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Detecting Metastable States in Proteins using E(3) Equivariant VAMPnets
A study using VAMPnets trained by E(3) equivariant neural networks to detect
metastable states in proteins

SARA ARNESEN

DAVID NORDSTROM

Department of Computer Science and Engineering

Chalmers University of Technology and University of Gothenburg

Abstract

As proteins fold, they encounter intermediary conformations, often denoted metastable
states, that are vital to deciphering diseases related to malfunctions in conforma-
tional changes. To detect these metastable states, a deep learning framework using
the variational approach for Markov processes (VAMP) has been proposed, dubbed
VAMPnets. In this master’s thesis, we improve the training of VAMPnets through
the use of E(3) equivariant neural networks. These networks incorporate the sym-
metries of Euclidean space, facilitating faster and more data-efficient learning. To
study the effectiveness of these networks, we benchmark two different equivariant
Transformer architectures and an equivariant convolutional network against both
a simple and an invariant multilayered perceptron. The models are evaluated on
molecular dynamics trajectories of alanine dipeptide and protein folding datasets.

The use of E(3) equivariant neural networks in training VAMPnets is shown to
significantly improve the prediction accuracy on random downsampled data. Us-
ing only 1% of the dataset, the equivariant Transformer achieves almost twice the
VAMP-2 score as the benchmarks. Furthermore, the model exhibits improved ro-
bustness. With only 20% data remaining, the model scores on par with the complete
dataset. On average, the model requires significantly fewer backward passes, con-
verging more than twice as fast as the benchmark models, showing enhanced data
efficiency. Furthermore, the results highlight the significant computational burden
that equivariant neural networks pose, especially for larger molecules, proving almost
1,000 times slower on the protein folding dataset. Finally, we propose a novel algo-
rithm for detecting the number of metastable states of a molecule using the VAMP-2
score and provide estimates for the 12 proteins in the protein folding dataset.

Keywords: Computer Science, Engineering, Project, Thesis, Deep Learning, Pro-
tein Structures, Equivariant Neural Networks, Molecular Dynamics, Computational
Biology, VAMPnets, Transformers
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1

Introduction

As proteins fold, they encounter intermediary conformations. These intermediary
states denoted metastable states, are vital for understanding the complexity of bio-
logical processes and deciphering diseases related to malfunctions in conformational
changes [17, 25]. As such, it is of great interest to be able to detect these metastable
states for a given protein structure. Using Molecular Dynamics (MD) data, which
simulates conformational trajectories, state-of-the-art models have aimed to estimate
Markov State Models (MSM) leveraging dimensionality reduction and clustering to
detect the metastable states [25]. However, this approach requires substantial mod-
eling expertise and is very sensitive to extensive modeling errors [35].

With the rapid development of Deep Neural Networks (DNNs) in recent years, due to
their successful application to image and natural language processing, researchers
have searched for other application areas, including the prediction of a protein’s
native structure and exploration of its energy landscape [25]. For instance, Wu et
al. [69] and Mardt et al. [35] proposed a deep generative MSM based on a DNN to
learn MD and sample conformations from conformation space [25]. VAMPnets, the
DNN architecture proposed by Mardt et al. [35], proved to perform equally or better
than state-of-the-art Markov modeling methods and comes as a single end-to-end
framework, reducing the model complexity and corresponding errors. However, the
number of metastable states for the specific protein or peptide must be known in
order to train the DNN. To automatically select the number of metastable states
from MD data is still an open research problem [25].

Translational equivariance has become the state-of-the-art of image recognition
through Convolutional Neural Networks (CNNs) such as the ImageNet [54] and
ResNet [20] architectures. Generalizing these results to irregular graph the field
of Geometric Deep Learning emerged through the success of Graph Convolutional
Neural Networks (GCNNs) such as ChebNet [7], EdgeConv [64], Graph U-Net [13]
and GraphSAGE [18]. Recent research has shown the that state-of-the-art results
on atomistic systems can be achieved by incorporating E(3) equivariance into these
networks in architectures such as the Equiformer [32], NequIP [2] and Tensor Field
Networks [60]. Equivariance is a mathematical property detailed in group and rep-
resentation theory. If a function or transformation is equivariant with respect to a
given symmetry group it means that applying the transformation to both the in-
put and the output of the function yields the same result. Invariance is a special
case of equivariance. While equivariance describes the behavior of a function under
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transformations, invariance refers to a property of a function or an object that re-
mains unchanged or "invariant" under transformations of the symmetry group. The
symmetry group that we refer to when labeling our models as equivariant is the
E(3) symmetry group, also known as the Euclidean group in three dimensions. This
group consists of the rigid transformations that preserve the Euclidean geometry
of three-dimensional space. It consists of all possible translations, rotations, and
reflections in three dimensions [72].

In this thesis, we unite the two aforementioned subjects by implementing VAMPnets,
a neural network architecture framework that can be trained by maximizing the
VAMP-2 score, using equivariant neural networks to improve prediction accuracy,
robustness, and data efficiency in comparison with earlier implementations. Previous
research has found that switching from invariant to equivariant models, even within
the same framework, improves accuracy in training tasks [2, 40].

The equivariant architectures used in this thesis are a GCNN inspired by the Simple
Network as proposed by Geiger and Smidt [14], a Dot Product (DP) Equiformer and
a Graph Attention (GA) Equiformer as suggested by Liao and Smidt [32], which
build on the transformer proposed by Vaswani et al. [61]. We compare two bench-
marks to investigate the effectiveness of equivariant models. Firstly, an invariant
multilayered perceptron (MLP) that utilizes the pairwise distances of the atoms to
guarantee E(3) invariance. Secondly, a regular MLP, inspired by Mardt et al. [35],
trained on the positional coordinates of the atoms.

Additionally, we propose a novel algorithm to determine the number of metastable
states from the MD data leveraging the VAMP-2 score and reducing the need for
expert judgment. An estimation of the number of metastable states for the 12
fast-folding proteins provided by DE Shaw Research [33] is provided leveraging this
algorithm.

The resulting research questions we aim to answer are phrased as follows:

1. Do the molecular physical symmetries encoded by E(3) Equivariant Networks
improve prediction accuracy, robustness, or data efficiency in VAMPnets train-
ing compared to an MLP encoding?

2. Do VAMPnets built on E(3) Equivariant Networks demonstrate improved ac-
curacy in detecting metastable states in protein folding datasets compared to
state-of- the-art implementations?
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Theory

This chapter presents the theoretical frameworks relevant to this thesis, beginning
with the protein folding process and the biological foundations. Next, the mathemat-
ical foundations are derived through the VAMP-score and the VAMPnets framework.
Finally, the foundational aspects of the neural networks are examined by introducing
equivariance and group theory as well as the Transformer and GCNN.

2.1 Protein Folding

Proteins are essential building blocks for all life, and understanding their structure
can provide a mechanistic comprehension of their functionality [25, 26]. The func-
tional properties of proteins are contingent upon their three-dimensional biomolec-
ular structure, which are known to undergo reversible transitions between different
conformations [25]. Prior to the release of AlphaFold2, the extent of the structural
coverage of proteins in computational science was bottlenecked by processes lasting
months to years to determine a single protein structure. For over a half-century,
the prediction of the three-dimensional conformation that a protein will assume
based on its amino acid sequence, also known as the structure prediction component
of the "protein folding problem'[9], remained a significant and unresolved research
challenge [1].

By leveraging multi-sequence alignments into the design of a deep learning algo-
rithm, AlphaFold2 exemplified that a high prediction accuracy could be achieved in
the CASP14 challenge [26]. The effectiveness of AlphaFold2 is due to its use of atten-
tion mechanisms, which enable it to incorporate a variety of data sources, including
evolutionary and biophysical data. The algorithm demonstrates a unique framework
incorporating an equivariant attention architecture using a key component denoted
Evoformer, viewing protein structure prediction as a 3D graph inference problem.
Residues positioned close to one another decide the edges of the graph. The compo-
nents of the pair representation encode pertinent information about how the residues
are related to one another [26]. Bearing some resemblance to the network architec-
tures used in this thesis to detect the metastable states of proteins.

The development of AlphaFold2 made it possible to predict a protein’s native struc-
ture only from its amino acid sequence [26]. This method focuses mainly on the
protein-folding problem [9], which aims at the conformation of the lowest free en-
ergy. Nevertheless, detecting the intermediary conformations in protein folding, also
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called metastable states, are still in need of further investigation [25].

Levinthal’s paradox asserts that the folding process could not be random. Even for
a short peptide, protein folding would take longer than the estimated age of the
universe if all intermediate folding conformations were equally probable. However,
experimentally, protein folding happens in a matter of seconds or less. Instead, as
a result of local interactions during the protein folding process, the protein enters
various stable conformations on its evolution to the folded state [73].

Depiction of the structural and functional properties of metastable proteins is not
only required to understand the complexity of biological processes, including protein
folding patterns but also to comprehend mechanisms of anomalous aggregation of
different proteins [17] as well as deciphering diseases related to malfunctions in
conformational changes [25]. Such diseases include Alzheimer’s disease, Mad cow
disease, Huntington’s disease, and Parkinson’s disease. Consequently, detecting and
enumerating these metastable protein structures allow us to target proteins more
specifically and directly [17].

2.1.1 Metastable States

The protein folding process comprises discrete steps that stabilize the protein in
different conformations [17]. The free energy landscape of the conformational space
is characterized by a rugged terrain containing several high-energy barriers parti-
tioning the conformational space into a set of low-energy wells, denoted metastable
states [25]. A metastable state of a protein refers to a kinetically trapped structure
with a local free energy minimum. This local minimum is separated from the global

free energy minimum, corresponding to the final, stable conformation of the protein
[17].

Energy barriers give rise to the short-lived metastable states, separating its energy
from the energy minima of alternative conformations [25]. In the folding process,
the protein molecule must overcome energy barriers to reach its final conformation
[17]. Energy is provided in the form of heat, usually supplied by the collision with
water molecules in the protein’s surrounding environment, often referred to as the
canonical ensemble, and enables the transition from one folded protein conformation
to another through energy jumps [17].

4
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Unfolded

Metastable
state

Folding
intermediate

Energy

Metastable
state

Native

Figure 2.1: Illustration of the energy landscape of protein folding, comprising various
folded structures that are formed through a series of stages, including the formation
of intermediate conformations such as metastable states. Note: x-axis illustrates
the conformation space.

Image Source: [17]

To illustrate the possible conformations, or residues, of the amino acids of alanine
dipeptide, a molecule used later in this study, torsion angles ¢ and ¥ are commonly
used in what is referred to as a Ramachandran plot [49]. There are global geometrical
constraints on the shape, not all shapes are obtained as a folded chain of amino
acids [49]. A graphical illustration of the possible angles is obtained by depicting
the torsion angles on a two-dimensional grid.

Figure 2.2: Illustrating the torsion angles ¢ and v by the example of alanine dipep-
tide.
Image Source: [27]

By situating each planar peptide bond in relation to the two adjacent planar pep-
tide bonds, each residue in a peptide’s torsional angles defines the geometry of its
attachment to its two adjacent residues. Hence the torsional angles define the con-
formation of the residues and the peptide. Because of steric hindrance, certain angle
combinations, and thus residue conformations, are impossible.

The dense regions in a Ramachandran plot detail the metastable states of the peptide
[55]. In the case of alanine dipeptide, there are six such states, not equally densely
populated. The metastable states of alanine dipeptide are illustrated in Figure 2.3.
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Figure 2.3: Illustrating the torsion angles ¢ and 1 by the example of alanine dipep-
tide colored by the associated free energy.
Image Source: [§]

2.1.2 Computational Methods for Protein Folding

Classical MD simulations can be used to accurately estimate protein folding. Yet,
proteins are too large for these methods to be computationally viable. It is compu-
tationally inefficient to compute short timesteps for any molecules, motivating the
need for state-of-the-art deep learning methods [52].

There are several computational methods for studying protein folding and predicting
the three-dimensional structures of proteins. These methods can be separated into
two groups, those that leverage fundamental physical laws to brute-force compute
the evolution of the protein, and those who model its behavior through MSMs [47].
In this thesis, we take the latter approach. However, for smaller molecules and
smaller timescales, the former provides a way to compute the exact evolution of the
molecule.

Based on the laws of thermodynamics, these former techniques predict the most sta-
ble shape of a protein using a variety of energy functions. Van der Waals, hydrogen
bonds, and electrostatic interactions between protein atoms constitute the most typ-
ical energy function employed in protein folding. Quantum mechanical techniques,
like quantum mechanics/molecular mechanics (QM/MM) calculations, or empirical
force fields, such as the CHARMM or AMBER force fields, are used to calculate
these interactions [47, 52]. These mechanical techniques were used to compute the
simulation data used in this thesis but prove very computationally expensive.

6
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2.2 Variational Approach for Markov Processes

It is of great importance to be able to, through analyzing time series data, make
predictions and exert control over intricate dynamic systems [68], particularly in
molecular dynamics. Examination of highly nonlinear dynamical systems is rendered
feasible by identifying a nonlinear transformation of the system coordinates, which
leads to a representation of the dynamics in terms of features that can be modeled
as a linear Markovian system [35, 68]. This approach, Variational Approach for
Markov Processes (VAMP), allows us to find optimal feature mappings and optimal
Markovian models based on the dynamics from time series data [68]. In addition to
its capacity for projecting data into lower dimensional representations, the VAMP
model also possesses a set of scoring functions, commonly referred to as VAMP
scores, which facilitate the ranking of features.

2.2.1 Markovian Models

The Markov property, which (in a discrete setting) states that the state at time ¢
is only dependant on the value at the previous step t — 1, forms the foundation of
Markovian models [10].

Definition 2.2.1. Markov Property

Let Xq, X1, ... be a Markov chain. Then, for all m < n and state indices ¢ and j,

P(Xn+1 = .7|XO =10, -+ Xn-m-1= ln—m—1, Xn-m = Z)
= P(Xps1 = | X = i) = (2.1)
P(Xmi1 = jlXo =1) = P

for all i,j, g, ... , tn_m_1 and n > 0.

The dynamics of a Markovian system can be modeled by the transition density, i.e.
the probability density to transition to a state space point y at time ¢ 4 7, given
that the system was at state x at time ¢, where t is the time step and 7 is the delay
or lag time [36, 68].

pr(x,y) =P (Xpr =y [ x4 = %) (2.2)

Molecular dynamics can be represented as a Markov process {x;} in the full state
space 2 [35]. For a given potential energy function, simulation setup, and time-
step integrator, the dynamics are fully described by a transition density p,(x,y).
According to Markovian theory, the y can be sampled by knowing only the x, without
knowledge of earlier time steps [10, 35]. Although the dynamics in the variables
x; may be highly nonlinear, Koopman theory explains that the initial variables are
changed into some features or latent variables that, on average, evolve in accordance
with linear transformation [29].

