. If perturbations in the
states produce indistinguishable outputs, then the corresponding states cannot be
uniquely estimated.
While the Herman-Krener’s work provide the foundation for the local observabil-
ity in non-linear systems, Isidori [17] complements this by providing a systematic
approach to representing and transforming nonlinear systems for practical imple-
mentation of Hermann-Krener’s theory. Isidori’s approach helps in bridging the gap
between the theoretical observability and practical observer implementation.

A common approach used to check the observability of a nonlinear systems is through
Lie-Derivative test [18]. A Lie Derivative of a dynamic system represents the rate of
change of output along the system trajectories. It can be mathematically expressed
as follows considering the dynamic system in (2.40),
The first Lie derivative of the output function h(x) along the vector field f(x, u) is
defined as

Lfh(x) = ∂h(x)
∂x

f(x, u). (2.42)

Higher-order Lie derivatives can be computed recursively as

Ln
f h(x) = ∂

∂x
(
Ln−1

f h(x)
)

f(x, u), (2.43)

with L0
fh(x) = h(x).
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The successive Lie Derivatives capture the evolution of output and its impact by
the internal states. The observability matrix is then evaluated as follows:

O(x, u) = ∂

∂x



L0
fh

L1
fh

L2
fh
...

Ln
f h

 (2.44)

where n is the number of states. For the system to be observable locally, it is
necessary that the above matrix is full-rank at the operating point.
From an observability perspective, it is essential that the variation in the initial value
of clamp force and CoF results in a different torque. If the mapping between the
states and the output is not sufficiently sensitive or if multiple state combinations
produce similar torque responses, the system may suffer from local observability
issues.

2.3.2 Output trajectory-based observability study
With the results in the previous study in [3], it has been observed that the accuracy
of the initial state reflects on the estimation error. As the observer is not able to
uniquely estimate the state due to the states appearing as products in the output
expression as in (2.35), so an approach could be to find the best region in the
possible values of the state pair, which leads to an indistinguishable outputs as
compared to the measured ones. This observability analysis was carried out by
Zeng in [19], where output trajectories generated from different initial state pairs
were compared with the true output trajectory. Based on this comparison, a region
of practical unobservability was defined, and the approach was referred to as global
observability analysis. It was defined as the region in the initial state space X such
that different initial state pairs produce output trajectories that are sufficiently close
to the measured output trajectory, i.e.,

Xu =
{

x0 ∈ X
∣∣∣∣ ∥y(k; x0) − ytrue(k)∥ ≤ ϵ, ∀ k ∈ [0, N ]

}
, (2.45)

where y(k; x0) is the open-loop output trajectory corresponding to the initial state
x0, ytrue(k) is the measured output trajectory, and ϵ is a predefined tolerance.
Here open-loop means the trajectories generated only by the system definition, i.e.,
the state evolution and does not include and predictions. The reason for choosing
this is to consider the error in the formulation when compared to the actual. In
theoretical sense, this means to consider all the trajectories within that lie within ϵ
to be indistinguishable.
For every initial possible pairs of state values, state trajectory can be generated
using the dynamics as mentioned in (2.37). Then the corresponding open-loop
output trajectory can be generated and can be compared with the measured torque
trajectory which is filtered. This process would require the comparison of outputs
at every time sample for every incorrect initial state.
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In order to simplify the analysis process, ϵ can be defined as

ϵtrue =

√∑N
k=0 (y(k; xtrue

0 ) − ytrue(k))2

N
(2.46)

where xtrue
0 is the true initial state matrix from the actual measurement. Then the

unobservable region can be defined as,

Xu =

x0 ∈ X − {xtrue
0 }

∣∣∣∣
√∑N

k=0 (y(k; x0) − ytrue(k))2

N
≤ ϵtrue, ∀ k ∈ [0, N ]


(2.47)

In order to analyze this better, heat plot as in [19] is generated, considering a certain
bounds on the initial state, where the state and the output trajectories are generated
using the dynamics.

2.3.3 Sensitivity
With the observability and distinguishability being discussed, it is crucial to evaluate
the sensitivity. The sensitivities can be analyzed for different parameters, however,
in this case, the interest lies in the variation of output trajectories due to change in
the states, so sensitivity can be evaluated for the torque for changes in the clamp
force and CoF. The output sensitivity to the unit change in states is of interest as
the sensitivity to the initial states has been viewed in the previous sections. To
evaluate the output sensitivity to initial states, the following approach is used,
Sensitivity of torque to clamp force using (2.35),

∂T (t)
∂Fc(t)

= Cp + Cfµ(t) (2.48)

And sensitivity of torque to CoF can be expressed as,

∂T (t)
∂µ(t) = Fc(t)Cf (2.49)

In order to relate the analytical sensitivity to the actual discrete-time to use the
existing measured data, the partial derivatives are scaled using the per-time-step
variations of the states. This results in an approximation of the output variation
due to changes in the states:

∆Tµ ≈ ∂T

∂µ
· ∆µ (2.50)

∆TFc ≈ ∂T

∂Fc

· ∆Fc (2.51)

This provides a more physically meaningful interpretation of sensitivity, as it reflects
the actual contribution of state variations to the change in torque over each time
step. One important consequence of this is the sign of resulting quantity that since
µ value decreases in a broader sense, the ∆µ value becomes negative, and hence the
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value of sensitivity becomes negative. Therefore, just the magnitude of change in µ
is considered.

An observation made from the existing data on the measurement error against the
variation in CoF is made. The average increment in torque per time step and the
corresponding error (with respect to the filtered data) are evaluated. The resulting
impact on the coefficient of friction is summarized in Table-2.1.

Avg Increment per time sample Error
Torque values 0.01501 Nm 0.013545 Nm
Effect on µ values 9 × 10−5 8.1 × 10−5

Table 2.1: Comparison of signal variation and error propagation

It can be observed that the variation in the coefficient of friction is of the same
order of magnitude as the error introduced due to measurement and signal process-
ing. This indicates a very low signal-to-noise ratio, making it difficult to accurately
resolve the evolution of µ from the measured torque.
This further explains the challenges in state estimation, as even small measurement
errors can significantly influence the inferred state values.

