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Abstract
The increasing adoption of high-voltage battery systems in electric vehicles presents
challenges when interfacing with legacy charging infrastructure designed for lower
battery voltage levels. This is because the charging voltage must exceed the battery
voltage to drive current into the battery pack. To address this, the stator windings
of the electric machine are utilised as inductive elements within a DC–DC boost
converter, thereby reducing additional hardware requirements and enabling effective
voltage boosting.
However, employing the stator windings introduces significant control challenges
due to nonlinear dynamics, rotor-angle-dependent inductance, magnetic coupling,
and eddy current effects. These characteristics lead to phase coupling, parameter
variation, and the risk of unintended torque generation. To overcome these issues, a
state-space-based cascade control strategy is developed, comprising an inner current
control loop and an outer voltage control loop, both incorporating integral action
to ensure accurate tracking and elimination of steady-state error.
The charging system is modelled and controlled in Continuous Conduction Mode
(CCM), which represents the dominant operating regime during charging.
The charging system is fundamentally control-affine with a state-dependent input
matrix, which introduces nonlinear behaviour. The nonlinear system is linearised
around a stable operating point using a first-order Taylor expansion and the Ja-
cobian matrix, enabling controller synthesis. The inner-loop controller is designed
using Linear Quadratic Regulator (LQR) techniques, while the outer-loop controller
is tuned via pole placement. Model accuracy is validated through comparison with
analytical transfer functions and independent circuit simulations, including verifica-
tion of transient behaviour using resonance-based peak-to-peak analysis.
The proposed control framework is evaluated under varying operating conditions, in-
cluding changes in supply voltage, load, and rotor position. The results demonstrate
stable and reliable voltage boosting, effective current regulation, and robustness to
system nonlinearities. Furthermore, the state-space formulation provides a flexi-
ble and adaptable control structure, supporting efficient integration into evolving
system designs and reducing development effort for the OEM.

Keywords: Integrated on-board charger (IOBC), Electric vehicle charging, IPMSM,
DC–DC boost converter, State-space control, Linear Quadratic Regulator (LQR),
Cascade control, Continuous Conduction Mode (CCM).
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that have been
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1
Introduction

1.1 Background

Climate change has become pressing global concerns due to their harmful effects on
ecosystems and human society. These impacts are primarily driven by greenhouse
gas (GHG) emissions. The transport sector is a major contributor, accounting for
around 20% of global carbon dioxide (CO2) emissions, with road transport forming
the largest share [3]. Electrification is widely regarded as one of the most effec-
tive ways to reduce reliance on fossil fuels and lower emissions. As electric vehicle
(EV) adoption increases, there is growing demand for efficient charging systems and
power electronic converters that ensure reliable energy transfer while minimising
cost, weight, and energy losses.
EVs are increasingly adopting high-voltage battery architectures, such as 800 V sys-
tems, in order to enable faster charging, reduce current levels, and improve overall
efficiency. However, much of the existing DC charging infrastructure is designed
around a nominal voltage of approximately 400 V. To ensure compatibility between
charging stations and high-voltage battery systems, EVs require an onboard DC–DC
power conversion system. Conventional solutions typically rely on dedicated induc-
tive components, which increase system size, cost, and weight. Therefore, there is
growing interest in more integrated approaches in which existing electrical machine
components are reused as part of the power electronic conversion system [4]. In this
context, the stator windings of an interior permanent magnet synchronous machine
(IPMSM) can be used as the inductive energy storage element in a three-phase boost
converter. This approach enables a more compact system architecture by remov-
ing the need for external inductors, while making effective use of hardware already
present in the vehicle, rather than adding additional components.
Although the use of IPMSM stator windings as boost inductors offers hardware
advantages, it introduces complex control and modelling challenges. Unlike ideal
inductors, the stator windings exhibit nonlinear and rotor-position-dependent be-
haviour due to magnetic saliency, saturation effects, and coupling with the rotor
permanent magnet field [1]. These effects result in a nonlinear multi-input multi-
output (MIMO) system with strong coupling between electrical phases and rotor
position. Furthermore, current injection into the stator windings can generate un-
intended electromagnetic torque through interaction with the rotor magnetic field,
meaning that the energy conversion process must be carefully controlled to avoid
mechanical excitation [5].

1



1. Introduction

1.2 Problem Statement
To charge the battery, the voltage supplied by the charging station must be in-
creased to a level higher than the battery voltage. Using the IPMSM as part of
the boost converter can reduce both material usage and system cost. However, this
approach requires an appropriate control strategy. The controller must prevent un-
wanted torque production, limit current variation, and protect system components,
particularly the capacitors, from overvoltage, that may lead to protective actions or
emergency shutdowns.

1.3 Aim and Objectives
The main aim of this thesis is to develop and validate a state-space based cascade
control strategy for a three-phase on board IPMSM based boost converter intended
for high voltage battery charging in electric vehicles.
The objectives are:

• The development of a nonlinear dynamic model of the IPMSM-based boost
charging system, incorporating rotor-angle-dependent inductance and mag-
netic coupling effects.

• The derivation of a linearised state-space representation around a selected
operating point, enabling tractable control design.

• The design of a cascade control architecture comprising an inner current loop
and an outer voltage loop, including integral action through state augmenta-
tion to eliminate steady-state error.

• The synthesis of the inner-loop controller using optimal state-space methods
and the outer-loop controller using pole placement techniques.

• The validation of the proposed modelling and control approach using both an-
alytical transfer function analysis and detailed circuit-level simulations under
varying operating conditions.

1.4 Scope and Limitations

This work is restricted to continuous conduction mode (CCM), which constitutes
the majority of the charging period, wherein the inductor current remains contin-
uous throughout the switching cycle. The extension to discontinuous conduction
mode (DCM), which typically occurs towards the end of the charging process and
introduces additional nonlinearities and mode-dependent behaviour, lies outside the
scope of this thesis and is left for future work.
High-frequency switching ripple is not directly controlled. Instead, the control strat-
egy focuses on regulating the average values of current and voltage. State estimation
techniques, such as Kalman filters, are also excluded from this work, as they may
not be sufficiently fast for the rapid dynamics of high-frequency DC–DC conversion.
Therefore, the approach adopted in this work assumes direct state measurement,
necessitating reliable sensors with low measurement error.
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1.5 Contributions
The main contributions of this work are as follows:

• The development of a nonlinear state-space model of a three-phase boost con-
verter utilising IPMSM stator windings as inductive elements, including the
incorporation of rotor-position-dependent inductance and magnetic coupling
effects within the state-space formulation.

• The design of a cascade state-space control framework with integral action for
voltage and current regulation.

• The application of convex optimisation techniques, specifically Linear Quadratic
Regulator (LQR) tuning, for inner-loop current control, alongside pole place-
ment methods for outer-loop voltage control.

• The validation of the proposed model and control strategy using both transfer
function analysis and circuit-level simulations.

• The development of a modular modelling framework that can be extended to
different phase configurations, including single-phase, two-phase, and three-
phase operation.
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2
Theory

2.1 Power Electronics & Booster Topology

2.1.1 The E-Machine Based DC-Booster Configuration
In the context of high-power electric vehicle charging, where a DC fast-charging
station must supply a high-voltage traction battery, a conventional boost stage can
be realised in a more integrated manner. Instead of employing discrete inductors, the
stator windings of the electric machine are utilised as the energy-storage elements
of the DC-DC boost converter. This approach enables a significant reduction in
system mass, volume, and component count, while improving functional integration
within the drivetrain [4].
Boost converters operate in a straightforward manner, in which current is driven
through an inductor and subsequently reshaped by rapidly switching. During the
on state the switch connects the inductor to ground, allowing current to ramp up.
During the off state, the switch opens and current is forced through the diode to
the output capacitor and load [6]. This switching action exploits the inherent prop-
erty of an inductor to resist changes in current. When the current is interrupted or
redirected, the inductor generates a back electromotive force (EMF) due to the col-
lapsing magnetic field, in accordance with Faraday’s law [7], see Equation 2.1. This
induced voltage increases significantly during the switching transitions, effectively
transferring stored magnetic energy into the electrical domain.

E = −N dΦ
dt

= −Ldi
dt

(2.1)

Where:
• E is the electromotive force (emf).
• N is the number of loops or turns in the coil.
• dΦ

dt
is the rate of change of magnetic flux through the loop.

• L is the inductance of the coil.
• di

dt
is the rate of change of current in the coil.

As energy is conserved, this process results in an elevated output voltage, and the
voltage gain of a conventional boost converter is given by [6]:

Vout = 1
(1 −D)Vin (2.2)

where D denotes the duty cycle of the switching element. This formulation assumes
ideal switching devices and negligible parasitic resistances in the stator windings.
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Consequently, a slightly higher duty cycle is required in practice to achieve a dou-
bling of the input voltage.
As illustrated in Figure 2.1, the IPMSM-based booster topology leverages the three-
phase stator windings of the machine as the inductive elements of the boost stage.
The charging station is connected such that the windings carry the input current,
while the inverter bridge legs operate as controlled switching elements (e.g., MOS-
FETs or diodes, depending on the conduction state).

Figure 2.1: The integrated DC-DC booster configuration [1]

2.1.2 IPMSM Saliency and Position-Dependent Inductance
IPMSMs are designed to operate in the relatively low-frequency region 0–1 kHz
whereas the charger operating frequency is 10–20 kHz. This results in a large differ-
ence in inductance when the IPMSM is used as a motor versus the charger inductor.
To accurately model the behaviour of the IPMSM when utilised as a three-phase
coupled inductor, the inductance matrix must account for both the average induc-
tance and the spatial variations caused by the rotor’s saliency [1].

2.1.2.1 The Non-Salient (Average) Component

First, we consider the machine as a balanced, non-salient inductor. This component
consists of the leakage inductance Lls and the mutual air-gap inductance Lm. In
this state, the mutual coupling between phases is constant and symmetrical [1]:

Labc =

Lls + Lm −Lm

2 −Lm

2
−Lm

2 Lls + Lm −Lm

2
−Lm

2 −Lm

2 Lls + Lm

 (2.3)

2.1.2.2 The Saliency (Position-Dependent) Component

Because the IPMSM has internal permanent magnets, the reluctance of the magnetic
path changes as the rotor angle θ varies. This introduces a saliency component, Lδ,
which fluctuates at twice the electrical frequency. This variation is captured in the
saliency matrix [1]:
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Lrlc(θ) =

Lδ cos(2pθ) σ1 σ2
σ1 σ2 Lδ cos(2pθ)
σ2 Lδ cos(2pθ) σ1


where

σ1 = Lδ cos
(2π

3 − 2pθ
)

σ2 = Lδ cos
(2π

3 + 2pθ
)

(2.4)

2.1.2.3 The Combined IPMSM Inductance Matrix

By superimposing the average and saliency components (Labc = Lavg + Lsal), we
arrive at the full inductance matrix used in the state-space model. This matrix
defines how the magnetic coupling between phases changes dynamically with the
rotor position [1]:

Labc(θ) =

λ1 σ1 σ2
σ1 λ2 σ3
σ2 σ3 λ3


where
λ1 = Lls + Lm − Lδ cos(2pθ)

λ2 = Lls + Lm − Lδ cos
(2π

3 + 2pθ
)

λ3 = Lls + Lm − Lδ cos
(2π

3 − 2pθ
)

σ1 = −Lm

2 − Lδ cos
(2π

3 − 2pθ
)

σ2 = −Lm

2 − Lδ cos
(2π

3 + 2pθ
)

σ3 = −Lm

2 − Lδ cos(2pθ)

(2.5)

2.1.3 LC Resonant Dynamics
The interaction between the charging station cable impedance, the stator winding
network, and the input smoothing capacitor (C) forms an underdamped LC tank
circuit, as illustrated in Figure 2.1. When an open-loop step change in duty cycle is
applied, this underdamped system gives rise to pronounced oscillations in both the
phase currents and the input voltage.
The natural frequency of the resonant network is determined by [6]:

f0 = 1
2π

√
LsC

(2.6)
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2.1.4 Stator-Rotor Field Interactions & Parasitic Torque

Injecting DC charging currents into the AC stator windings generates a stationary
stator magnetic field vector. If this field vector is misaligned with the permanent
magnet flux vector of the rotor, an unintended electromagnetic torque is produced
[5]. The electromagnetic torque of an IPMSM in the synchronous dq frame is given
by [2]:

Te = 3
2p (ψmiq + (Ld − Lq)idiq) (2.7)

where iq is the torque-producing current component obtained by projecting the
three-phase currents into the rotating reference, see Figure 2.2, using the park-clarke
[2]:

[
id
iq

]
= 2

3

 cos(θ) cos
(
θ − 2π

3

)
cos

(
θ + 2π

3

)
− sin(θ) − sin

(
θ − 2π

3

)
− sin

(
θ + 2π

3

)
iaib
ic

 (2.8)

From the second row of the transformation, the q-axis current can be explicitly
written as:

iq = 2
3(− sin(θ) ia − sin

(
θ − 2π

3

)
ib − sin

(
θ + 2π

3

)
ic) (2.9)

Under three-phase symmetry, if the phase currents are balanced in their average
values,

ia = ib = ic (2.10)

the fundamental spatial component of the stator current cancels in the synchronous
reference frame, resulting in

iq = 0 (2.11)

In this case, no steady-state torque is produced [1].
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Figure 2.2: Four-pole interior PMSM in the dq frame [2].

