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Abstract

Linear Temporal Logic with Past (pLTL) extends standard LTL by introducing past-
time operators, enabling more concise specifications of system properties. While
theoretically advantageous, applying pLTL in practical verification tasks requires
converting its formulas into w-automata, a process that remains computationally
challenging. A recent algorithm proposed by Azzopardi et al.[l] provides a direct
construction of deterministic Rabin automata from pLTL formulas, yet no functional
implementation of this algorithm currently exists. Without such an implementation,
researchers and practitioners lack validation of its feasibility, efficiency, and appli-
cability.

This thesis bridges this gap by developing the first working implementation of Az-
zopardi et al’s algorithm [1] and systematically evaluating its performance. The
study benchmarks the implementation against existing methods that indirectly achieve
the same transformation via Biichi automata and determinization tools. We mea-
sured construction time and memory usage across both real-world and synthetic
pLTL formulas. The results assess the algorithm’s scalability and check whether it
offers practical advantages over traditional approaches.

Findings from this research contribute to the field of formal methods by provid-
ing the first working implementation of the direct pLTL-to-deterministic automata
conversion algorithm and offering insight into its performance. It is also the only
known tool capable of converting certain types of pLTL formulas with more than 15
temporal operators to w-automata within reasonable time and memory constraints,
a feat previous tools could not achieve. Practitioners could use the produced tool
for faster model checking and reactive synthesis, enabling more effective use of pLTL
in real-world applications.

Keywords: formal methods, Linear Temporal Logic, automata theory
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1

Introduction

Linear Temporal Logic (LTL), introduced by Pnueli in 1977 [23], is a fundamental
framework in formal methods. It’s widely used to specify and analyze temporal
properties of systems, particularly in concurrent and distributed environments. By
enabling reasoning about sequences of events over time, LTL plays a crucial role in
verifying system behaviors and ensuring correctness in complex computing systems.

To apply LTL in practice, formulas are commonly converted into an w-automaton
[27, 12], a type of automaton designed to process infinite sequences. This transfor-
mation enables various tasks, such as verifying system properties [16] or generating
systems that satisfy LTL specifications [22].

An extension of LTL, known as LTL with past (pLTL) [20], introduces past-time
operators like “Yesterday” and “Since.” While pLTL is equally expressive as stan-
dard LTL, it is significantly more succinct [20] in some cases. However, this added
expressiveness introduces additional challenges when converting pLL.TL formulas into
automata. This is because the implementation may need a way to remember past
events to evaluate the formula, whereas standard LTL focuses only on the future.

A recent research [1] proposed a new method to convert pLTL into deterministic
Rabin automata. This thesis is aimed for implement and benchmark it.



1. Introduction

1.1 Problem Description

A recent algorithm proposed in [1] offers a method to convert pLTL into determin-
istic Rabin automata. However, the lack of a functional implementation prevents
researchers and practitioners from testing its feasibility, assessing its performance,
or integrating it into existing verification workflows. Without an implementation,
the algorithm remains purely theoretical, limiting its impact on advancing practical
tools for temporal logic analysis.

Additionally, the absence of comparative studies between this algorithm and existing
tools hinders a comprehensive understanding of its strengths, limitations, and real-
world applicability. This gap in the literature restricts the adoption of pLTL in
system specification and verification, despite its potential benefits in usability.

To address this gap, this research aims to develop a working implementation of the
algorithm proposed in [1]. This implementation will allow for rigorous performance
evaluations through controlled experiments, comparing it against existing tools. The
results will provide valuable insights into the algorithm’s efficiency and practicality,
contributing to the broader field of system verification and enhancing the real-world
applicability of pLTL.

1.2 Purpose of the Study

The purpose of the study includes:

» Developing a functional implementation of the algorithm proposed in [1] for
converting pLTL into deterministic Rabin automata and implement necessary
optimizations.

o Evaluating the performance of the implementation by comparing it against
existing tools.

« Providing practical insights into the scalability, usability, and efficiency of the
algorithm.

1.3 Significance of the Study

The challenge of converting pLTL into deterministic Rabin automata remains largely
theoretical due to the lack of a functional implementation of the latest proposed al-
gorithm. This gap limits our understanding of the algorithm’s practical feasibility,
efficiency, and scalability. While its theoretical properties have been established,
critical questions remain unanswered: How does it perform under real-world condi-
tions? How does its computational complexity compare to existing tools? How do
variations in problem parameters affect its behavior? Without empirical validation,
researchers and practitioners lack the necessary insights to determine whether this
algorithm can enhance system verification workflows.
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This study directly addresses these challenges by developing the first working im-
plementation of the algorithm and systematically evaluating its performance. It
investigates key aspects such as its efficiency relative to existing tools, trade-offs
in automaton size and complexity, and scalability with increasingly complex pLTL
specifications. Through controlled experiments, this research provides empirical
benchmarks that were previously unavailable, offering a clearer understanding of
the algorithm’s strengths and limitations.

Beyond its theoretical contributions, this study has significant practical implications
for software engineering and formal verification. Many real-world applications, such
as model checking for distributed systems, verification of safety-critical software,
and reactive synthesis, rely on efficient automaton-based reasoning. If the pro-
posed algorithm proves computationally viable, it could improve the practicality of
pLTL-based specifications, enabling more robust system verification techniques with
reduced computational overhead. This advancement could benefit industries such
as robotics, aerospace, automotive, and cybersecurity, where formal methods play a
crucial role in ensuring system correctness.

By bridging the gap between theory and implementation, this research contributes
to both the advancement of temporal logic methodologies and the enhancement of
real-world software verification practices.
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1.4 Research question and Hypotheses

RQ 1: How efficient is the implementation of [1]’s algorithm compared to existing
tools?

To assess its efficiency, we will measure performance metrics, including execution
time and memory consumption of the implementation. We will analyze the runtime
efficiency, memory usage, and scalability of the implemented algorithm under con-
trolled experimental conditions. This comparison aims to determine whether the
new implementation is competitive with or superior to existing approaches.

Hypothesis 1: The implemented tool performs at least as efficiently as existing
tools in terms of runtime and memory usage when handling complex pLTL specifi-
cations.

RQ 2: How well does the implementation scale with the size of pLTL formulas?

To evaluate scalability, the time and space required to convert a pLTL formula
to automata will be measured. This will be done with an increasing size of the
formula until the largest pLTL formulas that the implementation can process within
a reasonable time and memory limit are identified. This analysis will help determine
the tool’s practical usability for increasingly complex specifications.

1.5 Overview of the Results

The implementation demonstrates performance and memory consumption compa-
rable to existing tools for most small-sized real-world pLTL formulas. Notably,
for certain larger pLTL formulas, this tool represents the sole known method for
achieving the conversion.

Despite the algorithm’s double-exponential complexity, we achieved strong overall
scalability by leveraging its inherent parallelization. Our benchmarks demonstrate
that the tool can handle real-world pLTL formulas with up to 12 to 18 temporal
operators and 4 to 6 atomic propositions. This is a significant improvement, as
current tools often cannot even convert such formulas to an undeterministic w-
automata. Examples like benchmark cases A.22 and A.23 in the appendix illustrate
this capability.

In conclusion, this tool offers a relatively effective and often the first known feasible
solution for converting pLTL formulas.
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1.6 Thesis Outline

The thesis is structured as follows:

Chapter 2 introduces the related work, covering the history of research on (p)LTL
and w-automata.

Chapter 3 presents the theoretical concepts used in this thesis, which are essential
for understanding both the algorithm and our implementation.

Chapter 4 outlines the implementation and evaluation methods, including the
features we implemented, the data we collected, and the approach we used to analyze
the results.

Chapter 5 discusses the results of evaluating and comparing the implemented tool
with other existing tools.

Chapter 6 provides the conclusions drawn from the study.
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Related Work

2.1 w-automata

In 1961, Biichi formally introduced the Biichi automaton, which accepts infinite
sequences [21]. This marked the beginning of the theory of w-automata, establishing
the foundation for reasoning about properties of infinite execution paths. In the
late 1960s, Biichi and Landweber applied w-automata to solve the reactive system
synthesis problem proposed by Church, thus paving the way for the integration of
infinite game theory and automata theory [3].

2.2 Linear temporal logic(LTL)

Amir Pnueli [23] introduced LTL as a framework for reasoning about temporal
properties, which has since become foundational in system verification.

2.3 LTL and w-automata

In 1986, Vardi, Wolper, and colleagues developed the automaton-based method for
LTL verification: converting an LTL formula into an equivalent Biichi automaton
[29], performing a Cartesian product with the state space of the system, and then
checking for a violating path within the resulting automaton to determine if the
property is violated. These works established the paradigm of reducing the logic
verification problem to a language acceptance problem involving w-automata.

In 1995, Holzmann et al. introduced a conversion tool for transforming LTL for-
mulas into Biichi automata [17], allowing users to directly use LTL formulas as
specifications.

In 2001, Gastin and Oddoux proposed a more efficient algorithm, 1t12ba [12], for
converting LTL to Biichi automata, which significantly improved the performance
of practical tools.

6
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2.4 LTL and w-automata in Formal Methods

Pnueli and Lichtenstein proposed the first LTL model checking algorithm in 1985,
based on a representation construction (tableau technique). While this algorithm is
exponential in time with respect to the size of the formula, it is linear in time with
respect to the size of the model (state space) [18].

The construction of the complement of general non-deterministic Biichi automata is
highly complex, and efficient methods have long been lacking. In 1988, Safra intro-
duced the famous Safra decision algorithm, which can convert any non-deterministic
Biichi automaton into an equivalent deterministic Rabin automaton.

Although this algorithm is complex [26], it provides a feasible path from non-
deterministic to deterministic w-automata, enabling complete operations on w-automata,
such as complement and inclusion checks. In the same year, Rosner and Roni ap-
plied LTL to reactive module synthesis, proposing a framework for automatically
synthesizing system modules that satisfy specifications derived from LTL [25]. These
advancements expanded the application areas of w-automata and LTL.

In 1989, Holzmann released the renowned SPIN model checker [16], whose first
complete version enabled the automatic verification of concurrent systems. SPIN
allows users to express properties through both LTL formulas and “never claims,”
which are subsequently converted to w-automata and utilized in the model checking
process.

