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Inverse kinematic optimization and MPC on a hydraulic demolition robot
A motion control algorithm for human-operated manipulators
Konrad Billing
Filip Djäknegren
Department of Electrical engineering
Chalmers University of Technology

Abstract
Operating individual joints on a hydraulic manipulator can be tedious and unpro-
ductive with limited experience. Therefore, this thesis presents a method to ease
operator strain and lessen experience requirements by enabling cartesian control
of the robot tool. This is achieved with differential closed-loop inverse kinemat-
ics and linear model predictive motion control. References are generated with a
pseudo-inverse Jacobian algorithm formulated as a quadratic program with a sec-
ondary null-space objective to exploit redundant joints. A sensitivity analysis of a
non-linear hydraulic model resulted in a linear first-order model which was used to
design an MPC that tracks the references. Results from a simulated robot show
robust tracking performance even when the robot is exposed to noise and unmod-
eled disturbances. The designed null-space objective manages to control null-space
motion and the CLIK is shown to reject unmodeled disturbances.

Keywords: Inverse kinematics, motion control, model predictive control, quadratic
programming, trajectory planning, hydraulic.
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List of Acronyms

Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

AGV Automated guided vehicle
C1 Chamber 1, cap end of cylinder
C2 Chamber 2, rod end of cylinder
DH Denavit-Hartenberg
DOM Degrees of motion
DOF Degrees of freedom
EE End-effector
FABRIK Forward and backward reaching inverse kinematics
FK Forward kinematics
LPV Linear-Parametrically Varying
LQR Linear quadratic regulator
MPC Model Predictive Control
NMPC Non-linear Model Predictive Control
OAT One-at-a-time
QP Quadratic Program
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that have been
used throughout this thesis.

Indices

i Index corresponding to robot joint, link, coordinate frame or input
j Index corresponding to robot joint
k Index corresponding to discrete time step or robot joint
m Index corresponding to trajectory number in Morris method, Sec-

tion 2.3.2

Sets

R Real numbers
N Null-space

Parameters

h Sampling interval
m Number of inputs, Sections 2.4, 3.4
mi Mass of unit i

n Number of joints
n Number of states, Sections 2.4, 3.4
nq Number of DOF
nx Number of DOM
N Prediction horizon length
p Number of outputs, Chapter 2.4, 3.4
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pi The i:th parameter in the parameter space, Section 2.3.2
t Time
β Hydraulic fluid bulk modulus
cd Valve discharge coefficient
cl Internal cylinder leakage coefficient
cs Internal pump leakage coefficient
cv Viscous drag coefficient
ρ Hydraulic fluid density
a Offset along X-axis (DH)
α Rotation around X-axis (DH)
d Offset along Z-axis (DH)
θ Rotation around Z-axis (DH)
αa,i Linkage angle corresponding to joint i

αc,i Linkage angle corresponding to joint i

bi Linkage length corresponding to joint i

ci Linkage length corresponding to joint i

f Linkage length corresponding to joint 4
g Linkage length corresponding to joint 4
j Linkage length corresponding to joint 4
o Linkage length corresponding to joint 4
AC1 Piston area (cap-end)
AC2 Piston area (rod-end)
Ac Cylinder piston area
Ar AC2/AC1

KLS Load-sense gain
Lhose Cylinder hose length
Lmax Maximum cylinder length
Lmin Minimum cylinder length
Lpump_hose Pump hose length
mp Piston mass
Pt Pressure in hydraulic fluid reservoir
cdead Cylinder hose dead volume
sdead Pump hose dead volume
τLS Load-sense time constant
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τv Valve time constant
V0 Dead volume of cylinder
Vc Cylinder volume
Vd Angular volume displacement of pump
Vs Dead volume of pump
Ki Integral gain
Kp Proportional gain
W Joint weight matrix
Γ Previous input selector matrix
Λ Slack variable penalty matrix
Pf Terminal state penalty matrix
Q State penalty matrix
R Control input penalty matrix
S Input rate of change penalty matrix
Θ Input difference matrix
Acart Cartesian position inequality constraint matrix
Acyl Cylinder position inequality constraint matrix
Aeq Equality constraint matrix
Ain Inequality constraint matrix
Av,cart Cartesian velocity inequality constraint matrix
Av,cyl Cylinder velocity inequality constraint matrix
bcart Cartesian position inequality constraint vector
bcyl Cylinder position inequality constraint vector
beq Equality constraint vector
bin Inequality constraint vector
bv,cart Cartesian velocity inequality constraint vector
bv,cyl Cylinder velocity inequality constraint vector
xmax Maximum cartesian position
xmin Minimum cartesian position
A, B, C, D Discrete system matrices
Ac, Bc Continuous system matrices
∆ Discrete perturbation step in parameter space, Section 2.3.2
I Identity matrix
Inq Identity matrix n × q
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g Gravity vector
I Inertia tensor

Variables

∆u Input rate of change
ϵ Slack variable
u Input vector
u Input decision variables
x State vector
x State decision variables
y Output vector
z Combined decision variables
ϕ Auxiliary variable
f Linear term of cost function or general function
H Quadratic term of cost function
V Cost function
J̄ Cylinder-space to task-space Jacobian
J Jacobian
J† Pseudo-inverse Jacobian
Jcm Center of mass Jacobian
Jn

0 Jacobian of EE
Jv Linear velocity components of Jacobian
Jω Angular velocity components of Jacobian
Σ Singular value matrix
U Matrix with left singular vectors
V Matrix with right singular vectors
ξ Cylinder-space to joint-space Jacobian
Hi

i−1 Homogeneous transformation matrix of frame i relative to i − 1
Ri

i−1 Rotation matrix of frame i relative to i − 1
ti

i−1 Translation vector of frame i relative to i − 1
q Joint configuration vector
q Joint angle
qi Angle of joint i
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qdesired Desired joint configuration
qref Reference joint angle
q̇∗ Designed joint velocity vector
ri Link length between frame i and i − 1
ri Distance vector between frame i − 1 and point of reference
τk Torque for joint k

τi Torque for joint i

τq Joint torque
zi Z-axis vector of frame i

e Task-space position error
vi Cartesian linear velocity of frame i

ẋ Generalized cartesian velocity
x Generalized cartesian pose
xi Cartesian pose of frame i

xref Reference task-space position
ωi Angular velocity of frame i

L̇∗ Designed cylinder velocity vector
L Cylinder length
Li Total length of cylinder actuating joint i

Ldesired Desired cylinder length configuration
Ltarget Target cylinder length from IK
αa,2 Linkage angle corresponding to coupled joint 2
αb,i Linkage angle corresponding to joint i

β1 Linkage angle corresponding to joint 4
β2 Linkage angle corresponding to joint 4
b2 Linkage length corresponding to coupled joint 2
δ Linkage length corresponding to joint 4
θ1 Linkage angle corresponding to joint 4
C Christoffel matrix
C̃ Cylinder space Christoffel matrix
D Inertia matrix
D̃ Cylinder space inertia matrix
g Gravity matrix
g̃ Cylinder space gravity matrix

xv



K Kinetic energy
L Robot Lagrangian
P Potential energy
Av Area of orifice opening
∆P Actual orifice pressure drop
∆PLS Desired orifice pressure drop
Fdrag Viscous drag of hydraulic fluid in cylinder
Fext External force applied to rod of cylinder
Ffrict Friction force inside hydraulic cylinder
Fhyd Hydraulic force acting on piston
αSP Normalized swash-plate angle
PC1 Pressure in chamber 1
PC2 Pressure in chamber 2
PLS Sensed load pressure
Ps Source pressure from pump
QC1 Flow rate into chamber 1
QC2 Flow rate into chamber 2
Qp Pump flow rate
Qsys Total system flow rate consumption
Qv Valve flow rate
Qv,ref Reference valve flow rate
Qv,target Target valve flow rate from IK
uv Input valve spool displacement
vc Cylinder rod velocity
wa Area gradient of orifice opening
xc Cylinder rod position
xv Valve spool displacement
xv,ref Reference valve spool displacement
ωs Angular velocity of pump
E

(m)
i Elementary effect of the i:th parameter for trajectory m, Section

2.3.2
µi Arithmetic mean of elementary effects for the i:th parameter, Sec-

tion 2.3.2
µ∗

i Mean of absolute elementary effects for the i:th parameter, Section
2.3.2
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σi Standard deviation of elementary effects for the i:th parameter,
Section 2.3.2

Y Model output, Section 2.3.2
λ Damping penalty
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1
Introduction

1.1 Background
Since their introduction, remote-controlled demolition robots have contributed to
safer working environments and more efficient demolition work within the industry.
As these systems become more widely adopted, Husqvarna is seeking ways to expand
the capabilities of their demolition robots to improve its capabilities and enable new
use cases. Husqvarna’s DXR lineup of demolition robots are currently operated by
actuating individual joints using a dual joystick, comparable to a conventional ex-
cavator. This control scheme is simple but requires a skilled operator to achieve
accurate end-effector (EE) motion. For an unskilled operator, the per-joint control
strategy frequently results in jerky and inconsistent movements of the end-effector
and unintended motion.

Hence it is desirable to develop a more intuitive way for operators to control de-
molition robots, for example by controlling the end-effector in cartesian or polar
coordinates, instead of individual joints. This has been tested and determined by
Husqvarna to lower operator strain and required experience. Being able to manipu-
late the end-effector accurately through motion control would also introduce new use
cases and enable further integration of new technologies focusing on automatization.

One use case example is to drill a sequence of holes in a concrete wall or floor.
Linear movement along a surface and collinear movement along the axis of a tool
would require significant skill of the operator when controlling each individual joint.
Controlling the motion of the end-effector in a cartesian space would simplify these
operations significantly. Such a control system calls for a way to constrain cartesian-
and cylinder-space trajectories while respecting the dynamics of the hydraulic sys-
tem.

1.2 Problem definition
The key problem is that it is hard for operators to move the EE accurately, prompt-
ing the need for a motion controller. The current implementation of this uses decou-
pled PID-controllers to control the angle of each joint. This approach achieves good
precision but requires a significant amount of work to tune and is not easily trans-
ferrable between individual machines or variants, raising the need for model-based
control methods, since it may be more intuitive to tune model parameters than gains.
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1. Introduction

The constraints of the machine are important for safe operation, but are currently
handled as edge cases within the inverse kinematic solution, and not in the control
problem. Hence, it is difficult to predict the behavior of the machine when near
these limits. To better deal with constraints, model predictive control (MPC) will
be investigated as an alternative that is capable of handling the physical constraints
of the robot within the controller.

Instead of electric motors, demolition robots typically use hydraulic actuators, which
represents a big challenge since hydraulic models tend to be large, non-linear and
discontinuous. These properties are all undesirable when designing an MPC due to
their generally high computational requirements. To be as computationally efficient
as possible, linear MPC would be preferred with as small of a model as possible,
which opens the door for model reduction and linearization. Thus, ways of reducing
the model by identifying dominant dynamics will be investigated, along with meth-
ods for rejecting the resulting unmodeled disturbances.

Husqvarna has also identified the need to exploit the kinematic redundancy of the
robot to achieve secondary motion objectives, such as penalizing movement in certain
joints. With the current forward and backward reaching inverse kinematics (FAB-
RIK), this is not possible since it is not Jacobian-based. Thus Jacobian algorithms
will be investigated as well as quadratic program formulations of such algorithms,
since it is necessary to constrain the reference trajectory to feasible robot motion.

1.3 Research questions

The problem analysis raises the following questions:

• Which dynamics have the largest impact on tracking performance for the
robot? What is most important to model?

• Can the hydraulic actuators be decoupled?

• How should unmodeled dynamics, such as hydraulic coupling, friction and
load-sense dynamics be handled? Will MPC be able to reject those distur-
bances?

• How should references that exploit redundant joint motion be generated?

• Can the reference tracking and reference generation problems be combined
and solved by one MPC?

2



1. Introduction

1.4 Aim
The aim of this thesis is to develop an MPC-based motion controller for a four-
link hydraulic robot manipulator to control the end-effector in cartesian space. To
achieve this aim, the following objectives are formulated:

• Formulate a non-linear model of the hydraulic dynamics and the manipulator
dynamics.

• Conduct a sensitivity analysis on the non-linear model to identify a reduced
linear control model.

• Analyze the manipulator kinematics and hydraulic kinematics to map cylinder
and task-space.

• Design a constrained inverse kinematics algorithm for generating references
with capability to utilize redundant joint motion.

• Formulate an MPC with positional, velocity and hydraulic constraints that
controls cylinder velocity in order to track provided references.

1.5 Scope
The following boundaries has been set for the project:

• The main control scheme of interest is model predictive control due to its con-
straint handling.

• The robot is considered stationary any time the arm is operated.

• The swing joint which rotates the whole robot at the base will be considered
disabled such that the robot can be assumed to operate in a plane. Effectively
reducing the robot from five links and 4-DOM to four links and 3-DOM.

• Cylinder position is the only measurable system quantity.

• Frictional and viscous effects will be considered but important parameters will
not be accurately identified as a part of this project.

1.6 Ethics and sustainability
As automatization continues to proliferate in society it will only have an increasing
impact on peoples lives. It is up to engineers to ensure these effects are positive
and serve society. One of the greatest advantages of demolition robots is that they
reduce risk of injury to people by taking their place in hazardous environments.

3



1. Introduction

However, this leads to a common concern with robots, that they will replace human
labor. Ethical development should therefore consider employment impact and how
workers can contribute as operators of robots rather than manual laborers, allowing
more efficient and faster demolition, thus increasing the value of their work.

The overarching aim of this project is to create a more intuitive way of control-
ling a demolition robot rather than increasing autonomy. This means a lower risk
of unintentional movements and thereby reducing the risk of harm to humans or
surrounding structures.

4



2
Theory

The need of a dynamic model description is fundamental to predict the behavior
of a system over time and obtain an optimal decision or control signal [2]. This
thesis focuses on a hydraulic four-link robot, which is a complex and multi-domain
system, requiring modeling of both hydraulic actuator dynamics as well as robot
manipulator dynamics. Both systems are highly non-linear in addition to hydraulic
systems also containing hybrid dynamics. This chapter presents one hybrid model
and two simplified dynamic models as well as a description of the manipulator
dynamics.

2.1 Hydraulic model
A reduced single actuator hydraulic system can be modeled with three main parts:
the pump, a control valve and an actuator.

