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Implementation of the Neoclassical Tearing Mode model in the European Transport
Simulator integrated modelling workflow

CHARBEL NEMER

Department of Space, Earth and Environment

Chalmers University of Technology

Abstract

Neoclassical tearing modes (NTMs) are plasma instabilities that degrade perfor-
mance in tokamak plasmas. This work implements a numerical calculation of the
perturbed helical flux (¢) to calculate the linear tearing stability index (Af). The
implementation is done using integrated modelling workflows in the European Trans-
port Simulator (ETS) and the High Modularity Physics Simulator (HMPS) frame-
works. The large aspect ratio approximation (a/R < 1) is assumed for all calcula-
tions in this project. Simulations were done on the (3,2) and (2,1) tearing modes.
The (2,1) tearing mode obtained a Aj = —6.43m~! using the cylindrical approxi-
mation and A, = —7.83m™! using the full ¢ calculation. The (3,2) mode obtained
A} = —11.06 m~! with the cylindrical approximation and A, = —11.55m™! with
the full ¢ calculation. The simulations show that for the plasma scenario used,
the numerical integration gives lower values of the stability tearing index than the
cylindrical approximation. This can possibly point to the cylindrical approximation
being used as an upper limit of Afj. These results also show that the tearing modes
are stable for the plasma scenario used. Furthermore, the modified Rutherford equa-
tion was used to show different contributions to the NTM stability. For both (3,2)
and (2,1) modes the largest contribution to stability came from the classical tear-
ing index. The curvature term (Agq;) showed a stabilising effect as well and the
perturbed bootstrap current term (Af,) showed a destabilising effect on the NTM.
For the plasma scenario used in the project the stabilising effects far outweighed the
destabilising effects leading to no growth of magnetic islands.

Keywords: Neoclassical Tearing Mode, E'TS, linear stability tearing index, perturbed
helical flux
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1

Introduction

For over 70 year research on nuclear fusion has been conducted for the purpose of
using fusion as a source of energy [4]. Although the phenomenon of nuclear fusion in
stars has been studied for decades earlier than this. If achieved, commercial nuclear
fusion would provide a sustainable and clean energy source with a minimal carbon
footprint.

The challenge of creating sustained nuclear fusion in a terrestrial setting is the
following. Fusion in nature occurs under extreme conditions inside stars. It requires
immense amounts of pressure that is generated by the gravity of a massive object
like a star. Without the large pressures and the high temperatures that exist within
such a system it is very difficult to fuse atomic nuclei. Any vessel created on earth
simply can not contain a fusion plasma under such conditions.

One possible solution that has been explored since early days in fusion research is
magnetic confinement of plasmas. The principle of magnetic confinement is that a
plasma can be contained using strong magnetic fields. Given the correct geomet-
ric configuration and strength of such fields it becomes possible to contain highly
pressurized, ionized gas at high temperature.

One of the earliest reactor designs introduced was the tokamak reactor [4]. The
tokamak is geometrically shaped like a torus. External coils induce electric and
magnetic fields inside the tokamak. The plasma current is induced due to trans-
former action. The plasma acts as a secondary coli to the central solenoid. The
plasma current in turn induces a poloidal magnetic field. The toroidal magnetic
field is induced by external coils. The poloidal and toroidal magnetic fields are the
basis for confining a plasma in a tokamak [1].

Magnetic confinement inside the tokamak is a difficult technical challenge to achieve.
Partly due to the amplitude of the magnetic fields that have to be generated. But
also due to the fact that there are plasma instabilities that can occur that often
promote the transport of heat, energy and particles away from the centre of the
reactor. Such instabilities lead to worse performance of the reactor and thus less
energy output. In the worst cases the plasma can degrade to the point where no
fusion occurs.



1. Introduction

Plasma instabilities are in general perturbations of plasma quantities that grow with
time. Perturbations can be caused by a multitude of factors such as fluctuations in
the electric and magnetic fields. When instabilities disturb the equilibrium state of
the plasma the performance is reduced. That is why understanding and mitigating
plasma instabilities is an important part of fusion research.

A plasma phenomenon of interest for this work is magnetic reconnection. That
is when magnetic field lines within a plasma break and reconnect due to magnetic
diffusion. In the context of tokamak plasmas magnetic reconnection can promote in-
stabilities to grow and disrupt the equilibrium state. This usually results in enhanced
particle and energy transport which degrades plasma confinement and performance.

This project focuses on the numerical simulations related to the linear tearing mode
(TM) and the neoclassical tearing mode (NTM). Tearing modes are resistive insta-
bilities induced by perturbations and occur on special regions in the plasma called
tearing layers. Magnetic reconnection occur across the tearing layer, making it an
important phenomenon to study. The difference between TMs and NTMs is that the
TMs are driven by the pre existing radial current gradient while NTMs are driven
by additional bootstrap current effects. When tearing modes are present the recon-
necting magnetic field lines change their topology around the tearing layer. The field
lines look like islands which is why they are called magnetic islands. The magnetic
islands flatten pressure and flux profiles which promotes the transport of energy and
particles from the interior of the tokamak to the edges. The understanding of how
these magnetic islands grow in time and how to suppress them is important in order
to achieve good plasma performance.

The NTM begins with a seed island at a tearing layer within the confinement vessel.
Tearing layers occur on rational surfaces where the the safety factor takes on a
rational value. Due to the radial pressure gradient there is free energy that the
tearing mode can use to grow in time.

This project used integrated modelling to simulate the tearing modes described
above. Integrated modelling is systematic approach to creating and running simu-
lations. The European Transport Simulator (ETS) is a workflow where the NTMs
are a part of the physics being modelled. The Integrated Modelling & Analysis
Suite (IMAS) framework was used to write code for and run simulations of TMs
and NTMs in different plasma scenarios. The workflow structure of this approach
allowed for development of the code in a real scientific modelling setting.