Courcoubetis and Yannakakis generalized LTL model checking to discrete-time Markov
chains (DTMC) [6], focusing on qualitative (probability 1 or 0) linear temporal prop-
erties. They demonstrated the theoretical feasibility of this approach by converting
LTL into a deterministic w-automaton (eliminating nondeterminism) and analyzing
its feasibility. This work laid the foundation for the later analysis of probabilistic
systems based on w-normal (LTL) specifications.

2.5 LTL with past (pLTL)

Past-time Linear Temporal Logic (pLTL) extends Linear Temporal Logic (LTL) by
incorporating past-time operators, which makes it easier to express specifications
about the past and thus enhances its practical utility.

Lichtenstein, Pnueli, and Zuck introduced past-time connectives, significantly im-
proving the usability of LTL and simplifying the specification of certain properties
[19].

Moreover, Markey demonstrated that pLTL can be exponentially more succinct than
standard LTL, meaning that some properties, which would require exponentially
large formulas in LTL, can be represented more compactly in pLTL. These findings
underscore both the theoretical and practical advantages of incorporating past-time
operators in temporal logic [20].
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2.6 pLTL to w-automata

Following the introduction of pLTL, early attempts were made to translate this ex-
tended logic into w-automata. One of the initial approaches was a “declarative”
construction by Lichtenstein and Pnueli, introduced in [19]. This method involved
building all possible states of the automaton upfront, based on maximal consistent
subsets of the input formula’s subformulas. Rather than providing a practical algo-
rithm for automaton construction, this approach served more as a decision procedure
for complexity analysis.

Another technique involves using alternating automata as an intermediate step in
the translation from LTL (including pLTL) to non-deterministic Biichi automata.
Alternating automata extend non-deterministic automata by allowing both existen-
tial and universal branching in their transitions. For LTL with past, researchers
have employed two-way very-weak alternating automata (2VAA), which can make
transitions based on both the future and the past of the input word. The work of
Dax and Klaedtke [13] adopts this approach. While the initial translation to an al-
ternating automaton often results in a size that is linear in the length of the formula,
the subsequent conversion to a non-deterministic automaton can be computationally
expensive and may still lead to an exponential increase in the number of states.

The most recent algorithm, proposed in Azzopardi, et al’s work [1], can directly
produce deterministic Rabin automata, which this thesis aims to implement and
evaluate.

2.7 Gap Analysis

As mentioned above, for converting LTL /pLTL to w-automata, the industry has pro-
posed and implemented several algorithms. However, none of these implementations
support both past operators and direct deterministic w-automata output.

The following table presents a comparative overview of existing research and the
objectives of this thesis. To maintain focus, only the current state-of-the-art work
is included for each type of conversion.

Table 2.1: (p)LTL to w-automata conversion methods

Past Deterministic
Introduced In Operator Implementation
Result?
Support?
Fast LTL to Biichi Automata Translation [11] | No No 1t12ba
From LTL to deterministic automata [9] No Yes 1tl2dra
LTL wztﬁ past and two-way very-weak Yes No plt12ba
alternating automata [14]
A Direct Translation from LTL with Past . .
to Deterministic Rabin Automata [1] Yes Yes This thesis
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Theory

This chapter presents the theoretical concepts used in this thesis. The descriptions
are brief but essential for understanding the implementation and evaluation of the
algorithm.

The chapter includes the following content:

o Section 3.1 defines infinite words, which can be used in practice to model
events in a system. We also define Linear Temporal Logic with Past
(pLTL), a modal temporal logic that incorporates modalities referring to both
past and future time. We describe its syntax and semantics. In practice, pLTL
is intended to specify system properties.

e Section 3.2 introduces the concept of w-automata, including their acceptance
conditions. These automata are widely used in various formal method tools.

e Section 3.3 introduces the abstract algorithm targeted for implementation,
including the necessary concepts introduced by the original paper [1] that
describe this algorithm.

3.1 Infinite words and LTL with Past (pLTL)

3.1.1 Infinite words

An infinite word w over a non-empty finite alphabet > is an infinite sequence
09,01, ... of letters from 3.

For example, for ¥ = {p, q}, possible letters are oy = {}, o1 = {p}, 02 = {¢} and
o3 = {p,q}, and a word w can be og, 01, 00,07, .

Sometimes we need to explicitly write sets of letters, for example {og, o1} or {{}, {p}}.
Letter sets can also be expressed using boolean expressions, such as —¢q in the last
example, to make it more concise. This boolean expression notation is especially
beneficial within automaton diagrams, which will be presented subsequently.
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3.1.2 pLTL Syntax

Given a non-empty finite set of propositional variables AP, the well-formed formulae
1 of pLTL are generated by the following grammar:

ve=T[Llpl g [oAd Ve ] Xe | U | Y [ Sy

where p € AP.

3.1.3 pLTL Semantics

Given a formula 1, a natural number ¢, and an infinite word w which the t¢-th
element is oy, we write (w,t) = ¢ to denote that w satisfies ¢ at index ¢. Or in
other words, 1 holds on time ¢ when given word w.

(w,t) =T

(w,t) £ L

(w,t) Epiff p € oy

(w,t) |~ iff (w,t) o

(w, ) EYAQiff (w,t) =1 and (w,t) = ¢

(w,t) EvVoiff (w,t) 4 or (w,) ¢

(w,t) = X iff (w,t+1) =

(w,t) E Yy iff t >0 and (w,t —1) E 9

(w,t) EyvUg iff Ir > t.((w,r) = ¢ and Vs € [t,r).(w, s) E ¢)
(w,t) = YSe iff Ir < t.((w,r) E ¢ and Vs € (r,t].(w, s) = 1)

The semantics of T, L, p, =), ¥ A, V1 should be familiar for the target readers.
For the other 4 temporal operands, informally:

(w,t) = Xt means v holds for neXt state, this is part of the standard LTL.

(w,t) = Y means ¢ holds for last (Yesterday’s) state, note Y does not hold at
t=0.

(w,t) E %S¢ means 1 remains holding Since ¢ happened, and it additionally
requires that ¢ did indeed occur at some point in the past.

r (past) t (now)

| |
\ I

) (G

~

10
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S is dual to U in standard LTL. Specifically, (w,t) = ¥ U¢ means 1) holds now, and
will remain holding Until ¢ happens, further requiring that ¢ will indeed happen at
some point in the future.

t (now) r (future)

} |
I \

(03 ¢

~

There are also some operators which can be derived from those:

Fp:=TUp Op := TSy Gy = -F-¢p
Hyp = -0—-y YW = Uy V Gy ©Sv = S vV Hy
oMy :=vU(pAY)  eBy :=9yS(p A1) PR == Yy W(p A1)
©BY = S(p A1) Yo:=YpoVv-YT
==V po = (=)AW@

(w,t) E Fi¢ means ¥ will hold in the Future, or ¢ eventually holds.

(w,t) E Gt means ¥ holds Globally, or ¢ always holds. Except its definition, G
is also equivalent with ¥yW _L.

(w,t) = Oy means ¢» Once holds.
(w,t) = Hy means ¢ Historically holds.

(w,t) E ¢Bt means ¥ remains holding Back to ¢ happened, and it additionally
requires that ¢ A ¢ did indeed occur at some point in the past.

r (past) t (now)

@b‘mﬁ (0 |

~

B is dual to M in standard LTL. Specifically, (w,t) = ¢YM¢ means ¢ holds until
some time 1 A ¢ holds at the same time. And it requires that 1) and ¢ will indeed
happen at some point in the future.

t (now) r (future)
\ |

| ¥ Yy

~

M is the “strong” or Mighty version of R. R is just like M but does not have the
requirement that ¢ and ¢ will happen at some point in the future.

11
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Similarly,

W is the “weak” version of U, which ¢W1 does not require ¥ will happen in the
future.

Y is the “weak” version of Y, which holds at the ¢ = 0.

S is the “weak” version of S, which 1S¢ does not require ¢ occured in the past. It
also holds at the t = 0.

B is the “weak” version of B, which ¥B¢ does not require ¥ A ¢ occurred in the
past. It also holds at ¢t = 0.

These operators are referred to as “weak” (or “strong”) because they accept a slightly
larger (or smaller) set of words when compared to their “strong” (or “weak”) coun-
terparts.

The semantics of — and < should be familiar for the target readers.

3.2 w-automata

An w-automaton over an alphabet ¥ is a quadruple (Q, Qy, 6, ), where
e () is a finite set of states

e Qo € @ is a non-empty set of initial states

§€Q x Y — 29is a (partial) transition function
e « a set constituting its acceptance condition, which we will introduce later.

In the case where |Qy| = 1 and |d(¢g,0)] < 1 for all ¢ € @ and all ¢ € X, the
automaton is called deterministic. For deterministic automata we can write § :

QXX —Q.

Determinism is useful when doing probabilistic model checking and program syn-
thesis because it provides an unambiguous set of actions for any given input.

Given an w-automaton A = (Q, Qo,d, ) and an infinite word w = 0y, 01, ..., both
over the same alphabet, a run of A on w is a sequence of states r = rg, 71, ... of Q)
such that ro € Qo and 1,41 € §(ry, 0;) for all i < 0.

Given such a run 7, we write Inf(r) to denote the set of states appearing infinitely
often in r.

12
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3.2.1 Acceptance conditions

There are many different types of acceptance conditions for w-automata[l0]. In
this thesis, we will use only three of them: Biichi acceptance condition, co-Biichi
acceptance condition and Rabin acceptance condition. !

3.2.1.1 Biichi acceptance condition

A Biichi acceptance condition is a set @' C (), which means the automata accepts
the infinite word w iff there exists a run r on w such that Inf(r) N Q" # &. We call
an w-automata with Biichi acceptance condition a Biichi automaton.

In a less formal way, a Biichi automaton accepts a word if, given the word, there
exists a run which visits (one of) the accept state(s) infinitely often.

We can observe that Biichi automata are good at representing the fact that “some-
thing is guarantee to happen”.

For example, the following w-automaton with a Biichi acceptance condition accepts
a word in which p eventually exists, which corresponds to the LTL formula Fp.

[Biichi]

3.2.1.2 co-Biichi acceptance condition

A co-Biichi acceptance condition is dual to a Biichi acceptance condition. It is also
a set ' C @, which means the automata accepts the infinite word w iff there exists
a run r on w such that Inf(r) N Q" = @. We call an w-automaton with co-Biichi
acceptance condition a co-Biichi automaton.