2.1.1 Actuator model
The actuators on the demolition robots are double-acting cylinders, meaning hy-
draulic flow can be directed to either side of the piston to make it extend or retract.
The rod-end side of the piston will be denoted as chamber 2 (C2) and the opposing
cap-end side will be denoted chamber 1 (C1), see Figure 2.1.

Figure 2.1: Cross-section of hydraulic cylinder

Focusing on this actuator, the velocity and acceleration of the piston can be modeled
as

ẋc = vc (2.1)

5



2. Theory

v̇c = Fhyd − Ffrict − Fdrag − Fext

mp

(2.2)

Fhyd = PC1AC1 − PC2AC2 (2.3)

where xc is the position of the piston in the cylinder and vc is its velocity. Fhyd is
defined as the hydraulic force resulting from the pressure difference over the piston.
Ffrict is mechanical friction between rod and chamber, Fdrag is viscous drag and
Fext is external force applied to the cylinder rod [3]. These three forces will be
described in following sections. The areas AC1, AC2 and the pressures PC1, PC2 are
the piston areas and pressures corresponding to each cylinder chamber respectively.
Since the rod reduces the effective area of the rod-side considerably, the cylinder
will be stronger during extension compared to retraction.

2.1.2 Friction and drag modeling
In Equation 2.2, Ffrict and Fdrag are forces resulting from friction and viscous drag
within the cylinder respectively. Most of the friction within hydraulic cylinders are
caused by chamber- and rod-seals [4], and viscous drag is a result of fluid dynamics
within the cylinder, which is often described as a linear velocity dependent term

Fdrag = cvvc (2.4)

where cv can be interpreted as a lumped viscous drag coefficient [3]. The classical
model of friction is described with static friction (stiction) and Coulomb (sliding)
friction and is a well known simplification of friction. Models that switch between
static and sliding friction involve either discontinuous saturation- or sign functions to
determine the direction and magnitude of the friction force. For simulation purposes,
a continuous tanh function can be used instead to avoid these problems.

Ffrict = Fc tanh(ktanhvc) (2.5)

where Fc is Coulomb friction constant and ktanh is a numerical smoothing constant
which determines the rate of change near zero cylinder velocity vc [5]. However, fric-
tion is often a very non-linear phenomenon because of multiple other effects caused
by material properties and lubrication. The Stribeck effect describes an apparent
phenomenon where lubrication effects between two materials can cause a temporary
reduction in friction as velocity increases. This effect often results in what is called
stick-slip behavior which can cause stability issues and oscillations [6]. Friction in
hydraulic cylinders have in some cases been shown to be direction dependent and
time varying based on the age and wear on the cylinder, as well as the quality of
the hydraulic fluid [6] [7] [8]. It is therefore important to characterize friction in
a hydraulic cylinder from a control perspective, and there are several experimental
studies that show significantly improved control by friction compensation, [9] [7].
Modeling friction accurately is therefore a relevant for continued research if deter-
mined to be a significant factor for exact positioning of the cylinder [5].
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2.1.3 Pressure dynamics modeling
Pressure dynamics in both the cylinder and pump is governed by the continuity
equation [3] ∑

Q = V

β

dP

dt
(2.6)

where Q is the net flow into a volume V with bulk modulus β. When a force acts on
the cylinder, the instantaneous volume for the cylinder chambers can be described
as

V = V0 + Acxc (2.7)

where V0 is a constant volume associated with the cylinder, including connecting
hoses, fittings and other dead space within the cylinder. V0 affects the characteristics
of the cylinder as it must still be pressurized despite it not being displaced by the
cylinder. Ac describes a generalized piston area. For a single sided hydraulic cylinder
with variable volume, the continuity equation may now be written as

Ṗ = β

V0 + Acxc

(Q − clP − Acẋc) (2.8)

where Q is fluid inflow from the valve and cl is the leakage coefficient of the cylin-
der [3]. The leakage between the two chambers can often be ignored [7]. The model
shows that the piston displacement xc in the denominator creates a non-linear cou-
pling between pressure, velocity and displacement. For a double acting cylinder as
shown in Figure 2.1, both chambers contribute to the hydraulic force in Equation
2.3 and must each be modeled. The pressure dynamics in the chambers follows
directly from Equation 2.8, where the volume of C1 increases and C2 decreases as
xc increases. The leakage term cl now acts on the pressure difference between the
two chambers (PC1 − PC2). The pressure equations are then formulated as

ṖC1 = β

V0 + AC1xc

(QC1 − cl(PC1 − PC2) − AC1vc) , (2.9)

ṖC2 = β

V0 + AC2(xc,max − xc)
(QC2 + cl(PC1 − PC2) + AC2vc) , (2.10)

where xc,max is the maximum stroke length of the piston. The cylinder dead volume
V0 is assumed equal for both chambers. This is a simplification, as in practice the
dead volume may differ due to differing hose lengths or fitting geometry.

2.1.4 Valve model
All flow to and from the cylinder is metered by a four-way proportional directional
control valve. It consists of a cylindrical spool capable of both positive and negative
displacement inside a valve body. Depending on the spool position it covers and
reveals orifices that direct fluid from the pump to one side of the cylinder and returns
fluid from the other side to the hydraulic fluid reservoir (tank) of the hydraulic
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system. Steady, high Reynolds number flow of an incompressible fluid through an
orifice in the valve can be modeled using the orifice equation [3]

Qv = Av(xv)cd

√
2
ρ

∆P (2.11)

where Av(xv) is the area of the orifice opening as a function of the spool displacement
xv. cd is the discharge coefficient, ρ is fluid density and ∆P is the pressure difference
over the valve. Note that the square root of the pressure creates another non-
linear coupling between pressure and valve flow. Due to the inherent workings of
directional control valves required for double acting cylinders, there will be hybrid
dynamics as a result of switching the pump pressure and reservoir between the
two sides of the cylinder depending on if the piston is extended or retracted. This
manifests as switching between two sets of valve flow equations with for example
an if statement in the implementation, depending on if the valve spool is displaced
positively or negatively [10]. The valve is critically centered, meaning only two of
the four orifices are open at any given time. The flow rate through each open orifice
can be modeled as

QC1 =


cd Av(xv)

√
2
ρ

|Ps − PC1| sign(Ps − PC1) xv ≥ 0,

−cd Av(xv)
√

2
ρ

|PC1 − Pt| sign(PC1 − Pt) otherwise,
(2.12)

QC2 =


−Ar cd Av(xv)

√
2
ρ

|PC2 − Pt| sign(PC2 − Pt) xv ≥ 0,

Ar cd Av(xv)
√

2
ρ

|Ps − PC2| sign(Ps − PC2) otherwise,
(2.13)

where Ps and Pt are supply pressure and reservoir (tank) pressure respectively [10]
and Av(xv) is the metering area as a function of spool position [3]. The Ar factor
in Equation 2.13 aims to account for asymmetric piston areas in asymmetric spool
valves. Finding an asymmetric valve Ar = AC2/AC1 might not always be possible
given standard asymmetric valve dimensions, but literature suggests that selecting a
valve with metering orifice area close to the cylinder area ratio is the most adequate
configuration for ensuring good performance of the system [11].

Some spool valves are equipped with internal flow regulators, which are controlled
using external flow references. In one such valve system, the displacement xv with
relation to a displacement reference xv,ref can be approximated as a first order re-
sponse equivalent to

ẋv = xv,ref − xv

τv

(2.14)

where xv,ref is the spool position reference and τv is an experimentally found time
constant of the valve. A feed-forward (FF) control structure can be used to obtain
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a closed loop valve flow control structure that uses flow references as input [12]. By
inverting the orifice equation 2.11, a spool valve area reference can be calculated
from a flow reference as

Av(xv,ref) = Qv,ref

cd

√
2
ρ
∆P

(2.15)

where Qv,ref is the valve flow reference and ∆P is the measured pressure drop over
the valve. The reference spool position xv,ref can then be derived from the orifice
area relationship Av(xv,ref) provided sufficient knowledge about the valve orifice,
such as its shape and size [12]. Of note is that the orifice equation is only valid
under the assumptions mentioned previously, but for modeling purposes, the orifice
equation is also used in circumstances with unsteady, slightly compressible or low
Reynolds number flow, for mathematical convenience [3].

2.1.5 Pump model
The pump considered is a variable displacement axial-piston pump with load sens-
ing. This type of pump can alter its flow output by controlling the angle of the
swash-plate. The load sensing function allows the pump to continuously vary the
displacement such that it delivers flow that results in a desired pressure drop over an
orifice. This means in practice that the pump will adjust to deliver a pressure that
always exceeds the load or consumer pressure, and for example provides a constant
piston extension velocity even if the external force varies. The pump pressure model
is based on the continuity equation [3]

Ṗs = β

Vs

(Qp − Qsys − csPs) (2.16)

Qsys = max(QC1, 0) + max(QC2, 0) (2.17)

where Qp is the pump discharge flow rate, Qsys is the system flow rate consumption.
cs is the internal pump leakage coefficient and Vs is the total volume associated with
the pump. Pump flow can be calculated as the product of angular displacement Vd,
angular velocity ωs and the normalized swash-plate angle αSP ∈[0 1] [10] [13].

Qp = VdωsαSP (2.18)

The swash-plate is connected to each piston and alters the stroke length of each
piston by pivoting about the rotating drive shaft, and thus also total displacement.
A piston controlled by a spool valve pushes on the swash-plate, creating a lever that
actuates the swash-plate. The valve is fed by both the pump outlet pressure and
the load pressure across an orifice. Whenever the pump pressure does not equal
the load pressure plus the pressure from a valve spring, the piston pushes on the
swash-plate until the pressures are in equilibrium, meaning the desired pressure
differential is achieved. While there exists many descriptions of such systems, the
change in swash-plate angle αSP is fundamentally controlled by the arrangement of
mechanical components, and their exact dimensions [14]. Because these details are
not usually provided in datasheets, some researchers have had to disassemble and
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measure dimensions and weights to ensure model accuracy [15]. Consequently, a
generalized dynamic model of the swash-plate is difficult to derive, so a simplified
representation is required for simulation purposes.

2.2 Robot modeling
A robot model typically involves kinematics that describe the movement of the
chained links, as well as dynamics describing the torque and forces on the links,
arising from movement. Both aspects are essential for successful robot control.

2.2.1 Forward Kinematics
To describe the kinematics of a manipulator, cartesian coordinate systems are at-
tached to each link together with a world coordinate system at the base [16] [17].
Homogeneous transformation matrices Hi

i−1

Hi
i−1 =

[
Ri

i−1 ti
i−1

0 1

]
(2.19)

describe the rotation and positional offset in each frame i relative to frame i − 1,
where Ri

i−1 is a 3 × 3 rotation matrix and ti
i−1 is a 3 × 1 position vector. By com-

puting each transformation in the chain of links, an overall transformation between
the end link, called the end-effector(EE), and the base can be derived to calculate
the pose of the EE. Assignment of coordinate frames is typically done according to
the Denavit-Hartenberg notation. In this notation, the coordinate axle Zi of every
frame i is aligned with the rotation axis of joint i. Coordinate axle Xi is aligned
with the common normal of Zi and Zi−1. With this specified, the transformation
can then be described with four parameters:

• θ: Rotation around Z-axis.
• d: Offset along Z-axis.
• a: Offset along X-axis.
• α: Rotation around X-axis.

With these parameters, the transformation from frame i − 1 to i can be computed
with the following expression:

H i
i−1 =


cos(θ) − sin(θ) cos(α) sin(θ) sin(α) a cos(θ)
sin(θ) cos(θ) cos(α) − cos(θ) sin(α) a sin(θ)

0 sin(α) cos(α) d
0 0 0 1

 (2.20)

An example of a Denavit-Hartenberg table for a five-link robot is shown below and
lists the transformations along a jointed chain of links that describe the location of
each frame in reference to a base frame. qi is the joint angle and ri is the link length.
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Link θ d a α
1 q1 r1 0 −π

2
2 q2 0 r2 0
3 q3 0 r3 0
4 q4 0 r4 0
5 q5 0 r5 0

Table 2.1: DH-Parameters for a five-link robot

The transformations in Table 2.1 can be visualized in Figure 2.2, where Zi is blue,
Xi is red, Yi is green and the base frame is black.

Figure 2.2: Robot frame visualization

2.2.2 Jacobian
Robotics often concerns two types of spaces, joint-space and task-space. Joint-space
encompasses the angular movement of all joints while task-space is the cartesian
space where end-effector tasks are often defined. The mapping between joint-space
and task-space is defined by the manipulator jacobian, representing differential kine-
matics [16]. The linear and angular velocity of the end-effector ẋ can be related to
the vector of joint velocities q̇ as

ẋ = Jq̇ (2.21)

where J is the Jacobian. ẋ can be divided into linear (v) and angular (ω) components
as

ẋ =
[
v
ω

]
(2.22)
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Assuming all joints are revolute joints, the angular velocity of the end effector can be
expressed as a sum of the contribution from each joint, given that they are expressed
relative to the same base frame. The angular velocity ωi of frame i relative to frame
i − 1 is the ith joint velocity q̇ about the axis of rotation zi−1 which consists of the
third column of the rotation matrix belonging to the corresponding homogeneous
transformation matrix. [16].

ωi = q̇izi−1 (2.23)
The linear velocity of a point of interest, such as the end-effector for example, due
to rotation of joint i can then be expressed as

v = ωi × ri (2.24)

where ri is
ri = tn

0 − ti−1
0 (2.25)

which represents the distance between the point of interest and the axis of rotation
of the joint i, expressed as the difference of the vectors stretching from the base
frame to the axis of joint rotation and base frame to the point of interest.
The Jacobian is assembled column by column for each joint that has a contribution
to the movement of the point of interest. By inserting Equations 2.23, 2.24 and
2.25, the ith column of the end-effector Jacobian can be defined as

Jn
0 =

[
zi−1 × (tn

0 − ti−1
0 )

zi−1

]
(2.26)

The dimensions of the Jacobian is nx ×nq, where nx is the number of degrees of mo-
tion (DOM) of the end-effector and nq is the number of degrees of freedom (DOF) of
the robot, equivalent with the number of joints. Typically it is necessary to distin-
guish DOF and DOM when not all degrees of freedom are independent of each other.