2.2 Mathematical Modelling and Linearisation Frame-
work

2.2.1 State-Space Averaged Modelling Principles

The modelling approach is based on two fundamental circuit laws: Kirchhoff’s Volt-
age Law (KVL) and Kirchhoff’s Current Law (KCL). KVL states that the algebraic
sum of voltages around any closed loop is zero, whilst KCL states that the algebraic
sum of currents entering a node must equal the sum of currents leaving that node.
These principles remain valid in both switching states of the converter. For a boost
converter operating in continuous conduction mode (CCM), two distinct switching
intervals are considered: the ON-state and the OFF-state. In each interval, the sys-
tem dynamics are described by different sets of differential equations derived directly
from KVL and KCL [8, 6].
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2.2.1.1 ON-State Operation (Switch Closed)

Figure 2.3: Boost converter during the ON-state.

When the switch is closed, the inductor is connected directly to the input voltage
source and stores energy in its magnetic field, see Figure 2.3. Applying Kirchhoff’s
Voltage Law (KVL) around the input loop gives [8, 6]:

VS = Vin, VR = Vout (2.12)

VL = Vin = L
dIL

dt
. (2.13)

dIL

dt
= Vin

L
. (2.14)

Equation 2.14 shows that the inductor current increases linearly during the ON-
state. At the same time, the diode is reverse-biased, preventing current from flowing
to the output stage. The load is therefore supplied solely by the output capacitor.
Applying Kirchhoff’s Current Law (KCL) at the output node gives [8, 6]:

IC = −Iout, (2.15)

C
dVout

dt
= −Vout

R
. (2.16)

dVout

dt
= −Vout

RC
. (2.17)
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2.2.1.2 OFF-State Operation (Switch Open)

Figure 2.4: Boost converter during the OFF-state.

When the switch is opened, the energy stored in the inductor is transferred to the
output through the diode, see Figure 2.4. Applying KVL around the circuit loop
gives [8, 6]:

VS = Vin, VR = Vout (2.18)

Vin − L
dIL

dt
− Vout = 0. (2.19)

dIL

dt
= Vin − Vout

L
. (2.20)

Applying KCL at the output node shows that the inductor current is divided between
the load and the capacitor [8, 6]:

IL = IR + IC . (2.21)

C
dVout

dt
= IL − Vout

R
. (2.22)

dVout

dt
= IL

C
− Vout

RC
. (2.23)

2.2.1.3 State Space Averaging

Let D ∈ [0, 1] denote the duty cycle, defined as the fraction of the switching period
for which the converter is in the ON-state. The averaged state-space model is then
obtained by weighting the ON and OFF dynamics [9, 8, 6]:

11



2. Theory

ẋ = D ẋon + (1 −D) ẋoff . (2.24)
With the state vector defined as x = [iL Vout]T , the averaged boost converter model
becomes:

diL
dt

= Vin

L
− (1 −D)Vout

L
, (2.25)

dVout

dt
= (1 −D)iL

C
− Vout

RC
. (2.26)

2.2.2 Multi-Variable Jacobian Linearisation (Taylor Series)
Nonlinear systems can be controlled using a local linear approximation of their
dynamics. A continuous nonlinear system can be described in state-space form as
[10]:

ẋ(t) = f(x(t),u(t)) (2.27)
Where x(t) is the state vector and u(t) is the input vector.
To linearise this around a specific nominal operating point (x0,u0), a first-order
Taylor series expansion can be used [11, 10]. We assume small perturbations (∆x,
∆u) around this point:

x = x0 + ∆x (2.28)
u = u0 + ∆u (2.29)

Substituting these into the original function gives:

ẋ0 + ∆̇x = f(x0 + ∆x,u0 + ∆u) (2.30)

Expanding using Taylor series and ignoring Higher-Order Terms (H.O.T.) yields
[12]:

∆̇x ≈ ∂f
∂x

∣∣∣∣∣
(x0,u0)

∆x + ∂f
∂u

∣∣∣∣∣
(x0,u0)

∆u (2.31)

This can be rewritten in standard linear state-space form using Jacobian matrices:

∆̇x = A∆x + B∆u (2.32)

Where the system Jacobian matrices A and B are defined as:

A = ∂f
∂x

∣∣∣∣∣
(x0,u0)

=


∂f1
∂x1

∂f1
∂x2

· · · ∂f1
∂xn

∂f2
∂x1

∂f2
∂x2

· · · ∂f2
∂xn... ... . . . ...

∂fn

∂x1

∂fn

∂x2
· · · ∂fn

∂xn

 (2.33)

B = ∂f
∂u

∣∣∣∣∣
(x0,u0)

=


∂f1
∂u1

∂f1
∂u2

· · · ∂f1
∂um

∂f2
∂u1

∂f2
∂u2

· · · ∂f2
∂um... ... . . . ...

∂fn

∂u1

∂fn

∂u2
· · · ∂fn

∂um

 (2.34)

12



2. Theory

2.2.3 Transfer Function Representation of MIMO State-Space
Systems

A linear time-invariant continuous-time system in state-space form is given by:

ẋ = Ax + Bu, y = Cx + Du. (2.35)

The corresponding input–output relation in the Laplace domain is expressed by the
transfer function matrix [13]:

G(s) = C(sI − A)−1B + D. (2.36)

For multi-phase systems, the model is inherently MIMO due to multiple duty-cycle
inputs and multiple electrical outputs. In the special case where all duty-cycle
inputs are constrained to be identical, the system reduces to an equivalent single-
input representation, allowing a scalar transfer function description between the
common input and selected outputs.

2.3 Advanced Control

2.3.1 Cascaded Architecture and Time-Scale Separation
An integrated booster demands simultaneous regulation of fast electrical current
dynamics and slower energy-storage voltage dynamics [4]. Attempting to control
this within a single combined loop leads to structural interactions.
By applying successive loop closure, the architecture is split into a fast inner MIMO
current loop and a slow outer SISO voltage loop. This hierarchy relies on time-scale
separation: the inner current loop operates at a high bandwidth (1kHz), allowing
the outer voltage loop (0.1 kHz) to view the entire inner loop as a instantaneous,
unity-gain actuator.

2.3.2 State-Space Integral Augmentation
To enforce perfect setpoint tracking and eliminate steady-state errors introduced by
parasitic resistance (rs) or station current fluctuations, tracking integrators must be
embedded into the state-space structure. The system is augmented with an error
integrator state ż = r−y, yielding the classic augmented state-space format [14, 10]:[

ẋ
ż

]
=

[
A 0

−C 0

] [
x
z

]
+

[
B
0

]
u (2.37)

2.3.3 Controllability and Observability

2.3.3.1 Controllability

Reachability (controllability) refers to the extent to which the state of a linear control
system may be steered through the application of suitable control inputs [10, 15].
Consider the linear state-space system

ẋ = Ax + Bu (2.38)
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where A ∈ ..Rn×n is the system matrix and B ∈ Rn×m is the input matrix. The
principal question is whether an arbitrary final state xf ∈ Rn may be reached from
a given initial state x0 within a finite time interval through an appropriate choice
of control input u(t).
The reachability properties of the system are characterised by the reachability matrix
[10, 15]:

Wr =
[
B AB A2B · · · An−1B

]
(2.39)

A linear system is said to be reachable if and only if the matrix Wr has full rank.
Meaning that the rank of Wr is equal to the number of system states, such that
every state can be independently influenced by the control input [10, 15]. This
condition implies that the control input generates a sufficient number of linearly
independent directions in the state space, thereby enabling arbitrary state transi-
tions. Reachability is therefore a fundamental concept in modern control theory, as
it determines the extent to which feedback may be employed to influence or stabilise
the dynamics of a system.

2.3.3.2 Observability

Observability theory concerns whether the internal state of a dynamical system
may be determined from knowledge of its inputs and measured outputs over a finite
interval of time [10, 15]. Consider the linear state-space system:

ẋ = Ax + Bu, y = Cx + Du (2.40)

where x ∈ Rn denotes the state vector, u the input, and y the measured output. A
system is said to be observable if the state x(t) can be uniquely determined from
measurements of u(t) and y(t).
The observability properties of the system are characterised by the observability
matrix [10, 15]:

Wo =



C
CA
CA2

...
CAn−1

 (2.41)

A linear system is observable if and only if the matrix Wo has full rank [10, 15].
This condition ensures that the measured outputs contain sufficient information to
reconstruct the internal state of the system. Observability is therefore fundamen-
tal in control theory, particularly in the design of state observers and estimation
algorithms, where unmeasured states must be inferred from available sensor data.
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2.3.4 Stability of Feedback Systems

2.3.4.1 Eigenvalues and Stability

The stability of a linear dynamical system is fundamentally determined by the eigen-
values of its system matrix [10]. Consider the autonomous system:

dx
dt

= Ax (2.42)

where A ∈ Rn×n. The eigenvalues λ of A are defined by the characteristic equation:

Av = λv (2.43)

where v ̸= 0 is an eigenvector.
The eigenvalues may be computed from the matrix A using the spectral decompo-
sition:

V =
[
v1 v2 v3 · · · vn

]
(2.44)

A = VDV−1 (2.45)
where D = diag(λ1, λ2, . . . , λn) contains the eigenvalues on its diagonal.
The stability of the system is determined by the real parts of the eigenvalues. In
particular, the system is asymptotically stable if all eigenvalues satisfy [10]:

ℜ(λi) < 0 ∀i (2.46)

This condition implies that all modes of the system decay exponentially to zero
as time progresses. If any eigenvalue has a positive real part, the corresponding
mode grows unbounded, and the system is unstable. Eigenvalues with zero real part
indicate marginal behaviour, which requires further analysis of the system structure.
Hence, eigenvalue analysis provides a direct and fundamental criterion for assessing
the stability of linear systems.

2.3.4.2 Bode Stability Margins

Bode stability margins provide a frequency-domain measure of the relative stability
and robustness of a feedback control system. The analysis is based on the open-loop
transfer function G(s), whose magnitude and phase responses are evaluated using
the Bode diagram.
Two principal quantities are used in stability assessment: the gain margin and the
phase margin. The gain margin represents the permissible increase in loop gain
before the closed-loop system becomes unstable, measured at the phase crossover
frequency where the phase reaches −180◦. The phase margin represents the addi-
tional phase lag required to bring the system to the verge of instability at the gain
crossover frequency [16], where the magnitude satisfies:

|G(jω)| = 1 (2.47)

The phase margin is therefore defined relative to the critical phase condition:

∠G(jωcp) = −180◦ + PM (2.48)
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where ωcp denotes the gain crossover frequency.
Positive gain and phase margins indicate a stable and robust closed-loop system,
whereas small or negative margins imply poor robustness and potential instability
[17]. In practical control design, phase margins between approximately 30◦ and 60◦

are commonly regarded as providing an appropriate compromise between stability
and dynamic performance.

2.3.5 Optimal Control via LQR & Bryson’s Tuning Rule
The Linear Quadratic Regulator (LQR) is a convex optimisation-based control
method that minimises a quadratic cost function for a linear dynamical system,
accounting for both state deviation and control effort. [10]

ẋ = Ax + Bu (2.49)
Given a linear dynamical system of the form above, the objective is to minimise the
cost function:

min
u

J =
∫ ∞

0

(
xT Qx + uT Ru

)
dt

subject to ẋ = Ax + Bu
(2.50)

where Q ⪰ 0 penalises deviations in the system states and R ≻ 0 penalises the
control input.
Bryson’s rule provides a practical method for selecting the weighting matrices in the
cost function [18]. It is defined as:

Qii = 1
(max |xi|acceptable)2 , i ∈ {1, 2, . . . , n} (2.51)

Rjj = 1
(max |uj|acceptable)2 , j ∈ {1, 2, . . . ,m} (2.52)

The resulting weighting matrices take diagonal form:

Q =


Q1,1 0 · · · 0

0 Q2,2 · · · 0
... ... . . . ...
0 0 · · · Qn,n

 , R =


R1,1 0 · · · 0

0 R2,2 · · · 0
... ... . . . ...
0 0 · · · Rm,m

 (2.53)

The optimal state-feedback gain is obtained by solving the continuous-time algebraic
Riccati equation:

AT P + PA − PBR−1BT P + Q = 0 (2.54)
where P is a positive definite matrix representing the optimal cost-to-go. The re-
sulting optimal feedback gain is then given by:

K = R−1BT P (2.55)

u = −Kx (2.56)
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2.3.6 Pole Placement
Pole placement is a state-feedback control technique used to assign the closed-loop
poles of a linear system to desired locations in the complex plane. The pole loca-
tions directly determine key system properties such as stability, settling time, and
damping [19].
Consider the linear system:

ẋ = Ax + Bu (2.57)

A state-feedback controller is defined as:

u = −Kx (2.58)

which yields the closed-loop system:

ẋ = (A − BK)x (2.59)

The objective is to choose K such that the eigenvalues of (A − BK) are placed at
desired locations, shaping the transient response of the system.
Pole placement is only possible if the system (A,B) is controllable, and poor pole
choices (e.g., too far left in the complex plane) can lead to high control effort and
sensitivity to disturbances. Modern algorithms, such as the robust pole assignment
method by Kautsky, Nichols, and Van Dooren, improve numerical stability and
exploit multi-input freedom to obtain more reliable solutions [20].