In a less formal way, a co-Biichi automaton accepts a word if, given the word, there
exists a run which visits the accept state(s) only finite times.

We can observe that co-Biichi automata are good at representing the fact that
“something would never happen”.

For example, the following w-automaton with a co-Biichi acceptance condition ac-
cepts a word in which p always exists (or, =p never exists), which is corresponding
to the LTL formula Gp.

INote in our work, we use state based acceptance conditions, which means that the accep-
tance set is a (or several) set(s) of states. Some tools like Spot [8] may produce transition based
acceptance conditions with the same names, and equivalent with the state based versions.

13
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3.2.1.3 Rabin acceptance condition

A Rabin automaton has a set of subsets R C 29 x 2% as acceptance condition, and
accepts w iff there exists a run  on w and a pair (A, B) € R such that Inf(r)NA = @
and Inf(r) N B # .

We call an w-automaton with Rabin acceptance condition a Rabin automaton.

In a less formal way, a Rabin automaton has several pairs of state sets, and it accepts
a word if, given the word, there exists a run and a pair (A, B), where the run visits
the states in set A finite times, and the states in set B infinite often.

We can observe that Rabin automata combine the benefits of Biichi and co-Biichi
automata.

A benefit of introducing Rabin automata is, a deterministic Rabin automata can
recognize all w-languages, meanwhile deterministic Biichi and co-Biichi automata
are strictly weaker[26].

For example, the following w-automaton with Rabin acceptance condition is corre-
sponding to the LTL formula GF(p — Gq).

Fin(0) & Inf(1)
[Rabin 1]

p&q

You cannot find an equivalent deterministic Biichi or co-Biichi automata.

14
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3.3 Abstract Algorithm

This section describes the abstract algorithm that has been implemented.
It covers the following content:

e Section 3.3.1 introduces the necessary preprocessing steps to be performed
on the pLTL formula, which are essential for the subsequent parts to function
correctly.

e Section 3.3.2 introduces the concepts employed by the algorithm to encode
information that an automaton may have already processed. This information
is used to check whether a part of a pLTL formula is satisfied in the future.

¢ FBach section of Section 3.3.3 to Section 3.3.6 details the construction of a
sub-automaton or a set of sub-automata.

e Section 3.3.7 explains the process of merging these sub-automata into a single
deterministic Rabin automaton.

3.3.1 Preprocessing

The algorithm requires the pLTL formula to be in its negation normal form, specif-
ically without the operators F,G,O and H. This means that all instances of these
operators are eliminated using the previously mentioned equivalences, and negations
(=) are pushed down through the formula to the atomic propositions, utilizing the
following equivalence relation:

-7 =1 - 1l=T
“(YAE) =V g (Y VE) = AE
~(PUE) = (=¢)R(E) ~(YRE) = () U(=¢)
~(YWE) = (~y)M(=E) ~(PME) = ()W (=¢)
~(¥S¢) = (~¢)B(=¢) ~(¥BE) = (—)S(=¢)
~(¥S¢) = (~)B(~¢) ~(VBE) = (—¢)S(~¢)
~(Yv) = Y(-w) ~(Y9) = Y(-v)
(X)) = X(=)

15
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3.3.2 Encoding the past

For constructing automata for pLTLs with the past-related operators (Y, S and
B), we need to “remember” some history information, thus, we need to define the
following three functions:

3.3.2.1 Past Rewriting

We can define a pair of functions (—),, and (—)s to represent the weakening and
strengthening of past formulas:

(Y¢)w = Yw (wS€>w = wgf (ng)w = ¢B£
(Yep)s := Y (¥SE)s == ¢S¢ (vB¢), == ¢BE.

For all other cases we have 9, := ¢ and ¢ := .

3.3.2.2 Rewriting under past formula sets

We can rewrite a formula recursively with a set of formulas.

a(C) :=a (a is atomic)

P ¥ 6‘0) (op is unary)
otherwise)

(

(
C)op&(C))w (Yopf € C)

op&(C))

< bi
C))s (otherwise) (op is binary)

Informally, the purpose of this rewrite function is to weaken the past subformulas
in a formula, provided the subformula is an element of the set C, and strengthen
the rest past subformulas.
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3.3.2.3 Future Rewriting

For future operators we have also regarded U and M as strengthened froms of W
and R. We denote subformulas of ¢ whose syntax trees are rooted with W or R as
v(p) and subformulas of ¢ whose syntax trees are rooted with U or M as u(p).

We can also define rewrite functions for these future subformulas:

a[M], = a (a atomic)
(op¥)[M], := op (V[ M],) (op unary)
(Y op&)[M],, = (Y[M],) op (€[M],) (op € {W,R,S,S,B,B, A, V})
_ JWIM) W (¢[M],) (pUE e M)
WUe)M], = {J_ (otherwise)
_ JWIML)R(EM],) (yMEe M)
(W ME)M], = {J_ (otherwise),
a[N], :=a (a atomic)
(0p)[N] := op (Y[N],) (op unary)
(¥ op )Ny := (Y[N]u) op (§[N]) (op € {U,M,S,S,B,B,A,V})
)T (YWEeN)
(W WEIN {(1/1[]\[]#) U (¢[N],) (otherwise)
_ 7 (WREEN)
WROIN, {wwm M(¢[N],) (otherwise).

3.3.2.4 Weakening conditions

Take 1S¢ as an example. If £ is satisfied at the current time point, then it is
sufficient to check whether /'S¢ holds starting from the next time point.

Conversely, if 1)S¢ is already satisfied, then if either & or 1 is satisfied, its weak form
can continue to be checked at the next time point.

Similar situations exist for Yt and ¢¥BE.

So we can define a function we, which shows when we can weaken a formula:

we(Yi) = ¢ we(yS€) = ¢ we(yBE) ==Y A€
we(Y) = ¢ we(S€) ==Y v € we(yBE) = ¢.

3.3.2.5 (local) after function

The local after function is defined as:

17
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afy(T,0,C) =T
afy(L,0,C) =1
afj(p,0,C) :=if (p € ) then T else L
afj(-p,0,C) :=if (p € o) then L else T
af) (X1, 0,C) := py (¢, 0,C)
afy(Y¢,0,C) = L
af)(Y,0,C) =T
af)(Yop&,o,C) = afi(,0,C) opafi(§,0,C) (op € {A,V})
af)(Yop€&,o,C) = afi(&,0,C) Vafy(v,0,C) Apu, (v op§,o,C) (op € {U,W})
afy(Yop&,o,C) = afi(§,0,C) A (afy(v,0,C) V puy (Y op&,o,C))  (op € {R,M})
afi(Yop€,0,C) = afi(we(yop§),o,C) (op € {S,S,B,B}),
where

pu(p,0,C) :=p(C)An A\ afi(we),0,C)
pepsf(p)NC

In the context of reading the initial letter o of the word w, the local after function
separates the formula into two parts: one can be fully evaluated to T or L using o,
and parts that can only be partially evaluated using o.

We also define the after function:

af(p,0) = \/ afi(p,0,0)

C'e2pst(ep)

This is simply the disjunction of all local after functions, with C' iterating through
every subset of past subformulas of ¢ (denoted as psf(y)).
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3.3.3 Weakening Conditions automaton

Just as in the paper that introduced the algorithm [1], for the remainder of this
section, we will consider a fixed formula ¢ that is to be translated into a Rabin au-
tomaton, and a fixed ordering C, Cs, . . ., C), of the elements of 2P%'(¥). For simplicity,

we assume that C; = {¢ € psf(p) | ¥ = 1y, }.

The first automaton constructed by the algorithm tracks the development of weak-
ening conditions under rewrites of the local after function. Its states are k-tuples of
formulas, denoted as ¢* = (¢1, 1y, ..., 1), where k equals 2'2Psf®)) with ¢ as the
original pLTL formula to be transformed. Each element in this tuple describes the
requirements that remain to be verified in order to justify a sequence of rewrites.

The transition function is defined as:

Vi ="\ (afl(¢j70,oi<0j>)/\ N\ afi(we(E(Cy)), 0, C,-(C’ﬁ))

Jj€Ji §ed;

where

Jii=A{j € [L.E]| V€, & € psf(p).£(Cy) = £(C;) = &(Cs) = £(Ci)}

The initial state Sy is the k-tuple (T, L,--- 1).

This automaton has no acceptance state, but other automata’s transition function
depend on this one.

3.3.4 Guarantee automata

This family of automata verifies the “guarantee” part of a pLTL formula.

Given a formula ¢ € u(y) and set N C v(y), we have the transition function:

Vien.x) F@{C)[N(Ci)]u) ANGIN(C)] (€~ T)
af(¢, o) (otherwise),

6(¢,&%,0) 22{

an initial state Qo := F(¢[N],), and a Biichi acceptance condition o := T,
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3.3.5 Safety automata

This family of automata verifies the “safety” part of a pLTL formula. It is dual to
the guarantee automata.

Given a formula ¢ € v(yp) and set M C u(p), we have the transition function:

Viep.n GW(CHIM(Ci)ly) NGIM(C)], (¢ ~L)

5(C7€X7 U) = {af({, O') (otherwise),

an initial state Qo := G(¥[M],), and a co-Biichi acceptance condition o := L.

3.3.6 Stable automata

This family of automata is to “guess” an index at which w is stable (all subformulas
that should be eventually satisfied are infinitely often satisfied, and all subformulas
that should be almost always satisfied would never fail to be satisfied) with respect
to ¢, starting with the guess that it is initially stable.

Given a set M C pu(y), we have the transition function:

(af(4), 0), Viep.x af(4, o) [M(Ci)], A &GIM(Ci)]w) (€ ~L)

6((,(), &, 0) == {(af(w,U),af(C,U» (otherwise)

an initial state Qo := (¢, ¢[M],), and a co-Biichi acceptance condition « := (—, L).

3.3.7 Final Rabin automata

For each M C pu(p) and N C v(y), we can construct a Rabin automaton with one
Rabin acceptance pair like this:

BM,N = ﬂ B}Z\); CM,N = ﬂ C}(j[ (31)
YeM PYEN
Rga,M,N = C¢7MQBM7NQCM7N (32)

And the final result is a union of them all.