2.2.3 Inverse kinematics
Inverse kinematics is the inverse of the problem discussed in section 2.2.1, namely
to find the the joint angles given an end-effector pose. Direct inverse kinematics
solve for a joint angle configuration given a certain end-effector pose, however there
are often multiple solutions for any given pose and the equations are often highly
nonlinear [17]. An alternative is differential inverse kinematics which can be utilized
to solve for the joint velocity q̇ given an end-effector velocity ẋ. Here, the inverse
relation of Equation 2.21 is presented.

q̇ = J−1ẋ (2.27)
Inversion poses the requirement that the Jacobian is full-rank and square, which is
not always the case. For robots with redundant joints, meaning joints that do not
add a degree of freedom in task-space, the Jacobian will be non-square. Further
problems occur if a manipulator passes a singularity, two or more joint axes may
then align or become coplanar, meaning they will contribute to end-effector mo-
tion in the same direction. This results in the Jacobian having linearly dependent
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columns, and thus loses rank and invertibility.

2.2.4 Pseudo-inverse Jacobian
To overcome the problems with the inverse Jacobian, the pseudo-inverse Jacobian
J† can be utilized.

q̇ = J†ẋ (2.28)

It works as a replacement in many cases when the regular inverse does not exist
and can be used to solve systems of linear equations which have either many or
no unique solutions [18]. Importantly, in robotics it allows Jacobian inversion for
redundant robots, as well as for robots in singular configurations.
For a redundant robot with full-rank Jacobian the pseudo-inverse Jacobian provides
an exact solution and can be calculated as [17]

J† = J⊤(JJ⊤)−1 (2.29)

If the Jacobian is also square the pseudo-inverse reduces to the regular inverse J−1.
For a general case the pseudo-inverse can be constructed from the Jacobian by
inverting each value in Σ ∈ Rnq×nx which contains the singular values of J .

J† = UΣ†V ⊤ (2.30)

U ∈ Rnx×nx and V ∈ Rnq×nq are rotation matrices, containing the left and right
singular vectors respectively.

2.2.5 Inverse kinematics as an optimization problem
Solving for joint velocities with a pseudo-inverse method means that unfeasible refer-
ences could be sent to the controller. It is thus desirable to set constraints in position
and velocity in cylinder-space to ensure that task-space movements cannot violate
the physical constraints of the hydraulic cylinders. A relatively easy way to imple-
ment a constrained solution for inverse kinematics is by reformulating Equation 2.2.4
as an optimization problem. Solvers for quadratic problems are readily available,
but is more computationally intensive than other solutions. However, the quadratic
programming method offers many benefits apart from constrained solutions which
are desirable [19]. A quadratic program is used to find a minimal solution to an
optimization problem using a cost function and associated decision variables. The
general formulation of a constrained quadratic program can be written as

min
z

1
2z⊤Hz + f⊤z

s.t Ainz ≤ bin

(2.31)

z are the decision variables, H is a symmetric positive semi-definite cost, and f
is linear cost. Ain and bin form the inequality constraints. For the purposes of
inverse kinematics, Equation 2.2.4 can be reformulated as a quadratic program by
minimizing the squared difference as:
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min
q̇

∥ẋ − Jq̇∥2 (2.32)

Which is the basis of a quadratic program. Since ∥ · ∥ denotes the euclidean norm,
or 2-norm, this expression can be expanded to quadratic and linear terms as follows:

∥ẋ − Jq̇∥2 = (ẋ − Jq̇)⊤(ẋ − Jq̇)
= ẋ⊤ẋ − ẋ⊤Jq̇ − q̇⊤J⊤ẋ + q̇⊤J⊤Jq̇

= ẋ⊤ẋ − ẋ⊤Jq̇ − (ẋ⊤Jq̇)⊤ + q̇⊤J⊤Jq̇

= ẋ⊤ẋ − 2q̇⊤J⊤ẋ + q̇⊤J⊤Jq̇

(2.33)

The corresponding cost expressions are then H = J⊤J and f = −2J⊤ẋ. ẋ⊤ẋ can
be ignored in the optimization problem as it does not affect the solution.

2.2.5.1 Damped least-squares inverse

Though the pseudo-inverse Jacobian solves the problem of invertibility in singular
configurations, it may still produce unfeasible joint velocities during such conditions.
In the neighborhood of singular configurations, a damped least-squares inverse Ja-
cobian is more numerically robust. Instead of minimizing ∥ẋ − Jq̇∥2 alone, one can
add a penalty on joint velocity magnitude as

min
q̇

∥ẋ − Jq̇∥2 + λ2∥q̇∥ (2.34)

By taking the gradient of this function and setting it to zero, one can attain an
expression for the minimizer as

q̇ = (J⊤J + λ2I)−1J⊤ẋ (2.35)

where the term (J⊤J +λ2I)−1J⊤ is the inverse of the damped least-squares Jacobian
J#. The λ term is the damping penalty. There is however one drawback of this
method, namely that motion tracking accuracy is lost by virtue of adding a second
term to the objective function.

2.2.6 Jacobian null-space
As mentioned in the introduction, it would be useful to be able to control not only
the motion of the EE, but also the behavior of the arm itself, which can be done
by exploiting null-space movement. The null-space of the Jacobian is the set N (J)
of joint velocities that yield null task velocity in the current configuration. For a
kinematically redundant robot, such as the one discussed in this thesis, a nonempty
null-space always exists [17]. By projecting a joint velocity vector onto the Jacobian
null-space, a secondary objective can be added in the following way

q̇ = J†ẋ + (I − J†J)q̇∗ (2.36)
where (I − J†J) is a projector of q̇∗ onto N (J). Since the secondary objective only
produces null task velocities, the primary EE motion tracking objective remains
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satisfied. However, by designing q̇∗ one can add desired movement in the rest of the
robot. To achieve better stability of the robot, it is possible to design q̇∗ such that
movement in joints close to the robot base is penalized. These joints are typically
heavier and prioritizing movement in other joints keeps the center of gravity closer
to the robot base [20]. To achieve this, q̇∗ can be designed as

q̇∗ = 2W(q − qdesired) (2.37)

where W is a diagonal weight matrix, representing the penalty for each joint. qdesired

is the joint configuration from which deviation is penalized.

In the quadratic program formulation, the null-space projection appears in the linear
term of the cost function as

f = −2J⊤ẋ + (I − J†J)⊤q̇∗ (2.38)

and in the quadratic term as

H = 2J⊤J + 2(I − J†J)⊤W(I − J†J) (2.39)

2.2.7 Dynamics
The dynamic response of the robot is of vital interest in order to accurately control
it. A common way to model robot dynamics is the Euler-Lagrange approach, which
describes the evolution of a mechanical system in terms of kinetic and potential
energy. The Lagrangian is formed as

L = K − P (2.40)

where K and P are the kinetic and potential energy of the system and are used to
form the Euler-Lagrange equation [16]

d

dt

∂L
∂q̇i

− ∂L
∂qi

= τi (2.41)

where L is the Lagrangian and τi is the joint torque. The kinetic energy of any rigid
link can be expressed as

Ki = 1
2miv

⊤
i vi + 1

2ω⊤
i Iωi (2.42)

where mi is the link mass, v and ω are the linear and rotational velocities and I
is the 3 × 3 inertia tensor, evaluated at a frame parallel to the link frame but with
origin at the link center of mass. The inertia tensor contains the inertial components
consisting of the three principal moments of inertia about the X, Y and Z axis as
well as the off diagonal cross products of inertia [16]. The inertia tensor for each
link can often be extracted from CAD software.

If the linear and angular velocity of any point on a link can be expressed in terms
of a suitable Jacobian matrix and the joint velocities, then equation 2.42 can be
expanded for a a series of links [16]

K = 1
2 q̇⊤

[∑n
i=1(miJ

⊤
vi,cmJvi,cm + J⊤

ωi,cmRiIR⊤
i Jωi,cm)

]
q̇ (2.43)
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K = 1
2 q̇⊤D(q)q̇ = 1

2
∑
i,j

dij(q)q̇iq̇j (2.44)

where dij are entries of the inertia matrix D, mi is the link mass, I is the inertia
tensor, Jcm is the Jacobian of the link center of masses with either linear or angular
components and Ri is the orientation transformation from the base frame to the in-
ertial frame. This transformation appears naturally in conjunction with calculating
the geometric center of mass Jacobian.

The potential energy of the robot is caused only by gravity and can be expressed as

Pi = mig
⊤ti (2.45)

P =
n∑

i=1
Pi (2.46)

where ti is the translational vector of the link center of mass corresponding to the
orientational transformation Ri and g is the gravitational vector containing the
gravitational acceleration in the base frame. The Lagrangian can thus be expressed
as

L = K − P = 1
2
∑
i,j

mij(q)q̇iq̇j − P (2.47)

When taking the partial derivative of the Lagrangian with respect to both q̇ and
q, there will appear terms that are quadratic in the first derivative of q, called
Christoffel symbols. These can be divided into two types, those involving terms like
q2

i are called centrifugal terms while those like qiqj are called Coriolis terms [16].
The partial derivative of the Lagrangian with respect to joint velocity k, and its
time derivative, is

∂L
∂q̇k

=
∑

j

dkj q̇j (2.48)

d

dt

∂L
∂q̇k

=
∑

j

dkj q̈j +
∑
i,j

∂dkj

∂qi

q̇iq̇j (2.49)

The partial derivative of the Lagrangian with respect to joint angle k is similarly
given as

∂L
∂qk

= 1
2
∑
i,j

∂dij

∂qk

q̇iq̇j − ∂P
∂qk

(2.50)

For each joint k the Euler-Lagrange equations can now be written as

∑
j

dij q̈i +
∑
i,j

[
∂dkj

∂qi

− 1
2

∂dij

∂qk

]
q̇iq̇j + ∂P

∂qk

= τk (2.51)

and due to symmetry of the double summation the first middle term becomes

∑
i,j

∂dkj

∂qi

q̇iq̇j = 1
2
∑
i,j

[
∂dkj

∂qi

+ ∂dki

∂qj

]
q̇iq̇j (2.52)
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Thus the middle term, containing the Christoffel symbols, is calculated as

cijk = 1
2

[
∂dkj

∂qi

+ ∂dki

∂qj

− ∂dij

∂qk

]
q̇iq̇j (2.53)

The matrix form of the Euler-Lagrange equation can now be written as

D(q)q̈ + C(q, q̇)q̇ + g(q) = τ (2.54)

where the (k, j)th element of the C matrix is

ckj =
n∑

i=1
cijk(q)q̇i (2.55)

and the gravity matrix is

g(q) =
[
g1(q1) ... gn(qn)

]⊤
(2.56)

gk(qk) = ∂P
∂qk

(2.57)

2.3 Sensitivity analysis
A sensitivity analysis is often performed to quantify to which degree unknown pa-
rameters in a model affect its output. Algorithms used for this purpose are often
categorically divided into local and global methods which are used at different stages
of modeling. Depending on the chosen method, metrics referred to as elementary
effects and sensitivity indices are used [21] [22].

2.3.1 One-at-a-time sensitivity analysis
Local sensitivity analysis is concerned with the effect of small perturbations of pa-
rameter values. One-at-a-time (OAT) analysis is a simple method where one input
parameter is varied while remaining parameters remain at their nominal value. In
this case, the partial derivative of the output can be used as a metric, often ap-
proximated using finite differences [22]. While being computationally efficient, OAT
analysis only shows the sensitivity of one parameter given a specific combination of
other parameters. Regardless, this analysis method is often used since it is more
intuitive than other methods, which is often useful in initial screening of models [21].

2.3.2 Morris sensitivity analysis
The Morris method is considered a global sensitivity analysis method with the pri-
mary goal of categorizing parameters based on the amount of linear and non-linear
interaction within the model. While the OAT method varies each parameter based
on one nominal model, the Morris method performs r independent trajectories, each
consisting of OAT simulations starting from random parameter values selected from
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the parameter space. The randomization allows this method to capture the behav-
ior of the model across the entire the parameter range, making it a global screening
method.

Following the formulation provided by Dellino and Meloni [21], the method cal-
culates the elementary effect E

(m)
i for the i:th parameter p by perturbing it by a

discrete step ∆ within the normalized parameter space

E
(m)
i = f(p1, . . . , pi + ∆, . . . , pk) − f(p1, . . . , pi, . . . , pk)

∆ (2.58)

The elementary effects is then be used to calculate two indices. The first is the mean
of the absolute values of the elementary effects

µ∗
i = 1

r

r∑
m=1

|E(m)
i | (2.59)

which means µ∗
i quantifies the influence of the i:th parameter on the output Y . The

second index, σi, quantifies the standard deviation of the elementary effects as

σi =
√√√√ 1

r − 1

r∑
m=1

(EE
(m)
i − µi)2 (2.60)

where µi is the arithmetic mean of the elementary effects. As noted in [21], the
Morris method classifies parameters into three groups based on their position in the
(µ∗, σ) plane. A parameter with low µ∗ and low σ has negligible effect on the output,
and could therefore be fixed at any value within its range. A parameter with high
µ∗ and low σ has a strong and approximately linear effect, meaning the effect of a
perturbation is roughly the same regardless of the values of other parameters. A
parameter with high µ∗ and high σ is influential but has a non-linear behavior or
interaction with other parameters. The diagonal reference line µ∗ = σ serves as a
rough boundary between the linear and non-linear groups.

2.4 Model Predictive Control
Different types of model descriptions and MPC schemes can be used depending on
the structure and requirements of a control problem. This section covers linear time-
invariant systems, discrete time models and the uncondensed formulation for the
solution to the constrained receding horizon problem [2]. The uncondensed problem
can be solved with quadratic programming tools, such as quadprog in MATLAB,
where all states and inputs over the horizon acts as optimization variables.

A continuous linear time-invariant state space model is formulated as follows where
Ac and Bc are the continuous state and input matrices.

