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Hydropower optimization with detailed reservoir representation
Novel approaches for accurate modeling of reservoir levels in hydropower river sys-
tems
Alfred Andersson & Holger Johansson
Department of Space, Earth and Environment
Chalmers University of Technology

Abstract
Optimization models are commonly used to analyze long-term scenarios for hy-
dropower production. These models rely on accurately representing how hydropower
systems work to produce reliable results. However, reservoir water levels are often
modeled in an overly simplified way, leading to unrealistic relationships between the
stored water volume and the corresponding water level. This, in turn, can cause
problems when incorporating environmental permits that depend on water levels.
Therefore, this study focuses on improving the detail of water levels in both linear
and nonlinear hydropower scenario analysis models. Specifically, by more realistic
modeling of reservoir levels by incorporating nonlinear and linear approximations of
reservoir level-volume data, referred to as reservoir curves.

Four enhanced models are proposed: two implement detailed reservoir curves
directly via equality constraints in linear and nonlinear forms, while two use con-
vex relaxations followed by post-optimization adjustments, also in both linear and
nonlinear forms. The convex relaxation models, offering computational efficiency,
are validated against the more exact equality constraint models. Validation results
show that the relaxation-based models give solutions close to the stricter equality
constrained models.

The proposed models with detailed water level modeling enable more scenarios
using actual environmental permits than the models without. The resulting revenue
and power production for full aggregated river systems do not show any notable
difference between models that incorporate reservoir curves and models without
them. However, the power production capacity of some individual power plants in
river systems is affected by more detailed water level modeling.

Keywords: Hydropower, Modeling, Optimization, Head, Forebay levels, Reservoir
curves, Environmental permits, Energy systems.
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1
Introduction

Reservoir hydropower is the single largest source of low-carbon energy worldwide
[1]. In addition to delivering low-carbon energy, reservoirs allow for both short-
and long-term energy storage capabilities. This allows energy to be dispatched on
time scales ranging from seconds to seasons, giving flexibility to the overall energy
system. This gives hydropower production a critical role in the transition to energy
systems with a higher share of variable renewable energy (VRE) sources such as
solar and wind [2][3]. To accurately assess the role of hydropower in the future,
high-resolution hydropower optimization models with long time horizons and high
technical detail are of great importance.

Although hydropower production is regarded as a benign energy technology as
it emits virtually no CO2 during operation, the impoundment of rivers significantly
impacts ecosystems in and around the rivers and reservoirs. Natural water flow
patterns are altered and connectivity is hindered, disrupting fish migration and sed-
iment transport, which ultimately has cascading negative effects on biodiversity [4].
Consequently, members of the European Union must respect the Water Framework
Directive (WFD) [5], which states that member states must have updated plans to
ensure a good environmental status in water bodies. An example of the enforce-
ment of the WFD was manifested in Sweden in 2024. The European Commission
opened an infringement case against Sweden for insufficient progress in this regard
[6], prompting revised environmental permits. To understand the impact on power
production from revising permits, hydropower models that are capable of accurately
representing water levels become crucial, since these permits constrain allowed flows
and water levels in rivers.

Many hydropower optimization models simplify the non-linear link between
reservoir water levels and reservoir content (water volume), a relationship that varies
with each reservoir’s geometry. Reservoirs are often assumed to have a simple rect-
angular block geometry, which makes water levels linearly depend on the volume
[7][8][9]. When detailed level–volume representation is included, other dynamics are
idealized, and authors rarely document either a detailed formulation or its practical
effects, leaving an important research gap. Hjelmeland et. al. [10] briefly discuss
the nonlinearity of the reservoir curves for Norwegian reservoirs but do not give an
exhaustive formulation of how it is modeled. Barros et. al. [11] employ fourth
degree polynomial functions to describe reservoir curves but do not provide a de-
scription of the shape of the functions or how they are constructed and use weekly
time resolution. Yang et. al. [12] takes a data driven approach, fitting polynomials
ranging from 8-14 degrees to reservoir curves but have simplified other aspects such
as turbine efficiency, time horizon and resolution.
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1. Introduction

This thesis addresses long-term hydropower scenario analysis in river systems
using deterministic optimization models. In particular, the study investigates how
a more accurate representation of river reservoir water content and forebay level
(surface level) relationship, called reservoir curves, can be incorporated into these
models. Long-term in this context refers to a time horizon of months to years,
and the model is deterministic in the sense that the model has perfect foresight in
otherwise stochastic dynamics such as electricity prices and inflow. By integrating
more accurate representations of reservoir curves, the resulting optimization models
can better reflect the physical reality, which in turn enables meaningful modeling of
environmental constraints.

1.1 Aim
To be able to model environmental permits, it is important that the water levels
in reservoirs are correctly represented. The aim of this project is to investigate
how detailed reservoir curve modeling affects the performance and outcomes of hy-
dropower optimization. Hence, the specific aim of this project is to answer the
following questions:

1. How can reservoir curves, which represent the reservoir forebay level-reservoir
content relationship, be mathematically represented? The goal is to develop
both linear and nonlinear expressions that accurately capture this dynamic.

2. In what ways can reservoir curves be implemented in a hydropower optimiza-
tion model? Here, the purpose is to make the developed mathematical ex-
pressions work within the framework of a linear, convex, and a nonlinear,
nonconvex optimization model.

3. How does more detailed modeling of reservoir forebay levels affect the feasibility
of modeling river hydropower environmental permits? Current optimization
models do not allow for feasible solutions while implementing some of today’s
real-world environmental permits. The goal is to model reservoir curves that
enables this.

4. How do more accurately modeled forebay levels affect modeled scenarios for
large river networks? Specifically, evaluation of the merits of the proposed
implementation in terms of power and revenue in resulting solutions.

1.2 Case study: Five Swedish river systems
The new reservoir curve formulations were tested on five Swedish rivers: Ljungan,
Luleälven, Umeälven, Dalälven, and Indalsälven, which span a wide range of in-
stalled capacity, network size, and reservoir topology. The choice of these rivers is
motivated by three practical considerations:

1. Data availability - Vattenregleringsföretagen and Energiföretagen has kindly
supplied reservoir curve measurements for these rivers, a prerequisite for ac-
curate forebay level modeling.

3



1. Introduction

2. Regulatory relevance - All of these rivers are subject to a revision of envi-
ronmental permits in response to the infringement case, making them highly
policy-relevant.

3. Model continuity - Two established hourly resolution hydropower optimiza-
tion models (one convex, linear, one nonconvex, nonlinear) already cover these
rivers. Implementing reservoir curves in these models allows for isolation of
the effect of better forebay level representation without changing any other
inputs. Furthermore, the established optimization models used as baseline are
highly detailed, which allows for evaluation of how the implementation works
for practical use in terms of computational complexity.
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2
Background

To understand how to model reservoir hydropower, it is essential to understand the
basic principles of the physics and types of constraints that apply. First, a simplified
crash course on how electricity is produced in hydropower plants is given. This is
followed by a brief overview of previous research and different types of optimization
models.