Using mathematical terms, there exist transformations to features or latent variables,
f(x) = (fi(x), fa(x),..)T and g(x) = (g1(x), g2(x),...)T, such that the dynamics in

7
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these variables are approximately governed by a matrix K [35]. Thus we can write
the following expression for a linear model approximating the Markov dynamics at
a lag time 7 [35, 68]:

Elg(zesr)] = K E[f (21)] (2.3)

In the limit of an infinite number of features (i.e. as m — 00), the approximation
becomes exact. However, even with low-dimensional feature transformations, the
approximation can still yield excellent results for sufficiently large lag times 7 [35].

Eq.(2.3) is an algebraic representation of the projection of the Koopman operator
KC onto the subspace spanned by functions f and g. K is therefore referred to as the
Koopman matrix [68]. f(z) = (fi(x), f2(x),..)" and g(x) = (91(2), g2(x), ...)T are
feature transformations that transform the state variables = into the feature space
in which the dynamics are approximately linear. E denotes an expectation value
over time that accounts for stochasticity in the dynamics [39, 66].

VAMP builds on this approach of Markovian dynamical systems, in which the future
state of the system e.g., z;., only depends on the current state x;. For sufficiently
long observation lag times 7, physics, and engineering processes, such as molecular
dynamics, have been shown to be accurately modeled by Markovian models [68].

2.2.2 Koopman Operator

Based on the transition density from Eq.(2.2), the time evolution of the ensemble
of system states can be denoted as below [36]:

Puir(y) = (Pep) (v) 2 [ pr (o, y)pl)dx (24)

Py is the probability density of the system being in any state at time ¢. The resolution
of the model is given by the lag time 7. It is possible to model the propagation of
general observable functions f as [36]:

B [f (i) |30 = %] = (Ko f) (%) 2 [ p(x,y)f(y)dy (2.5)

The integral operators P, and IC, are referred to as the propagator and the Koopman
operator, respectively. Both operators are capable of fully capturing the dynamics
of a Markovian system, the first propagates the probability density of the system
while the second deals with the observable functions of the system.

A central result of the VAMP theory is that the best approximation of Eq.(2.3) is
found when the subspaces spanned by f and g are identical to those spanned by the
top m left and right singular functions of &, [35, 68].

By letting py represent the empirical distribution of x; and p; represent the empir-
ical distribution of x;,, in all transition pairs (x;,X;;,). It has been shown that

8
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an optimal finite-rank approximation of the transition density can be expressed as
follows [36]:

pr(x,y) = £(x) " Sgly)p(y), (2.6)

where S = K (IE [g (Xt4r) 8 (XHT)TD_l [68]. A finite-dimensional model can effec-
tively capture the fundamental or long-term aspects of the dynamics by choosing
f and g to be the dominant singular functions or eigenfunctions of the Koopman
operator. Recall that the Hilbert-Schmidt norm is given by:

ef
1AIAs = S | Aes|1%, (2.7)

i€l

where H is a Hilbert space and where {e; : i € I'} is an orthonormal basis. More
specifically, if the modeling error of the Koopman operator is evaluated in terms of
the Hilbert-Schmidt norm, the optimal model can be obtained through a truncated
singular value decomposition of the transition density.

k
pr(x.y) & Y oihi(x)di(y)pi (y) (2.8)

i=1
where (01, ..., 0%) are the largest singular values of the Koopman operator K., (¢, . . .
and (¢1,...,¢x) are the corresponding dominant left and right singular functions

136).

As such, the Koopman operator is a complete description of the dynamical properties
of a Markovian system [68]. For deeper insights into the Koopman operator we refer
the reader to [68] and [29].

2.2.2.1 Approximating the Koopman Matrix

Given the transformations f and g, the covariance matrices are defined as:

Coo = E[f(x)f(24)7] (2.9)
Cor = Ei[f(z:)g(we4-)"] (2.10)
Ci = B [g8(w1sr)8(014r)" ] (2.11)

where E,;[-] and E;, .|| denote the expectations that encompass time points and
lagged time points within individual trajectories as well as across a set of trajectories

[35).
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The optimal matrix K that minimizes the least square error E; “ lg(2r) — KT (24)| |2}
is given by:

K = Cy Cou (2.12)

To find suitable transformations f and g, one cannot simply minimize the least
square error in Eq.(2.12), as for instance f(x) = g(x) = (1(x)) i.e., the state space
is mapped to the constant 1. In this case the least square error is 0 for K = [1],
but the model is completely uninformative as all dynamical information is lost [35].
Instead, the VAMP variational principle presented by [68] is used, see Section 2.2.3.

2.2.2.2 The Chapman-Kolmogorov Equation

The estimate of the Koopman matrix K must fulfill the Chapman-Kolmogorov (CK)
equation for any n > 1, namely [35]:

K(n7) = K"(7) (2.13)

Where K(7) and K(n7) represent the model at a lag of time 7 and n7, respectively.
For model estimation, the equation will only be fulfilled approximately. Thus, we can
construct a statistical significance test to validate our model by imposing that the
CK equation must hold for our model to be valid. One test that can be employed in
order to select a fitting dynamical model is conducting an eigenvalue decomposition
for each estimated Koopman matrix, K(7)r; = ri\;(7), and then computing the
implied timescales as a function of the lag time 7 [35].

-
ti(r) = — BwES] (2.14)
The timescale refers to the characteristic times at which events or transitions occur
within the system, in the case of this thesis this refers to the transition between
metastable states. Following this equation, we choose a value of 7 where ¢;(7) is
roughly constant in the lag time 7. Using this 7, we can then test if Eq.(2.14) is
fulfilled with statistical significance. A test to ensure that the model is sufficiently
dynamic goes as follows: Train the neural network and obtain the network transfor-
mation y using a fixed lag time 7*. Now, an estimation of the ¢th eigenfunction can
be obtained through the following [35].

e (x) = Zrinj(l’) (2.15)

If the model satisfies reversibility, the eigenvalue decomposition and singular value
decomposition (SVD) are identical. In other words, o; = A; and ; = 9§ [35].

10
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2.2.3 VAMP-score

A class of variational scores, designated as VAMP — r, for r = 1,2, ..., is proposed
to quantify the resemblance between the estimated singular functions and the actual
ones through the utilization of the variational representation of singular components.
The maximization of any of these variational scores results in the optimal determi-
nation of model parameters and is computationally equivalent to the application
of Canonical Correlation Analysis (CCA) to the transformed time-lagged pair of
variables z; and x;,, [68]. This approach can be employed to learn feature transfor-
mation by nonlinear function approximates, such as deep neural networks [68].

Theorem 1 Principle for Variational approach for Markov processes
(VAMP)

The k dominant singular components of a Koopman operator are the solution of the
following mazimization problem:

k
> ol = rr}axR,, lf, g (2.16)
i=1 9

s.t (fis [i)po = lizj
(Gis gj)p1 = Liz;

where r > 1 can be any positive integer. The maximal value is achieved by the
singular functions f; = ; and g; = ¢; and

k

Rilf gl = > _(fi. Krgidio (2.17)

i=1
is called the VAMP-r score of f and g.

Specifically, the VAMP-1 score maximizes the Rayleigh trace, which represents the
sum of the estimated eigenvalues, as established in the works of Noé and Niiske
[42] and McGibbon and Pande [37]. Meanwhile, the VAMP-2 score maximizes the
kinetic variance, a concept introduced by Noé and Clementi [41]. Hao Wu and
Frank Noé [68] suggest r = 2 in applications for the direct relationship between the
VAMP-2 score and approximation error of Koopman operators and the convenience
of cross-validation, which is pivotal in our thesis.

In this thesis, we implement the VAMP-2 score as the negative loss function. The
VAMP-2 score evaluates the sum of the singular value s = 3, 02 which maximizes
the kinetic variance captured by the model [41]. Tt is also directly related to the
approximation error to the true Koopman operator K.

We denote the VAMP-2 score of two sets of linearly independent functions f(x) and
g(x) by:

Rolf, 8] = ||Co> Con C1)? |7 (2.18)
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Where the correlation matrices are defined as Section 2.2.2.1 above and ||M||% is
the Frobenius norm of the n x n matrix M. This VAMP-2 score is maximized in the
sought-after scenario, i.e. when the top m left and right of the Koopman singular
functions belong to the span of (fi, ..., fin) and (g1, ..., gm ), respectively. The VAMP-
2 score has been demonstrated to possess more amenable gradients for optimization
compared to VAMP-1, which equips it with desirable numerical stability. This
is due to its direct relationship with the Koopman approximation error [35]. In
the specific scenario where the dynamics exhibit reversibility with regards to the
equilibrium distribution, the theorem above specializes to variational principle for
reversible Markov processes [42, 44].

2.2.4 VAMPnets

VAMPnets represent a deep learning approach that utilizes neural networks to pa-
rameterize transformations f, and g, to optimize a VAMP score [35]. The input
data is transformed into a feature representation that optimizes the approximation
of the Koopman operator using these transformations. The network is commonly
implemented as a multilayer perceptron (MLP), but other architectures have been
proposed [16, 35].

, in contrast to prior attempts to incorporate "depth" or "hierarchy" into the analysis
approach [45, 48].

VAMPnets combine the tasks of featurization, dimension reduction, discretization,
and coarse-grained kinetic modeling into a single end-to-end learning framework
[35]. The VAMPnets architecture comprises two parallel components, referred to as
lobes, designed to receive the coordinates of time-delayed molecular dynamics con-
figurations as inputs, represented as x; and x4y, [35]. Each lobe in the VAMPnets
architecture features m output nodes and is trained to learn specific transforma-
tions, denoted as f(x;) and g(x;4,). To evaluate the efficacy of a particular set of
transformations, f, and g, a batch of training data is passed through the network
and the training VAMP score is calculated.

The initial left and right singular functions of the Koopman operator are always
congruent to the constant function 1(x) = 1 [68]. Hence, the basis functions can be
augmented by adding 1, and the network can be optimized by maximizing [35]:

2
+1 (2.19)
F

~ 1 1 1 ___1
Ry ) = HCOO2 C010112
f g

where Cyg, Cp1, Ci1 are mean-free covariances of the feature transformed coordi-
nates:
Coo = (T —1)7'XX '
Co = (T-1)"'XY" (2.20)
Ch=(T-1)"'YY'

12
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The matrices are defined as X = [X;;] = ¢;(x;) € R™T and Y = [V};] =
gi (xj4-) € R™T  with  {(x;, Xj+7)};‘.F:1 representing all available transition pairs,
and their mean-free versions X = X —77'X1,Y =Y — T'Y [35]. The gradients
of R, are given by:

N 2 1 —1 /e —T ——1=e
VxR = ﬁ(3001(3010111 (Y- CpCyX) (2.21)
2

VY}?QZT_l

C,,CyCy (X~ CuC,,Y) (2.22)

and are back-propagated to train the two network lobes.

After training, the quality of the learned features and selected hyperparameters (e.g.,
network size, learning rate) are assessed whilst avoiding overfitting using VAMP-2
score as validation.

2

+1 (2.23)
F

1

e CORCACHN

—val —=val —=val . . . .
where C,, C; , C,; are mean-free covariance matrices computed from a validation
data set not used during the training.

2.3 E(3) Equivariant Neural Networks

Traditionally, machine learning has struggled with data embedded in 3D space be-
cause the coordinate systems used to describe the data are susceptible to the sym-
metries of 3D space [14]. Data augmentation is needed to learn 3D patterns in
arbitrary orientations, requiring approximately a 500-fold increase in brute training.
By building a simple invariant model, the need for data augmentation is removed.
However, the expressability of an invariant model is likely insufficient for capturing
the higher order symmetries present in molecular data, thus, motivating the need for
incorporating higher order symmetries in the machine learning model when using
3D data [14]. In the past five years, this area of research has seen multiple significant
developments, which the neural network architecture of this thesis builds upon.

In 2017, Cohen and Weiling introduced Steerable CNNs, which generalize the idea
of convolutional neural networks to irregular graphs [5]. The refinement of these
networks gave rise to the paper Tensor field networks: Rotation- and translation-
equivariant neural networks for 3D point clouds [60], which incorporate a systematic
approach using spherical harmonics and tensor products to build these networks.
This approach builds on previous works on Harmonic Networks [67], and has been
widely successful.

Approaches similar to what was presented in [60] have been employed on numer-
ous problems, and multiple novel ideas for network architectures have been proven
effective. For example, see [2, 3, 12, 32]
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Even though equivariance is straightforward, implementing it needs substantial tech-
nical expertise. In an effort to unify the procedures and simplify the use of equivari-
ant neural networks in applied research, the authors of e3nn developed a common
framework [15]. Subsequently, this thesis leverages prior work by Geiger and Smidt
[14] and uses the e3nn open-source Python module [15]. The module contains
the most crucial and technically demanding concepts, including tensor products, a
class for working with irreducible representations, and tools for efficiently computing
spherical harmonics.

2.3.1 Group Theory

In our thesis, we deal with 3-dimensional molecular data in Euclidean space. As
such, to construct neural networks that respect the symmetries of this space, un-
derstanding the group actions to which it is subject and how to represent them for
different model inputs is needed. The goal of this section is thus to provide, for the
curious reader, a necessary background to the topic.

A group is an algebraic structure that is composed of a set G and a composition law
G x G — G that obeys the following rules [72]:

e Closure: gh € G forall g,h € G

« Existence of identity element: The group G contains an identity element
e € G such that ae = ea =a, Va € G

« Associativity: For elements a, b, c € G, abc = (ab)c = a(be) for all a,b,c € G

« Existence of inverse: Each element a € G has an inverse denoted a=! € G
such that aa ' =a la=-¢

In our thesis we will focus on 3D rotation, translation and inversion, similar to [14,
32]. Thus, the relevant groups for our thesis include [32]:

1. The Euclidean group in three dimensions E(3): 3D rotation, translation, and
inversion

2. The special Euclidean group in three dimensions SE(3): 3D rotation and trans-
lation

3. The orthogonal group in three dimensions O(3): 3D rotation and inversion
4. The special orthogonal group in three dimensions SO(3): 3D rotation

Combining the group consisting of the set of all 3D rotations with the group of all 3D
translations and the group comprising the identity and inversion form the Euclidean
Group, E(3) [72]. The group comprising only the 3D rotations and inversions is
throughout this paper referred to as O(3).

2.3.2 Representations of Groups

Transformations are defined by the actions of groups. More precisely, a transfor-
mation that acts on a vector space X, which is parameterized by a group element
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g € G [32], can be expressed as an injective function 7, : X — X. A representation
of a group is a way of expressing the transformations of the group as matrices, such
that the group’s operations (e.g., rotations, translations) are represented by matrix
multiplications [72]. These matrices are called the group representations.