ẋ = Acx + Bcu (2.61)
y = Cx + Du (2.62)

18



2. Theory

Ac ∈ Rn×n Bc ∈ Rn×m C ∈ Rp×n D ∈ Rp×m

x ∈ Rn u ∈ Rm y ∈ Rp

An MPC requires a discrete model which can be attained by discretizing a continuous
model in the following way where h is the discrete time step. This yields the discrete
state and input matrices A and B. Note that the C and D output matrices remain
the same as the continuous matrices.

x(t + h) = eAchx(t) +
∫ h

0
eAcsBcu(s) ds (2.63)

where
eA

c =
∞∑

k=0

1
k!A

k
c . (2.64)

Assume that the control signal u is piecewise constant as

u(s) = u(kh), kh ≤ s < (k + 1)h.

where h is the time step and k its index. And insert in previous equation with
t = kh to get

x(k + 1) = eAch︸ ︷︷ ︸
A

x(k) +
∫ h

0
eAcs ds Bc︸ ︷︷ ︸

B

u(k) = Ax(k) + Bu(k), (2.65)

The receding horizon idea consists of predicting a process response for N future
time steps and picking the sequence of control inputs which minimizes a specified
cost. However, only the first control input is actually applied to the plant. The
rest are discarded. Over the prediction horizon N , it is thus only interesting to
consider possible model-based state trajectories. These are enforced with equality
constraints on the decision variables z according to Aeqz = beq in the quadratic
program, where Aeq and beq are the equality constraint matrices. The ordering of
the decision variable vector depends on the structure of the constraint matrices. A
sequential ordering of states and inputs is chosen.

z = [x1, x2, ... xN , u0, u1 ... uN−1]⊤ (2.66)

x0 is the known initial condition or current state and is thus not a decision variable
included in this formulation. u0 is the optimal control input we wish to find. Over
the horizon, the model evolves in the following way:

x1 = Ax0 + Bu0

x2 = Ax1 + Bu1

x3 = Ax2 + Bu2

. . .

xN = AxN−1 + BuN−1

(2.67)
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or equivalently:
x1 − Bu0 = Ax0

x2 − Ax1 − Bu1 = 0
x3 − Ax2 − Bu2 = 0

. . .

xN − AxN−1 − BuN−1 = 0

(2.68)

Which is the form that will be used to construct the equality constraint matrices.
Note that the first element does not remove Ax0 from the right column, since it is
the initial condition. To make the following matrix more visually intuitive, switch
places of xk and xk+1. Now the states in −Axk + xk+1 − Buk = 0 line up with the
decision vector z

Aeq =


I 0 · · · 0 −B 0 · · · 0

−A I · · · 0 0 −B · · · 0
0 −A . . . 0 0 0 . . . 0
... . . . . . . I 0 0 · · · −B

 beq =



Ax0
0
0
...
0

 (2.69)

and enforces:
xk+1 − Axk − Buk = 0, k = 0, . . . , N − 1 (2.70)

In addition to equality constraints, inequality constraints are included in the prob-
lem to describe the physical limitations of the system. These constraints can be
formulated as

umin ≤ u ≤ umax, for control signals (2.71)
and

xmin ≤ x ≤ xmax, for states (2.72)
These are usually rewritten to the matrix form Ainz ≤ bin, in this case for states, as[

I
−I

]
︸ ︷︷ ︸

Ain

x ≤
[
xmax

xmin

]
︸ ︷︷ ︸

bin

(2.73)

To pick the optimal sequence of control inputs, a sequence of quadratic programs
is solved which minimizes the cost, represented by a cost function, with respect to
constraints. The matrices Q and R define the stage cost over the prediction horizon
for states x and control input u respectively, appearing as diagonal matrices, which
could be viewed as the short term cost, while the terminal cost Pf . represents
the cost-to-go beyond the horizon, or the long term cost. The entire cost over the
horizon can be expressed in a cost function as

V = x⊤(N)Pfx(N) +
N−1∑
k=0

(
x⊤(k)Qx(k) + u⊤(k)Ru(k)

)
(2.74)
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Method

Based on the primary research questions, aim and scope, this chapter will present
the methods used to model the hydraulic manipulator, generate feasible control ref-
erences and track those references using constrained MPC. Developing an effective
control architecture for a multi-link hydraulic robot means addressing challenges
within multiple physical and mathematical domains. The methodology presented
here will be structured around system modeling, kinematic mapping and design of
a model predictive controller to achieve these goals.

Firstly, the development of a non-linear flow-controlled model is proposed for sim-
ulation of the four-link hydraulic robot. To address the need for a reduced linear
model, the non-linear model takes part in a sensitivity analysis study where model
dynamics are analyzed. A simplified control model is then proposed.

Secondly, the generation of feasible reference trajectories using a constrained inverse
kinematic optimization approach is presented. The calculation of cylinder forces
given kinematic relationships on the robot is also made to introduce realistic exter-
nal force disturbance Fext into the simulation.

Last, the motion tracking model predictive controller will be presented, along with a
simulation and a description of the closed-loop control scheme. The optimal control
problem is presented along with how penalties and constraints are derived.

3.1 Model development

As presented in Section 2.1, the theoretical description of a hydraulic system con-
tains many non-linear and discontinuous relationships, as well as simplified dynamics
and unknown parameters. To aid the development of simplified and linear system
models, the sensitivity analysis methods presented in Section 2.3. An OAT param-
eter sweep was performed to refine the model parameters, followed by the Morris
method to identify their influence on chosen performance indices. This section aims
to describe the non-linear the model that was developed, the sensitivity analysis
procedure and the model simplification process in detail.
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3.1.1 Non-linear model proposal
A non-linear hybrid model was derived based on the hydraulic system equations
presented in Section 2.1. For the purposes of sensitivity analysis, two valve control
methods were implemented into this model to compare the dynamic response of an
open loop and closed loop valve. The controller variants take the form of a spool
position-controlled valve, following open loop spool position references xv,ref , and a
closed loop flow-controlled valve using the feed-forward control structure described
in Section 2.1.4.

Double-acting cylinder dynamics: Equations 2.1, 2.2, 2.3, 2.9 and 2.10 form
the equations of motion for a double acting cylinder using simplified friction and
drag models as expressed in Equations 2.5 and 2.4.

ẋc = vc, (3.1)

v̇c = PC1AC1 − PC2AC2 − Fc tanh(ktanhvc) − cvvc − Fext

mp

, (3.2)

ṖC1 = β

V0 + AC1xc

(QC1 − cl(PC1 − PC2) − AC1vc) , (3.3)

ṖC2 = β

V0 + AC2(xc,max − xc)
(Q2 + cl(PC1 − PC2) + AC2vc) (3.4)

where ktanh = 103 is a numerical smoothing constant as described in Section 2.1.2.

Valve flow dynamics: As presented in Section 2.1.4, Equation 2.12 and 2.13
define the orifice flow through a four-way proportional directional valve. The spool
position xv responsible for opening and closing the valve assumes the first-order
dynamics presented in Equation 2.14. The

ẋv = xv,ref − xv

τv

, (3.5)

Av(xv) = wa |xv|, (3.6)

QC1 =


cd Av(xv)

√
2
ρ

|Ps − PC1| sign(Ps − PC1) xv ≥ 0,

−cd Av(xv)
√

2
ρ

|PC1 − Pt| sign(PC1 − Pt) otherwise
(3.7)

QC2 =


−Ar cd Av(xv)

√
2
ρ

|PC2 − Pt| sign(PC2 − Pt) xv ≥ 0,

Ar cd Av(xv)
√

2
ρ

|Ps − PC2| sign(Ps − PC2) otherwise
(3.8)

In the feed-forward flow-controlled valve, the flow reference Qv,ref using Equation
2.15 to obtain a spool position reference xv,ref , after which the spool dynamics and
flow equations are identical to the position-controlled case (Equations 3.6-3.8).
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∆P =

max
(
Ps − PC1, ε

)
xv ≥ 0,

max
(
Ps − PC2, ε

)
xv < 0,

(3.9)

xv,ref = sat





Qv,ref

cd wa

√
2
ρ

∆P

xv ≥ 0,

Qv,ref

Arcd wa

√
2
ρ

∆P

xv < 0,


(3.10)

∆P is the pressure drop over the valve depending on which cylinder chamber is
being measured by the flow controller. A small constant ε = 10−6 is present to
avoid division by zero. The valve area function Av(xv) in Equation 3.6 describes a
rectangular valve where the area gradient wa is simply the width of the orifice open-
ing [3]. While there exists many types of orifice shapes [3], a rectangular valve was
chosen for ease of calculation in the flow-controlled case because of the feed-forward
scheme. wa and cd are assumed to be constant parameters of the valve, since no
further specification could be provided in this regard. Likewise, the orifice area ratio
was set to Ar = AC2/AC1 for simplification of the system going forward.

Pump equations: The pump pressure and flow dynamics are modeled in Section
2.1.5, with pump pressure Ps described by the continuity equation 2.16 and flow Qp is
governed by the angle of the swash-plate in Equation 2.18. As discussed, a complete
swash-plate model requires system-specific geometric parameters that are generally
unavailable from datasheets. As disassembly of the pump would be required to gain
more information, a simplified representation of swash-plate dynamics had to be
used in this study. The simplified model is based on normalization of swash-plate
angle αSP dependent on the load-sensing line

α̇SP = 1
τLS

PLS + ∆PLS − Ps

∆PLS
(3.11)

PLS = max(PC1, PC2) (3.12)

where τLS is the swash-plate time-constant, PLS is the sensed pressure from the
load and ∆PLS is the desired orifice pressure drop. For a single cylinder, PLS is
the maximum of either chamber pressure [10]. This model captures the essential
load-sensing behavior, where the swash-plate adjusts displacement to maintain a a
desired pressure differential. τLS represents the response time of the swash-plate
without requiring knowledge of detailed pump geometry. However, by reducing the
dynamics to a single time-constant, higher order mechanical and hydraulic interac-
tions within the pump are not represented.
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The pump continuity equation and pump flow model, Equation 2.16 and 2.18 re-
spectively, are now completed with swash-plate dynamics and load-sensing line ac-
cording to Equation 3.11 and 3.12. The flow consumption described by Equation
2.17 finishes the description of the variable displacement pump dynamics

Qp = Vd ωsαSP , (3.13)
PLS = max(PC1, PC2), (3.14)
Qsys = max(QC1, 0) + max(QC2, 0) (3.15)

α̇SP =


0 if

(
αSP ≤ αmin ∧ PLS + ∆PLS < Ps

)
or
(
αSP ≥ 1 ∧ PLS + ∆PLS > Ps

)
,

1
τLS

PLS+∆PLS−Ps

∆PLS
otherwise

(3.16)

Ṗs =


0 if

(
Ps ≥ Ps,max ∧ Qp > Qsys + csPs

)
or
(
Ps ≤ Pt ∧ Qp < Qsys + csPs

)
,

β

Vs

(Qp − Qsys − csPs) otherwise
(3.17)

3.1.2 Parameter range evaluation using OAT analysis

While the non-linear hybrid models presented in equations 3.1 through 3.10 are
representative of the dynamics present in the hydraulic system, there are many pa-
rameters which are unknown or have varying degree of uncertainty regarding the
ranges of plausible values these can assume. In particular, value ranges for cylinder
leakage cl, pump leakage cs and viscous damping cv could not be found in literature
or component datasheets. The effect of viscous damping cv, Coulomb friction Fc and
external force Fext on the system was also of interest, since these directly oppose
the motion of the piston and result in the pressure affecting other components in
the system. The choice of pressure margin ∆PLS and load-sense time-constant τLS
affect how quickly pump responds to cylinder pressure changes in the system.

A sensitivity analysis was therefore performed on the model beginning with a One-
at-a-time parameter sweep as described in Section 2.3. This OAT analysis was not
intended to rank parameter importance, but only to establish plausible parame-
ter value ranges for use in the Morris analysis. The chosen simulation case was
open-loop piston extension, where the effect on extension length and pressure was
observed. This case was tested separately for both spool position references xv,ref
and flow references Qv,ref which were then compared to evaluate the validity of pa-
rameter values. A parameter’s value was determined to be plausible if the absolute
cylinder and pump pressure trajectory remained within [0, Ps,max], where Ps,max is
the maximum pump supply pressure. The following spool position reference was
used
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Valve spool position reference:

xv,ref(t) =

0.5 · xv,max 0.5 ≤ t < 1.0
0 otherwise

[mm] (3.18)

where xv,max is the maximum allowed valve spool opening length. The corresponding
flow reference was calculated from this spool position reference using the orifice
equation and the nominal load-sense margin pressure

Qv,ref(t) = xv,ref(t)cd wa

√
2 ∆PLS

ρ
(3.19)

where ∆PLS = 20 bar is a typical value for the pressure margin [3] [10]. The non-
linear model was simulated using ode15s in MATLAB because hydraulic systems
tend to exhibit stiff dynamics [3], and the values presented in Table 3.1 were found.
The parameter range is defined as the smallest and largest value for each parameter,
but only the discrete values in the range were simulated and plotted in the OAT
analysis

Table 3.1: OAT sensitivity analysis parameter values

Symbol Description Unit Values Log-scale

τv Valve time constant s 0.05, 0.10, 0.15, 0.20 No
τLS Load-sense time constant s 0.05, 0.20, 0.35, 0.60 No
cv Viscous damping Ns/m 1, 10, 100, 1000 Yes
Fc Coulomb friction N 1, 10, 100, 1000 Yes
cs Pump leakage m3/(Pa · s) 10−15, 10−14, 10−13, 10−12, 10−11 Yes
cl Cylinder leakage m3/(Pa · s) 10−15, 10−14, 10−13, 10−12, 10−11 Yes
∆PLS LS margin pressure bar 10, 15, 20, 25, 30 No
mp Piston mass kg 1, 10, 100 Yes
β Fluid bulk modulus Pa 0.5 × 109, 1.0 × 109, 1.5 × 109 No
Fext External force Pa 1, 10, 100, 1000, 10000 Yes

As defined in Table 3.1, many parameters span multiple orders of magnitude to
capture a larger parameter uncertainty and are thus scaled logarithmically. The
table includes the external force Fext, which is not considered a parameter but
used to change the load case of the simulation. It is however considered a swept
parameter in these simulations. Less uncertain parameters follow a linear scaling in
their parameter range. The parameters not part of the parameter sweep were kept
at the constant values defined in Table 3.2 below. Most of these parameters are
related to geometry, configuration or specification of system components and were
therefore assumed to be known.
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Table 3.2: Simulation constants

Symbol Description Default value Unit

ρ Hydraulic fluid density 850 kg m−3

Lhose Cylinder hose length 1.780 m
Lpump_hose Pump hose length 0.515 m
cdead Cylinder hose dead volume 5.463 × 10−5 m3

sdead Pump hose dead volume 6.321 × 10−5 m3

xc,max Maximum stroke length of the piston 0.35 m
AC1 Piston (cap-end) area 1.963 × 10−3 m2

AC2 Piston (rod-end) area 1.348 × 10−3 m2

V0 Constant dead volume of cylinder chambers 7.720 × 10−5 m3

cd Valve discharge coefficient 0.67 —
wa Valve area gradient 2.5 × 10−3 m
xv,max Maximum valve opening 0.004 m
Pt Reservoir (tank) pressure 0 Pa
Ps,max Max pump pressure 280 × 105 Pa
Qp,max Max pump flow rate 5 × 10−4 m3/s
ωs Angular velocity of pump 157.08 rad/s
Vd Pump displacement 22 × 10−6 m3/rad
Vs Dead volume of pump 6.321 × 10−5 m3

Using Table 3.1, the mean values in each parameter range can be calculated to obtain
a nominal description for the system’s parameters. The geometric mean was used to
calculate the mean of Log-scale parameter ranges. Linearly scaled parameters use
the arithmetic mean. The mean parameters were then applied to create a nominal
system model. The resulting simulation trajectory is denoted xc,nom and serves as
the reference for RMSE evaluation in the Morris analysis.

