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Kähler-Einstein metrics on toric Fano manifolds and connections to Optimal Transport

Rolf Andreasson
Department of Mathematical Sciences
Chalmers University of Technology and University of Gothenburg

Abstract

We introduce the problem of finding a Kähler-Einstein metric on a Kähler manifold and
specifically on a Fano manifold. We restrict to the class of toric complex manifolds where
the symmetry can be used to reduce the resulting partial differential equation to a real
equation in Rn. We then introduce the theory of optimal transport, specially adapted to
the application. We present a special transportation problem which is in fact equivalent
to a weak formulation of the Kähler-Einstein equation on toric Fano manifolds. The pre-
sentation is a literature study aimed at presenting the material in a self-contained and
elementary fashion.

We also present a novel variational approach to the existence problem in the language
of optimal transport and equilibrium physics. We show some results towards an existence
result based on this approach.

Finally we exemplify large parts of the theory on complex projective space, an explicit
example of a toric Fano manifold. We also compute the free energy, an invariant we will
introduce, on complex projective space.
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1
Introduction

The motivation behind the study of Kähler–Einstein metrics is different if you ask different
parts of the mathematical community. Firstly, there is the viewpoint of algebraic geometry.
Algebraic geometry is the study of the common zero-set of one or more polynomials in
several variables. If the underlying field is C then the resulting set admits the structure of
a (possible singular) complex manifold. If the polynomials is homogeneous, i.e, p(λz) =
λkp(z) where λ ∈ C and k is the degree, then we can consider the zero-set in projective
space where we mod out the multiplication by a complex number. These spaces, which are
now compact complex manifolds, are called projective complex algebraic varieties and have
been heavily studied. On these spaces one can consider Riemannian metrics. The class of
Kähler–metrics are these that are adapted to the complex and algebraic structure. Among
these metrics one can look for canonical metrics. This leads naturally to Kähler–Einstein
metrics.

From the viewpoint of differential geometry in large, a natural question since Gauss has
been to study existence of canonical metrics. In fact, the question of whether a compact
orientable smooth surface admits a constant curvature metric is a special case of the
existence of Kähler–Einstein metrics on Riemann surfaces. In higher dimensions, one can
consider constant-curvature metrics whose scalar curvature is constant, or the smaller
class of Einstein metrics whose Ricci curvature is proportional to the metric itself. The
study of these metrics is in general difficult but progress in the case when the metric is
in addition Kähler has been considerable, especially in the case of Einstein metrics. Thus
Kähler–Einstein metrics can be seen as a special, simpler case in this vast research area.

Thirdly there are deep connections to theoretical physics, in particular to supersymmetry.
Supersymmetry arose as a concept in String theory, a popular quantum theory of grav-
ity, but exists as a theoretical concept in general quantum field theory. It is a peculiar
symmetry of certain field theories, in particular of ten-dimensional string theory. Since
we observe a four-dimensional space time, six of those dimensions are conjectured to be
compact and small. In vacuum solutions to the theory, demanding that at least one in-
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1. Introduction

dependent degree of freedom of the supersymmetry remains unbroken, the metric on the
compactified space is forced to be Kähler–Einstein.

Within the area of Kähler–Einstein metrics itself there are important subareas. Recall the
vacuum Einstein equation with cosmological constant,

Ric(g) = λg (1.1)

where g is the metric and Ric(g) the Ricci curvature of g. After rescaling the metric there
are essentially just three choices of λ: −1, 0 or 1. These correspond roughly to the three
types of classical geometries, hyperbolic, flat and the geometry of the sphere, respectively.
In fact the underlying space fixes the value of λ. These three different classes of spaces
has names in the algebraic setting and they are varieties that are canonically polarized,
Calabi-Yau and Fano varieties, respectively.

For λ = −1, existence of a unique Kähler–Einstein metrics was solved by Aubin [1] and
Yau [2], and for the case λ = 0 by Yau [3]. The case λ = 1 is more subtle and there
are obstructions to existence. Existence turns out to be equivalent to a certain stability
condition on the underlying complex manifold called polystability. For spaces that are
polystable there is a Kähler–Einstein metric unique up to holomorphic automorphisms,
proven by Cheng–Donaldsson–Sun in [4]. The other direction was first proven by Berman
in [5].

1.1 Outline

This thesis is concerned solely with the case λ = 1. It is also only concerned with the
case when the underlying complex manifold is toric, a class of Kähler manifolds which
significantly simplifies the analysis while still leaving it very rich. In this case, there
is a surprising connection between Kähler–Einstein metrics and the theory of optimal
transportation. The goal of the thesis is to introduce the subject of Kähler–Einstein
metrics on toric Fano varieties in sections 2 and 3. Then introduce the theory of optimal
transport in section 4. In the course of these sections the connection between the areas
will be explained. Then in section 5, a variational formulation of Kähler–Einstein metrics
on toric Fano manifolds is introduced.

While sections 2–4 can be considered a literature study section 5 is more exploratory as this
particular approach is not present in the literature. Existence of Kähler–Einstein metrics
on toric Fano manifolds has been successfully investigated via a variational problem before
in [6] and also on general Fanos in [7]. Our approach here is akin to the variational approach
in [7], but potentially avoiding the use of the energy-entropy compactness theorem and
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1. Introduction

trying to simplify the analysis using the toric symmetry. The section contains some result
towards an existence theory developed using this particular variational problem and a
partial outline of what such a proof could look like.

Section 6 is devoted to the example of complex projective space, CPn, the typical example
of a toric Fano manifold where the theory presented in the thesis is exemplified and an
explicit Kähler–Einstein metric can be found. Additionally, the free energy, an invariant
we will define in section 5, is computed for complex projective space and is shown to,
asymptotically in the dimension n, be smaller for CPn than for (CP1)n. This verifies in a
particular case a conjecture of Berman that the free energy invariant is minimal for CPn

among all Fanos. That is, it is verified asymptotically in the dimension n, in the specific
case comparing CPn to (CP1)n.

Throughout the text we will assume knowledge of general differential geometry and basic
measure theory.
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2
Introductory Kähler geometry

Kähler geometry lies at the intersection of Complex, Symplectic and Riemannian Geom-
etry. Our point of view will be mostly the complex one. In the introduction of complex
geometry we will be rather brief and present the minimal amount of theory and leave any
small proofs to the reader.

2.1 Complex geometry

Recall how in ordinary differential geometry, a smooth manifold is a space which locally
look like Rn, glued together in a smooth fashion so that smooth objects can be studied on
them in a coordinate independent fashion. Complex geometry and complex manifolds is
the answer to what we would need to study spaces that locally looks like Cn and on which
we can study holomorphic objects.

Definition 1. A complex manifold is a smooth manifold for which the local model is Cn

and the transition maps are biholomorphic.

Following the procedure from ordinary differential geometry one can define in a local
fashion holomorphic functions and maps and check that these notions are coordinate
independent and become global.

If we work locally in Cn with coordinates zk = xk + iyk then we get a split of the tangent
space at the origin into

T0(Cn) = span
(
∂

∂xk

)
⊕ span

(
∂

∂yk

)
. (2.1)

We can define a map J which rotates a complex vector by i in each copy of the complex
plane by
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2. Introductory Kähler geometry

J

(
∂

∂xk

)
= ∂

∂yk
(2.2)

J

(
∂

∂yk

)
= − ∂

∂xk
(2.3)

We will be especially interested in the eigenvectors of this map and we define

∂

∂zk
:= 1

2

(
∂

∂xk
− i ∂

∂yk

)
(2.4)

∂

∂z̄k
:= 1

2

(
∂

∂xk
+ i

∂

∂yk

)
(2.5)

where these are now vectors in the complexified tangent space and it is easily checked
that J

(
∂
∂zk

)
= i ∂

∂zk
and J

(
∂
∂z̄k

)
= −i ∂

∂z̄k
. One can also check that due to the transitions

maps being holomorphic, the split of the complexified tangent space into eigenspaces of J
is invariant under change of coordinates and thus J is extended to a global map on the real
or complexified tangent bundle of a complex manifold. J additionally satisfies J2 = −Id
and in fact the concept of a complex manifold can be rephrased entirely in terms of J ,
called the complex structure. We can also introduce locally the one-forms

dzk = dxk + idyk (2.6)

dz̄k = dxk − idyk (2.7)

and by linear algebra the the split of the tangent space yields a split of the space of degree
N complex differential forms ΩN splits into

ΩN =
⊕

k+l=N
Ω(k,l). (2.8)

where Ω(k,l) is the space of differential forms which locally only contains a linear combina-
tion of terms of the form dzi1 ∧ ...∧dzik ∧dzj1 ∧ ...∧dzjl . Denoting by π(k,l) the projection
of a form onto Ω(k,l) we have

d = π(k+1,l)d+ π(k,l+1)d =: ∂ + ∂̄. (2.9)
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2. Introductory Kähler geometry

Locally for a function f ,

∂f =
∑
i

∂

∂zi
fdzi (2.10)

and this is the reason for the division by 2 in (2.5).

2.2 Kähler geometry

As was noted earlier Kähler geometry can be viewed from several perspectives, from the
complex perspective, a Kähler manifold is a complex manifold equipped with a Kähler
form ω.

Definition 2. A Kähler form is a real, closed 2-form satisfying that g = ω(·, J ·) is positive
definite. Additionally ω is preserved by J i.e, J∗ω = ω.

From this we immediately get that g is symmetric, indeed ∀u, v

g(u, v) = ω(u, Jv) = −ω(Jv, u) = −ω(J2v, Ju) = g(v, u) (2.11)

thus a Kähler manifold has a canonical metric. Since J is non-degenerate, ω will also
be non-degenerate. A closed, non-degenerate 2-form is a precisely the definition of a
symplectic form, making the underlying manifold into a symplectic manifold. Thus a
Kähler manifold is simultaneously a Riemannian, complex and symplectic manifold and
these three structures are connected via the Kähler condition above. We can split ω such
that in in coordinates

ω =
∑
i,j

aijdzi ∧ dzj + bijdzi ∧ dz̄j + cijdz̄i ∧ dz̄j . (2.12)

Since ω is preserved under the action of J and J∗dz = −idz we need aij = cij = 0. The
positive definite condition now becomes that bij/i is positive definite. We will denote this
type of positivity notion with ω > 0.

2.3 Holomorphic line bundles

Our approach to Kähler metrics will be via hermitian metrics on holomorphic line bundles.
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2. Introductory Kähler geometry

Definition 3. Let X be a complex manifold. A holomorphic line bundle over X is a
complex manifold L and a holomorphic mapping π : L → X such that for every point
p ∈ X there is a neighborhood U of p and a biholomorphic map ψ : π−1(U)→ U ×C such
that the following diagram commute

π−1(U) U × C

U

π

ψ

pr1

where pr1 is the projection onto the first component. It is clear that pre-images of points
(fibers) under π are biholomorphic to C and thus carry a vector space structure. ψ is
additionally required to be linear on fibers with respect to this vector space structure. In
that way the fibers can be identified with complex vector spaces in a trivialization invariant
way.

The definition reflects the fact that while X × C is always a holomorphic line bundle,
called the trivial line bundle, a general holomorphic line bundle is only of such a form
locally. A holomorphic section (which will mostly be referred to as just a section) of a line
bundle is a holomorphic map s : X → L such that π ◦ s = Id, generalizing the concept
of a holomorphic function which is a holomorphic section of the trivial line bundle. The
holomorphic tangent and cotangent bundles are examples of higher dimensional versions of
holomorphic line bundles although we will only encounter these concrete examples. Some
terminology that will be used is that L in the above definition will be referred to as the
total space and X as the base space.

There is also a one-to-one correspondence between trivializations and non-zero sections.
Given a trivialization ψ as in the definition above, the map p 7→ ψ−1(p, 1) gives a non-zero
section of the line bundle π−1(U) → U . Conversely given a non-zero section e on U , we
can write any l ∈ L as l = ze(π(l)), for some z ∈ C. Now, ψ defined by l 7→ (π(l), z) will be
a trivialization of L over U . Additionally we note that, starting with a trivialization and
proceeding as above, first constructing a non-zero section, and from it again a trivialization,
we end up with the starting trivialization again. Thus the existence of a global non-zero
holomorphic section is equivalent to the line bundle being trivial. When we refer to a
trivialization we will refer sometimes to the biholomorphism and sometimes to the non-
zero section depending on the context. The section will also be referred to as trivializing
section.

Given two trivializing sections s1 and s2 of a vector bundle, with non-empty overlap, we
can define the corresponding transition function. Indeed if U, V ⊂ X such that U ∩V 6= ∅
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2. Introductory Kähler geometry

then formally

Ψ12 = e2/e1 (2.13)

is a holomorphic function locally defined that one can use to change trivialization between
e1 and e2. In fact one can define the whole concept of line bundles only using transition
functions instead of trivializations. The transition function essentially tells us how the
local product spaces should be glued together, similar to the transition functions defining
manifolds.

We will need a notion of when two line bundles on the same base space are considered
isomorphic. Note that we can change trivialization on the same open cover {Uk}k by
multiplying all trivializing sections {sk} by some non-zero holomorphic function {fk}.
Thus two line bundles such defined should clearly be considered isomorphic. For the
transition maps this means that two sets of transition maps {Ψkl}kl and {Ψ̃kl}kl are the
same if we can find holomorphic functions {fk} on each open set in the cover such that

Ψ̃kl = fk
fl

Ψkl. (2.14)

If two line bundles on the same base space X can be given transition maps on the same
cover of X that satisfy relations of this kind then we will regard the lines bundles isomor-
phic.

We will consider metrics || · || on L→ X, varying smoothly over X. Given a trivialization
e over U ∈ X, we can define what we will call the weight function φ = − log(||e||2) of
|| · ||. This function determines the metric over U since any other section s can be written
s = fe with f holomorphic and we get necessarily ||s|| = |f |e−φ/2. However, φ will not be
global and will generally depend on the choice of trivialization. Despite this, the following
2-form is globally well-defined.

Definition 4. The curvature form ω of a metric || · || on a line bundle L→ X is a global
2-form given locally by

ω = i

2π∂∂̄φ (2.15)

where φ is the weight function of the metric || · || in any trivialization. 1

1As the name suggests, this is the curvature form of a connection on the line bundle. The connection
that has to be used is the unique so called hermitian connection which has a compatibility condition with
the metric and another compatibility condition with the complex structure.
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2. Introductory Kähler geometry

To see that this is well-defined let ψ1, ψ2 be two local trivializations and e1 and e2 be
the corresponding non-zero sections over U ⊂ X. We have ψ−1

1 ψ2(e2) = e1 and since this
transition map is holomorphic and linear over the fibers we must have fe2 = e1 for f a
non-zero holomorphic function on U. Evaluating the metric on e1 with respect to the two
trivialization we get

||e1||2 = e−φ1 = |f |2e−φ2 . (2.16)

Thus

∂∂̄φ1 = −∂∂̄ log e−φ1 = −∂∂̄ log |f |2e−φ2 = ∂∂̄φ2 − ∂∂̄ log |f |2. (2.17)

For the last term we get

∂∂̄ log |f |2 = ∂∂̄ log f + ∂∂̄ log f̄ = 0 (2.18)

where ∂̄ log f = 0 since f is locally holomorphic and ∂∂̄f̄ = 0 since ∂̄ log f̄ is locally
antiholomorphic. Thus ω is well-defined as a global 2-form.

At this point it will be useful to note that if we introduce dc = −1
2π J

∗d we have

ddc = − 1
4π (∂ + ∂̄)J∗(∂ + ∂̄) = i

4π (∂ + ∂̄)(∂ − ∂̄) = i

4π (∂∂̄ − ∂̄∂) = i

2π∂∂̄ (2.19)

where we have again used J∗(dz) = −idz. Thus the curvature form ω is closed as locally
we have ω = ddcφ. Therefore we can talk about [ω], the cohomology class of ω. It is clear
that the curvature form has some dependance on the metric but in fact the cohomology
class does not.

Proposition 1. The cohomology class [ω] is independent of the metric.

Proof. Let || · ||(1) and || · ||(2) be two metrics on L→ X. In a local trivialization let φ(1)

and φ(2) be the corresponding weight functions. We saw above that changing trivialization
amounted to adding a strictly positive function to the weight function. Thus g := φ(2)−φ(1)

is a globally well-defined function. Now simply observe that

ω(1) = i

2π∂∂̄φ
(1) = i

2π∂∂̄φ
(2) + ∂∂̄

i

2πg = ω(2) + ddcg. (2.20)

10



2. Introductory Kähler geometry

The difference ω(1) − ω(2) is thus exact and we get [ω(1)] = [ω(2)].

This amusing fact fits in to the large theory of characteristic classes. For general vector
bundles one can easily introduce natural morphisms between them that allows one to
talk about a vector bundle modulo isomorphisms. Much as smooth manifolds and diffeo-
morphisms. One can then talk about invariants and try to classify vector bundles using
these. Assigning cohomology classes to vector bundles is precisely this and in the case of
holomorphic vector bundles, the class of the curvature form is the first Chern class of L,
denoted c1(L).

Another thing we can wonder now that we know that the curvature form is closed, is
whether it is in fact really a Kähler form. The remaining condition is the positivity
condition. This is not always true, but we call those metrics whose curvature form is
Kähler positively curved. One can wonder if all Kähler metrics are of this form. It is the
case after restricting to integral cohomology classes but will not be necessary theory for
this project.