Apra(p) = U RN

MCpu(p)
NCv(p)
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4

Methods

This chapter provides a detailed description of the algorithm’s implementation, sub-
sequent optimizations, and its empirical benchmarking.

e Section 4.1 introduces the implementation process and the optimizations
performed. This includes modifications made to the algorithm for increased
efficiency, along with a description of the data structures and specific algo-
rithms utilized in the implementation.

o Section 4.2 will outline the benchmarking methodology employed for the pro-
gram. This encompasses how the pLTL formulas were collected or generated,
and the intended purpose of the collected data.

4.1 Implementation and optimization
We implemented the automaton construction algorithm described in Chapter 3.

To achieve a balance between ease of implementation and performance, Rust was
chosen for its development.

The resulting product is presented in three forms:

o Important functions and data structures is exported as a Rust library, enabling
their use by other projects.

o A Command Line Interface (CLI) binary executable program pltl2dra was
built, featuring an interface similar to tools found in Spot [8].

« An online version was developed by exporting the library into a WebAssembly
format. This version is primarily intended for demonstration purposes.
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The implementation process can be described by the following flowchart:

PLTL Basic

Y

after function
rewriting
weakening conditions

Y

‘ Weakening Conditions Automaton

4 \

Guarantee Automata] [ Safety Automata ] [ Stable Automata

Y /

[ Final Rabin Automata ]

This directly corresponds to the implemented program’s architecture:

pLTL l

Parser

pLTL in Abstract syntax tree(AST) form
\4

Preprocess

simplified pLTL without F, G, O and H

\

C,M,and N sets

Precalculating

4

Weaking conditions automata
constructor

L v

Guarantee automata Safety automata Stable automata
constructor \ constructor constructor

Output
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4.1.1 pLTL Basics

This section describes the infrastructure required for parsing, manipulating, simpli-
fying, and formatting pLTL formulas.

4.1.1.1 pLTL Parser

A parser combinator-based parser was implemented using nom [5]. To mitigate
unnecessary backtracking, a cache for internal results was used.

4.1.1.2 pLTL Abstract Syntax Tree Representation

It is observed that the following operations need to be performed on pLTL formulas:

+ Rewriting under past sets, specifically flipping operators between Y, S, B and
Y,S,B.

o Rewriting under p and v sets, specifically flipping operators between U, M
and W, R.

o Performing A and \/ operations on numerous pLTL formulas.

4.1.1.3 Atomic propositions’ representation

For atomic propositions, these are represented as integers, a practice common in
many other tools [8]. The benefit of this approach is that an input set can be
represented efficiently as a bit set.

For instance, if atomic propositions ‘p’ and ‘q” are mapped to 0 and 1 respectively,
then an input set {p} can be represented as 0b01, {p, ¢} as 0b11, and {} as 0b0O.

4.1.1.4 Representation of subformulas rooted by past operators

The properties of subformulas rooted by past operators (Y, S, B and Y.S, B) are
the operator itself and its subformulas.

However, we have opted to assign each such subformula a unique integer ID.
The benefits of this approach include:

o (' sets can be represented efficiently with a bit set. With the ¢-th bit stand
for whether the past formula labeled by ¢ exists in the set. Note that this
representation causes the indexing of C sets used in the implementation to
differ from that presented in the theoretical section. In the implementation
the index of C sets starts from 0 instead of 1, and C; does not have to be

{1/} epst(p) | ¢ = ww}

o It allows us to “skip” some of the rewritings under past sets. The mechanism
and rationale for achieving this will be explained subsequently.
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Furthermore, instead of treating them as entirely distinct operators, the strong and
weak versions of a past operator are distinguished by employing a dedicated bit (1
for weak). This provides the advantage of being able to set or reset a bit when
performing rewrites under sets, a process that will be covered later.

4.1.1.5 Representing of subformulas rooted by U/W or R/M

Similar to past subformulas, W is regarded as the weaker form of U, and R as the
weaker form of M. A dedicated bit is used to distinguish between them. In other
words, for each entry in the following table, the operators are represented as the
same underlying operator, accompanied by a bit indicating its strength.

Weak | Strong
W U
R M

The benefit of this approach is the ability to set or reset a bit during p and v
rewrites, a process that will be discussed later.

4.1.1.6 Representation of A and V

The naive approach of representing A and V were to represent them in the same
manner as other binary operators, such as U or R, specifically as a tree node
with two sub-trees as its children. However, this approach soon presented several
problems:

The naive approach for representing A and V involved treating them similarly to
other binary operators, such as U or R, specifically as a tree node with two sub-trees
as its children. However, this approach soon presented several problems:

e Given that numerous formulas are typically connected by A and V, treating
them as normal tree nodes tended to generate deeply nested data structures,
leading to suboptimal performance.

o It proved challenging to efficiently determine the equivalence of two A or V
nodes when represented in this way. For example, efficiently deciding whether
pA(GNA(rAs)), (pAg) AN(rAs),and ((pAq) AT) A s are equivalent would be
troublesome.

To overcome these issues, a vector containing all sub-parts connected by these op-
erators is utilized. When comparisons are necessary, all nested values are flattened,
and these sub-parts are ordered to achieve a semi-normal form. This semi-normal
form will be discussed further in the next paragraph.

4.1.1.7 Semi-normal Form

In the paper that introduced the algorithm [1], many constructs are defined un-
der propositional equivalence classes to constrain the state space, but it is difficult
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to judge whether two pLTL functions are propositional equivalent in an efficient
manner.

Instead, we choose to convert the pLTL formulas to a semi-normal form to achieve
a similar result: an approximation of semantic equivalence between pLTL formulas.

To obtain the semi-normal form of a pLTL formula, a rewriting system with the
following rules is applied:

Yl=1 YT=T
X1l =1 XT=T XYp=9¢
1Up=¢ oUT=T oUp=¢ UL=1 eU(pU¢) = ¢Up
IWp=¢pp oWT=T oWp=¢ TWe=T (¢pW¢p)W¢o = pWo
IMp=1 TMp=¢ eML=1 oMp=¢p (pMop)M¢p = oMo
¢RT=T TRy=¢ ¢RL=1 ¢Rp=¢ ¢R(¢Re)= ¢Ro
eSL=1 1Sp=¢ ¢Sp= ¢
oSST=T 1Sp=¢ TSp=T ¥Sp = ¢
¢Bl=1 TBp=¢ 1Bp=1 ¢Bp=¢
eBlL=1 ¢BT=T TBp=y ©By = ¢

For A and V operations, an array of pLTL formulas is denoted by X, I', and II. The
order of these pLTL formulas can be arbitrarily defined.

In practice, the last two rules for A and \ are implemented by sorting and uniquify
the content array.

Nl = NS, L,T] = AD.T.T] = AS,
/\[E,/\[F],H];»/\EFH A, @, 0. ]:s/\z o1 S, 6, 0,11] “”:“@/\[zw, 1]
Vigl = VIE,T,T] = VI, LT =VIE,
\V[Z AL :v =.0,0 Ve, 1:\/ 2,010 VIS, 60,1 £2 VS, ,6,11

Note: We do not convert the formulas to conjunctive normal form or disjunctive
normal form here, as doing so may substantially increase the size of the formula.
4.1.2 Operations on pLTL formulas

4.1.2.1 Rewrite under sets

Since the semantics of rewriting under sets is setting the subformulas in the set to
weak, and we have labeled past subformulas with ids, it is possible to represent past
subformula sets with bit sets.
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For example, say we have ¢ = Y (pS(¢Br)), and we labeled ¢Br as 0, pS(¢Br) as 1
and Y (pS(¢Br)) as 2. For the past subformula set {¢Br, Y (pS(¢Br))}, we represent
it as 00101, and for set pS(¢Br) it’s 006010.

When performing rewriting, one can simply traverse the pLTL syntax tree and
directly set the weak/strong state to the corresponding bit. Continuing with the
example, suppose we want to rewrite Y (pS(¢Br)) with {¢Br, Y(pS(¢Br))}. We
begin at the root, the first past subformula we found is the past subformula with
label 2, and since it is in the set (0b101), it should be rewritten to Y. Next, for
pS(¢gBr), whose label is 1, it is not present in the set, so it is strengthened; as it is
already in its strengthened form, no change occurs. We then encounter ¢Br, whose
label 0 is in the set, and it is subsequently weakened. Finally, the result obtained is

Y (pS(¢Br)).

4.1.2.2 M/N Rewrite

Similar to rewriting under sets, we simply traverse the pLTL syntax tree. If a
syntax tree node is rooted with U, M or W, R, it would be set to T, L, or its
strength-representing bit would be adjusted accordingly.

4.1.2.3 (local) after function

During automaton construction, it is common to calculate (local) after functions
with varying input letters or past subformula set. Additionally, some subformu-
las” (local) after functions are utilized repeatedly in the construction of different
automata.

An apparent solution involves implementing a cache that maps a tuple (pLTL for-
mula, letter, weaken state set) to the corresponding local after function result.
However, when the original pLTL formula is large, such a cache structure tends
to consume a significant amount of memory and may require extended time for
both building and querying. This limitation restricts the size of pLTL formulas that
can be processed by the program.

Notice that when calculating the local after function of a pLTL formula, it may be
necessary to compute the local after function for its subformulas. If this is done by
strictly following the definition of the local after function as described in the theory
section, even if certain letters are not used in a subformula, the corresponding result
must still be calculated.

For example, when calculating the after function for:

¢ = (g0 A g1) A G(F(-10Sg0)) A G(F(-r1Sg1))

under all 16 possible input o (from 060000 to 0b1111), we will have to disjunct
afi(p, 0, C) for all 4 possible past subformula sets (which can be {}, {-0Sgo},
{=71S91},{-7r0Sg0, 7r1Sg1}). Thus, we are required to compute the local after
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function on ¢ under 64 distinct settings. However, recalling the definition of the
local after function, one part of calculating af; (¢, o, C') involves computing af;(—=(go A
g1),0,C). It may be noticed that:

o The local after function value of this subformula depends on only two variables.

o This subformula does not contain any past subformulas; therefore, the selection
of C does not affect its local after function value.

This implies that there are actually only four meaningful settings for this particular
subformula. It is not necessary to perform calculations for all 64 settings.