2.4 Observer Design

2.4.1 LMI based Luenberger Observer
Since the value of COF varies in a very small band, so, an approach can be to view
it as a scheduling parameter. The system in 2.2.4 can be then viewed as a Linear
Parameter Varying (LPV) system and can be described as,

ẋ =
[

µ̇
Ḟc

]
=
[
m b
Kj

]
ω

T = C ′(ρ)Fc =
[
0 C ′(ρ)

]
︸ ︷︷ ︸

C

[
µ
Fc

] (2.52)

where C ′(ρ) = Cp + Cfµ and ρ is the scheduling parameter µ
From the perspective of an observer design, a Luenberger observer is chosen as the
basic estimation technique. A Luenberger Observer for a linear system

ẋ = Ax + Bu, (2.53)
y = Cx (2.54)

is described in [18] as,
˙̂x = Ax̂ + Bu + L(y − ŷ) (2.55)

where x̂ is the estimated state vector and L is the observer gain. The error in
prediction is described as

e = x − x̂ (2.56)
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then the error dynamics is defined as,

ė = (A − LC)e (2.57)

The objective is to select L such that the error dynamics is asymptotically stable,
in other words the error is to be minimized.
For the system in (2.52), the error dynamics become,

ė = −LC ′(ρ)e (2.58)

Linear Matrix Inequality (LMI) Formulation:
There are many theories upon which an observer can be designed. A general and
most commonly used observer is Gaussian estimator, however, since this has already
been directly implemented on the system formulations in the previous studies, so
different approaches are evaluated.
Linear Matrix Inequalities (LMIs) [20] provide a convenient framework for trans-
forming the observer gain design problem into a convex optimization problem that
can be solved efficiently and robustly.
To guarantee the convergence of the estimation error, Lyapunov-based methods are
commonly employed. Consider a quadratic Lyapunov function of the form [18]

V (e) = eT Pe, P = PT ≻ 0 (2.59)

A sufficient condition for asymptotic stability is

V̇ (e) < 0. (2.60)

Using the error dynamics ė = −LC(ρ)e, the derivative of the Lyapunov function
becomes

V̇ (e) = ėT Pe + eT Pė (2.61)
= eT

[
(−LC(ρ))T P + P(−LC(ρ))

]
e. (2.62)

A sufficient condition for V̇ (e) < 0 is

C(ρ)T LT P + PLC(ρ) ≻ 0, P ≻ 0, (2.63)

where C(ρ) = [0, C ′(ρ)].
The condition in (2.63) is bilinear in the unknowns L and P due to the product PL.
To obtain a convex formulation, a change of variables is introduced:

Z = PL (2.64)

Substituting this into (2.63) yields the LMI

C(ρ)T ZT + ZC(ρ) ≻ 0. (2.65)

Since the output matrix C(ρ) depends on CoF, which is highly uncertain, it is
modeled as,

C(ρ) = Cj + ∆(ρ) (2.66)
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where ∆(ρ) is the bounded uncertainty and satisfies,

∥∆(ρ)∥ ≤ ∆bar (2.67)

where ∆bar is the upper bound on the uncertainty in C(ρ) due to the variation in
CoF and measurement noise.
To ensure the robustness with respect to this uncertainty, LMI conditions in (2.65)
is update to,

CT
j ZT + ZCj − 2∆barI ≻ 0, j = 1, 2 (2.68)

Since the scheduling parameter ρ = µ varies within a bounded interval ρ ∈ [µmin, µmax],
the system can be represented as a Linear Parameter-Varying (LPV) model [18]. A
polytopic representation is adopted, and the vertex matrices are defined as:

C1 = [0, Cp + Cfµmin] (2.69)
C2 = [0, Cp + Cfµmax] (2.70)

By convexity, satisfaction at the vertices guarantees satisfaction for all ρ ∈ [µmin, µmax].
The observer gain design problem can therefore be formulated as the following con-
vex optimization problem:

Find P, Z such that:
CT

j ZT + ZCj − 2∆barI ≻ 0, i = 1, 2 (2.71)
P ≻ 0. (2.72)

In order to obtain P and Z satisfying the above expressions, the observer design
problem is formulated as a convex optimization problem.
The constraints in (2.71), (2.72) are Linear Matrix Inequalities (LMIs), which are
affine in P and Z. The problem is formulated as a semi-definite programming (SDP)
feasibility problem.
In this work, the optimization problem is implemented using the CVXPY framework
[21][22], where P and Z are defined as optimization variables and the LMI constraints
are expressed directly as matrix inequalities. A suitable SDP solver is then used to
compute a feasible solution, from which the observer gain is recovered as L = P−1Z.
Once P and Z are obtained, the observer gain is recovered as

L = P−1Z. (2.73)

In the numerical implementation, the matrix P is parameterized as a diagonal posi-
tive definite matrix to reduce complexity. Lower bounds are imposed on its diagonal
entries to ensure numerical stability. Additionally, constraints are imposed on the
gain matrix to avoid trivial solutions (e.g., L = 0), which satisfy the LMI conditions
but do not yield a meaningful observer.
The state estimate then becomes,

˙̂x = Bu + L(y − ŷ) (2.74)
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where x̂ =
[

µ̂

F̂c

]
Initialization
Initialization can be performed either by assigning an initial value to the clamp
force or to the coefficient of friction at the start of the tightening process. One of
the state is guessed and the other is calculated analytically using the initial torque
measurement.

2.4.2 Extended Kalman Filter for Inverted Dynamics
In the output expression in (2.2.4), due to the states appearing as products, the
changes in the measurement may not be directly reflected in the estimated states,
so a better approach would be to estimate only one state from the measurement.
This could be achieved by eliminating a state in the output expression, and one way
to do this could be by deriving the time derivative of the output.

2.4.2.1 Estimating CoF from Torque

One approach could be to choose CoF as a state to be extracted from the measure-
ment. Here, a parameter, which is dependent on the CoF is considered as the state
to be retained in the output expression. An implicit state space is generated, in
order to estimate the parameter. The mathematical approach can be expressed as
follows:
The output expression in (2.2.4) can be expressed as,

T = Fcα (2.75)

where α = Cp + Cfµ time derivative of (2.75) is,

Ṫ = Ḟcα + Fcα̇ (2.76)

Using (2.37) and α̇ = µ̇ Cf = (m b ω)Cf ,

Ṫ = Kjωα + Fcm b ωCf (2.77)

Substituting Fc = T
α

using (2.75)

Kjα
2 − Ṫ

ω
α + TCfm b︸ ︷︷ ︸

ϕ(α)

= 0 (2.78)

or
ϕ(α) = 0 (2.79)

ϕ is quadratic in α

A very simple approach at this stage would be to find α such that ϕ is 0 or minimized.
However, due to the direct dependency on Ṫ , which can be noisy, the estimate of
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α may not be accurate. Additionally, since the dynamics in (2.37) are based on
assumptions, even with a filtered Ṫ , the estimates will be poor.

To avoid this a further analytical simplification is carried out,

Let h(α) = Kjα + T Cf m b

α
and z = Ṫ

ω
, then

ϕ(α) = α(h(α) − z) (2.80)

from expression (2.79)

α(h(α) − z) = 0 (2.81)
=⇒ α = 0 or z = h(α) (2.82)

Using the above expression a state space can be formulated in discrete time as
follows:
Motion model,

αk+1 = αk + wα
k , wα

k ∼ N (0, Qα) (2.83)

Measurement model,
zk = h(αk) + vz

k, vz
k ∼ N (0, Rz) (2.84)

Extended Kalman filter(EKF) is chosen as an observer for estimation of α.