The local weight φ of a positively curved metric satisfies then

i∂∂̄φ > 0 (2.21)

in the sense that the local matrix of this 2-form is positive definite. A real smooth function
satisfying this is called strictly plurisubharmonic. We already know that these functions
might not generally be global, but if we start with a reference metric || · ||0 with curvature
form ω0, we know that any other metric is given by || · || = e−φ/2|| · ||0 where φ is global.
This metric is positively curved if and only if

i∂∂̄φ+ ω0 > 0 (2.22)

and we say that φ is ω0− strictly plurisubharmonic. These classes of functions have very
nice analytical properties that will help us understand the geometry so a bit of this theory
is worthwhile developing.

Proposition 2. Let φ be a strictly plurisubharmonic function on a complex manifold X.
Then ι∗φ is strictly plurisubharmonic on every complex curve on X (complex submanifold
of dimension 1) where ι is the inclusion.

Proof. Assume φ is strictly plurisubharmonic on X and let C be a complex submanifold

11



2. Introductory Kähler geometry

of X. The statement is local and we introduce holomorphic coordinates zj on X and w
on C. Let Fi be the matrix representing ι∗ locally with respect to the chosen holomorphic
coordinates. Compute

i∂∂̄ι∗φ = iι∗∂∂̄φ = i
∂2φ

∂zi∂z̄j
ι∗(dzi ∧ dz̄j) = i

∂2φ

∂zi∂z̄j
F iF̄ jdw ∧ dw̄ (2.23)

where we have used in the first step that i∗ commutes with ∂∂̄ which follows since ∂∂̄ = ddc

and d always commutes with pullbacks and since i is a holomorphic map by the definition
of complex submanifold its pullback commutes with J∗. The scalar function in front of
the differential forms in the last expression is positive by the definition of the positive
definiteness of i ∂2φ

∂zi∂z̄j
.

This allows us to prove this very nice property of strictly plurisubharmonic function:

Proposition 3. There are no global strictly plurisubharmonic functions on a compact
complex manifold.

Proof. Let, for the case of contradiction, X be a compact complex manifold and φ a
strictly plurisubharmonic function on X. Since X is compact and φ continuous φ attains
its infimum over X at a point x∗ ∈ X. Take now any complex submanifold C, not
necessarily closed, of complex dimension 1 containing x∗ and denote by I the inclusion of
C intoX. By Proposition 2 the function I∗φ is strictly plurisubharmonic on C. Concretely
in holomorphic coordinates w = x+ iy on C

i∂∂̄φ = i
∂2φ

∂w∂w̄
dw ∧ dw̄ =

(
∂2φ

∂x2 + ∂2φ

∂y2

)
idw ∧ dw̄. (2.24)

Consequently
(
∂2φ
∂x2 + ∂2φ

∂y2

)
> 0. Thus the trace of the hessian of φ at x∗ is positive and

x∗ is not a local minimum of I∗φ, thus not a global minimum of φ on X.

We will use this to deduce the following classification of holomorphic line bundles with
respect to their positivity properties.

Proposition 4. Let X be a compact complex manifold and L → X a holomorphic line
bundle on X. Then precisely one of the following holds

• L is positive in the sense that there is a positively curved metric on L.

12



2. Introductory Kähler geometry

• L is negative in the sense that there is a positively curved metric on L∗.

• L is the trivial line bundle.

• L is of indefinite sign and non of the above holds.

Proof. We begin by showing that if L is positive then it is not negative. Assume || · || is a
metric on L with positive curvature form ω0. The point now is to consider the dual metric
|| · ||∗. The dual metric could just be defined to be the metric with weight function the
negative of the weight of ||·||. One shows, by writing out the definitions, that this coincides
with the standard definition of dual metric. The dual metric thus has has curvature form
−ω0 and any other metric on L is determined by a function φ and has curvature form

ω = i

2π∂∂̄φ− ω0. (2.25)

Demanding the existence of a metric of positive curvature on L∗ demands that we can
find φ ∈ C∞(X) such that

i

2π∂∂̄φ > 0 (2.26)

but by Proposition 2.3 there are no global strictly plurisubharmonic functions on a compact
complex manifold. This ensures that L cannot be both positive and negative.

If L is the trivial line bundle we can define a metric by giving a global non-zero section
constant length. The weight function for that metric is global and constant and its cur-
vature is zero. Again any other metric can be represented by a global weight function φ
and the curvature form will be

ω = i

2π∂∂̄φ. (2.27)

If the metric or its dual, represented by φ and −φ, respectively, is to be positive, then
again we get a global strictly plurisubharmonic function contradicting Proposition 2.3.
Thus only one of the cases can be true simultaneously. The last statement takes care of
the remaining cases.

The above proposition actually provides four categories not only of line bundles on compact
complex manifolds, but gives four categories of complex manifolds themselves. This since
there is a canonical line bundle on every complex manifold.

13



2. Introductory Kähler geometry

Definition 5. Let X be a complex manifold of dimension n. Then we define the canonical
bundle KX to be the top exterior power of the holomorphic cotangent bundle, i.e. the space
of holomorphic top forms on X.

Accepting that the cotangent bundle is a holomorphic vector bundle, a fact that is proven
much the same as proving the the ordinary tangent bundle is really a vector bundle, it is
clear that KX is a holomorphic line bundle. A section s of KX will in local holomorphic
coordinates z = (zi) look like

s = f(z)dz1 ∧ ... ∧ dzn (2.28)

and thus the fibers KX has dimension 1. This bundle is special in that it always exists
but also because of the following proposition.

Proposition 5. There is a one-to-one correspondence between metrics on the canonical
line bundle KX on a complex manifold X and volume forms on X compatible with the
natural orientation.

Proof. Let V ∈
∧n T ∗X be a volume form on X compatible with the natural orientation,

i.e, a real non-zero form of top dimension which in local coordinates zi can be written

V = v(z) i

2dz
1 ∧ dz̄1 ∧ ... ∧ i

2dz
n ∧ dz̄n (2.29)

where v is a smooth real positive function. Given a section s = f(z)dz1 ∧ ... ∧ dzn of KX

we define the metric associated to the volume form V via

||s||2 := (i/2)ns ∧ s̄/V := |f(z)|2/v(z). (2.30)

By the formal division in the middle expression this is clearly independent of choice of
coordinates.

If we on the other hand are given a metric || · || then in coordinates zi we can define at least
locally a positive real function v(z) = ||dz1 ∧ ... ∧ dzn||. Under holomorphic coordinate
changes, this function transforms precisely in such a way that V := v(z) i2dz

1 ∧ dz̄1 ∧ ... ∧
i
2dz

n ∧ dz̄n becomes a global volume form. Additionally performing these constructions
twice yields back the same volume form or metric on KX . Thus we get the one-to-one
correspondence.

14



2. Introductory Kähler geometry

To recap we can divide compact complex manifolds into four kinds depending on which
class in Proposition 4 the canonical bundle is a member of. In fact this division is important
in the study of complex projective varieties. When the canonical bundle is positive the
variety is called canonically polarized, when the canonical bundle is negative the variety
is called Fano, when it is is trivial it is called Calabi-Yau. In the last case there is in the
authors knowledge no name but they can be considered general varieties and the other
cases rather special cases. As we have stated before in this thesis we are only concerned
with the Fano case.

2.4 Kähler–Einstein metrics

There are several reasons to consider Kähler–Einstein metrics. One of the motivations is
to look for a canonical metric on a complex manifold. We ask if there is some natural
restrictions we can demand on a metric so that we end up with a unique one. In that case
the metric could contain plenty of information about the underlying manifold.

It is natural to at least restrict to Kähler metrics, remembering that they can be thought
of as Riemannian metrics with a natural compatibility with the complex structure. We
start with a Kähler metric, represented by the Kähler form ω on a complex manifold X.
The Kähler form induces a natural volume form on X given by ωn/n!. This gives a natural
metric on KX by Proposition 5. We can then consider the curvature form of this metric.
We will denote the negative of this curvature form by Ric ω and in local coordinates we
get

Ric ω = − i

2π∂∂̄ log ωn/n!
(i/2)ndz ∧ dz̄ . (2.31)

In fact, this is essentially the Ricci tensor from Riemannian geometry [8, Section. 8.5.2].
It is remarkable that in Kähler geometry, the Ricci curvature takes this simple form. Since
the Ricci form is itself a J-invariant symplectic form an arguably natural thing to impose
now is

Ric ω = λω (2.32)

where after normalization we have λ ∈ {−1, 0, 1}. Such metrics will be called Kähler–
Einstein metrics. Fixing the underlying complex manifold, we cannot choose λ. In fact,
if λ = 0 then the first Chern class of KX is 0, something which is equivalent to KX
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2. Introductory Kähler geometry

being trivial, but we wont show it here. If instead λ = −1, then KX is positive in the
sense that the metric induced from the volume form ωn/n! has positive curvature form
ω. If λ = 1, then K∗X is positive for the same reason. Comparing with Proposition 4
this covers the different cases for KX except the last one, where no solution at all can
exist for (2.32). In this case one looks for other metrics instead, such as constant scalar
curvature metrics. Note that metrics solving (2.32) also have constant scalar curvature.
For λ ∈ −1, 0 there are theorems guaranteeing the unique existence of such a metric. The
case λ = 1, when K∗X is positive, is more difficult and a fairly recent theorem settled that
solutions exists under a certain ‘stability’ condition [4]. Here the solutions are unique up
to automorphisms connected to the identity. We will get back to existence in the chapter
on the variational formulation.

We return to the Kähler–Einstein equation with λ = 1,

Ric ω = ω. (2.33)

One way to think about this equation is as a certain relation to hold not for a Kähler
metric, but for a metric on the line bundle K∗X . Recall how ωn/n! is a metric on KX .
The weight function φ of the dual metric on K∗X in a trivialization from holomorphic
coordinates zi is given by

φ = − log ωn/n!
(i/2)ndz ∧ dz̄ . (2.34)

To end up with an equation for φ instead of ω we can express the metric on the line bundle
in terms of φ in two ways. Computing the length of the trivializing section we get first,
by definition of φ

||dz||2 = e−φ. (2.35)

But we also defined || · || to be dual to the metric associated to the volume form ωn/n!,
i.e,

||dz||2 = ωn/n!
(i/2)ndz ∧ dz̄ . (2.36)
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2. Introductory Kähler geometry

By the Kähler–Einstein equation, ω is just the curvature form of || · ||, thus we have

||dz||2 = (i∂∂̄φ)n/n!
(2π)n(i/2)2dz ∧ dz̄

. (2.37)

Putting it all together the partial differential equation for φ reads

(∂∂̄φ)n = πnn!e−φdz ∧ dz̄. (2.38)

We can further massage the left hand side into

(∂∂̄φ)n =

 n∑
i,j=1

∂2φ

∂zi∂z̄j
dzi ∧ dz̄j

n (2.39)

=
∑

σ,σ̃∈Sn

n∏
i=1

∂2φ

∂zσ(i)∂z̄σ̃(i)
dzσ(i) ∧ dz̄σ̃(i) (2.40)

=
∑

σ,σ̃∈Sn

n∏
i=1

∂2φ

∂zi∂z̄σ−1σ̃(i)
dzi ∧ dz̄σ−1σ̃(i) (2.41)

= n!
∑
σ∈Sn

n∏
i=1

∂2φ

∂zi∂z̄σ(i)
dzi ∧ dz̄σ(i) (2.42)

= n!
∑
σ∈Sn

sign(σ)
n∏
i=1

∂2φ

∂zi∂z̄σ(i)
dz1 ∧ dz̄1 ∧ ... ∧ dzn ∧ dz̄n (2.43)

= n! det
( ∂2φ

∂zi∂z̄j

)
i,j
dz ∧ dz̄ (2.44)

where in step 2, Sn denotes the permutation group of n elements. In step 3, the terms are
reordered and no signs are present since swapping pairs of one-forms yields no signs. In
step 4, it is used that after fixing a permutation σ′, there are exactly n! choices of pairs of
permutations σ and σ̃ such that σ′ = σ−1σ̃. The permutations are then renamed. In step
5, a sign appears since swapping only the dz̄j terms while fixing the non barred produces
a sign. The last step is simply the definition of the determinant and we use the shorthand
notation dz ∧ dz̄ for our preferred volume form. Going back the Kähler–Einstein equation
we get

det( ∂2φ

∂zi∂z̄j
)i,jdz ∧ dz̄ = Ce−φdz ∧ dz̄ (2.45)
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2. Introductory Kähler geometry

with C = πn. In fact, φ satisfying the above equation for any C makes ω = ddcφ satisfy
the Kähler–Einstein equation since different choices of C only produce an additive shift
in φ, not affecting the Kähler form. This is the form of the KE equation we will use, in
particular with C chosen so that the right hand side is a probability measure.
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3
Toric complex manifolds

Complex projective space is special in that it admits natural charts with domains bi-
holomorphic to C∗n covering the entire manifold except lower dimensional parts. This
makes computations simple and as we will see, it will also make the connection between
Kähler–Einstein metrics and optimal transport. The class of complex manifolds admitting
a similar structure are toric varieties.

Definition 6. A toric complex manifold X of dimension n is a complex manifold with a
holomorphic action of TnC acting on it. Additionally, the action admits a dense, open, free
orbit in X.

Here, TC = C∗ is the complexified torus C∗ = C/{0}. We begin with the following
proposition, giving us the chart structure whose existence we have alluded to.

Proposition 6. Let X be a toric complex manifold and O a dense, open, free orbit of TnC .
Then O is biholomorphic to TnC .

Proof. Fix a point p ∈ O. Define F : C∗n → O, g 7→ g · p. The map is holomorphic and
surjective by definition. To prove injectivness assume for g, g̃ ∈ C∗n that F (g) = F (g̃).
Then g ·p = g̃ ·p, but then g̃−1 ·g ·p = p and since C∗n acts freely on O we have g = g̃. Thus
F is bijective and holomorphic and thus biholomorphic, a standard fact from multivariate
complex analysis, shown in [9, p. 19].

Thus we can view a compact toric complex manifold as a compactification of the non-
compact space C∗n. We will henceforth identity O with C∗n using the biholomorphism
writing C∗n ⊂ X. Additionally, this biholomorphism is trivially equivariant with respect
to the action so that acting with an element λ ∈ C∗n on a point in O is the same as action
by multiplication with the corresponding object in C∗n.
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3. Toric complex manifolds

We are interested in solving the Kähler–Einstein equation (2.32) on toric complex man-
ifolds, specifically with λ = 1. Thus K∗X will be positively curved. It is a general fact
of complex geometry that positive line bundles possess many holomorphic sections, while
negative line bundles do not possess any sections. We will use this to our advantage and
study H0(X,K∗X)1, the space of global sections of K∗X . From Hodge theory we know that
H0(X,K∗X) is finite dimensional [9, ch. 0]. It is a vector space, and C∗n acts linearly on it
via pushforward and makes it a representation module under the group C∗n. We will use
some elementary representation theory here. Firstly, C∗n is abelian and therefore every
irreducible representation is one-dimensional and, secondly, we have a split of the space
of global section into irreducible representation modules of C∗n as

H0(X,K∗X) =
⊕
k∈I

sk (3.1)

for k in some index set I. Over C∗n ⊂ X, K∗X is trivialized and thus we can describe the
action of C∗n easily. For λ ∈ C∗n we must have

λ · sk = fk(λ)sk (3.2)

for some holomorphic function fk on C∗n. This because the action should be holomorphic
and linear. fk also has to satisfy, for any two λ, λ′ ∈ C∗n

fk(λλ′) = fk(λ)fk(λ′) (3.3)

and has to be one the form

fk(λ) = λpk := λ
pk,1
1 ...λ

pk,n
n (3.4)

where pk is a point in Cn. Since the complex logarithm is not well defined on all of C∗ and
fk should be well-defined on C∗n we need in fact pk ∈ Zn ∀k. Henceforth we will sometimes
index the sections or their local defining functions with an index i and sometimes with
the corresponding point p.

1The notation is from sheaf theory where Hn(X,F) for a sheaf F is the sheaf cohomology groups and
the 0-th group corresponds to the global sections.
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3. Toric complex manifolds

Working over the orbit C∗n we can be quite explicit and use the biholomorphism to see
that in fact any section can be written

sp = g(z) ∂

∂z1
∧ ... ∧ ∂

∂zn
(3.5)

with g holomorphic on C∗n. Since by definition of the pushforward action, λ· ∂∂zi = λ−1 ∂
∂zi

,
we can define an invariant section s0 over C∗n by taking g(z) = z1z2...zn. Using this non-
zero section to trivialize K∗X over C∗n, the sections sp, knowing that they are of the
form (3.2) with fp of the form (3.4), can be written, after perhaps dividing by an overall
constant,

sp = fp(z)s0. (3.6)

A bit more can be said of H0(X,K∗X).

Proposition 7. Assume an integer lattice point p̃ is a convex combination of the points
{pk}k, i.e, there are real numbers tk such that

∑
k tk = 1 and

p̃ =
∑
k

tkpk. (3.7)

Then sp̃ is a section of K∗X .

Proof. Consider |fp̃(z)| and the Log-map on C∗n, wi = log(|zi|2). We get

Log∗|fp̃|(w) = exp(w · p̃/2) = exp(1
2w ·

∑
i

tipi) (3.8)

=
∏
i

exp(pi · w/2)ti ≤
∏
i

max
j

exp(pj · w/2)ti (3.9)

= max
j

exp(pj · w/2)
∑

i
ti = max

j
exp(pj · w/2) (3.10)

≤ max
j

Log∗|fpj |(w) (3.11)

By the Riemann extension theorem [9, p. 9] the section sp̃ over C∗n has to extend to all
of X.
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3. Toric complex manifolds

Now we have a fairly good idea of how the space of sections H0(X,K∗X) looks like. There
is a basis of elements that are elements of irreducible one-dimensional modules under C∗n

and are of the form (3.6) over the orbit C∗n. Additionally, because of the identity theorem
for holomorphic functions, the points p are unique, i.e, there are no more than one section
with the behavior (3.4) for each point p. Additionally, the set of points p for each section
will be of the form of the integer lattice Zn intersected with a convex polytope. We will
use these sections to construct a special metric on K∗X . Constructing metrics from sections
is general procedure that we now describe.