The development and simulations in this project were done using the integrated
modelling workflow developed in the EU framework and in collaboration with the In-
ternational Thermonuclear Experimental Reactor (ITER). The ITER Science Data
& Computing Center (SDCC) was used to access remote computing resources where
code was developed and simulations were ran. The ETS was used to run simula-
tions of the linear tearing modes and check the how the magnetic islands behave in
stable plasma scenarios. The implementations done were also tested in a framework
currently in development called the High Modularity Physics Simulator (HMPS).
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Theory

2.1 Magnetohydrodynamics

The magnetohydrodynamic (MHD) model of plasmas will be the basis of simulations
in this project. The reason being that much of plasma modelling is done through the
lens of MHD. The single fluid hydrodynamic model of plasmas describes macroscopic
properties of the plasma which makes simulations more approachable as opposed to
kinetic models of plasmas which take a more microscopic approach. Using the MHD
model allows for simplifications in computation. The drawback of this approach is
that macroscopic properties such as pressure and particle density describe the large
scale behaviour of a plasma but not the exact behaviour of every individual particle.
When this approach is insufficient it can be used in tandem with other approaches
such as kinetic models [7].

The equations governing the resistive MHD plasma are given by

dp

E—FV-(pv)—O, (2.1)
d (p

~ 2] = 2.2
ﬁ<m) 0 22)
& _ivB-vV (2.3)
V x B = i, (2.4)

0B

VxE——E, (2.5)
V-B=0, (2.6)
E +v x B =nj. (2.7)

These equations describe the dynamics of a single electrically conducting fluid. The
first equation (2.1) is the mass continuity equation. It relates the change in mass
density of the plasma (p) with respect to time to the divergence of the mass flux of
the plasma (pv) where v is the velocity field of the plasma. Next is equation (2.2)
which is the adiabatic equation of state. It follows directly from the ideal gas law

3



2. Theory

and applies the assumption that processes in MHD do not exchange heat with their
surrounding environment. Next is equation (2.3) which the equation of motion. It
relates the acceleration of the plasma to the forces acting on it. The left hand side
describes how the plasma accelerates in term of the plasma mass density. The first
term on the right hand side being the Lorentz force given by the term j x B and the
second term being the force that appears due to the plasma pressure. Equation (2.3)
is important in the context of MHD since it connects the fluid part of the model
(p,v) to the electromagnetic part (j,B). The equations (2.4), (2.5) and (2.6) are
Maxwell equations that relate the electric field (E) to the magnetic field (B). And
the magnetic field to the plasma current (j). Finally, equation (2.7) is the resistive
Ohm’s law. In the ideal MHD case resistivity n ~ 0 but this is not always true and
becomes relevant later on in this project [7].

2.2 MHD equilibrium in tokamaks

The plasma equilibrium state is important for the understanding of how instabilities
effect plasma performance. In this project equilibrium quantities will be used as
input for different calculations in the simulations. From the MHD equations (2.1)-
(2.7) the momentum equation (2.3) is especially important for the equilibrium. A
static equilibrium is defined by the plasma being in force balance. This means that
the acceleration term in the equation of motion is zero and the momentum equation
becomes

ixB=Vp. (2.8)

As can be seen from equation (2.8), the force on the plasma from the kinetic pressure
gradient is completely balanced by the Lorentz force.

2.2.1 Coordinate systems

In tokamak fusion research there are many coordinate conventions used. Therefore
it is important that one is aware of the system of coordinates begin used for any
given calculation and how to convert between different conventions.

The tokamak geometry is often characterized by a cylindrical coordinate system
used to describe toroidal geometry. This system has one basis vector along the
direction of the major radius (ﬁ), one basis vector that goes through the centre of
the torus (Z) and the third basis vector that follows the toroidal angle (¢).

The coordinate system in figure 2.1 is well defined and is often used but for some
applications, it can be less convenient. Therefore, it can be more useful to define
different systems depending on the application. The Shafranov coordinates [9] can
for instance be defined in relation to the cylindrical system above according to

4



2. Theory

Q) —i©

Figure 2.1: Toroidal description of tokamak geometry. The right handed system
is (R, ¢, Z). The major radius is denoted by Ry

R = Ry +rcos () — D(r),
z = rsin (0), (2.9)
¢ =~

The new coordinate system contains the minor radius r, the poloidal angle 6§ and
the toroidal angle ¢. This coordinate system is centred at the magnetic axis and
is more suitable for equilibrium calculations. The quantity D(r) corresponds to the
Shafranov shift and will not be explicitly considered in this project. For large aspect
ratio tokamaks R/a > 1 this shift is small [9].

Figure 2.2: Tokamak poloidal cross section schematic showing the Shafranov sys-
tem centred at the magnetic axis. The right handed system is (7,6, ¢). The con-
centric rings represent surfaces of constant flux. The minor radius of the tokamak
is denoted by a.
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The Shafranov system in figure 2.2 can be related to flux coordinate systems. These
systems map the minor radius to a magnetic flux. An assumption made is that
the reference magnetic flux function is monotonic as a function of the minor radius.
The reference flux function can be defined in several ways with different signs and
normalizations which gives rise to different coordinate conventions.

An important quantity when working with flux coordinates is the poloidal flux. It
is given by

Wy = —aBp/B . dS,. (2.10)

Given a point (Ry, Z;) the surface element dS,, is defined as the disk R < Ry, Z = Z.
The orientation of this disk depends on the choice of right handed system. This is
encoded through the parameter op, [14]. The reference flux can thus be defined in
terms of the poloidal flux as

quol

o o (2.11)

d}ref -

where ep, = 0 or 1 depending on whether the poloidal flux already normalized by
271 or not.

The tokamak system of interest is the large aspect ratio tokamak which can be
defined through the inverse aspect ratio according to

a
2« 92.12
e= 5 < (2.12)

The force balance equation (2.8) can now be expressed in terms of the Shafranov
coordinates as

jixB=Vp& (2.13)
. .. Op.
B, — B, = — 2.14
(]9 é 9]¢)1“ 6rr’ ( )
) A Opa
(JoBr — Byjr)0 = (72;0, (2.15)
. . dp
By — B 5= —0. 2.1
(]r [ 7:79)90 8¢SO ( 6)
(2.17)

An important note is that the quantities j, B and Vp are flux functions [17]. This
means they can be expressed in terms flux functions such as the poloidal flux W,,.
These functions have the property of being constant on the magnetic surfaces.
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2. Theory

2.2.2 Safety factor

An important quantity in the study of tokamak plasmas is the safety factor generally
denoted q. The safety factor is a measure of how the magnetic field lines in a
tokamak rotate in the poloidal plane as one travels along the toroidal direction. In
an axisymmetric equilibrium the magnetic field lines move in a helical path around
the torus [17]. The safety factor ¢ is defined by the total change in toroidal angle
A¢ for each poloidal turn # = 27 a magnetic field line travels. This is expressed as