A representation of a group G is a group homomorphism from G to a set of N x N
invertible matrices formally denoted: D : G — GL(N). Thus, if we have a group
element ¢ and a group element h, and we represent them as matrices A and B,
respectively, then the matrix representation of their product (gh) will be the product
of the matrices A and B [72].

Definition 2.2.3. Group Representation

For a given group G a function D : G — R%*? that maps each element of the group
to a d x d matrix is a representation if and only if it follows the structure of the
group [14, 72]:

1. D(e) =1
2. D(ab) = D(a)D(b)

Irreducible representations are a particular class of representations that cannot be
written as the direct sum of two or more non-trivial representations. These repre-
sentations are important in group theory because any representation of a group can
be decomposed into a direct sum of irreducible representations [72].

2.3.3 Irreducible Representations

The irreducible representations (irreps) of O(3) are the data types for e3nn. An-
other way to think about this is that we must explain to our network how the
data transform in the first place if we want our network to maintain the trans-
formation properties of our data. We employ irreducible representations because
they are the smallest representation and a complete representation [72], i.e., any
finite-dimensional representation of O(3) can be broken down into the irreducible
representations of O(3). Inversion, sometimes known as parity, and SO(3) irreps can
be formed from the irreps of O(3) [14].

It is possible to create irreducible representations of a group in a variety of ways. One
frequent technique is to "project" a representation of the group into a subspace that is
unaffected by the group’s actions. Utilizing the group characters, which are functions
that characterize the traces of the group elements in a specific representation, is
another technique. For the purpose of this thesis, the irreducible representations
of SO(3) are widely known, referred to as the Wigner D-matrices, and thus do not
require us to compute them explicitly. Any group representation of SO(3) can be
expressed as a concatenation of irreps [14, 32]:
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Dlo (9)
Do)~ 7 ( @ Dulo) ) P =P D) |P (22

where Dy, (g) are Wigner-D matrices with degree ;.

The general case of this decomposition is such that any representation of SO(3)
can be decomposed into irreps of strictly odd dimensions, denoted by 2/ + 1 for
[ € NU{0}. The irreps acting on the 2/ + 1-dimensional space is referred to as
the Wigner-D matrix of order [, denoted in Eq.(2.3.3) as Dy, (g) [65]. Degree [ is a
non-negative integer and can be interpreted as an angular frequency and determines
how quickly vectors change when rotating coordinate systems. Dy (g) of different
L can act on independent vector spaces. Vectors transformed by Dy (g) are type-L
vectors, with scalars and Euclidean vectors being type-0 and type-1 vectors [32].

This concept will prove important in the construction of our equivariant network, we
will use irreps to encode how the features in our network transform under the actions
of O(3) and later we will introduce tensor operations that preserve equivariance and
can be parameterized by learnable features (weights) such that we can construct the
network.

2.3.4 Equivariance

For a group G, a function f : X — Y is equivariant under G if the following equation
holds for Vg € G,z € X where Dx(g) and Dy (g) is the respective representations
of the group element g acting on the vector space X and Y respectively.

f(Dx(g)x) = Dy(9)f () (2.25)

This means that acting with the group on the inputs or the outputs is equivalent.
E.g. applying a rotation to the input is the same as first applying the function
and then applying the rotation to the output, we can then say that the function is
equivariant with respect to the group.

An important aspect of equivariant functions, which is crucial for the creation of
equivariant neural networks, is the following three theorems.

1. If both f: X; — X5 and g : Y] — Y5 are equivariant, their composition f o g
is also equivariant.

2. If both f: X; — X5 and g : Y7 — Y5 are equivariant, their sum f + g is also
equivariant.

3. Multiplication: the tensor product of the two vectors can be shown to be
equivariant. This property is further detailed in Section 2.3.6.
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In particular, this means that Euclidean neural networks (where G = E(3)), incorpo-
rating learned scalar weights, guarantee equivariance simply by requiring individual
components to be equivariant [14].

The last property, where a certain definition of the tensor product preserves equiv-
ariance, enables the construction of neural networks through incorporating learnable
weights in the coefficients of the tensor product.

2.3.5 Spherical Harmonics

While applications of spherical harmonics can be found throughout mathematics,
physics, and chemistry, we will restrict our discussion to what relates to creating
E(3) equivariant neural networks. In this context, drawing inspiration from the
work proposed by [14, 32], spherical harmonics are basis functions for irreducible
representations of SO(3).

Euclidean vectors 7 € R? can be projected into type-L vectors denoted f) using

spherical harmonics Y : f(B) = y (@) (I7|>' Spherical harmonics are a family

of functions Y! from the unit sphere to the irreducible representation D', where [
represents the angular velocity, detailing how objects are transformed under rotation.
They are equivariant with:

. (L) _ v/ (L) Dﬂg)?)
Do) =¥ <||Dl<g>?|| (2.26)

Spherical harmonics of relative position ﬁ; generates the first set of irreps features.
These are later used to form the internal representations in our equivariant neural
networks.

The spherical harmonics can be regarded as a 20 + 1 dimensional vector of functions
Yl(f) = (Y—ll(f)7 Y—ll—o—l(f)u ’}/ll(f))v VieNU {0}

V! (RZ) ZDl R)pn Y. (E) (2.27)

n=-—1|

R can be any rotation matrix and D' are the irreducible representations of SO(3).
The equation above implies that each Y is equivariant to the actions of SO(3) with
respect to the irreducible representation of the same order.

The spherical harmonics are heavily dependent on the choice of basis for the irre-
ducible representations. Once the basis of the irreducible representations is fixed,
the spherical harmonics functions are unique for # on the unit sphere up to the
choice of their sign +Y* [14].
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2.3.6 Tensor Product

To interact with different type-(L,p) vectors, where L is the type and p is parity,
tensor products are used [32]. In the tensor product, Clebsch-Gordon coefficients are
used to combine type-L; vector f) and type-L, vector ¢*2) and produce type-Ls
vector h3). The equation below displays the tensor product for the aforementioned
vectors for the SO(3) group:

. L3zm
h%‘;) — (f(Ll) ® g(L2)>m3 — Z Z (Lf,mf) Lo ma) f(L1 gﬁ,fj (2.28)

mi1=—L1 ma=—Lo

In Eq.(2.28) above, m; corresponds to the m;-th element of D) and equates to
the order. For |L; — Lo| < Ls < |Ly + Ls| the Clebsch-Gordan coefficients above,
C((ff;:f))( Ls,mg) AT€ NON-ZETO. For the Clebsch-Gordon coefficients to be zero implies
that the output vectors are restricted to certain types. While in theory, vectors of in-
creasingly higher dimensions could prove useful to capture higher-order symmetries,
the operations scale poorly and it is thus practical to limit the degree of internal
representations in the networks. For example, while the tensor product of a type-L
vector and a type-Ls vector will produce a type-Ls vector as its highest dimensional
output, we could constrain the model output to L, and thus set the coefficient for

the type-Ls vector to zero.

We denote our hyperparameter for limiting vectors of increasingly higher dimensions
as Lpyax and will omit vectors with type L > Ly,.c. This will prove important later
in order to constrain our network’s internal representations.

Each distinct non-trivial combination of L; @ Lo — L3 is referred to as a path.
Each path is independently equivariant, and it is possible to designate one learnable
weight to each path.

There is one difference between tensor products for O(3) and SO(3) [32]. For O(3)
we must keep track of the output parity ps, where p3 = p; X ps, and adhere to the
following multiplication rules:

l.exe=c¢
2. 0xXxo0=c¢e
3.exo=0XxXe=o0

To clarify, a tensor product of a type-(1,e) and vector and a type-(1,e) vector might
lead to one type-(0,0) vector. one type-(1,0) vector and one type-(2,0) vector.

The Clebsch-Gordan coefficients mentioned above are the change of basis decom-
posing the tensor product into irreps [14, 32]. For SO(3) they satisfy the equation
below:

Cum ™ = Ci*" D (R)D3, (R)D, (R) - VR € SO(3) (2.29)

Imn i
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The Clebsch-Gordan coefficients for SO(3) are calculated by integrating over the
basis functions of a specified irreducible representation, in other words, the real
spherical harmonics. The equation can be viewed below:

Ol Ly = | Lamas Lamy) (Lyms| = / dQY, 0 (Q)YED(Q)YED Q) (2.30)

2

For the majority of combinations of L, Ly and L3 the coefficients are zero, leading
to the subsequent selection rule for coefficients that are not trivial: —|L; + Lo| <
Ly < |Ly + Lol

2.4 Graph Convolutional Neural Networks

Graph Convolutional Neural Networks (GCNNs) are a class of neural network mod-
els designed to operate on graph-structured data. GCNNs leverage the concept of
convolution, commonly used in image processing in state-of-the-art architectures
such as ImageNet [54] and ResNet [20], and adapt it to graph domains.

In a GCNN, the key idea is to generalize the notion of convolution from regular
grids (like images) to irregular graphs. The goal is to learn node representations
that capture both the node’s local neighborhood information and the global graph
structure.

By repeatedly applying the graph convolution operation, information is exchanged
and updated across nodes, enabling the network to capture both local and global
patterns in the graph structure. The final learned representations can be used for
various downstream tasks, such as node classification, link prediction, or graph-level
prediction.

State-of-the-art architectures include ChebNet [7], EdgeConv [64], Graph U-Net [13]
and GraphSAGE [18].

2.4.1 Message Passing

Message passing is a core mechanism in any Graph Neural Network (GNN), this
includes the Transformer architecture, outlined in Section 2.5, when adapted to
irregular graphs and using the attention mechanism as the means of message prop-
agation. However, we choose to outline the message passing schema here and dive
deeper into the attention mechanism later.

A graph G = (V, ) is formally made up of edges (i,7) € £ that reflect connections
between nodes ¢ and j € V. For this thesis, a suitable example of a graph is an
atomistic system, such as a molecule, where each node is an atom and edges can
be bonds or atom pairs close together. Via layers of message passing, GNNs derive
meaningful representations from graphs. A message passing scheme takes a given
feature f! on node i and edge feature eéj at the [-th layer and first aggregates
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messages mﬁj from neighbors and then updates features on each node as according
to the following equation:

JEN()

where ¢,,, and ¢, represent learnable functions and N () denotes the set of neighbors
of node i. Each node 7 in atomistic systems in 3D spaces is also connected with its
location, or 7;, and edge properties often become functions of relative position, or
rij = 1; —7; [32]. As we are dealing with atomistic systems, our approach will be
part of the general GNN approach.

2.4.2 Equivariant Graph Convolutions

As in previous papers on this topic [2, 3, 60, 65], the GCNN used in this thesis
uses the message passing schema on irregular graphs presented with a convolutional
kernel as the learnable functions ¢,, and ¢, above. Following the work of Batzner
et al. [2], in this thesis, we use equivariant convolutions acting on geometric objects
that comprise a direct sum of irreps of E(3).

Since convolution filters operate on relative interatomic distance vectors, these op-
erations are by nature translation invariant. A very important property is that the
sum of contributions from several atoms is invariant under permutations of those
atoms. Permutations in this context refers to permuting the atom indices. The
overall potential energy of the system is invariant to permutation, whereas atomic
properties are equivariant to permutation of atom indices. To ensure rotational
equivariance, the convolutional filters Sf,?(ﬁ;) are limited to be the resulting prod-
ucts of learnable radial functions and spherical harmonics, which as pointed out
earlier, are equivariant under the actions of SO(3). The convolutional filter can be
written as:

SW(T5) = R(ry)YV (1%) (2.32)

where ﬁ; is used to denote the relative position from the atom ¢ central to the
convolution to its neighboring atom j. 75; and r;; denote the associated unit vector
and interatomic distance, respectively, and lastly, as above, S,(f@)(r_”)) denotes the

convolutional filter [2].

2.5 Transformers

Transformer architectures, leveraging the mechanics of attention, have seen a re-
markable increase in popularity [61]. Its widespread adoption can be attributed to
a design that is both well-suited for backpropagation and parallelization. Moreover,
it has shown excellent efficacy on a variety of tasks, including language modeling
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[61], image recognition [51], and graph-structured data [62]. Recently, work apply-
ing the Transformer architecture on point-cloud data has been published displaying
promising results [31, 70, 71].

However, in its general form, the Transformer architecture does not encode any
constraints imposed by 3D space. In particular, models have emerged for 3D point
clouds and graph data offering attention mechanisms that preserve equivariance to
the actions of the Euclidean group. Such models have been proposed by [2, 12,
32, 59]. In this paper, we leverage the work on this topic, in particular, we use
the Equiformer model, developed by Liao and Smidt [32], as one of our equivariant
neural network architectures.

Proposed by Vaswani et al. [61] the Transformer architecture relies on attention
mechanisms to understand global dependencies between input and output.

Add & Norm

Feed
Forward

Masked
Multi-Head
Attention

Multi-Head
Attention

Positional Positional

®
Output
Embedding

Inputs Outputs
(shifted right)

Encoding Encoding

Input
Embedding

Figure 2.4: The original Transformer architecture proposed by Vaswani et al. [61]
for machine translation.
Image Source: [61]

Transformers use stacked self-attention and point-wise, fully connected layers for
both the encoder and decoder. This is shown in Figure 2.4.

2.5.1 Self-Attention

Self-attention is an attention mechanism that establishes connections between var-
ious positions within a single sequence to generate a sequence representation. For-
mally it can be described as the mapping of one-variable length sequence of sym-
bol representations (z1, ..., x,) to another sequence of equal length (z1, ..., z,) with
x;, z; € R. The attention mechanism for Transformers can be described as mapping
a query and a set of key-value pairs to an output, all being represented in form of
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vectors [61]. We denote queries ¢ and keys k, where both vectors are of dimension d,.
Let v denote a vector of dimension d, containing the values. The attention function
is computed over a set of queries, keys, and values packed together, denoted @), K,
and V.

A weighted sum is used for computing the output of the values, where the weight is
determined by a compatibility function of the query with its corresponding key.

2.5.1.1 Scaled Dot-Product Attention

The typical attention mechanism in Transformers is the scaled dot-product [32]. To
compute an attention matrix we used the packed queries @), keys K, and values V.
The dot product is computed between () and K, and the results are scaled using
\/dj;, which is the dimension of ¢ and k. A softmax function is then applied to
obtain the weights of the values [61]. The final step is to multiply the weights with
the values V. The function can be viewed below:

QK"

Attention(Q, K, V') = softmax( N
k

) (2.33)

2.5.1.2 Multi-headed Attention

However, it was found that it is beneficial to linearly project the queries, keys,
and values h times with different learned projections each time. For each of these
h projections, the single attention mechanism is applied in parallel, producing h
outputs. These h outputs are then concatenated and projected again yielding the
final result. This way of parallelizing was proposed by Vaswani et al. [61] and is
called a multi-head attention mechanism. The function for multi-head attention can
be viewed below:

MultiHead(Q, K, V) = Concat(heady, ..., head;, ) W° (2.34)

Where head; = Attention(QW2, KWK VWY) Vi = 1,...h and the projections are

parameter matrices W2 € Rémedexdy K ¢ Rimoderxds 7V ¢ Ridmodexds and WO €
thv X dmodel

Thus one first computes the linearly projected versions of the queries, keys, and
values by multiplying with the respective weight matrices (W<, WX, WY, for each
head;. Then the single attention function, from Eq(2.33), is applied for each head;.
The outputs of the heads are concatenated, and lastly, a linear projection is applied
to the concatenated output by multiplying it with W©°.