2.3.7 Large-Signal Disturbance Feedforward Design
Unlike feedback control, which reacts only after a disturbance has affected the sys-
tem, feedforward control acts proactively by using a plant model or direct distur-
bance measurements to determine the required control action in advance. When
combined with feedback control, this forms a two-degree-of-freedom (2-DOF) archi-
tecture that improves disturbance rejection while maintaining closed-loop robust-
ness.
If a disturbance can be measured before it propagates through the plant, a feedfor-
ward compensator can be used to generate a corrective control action that counter-
acts its effect on the output [21]. For ideal disturbance cancellation, the feedforward
compensator is given by:

Gff (s) = −Gd(s)
Gp(s) , (2.60)

Where Gd(s) represents the disturbance dynamics and Gp(s) the plant dynamics.
Since the feedforward path does not alter the closed-loop characteristic equation, it
can significantly improve disturbance rejection without compromising system sta-
bility.
§
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Methods

3.1 System Topology

Figure 3.1: Functional block diagram of the DC-coupled charging path from station
to high-voltage battery.

Since the charging station voltage is lower than the battery voltage, the system must
boost the voltage to supply current to the battery. This is achieved by using the
copper windings of the stator of the electrical machine as the inductive element,
as shown in Figure 3.1. An input capacitor is placed close to the charging station
side, and an output capacitor is placed close to the battery side. Because the EV
battery has a high voltage and large energy capacity, the output capacitor exhibits
only slow dynamics. The control objective is to boost the input voltage without
introducing voltage spikes or damaging transients in the capacitors. At the same
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time, the phase currents in the stator windings must be carefully controlled to avoid
inducing steady-state torque in the rotor during charging.

3.1.1 Integrated Booster Configuration
The complete system configuration is summarised in Tables 3.1–3.2.

Table 3.1: System parameters used for the integrated boost-converter model.

Parameter Symbol Value
Charging station voltage Vstation 400 V
Battery voltage Vbattery 800 V
Station current limit Istation 300 A
Input capacitor Cin 2 mF
Output capacitor Cout 5 mF
Input cable resistance Rin 20 mΩ
Battery-side resistance Rout 10 mΩ
Switching frequency fsw 10 kHz
Nominal duty ratio D̄ 0.5

Table 3.2: Electrical and winding parameters of the IPMSM [1].

Parameter Value
Mutual inductance (Lm) 125µH @ 100 Hz

50µH @ 10 kHz
Leakage inductance (Lls) 45µH @ 100 Hz

75µH @ 10 kHz
Saliency inductance (Lδ) 30µH @ 100 Hz

40µH @ 10 kHz
Coil resistance (rs) 0.009 Ω
Number of pole pairs (p) 4

3.2 Mathematical Modelling of the IPMSM Booster
The system dynamics are modeled by analysing the energy flow in two distinct
states: the On Mode (energy storage) and the Off Mode (energy transfer). We
represent the system using the state vector x and control vector u:

x =
[
ia ib ic VCin

VCout

]T
, u =

[
Da Db Dc

]T
(3.1)

3.2.1 Circuit Law Application (On Mode)
In this mode, the low-side switches are closed, grounding the inductor terminals.
We apply Kirchhoff’s Voltage Law (KVL) to the input loops to determine current
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growth and Kirchhoff’s Current Law (KCL) to the capacitor nodes to determine
voltage fluctuations. The phase inductors act as energy storage elements, charging
their magnetic field when the low-side switches are closed. During this "On" interval,
the inductors are connected directly between the input capacitor and the negative
DC rail. The input capacitor balances the station supply against the phase draw,
while the output capacitor independently supports the battery.
Inductor Dynamics (KVL):

vLabc
= vCin

− vrs (3.2)

Labc(θ)
diabc

dt
= vCin

− rsiabc (3.3)

diabc

dt
= L−1

abc(θ) (vCin
− rsiabc) (3.4)

Input Capacitor Dynamics (KCL):

ICin
= IStation −

∑
x∈a,b,c

ix (3.5)

Cin
dVCin

dt
= VStation − VCin

Rin

−
∑

x∈a,b,c

ix (3.6)

dVCin

dt
= 1
Cin

(
VStation − VCin

Rin

− (ia + ib + ic)
)

(3.7)

Output Capacitor Dynamics (KCL):

ICout = Ibattery (3.8)

Cout
dVCout

dt
= VCout − VBattery

Rout

(3.9)

dVCout

dt
= 1
Cout

(VCout − VBattery

Rout

) (3.10)

3.2.2 Circuit Law Application (Off Mode)
The dynamics of the input capacitor remain identical to the "On" mode, as the
station continues to supply the capacitor while the phases draw current.
Inductor Dynamics (KVL):

vLabc
= vCin

− vrs − vCout (3.11)

Labc(θ)
diabc

dt
= vCin

− vCout − rsiabc (3.12)

diabc

dt
= L−1

abc(θ) (vCin
− vCout − rsiabc) (3.13)
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Input Capacitor Dynamics (KCL):

dVCin

dt
= 1
Cin

(
VStation − VCin

Rin

− (ia + ib + ic)
)

(3.14)

Output Capacitor Dynamics (KCL):
∑

x∈{a,b,c}
ix = ICout + IBattery (3.15)

Cout
dVCout

dt
=

∑
x∈{a,b,c}

ix − VCout − VBattery

Rout

(3.16)

dVCout

dt
= 1
Cout

(
(ia + ib + ic) − VCout − VBattery

Rout

)
(3.17)

3.2.3 The nonlinear space averaged differential equation
To capture the average dynamics between on and off mode is as simple as linear
interpolation between the states. This approximation is valid due to the small time
frame between on and off mode. We use duty to capture the relation between these
two dynamical states.
Our dynamics slightly change if the charging station provides constant voltage or
constant current. The formulation for both scenarios is below.
The charging station providing constant voltage:

diabc

dt
= L−1

abc(θ) (vCin
− (1 − D)vCout − rsiabc) (3.18)

dVCin

dt
= 1
Cin

(
VStation − VCin

Rin

− (ia + ib + ic)
)

(3.19)

dVCout

dt
= 1
Cout

(
(1 − D)(ia + ib + ic) − VCout − VBattery

Rout

)
(3.20)

The charging station provides a constant current:

diabc

dt
= L−1

abc(θ) (vCin
− (1 − D)vCout − rsiabc) (3.21)

dVCin

dt
= 1
Cin

(Istation − (ia + ib + ic)) (3.22)

dVCout

dt
= 1
Cout

(
(1 −D)(ia + ib + ic) − VCout − VBattery

Rout

)
(3.23)
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3.2.4 The Analytical Inductance Inverse
To accurately model the behaviour of the IPMSM when utilised as a three-phase
coupled inductor, the inductance matrix must account for both the average induc-
tance and the spatial variations caused by the rotor’s saliency [1].
The state-space model requires the inversion of the position-dependent inductance
matrix. The analytical inverse, L−1

abc(θ), is expressed by isolating the common de-
nominator σ6 and identifying the symmetrical components as follows:

L−1
abc(θ) = 1

σ6

λ1 σ2 σ1
σ2 λ2 σ3
σ1 σ3 λ3


where

λ1 = −3L2
δ + 4σ7LδLls + 4L2

ls + 8LlsLm + 3L2
m

λ2 = −3L2
δ − 4σ4LδLls + 4L2

ls + 8LlsLm + 3L2
m

λ3 = −3L2
δ − 4σ5LδLls + 4L2

ls + 8LlsLm + 3L2
m

σ1 = −3L2
δ − 4Llsσ5Lδ + 3L2

m + 2LlsLm

σ2 = −3L2
δ − 4Llsσ4Lδ + 3L2

m + 2LlsLm

σ3 = −3L2
δ + 4Llsσ7Lδ + 3L2

m + 2LlsLm

σ4 = cos
(
2pθ − 2π

3

)
, σ5 = cos

(
2pθ + 2π

3

)
, σ7 = cos(2pθ)

σ6 = Lls
(
−9L2

δ + 4L2
ls + 12LlsLm + 9L2

m

)

(3.24)

3.2.5 Phase Shedding
The system behaves differently depending on whether current is applied to one, two,
or all three stator windings. The windings act as inductors that increase the voltage,
while the stator magnetic field interacts with the rotor’s permanent magnetic field,
affecting overall dynamics. These changing operating modes are modelled simply
by inserting zeros into the inverse inductance matrix and the duty cycle vector,
without altering the overall structure. It is important to identify the region with the
lowest inductance along the diagonal and avoid placing zeros there. Overestimating
inductance can cause controller instability, whereas underestimation is less critical.
3-phase operation:

L−1
3ph(θ) = 1

σ6

λ1 σ2 σ1
σ2 λ2 σ3
σ1 σ3 λ3

 , D = [Da, Db, Dc]T (3.25)

2-phase operation:

L−1
2ph(θ) = 1

σ6

λ1 σ2 0
σ2 λ2 0
0 0 0

 , D = [Da, Db, 0]T (3.26)
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1-phase operation:

L−1
1ph(θ) = 1

σ6

λ1 0 0
0 0 0
0 0 0

 , D = [Da, 0, 0]T (3.27)

3.2.6 Linearisation via Jacobian

3.2.6.1 Linearisation

Given that the battery operates at a high voltage and is permanently connected
to the output capacitor, the voltage across the output capacitor experiences only
negligible variation. The battery effectively suppresses the dynamics of the output
capacitor, causing the capacitor voltage to remain close to the battery voltage.
Consequently, this side of the system can be considered stiff, allowing the model
complexity to be reduced.
Furthermore, most charging stations at which the vehicle is expected to stop provide
a controlled constant input current. Under these assumptions, Equations 3.21–3.23
can be simplified to:

diabc

dt
= L−1

abc(θ) (vCin
− (1 −D)vBattery − rsiabc) (3.28)

dVCin

dt
= 1
Cin

(Istation − (ia + ib + ic)) (3.29)

The system is characterised by a lack of explicit control authority over the battery’s
state of charge (SOC) and the constant input current provided by the charging sta-
tion. Consequently, variables such as Istation and Vbattery must be treated as exoge-
nous inputs, external signals that influence the system but cannot be manipulated
by the controller. The system is fundamentally control-affine with a state-dependent
input matrix, which introduces nonlinear behaviour. However, a significant coupling
exists between the battery voltage and the duty cycle, which renders the system’s
mapping non-convex. Because of this non-convexity, standard global optimisation
techniques are not directly applicable. Instead, the system must be approximated
by finding a stationary operating point and performing a local linearisation.
The state-space representation of the system is defined by the state vector x, the
control input vector u and the exogenous disturbance vector w:

x =
[
ia ib ic VCin

]T
, u =

[
Da Db Dc

]T
w =

[
Istation Vbattery

]T
(3.30)

Our system:
ẋ = f(x,u,w) (3.31)

ẋ = Ax + Buu + Bww (3.32)
The system is linearised around an equilibrium point x̄, ū, w̄ using first order Taylor
expansion. To simplify the Taylor expansion, we define an augmented input vector
z̄, which encapsulates the states, control authority, and exogenous signals:
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z =
[
x u w

]T
(3.33)

z = z̄ + ∆z =⇒ ż = f(z) = f(z̄ + ∆z) (3.34)

f(z) ≈ f(z̄)︸︷︷︸
0

+Df
Dz

(z̄) · ∆z + D2f
Dz2 (z̄) · ∆z2 + . . .︸ ︷︷ ︸

very small

(3.35)

The following derivatives represent the elements of the Jacobian matrix for the state
variables iabc and Vcin:

∂i̇abc

∂iabc

= −L−1(θ)rs (3.36)

∂i̇abc

∂Vcin

= L−1(θ) (3.37)

∂i̇abc

∂D
= −L−1(θ)Vbattery (3.38)

∂i̇abc

∂Vs

= 0 (3.39)

∂i̇abc

∂Vb

= −L−1(θ)(1 − D) (3.40)

∂V̇cin

∂iabc

= − 1
Cin

(3.41)

∂V̇cin

∂Vcin

= − 1
CinRin

(3.42)

∂V̇cin

∂D
= 0 (3.43)

∂V̇cin

∂Vs

= 1
CinRin

(3.44)

∂V̇cin

∂Vb

= 0 (3.45)

3.2.6.2 Equilibrium Operating Point

The non-linearity when the rotor is fixed during charging arises from the system
inputs, namely the duty cycle and the battery voltage, which act as the control
input and disturbance, respectively. To determine a stable operating point that
accounts for the internal resistance of the IPMSM, the following approach is used.
The battery voltage is chosen to define the equilibrium duty cycle. At equilibrium,
the change in average current is zero, giving:

L−1
abc(θ) (vCin

− (1 − D)vBattery − rsiabc) = 0 (3.46)

vCin
− (1 − D)vBattery − rsiabc = 0 (3.47)

From this, the equilibrium duty ratios for each phase can be written as:

D̄a = 1 − vCin
− rsia

V̄b

(3.48)

D̄b = 1 − vCin
− rsib

V̄b

(3.49)

D̄c = 1 − vCin
− rsic

V̄b

(3.50)
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This shows that the stationary operating point of the linearised state-space model,
see Table 3.3, is bounded by the standard boost converter equation.

