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Abstract
The Lattice Boltzmann Method (LBM) is an increasingly popular method for sim-
ulating fluid flows, which through its mesoscopic and explicit formulation allows
for effective parallelization. The choice of a so called collisional operator largely
determines the stability and accuracy of LBM simulations. Linear operators such
as the Bhatnagar-Gross-Krook operator (BGK) and the Multiple-Relaxation-Times
(MRT) both have the fundamental problem of defining a relaxation time, which is a
tradeoff between numerical stability and range of flow types that can be simulated.
The Filter Matrix method, originally proposed by Somers in 1993 and extended by
Zhuo et al. in 2012, is a non-linear collisional operator which removes the need tune
relaxation times. However, its derivation and assumptions are not well documented.
In this thesis, the Filter Matrix formulation is derived through classical Chapman–
Enskog analysis with the BGK operator, although using some arguments which is
hard to justify for general flow cases. Observations from this analysis leads to a much
more general formulation with Filter Matrix method seen as a collisional operator
defined in a moment space. The discretized Boltzmann equation is mapped to the
moment space using a linear projection similar to what is used for MRT schemes.
This allows for a Chapman-Enskog-like analysis in moment space leading to a Filter
Matrix formulation that is very similar, although not identical to previous literature.
The new formulation is derived without neglecting any higher order hydrodynamic
modes appearing throughout the derivation, which was done extensively in previous
derivations. Turning the Filter Matrix formulation of this thesis into a computa-
tional procedure requires some closure laws, similarly to what was used in previous
derivations. How to formulate such closure laws is illustrated by analyzing how the
k − ε equations can be solved within the FMLB framework. The study is purely
mathematical, and as such numerical validation would be a starting point for further
work.

Keywords: Lattice Boltzmann Method, Filter Matrix Method, Chapman–Enskog
expansion, Multiple Relaxation Time operator
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List of Acronyms

Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

BGK Bhatnagar-Gross-Krook
DNS Direct Numerical Simulation
DDF Double Distribution Function
FMLB Filter Matrix Lattice Boltzmann
LBM Lattice Boltzmann Method
LES Large Eddy Simulation
MSFR Molten Salt Fast Reactor
MPB Moment Projected Boltzmann
MRT Multiple-Relaxation-Times
PDE Partial Differential Equation
RANS Reynolds Average Navier Stokes
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that have
been used throughout this thesis. Multiple usage of similar symbols separated with
commas.

Indices

α, β, γ, δ, α′, β′ Indices for spatial coordinates
0 corresponds to zeroth order Hermite polynomials
1α corresponds to first order Hermite polynomials
2αβ corresponds to second order Hermite polynomials

α̃, β̃, γ̃, δ̃, α̃′, β̃′ Indices for spatial with symmetry
2α̃β̃ corresponds to second order symmetric Hermite polynomials

i,j Indices for discretized velocity directions, Hermite polynomial in-
dices

k Index for moment vector α, hermite polynomial index
ϕ quantity associated with a transported scalar
ρ quantity associated with momentum
t quantity associated with time
scale Scale parameter to change to lattice units

Discretized space

H Scaled Hermite polynomial
H Non-scaled Hermite polynomials
ciα Discretized velocity vectors
E Transformation matrix / Error term in Chapman–Enskog expan-

sion
D Corresponding gram matrix to Eik
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∆t Time discretization step
α Moment vector
cs Lattice speed of sound
Ω Collisional operator
℧ Collisional operator in moment space
ω Lattice weights
f Distribution function
τ Relaxation time, subgrid scale stresses
T Change of basis transformation
δ Kronecker delta
Q Discretized source term
F Discretized force term
Π Tensor in Chapman–Enskog analysis
Θ Tensor in Chapman–Enskog analysis
mi Velocity weights for 24-speed velocity set

Macroscopic quantities

uα Velocity vector
k Turbulent kinetic energy
ε Turbulent dissipation rate
q Source term per unit volume
F Force term per unit volume, fourth order term
D Diffusion coefficient, Diffusion term
ν Viscosity
νt Turbulent viscosity
ζ Bulk viscosity
T Temperature, third order terms
C Convection term, contribution to macroscopic collision operator
P Production term
G Gravitational term
Φ Destruction term
sαβ Strain rate tensor
g Gravity term
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β Thermal expansion coefficient
S Magnitude of strain rate tensor, second order terms
p Pressure, momentum
ξ Particle velocities
σ Subgrid scalar fluxes

Dimensionless numbers

σT Turbulent Prandtl number
ϵ Scale separation in Chapman–Enskog analysis
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1
Introduction

Climate change is a great challenge for humanity going forward. There are many
causes of climate change with energy generation being a significant source of green-
house gas emissions. The causes and consequences of climate change are extensively
investigated in the Sixth Assessment Report of the Intergovernmental Panel on Cli-
mate Change [1]. A simple solution to decrease climate sector would be to reduce
the energy consumption. However, this has proven unfeasible and the International
Energy Agency concludes that energy demand is increasing at an increased rate due
to greater use of cooling during heat waves, electrification of the transport sector,
development of new industry and a significant expansion of the amount of data
centers globally [2]. Nuclear power is an energy source with low green house gas
footprint and is already an important part of the energy mix. The International En-
ergy Agency mentions new construction of nuclear power plants as one of the ways
the increased energy demand is met. Through the European project ENDURANCE,
the next generation of nuclear power plants are being developed. The chosen design
is a Molten Salt Fast Reactor (MSFR) in which the nuclear material is dissolved
in a liquid state [3]. This design is advantageous due to inherent safety features
and ease of disposable of burnt out fuel. However, it creates significant challenges
in fluid modelling as outlined by the International Atomic Energy Agency in the
report Challenges Related to the Use of Liquid Metal and Molten Salt Coolants in
Advanced Reactors [4].

The Transport Phenomena in Nuclear Applications at TU Delft has extensively ex-
perimented with the Lattice Boltzmann Method (hereon LBM) for simulating fluid
flows in a reactor context and specifically for some of the flow features associated
with MSFR [5, 6, 7, 8]. One of the main advantages of a LBM approach is its
ease of parallelization, as investigated by reference [7] and [5]. Through a Double
Distribution Function (DDF) thermodynamic properties and neutronics can imple-
mented as shown in reference [6, 8, 9]. In many of these implementations, the Filter
Matrix Lattice Boltzmann (hereon FMLB) method is used. The method has shown
promising results, although due to the limited amount of studies on the method,
there is some difficulty in extending the method beyond the limitations of current
literature.

1



1. Introduction

1.1 Purpose and goals
The purpose of this thesis is to thoroughly investigate the origins of the Filter Ma-
trix method in order for the Transport Phenomena in Nuclear Applications lab to
be able to deepen the development of simulation methods for Molten Salt Fast Re-
actors and alike. Due to the extensive use of the FMLB method by the lab, this
work could potentially allow the lab to understand the numerical limitations and
more easily integrate more multiphysics into the FMLB formalism.

The goal of this thesis is to theoretically derive the FMLB method presented by
Zhou et al. [10] and use this derivation to find ways to make it computationally
cheaper and applicable to simulate a wider range of flow types. Specifically, the
following is sought

1. Find Eki, Eik for a general lattice Boltzmann scheme DdQq.
2. Extend the formulation to allow the bulk viscosity to be varied independently

from the viscosity.
3. Formulate the FMLB for the k − ε equations.

1.2 Limitations
This work is limited to investigating the theoretical and mathematical origins of
the Filter Matrix Method. Previous studies have proven the efficiency and applica-
bility of the method. However, because some the final formulation differs slightly
from current literature, a numerical investigation is the logical continuation of this
project.
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2
Theory

In this chapter the macroscopic equations governing fluid mechanics are introduced
together with some turbulence modelling. Thereafter, the mesoscopic formulation
for fluid mechanics through the Boltzmann equation is shown. Lastly, simulation
techniques and current gaps in literature surround lattice Boltzmann simulation are
discussed.

2.1 Fluid mechanics preliminaries
Fluid mechanical phenomena are governed and modelled by several Partial Differ-
ential Equations (PDE). The central equations in fluid mechanics are the Navier
Stokes equations, which are composed of the continuity equation and the momen-
tum equations. The continuity equation is given by

∂tρ + ∂α(ρuα) = 0, (Continuity)

where ρ is the density and uα the fluid velocity. The continuity equation repre-
sents mass conservation The momentum equations are formulated for each spatial
dimension, which represent momentum conservation in each velocity direction,

∂t(ρuα)+∂β(ρuαuβ) = −∂αp+∂β

(
ρν
(

∂βuα + ∂αuβ −
2
3δαβ∂γuγ

)
+ δαβζ∂γuγ

)
+Fα

(Momentum)
where p is the pressure, Fα a body force (i.e. having the units of density times
acceleration), ν is the kinematic viscosity and ζ bulk viscosity [11, 12, 13]1.

The energy and temperature of the fluid needs to be modelled in other ways. A
similar energy equation to the Navier Stokes equations could be formulated for
energy, although a simpler way is to treat the fluid temperature as a passive scalar
and model it through the convection–diffusion equation

∂tϕ + ∂α(ϕuα)︸ ︷︷ ︸
Cϕ

= ∂α (Dϕ∂αϕ)︸ ︷︷ ︸
Dϕ

+qϕ (Convection diffusion equation)

1There is some nuance to the factor 2/3 as it is related to a linear stress constitutive equation,
which differs between two and three dimensions. However, the shape of the equation in terms of
derivatives is the same but the bulk viscosity ζ would need to be redefined in terms of the Lamé
parameters [14]. This thesis will only investigate the form of the differential equation and this
nuance will not be taken into account in the final formulations.
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2. Theory

where the passive scalar would be set to the temperature, i.e. ϕ = T , and diffusion
coefficient Dϕ to the thermal diffusivity [12]. However, eq. (Convection diffusion
equation) could be used to model several other physical phenomena as well, such
as neutron transport [15]. This setup has a one way coupling from the momentum
equation to passive scalar, meaning that the scalar will not change the flow field.
This is not necessarily realistic, especially in the case of temperature, which due
to density changes creates natural convection. One way to introduce the coupling
from the thermal convection–diffusion equation (heat equation) to the momentum
equation is to model the body force based on the temperature field. One way to do
this is through the Boussinesq approximation which is defined as

FT = (ρ− ρ0)gα = −ρ0β(T̄ − T0)gα (Boussinesq approximation)

with ρ0 being the density at some reference temperature T0, gα the gravitational
acceleration and β the thermal expansion coefficient [11, 12].

2.2 Turbulence modelling
The Navier Stokes equation becomes increasingly computationally expansive with in-
creasing Reynolds numbers, defined as the ratio between inertial and viscous forces.
This makes solving the discretized Navier Stokes equation, called Direct Numerical
Simulation (DNS), computationally infeasible. This is due to turbulent phenomena,
which could to be modelled separately as a way to decrease the computational de-
mand. Two of the most common approaches are Large Eddy Simulations (LES) and
Reynolds Averaged Navier-Stokes (RANS) approaches. RANS will be the focus in
this report. The main principle is to time average the Navier-Stokes equations. In
the incompressible case with the boussinesq approximation, this leads to

∂αū = 0 (RANS continuity)

and

∂t (ρ0ūα) + ∂β (ρ0ūαūβ) = −∂αp̄ + ρ0ν∂ββūα − ∂βταβ − βρ0
(
T̄ − T0

)
gα,

(RANS momentum)
where the bar indicates an averaged property. The difficult part lies in modelling
Reynolds stress that appeared ταβ = ρ0u′

αu′
β, where u′

α is the instantaneous velocity.
Several models exists, most commonly eddy viscosity models. [16, 11]

One of the most widely RANS models for industrial applications is the two equation
k − ε-model. In this model, three important quantities, turbulent kinetic energy k,
turbulent viscous dissipation ε and turbulent viscosity νt are defined as

k = 1
2u′

αu′
α, ε = ν(∂βu′

α)(∂βu′
α), νt = Cµ

k2

ε
. (2.1)

Through the Boussinesq assumption, the stress ∂βταβ in eq. (RANS momentum) is
incorporated into the viscosity, by changing the term ρ0ν∂ββūα to ρ0(ν0 + νt)∂ββūα.
By modelling k and ε, the turbulent viscosity can be calculated. The transport
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2. Theory

equations for k and ε also needs to be averaged, with assumptions and derivation
found in Davidson [11], leading to incompressible2 modelled k−ε transport equation.
For k this is

Ck︷ ︸︸ ︷
∂tk + ūβ∂βk =

P k︷ ︸︸ ︷
νt (∂βūα + ∂αūβ) ∂βūα +

Gk︷ ︸︸ ︷
gαβ

νt

σT

∂αT̄ −
Φk︷︸︸︷
ε

+ ∂β

((
ν + νt

σk

)
∂βk

)
︸ ︷︷ ︸

Dk

(k transport)

which is of the general form

Cϕ = P ϕ + Dϕ + Gϕ − Φϕ, (2.2)

with Convective term, Production, Diffusion, Gravity induced bounacy and de-
struction term Φ. In this case the turbulent dissipation ε is the destruction term for
turbulent kinetic energy, Φk = ε. For the purpose of solving the equation this may
be further collected to one effective source term qk = P k + Gk − Φk [11, 16]. The
destruction term ε is furthered modelled with another transport equation

Cε︷ ︸︸ ︷
∂ε

∂t
+ ūβ∂βε =

P ε︷ ︸︸ ︷
ε

k
cε1νt (∂βūα + ∂αūβ) ∂βūα

+ cε1gα
ε

k

νt

σT

∂αT̄︸ ︷︷ ︸
Gε

− cε2
ε2

k︸ ︷︷ ︸
Φε

+ ∂β

((
ν + νt

σε

)
∂βε

)
︸ ︷︷ ︸

Dε

,

(ε transport)

where it is possible to write an effective source term as qε = P ε + Gε − Φε. In this
case there is a set of constants defined as

(cµ, cε1, cε2, σk, σε) = (0.09, 1.44, 1.92, 1, 1.3), (2.3)

and σT being the turbulent Prandtl number which depends on the flow situation,
but is usually set a value between 0.7 and 0.9. The stress defined through the strain
rate sαβ can be defined as

νt|S|2 = 2νts̄αβ s̄αβ = νt (∂βūα + ∂αūβ) ∂βūα, (2.4)

with the general strain rate tensor

sαβ = 1
2 (∂αuβ + ∂βuα) (2.5)

For the rest of this report the k−ε equations will be treated as a convection diffusion
equation with a source term. The terms in eqs. (k transport) and (ε transport) are
are identified as the corresponding convection–diffusion equation properties as3

qk = Cµ
k2

ε
|S|2 + gαβCµ

k2

εσT

∂αT − ε (qk)

2Compressible versions of the transport equations can be found in Versteeg & Malalasekera [13]
and Wilcox [16].

3Note that k here refers to the turbulent kinetic energy and not a tensor index
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2. Theory

and
qε = Cµcε1k|S|2 − gαβCµ

k

σT

∂αT − cε2
ε2

k
. (qε)

The diffusion coefficients can be defined similarly

Dk = ν0 + Cµ
k2

εσk

(Dk)

and
Dε = ν0 + Cµ

k2

εσε

. (Dε)

2.3 Lattice Boltzmann Method
The Lattice Boltzmann method is an alternative approach to simulate the Navier
Stokes equations, with its origins in statistical physics4. The basis for the simu-
lation method a mesoscopic description of a moving fluid. That is, the effect of
particle–particle interactions are studied. Note the difference to the Navier-Stokes
equations, which are macroscopic meaning that macroscopic effects such as stresses
are modelled for the flow. It is also distinct from a microscopic formulation, in
which individual particle–particle interactions are studied, the mesoscopic formu-
lation looks at the statistics of such interactions. The governing equation is the
Boltzmann equation, given by

∂tf + ξα∂αf + Fα

ρ
∂ξαfi = Ω(f) (Boltzmann)

with particle distribution function (hereon distribution function) f , collisional oper-
ator Ω, particle velocities ξ. The distribution function is defined such that moments,
i.e. integrals over different powers of ξ, equals various macroscopic properties of the
flow, such as density and momentum. In the continuous case it can be shown that
eq. (Boltzmann) is equivalent to solving the Navier-Stokes equations [12].

Because the particle–particle interactions are local, in a way that stresses are not,
any attempts to solve eq. (Boltzmann) would be a local endeavour, making it funda-
mentally suitable for parallelization. This leads to the Lattice Boltzmann Method
(LBM), which discretizes eq. (Boltzmann) into a regular lattice. The particle veloc-
ities are discretized into a finite set ciα, which determines the directions of possible
particle–particle interactions, with the distribution function in each direction given
by fi. The particle–particle interaction can be seen as a collision, which determined
by the distribution function in each direction as Ω(fi). The collisional operator
can be defined in multiple different ways, with one of the most common being the
Bhatnagar-Gross-Krook operator (BGK),

ΩBGK,i = −1
τ

(fi(xα)− f eq
i (xα)) (2.6)

4The description of LBM given here is very brief, the reader is referred to Krüger et al. [12] for
details.
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2. Theory

which defines an equilibrium distribution as

f eq
ϕ,i = ϕωi ⊙

1 + uα
ciα

c2
s

+ uαuβ

(
1

2c4
s

(
ciα ⊙ ciβ − c2

sδαβ

)), (2.7)

where the notation is explained in appendix A. The interpretation of eq. (2.6) is
that the difference between the current distribution and the equilibrium determines
how large the effect of the collision will be. This is rescaled with a relaxation time
τ that represent how quickly the distribution is relaxed back to its equilibrium. the
equation is now solved through the stream and collide algorithm, with the most im-
portant steps being

Stream and collide algorithm
1. Collide Updated the distribution in all direction through the collisional
operator

f ⋆
i (xα, t) = fi(xα, t) + ∆tΩ(fi) (2.8)

2. Stream Move the updated collisions to neighboring nodes in the direction
corresponding to the component of the distribution function

fi(xα + ciα∆t, t + ∆t) = f ⋆
i (xα, t). (2.9)

The convergence of the algorithm depend heavily on the choice of the relaxation
time τ , as it is related to the physical viscosity and resolution as in [12],

ν = c2
s

(
τ − ∆t

2

)
=⇒ τ = ν

c2
s

+ ∆t

2 , (2.10)

there are some alternative methods to chose the relaxation time as discussed in Wolf
[17].