2.5.2 Equivariant Transformers

Transformers have seen widespread success but have yet to perform well across
datasets in the domain of 3D atomistic graphs, such as the protein folding data set
we are using for this thesis. However, recently Liao and Smidt [32] proposed an
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Equiformer, a graph neural network leveraging the strength of the Transformer ar-
chitectures as well as incorporating SE(3)/E(3) equivariant features based on irreps.
Two types of Equiformers are presented, a simple and effective architecture, which
replaces the original operations in Transformers [61] with equivariant operations like
tensor products, and a novel attention mechanism which is called equivariant graph
attention [32]. The latter replaces dot product attention with MLP attention and
includes non-linear message passing. In the thesis, we employ both models to test
which performs better on the alanine dipeptide data. The Equiformer architecture
can be viewed below.

Input 3D Graph

Input 3D Graph e f I N
Qp ( Atom Type z; J (Constant One) T

Linear

Embedding

Equivariant
Graph Attention

Layer Norm

(¢) Embedding (Atom + Edge-Degree)

Feed Forward
Network

Layer Norm

Feed Forward
Network
T
Output . J
Head

(a) Equiformer Architecture (b) Equivariant Graph Attention (d) Feed Forward Network

Figure 2.5: The Equiformer architecture proposed by [32] for 3D atomistic point
clouds. The 3D graphs used as input are embedded with atom and edge-degree em-
beddings and processed through Transformer blocks consisting of equivariant graph
attention and feed-forward networks. In this figure, @ denotes multiplication, @
denotes addition, and DTP stands for Depth-wise Tensor Product. P within a cir-
cle denotes summation over all neighbors. Gray cells indicate intermediate irreps
features.

Image Source: [32]

2.5.2.1 Simple Equiformer Architecture

In order to implement something similar to the Transformer architecture by Vaswani
et al. [61] but preserving equivariance, some technical details are needed to assemble
the building blocks of the Transformer. Luckily, previous research on the topic |2,
12, 32, 59] have developed efficient tools to achieve this.

Below follows an account of the most important building blocks for the Transformers
and a brief description of how these are implemented in an equivariant fashion, as
proposed by Liao and Smidt [32].
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The operations the simple Equiformer architecture replaces from the original Trans-
former are the linear layers, layer normalization (LN), gate activation, and Depth-
wise Tensor Product (DTP) [32, 61]. The different operations are visualized in the
graph below.
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Figure 2.6: Equivariant operations used in Equiformer
Image Source: [32]

In their work, Liao and Smidt [32] transform different type-L vectors using separate
linear operations for each group of type L-vectors in order to generalize linear layers
in the feed-forward neural network to irreps features. The bias term is removed for
the non-scalar feature when L > 0 as biases are independent of inputs, preventing
potential breaks of equivariance.

Layer normalization (LN) is employed in the Transformers architecture to stabilize
training. LN uses an input of 2 € R¥*Y where C is the number of channels and
N is the number of nodes. It calculates the linear transformation of the normalized
input as LN(z) = (%) o7 + f3, where pc and o € RV*! denote the mean and
standard deviation of the input = along the channel dimension, and v and § € R'*¢
are learnable parameters. The element-wise product is denoted by the symbol o.
By treating the standard deviation as the root mean square value (RMS) of the

L2-norm of type-L vectors, LN can be extended to irreps features [32].

For an input x € RV**CL+) of type- L vectors, the output is LN(z) = (m) o
7, where norm(x) € RV*“*! calculates the L2-norm of each type-L vector in z, and
RMS¢(norm(z)) € R¥*1x! calculates the RMS of the L2-norm with mean taken
along the channel dimension. Means and biases for type-L vectors with L # 0 are
removed [32].

To maintain the equivariance when employing the activation function, Liao and
Smidt [32] use the gate activation function proposed by Weiler et al. [65]. Activation
functions are typically applied to L-type vectors where [ = 0. When [ > 0 the vectors
are multiplied with non-linearly transformed [ = 0 type L-vectors for equivariance.

If the input x contains non-scalar C type-L vectors where 0 < [ < L., and
(Co+ X C1) type-0 vectors, then Sigmoid-Weighted Linear Units (SiLU) [11, 50]
is applied to the first Cy type-0 vectors, and sigmoid function to the other Zfsz" Cy,
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type 0-vectors. With this non-linear weights are obtained, and each type-L vector
can be multiplied with its corresponding non-linear weights.

Tensor products are a mathematical operation that describe interactions between
vectors of different L (irreps). Its efficiency can be improved by using the DTP, where
one type-L vector in output irreps features depends only on one type-L’ vector in
input irreps features [32], which can be viewed in Figure 2.5.2.1, where L is equal
or different to L’ In other words, one output channel depends on only one input
channel. The DPT between x and y, two tensors, is denoted z @27" 5, where w
denotes the weight. The weight can be input-independent or conditioned on relative
distances [32].

Equivariant Dot-Product Attention

T T

[— :
(Lin:zlr] (Lin:ur) [L,incar]

G &—

EBEN
J

Figure 2.7: Architecture of equivariant DP attention without non-linear message
passing proposed by [32]. Illustration: @ denotes multiplication, @ denotes addi-
tion, and DTP stands for Depth-wise Tensor Product. P within a circle denotes
summation over all neighbors and gray cells indicate intermediate irreps features.
The red color is used to highlight the difference between dot product attention and
multi-layer perceptron attention.

Image Source: [32]

The equivariant dot-product attention mechanism is presented in Figure 2.7 above.
The multi-layer perceptron attention differs in how attention weights, a,;, are derived
from f;;. Liao and Smidt split f;; into key k;; and value v;;, two irreps features, and
obtain the query ¢; with a linear layer [32]. Thereafter, the scaled dot product [61]
is used between ¢; and k;; to obtain the attention weights.
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2.5.2.2 Equivariant Graph Attention

The Equivariant Graph Attention architecture proposed by Liao and Smidt [32]
does not only replace original operations in the Transformer with their equivariant
counterparts but proposes a novel attention mechanism, improving on the typical
attention in Transformers, by replacing the dot product attention with multi-layer
perception attention and including non-linear message passing. The architecture
is illustrated in Figure 2.6. There are two main components to this Equiformer
architecture, multi-layered perceptron attention and non-linear message passing.

In the multi-layered perceptron attention [32], attention weights a;; describe how
each node interacts with its neighboring nodes. The attention weights are invariant
to geometric transformation, hence only type-0 vectors of message f;; are denoted
as Z»Oj for attention. The messages incorporate directional information as they are
generated by tensor products of type-L vectors with L > 0. In comparison with the
dot product, MLPs are universal approximators and can thus capture any attention
patterns, in theory, [6, 22, 23|. For i0j7 one leaky ReLu layer and one linear layer
for a;; are used:

2ij = aTLeakyReLU(fi(]Q)) (2.35)

i exXp Qfl’j
Yk € N(i) exp zi

(2.36)

a;; = softmax;(x;;)

fi(;)) and a have the same dimension, where a is a learnable vector and z;; is a single
scalar. The output from the attention is calculated by summing the value of v;; and
multiplying it with the corresponding a;; over all neighboring nodes j € N(i). wv;
can be obtained by linear or non-linear transformations of f;;.

Values v;; are transformed with input-independent weights and are sent from one
node to another. f;; is split into fz-(]o) and fi(jL)7

L vectors with 0 < L < L... As discussed above, fi(;)), consists of scalars only.

where the latter comprises of type-

Non-linear transformation is performed on fl-(jL) to obtain the non-linear message:

iy = Gate(f5;”) (2.37)
DTP
vij = Linear([u;; Q SH(77))) (2.38)

To retrieve p;;, gate activation is applied to fi(jL). One DTP and a linear layer are

used to enable interaction between the non-linear type-L vectors, similar to when
e 2o into o O - . for I

transforming x;; into fi;. f;;” can also be used directly for v;; for linear messages.

Weights w are input-independent.

We have introduced group theory and representation theory and given examples
of how to use this mathematical frameworks to build neural network architectures
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that preserve equivariance to the Euclidean symmetry group (E(3)). Lastly, we have
detailed the central concepts of the two equivariant model architectures we employ
in this thesis, the Transformer and the GCNN.
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Methodology

This chapter provides a comprehensive overview of the experimental design and
methodology applied in the thesis. It encompasses the datasets, pre-processing
pipeline, network architecture, and software. Furthermore, this chapter outlines
the training procedure, loss function, and relevant implementation details of the
VAMPnets.

3.1 Data Description & Pre-Processing

This thesis uses a gradual progression of data, similar to how Mardt et al. [35]
tackled multiple, progressively more complex datasets for their VAMPnets model.
Initially, we test various models on a simple molecule trajectory dataset for the pep-
tide comprising two amino acids called alanine dipeptide. Ultimately, we benchmark
the best-performing model on the protein folding dataset.

3.1.1 Alanine Dipeptide

Figure 3.1: Illustration of alanine dipeptide, consisting of short chains of amino
acids linked by peptide bonds.
Image Source: [63]

Data Description
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The data originates from a molecular dynamics simulation set up of alanine dipeptide
(Ac-A-NHMe) in explicit water by Niske et al. [43]. It is well known that the
dynamics of alanine dipeptide can be described by the twodimensional space of
backbone dihedral angles v and ¢. The aim is to detect the energetically allowed
regions for the backbone dihedral angles of amino acid residues in protein structures,
using the 3D coordinates to infer ¢» and ¢.

The alanine dipeptide data consists of three trajectories and in total 750,000 timesteps
where only the peptide configuration is saved while the water molecules are inte-
grated out. Details of the simulation setup are provided below. For further informa-
tion, we refer to the paper by Niiske et al. [43]. The data was retrieved using the
MD share library, which is maintained by Frank Noé’s group at FU Berlin.

Property Value

Software ACEMD

Force Field AMBER ff-99SB-ILDN
Integrator Langevin

Integrator Time Step 2 fs

Simulation Time 250 ns

Frame Spacing 1 ps

Temperature 300 K

Volume 2.3222nm? periodic box
Solvation 651 TIP3P waters
Electrostatics PME

PME real-space cutoff 0.9 nm

PME grid spacing 0.1 nm

PME updates Every two time steps
Trajectories 3

Table 3.1: Simulation setup of the alanine dipeptide dataset

ACEMD is a software framework for MD-based discovery [19] and the selected force
field, which is a mathematical model used to describe the interactions between the
atoms in a molecular system, is based on the work by Lindorff-Larsen et al. [34].
MDshare provides the complete trajectories of alanine dipeptide, consisting of all
22 atoms of the molecule, and a pre-processed dataset, with only the heavy atoms
included. The heavy atoms consist of Oxygen (O), Nitrogen (N), and Carbon (C),
excluding the 12 Hydrogen atoms (H). However, there is no corresponding Protein
Data Bank (.pdb) file with the atomic features for the pre-processed dataset. Thus,

30


https://markovmodel.github.io/mdshare/

3. Methodology

we use the complete trajectories and remove the hydrogen atoms to leverage the
features in our training.

We choose to only use the heavy atoms as the hydrogen atoms display very fast evo-
lutions. However, through the use of VAMPnets, we are detailing the slow dynamics
of the molecule. As we do not want the fast dynamics to cloud our judgement, sim-
ilar to previous research by Mardt et al. and Ghorbani et al. [16, 35, 36], we will
use only the heavy atoms in our dataset, both for alanine dipeptide and the protein
folding dataset.

Data Pre-Processing

We use MDtraj to load the trajectories from the MDshare files [38]. The atom
type is considered a categorical feature and is pre-processed using one-hot encoding.
One-hot encoding provides a binary representation rather than an ordinal one, fa-
cilitating learning for our model. Later in the thesis, we will differentiate between
this type of atom encoding and encoding all atoms with a unique one-hot encoding.
TrajectoriesDataset from deeptime.util.data is used to obtain time-lagged data.
Essentially displacing the current trajectory with a time-step equivalent to 7.

Another important graph attribute to encode is the adjacency matrix, which details
the connections between the nodes. This adjacency matrix is not explicitly encoded
in the .pdb data we use. Hence, we set a radial cutoff to create our adjacency
matrix based on the distance matrix obtained from the positions. For this, we use
the function torch_cluster.radius_graph , which creates the adjacency matrix based
on the nodal positions.

The last step of the data pre-processing is to convert the information retrieved into

a torch_geometric.data.Data object, which can then be input into a
torch_geometric.loader.Dataloader toimplement advanced mini-batching. The DataLoader
is now ready to be handled by our E(3) equivariant neural networks.

3.1.2 Protein Folding

We use the processed version of the protein folding dataset provided by DE Shaw
Research [33]. Unlike the alanine dipeptide dataset, the protein folding data is not
publicly available and was retrieved from our supervisor with the sole purpose of
pursuing this thesis.

Data Description

The data stems from MD simulations of varying time lengths. Each time-step is
200 ps between subsequent frames. All frames have been superimposed to a folded
protein structure state. In total, the data covers 12 different proteins.
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Protein Structure Heavy Atoms
BBA (1FME) 251
Villin (2F4K) 287
Trp-cage (2JOF) 144
BBL (2WAV) 352
a3D (A3D) 572
Chignolin (cln025) 93
WW domain (GTT) 287
NTL9 (2HBA) 301
Protein G (NUG2) 435
Protein B (1PRB) 362
Homeodomain (UVF) 466
A-repressor (1ILMB) 618

Table 3.2: Protein structures in the protein folding data set
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Figure 3.2: Representative structures of the folded state were observed in reversible
folding simulations of 12 proteins. The folded structure is provided from simulation
for each protein (blue) overlaid over the experimentally determined structure (red),
together with the total simulation time, the experimental structure’s PDB entry,
the Ca-RMSD (over all residues) between the two structures, and the folding time
(obtained as the average lifetime in the unfolded state observed in the simulations).
Image Source: [33]

Using equilibrium MD simulations, the data investigates the fast-folding protein
mechanism, examining 12 protein domains with sizes ranging from 10 to 80 amino
acids, no disulfide linkages, no prosthetic groups, and representatives from each of
the three main structural types (a-helical, 5-sheet, and mixed a/3) [33].