Let L → X be a line bundle and s ∈ H0(X,L) a global section. Let eU be a local
trivializing section over U ⊂ X and let sU be the locally defined holomorphic function
such that s = sUeU . We define a metric || · || first locally on U with respect to this
trivialization by defining the weight function φ of the metric to be

φU = log |sU |2. (3.12)

This works as long as sU is non-zero, otherwise we get a singular metric. Postponing this
issue for a while we can also wonder if this is well-defined globally, i.e, if it is independent
of choice of trivialization. If eV is another local trivializing section over V with V ∩U 6= ∅,
then eU = heV on U∩V for h holomorphic and non-zero. In this trivialization s = sV eV =
sUheV over U ∩ V and we can define

φV = log |sUh|2 = log |sU |2 + log |h|2. (3.13)

This is precisely how two weight functions in two different trivializations but corresponding
to the same metric should differ, indeed

||s||2 = e−φU |sU |2 = e−φU |sV |2|h|−2 := e−φV |sV |2 (3.14)

where φV is the weight function of the metric in the trivialization over V .

It is easy to see that we can also produce metric from two global sections s(1) and s(2) by
putting, for a trivialization over U , the weight function φU of the metric over U to be

φU = log(|s(1)
U |

2 + |s(2)
U |

2) (3.15)

since it will have the same transformation relation between trivializations. The metric will
be non-singular whenever the two sections have disjoint zero-set.
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3. Toric complex manifolds

In the case of a toric manifold, we can define a canonical (a priori possibly singular) metric
by letting

φU = log
∑
p

|sp,U |2 (3.16)

where sp are the sections corresponding to the irreducible representations of C∗n defined
up to normalization in (3.1). Consider φ in the trivialization defined by s0 over the orbit
C∗n, we then have

φ = log
∑
p

|zp|2 (3.17)

where zp as before is to be interpreted as zp1
1 z

p2
2 ...z

pn
n . For now, assume that the resulting

metric is indeed non-singular i.e, the mutual zero-set of the sections sp is empty. This is
not always the case but for toric compact complex which is also Fano, i.e. has negative
canonical bundle, it is as will be evident by the end of the chapter. For now we will just
assume that we work with a complex manifold that has this property. From this it is
also clear that there are at least two such sections since any one section will have some
non-empty zero-set, otherwise the K∗X would be trivial contradicting its positiveness.

We introduce real coordinates that what we will refer to as Log-coordinates w by putting
w = Log z := (log |z1|2, ..., log |zn|2). This coordinate change is clearly not one-to-one since
the pre-image of any point is a real torus but φ is invariant with respect to the real torus
Tn embedded in C∗n. It also maps C∗n to Rn. In these coordinates we have

φ(w) = log
∑
p

exp(w · p). (3.18)

This function is convex, something we will utilize, indeed ∀w1, w2 ∈ Rn, t ∈ [0, 1]
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3. Toric complex manifolds

φ(w1t+ (1− t)w2) = log
∑
p

exp((w1t+ w2(1− t)) · p) (3.19)

= log
∑
p

exp(w1 · p)t exp(w2 · p)1−t (3.20)

≤ log
(∑

p

exp(w1 · p)
)t(∑

p

exp(w2 · p)
)1−t

(3.21)

=t log
∑
p

exp(w1 · p) + (1− t) log
∑
p

exp(w2 · p) (3.22)

=tφ(w1) + (1− t)φ(w2) (3.23)

by Hölder’s inequality using the L1/t and L1/(1−t) norms.

The gradient of this function is

∇φ(w) =
∑
p p exp(p · w)∑
p exp(p · w) (3.24)

This gradient is quite special, namely

Proposition 8. The function ∇φ =
∑

p
p exp(p·w)∑
p

exp(p·w) satisfies ∇φ(Rn) = P where P is the
convex hull Conv(I) of the set of points p ∈ I.

Proof. Denote by Ĩ the set of points p̃ ∈ I satisfying that

p̃ /∈ Conv(I \ {p̃}) (3.25)

Pick any p̃ ∈ Ĩ. By the Hahn-Banach separation theorem there is a hyperplane {x ∈ Rn :
n · x = c} with n, c ∈ Rn dividing Conv(I \ {p̃}) and p̃. We can choose the normal n such
that it points towards p̃ i.e, we have n · p̃ > c and n · x < c for any x ∈ Conv(I \ {p̃}).
Thus for any r ∈ R we have

∇φ(rn) =
∑
p p exp(rn · p)∑
p exp(rn · p) =

∑
p p exp(r(n · p− c))∑
p exp(r(n · p− c)) −−−→r→∞

p̃ (3.26)

using the inequalities from separation condition. Thus the set Ĩ lies in the closure ∇φ(Rn).
It is a general fact that for any convex φ on Rn we have that ∇φ(Rn) is convex [10, p. 227].
Thus Conv(Ĩ) ⊂ ∇φ(Rn). But looking back at the definition of Ĩ it is clear that Conv(Ĩ) =
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3. Toric complex manifolds

Conv(I). We also have ∇φ(Rn) ⊂ Conv(I) since the gradient is a convex combination of
the points in I we allow to go to infinity in Rn. Thus Conv(I) = ∇φ(Rn).

The polytope appearing will be referred to as the fundamental polytope associated with
the line bundle (X,K∗X). We can wonder whether the special metric constructed is also
positively curved. It is and it follows from the following result.

Proposition 9. The pullback map Log∗ provides a bijection between smooth convex func-
tions on Rn and Tn-invariant smooth plurisubharmonic functions on C∗n.

Proof. Let f : C∗n → R be a plurisubharmonic function i.e, ∂∂̄f > 0, which is also Tn-
invariant. We can locally change holomorphic coordinates from the standard z-coordinates
to w = 2 log(z), choosing a local branch of the complex logarithm. f being Tn invariant
in z-coordinates turns into f being invariant with respect to imaginary shifts in the w-
coordinates. In these coordinates

Log(z) = log |z|2 = log |ew/2|2 = Re(w). (3.27)

Let Re(w) := x and compute

∂∂̄f = ∂2

∂wi∂w̄j
fdwi ∧ dw̄j = 1

22n
∂2

∂xi∂xj
fdwi ∧ dw̄j (3.28)

so that the condition that f is plurisubharmonic has turned into the condition that f(Re(·))
has positive definite Hessian, and consequently is a convex function. Going back to the
original z-coordinates we have proven that Log∗f is convex if f is plurisubharmonic and
Tn-invariant. Conversely if f is convex on Rn then w 7→ f(Re(w)) is plurisubharmonic by
the above computation.

The fact that the special metric we found has a special connection to the fundamental
polytope is nothing special but in fact the case of all metrics as is stated in the following
theorem.

Theorem 1. Let X be a compact toric complex manifold. Let || · || be any positively curved
metric on K∗X invariant under the real torus Tn ∈ C∗n. Let ϕ be its weight function with
respect to the trivializing section s0 on C∗n which is invariant under the C∗n-action. In
Log-coordinates, ϕ is convex and the gradient satisfies

∇wϕ(Rn) = P (3.29)

where P is the fundamental polytope associated to (X,K∗X).

We postpone the proof a bit and present an interlude of some convex analysis.
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Definition 7. Let f : Rn → R be a convex function. We define the subgradient2 ∂f(x0)
of f at x0 to be the set of vectors y such that

f(x0) + 〈y, x− x0〉 ≤ f(x) ∀x. (3.30)

We define the image ∂f(A) of a set A to be the image of the set valued function ∂f .

The subgradient is a useful generalization of the ordinary gradient for differentiable con-
vex functions but also a handy characterization of the gradient as can be seen from the
following result.

Proposition 10. If f : Rn → R is convex and differentiable then ∂f(x0) = {∇f(x0)}.

Another useful results is that

Proposition 11. for any f : Rn → R convex ∇f(Rn) is a convex set.

We refer to [10] for proofs.

Lemma 1. Let f : Rn → R be a convex function and Y a convex set. Then

∂f(Rn) ⊂ Y ⇐⇒ ∃C : f(x) ≤ sup
y∈Y

y · x+ C. (3.31)

Proof. Assume ∂f(Rn) ⊂ Y . We have by the definition of the subgradient that for all
y ∈ (∂φ)(x0) that ∀x

f(x0) + 〈y, (x− x0)〉 ≤ f(x). (3.32)

Picking x = 0 we get

f(x0) ≤ sup
y∈∂f(x0)

y · x0 + f(0) ≤ sup
y∈Y

y · x0 + f(0). (3.33)

2Not to confuse with the ∂ appearing as a derivative of forms. But since that only appear for functions
on a complex space and subgradients will only appear on convex functions on a real space there should be
no confusion.
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Now assume instead that

f(x) ≤ sup
y∈Y

y · x+ C (3.34)

for some constant C and all x ∈ Rn. Pick a point x0 ∈ Rn and z ∈ (∂f)(x0). We have by
the definition of subgradient that

f(x0) + z · (x− x0) ≤ f(x) ∀x (3.35)

and using the assumed inequality

f(x0) + z · (x− x0) ≤ sup
y∈Y

y · x+ C ∀x (3.36)

which after rearranging reads

0 ≤ sup
y∈Y

(y − z) · x+ z · x0 − f(x0) + C (3.37)

which can only hold if z ∈ Y , otherwise we could use the freedom in x to make the
expression arbitrarily negatively large. Since x0 and z where arbitrary chosen we get the
desired inclusion of sets.

Now we are fit to prove Theorem 1.

Proof. Theorem 1. We know that the function φ(w) = log
∑
p exp(w · p) is the weight

function in Log-coordinates over C∗n of a global positively curved metric. It is convex
and satisfies ∇φ(Rn) = P . Any other positively curved metric has a weight function ϕ

which is convex in Log-coordinates by Proposition 9. Since C∗n is dense in X the weight
function ϕ of any other metric has to satisfy

φ = ϕ+O(1), (3.38)

otherwise the metric will have singularities. Thus we have ϕ ≤ φ + C for some constant
C. Trivially ∇ϕ(Rn) ⊂ ∇ϕ(Rn) and the latter set is convex by Proposition 11. Let for
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a convex set K, hK(x) := supy∈K〈x, y〉. Using Lemma 1 on φ we have φ ≤ h∇φ(Rn) + C ′

for some constant C ′. Thus ϕ ≤ h∇φ(Rn) +C +C ′. Again by Lemma 1 we get ∇ϕ(Rn) ⊂
∇φ(Rn). Exchanging the role of φ and ϕ in the above arguments we conclude that the set
∇φ(Rn) is invariant of the choice of metric and thus is always equal to the fundamental
polytope P .

The utility of this theorem is that is gives us a condition on a convex function φ on
Rn which is equivalent to it being the weight function of a global positively curved, Tn-
invariant metric on K∗X . Among all such metrics we want to single out a Kähler–Einstein
metric, thus we wish to write the KE equation in the Log-coordinates. We start with the
Kähler–Einstein equation (2.45) written in terms of the unknown weight function φ in
local holomorphic coordinates wi = 2 log z,

det
(

∂2φ

∂wi∂w̄j

)
i,j

dw ∧ dw̄ = Ce−φdw ∧ dw̄. (3.39)

In Proposition 9 where convexity of the weight functions were proved, we deduced that

∂2

∂wi∂w̄j
φ = 1

22n
∂2

∂xi∂xj
φ (3.40)

where xi = Re(wi). Thus we get

det
(

∂2φ

∂xi∂xj

)
i,j

= Ce−φ (3.41)

where C was conveniently redefined. While the wi-coordinates only existed locally due
to the nature of the complex logarithm, the xi-coordinates are global on Rn and solving
the above PDE on all of Rn gives us then a Kähler–Einstein metric on C∗n given that we
restrict to convex φ. Since we wish to get a global metric on X, a compactification of C∗n,
we use Theorem 1 to essentially provide boundary conditions to the above PDE. The full
formulation of the problem becomes now
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det
(

∂2φ

∂xi∂xj

)
i,j

= Ce−φ (3.42)

∇φ(Rn) = P (3.43)

φ ∈ C(Rn) ∪ C∞(Rn) (3.44)

where C is some real constant which can be chosen arbitrarily and C denotes convex
functions. It is the purpose of the next chapter to introduce the area of optimal transport
and relate it to this problem. But first, a natural observation to make is that a priori the
above problem makes sense for plenty of different polytopes P , but for which polytopes is
there a corresponding compact toric Fano variety having P as its fundamental polytope?

Thus we will present the theory in part opposite from the theory presented from above
where we started with a compact toric manifold and a toric line bundle and showed the
connection to a convex polytope. Here we will start with a convex polytope and construct
a compact complex manifold with a relation to P similar to the above case.

Definition 8. A polytope P ⊂ Rn is a Delzant polytope if it satisfies

• The vertices are integer points.

• At any vertex v there are precisely n different n− 1-dimensional faces meeting at v.

• At any vertex v one can choose normal vectors to the adjacent faces with integral
coefficients making up a basis of the lattice Zn.

Given a Delzant polytope P we will construct a complex manifold. Let {p1, ..., pN} be the
integer lattice points in P . Consider the map

ι : C∗n → CPN−1 (3.45)

z 7→ [zp1 : ... : zpN ] (3.46)

embedding the complex torus into complex projective space. For an introduction to com-
plex projective space, see chapter 6. We define a compact complex toric manifold XP by
taking the closure of the image ι(C∗n). We have to show the resulting space is smooth.
We will do this by constructing charts indexed by the vertices in P . Fix a vertex v in P .
By assumption we are given a basis {ẽi} of Zn of normal vectors to the faces adjacent to v.
Consequently we can find a linear transformation A with integral matrix entries such that
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3. Toric complex manifolds

Aei = ẽi ∀i. Thus we have P = v + AP ′ where P ′ is a polytope that coincides with the
positive quadrant in Rn close to 0. This corresponds to a coordinates change p = v+Ap′.
Now we would like to choose coordinates {z′i}i on C∗n that implements this coordinates
change. To this end, consider

z′i =
∏
j

z
Aji
i . (3.47)

This coordinate change implies

zp = zv+Ap′ = zvz′p
′
. (3.48)

Denoting the coordinate change by Φv, we can consider Φv∗F which has the form

Φv∗ι(z′) = [zv : zvz′1 : zvz′2 : ... : zvz′n : zvz′p′n+2 : ... : zvz′p′N ] (3.49)

= [1 : z′1 : z′2 : ... : z′n : z′p′n+2 : ... : z′p′N ]. (3.50)

The domain can be extended also to all of Cn and is a chart on XP .

The next problem is to show that these charts cover XP . To that end we introduce the
moment map, m,

m(z) =
∑N
i pi|z2|pi∑N
i |z2|pi

(3.51)

a priori defined on C∗n. In Log-coordinates w on C∗n the moment map becomes

m(z) =
∑N
i pi|z2|pi∑N
i |z2|pi

(3.52)

We have already shown in Proposition 8 using Log-coordinates that m(w) maps Rn to the
interior of P and thus m(z) maps C∗n to the interior of P . Pulling back m with Φv we
have

Φv∗m(z′) =
∑N
i p
′
i|z′2|p

′
i∑N

i |z′2|p
′
i

(3.53)
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and since p′1 = 0 the moment map m can be extended in a bijective and smooth fashion
to all of Cn and its image then becomes the interior P ′ union with the interior of all facets
of all dimensions containing v in their closure.

Now take x ∈ XP . Then by definition there is a sequence z(i) ∈ C∗n such that ι(z(i))→ x.
Consider {m(z(i))}. If it converges to a point in the interior of P then we are done.
Assume otherwise, then it converges to a point on the boundary of P . Pick a vertex v
for which limi→∞m(z(i)) lies in the interior of an adjacent facet to v (this facet does not
need to be (n−1)-dimensional). By the previous observation, using the moment map, the
sequence z′(i) = Φ(z(i)) remains bounded and thus by compactness, after perhaps passing
to a subsequence, converges in C to some point z′(∞). By continuity x = Φv∗ι(z′(∞))
so that x indeed lies in the image of some chart. In fact, we see that the range3 Uv of
the chart Fv can be chosen to be the union of, the vertex v, all adjacent faces of every
dimension, and the “ “interior” C∗n.

XP has a natural toric line bundle L which is given by pulling back the hyperplane bundle
O(1) (see chapter 6) on CPN−1 to XP via the embedding ι, i.e, L = ι∗(O(1)) . Since
sections of O(1) are the one-homogeneous functions on CPN−1 we can take a basis of
H0(CPN−1,O(1)) to be the set of homogeneous coordinate functions. Thus ι∗(O(1)) is
trivial over C∗n ↪→ XP andH0(XP , ι

∗(O(1))) is represented over the trivialization precisely
by the monomials {zpi}Ni=1.