2.3.1 Chapman–Enskog analysis
When eq. (Boltzmann) is discretized it must be shown that the computational pro-
cedure is equivalent to solving the Navier Stokes equations. This is done through
an analysis method called Chapman–Enskog analysis, originating from lattice gas
treatments [18, 19]. It involves separating the derivatives in the discretized Lattice
Boltzmann equation into scales, which can be related using the moments of the dis-
tribution function. One such analysis is performed in chapter 3. There is one impor-
tant detail with the Chapman–Enskog analysis, the discretized Boltzmann equation
is actually not exactly equivalent to the Navier Stokes equation, rather there are
some extra terms which can be argued to be small, although it is not always the
case. In Krüger et al. [12] a Chapman–Enskog analysis to show the equivalence
of eq. (Boltzmann) and the Navier Stokes equations is presented as well as one for
the convection–diffusion equation. To motivate the derivations done in this thesis,
some of the nuances in the Chapman–Enskog analysis for the convection–diffusion
equation will be discussed.
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2. Theory

Krüger et al. [12] presents a derivation with a linear equilibrium and without any
source term that has a corresponding error term

E = ∂α

(
Dϕ

c2
s

∂t (ϕuα)
)

, (Krüger et al. 8.35c)

meaning that solving the discretized Boltzmann equation correspond to solving the
convection diffusion equation equation with an additional term. Krüger et al. [12]
notes that this term is not necessarily negligible and cannot accommodate large
variations in the viscosity Dϕ. Increasing to a second order equilibrium distribution
instead yields

E = −Dϕ

c2
s

∂α

(
ϕ

ρ
∂αp

)
. (Krüger et al. 8.37)

However, this term is still not always negligible, which is why several studies have
found ways to suppress it, some of which are outlined in [20, 21]. One such method is
to use the source term to absorb this error [22]. When using the convection–diffusion
equation for modelling the k−ε-equations as in eqs. (Dk) and (Dε), the viscosity will
vary significantly, thus requiring a more advanced expansion than what is proposed
by Krüger et al. [12]. The complexity in the source terms eqs. (qk) and (qε) further
complicates this.

2.3.2 Velocity sets
The discretization into lattice velocities is characterized with three important quan-
tities, the lattice weights ωi, lattice directions ciα and lattice speed cs [12, 23]. For
the D2Q9 model the lattice speed is cs = c∆/

√
3 with c∆ = ∆x/∆t 5

ωD2Q9,i =
[4
9

1
9

1
9

1
9

1
9

1
36

1
36

1
36

1
36

]T

(2.11)

and

cD2Q9,iα = c∆

cix↓ ciy↓︷ ︸︸ ︷

0 0
1 0
0 1
−1 0
0 −1
1 1
−1 1
−1 −1
1 −1


. (2.12)

The lattice speed and weight factors come from the fact that the equations must
satisfy the following relations [12, 17]

5In several commonly used models cs = cc∆/3, there are however some models such as D3Q7
that has other lattice speed of sounds, e.g. cs = c∆/2 from [24]. It is also common to set c∆ = 1.
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∑
i

ωi = 1 (
∑

ω)∑
i

ωiciα = 0 (
∑

ωc)∑
i

ωiciαciβ = c2
sδαβ (

∑
ωc2)∑

i

ωiciαciβciγ = 0 (
∑

ωc3)∑
i

ωiciαciβciγciδ = c4
s (δαβδγδ + δαγδβδ + δαδδβγ) . (

∑
ωc4)

2.3.3 Coupled equations in LBM
As discussed in section 2.1, the energy, or temperature, of a fluid can be treated as
a conserved quantity and thus can be incorporated into the moments of the distri-
bution function. This approach is outlined in [25] and is referred to as Multi-Speed
approach. However, [25] suggest using a so called Double Distribution Function
(DDF) as more stable and accurate way of resolving the temperature evolution.
The idea is to have one distribution function that resolves the mass and momen-
tum conservation and another distribution function that models the temperature or
energy evolution. This can be done in several ways, e.g. coupling the heat equa-
tion with the Navier Stokes equations through the Boussinesq approximation, split
into two different distribution functions [25]. This makes implementing other cou-
pled phenomena comparatively straight forward as another distribution function is
simply introduced for all coupled equations, such as the neutron diffusion equation
[9].

2.3.4 Non-dimensionalization
It is customary to formulate the lattice Boltzmann equations and simulation proce-
dures in non-dimensional units. Typically the scales are defined through a velocity
scale uscale, length scale lscale and density scale ρscale. These scales can then be com-
bined to be used to normalize all components of the Boltzmann equation as per
Krüger et al. [12]. When the non-dimensionalization is performed on the velocity
vphysical

iα and particle velocity ξphysical
iα , the non-dimensionalized versions are given as

v∗
iα = vphysical

iα /uscale (2.13)
ξ∗

iα = ξphysical
iα /uscale, (2.14)

where all other variables are rescaled likewise. Typically, as done in Krüger et al.
[12], the ∗-notation is dropped and it is understood that all equations in a lattice
Boltzmann context and non-dimensional. The velocities are however rescaled again
with the lattice speed of sound c∗

s, defined in Shan et al. [23], finally resulting in

ξ∗
iα = c∗

iα/c∗
s (2.15)

v∗
iα = u∗

iα/c∗
s (2.16)

9
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once again, dropping the ∗ notation for the lattice particle velocity c∗
iα and the lattice

velocity u∗
iα. Throughout this report all values are dimensionless unless otherwise

mentioned.

2.4 Hermite expansions
In both the discrete and continuos case, the equilibrium distribution f eq

ϕ,i can be
expanded into a set of Hermite polynomials that correspond to the Maxwell Boltz-
mann distribution. Most commonly found in literature is the second order expan-
sion eq. (2.7), as this is what is needed for a reconstruction of the Navier Stokes
relation [23]. The Hermite polynomials can be derived mathematically as in [26],
although the formulations from the literature must be modified to include the non-
dimensionalization defined in section 2.3.4.

In the notation of Shan et al. [23], the first three Hermite polynomials are

H (0)
i (ξ) = 1, (H (0))

H (1)
i (ξ) = ξi, (H (1))

H (2)
ij (ξ) = ξiξj − δij, (H (2))

H (3)
ijk (ξ) = ξiξjξj − ξiδjk − ξjδki − ξkδij. (H (3))

which have the recursive definition6

ξiH
(n)

i1,i2,...,in
= H (n+1)

i,i1,i2,··· ,in
+

n∑
k=1

δiik
H (n−1)

i1,i2,ik−1,ik+1,··· ,in
. (2.17)

For the isothermal case (meaning θ = 1 in the corresponding expressions in Krüger
et al. [12] and Shan et al. [23]), the equilibrium moments, translated to the notation
of this report, are given by

a
(0)
0 = ρ, (2.18)

a
(1)
0 = ρv∗

α = ρ
u∗

α

cs

, (2.19)

a
(2)
0 = ρv∗

αv∗
β = ρ

u∗
αu∗

β

c2
s

, (2.20)

a
(3)
0 = ρv∗

αv∗
βv∗

γ = ρ
u∗

αu∗
βu∗

γ

c3
s

. (2.21)

These expression are combined to a projection of the population density function
onto the Hermite polynomials, as defined by Shan et al. [23]

fϕ,i(xα, ξα, t) ≈ ω(ξα)
N∑

n=0

1
n!a

(n)(xα, t)H (n)
i (ξα) (2.22)

6This recursive definition is the reason calculations in appendix C simplify as it does.
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Now, the notation is changed to be similar to what is used throughout Krüger et
al. [12]. The indices i, j, k used by Shan et al. [23] for the Hermite polynomials
are changed to (iα), (iβ), (iγ) and replace with the rescaled lattice speeds from
section 2.3.4

H (3)
(iα)(iβ)(iγ)(ξ) = ξiα ⊙ ξiβ ⊙ ξiγ − ξiαδβγ − ξiβδαγ − ξiγδβα

= ciα ⊙ ciβ ⊙ ciγ

c3
s

− ciαδβγ + ciβδαγ + ciγδβα

cs

(2.23)

Rewriting the lower ordered Hermite polynomials in a similar way and substituting
appropriate values for a0 in eq. (2.22) yields a third order equilibrium function.

f eq
ϕ,i = ϕωi ⊙

1 + uα
ciα

c2
s

+ uαuβ

(
1

2c4
s

(
ciα ⊙ ciβ − c2

sδαβ

))

+ uαuβuγ

(
1

6c6
s

(
ciα ⊙ (ciβ ⊙ ciγ)− c2

s (ciαδβγ + ciβδγα + ciγδβα)
)),

(2.24)

Although, as mentioned in Krüger et al. [12], the second order distribution in
eq. (2.7) is sufficient for recovering the Navier Stokes equation. The reason to write
out the third order distributution is because it is needed as a part of some of the
calculations in appendix C.

There is one important caveat with the change in notation from i, j, k to (iα), (iβ),
(iγ), and that is that the Hermite polynomials are symmetric, that is H (2)

ij = H (2)
ji .

When trying to represent the Hermite expansion as a tensor as will be done in
chapter 4,the tensor operations will not behave as could be expected. This nuance
is elaborated on extensively in appendix A. The reason to use this notation is be-
cause it is the convection used by Krüger et al. [12] and because the symmetric
notation used by reference [23, 26] is hard to compare to the macroscopic formula-
tions of eq. (Convection diffusion equation), eq. (Continuity) and eq. (Momentum).
The definition of tensor multiplications and generalization of the kronecker δ are
especially unintuitive. Since the derivations in this thesis mostly use terms corre-
sponding up to the second order Hermite expansion, writing the notation explicitly
is still manageable, although cumbersome. If the procedures introduced in this the-
sis are used to formulate a similar method for the Burnett equation, the notation
would become even more convoluted.

2.5 Multiple Relaxation Time collisional opera-
tors

The Multiple Relaxation Time (MRT) collisional operator was originally proposed
by d’Humieres in 1992 [27] and further formalized by d’Humieres in 2002 [28]. The
general idea is that instead using a single relaxation time for the entire popula-
tion density like BGK, the sums leading to macroscopic moments can be relaxed
individually. To perform this relaxation, the population density is transformed to a

11
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moment vector through a transformation matrix. The following is based on Hermite
polynomials and given by Krüger et al. [12]

M =

[
1i, cix, ciy, cixcix − c2

s, ciyciy − c2
s,

cixciy cixc2
iy − c2

scix, ciyc2
ix − c2

sciy, c2
ixc2

iy − c2
sc

2
ix − c2

sc
2
iy + c4

s

]T
,

(2.25)
which relates the moment vector αϕ (denoted m in Krüger et al. [12]) to the pop-
ulation fϕ through αϕ = Mfϕ. For example, multiplying eq. (2.7) with M and
substituting the relations the relations eqs. (

∑
ω) to (

∑
ωc4) would give a vector

with components in macroscopic variables. The last components of that vector does
not correspond to any of the term in eq. (2.7).

Then a relaxation matrix is introduced which has different relaxation times for the
different moments, two of which are related to physical quantities and two which
corresponds to higher order terms. The higher order terms are useful for increas-
ing stability and accuracy, although these improvements have shown to be minor.
Choosing the relaxation rates for the MRT is difficult and has to be done on a case
by case basis [12].

2.6 The Filter Matrix Lattice Boltzmann Method

Filter matrix method is an alternative approach to solve the Lattice Boltzmann
Equation. To the author only six articles developing the method are known. The
two original articles from Shell Research, Netherlands [29, 30] from the 1990’s
and four based in Northwestern Polytechnical University, China, from the 2010’s
[10, 31, 32, 33]. Moreover, on top of these articles the method has succefully been
used by Rohde in [34] as well as several master thesis projects based at TU Delft,
Netherlands such as reference [5, 6, 7, 8].

The method works on a staggered grid, where the populations fϕ,i at each staggered
node is transformed into a vector αϕ,k corresponding to the macroscopic moments
of the distribution function at the corresponding non-staggered node. The compo-
nents of the α vector can then be used to calculate the collision, which is applied
to the α vector directly. Then the updated α is transformed back to the staggered
distribution functions and later streamed. The formulation presented below is based
on Zhou et al. [10] and [33].

Calculating the moment vector α from the staggered populations through the matrix
Eki

α±
ϕ,i =

∑
i

Ekifϕ,i

(
xα ± ciα

∆t

2 , t± ∆t

2

)
, (2.26)
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where the matrix is defined based on the used velocity sets, e.g. for the D2Q9 scheme

E
(Zhuo)
ki,D2Q9 =

[
1, cix, ciy, 3c2

ix − 1 3cixciy,

3c2
iy − 1, cix(3c2

iy − 1), ciy(3c2
ix − 1), 1

2(3c2
ix − 1)(3c2

iy − 1)
]T .

(2.27)
Then the collision is performed by calculating the ±-terms through the description
of the α-vector, given in two dimension as

α±
D2Q9,k =



ρ
ρux ±∆tFx/2
ρuy ±∆tFy/2

3ρuxux + ρ (−6ν ±∆t) ∂xux + (3− 3B) ρ ν div(uα)
3ρuxuy + ρ (−6ν ±∆t) (∂yx + ∂xy)/2

3ρuyuy + ρ (−6ν ±∆t) ∂yuy + (3− 3B) ρ ν div(uα)
T ±

1
T ±

2
F ±


(2.28)

where bulk viscosity is related to the viscosity through the constant B as νbulk = Bν.
The T and F terms are higher order terms, which can be set to zero or treated
in somewhat more complex ways as described by reference [30, 10, 32]. In three
dimension for the D3Q19 scheme, the moment vector is instead given by

α±
D3Q19 =



ρ
ρux ±∆tFx/2
ρuy ±∆tFy/2
ρuz ±∆tFz/2

3ρuxux + ρ (−6ν ±∆t) ∂xux + (2− 3B)ρ ν div(uα)
3ρuyuy + ρ (−6ν ±∆t) ∂yuy + (2− 3B)ρ ν div(uα)
3ρuzuz + ρ (−6ν ±∆t) ∂zuz + (2− 3B)ρ ν div(uα)

3ρuyuz + ρ (−6ν ±∆t) (∂yz + ∂zy)/2
3ρuxuz + ρ (−6ν ±∆t) (∂zx + ∂xz)/2
3ρuxuy + ρ (−6ν ±∆t) (∂yx + ∂xy)/2

T ±
1,2,3,4,5,6
F ±

1,2,3



. (2.29)

When the collision is performed, that is the α− have been changed to the corre-
sponding α+, the moment vector is transformed back to the moment space as

fϕ,i

(
xα ± ciα

∆t

2 , t± ∆t

2

)
=
∑

k

ωiEikα±
ϕ,i, (2.30)

in this case using the matrix

E
(Zhuo)
ik,D2Q9 =

[
1, 3cix, 3ciy,

3c2
ix − 1
2 , 3cixciy,

3c2
iy − 1
2 ,

3cix(3c2
iy − 1)

2 ,
3ciy(3c2

ix − 1)
2 ,

1
2(3c2

ix − 1)(3c2
iy − 1)

]
(2.31)
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where the two matrices are related by ωiEik = E−1
ki .

The α vector changes when considering a convection–diffusion problem instead of
the Navier Stokes equations, algorithm is the same except that α is renamed to β
and given by

β±
D2Q9 =

[
ϕ, uxϕ +

(
−6Dϕ ±∆t

6

)
∂xϕ, uyϕ +

(
−6Dϕ ±∆t

6

)
∂yϕ, S±

1 , S±
2 ,

S±
3 , T ±

1 , T ±
2 , F ±

]
.

(2.32)

2.6.1 Derivation of the Filter Matrix Method
The derivation procedure for the original formulation of FMLB is given by Somers
[29], which extensively relies on the work Lattice gas hydrodynamics in two and three
dimensions from 1987 [19]. In it, arguments form lattice gas modelling are used to-
gether with cellular automata rules to derive hydrodynamic equations. Imporantly,
the study constructs a dynamic population density Ni, which is conceptually differ-
ent from the equilibrium distribution. In Ni there are several free parameters that
can be chosen to match the Navier Stokes equations, c.f. equation 4.14, 5.1, 5.13,
5.14, 5.15 in [19]. This is the starting point for both the derivations of both Somers
[29] and Zhou et al. [10].

In Somers [29] the Ni population is formulated for a 24-speed grid, having the
property that

∑
i

mi = 24 and four dimension that has the desired symmetric prop-

erties when projected down to three dimensions, as described by Krüger et al. [12].
The initial motivation is in Somers [29], although the formulations from Eggels &
Somers [30] are shown below. The population density is determined to be, with
subgrid stress tensor τ

Ni = miρ

24

(
1 + 2ci · u + 3

(
(ci · u)2 − 1

2u2 + cici : τ − 1
2trace(τ)

)
+ 6ν

(
(ci · ∇)(ci · u)− 1

2∇ · u
)

+O(u3, u∇u)
)

,
(2.33)

from which the challenge is to construct the collisional operator. This is done
through a staggered formulation of the population density

Ni

(
x + 1

2ci, t + 1
2

)
= Ni

(
x− 1

2ci, t− 1
2

)
+ Ω(Ni) (2.34)

and a Taylor expansion of the staggered

Ni

(
(x + 1

2ci, t + 1
2

)
= Ni(x, t)± 1

2ci∇Ni(x, t) + 1
2∂tNi(x, t) (2.35)

from which so called higher order terms, of the form O(u3, u∇u) are neglected and
the expression rewritten with the continuity equation, the approximation,

∂t(ρu) ≈ −1
2∇p + F +O(∇u2,∇2u), (2.36)
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for some force term F and the pressure defined as

p = ρ

2

(
1− 1

2(u2 + trace(τ))
)

(2.37)

Finally resulting in

Ωi = miρ

12

[
(ci · ∇)(ci · u)− 1

2∇ · u
]

. (2.38)

From the Ni and Ωi, Somers [29] proceeds to find the eigenvectors correspond-
ing to different hydrodynamical modes, such as density mode 1, momentum modes
cix, ciy, ciz, ciw, as well as shear modes 2c2

ix−1, 2c2
iy−1, 2c2

iz−1, cixciy, cixciz, cizciy, ciwcix,
ciwciy, ciwciz, c.f. Table I in Somers [29]. The projection of the population densities
on these modes are then written out in Eggels & Somers [30], which gives transfor-
mation matrices and moment vectors similar to what was introduced in section 2.6.

The derivation by Zhou et al. [10] is similar, although the tuning the free parameters
to match the Navier Stokes equation of the general Ni formulated in [19] is written
out explicitly. However, the derivational procedure in both Somers [29] and Zhou et
al. [10] is described only briefly, and is difficult to extend for arbitrary velocity sets.
It is reasonable to expect that the tuning of the parameters from Ni in [19] is similar
for the convection diffusion equation, although it is not written out explicitly. The
inclusion of higher order hydrodynamical modes in the projection matrices is also
not motivated, espceially since some higher order terms are neglected later in the
derivation. Therefore, this thesis will investigate the derivational procedure in great
detail.