_Ad
0=5 (2.18)

We turn to the defining equation of the magnetic field lines given by

dr B
— = . 2.19
ds |B| (2.19)

In the large aspect ratio, axisymmetric tokamak equilibrium where B, = 0 the
following relations are obtained:

Rd¢ B,
. 2.2
rdf 139
—_— = = 2.21
which can be combined into

do By

—_— = 2.22

rdf 139 ( )

From this equation (2.22) and equation (2.18) the following continuos expression for
¢ can be written:

dp 1 1B,
=¢ - =—¢ ——2rdh. 2.23
Vo ") BB, (2:23)
The safety factor is a flux function, meaning it can be expressed in terms of the
poloidal or toroidal flux (¢ = ¢(¢)). In the large aspect ratio approximation of a
cylindrical tokamak (R =~ Ry) the integration of equation (2.23) gives

Tlg¢
= . 2.24
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Rational surfaces are surfaces of constant flux where the safety factor takes a value
of the form ¢ = m/n. Here, m is the poloidal winding number of the magnetic field
and n is the toroidal winding number. These surfaces are especially interesting to
consider since the tearing modes appear on them.

2.2.3 Quantity orderings

To study the equilibrium in greater detail and understand the effects of perturbations
we must express the quantities in in terms of the inverse aspect ratio €. We begin
with expressing the equilibrium quantities in tokamaks and the quantity orderings
that are appropriate given the assumption made in equation (2.12).

Several field quantities are important when considering the tokamak equilibrium
plasma. We consider first the magnetic fields. External coils wound around the
poloidal plane of the tokamak give rise to the toroidal magnetic field [17]. By using
Ampere’s circuit law and integrating over a line segment along a closed toroidal loop
one obtains

j{ B-dl = I, (2.25)
C
:>27TRB¢ = lu()[, (226)
I
=By o . 2.27
0 X o (2.27)

Here, R is the coordinate along the major radius and I is the current passing through
a closed circuit of radius R. It is true in tokamak equilibria that the toroidal
magnetic field is much larger in amplitude than the poloidal magnetic field. This is
expressed as

By

1. 2.28
B, < (2.28)

In equilibrium, the radial magnetic field B, is essentially zero since there are no
external currents that provide an equilibrium magnetic field in the radial direction.
The poloidal magnetic field is created in part due to the bootstrap current of the
plasma and the central solenoid [17]. The largest field here is the toroidal magnetic
field. This is reflected in the condition 2.28.

Now, let’s express these quantities in the large aspect ratio limit of tokamaks. This
limit is used throughout this project. The quantities of interest are the following.
The toroidal magnetic field (Bg), the poloidal magnetic field (Bjy), the toroidal
current (ju) and the poloidal current (jgo).

Starting with the toroidal equilibrium field, as seen from equation (2.27) it can be
expressed as By = ByRo/R where By is the magnetic field at the magnetic axis.

8



2. Theory

This holds for a perfectly circular tokamak cross section. When geometric properties
of a realistic tokamak like elongation and triangularity are included the equilibrium
toroidal field obtains a correction term of order O(g?). The equilibrium toroidal
magnetic field becomes

B¢ = B¢0F;0(1 + 0(82)) (229)

Using appropriate assumptions regarding the different fields and current densities,
we obtain quantity ordering for the equilibrium in a tokamak. First, we consider
the expression of the safety factor given by equation (2.24). This expression directly
relates the toroidal field to the poloidal field. The safety factor changes on the
order ¢(r) ~ O(1) along the minor radius [11]. This expression yields the following
ordering for By,

TB¢ TB¢0R0/R

B, =
’ Roq Ry

~ €B¢Q‘ (230)

Next we consider the toroidal current density which can be obtained via Ampere’s
law as follows:

, 1/0 0 .
(V% Blo = o < 1 ( 50 0) — 35 ) = (231)

The assumption of axisymmetric equilibrium (B, = 0) together with equation (2.30)
give the toroidal current density ordering

(2.32)

Here r ~ a since this is the scale of the minor radius. Next we consider the pressure
ordering. The fraction of the fluid pressure to the magnetic pressure (/3) is given by

B p
= BR/2m (2:33)

Here f3 is assumed to be of order O(g?). The pressure ordering can thus be written
as

2 D2
e“ B3,

m (2.34)

pN



2. Theory

Now we can express the radial force balance equation (2.8) in combination with
Ampere’s law (2.4). This is done in the radial direction and we obtain

Mo~ = ffr(TBg) + B¢7. (235)

d
Using the ordering d—p ~ p/a we are now able to express the ordering of the quantity
r

dB
—% Looking at the ordering of each term we find

dr
Hodp o Bgy  e’Byo (2.36)
Bydr  Bgy poa a ’ '
B@ d 9 ng €ZB¢0
——(rByg) ~ — | B ~ . 2.37
Bqﬂ“dr(r 2 a( 0+Td7’> a ( )

d
Above, the fact that d—g ~ = was used which can be shown by differentiating the
rooa

local aspect ratio defined by e(r) = 7 :_
,

with respect to r. This shows that

dB¢ SQB¢0
—_~ . 2.38
dr a ( )
From Ampere’s law we have
dB,
g = ——— 2.39
HoJe dr ( )
which we have now shown to have the ordering
EZB¢0
Jor~ = Jo (2.40)

When it comes to the perturbed quantities, the following orderings are assumed in
this situation [17]:

B¢1 ~ €Br1 ~ €B917 (241)
Jr1 ™~ Jo1 ~ €Jg1- (2-42)

10
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In summary, the equilibrium quantities are ordered as follows:

By ~ By (1+0(Y)) (2.43)

By ~ By, (2.44)
By

Jo ~ E——, 2.45

6™ (2.45)

Jo ~ 6j¢ (246)

2.2.4 1Ideal MHD equilibrium

There are two types of MHD equilibrium of interest for this project. The first is
the ideal MHD equilibrium. It is characterised by the fact that plasma resistivity is
negligible which modifies equation (2.7) to

E+vxB=0. (2.47)

It is a well known result that equation (2.47) implies that the magnetic field lines
are frozen in the plasma [17]. This can be expressed as

Do
— =0 2.48
where ® is the total magnetic flux and the derivative is the convective derivative.