Table 3.3: Linearisation variables and equilibrium operating point for state-space
model

Linearisation variable Operating Point
Duty cycle D̄ = 0.5
Battery voltage V̄b = 800 V

3.2.7 The Linearised State-Space Matrices
The linearised system:

∆x =
[
∆ia ∆ib ∆ic ∆VCin

]T
, ∆u =

[
∆Da ∆Db ∆Dc

]T
(3.51)

∆w =
[
∆Istation ∆Vbattery

]T
(3.52)

∆ẋ = A∆x + Bu∆u + Bw∆w (3.53)

∆y = C∆x + Du∆u︸ ︷︷ ︸
0

+ Dw∆w︸ ︷︷ ︸
0

(3.54)

The state matrix A and the control input matrix Bu are defined as:

A =


−L−1

11 rs −L−1
12 rs −L−1

13 rs L−1
a

−L−1
21 rs −L−1

22 rs −L−1
23 rs L−1

b

−L−1
31 rs −L−1

32 rs −L−1
33 rs L−1

c

− 1
Cin

− 1
Cin

− 1
Cin

0

 , Bu =


L−1

11 V̄b L−1
12 V̄b L−1

13 V̄b

L−1
21 V̄b L−1

22 V̄b L−1
23 V̄b

L−1
31 V̄b L−1

32 V̄b L−1
33 V̄b

0 0 0

 (3.55)

The disturbance matrix Bw and output matrix C are given by:

Bw =


0 L−1

a (d̄− 1)
0 L−1

b (d̄− 1)
0 L−1

c (d̄− 1)
1

Cin
0

 , C =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (3.56)

L−1
a = L−1

11 + L−1
12 + L−1

13 (3.57)

L−1
b = L−1

21 + L−1
22 + L−1

23 (3.58)

L−1
c = L−1

31 + L−1
32 + L−1

33 (3.59)

L
−1
11 L−1

12 L−1
13

L−1
21 L−1

22 L−1
23

L−1
31 L−1

32 L−1
33

 = L−1
abc(θ) (3.60)
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3.2.8 Sensor Reduction and Measurement Improvement
An observability analysis of the MIMO system shows that only two current sensors
are required to achieve full state feedback control. The remaining states, namely the
output voltage and the third current, can be estimated using a state observer. How-
ever, due to the fast switching dynamics of the system, a state estimation technique
such as a Kalman filter would need to operate at a sampling rate significantly faster
than that of the fastest inner current control loop. Achieving such computational
performance is generally not feasible with practical hardware implementations.
Furthermore, reducing the bandwidth of the cascade control architecture to accom-
modate a slower state estimator would not be desirable. The controller must be
able to react rapidly to disturbances in order to suppress voltage spikes and pro-
tect the hardware from potentially damaging operating conditions. For this reason,
although the system is fully observable with only two current measurements, see
Equation 3.61–3.63, retaining direct measurements of the critical states provides a
more practical and robust solution.

Cr =
[
1 0 0 0
0 1 0 0

]
(3.61)

The observability matrix is then defined as:

Wo =


Cr

CrA
CrA2

CrA3

 (3.62)

Evaluation of the observability matrix using MATLAB’s rank() function gives:

rank(Wo) = 4. (3.63)

Since the rank of the observability matrix is equal to the number of system states,
the reduced measurement configuration preserves full observability of the system.
Therefore, all states can, in principle, be reconstructed from the two measured
currents. However, for the reasons discussed previously, it is preferable to retain
direct measurements of all four states rather than rely on state estimation alone.

3.2.9 Transferfunction of the linearised system
The transfer function (TF) is employed to verify the accuracy of the state-space
model against an independent circuit model. Under an identical duty cycle input,
both models should ideally yield the exact same voltage or current output. Because
a transfer function specifically maps a signal input to a signal output, a uniform
duty cycle is applied across all phases to observe and evaluate the resulting output
state.
To align with this single-input framework, the B matrix is manipulated so that it
represents a single signal input.

G(s) = Cinv(sI − A)B (3.64)
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Assuming balanced three-phase operation, identical duty cycles, negligible saliency
variation around the operating point, and symmetric current sharing, the coupled
inductance matrix may be approximated by an equivalent scalar inductance Lls,
yielding the following reduced-order SISO transfer function.

GVcin(s) = − 3 vbattery,e

Cin Lls s2 + Cin rs s+ 3 (3.65)

GIa(s) = Cin s vbattery,e

Cin Lls s2 + Cin rs s+ 3 (3.66)

GIb(s) = Cin s vbattery,e

Cin Lls s2 + Cin rs s+ 3 (3.67)

GIc(s) = Cin s vbattery,e

Cin Lls s2 + Cin rs s+ 3 (3.68)

3.3 Cascade Control Architecture

3.3.1 The cascaded architecture

The 4-state linearised model derived in Section 3.2.7 provides a complete represen-
tation of the system dynamics. However, when integral action is introduced through
state-space augmentation, the system expands into a single (8 x 8) model consisting
of four physical states and four integral states. Attempting to directly control this
fully augmented system reveals a significant limitation: rank deficiency.
This limitation arises because the input capacitor voltage (VCin

) is physically de-
pendent on the sum of the phase currents. As a result, the system does not possess
sufficient independent control authority to simultaneously regulate all augmented
states within a single-loop control structure. Consequently, the fully augmented
system cannot satisfy all integral constraints while maintaining full controllability.
To overcome this issue and retain integral action for eliminating steady-state error,
the control structure is decoupled into a cascaded architecture based on time-scale
separation. In this configuration, two dependent controllers are implemented: a fast
inner-loop (6 x 6) MIMO current controller and a slower outer-loop (2 x 2) voltage
controller, see Figure 3.2.
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Figure 3.2: Cascade Control Architecture

3.3.2 State-Space Integral Action
To achieve zero steady-state error for the phase currents and input voltage, the state
vector is augmented with the integral of the tracking error:

ż(t) = r(t) − y(t) = r(t) − Ctrackx(t) (3.69)

Where ż(t) is the derivative of our integral state, given that each of our states will
have integral action we therefore get a doubling in states and subsequently a larger
new A and B matrix. The resulting augmented system is defined as:[

ẋ
ż

]
=

[
A 0

−Ctrack 0

] [
x
z

]
+

[
B
0

]
u (3.70)

3.3.3 Inner-Loop MIMO Current Control

3.3.3.1 System Formulation, Matrix Decoupling, and Integral Augmen-
tation

The inner control loop governs the high-frequency current dynamics of the system.
To facilitate the controller synthesis, the coupled three-phase current dynamics are
isolated from system matrix equation 3.55 and represented in state-space form as:

∆x =
[
∆ia ∆ib ∆ic

]T
, ∆u =

[
∆Da ∆Db ∆Dc

]T
. (3.71)

The corresponding linearised dynamics are expressed as:

∆ẋ = Ai∆x + Bi∆u (3.72)

∆y = Ci∆x (3.73)
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where:

Ai =

−L−1
11 rs −L−1

12 rs −L−1
13 rs

−L−1
21 rs −L−1

22 rs −L−1
23 rs

−L−1
31 rs −L−1

32 rs −L−1
33 rs

 , Bi =

L
−1
11 V̄b L−1

12 V̄b L−1
13 V̄b

L−1
21 V̄b L−1

22 V̄b L−1
23 V̄b

L−1
31 V̄b L−1

32 V̄b L−1
33 V̄b

 (3.74)

The output matrix is chosen as:

Ci =

1 0 0
0 1 0
0 0 1

 (3.75)

To eliminate steady-state tracking error and ensure balanced phase currents, the
system is augmented with three integral, see Section 2.3.2. The augmented state-
space representation is therefore given by

Āinner =
[

Ai 03×3
−Ci 03×3

]
, B̄inner =

[
Bi

03×3

]
(3.76)

The optimal control input is obtained through an LQR formulation, see Section
3.3.5.1, where the control law minimises the quadratic cost functional:

J =
∫ ∞

0
(xT

augQxaug + uTRu)dt (3.77)

The resulting control law is expressed as:

u(t) = Kp(xref − xmeasured) + Ki

∫ t

0
(xref − xmeasured) dt+ uff (t) (3.78)

where:
• Kp denotes the proportional gain matrix obtained from the state-feedback

component of the LQR gain matrix;
• Ki denotes the integral gain matrix associated with the augmented integral

states;
• uff (t) represents the steady-state feedforward compensation term.

3.3.3.2 Controllability Verification

Following the integral augmentation, tthe controllability of the augmented system
is verified to ensure that all states are reachable from the control input. This is
assessed with the reachability matrix:

Wri
=

[
B̄inner ĀinnerB̄inner Ā2

innerB̄inner · · · Ā6
innerB̄inner

]
(3.79)

Evaluation of the matrix rank using the MATLAB rank() function yields

rank(Wri
) = 6 (3.80)

which is equal to the total number of augmented system states. The system is
therefore fully controllable, implying that each state variable can be independently
influenced through the control input.
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3.3.4 Outer-Loop SISO Voltage Control

3.3.4.1 System Formulation, Matrix Decoupling, and Integral Augmen-
tation

The outer control loop regulates the input capacitor voltage VCin
by treating the

total phase current as the control input. To facilitate the controller synthesis, the
voltage dynamics are isolated from the full system representation and expressed in
state-space form as:

∆x =
[
∆VCin

]
, ∆u =

[
∆Isum

]
. (3.81)

The total phase current is defined as:

∆Isum = ∆ia + ∆ib + ∆ic (3.82)

The corresponding linearised dynamics are expressed as:

∆ẋ = Av∆x+Bv∆u (3.83)

∆y = Cv∆x (3.84)

where:

Av =
[
0

]
, Bv =

[
− 1
Cin

]
(3.85)

The output matrix is chosen as:

Cv =
[
1

]
(3.86)

To eliminate steady-state voltage tracking error, the system is augmented with a
single integral state, see Section 2.3.2. The augmented state-space representation is
therefore given by:

Āouter =
[
Av 0

−Cv 0

]
, B̄outer =

[
Bv

0

]
(3.87)

The resulting control law is expressed as:

Isum(t) = Kp(xref − xmeasured) +Ki

∫ t

0
(xref − xmeasured), dt+ Iff (t) (3.88)

where:
• Kp denotes the proportional gain obtained from the pole placement of the

inner-loop LQR controller;
• Ki denotes the integral gain associated with the augmented integral state;
• Iff (t) represents the feedforward compensation term.
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3.3.4.2 Controllability Verification

Following the integral augmentation, the controllability of the augmented system
is verified to ensure that all states are reachable from the control input. This is
assessed with the reachability matrix:

Wrv =
[
B̄outer ĀouterB̄outer

]
(3.89)

Evaluation of the matrix rank using the MATLAB rank() function yields

rank(Wrv) = 2 (3.90)

which is equal to the total number of augmented system states. The system is
therefore fully controllable, implying that each state variable can be independently
influenced through the control input.

3.3.5 Tuning via LQR and Pole Placement

The Linear Quadratic Regulator (LQR) is used to optimally tune the inner-loop
current controller. This tuning approach minimises the controller search space while
providing the precise control required for regulating the stator winding currents.
LQR is particularly suitable for the coupled (6x6) current MIMO system, as it
produces an optimal closed-loop response while also providing information about
the resulting pole locations.
The pole locations of the tuned inner current loop are then used as the reference point
for designing the slower outer voltage loop. For the outer loop, a pole placement
approach is employed. The reason for selecting LQR for the inner current loop and
pole placement for the outer voltage loop is that the current loop behaviour must
be highly precise, and LQR avoids the need to manually search through a large set
of possible pole locations to achieve the desired response.
Since the outer voltage controller is inherently connected to the inner current con-
troller, but operates on a slower timescale, the known closed-loop poles of the current
controller can be used to efficiently tune the voltage controller to be approximately
ten times slower. The voltage loop reduces to a simpler (2x2) augmented SISO inte-
grator system. Because this outer-loop system is highly predictable, pole placement
is preferred over LQR.

3.3.5.1 LQR MIMO Stator Current

Using Bryson’s Rule, the weighting matrices are constructed directly from the max-
imum acceptable state deviations and control effort. Each weight is chosen as the
inverse square of its corresponding physical limit. The selected tolerances used for
Bryson’s Rule are shown in Table 3.4.
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Table 3.4: Bryson Rule Tuning Limits

Parameter Maximum Acceptable Value
Current tracking error (iacceptable) (iacceptable)max = 1
Integral current error (

∫
iacceptable) (

∫
iacceptable)max = 1 × 10−4

Duty-cycle variation (∆D) ∆Dmax = 1 × 10−4

Qi = 1
(ierr,max)2 (3.91)

Q∫
i = 1

((
∫
ierr)max)2 (3.92)

R∆d = 1
(∆Dmax)2 (3.93)

Q =



Qi 0 0 0 0 0
0 Qi 0 0 0 0
0 0 Qi 0 0 0
0 0 0 Q∫

i 0 0
0 0 0 0 Q∫

i 0
0 0 0 0 0 Q∫

i


(3.94)

R =

R∆d 0 0
0 R∆d 0
0 0 R∆d

 (3.95)

The optimal state-feedback gain is obtained by solving the continuous-time algebraic
Riccati equation:

AT P + PA − PBR−1BT P + Q = 0 (3.96)

where P is a positive definite matrix representing the optimal cost-to-go function.
The optimal feedback gain matrix is then given by:

KLQR = R−1BT P (3.97)

In practice, this convex optimisation problem is solved numerically using MATLAB
via the lqr function, which directly returns the optimal feedback gain matrix.