Currently Rohde [35] tries to perform a more explicit derivation for the FMLB
formulation for the momentum equation, and that methodology will largely be the
basis for the derivation in chapter 3. The general approach is to do a full Chapman–
Enskog expansion of the BGK and calculate the corresponding Ni and identify terms
the least amount of terms needed to recover the Navier–Stokes equation. That
derivation have several limitations, such relying on the matrices calculated by Zhou
et al. [10] and not implementing any force term.

2.7 Turbulence modelling in LBM
Turbulence modelling through LES has been studied both for LBM in general as well
as specifically for FMLB, as in reference [33, 29]. However, LES is a computationally
expensive turbulence model compared to the k− ε model. Despite its prevalence in
finite volume method simulations, very few studies have been conducted on k − ε
modelling in the LBM framework. Only two such studies are known to the author,
Succi et al. [36] and Sajjadi et al. [37]. The former did not numerically test its
proposed schemed and uses a first order equilibrium distribution function, something
Krüger et al. [12] recommends against due to the error term appearing in the
Chapman–Enskog analysis. The study by Sajjadi et al. [37] uses the BGK operator
and a second order equilibrium function for the k and ε populations. However, it
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seemingly does not use the variable substitutions needed to recover second order
accuracy when using force and source terms as described by Krüger et al. [12].
Further, there are no studies implementing the k−ε model in the FMLB framework.
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3
Chapman–Enskog analysis of
convection–diffusion equation

In this chapter, a convectional Chapman–Enskog expansion is used to show how the
Boltzmann equation with the BGK collisional operator in a staggered formulation
is similar to the convection–diffusion equation. Based on this expansion, the BGK
operator is rewritten in terms of macroscopic flow properties, similarly to an internal
memo by Rohde [35] where this is done for the forceless momentum equations.
This expansion contains several so called higher order terms deemed unphysical,
which are removed to form a new collisional operator and effectively ”filtering” the
BGK operator. Note that in order to make for easier comparison to literature, the
notational nuances and aids introduced in appendix A are not considered in this
chapter to be more easily compared to Krüger et al. [12] and Rohde [35].

3.1 Staggering the discretized Boltzmann equa-
tion

Similarly to Zhou et al. [10], the discretized version of eq. (Boltzmann) looks like
∂tfϕ,i + ciα∂αfϕ,i + aα∂ciα

fϕ,i = Ω′
ϕ,i(fϕ,i) (3.1)

where the last term of the left hand side is a source term that adds scalar, e.g. a
heat source, or scalar flux, e.g. momentum. Similarily to Zhou et al. [10] this could
be grouped into an effective collision term

∂tfϕ,i + ciα∂αfϕ,i = Ωϕ,i(fϕ,i) (3.2)
or implement a discretized source contribution explicitly

∂tfϕ,i + ciα∂αfϕ,i = Ω′
ϕ,i(fϕ,i)−Qϕ,i. (3.3)

Second order taylor expansion of a perturbation of the equilibrium results in

fϕ,i

(
xα ± ciα

∆t

2 , t± ∆t

2

)
= fϕ,i(xα, t)

± ciα
∆t

2 ∂αfϕ,i(xα, t)± ∆t

2 ∂tfϕ,i(xα, t)

+
(

∆t

2

)2 (
ciα∂t∂αfϕ,i(xα, t)

+ 1
2(ciα ⊙ ciα)∂ααfϕ,i(xα, t) + 1

2∂ttfϕ,i(xα, t)
)

(3.4)
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3. Chapman–Enskog analysis of convection–diffusion equation

For the Filter Matrix method it is appropriate to discretize the Boltzmann equation
in a staggered manner, a second order accurate leapfrog scheme, similarly to what
has been done in the original derivation by Somers [29]

fϕ,i

(
xα + ciα∆t

2 , t + ∆t

2

)
= fϕ,i

(
xα −

ciα∆t

2 , t− ∆t

2

)
+ ∆t Ωϕ,i(fϕ,i). (3.5)

or with the explicit source treatment Qϕ,i-term as described by Krüger et al. [12],
but here applied to the staggered discretization,

fϕ,i

(
xα + ciα∆t

2 , t + ∆t

2

)
= fϕ,i

(
xα −

ciα∆t

2 , t− ∆t

2

)
+ ∆t

(
Ω′

ϕ,i(fϕ,i) + Qϕ,i

)
.

(3.6)
Substituting eq. (3.4) into eq. (3.5) and simplifying results in1

Ωϕ,i(fϕ,i) = ∂tfϕ,i(xα, t) + ciα∂αfϕ,i(xα, t) (3.7)

and equivalently with the explicit source,

Ω′
ϕ,i(fϕ,i) + Qϕ,i = ∂tfϕ,i(xα, t) + ciα∂αfϕ,i(xα, t). (3.8)

As will be seen, this staggering is a critical property of the Filter Matrix method and
the reason for its second order accuracy. The staggered formulation is typically not
used with BGK. The reason for this is likely to be that the values of fϕ,i on the non-
staggered nodes are needed to perform the collision, this has to be extrapolated from
the nodes, c.f. fig. 3.1, which is cumbersome to do. In the Filter Matrix framework
presented below, it will be shown to become easier to do this extrapolation.

3.2 Chapman–Enskog expansion of a staggered
formulation BGK formulation of the convec-
tion diffusion equation

The following Chapman–Enskog is based on the convection–diffusion equation ex-
pansion in Krüger et al. [12], although here a source term is added. This is done
in a similar way to the force term in the expansion for the momentum equation by
Krüger et al. [12].

Throughout this derivation, an equilibrium distribution which is a second order
Hermite polynomial expansion of the Maxwell-Boltzmann distribution is used, the
superscript (0) is used to denote the equilibrium from eq. (2.7)

f
(0)
ϕ,i (xα, t) = ωiϕ

(
1 + ciαuα

c2
s

+ 1
2

(ciαuα)2

c4
s

− 1
2

uαuα

c2
s

)
. (f (0))

Summing this equilibrium distribution and applying the the properties of the dis-
cretization in eqs. (

∑
ω) to (

∑
ωc3) yields∑

i

f
(0)
ϕ,i = ϕ,

∑
i

ciαf
(0)
ϕ,i = ϕuα. (3.9)

1Notice that the second order derivatives disappear due to the staggered formulation.
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3. Chapman–Enskog analysis of convection–diffusion equation
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Figure 3.1: Staggering in a D1Q2 scheme. 1. Initial populations defined at half
nodes. 2. Half node populations are used to estimate the integer node populations.
3. The collision values for each half node is calculated through the integer node
populations. 4. The half node values are streamed and the process from 1. can be
repeated toward the next time step.

3.2.1 Taylor expansion and scale separation
The key technique to the Chapman–Enskog expansion is to separate into different
scales, which could be argued represents different time scales for physical processes,
for details see Krüger et al. [12] and [19]. The distribution function is expanded to
second order as

fϕ,i = f
(0)
ϕ,i︸︷︷︸

Equilibrium

+ ϵf
(1)
ϕ,i + ϵ2f

(2)
ϕ,i︸ ︷︷ ︸

Non-equilibrium

, (3.10)

which is split into an equilibrium part and non-equilibrium part. Derivatives in
space and time are also expanded as in Krüger et al. [12] and [19, 17] to

∂t = ϵ∂
(1)
t + ϵ2∂

(2)
t (3.11)

and
∂α = ϵ∂(1)

α (3.12)

because of the scale separation, terms multiplied by ϵn with n > 2 are not accounted
for. Thus, combining the scale separations of the time derivative and the distribution
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3. Chapman–Enskog analysis of convection–diffusion equation

function results in

∂tfϕ,i(xα, t) =
(
ϵ∂

(1)
t + ϵ2∂

(2)
t

) (
f

(0)
ϕ,i + ϵf

(1)
ϕ,i + ϵ2f

(2)
ϕ,i

)
= ϵ∂

(1)
t f

(0)
ϕ,i + ϵ2

(
∂

(1)
t f

(1)
ϕ,i + ∂

(2)
t f

(0)
ϕ,i

)
+O(ϵ3).

(3.13)

Now, using the scale separations from before in eq. (3.8) together with the scale
separation suggested by Krüger et al. [12] Qϕ,i = ϵQ

(1)
ϕ,i

ϵ(∂(1)
t f

(0)
ϕ,i + ciα∂(1)

α f
(0)
ϕ,i −Q

(1)
ϕ,i) + ϵ2

(
∂

(1)
t f

(1)
ϕ,i + ∂

(2)
t f

(0)
ϕ,i + ciα∂(1)

α f
(1)
ϕ,i

)
= ϵΩ(1)

ϕ,i + ϵ2Ω(2)
ϕ,i +O(ϵ3)

(3.14)

In this case the collisional operator of choice is the Bhatnagar–Gross–Krook operator
(BGK), which is defined and rewritten with the scale separation as

Ωϕ,i,BGK = −1
τ

(
fϕ,i − f

(0)
ϕ,i

)
= −1

τ

(
ϵf

(1)
ϕ,i + ϵ2f

(2)
ϕ,i

)
. (3.15)

which yields the final discretized, staggered, scale separated BGK expression

ϵ(∂(1)
t f

(0)
ϕ,i + ciα∂(1)

α f
(0)
ϕ,i −Q

(1)
ϕ,i) + ϵ2

(
∂

(1)
t f

(1)
ϕ,i + ∂

(2)
t f

(0)
ϕ,i + ciα∂(1)

α f
(1)
ϕ,i

)
= −1

τ

(
ϵf

(1)
ϕ,i + ϵ2f

(2)
ϕ,i

)
+O(ϵ3).

(3.16)

3.2.2 Summing into macroscopic properties
The main difference to Chapman–Enskog analysis of the momentum equations comes
from the non-equilibrium sums as these represents whether certain quantities are
preserved after a collision. For the momentum equations, both mass and momentum
are conserved. For scalar transport, only the scalar is conserved, the scalar fluxes
are not conserved. In this case, conservation of a property means that the non-
equilibrium part sums to zero, i.e.

∑
i

f
(neq)
k,i = 0. (3.17)

The so called solvability conditions discussed by Krüger et al. [12] is to further
assume that each individual scale sums to zero, that for n > 1

∑
i

f
(n)
k,i = 0. (3.18)

The scalar fluxes are not conserved for the convection–diffusion equations, and thus
nothing is know about

∑
i

ciαf
(neq)
k,i Now, each scale ϵ and ϵ2 in eq. (3.16) can be

analyzed individually,
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3. Chapman–Enskog analysis of convection–diffusion equation

Summations in ϵ1

The equation associated with the scale ϵ in eq. (3.16) is

− 1
τϕ

f
(1)
ϕ,i = ∂

(1)
t f

(0)
ϕ,i + ciα∂(1)

α f
(0)
ϕ,i −Q

(1)
ϕ,i , (3.19)

summing each term in eq. (3.19) yields

∑
i

f
(1)
ϕ,i = −τϕ

(∑
i

∂
(1)
t f

(0)
ϕ,i +

∑
i

ciα∂(1)
α f

(0)
ϕ,i −

∑
i

Q
(1)
ϕ,i

)
(3.20)

in which the previously established summations for Q
(1)
ϕ,i , f

(0)
ϕ,i and f

(1)
ϕ,i can be sub-

stituted, resulting in
∂

(1)
t ϕ + ∂(1)

α (ϕuα)− qϕ = 0. (ϵ1c0)

Then all terms in eq. (3.19) are multiplied with ciα and then summed, as

∑
i

ciαf
(1)
ϕ,i = −τϕ

(∑
i

ciα∂
(1)
t f

(0)
ϕ,i +

∑
i

ciα

(
ciβ∂

(1)
β

)
f

(0)
ϕ,i −

∑
i

ciαQ
(1)
i

)
(3.21)

and inspired by derivation in Krüger et al. [12], two new variables are introduced as

Π(0)
ϕ,αβ =

∑
i

ciαciβf
(0)
ϕ,i (3.22)

and
Θ(1)

ϕ,α =
∑

i

ciαf
(1)
ϕ,i , (3.23)

resulting in
Θ(1)

ϕ,α = −τϕ

(
∂

(1)
t (ϕuα) + ∂

(1)
β Π(0)

ϕ,αβ

)
. (ϵ1c1)

Summations in ϵ2

The equation for ϵ2 in eq. (3.16) is

− 1
τϕ

f
(2)
ϕ,i = ∂

(2)
t f

(0)
ϕ,i + ∂

(1)
t f

(1)
ϕ,i + ciα∂(1)

α f
(1)
ϕ,i (3.24)

which is then summed termwise as

∑
i

f
(2)
ϕ,i = −τϕ

∑
i

∂
(2)
t f

(0)
ϕ,i +

∑
i

∂
(1)
t f

(1)
ϕ,i +

∑
i

ciβ∂
(1)
β f

(1)
ϕ,i

 (3.25)

where previous summations and redefinitions are substituted into, giving the relation

∂
(2)
t ϕ + ∂(1)

α Θ(1)
ϕ,α = 0. (ϵ2c0)
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3.2.3 Isolating error term

Summing2 eq. (ϵ1c0) and eq. (ϵ2c0), using ∂(1)
α = ∂α and substituting (∂(1)

t +∂
(2)
t )ϕ =

∂tϕ yields3

∂tϕ + ∂(1)
α (ϕuα)− qϕ + ∂αΘ(1)

ϕ,α = 0. (3.26)
Finally, substituting eq. (ϵ1c1) into eq. (3.26) yields

∂tϕ + ∂α(ϕuα) = qϕ + ∂α

(
τϕ

(
∂

(1)
t (ϕuα) + ∂βΠ(0)

ϕ,αβ

))
. (3.27)

The diffusion coefficient is defined as,

Dϕ = c2
sτϕ (3.28)

and this is allowed to vary in both space and time, which is a necessary in order to
incorporate turbulent fluctuations.

Now Π(0)
ϕ,αβ can be calculated by substituting the second order equilibrium distribu-

tion function eq. (f (0)) and using the relations eqs. (
∑

ω) to (
∑

ωc3) ciα to get

Π(0)
ϕ,αβ =

∑
i

ciαciβf
(0)
ϕ,i = c2

sϕδαβ + ϕuαuβ. (3.29)

Thus, substituting Dϕ and eq. (3.29) into the appropriate term in eq. (3.27) and
performing the product rule twice allows separation of ϕ and uα-derivatives

∂α

(
Dϕ

c2
s

∂βΠ(0)
ϕ,αβ

)
= ∂α

(
Dϕ

c2
s

∂β

(
c2

sϕδαβ + ϕuαuβ

))

= ∂α(Dϕ∂αϕ) + ∂α

(
Dϕ

c2
s

∂β(ϕuαuβ)
)

.

(3.30)

Substituting this back into eq. (3.27) yields

∂tϕ + ∂α(ϕuα) = ∂α(Dϕ∂αϕ) + qϕ

+ ∂α

(
Dϕ

c2
s

(
∂β (ϕuαuβ) + ∂

(1)
t (ϕuα)

))
︸ ︷︷ ︸

E

(3.31)

Which is already has the form of the advection diffusion equation

Cϕ = Dϕ + qϕ + E, (3.32)

where E is a quite complex unwanted error term. Now, this term has to be expanded
further to see whether it significant for the flow cases of interest. The interior of E
can be expanded with the product rule as

∂β (ϕuαuβ) + ∂
(1)
t (ϕuα) = ϕ∂β (uαuβ) + uαuβ∂βϕ + ϕ∂

(1)
t uα + uα∂

(1)
t ϕ

= uα

(
∂

(1)
t ϕ + uβ∂βϕ

)
+ ϕ

(
∂

(1)
t uα + ∂β (uαuβ)

)
.

(3.33)

2The fact that the scale separation is summed to, in some sense, remove the scale separation
will serve as inspiration the derivation in chapter 4.

3It will later be shown that this expression is exactly the same as if the BGK was not assumed,
i.e. it is also valid for a general Ω.
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3. Chapman–Enskog analysis of convection–diffusion equation

Now the two sums multiplied with uα and ϕ in eq. (3.33) can be analyzed indi-
vidually. The result for the term multiplied with uα is simplified with eq. (ϵ1c0)
as

∂
(1)
t ϕ + uβ∂βϕ = qϕ − ∂α(ϕuα) + uβ∂βϕ

= qϕ − ϕ∂αuα.
(3.34)

3.2.4 Momentum substitution
The term multiplied with ϕ in eq. (3.33) can be expanded through terms from the
Chapman–Enskog analysis of the momentum equation, as done by Rohde [35]. The
derivation by Rohde [35] does not account for forces, below is a derivation that
assumes a body force implemented in a the most simple way, similarly to the source
term in this report. Expanding and grouping terms from the ϕ in eq. (3.33) results
in

∂
(1)
t uα + ∂β (uαuβ) =

(
∂

(1)
t uα + uβ∂βuα

)
+ uα∂βuβ (3.35)

The left hand side parentheses is rewritten using repeated application of the inverse
product rule,

∂
(1)
t uα + uβ∂βuα = 1

ρ

(∂(1)
t (ρuα) + ∂β(ρuαuβ)

)
− uα

(
∂

(1)
t ρ− ∂β(ρuβ)

)
︸ ︷︷ ︸

=0, from momentum eq. (ϵ1c0)

 .

(3.36)
The momentum equations contain the volumetric force Fρ,α

4 which is decomposed
to the velocities as Fρ,i that satisfies (using the first order force assumption)∑

i

Fρ,i = 0,
∑

i

ciαFρ,i = Fρ,α. (3.37)

Two important intermediate results from the momentum Chapman–Enskog analysis
are

Π(0)
ρ,αβ = c2

sρδαβ + ρuαuβ = pδαβ + ρuαuβ (3.38)
∂

(1)
t (ρuα) + ∂

(1)
β Π(0)

ρ,αβ =
∑

i

ciαF (1)
ρ,i = Fρ,α, (3.39)

which comes from the grid discretization and the equivalent expression to eq. (ϵ1c1)
in Rohde [35] although extended with the force implementation above. Thus the
first term on the right hand side in eq. (3.36) becomes

∂
(1)
t (ρuα) + ∂β(ρuαuβ) = −1

ρ
∂αp + Fρ,α

ρ
(3.40)

with the entire expression

∂
(1)
t uα + ∂β (uαuβ) = −1

ρ
∂αp + Fρ,α

ρ
+ uα∂βuβ. (Momentum subs.)