This plasma configuration does not permit instabilities like the NTM to arise since
there is no way for the magnetic topology to change. Although there are instabilities
such as the kink instability which can still occur in the ideal plasma.

2.2.5 Resistive MHD equilibrium

The tearing mode instability becomes relevant in scenarios where the equation (2.47)
does not hold as a valid approximation. This can happen when the plasma is in
static equilibrium. This reduces Ohm’s law (2.7) to

E ~ 1j (2.49)

which can be re-written using Faraday’s law of induction and Ampere’s law to the
magnetic diffusion equation

IB 1y
—— = —V'B. 2.50
T (2.50)

This equation allows for the magnetic topology to change in special regions which
will be described more later on [3].

11



2. Theory

2.2.6 Magnetic reconnection

In the ideal plasma, the magnetic flux is conserved which implies that the field lines
are 'frozen" into the plasma. When plasma resistivity becomes relevant this is no
longer true. The magnetic field can now diffuse which leads to reconnection at ra-
tional flux surfaces where ¢(r) = m/n. Magnetic reconnection can result structures
that contain field lines which close in on them selves. An illustration of such a
structure is given in figure 2.3.

Figure 2.3: Reconnecting surface where magnetic island forms. The island has its
magnetic axis at the O-point. The magnetic field lines reconnect at the X points
located at the edges of the island.

The reconnection regions form islands with their own magnetic axis. The field lines
on the interior of the magnetic island form closed loops. The centre of this region
is usually named the O-point. The boundary of the island forms what is called
the "separatrix". The X-points is where the reconnecting field lines meet which is
illustrated in figure 2.3.

The property of interest in this project is the time evolution of the island width. An
expression for the width can be derived by applying equation (2.19) in the vicinity
of the resonant surface [17]. The width can be expressed as

A 1/2

rqB,

=4 : 2.51
w=a () 251)

S

Here, ¢ is the safety factor at the resonant surface and ¢’ is it’s radial derivative, m
is the poloidal mode number of the perturbed field at the resonant surface and By
is the equilibrium poloidal field at r,. To arrive at this expression one assumes that
the amplitude of the perturbed magnetic field is constant across the island width.

A

This amplitude is denoted by B,.

2.3 Linear Stability

An important property of MHD equilibrium is how stable it is. In this context, linear
stability can be characterized in the following way. Consider a plasma quantity

12
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Q(r,t). This is assumed to be linearisable into an equilibrium quantity Qo(r) and a
small perturbation given by Q1 (r,t). We thus have

Q(I‘, t) = QO(r) + Ql(r> t)

where the condition

@

<1
Qo

generally holds. An equilibrium is considered linearly stable if Qq(r,t) — 0 as
t — oo, and unstable if Q(r,t) — oo as t — oo [7].

2.3.1 Instability drivers

Plasma instabilities need free energy in order to form. Due to the fact that resistive
instabilities change the magnetic topology of the system energy has to be exerted
on the plasma in order to change the equilibrium state. Free energy can often be
found in different quantity gradients. Examples of such gradients are current gradi-
ents, pressure gradients and temperature gradients. In the case of tearing modes in
tokamak plasmas, the main driver is often the equilibrium current gradient. This
current density gradient in combination with the magnetic diffusion that happens
during reconnection drives tearing modes to grow in time [17], [3].

An important quantity to consider in the stability analysis of NTMs is the bootstrap
current. This is a self generated current density in the plasma that is proportional
to the radial pressure gradient. It can be expressed as

() osn

in the large aspect ratio approximation mentioned earlier [17].

When it comes to the magnetic islands, the evolution of perturbed bootstrap current
can become more relevant as a driver of island growth. The reason being that when
magnetic islands appear, the pressure profile is flattened across the island which
reduces the bootstrap current inside the island. This reduction in bootstrap current
is destabilising and promotes island growth [5].

An important observation to make about the instabilities of interest in this project
is that they form on rational surfaces. Meaning flux surfaces where the safety
factor is expressed as a ratio of two integer. To understand this we can examine a
perturbation of the form

13
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wl — Aeik-r _ Aei(menqb)‘ (253)

The wave vector for this perturbation in the cylindrical system is given by

k = (0,m/r,n/R). (2.54)

If the wave vector of a perturbation is parallel to the equilibrium field it will expe-
rience restoring forces by the equilibrium field and thus be suppressed. This means
that for a perturbation to grow, the condition

k-B=0 (2.55)

has to be fulfilled [6]. The equation (2.55) can be expressed in this particular case
as

m n
k-B=—By— —
r? R

B, =0. (2.56)
Using the expression of the safety factor given by equation (2.24) this equation
becomes

Ljf) (m —ngq) =0. (2.57)

Thus the condition ¢ = m/n results in instabilities being able to form at rational
surfaces.

2.4 Tearing modes

2.4.1 Linear tearing modes and linear stability

The tearing mode instability is a complex phenomenon. But one can learn much
about it with the study of the ideal plasma far away from the tearing layer. In this
regime, the momentum equation (2.3) loses the plasma acceleration term since this is
equilibrium and thus we only consider the force balance equation (2.8). Furthermore,
since we are considering the plasma far away from the tearing layer the plasma
resistivity is also negligible and equation (2.47) is the version of Ohm’s law we
consider.

In general, tearing modes are driven by the radial current gradient that arises in the
plasma. Current gradients and pressure density gradients provide free energy that
can drive different instabilities to grow. The following derivation is known [17] but
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it is instructive and the resulting equation is central to this project so we go through
it here as well. We begin by taking the curl of the force balance equation giving us

VxjxB=0. (2.58)

Using the curl identity

Vx(xB)=(V-B)+B-V)j—((V-j)+j-V)B (2.59)

and remembering that the magnetic field and the current density field are divergence
free we obtain

B-Vi—j-VB=0. (2.60)
The magnetic field and current density can be linearized according to B = By + B;

and j = j,+j;. A product of two linearized quantities is negligible (B;-B; ~ j;-j; =~
B, -j; =0).