KLQR =

 0.0006 0 −0.0001 −1.0000 0 0
0 0.0005 0 0 −1.0000 0

−0.0001 0 0.0006 0 0 −1.0000

 (3.98)

The resulting gain matrix (KLQR ∈ R3×6) contains feedback gains associated with
both the current-error states and the integral-error states. The gain matrix is par-
titioned into proportional and integral components.
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The proportional part:

KPCurrent
= 10−3

 0.5835 −0.0134 −0.1368
−0.0134 0.4602 −0.0134
−0.1368 −0.0134 0.5835

 (3.99)

The integral part:

KICurrent
=

−1.0 −0.0 −0.0
−0.0 −1.0 0.0
0.0 −0.0 −1.0

 (3.100)

3.3.5.2 Pole Placement SISO Outer Voltage Control

The outer voltage controller is inherently connected to, and dependent upon, the
behaviour of the inner current-control loop. Therefore, the poles obtained from
the LQR-tuned current controller can be used as a starting point for tuning the
outer voltage controller. By leveraging pole-placement techniques, the outer loop
can be designed to be approximately one order of magnitude slower than the inner
loop, ensuring adequate time-scale separation and preventing undesirable interaction
between the two control loops.
After obtaining the (3 × 6 ) LQR gain matrix, the closed-loop inner current-control
system is constructed as:

Acl,inner = Ai − BiKLQR (3.101)

The closed-loop eigenvalues are then computed using MATLAB’s eig function:

λinner = 103



−1.3934 + 1.3668i
−1.3934 − 1.3668i
−2.3709 + 2.2462i
−2.3709 − 2.2462i
−2.1551 + 2.0602i
−2.1551 − 2.0602i


(3.102)

For the purpose of tuning the outer voltage controller, the dominant poles associated
with the proportional and integral actions are identified as:

λP = 103

−1.3934 + 1.3668i
−1.3934 − 1.3668i
−2.3709 + 2.2462i

 (3.103)

λI = 103

−2.3709 − 2.2462i
−2.1551 + 2.0602i
−2.1551 − 2.0602i

 (3.104)

These eigenvalues define the pole locations of the inner current-control loop. The
poles closest to the imaginary axis represent the slowest system dynamics and are
therefore used as the reference point for the outer voltage-loop design. By selecting
the outer-loop poles to be significantly slower than the inner-loop poles, the current
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controller can be assumed to have reached steady state before the voltage controller
responds, thereby maintaining proper loop decoupling.
The reference pole locations used as the starting point for the voltage-controller
tuning process are summarised in Table 3.5.

Table 3.5: Reference pole locations used for voltage-controller pole-placement tun-
ing

Voltage Controller Tuning Reference Pole Location From LQR
Proportional Part (P) PO = (−1.3934)103

Integral Part (I) IO = (−2.1551)103

3.3.6 Feedforward Design
The Jacobian linearisation relies on localised small-signal approximations, a linear
controller can struggle or saturate during massive transient shocks, such as a severe
drop in station current or station voltage. To mitigate this limitation, a large-
signal model-based feedforward term is calculated based on the ideal boost converter
equilibrium. We can use the fundamental boost relationship in Equation 3.105 to
derive the duty cycle feedforward shown in Equation 3.106:

Vout = 1
1 −D

Vin (3.105)

Dff = 1 − VCin

Vbattery

(3.106)

Similarly, the current feedforward is obtained by taking the direct station current
measurement and feeding that information forward to the controller, as shown in
Equation 3.107:

Iff = Istation (3.107)
This term handles the coarse, large-signal voltage lift required across the booster,
leaving the feedback state-space controllers to manage only small-signal dynamic
corrections and localised disturbances.

3.4 Verification Framework

3.4.1 Open-Loop Oscillation Frequency
The interaction between the charging station cable impedance, the stator winding
network, and the input smoothing capacitor (Cin) forms an underdamped RLC
resonant circuit. The characteristic natural frequency of this network, including the
rotor-angle-dependent inductance, is bounded by:

f(θe) = 1
2π

√√√√− 1
CinD(θe)

− r2
s

(2D(θe))2 (3.108)
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where

D(θe) = Lδ

[
cos(2pθe) + cos

(2π
3 − 2pθe

)
+ cos

(2π
3 + 2pθe

) ]
− Lls (3.109)

When an open-loop step change in duty cycle is applied, this underdamped system
gives rise to pronounced oscillations in both the phase currents and the input voltage.
To assess the accuracy of the open-loop state-space model against the independent
circuit simulations, the transient peak-to-peak response is evaluated. This allows
verification that the dominant oscillation frequencies observed in simulation are
consistent with those predicted by the analytical expression for f(θe).

3.4.2 Open Loop plant model verification

To validate the state-space model developed in this work, a three-step verification
and validation framework is employed. First, the correctness of the linearisation is
assessed by comparing the linear state-space representation with the nonlinear plant
model, expressed in transfer function form. This provides an initial verification that
the linear model accurately represents the underlying nonlinear system dynamics.
Secondly, the state-space model is validated against and further compared with an
independent circuit-level simulation, see Figure 3.3. Across all three representa-
tions, consistent system responses are expected for variations in duty-cycle input
and across different operating points. This open-loop validation is performed using
a duty-cycle perturbation sweep and sequential sweep across operating points, see
Figure 4.1.

(a) Nonlinear state-space
plant

(b) Linearised plant (trans-
fer function model)

(c) Independent circuit
model

Figure 3.3: Open-loop validation comparing (a) nonlinear state-space plant, (b)
linearised transfer function model, and (c) independent circuit simulation.
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3.4.3 Closed Loop State Space Controller verification

The second stage of validation focuses on discretisation effects and controller imple-
mentation. In this stage, the performance of the controller is compared between the
continuous-time averaged state-space model and a naturally discretised model that
emulates digital implementation behaviour (the independent circuit simulation), see
Figure 3.4. The expected outcome is that both representations exhibit equivalent
closed-loop performance, confirming that the controller is robust across different
modelling environments. Furthermore, this validates that the sampling rate is suf-
ficiently high such that discretisation does not introduce any significant shift in the
system poles.

(a) Averaged state-space model with con-
troller

(b) Circuit model with identical controller
implementation

Figure 3.4: Closed-loop comparison between the developed state-space model and
an independent circuit simulation

3.4.4 Control Robustness

The controller is designed around a suitable operating point using the basic boost
converter equation. In addition, the controller is designed to account for the worst-
case rotor angle, corresponding to the condition where the inductance is at its lowest
value. The controller performance is then evaluated by analysing the system both
with and without feedforward terms. Several worst-case scenarios are considered,
including the largest expected variation in battery voltage during charging and the
maximum power variation, which corresponds to the highest current change de-
manded from the station, see Table 3.6. Finally, the robustness of the controller
is assessed under voltage disturbances by increasing the reference voltage from 400
V to 500 V, thereby evaluating its ability to handle sudden changes in the supply
voltage.
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Table 3.6: Controller robustness, worst-case validation scenarios

Case Values
Worst-Case Rotor Angle 30 deg
Feedforward Evaluation Iff = 0 & Dff = 0
Battery Voltage Variation ∆5V
Power Demand Variation ∆10A
Voltage Disturbance Test ∆100V
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4.1 Open-Loop Plant Model

A two-step open-loop verification procedure is carried out to validate the proposed
plant model. First, the transfer function obtained from the linearised state-space
model is compared against the nonlinear mathematical plant model. Second, the
same transfer function is validated against an independent circuit-level simulation
model. This approach ensures the validity of the plant model and confirms that no
mathematical errors were introduced during the linearisation process. The verified
model is then used as the basis for controller design.

4.1.1 RLC Resonant Dynamics

The open-loop responses from both the circuit model and the average state-space
model exhibits damped oscillations. This behaviour is inherently due to the RLC
nature of the circuit, where the duty cycle pulses trigger the system’s natural res-
onant response. By analysing the peak-to-peak intervals of these oscillations, a
clear correlation to the natural resonance frequency of the RLC circuit is estab-
lished. This relationship is verified by the calculated theoretical frequency and the
observed peak-to-peak frequency being congruent. The mathematical formulation
for this resonance frequency, as a function of the electrical angle θe, is defined in
equation 3.108.

(a) System Oscillation (b) Peak Finder Data

Figure 4.1: The Oscillation Frequency Corresponds to the Natural LC Resonance
Frequency of the System.
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4.1.2 Plant Model Validation
The nonlinear DC-DC booster exhibits weak affine nonlinearity during the charging
interval because the rotor position remains approximately constant. Although the
rotor angle may assume an arbitrary initial value before charging begins, its variation
during charging is negligible. The affine system is subsequently linearised around
the nominal operating point.
The open-loop validation therefore, serves both as a validation of the mathematical
model and as an assessment of the validity range of the linear approximation. To
evaluate this range, the duty cycle is swept from values significantly above the
nominal operating point of D = 0.5 downwards over a duration of 1.5 s. The results
show that the linearised model deviates from the nonlinear model for large duty-cycle
variations, particularly for unrealistic duty change such as ∆D = 0.1. However, as
the operating point approaches the linearisation point, the agreement between the
models improves significantly, confirming the validity of the linear approximation
for practical operating conditions. The table shows our two distinct duty sweeps.
We can also see in Figure 4.2 that the change in duty does not give identical current
reaction in our symmetrical stator. This is due to the eddy current effect at our
operating frequency and subsequently rotor angle dependent induction.
Figures B.3–4.1 compare the nonlinear state-space model and the linearised transfer-
function model. The responses demonstrate strong agreement in both the capacitor
voltage and stator current dynamics near the nominal operating region.

Table 4.1: Applied duty-cycle sweep sequences used for state space model valida-
tion

Sweep Type Duty-Cycle Sequence
Sequential sweep D = 0.1 → 0.9, ∆D = 0.1, 0.9 → 0.1
Perturbation sweep D = 0.5 ± ∆D, ∆D = [0.1, 0.05, 0.025, 0.01]

Figure 4.2: Open-loop response of stator currents during duty cycle sweep.

40



4. Results

Figure 4.3: Open-loop verification comparing the linearised transfer function and
nonlinear state-space plant for input capacitor voltage dynamics.

Figure 4.4: Open-loop validation comparing the state-space and circuit models for
input capacitor voltage dynamics.

A similar verification of our two-phase and single-phase state-space model phase
shedding method is carried out using an independent circuit model, and the results
are presented in Appendix C.

4.1.3 Bode
Figure 4.5 shows that the phase lag is limited to −90◦, which is well away from the
critical −180◦ condition required for oscillatory instability. The system also exhibits
a high DC gain of approximately 95 dB, indicating strong sensitivity of the current
response to duty cycle variations at low frequencies, which is beneficial for current
regulation.
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From a control design perspective, this provides a comfortable phase margin, allow-
ing the use of a PI current controller without risking instability, provided that the
crossover frequency is chosen sufficiently below the switching frequency.

Figure 4.5: Bode plot showing the system stability margin.

4.2 Cascade Control Architecture

4.2.1 Inner-Loop MIMO Current Control Performance

The inner current control loop is designed and tuned using an LQR-based state-
feedback approach. The resulting controller rapidly eliminates steady-state error
and achieves a stator current settling time of approximately 5 ms. This response is
intentionally selected to remain slower than the MOSFET switching dynamics while
still being sufficiently fast to react to voltage controller demands, thereby preventing
voltage overshoot and minimising transient voltage spikes.

The tuned controller is subsequently implemented in a detailed circuit-level simula-
tion, which inherently exhibits discrete switching behaviour due to the on/off oper-
ation of the power semiconductors. The results demonstrate an excellent agreement
between the averaged state-space model and the switching circuit model, confirming
the validity of the control design and its dynamic performance, see Figure 4.6.
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(a) Averaged state-space mode (b) Detailed switching circuit model

Figure 4.6: Comparison of stator current response under current control for the
averaged state-space and detailed switching circuit models.

4.2.2 Outer-Loop SISO Voltage Control Performance

Following the LQR and pole-placement-based tuning of the cascade control struc-
ture, the voltage loop response is evaluated under step changes in the reference
setpoint. The voltage control loop exhibits a response time of approximately 50 ms,
making it roughly an order of magnitude slower than the inner current control loop.
This separation of time scales ensures proper cascade operation and enhances sys-
tem stability by allowing the inner loop to settle significantly faster than the outer
loop dynamics.

The tuned controller is implemented in a circuit-level simulation that includes switch-
ing effects, resulting in a naturally discrete-time behaviour. The simulation results
show close agreement between the averaged model and the switching circuit model,
further validating the accuracy of the Modelling approach and controller design.

(a) Averaged state-space mode (b) Detailed switching circuit model

Figure 4.7: Comparison of input capacitor voltage response under voltage control
using the averaged state-space model and the detailed switching circuit model.
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(a) Averaged state-space mode (b) Detailed switching circuit model

Figure 4.8: Comparison of stator current response under voltage control using the
averaged state-space model and the detailed switching circuit model.

4.2.3 Feedforward Design
The feedforward design plays a key role in the overall control response, as it accounts
for the majority of the control effort, see Figure 4.9. When accurate feedforward
values are used, the feedback controller is only required to correct small deviations,
thereby reducing the observed error. By incorporating known system information,
such as the station current level and an approximate duty cycle ratio, the controller
can operate less aggressively while achieving improved overall performance.

(a) Without feedforward (b) With feedforward

Figure 4.9: Effect of feedforward compensation on voltage recovery performance.

4.3 Control Robustness

4.3.1 Station Power Reduction
As the battery transitions from a low state of charge to full charge, the required
power from the station gradually decreases. Consequently, the requested current
is reduced progressively. Although this variation is gradual in practice, a worst-
case scenario can be tested by applying a step decrease in station current to verify
controller performance, see Figure 4.10. The results confirm that the controller
remains stable and performs as intended.
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(a) Response of the voltage controller (b) Response of the current controller

Figure 4.10: Voltage and current controller responses following a step reduction
in station power demand.

4.3.2 Battery Voltage Variation

As the battery charges and the state of charge increases, the battery voltage also
rises. However, these dynamics are very slow, with the largest observed step change
being less than 2 V. This variation has no significant impact on controller perfor-
mance, and the system remains stable throughout the charging process, see Figure
4.11.

(a) Response of the voltage controller (b) Response of the current controller

Figure 4.11: Voltage and current controller responses following a step increase in
battery voltage.