4Meaning it will have units of N m−3
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3. Chapman–Enskog analysis of convection–diffusion equation

Error terms

Resubstituting the previous results into eq. (3.33)

∂
(1)
t (ϕuα) + ∂β (ϕuαuβ) = uαqϕ −

ϕ

ρ
∂αp + ϕ

ρ
Fρ,α. (3.41)

Rearranging using the relation ∂αp

p
= ∂αρ

ρ
makes it more clear when incompress-

ibility is relevant. Substituting this and eq. (3.41) back into eq. (3.31) and using
p = c2

sρ finally results in

BGK error terms for convection diffusion equation
The sums defined in section 3.2.2 together with the BGK operator is equivalent
to the modified convection diffusion equation

∂tϕ + ∂α(ϕuα) = qϕ + ∂α(Dϕ∂αϕ) + E.

where E is an unwanted error depending on parameters from the couple flow

E = ∂α

(
Dϕ

c2
s

(
uαqϕ −

ϕ

ρ
∂αp + ϕFρ,α

))

= −∂α

(
Dϕ

ϕ

p
∂αp

)
︸ ︷︷ ︸

Non physical

+ ∂α

(
Dϕ

ϕ

p
Fρ,α

)
︸ ︷︷ ︸

Non physical

+ uα

c2
s

∂α

(
Dϕ

c2
s

qϕ

)
︸ ︷︷ ︸

Small for small Mach numbers

+ qϕDϕ

c2
s

∂αuα︸ ︷︷ ︸
=0 if incompressible

+O(ϵ3),

(3.42)

In eq. (3.42) some terms could reasonable be claimed to be small for incompressible,
low Mach number flows. However, the first term is not necessarily negligible, as
discussed by Krüger et al. [12]. The second term, first derived here, through the
force substitution, is also difficult to argue to be small in general.

To conclude, using a staggered formulation and summation properties, the BGK
is equivalent to the convection diffusion equation up to the error term E. N.b.,
compared to the derivations in Krüger et al. [12] no term of the form ∆t∂tqϕ shows
up in the expression. This is a direct consequence of the staggered formulation and
significantly improves the accuracy and means that there are no need for complex
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3. Chapman–Enskog analysis of convection–diffusion equation

treatments of the source term as is otherwise required by the BGK. As noted by
Krüger et al. [12], E is not always negligible.

3.3 The collisional operator for BGK in macro-
scopic variables

The general idea of this section is to show that the BGK expressed in macroscopic
quantities is a very cumbersome collisional operator. This will be the motivation for
constructing a new operator directly in macroscopic properties later.

From the scale separation in eq. (3.16), without summing, the different orders of fϕ,i

can be written as

f
(1)
ϕ,i = −τϕ

(
∂

(1)
t f

(0)
ϕ,i + ciα∂(1)

α f
(0)
ϕ,i −Q

(1)
ϕ,i

)
(3.43)

and
f

(2)
ϕ,i = −τϕ

(
∂

(2)
t f

(0)
ϕ,i + ∂

(1)
t f

(1)
ϕ,i + ciβ∂

(1)
β f

(1)
ϕ,i

)
, (3.44)

which together form
fϕ,i = f

(0)
ϕ,i + f

(1)
ϕ,i + f

(2)
ϕ,i +O(ϵ3). (3.45)

Then, the following approximation is inherited from Rohde [35]5,

fϕ,i ≈ f
(0)
ϕ,i + f

(1)
ϕ,i (3.46)

and as a consequence the collisional operator becomes,

Ωϕ,i(fϕ,i) = − 1
τϕ

(
fϕ,i − f

(0)
ϕ,i

)
≈ − 1

τϕ

f
(1)
ϕ,i

= ∂
(1)
t f

(0)
ϕ,i + ciα∂(1)

α f
(0)
ϕ,i −Q

(1)
ϕ,i

(3.47)

where it is known that the different derivatives of the equilibrium distribution cor-
respond to macroscopic properties from the previous Chapman–Enskog expansion.

3.3.1 Time derivatives
The goal now is to reformulate the expression below without any explicit time de-
pendence. That is to replace all time derivatives with spatial derivatives6. Taking
the first order time derivative of each term in the equilibrium distribution eq. (f (0))

5This approximation is however hard to justify, although the conclusions that follow all appear
reasonable.

6This is to get results similar to Eggels & Somers [30] and Zhou et al. [10] as their final
formulation does not have any time dependence.
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yields

∂
(1)
t f

(0)
ϕ,i (xα, t)
ωi

=

I︷ ︸︸ ︷
∂

(1)
t ϕ +ciα

c2
s

II︷ ︸︸ ︷
∂

(1)
t (ϕuα)

+ 1
2c4

s

∂
(1)
t (ϕ(ciαuα)(ciβuβ))︸ ︷︷ ︸

III

− 1
2c2

s

∂
(1)
t (ϕuαuα)︸ ︷︷ ︸

IV

.

(3.48)

in which each term is expanded.

Term I

Rewritten by eq. (ϵ1c0)

∂
(1)
t ϕ = qϕ − ∂(1)

α (ϕuα) , (3.49)

resulting in the contribution CI to the collisional operator

CI = qϕ − ∂α (ϕuα) . (3.50)

Term II

This is derived by rearranging eq. (3.41)

∂
(1)
t (ϕuα) = −∂

(1)
β (ϕuαuβ) + uαqϕ −

ϕ

ρ
∂αp + ϕ

ρ
Fρ,α, (3.51)

resulting in the contribution CII to the collisional operator

CII = −ciα

c2
s

∂β(ϕuαuβ) + ciα

c2
s

uαqϕ − ciα
ϕ

p
∂αp + ciα

ϕ

p
Fρ,α. (3.52)

Term III

Rearranging eq. (Momentum subs.) and, like in Term II, substituting eq. (3.41)
yields

∂
(1)
t (ϕuαuβ) = ϕuα∂

(1)
t uβ + uβ∂

(1)
t (ϕuα)

= ϕuα

(
−∂(1)

γ (uβuγ)− 1
ρ

∂βp + Fρ,β

ρ
+ uβ∂(1)

γ uγ

)

+ uβ

(
−∂(1)

γ (ϕuαuγ) + uαqϕ −
ϕ

ρ
∂αp + ϕ

ρ
Fρ,α

)
,

(3.53)

resulting in the contribution CIII to the collisional operator

CIII = ciαciβ

2c2
s

ϕ

p
(uαFρ,β + uβFρ,α − uβ∂αp− uα∂βp)

+ ciαciβ

2c4
s

(qϕuαuβ + ϕuαuβ∂γuγ − ϕuα∂γ(uβuγ)− uβ∂γ(ϕuαuγ)).
(3.54)
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Term IV

Now using the product rule and Term II,

∂
(1)
t (ϕuαuα) = uα∂

(1)
t (ϕuα) + ϕuα∂

(1)
t uα

= uα

(
−∂(1)

γ (ϕuαuγ) + uαqϕ −
ϕ

ρ
∂αp + ϕ

ρ
Fρ,α

)

+ ϕuα

(
−∂(1)

γ (uαuγ)− 1
ρ

∂αp + Fρ,α

ρ
+ uα∂(1)

γ uγ

)
,

(3.55)

resulting in the contribution CIV to the collisional operator, remembering the minus
sign multiplied with the derivatives

CIV = ϕuα

p
(Fρ,α − ∂αp)

− 1
2c2

s

(qϕuαuα + ϕuαuα∂γuγ − ϕuα∂γ(uαuγ)− uα∂γ(ϕuαuγ)).
(3.56)

3.3.2 Spatial derivative
Now, all the time derivatives have been formulated as spatial derivatives. The
remaining term in eq. (3.47) is

ciα∂(1)
α f

(0)
ϕ,i (xα, t)
ωi

= ciα∂(1)
α ϕ + ciαciβ

c2
s

∂(1)
α (ϕuβ)

+ ciαciβciγ

2c4
s

∂(1)
α (ϕuβuγ)− ciα

2c2
s

∂(1)
α (ϕuβuβ)

, (3.57)

resulting in the contribution CSpatial to the collisional operator

CSpatial = ciα∂αϕ + ciαciβ

c2
s

∂α(ϕuβ)

+ ciαciβciγ

2c4
s

∂α(ϕuβuγ)− ciα

2c2
s

∂α(ϕuβuβ).
(3.58)

3.3.3 Source discretization

In eq. (3.47) the expression for Q
(1)
ϕ,i appears and has to be discretized. Here, the

simplest discretization suggested by Krüger et al. [12] is used, namely Qi,ϕ = ωiqϕ.
This results in the contribution CSpatial to the collisional operator

CSource = −qϕ. (3.59)

3.3.4 Resubstituting in BGK
Combining all of these expression finally yields the sum of first order spatial and
temporal derivatives of the second order equilibrium function.
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The BGK expanded into macroscopic variables

ΩBGK,ϕ,i/ωi ≈ CI + CII + CIII + CIV + CSpatial + CSource

= qϕ − ∂α (ϕuα)

− ciα

c2
s

∂β(ϕuαuβ) + ciα

c2
s

uαqϕ − ciα
ϕ

p
∂αp + ciα

ϕ

p
Fρ,α

+ ciαciβ

2c2
s

ϕ

p
(uαFρ,β + uβFρ,α − uβ∂αp− uα∂βp)

+ ciαciβ

2c4
s

(qϕuαuβ + ϕuαuβ∂γuγ − ϕuα∂γ(uβuγ)− uβ∂γ(ϕuαuγ))

+ ϕuα

p
(Fρ,α − ∂αp)

− 1
2c2

s

(qϕuαuα + ϕuαuα∂γuγ − ϕuα∂γ(uαuγ)− uα∂γ(ϕuαuγ))

+ ciα∂αϕ + ciαciβ

c2
s

∂α(ϕuβ)

+ ciαciβciγ

2c4
s

∂α(ϕuβuγ)− ciα

2c2
s

∂α(ϕuβuβ)

− qϕ

+O(ϵ2).

(3.60)

In eq. (3.60) the only terms that cancels are the source contribution qϕ, which is
logical since the discretized source Qϕ,i accounts for that effect. Some terms can be
combined using derivative properties. However, this does not significantly simplify
the expression. The physical intuition for inidviual terms is also limited, some could
be neglected for different flow types, such as a sourceless, forceless incompressible
regime, but still so called higher order terms such as ϕuαuβ∂γuγ cannot easily be
argued to be insignificant.

It should also be noted that this is only an approximation as terms corresponding
to eq. (3.44) have been neglected. This approximation is hard to justify from a
physical or numerical point of view. Despite this simplification, the BGK collisional
operator expands into something very complicated, which will motivate the filtering
done for the rest of this chapter.

3.4 Determining unneeded components
Now returning to the scale separation for a staggered solution in eq. (3.14), i.e. the
collisional operator has not yet been chosen. Summing

∑
i

in both ϵ and ϵ2 gives

the equations, remembering
∑

i

Ω(1)
ϕ,i =

∑
i

Ω(2)
ϕ,i = 0

∂
(1)
t ϕ + ∂(1)

α (ϕuα)− qϕ =
∑

i

Ω(1)
ϕ,i = 0 (ϵ1c0 − Ω)
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3. Chapman–Enskog analysis of convection–diffusion equation

∂
(2)
t ϕ +

∑
i

ciα∂(1)
α f

(1)
ϕ,i =

∑
i

Ω(2)
ϕ,i = 0. (ϵ2c0 − Ω)

Similarly to the BGK calculations, these expressions are summed and ∂(1)
α = ∂α is

substituted7. Then the expression becomes

∂tϕ + ∂α(ϕuα) = qϕ − ∂α

∑
i

ciαf
(1)
ϕ,i , (3.61)

considering the exact convection diffusion equation eq. (Convection diffusion equa-
tion), here rewritten for convenience,

∂tϕ + ∂α(ϕuα) = qϕ + ∂α(Dϕ∂αϕ). (Convection diffusion equation)

it is clear that the equations match perfectly if and only if∑
i

ciαf
(1)
ϕ,i = −Dϕ∂αϕ, (ansatz)

Assuming that eq. (
∑

ωc2) is satisfied by the velocity sets, then one solution is

f
(1)
ϕ,i = −ωiciβ

Dϕ

c2
s

∂βϕ since

∑
i

ciα

(
−ωiciβ

Dϕ

c2
s

∂βϕ

)
= −Dϕ

c2
s

∂βϕ
∑

i

ωiciαciβ

= −c2
sδαβ

Dϕ

c2
s

∂βϕ

= −Dϕ∂αϕ,

it is also clear that any homogenous solution, i.e.
∑

i

ciαf
(1)
ϕ,i = 0 could be included

in f
(1)
ϕ,i . From eqs. (

∑
ωc) and (

∑
ωc3) it is clear that any expression of the form

f
(1)
Homogenous,ϕ,i = ωiA0 + ωiciαciβBαβ (3.62)

satisfies this property. This insight gives some information of which terms in eq. (3.60)
are actually corresponding to the similarity between the BGK and the convection–
diffusion equation.

3.5 Filtering the collisional operator
The assumption in this section are all similar to those by Rohde [35], and it is clear
that the result is the same as that of Zhou et al. [10] although with the added source
term. However, the assumptions are made more out of convenience that based on
physical insights.

7Non of the operations have required any more knowledge about the collisional operator than
the sums.
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3. Chapman–Enskog analysis of convection–diffusion equation

From section 3.4 it is clear what is needed from the non-equilibrium distribution.
The idea is to construct the collisional operator just like how it is done for the
BGK. The scale separation in eq. (3.14) gives the collisional operator based on the
non-equilibrium distributions. Writing them explicitly here

Ω(1)
ϕ,i = − 1

τϕ

f
(1)
ϕ,i = ∂

(1)
t f

(0)
ϕ,i + ciα∂(1)

α f
(0)
ϕ,i −Q

(1)
ϕ,i (3.63)

and
Ω(2)

ϕ,i = − 1
τϕ

f
(2)
ϕ,i = ∂

(2)
t f

(0)
ϕ,i + ∂

(1)
t f

(1)
ϕ,i + ciα∂(1)

α f
(1)
ϕ,i . (3.64)

However, once again the approximation Ωϕ,i ≈ Ω(1)
ϕ,i is used similarly to Rohde

[35]. As seen previously one of the terms in ∂
(1)
t f

(0)
ϕ,i is ωiqϕ and in ciα∂(1)

α f
(0)
ϕ,i the

term ωiciα∂αϕ appears. Looking back at the definition for the approximated BGK
collisional operator eq. (3.47) it is clear that only using these terms and the source
discretization gives a collisional operator

Ωϕ,i = ωiciα∂αϕ

Qϕ,i = ωiqϕ

f
(1)
ϕ,i = −ωiciβ

Dϕ

c2
s

∂βϕ

(Ω, Q, f (1))

and because the conserved and non-conserved properties, the properties
∑

i

Ωϕ,i = 0,∑
i

Qϕ,i = qϕ and
∑

i

ciαQϕ,i = 0 must be satisfied, which they clearly are because of

eqs. (
∑

ω) to (
∑

ωc2). Because only a few terms were kept from the full expan-
sion of the BGK operator, whist having the same relation between non-equilibrium
distribution and it could be argued that this is a form of filtering of unneeded terms.

3.6 Constructing the moment vector
To calculate how the population density function changes through the non-equilibrium
contributions and collisional operator, the population is extrapolated with a first or-
der Taylor expansion as

f±
ϕ,i = fϕ,i(xα, t)± ∆t

2 (Ωϕ,i + Qϕ,i) (3.65)

where the following notation was used

f±
ϕ,i = fϕ,i

(
xα ± ciα

∆t

2 , t± ∆t

2

)
. (3.66)

Substituting the approximation that only the first order non-equilibrium distribution
matters yields

f±
ϕ,i ≈

(
f

(0)
ϕ,i (xα, t) + f

(1)
ϕ,i (xα, t)

)
± ∆t

2

(
− 1

τϕ

f
(1)
ϕ,i + Qϕ,i

)

= f
(0)
ϕ,i (xα, t)− τϕ

(
∂

(1)
t f

(0)
ϕ,i + ciα∂(1)

α f
(0)
ϕ,i −Q

(1)
ϕ,i

)
± ∆t

2
(
∂

(1)
t f

(0)
ϕ,i + ciα∂(1)

α f
(0)
ϕ,i

)
,
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3. Chapman–Enskog analysis of convection–diffusion equation

and substituting the properties in eq. (Ω, Q, f (1))

f±
ϕ,i =

ωiϕ

(
1 + ciαuα

c2
s

+ 1
2

(ciαuα)2

c4
s

− 1
2

uαuα

c2
s

)
− Dϕ

c2
s

(ωiciα∂αϕ)


± ∆t

2 (ωiciα∂αϕ + ωiqϕ)

(3.67)

grouping terms results in

f±
ϕ,i = ωi

(
ϕ± qϕ

∆t

2

)

+ ωi
ciα

c2
s

(
ϕuα + ∂αϕ

(
−Dϕ ±

c2
s∆t

2

))

+ ωi
1

2c4
s

(
ciαciβ − c2

sδαβ

)
ϕuαuβ

which conveniently can be written as a product

f±
ϕ,i = ωi




1i
ciα

c2
s1

2c4
s

(
ciαciβ − c2

sδαβ

)


T

·


ϕ± qϕ

∆t

2
ϕuα + ∂αϕ

(
−Dϕ ±

c2
s∆t

2

)
ϕuαuβ



 . (3.68)

although since the last term is unaffected by the collisional operator it will be dis-
carded8

f±
ϕ,i = ωi

 1i
ciα

c2
s

T

︸ ︷︷ ︸
Eik

·


ϕ± qϕ

∆t

2
ϕuα + ∂αϕ

(
−Dϕ ±

c2
s∆t

2

)


︸ ︷︷ ︸
α±

k

. (3.69)

This in the same form as that used by Zhou et al. [10], although the matrix Eik

here is not square, since it does not contain any higher order Hermite basis vectors.
There are several important things to note at this point,

1. Neglecting f
(2)
ϕ,i was not justified physically or mathematically

2. There was no justification for reusing the BGK relation between collisional
operator.

3. Although it is clear which terms were needed from section 3.4, it was not clear
how these relate neglecting terms in the derivative of the equilibrium function.

For the reasons listed above, it is unclear whether this expression still corresponds
to the staggered discretization. I.e. in some sense the E-term in eq. (3.42) from
the Chapman–Enskog expansion was moved from calculating the wrong equation
to calculating the right equation on the wrong discretization. This effect have not
been quantified.