3.1.3 Morris sensitivity analysis
The Morris method described in Section 2.3.2 was applied to the parameter ranges
established using OAT, Table 3.1. The flow-controlled valve model was used exclu-
sively in these tests as it represents the relevant control method used by the real
system. For the analysis, each parameter was normalized to the unit interval [0, 1]
prior to sampling. The mapping from normalized coordinate xi ∈ [0, 1] to the value
pi follows the scaling defined in Table 3.1. For log-scaled parameters the mapping is

pi = pi,min ·
(

pi,max

pi,min

)xi

(3.20)

and for linearly scaled parameters

pi = pi,min + xi (pi,max − pi,min) (3.21)

This ensures that a uniform step ∆ in the normalized space corresponds to the
proportional change in value for log scaled parameters. All trajectory construction
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and elementary effect calculations are done in the normalized space. The parameter
values are recovered only when running the simulations to calculate the elementary
effects in each trajectory. Following [21], the normalized parameter space was dis-
cretized into a p = 4 level grid, with the step size ∆ = 1

p−1 = 1
3 giving the grid points

{0, 1
3 , 2

3 , 1}. Furthermore, r independent trajectories were computed beginning from
a randomly selected starting point where each coordinate is drawn uniformly from
the grid levels. At each step within a trajectory, one parameter at a time is per-
turbed by ±∆ in a randomly selected direction and the order in which parameters
are perturbed is chosen randomly. The sign of ∆ is drawn independently for each pa-
rameter and trajectory, and the starting points were restricted so that the perturbed
point xi − ∆ also falls in the interval [0, 1]. The elementary effect for parameter i
in trajectory m was the computed according to

E
(m)
i = f(p1, . . . , pi + ∆, . . . , pk) − f(p1, . . . , pi, . . . , pk)

∆ (3.22)

Simulations that failed to integrate were excluded from the estimate, and the re-
maining samples were used to calculate µ∗

i and σi using Equations 2.59 and 2.60.
Two output metrics f in the elementary effect formulation above was chosen for the
simulation. These metrics are rise time and the cumulative RMSE of the output
trajectory. Rise time quantifies how quickly the system responds to a change in
reference signal, capturing the effective bandwidth of the actuator. RMSE measures
the deviation of the piston trajectory compared to the nominal system response,
which quantifies both transient errors and steady-state offset. Together, these two
metrics expose complementary aspects of system dynamics. Rise time was defined
as the time for piston position to travel from 10% to 90% of its range during the
extension phase (0.5 ≤ t ≤ 2.0 s). The cumulative RMSE was computed as√√√√ 1

nt

∑
t

(xc(t) − xc,nom(t))2 (3.23)

where xc,nom is the nominal piston trajectory, and nt is the number of time steps.
The number of morris trajectories was set to r = 200 which exceeds the range
r ∈ [4, 10] suggested in [21]. This choice was made to ensure that estimates for µ∗

i

had converged. Convergence was considered sufficient when µ∗ ceased to change sig-
nificantly with additional trajectories. The total number of simulation runs required
is N = r(k + 1) = 200 × 11 = 2200, where k = 10 is the number of parameters,
including external force as defined in Table 3.1.

3.2 First-order flow model
This section will describe the derivation of a simplified model based on observations
made in the sensitivity analysis. The hydraulic system can be reduced to a first-
order model given the following assumptions:

• Hydraulic fluid compression is negligible, meaning small changes in pressure
result in negligible volumetric change of the fluid [3].

27



3. Method

• The control valve is equipped with an internal pressure compensating flow
regulator, meaning that pressure variations in the pump do not significantly
affect the flow through the valve. The pump and valve can therefore be treated
as decoupled, and ∆P across the valve orifice can assumed approximately
constant [3].

• Cylinder leakage is small relative to the valve flow under normal operating
conditions and can therefore be neglected.

• External forces, friction and viscous damping are treated as disturbances act-
ing on the system, rather than dynamics to be modeled.

Under these assumptions, the dominant dynamics of the system is the valve response.
If fluid is compression, cylinder leakage and external forces are neglected, the piston
velocity is entirely determined by the flow supplied by the valve. Velocity is then
modeled as

ẋc = Qv

Ac

, Ac =

AC1 Qv ≥ 0

AC1 · Ar Qv < 0
(3.24)

where xc is the position of the piston while Qv and Ac is valve flow and piston area
respectively. The cylinder area Ac is a scheduled parameter that can be determined
by the sign of the valve flow Qv. Assuming the ideal area ratio Ar = AC2/AC1
simplifies equation 3.24. The exact technical documentation regarding dimensions
of the valves used in the four link hydraulic robot could not be provided, but exper-
imental data showed that valve considered in this study has the characteristics of of
first-order system with respect to flow references. Similar dynamics is supported by
the theory presented in Section 2.1.4. An equivalent valve flow model can then be
written as

Q̇v = Qv,ref − Qv

τv

(3.25)

where Qv,ref is the desired valve flow and τv is the valve time-constant. A continuous
time state space model with scheduled parameter Ac can then be formulated as[

ẋc

Q̇v

]
=
[
0 1

Ac

0 −1
τv

] [
xc

Qv

]
+
[

0
1
τv

]
Qv,ref (3.26)

This model captures the dominant valve dynamics while deliberately neglecting
pressure dynamics, fluid compressibility and external forces. The validity of these
simplifications was evaluated in comparison with the non-linear model.

3.3 Reference generation
This section will cover the methods that were used to generate reference signals
for the controller. A method for kinematic inversion is presented, which is used
to convert the task-space inputs, given by the operator, into joint velocities. A
cylinder-joint-space map is derived to facilitate total task-to-cylinder velocity con-
version which is necessary to generate the reference cylinder movements that are
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sent to the MPC. The cylinder-joint-space map is also utilized to convert dynamic
torque to equivalent cylinder forces that act as disturbances.

The hydraulic valves have an internal controller that regulates fluid flow based on a
flow rate reference. Fluid flow rate in and out of the cylinder is directly proportional
to the piston area and more importantly piston velocity, enabling use of traditional
inverse Jacobian methods together with a cylinder-joint map to transform task ve-
locity to cylinder velocity.

3.3.1 Inverse kinematics
The objective of the inverse kinematics is to obtain cylinder velocity references as the
solution to the inverse kinematic problem. A pseudo-inverse Jacobian algorithm, as
described in Section 2.2.4. This type of inverse-Jacobian algorithm was considered
well suited for the four-link robot discussed in this thesis due to how the operator
controls the robot. When tilting the joysticks, the operator essentially provides a
reference task-space velocity vector. The inverse Jacobian directly maps this to joint
velocities which in the end translate directly to flow references for the hydraulic con-
trol valves.

It is beneficial to reformulate the inverse-Jacobian algorithm into an optimization
problem which minimizes ẋ − Jq̇, as shown in Section 2.2.5, to prevent infeasible
references being sent to the MPC. As explained in Section 2.2.2, a transformation
matrix ξ is used to change the decision variables in the quadratic program from q̇
to L̇ by substituting q̇ = ξL̇ into Equation 2.33. One can verify that the variable
change results in the cylinder-space cost H = J̄⊤J̄ and f = −2J̄⊤ẋ, where J̄ is
Jξ. The constraints for this optimization problem consists of limits on position and
velocity in both cartesian and cylinder space. Since the decision variable is L̇, all
position constraints have to be formulated as velocity constraints. By using a finite
difference approach it is possible to calculate a maximum and minimum allowable
velocity and position in both cylinder and cartesian space, given the current position
and the time step h of the program. cart and cyl refer to the different spaces and
the subscript v distinguishes velocity constraints.

Acart =
[

J̄
−J̄

]
, bcart =

[
xmax−x

h
x−xmin

h

]

Acyl =
[

Inq

−Inq

]
, bcyl =

[
Lmax−L

h
L−Lmin

h

] (3.27)

Av,cart =
[

J̄
−J̄

]
, bv,cart =

[
ẋmax

ẋmax

]

Av,cyl =
[

Inq

−Inq

]
, bv,cyl =

[
L̇max

L̇max

] (3.28)

Note that minimum velocity is constrained as the negative maximum velocity. Con-
catenation of the inequality matrices and vectors result in the total inequality con-
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straint matrix and vector:

Ain =


Acart

Av,cart

Acyl

Av,cyl

 , bin =


bcart

bv,cart

bcyl

bv,cyl

 (3.29)

As in Section 2.2.5, the quadratic program with only the primary task tracking
objective is formulated as

min
L̇

V(ẋ, L̇) = L̇⊤J̄⊤J̄ L̇ − 2L̇⊤J̄⊤ẋ

s.t AinL̇ ≤ bin

(3.30)

However, to add null-space contribution according to Section 2.2.6 the quadratic
program has to modified with contributions to both the quadratic and linear terms
as

min
L̇

V(ẋ, L̇) = L̇⊤J̄⊤J̄ L̇ + L̇⊤(I − J̄†J̄)⊤W(I − J̄†J̄)L̇ − 2L̇⊤J̄⊤ẋ + L̇⊤(I − J̄†J̄)⊤L̇∗

s.t AinL̇ ≤ bin

(3.31)
where L̇∗ is 2W(L − Ldesired) and Ldesired is the cylinder length configuration from
which deviation is penalized. W is a diagonal weight matrix containing the individ-
ual penalties for each cylinder, where higher numbers represent higher penalties.

3.3.1.1 Closed loop inverse kinematics

As the inverse kinematics algorithm has been presented so far, it is an open loop and
thus vulnerable to drift. Errors arise mainly due to external forces and linearization
and integration drift related to calculating the Jacobian and then integrating the
resulting joint velocity to attain a joint angle reference. The Jacobian is calculated
once during each iteration, essentially linearizing the Jacobian, but is only valid for
one exact joint configuration. As soon as the robot moves away from the exact
configuration for which it was calculated, error is introduced. The same principle
applies for integrating reference velocity to reference angles for the MPC horizon. If
the actual joint velocity during an iteration varies from the exact reference velocity,
which is almost always the case, integration error is introduced [23].

A relatively simple way of making the inverse kinematics algorithm more robust is
to add a task-space feedback [16]. For example, a PI-feedback can be introduced as

q̇ref = J(ẋref + Kpe + Ki

∫
e) (3.32)

where e is the task-space positional error xref − x and Kp and Ki are the propor-
tional and integral gains.

Other ways of countering drift include using more complex integration methods such
as Runge-Kutta 2 or 4 [23]. But this did not seem necessary since closing the loop
proved to be an adequate solution, which can be seen in the results.
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3.3.2 Cylinder-joint kinematics
This section presents how to map cylinder and joint velocities. The manipulator
Jacobian is derived from homogeneous transformations and maps joint velocities
and task velocities. But to calculate the flow references, cylinder velocities are
needed. As such, another map between the cylinder velocities and joint velocities
is required. Both the manipulator Jacobian and the cylinder-joint map can then be
stacked to map cylinder-space to task-space. The cylinder-joint map is calculated
by studying the geometry of the linkages and how each cylinder actuates the joint.

Figure 3.1: General description of cylinder-joint geometry with counter-clockwise
extension actuation [1]

The main governing equation of this transformation is the Cosine theorem, with
variables and geometry as in Figure 3.1, and certain modifications depending on
which way the cylinder actuates the joint. The Cylinder length (black) is treated as
a variable side in the triangle that is formed by Li,bi and ci and is related to joint
angle in the following way [12] [1] [24]

Li =
√

b2
i + c2

i − 2bi cos(αb,i) (3.33)
For cylinders acting on the joint with clockwise extension actuation, joint angle qi

is related to cylinder length Li in the following way

qi = αa,i + αb,i + αc,i − π (3.34)

where αb,i is the angle that varies with the cylinder length and αa,i and αc,i are fixed
angles. αb,i(L) is always calculated as

αb,i = arccos
(

b2
i + c2

i − L2
i

2bici

)
(3.35)
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For cylinders with counter clockwise extension actuation, as in Figure 3.1, joint
angle is related to cylinder length as

qi = π − αa,i − αb,i − αc,i (3.36)

The cylinder-space to joint-space Jacobian can be derived by analytical derivation of
the kinematic equations with respect to cylinder length. For cylinders with counter-
clockwise extension actuation the following transform is derived

∂qi

∂Li

= 2Li√
4b2

i c
2
i − (b2

i + c2
i − L2

i )2
(3.37)

and for clockwise actuation the relation simply becomes negative.

Figure 3.2: Description of cylinder-joint geometry for joint 1 and 2 with coupling.
Note that q1 is negative for joint angles above the horizontal plane

If the second cylinder is fastened to the robot base, there will be a coupling between
the first and second cylinder as in Figure 3.2 , where b2 and αa,2 becomes a function
off q1, which is a function of L1. b2 and αa,2 can then be calculated in the following
way, where r2 is the link length between frame 2 and 1 and a2 is the side opposite
to the, in this case, variable angle αa,2

b2 =
√

a2
2 + r2

2 − 2a2r2 cos(−q1) (3.38)

αa,2 = arcsin
(

a2 sin(−q1)
b2

)
(3.39)

The partial derivative is calculated based on Equation 3.34 and is most easily derived
symbolically in MATLAB. The derivative with respect to L1 is especially tough since
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the dependence of L1 is buried in several nested derivative chains. Both αb,2 and αa,2
are trigonometric functions dependent on b2, which is itself a trigonometric function
dependent on L1. αa,2 is also directly dependent on L1. This results in a quite
complicated expression.