Let us now consider first a compact toric Fano complex manifold with associated polytope
P as in the beginning of the chapter. If the polytope P is Delzant we could construct the
above described toric complex manifold XP . A natural question to ask is if X and XP

has to be biholomorphic. Note that over C∗n embedded in both X and XP , the sections
of K∗X and L are represented by the same holomorphic functions. Consequently using the
sections of K∗X on X we can embed X into CPN−1 in the exact same way as XP and
consequently they are indeed biholomorphic. We also left a detail when constructing the
metric φ in (3.16). We needed that the sections had empty mutual zero-set. Knowing that
X is really the same as XP this is now simple to see from the above arguments when we
proved that the embedding F extends to all of XP . A last detail that we will not prove
is that if P is not Delzant, then XP will not be smooth, thus if we start with X smooth,
the associated polytope will be Delzant. Thus all smooth toric Fano complex manifolds
as we define them are of the form XP , or to be more general, really any smooth complex
manifold equipped with a positive line-bundle are of the form XP .

A next natural question ask is what more we now about the polytope P if we want L on

3One often talks about the domain of a coordinate chart but here we are considering charts to be defined
from subsets of Cn to the complex manifold in question and not the other way around, thus we talk about
coordinates ranges instead.
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3. Toric complex manifolds

XP to be the anti-canonical bundle so that XP becomes Fano. The first observation, is
that the section s0 over C∗n ↪→ X is in fact global.

Proposition 12. Let X be a toric complex compact manifold. Then there is a unique,
global, torus-invariant section s0 of the anti-canonical bundle K∗X , up to multiplication by
C∗.

Proof. Pick a holomorphic vector v ∈ T1C∗n where e is the identity in C∗n. Denote the
action of C∗n on X by G : C∗n ×X → X; (λ, x) 7→ λ · x. We define a holomorphic vector
field V via

Vx = d[G(·, x)](v) (3.54)

for any x ∈ X. In other words, we differentiate the action with respect to the torus
variable and use the differential to pushforward a holomorphic vector from the tangent
space4 at the unit in C∗n to the different points in X. Since the action is holomorphic the
vector field must be as well. Indeed because v was holomorphic and G is holomorphic in
the first variable, V will be a holomorphic vector at each point, but G is also holomorphic
in the second component and thus V also varies over X in a holomorphic fashion. To see
the invariance under the C∗n-action lifted to TX compute for λ ∈ C∗n and x ∈ X

λ · Vx = dG(λ, ·)(Vx) = dG(λ, ·)[dG(·, x)(v)] (3.55)

= dG(λ,G(·, x))(v) = dG(·, G(λ, x))(v) = Vλ·x. (3.56)

Choosing n independent vectors vi ∈ T1C∗n we can construct n vector fields V1, ..., Vn such
that at least at some point they are independent, just pick a point in the dense, transitive
orbit. Consequently

s0 = V1 ∧ ... ∧ Vn (3.57)

is a holomorphic, non-trivial, toric-invariant, global section of K∗X .

4in fact the Lie algebra of C∗n
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3. Toric complex manifolds

Theorem 2. Let XP be a compact toric Fano manifold. Then the fundamental polytope
is given by inequalities of the form

lF · p ≥ −1. (3.58)

where lF is an inward pointing normal vector defining each face F of P which is primitive
in the sense that the greatest common divisor of all components is 1.

Proof. Begin with the following observation. The section sv for a vertex v is non-vanishing
in the coordinates chart ιv. Indeed consider the sections of ι∗v(O(1)). Using that the
sections of O(1) are given by the homogeneous coordinate functions we get

H0(Cn, ι∗v(O(1))) = {1, z′1, z′2, ..., }. (3.59)

Writing the sections instead in the chart over C∗n but in the same order we get

H0(C∗n, ι∗(O(1))) = {zv, ...} (3.60)

thus sv is represented by simply 1 over Cn using ιv and thus non-vanishing on the divisors
corresponding to the neighboring facet, which in these coordinates are simply z′i = 0
i = 1, ..., n. Now consider another section sp. We have

sp = zps0 = zvz′p
′
s0 = z′p

′
sv. (3.61)

Thus for a divisor ∆F for a face F given by z′i = 0 in the ιv coordinates, the order of
vanishing (defined with by local data, easily proven to be coordinate invariant) ord∆F

(sp)
of sp is the i:th component of p′. If we introduce the normal vector l′F of the face F ′ of P ′

in the primed coordinates then we can write this as

ord∆F
(sp) = l′F · p′. (3.62)

But if p = v +Ap′ then lF is related to l′F by lF = l′FA
−1 so that

l′F · p′ = lFA · p′ = lF · (p− v) = lF · p+ lF · (−v). (3.63)
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Next note that in (3.61) , by choosing p = 0, that lF · (−v) is the order of vanishing of s0.
Thus

ord∆F
(sp) = lF · p+ ord∆F

(s0). (3.64)

Next we compute the order of vanishing of s0 in another way. We know that s0 is torus
invariant. Lets see what that means in the primed coordinates z′i around some vertex v.
The torus action in primed coordinates is

λ · z′i =
∏
j

(λ · zi)Aij =
∏
j

(λizi)Aij =
∏
j

λ
Aij
i

∏
j

z
Aij
i . (3.65)

Thus since Aij is invertible if s0 is to be invariant we need

s0 = Cz′1...z
′
n

∂

∂z′1
∧ ... ∧ ∂

∂z′n
(3.66)

where C ∈ C is some constant. Thus s0 clearly has order of vanishing 1 for all faces.

Next use that all global sections sp are represented by precisely the integer lattice point
in P , and thus we need for all p ∈ P ∩ Zn, that

ord∆F
(sp) ≥ 0 (3.67)

but using what we have proved above this is simply

lF · p ≥ −1 (3.68)

and this holds for every face F .

There is a converse to the previous theorem that we will only sketch a proof of. In fact for
any Delzant P of the form as in Theorem 2, XP will be Fano with P as its fundamental
polytope, meaning that ι∗(O(1)) really is the anti-canonical bundle on XP . The idea of the
proof is to use that we still have an invariant section s0 due to the form of the inequalities.
Also due to the form of the inequalities it has the form

s0 = Cz′1...z
′
nsv (3.69)
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3. Toric complex manifolds

around any vertex v, i.e, it vanishes of order one on the divisors corresponding to the
faces of P . But then one can infer how sections of ι∗(O(1)) will transform between charts
and one finds that they transform precisely like sections of K∗XP and thus the bundles are
isomorphic and we get the result.
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4
Optimal transport

Imagine the problem of moving a distribution of mass from one configuration to another.
There are generically several ways to do this. Thus we can talk about the minimization
problem of finding the optimal way to perform the moving while minimizing the total cost
of the procedure. We will restrict to the cost given by the squared Euclidean distance of
the move performed, weighted by the mass. One way of of formalizing this problem in a
fair bit of generality gives the Monge-Problem.

Definition 9 (The Monge-Problem). Let µ and ν be probability measures on Rn and
c : Rn × Rn → R a cost function. Consider the following minimization problem.

inf
T

∫
c(x, T (x))µ (4.1)

s.t. T : Rn → Rn is a measurable map such that T∗µ = ν (4.2)

where T∗µ is the pushforward of µ under T . i.e, T∗µ(U) = µ(T−1U) for any measurable
set U . Any map T satisfying the constraint will be referred to as a transport map.

The problem (4.2) is both non-linear in T and with non-linear constraints. Additionally,
it can be show that the constraint set can be non-compact. One can also argue that it is
quite unnatural since mass cannot be split, although it can be merged. One can consider
a relaxation of the problem by allowing the splitting of mass, such a problem is given in
the Kantorovich problem.

Definition 10 (The Kantorovich problem). Let µ and ν be probability measures on Rn.
Consider the following minimization problem.

37



4. Optimal transport

C(γ) = inf
γ

∫
Rn×Rn

c(x, y)γ (4.3)

s.t γ ∈ P(Rn × Rn) and (pr1)∗γ = µ, (pr2)∗γ = ν (4.4)

where pri is the natural projection onto the i:th component. We will denote the constraint
set by Π(γ, ν). Any measure γ satisfying the set will be referred to as a transport plan.

A natural cost function for these problems is the squared euclidean cost, c(x, y) = ||x−y||2.
For this cost function the theory of optimal transport is quite developed and it is sort of
the cost function we will be working with. But observe that ||x−y|| = ||x||2−2〈x, y〉+||y||2

and thus

∫
||x− T (x)||2µ(x) (4.5)

=
∫
||x||2µ− 2

∫
〈x, T (x)〉µ+

∫
||T (x)||2µ (4.6)

=
∫
||x||2µ− 2

∫
〈x, T (x)〉µ+

∫
||x||2T∗µ (4.7)

= Var(µ)− 2
∫
〈x, T (x)〉µ+ Var(ν) (4.8)

for measures satisfying ν = T∗µ, where in the second step the measure theoretic change of
variable formula and the constraint on T were used. The above computation ensures that
the cost is finite for finite-variance measures by applying Cauchy-Schwarz on the middle
term. But more so, since the variances are independent of the transport map we get the
same optimal transport map, if we exchange the Euclidean cost to c(x, y) = −〈x, y〉 albeit
with a different optimal cost. This version of the optimal transport problem is the one
we will continue with as it will be intimately connected to Kähler–Einstein metrics, but
having in mind that it is in terms of the solution equivalent to squared Euclidean cost
whenever both are finite can be useful for analogies. There is however a notable difference
when changing from the Euclidean squared cost to c(x, y) = −〈x, y〉. In the case where
one measure has compact support it is enough that the other measure has finite average
absolute deviation.

Definition 11. For a measure µ on Rn its average absolute deviation aµ is given by

aµ =
∫
||x||µ. (4.9)

Proposition 13. Consider the cost-functional in the Monge problem for the cost function
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4. Optimal transport

c(x, y) = −〈x, y〉 for transport maps between a measure µ with finite average absolute
deviation and a second measure ν with compact support. It is bounded both from above
and below.

Proof. Estimate

∣∣∣∣∫ −〈x, T (x)〉µ
∣∣∣∣ ≤ ∫ ||x|| ||T (x)||µ ≤

∫
||x||µ ||T ||∞,µ =

∫
||x||µ ||x 7→ x||∞,ν (4.10)

where x 7→ x is the identity map on Rn. Since µ has absolute average deviation and ν

compact support the right hand side is finite1.

Proposition 14. Consider the cost-functional in the Kantorovich problem for the cost-
function c(x, y) = −〈x, y〉. Let µ have finite average absolute deviation and ν have compact
support. Then the cost-functional is bounded from above and below.

Proof. Following closely the proof of 13 estimate for γ ∈ Π(µ, ν)

|
∫
−〈x, y〉γ| ≤

∫
||x|| ||T (x)||γ ≤

∫
||x||γ ||T ||∞,γ (4.11)

=
∫
||x||µ||T ||∞,µ =

∫
||x||µ||x 7→ x||∞,ν (4.12)

With these bounds, existence of a solution to the Kantorovich problem with cost function
c(x, y) = 〈x, y〉 can be proved. The proof follows a structure which is common for varia-
tional problems and we will encounter it again later for a variational problem related to
the Kähler–Einstein equation.

Theorem 3. Let µ be a measure with finite average absolute deviation and ν a measure
with compact support and let c(x, y) = −〈x, y〉. Then there exist a probability measure γ
attaining the infimum in the Kantorovich problem.

Proof. We will prove existence by assuming a sequence of transport plans approaching the
minimum, and then show that this sequence approaches a minimizing transport plan.

1When we write || · ||p for p ∈ [1,∞] we mean the Lp norm on functions on Rn on R while with || · || we
always mean the finite-dimensional euclidean norm.

39



4. Optimal transport

We equip the space of probability measures on Rn × Rn with the weak topology. i.e, for
a sequence of probability measure {γk}k γk → γ if

∀f ∈ Cb(Rn × Rn)
∫
fγk →

∫
fγ. (4.13)

Where Cb(Rn × Rn) are the bounded continuous functions.

Step 1: Compactness

We need to ensure that the constraint set is compact somehow. The space of probability
measures on a compact subset of Rn is compact in the weak topology but since µ is not
assumed to have compact support we are not in that case. The sequence of delta-measures
{δn} with masses at consecutive natural numbers is an example of a sequence of probability
measures which is easily seen to not have a weakly convergent subsequence in the space
of probability measures. In this case we are saved by Prokhorov’s theorem which states
that if a sequence of probability measures {γk}k is tight in the sense that for every ε > 0
there exist a compact set Kε ⊂ Rn × Rn such that

∫
Rn×Rn\Kε

γk < ε ∀k, (4.14)

then there is a weakly convergent subsequence {γkl} converging to some probability mea-
sure γ [11, Theorem 5.1].

Let {γk}k be any sequence of transport plans. Take ε > 0. Choose Kε = K̃ε×K, K being
the support of ν and with K̃ε ⊂ Rn such that

∫
Rn\K̃ε

µ < ε (4.15)

This is possible since µ is a probability measure. Estimate

∫
Rn×Rn\Kε

γk =
∫

(Rn\Kε)×K
γk =

∫
(Rn\K̃ε)

µ < ε. (4.16)

So any sequence of transport plans is tight and therefore posseses a weak limit which is a
probability measure. Also note that by the definition of the weak topology that the map
taking a probability measure on Rn×Rn to the pushforward measure under the projection
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4. Optimal transport

to one of the copies of Rn is continuous with respect to the weak topology so that the
limiting probability measure will also be a transport plan.

Step 2. Lower semi-continuity.

Next we want to show that the objective functional is lower semi-continuous to ensure that
the cost of the limiting transport plans really minimizes to cost. To that end let {γk}k
once again be a sequence of transport plans this time converging to a transport plan γ.
Our main problem is that c(x, y) is not bounded in our case.

Denote by K the support of ν. By assumption K is compact and thus lies in a ball of
radius R for some R > 0. Thus we have

−〈x, y〉 ≥ −||x|| ||y|| ≥ −R||x|| ∀(x, y) ∈ Rn ×K. (4.17)

The function x 7→ −R||x|| is L1(γk) ∀k and L1(γ) since

∫
Rn×Rn

R||x||γk = R

∫
Rn
||x||µ <∞. (4.18)

and similarly for integration against γ.

Consider changing the cost function to c̃(x, y) = −〈x, y〉+R||x|| instead. Since

∫
Rn×Rn

c̃(x, y)γk =
∫
Rn×Rn

c(x, y)γk +R

∫
Rn
||x||µ (4.19)

and similarly for γ the minimization problem is not altered, only the value of the objective
functional is changed by a finite amount independent of the transport plan. c̃ is non-
negative and continuous, thus we can write it as a non-decreasing limit of continuous
bounded functions {cj}j , then by the monotone convergence theorem

∫
c̃γ = lim

j→∞

∫
c̃jγ = lim

j→∞
lim
k→∞

∫
cjγk = sup

j
lim inf
k→∞

∫
cjγk ≤ lim inf

k→∞
sup
j

∫
cjγk ≤ lim inf

k→∞

∫
c̃γk

(4.20)

where we have written the monotone limit as supremum and written the non-monotone
limit as an limit inferior to be able to swap the limits with an inequality. The last step
just uses that cj ≤ c ∀j. Thus the objective functional is lower semi-continuous.
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Step 3. Conclude existence

Denote by C the infimum in the Kantorovich problem. It is finite by Proposition 14. Take
a sequence of transport plans γk such that

lim
k→∞

∫
cγk = C. (4.21)

By the arguments in step 1 we may assume γk → γ weakly with γ ∈ Π(µ, ν). By step 2
we have

∫
cγ ≤ lim

k

∫
cγk = C (4.22)

and thus γ really is a minimizer.

In the Kantorovich problem the objective function has linear dependence on γ and the
constraints are linear as well. In finite dimensional linear optimization there is to any min-
imization problem a dual maximization where objective function and constraints change
role and the solutions of the two problems are related. In this infinite-dimensional setting
there is a sort of generalization.

Definition 12 (The dual Kantorovich problem). Let µ and ν be probability measures on
Rn and c : Rn×Rn → R be a cost function. Consider the following maximization problem

sup
φ,ψ

J(φ, ψ) = sup
φ,ψ

∫
φµ+

∫
ψν (4.23)

s.t φ, ψ ∈ C∞(Rn) and φ(x) + ψ(y) ≤ c(x, y) (4.24)

The importance of this dual problem is the fact that in fact the optimal values of the two
problems are the same.

Theorem 4. For c = −〈x, y〉 and µ having finite absolute deviation and ν finite support
we have

sup
φ,ψ

J(φ, ψ) = inf
γ
C(γ) (4.25)
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where φ, ψ and γ are in their respective constraint sets. Additionally the supremum in the
dual Kantorovich problem is attained by a pair of continuous functions φ and ψ.

A rigorous proof of the above theorem for a large class of cost functions and assumptions
on µ and ν, including our, can be found in [12, Theorem 5.9]. We will however give a
sketch of a proof of the part concerned with the equality of the two problems but skipping
some analysis details to at least argue why such an equality is plausible.

Sketch of proof. The idea is to try to exchange the role of the objective functional and the
constraints. Begin with the Kantorovich problem

C = inf
γ∈Π(µ,ν)

∫
c(x, y)γ. (4.26)

The constraints are of equality type. The idea is to remove the constraints, and instead
penalize the objective function whenever the constraints are not satisfied. We claim

C = inf
γ∈M+

sup
φ,ψ∈C(Rn)

∫
c(x, y)γ −

∫
φ(x)(pr1∗γ − µ)−

∫
ψ(y)(pr2∗γ − ν) (4.27)

WhereM+ is the set of Borel measures on Rn×Rn. Indeed if for example pr1∗γ 6= µ then
there is a set of measure not zero where the φ can be chosen such that the middle term
becomes arbitrarily large and thus we must have pr1∗γ = µ. Similarly for the last term.
We conclude that a since there are transport maps γ with finite cost they must satisfy
γ ∈ Π(µ, ν). This is where the non-rigorous argument enters, imagine that we can change
the order of the supremum and infimum, then we get after some rewriting

C = sup
φ,ψ∈C(Rn)

inf
γ∈M+

∫
c(x, y)− φ(x)− ψ(y)γ +

∫
φ(x)µ+

∫
ψ(y)ν. (4.28)

Consider the first term in this expression. Whenever c(x, y)− φ(x)−ψ(y) < 0 on a set of
measure non-zero γ can be chosen large there to make C =∞. Since φ and ψ should also
be continuous we would get

C = sup
φ,ψ∈C(Rn),φ+ψ≤c

∫
φ(x)µ+

∫
ψ(y)ν (4.29)

and thus the result.