Considering the quantity orderings in equations (2.44), (2.45), (2.46) and inserting
the into the toroidal direction of equation (2.60) one sees that

Jo - VBy1 < Bo - Vjg;. (2.61)

With this information, the equation governing the region far from the tearing layer
becomes

(B- Vi), = By V)igs + (jo - V)B1 = 0. (2.62)

The perturbed helical flux ¥(r, 8, ¢) appropriate for this geometry is defined by

10y

rl — —;%, (263)
_ W
B = o (2.64)

Using this definition of the perturbed flux and inserting it in Ampere’s law (2.4) for
the perturbed toroidal current density we obtain

10

2
pojer = Vi) = — — ( aw) + 10 (2.65)

“or) "o
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Assuming the perturbations take the form ) (r)e’™?="¢) where (m, n) are the poloidal
and toroidal mode numbers of the perturbation, equation (2.62) can be expressed
as

1 mBg HB¢) 2 mdj¢>
_ _ 2% = 0. 2.66
Lo < r R VY r dr v ( )

This can be written in terms of the safety factor given by equation (2.24). From
this we obtain the second order differential equation for the perturbed helical flux

1d ( dy m? dj,/dr

o = = 2 =0 2.

rdr(rdr) 2 Be(l_an ! (267)
Ho m

Equation (2.67) can be solved and a radial profile for ¢ (r) can thus be obtained.
But this equation has a singularity at the value of ¢(r) = m/n which means that
the equation has to be solved separately for the left and right side of the rational
surface. The full solution of the perturbed helical flux requires solving a different
set of differential equations inside of the tearing layer where resistivity and inertia
start to become relevant.

The discontinuity of the outer solutions is measured by the difference in the log-
arithmic derivatives to the left and right side of the tearing layer located at some
radial point r,. This is usually expressed as

A= [WT% . (2.68)

=Ty

Here, the variables r1 and r; approach r from the left and right side of the resonant
surface. The quantity A’ is called the linear tearing stability index. In short, this
parameter determines if the linear tearing mode will grow with time or shrink. If
A’ < 0 then the mode is stable and the tearing layer will shrink. If A’ = 0 then
the mode is marginally stable and will neither shrink nor grow as time passes. And
finally, if A’ > 0 then the mode will grow.

2.4.2 Cylindrical approximation of tearing index

There is approximation of the linear tearing stability index that is often used as
a first step in calculating the classical linear stability. This approximation solves
for the perturbed helical flux in the absence of a plasma current with the plasma
geometry being a straight cylinder. These assumptions modify equation (2.67) to

1d [ dv m?
o2y =0, 2.
rdr (r dr ) 72 0 (2.69)
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This equation is analytically solvable and has solutions 1 oc ar®™ [17]. Using the
definition of the tearing index given in equation (2.68) one obtains the tearing index
in the cylindrical approximation to be

, 2m
cylindrical — —

(2.70)

rs

Additions can be made to equation (2.70) when considering the distance from the
conductive wall but this is the basic form of the expression.

2.4.3 Non-linear tearing modes and non linear stability

The linear stability index is an important part of the tearing mode dynamics but it
is not sufficient to model the magnetic islands that arise. Due to the fact that the
linear stability index is derived by ideal MHD assumptions, it fails to capture the
non-linear effects near the tearing layer. These effects come about due to the plasma
resistivity (7). One of the early extensive description of the non linear growth of the
tearing mode came from P. H. Rutherford (1973) [12].

2.4.4 Nonlinear effects

The magnetic diffusion equation (2.50) can be used to derive a simple first approxi-
mation to the evolution equation of the magnetic island width. To do this one must
assume that the perturbed magnetic field B, is constant across the island width. By
making this assumption one can arrive at the following equation for the evolution
of the magnetic island width:

dw i

— ~ —A(w). 2.71

TR (w) (2.71)
This is a rudimentary form the Rutherford Equation (RE). But this equation is
only an approximation. Here, A’ is a function of the width and is calculated using
a generalization of equation (2.68) as given by [17]

retw/2
dIn (¢(T>>] ' (2.72)

Alw) = l or

re—w/2

2.4.5 Neoclassical effects

In the toroidal geometry, the tearing mode and magnetic island dynamics are affected
by the shape of the plasma. Even in the large aspect ratio approximation, toroidal
effects manifest.

The full equation that will be used to evolve the magnetic island in this project is
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Tr dw ’ ’ / / /
91775@ =Ts [Ao + Ay — Agay — Apol - Re(Aw)] : (2.73)

This is often called the modified Rutherford Equation (MRE) and contains the
following terms. The numerical factor g; is a factor dependent on collisionality and
will be set to 1 for tesing throught the project. The term 7, corresponds to the local
resistive diffusion time and r, is the radial coordinate of the rational surface where
the tearing mode is taking place.

On the right hand side of equation (2.73) are all the A" terms which have a contri-
bution to the evolution of the magnetic island width. The term labelled Aj is the
classical tearing stability index given by (2.68). This term destabilizing meaning
that the island width grows for positive values of Aj,.

Next is Ay, which is the term that appears due to the helically perturbed bootstrap
current. This term can be expressed as

w
R N 2.74
bs = OosAs0 5= (2.74)
with
Lq
Apso = Ve, Ik (2.75)
p

Here, ay is a free parameter that can be adjusted to fit experimental data, w is the
island width and wyq is a parameter depending on the parallel () and perpendicular
(x.1) heat diffusivities across the island given by

1/4
Wqg X | — .
Xl

The quantities L, and L, are the length scales of the pressure and safety factor.
The factor 3, is the poloidal § and € is the inverse aspect ratio.

The relevant assumption for this project is that this term is destabilising for the
tearing mode. Meaning when Apy > 0 the island width gets a positive contribution
and grows.

Following this, there is the Af{q; term which is the Glasser Green Johnson con-
tribution. This term accounts for how the magnetic island bends the field lines
surrounding the tearing layer. Usually the magnetic field is curved by the island in
such a way as to give a stabilizing effect. The Af; can be expressed in different
ways depending on the particular system. The general form of this term is given by
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L? 1

_a

L) = QggiBpe? (1-1/¢%)
GO T | Ly Jw? +0.2w]

As before, ag,j is a free parameter that can be adjusted to match the data.

(2.76)

The final two terms of the MRE are the polarisation term A, and the resistive
wall term Re(A!)). The first arising due to a polarisation current that appears as a
result of E x B and island rotation [8]. The second term appears as a result of a
resistive reactor wall where the magnitude of induced currents depends on several
parameters such as vessel radius, plasma frequency and resistive wall time [2]. These
terms are important to understanding the full physics of the NTMs but will not be
considered to any larger extents in this project.