4.3.3 Rotor Position Sensitivity

The controller is designed for the worst-case operating condition, corresponding to
a rotor angle of (30◦), which results in the lowest inductance in the three-phase
stator windings. By designing for this minimum-inductance case, robust operation
is ensured across the full (360◦) range of possible rotor positions. Figures 4.12–
4.14 demonstrate that the controller performs as intended for different rotor angles.
Despite the variation in machine inductance caused by changes in rotor position,
the controller remains stable and maintains satisfactory dynamic performance.
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(a) Response of the voltage controller (b) Response of the current controller

Figure 4.12: Voltage and current controller responses at a rotor angle of 0◦ follow-
ing a step increase in the voltage reference.

(a) Response of the voltage controller (b) Response of the current controller

Figure 4.13: Voltage and current controller responses at a rotor angle of 30◦

following a step increase in the voltage reference.

(a) Response of the voltage controller (b) Response of the current controller

Figure 4.14: Voltage and current controller responses at a rotor angle of 60◦

following a step increase in the voltage reference.

4.3.4 Discontinuous Conduction Mode (DCM)
The majority of the charging duration operates in continuous conduction mode;
therefore, the state-space model is designed for this operating condition. However,
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towards the end of charging, when less power is required from the station, the system
may enter discontinuous conduction mode, during which the current in the stator
windings falls to zero during the boost interval.
The controller response under this operating condition can then be observed in
Figure 4.15.

(a) Response of the voltage controller (b) Response of the voltage controller

Figure 4.15: The cascaded voltage and current controllers in the circuit simulation
under discontinuous conduction mode (DCM) following a step change in the voltage
reference.
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5
Conclusion

5.1 Discussion of Methodology

The booster is a nonlinear system, and the degree of nonlinearity increases if the
rotor position is allowed to vary during charging. By effectively keeping the ro-
tor angle fixed during operation, the system complexity is reduced and the model
becomes affine with weak input nonlinearity.
Using the inverse Clarke–Park transformation, it can be shown that maintaining
equal phase currents should prevent the generation of steady-state torque. How-
ever, no direct torque measurements were taken, and no torque simulations were
performed. Although existing literature and the Clarke–Park transformation sug-
gest that the controller should eliminate steady-state error in the stator windings,
this cannot be stated as a definitive guarantee in the present work.
Cascade control provides an effective means of decoupling a system that cannot be
fully controlled using a single state-space controller. The controllability analysis of
the full 8 × 8 system matrix indicates limitations in direct single-loop control. By
introducing a cascade structure with time-scale separation, the system is decom-
posed into a 6 × 6 and a 2 × 2 subsystem. This approach improves controllability
and enables the system to achieve the desired control objectives.

5.2 Discussion of Results

We observe that the controller performance is essentially identical in both the
continuous-time state-space model and the discretised switching (on/off) circuit im-
plementation. This is mainly due to the high switching frequency, where a smaller
sampling interval leads to reduced deviation from the continuous-time (analogue)
behaviour. In this case, the fast switching is beneficial, as the sampling time is
sufficiently small that it does not significantly affect the system dynamics or shift
the system poles in any meaningful way.
During discontinuous conduction mode (DCM) the circuit model shows it that the
current drops to zero and even becomes negative. This indicates that power is
temporarily flowing from the battery back to the station during the charging process,
despite the presence of a MOSFET body diode. A controller designed for continuous
conduction mode (CCM) is not recommended for operation in DCM. In general, it
is preferable to avoid entering DCM during charging whenever possible.
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5.3 Concluding Remarks
The state-space model is a valuable tool in the development process. If parameters
such as capacitor value, battery voltage, or the electrical machine air-gap change,
the same control structure can be adapted with minimal effort from the research
and development team. This supports the OEM development cycle by reducing the
need for repeated iterative tuning and redesign whenever changes to the system are
introduced.
We have achieved a well-tuned, physics-aware controller that can boost the voltage,
avoid voltage spikes in the capacitors, and regulate the desired current in the stator
windings. This allows the system to maintain the required voltage without inducing
steady-state torque in the electrical machine (IPMSM).
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At the end of the charging process, when the required power from the charging
station decreases, the system may enter Discontinuous Conduction Mode (DCM).
This behaviour should either be avoided or explicitly accounted for through an
extension of the present model.
The introduction of three-phase interleaved PWM improves output current quality
and reduces stress on the output capacitor and battery by lowering current ripple.
However, under interleaved operation, the conventional method of estimating aver-
age current using ripple peak and valley measurements is no longer valid. This is
due to the 120° phase-shifted current components, which distort the apparent ripple
profile.
To address this limitation, a corrected current estimation method is required. The
measured phase currents must be compensated using machine parameters such as
mutual inductance, leakage inductance, and the saliency constant, as these directly
influence phase coupling and ripple behaviour under high-frequency switching.
The proposed correction is based on phase-dependent compensation terms derived
from machine parameters and operating conditions. The full current correction
function is provided in Appendix D.3.
This approach provides a basis for improved current reconstruction under interleaved
operation and should be further validated experimentally, alongside system-level
parameter identification. It is also of interest to investigate the trade-off associated
with allowing DCM operation during the final charging stage, particularly in terms
of efficiency, control complexity, and potential impact on vehicle range.
Future work should focus on:

• Development of a DCM state-space model and its integration via gain schedul-
ing with the CCM model, or alternatively enforcing CCM operation during the
final charging stage.

• Experimental identification of mutual inductance, leakage inductance, and
saliency constants at the actual switching frequency.

• Implementation and validation of a corrected current sampling strategy for
three-phase interleaved PWM systems.
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A
Analytical Derivations of System

Matrices

This appendix presents the comprehensive symbolic derivations for the various sys-
tem configuration models developed in this study. The elements L−1

ij represent the
position-dependent components of the inverted stator inductance matrix, defined
directly by: L

−1
11 L−1

12 L−1
13

L−1
21 L−1

22 L−1
23

L−1
31 L−1

32 L−1
33

 = L−1
abc(θ) (A.1)

where θ denotes the electrical rotor position. To simplify the row-sum components
within the state-space matrices, the following lumped parameters are defined:

L−1
a = L−1

11 +L−1
12 +L−1

13 , L−1
b = L−1

21 +L−1
22 +L−1

23 , L−1
c = L−1

31 +L−1
32 +L−1

33 (A.2)

A.1 Five-State Non-Linear Plant Model
The most complete physical representation of the IPMSM-based booster includes
the full dynamics of both the input and output capacitors. The state vector is
defined as x = [ia, ib, ic, VCin

, VCout ]T , where ia, ib, ic are the machine phase currents,
VCin

is the input capacitor voltage, and VCout is the output capacitor voltage.
The non-linear averaged dynamics are governed by the following differential equa-
tions:

diabc

dt
= L−1

abc(θ) [vabc − rsiabc] (A.3)

V̇Cin
= 1
Cin

(
Istation −

∑
iabc

)
(A.4)

V̇Cout = 1
Cout

(∑
(1 − Dabc)iabc − VCout − Vbattery

Rout

)
(A.5)

where iabc = [ia, ib, ic]T is the phase current vector, rs is the stator winding resistance,
Cin and Cout represent the input and output filter capacitances, Istation is the charging
station supply current, Vbattery is the internal nominal battery voltage, Rout is the
battery-side internal resistance, and Dabc = [Da, Db, Dc]T represents the average
phase duty cycle vector. The average phase voltage vector vabc = [va, vb, vc]T is
dictated by the switching states and maps to:

vabc = DabcVCin
+ (1 − Dabc)VCout (A.6)
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A. Analytical Derivations of System Matrices

A.2 Linearised 4-State Model (Constant-Current
Station)

For control system design, the plant model is reduced to four states by assuming a
stiff battery interface (VCout ≈ Vbattery). The small-signal state vector ∆x, control
input vector ∆u, and external disturbance vector ∆w are given by:

∆x =
[
∆ia ∆ib ∆ic ∆VCin

]T
, ∆u =

[
∆Da ∆Db ∆Dc

]T
(A.7)

∆w =
[
∆Istation ∆Vbattery

]T
(A.8)

Linearising the system around a steady-state operational equilibrium point [x̄, ū]
yields the small-signal system framework:

∆ẋ = Acc∆x + Bu∆u + Bw,cc∆w (A.9)

A.2.1 State Matrix Acc

The linearised system state matrix for the constant-current charging configuration
is structured as:

Acc =


−L−1

11 rs −L−1
12 rs −L−1

13 rs L−1
a

−L−1
21 rs −L−1

22 rs −L−1
23 rs L−1

b

−L−1
31 rs −L−1

32 rs −L−1
33 rs L−1

c

− 1
Cin

− 1
Cin

− 1
Cin

0

 (A.10)

A.2.2 Input and Disturbance Matrices
The control input matrix Bu and constant-current disturbance matrix Bw,cc are
derived as:

Bu =


L−1

11 V̄battery L−1
12 V̄battery L−1

13 V̄battery

L−1
21 V̄battery L−1

22 V̄battery L−1
23 V̄battery

L−1
31 V̄battery L−1

32 V̄battery L−1
33 V̄battery

0 0 0

 , Bw,cc =


0 L−1

a (D̄ − 1)
0 L−1

b (D̄ − 1)
0 L−1

c (D̄ − 1)
1

Cin
0


(A.11)

where V̄battery represents the steady-state operating battery voltage and D̄ is the
nominal quiescent operating duty ratio.

A.3 Linearised 4-State Model (Constant-Voltage
Station)

In the constant-voltage charging mode, the station is modeled as an ideal voltage
source Vstation connected in series with an internal cable resistance Rin. Under this
configuration, the small-signal disturbance vector transitions to:

∆w =
[
∆Vstation ∆Vbattery

]T
(A.12)
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This circuit layout introduces a small-signal damping term a44 into the input capac-
itor voltage dynamics:

a44 = − 1
CinRin

(A.13)

The resulting system state matrix Acv remains identical to Acc except for this mod-
ified diagonal element. The updated small-signal disturbance matrix Bw,cv is struc-
tured as:

Bw,cv =


0 L−1

a (D̄ − 1)
0 L−1

b (D̄ − 1)
0 L−1

c (D̄ − 1)
1

CinRin
0

 (A.14)

A.4 Decoupled Augmented Matrices for Control
Because the unified 8x8 small-signal model containing the four physical plant states
and four tracking error integral states is rank-deficient, the architecture is separated
into an inner-loop and outer-loop cascaded system. This guarantees full rank and
controllability for both controller stages.

A.4.1 Inner-Loop: MIMO Phase Current Control (6x6)
The fast inner loop controls the phase currents via an isolated Multiple-Input Multiple-
Output (MIMO) system vector xcurr = [ia, ib, ic]T augmented with three current
tracking error integral states to eliminate steady-state offset:

Ācurr =



a11 a12 a13 0 0 0
a21 a22 a23 0 0 0
a31 a32 a33 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0


, B̄curr =



b11 b12 b13
b21 b22 b23
b31 b32 b33
0 0 0
0 0 0
0 0 0


(A.15)

where the nested matrix coefficient blocks aij and bij correspond explicitly to the
top-left 3 × 3 submatrices extracted from the full system matrices Acc (or Acv) and
Bu, respectively.

A.4.2 Outer-Loop: SISO Input Voltage Control (2x2)
The slower outer loop manages the input capacitor voltage dynamics as an indepen-
dent Single-Input Single-Output (SISO) state system V̇Cin

. The total aggregated
current demand generated by this stage acts as the control command sent directly
down to the inner phase current tracking loops:

Āvolt,cc =
[
0 0
1 0

]
, Āvolt,cv =

[
− 1

CinRin
0

1 0

]
, B̄volt =

[
− 1

Cin

0

]
(A.16)
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A.5 Simplification Variables (σ)

The physical inverse inductance matrix mapping L−1
abc(θ) is explicitly evaluated by

separating out the position-invariant denominator term σ6. The analytical decou-
pling matrix expansion maps to:

L−1
abc(θ) = 1

σ6

λ1 σ2 σ1
σ2 λ2 σ3
σ1 σ3 λ3

 (A.17)

where Lm is the machine mutual inductance, Lls is the stator leakage inductance,
Lδ is the saliency inductance amplitude, and p represents the total motor pole pair
count. The internal geometric scaling variables are defined exactly by:

λ1 = −3L2
δ + 4σ7LδLls + 4L2

ls + 8LlsLm + 3L2
m (A.18)

λ2 = −3L2
δ − 4σ4LδLls + 4L2

ls + 8LlsLm + 3L2
m (A.19)

λ3 = −3L2
δ − 4σ5LδLls + 4L2

ls + 8LlsLm + 3L2
m (A.20)

σ1 = −3L2
δ − 4Llsσ5Lδ + 3L2

m + 2LlsLm (A.21)
σ2 = −3L2

δ − 4Llsσ4Lδ + 3L2
m + 2LlsLm (A.22)

σ3 = −3L2
δ + 4Llsσ7Lδ + 3L2

m + 2LlsLm (A.23)

The angular modulation parameters represent spatial phase-shifting offsets defined
as:

σ4 = cos
(
2pθ − 2π

3

)
, σ5 = cos

(
2pθ + 2π

3

)
, σ7 = cos(2pθ) (A.24)

The global determinant denominator scaling divisor σ6 is physically evaluated by:

σ6 = Lls
(
−9L2

δ + 4L2
ls + 12LlsLm + 9L2

m

)
(A.25)
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B
Verification of Plant Model

Linearisation

B.1 Three-Phase Operation

Figure B.1: Open-loop validation: linearised transfer function vs nonlinear state-
space plant currents.
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B. Verification of Plant Model Linearisation

Figure B.2: Open-loop validation: linearised transfer function vs nonlinear state-
space plant currents.