2.1 Principles of hydropower
Hydropower plants convert potential energy of an elevated water mass into me-
chanical energy by rotating turbines which in turn produce electrical energy by a
generator [13]. The potential energy is determined by the water column height
called the head, which is the difference between the water level at the turbine inlet,
called forebay level, and the water level at the turbine outlet, called tailrace level
(see Figure 2.1). The head (H) along with the flow of water through the turbine,
called the discharge (D), the turbine efficiency (η), gravitational constant (g), and
water density (ρ) make up the power (P ) produced by a turbine as:

P = D · η · H · g · ρ [W ] (2.1)

Reservoir hydropower plants can store and regulate the water flow by constructed
dams. These plants are connected in a river network (see Figure 2.2) where produc-
tion capacity depends on the operation of both upstream and downstream plants.
Run-of-river stations can also exist in these networks with negligible storage and are
effectively pass-through units. Pumped storage hydropower is another category of
hydropower production but is outside the scope of this thesis.

Figure 2.1: Simplified schematic of a hydropower plant, showcasing forebay level,
tailrace level, and head.
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2. Background
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Figure 2.2: Network structure of the river Ljungan.

2.2 Different types of hydropower optimization
models

Mathematical optimization modeling of hydropower is a tool that is generally used
to evaluate real-world scenarios or to compute optimal production plans. An opti-
mization model can be very different from another depending on its intended use.
The level of detail incorporated is often dependent on the computational difficulty
that inevitably comes with more detail. The main aspects affecting computational
difficulty are time resolution and time horizon, deterministic or stochastic water in-
flow and price data, and the type of optimization problem (see Chapter 3). A brief
and non-exhaustive literature review is presented in Table 2.1 to give an overview
of different types of optimization models. The level of detail that the models inves-
tigated choose to include or not are in general:
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2. Background

• Head dependency, determines if the head of a turbine is variable with water
surfaces. The way models calculate the forebay and tailrace levels vary between
combinations of nonlinear, linear or constant functions.

• Turbine efficiency, the efficiency of a turbine can be assumed to be constant
or dependent on water discharge.

• River network, models can evaluate one single reservoir with turbines or a
network of reservoirs, dams, and power plants.

Table 2.1: A brief literature review of different optimization models for
hydropower. Linear head refers to the forebay and tailrace levels being modeled

with linear functions while nonlinear refers to one or both of these having a
nonlinear function.

Model Type Time Head Turbine eff. Network

Barros et. al.[11] Deterministic,
Long-term scheduling

Monthly resolution,
year

Variable
(nonlinear) Constant Large,

39 reservoirs

Catalão et. al.[7] Deterministic,
Short-term scheduling

Hourly resolution,
1 week Variable (linear) Variable (linear) Medium,

7 reservoirs

Ek Fälth et. al.[8] Deterministic,
Scenario analysis

Hourly resolution,
1 year Variable (linear) Variable

(nonlinear)
Large,

17 reservoirs

Goor et. al.[14] Stochastic,
Long-term scheduling

Monthly resolution,
5 years

Variable
(piecewise linear) Variable (linear) Medium,

14 reservoirs

Guisández et. al.[15] Deterministic,
Scenario analysis

Weekly resolution,
1 year Variable (linear) Variable

(piecewise linear)
Small,

1 reservoir

Hjelmeland et. al.[10] Stochastic,
Long-term scheduling

Weekly resolution,
2 years

Variable
(imprecise description)

Variable
(piecewise bi-linear)

Small,
3 reservoirs

Yang et. al.[12] Deterministic,
Mid-term scheduling

Daily resolution,
1 month

Variable
(nonlinear) Constant Small,

3 reservoirs

Zhou et. al.[9] Deterministic,
Long-term scheduling

Monthly resolution,
year

Variable
(piecewise linear) Constant Small,

4 reservoirs

In the paper Trade-offs between aggregated and turbine-level representations of
hydropower in optimization models by Ek Fälth et. al. [8] a novel type of hy-
dropower optimization model is presented. The nonlinear (Section 3.4) and non-
convex (Definition 3.6) optimization model Model A includes river network effects,
turbine efficiency curves, and head dependency while allowing for mid- to long-term
time horizons with hourly resolution. A linear (Section 3.3) and convex (Definition
3.6) model including a similar level of detail is given in Model B:L as described in
[8], simply referred to as Model B hereinafter. Because of the level of overall detail
in Model A and Model B, long-term time horizon, and high resolution, these models
are used as the basis when analyzing how more detailed reservoir curve modeling
affects hydropower optimization models. Currently, Model A and Model B model
the reservoir curves linearly, which essentially means that the reservoir geometry is
assumed rectangular. Figure 2.3 illustrates how the geometry of idealized reservoirs
can be represented by reservoir curves.

Using models Model A and Model B it is not possible to model all real world
environmental constraints due to idealized reservoir curve modeling. Enabling true
modeling of environmental permits is essential for the models’ practical use, and

7



2. Background

hence it is a crucial part of this project’s aim to develop the models to include
realistic reservoir curves.
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(c) A concave and nonlinear
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operating range. This is how
most reservoirs appear to be

in reality.

(d) A schematic representation of
the cross section of nonlinear,

concave reservoir, the operating
range is highlighted by the light

blue region.

Figure 2.3: Schematic representations of different reservoir curves and possible
cross sections. This is highly idealized since reservoirs are three dimensional. The

figure is intended to give an intuition for different reservoir curve shapes.

The majority of environmental permits connected to water levels regulate the
lower bound of the allowed operating region for reservoirs. Enforcing these permits
in a model using a linearized reservoir curve assumption results in overly strict
constraints of the operating range (see Figure 2.4). This is problematic for two
reasons: The effects of environmental permits could be exaggerated, and the overall
feasibility of the problem could be compromised if other environmental flow permits
and local inflow data do not support this tighter range of reservoir content operating
range.
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Figure 2.4: Actual reservoir curve data and linear assumption of reservoir curve.
An example minimum forebay level environmental permit is displayed with the

resulting allowed operating regions in terms of reservoir content.
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3
Optimization theory

This chapter briefly introduces the field of mathematical optimization theory in
general, including some key concepts such as convexity, types of optimal solutions,
and different classes of optimization problems.

3.1 Basic terminology
Let the notation

minimize f(x)
subject to gi(x) ≤ 0, i = 1, . . . , m

hj(x) = 0, j = 1, . . . , n

x ∈ S

(3.1)

describe the optimization problem of finding an x from the set S ⊆ Rd that minimizes
the objective function f(x) while satisfying the inequality constraints gi(x) and
equality constraints hj(x). This notation is used as a reference problem for following
theory, the minimization problem type is used due to most optimization theory
being defined from this notation. Any maximization problem can be written as a
minimization problem as maximizing −f(x) is equal to minimizing f(x).