∂q2

∂L1
= dαa,2

dL1
+ dαb,2

dL1
= dαb,2

db2

db2

dq1

dq1

dL1
+ dαa,2

dq1

dq1

dL1
+ dαa,2

db2

db2

dq1

dq1

dL1
(3.40)

∂q2

∂L1
=

2L1a2 cos(q1)√
4b1

2c12−(−L12+b1
2+c12)2

− 2L1a22r2sin(q1)2

b2
2
√

4b1
2c12−(−L12+b1

2+c12)2√
b2

2 − a22sin (q1)2
+

4L1a2r2 sin(q1)√
4b1

2c12−(−L12+b1
2+c12)2

− 2L1a2r2 sin(q1)(−L22+a22−2 cos(q1)a2r2+c22+r22)
b2

2
√

4b1
2c12−(−L12+b1

2+c12)2√
4b2

2c22 −
(
−L2

2 + a22 − 2 cos (q1) a2r2 + c22 + r22
)2

(3.41)

To simplify, b2 and q1 are evaluated as functions of L1 and inserted into the expression. ∂q2
∂L2

is calculated with Equation 3.37, but b2 still makes it a function of L1 in the case of
coupling.

The end-effector cylinder is also a special case due to the tool-linkage [25], which
can be seen in Figure 3.3.

Figure 3.3: Description of cylinder-joint geometry for joint 4 with special linkage
for the EE [1]

Joint 4 is related to cylinder 4 in the following way using Equation 3.36 and the
Cosine theorem with respect to the geometry in Figure 3.3 where θ1, β1 and β2 are
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intermediary angles related to the end-effector. θ1 is used to calculate the distance
δ which is used to calculate β1 and β2 which are in turn used to calculate the joint
angle q4. f ,j,o and g are sides in the linkage.

θ1 = π − αa,4 − αb,4 − αc,4 (3.42)

δ =
√

f 2 + g2 − 2fg cos(θ1) (3.43)

β1 = arccos
(

g2 − f 2 − δ2

−2hf

)
(3.44)

β2 = arccos
(

o2 − j2 − δ2

−2hj

)
(3.45)

q4 = β1 + β2 − π

2 (3.46)

The cylinder-joint transform for joint 4 is derived in a similar manner to Equation
3.41 as

∂q4

∂L4
= − 1

δ2

(
f cos β1 − δ

f sin β1
+ j cos β2 − δ

j sin β2

)(
fg sin θ1 · L4

bc sin αb,4

)
(3.47)

A complete cylinder-task-space Jacobian J̄ can now be assembled to map cylinder
velocity to task velocity. The cylinder-joint Jacobian, denoted ξ will be a nq ×
nq diagonal matrix, since each cylinder typically only actuates one joint. With
exception for when first and second joint are coupled, in which case ξ will be diagonal
with exception for the second row which will have an extra element in the first
column.

J̄ = Jξ (3.48)

3.3.3 Torque to force conversion
The robot dynamics describes the torque applied to each joint given q and q̇ which
can be used to calculate the external force that acts on each cylinder. The weight
of each link is quite small but the tool can weigh a substantial amount and results
in considerable force on each cylinder when the arm is extended. Currently these
external forces are calculated separately and, as described in Section 3.5, enter into
the non-linear model as disturbances since the Euler-Lagrange model is non-linear
and thus not compatible with the linear first-order control model.

The external forces are calculated with the following equations, derived in Section
2.2.7. Since energy and power is conserved between joint and cylinder space, one
can convert joint torque to a collinear cylinder force.

τ⊤
q q̇ = Fext

⊤L̇ (3.49)

Inserting the cylinder-joint Jacobian ξ means the joint velocity can be rewritten as

τ⊤
q ξL̇ = F ⊤

extL̇ (3.50)
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Cylinder velocity cancels out, resulting in

Fext = ξ⊤τq (3.51)

Inserting this expression in the Euler-Lagrange equation (2.54), along with angles,
angular velocity and angular acceleration in terms of cylinder variables, gives an
equation that calculates external cylinder force as a function of cylinder variables.

q = f(L) (3.52)

q̇ = ξL̇ (3.53)
q̈ = ξL̈ + ξ̇L̇ (3.54)

ξ⊤D(f(L))ξ︸ ︷︷ ︸
D̃(L)

L̈ + ξ⊤
[
D(f(L))ξ̇ + C(f(L), ξL̇)ξ

]
︸ ︷︷ ︸

C̃(L,L̇)

L̇ + ξ⊤g(f(L))︸ ︷︷ ︸
g̃(L)

= Fext (3.55)

This equation can now be used to calculate the external force on each cylinder
directly with sensed cylinder variables.

D̃(L)L̈ + C̃(L, L̇)L̇ + g̃(L) = Fext (3.56)

3.4 Motion tracking
This section covers the implementation of a Model predictive controller that tracks
the generated reference signals. MPC has some interesting applications that are use-
ful for robotic manipulators, such as energy optimization [26]. However, the main
interest in this thesis is the ability to handle constraints that represent physical limi-
tations of the system. The objective of the MPC is to find control inputs u, such that
deviation from reference signals are minimized and no physical constraints (cylinder
range of motion and pump and valve flow rates) are violated. The first-order model
from Section 3.2 is used as the control model of the MPC and the optimal control
problem is formulated as the following.

min
xk,uk,∆uk,ϵk

N−1∑
k=0

V(xk, uk, ∆uk, ϵk) + VN(xN , ϵN) (3.57)

s.t. xk+1 = Axk + Buk, k = 0, . . . , N − 1 (3.58)
x0 = x̂ (3.59)
umin − ϵk ≤ uk ≤ umax + ϵk, k = 0, . . . , N − 1 (3.60)
xmin − ϵk ≤ xk ≤ xmax + ϵk, k = 1, . . . , N (3.61)
ϵk, ≥ 0 k = 0, . . . , N (3.62)
ϕk,i ≥ uk,i, k = 0, . . . , N − 1, i = 1, . . . , m (3.63)
ϕk,i ≥ −uk,i, k = 0, . . . , N − 1, i = 1, . . . , m (3.64)
ϕk,i ≥ 0, k = 0, . . . , N − 1, i = 1, . . . , m (3.65)

m∑
i=1

ϕk,i ≤ Qp,max k = 0, . . . , N − 1, i = 1, . . . , m (3.66)
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xk is the states (cylinder length and valve flow rate) and uk is the input (reference
valve flows). x0 is the initial condition with x̂ representing a measurement of the
current state. A and B are the discrete state and input matrices of the first-order
control model. ϵ and ϕ are slack and auxiliary variables respectively.

3.4.1 Deviation state formulation
Equation 2.74 describes a cost function which drives all states to zero, but that is not
always the desired outcome. For setpoint tracking one can introduce deviation states
which become null once a certain reference is reached [2]. This property is very useful
for motion tracking since state references are supplied by inverting the kinematics.
Deviation variables in x are implemented in the following way. Starting with x⊤Qx,
where Q is the quadratic penalty matrix, if we describe deviation variables in x as
x − xref we get:

(x − xref )⊤Q(x − xref )
Expanding the expression yields:

(x − xref )⊤Q(x − xref ) = x⊤Qx − x⊤Qxref − x⊤
refQx − xrefQxref

Since Q is symmetric, Q = Q⊤. Transposing any of the two middle terms in the
expression yields

x⊤Qxref = x⊤
refQx

Substituting any of the middle terms for the other results in:

x⊤Qx − x⊤Qxref − x⊤
refQx − xrefQxref =

x⊤Qx − 2x⊤
refQx − xrefQxref =

x⊤Qx − 2x⊤Qxref − xrefQxref

(3.67)

Where the first term is quadratic in x, and the second term is linear in x. Thus
the quadratic term belongs in the Hessian matrix H, and the linear term should
be included in f . The last term is a constant and does not affect the optimization
problem.

3.4.2 Rate of change
Penalizing rate of change in the control is used for smoothing the control signal and
is implemented by adding a move suppression term to the cost function, Equation
2.74, resulting in

V = x⊤(N)Pfx(N) +
N−1∑
k=0

(
x⊤(k)Qx(k) + u⊤(k)Ru(k) + ∆u(k)⊤S∆u(k)

)
(3.68)

where ∆u(k) = u(k) − u(k − 1) and S is the diagonal cost matrix for the rate of
change. Expanding the term ∆u(k)⊤S∆u(k) similarly to Equation 3.67, it can be
seen that it will contribute a quadratic term 2Θ⊤SΘ and a linear term −2Θ⊤SΓuprev,
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where Θ is a difference matrix on the following form, given a system with one input
variable. It becomes clear when looking at the rows of Θ and its transpose that
inputs which differ from either its positive or negative neighbor are penalized.

Θ =



1 0 0 · · · 0 0
−1 1 0 · · · 0 0
0 −1 1 · · · 0 0
... ... . . . . . . ... ...
0 0 · · · −1 1 0
0 0 · · · 0 −1 1


∈ RNm×Nm (3.69)

Γ is a selector matrix that selects the previous control input uprev for the first
iteration of each horizon, taking the following form

Γ =


I
0
...
0

 ∈ RNm×m (3.70)

3.4.3 Slack variables
Slack variables relax the inequality constraints when the solver otherwise would
not have found a solution to the quadratic program [2]. This adds another layer
of robustness as it ensures there always exists a solution. It is especially useful
when constraining multiple domains such as cylinder-space and cartesian space as
in Section 2.2.5. Slack variables are extra decision variables that are introduced into
the inequality constraints as

[
Ain −I

] [z
ϵ

]
≤ bin (3.71)

ϵ ≥ 0 (3.72)
where the identity term adds one slack decision variable ϵ to each inequality con-
straint. This allows ϵ to absorb any constraint violation, though at a typically high
cost as violation is still undesirable. The slack is then penalized by adding ϵ⊤Λϵ to
the quadratic term of the cost function.

V = x⊤(N)Pfx(N) +
N−1∑
k=0

(
x⊤(k)Qx(k) + u⊤(k)Ru(k) + ∆u(k)⊤S∆u(k) + ϵ⊤Λϵ

)
(3.73)

3.4.4 Maximum flow constraint
The hydraulic system of the robot is constrained by the maximum flow output of
the pump. If the inverse kinematics generate a too fast movement such that the
hydraulic cylinders consume more flow than the pump can output, the robot will

37



3. Method

behave unpredictably and invalidate the first-order model. It is therefore necessary
to ensure that no movement can consume more hydraulic flow than the pump is able
to deliver. This can be done by constraining the combined flow control input, but
due to linearity in the first-order model, cylinder retraction is commanded with a
negative flow. Thus, the constraint will limit the sum of the absolute values of the
control inputs. This type of constraint can be implemented by utilizing auxiliary
decision variables ϕ in each iteration k of the horizon [27].

ϕi ≥ ui (3.74)

ϕi ≥ −ui (3.75)

ϕi ≥ 0 (3.76)
m∑

i=1
ϕi ≤ Qp,max (3.77)

This constraint will essentially approximate the absolute value of the input with ϕ
and enforce an upper bound on the total hydraulic flow. ϕ is not included in the
objective function since ui is feasible so long as any ϕi exists such that ∑m

i=1 ϕi ≤
Qp,max is satisfied, meaning that ϕ will always approximate the absolute value when
the constraint is active. The value of ϕi is otherwise irrelevant.

3.5 Simulation
This chapter covers how the motion control algorithm was tested and evaluated as
well as how the results were attained. Regrettably, no physical tests on the actual
robot were conducted due to a lack of time.

The results were measured during a simulation of a square two-dimensional trajec-
tory in task space. This is was determined to be an effective test since it tests both
extension and retraction of each cylinder and also contains abrupt direction changes
which tests how the controller reacts to when different motion vectors are com-
manded. The final implemented control system is visualized in the block diagram
in Figure 3.4.

Figure 3.4: Block diagram of control scheme

The simulator script was written in MATLAB with the Robotics System Toolbox
and can be summarized in a couple points presented below.
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Initialization The DH parameters as well as link masses are loaded to define the
robot. Initial conditions are defined including cylinder lengths as well as max-
imum and minimum values for position and velocity constraints in task- and
cylinder-space.

Reference generation Using the operator input velocity vector and reference po-
sitions, a cylinder velocity reference is calculated with the pseudo-inverse
cylinder-task Jacobian J̄ . The cylinder velocity references are converted into
flow targets by multiplying with the piston area. Since the cylinder length
targets vary over the horizon, these have to be calculated for each iteration in
the horizon. This is done by integrating the cylinder velocity references over
each step of the horizon. Alternatively the inverse kinematic algorithm can be
run for each step in the horizon at the cost computational efficiency, since it
would add 9 additional optimization problems to solve. Forward kinematics
(FK) with the current cylinder configuration also provide a task-space feed-
back for the CLIK.

To satisfy the different use cases outlined in the introduction, three different
control modes can be used by disabling one row of the Jacobian corresponding
to pitch or by transforming the operator input to the EE frame:

• Control of all 4 DOFs.
• Control of linear DOFs with pitch free.
• Control of all 4 DOFs in the EE frame.

MPC The first-order model is discretized and measurements of current cylinder
lengths are taken. Cylinder velocities, and the corresponding valve flows, are
measured by taking the derivative of the cylinder lengths. These measurements
are used to formulate equality constraints which are, along with inequality con-
straints and the generated references, passed to the QP to calculate optimal
flow rate inputs. The optimal flow rates, along with the separately calculated
external force, increment the plant consisting of the non-linear model in Sec-
tion 3.1.1.

To simulate real sensor noise, zero mean gaussian noise with standard devia-
tion 0.0002 meters is added to each cylinder length measurement. Zero mean
gaussian noise with standard deviation 0.5 bar is also added to the hypothetical
pressure sensors in the non-linear plant model
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4
Results

This chapter will present the results from the sensitivity analysis that were used to
synthesize the reduced first order hydraulic model. Results of the tracking perfor-
mance of the Model predictive controller will also be presented, as well as the impact
of the secondary null-space objective and the closed-loop IK on these results.

4.1 Sensitivity analysis results

The OAT analysis produced many step response trajectories, many of which did not
result in significant deviation from the nominal model trajectory. Thus, only step
responses with significant trajectory deviation is presented below for position- and
flow-controlled spool valves.