EKF Initialization:
The EKF [23] requires an initial estimate α̂0 and an initial covariance P0. Since
α = Cp + Cfµ, the initial value is selected from an admissible friction range as

α̂0 = Cp + Cf µ̂0, (2.85)

where µ̂0 is the assumed initial CoF. The initial covariance P0 is chosen to represent
the uncertainty in this initial guess. A larger value of P0 indicates lower confidence in
the initial estimate and allows the filter to rely more strongly on the measurements
during the early update steps.
Since h(α) is nonlinear in α, it is to be linearized,

H = ∂h

∂α
= Kj − TCfmb

α2 (2.86)

EKF recursion[23]:
Prediction step,

α̂k|k−1 = α̂k−1 (2.87)
Pk|k−1 = Pk−1 + Qα (2.88)

Innovation,
T̃k = zk − h(α̂k|k−1) (2.89)

Kalman Gain,
Kk = Pk|k−1Hk

H2
kPk|k−1 + Rz

(2.90)
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Update step,

α̂k = α̂k|k−1 + KkT̃k (2.91)
Pk = (1 − KkHk)Pk|k−1 (2.92)

Using the estimated α, the clamp force can then be estimated using (2.75),

F̂c,k = Tk/αk (2.93)

Since the measurement in this case is zk = Ṫ
ω

, the Ṫ requires conversion to discrete
time, which can be ∆T , the time step increment in Torque. However, since in the
hardware the per time step increment in torque is not always constant and due to
the presence of measurement noise, the ∆T can be noisy. To reduce the effect of
noise and variability in the discrete-time torque measurements, the derivative Ṫ is
approximated using a moving average over a finite window.
The torque derivative Ṫ is approximated using a moving average of the discrete-time
increments ∆Tk = Tk − Tk−1. For k ≥ Nw,

Ṫ (k) ≈ 1
Nw

k∑
i=k−Nw+1

∆T (i), (2.94)

while for k < Nw,

Ṫ (k) ≈ 1
k

k∑
i=1

∆T (i), (2.95)

where Nw is the averaging window length
The tuning of the process and measurement noise variances, Qα and Rz, plays a
critical role in the performance of the estimator. The choice of Qα determines the
extent to which the observer relies on the system dynamics, whereas the choice of
Rz governs the reliance on the measurement information.
A larger value of Qα allows the state estimate to adapt more rapidly by increasing
the influence of the measurement updates, while a smaller value enforces stronger
adherence to the model predictions. Similarly, a smaller Rz increases sensitivity to
measurement variations, potentially leading to noise amplification, whereas a larger
Rz results in smoother estimates by filtering out high-frequency fluctuations.
In the present case, the measurement zk is derived from a discretized and aver-
aged approximation of the torque derivative, which inherently contains noise due
to differentiation. Therefore, the tuning objective is to balance responsiveness and
robustness by selecting Qα and Rz such that the estimator captures the overall
trend of the measurement without overfitting high-frequency noise. This balance is
essential to ensure stable and physically meaningful estimation of the states.

2.4.2.2 Estimating Clamp Force from Torque

Another approach can be to extract clamp force from the measured torque and its’
derivative. This is done to evaluate if there are can be other behavior observed
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during the estimation. In the expression (2.77), instead of replacing Fc, α can be
replaced as α = T

Fc

, so (2.78) becomes,

F 2
c (m b ω) Cf − ṪFc + KjωT = 0 (2.96)

Let

y = KjωT (2.97)
g(Fc) = −F 2

c (m b ω)Cf + ṪFc (2.98)

then equation (2.96) becomes,

−g(Fc) + y = 0 =⇒ y = g(Fc) (2.99)

Then the state space using the dynamics in (2.37) becomes,
motion model,

Fc,k+1 = Fc,k + Kj ω ∆t + wFc
k (2.100)

Measurement model,
yk = g(Fc,k) + vy

k (2.101)

where wFc
k ∼ N (0, QFc) and vy

k ∼ N (0, Ry) are the process and measurement noise
respectively.

EKF Initialization:
The EKF requires an initial estimate F̂c,0 and an initial covariance P0. The choice of
initialization is important, since the analysis shows that errors in the initial clamp-
force guess have a significantly larger impact on the estimation accuracy than errors
in the initial CoF guess. Therefore, F̂c,0 is obtained by first assigning an initial
guess for the CoF and then using the initial torque measurement to calculate the
corresponding clamp force.

EKF recursion:
Prediction step,

F̂c,k|k−1 = F̂c,k−1 + Kjω∆t (2.102)
Pk|k−1 = Pk−1 + QFc (2.103)

Innovation,
ỹk = yk − g(F̂c,k|k−1) (2.104)

Since the term Fc g(Fc) is nonlinear, it requires linearization. This can be done by,

G = ∂(g(Fc))
∂Fc

= −2Fc(m b ω)Cf + Ṫ (2.105)

Kalman Gain,
Kk = Pk|k−1Gk

G2
kPk|k−1 + Ry

(2.106)
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Update step,

F̂c,k = F̂c,k|k−1 + Kkỹk (2.107)
Pk = (1 − KkHk)Pk|k−1 (2.108)

In this case, the measurement yk = KjωTk. So, it can be said that the measurements
would not consist of the noise associated with the Ṫ . However, since this term
appears in the g(Fc), so it’s noisy impact may still can be reflected in the Innovation
and Kalman gain calculations. As in the previous section, the tuning of QFc and Ry

becomes crucial.

2.4.3 Rao-Blackwellized Particle Filter
For the system in (2.39), the key difficulty is that the output is bilinear in (µk, Fc,k).
An approach could be to decompose the states by using a Rao-Blackwellized Particle
Filter(RBPF). The initial idea for this approach was explored with the assistance
of GitHub Copilot. The method was subsequently verified, adapted, and critically
assessed by the author before being included in this work.
For the state matrix,

xk =
[

µk

Fc,k

]
(2.109)

µk is modeled as a stochastic state to account for unmodeled effects and variability
in friction behavior, while Fc,k is treated as conditionally linear-Gaussian given each
particle and is estimated analytically by a scalar Kalman filter for each particle.
The objective of the RBPF is to approximate the joint posterior distribution,

p(µk, Fc,k | T1:k) (2.110)

where T1:k denotes the sequence of torque measurements up to time step k. Using
the Rao-Blackwellization theory, this posterior can be factorized as [24],

p(µk, Fc,k | T1:k) = p(Fc,k | µk, T1:k) p(µk | T1:k) (2.111)

Here, p(µk | T1:k) is approximated using a set of weighted particles, while p(Fc,k |
µk, T1:k) is represented by a Gaussian distribution conditioned on each particle.

The conditional clamp-force for every particle i with weight w(i)
k for friction state

µ
(i)
k is,

p(Fc,k | µ
(i)
k , T1:k) = N

(
F

(i)
c,k , P

(i)
F,k

)
(2.112)

where F
(i)
c,k is the conditional mean and P

(i)
F,k is the assocaited variance.

So, every particle carries,
{µ

(i)
k , F

(i)
c,k , P

(i)
F,k, w(i)

k } (2.113)

The coefficient of friction is propagated using a dynamic model,

µ
(i)
k+1 = µ

(i)
k + m b ωk ∆t + wµ

k (2.114)
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where wµ
k ∼ N (0, Qµ) represents process noise capturing modeling uncertainty.