An important aspect of the individual terms in equation (2.73) are the signs. The
sign of each term indicates whether it is generally stabilising or destabilising for the
magnetic island. As can be seen in equation (2.73) the two terms that generally
promote island growth are the classical tearing index (Af) and the perturbed boot-
strap current contribution (Af,). The rest of the terms are generally stabilising.
Although this depends on different factors, sometimes the terms Al or Agq; be

destabilising depending on the specific plasma scenarios.
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Methods

The implementations made in this project aim to contribute to simulations of the
NTM stability and evolution. Python has been the principal programming language
used. Other codes used in the simulation workflows are written in several languages
such as python and FORTRAN 2008. This project was conducted in collaboration
with ITER and the ITER computer cluster was used for the development of code.

3.1 The European Transport Simulator

The European Transport Simulator (ETS) is a simulation workflow used by the
fusion research community to model tokamak plasmas. It can be used to model the
full tokamak plasma or select parts. The flexibility of this simulation tool allows for
modelling of plasmas in different machines like ITER, JET and more. This project
mainly uses ETS-like frameworks to simulate tearing modes in ITER scenarios.

3.1.1 Workflows

The ETS and workflows based on it are set up through the MUSCLES library [15].
MUSCLES3 provides the tools to set up multi-scale coupled simulations which is
needed when modelling tokamak plasmas. The schematic structure of code and
information flow is defined using workflows. Below is an example of a very simple
workflow that illustrates the basic structure.

equilibrium

Figure 3.1: Simple workflow illustration consisting of three actors. The first initi-
ates the plasma scenario, the second calculates the plasma equilibrium and the third
saves data and closes the simulation correctly. The arrows represent the direction
of information flow.

A workflow in the latest version of ETS (ETS6) is generally set up through a config-
uration file with the Multiscale Modelling and Simulation Language (MMSL). This
format is read by MUSCLES to then set up and execute the simulation. The example
in figure 3.1 show what a simple equilibrium calculation workflow might look like.
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First, the plasma scenario is initiated. Data is pulled from relevant databases and
the relevant profiles are prepared for the next step. Next, the information is passed
through the first arrow into the equilibrium actor where the plasma equilibrium is
calculated and saved into a new instance of the database. Finally, the finish actor
saves the data to the database and ends the simulation.

3.1.2 Actors

Actors are the building blocks of workflows. Actors are exemplified in figure 3.1.
Each box represents a separate actor. The advantage of using this setup for simu-
lations is the modularity of the approach. Each actor is mostly independent from
the rest of the actors. A given actor takes some inputs and returns some outputs.
If these are provided correctly the rest of the workflow can be changed without
affecting the actor itself.

Keeping the input /output consistent also allows for exchanging actors without chang-
ing the rest of the workflow. This is useful in the case one needs to test different
physics models or computational methods for a given actor. Only that actor has to
be altered and the rest of the workflow can stay intact.

3.1.3 IMAS

The Integrated Modelling & Analysis Suite (IMAS) is a framework that defines the
data representation used in ETS simulations. It standardises the data flow inside the
workflows. The IMAS conventions allow for actors within workflows to be written
in different programming languages and still be compatible. This means that actors
written in an interpreted language such as python and actors written in compiled
languages such as C or FORTRAN can be run within the same workflow.

The input and output of the actor is standardised by using the interface data struc-
tures (IDS) to store the data that produced by simulations. Experimental data can
also be stored in the IDS standard. The IDS structures are structures defined in
the Data Dictionary (DD). Each IDS is a hierarchical data structure that contains
sub-structures that store the vector and scalar quantities needed to describe plasma
and device characteristics [10].

3.1.4 High Modularity Physics Simulator

A framework for running simulations that is currently in early stages of development
is the High Modularity Physics Simulator (HMPS). This framework can encapsulate
ETS-like workflows. The implementations made in this project have been applied
in HMPS simulations. A part of the project was to run the created actor inside this
workflow.
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3.2 Implementations

Implementations made in this project have been mainly focused on creating an
actor that integrates the perturbed helical flux according to equation (2.67). The
actor was then tested first in a stand alone workflow and later inside of the HMPS
framework as part of a larger workflow.

3.2.1 Calculation of A’

An actor was implemented to calculate the linear tearing stability index. There
are several ways of calculating A using different approximations. The actor imple-
mented in this project uses the perturbed helical flux profiles calculated by solving
the differential equation (2.67).

This calculation assumes two symmetries in the plasma. First, the toroidal symme-
try which means that the plasma profiles are invariant under rotation in the toroidal
angle (¢). The second symmetry is about the poloidal angle (6). This symmetry
comes as the result of taking the flux surface average of all relevant quantities. By
doing that the -dependence is removed. This means that the A calculation only
need profiles depending on the radial coordinate.

The calculations done adopt the solution methods found in an open source git repos-
itory [13]. This repository solves equation (2.67) using equations (2.3)-(2.7) and
(2.23). This implementation uses an analytical g—profile and derives all other quan-
tities from the analytical relations between ¢, By, By and j,s. The code implemented
in this project solves the equation using numerical input for the magnetic fields,
current densities and safety factor instead. The code also implements flux surface
averaging of 2-dimensional profiles.

Therefore, preprocessing is required to interpolate the profiles in an appropriate
manner. Since different profiles in the IDS can have a different grids issues can arise
when performing calculations. To remedy this, the profiles were interpolated using
a cubic spline. After interpolation the profiles could be expressed in terms of a
common grid such as the normalized toroidal flux coordinate named rho_tor norm.
This flux coordinate is given by

ptor
p(a)

(3.1)

rho_tor_norm =

where pyo, is the toroidal flux coordinate and p(a) is the toroidal flux at the edged
of the plasma.