Figure 4.1: OAT analysis piston trajectories: Valve time-constant τv
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Figure 4.2: OAT analysis piston trajectories: Cylinder leakage cl

Figure 4.3: OAT analysis piston trajectories: External force Fext

Figure 4.4: OAT analysis piston trajectories: Load-sense margin pressure ∆PLS

The Morris method used parameter ranges defined in Table 3.2, and the following
figures show the approximate global effect on rise time and trajectory RMSE system
metrics, Figures 4.5 and 4.6. The convergence graphs of these metrics is shown in
Figures 4.7 and 4.8 respectively.
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Figure 4.5: Morris analysis: parameter influence on rise time of step response

Figure 4.6: Morris analysis: parameter influence on RMSE of step response
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Figure 4.7: Morris analysis: convergence of overall influence µ∗ on rise time of
step response

Figure 4.8: Morris analysis: convergence of overall influence µ∗ on RMSE of step
response
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Figure 4.9: Comparison of step response for non-linear flow-controlled model and
first-order simplification using nominal parameter values

4.2 Square trajectory simulation results

The results from simulating a square trajectory in XZ-plane with the implemented
control scheme is presented in Figures 4.10, 4.11, 4.12, 4.13, 4.14, 4.15, 4.16, 4.17,
4.18, 4.19 which show the simulated square trajectory, position tracking error, ve-
locity tracking error, cylinder velocity and position tracking, cartesian position and
velocity tracking, valve flow rates and finally the sum of the valve flow rates respec-
tively. This simulation will act as a nominal baseline where each figure is presented
as a stacked pair, the upper one without noise and the lower one with noise to test
best case motion tracking performance and the impact of sensor noise. After this
nominal simulation, several more cases were tested to evaluate the impact of null-
space movements, open-loop inverse kinematics, large model errors and input rate
of change penalty.

Noise in the nominal simulation was generated as a zero mean gaussian disturbance,
added to the cylinder position measurements and to measurements of the plant
pressures. The first control mode corresponding to controlling all 4 DOFs was used
during the simulation. Each link weighs 50kg and the EE carries a tool that weighs
100kg. The parameters for the MPC during the simulation, such as penalties and
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horizon length, were selected as: H = 10, Pf = Q S = 106, Λ = 105,

Q =



1000 0 0 0 0 0 0 0
0 1000 0 0 0 0 0 0
0 0 1000 0 0 0 0 0
0 0 0 1000 0 0 0 0
0 0 0 0 1000000 0 0 0
0 0 0 0 0 1000000 0 0
0 0 0 0 0 0 1000000 0
0 0 0 0 0 0 0 1000000


(4.1)

and

R =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (4.2)

Note that it is only the reference for the valve flow rates in Figure 4.17 and 4.18
that represent actual inputs to the plant. References in other figures are based
or integrated from either the operator task input or cylinder velocity solved with
inverse kinematics.
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(a) Without noise

(b) With noise

Figure 4.10: Side view of simulated square trajectory with the EE starting in the
lower left corner and traveling counter-clockwise
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(a) Without noise. Maximum error(m): x:0.0059, z:0.0061

(b) With noise. Maximum error(m): x:0.0067, z:0.0070

Figure 4.11: Cartesian position tracking error during square trajectory
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(a) Without noise. Maximum error(m/s): x:0.1000, z:0.1009

(b) With noise. Maximum error(m/s): x:0.1081, z:0.1032

Figure 4.12: Cartesian position tracking error during square trajectory
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(a) Without noise

(b) With noise

Figure 4.13: Cylinder positions and references during square trajectory

50



4. Results

(a) Without noise

(b) With noise

Figure 4.14: Cylinder velocities and references during square trajectory
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(a) Without noise

(b) With noise

Figure 4.15: Cartesian position and reference during square trajectory
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(a) Without noise

(b) With noise

Figure 4.16: Cartesian velocity and reference during square trajectory

53



4. Results

(a) Without noise

(b) With noise

Figure 4.17: Valve flows and references during square trajectory
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(a) Without noise

(b) With noise

Figure 4.18: Sum of valve flows and references during square trajectory
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(a) Without noise

(b) With noise

Figure 4.19: Hydraulic pressures in each cylinder chamber

4.2.1 Null-space movements

The effect of the null-space movements from secondary objective of the inverse kine-
matic optimization can be seen in Figure 4.20 and 4.21. In Figure 4.20, deviation
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from the desired cylinder lengths, set as the initial configuration, was penalized with

W =


100 0 0 0
0 100 0 0
0 0 1 0
0 0 0 1

 (4.3)

which corresponds to penalizing the first and second cylinder. In Figure 4.21, no
secondary objective was included in the objective function. These results are without
noise.

Figure 4.20: Deviation from desired cylinder length with active secondary objective
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Figure 4.21: Deviation from desired cylinder length without secondary objective

4.2.2 Open-loop inverse kinematics

The Figures 4.22 and 4.23 show the noise-free case when the task-space feedback is
disabled by setting the proportional and integral gains to zero, making the inverse
kinematics algorithm (3.30) open-loop. The maximum position tracking errors(m)
were x:0.0089 and z:0.0263.

58



4. Results

Figure 4.22: Side view of square trajectory with open-loop inverse kinematics

Figure 4.23: Tracking error with open-loop inverse kinematics square trajectory
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4.2.3 Large model error

A simulation with parameters tuned to the maximum of Table 3.1 was tested to
evaluate heavy model error disturbance rejection. These values represent what is
believed to be an unrealistic plant that should be harder to control since the pa-
rameters differ greatly from the model from which the control model was derived.
The simulation, seen in Figures 4.24 and 4.25, was successful, but only with CLIK.
If CLIK was disabled, the robot eventually deviated too far from the reference tra-
jectory and hit a limit.

Figure 4.24: Side view of square trajectory with large model errors

Figure 4.25: Tracking error of trajectory with large model errors
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Figure 4.26: Hydraulic pressures in each cylinder during trajectory with large
model errors

4.2.4 Input rate of change penalty

Figure 4.27 and 4.28 show a noisy simulation without any penalty on the rate of
change of the input.

Figure 4.27: Noisy square trajectory with no input rate penalty
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Figure 4.28: Noisy valve flow rates with no input rate penalty
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5
Discussion

This chapter will discuss the methods used, if the objectives of the thesis have been
fulfilled as well as areas of future research. The chapter will also seek to provide
answers to the research questions posed in the introduction.

5.1 Discussion of method
This section will evaluate the applied methods and suggest further areas of research
that could improve the quality of the control scheme.

5.1.1 Model development
Many of the dynamic equations presented in Section 3.1 are based on well established
and commonly used in modeling of hydraulic systems. However, hydraulic systems
are in practice much more nuanced. For example, safety components such as pres-
sure relief and counterbalance (load-holding) valves were not added in the model due
to lack of information. The decision of only considering dynamics of a load-sensing
pump, a four-way valve and a double-acting cylinder was based on the availability
of sources describing them, and to some extent the perceived importance of the
component. For example, while additional pressure- or flow-compensating compo-
nents may be fitted in series with the pump or valve to improve system behavior,
adding components would not necessarily benefit the methodology. Therefore this
thesis only focus on only the main components of a hydraulic system. An improved
methodology may investigate the contribution of individual components in a similar
system, provided sufficient knowledge of their dynamics.

Early in model development, the valve was considered important since it is the
only input of the system. Modeling its dynamics well is therefore important, and
consequentially appears to be a thoroughly researched topic. The modeling theory
described in 2.1.4 provides a model with minimal modeling uncertainty. However,
the use of the orifice equation (Equation 2.11) introduces some uncertainty, since it
it is only an approximation for actual flow behavior [3]. Also, the exact implemen-
tation of the feed-forward flow control structure is based on a previous article [12]
but does not implement the full control structure described, as feed-forward was
considered a sufficient simplification for simulation purposes.

As for the hydraulic cylinder modeling, its motion is described well by Newton’s
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second law and several fundamental expressions as described in Section 2.1.3. The
contribution of friction and viscous forces however was not investigated in detail,
yet it could cause much undesirable movement, such as stick-slip motion [28]. The
modeling of friction is thus subject for further research if identified as a significant
factor in positioning of pistons. Furthermore, the question whether the motion of
multiple cylinders can be decoupled or not was asked in the introduction, but this
could not be definitively answered since no physical tests were conducted with the
proposed control scheme. However, as explained in Section 3.2 each valve only sees
a set maximum pressure differential due to its internal pressure compensation. This
in theory decouples the individual valves as long as the pump can keep up the re-
quired pressure margin and is not overloaded by excessive motion. Since the pump
output is shared between all valves, its performance could greatly affect how valves
and cylinders interact with each other. Therefore, the maximum flow constraint in
Section 3.4.4 was implemented to ensure that the pump is not overloaded. The pres-
sures in each cylinder during the simulation can be seen in Figure 4.19, where the
pump always maintains a pressure margin over the highest pressure in any cylinder.

The pump model is perhaps the biggest source of uncertainty in the non-linear
model. While the continuity equation and pump flow describes the evolution of
pressure and flow of the pump model well, swash-plate dynamics could not be con-
sidered in detail as described in Section 2.1.5. Provided the previous reasoning about
decoupling of pump dynamics, the accuracy of the exact pump dynamics might not
be important if the valve is sufficiently compensated. While the first order swash-
plate model might be inaccurate, it still allows for some dynamic motion as opposed
to removing it completely.

Considering what has been discussed in this section, it must be stated that modeling
is perhaps the biggest uncertainty of this methodology. The development of mod-
els could be improved provided proper component specifications and testing. The
quality of any result or conclusion of this report is thus contingent on the validity
of the current models since no physical tests were performed.

5.1.2 Sensitivity analysis and parameter uncertainty
The development of simpler model descriptions was initially driven by the need for a
computationally efficient control strategy, where linear MPC was the only practical
choice considering other requirements. Developing a simpler model means identifi-
cation of superfluous dynamics in the non-linear model, and unknown or uncertain
model parameters has to be defined. Without proper specifications, representative
parameter values and their dynamic effects had to be found methodically, which is
why a combination of local and global sensitivity analysis was preformed. It was de-
cided that the simplest configuration of a single pump, valve and cylinder was to be
tested, which disregards coupling effects that could appear in the complete system
description. It was reasoned that using a simple system would isolate parameters
so their effects could be understood. An analysis on the complete system could
improve the quality of the analysis, test cases, parameter ranges and methodology

64



5. Discussion

would likely need to be reworked.

While the OAT method was never formally defined in Section 2.3, the principle of
varying one parameter at a time is useful for gaining understanding of how indi-
vidual parameters affect the output trajectory. Thus it is possible to determine an
approximate range of parameters that can be considered reasonable. This method
inevitably introduces bias but it is likely an improvement over choosing and only
considering a single value for each parameter when the value uncertainty is high.
Using the defined parameter ranges is also what allows for global sensitivity analysis
to be performed. The Morris method was chosen because it provides graphs that
summarize the influence of parameters in an easily interpretable way. However, it
does not provide a way to classify parameters numerically, meaning that results only
serve as an indication of the global effect for individual parameters.

Furthermore, the Morris analysis requires choosing the amount of trajectories and
step size, which appears to affect the convergence of the performance indices (non-
linearity σ and influence µ∗). The range of parameter values also appear to affect
convergence, as some random starting points in the parameter space can result
in instability. Regardless, the method still allows for general conclusions about
parameter influence.

5.1.3 Reference generation
It was briefly mentioned in Section 3.5 how the flow rate targets are kept constant
over the horizon and the position targets are just integrated from the current iter-
ation of inverse kinematics. This is not an ideal solution since the MPC looks into
the future at essentially made up references that may change suddenly. The benefit
of this simple approach is that the computational load is quite low, but it lacks
look-ahead capability. The nature of this online motion control problem means that
there is no way of predicting the input of the operator and thus no way of providing
known future references to the MPC.
An alternative approach that was explored was to run the inverse kinematics algo-
rithm at each iteration of the horizon which yields slightly reduced tracking error
by eliminating some integration error but at the cost of compute efficiency since it
requires solving 9 extra optimization problems, with compute time scaling linearly.
In simulation the results of the two methods were very similar. But this approach
still suffers from the fact that it is not possible to predict what task-space motion an
operator might input. The instant that an operator commands movement in a dif-
ferent direction, the current prediction becomes invalid which is likely what results
in the overshoot seen in the square trajectory simulation in Figure 4.10. Where this
alternative approach would be useful is in cases where a complete predefined task
trajectory is supplied to the MPC offline. Then, provided adequate compute power
is available, it would be possible to better utilize the predictive capabilities of the
MPC by computing the inverse kinematics for the whole horizon and looking ahead
at known references.
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Another idea that was discussed but not yet implemented is to add some lag to the
operator controls. This means that in the instant the operator tilts the joystick,
the reference trajectory continues in the current direction for a short while before
changing direction instead of changing direction immediately. The idea is that this
would allow the MPC to be able to look ahead, see the turn and then adjust for
the changing reference. This method would then require kinematic inversion for the
whole horizon, just as when feeding a predefined task. However, the outcome of
this method remains to be investigated. The main questions would be if the lag and
possible overshoot reduction is worth it over just accepting some overshoot, and how
it affects the responsiveness in the machine.

5.1.4 Combining MPC tracking and trajectory generation
The question if MPC and trajectory generation could be combined was posed in the
introduction and was studied in a report about automated guided vehicles (AGV) by
Juncheng et. al. [29]. However, the premises of this report differs from this project.
In [29], the full path is first computed and then optimized once offline with MPC
before the AGV even starts moving, which is not the general case for the hydraulic
robot. Due to the unpredictive nature of the operator input, reference generation
has to be run online together with the MPC motion tracking. Implementing the
same approach of improving the reference for the hydraulic robot would introduce
yet another optimization problem and increase the computational requirements. For
this reason, the unified MPC approach was dismissed. To draw a parallel to [29],
one could say that instead of an MPC, the CLIK method serves as the reference
improving stage in this thesis, which is not nearly as computationally intensive since
it is uses a PI controller.

Another approach to combining reference generation and motion tracking is provided
in a report about predictive inverse kinematics [30]. This method solves IK as an
optimization problem but also estimates future Jacobians, which would likely be a
necessary step in an MPC implementation. Since task-space is non-linearly related
to joint space this would likely rule out a linear MPC implementation unless one
linearizes this relationship in the control model, which is actually shown in [30].
From here, it would be necessary to include a model of the actuator dynamics in
the control model, such as the first-order model from this thesis. To be even more
rigorous one could instead of the first-order model, include a pressure-based actuator
model of the cylinder force, and a non-linear model of the robot dynamics. The
limitations here would likely be computational resources non-linearity and constraint
handling in multiple spaces. It was noted that problems are often infeasible when
constraining both joint and task-space, such as in Equation 3.29.