Definition 3.1 (Global optimum [16]) Consider the problem (3.1) and let x∗ ∈
S. We say that x∗ is a global optimum (minimum) of f if

f(x∗) ≤ f(x), ∀ x ∈ S (3.2)

holds.

Intuitively, a global optimum is the best point out of all the feasible points in a set.

Definition 3.2 (Local optimum [16]) Consider the problem (3.1) and let x∗ ∈
S. Let Bε(x∗) := {y ∈ Rd | ||y − x∗|| < ε} be the open Euclidean ball with radius ε
centered at x∗. We say that x∗ is a local optimum (minimum) of f on the set S if

∃ ε > 0 such that f(x∗) ≤ f(x), ∀ x ∈ S ∩ Bε(x∗) (3.3)

This is a technical way of saying that if for a small vicinity around x∗ there is
no x ∈ S that has an objective function value better than x∗, then x∗ is a local
optimum.

10



3. Optimization theory

3.2 Convexity
Definition 3.3 (Convex set [16]) Let S ⊆ Rd. The set S is convex if

λx1 + (1 − λ)x2 ∈ S (3.4)

is true for all x1, x2 ∈ S and all λ ∈ (0, 1).

This means that when picking any two points from a convex set S, every point on
the line segment between them also lies within S.

Definition 3.4 (Convex function [17]) Let S ⊆ Rd be a convex set. A function
f : Rd → R is said to be a convex function on S if

f(λx1 + (1 − λ)x2) ≤ λf(x1) + (1 − λ)f(x2) (3.5)

In other words, a convex function is always below or equal to (in terms of function
value) the linear interpolation.

Definition 3.5 (Concave function [16]) A function f : Rd → R is said to be
concave on a convex set S if −f is convex.

A concave function is always above or equal to the linear interpolation. Note that
linear functions are both convex and concave.

Definition 3.6 (Convex optimization problem [17]) A convex optimization prob-
lem is one of the form (3.1) where the objective function is convex and all the con-
straints construct a convex feasible region. This is achieved for a minimization
(maximization) problem when

1. The objective function is convex (concave).

2. Inequality constraint functions are convex (concave).

3. Equality constraint functions are affine.

Definition 3.7 (Fundamental theorem of global optimality [16]) Consider the
problem (3.1), where f(x) is convex, gi(x) i = 1, . . . , m are convex, and hj(x)
j = 1, . . . , n are affine, making it a convex optimization problem. Then, every
local optimum of f is also a global optimum.

This is a very powerful theorem, since it ensures that the solution found is guar-
anteed to be the best possible solution to the formulated problem. In nonconvex
problems, a large difficulty is deciding when to settle for a "good enough" solution
(local optimum). In convex problems, we do not have this problem. It should be
noted that, for many applications of optimization problems, hunting for a global
optimum that is a marginal improvement from another local one has little effect on
the usefulness of the solution, since the model itself often contains idealizations and
approximations.
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3. Optimization theory

3.3 Linear programming
Linear programming (LP) is an important class of optimization problems. In linear
programs, the objective function and all constraints are linear, constructing poly-
hedral feasible regions which are always convex (Definition 3.3). The main appeal
to LP models is that they can be solved to global optimum (Definition 3.1 and 3.7)
and there exist efficient algorithms for solving them. The most used being simplex
[18], and barrier methods [19], also known as interior point methods.

3.4 Nonlinear programming
Nonlinear programming (NLP) is the class of optimization problems where the ob-
jective function or constraint functions are nonlinear. Solving nonlinear programs
are typically much more challenging compared to LP problems. Methods for lo-
cal optimization require differentiability of objective and constraint functions, and
typically rely on the Karush-Kuhn-Tucker (KKT) conditions [20] to prove local op-
timality (Definition 3.2). Global optimality can rarely be proven unless the problem
is convex (Definition 3.6).

Nonlinear solution algorithms for local optimization typically require an initial
guess for the optimization variables. The choice of this guess is critical as the
algorithm can get stuck at quite poor local optima, conversely, a good initial guess
can guide the algorithm to finding a good local optimum. A common practice is to
solve a convexified and sometimes linearized version of the problem first and use this
as the initial guess. This is referred to as a warm start. For example, one reason to
create Model B was to use it as warm start for Model A. Hence, it is important to
continue the develop these models in parallel for this project as well.

3.5 Mixed integer programming
Mixed integer programming (MIP) refers to a class of optimization problems that
contain both continuous and integer variables. There are also pure integer programs
(IP), integer linear programs (ILP), mixed integer linear programs (MILP), integer
nonlinear programs (INLP), and mixed integer nonlinear programs (MINLP). In-
teger variables can be useful in model formulations where the real-world problem
that is modeled contain features that does not make sense to take decimal values,
e.g. when optimizing how many turbines to install in a hydropower plant, an an-
swer of 4.6 turbines is not very useful. Binary integer variables (variables of the
set B := {0, 1}) are also useful in modeling as they can be used as on/off gates to
represent a selection and only apply specific constraints depending on this selection.

There are many solution methods for MIP, most algorithms in some stage rely
on the Branch and Bound algorithm [21]. This algorithm can in theory always
solve to global optimality (if the continuous relaxation is convex) by enumerating
all possible integer feasible solutions. This is however rarely a realistic approach.
Suppose there are n binary variables, to evaluate all the integer feasible solutions
uses n computer operations. Since there are 2 choices for each variable, this results
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in 2n operations. With 100 binary variables, this amounts to over 1030 operations.
For reference, the state of the art super computer El Capitan [22] can perform 1018

operations per second, meaning it would take roughly 31,000 years to compute. MIP
solvers instead settle for a tolerable solution, usually determined by how close the
best integer feasible objective is to the continuous relaxation objective.
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First, this chapter presents an overview of the nonlinear and nonconvex Model A
and linear and convex Model B proposed by Ek Fälth et. al. [8], in which the
reservoir level representation is improved in this study. Next, the mathematical
formulations developed to capture the forebay levels with higher physical realism,
answering research question number one, are presented. Following this, four new
model implementations are presented based on these forebay level formulations,
answering research question number two. Finally, a description of the modeled
scenarios used for model validation and comparison is given.