8This will not be the case for the momentum equations later.
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3. Chapman–Enskog analysis of convection–diffusion equation

The discussion in section 3.4 gives hope though, that reasoning was constructive,
the desired partial differential equation was used as an input to derive the non-
equilibrium distribution. Traditional Chapman–Enskog analysis of the BGK reason
in the opposite way, a collisional operator is chosen, which is then shown to be
equivalent to the partial differential equation.

The identification of the basis vector and α representation is also an important
realization. Maybe this change of basis could be done in an earlier stage of the
derivation, which would allow for a reasoning similar to section 3.4, but also for the
collisional operator? This will be explored in the following chapter of this thesis.
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4
Derivation of Filter Matrix

Methods

In this chapter, a modified version of Filter Matrix method for Lattice Boltzmann
simulations is derived by directly projecting the discretized Boltzmann equation onto
a Hermite polynomial base. This allows makes it possible to use the convection–
diffusion equation and Navier Stokes equations as an ”input” to determine a colli-
sional operator that gives an exact match for the Chapman–Enskog expansion.

4.1 Derivation of transformation matrix for a gen-
eral lattice

The factorization form section 3.6 leads to the realization that the equilibrium dis-
tribution, as written in eq. (2.7), can be written as

f
(0)
ϕ,i = ωi ⊙




1i
ciα

c2
s1

2c4
s

(
ciα ⊙ ciβ − c2

sδαβ1i

)


T

·

 ϕ
ϕuα

ϕuαuβ


 . (4.1)

which is the dot product between two vectors and 1i indicates a vector of ones. Now,
a generic population vector will be denoted fi and a vector of macroscopic quantities
as αk. Further, the right most vector is similar to the Hermite polynomials from
Shan et al. [23] in eqs. (H (0)) to (H (2)), only rescaled with different constant
multiples due to the full expansion1 in eq. (2.22).

H(0)
i = 1i (4.2)

H(1)
α,i = ciα

c2
s

(4.3)

H(2)
αβ,i = 1

2c4
s

(
ciα ⊙ ciβ − c2

sδαβ1i

)
(4.4)

as seen in eq. (2.24), the third order Hermite polynomial is given by

H(3)
αβγ,i = 1

6c6
s

(
ciα ⊙ (ciβ ⊙ ciγ)− c2

s (ciαδβγ + ciβδαγ + ciγδβα)
)

. (4.5)

1Note that a different scaling could be used, and indeed Zhou et al. [10] uses a slightly different
scaling, but this does not change the derivation procedure.
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4. Derivation of Filter Matrix Methods

For the second and third Hermite polynomials there are some important caveats.
The main one is symmetry, e.g. H(2)

xy,i = H(2)
yx,i which means that these two polyno-

mials are not orthogonal. This creates some syntactical inconveniences as discussed
in appendix A. For a grid with c2

s = 1/3 a polynomial like H(3)
xxx,i is not linearly in-

dependent to the others, although H(3)
xxy,i is. This is probably related to the specific

of choice some of the higher order terms in Somers [29], Eggels & Somers [30] and
Zhou et al. [10].

Extending this reasoning to a more generic distribution, eq. (4.1) can be further
generalized as

fi = ωi ⊙

 | | |
H(0)

i H(1)
α,i H

(2)
αβ,i

| | |


︸ ︷︷ ︸

Eik

·

 α0
α1α

α2αβ


︸ ︷︷ ︸

αk

, (4.6)

although here the tensors for the second order terms are all a major issue. The
matrix Eik must be orthogonal in order to be inverted, but removing one of the
terms such as H(2)

xy,i = H(2)
yx,i leads to the wrong computation. However, because of

the symmetry, this missing computation just leads to doubling the contribution in
the double contraction from the other term, c.f. appendix A. Thus the following
notation is introduced

H(2)
α̃β̃,i

= 1
(1 + δα̃β̃)c4

s

(
ciα̃ ⊙ ciβ̃ − c2

sδα̃β̃1i

)
(4.7)

which can be thought of as the unordered set, e.g. for two dimensions {α̃β̃} =
{{x, x}, {x, y}, {y, y}}. It can be thought to behave identical except for two di-
mensional double contractions. In order to preserve the computation in eq. (4.1)
when reducing eq. (4.6), the ”missing” computation for the symmetrical elements
are would be added in H(2)

α̃β̃,i

fi = ωi ⊙


| | |
H(0)

i H(1)
α,i H

(2)
α̃β̃,i

| | |


︸ ︷︷ ︸

Eik

·

 α0
α1α

α2α̃β̃


︸ ︷︷ ︸

αk

, (4.8)

where the moment vector αk can be written explicitly in two and three dimensions
as

α2D,k =
[
α0 α1x α1y α2xx α2xy α2yy

]T
, (4.9)

α3D,k =
[
α0 α1x α1y α1z α2xx α2xy α2xz α2yy α2yz α2zz

]T
, (4.10)

where once again, there symmetry in the Hermite polynomials means that the same
symmetry must be present in the moment vectors components, e.g. αxy = αyx.
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4. Derivation of Filter Matrix Methods

It is clear that in the case of a equilibrium distribution, equivalently to the definition
of f

(0)
ϕ,i , an equilibrium moment α

(0)
ϕ,i can be defined as

α
(0)
ϕ,i =

 ϕ
ϕuα

ϕuα̃uβ̃

 (4.11)

where the α̃, β̃-notation is purely a reminder that the symmetric permutations of α
and β are only considered once. However, it will later be seen that the concept of
an equilibrium moment will only be used as an inspiration to guess solutions to a
differential equation for the actual moment vectors that will be used for the Filter
Matrix method.

Based on the discussion of Hermite polynomials and their properties in Shan et
al. [23], the inner product of the space spanned by Hermite polynomials is defined
through the following inner product

⟨Ai, Bi⟩ = (ωi ⊙ Ai) ·Bi = Ai · (ωi ⊙Bi) =
∑

i

ωiAiBi. (4.12)

This product is here extended for matrices as well. There are two ways to do
this, either by doing the elementwise multiplication on the left hand matrix or
simultaneously on both matrices. When it is done simultaneously, the multiplication
dimension must match that of ωi, i.e. below the max i must correspond to the max i
for ωi

〈〈
Aji︸︷︷︸

max j×max i

, Bik︸︷︷︸
max i×max k

〉〉
=


⟨A0i, Bi0⟩ · · ·

〈
A0i, Bi max(k)

〉
... . . . ...〈

Amax(j)i, Bi0
〉
· · ·

〈
Amax(j)i, Bi max(k)

〉


︸ ︷︷ ︸
max j×max k

.

= (ωi ⊙ Aji) ·Bik

= Aji · (ωi ⊙Bik)

(4.13)

The other way of performing the inner product on matrices are defined as below.
Here only the first matrix has to match the dimension of ωi,〈

Aij︸︷︷︸
max i×max j

, Bjk︸︷︷︸
max j×max k

〉
=


ω0(A0j ·Bj0) · · · ω0(A0j ·Bj max(k))

... . . . ...
ωmax(i)(Amax(i)j ·Bj0) · · · ωmax(i)(Amax(i)j ·Bj max(k))

.

=

 | |
(ωi ⊙ Aij) ·Bj0 · · · (ωi ⊙ Aij) ·Bj max(k)

| |


︸ ︷︷ ︸

max i×max k

.

= (ωi ⊙ Aij) ·Bjk

(4.14)

From this it is also clear that the Hadamard product between a vector and a matrix,
ωi ⊙ Aij, is defined as performing the product along the j-index like

ωi ⊙ Aij =
[
ωi ⊙ Ai0, · · · , ωi ⊙ Ai max(j)

]
. (4.15)
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4. Derivation of Filter Matrix Methods

Carrying on this notation, because the Hermite polynomials form an orthogonal
basis, any two different Hermite polynomials HA,i and HB,i are orthogonal, meaning

⟨HA,i,HB,i⟩ = 0, (4.16)

however since the chosen Hermitian basis vectors are not normed, their magnitude
is not necessarily unity, i.e. ⟨HA,i,HA,i⟩ ̸= 1. These magnitudes are important for
inverting and as such calculated up to a second order expansion in appendix B. This
means that the product of the basis vector-matrix transpose Eki and itself Eik, a so
called Gram matrix, is given by

D = ⟨⟨Eki, Eik⟩⟩

= diagonal
[
1,

1α

c2
s

,
1

(1 + δα̃β̃)c4
s

]
(4.17)

and because it is a diagonal matrix it is trivially invertible,

D−1 = diagonal
[
1, 1αc2

s, (1 + δα̃β̃)c4
s

]
(4.18)

Now, using this notation it is possible to define transforms between the population
densities fi and the (macroscopic) moment vectors αk. The eq. (4.8) can already be
seen as such a transform, changing the notation yields

Tα→f (αk) = (ωi ⊙ Eik) · αk = ⟨Eik, αk⟩ = fi. (4.19)

and then the inverse transform is given by, where conventional matrix multiplication
is written out explicitly with · for clarity

D−1Eki · fi = D−1 · Eki · ((ωi ⊙ Eik) · αk)
= D−1 · (Eki · (ωi ⊙ Eik)) · αk

= D−1 · ⟨⟨Eki, Eik⟩⟩ · αk

= D−1 ·D · αk

= αk

meaning that the inverse transform looks like

Tf→α (fi) = D−1 · Eki · fi = αk, (4.20)

which has the transformation matrix

D−1 · Eki =


− H(0)

i −
− c2

sH
(1)
α,i −

− (1 + δα̃β̃)c4
sH

(2)
α̃β̃,i

−



=


− 1i −
− ciα −
−

(
ciα̃ ⊙ ciβ̃ − c2

sδα̃β̃1i

)
−


(4.21)
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and similarly the other transform can be written as

ωiEik = ωi ⊙


| | |
H(0)

i H(1)
α,i H

(2)
α̃β̃,i

| | |



= ωi ⊙


| | |
1i

ciα

c2
s

1
(1 + δα̃β̃)c4

s

(
ciα̃ ⊙ ciβ̃ − c2

sδα̃β̃1i

)
| | |



=


| | |

ωi
ωi ⊙ ciα

c2
s

1
(1 + δα̃β̃)c4

s

(
ωi ⊙ ciα̃ ⊙ ciβ̃ − c2

sδα̃β̃ωi

)
| | |



(4.22)

These transformations between a lattice speed representation and a moment repre-
sentation is similar to what is done for MRT operators, c.f. section 2.5, and how the
Eki and Eik matrices are defined in Zhou et al. [10]. However, in both those cases,
the matrices are related by ”ωiEik = E−1

ki ”, which means that an inverse has to exist
and thus for the matrix to be square, in this thesis, Eik = ET

ki and the inverse can
be calculated using the D-matrix. The most important consequence of this is that
the number of used modes does not have to correspond to the amount of lattice
directions, i.e. max i ̸= max k, meaning that the number of computations can be
reduced significantly.

Using this method a term like (ciα∂α)⊙fi can be represented in moment space. The
lengthy calculation can be found in appendix C. The conclusion is

Tf→α (ciα∂αfi) =

 ∂αα1α

c2
s∂αα0 + ∂βα2αβ

c2
s (∂αα1β + ∂βα1α)

 , (Tf→α (ciα∂αfi))

in which the symmetrical notation has been be dropped since there are no double
contractions being performed.

4.2 Transforming the Boltzmann equation to mo-
ment space

In this section it will be shown that the entire Enskog analysis can be performed in
terms of αk, meaning that no sums with dubious physical meaning has to be defined,
everything will be defined in terms of macroscopic variables, which could then be
transformed back into lattice velocities.

The starting point is the staggered formulation of the Boltzmann equation, i.e.
eq. (3.7). This time the the population density is simply split into a non-equilibrium
and equilibrium part as fϕ,i = f eq

ϕ,i + fneq
ϕ,i with the equilibrium distribution derived

as previously. Due to the linearity of the transform, this is not an assumption, it
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4. Derivation of Filter Matrix Methods

is simply a rewriting that happens to make it easy to find solutions to some of the
differential equations that appears as intermediate steps. This separation looks like

Ωϕ,i(fϕ,i) = ∂tf
eq
ϕ,i(xα, t) + (ciα∂α)⊙ f eq

ϕ,i(xα, t)
+ ∂tf

neq
ϕ,i (xα, t) + (ciα∂α)⊙ fneq

ϕ,i (xα, t).
(4.23)

Now, it is simply transformed into the moment space, i.e. to αk-vectors, using
eq. (4.20) which is a linear operator applied termwise. In this case, the decomposition
of fϕ,i corresponds to the moment decomposition αϕ,k = αeq

ϕ,k + αneq
ϕ,k . The collisional

operator in the moment space is named ℧. Importantly, eq. (Tf→α (ciα∂αfi)) is used
to transform the spatial derivatives. The termwise transform looks like

Tf→α(Ωϕ,i(fϕ,i)) = Tf→α(∂tf
eq
ϕ,i(xα, t)) + Tf→α((ciα∂α)⊙ f eq

ϕ,i(xα, t))
+ Tf→α(∂tf

neq
ϕ,i (xα, t)) + Tf→α((ciα∂α)⊙ fneq

ϕ,i (xα, t)).
(4.24)

From Shan et al. [23] and Krüger et al. [12], it is expected that a second order
Hermite expansion is sufficient to recover the Navier-Stokes and the convection–
diffusion equation. The time derivatives are simple to transform due to the linearity
of the operator and the spatial derivatives in eq. (Tf→α (ciα∂αfi))

The discretized Boltzmann equation in moment space

 ℧ϕ,0
℧ϕ,1α

℧ϕ,2αβ

 = ∂t

 αeq
ϕ,0

αeq
ϕ,1α

αeq
ϕ,2αβ

+


∂ααeq

1α

c2
s∂ααeq

0 + ∂βαeq
2αβ

c2
s

(
∂ααeq

1β + ∂βαeq
1α

)


+ ∂t

 αneq
ϕ,0

αneq
ϕ,1α

αneq
ϕ,2αβ

+


∂ααneq

1α

c2
s∂ααneq

0 + ∂βαneq
2αβ

c2
s

(
∂ααneq

1β + ∂βαneq
1α

)
 .

(Tf→α(B.E.))

Now, eq. (Tf→α(B.E.)) is simply eq. (3.1) in a moment basis. In this case, αeq
ϕ , αneq

ϕ ,℧ϕ

and their components are free parameters that can be chosen to recover different
PDEs. Although from the form of eq. (Tf→α(B.E.)), it is clear that only a limited
subset of PDEs will be suitable to be represented in this way.

4.3 General Filter Matrix algorithm
The fact that the computational procedures introduced by Eggels & Somers [30]
and Zhou et al. [10] are completely local is a key part of the Filter Matrix method.
These serve as a basis for the computational procedure presented here.

In order to compute the collision eq. (3.5) is transformed as

Tf→α

(
fϕ,i

(
xα + ci∆t

2 , t + ci∆t

2

))
= Tf→α

(
fϕ,i

(
xα −

ci∆t

2 , t− ci∆t

2

))
+ Tf→α (∆t Ωϕ,i(fϕ,i)) .

, (4.25)
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4. Derivation of Filter Matrix Methods

which using moment vectors and collision is written as

α+
ϕ,k = α−

ϕ,k + ∆t ℧ϕ,k(αϕ,k). (4.26)

Initially the α−
k is know, but because of the staggered formulation, the center value

is needed to compute the collision. Similarly to Zhou et al. [10], this can be approx-
imated by extrapolating the moment vector with a first order Taylor expansion

α−
ϕ,k ≈ αϕ,k −

∆t

2 ℧ϕ,k(αϕ,k). (4.27)

although these expressions may be combined to

α+
ϕ,k = α−

ϕ,k + ∆t℧ϕ,k = α−
ϕ,k + 2(αϕ,k − α−

ϕ,k) = 2αϕ,k − α−
ϕ,k (4.28)

now, all these results allow for formulating a computational algorithm. It is similar
to that of previous literature, although here it is made very explicit what step
correspond to a collision.

The Filter Matrix algorithm
1. f−

ϕ is defined
2. Change to moment basis α−

ϕ = Tf→α(f−
ϕ )

3. Solve (potentially non-linear) system of equation for αϕ with the system
coming from the different vector components of α−

ϕ = αϕ −∆t℧(αϕ)/2
4. Perform collision as α+

ϕ = 2αϕ − α−
ϕ

5. Change back to population basis f+
ϕ = Tα→f (α+

ϕ )
6. Stream f+

ϕ

7. Apply boundary conditions
8. GOTO 1.

The bulk of the computational procedure described by Zhou et al. [10] corresponds
to computing step 3 in a local manner. Solving this system for given αeq

ϕ , αneq
ϕ ,℧ϕ

may or may not be possible depending on the exact values. Various techniques could
be used to form approximations, e.g. solving for some variables implicitly. If too
many variables are introduced, gradients and time derivatives could be calculated
with finite difference methods to close the system, although this will sacrifice the lo-
cal nature of the algorithm. Complementing the system of equation with additional
empirical correlations is also a possibility.

All of these steps may be optimized in various ways, for instance the transforms can
be saved directly as matrices as P + = D−1Eki and P − = ωi⊙Eki. On a related note,
the name ”Filter Matrix” is hardly an appropriate name for the algorithm in this
formulation. The matrix is a change of basis and although it can be argued through
the derivation procedure in chapter 3 that it is a filtered version of BGK, this is
more of a coincidence than a fundamental part of algorithm. This is elaborated
further on in section 6.2.
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4. Derivation of Filter Matrix Methods

4.4 Deriving FMLB for the convection–diffusion
equation

Without loss of generality, the first two equilibrium distributions are chosen based
on the equilibrium decomposition αeq

ϕ,0 = ϕ, αeq
ϕ,1α = ϕuα in eq. (4.1) for a generic

scalar ϕ in a velocity field uα that is solved in a coupled way. Considering the first
row in eq. (Tf→α(B.E.)) and substituting yields

℧ϕ,0 = ∂tϕ + ∂α(ϕuα) + ∂tα
neq
ϕ,0 + ∂ααneq

ϕ,1α. (4.29)

Now, considering the exact convection diffusion equation eq. (Convection diffusion
equation), here rewritten for convenience,

∂tϕ + ∂α(ϕuα) = qϕ + ∂α(Dϕ∂αϕ). (Convection diffusion equation)

it is clear that the following must be satisfied to reconstruct the convection–diffusion
equation

∂tα
neq
ϕ,0 + ∂ααneq

ϕ,1α − ℧ϕ,0 = −∂α(Dϕ∂αϕ)− qϕ (4.30)
which has several solutions, with the arguably simplest being

αneq
ϕ,0 = 0 , αneq

ϕ,1α = −(Dϕ∂αϕ) , ℧ϕ,0 = qϕ. (4.31)

This was the reason to split the equation into the equilibrium and non-equilibrium
parts, it is very easy to see a solution, although it could have been derived in any
other way as well. The solution is not necessarily unique, meaning there is some
flexibility in choosing a combination of ℧ϕ,k and αneq

ϕ,k that results in the most effi-
cient collision computation depending on use case.