Initialization
The initial friction particles can be sampled from a Gaussian prior,

µ
(i)
0 ∼ N (µ̄0, σ2

µ,0) (2.115)

where µ̄0,σµ,0 are mean and standard deviation arrived from the experimental val-
ues.
Using the first filtered torque measurement T0, the initial clamp force for each par-
ticle in initial CoF can be obtained as follows,

F
(i)
c,0 = T0

Cp + Cfµ
(i)
0

(2.116)

Prediction
The prediction for the next time instant is carried out using the dynamic in (2.39)
The clamp-force mean is propagated using the stiffness relation

F
(i)
c,k|k−1 = F

(i)
c,k−1|k−1 + Kjωk∆t (2.117)

The associated covariance is inflated to account for uncertainty in the clamp-force
propagation:

P
(i)
F,k|k−1 = P

(i)
F,k−1|k−1 + QF,k−1 (2.118)

where QF,k−1 is the process noise variance associated with the clamp force. One
possible reasons for clamp force noise could be the nonlinearity in the clamp force
increase, which is a varying joint stiffness. So, for this application, the process noise
is defined as follows:

QF,k =
(
σrel

Kj
Kj,avgωk∆t

)2
+ QF,min (2.119)

Here, σrel
Kj

denotes the relative uncertainty in the joint stiffness and QF,min is the
minimum process noise limit

Conditional Kalman Update
For each particle, the innovation term from the prediction becomes,

T̃
(i)
k = Tk − F

(i)
c,k|k−1(Cp + Cfµ

(i)
k ) (2.120)

Innovation covariance,

S
(i)
k =

(
Cp + Cfµ

(i)
k

)2
P

(i)
F,k|k−1 + R (2.121)

where R is the measurement noise covariance.
Kalman gain,

K
(i)
k =

(Cp + Cfµ
(i)
k )P (i)

F,k|k−1

S
(i)
k

(2.122)
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The conditional clamp-force estimate is updated as

F
(i)
c,k|k = F

(i)
c,k|k−1 + K

(i)
k T̃

(i)
k (2.123)

and the corresponding variance becomes

P
(i)
F,k|k =

(
1 − K

(i)
k (Cp + Cfµ

(i)
k )
)

P
(i)
F,k|k−1 (2.124)

Weight update
Parallelly the weights are to be updated for the particles based on the residuals.

r
(i)
k = Tk − F

(i)
c,k|k(Cp + Cfµ

(i)
k ) (2.125)

Assuming Gaussian measurement noise, the particle weights are updated according
to

w(i)
k ∝ w(i)

k−1 exp

−1
2

(
r

(i)
k

)2

R

 (2.126)

followed by normalization,
Np∑
i=1

w(i)
k = 1 (2.127)

where Np is the number of particles.

Resampling
Particle degeneracy is monitored using the effective sample size,

Neff = 1∑Np

i=1

(
w(i)

k

)2 (2.128)

When Neff falls below a selected threshold, resampling is performed to remove par-
ticles with negligible weights and duplicate particles with high posterior probability.
Finally, the state estimates are obtained as weighted ensemble averages:

µ̂k =
Np∑
i=1

w(i)
k µ

(i)
k (2.129)

F̂c,k =
Np∑
i=1

w(i)
k F

(i)
c,k (2.130)

2.5 Summary
This chapter presented the theoretical background on the tightening and the method-
ology for the estimation of clamp force and CoF in bolted joints. The tightening
process and its key parameters were first described, followed by the system formu-
lations representing the relationship between torque, clamp force and friction.

Methods to carry out observability is proposed with the inclusion of study on sensi-
tivity of torque to the clamp force and CoF. Gaussian Process regression method was
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introduced to estimate CoF from the measured torque. Apart from this, multiple
observer designs were proposed to address the estimation problem. These include
an LMI-based Luenberger observer, an Extended Kalman Filter applied to inverted
dynamics, and a Rao–Blackwellized Particle Filter. Each approach addresses the
estimation problem from a different perspective, highlighting various trade-offs in
terms of robustness, computational complexity, and sensitivity to noise.
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3
Results

3.1 Gaussian Process Regression Estimates
The GPR model was trained with 5 tightening samples with one left out for testing.

Figure 3.1: GPR predictions of CoF for sample-1 with Confidence Interval (CI)
and training data

Figure 3.2: GPR predictions of CoF plotted with the actual measurements

At first glance, the estimation errors may appear to be relatively small. However,
when compared to the actual variation in the coefficient of friction, which is on
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the order of 7 × 10−6 per time step, these errors become significant. This indicates
that the GPR model is not capturing the underlying behavior with the required
resolution.
A key reason for this limitation is that GPR does not explicitly account for the
temporal evolution of the coefficient of friction. Instead, it relies primarily on the
density and distribution of the available data points. As a result, the model is
unable to effectively track the very small, time-dependent changes in CoF, leading
to reduced estimation accuracy in this application.

3.2 Local Observability
Using the Lie Derivatives approach observability matrix was developed and the
observability is evaluated at initial measured state. This is carried out for all the
formulations and the following is obtained:
For formulation in (2.23),(2.24),

O1 = 0.002007 (3.1)
The same was observed for the system formulation in (2.25),(2.26)

O2 = 0.002007 (3.2)
However since the third formulation in (2.37),(2.38) has two states, so the observ-
ability matrix then becomes,

O3 =
[

0.062 0.0018
1.6e + 2 −0.00016

]
(3.3)

det|O3| = −0.28800 (3.4)
From the observability matrices it is clear that the rank for the respective formula-
tions is equal to the number of states. This means that all the system formulations
are observable. However, the determinant values are very small, which suggests
that the system is weakly observable. In other words, although the states can be
reconstructed mathematically, the estimation maybe highly sensitive to noise, model
uncertainty, and numerical errors.

3.3 Output Trajectory based Observability

Figure 3.3: Trajectory comparison using open-loop
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The above plot corresponds to a measured trajectory (dashed and orange color) and
multiple generated trajectories. The blue colored curve corresponds to the trajectory
with the initial state as is the measured trajectory, referred to as true initial state
trajectory. The red and the green colored plots represent the trajectories for drifted
initial states of about 10%.
It is clear from the above plot that there is a difference in the true initial state
trajectory and the measured trajectory. The reasons for this is discussed in the
previous chapter. It can also be seen that the output trajectories for drifted initial
states are completely different. However, the attention here is towards any trajectory
that lie in the region between the measured (orange) and the open-loop trajectory
in blue color.
The plots in the figure 3.4, is generated using the error in the generated trajectory
from different initial state pair against the true. These trajectories are then com-
pared with the measured ones for every sample. The initial state pairs corresponding
to the lower errors are the darker regions in the plot, whereas the brighter region
corresponds to higher error, indicating that the output trajectories are distinguish-
able. The red-contour corresponds to the region where the error is less than ϵtrue,
which is the unobservable region. Any output trajectory generated from the initial
state pairs in this region is considered indistinguishable, within the chosen tolerance,
from the measured trajectory. Therefore, it may not be possible to uniquely recover
the true initial state from output measurements alone when the initial condition lies
within this region.
A key observation from the plot is the shape and orientation of the unobservable
region, which vary across different samples. This variation may be due to the process
noise and/or measurement noise. As a result, it may become difficult to generalize
the unobservable region.
Another observation is that the direction where there is a simultaneous increase in
Fc,0 and reduction in µ0 or vice versa, produces minimal change in the output trajec-
tory, leading to low error values. On the other hand, simultaneous increase/decrease
in both the parameters result in significant error, indicating that the system is highly
sensitive to such variations. This basically indicates the coupling between the states,
that is the effect of change of one state can be compensated by the variation of other
state in the opposite direction.