The dataset for the 12 proteins includes simulations conducted close to the melting
point, where the melting point represents the temperature at which stability is
compromised, leading to the unfolding of the protein, thus, folding and unfolding
could be frequently seen in an extended equilibrium MD simulation. As a part of the
experiments, one to four simulations were performed, lasting between 100 us and 1
us for each of the 12 proteins. A minimum of ten foldings and ten unfolding events
for each simulation were recorded, and over 400 folding or unfolding events occurred
throughout approximately 8 ms of simulation time. The simulations are best-in-class
and rival previous state-of-the-art simulations while providing high-quality data for
multiple proteins obtained under homogeneous conditions, previously never done.
Each protein simulation is stored in two files, one in .n5 format, containing all the
aligned coordinates of the simulation, and one in .pdb format comprising atomic
information such as bonds and residues.
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Data Pre-Processing

Data of the 12 proteins are stored in the format of HDF5 files, binary data format,
and their topology data as .pdb files. Using the Python library nspy and mdtraj ,
we extract the data and the topology.

Similarly to the alanine dipeptide data, a time-lagged trajectory is created for each
trajectory by displacing it with a time-step equivalent to 7. One-hot encoding is also
performed to deal with the categorical nodal features. Lastly, the data is packaged
into data loaders that can be handled by our equivariant neural network, just like
for the alanine dipeptide dataset.

3.2 Experimental Setup

This section covers the experimental setup, including VAMPnets and neural network
architectures. Important choices in the implementation of these are also covered,
such as advanced mini-batching, edge length embedding, directional encoding using
spherical harmonics, message passing, graph convolution, and feature reduction us-
ing a multilayered perceptron. Lastly, an overview of all the experimental models
used is provided.

3.2.1 VAMPnets Structure

Deeptime [21], a Python library, is used for implementing VAMPnets similarly to
Mardt et al. [35], with the major difference being the neural network architecture.
Mardt et al. [35] used a multilayered perceptron, while our implementation builds
on an equivariant neural network. We experiment with two types of networks that
preserve equivariance, a GCNN as provided by the e3nn library [14] and equivari-
ant Transformers as proposed by Liao and Smidt [32]. Research has shown that
converting from invariant to equivariant models, even with the same framework, has
improved accuracy in the training tasks [2, 40].
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Figure 3.3: Overview of VAMPnets architecture. At each time step ¢ of the simula-
tion trajectory, the 3D coordinates x; and x;, . are input to two deep neural networks
that conduct a nonlinear dimension reduction. The lower dimensional outputs are
then combined to compute the VAMP score. The negative value of the score is used
to train the networks.

Image Source: [35]

In our implementation, the two network lobes are identical clones, the same design
choice as Mardt et al. [35]. However, the lobes can also be trained separately. With
k output nodes the networks are trained to learn the transformations f(z;) and
g(x44-) in Eq.(2.3), where for our implementation f = g. Each forward pass of the
network is performed with a batch of training data and the loss is then computed
by the negative value of the VAMP-2 score.

While a rigorous derivation of the gradient of the loss function can be found in [35],
it suffices for our purpose to note that the loss has properties that ensure it is easily
differentiable. We rely on PyTorch’s automatic computation of gradients of any
function computed by the Autograd Engine , which leverages efficient computational
graphs to compute analytical derivatives using the chain rule, allowing us to easily
perform backpropagation in stochastic optimization.

Adam is chosen as an optimizer and is implemented through PyTorch’s torch.optim
package as one of many stochastic optimization algorithms included. Kingma and
Ba demonstrate by empirical results that Adam works well in practice and compares
favorably to other stochastic optimization methods [28]. The algorithm can be found
in Appendix B.1.

We reduce the output dimensions using an MLP after the forward pass to the equiv-
ariant neural network. From one scalar per atom or node, we reduce it to the number
of predicted metastable states, using a softmax layer as our final activation layer.
The output can be interpreted as a probability, and thus the network effectively
performs featurization, dimension reduction, and clustering to metastable states.

The process provides a single end-to-end learning framework. An example of the
efficiency of end-to-end learning frameworks in this domain is the effectiveness of
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AlphaFold2 compared to AlphaFold, where the latter used an intermediary step
of computing distance matrix and then used optimization to compute its three-
dimensional positions. The former used an end-to-end framework and saw great
improvements [26].

While traditional gradient descent trains the network by computing the loss for
all training samples and then computing the gradient, stochastic gradient descent
approximates the gradient by performing the calculation on a randomly selected
subset of the training data, commonly denoted as a batch. This approach reduces
the computational burden and scales to large datasets, trading slower convergence for
faster iterations. Furthermore, it reduces the risk of getting stuck in local minimas
through its stochasticity.

3.2.2 Network Architecture

Our equivariant network architectures are implemented using e3nn which builds on
PyTorch. e3nn is an open-source Python library that allows researchers to conve-
niently explore the realm of equivariant neural networks for 3D data by providing
the tools to create E(3) equivariant neural networks. For a detailed breakdown of
the e3nn syntax and functionality, see Appendix B.4.

We employ three different equivariant network architectures:

1. A GCNN based on the Simple Network [14]

2. A DP Transformer which is an equivariant version of the original Transformer
[61] implemented by Liao and Smidt [32]

3. A GA Transformer based on the Equiformer by Liao and Smidt [32]

All of our equivariant network architectures are concatenated with an MLP that
performs feature reduction ending with a softmax layer of which the output can be
interpreted as the probabilities of belonging to each metastable state. To ensure
equivariance, the features fed to the feature reduction MLP are scalars (I = 0). The
network scheme is illustrated in Figure 3.4.

MLP Probabilities
MD data 1
coordinates
e3nn network
atom one-hot sont et
Joé o encoding o8 Fas

Figure 3.4: High-level scheme of the neural network architecture

To provide implementational details, we have chosen to present each part of the
pipeline in the sections below. An overview of the network pipeline is as follows:
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. The neural network is trained using PyG advanced mini-batches, concatenat-
ing nodal features and stacking adjacency matrices, allowing the network to
process an entire batch in parallel.

. The adjacency matrix is used to estimate nodal distance vectors by computing
the norm to obtain edge lengths and subsequently embedding the edge lengths
using a basis of cosines or Gaussians, depending on architecture.

. The basis of the spherical harmonics up to a specified degree [,,,4, is used for
encoding directional node attributes.

. The one-hot encoded nodal information, the edge length embedding, and the
directional node attributes expressed using spherical harmonics are all fed to
the E(3) Equivariant Neural Network which embeds the input features. This
procedure is repeated for the number of layers specified, while the last layer
ensures that the ultimate nodal encoding is as specified at initialization.

. The output of the E(3) Equivariant Neural Network is fed to a simple MLP
that performs feature reduction into the desired number of metastable states,
using a softmax as the final layer to give a probabilistic interpretation.
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Figure 3.5: High-level scheme of the e3nn network, which forms the first block of
the entire network pipeline

3.2.2.1 Advanced Mini-Batching

As introduced in Section 3.1, we use PyG’s data class to store the data and its
data loader class to perform batching. However, what is worth noting is how this
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advanced mini-batching is executed. The mini-batching procedure is essential for
scaling the training capacity of deep learning models to large amounts of data.

Instead of processing samples individually, mini-batch groups a set of samples into a
unified representation to efficiently process them in parallel. In the domain of images
or language, this process is usually done by rescaling or padding each example into
a set of equal-sized shapes and then grouping them into an additional dimension.
However, these methods do not scale well when working with graphical structures,
as graphs can hold any number of nodes or edges.

PyG is designed and developed to handle graph neural networks. Hence, it employs
an efficient method of batching together multiple graphs in the training data. In
PyG, parallelization across the batch is achieved by diagonally stacking adjacency
matrices, resulting in a giant graph that holds multiple isolated subgraphs, and
simply concatenating node and target features in the node dimension, illustrated as:

D= - CX=|:],v=]: (3.1)

The procedure allows message-passing and attention schemes to function on the
giant graph as the subgraphs are not connected and avoid memory overhead as the
adjacency matrices can be stored sparsely while avoiding padding.

3.2.2.2 Edge Length Embedding

In contrast to the invariant MLP, the equivariant neural network architectures are
fed an embedding of the edge lengths rather than the quantity itself. We embed the
distances using a basis function and then feed this embedding to the neural network.
The Transformer architectures use a Gaussian basis for the embedding, while the
GCNN instead uses cosine.

The practice of using continuous filters was initially proposed by K. Schiitt et al. [57]
where they proposed a continuous-filter convolutional neural network called SchNet
for modelling quantum interactions. In similarity with SchNet, the e3nn framework
uses these radial model filters.

The set of basis functions is smooth and is strictly zero beyond the chosen max radius
(a maximum radius for where nodes in the atomic graph are connected through
edges). This is a useful property to obtain smooth operations even though the
cutoff at max radius is discrete.

The embedding, returning a projection onto the basis function {y;(z)}Y,, is per-
formed as follows:

() = S fi) 32
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Where z is the edge lengths, f; is the #;;, basis function and Z is constant normalizing
the second moment.

Throughout the thesis, we use a maximum radius of 0.5, we scanned this parameter
and found strong results for this value, it is also commonly used in previous research.
Figure 3.6 illustrated how this max radius looks for the two different set of bases
used in the thesis, cosine and Gaussian.
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Figure 3.6: Illustration of the difference between a cosine and Gaussian edge length
embedding using 10 functions with a max radius of 0.5.

3.2.2.3 Directional Encoding Using Spherical Harmonics

As mentioned in Section 2.3.5, the directional vectors are encoded using the spherical
harmonics as basis. The spherical harmonics are functions defined on the sphere
and form a basis of the space. Consequently, the spherical harmonics are E(3)
equivariant. The directional vectors are encoded using this basis for all equivariant
neural networks used in this thesis with corresponding [,,,,,. If explicit mention of
the [,,4, is omitted, readers are to perceive it as l,,q: = 2.

3.2.2.4 Feature Reduction with a Multilayered Perceptron

There was a distinct design choice to avoid any type of average pooling in the final
layer of the e3nn network. Our implementation of the e3nn network instead outputs
¢ scalars per node (§ = 2 for the GCNN and 1 for the Transformers), and the forward
call is then supplemented by a simple MLP that performs feature reduction into k
states, where k denotes the predicted number of metastable states for the protein
structure trained on. As the number of nodes and the predicted metastable states
vary with protein, we provide an illustration considering alanine dipeptide below:
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Figure 3.7: Illustration of the architecture used for the multilayer perceptron to con-
duct feature reduction for alanine dipeptide. Softmax is used as the last activation
function to normalize the output of a network to a probability distribution

BatchNormld

For the MLP architecture we first use BatchNormid which applies Batch Normaliza-
tion over a 2D or 3D input [24].

_ x— Elx
' \/Var[z] + €

The calculation of the mean and the standard deviation is performed per dimension
across mini-batches. v and [ are vectors of learnable parameters with size C, where
C represents the number of features or channels of the input data. By default,
the elements of v are initialized to 1, and the elements of § are set to 0. The
standard deviation is computed using the biased estimator, which is equivalent to

v+ 8 (3.3)

torch.var(input, unbiased=False) .

We use the default parameters for all our Batch Norm layers, this is entails a mo-
mentum of 0.1.

ELU Hidden Layer

The benchmark MLPs have 4 hidden layers with intermediary activation functions
being the Exponential Linear Unit (ELU), with input and output nodes equal to 20.
This was chosen in accordance with Mardt et al. [35] to benchmark against their
work. ELU is a popular activation function, and for a < 0 it is described as:

flz)=xifx >0
alexp(x) —1)ifx <0

(3.4)

It is similar to the Rectified Linear Unit (ReLU) function but has a smooth transition
for negative inputs. Unlike ReLU, ELU can produce negative outputs, which helps
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to reduce mean unit activations and speed up learning. This reduction in mean
unit activations is similar to batch normalization but with lower computational
complexity. Mean shifts toward zero speed up learning by bringing the normal
gradient closer to the unit natural gradient because of a reduced bias shift effect.

In comparison, other activation functions like Leaky ReLU and Parametric ReLU
also have negative values but do not provide a robust deactivation state like ELU.
ELU saturates to a negative value for smaller inputs, which decreases the forward
propagated variation and information.

Softmax Activation Function

In order to consider the output as a probability vector, we apply the softmax acti-
vation function to the final layer. The softmax function o : R* — (0,1)* is defined
by the formula:

(3.5)

The function applies the standard exponential function to each element z; of the
input vector and normalizes the values by division with the sum of the exponential
of each z;. Thus, the output can be interpreted as a probability vector, as its sum
is 1.

3.2.3 Experimental Models

Several experimental models are trained and tuned on the alanine dipeptide dataset
to select an optimal model for the protein folding data. Amongst these experimen-
tal models, we choose the most promising one based on validation accuracy and
data robustness. We validate the model using Chapman-Kolmogorov and Implied
Timescales tests. Subsequently, we use the model for the protein folding dataset.

41



3. Methodology

Model

Description

Multilayered
Perceptron, Dis-
tance

Multilayered
Perceptron,
XY7Z

MLP using BatchNorm1d, and 4 hidden layers with 20 nodes each and
ELU activation. Softmax is used as a final activation layer. Input data
is based on the pairwise distance between the heavy atoms, with a ma-
trix shape of (10 x 10), which is flattened.

Design of neural network is equivalent to the MLP above but does not
preserve invariance as the input data is based on the x,y,z coordinates
of the heavy atoms.

Graph Atten-
tion Trans-
former

Equivariant Transformer using MLP attention with non-linear message
passing followed by a feature reduction MLP. Model is tested for l,,, €
{0,1,2}.

Dot Product

Equivariant Transformer using dot product attention with linear mes-

Transformer sage passing, followed by a feature reduction MLP. Model is tested for
lmaz € {0,1,2}.
GCNN Equivariant graph convolutional network, followed by a feature reduc-

tion MLP. Model is tested for l,,.. € {0,1,2}.

Table 3.3: Configurations of experimental models tested on the alanine dipeptide

dataset

3.3 Algorithm for Detecting Metastable States

While the toy example of alanine dipeptide is a well-studied molecule with the
number of metastable states well established, deploying our model in a novel context
requires a systematic way to identify the number of metastable states of a molecule.
For this reason, we have developed a non-parametric algorithm that leverages our
VAMPnets architecture to estimate the number of metastable states.
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Algorithm 1 Detecting the number of metastable states for an arbitrary molecule
using MD data trajectories.