To optimize the performance of (local) after function calculations in such cases, a
specialized cache data structure was designed.

The fundamental idea is to build a two-level hash map. The first level maps each
formula to a CacheItem entry, which contains:

e A mask indicating which variables are present in the formula.
o A mask indicating which past subformulas are present in the formula.
o A hash map from (variable IDs, past subformula IDs) to the af; result.

Building the cache for a past formula follows the algorithm described in the pseu-
docode in A.2.1. This process involves calculating af; for every subformula of ¢ in
a bottom-up manner.

When calculating afj(p, o, C'), the build_local_past_function_cache function is
first applied to ¢ to construct a cache for all its subformulas.

Then, by querying for (c&atom_mask, C&past_st_mask) (accessed via the CacheItem’s
get method), the desired result is directly retrieved. Furthermore, even if afj(p, o, C)
must be computed for every possible o and C pair, the cache needs to be built only
once.

For the previous example, let’s say we assign IDs for variables as follows:

Variable | id
9o 0
q 1
To 2
T1 3
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And past subformulas as follows:

Past subformula | id
{~70Sgo} 0
{_Vf’l Sgl} ]_

Then, in our solution, the cache structure might appear as follows !:

] Past .
Formula Variable subformula Variable C set | afl Result
Mask Values
Mask

0b0000 0b00 | T

(g0 A g1) 0b0011 | 0b0O 8E88(1)é 8388 1
0b0011 0b00 | L
0b0000 0b00 | G(F(—-r0Sg0)))
0b0001 0b00 | G(F(—roSgo)))
0b0100 0b00 | F(—=r¢Sgo) A G(F(—r0Sg0)))

= 0b0101 0b00 | G(F(—7¢Sg0)))

0b0001 0b01 | G(F(—7¢Sg0)))
0b0100 0b01 | L
0b0101 0b01 | G(F(—7¢Sg0)))

Say if we are calculating afy(G(F(—r¢Sgo0)), {90, 91,71}, {~70Sg0, ~r1Sg1}) (which
o = 001011, C' = 0b11), we just query the entry (061011&060101,05611&00601) =
(060001, 0001), and the result G(F(—r¢Sgo) is just what we want.

4.1.3  M(C)

A optimization similar to the one applied in calculating the local after function, is
also utilized in the pre-calculation of M (C;), which is employed during the construc-
tion of stable automata.

It is observed that, for a given M, the values of M (C};) sets depend solely on those
C; sets whose elements are all part of one of the subformulas within M.

Therefore, instead of rewriting all M with all C;:

« For any p subformula v, its past subformula set C; is calculated. All such
j’s can be stored in a bitset mask, referred to as J. Note that for any ),

INote that in the actual implementation, G and F operators in formulas are represented us-
ing U and W with T or L as one of their operands; for example, G(F(—r¢Sgp))) is actually
(TU(=r0Sgp))W_L. We use G and F here purely for simplicity.
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P(C;) = (C;&J), which allows us to cache only the 1 (C}) results.

» We can construct M (C;)s with all ¢(C;)s. Consider a scenario where My(C;)
is already known. We can then get (M, U {¢})(C;), where ¢ ¢ My, by:

— If My(C;)’s bit mask is J¢, and ¢’s bit mask is Jy, then (MoU{¢})(C;)’s
bit mask becomes Jg,|Jy. This indicates that the C' items “in” ¢ are
taken into consideration.

= (Mo U{})(Ch) = Mo(Cy) U{p}(Cs) = Mo(J,&Ci) U{}{Jp&C5). Con-
sequently, we can cache only those results where C; is a subset of J¢|Jy,
and these results can be readily computed using the known My(C;) and

»{(Ci).

For example, when transforming the pLTL formula F(pSq) V F(rBs), past subfor-
mulas are labeled as follows:

Past subformula

id

PSq
rBs

0
1

And p subformulas are:

Past subformula

F(pSq)
F(rBs)

First, we calculate the ¢ (C})s, which are also the results for single-element M sets:

1 subformula

»(C;) result

(only element in M set) Past subformula mask | © set (only element in M (C;) result)
0b00 | F(p S q)
F(p S b01
(S a) 0b0 0b01 | F(pSq)
0b00 | F(r B s)
FrBs) 0b10 0bl0 | F(rBs)

Then combine them to form the results for M sets containing more than one element.

M set Past subformula mask | C set | M(C;) result
0b00 | {F(pSq),F(rBs)}
0b01 | {F(pSq),F(rBs)}

F(pSq), F(pB b1l 2
0bll | {F(pSq),F(rBs)}
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Here, for example, the result for C' =0b01 is calculated using the formula:

({F(»Sq)} U{F(rBs)})(Cobor)

)
={F(pSq) }{Covo1) U {F(rBs) }{Cono1)
—{F(pSq)}{0b01&0b01) U {F(rBs)}(0b01&0b10)
—{F(pSq)}{0b01) U {F(rBs)}{0b00)
(rSq)

={F(»Sq),F(rBs)}

4.1.4 Saturated C sets

Recall that in the construction of the weakening conditions automaton, it is required
to compute saturated C' sets:

Ji = {j € [L.E] | V€, £ € pst(p).£(C)) = £'(C)) = &(Ci) = E(Ch)}

Calculating .J; by definition can be slow, especially when there are many past sub-
formulas.

It has been observed that if two distinct past subformulas can become equivalent
under certain rewrites, it implies that they share the same “shape,” differing only
in the strength of their operators.

For instance, the past su‘?forrriulas that mig@t bgcome equivalent under some rewrites
for Y(pSq) include Y (pSq), Y (pSq), and Y (pSq).

If no past subformula of the same “shape” as & exists within psf(y), then there
would also never exist a £ that could be equal to £ under any C, and this kind of
check can be safely skipped.

To further reduce the computational workload, a bitmask (denoted as masky for
the k-th pair) is used to indicate which pairs of past subformulas share the same
“shape.” For each such pair, a bitmask can be constructed. If, for any masks, the
expression C;&masky, is neither equal to the mask (meaning both subformulas in
the pair are present) nor equal to 0 (meaning neither is present), then the condition
£(C;) = €(C;) would be false, and the actual rewrite and comparison can be safely
skipped?.

2However, if C;&masky, equals the mask or 0, it does not necessarily mean that £(C;) = £/(C;),
since there may be subformulas within &.
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For example, consider ¢ = Y (pSq) A Y (pSq) A (pBg), and assume the past subfor-
mulas are labeled as follows:

Past subformula | id
PSq 0

Y (pSq) 1

PSq 2

Y (pSq) 3

pByg 4

Then, the bitmask for the pair (pSq, pSq) is masky = 0000101, and for (Y (pSq), Y (pSq))
it is mask; = 0b01010.

To check whether C; = {pSq} (0b00001) is saturated with respect to C; = {Y (pSq)}
(0b01000):

« For mask,, since C;&mask; is neither equal to the mask nor 0, this check can
be skipped.

« For masky, note that pSq(C;) is equal to qu(Cj), but pSq(C;) is not equal to
pSq(C;), so j should not be included in J;.

In the other direction, to check whether C; = {Y(pSq)} (0b001000) is saturated
with respect to C; = {pSq} (0b000001):

« For masky, since C;&masky is neither equal to the mask nor 0, the check can
be skipped.

o For mask, since Y (pSq)(C;) is not equal to Y (pSq)(C;), the check can also
be skipped.

As there are no violations, j is included in J; in this case.
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4.1.5 Automata representation & construction

All guarantee, safety, and stable automata, along with the weakening conditions
automata, are internally represented as a struct containing the following:

e A transition map from the current state to a vector of states. The index,
which can be interpreted as a bit set, represents an input word.

¢ An initial state.

e A prediction function, which accepts a state and returns whether it is an
accepting state. For weakening conditions automata, which do not have an
accepting state, this field can always return false.

« An optional accepting type, indicating whether it is a Biichi or co-Biichi
automaton. For weakening conditions automata, this field can be None.

After the program generates these automata, they will be exported in HOA [2]
format with a Makefile. Subsequently, running make will utilize Spot [8] to merge
them (by calculating the product and co-product of these automata) to generate the
resulting automaton.

4.1.5.1 Merging sink states in stable automata

Recall the transition function of the stable automata:

(af(4), 0), Viep. af(e, o) [M(Ci)], A &GIM(Ci)]) (€ ~L)

(¥, (),6%,0) = {(af(w,U),af(C,U» (otherwise)

According to this definition, many states may exist in which the (¢, () component
is identical, while the corresponding £* values differ. For example, in the case of
YYp:

[co-Buchi]
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In this example, four states have (L, 1) as their (¢, () component. As af(L, o) con-
sistently evaluates to L, and L[M], A--- also evaluates to L, these states invariably
transition to another state which first part is (1, L). In other words, such states
cannot be exited to a state with a different (¢, () structure, regardless of the values
in £*. Therefore, all states for which the (¢, () component is (L, 1) can be safely
merged into a single sink state.

For the given example, this optimization yields:

[co-Buchi]

As you may have seen, this optimization greatly reduces the size of the automata.

Similarly, states where the (¢, () component is (T, T) have similar behavior. Such
states will always transition to other states where the (¢, () component is also
(T, T), and therefore can also be merged into a single state.

4.1.5.2 Reusing the Same Guarantee and Safety Automata

The algorithm described in [1] requires the construction of one safety automaton for
each pair of ¥ € v(p) and M C pu(p).

Recall the definition of the transition function of these automatas:

Viep.n GW(CHIM(C)]) A&GIM(CH], (¢ ~1)
af(¢, o) (otherwise)

6(¢,&%,0) 22{

and their initial state Qg := G(¢[M],).
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It is clear that, among all elements in M, only those that are also subformulas of ¥
affect the resulting automaton.

Each item in p(¢) can be assigned an id, and the set M can be represented as a
bitset. A mask-based method, similar to the one used when caching the local after
function, can then be employed to compute only what is necessary.

For example, given ¢ = G(F(p)) V G(F(¢)) and v = G(F(p)), the resulting au-
tomaton is the same for both M = {} and M = {F(q)}.