3.4 Sensitivity Analysis
It can be observed from the sensitivity analysis that the contributions of the two
states to the torque evolution differ significantly. Although the analytical sensitivity
of torque with respect to the coefficient of friction increases over time, due to the
increasing clamp force, the actual variation in CoF per time step is extremely small.
As a result, the contribution of CoF to the torque variation remains limited.
In contrast, the sensitivity of torque to clamp force remains relatively consistent
over time, while the variation in clamp force is comparatively larger. Consequently,
the torque evolution is primarily driven by the changes in clamp force.
From an estimation perspective, this implies that the effect of CoF is weak and can
be comparable to the measurement noise, making it difficult to reliably reconstruct.
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(a) Sample 1 (b) Sample 2

(c) Sample 3 (d) Sample 4

(e) Sample 5 (f) Sample 6

Figure 3.4: Observability plots for six different measurement trajectories
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Figure 3.5: Output sensitivity to average per time sample change in states

On the other hand, clamp force has a dominant influence on torque and can be
estimated with greater confidence.
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3.5 LMI-Based Luenberger Observer
The observer performance is evaluated under multiple cases.

Figure 3.6: Estimations using the correct initial guess on both the states

Figure 3.7: Estimations using the incorrect initial guess on clamp force of +20%
error

Figure 3.8: Estimations using the incorrect initial guess on CoF +20% error

Some observations from the above plots can be made.
The influence of the initial state estimates on the observer performance is significant.
With the correct initial guess for both states, the average clamp force estimation
error is approximately 4.55%, whereas an incorrect initial guess in Fc leads to a
significantly higher error of 11.65%. In contrast, an incorrect initial guess in µ results
in a trajectory similar to that of the correct initialization case. This indicates that
the estimation accuracy is highly sensitive to the initial value of the clamp force.
Another key observation is that the clamp force is not sufficiently corrected by the
observer during estimation. Instead, the estimated Fc primarily follows the system
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dynamics, with only minor corrections from the measurement. This is evident in
Fig. 3.7, where the estimated clamp force follows a nearly linear trajectory dictated
by the model dynamics, with minimal influence from the measurement updates.
Furthermore, due to the coupling between clamp force and CoF, errors in the clamp
force estimation propagate into the CoF estimate. Since the observer minimizes the
output error, it compensates for inaccuracies in Fc by adjusting µ. Due to sign This
results in biased CoF estimates when the clamp force is not correctly estimated.
The above plots correspond to a sample with an approximately linear torque trajec-
tory. A similar analysis is performed for a nonlinear torque profile (see Sample-5 in
Fig. 2.3), where deviations in estimation behavior are further observed.

Figure 3.9: Estimations using the correct initial guess on both the states for
nonlinear torque trajectory

This result further confirms that the clamp force estimates are only weakly corrected
by the measurements and primarily follow the system dynamics. The limitation
arises from the imbalance in sensitivity, where torque variation is dominated by
clamp force while the contribution of CoF is very small and comparable to noise.
Consequently, errors in clamp force estimation propagate into CoF, leading to biased
state reconstruction.
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3.6 Dynamic Inversion

3.6.1 Estimation of CoF from the output
As discussed in the previous chapter, the tuning of the covariance matrices Qα and
Rz plays a critical role in determining the observer performance. In the present
study, the tuning was carried out with the objective of minimizing the clamp force
estimation error. Consequently, the covariance values were selected such that the
observer relies more on the system dynamics while capturing only the overall trend of
the measurement trajectory rather than high-frequency variations. The estimation
results are illustrated for two representative cases: one corresponding to a nearly
linear torque–angle trajectory and the other exhibiting nonlinear behavior.

Figure 3.10: Estimations for approximately linear torque trajectory with an initial
guess error of +20%

Figure 3.11: Estimations for nonlinear torque trajectory with an initial guess error
of +20%

It is clearly evident from the plots in figures 3.10 and 3.11 that the clamp force
estimations are better in case of linear torque trajectory when compared to the
nonlinear variation in torque. This behavior can be attributed to the chosen covari-
ance tuning. Since the observer is tuned to rely heavily on the model dynamics, it
performs well when the underlying system behavior is close to the assumed model
structure, i.e., in the case of a linear torque response. However, for nonlinear torque
trajectory, deviations from the model which considers a constant joint stiffness are
not sufficiently corrected due to the lower weighting assigned to measurement up-
dates, resulting in larger estimation errors in the clamp force.
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Furthermore, the clamp force exhibits limited correction during the estimation pro-
cess, which can be observed particularly in the nonlinear case. This behavior is
reinforced by the sensitivity characteristics of the system as discussed in the pre-
vious sections. Although the torque evolution is dominated by the clamp force,
the observer relies weakly on measurement updates due to its tuning, resulting in
limited correction of Fc. In contrast, the contribution of µ to the torque variation
remains small due to its extremely low variation per time step. As a result, even
when measurement updates are considered, the observer tends to adjust µ to com-
pensate for output errors, while the clamp force remains largely influenced by its
initial estimate and dynamics. In the case of nonlinear torque trajectories, this effect
becomes more pronounced, as the model mismatch is not adequately corrected due
to the low measurement weighting.

Moreover, it can be observed that the CoF does not accurately follow the true tra-
jectory in both cases and shows a considerable deviation. This is a consequence
of both the reduced reliance on measurements and the limited contribution of µ
to the torque signal. Since µ is indirectly estimated from the measurement zk, its
estimation becomes highly sensitive to inaccuracies in Fc, leading to biased behavior.

In order to check the impact of initial state guess on the estimates, the observer
is provided the measured initial guess on α, which can be seen in the plot of CoF
in the following figure. It is observed that with a correct initial guess on the CoF,
the clamp force estimation accuracy shows only marginal improvement, but the
estimates deviate in the later stages as the clamp force continues to follow the
assumed dynamics. This behavior is further influenced by the limited corrective
contribution from measurements and the propagation of estimation errors between
the coupled states.