Require: k£ : initial guess of the number of states
Require: ) : proportion threshold
Require: N : network
Require: V : vampnet implementation
Require: D : MD data
Require: )\ : lower interval of binary search
Require: v : upper interval of binary search
Require: 7 : time-lag of data
Require: * x kwargs : hyperparameters of the network
while v — A > 0 do
p< (v —2XN)//2 (Set mid point of interval)
N < N(* * kwargs, k) (Initialize network with p output states)
V <= V(N) (Initialize VAMPnet using the specified network)
V < V.fit(D) (Fit the VAMPnet to the provided MD data)
&, < V.val (Store validation score)
Repeat procedure for v output states
&, < V.wal (Store validation score)
if &,/¢, —1 > ¢ then
A1
else
U
end if
end while
z,y « Vitransform(D) (Compute inference on data)
K < koopman_matriz(z,y) (Compute the Koopman matrix)
A « torch.linalg.svdvals(K) (Compute singular values)
n < sum(—m > 7) (Count the number of singular values above the time-lag)
Return n

3.4 Downsampling Procedures

3.4.1 Random Downsampling

Random downsampling is performed by randomly selecting indices at each downsam-
pling step such that only 1 — « data remains, where a represents the downsampling
share. The models are then trained and tested on the reduced data sample. We
make sure that the data partitioning is the same for the equivariant models and its
benchmark in order to provide a fair evaluation.

3.4.2 Systematic Downsampling

Systematic downsampling instead removes one metastable state. First, a pre-trained
model is allowed to assign the data to its states. Next, each of the assigned states is
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removed once, letting an untrained model learn from the data missing a state and
being validated on the full dataset. While the model is trained on data missing a
metastable state, the number of states that the model is forced to predict is still
equal to the true number of metastable states. In this manner, we explore if the
model can accurately learn to predict metastable states that it has not witnessed
during training.

To quantitatively measure the results of the systematic downsampling and compare
them we use two measures:

1. Kullback-Leibler Divergence [30]
2. Shannon Entropy [58]

We use the Kullback-Leibler divergence [30] to examine how much the predictions
on test data by the models trained on systematically downsampled data differ from
the predictions made by the reference model, trained on all the data. The Kullback-
Leibler divergence provides an asymmetric statistic distance measure between two
distributions and is defined as:

P(fv)
Dk (P E P(z)1
KL ||Q [ASH'S Og Q(I)

) (3.6)

The Shannon Entropy [58] is used to measure the information or the uncertainty in
the outcomes of a random variable. We use this to determine the uncertainty in the
state probability assignments for the models. The Shannon Entropy is defined as:

— Y P(z)log(P(z)) (3.7)

TEX

Note that we use the natural logarithm to calculate the Kullback-Leibler divergence

and logs for the Shannon Entropy due to convenience with easier integration to
PyTorch.

As there is no canonical ordering of states, the state indexation will occur randomly
at initialization. Thus, we must align the indices to a common ordering for the as-
signed probabilities to be comparable. For details and verification on this procedure,
we refer the reader to Appendix A.3.

These are the four different models involved in the systematic downsampling exper-
iment:

1. Reference model: A DP Transformer (I,,,, = 2) trained on the entire dataset.
This is used to assign states for removal and comparing various properties.

2. Benchmark model: An Invariant MLP trained on the systematically downsam-
pled data.

3. Distinguishable model: A DP Transformer (l,,,, = 2) that distinguishes be-
tween atom types in its feature encoding
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4. Indistinguishable model: A DP Transformer (l,,,, = 2) that does not distin-
guish between atom types in its feature encoding, i.e. all atoms have a unique
encoding

3.5 Training and Testing Procedures

In order to optimize hyperparameters we use the platform Weights & Biases (W&B).
This platform enables the user to carry out multiple sweeps in an effort to locate
the optimal hyperparameters. However, unlike grid search, W&B is capable of
terminating sweeps with subpar parameters, resulting in a more efficient search
process. A dictionary that specifies discrete or range-based values contingent on the
nature of the parameter is provided for each search.

For details of the exact hyperparameters used as well as the details of the training
setup, we refer to Appendix C.

The performance measure throughout this thesis is the validation VAMP-2 score.
The negative VAMP-2 score is the loss used to train the neural networks. Addition-
ally, the models are evaluated by how many backward passes are required to reach
VAMP-2 score convergence and its computational time per epoch.

All validation scores are calculated using k-fold cross-validation. This entails ran-
domly dividing the data into k-folds. The model is trained on k& — 1 of the k folds,
and the last partition is used for validation. This validation is performed k times,
leaving out a different partition for validation each time. The reported results are al-
ways produced in this manner. k is chosen to produce a reasonably small confidence
band, and we use k£ = 5 throughout the thesis.

The values presented are averaged over the five folds with 95% confidence inter-
vals included for the validation score. The error bands throughout the thesis are
calculated in the same manner. The standard deviation of the results from the cross-
validation is computed and multiplied with the appropriate constant \g g5 from the
standard normal distribution.
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Results

To begin with, we present our results on the alanine dipeptide data for our exper-
imental models. Next, we display the validation results for the best-performing
model, as this is the model we ought to use for the protein folding dataset. Lastly,
the results for the selected model on the protein folding dataset are presented.

4.1 Alanine Dipeptide

Notice, when applying the GCNN and the MLP to the complete trajectories of
alanine dipeptide, a VAMP-2 score of 6.0 is achieved. This result is the theoretical
maximum for alanine dipeptide which has k = 6, where k is the number of metastable
states for a given molecule.

Convolutional network performance (VAMP-2 score) Benchmark network performance (VAMP-2 score)

6x10°1{ — training 6x100] training
validation validation S

4x10°

3x10° 4x10°

score
score

0
2x10 3x10°

step step

(a) e3nn network (b) MLP

Figure 4.1: Alanine dipeptide training results when using the entire dataset, includ-
ing hydrogen atoms. Note: The model quickly converges to the theoretical maximum
VAMP-2 score of 6.0.

Going forward, only the heavy atoms are included in subsequent experiments, re-
moving the hydrogen atoms of the molecules.
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4.1.1 Model Benchmark Results

Model Configuration Number of Seconds Convergence Validation Score
Parameters / Epoch Steps
MLP, Distance 4026 7.4 226.6 4.56 +0.01
MLP, XY7Z 2486 8.0 165.4 4.56 £0.02
GA Transformer (lyq. = 0) 70965 64.4 264.8 4.47 +0.03Y
GA Transformer (4, = 1) 82821 107.6 283.6 4.39 £ 0.04Y
GA Transformer (lyae = 2) 102861 303.6 96.8 4.55 40.02
DP Transformer (1,0, = 0) 72149 68.3 447.6 4.22 4+ 0.05Y
DP Transformer (1,0, = 1) 84005 115.1 111.8 4.55 £0.02
DP Transformer (1,0, = 2) 105581 318.4 99.4 4.56 40.02
GCNN (lpee = 0) 5850 52.7 Non-convergent 4.19 + 0.12Y
GONN (Lo = 1) 11150 62.2 Non-convergent 4.21 +0.10Y
GCNN (L = 2) 21890 79.3 Non-convergent 4.05 + 0.08Y

1) Confidence interval disregards outliers

Table 4.1: Overview of model performance results. ’Convergence Steps’ details the
number of backward passes required to achieve a VAMP-2 training score of 4.50 and
"Number of Parameters’ the number of trainable parameters in the network.

Based on the benchmark results above, we can see that the GA and DP Transformer
The GA Transformer has slightly quicker computational time
and convergence speed.

both perform well.

Henceforth, we will use the DP Transformer with [,,,, = 2, as it provides consistent
results. We select this model for further validation, using Chapman-Kolmogorov and
Implied Timescales plots. While on the protein folding data the GA Transformer

with 1,,.. = 2 will also be included for further comparability.
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4.1.2 Model Validation Results

We leverage Implied Timescales plots and the Chapman-Kolmogorov test to validate
the chosen model. Results for these tests can be viewed below for each corresponding
section.

4.1.2.1 Implied Timescales

The implied timescale plots should be flat for a region where the model is approxi-
mately Markovian.

Transformer network implied time scales plot
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Figure 4.2: Implied timescales plot for our model on alanine dipeptide. Lines should
be flat in regions where the model behaves close to what is expected from a Marko-
vian model
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4.1.2.2 Chapman-Kolmogorov

A Chapman-Kolmogorov test is a way to verify that the model obeys the dynamics
that are assumed for its construction. In this case, the model should follow the lines
predicted by the Chapman-Kolmogorov equation for a good fit. From the implied
timescale plot above, we deduce that 7 = 2 is a suitable lag time. Thus, we compute
the Chapman-Kolmogorov test using this lag time.
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Figure 4.3: Chapman-Kolmogorov test for our model on the alanine dipeptide
molecule. A good model is expected to follow the lines implied by the Chapman-
Kolmogorov equation.

4.1.3 Detecting Metastable States With Selected Model

In order to detect the meta-stable states of alanine dipeptide accurately, a high
VAMP score is required. An illustration of our model’s predicted meta-stable states
is shown below in the plot. The brightness of the cells represents the probability
assigned to that state by the model.

Using a software package that provides web-based molecular graphics for large com-
plexes, introduced by [53], we can get a sense of how each of the predicted meta-
stable states is connected to the alanine dipeptide molecule.
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Figure 4.4: Illustrating the alanine dipeptide molecule structure for metastable
states

As illustrated by the molecules, the dihedral angles differ greatly between the iden-
tified meta-stable states.

These 'representative’ molecules were chosen by finding the frames of the molecule
where the network predicted with the highest confidence that the molecule belonged
to a particular state. Thus, model’s best bet for each state is included. Below is
a table illustrating the probabilities assigned to each state for the representative
frames.

State Index Probability assigned
k=20 587,638 0.97
k=1 643,837 0.99
k=2 656,737 0.98
k=3 21,063 1.00
k=4 190,195 0.99
k=5 667,977 1.00

Table 4.2: Output of the predictions assigned the highest probability for each
metastable state and the corresponding frame indices
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4.1.4 Algorithm Verification

In this section, we present the results of our metastable states detection algorithm
on alanine dipeptide. The theoretical number of metastable states for alanine dipep-
tide is already known. Hence, the results serve as a validation of our algorithm’s
performance on an arbitrary given peptide structure. The first step in investigating
a peptide molecule with our framework is to establish the number of metastable
states the molecule exhibits. Only then can we detect the metastable states of an
MD trajectory.

Dependence on threshold of algorithm
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Figure 4.5: Hlustration of importance of VAMP-2 score change threshold on number
of metastable states detected using our proposed algorithm.

4.1.5 Random Downsampling

By randomly downsampling the data, we can examine the data robustness of our
network compared to the benchmark.

Model 50% 10% 5% 1%
MLP, Distance 4.36 £0.41 3.574+0.05 2.83+0.21 1.74 4+ 0.11
MLP, XYZ 4554+0.02 3584+0.07 3.16+0.15 1.59+0.15

DP Transformer ([0, =2) 4.534+0.04 3.82+0.31 346+0.12 2.82+0.40

Table 4.3: VAMP-2 score for the different models at different levels of remaining
data share
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Random downsampling plot Random downsampling plot
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Figure 4.6: Random downsampling plot displaying model performance vs benchmark
for varying levels of data remaining. Note: figure on the right examines the shaded
region further.

4.1.6 Systematic Downsampling

The systematic downsampling procedure systematically removes one metastable
state, as assigned by a reference model, and trains the other models on the down-
sampled data. This is performed for each of the 6 states of alanine dipeptide. The
models are then tested on data containing the, during training, unseen state.

4.1.6.1 Number of Frames Removed

To get a sense of the size of each metastable state, we plot the number of frames
removed in systematic downsampling, these are the number of frames assigned to
each state by the reference model.

Displaying the number of frames removed for each state
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Figure 4.7: Number of frames removed for each of the 6 metastable states.

4.1.6.2 Predicting the Removed State

We examine the ability of the models to accurately locate the removed state by a
dihedral plot colored by the probabilities assigned to the removed state.
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(a) State 3 (b) State 4 (c) State 5

Figure 4.8: Figure displays the dihedral plot colored by the probability assigned to
the removed state for each model. The top left is the distinguishable model and
the top right is the indistinguishable model. The bottom left is the invariant MLP
while the bottom right is the reference model. Note: the reference model should
be regarded as the accurate prediction as this model has been exposed to the state
during training.
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4.1.6.3 Kullback-Leibler Divergence

Systematic downsampling plot
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Figure 4.9: Kullback-Leibler Divergence for the different models. They were trained
on data with one state removed and then tested against the reference model trained

on the full data.

4.1.6.4 Shannon Entropy

Systematic downsampling entropy plot
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Figure 4.10: Shannon Entropy for the different models.
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Systematic downsampling entropy plot for seen states
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Figure 4.11: Shannon Entropy for the different models not including the unseen
state, i.e. clipping the vector to remove the unseen state and re-normalizing.
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4.2 Protein Folding

The following section details the results obtained on the protein folding dataset.

4.2.1 Detecting the Number of Metastable States

We use the algorithm we developed previously to detect the number of metastable
states for each of our 12 proteins. We chose to use the VAMP-2 score change
threshold to be 20% based on the results in Section 4.1.4. The number of metastable
states detected as well as the time-lag used can be viewed Table 4.4, the time-lag
was derived from the implied time scale plots shown in Appendix A.2.

Protein Heavy Atoms Time- Detected
lag (ns) Metastable States
BBA (1FME) 251 20 8
Villin (2F4K) 287 40 7
Trp-cage (2JOF) 144 100 7
BBL (2WAV) 352 500 8
a3D (A3D) 572 1000 7
Chignolin (cln025) 93 10 3
WW domain (GTT) 287 150 7
NTL9 (2HBA) 301 160 7
Protein G (NUG2) 435 500 8
Protein B (1IPRB) 362 250 7
Homeodomain (UVF) 466 250 8
A-repressor (1LMB) 618 100 8

Table 4.4: Metastable states detected for protein folding dataset

4.2.2 Benchmarking Results

After identifying the number of metastable states per protein, we test the VAMP-2
score of the two different equivariant Transformer structures (l,,q,—2) against the
MLP benchmark on each protein of the proteins for which the models can be run in
reasonable time on the complete data. Proteins requiring too many computational
resources for benchmarking are excluded.
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Protein MLP xyz DP Transformer  GA Transformer
2F4K 3.31 £0.22 4.25+0.20 4.35+0.04
2JOF 3.97 £ 0.11 4.81+0.22 4.66+0.05
cln025 2.1340.01 2.1040.07 2.0640.02
PRB 2.65+0.16 2.90+0.23 2.814+0.03

Table 4.5: Protein folding VAMP-2 score benchmark results
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Discussion

In this Chapter, we discuss the empirical results obtained in Chapter 4 to provide
further insights and propel future research. This discussion includes a comparison
between the different model architectures in conjunction with a broader analysis
of the implications, strengths, and limitations of the various model architectures.
Finally, this chapter includes suggestions for future research.