If the items in u(p) are labeled as follows:

n(e) | id
F(p) | 0
F(g) |1

Then, a cache structure can be constructed as follows:

v(p) id | Mask (Contains u(p) set) | M set Automata
0b00 ({}) Ag
G(F(p)) | 0 | 0bO1 0bo1 &f)(p)}) A,
0b00 Ay
G(F(q)) | 1 | 0b10 0610 ({F(q)}) | 43

To obtain the automaton corresponding to ¥ = G(F(p)) and M = {F(q)} (repre-
sented as 0b10), we first compute the bitwise AND with its mask: 0b10 & 0b01 =
0b00. Then, the result at the corresponding position, which is Ag, is used. This is
the same as the case where M = {}, consistent with the result obtained previously.

A similar optimization can also be applied to the guarantee automata.

4.1.6 Parallelization

We utilize rayon [4], a data-parallelism library, to parallelize several calculations.
Parallelizable tasks are created for situations including, but not limited to, the
following:

o Each pair of ¢ and M sets is assigned to a separate task during the construction
of the safety automaton.

o Each pair of ¢y and N sets is assigned to a separate task during the construction
of the guarantee automaton.

o When evaluating transition functions, the calculation for each letter is per-
formed in its own task.
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o During the construction of the local after function cache, upon encountering
an A or V operator, each child node is forked into a separate task.

Although these partitions are based on rough estimates, aiming to ensure tasks are
neither too small nor too large, the CPU utilization achieved in practice is quite
satisfactory.

For cache structures, such as the cache for the local after function, concurrent
hashmaps and read-write locks are employed to prevent data races. The type system
in Rust significantly aids in ensuring this correctness.

Besides, the make process can also be parallelized by passing -j<thread count>
argument.

4.1.7 Testing

To ensure the tool produces correct results, it is tested against pLTL2NGBA. This
tool constructs a Biichi automaton directly from a pLTL formula using an algorithm
similar to the one implemented in our work. pLTL2NGBA is provided by its author
as Haskell source code, and its construction algorithm is detailed by David Lidell et
al. [7], a subsequent work to [1] that reuses many of its constructions.

For testing, we utilize both all benchmark cases (provided conversion time does
not exceed 30 minutes) and randomly generated pLTL formulas. Once both tools
complete the conversion and save the results as HOA files, the command autfilt
-equivalent-to from Spot [8] is used to verify the equivalence of the resulting
automata.

4.1.8 Design Choices and Alternatives

In this section we will list out some of our most important the design choices we
have made, possible alternatives and the reason we choose current option.

Although these choices were made by the authors based on encountered situations
and personal experience, they often align with existing industry practices due to the
similarity of problems encountered when dealing with (p)LTL and w-automata.

4.1.8.1 Atom propositions and atom proposition set representation

We represent atoms as integers and atom sets as bitsets. The approach of using
integers for atom propositions aligns with many other LTL and w-automata tools,
such as Spot [8].

We used a fixed maximum bitset size of 32 for two key reasons:

o This allows us to represent the bitset as a plain 32-bit unsigned integer, which
significantly accelerates operations like calculating intersections, unions, and
subsets, checking element membership, and adding/removing items.
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o We can use a simple array of type T to represent a map from an atom propo-
sition set to T, directly using the bitset itself as an index.

The main limitation of this design is that it is not able to handle pLTL formulas
with more than 32 atom propositions. However, given the algorithm’s high time and
space complexity, the current implementation is unlikely to process pLTL formulas
with such a large number of atom propositions efficiently anyway:.

In the future, we might consider using Binary Decision Diagrams (BDDs) to repre-
sent the atom proposition set. This would, however, leads to a symbolic conversion
algorithm, which is out of the scope of this thesis.

4.1.8.2 1ID for temporal subformulas

We assign a unique ID to each temporal subformula. For past subformulas, this ID is
embedded within the Abstract Syntax Tree (AST), whereas for future subformulas,
the ID is kept external. Here’s why:

When constructing the automata, past subformulas are frequently rewritten. When
checking if a past subformula exists within a set of other past subformulas, they are
often rewritten into identical weak/strong states. By keeping their IDs within the
AST, we can represent the past subformula sets here as bitsets, which significantly
aids in efficient checks.

Conversely, all rewriting of future subformulas can be completed and cached before
the automata construction even begins. This pre-calculation means there’s no need
to keep their IDs within the AST; we can simply perform the necessary computations
and then forget the IDs.

4.1.8.3 Semi-normal form

We compare pLTL formulas using their semi-normal form to approximate semantic
equivalence, rather than the BDD method proposed by Azzopardi et al. [1]. Our
primary reason for this approach is that rewriting into semi-normal form is simpler
to implement and avoids adding extra complexity, such as the need for a BDD

operating library, data structures, or algorithms for converting pLTL formulas to
BDDs.

Whether this was the best decision is still unclear, and it is an area we’ve identified
for future investigation.

Existing tools like Spot [8] have also proposed methods for simplifying LTL formulas,
some of which overlap with the rules we’ve presented here. Implementing all of these
methods (or determining their necessity) is also a potential area for future work.
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4.2 Evaluating and Benchmarking

4.2.1 Data Collection

A set of pLTL formulas has been designed to benchmark the performance of our
implementation. Some of these formulas are collected or summarized from real-world
problems, while others are synthetic formulas specifically generated to evaluate the
implementation under certain conditions.

4.2.1.1 Generated Data

As part of our implementation, a pLTL formula generator has also been devel-
oped. This enables the generation of pLTL formulas with varying numbers of atomic
propositions and operators, providing a controlled method to test the algorithm’s
performance across different complexity levels.

4.2.1.2 Real-world Data

The complete list of real-world pLTL formulas can be found in the appendix.
In these formulas:

« Al to A8 are from [15], which has also been utilized in [24]. These pLTLs
are small to medium-sized (0 to 10 unique temporal subformulas).

e A9 to A.20 were summarized by the authors themselves. These pLTLs are
small-sized (fewer than 5 temporal subformulas).

o A.21 to A.23 are real-world pLTL formulas that model an arbiter; the resulting
automata can be directly used for model checking and controller synthesis.
They range from medium-sized (6 temporal subformulas) to large-sized (18
temporal subformulas).

4.2.2 Benchmark and Data Collection

For each pLTL formula, the following performance data has been collected:
e Time consumed for automaton construction.

e Memory consumed for automaton construction.

4.2.3 Data Analysis

4.2.3.1 Scaling Comparison

To assess the algorithm’s scalability, its performance (execution time and memory
usage) hasbeen measured across pLTL formulas of varying sizes. The performance
curve has been plotted.
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4.2.3.2 Benchmarking Against Existing Tools

To compare the proposed algorithm with alternative approaches, their performance
will be evaluated on a fixed dataset. The performance data will be compared across
these three methods:

o QOur algorithm and its implementation.

» Constructing a (non-deterministic) Biichi automaton using the pLTL2BA tool
in GOAL [28], followed by determinization with GOAL’s determinization tool.

» Constructing a Biichi automaton directly using pLTL2NGBA, followed by deter-
minization using the determinization tool in Spot [8].
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Results

We have completed a working implementation of the tool, named pltl2dra, which
is published on GitHub at https://github.com/longfangsong/pltl/. An online demo
is also available for viewing here: https://longfangsong.github.io/pltl/.

5.1 Performance Evaluation

5.1.1 Scalability Analysis

We use several specific sets of pLTL formulas to evaluate how the implementation
scales with the size of these formulas.

These sets include:

e poUpt A -+ A pnUppi1, where m ranges from 0 to 7.
This set is used to test the scalability of the algorithm when it contains only
future operators.

o @Sq A A @nSqma1, where m ranges from 0 to 7.
This set is used to test the scalability of the algorithm when it contains only
past operators.

e poUpt A+ AP Upimat A @Sqi A -+ A @uS@ni1, where m and n range from 0
to 4.
This set combines the characteristics of the previous two. We will analyze
these results together to provide a two-dimensional evaluation of the imple-
mentation’s scalability.

e G(Y(po)) A+ ANG(Y(pm)), where m ranges from 0 to 4.
This set is used to evaluate how the implementation scales with subformulas
that contain both past and future operators.

We also measure the time consumption for a specific pLTL formula (A. 23) using
an increasing number of threads. This demonstrates how our program scales with
the utilization of additional CPU resources.
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We will measure the execution time and memory consumption of pltl2dra and make
(which calls tools in Spot[8] to combine the sub-automata generated by pltl2dra
into a single deterministic Rabin automaton)®.

We will present the Benchmark resultss first, followed by a description of the findings
from these results.

The following results were obtained from benchmarking on an Apple M2 Max, fea-
turing 12 CPU cores (8 performance and 4 efficiency) and 64GB of memory.

The program is compiled using the Rust toolchain version
nightly-2025-04-22-aarch64-apple-darwin, with all default optimizations en-
abled. The specific version of the code utilized is commit f2afabb.

The Spot version used for merging is 2.13.

Note that there is some missing data in the tables below, denoted by -. This means
that the tool failed to accomplish the task within a reasonable time (exceeding 30
minutes).

We ran the benchmarks five times but only kept one value in the following result
table because the variation between different runs was fairly small (less than 2%).