4.1 Overview of Model A and Model B
This section describes Model A and Model B which are used as building blocks for
all models presented in the following section. The only difference between these
models and the new models proposed later is how the forebay level constraint (4.10)
is handled. The notation for the model formulations is summarized in the model
nomenclature below, variables are denoted by uppercase letters, and parameters in
lowercase.
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Model nomenclature

Indices

h Hour
n Power plant
j Turbine
un Upstream plant
dn Downstream plant
F Forebay
T Tailrace

Variables

R Revenue from selling
electricity

P Power production
V Reservoir content
D Discharge
S Spilled water
H Head
W F Forebay water level
W T Tailrace water level
Z Binary decision vari-

able
Y Reservoir content

auxiliary variable

Parameters

pi Electricity price
ρ Water density

g Gravitational constant
h̄ Mean head
ē Mean effective discharge
i Inflow
δ Flow delay time
vmax Maximum reservoir content
vstart Start reservoir content
vend End reservoir content
β Regression coefficient
smin Minimum allowed spilled flow
dmin Minimum allowed total flow
wmin Minimum allowed forebay

level
wmax Maximum allowed forebay

level
wF Forebay level data
v Reservoir content data
a Linear segment intercept
b Linear segment slope

Functions

fP Power production function
fE Effective discharge function
fF j Nonlinear forebay level fits
fF ∗ Best Nonlinear forebay level

fit
fF L Piecewise linear approxima-

tion of fF ∗

4.1.1 Objective function

Maximizing the total revenue (R) across all hours (h), plants (n) and turbines (j) is
set as the objective function for all models, computed as a product of hourly, plant-
and turbine-wise power production (P ) and the historical hourly market electricity
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price (ph) summed for all plants, turbines and hours.

R∗ = max
∑
h,n,j

Ph,n,j · ph (4.1)

4.1.2 Constraints
Constraints described below are generalized and apply to all hours, plants, and tur-
bines. Note that not all plants have turbines, some are just reservoirs with dams to
regulate the water flow.

(1) Power production
The power production is proportional to the water density (ρ), gravitational constant
(g), head (H), discharge (D) and turbine efficiency (η(D)). The turbine efficiency
and discharge is combined into the effective discharge variable (E). The power
production function is defined as:

Ph,n,j ≤ fP
h,n,j(Eh,n,j, Hh,n) · ρ · g (4.2)

In Model A, fP
h,n,j is a bilinear function defined as:

fP
h,n,j(Eh,n,j, Hh,n) = Eh,n,j · Hh,n,j (4.3)

while in Model B, it is linearized as:

fP
h,n,j(Eh,n,j, Hh,n) =

(
Eh,n,j · h̄n + ēn,j · Hh,n − ēn,j · h̄n

)
(4.4)

where h̄ and ē are historical mean values for the head and effective discharge respec-
tively.

(2) Effective discharge
For exact details on the effective discharge functions fE see [8]. In Model A a
quadratic fit is employed to η(D) · D from historical turbine operation data. In
Model B, this is instead approximated by several linear segments. The general
constraint is formulated as:

Eh,n,j ≤ fE
h,n,j(Dh,n) (4.5)

Note that both (4.2) and (4.5) are defined as inequality constraints to facilitate the
robustness of the optimization solver but are fulfilled with equality in the solution
since both variables are included in the objective function, pushing them to be as
large as possible.

(3) Water balance
The reservoir content (V ) is modeled as the reservoir content the previous hour,
added with the inflow (i), upstream plant discharge (D) and spilled water (S), and
subtracted by the plant discharge and spilled water. The upstream flows are delayed
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by a time δ which is based on historical data on the time it takes for water to run
from an upstream plant un to plant n rounded to the nearest integer.

Vh,n = Vh−1,n + 1
ih,n −

∑
j

Dh,n,j − Sh,n +
∑

j

Dh−δn,un,j + Sh−δn,un

 (4.6)

The multiplication of 1 represents one hour to ensure correct units. Reservoir content
is defined from 0 at the reservoirs minimum operating range to the maximum possible
content (vmax).

0 ≤ Vh,n ≤ vmax
n (4.7)

Reservoir content has boundary conditions for the first and last timestep, setting
the reservoir content of all reservoirs to match historical data. The historical data
are specific forebay levels at historical dates, this is converted to reservoir content
values vstart and vend by taking the inverse of (4.10).

V1,n = vstart
n (4.8)

Vend,n = vend
n (4.9)

(4) Water level constraints
The forebay level (W F ) is assumed to be linearly dependent on the reservoir content
with coefficients βF . The tailrace level (W T ) depends on the plant design, discharge,
and downstream forebay level. The coefficients βT are the result of linear regression
from historical data.

W F
h,n = βF

0 + βF
1 · Vh,n (4.10)

W T
h,n = βT

0 + βT
1 ·

∑
j

Dh,n,j + βT
2 · W T

h,dn (4.11)

The head (H) is the difference between forebay and tailrace levels.

Hh,n = W F
h,n − W T

h,n (4.12)

(5) Environmental constraints
Environmental permits can be modeled by setting time-specific constraints on spilled
flow (smin), total flow (dmin), maximum and minimum forebay levels (wmax, wmin).

smin
h,n ≤ Sh,n (4.13)

dmin
h,n ≤

∑
j

Dh,n,j + Sh,n (4.14)

wmin
h,n ≤ W F

h,n ≤ wmax
h,n (4.15)

4.2 Forebay levels
This section addresses the first research question: How can reservoir curves, which
represent the reservoir forebay level-reservoir content relationship, be mathematically
represented? Here, methods to model forebay levels more accurately are presented,
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while the resulting improvements are presented in Section 5.1. These different meth-
ods will later be incorporated into new versions of the hydropower optimization
models Model A and Model B. Using data consisting of measurements i = 1, . . . , m
of forebay levels wF

i,n coupled with reservoir content values vi,n for reservoir n, a fit
was made to create functions for forebay levels depending on reservoir content, let
this function be fF ∗

n . To construct fF ∗
n , multiple different fits were constructed for

each reservoir:

fF 1
n (vn) = βF

0,n + βF
1,n · vn (4.16)

fF 2
n (vn) = βF

0,n + βF
1,n · vn + βF

2,n · v2
n (4.17)

fF 3
n (vn) = βF

0,n + βF
1,n · vn + βF

2,n · v2
n + βF

3,n · v3
n (4.18)

fF 4
n (vn) = βF

0,n + βF
1,n · vn + βF

4,n ·
√

vn (4.19)
fF 5

n (vn) = βF
0,n + βF

1,n · vn + βF
2,n · v2

n + βF
4,n ·

√
vn (4.20)

Each fit fF j
n , j = 1, 2, 3, 4, 5 was computed by solving the constrained least squares

problem:

min
∑

i

(
wF

i,n − fF j
n (vi,n)

)2

s.t. fF j
n (v1,n) = wF

1,n

fF j
n (vm,n) = wF

m,n

(4.21)

where min and max forebay levels are strictly enforced. This is to ensure the end
ranges of the operational range are accurately captured in the fits. Note that fF 1

n is
exactly the same function as (4.10). Some examples of fits produced for a reservoir
are presented in Figure 4.1.

Of the fits fF j
n , those that were strictly increasing and concave were kept. Then

the one with the lowest sum of squared errors was selected as fF ∗
n . The fit had to

be strictly increasing to avoid that two different values of reservoir content could
correspond to the same forebay level. This is a problem when computing start and
end reservoir volumes. The choice of only using concave (Definition 3.5) fits is to
allow for the implementation of a convex feasible region (Definition 3.3).