Figure 3.12: Estimations for approximately linear torque trajectory with accurate
initial CoF guess

In order to improve the observer’s ability to capture the nonlinear variations in the
torque trajectory, the measurement noise covariance Rz was reduced, thereby in-
creasing the reliance on the measurement signal. However, as shown in Fig. 3.13,
this results in a deterioration of the estimation performance. This behavior can be
attributed to the noisy nature of the measurement zk = Ṫ /ω, which is obtained
through discretization and averaging of torque increments.
Reducing Rz causes the observer to place excessive trust in this noisy measure-
ment, leading to overfitting of high-frequency variations that do not represent the
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Figure 3.13: Estimation for nonlinear torque trajectory with high reliance on the
measurements

true system behavior. As a consequence, the estimation becomes more sensitive to
measurement noise, which adversely affects both the transient and steady-state per-
formance. In particular, the initial estimates are distorted despite being initialized
close to the true values, as the observer aggressively adjusts the states in response
to noisy measurements.
Therefore, although reducing Rz enables the observer to respond more strongly to
nonlinear variations, it also amplifies the impact of measurement noise, resulting in
poorer overall estimation performance.

3.6.2 Estimation of Clamp force from the output

In this case the clamp force is estimated directly from the measurements derived from
the measured torque. Similar to the previous case of CoF estimation, the priority is
towards minimum error in the clamp force. So, the observer is designed to depend
more on the dynamics, while considering the overall variation in the torque.

Figure 3.14: Estimations for approx. linear torque trajectory with +20% error in
initial CoF guess

For the same covariance values, the estimations are carried out in case of nonlinear
torque trajectory.
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Figure 3.15: Estimations for nonlinear torque trajectory with +20% error in initial
CoF guess

The above plots are considering the initial states have an error of around 20% on
Fc. It can be inferred from both plots that the clamp force estimation quality has
improved, in case of a linear torque trajectory. However, the estimation qualities in
case of nonlinear curves have deteriorated. The estimations for linear torque trajec-
tory works well because of almost constant increase in the measurement yk which is
evaluated as KjωT . Moreover, since the value of Kj almost remains constant in the
linear torque case, so the measurements act almost the true. However, due to the
noisy Ṫ which is multiplied by the huge values of Fc in the output expression g(Fc),
so any minor noise in torque derivative will be amplified, which is also visible at the
final region in the output plot. Another observation from the linear torque plot is
that the observer still struggles to follow the actual clamp force trajectory.

The possible cause for the poor estimation in the nonlinear torque case is that Ṫ
appears inside the nonlinear function g(Fc), causing noise and approximation errors
in the torque derivative to propagate into the measurement model. This affects the
innovation term and leads to incorrect state updates. Furthermore, the nonlinearity
in g(Fc) amplifies the effect of errors in both Ṫ and Fc, resulting in unstable or
biased estimates. This is further aggravated by the nonlinear joint stiffness present
in the measurement, reducing the reliability of the measurement information for
correcting the state estimates.

3.7 Rao-Blackwellized Particle Filter
The estimations are carried out using 1000 particles for the coefficient of friction.
The covariance matrices are tuned to achieve reliable clamp force estimation for the
different cases presented in this section.
Since the CoF particles are generated randomly based on a predefined distribution,
multiple simulations are performed using different random realizations. The test
cases for this observer include nonlinear and linear torque trajectories with correct
and incorrect initial guess. The results obtained across these simulations exhibit
consistent behavior, with similar estimation trends and error characteristics as dis-
cussed in the following paragraphs.
For the case with incorrect initialization, the RBPF demonstrates a partial ability
to recover from initial errors. However, the estimation quality depends strongly on
the torque trajectory. In the nearly linear case (Fig. 3.16), the clamp force error
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remains moderate and relatively stable. The coefficient of friction follows the model,
but the particle spread remains constant. This is because the linear torque trajectory
provides insufficient variation in the measurement, leading to similar weights across
particles and preventing effective state separation.
In contrast, the nonlinear case (Fig. 3.17) shows improved estimation accuracy when
compared to the previous observers despite the incorrect initialization. The time-
varying nature of the torque introduces stronger variations in the measurement,
resulting in larger differences in particle likelihoods. This enables more effective
resampling and concentration of particles around feasible solutions, leading to im-
proved state reconstruction. However, this improvement arises from the increased
ability to distinguish between particle hypotheses due to excitation.
Notably, in both cases, the predicted torque closely matches the measured torque
despite bias in the estimated states. This indicates that the filter compensates for
errors in one state by adjusting the other, highlighting the non-uniqueness of the
solution.

Figure 3.16: RBPF estimates for approx. linear torque trajectory with +20%
error in initial CoF guess

Figure 3.17: RBPF estimates for nonlinear torque trajectory with +20% error in
initial CoF guess

For the case with correct initialization, the estimation performance improves signif-
icantly when the torque trajectory is approximately linear. The clamp force is ac-
curately tracked with low error when compared to the previous cases and observers.
Additionally, unlike the LMI-based Luenberger observer, the RBPF actively updates
the CoF based on measurement information.
However, for nonlinear torque trajectories, even with correct initialization, the esti-
mation accuracy is compromised when compared to the same trajectory with incor-
rect initial guess. This behavior suggests that while excitation improves discrimina-
tion among particles, it also increases sensitivity to model mismatch. As a result,
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particles may diverge from the true state despite a good initial estimate, leading to
degraded performance.

Figure 3.18: RBPF estimates for approx. linear torque trajectory with almost
exact initial guess

Figure 3.19: RBPF estimates for nonlinear linear torque trajectory with almost
exact initial guess

Apart from the observations discussed above, an additional asymmetry was identi-
fied in the RBPF behavior for the nonlinear torque trajectory. In particular, when
the initial CoF was chosen below the true initial value, the estimator was unable to
recover the correct state and the resulting estimation error remained high. This be-
havior is consistent with the output trajectory based observability analysis shown in
Fig. 3.4 for Sample-5. In that figure, it can be seen that values of CoF less than 0.14
has lower error, meaning the resulting output trajectory is almost indistinguishable.
Due to this, the RBPF is unable to sufficiently distinguish between these initial hy-
potheses and therefore cannot drive the particles back toward the true state. This
further suggests that the recovery from incorrect initialization is strongly dependent
on whether the initial guess lies outside the trajectory-dependent unobservable re-
gion. It can be observed in all cases that the spread of clamp force particles increases
over time, while the spread of the CoF particles remains relatively consistent. This
behavior arises because the clamp force is obtained by scaling the torque using the
CoF particles. As the torque increases during tightening, any uncertainty in CoF
propagates and gets amplified in the clamp force, leading to a widening spread.
Overall, the results indicate that the performance of the RBPF is governed by the
interaction between initialization accuracy, the information content of the torque
trajectory, and the location of the initial guess in the state space. In particular,
nearly linear trajectories preserve good initial estimates but are unable to correct
large initialization errors, whereas nonlinear trajectories improve correction capa-
bility through increased excitation, but may also degrade accurate initial estimates
due to model mismatch. In addition, the recovery from incorrect initialization is not
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Figure 3.20: RBPF estimates for nonlinear linear torque trajectory with initial
state guess lower than the actual

symmetric: for the nonlinear case, initial CoF values below the true state were not
recoverable comparatively well, which is consistent with the trajectory-dependent
unobservable region identified in the output trajectory based observability analy-
sis. Furthermore, accurate torque prediction does not necessarily imply accurate
state estimation, as multiple combinations of Fc and µ can produce similar outputs.
Nevertheless, compared to the previous observer designs, the RBPF provides an
improvement by maintaining multiple hypotheses through particles, allowing better
adaptation in the presence of nonlinearity.