By deciding on these moments, a relation between the macroscopic variables are
enforced, with that relation being the convection–diffusion equation. This means
that the rest of the moments must give ”no information”, that is they should be
reducible to something like 0 = 0. Thus, the collisional operator should be set equal
to expression formed by the moments. Now, to get as simple Ωϕ,i as possible, the ℧ϕ,k

should preferably be kept simple as well. The remaining free parameters are αneq
ϕ,2βγ,

which appear in the second moment, i.e. second component in eq. (Tf→α(B.E.))

℧ϕ,1α = ∂t(ϕuα) + c2
s∂α(ϕ) + ∂β(ϕuαuβ)

+ ∂tα
neq
ϕ,1α + c2

s∂ααneq
ϕ,0 + ∂βαneq

ϕ,2αβ

(4.32)

and the last moment will also be a part of the collision

℧ϕ,2αβ = ∂t(ϕuαuβ) + c2
s (∂α(ϕuβ) + ∂β(ϕuα))

+ ∂tα
neq
ϕ,2αβ + c2

s

(
∂ααneq

1β + ∂βαneq
1α

)
.

(4.33)

The two logical choices for αneq
ϕ,2αβ would be αneq

ϕ,2αβ = 0α̃β̃ or αneq
ϕ,2αβ = −ϕuαuβ. The

latter being more logical as it will cancel a significant amount of terms, and since
it does not affect the correspondence to the convection diffusion equation, it also
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4. Derivation of Filter Matrix Methods

shows that the second order term does not need to be simulated.

At this point, for the sake of simpler implementation and reduced amount of com-
putations, it can investigated which terms would correspond to physical small quan-
tities. I.e. no longer consider exactly what equations correspond to, but approxi-
mately. If need be, the time derivatives can be replace, mostly, with spatial deriva-
tives from the momentum equation relation.

To conclude, the most simple collisional operators would be

Components of second order convection–diffusion equation
The moment vector

αϕ =

 ϕ
ϕuα −Dϕ∂αϕ

0αβ

 , (4.34)

and corresponding collisional operator

℧ϕ =

 qϕ

∂t(ϕuα) + c2
s∂αϕ− ∂t(Dϕ∂αϕ)

c2
s (∂α(ϕuβ) + ∂β(ϕuα)− ∂α(Dϕ∂βϕ)− ∂β(Dϕ∂αϕ))

 . (4.35)

It is clear that the last component of eq. (Tf→α(B.E.)) is not needed, as it contains no
information about the moment itself. Krüger et al. [12] argues that the second order
expansion of the convection–diffusion equation helps with numerical stability, but
it is not necessarily clear from this expression why it would be the case. However,
assuming a first order Hermite expansion and simply removing terms corresponding
to the second order Hermite polynomial in the derivation appendix C it is clear that
eq. (Tf→α(B.E.)) would be

[
℧ϕ,0
℧ϕ,1α

]
= ∂t

[
αeq

ϕ,0
αeq

ϕ,1α

]
+
[

∂ααeq
1α

c2
s∂ααeq

0

]
+ ∂t

[
αneq

ϕ,0
αneq

ϕ,1α

]
+
[

∂ααneq
1α

c2
s∂ααneq

0

]

which clearly has the same exact solution as previously, but in this case, there is no
need to modify the last element. Thus,

Components of first order convection–diffusion equation
The moment vector

αϕ =
[

ϕ
ϕuα −Dϕ∂αϕ

]
, (4.36)

and corresponding collisional operator

℧ϕ =
[

qϕ

∂t(ϕuα) + c2
s∂αϕ− ∂t(Dϕ∂αϕ)

]
(4.37)
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4. Derivation of Filter Matrix Methods

4.4.1 Computational procedure
The general algorithm is described by section 4.3, and the step that needs to be
elaborated on for the convection diffusion equation specifically is step 3, solving the
non-linear system of equations. Solving the system depends on the complexity of
the free parameters in the convection diffusion equation. For instance, in the k − ε
transport equations, the source term qϕ and diffusion coefficient Dϕ are functions of
other macroscopic moments.

Initially considering the first order expansion, then the system of equations becomes

qϕ(ϕ, ∂αϕ)
α−

0 = ϕ− ∆t

2 qϕ

Dϕ(ϕ, ∂αϕ)
α−

1α = ϕuα −Dϕ∂αϕ− ∆t

2 (∂t(ϕuα) + c2
s∂αϕ− ∂t(Dϕ∂αϕ))

(4.38)

which should be solved for ϕ, ∂ϕ, qϕ, Dϕ. The source term and diffusion coefficient
could naturally be arbitrarily complex, although for the following analysis it will
be assumed to only vary with the scalar value and scalar gradients, similarly to the
k−ε transport equations. Solving the full system is clearly not possible due to there
being more variables than equations.

The unknowns in eq. (4.38) are qϕ, Dϕ, ϕ, ∂tϕ, ∂αϕ, ∂t∂αϕ. In two dimension the
would be 1 + 1 + 1 + 1 + 2 + 2 = 8 unknowns although there is only 1 + 1 + 1 + 2 = 5
equations. This means that some terms must be approximated using closure laws
or finite differencing techniques. If qϕ(ϕ, ∂αϕ) and Dϕ(ϕ, ∂αϕ) are both linear func-
tions, then the entire system is linear, meaning that it can be solved with Gaussian
elimination or similar techniques. One of the simplest closure relations would be to
assume a steady state, meaning all time derivatives are zero. This would reduce the
system enough to be solvable.

Another approach to form more equations is to use the full second order expansion,
then the system of equation becomes

qϕ(ϕ, ∂αϕ)
α−

0 = ϕ− ∆t

2 qϕ

Dϕ(ϕ, ∂αϕ)
α−

1α = ϕuα −Dϕ∂αϕ− ∆t

2 (∂t(ϕuα) + c2
s∂αϕ− ∂t(Dϕ∂αϕ))

α−
2αβ = −c2

s∆t

2 (∂α(ϕuβ) + ∂β(ϕuα)− ∂α(Dϕ∂βϕ)− ∂β(Dϕ∂αϕ))

(4.39)

further introduces ∂β(∂αϕ) that needs to be solved for, and the system is still no
closed, however it opens up the possibility to formulate closure laws in terms of
∂β(∂αϕ) which was not possible with the first order system of equations.
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4. Derivation of Filter Matrix Methods

Although close laws are needed for the system of equations to have a solution,
several tricks can be used to solve the system more efficiently than using Gaussian
elimination. One trick that could be employed is to sum the second order terms
over the diagonal, e.g. in three dimensions α−

2xx + α−
2yy + α−

2zz, allowing for back
substitution of the convection diffusion equation. Now using tensor notation,

α−
2αα = −c2

s∆t (∂α(ϕuα)− ∂α(Dϕ∂α))
= −c2

s∆t (qϕ − ∂tϕ) ,
(4.40)

which directly relates the source term to a time derivative. Another interesting, but
not necessarily useful trick, is to think of the system of equation as a differential
equation since

α−
1α = α1α −

∆t

2 ∂tα1α −
∆t

2 c2
s∂αϕ (4.41)

can be factored into

−e
−2t
∆t

( 2
∆t

α−
1α + c2

s∂αϕ
)

= e
−2t
∆t ∂tα1α − e

−2t
∆t

2
∆t

α1α (4.42)

= ∂t

(
e

−2t
∆t α1α

)
(4.43)

resulting in

α1α = −e
2t
∆t

∫
e

−2t
∆t

( 2
∆t

α−
1α + c2

s∂αϕ
)

dt. (4.44)

This does still not solve the closure problem, but formulating closure laws may or
may not be more convenient in this form.

4.5 Navier Stokes equations
The key difference between to Navier Stokes equation and the convection diffusion
equation is that it has two parts, the continuity equation and the momentum equa-
tion. In this section it is shown that the vector components eq. (Tf→α(B.E.)) is a
convenient way to embed both of these equations.

4.5.1 The continuity equation
Reusing eq. (Tf→α(B.E.)), but now using the density instead of a generic scalar i.e.
ϕ = ρ. The equilibrium moments are once again used without loss of generality as
defined in eq. (4.11)

αeq
ρ,i =

 ρ
ρuα

ρuαuβ

 , (4.45)

which is substituted in the first row of eq. (Tf→α(B.E.))

∂tρ + ∂α(ρuα) = ∂tα
neq
ρ,0 + ∂ααneq

ρ,1α − ℧ρ,0. (4.46)
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Comparing this with the continuity equation eq. (Continuity)

∂tρ + ∂α(ρuα) = 0 (Continuity)

gives the equation
∂tα

neq
ρ,0 + ∂ααneq

ρ,1α − ℧ρ,0 = 0 (4.47)
which has several solutions, with a trivial solution being.

αneq
ρ,0 = 0 , αneq

ρ,1α = 0α , ℧ρ,0 = 0. (4.48)

4.5.2 Momentum equation
Although the continuity equation had very simple non-equilibrium moments, the
main complexity comes in the moments corresponding to the second order expan-
sion through the momentum equation.

The momentum equation has a pressure term which must be modelled with a consti-
tutive relation. In this case, it is customary in lattice Boltzmann2 to use the relation
p = c2

sρ. Substituting the previous moments, notably αneq
ρ,0 = 0, αneq

ρ,1α = 0α into the
second row of eq. (Tf→α(B.E.)), yields

℧ρ,1α = ∂t(ρuα) + ∂αp + ∂α(ρuαuβ) + ∂βαneq
ρ,2αβ, (4.49)

which is compared to eq. (Momentum)

∂t(ρuα)+∂β(ρuαuβ) = −∂αp+∂β

(
ρν
(

∂βuα + ∂αuβ −
2
3δαβ∂γuγ

)
+ δαβζ∂γuγ

)
+Fα

(Momentum)
which is replicated whenever

℧ρ,1α − ∂βαneq
ρ,2αβ = Fα + ∂β

(
ρν
(

∂βuα + ∂αuβ −
2
3δαβ∂γuγ

)
+ δαβζ∂γuγ

)
. (4.50)

with the simplest solution having

℧ρ,1α = Fα (4.51)

and
αneq

ρ,2αβ = −
(

ρν
(

∂βuα + ∂αuβ −
2
3∂γuγδαβ

)
+ ζ∂γuγδαβ

)
. (4.52)

Just like for the convection diffusion equation, the last component in eq. (Tf→α(B.E.))
must be chosen in a way that does not enforce any new relations between the macro-
scopic variables, i.e. being reducible to 0 = 0. Thus ℧ρ,2αβ is equal to the rest of
the terms, that is

℧ρ,2αβ =
(
∂t(ρuαuβ) + c2

s (∂α(ρuβ) + ∂β(ρuα))

− ∂t

(
ρν
(

∂βuα + ∂αuβ −
2
3∂γuγδαβ

)
+ ζ∂γuγδαβ

) ) (4.53)

2This is essentially substituting the equation of state, in Somers [29] and Eggels & Somers [30]
a different equation of state is used as in eq. (2.37).
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Components of second order Navier Stokes equation
The moment vector

αρ =


ρ

ρuα

ρuαuβ − ρν
(

∂βuα + ∂αuβ −
2
3∂γuγδαβ

)
− ζ∂γuγδαβ

 , (4.54)

and corresponding collisional operator

℧ϕ =


0

Fα

∂t(ρuαuβ) + c2
s (∂α(ρuβ) + ∂β(ρuα))←↩

−∂t

(
ρν
(

∂βuα + ∂αuβ −
2
3∂γuγδαβ

)
+ ζ∂γuγδαβ

)
 (4.55)

The strain rate tensor as in eq. (2.5) can be introduced, where it is important to
keep track of the extra factor 2 that appears, resulting in the substitution

∂α(ρuβ) + ∂β(ρuα) = 2ρsαβ + uβ∂αρ + uα∂βρ (4.56)

Using αρ,k and ℧ρ,k, it is again possible to formulate a system of equations like



α−
0 = ρ

Fα(ρ, uα, sαβ)
α−

1α = ρuα −
∆t

2 Fα

ν(ρ, uα, sαβ)
ζ(ρ, uα, sαβ)
α−

2αβ = ρuαuβ − ρν(2sαβ −
2
3δαβdiv(uα))− ζδαβdiv(uα)←↩

−∆t

2

(
∂t(ρuαuβ) + c2

s(2sαβ + uβ∂αρ + uα∂βρ)←↩

−∂t

(
ρν
(

2sαβ −
2
3div(uα)δαβ

)
+ ζdiv(uα)δαβ

))

(4.57)

Just like in the first order expansion of the convection–diffusion equation, this system
of equations, regardless of relations for force and viscosity, will not be closed. The
total amount of unknowns, remembering that the velocity is unknown in this case,
will be ρ, uα, Fα, ν, ζ, ∂tρ, ∂αρ, sαβ, ∂tuα, ∂tsαβ, which in 3D is 1 + 3 + 3 + 1 + 1 +
1 + 3 + 6 + 3 + 6 = 28 unknown with 1 + 3 + 3 + 1 + 1 + 6 = 15 equations. Once
again, the derivatives could be calculated by discretizing the field and calculating
the values with finite differences although this is potentially an expensive operation
to perform. To get an efficient computational procedure the continuity equation
∂tρ = −∂α(ρuα) could be resubstituted. The relation div(uα) = trace(sαβ) gives
one more equation, but it is not enough to close the system. At this point Eggels
& Somers [30] makes approximation in eq. (2.36), which could be applicable in this
case as well.
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4.5.2.1 Constant density case

If assuming constant density3 the expression can be simplified significantly with
∂tρ = 0, ∂αρ = 0⃗ and div(uα) = 0 (from continuity equation). This allows the
simplification

Components of second order constant density Navier Stokes equation
The moment vector

αρ,k =

 ρ
ρuα

ρuαuβ − 2ρνsαβ

 , (4.58)

and corresponding collisional operator

℧ϕ,k =

 0
Fα

ρ∂t(uαuβ) + 2c2
ssαβ − 2ρ∂t (νsαβ)

 (4.59)

Using αρ,k and ℧ρ,k, it is again possible to formulate a system of equation like



α−
0 = ρ

Fα(ρ, uα, sαβ)
α−

1α = ρuα −
∆t

2 Fα

ν(ρ, uα, sαβ)
ζ(ρ, uα, sαβ)
α−

2αβ = ρuαuβ − 2ρνsαβ −
∆t

2
(
∂t(ρuαuβ) + 2c2

ssαβ − 2ρ∂t (νsαβ)
)

(4.60)

4.6 Filter Matrix for k − ε equations

The k−ε equations was the initial motivation to investigate the origins of the FMLB
method. Here, the k implementation will be used as an example of some of the chal-
lenges and simplifications associated with formulating a computational procedure
when the source term and diffusion coefficient becomes more complex.

The formulation of eq. (k transport) is almost the same as eq. (Convection diffusion
equation), if the term ūβ∂βk is rewritten as ūβ∂βk = ∂α(kuα) − k∂αuα, which is
valid in the incompressible limit, the equations match perfectly. Thus, using the
corresponding source term eq. (Dk) and diffusion coefficient eq. (qk) in the eqs. (4.34)
and (4.35) yields

3This is not necessarily the same thing as the flow being incompressible, although result when
using the full definition of incompressibility should be similar.
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Components of second order k transport equation
The moment vector

αk,k =


k

kuα −
(

ν + Cµ
k2

εσk

)
∂αk

0αβ

 , (4.61)

and corresponding collisional operator

℧k,k =



Cµ
k2

ε
|S|2 + gαβCµ

k2

εσθ

∂αT − ε

∂t(kuα) + c2
s∂αk − ∂t((ν + Cµ

k2

εσk

)∂αk)

c2
s

(
∂α(kuβ) + ∂β(kuα)− ∂α((ν + Cµ

k2

εσk

)∂βk)− ∂β((ν + Cµ
k2

εσk

)∂αk)
)


.

(4.62)
in which the derivatives can be expanded

℧k,k =



Cµ
k2

ε
|S|2 + gαβCµ

k2

εσθ

∂αT − ε

k∂tuα + uα∂tk + c2
s∂αk − ν∂t∂αk − Cµ

k2

εσk

∂t∂αk ←↩

+k2Cµ

ε2σk

(∂αk)∂tε−
2kCµ

σkε
(∂αk)∂tk

c2
s

(
2ksαβ + uβ∂αk + uα∂βk ←↩

−2ν∂β∂αk − 2Cµ
k2

εσk

∂β∂αk ←↩

+k2

σk

(∂αk)Cµ
∂βε

ε2 + k2

σk

(∂βk)Cµ
∂αε

ε2 −
4Cµk

σkε
(∂αk)∂βk

)



. (4.63)

Similarly to before, if it is solved in a coupled way this yields a system of equations.
The unknowns would be k, ∂αk, ∂tk, ∂t∂αk, ∂β∂αk, which in three dimensions totals
1 + 3 + 1 + 3 + 6 = 14. However, in the computational procedure, most of these
term are not needed when computing the collision, only k, ∂αk are found in the
moment vector, and as such needed to perform the collision. However, some way
must be found to close the system of equations. The simplest being to neglect all
time derivatives.

Just considering the first component of the vector, its contribution to the system of
equation would be

α−
k = k − ∆t

2

(
Cµ

k2

ε
|S|2 + gαβCµ

k2

εσθ

∂αT − ε

)
, (4.64)

which is a quadratic equation in k. Everything in the equation is known except k.
It would be solved explicitly using e.g. the quadratic formula, or solved implicitly,
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4. Derivation of Filter Matrix Methods

to increase stability and most likely reach a sufficient numerical accuracy at a lower
computational cost.

Here the second order terms are included, although to model the full collision, this
is not needed and does not help close the system of equations. However, gives
the opportunity to formulate the closure laws in terms of ∂β∂αk, with the first order
expansion, the closure laws had to be formulated for ∂tk and ∂t∂αk, which depending
on the flow case may or may not be more applicable.
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5
Comparison to Other Derivations

The method to derive the FMLB method presented in chapter 4 differs significantly
from previous literature, the final formulation is compared to other studies in this
chapter.