5.1.5 External force modeling
The external force acting on each cylinder in the system is based only on the effects
of gravity on each link segment. Due to the generally low velocities and acceleration
of the manipulator arm, it was determined that the inertial and Coriolis terms
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of the dynamic equation were relatively small and that the gravity term would
dominate due to the relatively high load capacity but slow movement. Equation
3.56 also proved considerably more complicated to calculate as it includes cylinder
velocity, cylinder acceleration and the cylinder-joint Jacobian derivative. In addition
to these reasons for only taking gravity into account, one can also debate the overall
importance of the external force since it only acts as a disturbance in the simulation.
Ideally one should like to utilize the dynamic model to actually optimize the motion
tracking in the MPC. However, due to it being non-linear, that was not possible in
this project. It would therefore be interesting to investigate non-linear MPC to see
if any performance can be gained by basing an NMPC off of the non-linear dynamic
model as well as either the first order or whole non-linear hydraulic model. Another
advantage of an NMPC approach would be the possibility to minimize other costs
instead of just pure tracking error, for example energy consumption.

5.2 Discussion of results
This section will try to interpret the results from the sensitivity analysis and the
square trajectory simulation.

5.2.1 Sensitivity analysis and model simplification
Figures 4.1 through 4.4 show trajectories for four of the parameters presented in
Table 3.1. The rest of the parameters did not result in significant trajectory devi-
ation and were therefore not presented. Plotting the piston position while varying
one parameter at a time gives an indication of the relative contribution to the be-
havior of the system. Generally, the piston trajectory graphs show that changing
parameters generally result in a change in rise time, final position of the piston, or a
combination of both. It appears that cylinder leakage, external force and load-sense
margin pressure primarily cause deviation in final piston position, while the valve
time constant primarily affects the rise time of the trajectory. This insight was the
main driver for the choice of metrics used in the Morris analysis, namely rise time
and RMSE, to understand these effects in a global scope.

Another common behavior observed in these figures is that spool position- and flow-
controlled cases do not reach the same final piston position and does not necessarily
have the same response to changes in parameter. For example, Figures 4.3 and
4.4 show that valve flow control can effectively compensate for pressure resulting
from external forces or lowering of valve margin pressure. Cylinder leakage however
causes similar trajectories in both cases, as shown in 4.2. One reason for the flow-
controlled valve being insensitive to some parameter changes is that a feed-forward
flow-controller is assumed where the exact valve model is provided to calculate spool
position references. On the other hand, the spool-controlled valve shows how the
trajectory would evolve without this idealization of flow control. Therefore the ac-
tual performance of a flow-controlled valve might perform somewhere in between
these two extremes.
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Considering the OAT analysis it was hypothesized that the valve dynamics would
have the largest effect on metrics in the Morris analysis. As described in Section
5.1.2, this analysis is performed qualitatively and is subject to interpretation. It
appears to be the case that the hypothesis is mostly correct, considering Figures
4.5 and 4.6, which show that valve time constant generally has the highest over-
all influence µ∗ on both metrics. Cylinder leakage and external force can also be
considered influential, more so in the case of trajectory RMSE, and appear to be
more dependent on the value of other parameters in the system, as shown by higher
non-linearity σ 4.7 4.8 in Figure 4.8. As described in Section 2.1.1 cylinder leakage
is one of the parameters that is often assumed to be negligible, but it can have a
significant effect on the system if large enough. As observed in pervious studies,
friction between cylinder and piston can vary with the age and use [6], which could
reasonably cause wear on cylinder seals and increase leakage over time. That being
said, there are many parameters that has only small effect on the metrics, which
formed the basis for model simplification, Section 3.2.

The convergence of the overall influence µ∗ in the metrics, Figures 4.5 and 4.6, show
that cylinder leakage and external force influence does not converge over the des-
ignated r = 200 trajectories, while all other parameters do converge. The choice
of parameter range likely affect convergence, but it is unknown which parameter
or parameters causes this behavior. Lowering the investigated parameter range
and considering next highest and lowest values of parameter values alleviate conver-
gence issues slightly but does not completely eliminate it. The resulting convergence
graphs change slightly, but the conclusion of parameter importance is largely the
same.

Figure 4.9 shows that the first-order simplification of the non-linear model result
in approximately the same piston trajectory, and thus the new model was deemed
sufficient for control purposes. Since the non-linear model contains some modeling
error and much parameter uncertainty, the simplified model cannot account for all of
these errors. This is because many of the uncertain parameters depend on pressure
states, which were ignored in the first order model. Cylinder leakage and external
force could not be accounted for even though their influence is evident in both OAT
and Morris analysis. The simplification results in the control system being more
dependent on the CLIK scheme defined in Chapter 3.3.1.1, as end-effector control
error is corrected as a change in the velocity reference. The CLIK scheme can there-
fore be understood as the part of the controller responsible for eliminating modeling
error in the MPC.

A reasonable improvement to the first-order model is to model cylinder leakage and
external force, but this change is dependent on the inclusion of cylinder pressure sen-
sors in the machine. An alternative is using the simulated external force, calculated
in Section 3.3.3, to estimate cylinder pressures. The accuracy of these estimations
are dependent on the identification of forces opposing cylinder movement, such as
Fdrag and Ffrict.
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5.2.2 Motion tracking performance

The results presented for the nominal simulation suggests that the implemented
control structure effectively controls the non-linear plant despite many model sim-
plifications in the control scheme. The simulated noise in the sensors does cause
some accuracy loss, seen from the increased maximum position and velocity track-
ing error, but the EE still manages to effectively track the trajectory. When looking
at just the graphs for cartesian position (Figure 4.15) or positions of the cylinders
(Figure 4.13), it is hard to even tell which is which. It is worth to note however
that noise probably has a bigger impact on tracking error than what the maximum
tracking error may indicate. All tracking error in the noise-free simulation seems
to come from overshoot, so the mean tracking error is much higher for the noisy
simulation.

One can note how the reference for the valve flow rates in Figure 4.17 and 4.18 often
overcorrects the state it tries to control. This is a consequence of optimal control
and how MPC looks ahead. During a direction change the MPC unexpectedly sees
the EE traveling in the wrong direction and it becomes more optimal to send over-
correcting flow rate references in order to drive the deviation states to zero faster.
This causes some overshoot so it can be seen, especiall in Figure 4.17 a), that op-
posite overcorrecting inputs are sent just after to correct the overshoot.

Another interesting result is that of the impact of penalty on the rate of change of
the input. Comparing Figures 4.10, 4.17 and 4.27, 4.28 one can see that the latter
figures suffer much more from noise. One possible explanation is that since we use
no filtering, the noise is exacerbated when deriving the cylinder lengths to calculate
cylinder velocity and then valve flow rate. The faulty valve flow rate measurement
then causes the MPC to constantly overcorrect which can be seen from the consis-
tently jittering inputs in Figure 4.28. The rate of change penalty seems to work in
practice like a low-pass filter and smoothens the MPC:s reaction to the faulty flow
rate measurement. Even though this solution delivers improved results, it is still
highly relevant to investigate the implementation of a Kalman filter to properly deal
with disturbances. It is also worth to mention pressure sensors in this context. If
pressure could be measured for the pump and in each cylinder chamber, it would
enable observation of forces inside each cylinder which would eliminate the need for
the spring model in the second-order model and make the non-linear model observ-
able. This would also open up for other interesting control methods such as force
control or for example a gain scheduled LQR based of the non-linear model.

Overall, the performance in the simulation indicates robustness. Even though the
extent of the control schemes stability and feasibility cannot be entirely determined
from experimental results, it can be argued that these results indicate those prop-
erties to some degree. Therefore, rigorously determining stability and feasibility
naturally becomes a relevant area of further research.
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5.2.3 Exploiting redundant joint motion
The goal with the null-space movements was to penalize movements in certain joints
to so that joints closer to the center of the robot move less. Figure 4.20 and 4.21
show this to have been successful. There is clear difference between the figures,
showing that when optimizing for the secondary null-space objective the first and
especially the second cylinder move considerably less and stay relatively close to
their initial amount of extension. In the other case when no secondary objective is
applied, all cylinders move about the same.

There are many other ways of utilizing null-space movement [17]. Especially inter-
esting to study further would be an objective that minimizes the position of the
center of mass with respect to some desired position. This would probably be more
intuitive and certainly more optimal than minimizing with respect to a joint con-
figuration if the goal is to prevent tipping of the robot. We consider this section to
have answered the relevant research question posed in the introduction.

5.2.4 Disturbance rejection
The Figures 4.22 and 4.23 show a simulation where the task-space feedback has
been disabled, meaning that the inverse kinematics run in open-loop. This results
in a significant performance degradation due to disturbances in the form of external
forces from gravity, Jacobian linearization and joint velocity integration, as men-
tioned in 3.3.1.1. The trajectory visibly drifts from the reference and sinks down,
presumably due to gravity. An interesting observation from this simulation is that
while the open-loop simulation drifts from the reference, it suffers much less from
overshoot when changing directions.

Looking at the Figures 4.24 and 4.25 from the simulation with large model error, it
can be seen that tracking performance is degraded but it still manages to follow the
reference. This degradation is not unexpected since the used parameters are from
the maximum of the range for the parameter sweep, which can be quite unrealistic.
For example, for cylinder 1 there is about a 40 bar pressure differential over the
piston, as seen in Figure 4.26, which means that with a leakage coefficient cl of
10−11 m3/(Pa · s), almost half of a deciliter of fluid per second is leaking past the
internal seals, indicating a severe leakage. When testing with and without CLIK, it
was found that this had a profound impact on tracking performance, as when it was
turned off the simulation failed due to the EE drifting and hitting a cartesian limit.

It seems that CLIK is quite important for overall disturbance rejection capability.
It eliminates minor disturbances such as gravity and manages to keep the controller
stable when faced with large model errors.
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This chapter summarizes the most important points and possible further research
from this thesis. The aim of the thesis and the research questions from the intro-
duction are also revisited.

The main conclusion from this thesis should be that an MPC with CLIK shows
promising results in simulations that indicate that it is likely possible to achieve good
tracking performance on a four-link hydraulic manipulator with the aforementioned
control scheme. The linear scheduled MPC model in combination with inverse kine-
matics feedback is able to handle disturbances and model-mismatch that arises from
non-linear hybrid hydraulic dynamics and external forces. The simulations indicate
that it is valid to linearize a non-linear hydraulic model and identify dominant dy-
namics of non-linear systems by using a combination of sensitivity analysis methods.

All conclusions in this report are however subject to uncertainty since no actual
physical tests were conducted. Hydraulic systems are generally difficult to model
and as discussed, even the non-linear model does not represent the real system ex-
actly, meaning that there for certain exists modeling error. For accurate modeling of
hydraulic systems, detailed specifications of component dimensions and performance
has to be provided or found experimentally to eliminate uncertainty. Another im-
provement to the methodology would be to test control structures early and collect
data on cylinder velocities, valve flows and pressure response of cylinders and pump.

6.1 Reflection on research questions, aims and
scope

Looking back at the introduction, it can be concluded that all aims have been
achieved, however with varying degree of completion. The largest challenge was the
formulation of hydraulic and kinematic models, as well as interpreting the sensitivity
analysis. Another challenge was addressing the constraints set in the scope of the
project, one being that the only measurable quantity is the extension of the rod.
The research questions were brought up in the discussion and are now also briefly
answered.
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Which dynamics have the largest impact on tracking performance for the robot?
From the methodology and resulting sensitivity analysis it is believed that the valve
is the key component in the system, as it is also the only input available. Further-
more, if the valve can be assumed to decouple cylinder dynamics from the pump,
it is the most important thing to model in order to achieve sufficient performance.
However, there is evidence that cylinder leakage and external force might have non-
linear interaction effects as shown in Morris analysis. While there has been previous
research on the impact of friction on piston motion, it does not appear as a signifi-
cant factor in this system. These factors should be investigated in further research.

Can the hydraulic actuators be decoupled?
Inconclusive, while the simulation uses an ideal feed-forward flow-controlled valve,
it is not independent of pump pressure Ps. This means that there will be coupling
between valves, and thus, the actuators of the system. However, assuming that
the valves are pressure compensated, it is theoretically possible to decouple cylinder
dynamics. Because no relevant simulation or tests on the physical system have been
performed, the question of decoupling cannot be definitively answered.

Will an MPC be able to reject disturbances?
Yes, results indicate that an MPC is able to handle sensor noise, and that this ca-
pability is enhanced when including a penalty on the rate of change of the input.
However when dealing with larger model errors and disturbances such as external
forces due to gravity, MPC struggles by itself and requires CLIK to counter drift or
in some cases to function at all.

How should references that exploit redundant joint motion be generated?
By utilizing the null-space of the Jacobian it is possible to, in addition to motion
tracking, optimize for a second objective that achieves a desired behavior by adding
movements that do not alter the position of the EE.

Can the reference tracking and reference generation problems be combined and solved
by one MPC?
Inconclusive since this was not explored extensively, but it will likely require NMPC
due to non-linearity in calculating the Jacobian and robot dynamics. A linear MPC
may be possible with a linearized joint-task-space relation and if limiting dynamics
to linear models. Utilizing two MPC:s with the same model, as in [29], is generally
not relevant for the goal of this thesis as that solves a different problem.

6.2 Further research
The following topics of future research were identified in the discussion.

• Implement lag or smoothing to operator controls to handle overshoot during
direction changes of the end effector.
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• Investigate NMPC with non-linear dynamics model to optimize motion track-
ing.

• Investigate NMPC with alternative costs such as energy consumption.

• Investigate a unified single MPC or NMPC that handles both inverse kine-
matics and motion control.

• Conduct a rigorous stability and feasibility study of the closed-loop control
scheme.

• Implement center-of-mass-based null-space objective.

• Investigate filtering or estimation methods to handle sensor noise, disturbance
and model mismatch.

• Investigate other controller models that can utilize pressure sensors.

• Conduct physical tests to verify model assumptions made in Section 3.2 such
as actuator decoupling as well as overall tracking performance.
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