43



4. Optimal transport

A rigorous proof which can be applied in this special setting using other techniques like
cyclical monotonicity can be found in [12, Theorem 5.9]. That theorem actually gives
much more, but some of that we can show in more elementary terms. The following
results characterizes the solution to the Kantorovich problem and its dual.

Theorem 5. In the dual Kantorovich problem a solution will always be of the form φ, φ∗

and in the Kantorovich problem, whenever it is equivalent to the dual problem, a minimiz-
ing transport plan γ will be supported on the graph of the subgradient of a convex function
φ (the graph viewing the subgradient as set-valued function).

We will use a standard easily proven fact from convex analysis.

Lemma 2. Let φ be a convex function, then x ∈ ∂φ(y) if and only if

φ(x) + φ∗(y) = 〈x, y〉. (4.30)

Proof. Assume y ∈ ∂φ(x). Then by definition

φ(x) + 〈y, s− x〉 ≤ φ(s) ∀s, (4.31)

rearranging

φ(x) + 〈y, s〉 − φ(s) ≤ 〈y, x〉 ∀s (4.32)

and by choosing s = x

φ(x) + φ∗(y) ≤ 〈x, y〉. (4.33)

But

φ(x) + φ∗(y) = φ(x) + sup
s
〈y, s〉 − φ(s) ≥ 〈y, x〉 (4.34)
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and we have the right implication. Now assume x, y is such that φ(x) + φ∗(y) = 〈x, y〉.
Then

φ(x)− 〈x, y〉 = −φ∗(y) ≤ −〈y, s〉+ φ(s) ∀s (4.35)

and thus

φ(x) + 〈y, s− x〉 ≤ φ(s) (4.36)

completing the proof.

Proof. Theorem 5. By renaming φ, ψ to −φ, −ψ in the dual Kantorovich problem we
have equivalently the problem

−C = inf
φ,ψ∈C(Rn),φ,ψ≥〈x,y〉

∫
φµ+

∫
ψν. (4.37)

Let (φ, ψ) be an admissible pair in the optimization problem. Consider the Legendre
transform of φ,

φ∗(x) = sup
y
〈x, y〉 − φ(y). (4.38)

Since

φ∗(y) ≥ 〈x, y〉 − φ(x) ∀x (4.39)

the pair (φ, φ∗) for continuous φ is also an admissible plan as long as φ∗ is continuous. It
is clearly lower semi-continuous but for now we do not know whether it is continuous, it
could be that it takes on the value infinity somewhere. But estimate

ψ(y)− φ∗(y) = ψ(y)−
(

sup
s
〈x, s〉 − ψ(s)

)
= inf

s
−〈x, s〉+ ψ(s) + ψ(y) ≤ 0 (4.40)
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so φ∗ is everywhere bounded by ψ. Thus it is continuous but also the pair (φ, φ∗) gives
a lower value of the objective functional. Thus any solution to the dual Kantorovich
problem, guaranteed by Theorem 4 is of the form (φ, φ∗). But more so, we can proceed in
the same way again and find that in fact a solution is always of the form (φ∗∗, φ∗). Using
that the Legendre transform is an involution for convex functions, we can further say that
the solution will be of the form (φ, φ∗) for a continuous and convex φ.

For the second part of the theorem, let γ be a solution to the Kantorovich problem, by
the duality theorem we have

∫
〈x, y〉γ =

∫
φµ+ φ∗ν =

∫
φ(x) + φ(y)γ (4.41)

and thus 〈x, y〉 = φ(x) + φ(y) γ-almost everywhere. Thus the support of γ lies in the
closure of the image ∂φ(Rn) of the subgradient of φ by Lemma 2.

This characterization finally lets us connect to the original Monge-Problem again whenever
the measure µ is sufficiently nice.

Theorem 6. Let as usual µ have finite absolute average deviation and µ compact support.
If the measure µ additionally does not charge small sets (null sets with respect to Lebesgue
measure) then T = ∇φ, defined almost everywhere, solves the Monge-Problem.

Proof. Consider γ, the solution to the Kantorovich problem. It is supported on the graph
of the subgradient of a convex function φ. By the Rademacher theorem from convex
analysis [10, section. 25], φ is almost everywhere differentiable, and by Proposition 10, in
these points the subgradient contains a single point which is just the ordinary gradient
of φ. Define the set where φ is not differentiable by S. By assumption µ(S) = 0 since S
does not charge small sets and S is small. Similarly we can divide the support of γ into
supp(γ) = Γ1 ∪ Γ2 where Γ1 is supported on the set ∂φ(Rn \ S) and Γ2 is supported on
∂φ(S). By definition of Γ1

∫
Γ1
γ =

∫
Rn\S

µ = µ(Rn) = 1. (4.42)

Thus
∫
γ2

= 0. Take T = ∇φ, viewed as an L1 map. In that way T is well-defined
even though ∇φ might not be pointwisely defined. For any other transport map T ′,
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4. Optimal transport

we can construct a corresponding transport plan γ′, supported on the graph of T ′, by
γ′ = (Id× T ′)∗µ with

∫
c(x, y)γ′ =

∫
c(x, T ′(x))µ. Thus

∫
c(x, T (x))µ =

∫
c(x, y)γ ≤

∫
c(x, y)γ′ =

∫
c(x, T ′(x))µ (4.43)

and thus T is a minimizing transport map.

This is the result that finally allows us to connect optimal transport to the Kähler–Einstein
equation. We begin with the Monge-Problem (4.2) and assume further that the measures
are absolutely continuous with respect to the Lebesgue measure, i.e, µ = fdx and ν = gdx.
Any admissible transport map T should transport µ to ν, that is for all measurable sets
U we should have

∫
U
f(x)dx =

∫
T (U)

T∗(fdx) =
∫
T (U)

g(y)dy. (4.44)

Now we perform the variable substitution T (x) = y in the last integral, skipping issues of
regularity of the transport map.

∫
T (U)

g(y)dy =
∫
U
g(T (x)) detJ(T (x))dx (4.45)

so that we have for all measurable sets U

∫
U
f(x)dx =

∫
U
g(T (x)) detJ(T (x))dx (4.46)

which is satisfied if and only if

g(T (x)) det[J(T (x))] = f(x) a.e. (4.47)

Using Theorem 6 we get

g(∇φ(x)) det(∂
2φ(x)
∂xi∂xj

)i,j = f(x). (4.48)
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4. Optimal transport

This is the PDE formulation of optimal transport. This PDE is already quite similar to
the version of Kähler–Einstein equation (2.45) we derived for toric varieties. We continue
by specifying the target measure ν to be the uniform measure on a closed convex polytope
P . We also a priori state that µ is supported on the entirety of Rn, something which will
be clear eventually. This forces ∇φ(Rn) = P and g = 1. Finally we put µ = e−φ, which
also makes it clear that µ will have support in the whole of Rn. The resulting transport
problem should satisfy the PDE

1/Vol(P ) det( ∂2φ

∂xi∂xj
)i,j = e−φ (4.49)∫

e−φ = 1 (4.50)

∇φ(Rn) = P (4.51)

This is precisely the system (3.44) we derived for torus invariant Kähler–Einstein metrics
on toric varieties after choosing the constant C correctly.

Commenting on the regularity issues, we will define a solution to the transport problem
related to the above PDE above to be a weak solution to the above PDE. One can then
show that weak solutions of this type become real smooth solutions via the general theory
of elliptic partial differential equations, but we will not be concerned with that issue here.

This derivation furnishes the connection between Kähler- -Einstein metrics on toric com-
plex manifolds and optimal transport. We will deepen this connection by studying a
certain variational problem which gives rise to the above system and which could possibly
be used to prove the existence of weak solutions.
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In this section we present a variational problem within the setting of optimal transport
whose solutions satisfies the system (4.51) weakly. The motivation is multitude, it can
be used to investigate the existence of weak solutions to the Kähler–Einstein equation on
toric varieties, it can also be used to motivate a numerical algorithm to solve (4.51) where
one tries to numerically solve the variational problem. Additionally, it is of theoretical
interest in and of itself.

It should be noted that the existence theory of toric Kähler–Einstein metrics is already
well developed. The existence theory is developed in far more general cases. In the toric
case, the existence has also been solved by a variational argument in [6]. The statement
of the result is that there does exists a unique Kähler–Einstein metric up to holomorphic
automorphisms connected to the identity on a compact toric complex manifold if and
only if the mass center of the fundamental polytope P is the origin. The variational
problem here is however different from the one in [6]. There, an approach varying the
Kähler potential φ is adopted. Our goal here is to partly develop the existence theory
using a natural and clean functional with dependence on the measure µ = e−φ instead.
In this work we only partially develop the theory, and the partial results presented should
be considered already known with perhaps the exception of Proposition 24. The goal
is also to present what a variational and probabilistic statistical mechanical approach to
the solution of the weak existence theory of a non-linear partial differential equation of
geometric interest could look like.

We fix, as before, a closed convex polytope P ∈ Rn. We consider the uniform measure on
P which we will denote in the perhaps unconventional way 1Pdp.

Definition 13. Define the energy functional E(µ) to be the cost to optimally transport µ
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5. Variational problem

to the uniform measure on P with respect to the cost function c(x, p) = −x · p. That is

E(µ) = −C(µ, 1P (P )dp) = − inf
γ∈Π(µ,ν)

∫
Rn×Rn

− x · p γ(x, p). (5.1)

Viewing this energy functional as the energy of an ensemble of particles which in the large
particle number limit is described by the measure µ, it is natural to introduce the entropy
of the distribution µ.

Definition 14. Define the entropy functional D(µ) to be given by

D(µ) =
∫
Rn

log(µ/dx)µ (5.2)

where µ/dx is the Radon-Nikodym derivative or simply just density of µ with respect to
the Lebesgue measure. If the density does not exist we put D(µ) =∞.

Note that this definition has a sign difference from entropy in physics. Continuing the
analogy with physics, we can now construct the free energy functional F (µ) for a given
inverse temperature β,

F (µ) = E(µ) + 1
β
D(µ). (5.3)

One can then consider the problem of finding the probability measure that minimizes the
free energy. Avoiding for now possible issues at the boundary and existence, we should
expect that the functional derivative of F should vanish at a minimum and thus we
compute its derivative starting with the entropy functional.

Proposition 15. We have for probability measures µ0 and µ1 that

d

dt
D((1− t)µ0 + tµ1)|t=0 =

∫
Rn

log(µ0)(µ1 − µ0) (5.4)

and thus we say that the functional derivative dD(µ) is log(µ/dx).

Proof. Compute
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5. Variational problem

d

dt
D((1− t)µ0 + tµ1)|t=0 = d

dt

∫
Rn

log(((1− t)µ0 + tµ1)/dx)((1− t)µ0 + tµ1)|t=0 (5.5)

=
∫
Rn

(µ1 − µ0)/dx
((1− t)µ0 + tµ1)/dx((1− t)µ0 + tµ1)|t=0 (5.6)

+
∫
Rn

log(((1− t)µ0 + tµ1)/dx)(µ1 − µ0)|t=0 (5.7)

=
∫
Rn

(µ1 − µ0) +
∫
Rn

log(µ0/dx)(µ1 − µ0) (5.8)

=
∫
Rn

log(µ0/dx)(µ1 − µ0) (5.9)

Next we consider the functional derivative of the energy functional.

Proposition 16. The energy functional (5.1) is differentiable and its derivative is given
by

d

dt
E(µ+ t(ν − µ))|t=0 =

∫
Rn
φ(ν − µ) (5.10)

where φ is the Kantorovich potential appearing in the optimal transport problem of trans-
porting µ to the uniform measure on P . Put differently the functional derivative of the
energy is given by dE(µ) = φ.

Proof. Begin by noting that by Kantorovich duality

C(µ) = sup
φ

∫
Rn
φµ+

∫
P
φ∗dp. (5.11)

We define the functional V (φ) =
∫
Rn φ(ν − µ) and the family of functionals Gt(φ) =

J(φ) + tV (φ) where J(φ) := J(φ, φ∗) from Definition 12. Then we have

d

dt
C(µ+ t(ν − µ))

∣∣
t=0 = d

dt

∣∣
t=0 sup

φ

∫
Rn
φ(µ+ t(ν − µ)) +

∫
P
φ∗dp (5.12)

= d

dt

∣∣
t=0 sup

φ
Gt(φ). (5.13)

By the existence theory of optimal transport, the supremum in g(t) is always attained by
a unique φt.

Denoting g(t) = supφGt(φ) we compute

51



5. Variational problem

g(t)− g(0) = Gt(φt)−G0(φ0) (5.14)

= G0(φt) + tV (φt)−G0(φ0) (5.15)

= (Gt(φ0)−G(φ0)) + (G0(φt)−G0(φ0)) + t(V (φt)− V (φ0)) (5.16)

For the first term we get

Gt(φ0)−G(φ0) = tV (φ). (5.17)

For the third term we get

V (φt)− V (φ0) =
∫
Rn

(φt − φ0)(ν − µ). (5.18)

Here note that φt lies in a compact set for t in some fixed finite interval. Thus, so does
any limit point φ̃ as t → ∞. By continuity of G0(·) = J(·) we get G0(φ̃) = G0(φ0) but
since φ is the unique maximizer of J(·) we get φ̃ = φ0 and thus

lim
t→0

V (φt)− V (φ0) = 0 (5.19)

by continuity of V (·).

For the third term notice that G0(φt)−G0(φ0) ≤ 0 since φ0 is optimal. Since g(t) is the
supremum of affine function it is convex and thus the right and left derivatives exists [10,
section. 24]. For the right derivative we get

d

dt
g(t)

∣∣
t=0+ ≤ V (φ0) (5.20)

but by changing t→ −t we get

d

dt
g(t)

∣∣
t=0− ≥ V (φ0). (5.21)

Again since g is convex we have d
dtg(t)

∣∣
t=0− ≤

d
dtg(t)

∣∣
t=0− and thus g is differentiable at

t = 0 and
d

dt
g(t)

∣∣
t=0 = V (φ0) =

∫
Rn
φ0(ν − µ) (5.22)
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5. Variational problem

and we conclude that in terms of functional derivatives dE(µ) = −dC(µ) = −φ where φ
is the Kantorovich potential transporting µ to the uniform measure on P .

The two previous propositions allows us to compute the functional derivative of the free
energy functional (5.3). We can conclude at least heuristically that a measure µ attaining
the minimum of the free energy functional should satisfy

dF
∣∣
µ

= 0 (5.23)

or using Proposition 16 and 15

φ− 1
β

log(µ/dx) = 0 (5.24)

or

µ/dx = e−βφ (5.25)

where φ is the Kantorovich potential appearing in the transport problem of optimally
transporting µ to the uniform measure on P . If µ is absolutely continuous with respect
to Lebesgue, which it will be if it were a finite minimizer of the free energy due to the
definition of the free energy, then we know from the PDE formulation of optimal transport
(4.48) that we also have

1/Vol(P ) det(∂
2φ(x)
∂xi∂xj

)i,j = µ/dx (5.26)

so in total we have the PDE

1/Vol(P ) det(∂
2φ(x)
∂xi∂xj

)i,j = e−βφ (5.27)

for a convex function φ which also satisfies ∇φ(Rn) = P and
∫
eβφdx = 1. For β = 1 we

get the toric Kähler–Einstein equation (3.44) but other choices of β can be interesting as
well as we will see later.
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5. Variational problem

At this point one would like to conclude that the variational problem of minimizing the
free energy constitute another formulation of the KE equation on toric Fano manifolds.
To make such a claim rigorous one would need a couple of extra results. One would need
to prove a compactness result for a space of measures µ in which one could perform the
variational problem. Additionally one would need a properness result on the free energy
functional to assert that a minimum exists. Additionally a convexity argument to ensure a
unique minimum and finally an argument to ensure the minimum is attained at an interior
point so that one really gets that the functional derivative at that point should vanish.

We begin by finding a criteria for when there is definitely no solution to the variational
problem. Consider a measure µ for which the free energy is finite. Let a ∈ Rn and denote
by µa the pushforward of µ under x 7→ x+ a. Compute

F (µa) = C(µa) + 1
β
D(µa) (5.28)

= − inf
γ∈Π(µa,1P dp)

∫
−〈x, p〉γ + 1

β

∫
log(µa/dx)µa (5.29)

= − inf
γ∈Π(µ,1P dp)

∫
−〈x+ a, p〉γ + 1

β

∫
log(µ/dxa)µ (5.30)

= F (µ) +
∫
P
〈a, p〉dp (5.31)

= F (µ) + 〈a, p̄〉 (5.32)

where p̄ is the mass center of P . From this immediately learn two things.

Proposition 17. The free energy functional is translation invariant if and only if the
mass center of P is 0.

Proof. Follows directly from (5.32).

Proposition 18. If the mass center of P is not 0 then the free energy is not bounded from
below on the space of probability measures.

Proof. Take a measure µ for which the free energy is finite. Then F (µ−n) → −∞ as
n→∞.