Research Context: The methods developed in this thesis build on previous work
in two separate domains. Firstly, it utilizes the contributions made to VAMPnets
and conformational dynamics by [35, 36, 42, 68]. Secondly, it leverages the technical
and theoretical strides made in popularizing equivariant neural networks, especially
for atomistic systems, by [2, 12, 14, 32, 60, 65]. This thesis unites the two research
areas by implementing VAMPnets trained by equivariant neural networks. In doing
so, it provides both a technical (through the free distribution of our source code on
Github) and a theoretical foundation for future research and industrial development
on the topic. While incurring a significantly higher computational burden, equiv-
ariant neural networks provide increased data efficiency, convergence speed, and
robustness to the training of VAMPnets. In addition, it provides an initial attempt
at systematizing the detection of the number of metastable states of molecules by
the implementation of our algorithm.

Benchmark Results: The results obtained on the protein-folding data (Section
4.2.2) differ from those obtained on the alanine dipeptide molecule (Section 4.1.1)
in that the equivariant models significantly outperform the benchmark in maximum
VAMP-2 score on the protein folding data, while at convergence being equal for
the alanine dipeptide molecule. The difference is likely due to the improved data
efficiency of the equivariant models, not an enhanced accuracy at convergence. Due
to limited computing resources, and the exponential increase in compute required
for larger molecules, the results are on the protein folding data are for 1 epoch of
training, likely not reaching convergence for all the models, while the results on
alanine dipeptide trained until convergence (only requiring 5 epochs). Thus, the
protein-folding results confirm the greater data efficiency of the equivariant models
found on alanine dipeptide but not the claim of superior accuracy. However, it is
possible that the equivariant models display greater accuracy at convergence on the
more complex proteins, but could not be tested due to a lack of computing resources.
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Domains of Equivariant Superiority: While the equivariant models did not
achieve significant improvements to the benchmark model in terms of convergent
results, this could have been the case had the dataset been more diverse and required
the training of VAMPnets to generalize between molecules. This thesis deals with
single molecule data observed at multiple timeframes, this does not force the model
to generalize well to other molecules during training. Equivariant neural networks
have proven to produce state-of-the-art results for predicting force fields and energies
on the QM9, M D17, and OC20 datasets [12, 32]. While it is a different type of
task, it indicates that the equivariant model’s advantages are enhanced on diverse
datasets, forcing the model to learn higher-order symmetries that generalize between
molecules.

Algorithm: The proposed novel algorithm provides a straightforward and quan-
titative way to detect the number of metastable states for any molecule, in contrast
to prior methods which rely heavily on expert opinions [17, 35, 36, 42, 68]. The
proposed algorithm thus frees up time and limits subjectivity, enabling the analysis
of vastly more as well as novel molecules. Interestingly, when tested on alanine
dipeptide, the algorithm provides the consensus answer of the molecule having 6
metastable states [4, 25] when omitting the procedure of removing the states for
which the implied timescale is below the time lag. However, we still included this
algorithmic step for it being a logically consistent and not wanting the influence
of one molecule (alanine dipeptide) to out-weight this logical consistency. This
proved useful as when ran on the protein folding data we achieved results similar
to previous results on those proteins that we found had previously been studied.
For instance, on Chignolin (cln025), the algorithm detects 3 metastable states, the
consensus correct answer for the molecule, on Trp-cage (2JOF) our algorithm also
agreed with previous research, the same for Protein-G (NUG2), WW domain (GTT)
and Homeodomain (UVF) [56]. These were all the proteins we found prior estimates
for. Lastly, the number of metastable states is not a rigorously defined concept. The
timescale on which something is considered to be metastable is arbitrary, and thus,
the algorithm can be said to produce a result consistent with our definition.

Stability Issues: The results show that the GCNN architecture (as proposed in
the Simple Network by [14]) suffer significant stability issues. While at times con-
verging very rapidly to a high VAMP-2 score, there are times when the model is
simply stuck at a lower level, regardless of the number of epochs it is allowed to run.
Intrigued by this phenomenon, we sought to study how the initialization affected
the stability of the model (Appendix A.1). However, we could not find any system-
atic differences between the strong and weak models in their initial weights using
PCA. The equivariant tranformer architectures (as proposed by [32]) do not seem
to experience this issue. While for larger parameter models (1,000,000+ trainable
parameters) the models could never seem to converge to a high VAMP-2 score on
alanine dipeptide, when reducing the number of trainable parameters, the equivari-
ant Transformers provided consistent high results. This was done without relying
on a complex MLP to perform the feature reduction, indicating that the equivariant
Transformer embeddings can accurately learn the conformational dynamics of the
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molecules.

Strength of MLPs: A general theme throughout this thesis is the strength of the
simple MLPs. They provide consistently strong results without any stability issues,
though being less data efficient and having slower convergence speed. It seems as
though the task of training a model to detect the metastable states of a single
molecule with abundance of data does not warrant the introduction of much more
complex neural network architectures; the task appears quite simple. However, if
data is sparse or the task involves deeper learning that generalize between molecules
it is likely that this added complexity is warranted.

Contrasting to previous VAMPnets Papers: The most recent paper explor-
ing training VAMPnets with a novel neural network architecture is the GraphVAMP-
Net paper by Ghorbani et al. [16]. While studying similar protein folding data as
in this thesis, the authors have chosen to present results not directly comparable to
ours. Following the same procedure as Mardt et al. [35], they do not report the
VAMP-2 score, but rather the state assignments and free energy landscape. As such,
it is hard to quantitatively benchmark our network against theirs. A solution to this
could be to use the source code reported by the paper and implement the model for
direct comparison, as we did for Mardt et al’s [35] model, however, we did not have
the time to follow through with such ambitions.

Comparing the GA and DP Transformers: Comparing the GA Transformer
and the DP Transformer, MLP attention does not provide a significant improvement
compared to DP attention on the alanine dipeptide dataset, as can be seen in Figure
4.1, similar to the findings of [32]. This is likely due to the low complexity of the
alanine dipeptide molecule, containing few atoms with a small diversity in type,
making linear attention sufficient. However, on the more complex protein folding
dataset, the MLP attention provides significantly more stable results.

Improving the Loss Function: As seen from the results in Section 4.1.6, the
models quite confidently predict the wrong metastable state, as indicated by a low
Shannon entropy combined with a high KL divergence. To resolve this issue, it is
possible to augment the loss function, appending an entropy term to the VAMP-2
score, penalizing high confidence predictions that are wrong. Additionally, Section
4.1.6.2 shows that all models do quite a good job at finding the densely populated
states, even when not included in the training set, though none of the models can
accurately detect the less populated states.

Practical Implications: While this thesis leverages simulation data and does so
in a sandbox setting, there are plenty of practical applications which derive use
from our research findings. Proteins are important targets in drug discovery. Al-
phaFold2 now allows us to get access to low-energy structures of proteins routinely
[26]. However, proteins are flexible and adopt multiple different meta-stable struc-
tures, all potentially important for biological function. Consequently, detecting and
enumerating these metastable protein structures allow us to target proteins more
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specifically and directly, and with this thesis we are contributing to detecting and
enumerating these metastable protein structures. We have shown that the detection
can be made in a more data efficient manner and provided a novel algorithm for the
enumeration. Practical use-cases of this thesis could possibly include:

1. Drug-discovery research using neural networks, which could be compelled to
switch to equivariant neural networks following the results of our research,
provided, that the computational complexity is not detrimental to their oper-
ations.

2. Detection of protein folding patterns could be improved by the VAMPnets
structure overall, providing an end-to-end learning framework and removing
much of the expert labor involved. In addition, the introduction of equivariant
neural network to this framework could prove advantageous to provide more
data efficient learning.

5.1 Limitations

This section provides an overview of the most important limitations imposed by our
thesis and a description of their origins.

Neural Network Architectures: A significant limitation of this thesis is the
neural network architectures considered. Only three distinct equivariant neural net-
work architectures are used in this thesis, and the benchmark is of significantly
lower complexity than the equivariant models (the largest equivariant model used
has around 25 times more trainable parameters than the largest benchmark model).
This has introduced a heightened level of ambiguity into the outcomes, thereby at-
tenuating the overall conclusiveness of the findings as it is hard to establish what
performance increases are attributable to the inclusion of higher-order irreps features
and what is attributable to smarter model architectures. We attempt to resolve this
by varying the [,,,, while keeping the model architecture constant. However, the
large dependency on the hyperparameters makes this a difficult endeavor.

Hyperparameter Tuning: For comparable results for different /,,,, there needs
to be separate hyperparameter tuning for each degree. Due to lack of time, we simply
truncate the feature embeddings and removes the higher order representations. This
procedure potentially favors the higher-order representations as these were the ones
used for hyperparameter tuning.

Compute Intensity: A limitation that is apparent, and further displayed in the
results of this thesis, is the common limitation of all neural network architectures
based on higher order irreps, namely, the compute intensity. The results display
that the equivariant Transformers are, on average, approximately 1,000 times slower
than the MLP on the protein folding data. The operation that drives the computing
complexity is the tensor product. One reason why tensor products can be computa-
tionally expensive is that the kernels for these operations in common libraries, like
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PyTorch [46], have yet to undergo extensive optimization and customization, unlike
other operations. However, this problem relates to the software, not the network
architecture employed.

Compute Resources: The computational complexity of the neural network ar-
chitectures employed leads to limitations in the experimental results. This thesis
does not compute very fine confidence intervals as there is a limitation on access
to computing resources. Consequently, this would enhance the significance of the
results and enable benchmarking on many of the larger protein folding datasets.
Furthermore, the large confidence bands limit inhibit any strong conclusions from
being drawn from Section 4.1.6, where additional compute could have provided more
substantial results.

5.2 Future Research

This thesis leaves plenty of room for future research to explore the details of the
topics discussed. We have compiled a list of potential study topics below, along
with advice for those bold enough to pursue them.

Study /... Dependence: An important contribution gap left is a fair and sys-
tematic comparison of the same model architecture for different [,,,,. While this
is attempted in the thesis, there are plenty of confounding variables limiting the
significance of the results on this particular topic. This involves finding better ways
of hyperparameter tuning for these models and applying this to each of the degrees
of the model independently.

Improve the Algorithm: The detection of the number of metastable states in
an arbitrary molecule is a precursor to deploying VAMPnets effectively. While
this thesis provides a rudimentary algorithm to do just that, we encourage future
researchers to refine this algorithm and systematically deploy it on a large range
of molecules. We started with an algorithm solely reliant on the singular values
of the Koopman matrix but could not achieve consistent results. However, we urge
others to examine this more carefully as well as get inspired to test radically different
methods for the crucial task of enumerating the metastable states of proteins.

Generalize between Molecules: Future research could include analyzing the
generalization of these VAMPnets trained by equivariant models, training multiple
VAMPnets together on diverse datasets. Additionally, a paper implementing addi-
tional architectures, such as the GraphVAMPNet presented by Ghorbani et al. [16],
and comparing them all in a systematic fashion would serve an important role in
establishing what model architectures work well for various tasks.

Enhance the Compute Efficiency: We encourage further research on improving
the computational efficiency of irreps’ tensor products to enable more wide-scale
adoption of equivariant neural networks and dissemination of their benefits. This
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work is likely to build upon the frameworks developed by [14] and the speed-ups
achieved along the way by works such as [12].
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Conclusion

This chapter provides clear answers to the proposed research questions as well as a
compilation of various other conclusions that were drawn during the course of the
thesis.

6.1 Answers to Proposed Research Questions

Do the molecular physical symmetries encoded by E(3) Equivariant Networks im-
prove prediction accuracy, robustness, or data efficiency in VAMPnets training com-
pared to an MLP encoding?

The use of E(3) equivariant neural networks in training VAMPnets is shown to signif-
icantly improve the prediction accuracy on random downsampled data. Using only
1% of the dataset, the DP Transformer (I,,,, = 2) achieves almost twice the VAMP-
2 score of the benchmarks. Furthermore, the model exhibits improved robustness.
With only 20% data remaining, the model scores on par with the complete dataset.
On average, the model requires significantly fewer backward passes, converging more
than twice as fast as the benchmark models, showing enhanced data efficiency.

Do VAMPnets built on E(3) Equivariant Networks demonstrate improved accuracy
in detecting metastable states in protein folding datasets compared to state-of-the-art
implementations?

The results of this thesis do not conclusively show a greater ability to detect metastable
states once convergence has been reached. Further research on diverse datasets and
complicated molecules is required for a conclusive answer to this question.

6.2 Other Conclusions

1. The novel algorithm proposed provides a straightforward and efficient way
to enumerate the metastable states of an arbitrary molecule. The algorithm
shows promising results, agreeing on the consensus estimate on Chignolin and
enumerating all but the least populated state on alanine dipeptide.

2. The proposed GCNN architecture suffers severe stability issues, providing an
opportunity for research to study how the stability could be improved.
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. Due to not performing hyper-parameter optimization for each [,,4,, it is diffi-

cult to draw conclusions from their relative performance.

. Equivariant neural networks, as constructed with today’s state-of-the-art meth-

ods, incur significant computational costs, scaling poorly with increase in
molecule size. For example, the equivariant Transformer architectures were
approximately 1,000 times slower than the MLP on the protein folding dataset.
This computational burden puts a big strain on the GPU, limiting batch size
and requiring the use of gradient accumulation.

. MLP attention does not provide a significant improvement compared to DP

attention on the alanine dipeptide dataset, likely due to limited complexity
making linear attention sufficient.

. Potential to improve the loss function by adding an entropy term to the VAMP-

2 score, penalizing high confidence predictions that are wrong. However, induc-
ing further parameter tuning as it an additional penalizing factor is required.
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A

Results Omitted

A.1 Initialization Study for s Network

As we began using the SimpleNetwork implemented in the e3nn software library,
we began noticing that the network was unstable. It would sporadically converge
to different scores. To investigate this matter we ran c. 100 different initializations
trained on the same data partitioning and saved the initializations as good if they
exceeded a threshold validation score of 4.50 on alanine dipeptide and bad otherwise.

Next, we performed PCA on the c¢. 15,000 trainable parameters and projected it
into 2 dimensions, hoping that we would notice a clear separation between the two
classes (good and bad). The results are displayed below.
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Figure A.1: PCA on the initialization of the 14,900 trainable parameters of the
SimpleNetwork, labeled depending on the resulting VAMP-2 validation score.

However, no clear pattern emerged. Thus, we conclude that the instability of Sim-
pleNetwork is likely not due to systematic differences in initialization.
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A.2 Implied Timescale Plots

(a) IPRB (b) UVF (c) ILMB

Figure A.2: Implied timescale plots for all protein folding datasets for a large range
of timelags. Note: Each time-step is 200 ps between subsequent frames. I.e. 7 =100
is equivalent to 20 ns.