!The sub-automata generated by pltl2dra are still useful without combination, as one may
check whether an w-word satisfies all of the automata’s acceptance conditions and merge the results
logically.
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5.1.1.1 Future only

Table 5.1: Benchmark results for pogUpy A -+« A pr, Uppia

m 0 1 2 3 4 5 6 7
Slti2dra | LmeC) 0.003 | 0.003| 0005| 0011| 014| 0858| 5587 | 35.234
Mem(MB) | 3.888 | 4.496 | 5328 |  8.608 | 46.028 | 243.024 | 2253.256 | 13688.096
e | Time(s) 0.022 | 0.043] 0.303] 19.633 - - - -
Mem(MB) | 18.432 | 34.392 | 166.352 | 7518.864 - - - -

lt12dra Ti Log Scal
pltl2dra Time (Log Scale) pltl2dra Memory (Log Scale)
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m
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Figure 5.1: Benchmark results for poUp; A -+ A pp, Upiin
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5.1.1.2 Past only

Table 5.2: Benchmark results for poSpi A -+ A DSpmi1

o

m 0 1 2 3 4 5 6
112 Time(s) 0.002 | 0.003 | 0.007 | 0.007 | 0.078 | 1.142 | 15.223
p & Mem(MB) | 3.792 | 4.336 | 4.912 | 4.944 | 5.872 | 10.928 | 40.272
make Time(s) 0.016 | 0.017 | 0.022 | 0.018 | 0.025| 0.023 | 0.028
Mem(MB) 17.6 | 17.824 | 18.704 | 19.552 | 19.184 | 21.152 | 28.272
1t12dra Ti Log Scal
P va Time (Log Scale) pltl2dra Memory (Log Scale)
F T T T T
[ I I I
10" £ E
E 10145 [
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92} =
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o 0 1 2 3 4 5
m
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Figure 5.2:
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5.1.1.3 Past and Future, separated

Table 5.3: Benchmark results for pgUpy A -+ A pra Uppir A qoSq1 A
pltl2dra Execution time (seconds)

Future

0.002

0.002

0.003

0.004 | 0.012

0.002

0.003

0.005

0.014 | 0.075

0.003

0.005

0.011

0.053 | 0.295

0.007

0.03

0.074

0.269 | 1.283

0.007

0.366

0.835

2.151 | 6.878

Future

Figure 5.3: Benchmark results for poUp; A -+ - A ppUppa1 A qoSq1 A
pltl2dra Execution time (seconds)

Table 5.4: Benchmark results for pgUpy A -+ A pra Uppr A qoSq1 A

pltl2dra

40

Memory consumption (MB)

Past

Future
Past 0 1 2 3 4
0 3.2 4.08 4.48 5.456 8.416
1 3.792 | 456 | 5.648 9.248 27.248
2 4.336 | 5.376 | 8.064 | 20.064 87.84
3 4912 | 7.712 | 17.664 | 65.008 | 486.192
4 4.944 | 20.16 | 66.592 | 337.168 | 1817.424

ERA QnSQnJrla

ERNAN anQn—i-la

ERAN QnSQnJrla
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pltl2dra

A

< I 2,000

1,500

1,000

500

1
Future 40 Past

Figure 5.4: Benchmark results for poUp; A -+ A ppUpri1 A qoSq1 A
Memory consumption (MB)

Table 5.5: Benchmark results for pgUpy A -+ A pru Uppa1 A q@oSq1 A
make execution Time (s)

Future 9 3 4

0 0.015 | 0.023 | 0.043 | 0.306 | 19.821
1 0.016 | 0.032 | 0.164 | 2.284 | 167.53
2 0.017 | 0.067 0.62 9.75 -
3
4

0.022 | 0.209 | 2.433 | 42.973 -
0.018 | 0.784 | 10.804 | 200.31 -

make
150
© 200 100
[}
£ 100
-
50

oo

2

1
Future 40 Past

Figure 5.5: Benchmark results for poUpy A -+ AppUpri1 A qoSq1 A
make execution Time (s)
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Table 5.6: Benchmark results for pogUpy A -+ A pra Uppar A qoSq1 A -+ A ¢ Sqnt1,
make Memory consumption (MB)

Future

40

Past

Future
Past 0 1 2 3 4
0 16.864 | 18.432 29.392 166.352 | 7512.864
1 17.6 | 28.208 | 121.968 | 1290.912 | 37318.992
2 17.824 | 59.824 472.48 5084.88 -
3 18.704 | 190.752 | 1759.232 | 12374.208 -
4 19.552 645.84 | 6374.32 | 41049.52 -
make 10t

Figure 5.6: Benchmark results for poUp; A -+ - AppUpis1 A @oSqi A -+ - A ¢ S@n+1,
make Memory consumption (MB)
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5.1.1.4 Past and Future, combined

Table 5.7: Benchmark results for G(Y (po)) A -+ A G(Y (pm))

1 2 3 4 5 6 7
Time(s) pltl2dra | 0.003 | 0.003 | 0.006 0.039 0.507 6.486 86
make 0.019 | 0.027 | 0.095 0.796 10.634 147.93 -
Memory(MB) pltl2dra | 3.936 | 4.576 | 5.456 8.672 27.760 215.392 | 1782.416
Y make 17.344 | 20.464 | 46.624 | 371.984 | 2818.688 | 14001.504 -
Ti L 1
plti2dra Time (Log Scale) pltl2dra Memory (Log Scale)
102 E i I f f T
10t 7 103 © E
ERRTGE ’
§ E A 102+ E
M0 =
1072 = 10! £ E
0 1 2 3 4 5 6 : : : ‘ :
o 0 1 3 4 5 6
m
make Time (Log Scale) Memory (Log Scale)
10? * h 104 | .
o | |
S 100) : =
N E L
- 10% | E
1071 = E =
102 ; i i i i i — 10! L | | | | —
0 1 2 3 4 5 0 1 2 3 4 5
m m

Figure 5.7: Benchmark results for G(Y(po)) A--- A G(Y (pm))
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5.1.1.5 Increasing number of threads

Table 5.8: Benchmark results for pLTL formula A.23, with increasing threads

Threads/CPUs | 1 2 3 4 5 6 7 8
Time(s) 153.46 | 94.11 | 69.1 | 52.084 | 46.28 | 44.804 | 42.698 | 36.669
pltl2dra Time
T T T T
150 |- :
» 100 |- :
3
=
S
S
n
50 | 2
0 L | | | | | | | Bl
1 2 3 4 5 6 7 8
Threads

Figure 5.8: Benchmark results for pLTL formula A.23, with increasing threads
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5.1.1.6 Findings

From the result of benchmarking the program, we can deduce that:

o The program’s scalability largely aligns with the time and space complexity

predictions of its underlying algorithm, as described in [1]. This indicates that
the program’s scalability increases double exponentially with respect to both
past and future operator counts.

Consider the evaluation result of past and future only pLTLs. Though the
program itself can handle future formula more efficient than past formula,
it takes much more time and space to merge the generated sub-automata
into the final deteministic rabin automata. It is because of the count of sub-
automata for merging together is directly related to the future subformula
count, but not related to the past subformula count directly. You can also
draw a similar conclusion by looking at the diagrams generated by plotting
the make commands’ time and space consumption of seperated past and future
formula. They are steeper on the future-axis than the past-axis.

Merging sub-automata generated by pltl2dra typically consumes consider-
ably more time and memory. The only exception is when the pLTL contains
solely past operators, which generate fewer automata.

Increasing the number of threads generally reduces execution time; however,
performance gains become less substantial beyond four threads. This could be
attributed to memory access speed, suggesting an area for future benchmarking
and optimizations.

These conclusions answer RQ2: Our implementation’s complexity largely follows
that of the algorithm itself, exhibiting double exponential time and space complexity
relative to the count of temporal operators.

It’s worth noting that the time and space consumed by merging sub-automata with
make and Spot typically exceeds that spent on their construction. This observation
provides a clear direction for future optimization.
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5.1.2 Comparative Benchmarking

The hardware settings are the same as the scalability analysis.

We used the same version of our implementation and Spot as in the scalability
analysis.

For goal, we use version 2020-05-06.

The pLTL formulas we used can be found in Appendix A; the results are presented
on the next page.

From the benchmarking results, we can observe the following:

o For smaller formulas, the tool itself runs quickly and is memory-efficient in
most cases. However, the make step may consume slightly more time and
memory.

o In some special cases (e.g., for pLTL case 3 and 4), the tool is slower and
less memory-efficient than pLTL2NGBA. These pLTL formulas often contain nu-
merous conjuncted subformulas, which can trigger the algorithm’s exponential
time and space complexity.

o For larger pLTL formulas, this tool tends to be more efficient compared to
other tools. In certain instances (e.g., pLTL case 23), it is even the only tool
capable of accomplishing the task within a reasonable timeframe.

These conclusions provide an answer to RQ1: this implementation’s performance is
comparable to other tools for small pLL.TL formulas, and it generally performs much
better for larger ones. This also implies better scalability for this implementation
compared to other tools.
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Discussion And Conclusion

This thesis implemented the algorithm described in [1] and investigate whether
it could improve the performance of translating pLTL to a deterministic Rabin
automaton.

Following the implementation and evaluation, we are now able to answer the ques-
tions posed earlier:

RQ1: How efficient is the implementation of Azzopardi et al’s algorithm [1] com-
pared to existing tools?

For most small-sized real-world pLTL formulas, the implementation performs at
least as well as existing tools. Furthermore, for some larger pLTL formulas, this
tool is the only known one capable of performing the conversion.

However, due to the algorithm’s double exponential complexity concerning the to-
tal number of temporal operators, and since the generated subformulas for merging
depend on the future operator count, this tool can become less time and memory ef-
ficient with too many future operators. The bottleneck lies in merging the generated
sub-automata.

RQ2: Does the implementation scale well with the size of the pLTL formulas?

Although the algorithm itself has double-exponential complexity, by applying sig-
nificant optimizations and leveraging the algorithm’s inherent parallelizability, the
growth of the actual time and space used by the implementation are controlled to a
reasonable level.

For past-only pLTL formulas, this implementation scales significantly better than
for other types of pLTL formulas. This is likely because increasing the count of past
subformulas does not increase the number of subautomata generated. Since the
bottleneck in our conversion process is typically the subautomata combining stage,
a lower increase in subautomata count leads to less overall performance decrement.

For the remaining cases, generally speaking, both the time and space used in con-
version follow a double-exponential complexity. We can also observe that the sub-
automata combining stage scales less efficiently. This indicates a clear direction for
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6. Discussion And Conclusion

future optimization.

In a nutshell, this implementation is ideal when a pLTL specification requires a
deterministic w-automaton. It’s particularly more performant and memory-efficient
for large pLTL formulas with over 10 temporal operators. We also expect further
performance gains after planned future optimizations.

6.1 Limitations and Delimitations

52

o The experimental evaluation was performed using a predefined set of pLTL

formulas and was conducted under controlled laboratory conditions. The se-
lection of these formulas, while intended to be representative, may not fully
reflect the diversity of real-world applications, impacting the generalizability
of the study’s conclusions.

This has been mitigated by ensuring that the formula set is as diverse as pos-
sible, both structurally (for example, diverse in operator and atom count) and
semantically (for example, by collecting pLTL coming from different fields).

The comparison with existing tools is limited to a subset of widely used tem-
poral logic tools. The choice of tools and benchmarks may not fully encompass
all use cases, potentially limiting the scope of the performance comparison.