We conclude that the minimization problem has no solution if 0 is not the mass center of P .
Later when we develop further the variational theory the last proposition will imply that
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5. Variational problem

the Kähler–Einstein equation on toric varieties with non-balanced associated polytope has
no solution.

Comment on the case of non-balanced polytope
There is a naive remedy in the case of non-balanced polytope. We could simply
consider the problem of minimizing the free energy subject to the constraint that
the mass center µ̄ = 0 to exclude the situation in Proposition 18. But there is
no reason to believe that the stationary point of F (·) under that constraint should
be the Kähler–Einstein equation. In fact this is not the case, but we can learn
something by following through with this anyhow. In fact, we can use the theory of
Lagrange multipliers to find the stationary equation for the problem of finding the
minimum of F while fixing µ̄ = 0. The theory of Lagrange multipliers states that
we can equivalently find an extremum of

F̃ (µ) = F (µ) + 〈λ,
∫
xµ〉. (5.33)

with λ ∈ Rn and then solve for λ using the constraint L(µ) = 0 where we denote
by L(µ) the functional µ 7→

∫
xµ. We fix probability measures µ and ν and the

variation becomes

d

dt

∣∣∣
t=0
〈λ, L(µ+ t(ν − µ))〉 = 〈λ,

∫
x(ν − µ)〉 (5.34)

and thus

dλ · L(µ) = λ · x. (5.35)

Thus putting dF̃ (µ) = 0 we get

φ+ 1
β

log(µ/dx) + 〈λ, x〉 = 0 (5.36)

and thus

µ = exp(−β(φ− 〈λ, x〉)). (5.37)
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5. Variational problem

Writing out L(µ) = 0 we get

0 =
∫
x exp(−β(φ− 〈λ, x〉))dx (5.38)

Here we could redefine φ by φ̃ = φ − 〈λ, x〉. Since the Monge-Ampere operator
is purely second order this will not change the left hand side of the corresponding
PDE and we therefore end up with precisely with our version of the Kähler–Einstein
equation modulo boundary conditions. The boundary condition in terms of φ̃ is

∇((φ̃+ 〈λ, x〉)(Rn)) = P (5.39)

or equivalently

∇(φ̃(Rn)) = P − λ. (5.40)

If we for now assume our earlier claims that the Kähler-Einstein equation has a
solution iff the mass center of P is 0 and that this happens precisely when the
associated variational problem has a solution then we get here that λ = p̄, the mass
center of P . Going back to the geometrical setup we have found a Kähler–Einstein
metric defined via φ̃ on a dense subset of our toric variety X, but we already know
from Theorem 1 that this metric cannot be smoothly extended to all of X and will
thus have singularities. We have also deduced that the existence of these metrics
follows from the existence of our ordinary Kähler–Einstein equation and thus we
will go back to the variational problem.

*

To prove existence of the variational problem in the case of a balanced polytope we
need to ensure that the minimization problem is well defined and thus we would like
a lower bound on the free energy. We begin with one for the energy functional

Proposition 19. If the mass center of P is 0 then the energy is bounded from below
by 0 in the class of probability measures with finite first moment.

Proof. Let µ be a measure with finite first moment. Estimate
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5. Variational problem

E(µ)− 〈µ̄, p̄〉 = − inf
γ∈Π(µ,1P dp)

∫
−〈x, p〉γ −

〈 ∫
xµ,

∫
P
pdp

〉
(5.41)

= sup
γ∈Π(µ,1P dp)

∫
〈x, p〉γ −

∫
〈x, p〉µ⊗ 1Pdp ≥ 0 (5.42)

since µ⊗ 1Pdp ∈ Π(µ, 1pdp). But since µ̄ is finite and p̄ = 0 we get E(µ) ≥ 0.

With Proposition 18 we have proven that the energy is bounded from below if
and only if the polytope has mass center in the origin. Moving on to the entropy
functional we have restricted to balanced measures for simplicity since the entropy
is translation invariant anyway.

Proposition 20. Let µ be a probability measure on Rn with mass center at 0 and
finite average absolute deviation

∫
|x|µ = a. (5.43)

Then the following bound on the entropy holds,

D(µ) ≥ −n log(a) + An (5.44)

where An is a constant not depending on a.

The proof will consist of proving that the following multivariate generalization of
the Laplace distribution minimizes the entropy under the constraint of fixed average
absolute deviation.

Definition 15. We define the multivariate Laplace distribution to be the probability
measure on Rn with density

f(x) = Cne
−n
a
|x| (5.45)

where Cn is a normalization constant such that
∫
Rn fdx = 1.
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5. Variational problem

We compute its normalization constant and get

C−1
n =

∫
e−

n
a
|x|dx = Bn

∫ ∞
0

rn−1e−
n
a
|x|dr = (n− 1)!

(
a

n

)n
Bn (5.46)

where we performed a hyper-spherical substitution in the integral and Bn is the
constant independent of a from the angle integrals.

Computing the average absolute deviation

∫
|x|Cne−

n
a
|x| = CnBn

∫ ∞
0

e−
n
a
rrndr = CnBnn!

(
a

n

)n+1
= a (5.47)

the entropy

∫
log(Cne−

n
a
|x|)Cne−

n
a
|x|dx = log(Cn)− n

A

∫
|x|Cne−

n
a
|x|dx = log(Cn)− n. (5.48)

We are now fit to prove the bound on the entropy functional.

Proposition 20. Let µ be any probability measure on Rn with average absolute de-
viation given by a. By the definition of the entropy functional we can restrict to µ
with a density g. Let f be the density of µ. Consider the functional1

D(g||f) =
∫

log(g/f)gdx. (5.49)

It enjoys the property of begin positive, as is seen by

−D(g||f) =
∫

log(f/g)gdx = E(log(f/g) ≤ log(E(f/g)) (5.50)

= log
(∫

g>0
f/g gdx

)
≤ log

(∫
fdx

)
= 0. (5.51)

where the expected value is with respect to the measure fdx but restricted to where
the g is non-zero. The first inequality is the Jensen inequality using that the loga-
rithm is concave. Using the form of the Laplace density f we get

1Known in information theory of the Kullback-Leibler divergence of g with respect to f . When f is the
Lebesgue measure which is not a probability measure, the definition makes sense anyway and is simply
the entropy functional evaluated at g.
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0 ≤ D(g||f) =
∫

log(g/f)gdx =
∫

log(g)gdx−
∫

log(f)gdx (5.52)

= D(µ)−
∫

log(Cne−
n
a
|x|)gdx (5.53)

= D(µ)− log(Cn)
∫
gdx+ n

a

∫
|x|gdx = D(µ)− log(Cn) + n (5.54)

but since the entropy of the Laplace measure is simply log(Cn)− n we have showed

D(µ) ≥ D(fdx) (5.55)

for any probability measure µ with mass center at 0 and average absolute deviation
a. Using our earlier result that C−1

n = (n− 1)!
(
a
n

)n
Bn we get

D(µ) ≥ −n log(a) + n log(n)− log((n− 1)!)− log(Bn) (5.56)

showing the desired dependence of the bound on a.

It is clear from the result that it is not enough to bound the energy form below
by 0 since for a sequence of measures with increasing average absolute deviation
our total bound on the free energy decreases and thus we cannot conclude that a
minimizer exists in the interior and at a local minimum. Then we could no longer
assert that at the minimum dF = 0 holds and thus the connection to the Kähler–
Einstein equation is lost. We thus need a better bound on the energy functional.
We will be able to prove a bound of this type in dimension one, and conclude that
the free energy goes to infinity whenever the average absolute deviation does so. A
generalization to arbitrary dimensions is in preparation.

But still there are some results that we can do in arbitrary dimension. To guarantee
a solution to the variational problem we will need a compactness argument in some
topology. The topology we will use is the weak topology. i.e, we say that a sequence
{µk}k of probability measures converges weakly to µ if∫

Rn
fµn → µ ∀f ∈ Cb(Rn) (5.57)
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where Cb(Rn) is the space of bounded continuous function on Rn. If we would ex-
change Rn with a compact subset K then the resulting space of probability measures
would indeed be compact as we have stated before. Recall that to get compactness
in the setting of Rn we need to pick sequences that are tight, where a sequence of
probability measures {µk}k is tight if for every ε > 0 we can find a compact set
Kε ⊂ Rn such that

∫
Rn\Kε

µk ≤ ε ∀k. (5.58)

By Prokhorov’s theorem, we can then extract a subsequence convergent in the weak
topology in dual with Cb(Rn) [11, Theorem 5.1].

Let us imagine that we have a bound from below on the free energy that ensures
that the free energy goes to infinity whenever the average absolute deviation does
so. Then in the minimization we can just as well minimize over measures with a
fixed bound on their absolute average deviation. In that case we actually do have
tightness.

Proposition 21. Assume {µk}k is a sequence of probability of measures on Rn with
a uniform bound on their average absolute deviation. i.e,∫

Rn
|x|µk < A. (5.59)

Then the sequence is tight and consequently there is a convergent subsequence with
respect to the weak topology in dual with Cb(Rn).

Proof. Let ε ≥ 0. Let Kε = B(0, A/ε) the ball in Rn centered at the origin and with
radius A/ε. Estimate

A >
∫
Rn
|x|µk =

∫
Rn\Kε

|x|µk +
∫
Kε
|x|µk ≥

∫
Rn\Kε

|x|µk ≥ A/ε
∫
Rn\Kε

µk (5.60)

and thus ∫
Rn\Kε

µk < ε. (5.61)

Thus the sequence is tight and the convergent subsequence is guaranteed by
Prokhorov’s theorem.
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We will also need some continuity result on the free energy functional to ensure that
a minimizing sequence can get close to the minimum. We begin with the entropy
functional.

Proposition 22. The entropy functional D(·) is lower semi-continuous with respect
to weak convergence of measures on the space of probability measures with a bound
on the average absolute deviation, i.e, fixing a constant A,

∫
|x|µ < A ∀µ. (5.62)

We postpone the proof which will follow directly from that the Kullback-Leibler
divergence is in fact the Legendre transform of another functional.

Lemma 3. We have for probability measures µ and µ0 where µ is absolutely con-
tinuous with respect to µ0 that

D(µ||µ0) = sup
u∈Cb(Rn)

∫
uµ− log

∫
euµ0. (5.63)

Proof. By Jensen’s inequality

log
∫
euµ0 = log

∫
eu
µ0

µ
µ = log

∫
eu+log(µ0/µ)µ (5.64)

≤
∫
u+ log(µ0/µ)µ =

∫
uµ−

∫
log(µ/µ0)µ (5.65)

and thus after rearranging

D(µ||µ0) ≤
∫
uµ− log

∫
euµ0. (5.66)

To achieve equality we would like to pick u = log(µ/µ0) in the supremum. But u such
chosen might very well not be bounded and continuous. However using a standard
approximation argument from measure theory, bounded continuous functions are
dense in L1(Rn) and thus we can take a sequence achieving equality in the supremum.
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Proposition 22. Pick a probability measure µ0 absolutely continuous with respect
to Lebesgue with a non-zero density which is rapidly enough decaying such that∫

log(µ0/dx)µ > −∞ for all µ satisfying the bound on the average absolute devia-
tion. The measure with density proportional to e−||x|| would do for example. Since
µ0 is non-zero µ is absolutely continuous with respect to µ0 as well.

By the Lemma we have

D(µ||µ0) = sup
u∈Cb(Rn)

∫
uµ− log

∫
euµ0 (5.67)

and since

D(µ||µ0) =
∫

log(µ/µ0)µ =
∫

log(µ/dx)µ−
∫

log(µ0/dx)µ (5.68)

we get

D(µ) = sup
u∈Cb(Rn)

∫
uµ− log

∫
eudx+

∫
log(µ0/dx)µ. (5.69)

Clearly both
∫

log(µ0/dx)µ and
∫
uµ for u ∈ Cb(Rn) are continuous with respect to

the weak topology. It is a general fact that a supremum of continuous functionals is
itself lower semi-continuous. Indeed, take a sequence {µk}k of probability measures
converging weakly to µ and estimate

lim inf
k

D(µk) = sup
k

inf
l>k

sup
u∈Cb(Rn)

∫
uµl − log

∫
eudx (5.70)

≥ sup
k

sup
u∈Cb(Rn)

inf
l>k

∫
uµl − log

∫
eudx (5.71)

= sup
u∈Cb(Rn)

sup
k

inf
l>k

∫
uµl − log

∫
eudx (5.72)

= sup
u∈Cb(Rn)

∫
uµ− log

∫
eudx (5.73)

= D(µ). (5.74)

Thus in total D(µ) is lower semi-continuous.
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We also need a continuity result for the energy functional. This is more difficult and
we only present a partial result in this direction. In particular given that we can
restrict ourselves to measures with finite 1 + σ-absolute moment for σ positive we
do have continuity.

Proposition 23. Fix σ > 0. The energy functional E(·) is continuous with respect
to the weak topology on the space of probability measures on Rn with a bound on the
1 + σ-absolute moment, i.e, all probability measures such that∫

|x|1+σµ < M (5.75)

for some M ∈ R.

Proof. To begin with, we can wonder what could be the problem. Recall the follow-
ing form of energy functional

E(µ) = sup
T

∫
〈x, T (x)〉µ. (5.76)

Where the sup is over transport maps T . As we have already seen, a supremum
over continuous functionals is lower semi-continuous. Thus it suffices to prove that
ET (µ) =

∫
〈x, T (x)〉 is continuous. But x 7→ 〈x, T (x)〉 need not be continuous nor

bounded thus continuity of ET is not direct. For the problem with boundedness we
can use the bound on the moment and proceed similarly as to the proof of tightness.
Denote by R a real number such that the polytope P is a subset of the open ball
of radius R centered at the origin. Pick a continuous transport map T . Take ε > 0.
Pick a sequence {µk}k of probability measures weakly converging to a probability
measure µ such that ∫

|x|1+σµk < M ∀k (5.77)

for some σ > 0 and let Kε = B(0, (4MR/ε)1/σ) be the centered ball in Rn with
radius (4MR/ε)1/σ. Estimate

|E(µk)− E(µ)| = | sup
T ′
ET ′(µk)− sup

T
ET (µ)| (5.78)

≤ sup
T ′

∣∣∣∣∣
∫
Rn\Kε

〈x, T ′(x)〉µk
∣∣∣∣∣+ sup

T

∣∣∣∣∣
∫
Rn\Kε

〈x, T (x)〉µ
∣∣∣∣∣+ (5.79)∣∣∣∣∣sup

T ′

∫
Kε
〈x, T ′(x)〉µk + sup

T

∫
Kε
〈x, T (x)〉µk

∣∣∣∣∣ . (5.80)
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The last term being small is equivalent to proving continuity of the energy functional
under the extra assumption that the measures all have compact support. This we
postpone til the end of the proof. So for k large enough the last term is smaller than
ε/2. The first two terms we can treat in precisely the same way. Estimate

MR > R
∫
|x|1+σµ >

∫
|x|σ〈x, T (x)〉µ (5.81)

=
∫
Rn\Kε

|x|σ〈x, T (x)〉µ+
∫
Rn
|x|σ〈x, T (x)〉µ (5.82)

≤
∫
Rn\Kε

|x|σ〈x, T (x)〉µ ≤ 4MR/ε
∫
Rn\Kε

〈x, T (x)〉µ. (5.83)

And thus

∫
Rn\Kε

〈x, T (x)〉µ ≤ ε/4. (5.84)

Putting it all together we get

|E(µk)− E(µ)| < ε (5.85)

but ε was arbitrary so ET (·) is continuous.

So why is E(µ) continuous for compactly supported measures? Here we will not be
as detailed as it is rather involved. Assume µ also had compact support. Here it
turns out to be better to work with the Kantorovich problem since then the problem
is well-formulated for arbitrary measures. Write

E(µ) = − inf
γ

∫
−〈x, y〉γ = − inf

γ

∫
||x− y||2γ + 2

∫
||x||2µ+ 2

∫
||y||2ν (5.86)

as we have done before. The compact support ensures that the variances are finite.
Also µ 7→

∫
||x||2µ is manifestly continuous. The first functional is the cost of

optimal transport between µ and ν with squared Euclidean cost. This turns out to
be a distance on the space of probability measures on Rn. More so, this distance
metrizes the weak topology, a proof of which can be found in [12, Theorem 6.8]. It
is a general fact which follow almost form definitions that any metric is doubly a
continuous function with respect to the metric topology.
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Next we will prove a properness type-result for the energy functional in the one-
dimensional case, a higher dimensional version is in preparation. There are some
facts in one dimension which simplifies things. One of them is that the transport
map is always monotone. This can be seen either directly from the minimization
problem or from the fact that the transport map is realized as the gradient of a
convex function. Another is that the absolute value function | · | is significantly
simpler than in higher dimensions. Using these facts we prove:

Proposition 24. Let µ be a probability measure on R absolutely continuous with
respect to Lebesgue and with finite average absolute deviation. Let P = [−2C, 2C] be
an interval (polytope in one dimension) with C > 0, then after perhaps translating
µ

E(µ) ≥ C

2 a (5.87)

where a is the absolute average deviation of the translated measure.