A linearization of fF ∗
n was made by using piecewise linear segments l = 1, . . . , m

between breakpoints v̂l,n and v̂l+1,n, this gives a piecewise linear function fF L
n (see

Figure 4.2) for the forebay levels:

fF L
n (Vh,n) =


a1,n + b1,n · Vh,n, for v̂1,n ≤ Vh,n ≤ v̂2,n

a2,n + b2,n · Vh,n, for v̂2,n ≤ Vh,n ≤ v̂3,n

· · ·
am,n + bm,n · Vh,n, for v̂m,n ≤ Vh,n ≤ v̂m+1,n

(4.22)
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Figure 4.1: Example nonlinear fit of the forebay-volume data. Here the quadratic
fit with a square root term fF 5

n would be selected as fF ∗
n
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Figure 4.2: Example linearization fF L
n of the forebay-volume fit.
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4.3 Hydropower optimization models with improved
reservoir level representation

In this section, four new model versions based on Model A and Model B are pre-
sented. The new proposed models seek to answer research question number two:
In what ways can reservoir curves be implemented in a hydropower optimization
model? The versions based on Model A are called Model A:R and Model A:EQ,
and the versions based on Model B are called Model B:R and Model B:MILP. All
model versions discussed in the thesis are summarized in Table 4.1 and presented
in detail in Sections 4.3.1-4.3.4. The reason for presenting four new model ver-
sions, two nonlinear and two linear, is that the most obvious model versions turn
out to be too computationally expensive. The new model versions Model A:EQ
and Model B:MILP cannot be solved in reasonable time for one-year periods on a
laptop (for reference, in some problems, no solutions were found after running the
solver for five days on a computer with 64 GB memory and a Intel Core I9 3.5 GHz
processor). To be able to conduct full scenario analysis for full river networks, it
is crucial to analyze long time periods to capture all seasons and long-term effects,
which Model A:EQ and Model B:MILP are incapable of.

Table 4.1: A summary of the models used in this study.

Model Type Convex Purpose
Model A NLP no Baseline NLP model.
Model B LP yes Baseline LP model.
Model A:R NLP no Improved NLP model.
Model B:R LP yes Improved LP model.
Model A:EQ NLP no Validate Model A:R.
Model B:MILP MILP no Validate Model B:R.

Therefore, we developed two relaxed models Model A:R and Model B:R that are
more computationally efficient. The two model versions Model A:EQ and Model
B:MILP are used to verify that the models Model A:R and Model B:R give suffi-
ciently similar solutions. The reason they might not is because these models re-
calculate the solution post-optimization, which means that the solution strays from
an optimal one. The resulting water balance and flows may be different in the
solutions produced by Model A:R and Model B:R compared to Model A:EQ and
Model B:MILP where the forebay levels are set as equality constraints. Thus, the
robustness of the models Model A:R and Model B:R will be validated against their
corresponding equality model in Section 5.2 to fully answer the research question
posed.

As presented in Section 3.4, a technique to remedy some of the computational
difficulty of complex models is to use the solution of a simpler model as a warm
start. This project follows this pattern and utilizes the simplicity of LP by setting
the solution of Model B:R as a warm start for the models Model A:EQ, Model A:R,
and Model B:MILP.
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4.3.1 Model A:EQ
The first new model proposed is Model A:EQ. This model formulation explicitly
enforces the forebay level functions by equality constraints:

W F
h,n = fF ∗

n (Vh,n) (4.23)

This is a nonconvex constraint (except for linear fF ∗
n ). The nonconvex constraints

add more complexity for the solver by introducing more local optima (Definition
3.2), making the problem more difficult to solve. In all other aspects, it is equal to
Model A.

4.3.2 Model A:R
This model introduces a convex relaxation of (4.23), constructing a convex feasible
region for the forebay levels. This is done by changing (4.23) to an upper bound,
then utilizing the linear fF 1

n as a lower bound. The region between these functions
is a convex region (see Figure 4.3):

βF
0 + βF

1 · Vh,n ≤ W F
h,n ≤ fF ∗

n (Vh,n) (4.24)

Post-optimization, W F are projected onto fF ∗, adjusting head H, tailrace level
W T , power production P , and revenue R accordingly while remaining feasible to
the original problem. Ensuring convexity in the forebay constraints significantly
improves the solver performance. In summary, Model A:R is equal to Model A in
all aspects except the forebay level modeling and the post-optimization recalculation
of variables.
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Figure 4.3: Visualization of the feasible region for forebay levels in Model A:R.
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4.3.3 Model B:MILP
The first linear model presented is Model B:MILP. This model is equal to Model B
except the formulation of forebay levels which makes this model a MILP. A MILP
formulation explicitly sets forebay levels to specific linear segments from fF L

n using
binary selection variables Zh,n,l and auxiliary continuous variables Yh,n,l. Whenever
Zh,n,l = 1, segment l is enforced. Similar to Model A:EQ, this ensures correct
forebay levels but at the cost of greater computational demand. The formulation is
as follows:

W F
h,n = al ·

∑
l

Zh,n,l + bl · Yh,n,l (4.25)

Zh,n,l · vl ≤ Yh,n,l ≤ Zh,n,l · vl+1, l = 1, . . . , m (4.26)∑
l

Yh,n,l = Vh,n (4.27)∑
l

Zh,n,l = 1 (4.28)

4.3.4 Model B:R
Instead of the MILP formulation of the forebay levels, this model use a larger feasible
region. The same convex relaxation strategy as in Model A:R is applied but now
using piecewise linear segments fF L

n as an upper bound and a the same linear lower
bound fF 1

n (see Figure 4.4). The forebay level constraints are formulated as:

βF
0 + βF

1 · Vh,n ≤ W F
h,n ≤ al + bl · Vh,n, l = 1, . . . , m (4.29)

Post-optimization, projection of W F onto fF L is done similarly as Model A:R. The
other variables head H, tailrace level W T , power production P , and revenue R are
recalculated accordingly using the definitions of Model B to ensure a feasible final
solution.

22



4. Method

0 100 200 300 400

465

470

475

480

485

490

495

Feasible Region

Linear segments

Linear fit

Reservoir Content [Mm³]

Fo
re

ba
y 

L
ev

el
 [

m
.a

.s
.]

Figure 4.4: Visualization of the feasible region for forebay levels in Model B:R.

4.4 Modeled scenarios
The study uses data from five large rivers in Sweden: Ljungan, Umeälven, Luleälven,
Dalälven, and Indalsälven (Table 4.2). Together, they contain 133 reservoirs, where
some lack reservoir curve data and many have too small operating range to store
water, making them effectively act as pass-through units. Because a detailed forebay
function would add no practical value for such cases, a detailed reservoir curve is
incorporated only for 33 reservoirs, while the remainder are represented by the linear
approximation. Hourly historical inflows and spot prices (retrieved from NordPool)
were taken for the two years 2016 and 2020 which were dry and wet years respectively.

Table 4.2: Rivers, number of reservoirs with nonlinear reservoir curve data,
number of reservoirs and installed capacity included in the testing data set.