This has been mitigated by searching a very broad range of existing tempo-
ral logic tools. Even if some comparable tools are overlooked, the findings
regarding the scalability of this specific algorithm/tool remain relevant.



6. Discussion And Conclusion

6.2 Future Work

Currently, there remain several possible avenues for improving the program:

e The final sub-automata combining stage often consumes more time than the
conversion stage itself.

Multiple optimization strategies could be explored, such as

— Pruning the merge tree by identifying obviously never-accepting or always-
accepting automata

— Calling the Spot[8] library functions for merging via a foreign function
interface instead of relying on make and command line interface tools

— Implementing our own high-efficiency algorithm for calculating the prod-
uct and sum of automata.

o The implementation could benefit from further optimization. Some design
choices made during implementation were adopted without definitive knowl-
edge of their optimality.

For instance,

— It might be possible to enhance (but also possible to degrade) the per-
formance of pLTL equivalence checking by utilizing the BDD-based al-
gorithm introduced in [1] instead of the current semi-normal form based
approach.

— It can also be beneficial to introduce a symbolic algorithm into the con-
struction process. For example, many transitions can be merged if their
requirements are symbolically resolved, rather than being evaluated for
every possible letter combination. This approach is expected to signifi-
cantly improve performance, especially in cases involving a large number
of letters.

— If the formula is in shape ¢ A ¢ or ¢ V ¢, and ¢ contains future formula
only, it could be faster to calculate this part with traditional LTL-to-
automata methods (by executing Spot functions directly for example),
and merge the result with applying the current implemented on ¢.

— Further engineering optimizations, such as reducing shared resources to
enhance parallelism performance gains.

e To address the limitations of current evaluation, we can benchmark with more
pLTL formulas found in industry.
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Appendix

A.1 pLTL collection in real world

A.1.1 Standard railroad crossing problem

This part of pLTLs are from [15], which has also been used in [24].
For pLTLs which only difference is the atom names, we keep only first of them.
Note we continue to use these abbreviation introduced in [24].

o X' & Xop, XF¢p <> XXF1p  (Y"is its past analogous);

o G o XOAXZ2ONA---ANXF1p (H., is its past analogous);

o F_1o -G~ (O4is its past analogous).

There are the 8 formulars:

enterR — G enterR (A1)

enterR — X (enter] VV F . enterl) (A.2)

enter] — Y% (enterR A O, enterR) (A.3)

inR <> (enterR A O gpenterR) A (—enterl S enterR) (A.4)

Yclosed A go(up) — mvUp A G.,mvUp A X7 ((open U go(down)) V Gopen) (A.5)

H-go(down) A —~go(down) — open (A.6)
go(down) « Y¥VenterR (A.7)
go(up) > exitl (A.8)

We take u =10, dpy = 5, dy,, =4 and v = 2.
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A.1.2 Summarized by us

These pLTLs are summarized by the authors themselves, from the fields like database,
parallel programming, etc.

There are the 12 formulas:

G(commit — —O(abort)) (A.9)
G(start — (F(commit V abort) A (abort — O conflict))) (A.10)

Means: every transaction must be committed or aborted at last, and if it got aborted,

there should be a conflict in the past.

G(acquire — (F(inCS A Frelease) A (inCS — —release S acquire))) (A.11)

Means: every transaction must be committed or aborted at last, and if it got aborted,
there should be a conflict in the past

G(enterCS — Y(—mutex)) (A.12)

If enter critical section at this time, then there should be nobody holding the mutex
at last time stamp.

G(grant — O(request A (—cancel S request))) (A.13)

Grant a resource to a user only when it is once requested and not canceled.

G((pressureHigh S sysCheck) — alert) (A.14)

If pressure is high since system check last time, then trigger an alert.
G(O(sendAttempt A —ack) — F(retransmit)) (A.15)
If a message is sent and don’t have an ack, then we should eventually retransmit it.

(alert — F(writeLog)) A (writeLog — (alert S alertEvent)) (A.16)

If an alert is triggered, we’ll eventually write it into log, and if we are writing a log,
an alert should be holding since an event triggered

G(decide(P, d) — O(propose(any, d))) (A.17)

node P decides the value of key if only if any node proposed it.
FG(read — ((—writeConflicting) S writeStable)) (A.18)
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A. Appendix

Eventually all reads are latest writes (Eventual Consistency), once we reach “steady
state,” every read must be backed by a past stable write with no conflicting writes
in the interval.

G(read(v) A Y(read(v')) — (v > 0')) (A.19)

v is a monotonic counter, it won’t decrease between readings

G (moveForward — H(—collisionDetected)) (A.20)

if the robot tries to move forward now, it must never have detected a collision at
any past time.

A.1.3 Arbiter Specification

Say that we have n clients that can request access to a resource.

Client ¢ requests access at a given point in time is corresponds to the variable r;
being true at that time.

The arbiter grants access to client ¢ corresponds to the variable g; being true.
The system requires:

e Only one client should be given access at any given point in time.

o Every request made should eventually be followed by a grant.

o No grants should be given unless there’s an open request.

We can express these three requirements in pLTL by the formula:

/\z’e[[l..n]] =(9i A 95) A Niepron) GF(7:89:) A Nicpin) Ggi = iV Y (r;B=gy))
JjE€l.n
i#]j

We will take n=1, 2 and 3 for our benchmarking?:

G(F(ﬁrogg())) VAN G(g() — (TO V Y(T‘()B_'go))) <A21)

=(g0 A gi) A =(g1 A go)A
G(F(-10Sg0)) A G(F(-r15g1))A (A.22)
G(g0 = (10 VY (roB=g0))) A G(g1 — (r1 V Y (r1B=g1)))

IThe n=1 case does not make much sense in the real world, but is useful to show how the
programs scales
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=(g0 A g1) A =(go A g2) A =(g1 A go) A =(g1 A g2) A=(g2 A go) A =(ga A gi)A

G(F(—WUSgO)) A G(F(ﬂrlggl)) A G(F(ﬂrgggg))/\

G(go — (10 VY (r0B—g0))) A G(g1 — (11 VY (r1B=g1))) A G(g2 — (r2 V Y(T(fﬁg;)))
.23

A.2 Related pseudocode

A.2.1 Build local past function cache

fn build_local_past_function_cache(1ltl: pLTL, result: &mut Map<pLTL, Cacheltem>) {
if result.contains(1ltl) {

return;

}

match 1tl {
TI|F=>H

result [pLTL] = Cacheltem {
atom_mask: ObO,
past_st_mask: 0bO,
cache: {(0b0, 0b0) => 1tl},
s
}
p =>{
let atom mask = 1 << atom;
result [pLTL] = Cacheltem {
atom mask,
past_st_mask: 0bO,
cache: {(0b0O, 0b0O) => F, (atom_mask, Ob0) => T},
I
}
lp => {
let atom _mask = 1 << atom;
result [pLTL] = Cacheltem {
atom_mask,
past_st_mask: 0bO,
cache: {(0b0O, Ob0O) => T, (atom mask, ObO) => F},
s
}
Y(content) => {
build_local_past_function_cache(content, result);
let subresult = result[content];
let mut cache = {};
let result_value = F;
for ((letter, past_st), content_result) in content_entry.cache {
cache[(letter, past_st)] = result_value;
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cache[(letter, past_st | (1 << id))] = result_value;
}
let item = Cacheltem {
atom mask: subresult.atom mask,
past_st_mask: subresult.past_st mask | (1 << id),
cache,
s
result[pLTL] = item;
}
// Weak Y is similar to Y, just change result_value from F to T
X(content) => {
build_local_past_function_cache(content, result);
let content_entry = result[content];
let mut cache = {};
for ((letter, past_st), content_result) in content_entry.cache {
cache[(letter, past_st)] = pu_1(
content_result,
letter,
past_st,
result
)
}
result[pLTL] = Cacheltem { atom_mask, past_st_mask, cache};
}
And(contents) => {
let mut result atom mask = 0bO;
let mut result_past_st_mask = 0ObO;
for content in contents {
build_local _past_function_cache(content, result);
result _atom mask |= result[content].atom mask;
result_past_st _mask |= result[content].past_st_mask;

let mut cache = {};
for result atom in result atom mask.sub_sets() {
for result _past_st in result_past_st_mask.sub_sets() {
let mut result pltls = [];
for sub_result in sub results.iter() {
result_pltls.push(
result[sub_result]
.get(result_atom, result_past_st)
)
}
cache[(result_atom, result_past_st)] = And(result_pltls);

}
result [pLTL] = Cacheltem {
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atom_mask: result_atom_mask,
past_st_mask: result_past_st_mask,
cache,
s
b
// Or is similar to And
lhs U rhs => {
build_local_past_function_cache(lhs, result);
build local past_function_cache(rhs, result);
let lhs_entry = result[lhs];
let rhs_entry = result[rhs];
let atom_mask = lhs_entry.atom_mask | rhs_entry.atom_mask;
let past_st _mask = lhs_entry.past_st_mask | rhs_entry.past_st_mask;
let mut cache = {};
for result atom in atom mask.sub_sets() {
for result_past_st in past_st_mask.sub_sets() {
let 1lhs_result = lhs_entry.get(result_atom, result_past_st);
let rhs_result = rhs_entry.get(result_atom, result_past_st);
let pu = pu_1(1tl, result_atom, result_past_st, result);
cache[(result_atom, result past _st)] =
rhs_result & (lhs_result | pu);

}
result[pLTL] = Cacheltem { atom_mask, past_st_mask, cache};
}
// R is dual to U
lhs S rhs => {
build_local_past_function_cache(lhs, result);
build_local past_function_cache(rhs, result);
let wc = 1ltl.weaken condition();
build local past_function_cache(wc, result);
let wc_entry = result[wc];
let mut cache = wc_entry.cache;
for ((letter, past_st), content_result) in wc_entry.cache {
cache[(letter, past_st | (1 << id))] = content_result;
}
result [pLTL] = Cacheltem {
atom_mask: wc_entry.atom_mask,
past_st_mask: wc_entry.past_st _mask | (1 << id),
cache,
s
}
// B is similar to S
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Disclaimer

Generative Al was utilized in the writing of this thesis solely for grammar and
spelling corrections, with all suggestions undergoing subsequent manual inspection.
The author promises that all ideas, data, and the initial content of this thesis are
original and produced without generative Al assistance.
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