Next, the setup for solving equation (2.67) was built. The function solve_bvp from
the python library scipy.integrat was used [16]. This python function solves
higher order ordinary differential equations by taking an equivalent system of first
order differential equations as input. For equation (2.67) one can write the equivalent
system as
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w = Y1,
% — y/ == y
dr 1=
d*i , m? djg/dr Y2
— =y = =+ - =, 3.2
dr2 Yo r2 @ <1 - 7’Lq> n r ( )
Ho m

With this system of first order equations the only thing left to do is to calculate at
each radial coordinate the factor

m? djg /dr
c(r) = 5 4@ (1‘1’/ nq> (3.3)
Ho m

as well as to set the boundary conditions. Since the differential equation is of
second order, there are two boundary conditions required. Moreover, this differential
equation was solved separately for the plasma to the left of the resonant surface and

the right. This needed to be done since equation (2.67) has a singularity at g(r) = m
n

Inside of the differential equation solver, an internal grid was defined which was why
the input profiles were interpolated with respect to rho_tor_norm. The concate-
nation of the inner solution and outer solution gives the full perturbed helical flux
for our system. And with that, one sets the perturbed magnetic fields according to
equations (2.63) and (2.64).

After these calculation were made, the resulting data was stored in the mhd_linear
IDS. The linear tearing index was also calculated from the solution ¢ (r) according
to

Y (rg +1078) — ' (rg — 1078)
Y(rs)

A = (3.4)

where r; is the radial coordinate of the rational surface. This calculation of A’ is
done according to equation (2.68). Later implementations will need to be generalized
to equation (2.72) but for this project equation (2.68) is sufficient.

This is a discretized version of equation (2.68). The choice of infinitesimal value
e = 1078 to the left and right of the rational surface was arbitrary. The important
part in this choice was to get close to the tearing layer.

To solve this differential equation, a first guess of the solution has to be made. The
guess used throughout this project was simply a straight line connecting the bound-
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ary condition at the plasma centre with the boundary condition at the resonant
surface for the inner solution. Likewise a straight line connecting the boundary con-
dition at the tearing layer with the boundary condition at the edge. The boundary
conditions were taken to be

¥(0) =¥(L) =0,
U(rs) =1,

where L denotes the maximum value of the minor radius which in the case of nor-
malized flux coordinates is L = 1. Given this the first guess of the left side solution
becomes

Yrefe(r) = w(rS)r, r € [0,ry] (3.5)

s

and the guess for the right side solution becomes

o(rs) ()
rs — 1" * 1—rs

Vrignt (1) = . T Ers1]. (3.6)

An example of this first guess can look like the following:

First guess of solution

— W/(FA’)
wr(p)

A

=== b

0.0 0.2 0.4 0.6 0.8 1.0
ﬁtor

Figure 3.2: First guess of solution for perturbed helical flux. Two separate guesses
are made, one to the left of the singular (tearing) layer and one to the right of it.

3.2.2 Implemented actor

The code for calculating A{, was implemented in a separate script as a single callable
function. This function takes as input the radial grid rho_tor_norm here denoted
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as p for simplicity, the safety factor profile ¢(p), the poloidal magnetic field By(p),
the toroidal current density j,(p), the poloidal and toroidal mode numbers of the
tearing mode (m,n), and finally the value of the perturbed helical flux at the rational
surface ¥ (ps) as a boundary condition.

After this, all profiles are interpolated with respect to the input grid. This is done in
order to use the solve_bvp function with a different internal grid. The interpolation
made is a cubic spline taken from the scipy.interpolate [16].

The value of the radial coordinate of the tearing layer is found by numerically solving
for p = ps in the equation

(1 - %q = 0) < q(p) = % (3.7)

After this is done, the inputs to scipy.integrate.solve_bvp are ready according
to (3.2). The produced output is then discretised back into the original input grid
and returned. The linear tearing stability index is directly calculated from the
output values of i (p) and 9}, (p) according to (3.4).

The procedure described above is called as a single function from the helical flux.py
actor. It takes rho_tor_norm, j4, By, ¢, m and n as inputs. It then returns the
perturbed helical flux and A value. Finally the actor stores the perturbed helical
flux to the mhd_linear IDS.
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Results

4.1 Input scenario

The results from this project use a specific plasma scenario in all simulations. Three
profiles from the plasma equilibrium are used to solve equation (2.67). The profiles
are the toroidal current density js, the safety factor ¢ and the poloidal magnetic
field By.

54 — q([:J) t=100.0s .”-j 1.00 A
q(p) t=115.0s /
4 = 0.75 1
O
3 / S 050
21 g 0.251 —— Be(p)t=100.0s
i Be(p) t = 115.0 s
1 ! . . 0.00 . . ; : :
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
p o
0] I
T \ |
~" —200000 - i \/
E ,/ 'l
< /
< —400000- 1%
= / i»(P) t = 100.0
V4 = .USs
~600000 / Jeto
N -—— js(p)t=115.05s

Figure 4.1: Equilibrium profiles used for calculation of the perturbed helical flux.
All profiles are expressed in terms of the normalized toroidal flux coordinate ().
Each profile is shown at two time points in the plasma scenario. The first is at 110s
and the final is 115s.

Figure 4.1 shows the relevant equilibrium profiles used from the scenario to obtain
results. This plasma scenario has an equilibrium that does not change substantially
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with time although the profiles do fluctuate. This fact can be seen in the example
time points plotted for each profile in the figure.

4.2 Linear tearing stability index

The main result from this project is the calculation of the linear tearing stability
index (A}) given numerical equilibrium profiles of the magnetic fields, the safety
factor and the current densities as input. The produced values of A are compared

to values calculated using the cylindrical approximation as described in chapter
2.4.2.

Classical A’ comparison of (3,2) and (2,1) modes

_.7 .
8 — B2 Yy
£ _g (3,2) =mlirs
= — 2Dy
10- — (2,1) —mirs
_11 -

100 102 104 106 108 110 112 114
time [s]

Figure 4.2: Comparison of classical tearing index calculated using cylindrical ap-
proximation to calculate Af versus the full solution to the perturbed helical flux to
calculate Aj. The calculations are done for the (3,2) mode and (2,1) mode respec-
tively.

Figure 4.2 shows how the different methods of calculating the classical tearing index
give different results. The cylindrical approximation gives a constant value of Aj for
each mode while the calculation via the perturbed helical flux profile gives a varying
Aj in time. The fluctuation of Aj is stronger for the (3,2) tearing mode relative to
the (2,1) mode. The results in figure 4.2 indicate that the tearing mode is stable in
both cases. The results from the full ¢/ integration give more stable modes than the
cylindrical approximation.

A closer look at each individual mode is also informative.