5.1 Comparison with Zhuo et al.

The main difference between the matrix and α formulations derived in this report
to that of Zhou et al. [10] is the exclusion of higher order terms. However, these
higher order terms are fixed through the constants γ1, γ2. Zhuo et al. further tests
the influence of these factors in [32], where only marginal improvements are found
when tuning them and it is mentioned that γ1 = γ2 = 0 is sufficient. Hence, already
from the results of Zhuo et al. the higher order terms can be set to zero. This
effectively means rows and columns responsible for projecting the α vector on these
higher order modes can be ignored and Eik and Eki can be reduced to the non-square
matrices shown in this report.

With this mind, the higher order terms will be ignored from now on, and the com-
parison is between the 0th, 1st and 2nd order terms. Comparing the two and three
dimensional formulations by Zhuo et al. [10, 33] shows they can both be written
more compactly using the notation of this report. In the case of the matrices, the
initial terms are similar to the scaled Hermite polynomials introduced in this thesis,
both for the two and three dimensional formulations. The remaining components
are similar to the higher order Hermite polynomials shown by Shan et al. [23] and
described for the MRT scheme by Krüger et al. [12]. Taking eqs. (2.27) and (2.31)
from Zhou et al. [10] and rewriting in the compact notation of this report yields

E
(Zhuo)
ki,D2Q9 =

[
1i, ciα,

ciα ⊙ ciβ

c2
s

− δαβ, higher order terms
]T

, (5.1)

and similarly for E
(Zhuo)
ik,D2Q9. Condensing the α in eq. (2.29)1 with the notation used

1Note that the two dimensional eq. (2.28) and three dimensional moment vectors eq. (2.29)
differs in a way very similar to the discussion about two and three dimensional stress tensor at
eq. (Momentum). With the same reasoning, considering the three dimensional version is equivalent
to the two dimensional if the bulk viscosity is appropriately scaled.
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in this report and ignoring higher order terms gives

α± =


ρ

ρuα ±∆tFα/2

3ρuαuβ + 3ρ

(
−ν ± ∆t

3 · 2

)
(∂αuβ + ∂βuα) + 3

(2
3 −B

)
δαβρν∂γuγ

 (5.2)

=


ρ

ρuα ±∆tFα/2
1
c2

s

(
ρuαuβ − ρν(∂αuβ + ∂βuα) +

(2
3 −B

)
δαβρν∂γuγ

)
± ∆t

2 (∂αuβ + ∂βuα)

 ,

(5.3)

where the terms have been carefully been factored and replaced with c2
s = 1/3 where

applicable. The same procedure for the heat equation from Zhou et al. [10] yields

β± =
 ϕ

uαϕ−Dϕ∂αϕ± 1
3 ·

∆t

2 ∂α

 (5.4)

=
 ϕ

uαϕ−Dϕ∂αϕ± ∆t

2 c2
s∂αϕ

 , (5.5)

now, moment vectors can be split into a moment part and a moment collision part.
This has been done on the next page and gives a direct comparison between this
work and that of Zhou et al. [10].
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Zhuo [10, 33] formulation of FMLB for the Navier Stokes equations

E
(Zhuo)
ik =

[
1i,

ciα

c2
s

,
1

1 + δαβ

(
ciα ⊙ ciβ

c2
s

− δαβ

) ]
(5.6)

E
(Zhuo)
ki =

[
1i, ciα,

ciα ⊙ ciβ

c2
s

− δαβ

]T

(5.7)

α
(Zhuo)
ϕ =

[
ϕ

ϕuα −Dϕ∂αϕ

]
(5.8)

℧(Zhuo)
ϕ =

[
0

c2
s∂αϕ

]
(5.9)

α(Zhuo)
ρ =


ρ

ρuα

1
c2

s

(
ρuαuβ − ρν

(
∂αuβ + ∂βuα −

2
3∂γuγδαβ

)
−Bρν∂γuγδαβ

)


(5.10)

℧(Zhuo)
ρ =

 0
Fα

ρ(∂αuβ + ∂βuα)

 (5.11)

Present formulation of FMLB for the Navier Stokes equations

E
(Present)
ik =

[
1i,

ciα

c2
s

,
1
c2

s

1
1 + δαβ

(
ciα ⊙ ciβ

c2
s

− δαβ

) ]
(5.12)

D−1E
(Present)
ki =

[
1i, ciα, c2

s

(
ciα ⊙ ciβ

c2
s

− δαβ

) ]T

(5.13)

α
(Present)
ϕ =

[
ϕ

ϕuα −Dϕ∂αϕ

]
(5.14)

℧(Present)
ϕ =

[
qϕ

c2
s∂αϕ + ∂t(ϕuα)− ∂t(Dϕ∂αϕ)

]
(5.15)

α(Present)
ρ =


ρ

ρuα

ρuαuβ − ρν
(

∂βuα + ∂αuβ −
2
3∂γuγδαβ

)
− ζ∂γuγδαβ

 ,

℧(Present)
ρ =


0

Fα

∂t(ρuαuβ) + c2
s (ρ∂αuβ + ρ∂βuα+uβ∂αρ + uα∂βρ)←↩

−∂t

(
ρν
(

∂βuα + ∂αuβ −
2
3∂γuγδαβ

)
+ ζ∂γuγδαβ

)

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The blue terms are simply due to different convention when constructing the initial
Eik, if a factor of c2

s is put into the α vector in eq. (4.8) and propagated into the
corresponding eq. (Tf→α(B.E.)), the final formulation would not differ with these
terms. The computations being done will also be identical since the resulting sys-
tem of equation can be rescaled with c2

s to yield an identical system. Further, the
bulk viscosity can be replaced with Bρν = ζ to get the same equation.

The red terms differs between the present derivation and Zhou et al. [10]. For the
convection–diffusion equation the equations of Zhou et al. [10] corresponds to the
special case of when the present derivation is sourceless and time derivatives are
zero. Note that this is not necessarily the same as assuming a steady state solution
because the entire derivate is neglected. In the derivation of Somers [29], some of the
higher order terms are neglecting when calculating the collisional operator which is
thought to have a similar effect to this. As Zhou et al. [10] refers to Somers [29] and
[19] for the details of calculating the collisional operator, that derivation has most
likely neglected higher order terms and applied some closure law similar to eq. (2.36).

Throughout the derivation of [19], part of the reasoning why some higher order
terms can be neglected are related to the incompressible limit. When decreasing the
fluid velocity, the terms uβ∂αρ + uα∂βρ are argued deviate from the second order
equilibrium distribution, and as such are removed by Zhou et al. [10]. In the present
derivation, there is no physically meaningful equilibrium distribution, it is a purely
mathematical trick to substitute the ”equilibrium values” to more easily find the
definitions of α and ℧. As such, these terms are kept in this derivation. There is no
study that investigates strong density gradients with FMLB, and as such it is hard
to judge whether any error might be due to these effects.

5.1.1 Comparison with Somers

As mentioned in section 2.6.1, the lattice used in Somers [29] and Eggels & Somers
[30] is a four dimensional 24-speed, as well as using a different pressure definition
compared to this study. Further the time step is set to ∆t = 1, as such the matrices
cannot simply be factored into an easily comparable form as was done for Zhou et
al. [10]. However, it is still possible to identify the α and ℧ for the momentum
equation. The moment vector in Eggels & Somers [30] is given by

α± =



ρ
ρux ± Fx/2
ρuy ± Fy/2

ρ(uxux + τxx) + ρ (−6ν ± 1) 2∂xux/6
ρ(uxuy + τxy) + ρ (−6ν ± 1) (∂yx + ∂xy)/6

ρ(uyuy + τyy) + ρ (−6ν ± 1) 2∂yuy/6
higher order terms


(5.16)
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which is separated into

α(Eggels & Somers)
ρ =

 ρ
ρuα

ρ(uαuβ + ταβ − ν(∂βuα + ∂αuβ))

 (5.17)

and

℧(Eggels & Somers)
ρ =

 0
Fα

(∂βuα + ∂αuβ)/3

 . (5.18)

Further, Eggels & Somers [30] presents a moment vector for the convection–diffusion
with subgrid scale scalar fluxes σ

β± =


ρϕ

ρ(ϕux + σx −Dϕ∂xϕ)± ρ∂xϕ/4
ρ(ϕuy + σy −Dϕ∂yϕ)± ρ∂yϕ/4

higher order terms

 (5.19)

once again corresponding to

α
(Eggels & Somers)
ϕ =

[
ρϕ

ρ(ϕuα + σα −Dϕ∂αϕ)

]
(5.20)

℧(Eggels & Somers)
ϕ =

[
0

ρ∂αϕ/2

]
(5.21)

It is worth noting that there is no constant factor in front ρuαuβ-term in this case,
which is more similar to the separation done in this study than in Zhou et al. [10].
The subgrid fluxes τ and σ are not incorporated in this report. However, in Eggels &
Somers [30], τ is formulated as an extra term ∂α(ρταβ) in the Navier Stokes equation.
In eq. (Tf→α(B.E.)), this is precisely the type of derivative that is modelled through
the α2αβ term and as such, the present formulation can easily be extended to include
subgrid stresses. The convection–diffusion equation from Eggels & Somers [30] also
differs through the inclusion of the density. This can also be included in the present
derivation by redefining the scalar as a product of the density and density normalized
scalar, i.e. ϕ = ρϕ′. When expanding the moment vector, the derivative product
rule lead to a dependence on the density gradients.
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6
Discussion and conclusion

Initially in this section brief remarks about implications of the results from this
thesis are given, thereafter the focus areas of future work relating to this present
formulation of FMLB are given. Lastly, the thesis is summarized with a conclusion.

6.1 Implication for minimal lattice
The minimal amount of hydrodynamic modes are discussed in Shan et al. [23] and
[38, 39]. This depends on how the temperature is treated, although if only the mass
and momentum conservation are of interest, only the hydrodynamic modes corre-
sponding to second order and below need to be resolved. From the perspective of
the derivation in this report, the important constraints are that the lattice velocities
satisfies eqs. (

∑
ω) to (

∑
ωc4), or eqs. (

∑
ω) to (

∑
ωc2) if the convection–diffusion

equation is considered, as these are needed when constructing the gram matrix D.
This a if there is more modes than lattice directions, D can instead not be inverted.
Theoretically not much changes when using cheaper schemes as long as the previ-
ously listed constraints are med, but the implementation of streaming and boundary
conditions becomes significantly more cumbersome. A hexagonal lattice similar to
[39] could most likely be used, and as that study shown significant reductions in
computations per collision, pairing it with FMLB is a promising simulation method.

6.2 Name of the algorithm
As mentioned in section 4.3, ”The Filter Matrix Method” as presented in this report
is a misleading name. Fistly, the word ”Matrix”. The FMLB was proposed before
much of the work had been done on the MRT collisional operator, which shares a
similar matrix transform, which is why it might have been a distinguishing name
at the time, but with the current prevalence of MRT, it is not a unique feature for
FMLB. Moreover,the word ”Filter” is also misleading. Higher terms are removed
throughout the derivation procedure in the works of Somers [29] and Zhou et al.
[10], leading to the derivation procedure by Rohde [35] and further developed in
this thesis, but as mentioned in chapter 3 neglecting higher order terms moves the
error from the Chapman–Enskog expansion to a mismatch in the discretization. The
derivation procedure in chapter 4 does not require neglecting terms throughout the
process, and the simplifications to reduce the final form to the formulation by Zhou
et al. [10] are based on physical understanding of the problem by small time deriva-
tives or density gradients. Instead, FMLB should preferably be named after its
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fundamental components. These could be argued to be the transformations Tf→α,
and Tα→f . These have a matrix representation, but since the transforms are better
thought of as linear projections, especially since ωi appears in Tf→α, the word ”Ma-
trix” is also misleading. Further keywords for the method are ”non-linear collisional
operator”, ”projection”, ”moment space”, ”closure laws” and also the constructive
nature of mapping the discretized Boltzmann equation to moment vectors to regain
the PDEs of interest. Since the entire computational algorithm is a crucial part of
what makes the operator local, it also does not make sense to name just the col-
lisional operator, but the entire method. It is up to the LBM community at large
to decide on a suitable name, whether to keep the FMLB convection, otherwise the
name ”Moment Projected Boltzmann” (MPB) method is suggested.

6.3 Further work
The proposed algorithm needs to be numerically tested and evaluated. The evalu-
ation should focus on two things, accuracy of simulated results and computational
efficiency. The accuracy is how close to an analytic solution the algorithm can cal-
culate a specific simulation case. As discussed in section 2.3.1, there will be errors of
higher order macroscopic properties between what is actually simulated with LBM,
and the simulation of interest. Since the proposed method is shown to be exact
in the moment space, it should be investigated whether this actually the case nu-
merically. Moreover, due to the limited amount of studies on FMLB in general, a
investigation of how it handles transients and compressibility effects is unknown.

Another focus should be to quantify the computational cost of the algorithm, as
a collision with FMLB is more computationally expensive to compute, it has to
improve accuracy enough for it to not be better to just use the e.g. BGK with an
increase resolution instead. In Zhou et al. [10] it is shown that the computational
grid can be reduced significantly with FMLB for comparable results to BGK and
MRT, c.f. figure 5 in [10], which would make up for the added computational cost
per iteration. Using the modifications from this thesis and running the same tests
would make for a valuable comparison.

6.4 Conclusion
This thesis has shown a new way of deriving the Filter Matrix Lattice Boltzmann
method. The assumption for the methods are the same as those leading up to the
projection of the Boltzmann equation onto a Hermite polynomial basis. From that
point, the derivation is strictly mathematical, and physics based approximations can
intuitively be applied when formulating an exact computational procedure. Current
literature can mostly be seen as a special case of the proposed algorithm, although
there are some cases where they differ and those cases should be the starting point
for further investigations.
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A
Elaboration on used syntax

The extensive use of tensor notation in this thesis may be somewhat difficult to fol-
low. The notation for the tensors in lattice Boltzmann derivation changes somewhat
between different articles, and this report has tried to use the notation in Krüger et
al. [12] as a basis. However, to avoid confusion and clarify tensor algebra operators
some new notation is introduced. First, some initial clarifications.

1. Spatial indices (α, β, · · · ) are treated with tensor notation
2. Indices corresponding to the second order polynomials are written as α̃, β̃, γ̃, δ̃

and means that symmetric combinations only appear once in all tensor algebra
3. Lattice direction indices i are not subject to tensor notation rules. Hadamard

products ⊙ always applies over this dimension

A.1 Second order products
The stresses in the used formulation of the Navier Stokes equation and the Hermite
polynomials are symmetric, meaning ταβ = τT

αβ and H2αβ = HT
2αβ, thus special care

has to be taken when doing tensor algebra. To illustrate the issue an example of a
double contraction calculation subject to symmetry α2δγ = α2γδ is shown. It can be
treated in different ways, initially following standard rules for tensor notation, (δαβ

substituting α with β indices and vice versa)

(δαγδβδ + δαδδβγ)α2αβ = δαγδβδα2αβ + δαδδβγα2αβ (A.1)
= α2γδ + α2δγ (A.2)

= 2α2γδ =

2αxx

2αxy

2αyy

 (A.3)

This could also be expanded into matrices

(δαγδβδ + δαδδβγ)α2αβ =


2 0 0 0
0 1 1 0
0 1 1 0
0 0 0 2




αyy

αxy

αyx

αyy

 =


2αyy

αxy + αyx

αyx + αxy

2αyy

⇔
2αyy

2αxy

2αyy

 (A.4)

alternatively treating the symmetric parts implicitly results in

(δα̃γ̃δβ̃δ̃ + δα̃δ̃δβ̃γ̃)α2α̃β̃ =

2 0 0
0 1 0
0 0 2


αxx

αxy

αyy

 =

2αxx

αxy

2αyy

 = (1 + δγ̃δ̃)α2γ̃δ̃. (A.5)
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A. Elaboration on used syntax

It is the last case that is of interest since the Hermite polynomials are not prop-
erly represented for symmetric indices. Thus α̃, β̃, γ̃, δ̃ are introduced. That is the
implicit treatment of the indices above is what is actually computed in numerical
implementations. The notation is that a tensor of the for Mα̃β̃γ̃δ̃ can be thought to
be expanded as

γ̃ = x, δ̃ = x γ̃ = x, δ̃ = y γ̃ = y, δ̃ = y
↓ ↓ ↓

α̃ = x, β̃ = x → δxxδxx + δxxδxx δxxδxy + δxyδxx δxyδxy + δxyδxy

α̃ = x, β̃ = y → δxxδyx + δxxδyx δxxδyy + δxyδyx δxyδyy + δxyδyy

α̃ = y, β̃ = y → δyxδyx + δyxδyx δyxδyy + δyyδyx δyyδyy + δyyδyy

 . (A.6)

A.2 Computations in original equilibrium distri-
bution

In the second order equilibrium distribution eq. (f (0)) the product uαuβ(ciα ⊙ ciβ)
appears. Which for a given i straight forward to compute. Take the case of D2Q9.
The velocity corresponds to the matrix

uαuβ =
[
uxux uxuy

uyux uyuy

]
(A.7)

and considering the general lattice speed in direction i as well as the specific examples
c1α = [1, 0] and c5α = [1, 1] results in the matrices

ciαciβ =
[
cixcix ciycix

cixciy ciyciy

]
, c1αc1β =

[
1 0
0 0

]
, c5αc5β =

[
1 1
1 1

]
(A.8)

then performing the double contraction in the first case is obviously

uαuβc1αc1β = u2
x (A.9)

and in the second case

uαuβc5αc5β = u2
x + uxuy + uyux + u2

y = u2
x + 2uxuy + u2

y, (A.10)

which is the same the expansion in example 3.6, eq. (3.65) in Krüger et al. [12].
However, when switching to the α̃, β̃ notation, only part of these matrices are actu-
ally represented, in some sense it is thought to be

uα̃uβ̃ =
[
uxux uxuy

× uyuy

]
(A.11)

and likewise

ciα̃ciβ̃ =
[
cixcix ciycix

× ciyciy

]
, c1α̃c1β̃ =

[
1 0
× 0

]
, c5α̃c5β̃ =

[
1 1
× 1

]
(A.12)
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A. Elaboration on used syntax

thus, to preserve the initial calculation, the lattice velocities must be adjusted to

ciαciβ =
[
cixcix 2ciycix

× ciyciy

]
(A.13)

which can be though of as

ciαciβ = 2
1 + δα̃β̃

ciα̃ciβ̃. (A.14)

These matrices can of course be flattened for a representation more similar to the
expansion in eq. (A.6), although computationally it should be thought of as the
above when performing double contractions.