3.8 Benchmark Comparison
A benchmarking study is carried out by comparing the proposed observer-based
methods against the conventional assumption of constant friction. The mean of the
CoF values from the available data is used as a nominal constant CoF value, which
provides a baseline clamp-force estimate for comparison with the observer-based
methods. The same nominal CoF value is also used as the initial CoF guess for the
observers.
Since earlier analysis showed that errors in the initial clamp-force guess have a
considerably larger impact on the estimation accuracy than errors in the initial CoF
guess, the observers that estimate clamp force as a direct state are initialized by
first assigning this prior CoF value and then computing the corresponding initial
clamp force from the measured torque. The resulting average percentage error in
clamp-force estimation for each tightening sample is summarized in Table 3.1.
In Table 3.1, the second column represents the error in the initial CoF when mean
value from the available data is used. This highlights the quality of the observer
estimates when the prior CoF information is taken from a practical assumption,
which may in some cases deviate substantially from the actual tightening condition.
It is also important to note that the RBPF values may vary slightly across runs
because the particle samples are generated randomly; an additional variation of
approximately ±1.5% may therefore be expected.
The results show that the constant-friction assumption based on the standard leads
to relatively large clamp-force errors for most of the samples, confirming that a fixed
CoF is not sufficient for reliable estimation. Also, this errors are very sensitive to the
true values, and may increase if the actual variation is very nonlinear. In contrast,
the observer-based methods generally provide lower errors. However, these lower
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Table 3.1: Comparison of average percentage error in clamp-force estimation

Sample
Initial CoF
% error in
the initial

CoF

Average % Error in Fc over the trajectory
Constant
Friction

LMI-
Based
Luen-
berger

EKF
with α
as state

EKF
with Fc

as state

RBPF

1 3.03 11.94 5.35 7.85 9.00 5.36
2 3.03 8.63 5.04 8.74 8.40 3.74
3 0.28 14.08 3.75 8.15 7.89 6.14
4 6.12 14.46 2.17 5.52 6.06 3.96
5 6.18 3.44 44.02 30.87 46.70 18.47
6 3.73 7.67 10.24 9.35 12.76 4.98

errors should be interpreted with care. The apparent improvement is not only due
to better state estimation, but also because the initialization error in CoF has a
comparatively weaker influence on the clamp-force estimate than an error in the
initial clamp force itself.
For the approximately linear tightening samples, the LMI-based Luenberger observer
gives particularly low errors. Nevertheless, this does not necessarily imply strong
measurement-based correction. As observed in the earlier results, the Luenberger
observer relies heavily on the assumed motion model and only weakly on the mea-
surement updates. Therefore, its low error in these cases is mainly a consequence of
the tightening trajectory being close to the assumed model behavior.
A similar caution applies to the EKF-based formulations. Although some of the es-
timates work better than the constant friction model, the estimates are still strongly
influenced by the model structure and initialization.
The RBPF generally yields lower errors for the approximately linear trajectories,
since the limited variation in the measured torque provides insufficient information
to strongly discriminate between particle hypotheses. However, in the nonlinear case
(Sample-5), the RBPF performs poor as the initial state lies in the unobservable
region. However, it can be seen from the previous chapter that RBPF can work
well, in case of the nonlinear torque trajectory with the initial state in the observable
region as defined in the output trajectory based observability.
Overall, the comparison indicates that no single observer performs best for all tight-
ening samples. The LMI-based Luenberger observer and the EKF-based approaches
can yield low errors when the tightening trajectory is close to the assumed model
behavior, but these results are strongly model-driven and should not be interpreted
as evidence of strong measurement-based correction. The RBPF works well if the
initial states are close to the actual in case of a linear torque trajectory. In case of
nonlinear torque trajectory, the initial state matters, as start from the unobservable
region as defined in the output trajectory based observability results.
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This thesis investigated the challenges associated with estimating clamp force and
CoF from measured torque and tightening speed. The estimation problem was found
to be inherently difficult due to the coupling between the states in the torque ex-
pression and the limited independent information available from the measurements.
A comprehensive study was carried out, including system formulation, observabil-
ity analysis, sensitivity evaluation, and the implementation of multiple estimation
techniques.
The system was first analyzed through different mathematical formulations linking
torque, clamp force, and CoF, with the objective of reducing model complexity while
retaining physical interpretability. A data-driven approach using Gaussian Process
Regression (GPR) was also explored to estimate CoF directly from torque measure-
ments. However, the predicted CoF lacked sufficient accuracy, mainly because the
underlying variations in CoF were extremely small and difficult to separate from
noise. In addition, GPR does not explicitly model temporal evolution, which limits
its ability to capture the fine-scale dynamics of the CoF and the variation introduced
by nonlinear torque trajectories.
The observability of the system was evaluated using both local and trajectory-based
approaches. The local observability analysis, based on Lie derivatives, indicated that
while the system is theoretically observable, the observability matrix elements are
close to zero, suggesting near-marginal observability. The trajectory-based analysis
further showed that the practical unobservable region is not fixed, but varies with
each measured torque trajectory. This makes it difficult to define a generalized
unobservable region that remains valid across different tightening conditions and
highlights the trajectory-dependent nature of the estimation problem.
To complement the observability study, a sensitivity analysis was performed to assess
the influence of state variations on the output. By scaling the analytical sensitivities
with the actual per-time-step variations of the states, it was shown that the torque
evolution is predominantly governed by the clamp force, while the contribution
of CoF is significantly smaller. This low effective contribution of CoF limits the
information available for its estimation and increases the ambiguity in separating
the two states.
Based on these insights, several observer-based estimation techniques were imple-
mented. The LMI-based Luenberger observer was found to be highly sensitive to
initial conditions and to rely strongly on the model dynamics, with only limited cor-
rection from measurements. As a result, its low clamp-force error in the nearly linear
cases should be interpreted carefully, since the performance was mainly driven by the
validity of the assumed model rather than by strong measurement-based adaptation.
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The Extended Kalman Filter (EKF) was implemented using modified system for-
mulations to reduce the explicit coupling between the states. Although this enabled
the estimation of individual parameters, the observer performance remained limited
by the measurement model. In particular, the use of torque derivatives introduced
significant noise amplification, which degraded both the direct CoF estimation and
the clamp-force estimation derived from the output model.
To better handle nonlinearity and uncertainty in CoF, a Rao-Blackwellized Parti-
cle Filter (RBPF) was implemented. The RBPF provided improved flexibility by
maintaining multiple hypotheses through particle representations. Its performance
depended strongly on initialization accuracy and the model mismatch. For nearly
linear torque trajectories, good initial estimates worked well, but poor initial states
were not effectively corrected due to weak particle discrimination. In contrast, non-
linear trajectories improved discrimination and enabled partial recovery from poor
initialization, particularly when the initial CoF exceeded the true value. However,
the recovery was not symmetric: initial CoF values below the true state were not re-
coverable, which is consistent with the trajectory-dependent practical unobservable
region identified in the observability analysis.
A benchmark comparison against the standard constant-friction assumption showed
that a nominal CoF value taken from the standard leads to relatively large clamp-
force errors for all samples. Although some observer-based methods produced lower
errors, these results should not always be interpreted as strong correction from
measurements. In many of the nearly linear cases, the lower error mainly reflects
the weak influence of CoF initialization error on clamp-force estimation and the
strong reliance of the observers on the model. In this sense, the RBPF was the only
method that showed a clear ability to make effective use of measurement information
in the nonlinear case.
Overall, the study shows that the limitations in estimation performance are not
solely due to the choice of observer, but are fundamentally rooted in the system
characteristics. Weak practical observability, low effective CoF contribution to the
measured output, measurement noise, trajectory-dependent non-identifiability, and
model mismatch together impose inherent constraints on the achievable estimation
accuracy.