River NL. reservoir curves Reservoirs Installed capacity (MW)
Ljungan 6 17 606
Umeälven 5 19 1758
Luleälven 5 18 4229
Dalälven 11 40 1136
Indalsälven 6 39 2154
Total 33 133 9883

The models Model A:R and Model B:R are validated against their more exact,
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equality constrained, counterparts Model A:EQ and Model B:MILP. Because the
more exact models are hard to solve for long time horizons, this test is limited to
March in both years studied. March is chosen because reservoir levels are low and
this is generally the region where the difference between the reservoir curves and the
previous linear forebay level approximation is the largest. Each March is evaluated
twice: Once with historical spot prices and once with an extreme price profile. The
extreme price profile is synthetically constructed, where the variation in prices in
2016 and 2020 is amplified to represent hypothetical scenarios with extreme prices.
The reason for including this additional price series is to get more robust results.

After the validation step, Model A:R and Model B:R are compared with the
baseline models Model A and Model B for the entire years 2016 and 2020, using
only historical prices.
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5
Results and discussion

The results are divided into four sections, each in corresponding order to the research
questions posed. The first two research questions are partially answered in the
methods presented in Sections 4.2 and 4.3, respectively. The data and scenarios
used are presented in detail in Section 4.4.

5.1 Forebay level functions

To fully answer the first research question: How can reservoir curves, which rep-
resent the reservoir forebay level-reservoir content relationship, be mathematically
represented? This section provides results on how good the functions presented in
Section 4.2 are in terms of fit to the data and compared with the linear fits used in
the previous model versions Model A and Model B.

To measure how well the selected nonlinear fits explain the reservoir curve data,
the R2 is calculated. This is a common measure giving values ranging from 0 to 1,
where 1 is a perfect fit. The R2 of the forebay level functions used in Model A:R are
given in Figure 5.1. This shows that for most reservoirs, the selected fit is almost
perfect to the data. Since a fit including more variables always produce a closer fit
to the data (when the number of data points is sufficient), we can be sure that one
of the selected fits from (4.17)-(4.20) always is better than the simplest linear (4.16)
used in Model A and Model B.

Ljungan Umeälven Luleälven Indalsälven Dalälven

0

0.94
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1.00

R
²

Figure 5.1: R2 values for nonlinear fits across modeled reservoirs.
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The difference in how the forebay levels are modeled between the old model,
Model A, and the proposed models Model A:R and Model A:EQ can be measured
by calculating the difference between the functions representing the forebay level:

Definition 5.1 (Forebay level difference) Let u(V ) be a nonlinear forebay level
function and l(V) a linear. Then the forebay mean difference for a reservoir is
defined as:

δW F =
∫ vmax

0

u(V ) − l(V )
vmax

dV · 1
wmax − wmin

The forebay maximum difference for a reservoir n is defined as:

δW F
max = max

V
{u(V ) − l(V )} · 1

wmax − wmin

The first measure, forebay mean difference, is essentially the difference between
the nonlinear and linear forebay level functions calculated for the volume V̄ in the
center of gravity of the integral and then normalized by dividing by the operat-
ing range. The second measure, forebay max difference, is the maximum possible
difference normalized by the operating range of the reservoir. Figure 5.2b shows
histograms of the differences for all the reservoirs in the five rivers.
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(b) Max forebay level differences.

Figure 5.2: Histogram between the nonlinear fits and linear approximation for all
33 reservoirs with nonlinear reservoir curves.

The mean differences are scattered around 6 % of the operating range and the
maximum differences around 7.5 %. As an example, a 6 % difference for a reservoir
with 5 m operational range gives a difference of 30 cm. The largest absolute max-
imum difference found for a reservoir was greater than 6 m for a specific reservoir
content. These results indicate that in order to capture more detailed forebay levels
for correct scenario analysis, more intricate mathematical functions than a linear is
required.
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5.2 Model robustness validation
To verify the validity of Model A:R and Model B:R, where forebay levels are allowed
to take less realistic values and then recalculating them post-optimization, they are
compared with Model A:EQ and Model B:MILP respectively. The results in this
section are answering research question number two: In what ways can reservoir
curves be implemented in a hydropower optimization model? The methods to imple-
ment reservoir curves in hydropower optimization models are given in Section 4.3,
the results presented here mean to show the robustness of the models Model A:R
and Model B:R. To test the robustness of these model versions, they are evaluated
for March during the dry year 2016 and wet year 2020, each with historical price
data and extreme price profiles. The tests are limited to a one month horizon due to
Model A:EQ and Model B:MILP being computationally difficult to solve for longer
time periods.

As the models Model A:R and Model B:R represent the forebay levels with in-
equality constraints, the solutions from these models can allow reservoir forebay
levels lower than the actual reservoir curve. An example of this occurring for
Model A:R can be seen in Figure 5.3, a reservoir with a power plant where many of
the forebay level values do not lie on the upper bound of the constraint before the
solution is recalculated. Similar results are found for Model B:R before the solution
is recalculated post-optimization. It should be noted that for the majority of the
reservoirs, the forebay level values do follow the upper bound constraint, needing no
post-optimization recalculation.
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Figure 5.3: A demonstrative example of when a solution with Model A:R does
not use the correct forebay levels in its solution before they are recalculated.

To validate whether Model A:R and Model B:R, where the solution is adjusted
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post-optimization, is reliable in terms of full river scenario analysis. These models
are compared with Model A:EQ and Model B:MILP respectively. The first metric
to determine how close two solutions are is the relative optimality gap:

Definition 5.2 (Relative optimality gap (ROG))

ROG = R∗
GT − R∗

R∗ · 100

where R∗
GT is the revenue for the model used as ground truth to compare against and

R∗ the revenue for the compared model. The multiplication by 100 is to express the
measure in percentage.

The differences in relative optimality gap between Model A:R and Model A:EQ
are generally small as seen in Figure 5.4, with the most relative optimality gaps being
in the span of 0-0.1 %. The two standout cases are for Luleälven 2016 and 2020
with historical prices, indicating that there is a discrepancy between the models.

Dalä
lve

n

In
da

lsä
lve

n

Ljun
ga

n

Lule
älv

en

Umeä
lve

n

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0 2016

2016 Extreme prices

2020

2020 Extreme prices

R
el

at
iv

e 
O

pt
im

al
ity

 G
ap

 (
%

)

Figure 5.4: Relative Optimality gaps for Model A:R for March 2016 and 2020
with both regular and extreme price profiles.

To contextualize the relative optimality gap results from above, the two worst
cases from Luleälven will be examined. Figure 5.5 shows the power duration curves
(hourly power production ordered in descending order) for March in 2016 and 2020.
In March 2016 the ROG is -1.1 % which means Model A:R found a better solution
than Model A:EQ. The power production in these solutions were 1.648 TWh for
Model A:R and 1.639 TWh for Model A:EQ. In 2020 the power production were
1.634 TWh and 1.633 TWh respectively, and 0.6 % ROG, meaning Model A:EQ
found the better solution. These differences in optimal solutions are definitely not
negligible.
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Figure 5.5: The cumulative power production for Model A:R compared with
Model A:EQ for Luleälven in March 2016 and 2020.