III
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B
Inner products of scaled Hermite

basis

These components all appear on the diagonal of ⟨⟨Eki, Eik⟩⟩. For the zeroth order
Hermitian polynomial H0

⟨H0,i,H0,i⟩ = ⟨1i, 1i⟩
=
∑

i

ωi1i1i

= 1,

and first order polynomials

⟨H1α,i,H1β,i⟩ =
〈

ciα

c2
s

,
ciβ

c2
s

〉

=
∑

i

ωi
ciα

c2
s

ciβ

c2
s

= 1
c4

s

∑
i

ωiciαciβ

= δαβ

c2
s

,

V



B. Inner products of scaled Hermite basis

and finally second order polynomials

⟨H2αβ,i,H2γδ,i⟩ =
〈

1
2c4

s

(
ciα ⊙ ciβ − c2

sδαβ1i

)
,

1
2c4

s

(
ciγ ⊙ ciδ − c2

sδγδ1i

)〉

= ωi ⊙
1

2c4
s

(
ciα ⊙ ciβ − c2

sδαβ1i

)
⊙ 1

2c4
s

(
ciγ ⊙ ciδ − c2

sδγδ1i

)
=
∑

i ωi

4c8
s

⊙
(
ciα ⊙ ciβ ⊙ ciγ ⊙ ciδ − c2

sδγδciα ⊙ ciβ ⊙ 1i

− c2
sδαβciγ ⊙ ciδ ⊙ 1i + c4

sδαβδγδ1i ⊙ 1i

)
= 1

4c8
s

(∑
i

ωi ⊙ ciα ⊙ ciβ ⊙ ciγ ⊙ ciδ − c2
sδγδ

∑
i

ωi ⊙ ciα ⊙ ciβ

− c2
sδαβ

∑
i

ωi ⊙ ciγ ⊙ ciδ + c4
sδαβδγδ

∑
i

ωi

)
= 1

4c8
s

(∑
i

ωi ⊙ ciα ⊙ ciβ ⊙ ciγ ⊙ ciδ − c2
sδγδc

2
sδαβ − c2

sδαβc2
sδγδ + c4

sδαβδγδ

)

= 1
4c4

s

(δαβδγδ + δαγδβδ + δαδδβγ − δαβδγδ − δαβδγδ + δαβδγδ)

= δαγδβδ + δαδδβγ

4c4
s

.

where definitions of higher order sums have been used from eqs. (
∑

ω) to (
∑

ωc4).
This means that the values of those sums are required for a valid velocity scheme.
This is then used for the rescaled polynomials as

〈
H2α̃β̃,i,H2γ̃δ̃,i

〉
=
〈

1
(1 + δα̃β̃)c4

s

(
ciα̃ciβ̃ − c2

sδα̃β̃1i

)
,

1
(1 + δγ̃δ̃)c4

s

(
ciγ̃ciδ̃ − c2

sδγ̃δ̃1i

)〉

=
δα̃γ̃δβ̃δ̃ + δα̃δ̃δβ̃γ̃

(1 + δα̃β̃)(1 + δγ̃δ̃)c4
s

which gives the magnitudes

〈
H2α̃β̃,i,H2α̃β̃,i

〉
=

δα̃α̃δβ̃β̃ + δα̃β̃δβ̃α̃

(1 + δα̃β̃)2c4
s

=


1

2c4
s

α̃ = β̃

1
c4

s

α̃ ̸= β̃

= 1
(1 + δα̃β̃)c4

s

,

(B.1)

here it is clear that the notation δα̃β̃ cannot be thought to represent a matrix, as
the dimensions for the final expression would not make sense. It should instead be
thought of as a indices, similarly to how i is used in Krüger et al. [12].
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For appendix C the product between the rescaled and non-rescaled second order is
also needed

〈
H2αβ,i,H2γ̃δ̃,i

〉
=
〈

1
2c4

s

(
ciαciβ − c2

sδαβ1i

)
,

1
(1 + δγ̃δ̃)c4

s

(
ciγ̃ciδ̃ − c2

sδγ̃δ̃1i

)〉

=
δαγ̃δβδ̃ + δαδ̃δβγ̃

2(1 + δγ̃δ̃)c4
s

.

It is also easy to show the following, which are direct consequences of the orthogonal
basis

⟨H0,i,H1α,i⟩ =
〈

1i,
ciα

c2
s

〉
= 0

〈
H1α,i,H2α̃β̃,i

〉
=
〈

ciα

c2
s

,
1

(1 + δα̃β̃)c4
s

(
ciα̃ciβ̃ − c2

sδα̃β̃

)〉
= 0

〈
H2α̃β̃,i,H0,i

〉
=
〈

1
(1 + δα̃β̃)c4

s

(
ciα̃ciβ̃ − c2

sδα̃β̃

)
, 1i

〉
= 0,

and for the derivation in appendix C it is also important to note that the orthogo-
nality property also holds for H3αβγ,i as well as any redefined set H3α̃β̃γ̃,i if it is only
rescaled by constants.

Based on the inner products calculated above, the gram matrix D to second order
is represented as

D = ⟨⟨Eki, Eik⟩⟩

=


〈
H(0)

i ,H(0)
i

〉 〈
H(0)

i ,H(1)
α,i

〉 〈
H(0)

i ,H(2)
α̃β̃,i

〉〈
H(1)

α,i,H
(0)
i

〉 〈
H(1)

α,i,H
(1)
β,i

〉 〈
H(1)

α,i,H
(2)
α̃β̃,i

〉〈
H(2)

α̃β̃,i
,H(0)

i

〉 〈
H(2)

α̃β̃,i
,H(1)

α,i

〉 〈
H(2)

α̃β̃,i
,H(2)

γ̃δ̃,i

〉


=


1 0 0
0 δαβ

c2
s

0

0 0
δα̃γ̃δβ̃δ̃ + δα̃δ̃δβ̃γ̃

(1 + δα̃β̃)(1 + δγ̃δ̃)c4
s

,



(B.2)

which is composed of three blocks on the diagonal, corresponding to the zeroth, first
and second order Hermite polynomials respectively, with all entries not defined by
these three blocks being zeros.

Due to the definition of α̃, β̃, γ̃, δ̃ it is not immediately obvious that D is diagonal,
although when expanding like eq. (A.6) or numerically computing it as in appendix D
shows that this is the case. To simplify the notation, the diagonals are represented
as below,

D = diagonal
[
1,

1α

c2
s

,
1

(1 + δα̃β̃)c4
s

]
(B.3)

VII



B. Inner products of scaled Hermite basis

which can be expanded depending on the dimension, e.g. in two dimensions it
would be D = diagonal

[
1, 1/c2

s, 1/c2
s, 1/(2c4

s), 1/c4
s, 1/(2c4

s)
]
. In this representation,

it is clear that the inverse of the matrix is given by

D−1 = diagonal
[
1, 1αc2

s, (1 + δα̃β̃)c4
s

]
. (B.4)

The inverse transformation Tf→α has the matrix representation D−1Eki, which is
calculated with the transpose of Eik, which is just Hermite basis vectors times the
corresponding entry in D−1. To zeroth and first order this computation is straight
forward, for the second order it is given by

(D−1
α̃β̃

1i)⊙ E2(α̃β̃)×i = ((1 + δα̃β̃)1ic
4
s)⊙

1
(1 + δα̃β̃)c4

s

(
ciα̃ ⊙ ciβ̃ − c2

sδα̃β̃1i

)
= ciα̃ ⊙ ciβ̃ − c2

sδα̃β̃1i.

(B.5)

VIII



C
Transforming spatial derivatives to

moment space

As will be seen for the Enskog analysis, a really important special case of transform-
ing between moment and lattice speed representations is when applying the inverse
transform to (ciα∂α) ⊙ fi (up to a second order expansion). This computation is
shown below,

Tf→α((ciα∂α)⊙ fi) = D−1Eki((ciα∂α)⊙ fi)
= (ciα∂α)(D−1Eki)fi

=


(ciα∂α)⊙ 1i

(ciα∂α)⊙ ciβ

(ciα∂α)⊙
(
ciβ̃ ⊙ ciγ̃ − c2

sδβ̃γ̃1i

)
 · fi

=


ciα∂α

(ciα ⊙ ciβ) ∂α(
ciα ⊙ (ciβ̃ ⊙ ciγ̃ − c2

sδβ̃γ̃1i)
)

∂α

 · fi

=


c2

sH
(1)
α,i · ∂α(

2c4
sH

(2)
αβ,i + c2

sδαβH(0)
i

)
· ∂α(

6c6
sH

(3)
αβ̃γ̃,i

+ c2
s

(
ciαδβ̃γ̃ + ciβ̃δαγ̃ + ciγ̃δβ̃α

)
− c2

sciαδβ̃γ̃

)
· ∂α

 · fi

=


c2

sH
(1)
α,i · ∂α(

2c4
sH

(2)
αβ,i + c2

sδαβH(0)
i

)
· ∂α(

6c6
sH

(3)
αβ̃γ̃,i

+ c4
s

(
δαγ̃H(1)

β̃,i
+ δβ̃αH

(1)
γ̃,i

))
· ∂α

 · fi

which is reminiscent of the recursive relations defining the Hermite expansion [26]
in eq. (2.17). The third order polynomial has components from the symmetric β̃, γ̃
representation as well as non-symmetric α, this is not an issue since the orthogonality
properties remain the same. Now, using the definition of fi in terms of αk for the
transform above

IX



C. Transforming spatial derivatives to moment space

Tf→α((ciα∂α)⊙ fi)
= Tf→α((ciα∂α)⊙ ⟨Eik, αk⟩)
= D−1 · Eki · ((ciα∂α)⊙ (ωi ⊙ Eikαk))
= ωi ⊙

(
[D−1 · ((ciα∂α)⊙ Eki)] · Eik

)
αk

= ωi ⊙


c2

sH
(1)
α,i · ∂α

(2c4
sH

(2)
αβ,i + c2

sδαβH(0)
i ) · ∂α(

6c6
sH

(3)
αβ̃γ̃,i

+ c4
s

(
δαγ̃H(1)

β̃,i
+ δβ̃αH

(1)
γ̃,i

))
· ∂α



| | |
H(0)

i H(1)
α′,i H

(2)
α̃′β̃′,i

| | |

 · αk

=
〈

c2
sH

(1)
α,i · ∂α

(2c4
sH

(2)
αβ,i + c2

sδαβH(0)
i ) · ∂α(

6c6
sH

(3)
αβ̃γ̃,i

+ c4
s

(
δαγ̃H(1)

β̃,i
+ δβ̃αH

(1)
γ̃,i

))
· ∂α

 ,


| | |
H(0)

i H(1)
α′,i H

(2)
α̃′β̃′,i

| | |


〉
· αk

=
〈

c2
sH

(1)
α,i · ∂α

2c4
sH

(2)
αβ,i · ∂α

6c6
sH

(3)
αβ̃γ̃,i
· ∂α

 ,


| | |
H(0)

i H(1)
α′,i H

(2)
α̃′β̃′,i

| | |


〉
· αk

+
〈

0i

δαβH(0)
i c2

s · ∂α

c4
s

(
δαγ̃H(1)

β̃,i
+ δβ̃αH

(1)
γ̃,i

)
· ∂α

 ,


| | |
H(0)

i H(1)
α′,i H

(2)
α̃′β̃′,i

| | |


〉
· αk

=


0 c2

s⟨H
(1)
α,i,H

(1)
α′,i⟩∂α 0

c2
sδαβ⟨H(0)

i ,H(0)
i ⟩∂α 0 2c4

s⟨H
(2)
αβ,i,H

(2)
α̃′β̃′,i
⟩∂α

0 c4
s

(
δαγ̃⟨H(1)

β̃,i
,H(1)

α′,i⟩ 0
+δβ̃α⟨H

(1)
γ̃,i ,H

(1)
α′,i⟩

)
∂α

 · αk

=



0 c2
s

δαα′

c2
s

∂α 0

c2
sδαβ∂α 0 2c4

s

δαα̃′δββ̃′ + δαβ̃′δβα̃′

2c4
s(1 + δα̃′β̃′)

∂α

0 c4
s

δαγ̃δβ̃α̃′ + δβ̃αδγ̃α̃′

c2
s

∂α 0


· αk

=


∂αδαα′α1α′

c2
s∂βα0 + ∂α

(
δαα̃′δββ̃′ + δαβ̃′δβα̃′

1 + δα̃′β̃′
α2α̃′β̃′

)
c2

s(δαγ̃δβ̃α̃′ + δβ̃αδγ̃α̃′)∂αα1α′



Now, the two terms involving second order terms must be handled with care to
not do any implicit summations. The ”second order contraction”-part of the first
problematic product is similar to the discussion in section A.1, and by the same

X



C. Transforming spatial derivatives to moment space

reasoning, the product must be

(δαα̃′δββ̃′ + δαβ̃′δβα̃′)α2α̃′β̃′

1 + δα̃′β̃′
=

δαα̃′δββ̃′α2α̃′β̃′ + δαβ̃′δβα̃′α2α̃′β̃′

1 + δα̃′β̃′

=
(1 + δα̃′β̃′)α2αβ

1 + δα̃′β̃′

= α2αβ

it can thought of as when the variable substitutions are done through the kronecker
deltas, it must be compensated for the symmetric element not existing with the extra
factor, similarly to the last part of appendix A. The second component involving a
second order terms there is actually no potential confusion since there is no cross
substitutions between the kronecker deltas,

(δαγ̃δβ̃α′ + δβ̃αδγ̃α′)(∂αα1α′) = (δαγ̃∂α)(δβ̃α′α1α′) + (δβ̃α∂α)(δγ̃α′α1α′)
= ∂γ̃α1β̃ + ∂β̃α1γ̃

(C.1)

The indices can now be renamed and the symmetrical notation dropped, this is
because there will not be any more second order products performed on the terms,
and as such the symmetric notation is equivalent to normal tensor notation. The
conclusion from this is that the spatial derivatives are mapped to the moment-space
as follows

Tf→α (ciα∂αfi) =

 ∂αα1α

c2
s∂αα0 + ∂βα2αβ

c2
s (∂αα1β + ∂βα1α)

 . (Tf→α (ciα∂αfi))

XI



C. Transforming spatial derivatives to moment space

XII



D
Supplied code

In this thesis, a somewhat convoluted syntax has been introduced. Although the
math is consistent, the numerical calculations are accompanied by a numerical
Python Notebook using the package Sympy [40]. In the code the exact compu-
tations done with the abstract syntax in the appendices are performed using an
explicit chose of lattice velocities, such as D2Q9 and D3Q15 defined by Krüger et
al. [12] and D3Q7 from [24].

The code is found on the following repository
https://github.com/vrogly/filter-matrix-lattice-boltzmann-matrices

As an example for the D3Q15 lattice,

ciα =

 0 1 −1 0 0 0 0 1 −1 1 −1 1 −1 −1 1
0 0 0 1 −1 0 0 1 −1 1 −1 −1 1 1 −1
0 0 0 0 0 1 −1 1 −1 −1 1 1 −1 1 −1


T

labeled from 0 to 14. The weights ω0 = 2/9, ω1,2,3,4,5,6 = 1/9, ω7,8,9,10,11,12,13,14 = 1/72
and lattice speed of sound c2

s = 1/3. This results in

ωiEik =



2/9 0 0 0 −1/3 0 0 −1/3 0 −1/3
1/9 1/3 0 0 1/3 0 0 −1/6 0 −1/6
1/9 −1/3 0 0 1/3 0 0 −1/6 0 −1/6
1/9 0 1/3 0 −1/6 0 0 1/3 0 −1/6
1/9 0 −1/3 0 −1/6 0 0 1/3 0 −1/6
1/9 0 0 1/3 −1/6 0 0 −1/6 0 1/3
1/9 0 0 −1/3 −1/6 0 0 −1/6 0 1/3
1/72 1/24 1/24 1/24 1/24 1/8 1/8 1/24 1/8 1/24
1/72 −1/24 −1/24 −1/24 1/24 1/8 1/8 1/24 1/8 1/24
1/72 1/24 1/24 −1/24 1/24 1/8 −1/8 1/24 −1/8 1/24
1/72 −1/24 −1/24 1/24 1/24 1/8 −1/8 1/24 −1/8 1/24
1/72 1/24 −1/24 1/24 1/24 −1/8 1/8 1/24 −1/8 1/24
1/72 −1/24 1/24 −1/24 1/24 −1/8 1/8 1/24 −1/8 1/24
1/72 −1/24 1/24 1/24 1/24 −1/8 −1/8 1/24 1/8 1/24
1/72 1/24 −1/24 −1/24 1/24 −1/8 −1/8 1/24 1/8 1/24


XIII
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and

D−1Eki =



1 0 0 0 −1/3 0 0 −1/3 0 −1/3
1 1 0 0 2/3 0 0 −1/3 0 −1/3
1 −1 0 0 2/3 0 0 −1/3 0 −1/3
1 0 1 0 −1/3 0 0 2/3 0 −1/3
1 0 −1 0 −1/3 0 0 2/3 0 −1/3
1 0 0 1 −1/3 0 0 −1/3 0 2/3
1 0 0 −1 −1/3 0 0 −1/3 0 2/3
1 1 1 1 2/3 1 1 2/3 1 2/3
1 −1 −1 −1 2/3 1 1 2/3 1 2/3
1 1 1 −1 2/3 1 −1 2/3 −1 2/3
1 −1 −1 1 2/3 1 −1 2/3 −1 2/3
1 1 −1 1 2/3 −1 1 2/3 −1 2/3
1 −1 1 −1 2/3 −1 1 2/3 −1 2/3
1 −1 1 1 2/3 −1 −1 2/3 1 2/3
1 1 −1 −1 2/3 −1 −1 2/3 1 2/3



T

which results in the following transformation of the spatial derivatives

Tf→α((ciα∂α)⊙ fi) =



∂xαϕ,1x + ∂yαϕ,1y + ∂zαϕ,1z

∂xαϕ,0

3 + ∂xαϕ,2xx + ∂yαϕ,2xy + ∂zαϕ,2xz

∂yαϕ,0

3 + ∂xαϕ,2xy + ∂yαϕ,2yy + ∂zαϕ,2yz

∂zαϕ,0

3 + ∂xαϕ,2xz + ∂yαϕ,2yz + ∂zαϕ,2zz

2∂xαϕ,1x

3
∂yαϕ,1x

3 + ∂xαϕ,1y

3
∂zαϕ,1x

3 + ∂xαϕ,1z

32∂yαϕ,1y

3
∂zαϕ,1y

3 + ∂yαϕ,1z

32∂zαϕ,1z

3



.
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