4.1 Future Work
The findings of this thesis suggest several directions for future research.
A primary direction is the improvement of the system formulation itself. The current
formulations are able to describe certain tightening cases reasonably well, but the
results indicate that their validity is not consistent across all tightening samples.
In particular, the system behavior, estimation performance, and trajectory-based
observability vary significantly from one trajectory to another. Future work should
therefore focus on developing a more general system formulation that is capable of
representing the tightening dynamics across a wider range of tightening samples.
This would require extensive testing over a larger number of trajectories with dif-
ferent frictional behavior, stiffness evolution, and torque-angle characteristics. The
quality of such formulations can be evaluated based on the practical observability
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region obtained from the output trajectory-based observability analysis. A formu-
lation that yields smaller and more consistent unobservable regions across different
tightening samples would be more suitable for better state estimation. Such an
approach would help identify formulations that are not only physically meaningful,
but also practically estimable under varying tightening conditions.

Another important direction is the improvement of model fidelity. The current
formulations rely on simplified assumptions, such as constant or weakly varying
joint stiffness in the elastic region. However, the experimental results show that
the torque-angle behavior is not always linear, and the effective stiffness may vary
between tightening samples. Future work should therefore consider nonlinear or
state-dependent stiffness models that more accurately capture the actual joint be-
havior. Such an extension would increase the complexity of the estimation problem,
as stiffness may need to be introduced as an additional state or varying parameter,
thereby making the analysis and observer design more challenging. At the same
time, this difficulty may be reduced by incorporating additional information about
the joint stiffness into the estimation framework. Prior work in this direction sug-
gests that stiffness-related information can provide an additional source of system
information and this may improve both observability and estimation reliability while
minimizing the coupling between the states.

Apart from improving the stiffness modeling, another important direction for future
work is the development of formulations that reduce or break the bilinear depen-
dency between clamp force and coefficient of friction in the output expression. Since
this coupling is a major source of ambiguity in the estimation problem, reformulating
the system in a way that weakens this dependency could significantly improve state
identifiability. A possible extension is to incorporate thermal effects during tighten-
ing, as temperature changes at the contact interfaces may affect friction behavior.
By simultaneously modeling and measuring relevant thermal variables, additional
information may be introduced into the system, which could improve the estimation
of CoF and hence clamp force.

A further important direction is the introduction of additional excitation into the
tightening process. The RBPF results suggest that the filter performs better when
the torque trajectory contains stronger nonlinear variation, as this improves par-
ticle discrimination and state separation. Future work could therefore investigate
whether the tightening dynamics can be enriched by varying the angular speed,
rather than assuming constant rotational speed. Such input variation may provide
additional information in the measurements and improve distinguishability between
the states. However, introducing speed variation may also increase uncertainty in
the CoF evolution, and this trade-off should be investigated carefully.

Another approach could be to model friction more accurately using a combination
of physical understanding and data-driven information. The current friction dy-
namics are simplified and may not fully capture the trajectory-dependent behavior
observed in the experiments. A hybrid friction model that combines tribological
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insight, physical constraints, and experimental data may provide a more realistic
description of CoF evolution and reduce model mismatch.

In the present study, the CoF is indirectly calculated from torque and clamp force
measurements, both of which are affected by measurement noise and estimation un-
certainty. In addition, as discussed in the previous chapter, the torque equation used
to compute the CoF is itself associated with an error of approximately 1-2%. Conse-
quently, the resulting CoF trajectories may already contain propagated errors, which
limits the ability to identify the true friction evolution. Future work could therefore
investigate alternative means of measuring or calibrating CoF, for example through
acoustic emission or other friction-sensitive sensing methods. Such approaches may
provide more accurate friction measurements and help reveal consistent patterns in
CoF evolution that are currently masked by indirect estimation errors.

A further direction could be the exploration of conditional data-driven models. For
example, instead of learning CoF only as a function of torque, future work could
investigate conditional Gaussian Process Regression or related models that use ad-
ditional inputs such as angular speed, angular displacement, or short histories of the
tightening signal. Such an approach may improve local prediction quality, although
it would still require better CoF calibration and richer measurement information to
avoid inheriting the same identifiability limitations observed in the present study.

Another important direction for future work is the improvement of measurement
quality through the use of more accurate and less noisy sensors. Moreover, although
the angular speed is treated as constant in the present study, practical hardware
limitations introduce small variations during tightening. Since these deviations may
affect both the system dynamics and the estimation results, their impact can be
investigated explicitly in future studies.

Overall, future work could focus on improving formulation generality, introducing
excitation, measurement richness and CoF calibration in order to overcome the
fundamental limitations identified in this thesis.
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A.1 GPR Estimates for the other samples

Figure A.1: GPR predictions of CoF for sample-2 with Confidence Interval (CI)
and training data

Figure A.2: GPR predictions of CoF plotted with the actual measurements for
sample-2
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Figure A.3: GPR predictions of CoF for sample-3 with Confidence Interval (CI)
and training data

Figure A.4: GPR predictions of CoF plotted with the actual measurements for
sample-3

Figure A.5: GPR predictions of CoF for sample-4 with Confidence Interval (CI)
and training data
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Figure A.6: GPR predictions of CoF plotted with the actual measurements for
sample-4

Figure A.7: GPR predictions of CoF for sample-5 with Confidence Interval (CI)
and training data

Figure A.8: GPR predictions of CoF plotted with the actual measurements for
sample-5
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Figure A.9: GPR predictions of CoF for sample-6 with Confidence Interval (CI)
and training data

Figure A.10: GPR predictions of CoF plotted with the actual measurements for
sample-6

A.2 RBPF Estimates for all the samples

Figure A.11: Sample-1 with +20% error in initial CoF
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Figure A.12: Sample-2 with +20% error in initial CoF

Figure A.13: Sample-3 with +20% error in initial CoF

Figure A.14: Sample-4 with +20% error in initial CoF

Figure A.15: Sample-6 with +20% error in initial CoF

Figure A.16: Sample-5 with +40% error in initial CoF
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