We know from the theory in Section 3.4 that it is not possible to find global
optimal solutions for nonlinear and nonconvex optimization problems in general,
hence the solutions presented in Figure 5.4 are local optima. The results showing a
negative ROG are likely due to Model A:EQ getting stuck at a poor local optimum,
since solutions of Model A:R are feasible in Model A:EQ, we know that this model
could have found an equally good solution. The results showing positive ROG are
more what is expected since the post-optimization recalculation can give sub-optimal
solutions when the forebay levels are recalculated. One such mechanism might be
that when a forebay level is recalculated to a higher value, the upstream reservoir
gets higher tailrace level (4.11), which in turn decreases the head (4.12).

Looking at the relative optimality gaps for Model B:R in Figure 5.6, Model B:MILP
does not find a better feasible solution than the Model B:R solutions. The theory of
MIP in Section 3.5 explains that the algorithms used in IP usually settle with a good
enough solution. The best bound calculated by the solver is an upper bound for
how high the revenue potentially can be for another solution if more branches in the
solution tree were explored for Model B:MILP. The best bound comparisons show
evidence that, while there may be a better solution to be found for some scenarios,
the amount of potential difference between Model B:R and Model B:MILP is small.
For all scenarios for Indalsälven and Umeälven (except 2020 with extreme prices)
the best bound is equal to the Model B:R solutions, here we can say for certain that
Model B:R behaves well.

The results of the linear models, showing that there are no realized and very small
theoretical differences between the model versions Model B:MILP and Model B:R,
indicates that the post-optimization recalculation is working. The benefit of LP is
that a global optimum can always be found, as presented in Section 3.3. This makes
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Figure 5.6: Relative optimality gaps for Model B:R for March 2016 and 2020
with both regular and extreme price profiles. Relative optimality gap is also shown
for the best bound found in the Model B:MILP solution, this range shows where a
potential better solution could have been found if the solver were run for longer.

it easier to confidently draw conclusions from these results, as they are not clouded
with the insecurities of local optimums as the nonlinear models are. It is hard to
say whether the differences between the nonlinear models are systematic or natural
variances coming from local optimums. However, with the promising results of the
linear models, we argue that the models Model A:R and Model B:R seem to be close
enough to the exact models Model A:EQ and Model B:MILP to be useful.

5.3 Modeling of reservoir level environmental per-
mits

Another result from modeling the forebay levels more accurately is that it allows
using today’s real environmental permits for the rivers evaluated, where the previous
models could not handle all cases. This answers directly to research question three:
How does more detailed modeling of reservoir forebay levels affect the feasibility of
modeling river hydropower environmental permits?

The baseline model versions Model A and Model B are not feasible for some
environmental permits and start and end times. The general explanation for this is
that the models define constraints for the start and end reservoir contents to give
meaningful solutions. This in combination with specific precipitation inflow data
makes it impossible to reach certain reservoir levels when the forebay level follows
a linear function as (4.10). This phenomenon is explained in Figure 2.4, where it is
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clear that a forebay level following a linear function requires more water volume in
the reservoir to reach a certain forebay level.

The number of infeasible scenarios is uncountable since many different start and
end time combinations may produce an impossible scenario. One specific example
is the permit that declares that the forebay level in the reservoir Leringsforsen in
Ljungan river must be at least 200.5 m.a.s. in July and 201.5 m.a.s. in August.
This was not feasible in the models Model A and Model B, but is now possible to
model in Model A:R and Model B:R. A representation of the forebay levels and
environmental constraints for Leringsforsen in Ljungan is presented in Figure 5.7.
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Figure 5.7: Forebay level in the reservoir Leringsforsen in Ljungan from an
example scenario. Here the real environmental constraints are violated by the old

but not the new models. This figure is constructed by running the Model B with a
relaxed minimum level to enable a solution.

5.4 Full year model version comparisons
In this section, comparisons of the models Model A, Model A:R, Model B, and
Model B:R are presented, answering the fourth research question: How do more
accurately modeled forebay levels affect modeled scenarios for large river networks?
The differences in physical representations between the models will be presented by
comparing full year revenues and power duration curves for both aggregated river
systems and individual power plants.

The new models Model A:R and Model B:R and the baseline models Model A
and Model B are solved for the full years 2016 and 2020 using historical price profiles.
The full revenues for each model, summarized over the five rivers (Table 4.2) are
presented in Figure 5.8. Detailed revenue and power production results are included
in Appendix A.

From the resulting total revenues of the full year solutions presented in Figure 5.8,
we see that the revenues are very similar between the old and new model versions.
This indicates that the impact of a more detailed modeling of forebay levels does not
have a consequential impact on the potential aggregated revenue for whole rivers.
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Figure 5.8: Full cumulated revenues for all five rivers summed over the years
2016 and 2020 respectively.

To further investigate whether a more accurate forebay representation has any
effect on scenario analysis, the power duration curves aggregated across all rivers
are presented for 2020 in Figure 5.9a (see Appendix B for a similar figure for 2020
and for linear models). The power duration curves do not differ notably, in 2016
Model A:R has slightly higher power production compared to Model A but in 2020
the reverse is true. However, the different forebay level modeling can have effects for
the individual power plants. Figure 5.9b displays one case of a power plant where
the power output differs, indicating that the effect on individual plants could be
consequential (see Appendix C for more examples).
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(a) Accumulated power duration
curves for all five rivers.
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(b) Power duration curves for the
plant Parki in Umeälven.

Figure 5.9: Model A and Model A:R power duration curves for the year 2020.

The above results show that adding more detail to the forebay level modeling
could influence the river network scenario analysis to some degree. Although aggre-
gated results do not differ much between the old and new models, the differences
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at plant level could be of interest. The power duration curves for individual plants
presented in Figure 5.9b indicate that the detailed forebay level modeling has an
impact on some plants. Of the 133 reservoirs in the dataset, only 33 have reser-
voir curves indicating a nonlinear relationship between the reservoir content and the
forebay level. It is possible that the results presented would give larger differences
for rivers with higher ratio of nonlinear reservoir curves and vice versa for rivers
with a lower number of nonlinear reservoir curves.

Looking at the computational times (Figure 5.10) we can see that Model A:R
does have slightly longer computational times in general compared to Model A but
they are still tractable. The toughest problem to solve was Dalälven 2016 which took
roughly 27 hours for Model A:R, bordering on what we consider to be a reasonable
solve time. When comparing Model B:R against Model B we see that Model B:R is
actually consistently faster than Model B. Since these solve times are in the range
of 1-20 minutes, the actual speed increase in terms of seconds is not huge but still
a nice result.
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Figure 5.10: Computational times for Model A:R, and Model B:R, compared
with Model A and Model B.