Figure B.3: Open-loop validation: linearised transfer function vs nonlinear state-
space plant currents.
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B. Verification of Plant Model Linearisation

Figure B.4: Open-loop validation comparing the linearised transfer function with
the nonlinear state-space plant for input voltage dynamics.
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B. Verification of Plant Model Linearisation
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C
Plant Model Validation

C.1 Three-phase operation

Figure C.1: Phase-A stator current response: state-space transfer function model
versus circuit model.
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C. Plant Model Validation

Figure C.2: Phase-B stator current response: state-space transfer function model
versus circuit model.

Figure C.3: Phase-C stator current response: state-space transfer function model
versus circuit model.
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C. Plant Model Validation

Figure C.4: Input capacitor voltage response for the state-space and circuit models

C.2 Two-phase operation

Figure C.5: Phase-A stator current response: state-space transfer function model
versus circuit model.
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C. Plant Model Validation

Figure C.6: Phase-B stator current response: state-space transfer function model
versus circuit model.

Figure C.7: Phase-C stator current response: state-space transfer function model
versus circuit model.
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C. Plant Model Validation

Figure C.8: Input capacitor voltage response for the state-space and circuit models

C.3 Single-phase operation

Figure C.9: Phase-A stator current response: state-space transfer function model
versus circuit model.
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C. Plant Model Validation

Figure C.10: Phase-B stator current response: state-space transfer function model
versus circuit model.

Figure C.11: Phase-C stator current response: state-space transfer function model
versus circuit model.
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C. Plant Model Validation

Figure C.12: Input capacitor voltage response for the state-space and circuit
models.
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D
MATLAB Implementation

D.1 Plant

1 function [dia_dt , dib_dt , dic_dt , dVCin_dt , d_active ] =
booster_plant (...

2 i_abc , V_Cin , d_abc)
3 %% Data
4 %%% MACHINE PARAMETERS (high frequency , 10 kHz)
5 L_m = 50e -6; % Mutual inductance [H]
6 L_ls = 75e -6; % Leakage inductance [H]
7 L_delta = 40e -6; % Saliency reference [H]
8 p = 4; % Pole pairs [-]
9 r_s = 0.009; % Stator winding resistance [Ohm]

10 flux_m = 0.04; % PM flux linkage reference [Wb]
11 %%% Angle dependent induction matrix %%%
12 r_angle = deg2rad (0); % Rotor angle mechanical [rad]

basline is 30
13

14 % The "Paper Method " Equation 7
15 alpha = (3* L_m ^2 - 3* L_delta ^2)/L_ls + 2* L_m;
16 alpha_plus = 3* alpha + 4* L_ls + 6* L_m;
17 B11 = alpha_plus - 2* alpha + 4* L_delta *cos (2*p* r_angle );
18 B12 = alpha + 4* L_delta *cos (2*p* r_angle - 2*pi /3);
19 B13 = alpha + 4* L_delta *cos (2*p* r_angle + 2*pi /3);
20 B22 = alpha_plus - 2* alpha + 4* L_delta *cos (2*p* r_angle + 2*pi

/3);
21 B23 = alpha + 4* L_delta *cos (2*p* r_angle );
22 B33 = alpha_plus - 2* alpha + 4* L_delta *cos (2*p* r_angle - 2*pi

/3);
23 B = (1/( L_ls * alpha_plus )) * [B11 B12 B13;
24 B12 B22 B23;
25 B13 B23 B33 ];
26 L_inv_smart = B;
27 %%% Angle dependent induction matrix %%%
28

29 V_battery = 800; % Battery terminal voltage [V]
30 I_station = 450; % Constant station current [V]
31 C_in = 2e -3; % Input capacitor [A]
32 r_s = 0.009; % Stator winding resistance [Ohm]
33

34 num_phases_active = 3; % Has to be 3!
35

36 % 0. Ensure inputs are column vectors
37 i_vec = i_abc (:);
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38 d_vec = d_abc (:);
39

40 % 1. Create an active phase mask
41 % This ensures i_c = 0 and d_c = 0 if num_phases_active is 2
42 mask = zeros (3 ,1);
43 mask (1: num_phases_active ) = 1;
44

45 i_active = i_vec .* mask;
46 d_active = d_vec .* mask;
47

48 %% 2. Inductor KVL ( Averaged )
49 % vL calculation for each phase
50 vL = V_Cin - (1 - d_active ) .* V_battery - r_s * i_active ;
51

52 % Derivative calculation using pre - calculated inverse
53 % Inactive rows in L_inv_smart are 0, so di_dt for inactive

phases will be 0.
54 di_dt = L_inv_smart * vL;
55

56 %% 3. Input Capacitor KCL ( Averaged )
57 % I_station flows in , sum of inductor currents flows out
58 dVCin_dt = (1 / C_in) * ( I_station - sum( i_active ));
59

60 %% 5. Mapping outputs
61 dia_dt = di_dt (1);
62 dib_dt = di_dt (2);
63 dic_dt = di_dt (3);
64 end

D.2 Script

1 %DC -DC Boost Control
2 % Chalmers : Abukar Hassan
3 %Good to know: Simulating switching at 10 kHz , my simulation max

step size should be at least 1 microsecond .
4 % Define the Parameters
5 %[1] Y. Hwang , J. Kim , J. Choi and K. Nam ,
6 %"Phase Current Equalisation Method of IPMSM -Based on -Board Boost

Converter
7 %for Electric Vehicles ," *IEEE*, 202X.
8 %% MACHINE PARAMETERS (high frequency , 10 kHz)
9 L_m = 50e -6; % Mutual inductance [H]

10 L_ls = 75e -6; % Leakage inductance [H]
11 L_delta = 40e -6; % Saliency reference [H]
12 p = 4; % Pole pairs [-]
13 r_s = 0.009; % Stator winding resistance [Ohm]
14 flux_m = 0.04; % PM flux linkage reference [Wb]
15

16 %% SYSTEM PARAMETERS
17 v_station = 400; % Charger input voltage [V]
18 v_battery = 800; % Battery terminal voltage [V]
19 P_station = 200 e3; % Nominal charging power [W]
20 eta = 0.94; % Efficiency [-]
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21

22 C_in = 2e -3; % Input capacitor [F]
23 C_out = 5e -3; % Output capacitor [F]
24 R_in = 0.01; % Input cable + connector [Ohm]
25 R_out = 0.01; % DC link cable to battery [Ohm]
26 I_station = 450; % Station Current [A]
27

28 %% SWITCHING PARAMETERS
29 f_sw = 10e3; % Switching frequency [Hz]
30 T_s = 1/ f_sw; % Switching period [s]
31 I_max_sw = 250; % Switch current limit [A]
32

33 %% ROTOR ANGLE
34 r_angle = deg2rad (30); % Rotor angle mechanical [rad]
35 % 7.5 mech = 30 elec deg (p=4)
36

37 %% PHASE SELECTION
38 % Change this to 1, 2, or 3 to send current though number of phase
39 num_phases_active = 3;
40

41

42 ia_steady = I_station / num_phases_active ;
43 ib_steady = ( num_phases_active >= 2) * ia_steady ;
44 ic_steady = ( num_phases_active >= 3) * ia_steady ;
45

46 %% PHASE SELECTION
47 x1_e= I_station /3; % Current reference , Phase A
48 x2_e= I_station /3; % Current reference , Phase B
49 x3_e= I_station /3; % Current reference , Phase C
50

51 x4_e= v_station ; % Voltage reference , Input Capacitor Voltage
52 u_e =[0.5;
53 0.5;
54 0.5];
55 Operating Point & Phase Selection
56 num_phases_active = 3; % Options : 1, 2, or 3 phases
57

58 % Steady -state current per phase
59 ia_steady = I_station / num_phases_active ;
60 ib_steady = ( num_phases_active >= 2) * ia_steady ;
61 ic_steady = ( num_phases_active >= 3) * ia_steady ;
62

63 % Equilibrium Duty Cycle (de) including resistive drops
64 % Vcin_steady = (1 - de) * v_battery + r_s * ia_steady ;
65 Vcin_ss = v_station - ( I_station * R_in);
66 Vout_ss = v_battery + ( I_station * 0.94 * ( v_station / v_battery )) *

R_out;
67 de = 1 - ( Vcin_ss - r_s * ia_steady ) / Vout_ss ;
68

69 % Vcin_steady = (1 - de) * v_battery + r_s * ia_steady ;
70 Leveraging Matlab Symbolic
71 %% 1. SYMBOLIC VARIABLE DEFINITIONS
72 % Using ’real ’ helps MATLAB simplify complex expressions
73 %syms L_m L_ls L_delta p r_angle r_s flux_m
74 %syms v_station v_battery C_in C_out R_in R_out I_station
75 %syms de s
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76

77 The Rotor Angle Dependent Induction Matrix
78 %% Construct the Fixed Inductance Matrix L_abc
79 L_abc = [L_m + L_ls , -L_m /2, -L_m /2;
80 -L_m /2, L_m + L_ls , -L_m /2;
81 -L_m /2, -L_m /2, L_m + L_ls]
82

83 %% Construct the Saliency Matrix L_rlc
84 % Define the time - varying components
85 c1 = cos (2*p* r_angle );
86 c2 = cos (2*p* r_angle - 2*pi /3);
87 c3 = cos (2*p* r_angle + 2*pi /3);
88

89 L_rlc_angle = L_delta * [c1 , c2 , c3;
90 c2 , c3 , c1;
91 c3 , c1 , c2];
92

93 %% Construct the real inductance matrix L_abc(angle),
94 % which represents the rotor angle dependent inductance of the

stator windings
95 L_abc_angle = L_abc - L_rlc_angle ;
96 % The flux linkage does not affect the Change in Current .
97 %Since ÏĹ_m represents the back electromotive force (EMF) and the

electric machine rotor is stationary , dÏĹ(angle )/dt = 0.
98 flux_linkage = flux_m * [cos(p* r_angle );
99 cos(p* r_angle - 2*pi /3);

100 cos(p* r_angle + 2*pi /3) ];
101 The Voltage over the E- Machine Copper Coil (V_L)
102 V_L = r_s * i_abc + d( L_abc_angle * i_abc + flux_linkage ) / dt
103 % Analytical Inverse of inductance matrix (The "Paper Method ")
104 % Definitions from Equation 7
105 alpha = (3* L_m ^2 - 3* L_delta ^2)/L_ls + 2* L_m;
106 alpha_plus = 3* alpha + 4* L_ls + 6* L_m;
107

108 % Elements of the Inverse Matrix (B matrix )
109 B11 = alpha_plus - 2* alpha + 4* L_delta *cos (2*p* r_angle );
110 B12 = alpha + 4* L_delta *cos (2*p* r_angle - 2*pi /3);
111 B13 = alpha + 4* L_delta *cos (2*p* r_angle + 2*pi /3);
112 B22 = alpha_plus - 2* alpha + 4* L_delta *cos (2*p* r_angle + 2*pi /3);
113 B23 = alpha + 4* L_delta *cos (2*p* r_angle );
114 B33 = alpha_plus - 2* alpha + 4* L_delta *cos (2*p* r_angle - 2*pi /3);
115

116 % Construct Analytical B matrix
117 B_matrix = (1/( L_ls * alpha_plus )) * [B11 B12 B13;
118 B12 B22 B23;
119 B13 B23 B33 ];
120

121 % L_angle_inv = simplify ( B_matrix ) or pretty ( B_matrix )
122 L_angle = L_abc_angle
123 L_angle_inv = B_matrix
124

125 sum( L_angle_inv (: ,1))
126 sum( L_angle_inv (: ,2))
127 sum( L_angle_inv (: ,3))
128 Dynamic Induction for Given Phase Number of Phase
129 L_inv_smart = zeros (3 ,3);
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130

131

132 switch num_phases_active
133 case 3
134 % The "Paper Method " Equation 7
135 alpha = (3* L_m ^2 - 3* L_delta ^2)/L_ls + 2* L_m;
136 alpha_plus = 3* alpha + 4* L_ls + 6* L_m;
137 B11 = alpha_plus - 2* alpha + 4* L_delta *cos (2*p* r_angle );
138 B12 = alpha + 4* L_delta *cos (2*p* r_angle - 2*pi /3);
139 B13 = alpha + 4* L_delta *cos (2*p* r_angle + 2* pi /3);
140 B22 = alpha_plus - 2* alpha + 4* L_delta *cos (2*p* r_angle + 2*

pi /3);
141 B23 = alpha + 4* L_delta *cos (2*p* r_angle );
142 B33 = alpha_plus - 2* alpha + 4* L_delta *cos (2*p* r_angle - 2*

pi /3);
143 B = (1/( L_ls * alpha_plus )) * [B11 B12 B13;
144 B12 B22 B23;
145 B13 B23 B33 ];
146 L_inv_smart = B
147 phase_3_test = inv( L_angle )
148

149 case 2
150 % Analytical 2x2 inverse for Phases A and B
151 L_sub = L_angle (1:2 , 1:2);
152 det_L = L_sub (1 ,1)*L_sub (2 ,2) - L_sub (1 ,2)*L_sub (2 ,1);
153 L_inv_smart (1:2 , 1:2) = (1/ det_L) * [L_sub (2 ,2) , -L_sub

(1 ,2);
154 -L_sub (2 ,1) , L_sub (1 ,1)]
155 phase_2_test = inv( L_angle (1:2 , 1:2))
156

157 case 1
158 % Scalar inverse for Phase A
159 L_inv_smart (1 ,1) = 1 / L_angle (1 ,1)
160 phase_1_test = inv( L_angle (1:1))
161 end
162 %The Oscillation Frequency Corresponds to the Natural RLC Resonance