Proof. We can work with the Monge-problem and assume the existence of a almost
everywhere defined transport map T since µ is absolutely continuous and has finite
average absolute deviation by Theorem 6. We translate µ until T (x)x ≥ 0 where
T : R→ R is the transport map optimally transporting µ to 1Pdp. This works since
0 is an interior point of P , indeed, T changes sign somewhere and must do so in the
interior of the convex hull of the support of µ, then just translate µ until the sign
change of T occurs precisely at x = 0. Now estimate

2E(µ) = 2
∫
T (x)xµ = 2

∫
|T (x)|≥C

T (x)xµ+ 2
∫
|T (x)|<C

T (x)xµ (5.88)

≥ 2
∫
|T (x)|≥C

T (x)xµ+ 0 = 2
∫
|T (x)|≥C

|T (x)||x|µ (5.89)

≥ 2C
∫
|T (x)|≥C

|x|µ (5.90)

≥ C
∫
|T (x)|≥C

|x|µ+ C
∫
|T (x)|<C

|x|µ (5.91)

= C
∫
|x|µ = Ca (5.92)

where in the third step we have used that T (0) = 0 and that T is monotone so that
T (x)x ≥ 0. In the fifth step we have used that the measure of {|T (x)| ≥ C} and
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{|T (x)| < C} is the same under µ, otherwise T would not transport µ to P , also
that T is again monotone. By dividing by C we get the result.

5.1 A conditional proof of existence

What we so far have developed for the variational problem is unfortunately not
enough for a complete existence proof of the variational problem or the weak toric
Kähler–Einstein equation. What we will do nevertheless for explanatory purposes,
is to sketch what an existence proof would look like using the theory developed for
the free energy functional but also some extra conjectural facts. This will shed light
on why the propositions stated and proven so far is of interest. The aim is to be as
clear as possible as to when extra assumptions are used and what parts are precise.

In the following conjectural theorem that regards existence of a minimizer of the
free energy, we will need a higher dimensional generalization of the properness-type-
result in Proposition 24. Additionally, we need continuity of the energy functional.
Remember, we only proved continuity of the energy functional in Proposition 23 in
the class of probability measure with bounded 1+ε-moment for some positive ε. We
will not be able to ensure such a bound on the minimizing sequence, only for ε = 0
which is not enough.

Theorem (Conditional) 1. Let P be a polytope in Rn with mass center at the
origin. Then there is a probability measure with finite absolute average deviation
minimizing the free energy functional.

Proof. The only if is done by Proposition 18. For the if part, denote

F̃ = inf
µ
F (µ) (5.93)

where the infimum is over all probability measures on R. By Proposition 14 for
any measure with finite average absolute deviation the energy is finite and among
those there are plenty of distributions with also finite entropy so F̃ is certainly not
+∞. Let {µk}k be a sequence of probability measures such that F (µk) → F̃ . We
can assume that they are all absolutely continuous since otherwise we would have
F̃ = +∞. Using Proposition 24 in one dimension, and a conjectural generalization
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in higher dimensions, and Proposition 20 we have the bound

F (µk) ≥ − log(aµk) + C

2 aµk +K1 (5.94)

where aµ is the average absolute deviation of µ and K1 is the constant independent
of µ from Proposition 20 and C ≥ 0 is the constant from Proposition 24 also
independent of µ. From this bound we conclude that the infimum in (5.93) is
finite since a linear function grows faster than the logarithm. Since the bound goes
to infinity as aµ goes to infinity we can assume without loss of generality that {µk}k
has a uniform bound on the average absolute deviation. By Proposition 21 we can
find a subsequence {µkl}l which converges weakly to a probability measure µ with
finite average absolute deviation.

At this point we would like to argue why we can further restrict the minimizing
sequence to have a uniform bound also on the 1 + ε-moment for some ε > 0. Let
that be conjectural. By Proposition 23 the energy functional is continuous on the
minimizing sequence, and by Proposition 22 the entropy functional is lower semi-
continuous. Thus the free energy functional is lower semi-continuous along the
minimizing sequence and

F (µ) ≤ lim inf
k

F (µk) = F̃ (5.95)

so µ really is a minimizing probability measure of the free energy functional.

Next one would like to say that µ has a density satisfying the toric Kähler–Einstein
equation. Firstly, for it to satisfy the weak toric Kähler–Einstein equation, we
simply need it to be an extremum of the free energy functional and satisfy dF |µ = 0.
Then as we explained in the beginning of the section µ will satisfy the transport
problem related to (4.51), which is by our definition a weak solution. But there is an
important detail keeping us from concluding this right away. We would like to say
that if dF |µ 6= 0 then we could just alter µ slightly and get a probability measure
with lower free energy. But if the density of µ happens to be 0 somewhere then the
perturbed measure need not be a positive measure any more. One possible solution
might be to mirror the solution to the related problem in the variational problem
varying φ studied in [6]. Anyhow this problem is a subject of future work.

Lastly one might want to investigate uniqueness. This part is largely unfinished but
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we present a possible future direction.

The problem is that one can quite easily see that along convex combinations, that
is curves between two probability measures µ and ν given by t 7→ (1− t)µ+ tν, the
entropy is convex while the energy is concave so it is difficult to get a convexity result.
However we can consider other classes of curves, namely Wasserstein geodesics.
The Wasserstein distance d(µ, ν) between two probability measures µ, ν is simply
the optimal cost of transporting one to the other but with cost function c(x, y) =
||x− y||2. i.e,

d(µ, ν) = inf
γ∈Π(µ,ν)

∫
||x− y||2γ. (5.96)

As we have mentioned before this is actually a metric on the space of probability
measure metrizing the weak topology. Moreover this metrics space is geodesic,
meaning that between any two probability measures µ, ν with finite second moments
there is a curve ρt such that

d(ρt, ρs) = |t− s|d(µ, ν). (5.97)

Thus if the energy functional was defined with the Euclidean cost then it would vary
in this affine way along geodesics. By a result [13, Proposition 2.1] the entropy is
actually convex along Wasserstein geodesics, and strictly convex if the two measures
are not related by translation. Thus if our cost was Euclidean and we could assume
finite second moments then the free energy would be convex along this class of curves,
and after fixing the translational invariance strictly convex, sufficient for ensuring
uniqueness of a minima. Additionally we would get uniqueness of the weak Kähler–
Einstein equation since no other extrema could exist. However the cost 〈x, y〉, being
intimately related to the Euclidean cost is not by any means equivalent to it and so
this is only a possible direction.

5.2 The free energy as an invariant

In this section we leave the application of the variational problem to existence and
instead study the free energy functional in its own regard. In defining the free energy
functional we have only used biholomorphically invariant data. Additionally the
Kähler–Einstein equation itself is actually biholomorphically invariant as can be seen
from a simple calculation. We have not talked much about uniqueness of Kähler–
Einstein metrics but they are indeed unique when they exist up to a scalar multiple.
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This scalar disappears when we get to the Kähler–Einstein measure µ which we
demand to be a probability measure. Thus the free energy functional evaluated
at the Kähler–Einstein measure is an invariant of the toric complex manifold. For
reasons not dwelled on here, we will involve the volume of the polytope as well and
consider for a Fano compact complex toric manifold X with fundamental polytope
P and Kähler–Einstein measure µX the invariant FX when µX exists is defined to
be

FX = Vol(P )F (µX). (5.98)

To calculate this invariant for a given X, one needs to calculate the volume, the
energy and entropy of the Kähler–Einstein measure. With the following theorem,
computing the energy is actually superfluous. The proof will depend heavily on the
not yet proven fact that µX really is a unique minimizer of the free energy functional
for β = 1.

Theorem (Conditional) 2. The energy functional evaluated at the Kähler–Einstein
measure of a compact toric complex manifold X is always given by the dimension.
i.e,

E(µX) = dim(X). (5.99)

Proof. Recall the free energy functional (5.3) with the inverse temperature β in-
cluded. Define

Gβ(µ) := βF (µ) = βE(µ) +D(µ). (5.100)

Define further

g(β) = inf
µ∈P

Gβ(µ). (5.101)

Claim that d
dβg(β)|β=1 = E(µX) where µX is the Kähler–Einstein metric on X.
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Introducing t = β − 1 note that

g(t) = inf
µ∈P

E(µ) +D(µ) + tE(µ). (5.102)

To proceed we must use that the infimum is attained by a unique measure µβ for
every β in a neighborhood of 1, something which would follow from a existence
theory like the one partly developed earlier in the section.

After that, one can use essentially the same proof as in the proof of Proposition 16
and conclude the claim. If we can compute d

dg(β)|β = 1 we are done. Note that if φ
is a solution to the critical point equation (5.27) with β = 1 then φβ = 1

β
(φ(βz)+C),

for a correctly chosen constant C, is a solution to the Kähler–Einstein equation with
β arbitrary positive real but with the same boundary condition. Indeed

1
Vol(P ) det[ ∂2

∂xi∂xj
φβ] = 1

Vol(P ) det
[

∂2

∂xi∂xj

(
1
β
φ(βz) + C

)]
= βn

Vol(P ) det[ ∂2

∂xi∂xj
](βz)

(5.103)
= βne−φ(βz) = βneCe−βφβ = e−βφβ (5.104)

where we have chosen C = −n log(β). The associated transport map will be Tβ =
∇φβ = (∇φ)(βz) and thus φβ also satisfies the boundary condition ∇φβ(Rn) = P .
Additionally e−βφβ has the correct normalization since

∫
e−βφβdx =

∫
e−φ(βx)βndx =

∫
e−φ(x′)dx′ = 1. (5.105)

where x′ = βx. We proceed by computing the energy of µβ = e−φβ .

E(µβ) = −
∫
〈x, Tβ(x)〉µβ = −βn

∫
〈x,∇φβ(x)〉e−φ(βx)dx (5.106)

= −β(n−1)
∫
〈βx, (∇φ)(βx)〉e−φ(βx)dx (5.107)

= − 1
β

∫
〈x′, (∇φ)(x′)〉e−φ(x′)dx′ (5.108)

= 1
β
E(µ1) (5.109)
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and the entropy

D(µβ) =
∫

log(e−βφβ)e−βφβdx (5.110)

= log(βn)
∫
µβ + βn

∫
−φ(βx)e−φ(βx)dx (5.111)

= n log(β) +
∫
−φ(x′)e−φ(x′)dx′ (5.112)

= n

2 log(β) +D(µ1). (5.113)

Thus

d
dβ g(β)|β=1 = d

dβ |β=1E(µ1) +D(µ1) + n log(β) = n (5.114)

which completes the proof.

So one needs only to compute the volume and the entropy to calculate F .
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6
Complex projective space

It is always useful to have an example of a mathematical object exemplifying a lot
of the theory without being trivial. In our case the complex projective space plays
precisely that role. It is a compact toric complex Fano variety with an explicit
Kähler–Einstein metric.

Definition 16. The Complex Projective space CPn is a complex manifold with un-
derlying set Cn+1 \ {0}/ ∼ where Z ∼ W if Z = λW for λ ∈ C. We denote a point
in CPn, i.e, a equivalence class by [Z0 : ... : Zn]. The manifold structure is given by
the following charts for i = 0, 1, ..., n

ψi : CPn ∩ {Zi 6= 0} → Cn (6.1)
[Z0 : Z1 : ... : Zn] 7→ (Z0/Zi, ..., Zi−1/Zi, Zi+1/Zi, ..., Zn/Zi) (6.2)

It is simple to verify that the transitions maps are biholomorphic.

CPn is an example of a toric complex manifold as can be seen by introducing the
toric action given by multiplication in the n last components as

λ · [Z0 : .... : Z1] = [Z0 : λZ1 : ... : λZn] (6.3)

for λ ∈ C∗n and [Z0 : ... : Z1].

The structure of complex projective space as a quotient space equips it with a natural
line bundle.

Definition 17. Define the tautological line bundle O(−1) by
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π : Bl0Cn+1 → CPn (6.4)
((Z ′0, ..., Z ′n), [Z0 :, ..., : Zn]) 7→ [Z0 :, ..., : Zn]. (6.5)

where Bl0Cn+1 is the blow-up of Cn+1 is the blowup of Cn+1 at the origin. The
blow-up is constructed as a certain subset of Cn+1 × CPn which is the “diagonal”
everywhere except at the origin. At the origin there is a whole copy of CPn. The
construction can be shown to be a complex manifold. Intuitively the tautological line
bundle is constructed by adding the complex line represented by each point of CPn,
to CPn.

We can also construct a second line bundle by simply taking the dual O(−1)∗

and we call this the hyperplane bundle and denote it by O(1). There is a nice
characterization of the space of holomorphic sections H0(CPn,O(1)) of O(1). Let
s ∈ H0(CPn,O(1). To evaluate s we need both a point [Z0 : ... : Zn] in CPn and a
point in the line above [Z0 : ... : Zn]. Thus we can choose to view s as a function
on the total space of O(−1). But s should still be linear on the fibers and thus
one-homogeneous on Cn+1 \ {0}. s must also have a holomorphic dependence on
the point on CPn and thus s has to be a one-homogeneous holomorphic function on
Cn+1 \ {0}. But by essentially the same arguments any one-homogeneous holomor-
phic function on Cn+1 \ {0} can be seen as a section on H0(CPn,O(1)). Thus we
have with this correspondence in mind

H0(CPn,O(1)) = span{Zi|i = 0, ..., n}, (6.6)

i.e, homogeneous polynomials in n+ 1 variables of order 1.

A natural question to ask is if the natural bundles O(−1) or O(1) on CPn originating
from the quotient structure is related to the canonical bundle KCPn . To understand
how they are connected, we need to introduce tensor powers and duals of lines
bundles. Essentially, any vector space operation makes sense on a vector bundle by
applying the operation fiberwise. The trivializations are easily lifted to the tensor
powered or dualised bundles. One can see that the corresponding transition maps,
as defined in section chapter 2, of a tensor product of line bundles corresponds
to a product of the transition maps. Likewise the dual of a line bundle will have
transition maps that are the reciprocal of the transition maps to the original line
bundle. We will adapt the notation O(n) for the n’th tensor power of O(1) with
itself. We quickly note that the sections of tensor powers O(k) corresponds to
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the k-homogeneous functions on Cn+1 \ {0} for the same reason that sections of
O(1) corresponded to the one-homogeneous functions on Cn+1 \ {0}. With this
correspondence in mind

H0(CP n,O(k))) = {homogeneous polynomials of degree k in the variables Z0, ..., Zn}.
(6.7)

Going back to our question we formulate and prove the following proposition.

Proposition 25. There an isomorphism of complex line bundles

K∗CPn
∼= O(n+ 1). (6.8)

Proof. We have a cover of CPn of charts of the form Zi 6= 0 for i = 0, ..., n. In these
charts we can trivialize O(1) with the corresponding homogeneous coordinates Zi
∀i. Fix i and j and lets compute the transition map between the trivializations Zi
and Zj in the natural coordinates zk on Zj 6= 0. Recall that we have (z1, ..., zn) 7→
[z1 : ...zj : 1 : zj+1 : ... : zn].

In these coordinates we have

ΨO(1)
ji = Zi/Zj =

zi+1, i < j

zi, i > j.
(6.9)

Note here that the coordinates zk used also depend themselves on j; they are always
the natural coordinates on {Zj 6= 0} but we have suppressed this dependence for
brevity. The corresponding transition functions for O(n+ 1) are

ΨO(n+1)
ji =

z
n+1
i+1 , i < j

zn+1
i , i > j

(6.10)

Next we observe that we can also trivialize KCPn over the same open cover given by
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{Zi 6= 0}i. We use the trivializing section

dw1 ∧ ... ∧ dwn. (6.11)

over {Zi 6= 0} and the trivializing section

dz1 ∧ ... ∧ dzn (6.12)

over {Zj 6= 0}. To express the transition function in the zk-coordinates we have to
change coordinates on the differential form dw1∧ ...∧dwn. For j < i the coordinate
change is given by

wk =


Zk−1
Zi

k ≤ i

Zk
Zi

k > i
=


Zk−1
Zj

Zj
Zi

k ≤ i

Zk
Zj

Zj
Zi

k > i
=



zk
zj

k ≤ j

1
zi

k = j + 1
zk−1
zi

j + 1 < k ≤ i

zk
zi

i < k.

(6.13)

The Jacobian of this transformation is mostly diagonal and the (j+1)’th row contains
only one non-zero element. Expanding over this row

det J [w](z) = (−1)i+j

zn+1
i

. (6.14)

and thus

dw1 ∧ ... ∧ dwn = −(−1)i+j

zn+1
i

dz1 ∧ ... ∧ dzn. (6.15)

Thus we have computed the transition function

ΨKCPn
ji = (−1)i+j

zn+1
i

(6.16)
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whenever j < i. For j > i the coordinate change is instead

wk =


Zk−1
Zi

k ≤ i

Zk
Zi

k > i
=


Zk−1
Zj

Zj
Zi

k ≤ i

Zk
Zj

Zj
Zi

k > i
=



zk
zi+1

k ≤ j
zk+1
zi+1

k = j + 1
1

zi+1
k = j

zk
zi+1

k > j.

. (6.17)

The Jacobian is again mostly diagonal and expanding over the j:th row one has

det J [w](z) = (−1)i+j

zn+1
i+1

(6.18)

and thus

dw1 ∧ ... ∧ dwn = (−1)i+j

zn+1
i

dz1 ∧ ... ∧ dzn. (6.19)

In total we have computed all relevant transition functions for KCPn and they are

Ψ̃ji =


(−1)i+j
zn+1
i+1

i < j

(−1)i+j
zn+1
i

i > j
. (6.20)

The dual of the canonical bundle K∗CPn will then have transition functions

Ψ′ji =

(−1)i+jzn+1
i+1 i < j

(−1)i+jzn+1
i i > j

. (6.21)

But comparing with the transition functions for O(n+ 1) we observe that they are
equivalent. Indeed, take a holomorphic re-trivialization given by fk(z) = (−1)k

subject to the cover. Then

fi
fj

Ψji = Ψ̃ji (6.22)
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and we conclude the isomorphism.