Nonlinear and nonconvex optimization is quite devious in the sense that it is not
always clear what changes in a model make it more difficult or easy to solve. In
some cases, more constraints can be helpful as local minima in the feasible region are
excluded, but sometimes the opposite can be true where more relaxed constraints
give the solver more freedom and are less prone to getting stuck at poor local optima.
We suspect that one reason for the slower computational times in Model A:R is
due to the inclusion of square root terms in the reservoir curve fits. Computing
gradients of square root functions can be unstable for values close to zero, and
optimization solvers are commonly better equipped to handle simple polynomials
such as quadratic functions. This was not explored thoroughly in this work but
could be a detail of further study.
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Conclusion

The methods presented to mathematically represent reservoir forebay levels, which
answer the first research question, work well for the investigated rivers. In this
study, four different nonlinear fits were chosen, but naturally any type of fit can
be incorporated when looking for a best fit to a reservoir curve. It was observed
that incorporating fits with square root terms in the nonlinear model Model A:R
might cause increased solve times. They were, however, very precise in terms of
error to the reservoir curve data in many cases. This trade-off between finding the
best possible functions to fit and keeping the models computationally feasible was
not explored thoroughly, and future research might find more suitable functions. We
can, although, conclude that more intricate functions than linear give more exact
modeled forebay levels.

The second research question discusses how to incorporate these reservoir curve
fits into the existing optimization models Model A and Model B. We propose four
models Model A:R, Model A:EQ, Model B:R, and Model B:MILP which all succeed
in formulating a more detailed forebay level function, but with different implications
for computational effort. The model versions Model A:R and Model B:R are pro-
posed as the best models in terms of trade-offs between accuracy and computational
effort. If one is interested in coarser time resolution or shorter time periods, the
models Model A:EQ and Model B:MILP could be more suitable.

The third research question aims to investigate whether models including more
detailed forebay level modeling can incorporate environmental constraints success-
fully. The models Model A:R and Model B:R can incorporate environmental permits
in the scenario analysis which the baseline models Model A and Model B failed to
do in some cases. In order to take well informed decision when deciding new en-
vironmental permits, it is important to capture more exact forebay levels. Small
differences in allowed forebay levels can potentially have large impacts on the ca-
pacity and flexibility of power plants, and the social and biological environment
connected to the river systems.

As for the fourth and last research question, which seeks to analyze the impact
on modeled results of including detailed reservoir modeling in full river network
scenario analysis, our results point to two general conclusions. For a complete
aggregated river network, including a more detailed forebay level does not show any
notable differences in the scenarios evaluated, both in terms of total revenue and
power production capacity. On the other hand, we have indications that the power
production capacity of individual power plants in the river systems shows notable
differences between the previous and new models. These indications show that, in
order to draw correct conclusions from the scenario analysis at a power plant level,
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6. Conclusion

the incorporation of detailed forebay levels in the model could be important.
In conclusion, we have successfully found methods to mathematically express

reservoir curves and incorporate them into existing hydropower optimization mod-
els. Our proposed models Model A:R and Model B:R enable accurate modeling of
environmental permits and we show that different operational patterns are found for
individual plants in river systems. These different operational patterns, compared
to when linear reservoir curves were assumed, can affect the power production ca-
pacity of individual plants. However, the aggregated effects on production patterns
and revenue for a whole river are not consequential.
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A
Model comparison results

Table A.1: Revenue, power production, and computational time for models
Model B:R and Model B for dry year 2016 and wet year 2020.

River-Model Revenue (MSEK) Prod. (TWh) Time (s)
Dry year 2016
Ljungan-Model B:R 746.79 2.24 70.22
Ljungan-Model B 726.61 2.22 135.87
Umeälven-Model B:R 2527.37 7.73 118.09
Umeälven-Model B 2514.84 7.71 227.59
Luleälven-Model B:R 5624.08 16.32 100.31
Luleälven-Model B 5546.45 16.08 192.62
Indalsälven-Model B:R 3080.04 9.42 265.15
Indalsälven-Model B 3063.55 9.39 527.70
Dalälven-Model B:R 1509.29 4.59 277.09
Dalälven-Model B 1503.84 4.59 515.85
Wet year 2020
Ljungan-Model B:R 586.94 2.60 68.88
Ljungan-Model B 583.60 2.60 136.81
Umeälven-Model B:R 1804.12 9.39 132.23
Umeälven-Model B 1804.64 9.43 256.37
Luleälven-Model B:R 3707.30 15.83 117.13
Luleälven-Model B 3725.13 16.07 228.58
Indalsälven-Model B:R 2253.07 11.15 252.28
Indalsälven-Model B 2251.31 11.20 524.22
Dalälven-Model B:R 1675.98 5.52 286.87
Dalälven-Model B 1674.30 5.50 549.71
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A. Model comparison results

Table A.2: Revenue, power production, and computational time for models
Model A:R Model A for dry year 2016 and wet year 2020.

River-Model Revenue (MSEK) Prod. (TWh) Time (s)
Dry year 2016
Ljungan-Model A:R 717.37 2.11 2834.02
Ljungan-Model A 694.46 2.08 1784.71
Umeälven-Model A:R 2480.94 7.52 3054.10
Umeälven-Model A 2466.35 7.50 4901.22
Luleälven-Model A:R 5578.01 16.05 14126.77
Luleälven-Model A 5467.08 15.71 4143.02
Indalsälven-Model A:R 3027.62 9.24 31376.63
Indalsälven-Model A 3011.01 9.21 17310.17
Dalälven-Model A:R 1461.39 4.40 98854.85
Dalälven-Model A 1458.98 4.41 19087.73
Wet year 2020
Ljungan-Model A:R 578.76 2.50 5691.28
Ljungan-Model A 574.31 2.50 3810.96
Umeälven-Model A:R 1790.43 9.25 18332.43
Umeälven-Model A 1789.31 9.29 3761.46
Luleälven-Model A:R 3666.58 15.41 8856.61
Luleälven-Model A 3697.13 15.75 3350.48
Indalsälven-Model A:R 2240.92 11.02 19830.14
Indalsälven-Model A 2238.04 11.08 18549.03
Dalälven-Model A:R 1657.78 5.37 53596.05
Dalälven-Model A 1657.37 5.38 31694.28
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B
Aggregated power duration curves
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Figure B.1: Model A:R and Model A Power duration curves accumulated across
all rivers for year 2016

III



B. Aggregated power duration curves
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Figure B.2: Model B:R and Model B Power duration curves accumulated across
all rivers for year 2016
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Figure B.3: Model B:R and Model B Power duration curves accumulated across
all rivers for year 2020

IV



C
Individual plant power duration

curves
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(a) Avestaforsen in the river Dalälven.
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(b) Flåsjön in the river Ljungan.
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(c) Leringsforsen in the river Ljungan.
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(d) Pengfors in the river Umeälven.

Figure C.1: Some examples of individual power plant power duration curves
which differ between the new Model A:R and baseline Model A for year 2020.
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