Frequency of the System .
163 % Resonant frequency formula
164 L_eq = sum( L_angle (: ,1));
165 C_eq = C_in;
166 R_eq = r_s;
167

168 omega_0 = 1 / sqrt(L_eq * C_eq);
169

170 alpha = R_eq / (2 * L_eq);
171

172 omega_d = sqrt( omega_0 ^2 - alpha ^2);
173

174 f_n = omega_d / (2* pi) % Resonant frequency
175

176 delta_t_scope = 0.002% Peak to Peak , time [s]
177 f_n_scope = 1/ delta_t_scope
178 % Simple Efficiency Estimation Based on Voltage Drop
179 %% DYNAMIC PHYSICAL ETA CALCULATION
180 Pin = v_station * I_station ;
181
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182 % 1. Input Side Loss
183 Loss_in = I_station ^2 * R_in;
184

185 % 2. Converter / Machine Loss (3 phases )
186 Loss_conv = num_phases_active * ( ia_steady ^2 * r_s);
187

188 % 3. Output Side Loss
189 % Estimate I_out based on conservation of energy (Pin/Vbat)
190 I_out_est = Pin / v_battery ;
191 Loss_out = I_out_est ^2 * R_out;
192

193 % 4. Total Physical Loss
194 Total_Loss = Loss_in + Loss_conv + Loss_out ;
195

196 % 5. Measured Efficiency
197 eta_physical = (Pin - Total_Loss ) / Pin;
198

199 % Overwrite the static variable
200 eta = eta_physical ;
201 Duty Calculation with Resistance
202 V_bat = (1/(1 -d))*( V_station - r_s * ia_steady ) ;
203 d = 1 - ( ( V_station - r_s * ia_steady ) / V_bat )
204 % Calculate the actual voltage at the Input Capacitor
205 Vcin_steady = v_station - ( I_station * R_in);
206

207 % Calculate the actual voltage at the Output ( before R_out)
208 Vout_steady = v_battery + ( I_station * eta * ( v_station / v_battery ))

* R_out;
209

210 % Recalculate de with these physical drops
211 de = 1 - ( Vcin_steady - r_s * ia_steady ) / Vout_steady ;
212 Average State -Space Model of the Boost Converter
213 %% DYNAMIC LINEARISATION
214 % 0. Operating Point Variables
215 de = 1 - ( v_station - r_s * ia_steady ) / v_battery ;
216 v_battery_e = v_battery
217 active_mask = (1:3) <= num_phases_active ;
218 M = diag( active_mask ); % 3x3 Diagonal mask for control inputs
219

220 %% 1. Construct A Matrix (4x4)
221 % Top -Left: Inductor Resistance ( L_inv_smart handles zeros for

inactive phases )
222 A_tl = -L_inv_smart * r_s;
223

224 % Top -Right: How V_Cin affects current
225 % In KVL: L*di/dt = V_Cin - (1-d) V_batt ... Derivative w.r.t V_Cin

is 1.
226 A_tr = L_inv_smart * ones (3 ,1);
227

228 % Bottom -Left: How phase currents affect V_Cin
229 % dVCin/dt = (1/ Cin) * ( I_station - sum( i_active )).
230 Derivative w.r.t i_abc is -1/ Cin.
231 A_bl = (-1 / C_in) * active_mask ;
232

233 % Bottom -Right: Capacitor / Station Damping
234 A_br = 0;
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235

236

237 % Final A Matrix (4 rows , 4 columns )
238 A_av_lin = [A_tl , A_tr;
239 A_bl , A_br]
240

241 %% 2. Construct B Matrix (4x5)
242 % Columns 1-3: Control Inputs [da , db , dc]
243 % Derivative of L*di/dt = -(1-d) V_batt w.r.t ’d’ is + V_batt .
244 B_duty = ( L_inv_smart * v_battery_e ) * M;
245 B_duty_bottom = zeros (1, 3);
246

247 % Column 4: V_station (Input Disturbance )
248 B_vstat_top = zeros (3, 1);
249 B_Istat_bottom = 1 / C_in;
250

251 % Column 5: V_battery (Input Disturbance )
252 % Derivative of -(1-d) V_batt w.r.t V_batt is (d -1).
253 B_vbatt_top = L_inv_smart * ones (3 ,1) * (de - 1);
254 B_vbatt_bottom = 0;
255

256

257 % Final B Matrix (4 rows , 5 columns )
258 B_av_lin = [ B_duty , B_vstat_top , B_vbatt_top ;
259 B_duty_bottom , B_Istat_bottom , B_vbatt_bottom ]
260

261 % Final C Matrix (4 rows , 4 columns )
262 C_av_lin = [1 0 0 0;
263 0 1 0 0;
264 0 0 1 0;
265 0 0 0 1;]
266 Reachability ( Controllability ) Test
267 % The Reachability Matrix
268 Co = ctrb(A_av_lin , B_av_lin );
269

270 % Check the rank
271 rank_Co = rank(Co) % Should be 4
272 % is_controllable = ( rank_Co == size(A_av_lin , 1))
273 Observability Test
274 % The Observability Matrix
275 Wo = obsv(A_av_lin , C_av_lin );
276

277 % Check the rank
278 rank_Wo = rank(Wo)
279 % is_observable = ( rank_Wo == size(A_av_lin , 1)) % Should be 4
280 Transfer Function
281 G(s) = C(sI - A)^{ -1}B
282 %% Transfer Functions (equal interleaved duty assumption )
283 B_equal = sum( B_av_lin (:, 1:3) , 2) % 4x1 , valid since da=db=dc=d
284

285 % Define the C matrix to get only Vout (the 4th state)
286 C_vout = [1 0 0 0];
287 D_single = 0
288

289 %syms s % Define Laplace variable
290
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291 % 1. Create the Symbolic Identity Matrix
292 %I_mat = eye(size(A_av_lin , 1));
293

294 % 2. Calculate the Symbolic Transfer Function
295 % Formula : G(s) = C * inv(s*I - A) * B
296 % We use ’simplify ’ to clean up the resulting polynomial
297 %G_sym = C_vout * inv(s*I_mat - A_av_lin ) * B_equal ;
298

299 % 3. Clean and Display
300 %G_sym = simplify (G_sym)
301 % pretty (G_sym) % Displays it in a readable math format
302

303

304 % Create the Transfer Function
305 [num , den] = ss2tf(A_av_lin , B_equal , C_vout , D_single );
306 G_vout_dall = tf(num , den)
307

308

309 % B matrix check
310 1/( C_in*R_in)
311 - sum( L_inv_smart (: ,1))*(1-de)
312 Bode Plot for Stability Margin Evaluation
313 We evaluate the stability margins using one of the current loops
314 A_i = A_av_lin (1:3 ,1:3);
315 B_i = B_av_lin (1:3 ,1:3);
316

317 % Use Phase A as representative output
318 B_a = B_i (: ,1); % duty âĘŠ phase A current
319 C_a = [1 0 0]; % measure phase A current
320 D = 0;
321

322 sys_ia = ss(A_i , B_a , C_a , D);
323

324 figure
325 margin ( sys_ia )
326 grid on
327 title(’INNER LOOP: Duty âĘŠ Phase A Current ’)
328 %% Control Design (1): Kp and Ki Design Using LQR for the Current

Loop
329 % System bandwidth is constrained by both stability margins and the

switching frequency . To maintain robust performance , the fastest
pole should be limited to one -fifth of the switching frequency .
p1 âĽď (2pi*f_sw)/5

330 %% Inner Loop - 3-Phase Current Control (3x3 MIMO)
331 % Extract the 3x3 current dynamics from the linear model
332 A_i = A_av_lin (1:3 , 1:3);
333 B_i = B_av_lin (1:3 , 1:3);
334 C_i = eye (3);
335

336 % Augment with 3 Integrators (one for each phase)
337 % States : [ia; ib; ic; int_ia ; int_ib ; int_ic ]
338 A_inner = [A_i , zeros (3 ,3);
339 -C_i , zeros (3 ,3) ];
340 B_inner = [B_i; zeros (3 ,3) ];
341 C_inner = [C_i; zeros (3 ,3) ];
342
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343 % Verify Controllability
344 %This must be 6 for the system to be stable / solvable
345 rank(ctrb(A_inner , B_inner ))
346 poles_inner_org = eig( A_inner )
347

348

349 %% 3. Bryson ’s Rule Tuning
350

351 % Decrease Q to allow the current to react fast
352 max_i_err = 1; % Diviation allowed
353 max_int_i = 1e -4; % Very tight integral weight
354

355 % Decrease R to allow the duty cycle to react faster
356 max_d_move = 1e -4; % Very tight duty weight
357

358 Q_i = diag ([1/ max_i_err ^2, 1/ max_i_err ^2, 1/ max_i_err ^2, ...
359 1/ max_int_i ^2, 1/ max_int_i ^2, 1/ max_int_i ^2]);
360 R_i = eye (3) * (1 / max_d_move ^2);
361

362 %% 4. Solve LQR
363 K_lqr_inner = lqr(A_inner , B_inner , Q_i , R_i);
364

365 %% 5. Separate Gains for Simulink
366 Kp_i = K_lqr_inner (:, 1:3) % 3x3 Proportional Gain
367 Ki_i = K_lqr_inner (:, 4:6) % 3x3 Integral Gain ( Matches 2

integrators )
368

369 poles_inner = eig( A_inner - B_inner * K_lqr_inner )
370 real( poles_inner ) % CHECK
371 %% Control Design (2): Kp and Ki Tuning Using Pole Placement for the

Voltage Loop
372 %For proper time -scale separation , the voltage controller is

designed to be 10x slower than the current controller .
373 %% Outer Loop - Capacitor Voltage Control (1x1 SISO)
374 % Plant: dVCin/dt = (1/C) * ( I_station - I_sum)
375 % We treat I_sum as the control input ’u’ for this loop.
376 A_v = 0; % Capacitor voltage is an integrator of current
377 B_v = -1 / C_in; % Negative because current flows OUT of Cin in

your model
378 C_v = 1
379

380 % Augment with 1 Integrator for Voltage
381 A_outer = [A_v , 0;
382 -C_v , 0]; % Tracking VCin
383 B_outer = [B_v; 0];
384

385 % Verify Controllability
386 %This must be 2 for the system to be stable / solvable
387 rank(ctrb(A_outer , B_outer ))
388 poles_org = eig( A_outer )
389

390 % % Define poles: 10ÃŮ slower settling time than current loop
391 % Get your closed -loop current poles
392 poles_inner_gain = real( poles_inner (1:3))
393 poles_inner_integral = real( poles_inner (4:5))
394
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395

396 % 2 Poles total
397 desired_outer_poles = [max( poles_inner_gain )*2, max(

poles_inner_integral )*4];
398

399 % Calculate Gains (SISO - returns scalars )
400 k_outer = place(A_outer , B_outer , desired_outer_poles );
401

402 Kp_v = k_outer (1); % Proportional gain for voltage
403 Ki_v = k_outer (2); % Integral gain for voltage
404

405 % Calculate the closed -loop A matrix
406 A_cl_outer = A_outer - B_outer * k_outer ;
407

408 % Get the eigenvalues (poles)
409 poles = eig( A_cl_outer )

D.3 Current Correction in Three-Phase PWM In-
terleaved Systems

The proposed correction approach is based on phase-dependent compensation terms
derived from machine parameters and operating conditions. The current correction
function, which is provided in the Appendix, implements this principle by adjusting
the measured phase currents as follows:

ix,corr = ix +Qx (D.1)

where Qx represents a phase-dependent correction term dependent on duty cycle,
rotor angle, and machine inductances.
The implementation is summarised in the following function:

1 function [ia_corr , ib_corr , ic_corr ] = Q_correction (ia , ib , ic , d,
theta)

2 % High - frequency values from Table 1
3 %[1] Y. Hwang , J. Kim , J. Choi and K. Nam , â Ă P h a s e Current

Equalization
4 Method of IPMSM -Based on -Board Boost Converter
5 for Electric Vehicles ,âĂİ *IEEE*, 202X.
6

7 L_m = 50e -6; % Mutual inductance [H]
8 L_ls = 75e -6; % Leakage inductance [H]
9 L_delta = 40e -6; % Saliency reference [H]

10 p = 4; % Pole pairs [-]
11 f_sw = 10e3; % Switching frequency [Hz]
12 T_s = 1 / f_sw; % Sampling time [s]
13 V_chr = 400; % Charging station voltage [V]
14

15 alpha = (3* L_m ^2 - 3* L_delta ^2)/L_ls + 2* L_m;
16 alpha_plus = 3* alpha + 4* L_ls + 6* L_m;
17

18 K_Q = (2 * V_chr * T_s * L_delta ) / (sqrt (3) * L_ls *
alpha_plus );
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19

20 if d < 1/3
21 Q_scale = d / (1 - d);
22 elseif d < 2/3
23 Q_scale = (1 - 2*d) / (1 - d);
24 else
25 Q_scale = -1;
26 end
27

28 theta_a = theta;
29 theta_b = theta + pi /(3*p);
30 theta_c = theta - pi /(3*p);
31

32 Q_a = K_Q * Q_scale * sin (2 * theta_a );
33 Q_b = K_Q * Q_scale * sin (2 * theta_b );
34 Q_c = K_Q * Q_scale * sin (2 * theta_c );
35

36 ia_corr = ia + Q_a;
37 ib_corr = ib + Q_b;
38 ic_corr = ic + Q_c;
39 end
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