A.3 Verifying the Alignment of Indices

As part of the systematic downsampling procedure we need to align the indices of
different models. As the enumeration of the metastable states is arbitrary, each
model initialization will have a different indices representing different metastable
states. It is not a easy task to find a way of aligning the indices, in this thesis we use
a linear sum assignment with the cost matrix being the squared distances between
the matrices.

To check if this alignment procedure works, we initialize two different networks and
train them on the alanine dipeptide molecule. We then use our alignment procedure
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and display a dihedral plot colored by the probabilities assigned to each state. If
the two plots show similarity in their ordering of the state assignments, it is an
indication that the alignment procedure was successful.

(a) Network 1 (b) Network 2

Figure A.3: Side-by-side dihedral plots for the two networks displaying the assign-
ment probabilities to each state after alignment, great similarity in the plots indicate
a successful alignment procedure.

A.4 Detailed Convergence Rate

The study of the convergence rate examines the number of backward passes required
to achieve a VAMP-2 training score of above 4.50. In contrast to what is displayed
in the main report, here the error bars are included for the convergence speed.

Model Steps until VAMP-2 Score
convergence

MLP, Distance 226.6 + 131.5 4.50 + 0.03

DP Transformer (l,,4, = 2) 99.4 + 25.8 4.49 4+ 0.03

Table A.1: Results of benchmarking training rates
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A.5 Visualizing Detected States

Figure A.4: TICA plots for all protein folding datasets, colored by the state assign-

ments.
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B

Software Libraries

B1 O PyTorch

PyTorch is a popular open-source machine learning library used for building and
training deep neural networks. It was developed by Facebook’s Al research team
and is built on top of the Torch library. It was first introduced by [46].

PyTorch offers a range of tools for developing deep learning models, including a
flexible and dynamic computational graph system, automatic differentiation, and a
Pythonic interface that makes it easy to prototype and test models. This library
also provides support for a variety of hardware platforms, including CPUs, GPUs,
and specialized accelerators such as TPUs.

PyTorch has gained popularity among researchers and developers due to its ease
of use and flexibility, as well as its strong community support and active develop-
ment. It allows for fast and efficient prototyping of models, making it well-suited for
exploratory research and experimentation. Additionally, PyTorch’s dynamic compu-
tational graph system allows for easy debugging and the creation of complex models
that may be challenging to implement in other libraries. The library’s ability to
seamlessly integrate with other Python libraries, such as NumPy, also makes it a
popular choice among developers. Overall, PyTorch is a powerful and versatile li-
brary for deep learning that offers a range of tools and features that make it a top
choice for machine learning practitioners, including much of the work on which this
paper draws its foundations, e.g. [3D__Steerable_ CNNs, 2, 3, 12, 14, 32, 36].

Implemented within the O PyTorch library is the Adam optimizer which is based
on the following algorithm:
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Algorithm 2 Stochastic optimization using Adam. g¢? indicates the element-wise
square g; ® g;. Good default settings for the tested machine learning problems are
a = 0.001. B = 0.9,8, = 0.999 and € = 10~%. All operations on vectors are
element-wise, where 31 and 5 are 8; and (33 to the power of ¢

Require: « : step size
Require: ;1,32 € [0,1) : Exponential decay rates for the moment estimates
Require: J(#) : Stochastic objective function with parameters 6
Require: 6, : Initial parameter vector
mgo <— 0 (Initialise 1st moment vector)
vy < 0 (Initialise 2nd moment vector)
t < 0 (Initialise time step)
while 6; not converged dot <t + 1
gt < VoJi (0,—1) (Get gradients w.r.t. stochastic objective at time step t )
my < P1-my_1 + (1 — 1) - ¢: (Update biased first moment estimate)
v < Bo-v_1 + (1 — B2) - g7 (Update biased second raw moment estimate)
1y < my/ (1 — %) (Compute bias-corrected first moment estimate)
0 < v/ (1 — BE (Compute bias-corrected second raw moment estimate)
O < 6,1 —a-my/ (\/f)_t + e) (Update parameters)
end while
return 0; (Resulting parameters)

Source: [28]

B.2 & PyTorch Geometric (PyG)

PyTorch Geometric (PyG) is an open-source Python library that provides support
for developing deep learning models on graph-structured data, such as social net-
works, citation networks, biological networks, and more. PyG is built on top of
the PyTorch deep learning framework and offers a comprehensive set of tools for
creating, manipulating, and training graph neural networks (GNNs).

The main features of PyG include:

1. High-level abstractions for graph data: PyG provides a set of easy-to-use
data structures that can represent graph-structured data in PyTorch. These
structures include the Graph Data Object (GDO), which provides a unified
interface for working with both node and edge features. This is the main use
for this thesis.

2. Large-scale data handling: PyG supports the loading and processing of large-
scale graph datasets, including datasets from popular repositories such as
Open Graph Benchmark (OGB) and the Stanford Network Analysis Project
(SNAP).

3. GNN model development: PyG offers a wide range of GNN models, includ-
ing the Graph Convolutional Networks (GCN), Graph Attention Networks
(GAT), and Message Passing Neural Networks (MPNNs), as well as tools for
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developing custom GNN models.

4. GPU acceleration: PyG provides support for running computations on GPUs,
which can significantly accelerate GNN training and inference.

5. Visualization: PyG includes tools for visualizing graphs, embeddings, and
other features of GNN models.

The framework is powerful is actively maintained by a large community of developers
and researchers. Furthermore, it has proven a powerful and flexible framework for
developing deep learning models on graph-structured data. The above reasons has
made it a popular choice for researchers, including works that are foundational for
our paper (2, 3, 5, 12, 14, 32].

B.3 Deeptime

Deeptime is a Python library designed for estimating dynamical models based on
time-series data presented by [21]. Tt offers a wide range of learning methods, includ-
ing linear models like Markov State Models (MSMs) and Hidden Markov Models
(HMMs), as well as kernel and deep learning approaches such as VAMPnets and deep
MSMs. The library is largely compatible with scikit-learn and provides Estimator
classes for various models, along with Model classes that offer a variety of analysis
methods for computing thermodynamic, kinetic, and dynamical quantities.

Deeptime’s Model classes allow users to compute interesting quantities such as free
energies, relaxation times, and transition paths. This makes Deeptime a useful tool
for researchers and practitioners working in fields that involve dynamical modeling
and time-series analysis. In summary, Deeptime provides a comprehensive and flex-
ible framework for estimating and analyzing dynamical models based on time-series
data.

For further information on the library we refer to [21] as well as the Deeptime ©
repository.

B.4 e3nn

Below is an outline of the syntax of e3nn in accordance with [14, 15]. This is done
as the framework is a central part of the thesis and in order to understand our
equivariant neural network, one has to be familiar with the structure that underpins
it. It is for the curious reader to dive into, but not necessary to understand the core
of our thesis.

The syntax of e3nn revolves around irreducible representations and spherical har-
monics. In order for the network to understand how our data transforms under
training we must provide details on how the input feature/output transforms un-
der symmetry, which is encoded in the irreducible representations. The irreducible
representations of O(3) are represented by the class e3nn.o3.Irrep where the direct
sum of irreducible representations are represented by the class e3nn.o3.Irreps [15].
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Note that the output of an e3nn model must always be of equal or higher symmetry
than the input.

In general, irreducible representations in e3nn are characterized by two properties,
their dimension and how they are transformed under parity. As previously discussed,
spherical harmonics have odd dimensions and the convention is thus to denote the
dimension (when talking about irreducible representations) by an integer [ for which
d = 2]l 4+ 1. The other property, transformation under parity, refers to whether the
data changes sign under the transformation of parity. For example, a scalar does
not change sign under parity and is thus denoted even, while a vector does and is
thus denoted odd. In the table below a summary of this concept is provided [15].

The irreducible representations
l Parity d Name
0 even 1 scalar
0 odd 1 pseudo-scalar
1 even 3 pseudo-vector
1 odd 3 vector
2 even 5 without name
2 odd ) without name

The general notation is Mxlp where M represents the number of 3D coordinates per
input, [ is the spherical harmonic from the table above and p is the parity (even (e)
or odd (0)). For example, if you want to represent 5 scalars and 3 vectors the syntax
is 5x0e+3x1o [15].

B.4.1 Spherical Harmonics in e3mn

The sign of the spherical harmonics in e3nn is chosen by the Clebsch-Gordan coef-
ficients, through the following expression.

Y F) oc CHERY L (F)Y () (B.1)

Where CH141 represents the Clebsch-Gordan coefficients.

B.4.2 Testing Equivariance

In order to test for equivariance to the actions of translation and rotation, the e3nn
library provides the function e3nn.util.test.equivariance_error which provides the
network’s deviance from equivariance when subject to the actions of SO(3).

For the convenience of testing for equivariance on a custom network (which can be
regarded as a function) the wrapper function assert_equivariance is provided, which
checks whether the assertion of equivariance is satisfied through the equivariance
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error. This function will be used in order to ensure that our proposed network is
equivariant.

B.4.3 Initialization
The initialization scheme of e3nn satisfies the following at initialization:
o The preactivation have y = 0 and o2 = 1.
 The post activations satisfy E[-?] = 1.
o The layers learn when the width (i.e. the multiplicities) is sent to occ.

A more detailed discussion of how these properties are satisfied technically is pro-
vided by [14]. To exemplify these properties, a fully connected layer given by:

1
z= qb(ﬁWa:) (B.2)

where z € R is a post activation, W € R"*? is the parameter matrix and z € R¢
are the inputs or outputs of the previous layer. By choosing a random standard
normal initialization of W and rescaling by the multiplicative constant ﬁ bring the
variance to 1. If necessary, ¢, the activation, is rescaled to satisfy a unit second
moment.
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C

Details of Experiments

C.1 Training Details

The data partition is randomly initialized, however, all models are ensured to be
evaluated on the same data partitioning. For reproducibility, a manual seed was
used allowing the same data partitioning to be created by following the directions
on our © Github repository.

We train the dot product and graph attention transformers with the same hyperpa-
rameters. After a detailed hyperparameter sweep we landed on using 4 transformer
blocks with I, = 2. We choose Gaussian radial basis [32], a dropout rate of 0.2
to attention weights a;;. The atom one-hot encoding is indistinguishable, meaning
that each atom is given a unique value. The number of epochs is 5 on alanine dipep-
tide but reduced to 1 for the benchmarking on the protein folding datasets due to
computational constraints. The learning rate is 1 x 10~3. The batch size is 5000 for
experiments on alanine dipeptide and the same on the protein folding datasets, how-
ever, for these we adjusted the number of gradient accumulation steps to equate to
this batch size. The weight decay is 0. Table C.1 summarizes the hyperparameters
used for the equivariant transformer models.
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C. Details of Experiments

Hyperparameters Value or description
Optimizer Adam

Learning rate 1x 1074

Batch size 5000

Number of epochs 20

Weight decay 0

Dropout rate 0.2

Cutoff radius (nm) 0.5

Number of radial basis 128

Hidden size of radial function 64

Number of hidden layers in radial function 2

Atom feature encoding Indistinguishable
Number of transformer blocks 4

Embedding dimension d.ped 16 X Oe + 8 X le +4 X 2e
Spherical harmonics embedding dimension dgp, 1 Xx0e+1x1le+1Xx2e
Number of attention heads 4

Attention head dimension dpeqq 8 x0e+4X1lo+2 X 2e
Hidden dimension in feed forward network dffn 128 X Oe + 64 X le + 32 X 2e
Output feature dimension dfeqture 8 X Oe

Table C.1: Hyperparameters for transformer networks, we
use e3nn s notation for irreps.

As for the graph convolutional neural network, the same training parameters (num-
ber of epochs, learning rate and batch size) are used for clear comparability. Cosine
is chosen as the radial basis and no dropout is included. The atom one-hot encod-
ing is distinguishable, meaning that each atom of the same type is given the same
value. For computational efficiency, the number of nodes to typically convolve over
is chosen as the average number of neighbors in the training set. As for activation
functions, the SILU function is used for even parity and the hyperbolic tangent is
used for odd parity. Gates are used to separate scalars from higher order vectors dur-
ing activations. Table C.2 summarizes the hyperparameters used for the equivariant
graph convolutional model.

Hyperparameters Value or description
Optimizer Adam
Learning rate 1x 1074
Batch size 5000

Number of epochs 20

Cutoff radius (nm) 0.5

Number of radial basis 10

Number of hidden layers in radial function 2

Atom feature encoding Distinguishable
lmax 2

Multiplicity 8

Irreps in 3 X Oe

Irreps out 2 X Oe

Table C.2: Hyperparameters for Graph Convolutional Net-
work, we use e3nn ’s notation for irreps.

We use one A40 GPU with 48GB to train each model and summarize the computa-
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tional cost of training for one epoch on alanine dipeptide in Table C.3 and on the
different protein folding datasets in Table.

Model Training time (s/epoch)
Multilayered Perceptron, Distance 7.4
Multilayered Perceptron, XYZ 8.0
Graph Attention Transformer (Iy,q0 = 0) 64.4
Graph Attention Transformer (lyqz = 1) 107.6
Graph Attention Transformer (Ipqz = 2) 303.6
Dot Product Transformer (lyqz = 0) 68.3
Dot Product Transformer (lymqz = 1) 115.1
Dot Product Transformer (lyaz = 2) 318.4
Graph CNN (Iymqz = 0) 52.7
Graph CNN (Iyqz = 1) 62.2
Graph CNN (Iyqz = 2) 79.3

Table C.3: Training time using an A40 48GB GPU on alanine dipeptide.

Protein MLP xyz DP transformer GA transformer
2F4K 14.4 16, 450.3 15,615.8
2JOF 17.7 13,592.2 12,809.4
cln025 11.7 3,886.1 3,671.3
PRB 14.1 16,997.0 16,039.3
Average: 14.5 12,731.4 12,034.0

Table C.4: Training time using an A40 48GB GPU on various protein folding
datasets, results in second per epoch.

C.2 Finding Suitable Hyperparameters

We decided on a learning rate and number of epochs that would provide all mod-
els with convergent results. However, we did not manage to get the convolutional
network to always converge, regardless of number of epochs or learning rate (con-
strained to that we could not simply append a complex MLP at the end to achieve
convergence).

C.3 Benchmark Models

The simple benchmark employed is a multi-layered perceptron (MLP) with 4 hidden
layers. The benchmark model originates from the original VAMPnet paper [35]
which employs this model. To improve this benchmark we also include a invariant
version of this MLP which computes the pairwise distances between atoms before
feeding it into the MLP.
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Input layer (30 nodes)
a

4 hidden layers (20 nodes each)
ReLu activation between each

Figure C.1: Benchmark MLP structure

Furthermore, in order to understand the impact of including higher order symmetries
we benchmark our model against the same architecture, but limiting the intermedi-
ary feature representation to only include scalars, thus, limiting the expressability
of higher order symmetries.
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