The figures 4.3 and 4.4 show how the cylindrical approximation of Aj compares
to Af as calculated via the perturbed helical flux. The modes considered are the
(m,n) = (2,1) and (3, 2) respectively.
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Classical A’ comparison of (2,1) mode
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Figure 4.3: Comparison of the classical tearing index for the (2,1) tearing mode.

Classical A’ comparison of (3,2) mode
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Figure 4.4: Comparison of the classical tearing index for the (3,2) tearing mode.

4.3 Contributions to island width evolution
Using existing MRE code, the different contributions to the modified Rutherford

equation can be plotted. The simulations for this island evolution uses the HMPS
framework.
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Contributions to (2,1) island
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Figure 4.5: Different A’ contributions to the island evolution width of the (2,1)
tearing mode.

Contributions to (3,2) island
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Figure 4.6: Different A’ contributions to the island evolution width of the (3,2)
tearing mode.
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Conclusion

5.1 Understanding of tearing index results

The results described in chapter 4 are preliminary. The main work in this thesis has
been focused on theoretical understanding of the NTMs along with the developments
made of the perturbed helical flux actor as well as making it compatible with running
in the HMPS framework. The results produced are thus not to be taken as physical,
but rather as indicators showing if the simulations are on the right track.

So what can be concluded from the produced results? As can be seen in figure 4.2
the (3,2) mode give a more stable A{, than the (2, 1) mode. This is to be expected
given tearing mode theory. Higher poloidal mode numbers correspond to a more
negative tearing stability index. This is true for the cylindrical approximation as
well as for the calculation via perturbed helical flux. That in itself is an indication
that the helical flux actor is on the right track.

Furthermore, one can compare how the Af calculations differ between the cylindrical
approximation and the numerically calculated one. In figure 4.3 the stability index
calculated according to the cylindrical approximation is constant in time. This is
reasonable since the cylindrical approximation does not take into account any plasma
profiles according to equation (2.70). In contrast to this, the tearing index calculated
via the perturbed helical flux integration fluctuates. This is possibly explained by
the fact that at each time step the input equilibrium profiles are different since the
equilibrium is not completely static in time. That results in a variation of Aj. To
quantify this we can compare how the equilibrium current density gradient fluctuates
for the different modes. Fluctuations of the current density gradient at the resonant
surface can be measure by the relative fluctuation given as

F(jlmm) = <¢ . (5.1)

Here, 6 is the standard deviation of the toroidal current gradient at the resonant

surface and <j(/75> is the time averaged toroidal current gradient at the resonant
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surface. This measure by itself is difficult to interpret so we take the ratio of the
relative fluctuation of the (3,2) mode to the relative fluctuation of the (2,1) mode.

For the scenario used in the time span 110s — 115 s we obtain

F(j..
M = 1.33. (5.2)
F (J¢(2,1))
The result in equation (5.2) indicates that the (3,2) tearing mode has higher relative
fluctuations for jj, near the resonant surface compared to the (2,1) mode. This could
explain the more violent fluctuations in Af in figure 4.4 compared to figure 4.3.

When it comes to the (3, 2) tearing index seen in figure 4.4 one sees similar properties.
Although here, the variations in A{ are larger than for the (2,1) mode. This can be
quantified by the standard deviation of the the different A} values.

Table 5.1: Comparison of two ways of calculating the stability tearing index for
the (2,1) and (3,2) tearing modes.

(m,n) eylinder | @verage Ay | standard dev. Aj
(2,1) | —643m~*' | —7.83m™! 0.005m™*
(3,2) | —=11.06m~' | —11.55m™! 0.027m™!

Table 5.1 shows the average value of Aj from the numerical integration of ¢. The
standard deviation gives a measure of how much the tearing index varies in time.
The values for standard deviation in both modes show small variation in comparison
to the mean values. For the (2,1) mode the standard deviation is 0.06% of the mean
and for the (3,2) mode it is 0.2% of the mean.

5.2 Understanding of modified Rutherford equa-
tion results

As can be seen from both figures 4.5 and 4.6 A, does not evolve much in time. This
is due to the fact that the tearing modes in the plasma scenario used are stable. In
both results the stability contribution from the classical tearing index and the curva-
ture term far outweighs the destabilising contribution from the perturbed bootstrap
current. Thus, the islands should simply vanish for this particular scenario.

In these result we can see how the different terms contribute to the NTM. It is
interesting to note which terms contribute to the NTM instability and which terms
suppress the NTM. In both the (2, 1) and (3, 2) tearing modes the main driver of the
island growth is the perturbed bootstrap current term (Aj,). But this term is not
enough to drive the island to grow according to (2.73). The classical tearing index
(Aj) combined with the stabilising curvature term (Agq;) suppress the modes to
much for any growth to occur.
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5.3 Reflection on implementations

The implementation of the helical flux actor took an existing code that implemented
calculations of analytical profiles and turned it into a solver that can take in nu-
merical profiles as input and calculate the perturbed helical flux from that. The
helical flux actor also implemented a basic version of flux surface averaging. The
resulting linear tearing index gives a more physical result based on the input profiles
rather than the simpler cylindrical model. The cylindrical tearing index may be a
candidate as an upper limit for the value of A}, since it gives the least stable tearing
index value for this plasma scenario.

A big part of the implementation was making the input and output compatible with
the framework and workflow of ETS and HMPS. This required much trial and error
due to the complexity of these workflows. Although the goal of the HMPS is to
have a more robust interface when inserting different actors into the workflow, the
development phase is one where many adjustments need to be made in order to test
and debug.

5.4 Outlook

Future work and development is needed to obtain physically sound simulations that
can be used in realistic plasma scenarios. The next steps should be to check the
boundary conditions chosen for the solution of the perturbed helical flux.

The Aj actor should be integrated with the modified Rutherford equation code and
coupled with the case when 9 is calculated numerically.

Island frequency also contributes to the width evolution which needs be part of the
full MRE model. This will require coupling of the differential equations governing
island rotation with the polarization term in equation (2.73). Development on actors
for this calculation and integrating these actors in simulation workflows such as the
ETS or HMPS is an important step in future developments.

The coupling of island seeding events such as sawtooth crashes to the MRE code will
also be important for predicting how the plasma will behave in realistic scenarios.

One of the further goals is to connect the island evolution with transport in the
plasma. For this, extension of the model need to be modified and further developed
in order to use it with the predictive mode of the workflow evolving the kinetic
properties consistently.
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