We continue by investigating the toric structure of CPn. Consider the torus action

λ · [Z0 : ... : Zn] = [Z0 : λ1Z1 : λ2Z2 : ... : λnZn] (6.23)

for [Z0 : ... : Zn] ∈ CPn and λ = (λ1, ..., λn) ∈ C∗n. It is evident that the set
{Zi 6= 0 ∀Zi} ∈ CPn is a dense, open, free orbit and thus CPn is a toric compact
complex manifold. There are plenty of toric line bundles on CPn with respect to this
action. All O(k) ∀k for example have a lifted action which acts precisely as (6.23)
extended symbolically to the sections of O(k), recalling that the sections are just
order k homogeneous polynomials. But there are more actions on O(k) that when
projected down to the base space is the same as the one we defined. We can twist
the action also multiplying all sections with a twisting function, holomorphic in λ.
Clearly the projected action on CPn stays the same. If we consider O(n + 1) with
twisting function (with respect to the natural action) given by f(λ) = λ−1

1 λ−1
2 ...λ−1

n

then we have that under the isomorphism in Proposition 25 the action on O(n+ 1)
is precisely the same as the natural action on K∗X . Indeed we know from the proof of
the proposition that the section Zn+1

0 of O(n+1) corresponds, perhaps up to a sign,
to the section ∂

∂z1
∧ ...∧ ∂

∂zn
of KX in the natural coordinate system {zi}i on Z0 6= 0.

With the chosen twisting function, the action on O(n + 1), Zn+1
0 transforms under

the action as λ · Zn+1
0 = λ−1

1 λ−1
2 ...λ−1

n Zn+1
0 since Z0 is invariant under the original

action on O(1). This is precisely how ∂
∂z1
∧ ... ∧ ∂

∂zn
transforms under the action on

K∗CPn .

With this, it is an easy task to enumerate the eigenstates of H0(CPn, KCPn) under
the torus action. The eigenstates are simply the monomials in H0(CPn,O(k + 1),
i.e, the degree n + 1 monomials in the variables Z0, ..., Zn. The character of such a
monomial Zp0

0 Z
p1
1 under the twisted action is given by

λp1−1
1 λp2−1

2 ...λpn−1
n . (6.24)

The integral vector p = (p1, ..., pn) is constrained by having positive entries, and a
sum less or equal to n+1 and thus lying in the polytope given by the positive quad-
rant in Rn intersected by the half plane {x ∈ Rn|(1, 1, ..., 1)·x ≤ n+1}. The required
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twisting of the action translates this polytope by the vector (−1,−1, ...,−1) and the
resulting polytope is the fundamental polytope of (CPn, K∗CPn). The polytope can
be defined by the inequalities

(−1,−1, ...,−1) · x ≥ −1 (6.25)
(1, 0, 0, ..., 0) · x ≥ −1 (6.26)
(1, 1, 0, ..., 0) · x ≥ −1 (6.27)

... (6.28)
(0, 0, ..., 1) · x ≥ −1. (6.29)

thus we have proven that CPn is Fano if we use the converse to Theorem 2 which is
sketched under the proof. But there are definitely easier ways of seeing this, for ex-
ample by considering the Kähler–Einstein metric on it which we will construct. One
can also perform the slightly bothersome computation of computing the barycenter
of this polytope and find that it is indeed the origin. This would be in line with
what is described in the section on the variational problem where it was argued, but
also cited, that the condition that the mass center is the origin is a necessary and
sufficient condition for the existence of a Kähler–Einstein metric.

We continue by constructing the Kähler–Einstein metric on CPn. We will find it
in a rather ad hoc way by first constructing a natural metric on O(−1) and then
consider the repeated tensor product of the dual metric on O(n+1) = K∗X and show
that it is Kähler–Einstein.

Consider the Euclidean metric in homogeneous coordinates,

||Z|| =
√
|Z0|2 + |Z1|2 + ...+ |Zn|2. (6.30)

It is a positive, positively one-homogeneous function on the total space of O(−1).
Thus it can be seen as a metric on O(−1), it varies smoothly and acts just as a one-
dimensional complex vector space metric on every fiber (complex line). We denote
this metric by || · ||O(−1). Consider the dual metric || · ||O(1) on O(1) and take the
trivializing section Z0 of O(1) over {Z0 6= 0} → CPn. We would like to compute the
length ||Z0||O(1) in order to compute the weight function. By definition of the dual
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metric we have

||Z0||O(1) = ||Z∗0 ||O(−1) (6.31)

where Z∗0 is the unique section satisfying

〈Z0, Z
∗
0〉 = ||Z0||O(1). (6.32)

Thus we must have

Z∗0 : CPn → O(−1) (6.33)
[Z0 : Z1 : ... : Zn] 7→ ||Z0||2O(1)(1, Z1/Z0, ..., Zn/Z0). (6.34)

Using this we get

||Z0||O(1) = ||Z∗0 ||O(−1) = ||Z0||2O(1)

√√√√1 +
∣∣∣∣Z1

Z0

∣∣∣∣2 + ...+
∣∣∣∣ZnZ0

∣∣∣∣2 (6.35)

and consequently

||Z0||2O(1) =
(

1 +
∣∣∣∣Z1

Z0

∣∣∣∣2 + ...+
∣∣∣∣ZnZ0

∣∣∣∣2
)−1/2

(6.36)

thus the weight of || · ||O(−1) in this trivialization is

φ = − log ||Z0||2O(1) = log(1 +
∣∣∣∣Z1

Z0

∣∣∣∣2 + ...+
∣∣∣∣ZnZ0

∣∣∣∣2) = log(1 +
∑
i

|zi|2) (6.37)

where zi, i = 1, .., n is the natural coordinate system on {Z0 6= 0} ⊂ CPn. Taking
the n + 1:th tensor power of this metric with itself we find a metric on O(n + 1)
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whose weight function over {Z0 6= 0} we will abusively denote with φ as well and it
is

φ = (n+ 1) log(1 +
∑
i

|zi|2). (6.38)

We would like to compute the complex Monge-Ampere operator on φ appearing
in the Kähler–Einstein equation. The direct computation is difficult due to the
determinant appearing and thus we will present a more indirect approach. We will
use the connection with CPn to consider Cn+1 with variables Z = (Z0, ..., Zn). Define

Φ(Z) = log(|Z|2). (6.39)

Clearly

(∂∂̄eΦ(Z))n+1 = dZdZ̄ (6.40)

where dZ = dZ0 ∧ ... ∧ dZn. By the product rule

∂∂̄eΦ(Z) = ∂(∂̄Φ(Z)eΦ(Z)) = (∂∂̄Φ(Z) + ∂Φ(Z) ∧ ∂̄Φ(Z))eΦ(Z) (6.41)

and thus

(∂∂̄eΦ(Z))n+1 =
(
(∂∂̄Φ(Z))n+1 + (n+ 1)(∂∂̄Φ(Z))n ∧ ∂Φ(Z) ∧ ∂̄Φ(Z)

)
e(n+1)Φ(Z)

(6.42)
since all other terms contain wedges of more than one copy of ∂Φ(Z) and thus
vanishes. Now note that Φ(Z) on Cn+1 \ {0} enjoys the scaling property

Φ(ηZ) = Φ(Z) + log(|η|2). (6.43)

for η ∈ C. Thus the matrix defined by the coefficients of the two-form ∂∂̄Φ(Z) has a
0 eigenvalue and the determinant appearing in the single coefficient in (∂∂̄Φ(Z))n+1
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vanishes. So far we have shown that

(n+ 1)(∂∂̄Φ(Z))n ∧ ∂Φ(Z) ∧ ∂̄Φ(Z) = e−(n+1)Φ(Z)dZ ∧ dZ̄. (6.44)

At this point we would like to bring in the coordinates on Cn so assume Z0 6= 0 and
set zi = Zi/Z0 for i = 1, ..., n and w = 2 log(Z0) for some branch of log. We are
doing this computation locally so any branch with branch cut away from Z0 will do.
Write Z = ew/2(1, z1, z2, ..., zn). In these variables

Φ(Z) = log(
∑
i

|Zi|) = log(|ew|(1 + |z1|2 + |z2|2 + ...+ |zn|2)) = Rw + 1
n+ 1φ(z).

(6.45)

where Rw is the real part of w. Now note that

∂∂̄Rw = ∂∂̄
1
2(w + w̄) = 1

2(∂(∂̄w) + ∂∂w = 0 (6.46)

since ∂∂̄ is invariant as an operator under change of variables and w is holomorphic.
So ∂∂̄Φ(Z) = ∂∂̄φ(z). The left hand side of (6.44) becomes

(∂∂̄φ(z)) ∧ ∂
(
Rw + 1

n+ 1φ(z)
)
∧ ∂̄

(
Rw + 1

n+ 1φ(z)
)

= (6.47)
1
4(∂∂̄φ(z)) ∧ dw ∧ dw̄. (6.48)

For the right hand side we observe that the inverse change of coordinates is Zi =
ew/2Z0 and Z0 = ew/2. The Jacobian is mostly diagonal and after developing along
the first row one finds

det[Z](w, z) = 1
2e

(n+1)w/2, (6.49)

consequently

dZ ∧ dZ̄ = 1
4e

(n+1)Rwdw ∧ dw̄ ∧ dz ∧ dz̄. (6.50)
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Using this the right hand side becomes

e−(n+1)Φ(Z)dZ ∧ dZ̄ = 1
4e
−(n+1)Φ(Z)e(n+1)Rwdw ∧ dw ∧ dz ∧ dz̄ (6.51)

= 1
4e
−φ(z)dw ∧ dw ∧ dz ∧ dz̄. (6.52)

In total (6.44) becomes, after “cancelling” dw ∧ dw̄

(∂∂̄φ(z)) = e−φ(z)dz ∧ dz̄ (6.53)

which the Kähler–Einstein equation.

On the title page is a visualization of the Kähler–Einstein measure µ on CP2. The
egg-shaped structure is a contour plot of the Kähler–Einstein measure. The square
grid is mapped to the skewed grid inside the polytope via the transport map ∇φ
for φ = − log(µ/dx). Recall also how the measure µ is transported to the uniform
measure on the polytope.

6.1 The Free energy of complex projective space

Complex projective space is the main example of compact complex manifolds with
explicit Kähler–Einstein metrics. Other examples are products of complex projective
spaces. Going back to the free energy functional, the strong connection between it
and Kähler–Einstein metrics suggests that evaluating the free energy functional on
a measure related to a Kähler–Einstein metric could be an interesting numerical
invariant. With this in mind we calculate the entropy of the measure associated
with the Fubini–Study metric on CP n. As we have seen the Fubini–Study metric
can be represented by the Kähler potential

φ = (n+ 1) log(1 +
∑
i

|zi|2) (6.54)

where zi = Zi/Z0 is the standard affine chart on Cn ↪→ CPn. This is the standard
way of representing the Fubini–Study metric, where the section dz1∧ ...∧dzn is used
as trivializing section. But as we have seen this section is not T nC -invariant. Over
Cn∗ ↪→ Cn we can use the same coordinates but we will use the T nC -invariant section
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s0 = 1∏n

i=1 zi
dz1 ∧ ... ∧ dzn. The weight representing Fubini–Study with respect to

this trivializing section is

φ = (n+ 1) log(1 +
∑
i

|zi|2)− log(
n∏
i=1
|zi|2). (6.55)

Introducing the Log-coordinates xi = log |zi|2 the associated measure is

µ = 1
Z

∏n
i=1 e

xi

(1 +∑n
i=1 e

xi)n+1 dx (6.56)

where Z is a normalizing factor. We perform the variable substitution

exi = ti (6.57)
n∏
i=1

exidx = dt (6.58)

and get

Z =
∫
Rn+

1
(1 +∑n

i=1 ti)n+1 dt. (6.59)

Perform the variable substitution

n∑
i=1

ti = u1 (6.60)

tk = uk for k > 1 (6.61)
dt = du (6.62)

to get

Z =
∫
Rn−1

+

∫ ∞∑n

i=2 u

1
(1 + u1)n+1 du =

[
− 1
n

(1 + u1)−n
]∞
u=
∑n

i=2 u
(6.63)

= 1
n

∫
Rn−1

+

1
(1 +∑n

i=2 ti)n
(6.64)
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which we can identify with the expression (6.59) albeit with a different constant in
front and with n+ 1 exchange to n. Following the procedure a total of n− 1 times
gives

1
n!

∫ ∞
0

1
(1 + t)2 dt = 1

n! (6.65)

so that Z = 1/n!. We continue with the entropy calculation.

D(µ) =
∫
Rn

log(n!
∏n
i=1 e

xi

(1 +∑n
i=1 e

xi)n+1 )n!
∏n
i=1 e

xi

(1 +∑n
i=1 e

xi)n+1 dx. (6.66)

Again it is useful to perform the substitution

exi = ti (6.67)
n∏
i=1

exidx = dt (6.68)

to get

D(µ) =
∫
Rn+

log(N !
∏n
i=1 ti

(1 +∑n
i=1 ti)n+1 )N ! 1

(1 +∑n
i=1 ti)n+1 dt (6.69)

= log(n!)n!
∫
Rn+

1
(1 +∑n

i=1 ti)n+1 dt+ n!
∫
Rn+

log(∏n
i=1 ti)

(1 +∑n
i=1 ti)n+1 dt (6.70)

− n!(n+ 1)
∫
Rn+

log(1 +∑n
i=1 ti)

(1 +∑n
i=1 ti)n+1 dt =: I1 + I2 + I3 (6.71)

Using what we computed for the normalization constant we immediately get I1 =
log(n!). For I2 we can use the symmetry of the integral to get

I2 = n!n
∫
Rn+

log(t1)
(1 +∑n

i=1 ti)n+1 dt. (6.72)

For every variable except t1 we can follow the same procedure as for the normaliza-
tion constant and get
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I2 = n
∫ ∞

0

log(t1)
(1 + t1)2 dt1 = n

[
− log(t1)

1 + t1

]∞
t1=0

+ n
∫ ∞

0

1
t1(1 + t1)dt (6.73)

= n log(0) + n
∫ ∞

0
− 1
t1

+ 1
1 + t1

dt = n log(0)− n log(0) = 0 (6.74)

where the steps involving infinities are formal and appropriate limits are suppressed
for brevity. Moving on to I3 we have

I3 = −n!(n+ 1)
∫
Rn+

log(1 +∑n
i=1 ti)

(1 +∑n
i=1 ti)n+1 dt, (6.75)

once again performing the substitution

n∑
i=1

ti = u1 (6.76)

tk = uk for k > 1 (6.77)
dt = du (6.78)

we get

I3 = −n!(n+ 1)
∫
Rn−1

+

∫ ∞∑n

k=2

log(1 + u1)
(1 + u1)n+1 dt. (6.79)

Using

∫ log(1 + x)
(1 + x)n+1 = − 1

n

log(1 + x)
(1 + x)n + 1

n

∫ 1
(1 + x)n+1 = − 1

n

log(1 + x)
(1 + x)n −

1
n2

1
(1 + x)n

(6.80)

we get
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I3 = −n!(n+ 1)
[

1
n

∫
Rn−1

+

log(1 +∑n
i=2 ti)

(1 +∑n
i=2 ti)n

dt+ 1
n2

∫
Rn−1

+

1
(1 +∑n

i=2 ti)n
dt
]

(6.81)

= −n!(n+ 1)
[

1
n

∫
Rn−1

+

log(1 +∑n
i=2 ti)

(1 +∑n
i=2 ti)n

dt+ 1
n2(n− 1)!

]
. (6.82)

The integral which we are left with is just the one we started with but with n reduced
to n− 1. Repeating the above steps gives

I3 = −n!(n+ 1)
[

1
n!

(
log(1 + u)

1 + u
− 1

1 + u

)∞
t=0

+
n∑
k=2

k!
n!k(k − 1)!

]
(6.83)

= −(n+ 1)
n∑
k=1

1
k
. (6.84)

Putting it all together we get

D(µ) = −(n+ 1)
n∑
k=1

1
k

+ log(n!). (6.85)

Worth noting is that this expression grows asymptotically linear with coefficient

D(µ)/n = −n+ 1
n

n∑
k=1

1
k

+ 1
n

log(n!) (6.86)

= −n+ 1
n

n∑
k=1

1
k

+ 1
n

(n log(n)− n+O(log(n))) (6.87)

= −
n∑
k=1

1
k

+ log(n)− 1 +O(log(n)/n) −−−→
n→∞

−1− γ (6.88)

where we have used Stirling’s approximation and γ is the Euler-Mascheroni constant.

This can be compared to the entropy the other type of Fano manifold we know in
every dimension, namely (CP1)n. It has entropy

D(µ(CP1)n) = −2n (6.89)
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due to the additive nature of the entropy of product measures. By a conjecture of
the supervisor, the toric Fano manifold minimizing the free energy times the volume
of the fundamental polytope (which is in fact nothing other than the volume of the
complex manifold) is minimized in every dimension for CPn. Using the (conditional)
Theorem 2 we get for CPn at least asymptotically

FCPn = Vol(CPn)F (µCPn) = (n+ 1)n
n!

(
n− (n+ 1)

n∑
k=1

1
k

+ log(n!)
)
∼ −γne

n

√
2πn

.

(6.90)

Using another version of Stirling’s approximation while for (CP)n

F(CP1)n = Vol((CP1)n)F (µ(CP1)n) = 2n(n− 2n) ∼ −n2n (6.91)

so the conjecture holds in this particular case at least asymptotically. There also
seems to be strong numerical support for it to hold for all n in this case.
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